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: Prof. Dr. İbrahim AKDUMAN
Doç. Dr. Ali YAPAR (İ.T.Ü.)
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IMAGING OF PERFECTLY CONDUCTING OBJECTS BURIED
IN A DIELECTRIC CYLINDER
SUMMARY
Reconstruction of the shape and the location of a perfectly conducting objects
constitutes one of the basic and important class of problems in inverse scattering
theory. Besides the remarkable theoretical aspects, the relevance of this kind of
problems is due to fact that they have a large domain of applications including
microwave remote sensing, optical system measurements, underwater acoustics
or non-destructive testing, only to mention some examples. Accordingly, such
problems have been extensively investigated in the open literature and several
methods have been developed. In all these works, the methods are developed
for the objects located in an homogeneous space or buried in an unbounded
media. On the other hand, the body can be located in a bounded medium such
as a dielectric sphere or cylinder. Such problems are of importance especially
in medical applications. Within this framework, the aim of this paper is to
provide a new, simple and fast method to reconstruct the unknown shape of a
perfectly conducting object buried in a dielectric circular cylinder. The cylinder
is located in an infinite homogeneous space and illuminated by a plane wave
of fixed frequency. The method is valid for objects illuminated from a single
direction and several directions. The measurements are performed on a circular
domain all around the cylinder. In the method presented here, the measured
data is analytically continued to the surface of the cylinder by using the single
layer potential representation of the scattered field. For the scattered field inside
the cylinder, a circle which is assumed to be the minimum circle covering the
unknown object that separates the region into two parts is initially determined.
In the outer part between the minimum circle and the boundary of the cylinder
the scattered field is expressed as a series through the Bessel functions while it is
represented in terms of Taylor series in the region between the unknown object
and the minimum circle. The use of the boundary conditions reduces the problem
to the solution of a nonlinear equation which can be treated by linearizing in the
Newton sense. Since the problem is ill-posed, a regularization in the least square
sense is also applied. The proposed method is able to provide satisfactory results
when the size of the scatterer is comparable to the wavelength.

vi

DİELEKTRİK SİLİNDİR İÇİNE GÖMÜLÜ İLETKEN
CİSİMLERİN GÖRÜNTÜLENMESİ
ÖZET
Mükemmel iletken cisimlerin yer ve şekillerinin tespitine ilişkin yöntemler, ters
saçılma problemlerinin önemli bir ksımını oluşturmaktadır. Teorik açıdan incelenmeye değer olmalarının yanında, uzaktan algılama, optik sistem ölçümleri,
su altı akustiği, tahribatsız muayene gibi önemli uygulama alanlarının mevcut
olması, bu tür problemleri önemini arttırmaktadır. Neticede söz konusu problemler literatürde sıklıkla karşımıza çıkmaktadır ve çözümlerinde bir çok farklı
yöntem kullanılmıştır. Bu farklı çalışmalarda şekli belirlenecek cismin homojen uzayda ya da sınırlı olmayan bir ortamda gömülü olarak bulunduğu kabul
edilmiştir. Ancak, cismin sınırlı bir ortamda, örneğin bir homojen dielektrik
slindirin içine gömülü olduğu durum da incelenmeye değerdir. Bu tür problemler özellikle tıbbi uygular için önemlidir. Bu tez çalışmasında, dielektrik silindir
içine gömülü mükemmel iletken bir cismin şeklinin belirlenmesine ilişkin yeni, basit ve hızlı bir yöntem tanıtılmıştır. Sınırsız homojen uzayda bulunan dielektrik
silindir, tek frekanslı düzlem dalgayla aydınlatılmaltadır. Sunulan metod tek yönden ve çok yönden aydınlatma sonucu elde edilen veriler için geçerlidir. İki durum
da ayrı ayrı ele alınacak ve karşılaştırılacaltır. Saçılan alan silindiri çevreleyen
dairesel bir domende yapılır ve tek tabakalı potansiyel gösterilimi yardımıyla
slindir yüzeyine kadar analitik devam ettirilir. Silindirin içinde ise, yarıçapı bilinmeyen cisiminkinden biraz büyük olacak şekilde bir minimum çember seçilir ve
silindirin yüzeyi ile bu minimum daire arasında saçılan alanın Bessel fonksiyonları serisi gösteriliminden yararlanılır. Minimun daire ile mükemmel iletken cisim
yüzeyi arasında kalan bölgede ise Taylor açılımından yararlanılarak saçılan alan
ifade edilir. Mükemmel iletken cisim yüzeyindeki sınır koşulu yardımıyla elde
edilen doğrusal olmayan denklem, bilindik Newton methodu ile doğrusallaştırılıp
çözülür. Son olarak minumun kareler yöntemiyle hata azaltılır ve aranan yüzey
elde edilir. Sunulan yöntem çalışılan dalga boyu mertebelerindeki cisimlerde iyi
sonuçlar vemektedir.

vii

1. INTRODUCTION

In this section a survey of related previous work with brief discussions about
different methods is presented before the method proposed in this thesis work is
introduced. Additionally, the inverse electromagnetic scattering phenomenon is
explained concisely.
Electromagnetic scattering is a physical phenomenon where an electromagnetic
incident wave is scattered and the total field at any point in space can be written
as the sum of the original incident field and the scattered field, in the presence of
an inhomogeneity. The electromagnetic direct scattering problem is the problem
of determining the scattered field when the geometrical and physical properties of
the scatterer are known. Thus, there many books and papers have been published
about scattering of electromagnetic waves [1–5]. On the other hand, inverse
scattering is the problem of inferring information on the source of the known
scattering field data. Practically, this data is obtained via measurements in a
particular domain. However, in order to test the reconstruction algorithms the
data can be obtained synthetically by solving the direct problem, which is case
in this proposed thesis.
Reconstruction of the shape of a conducting object by using electromagnetic or
acoustic waves is one of the fundamental problems of inverse scattering theory
not only for its mathematical and physical importance but also for the wide
range of applications in the areas of microwave remote sensing, optical system
measurements, underwater acoustics and non-destructive testing of materials
etc.

Additionally, various medical imaging applications are concerned with

reconstructing the inhomogeneities by solving the arisen inverse scattering
problems.

Since 1980’s , intensive studies have concerned reconstruction

algorithms able to give an efficient solution to quantitative imaging. Spectral
methods, based on the so-called diffraction tomography (DT), have been
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investigated essentially with applications to ultrasonics or microwaves [6–10]. The
main advantages in using such methods are to exhibit explicit formulas for solving
the imaging problem and to profit from existing fast numerical algorithms (fast
Fourier transform). These algorithms can be implemented on small computers
in connection with imaging systems using microwaves or ultrasound [7], [6] for
quasi-real time processing purposes.
Another application area of microwave imaging is non-destructive testing(NDT).
Several papers have been published proposing methods for NDT applications
[11–15], which have wide range of implementation areas including construction
and building technology [15]. A very recent paper addresses a methodological
approach for detection of cracks on dielectric or conducting objects [12]. In
the proposed algorithm, the inverse scattering equations are solved by means of
different optimization strategies based on employing parallel and single precesses
in order minimize the cost function using a suitable genetic algorithm.
At this point it is worth to emphasize that, implementing genetic algorithms
on microwave imaging techniques is widely investigated [11–17] since they are
versatile and allow optimization on complex multi-modal search spaces [18]. In
1998, Qing [14] published a paper proposing a method to solve the electromagnetic
inverse scattering problem of 2-D perfectly conducting targets by using the
real-coded genetic algorithm. Later, realizing that the local shape functions
defining the surface of the conducting object can not be properly approximated
by trigonometric series he published another paper in which using of B-splines is
proposed [13]. In these papers, the inverse problem is reduced to an optimization
one with the location parameters and the coefficients of the local shape functions
(either trigonometric series coefficients or closed cubic B-splines control points)
as optimization parameters. Using real-coded genetic algorithms provides good
results, however they constitute extreme time consumption
Another widely used reconstruction algorithm is linear sampling, which is first
proposed in 1996 by Colton and Kirsh [19]. In this paper the method was used
to reconstruct 2D obstacles using Dirichlet and Neumann boundary conditions
in a inhomogeneous media. Later in 1998 Colton and Monk [20] published a
paper addressing a fast microwave imaging method for detection of leukemia by
2

determining the aberrant inhomogeneities in the cross-section of a bone marrow
indicating a possible presence of a tumor. Different work proposing possible
practical application areas for the method such as impedance tomography [21],
elasticity [22] and detection of buried objects [23] published in the following years.
Depending on the practical purpose, inverse problems can be solved for
different geometries. According to the physical configuration, the object may
be assumed to be located in an infinite host medium or in a layered one.
Several methods based on different approaches such as physical optics theory,
Newton-Kantorovich method, equivalent source technique, and decomposition
methods have been developed in the case of infinite host medium [24–27].
Although, Newton-Kantarovitch method [28] gives good results it needs a good
initial guess for reliable reconstructions. Unfortunately, such a priori knowledge
is not always available in practical applications. Some of these methods have
also been applied for the shape reconstruction of objects buried in a half-space
or in plenarily layered medium [29], [30]. The latter one has many practical
applications such as mine detection, nondestructive testing of pipelines etc. As
well as, a method for reconstruction of inhomogeneous materials coated on a
conductor of a known shape had been developed [31], [32]. By comparing these
two groups of problems it can be observed that the background medium has a
strong effect on the reconstruction algorithms since the scattering phenomenon
becomes more complicated.
Within this framework another interesting problem would be the imaging of
conducting objects located in a cylindrically layered medium which is not widely
investigated in the open literature as far as we know. Such a problem may have
potential applications in nondestructive testing of coated conducting structures.
It would also be worth to analyze this problem to understand the effect of
cylindrically layered media on the imaging algorithms. Along this line the main
aim of this paper is to give a simple and fast method for the reconstruction
of the shape of a PEC object located into a cylindrical dielectric region. To
this aim the object is illuminated by a time harmonic plane wave with a fixed
frequency and the scattered field is measured in the far field region. The method
is based on a special representation of the scattered field in the whole space. This
3

representation first allows one to continue the far field data analytically to the
boundary of the dielectric cylinder. Then the field inside the dielectric cylinder
is expressed as a series of cylindrical harmonics whose coefficients are calculated
simply applying the boundary conditions on the cylinder surface. Note that this
representation will only be valid to the boundary of a fictitious minimum circle
covering the unknown scatterer due to the discontinuity in the angular direction.
To overcome this difficulty the field inside the minimum circle is expressed as
a Taylor expansion of the series representation. Final step of the method is to
obtain a non-linear equation in terms of the unknown surface function which is
solved iteratively by well known Newton algorithm.
The thesis is organized as follows. In Chapter 2 the exploited representations
of the scattered field are recalled and discussed, and the solution of the linear
inverse problem arising from the single-layer potential equation is addressed.
Then, in Chapter 3 the reconstruction algorithm is outlined and the details on
the adopted Newton’s scheme are given. Implementation of multi illuminations
is discussed and formulated in Chapter 4. And finally, Chapter 5 reports the
implementation of the proposed method and several numerical examples which
show that the method yields satisfactory reconstructions for convex and concave
surfaces. Conclusion follows.

4

2. A SPECIAL REPRESENTATION OF THE SCATTERED FIELD

Consider the two-dimensional scattering problem illustrated in Figure 2.

Figure 2.1: Geometry of the problem
In this configuration, D is a perfectly electric conducting (PEC) cylindrical body
whose boundary ∂ D is defined by the parametric equation x1 = x1 (t), x2 = x2 (t),
t ∈ (0, 2π ). Note that ∂ D can also be defined via polar equation of the form

ρ = f (φ ), φ ∈ (0, 2π ) where (ρ , φ ) are the cylindrical polar coordinates, and in
the following we will assume that D has a star-like shape. The body D is located in
a homogeneous circular cylinder with radius a whose electromagnetic constitutive
parameters are ε1 , µ0 and σ .
The surrounding medium outside the circular dielectric region is assumed to
be free space.

The inverse scattering problem considered here consists in

recovering the shape of the body D, i.e., the function f (φ ), from a set of far field
measurements of the scattered wave. To this aim, the homogeneous cylinder is
5

illuminated by a time-harmonic plane wave whose electric field vector ~E i is always
parallel to the Ox3 axis. By assuming and omitting the time factor exp(−iω t),
this field is given by:
~E i = (0, 0, ui (ρ , φ ))

(2.1)

with
ui (ρ , φ ) = e−ik0 ρ cos(φ −φ0 )

(2.2)

√
where φ0 is the incidence angle and k0 = ω ε0 µ0 is the wave number of free
space. Due to the homogeneity in the x3 direction, the total electric field vector
will have only x3 component, i.e.; ~E = (0, 0, u(ρ , φ )), thus the problem is reduced
to a scalar one in terms of u(ρ , φ )). In order to formulate the problem in a more
appropriate way the total field is decomposed as u = u0 + us , with

u0 =








∞
(1)

∑ [(−i)n Jn (k0 ρ ) + Kn Hn (k0 ρ )]ein(φ −φ0 ) , ρ > a 

n=−∞

∞

∑ Ln Jn (k1 ρ )ein(φ −φ0 )

n=−∞


,ρ < a 

(2.3)

stands for the total electric field in the absence of the conducting body D. The
unknown coefficients Kn and Ln can be determined using Dirichlet and Neumann
boundary conditions on the surface of the dielectric cylinder as,
u0 (ρ → a+ , φ ) = u0 (ρ → a− , φ )

(2.4)

and

∂ u0 (ρ → a+ , φ ) ∂ u0 (ρ → a− , φ )
=
∂ρ
∂ρ

(2.5)

multiplying both sides of each equation by e−imφ and integrating over one period,
equations (2.4) and (2.5) gives
(1)

(−i)m Jm (k0 a) + Km Hm (k0 a) = Lm Jm (k1 a)

(−i)m Jm0 (k0 a) + Km Hm0

(1)

(k0 a) = Lm Jm0 (k1 a)
6

(2.6)

(2.7)

where 0 denotes the derivative of the bessel functions with respect to the radial
direction ρ . The unknown coefficients Kn and Ln are immediately obtained from
(2.6) and (2.7) as
Kn =

(−i)n Jn0 (k0 a)Jn (k1 a) − (−i)n Jn (k0 a)Jn0 (k1 a)

(2.8)

(1)

Hn (k0 a)Jn0 (k1 a) − Jn (k1 a)Hn0 (1) (k0 a)

(1)

Ln =

−(−i)n Jn0 (k0 a)Hn (k0 a) + (−i)n Jn (k0 a)Hn0 (1) (k0 a)
(1)

Hn0 (1) (k0 a)Jn (k1 a) − Jn0 (k1 a)Hn (k0 a)
(1)

in which Jn and Hn

.

(2.9)

are the Bessel and the Hankel function of the first kind with

order n, respectively.
Then the scattered field, us (ρ , φ ), which corresponds to the contribution of the
body D to the total field can be expressed by a special representation inside and
outside the circular cylinder. For the region ρ > a it is convenient to represent
the scattered field as a single layer potential [33] in the form
i
4

us (ρ , φ ) =
(1)

Here H0

Z 2π
0

(1)

H0 (k0

q

ρ 2 + a2 − 2ρ a cos(φ − τ ) )ψ (τ )ad τ , ρ > a.

(2.10)

denotes the Hankel function of the first kind with zero order and ψ

is the unknown density function. In order to find an appropriate expression for
the scattered field inside the circular cylinder, we consider a circle with radius

ρ = β,

β > max( f (φ ), (see figure1) that separates the space outside the object

and inside the circular cylinder into two regions. This circle is assumed to be
close to the minimum circle covering the object D and in the following a (possibly
approximated) knowledge of its radius is assumed. Now in the region ρ ∈ (β , a)
the scattered field can be written in terms of cylindrical harmonics as follows
us (x) =

∞

∑

h
i
(1)
An Hn (k1 ρ ) + Bn Jn (k1 ρ ) einφ , ρ ∈ (β , a)

(2.11)

n=−∞

where An and Bn are unknown coefficients to be determined. Note that this
representation is not valid in the region ρ < max f (φ ) since there are physical
discontinuities in the angular direction φ . For a representation of the scattered
field in the interior region f (φ ) < ρ < β one can use Taylor formula around the

7

circle ρ = β , that is,
s

u (ρ , φ ) =

M

1 ∂ m us (β , φ )
(ρ − β )m + RM (ρ , φ ), ρ ∈ ( f (φ ), β ]
m
∂ρ
m=0 m!

∑

(2.12)

with the remainder term
1
RM (ρ , φ ) =
M!

Z ρ
β

(ρ − ρ 0 )M

∂ M+1 u(ρ 0 , φ ) 0
dρ .
∂ ρ 0 M+1

(2.13)

The mth order derivative of us appearing in (2.12) can be calculated from (2.11)
as
¯
∞
∂ m us (β , φ )
∂m
¯
(1)
=
[A
H
(k
ρ
)
+
B
J
(k
ρ
)]
einφ
¯
n n 1
∑ ∂ ρm n n 1
∂ ρm
ρ
=
β
n=−∞

(2.14)

As a result the scattered field us is now represented in the whole space by the
equations (2.10), (2.11) and (2.12). This representation together with boundary
conditions can now be used for the solution of both direct and inverse scattering
problems. In the next section an iterative algorithm is described which is based
on the Newton method for the solution of the inverse problem.

8

3. SOLUTION OF THE INVERSE PROBLEM

In the inverse scattering problem considered here, the scattered field is assumed
to be known on the far field region. Taking the asymptotic behavior of the Hankel
function into account in (2.10) the far field pattern of the scattered field can be
written as
us∞ (x̂) =

eiπ /4
√
8π k0

Z 2π
0

e−ik0 ρ cos(τ −θ ) ψ (τ )ad τ

(3.1)

where x̂ = (cos θ , sin θ ) is the observation direction. (3.1) can be rearranged in an
operator equation form as follows:
Aψ = us∞ (x̂)

(3.2)

where the integral operator A is defined by
eiπ /4
Aψ = √
8k0 π

Z 2π
0

e−ik0 a cos(τ −θ ) ψ (τ )ad τ .

(3.3)

The operator A has an analytic kernel and therefore the equation (3.2) is ill-posed.
For this reason, some kind of regularization has to be applied and only an
approximation of the sought function ψ can be achieved [33, 34]. Here we apply
a regularization in the Tikhonov sense and solve the unknown density function
as

ψ = (α I + A∗ A)−1 A∗ us∞ ,

(3.4)

where I is the identity operator and A∗ is the adjoint of the operator A. The
scattered field us is now known outside the region ρ > a by the aid of the equations
(2.10) and (3.4). In order to obtain the field in the region ρ ∈ ( f (φ ), a) it is obvious
that one has to calculate the unknown coefficients An and Bn appearing in (2.11).
To this aim first define the finite Fourier transform of the scattered field as
Z2π

us (ρ , φ )e−inφ d φ

s

û (ρ , n) =

(3.5)

0

9

Now using the boundary conditions
us (ρ = a + 0, φ ) = us (ρ = a − 0, φ )

(3.6)

∂ us
∂ us
(ρ = a + 0, φ ) =
(ρ = a − 0, φ )
∂ρ
∂ρ

(3.7)

the following system of equations can be obtained for the coefficients An and Bn
(1)

Hn (k1 a)An + Jn (k1 a)Bn = ûs (a, n)

Hn0

(1)

(3.8)

(k1 a)An + Jn0 (k1 a)Bn = ûs0 (a, n)

(3.9)

The solution of the (3.8) and (3.9) reads
An =

−ûs (a, n)Jn 0 (k1 a) + ûs0 (a, n)Jn (k1 a)
(1)

Jn 0 (k1 a)Hn (k1 a) + Jn (k1 a)Hn0 (1) (k1 a)

(3.10)

(1)

Bn =

ûs (a, n)Hn0 (1) (k1 a) − ûs0 (a, n)Hn (k1 a)
(1)

−Jn0 (k1 a)Hn (k1 a) + Jn (k1 a)Hn0 (1) (k1 a)

(3.11)

The final step for the solution of the inverse problem is to apply the boundary
condition on the boundary of D which states that the total field must vanish on

∂ D:
u(ρ , φ ) = 0,

ρ = f (φ ).

(3.12)

Using (2.12) and (2.3) the explicit expression of the this boundary condition can
be written as
M

1 ∂ m us (β , φ )
u ( f (φ ), φ ) + ∑
( f (φ ) − β )m = 0.
m
∂ρ
m=0 m!
0

(3.13)

(3.13) is a non-linear equation in terms of the unknown surface variation f (φ )
and it can be rewritten in a compact form as follows:
FM ( f ) = 0

(3.14)
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where FM is the non-linear operator given by
M

FM ( f ) =

∑ cm

m=0

µ

ρ −β
λ

¶m
= 0.

(3.15)

Note that, for given data, the coefficients cm in (3.15) are all known through the
relation (2.14). Thus the reconstruction problem is reduced to the solution of
non-linear equation (3.14) for the unknown function f .
The accuracy of the Taylor series in (2.12) (neglecting the remainder for ρ = f (φ ))
¯
¯
¯ β¯
is related to ¯ ρ −
λ ¯, which is the distance between the surface ∂ D and the circle

ρ = β for a certain φ . If the circle ρ = β is close to the surface (with respect to the
wavelength) and the surface function f (φ ) is a slightly varying one, the distance
| f (φ ) − β | becomes small. Therefore, provided that the above condition (which
entails some limitations on the angular variability of the unknown profiles) is
fulfilled, the number M which is nothing but the truncation number of the series
(2.12) can be small. To select the appropriate M, a threshold value δ is chosen
and the series (2.12) is truncated at the smallest M satisfying
¯
¯
¯cM (min[ f (φ )] − β )M ¯ < δ .

(3.16)

As this expression would require a knowledge of f (φ ), which is the unknown
of the problem, from a practical point of view we achieve an estimate of M by
substituting min[ f (φ )] = a/2 into (3.16).
The non-linear equation (3.14) is solved iteratively via Newton method [35].
Hence, for an initial guess f0 , the non-linear equation (3.14) is replaced by the
linearized equation
FM ( f0 ) + FM0 ( f0 )∆ f = 0

(3.17)

where ∆ f = f − f0 , that needs to be solved for ∆ f in order to improve an
approximate boundary ∂ D given by the function f0 into a new approximation
with surface function f0 + ∆ f . In (3.17) FM0 denotes the Frechet derivative of the
operator FM with respect to f . It can be shown that FM0 reduces to the ordinary
derivative of FM with respect to f .
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The Newton method consists in iterating this procedure, i.e.: in solving
FM0 ( fi )∆ fi+1 = −FM ( fi ), i = 0, 1, 2, 3, ....

(3.18)

for ∆ fi+1 to obtain a sequence of approximations through fi+1 = fi + ∆ fi+1 .
As this solution will be sensitive to errors in the derivative of FM in the vicinity of
zeros, a finite dimensional approximation of ∆ f is looked for in order to obtain a
stable procedure. In particular, the approximated solution is expressed in terms
of a linear combination of some basis functions ϑ p (φ ), p = 1, . . . , P, as
P

∆ f (φ ) =

∑ a pϑ p(φ ).

(3.19)

p=1

Then (3.17) is satisfied in the least squares sense, that is, the coefficients a1 , . . . , aP
in (3.19) are determined so that for a set of grid points φ 1 , . . . , φ J the sum of
squares
¯
¯2
¯
¯
P
¯ 0
j
j
j ¯
∑ ¯¯FM ( f (φ )) ∑ a pϑ p(φ ) + FM ( f (φ ))¯¯
j=1
p=1
J

(3.20)

is minimized.
The number of basis functions P in (3.19) can be considered as a further
regularization parameter. As a matter of fact, choosing P too large may lead
to instabilities due to the ill-posedness of the underlying inverse problem, while
choosing P too small would result in poor approximation quality. On the other
hand, a reduction of the number P of unknown coefficients has a beneficial effect
in reducing occurrence of false solutions, which may arise due to the non-linearity
of the problem. Hence, one has to compromise between stability and accuracy
and in this sense P serves as a regularization parameter.
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4. MULTIPLE ILLUMINATION CASE

In order to achieve less erroneous and more effective reconstructions, a common
idea is to use multiple illuminations [36].

Thus, the method proposed can

be upgraded to use data which is obtained through different experiments or
simulations made with different incidence angles.
For this aim the object is illuminated from different angles non-simultaneously
and each data is analytically continued leading a polynomial equation as explained
in Chapter 3. As the polynomial equation which is expressed in a compact
operator form in (3.13) changes with the illumination angle, the resulting compact
operator for nth illumination can be expressed as
¶
µ
M
ρ −β m
n
n
= 0.
FM ( f ) = ∑ cm
λ
m=0

(4.1)

Knowing that the unknown surface function f is independent of the illumination
angle, a system of non-linear equations consisting of resulting polynomial
equations obtained from N different illuminations can be constructed as
FM1 ( f ) = 0
.
.
.
FMn ( f ) = 0

(4.2)

The non-linear system is solved via Gauss-Newton method. In particular, given
an initial guess f0 , the system in (4.3) which is the linearization of (4.2) is solved
iteratively.
 1
 10

FM ( fi )
FM ( fi )



.
.






.
.

 ∆ fi+1 = − 



.
.
0
FMN ( fi )
FMN ( fi )








(4.3)

where fi denotes the estimated shape at the ith iteration and the updated shape
0

is found by fi+1 = fi + ∆ fi+1 . Here FMn indicates the Frechet derivative of FMn with
13

respect to fi . The Frechet derivative seen in (4.3) reduces to ordinary derivative
since FMn are polynomials of fi . Similar to the single illumination case, the solution
of the linear system (4.3) is sensitive to errors in the derivative of FMn . Solving
this system of equations in the least square sense is a reliable approach to deal
with this obstacle. Particularly, the term ∆ fi+1 is expanded into a series of 2K + 1
trigonometric polynomials as:
K

∆ fi+1 =

∑

k=0

(i+1)
ak cos(kφ ) +

(i+1)

where ak

(i+1)

and bk

K

(i+1)

∑ bk

sin(kφ )

(4.4)

1

are the coefficient to be determined at (i + 1)th iteration.

Next, substituting (4.4) in (4.3) and discretizing φ into Q different points the
system in (4.3) is recasted in a matrix equation form as:
JF ( fi )xi+1 = −V ( fi )

(4.5)

Solving (4.5) in the least square sense gives the solution given in (4.6).
xi+1 = −[JF∗ ( fi )JF ( fi )]−1 JF∗ ( fi )V ( fi )

(4.6)

Here, (N × Q) × 1 column vector V consists of different values of FM at Q
collocation points. Whereas, (N × Q) × (2K + 1) matrix JF∗ denotes the projection
of the matrix F 0 over the trigonometric basis functions and JF∗ denotes it’s adjoint.
Column vector xi+1 contains (2k + 1) unknown coefficients in (4.4).
Having found the unknown coefficients, ∆ fi+1 is obtained and iteration process is
continued untill the condition k xi+1 − xi k< δ is satisfied for a fixed value of δ .
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5. NUMERICAL IMPLEMENTATION AND EXAMPLES

In this section, some numerical results which demonstrate the validity and
effectiveness of the method will be provided. Additionally, in each section effects
of some parameters as frequency, noise level as well as the properties of the
homogeneous cylinder in which the perfectly conducting object is buried, to the
reconstruction will be demonstrated. And the last section is devoted to examples
which demonstrate the improvements in the quality of reconstructions by using
multiple illumination approach. Concise interpretations of the obtained results
are made at the end of each section. The scattered field data is synthetically
generated by solving the associated forward problem through the mixed double
and single-layer potential approach in J = 150 discrete points [33].

In all

examples, a random term nl |usm |e2ird π is added to each scattered field value
usm , nl being the noise level and rd a random number between 0 and 1. In
the application of the least squares solution the basis functions are chosen as

ϑq (φ ) = e−iqφ ,

q = 0, ±1, ... ± Q, wherein, being the unknown function real

valued, the corresponding ϑq coefficients are enforced to satisfy the Hermitianity
condition. Note P = (2 × Q + 1) in (3.19).
The quality of the estimated shape fˆ is quantified by the reconstruction error
defined as:
v
u J
u ∑ j=1 | f (φ j ) − fˆ(φ j )|2
.
err = t
∑Jj=1 | f (φ j )|2

(5.1)

In the inversion step of the method, the estimated field is used to build the
non-linear functional (3.20) and the Newton minimization is performed. In each
example the illumination angle, noise level and the number of terms in the Taylor
expansion representation are, φ0 = 0, nl = 5% and M = 5 unless other values
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are specified. The minimum circle is used as the starting guess of the iteration
procedure.

5.1 Effect of The Relative Permittivity of The Dielectric Cylinder
In this section the effect of the relative permittivity of the dielectric cylinder
is demonstrated. For this aim, a potato shaped object with a radius of 0.3λ
buried in a homogeneous dielectric cylinder with a radius and conductivity of
0.4λ and σ = 10−2 (S.m−1 ) respectively, is considered. The parametric equation
of the potato-shaped object is given by
x1 = (0.25 + 0.05 cos 2φ ) cos φ
x2 = (0.25 + 0.05 sin 4φ ) sin φ , φ ∈ (0, 2π ).
Number of basis functions in the least square regularization is Q = 8. Exact and
reconstructed shapes for a cylinder with relative dielectric permittivity of εr = 4
and εr = 8 are given in Figure 5.1 and Figure 5.2. The Reconstruction error for
these examples are 6% and 8.5%. For the purpose of showing the robustness of
the method, the noise-free case is also considered for εr = 8. Figure 5.3 shows
the reconstruction with an error of 8%.

As it can be observed, the exact and

reconstructed shapes are in good agreement in the illuminated part of the object
while, due to the introduced regularization, it is smoothed in the non-convex
regions. However, satisfying reconstruction of the non illuminated part is also
achieved. And the method is quite robust against noise , as it is confirmed by
comparison with the noise-free reconstruction.

5.2 Effect of The Thickness of The Dielectric Cylinder
In order to illustrate the effect of the thickness of the dielectric cylinder
to reconstruction, it’s radius is increased to 0.5λ while other parameters as
permittivity and conductivity of the cylinder and number of basis functions
used in the least square regularization remained the same. As seen from Figure
5.4 reconstruction is achieved more erroneous (i.e. 11%) for the case that a
is increased to 0.5λ .

The method is sensitive to increases in the radius of
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Figure 5.1: Exact and reconstructed geometries of a potato-shape object for εr = 4
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Figure 5.2: Exact and reconstructed geometries of a potato-shape object for εr = 8
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Figure 5.3: Exact and reconstructed geometries of a potato-shape object for εr = 8.
Noise-free case.
the dielectric cylinder which prevents proper reconstructions for thick coatings
compared to the size of the PEC object.

5.3 Effect of The Operating Frequency
For the next examples, operating frequency is increased to 600MHz. Hence,
the radius of the potato-shaped object to be reconstructed relatively increased to
0.6λ . Reconstructions with errors of 21.6% and 7% obtained for a = 0.8λ and a =
0.7λ are shown in the Figure 5.5 and 5.6. Relative permittivity and conductivity
of the cylinder and number of basis functions in the least square regularization is
taken εr = 4, σ = 10−2 (S.m−1 ) and Q = 8 in order to make consistent comparisons
with previous examples. As seen from Figure 5.5 the method leads to acceptable
reconstructions if the radius or the coating homogeneous cylinder is not greater
than, approximately a wavelength λ .
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Figure 5.4: Exact and reconstructed geometries of a potato-shape object for a = 0.5λ
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Figure 5.5: Exact and reconstructed geometries of a potato-shape object for f =
600MHz and a = 0.8λ
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Figure 5.6: Exact and reconstructed geometries of a potato-shape object for f =
600MHz and a = 0.7λ

5.4 Effect of The Radius of the β Circle
The proposed method requires an approximate knowledge of the radius of the
buried PEC object, since Taylor series representation of the scattered field is
used between the β circle and the surface of the PEC object. Hence a rough
guess of the radius of the β circle is crucial for proper reconstructions. In order
the method to be practically reliable, one can expect a good reconstruction to
be achieved for a β circle with a radius satisfyingly bigger than the maximum
radius of the PEC object. The following examples demonstrate the validity of the
method regarding the radius of the β circle compared to maximum radius of the
object to be reconstructed. For Figure 5.7 trough Figure 5.9 operating frequency
is 300MHz while thickness and the permittivity of the dielectric cylinder is taken
a = 0.4, εr = 4 respectively. Q = 9 basis functions are used in least square solution.
Figures 5.7, 5.8 and 5.9 shows exact and reconstructed geometries with errors of
6%, and 7.5% respectively.

It is observed that the method gives satisfactory
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Figure 5.7: Exact and reconstructed geometries of a potato-shape object for the radius
of the β is 10% greater than fmax
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Figure 5.8: Exact and reconstructed geometries of a potato-shape object for the radius
of the β is 20% greater than fmax
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Figure 5.9: Exact and reconstructed geometries of a potato-shape object for the radius
of the β is 25% greater than fmax
results if the radius of the β circle is at most 25% greater than the maximum
radius of the object to be reconstructed.

5.5 Effect of The Conductivity of The Dielectric Cylinder
Since the absorbtion characteristics of the coating dielectric cylinder becomes
significant as the conductivity increases, accordingly the reconstruction error is
expected to increase. In this section effect of the conductivity of the coating
cylinder is investigated. Permittivity and thickness of the dielectric cylinder is
fixed at the values εr = 4 and a = 0.4, while the operating frequency is 300MHz.
Number of basis functions in the least square regularization is Q = 8. In addition,
for the following two examples the incidence angle is set to φ0 = π /4 radian.
Figures 5.10 and 5.11 shows that the method provides satisfactory results if the
conductivity of the dielectric cylinder, namely σ is smaller than 0.1(S.m−1 ) for
a thickness of 0.4λ . Reconstruction errors for Figures 5.10 and 5.11 are 7% and
15% respectively.
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Figure 5.10: Exact and reconstructed geometries of a potato-shape object for σ =
0.01(S.m−1 )
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Figure 5.11: Exact and reconstructed geometries of a potato-shape object for σ =
0.1(S.m−1 )
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Figure 5.12: Exact and reconstructed geometries of a kite-shape object

5.6 Validation of The Method For Different Geometries
To show the validity of the method for different geometries a kite-shaped object
with a radius of 0.27λ given by the parametric equation
x1 = 0.2 cos φ + 0.1 cos 2φ − 0.032
x2 = 0.2 sin φ , φ ∈ (0, 2π ).
is considered. The object is buried in a dielectric cylinder with a radius of 0.35λ .
Reconstruction is obtained for φ0 = 180◦ , εr = 4, σ = 10−2 (S.m−1 ) and Q = 6 basis
functions are used in the least square regularization. Note that the incident field
illuminates the target from the non-convex region of the object where a more
erroneous reconstruction is expected to be achieved because of the smoothing
effect of the introduced regularization. Reconstruction is achieved with an error
of 12% is shown in Figure 5.12.
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Figure 5.13: Exact and reconstructed geometries for single illumination
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Figure 5.14: Exact and reconstructed geometries for two illuminations for φ0 = π /4
and φ0 = 5π /4
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5.7 Enhanced Reconstruction Quality by The Use of Multiple Illuminations
The formulation of multiple illumination case of the method is given in Chapter
4. In this section examples are devoted to demonstrate the applicableness of the
data obtained by multiple illuminations of the object. Results are obtained for a
more contrast background namely, for εr = 10. Other parameters of the dielectric
cylinder are a = 0.4 and σ = 10−2 (S.m−1 ) where Q = 6.
It is observed that the use of multiple illuminations, provide slightly better
reconstructions. The result in Figure 5.13 is more erroneous especially in the
non-illuminated side compared to the one in Figure 5.14.
From the illustrative examples given above, one can conclude that the proposed
method is capable of providing quite satisfactory reconstructions, even if data
collected through a single illumination is used.
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6. CONCLUSION

In the proposed thesis, a simple and effective method for the reconstruction of
the shape of an inaccessible perfectly electric conducting target which is buried
in a homogeneous dielectric cylinder, using a single and multiple illumination,
single-frequency scattering experiment, is introduced.
The method consists of two parts: First, an approximation of the field on a circle,
namely β circle, close to the minimum one covering the object is determined
by means of a properly regularized single-layer potential approach outside the
dielectric cylinder followed by Bessel series representation of the scattered field
inside the dielectric cylinder. Then, a simple non-linear problem is solved to
achieve the unknown boundary by minimizing a polynomial cost functional given
by few terms of a Taylor expansion of the total field as function of the unknown
surface profile. A detailed investigation of these parts are made in Chapter 2 and
Chapter 3.
Two particular regularization scheme are applied to the overall inverse problem
in order to obtain a robust algorithm to noisy data. Concerning the first part of
the reconstruction algorithm, particular attention has been given in the solution
of the ill-posed linear operator equation by using a Tikhonov regularization in
such a way that the corresponding approximated near-field is as less sensitive as
possible to errors on data. On the other hand, in the second part, the non-linear
inversion, which is solved in the least square sense via the Newton method, is
properly regularized through the use of a finite dimensional representation of the
unknown contour. Despite the reduced amount of exploited data, the method
yields to very accurate reconstructions of smooth shapes, provided that the size
of the PEC object and the coating cylinder is comparable to the wavelength.
Moreover, even when a single illumination is used, reasonably good estimations
of the non-illuminated side of the targets are achieved. It should be noted that

27

the as the radius of the coating cylinder increase the method gives more erroneous
results which is because Bessel series representation of the scattered field does not
imply adequate information needed for proper reconstructions. It is remarkable
that the method is simple and fast allowing to the results to be improved by
using more tha one illuminations, without reducing its efficiency and simplicity.
Interestingly, such an approach is almost straightforward as the unknown quantity
does not depend on the incident field, which is instead the case that occurs in
other approaches such as, for instance when the reconstruction is based on the
Kirchhoff approximation [24, 27].
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