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SUMMARY

This study consists of the numerical solution of vortex —induced oscillations
of a circular cylinder and investigates various characteristics such as drag, lift and
cylinder oscillation amplitude especially within the lock—in region.

A discrete vortex method incorporating viscous diffusion is presented for
two —dimensional laminar flow of a uniform stream past a transversely oscillating
cylinder. The governing equations are transformed to an accelerating frame of
reference that is fixed relative to the cylinder and a spring —mass—damper system
is used to evaluate the cylinder vibration.

Five sets of structural parameters have been used in the computations,
relating to previous experimental and numerical investigations. The results reveal
correctly the lock—in phenomenon which occurs when the frequencies of vortex
shedding and the cylinder oscillation are captured by the structural natural frequency.
Several experimentally observed characteristics such as drag and lift amplification,
as well as a reverse phase relation of cylinder displacement with vortex shedding
between the ends of lock—in region are numerically predicted. The dependence of
the maximum oscillation amplitude, lift and drag coefficients on structural mass and
damping are calculated and compared with previous numerical studies and a fair
agreement is found.



OZET
ELASTIK BAGLI BiR DAIRESEL SILINDIRIN VORTEKSLERCE
INDUKLENEN SALINIMLARI

Bu galismada, iniform bir akig alami icinde yer alan elastik bagh, iki
boyutlu dairesel bir silindirin, ardinda olusan vortekslerce indiiklenen salinimlari
sayisal olarak incelenmis, senkronizasyon olay1, farkli yapisal parametreler igin,
Re=200'de degisik yonleriyle ortaya konmustur.

Kiit cisimler, bir akim alanina yerlestirildiklerinde yiizeylerinin biiylik bir
bolimii lizerinde ayrilmal1 akisin meydana geldigi yapilar olarak
tamumlanirlar [1]. Belirli bir Reynolds sayismin (Re~40) iistiindeki akimlarda,
sinir tabakalar cismin alt ve {ist yiizeylerinden aralarmda belirli bir faz farki ile
ayrilirlar ve sonugta cismin iz bolgesinde Karman Vorteks Caddesi olarak anilan
yap1 olusur [2]. Bu alterne vorteks olusumu cisme etkiyen kuvvetlerin de periodik
bir karakterde olmasimna yol acar. Cismin elastik bagli olmasi durumunda ise, bu
kuvvetler sonucu, yapisal sOniimlemeye baglt olarak, akimin indikledigi
titresimler meydana gelebilir.

Elastik bagli cisimlerde, vorteks olusum frekansi cismin dogal frekansina
yeteri kadar yakin oldugunda, cisim salinmimlari vorteks olusumunu etkiler ve
kontrol altina alir. Bu durumda, vorteks olusum ve cismin salimm frekanslari
dogal frekansa yakin bir degerde birlesirler ve cisim akimdan aldifi enerji ile
yiikksek genlikli salinimlar yapmaya baglar. Bu olay kilitlenme, senkronizasyon gibi
degisik adlar alir. Aslinda aerodinamik kuvvetlerle yapisal titresimlerin lineer
olmayan kargilikl1 etkilesimini ele alan degisik inceleme alanlari mevcuttur [3].
Ancak bu calismada sadece vortekslerin indiikledigi salintmlar konusu iizerinde
durulacak ve kilitlenme olay1 degisik karakteristikleri ile incelenecektir.

Vortekslerin indiikledigi salmimlar birgok miihendislik dalinin ilgi alanina
girer. Tahrip edici Ozellikleri bulunduBundan otiirii siklikla inceleme konusu
olmuslardir. Olayin, yiiksek binalarin, asma kopriilerin, kule ve bacalarm, enerji
iletim hatlarmin, 1st defistiricilerinin ve bunlar gibi daba bircok yapmin veya
elemanin dizayminda dikkate alinmasi gerekir [6,7]. Bu konudaki en tnli ve
carpict Ornegi, Tacoma Bogazi Kopriisiinin 7 Kasim 1940 tarihinde yikilis1
olusturur. KOpriiniin tamamlanigindan yaklagik dort ay sonra, siddetli yan
riizgar sonucu vorteks olusumu yapida rezonansa yol agmis ve titresimlerin
genligi normal yol seviyesinin 9 metre iistiine kadar ulagsmistir [7]. Tahrip unsuru
disinda, vorteks olusumunun indiikledigi titresimlerin istenmeyen diizeylerde
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gliriiltiiye sebep olmalart konuya duyulan ilgiyi arttirmaktadir [4].

Literatiirde, vortekslerin indiikledigi salinimlari arastiran calismalar daha
¢ok deneyseldir. Ayrica, gerek deneysel gerek sayisal incelemelerde, genellikle
cismin zorlanmis titresimleri ele alinmaktadir. Buradaki calismada ise elastik
bagli bir cismin serbest titresimi ele almmis ve vortekslerin indiikledikleri
salmmmlarm ozellikleri ve bu oOzellikleri etkileyen parametrelerin belirlenmesi
amagclanmistir.

Yapilan sayisal calismada, cisim olarak, iki boyutlu dairesel bir silindir
secilmistir. Oncelikle, bu silindirin sabit oldugu durum igin sayisal metod test
edilmis, sonuglar daha Once bulunmus deneysel ve saywsal degerlerle
karsilagtirilmigtir.  Bunu takiben bes defisik yapisal parametre grubu igin
silindirin salmimi, tasgima ve siirlikleme katsayilar1, akimdan aldifi gii¢ ve
kiimiilatif enerji zaman- i¢inde incelenmistir. Parametrelerin seg¢imi sirasinda
sonuglarin benzer diger c¢alismalarla kargilagtirilabilir olmast g6z Oniine
alinmais baz1 deneysel ve sayisal ¢alismalarin verileri esas
almmastir [3,10,16,23]. Kilitlenme olay1 ve karakteristikleri disinda, ek kiitle
ve akigkan sOniimlemesi degerleri de aragtirildifindan, hesaplamalarda, elastik
bagli silindir i¢in iki degisik durum s6z konusu olmustur  : liniform akim altinda
titresim ve durgun ortamda denge konumundan saparak titresim.

Baz alman Hiicre-I¢inde~Vorteks adli saywisal yontemle, iki boyutlu
Navier -Stokes denklemlerinden g¢apraz tiirevlerin alinip, basingla ilgili terimlerin
yok edilmesi ile elde edilen Cevrinin Taginim1 denklemi

D—“é=a—“;+(r7.V)w=vV2co M

coziilmektedir. Oncelikle bu denklem Difiizyon

9w _,y2 2
3¢ vViw )

ve Tasinim -

.g%:—-(f}-V)(O (3)

denklemleri olarak ikiye ayrilir, diflizyon ve taginim iglemleri ardisik olarak
ele almr. Boylelikle lineer yapida olmayan tagimim terimleri esas denklemden
ayrilmis olur [29,30]. Ayrica bu yoOntemle difiizyon ve tastnim icin degisik
¢Oziim teknikleri ve yaklagmmlarin kullanflmasi olanagi da dogmaktadir [19].
Bu calismada difiizyon Euler yaklasimi ile silindir etrafindaki sabit bir ¢oziim
aginda, tasinim ise Euler-Lagrange melez yaklagimi ile ¢coziilmektedir.
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Euler yaklagimi, cisim etrafinda bir ¢oziim a1 olusturulmasini
gerektirir. Hesaplamalar, fiziksel diizlemdeki dairesel silindirin konform doniisiimii
ile elde edilen yar1 sonsuz diizlemde dikdortgensel bir ¢6ziim agnda yapilmis ve
fiziksel diizleme doniisiim i¢in

z=Rexp (-ial) 4

analitik ifadesi kullanilmagttr. Burada z fiziksel, { hesaplama diizlemlerindeki
kompleks koordinatlari, R silindirin yaricapmi ve o fiziksel diizlemde, yer
vektoriiniin reel eksenle yaptigi agiy1 gostermektedir.

Difiizyon depnkleminin ¢6ziimii yiizeyde kaymama sinir sartt géz Oniine
alinarak yapilir. Bu sarti1 ifade etmek icin gerekli olan akim fonksiyonu
degerleri Poisson denkleminin ag yap1 iizerinde ¢oziimii ile elde edilir. Ayrica
taginim hizlarmin hesabt i¢in de akim fonksiyonu degerlerine ihtiya¢ vardir.
Poisson denklenii, gevri

-9v_Jdu 5
©= 5% By )
ve akim fonksiyonu
" o°F _, Y __, 6)
oy X

tanimlarmdan siireklilik denkleminin sonucu olarak

V¥ =-0 )

seklinde elde edilir. Ancak bu denklem diizlemler arasi degismez bir biiyiiklik
olan sirkiilasyon (I') cinsinden ele alinmakta

2 =_£ 8
vz = (@)

ve ¢oziimii Cabuk Fourier Doniigiimii ile bulunmaktadir. Bu yontemle, akim
fonksiyonunun her bir ag noktasindaki degeri belirlendikten sonra, difiizyon
denklemi ikinci mertebeden sonlu farklar yontemi ile ¢oziiliir. Cevrinin kat1 cidarda
kaymama smir sartin1 saglar sekilde olustugu disiinilir [29] ve simr sarti
olarak yiizeydeki sirkiilasyon akim fonksiyonu kullanilarak

2¥; 4

A 9
N¢1,1) ¢ ©)

Lii0=-

seklinde ifade edilir [31]. (i,0) cisim yiizeyini ve (i,1) ylizeye komsu ag
noktalarm: temsil eder. Dis simr icin ise I'=0 sart1 gegerlidir.



Difiizyona ugrayan c¢evrinin ag noktalarindan ayrik vortekslere
dagitilmasi, Poisson denklemi ¢ozilmeden Once ag noktalarinin sirkiilasyon
degerlerinin ayrik vortekslerden hesaplanmasi ve taginimin a§ noktalarindaki
hiz degerlerinden bulunmasi igin Hiicre-iginde-Vorteks yontemi kullanilir.
Burada herbir vorteksin sirkiilasyon degerinin, hiicre i¢inde bulundufu pozisyona
goére interpolasyonla hiicre koselerine dagitilmasi soz konusudur. Hiicre icindeki
vortekslerin tagmim hizlarinin  bulunmasinda da aym interpolasyon teknifi
kullanilir ve Poisson denkleminin ¢6ziimii ile akim fonksiyonunun tiirevlerinin
almmmasi sonucu elde edilen ag noktast hizlarina uygulanir. Bu yéntemin tercih
edilmesinin sebebi, Bio-Savart indiiksiyon yonteminde N sayida vorteks icin N?
islem gerekirken, Hiicre-Iginde-Vorteks yonteminde M sayida a noktasi igin
M.Log, M islem gerekmesidir [7]. Bu, akim alani gelistikce artan sayidaki
noktasal vorteks igin ¢Oziim zamam agismdan Hiicre-iginde-Vorteks yonteminin
avantajmi ortaya koymaktadir.

Calismada, tastma ve siiriikkleme katsayilart dolayisi ile cisme etkiyen
kuvvet bilesenleri basing integrasyonu ve yiizey siirtiinmesi kullanilarak
hesaplanmaktadir.

Silindirin titresimi, zamana bagli smir sartlarint  bertaraf etmek
acisindan silindire bagli hareketli eksen takiminda incelenmektedir. Bu eksen
takimi degisimi Tasinim denklemini ve silindire gelen kuvvetleri etkiler.
Tasmim denkleminde (3) silindire gore hiz degerlerine, silindirin mutlak
eksendeki hizinin eklenmesi, silindire gelen kuvvetlerde de dinamik esdegerliligin
saglanmasi gerekir. Bu npedenle, silindirin ivmesi ile silindir tarafindan yeri
degistirilen akigkan Kkiitlesinin g¢arpimindan olusan kaldirma kuvveti goreceli
eksen takiminda bulunan kuvvete eklenmektedir [8,32].

Silindirin hidrodinamik kuvvetlerce indiiklenen salinimlarim1 hesaplamak
icin, elastik bagl: silindirin lineer olarak sonimlendifi géz Oniine almirsa hareket
denklemi atalet kuvvetlerini de icerecek sekilde

my+cy+ky =F, +pVy (10

olarak yazilabilr. Burada m cismin kiitlesini, ¢ soniim ve k yay sabitlerini, V cismin
hacmini, p akigkanin yogunlufunu ve F, anlik hidrodinamik kuvveti
gostermektedir. Caligmada bu denklemin boyutsuzlastirilmasi ile elde edilen

2
AP £,D) an) _ 0 G (11)
()7 etz BR)y (s BR) y- £ 2

-]

ifadesi Runge-Kutta yontemi ile ¢oziilmekte ve parametre olarak akiskanin
yogunlugunun silindirin yogunluguna orami (p/p,), yapisal sOniimleme Katsayisi
(€ o ve silindirin boyutsuzlastiriimis dogal frekansi (f,.D/U) kullanilmaktadir.

Sonuglar, Kkilitlenme aralifmi, vorteks olusum ve silindirin titresim
frekanslarinin bu bolgede nasil silindirin dogal frekansi ile cakistigim agikca
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gostermektedir. Ancak, silindirin akiskana gore yogunlugu ve yapisal séniimleme
katsayis1 arttikca titregimlerin rejime girisini gozlemek zorlasmis, incelemeler
imkanlar dl¢iisiinde 100 boyutsuz zamana, yani, silindirin duragan akigkan iginde
¢apmin 100 kat1 bir yol almasma yetecek bir zamana kadar siirdiiriilebilmistir.
Silindir salinim genliinin maksimum degerinin indirgenmis hiza, Vr=U/(f,.D),
bagli cizimlerinde, genligin kilitlenme aralifinin baginda ani bir yiikselis
gosterdigi goriilmistiir. Bu sonug Onceki galigmalarla da uyum igindedir, ancak
deneysel incelemelere gore kilitlenme daha distik indirgenmis hizlarda
olusmaktadwr.  Ancak farkliifin, karsilastirmalarda ayni Reynolds sayisinin
gegerli olmayismdan kaynaklandifi diistiniilmektedir. Bu calisma kapsaminda
yapilan tiim incelemelerde, Reynolds sayisi i¢in akimin halen laminer oldugu 200
degeri benimsenmistir.

Deneysel sonuglara uygun olarak, kilitlenme aralifi baslangicinda,
siriikleme Kkatsayisinin ortalama ve calkanti degerlerinde artis olmaktadir.
Tagmma katsayisi ise kilitlenme aralifina girmeden artmakta, i¢inde ise azalarak
bir minimum degerden gecmekte ve kilitlenmenin sonunda oncesindeki degerine
ulagmaktadir.

Calismada vortekslerin indiikledigi salinimlarin iz bolgesi yapisma ve
vorteks olusumuna etkileri de aragtirtlmistir.  Titresim grafikleri, kilitlenme
araligna giriste ve ¢ikista, silindirin hareketi ile tasima kuvveti arasindaki faz
farkinda 180 derecelik bir degisim oldugunu gostermektedir. Bu fark hesaplanan
iz yapilarinda da goézlenmektedir. Silindir maksimum konumunda iken, kilitlenme
aralifinin girisinde silindirin alt yiizeyindeki vorteks kiimesi koparken, kilitlenme
araliginin ¢ikisinda silindirin iist yiizeyindeki vorteks kiimesi kopmaktadir. Bu
gbzlemler cesitli deneysel arastirmalarla uyum i¢indedir.



CHAPTER 1
INTRODUCTION

1.1 Vortex—Induced Oscillations Phenomenon

Some bodies placed in a fluid stream, generate separated flow over substantial
proportion of their s1_1rface and hence can be classified as bluff [1]. It is well known
that at Reynolds numbers in excess of approximately 40, the wake of a bluff body
in steady flow consists of an alternating vortex street. As a consequence of vortex
shedding, a periodic force is exerted on the body, whose component in the transverse
direction (lift force) has the same frequency as the vortex —shedding, while the
component in the streamwise direction (drag force) has a frequency equal to twice

the shedding frequency [2].

When the vortex shedding frequency brackets the natural frequency of an
elastic or elastically mounted rigid body and the damping of the system is low, the
body takes control of the shedding. Then, the frequencies of vortex shedding and
body oscillation collapse into a single frequency close to the natural frequency of the
body, and the body develops large amplitude oscillations by extracting energy from
the surrounding fluid flow. The phenomenon is known by various names: lock—in,
locking—on, synchronization, hydroelastic or fluid—elastic oscillations, wake
capture, self —controlled or self—excited oscillations, etc. In fact, four general
classes cover the study of the phenomena wherein aerodynamic forces and structural
motions interact signiﬁcaﬁtly: vortex —induced oscillations, flutter, galloping and

buffeting [3]. This study will focus on only the vortex —induced oscillations.

In this work, the structure is chosen as a two—dimensional circular cylinder
elastically sprung and possessing mechanical damping in the cross—flow direction,

and it is rigidly constrained in the along—flow direction. The oncoming flow has
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uniform velocity and the Reynolds number based on the cylinder diameter is set
at 200.

Interest in the vortex—induced vibrations arises primarily because of the
possibility of damage or catastrophic failure. However, an equally important reason
in some cases is that undesirable noise levels are sometimes produced. This occurs,
for example in the case of hydrofoils or propeller blades which can sing owing to

high—frequency vibrations induced by vortex shedding [4].

In fact the vortex —induced vibration phenomenon is cutting across a number
of branches of engineering. The phenomena need to be taken into account in the
design of certain structural members such as towers, stacks, tall buildings,
suspended —span bridges, cable roofs, piping systems, power lines, heat exchangers
etc. [5,6]. Perhaps the most famous, dramatic and disastrous example of this was
the collapse of the Tacoma Narrows Bridge on November 7, 1940. A mere four
months after the bridge completion, vortices due to a strong cross wind induced
resonance in the structure, leading to vibrations of the road surface of 9 meters in

amplitude [7].
1.2 Early Investigations and Observations

The periodic shedding of vortices in the wake of a bluff body has been
observed as early as the time of Leonardo da Vinci. The first formal investigation
was made by Strouhal who found that the frequency of a vibrating wire in a stream
was proportional to the wind speed divided by the wire thickness. And in 1879,
Lord Rayleigh defined the non—dimensional quantity which is known as the Strouhal
number. He found that a violin string in the wind vibrated in a plane normal to the
direction of the wind, rather than in a plane contained by the wind as was the
previous opinion. He also observed that the sound increased greatly when the
natural frequencies of the wire coincided with the oscillation frequencies [7,8]. In
1908, Bénard correlated the studies of Strouhal with the vortex street behind a
cylinder. This then was the beginning for understanding the fluid mechanics

responsible of Aeolian tones [9].
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1.3 An Overview of Recent Observations and Investigations

As the reduced velocity (Vr=U/f,.D) is increased from zero, under the action
of the vortices shed in its wake a flexibly mounted cylinder will be driven
periodically, but this driving will elicit only small response unless the vortex
shedding frequency approaches the structural natural frequency of the cylinder. Near
this frequency, in a range of reduced velocities which depends on structural mass and
damping, greater body movement is elicited and the body begins to interact strongly
with the flow [6,10].

Numerous experimental investigations have been conducted of the response
characteristics of vortex —excited cylinders and of the changes in the wake geometry
and fluid forces which accompany the oscillations of either self—excited or
externally driven cylinders. And the increase of power of digital computers has

paved way to several numerical studies of flow around oscillating cylinders.
1.3.1 Experimental Studies

In order to better understand the parameters which influence the
vortex —induced oscillations phenomenon, many investigators have dealt with forced
oscillations of a circular cylinder.

In 1967, Koopman presented the results on the forced vibration of a circular
cylinder at low Reynolds numbers [9]. He studied the effect of the transverse
motion of the cylinder on its natural vortex wake. He observed that the geometry
of the vortex wake is altered appreciably by the motion of the cylinder. In his
experiments, a vibration at the upper frequency limit caused the vortex street to be
compressed and a vibration at the lower frequency limit caused the vortex street to
be expanded. He found also that the range of lock—in is amplitude and slightly
Reynolds number dependent. In an experimental study at higher Reynolds numbers,
similar results about the wake width and the dependence of loék—ih range on the
amplitude and Reynolds number were also obtained by Stansby [11]. He observed
a 180° jump in the phase angle ¢ between the externally imposed cylinder
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displacement and the transverse force at certain cylinder frequencies near the middle
of the lock—in range, which suggests a sudden change in the wake structure. For
transverse oscillations, the boundary zones of lock—in are related to the reduced

amplitude, Ymax/D, as reported by Stansby.

Zdravkovich analyzed the flow visualization photographs of previous
investigations and attempted to establish two different modes of synchronized vortex
shedding [12]. He showed that the phase jump can be explained by the timing of
vortex shedding in relation to the displacement of the body. He noticed that, in the
lower region of the lock—in range, the vortex located on the opposite side to the
displacement of the cylinder is shed when the cylinder is just about to reach or has
reached its maximum amplitude and that, in the upper part of the lock—in range the
vortex adjacent to the cylinder’s displacement is shed when this maximum amplitude
is reached. Ongoren and Rockwell [13] observed a similar result in 1988 and also
concluded that at frequencies below the natural vortex shedding frequency the entire
base region of the cylinder undergoes a swinging motion. According to their
experiments, the angle of swing reaches its maximum when the body excitation
frequency equals to that of the naturally shed vortices and then, at higher excitation

frequency the magnitude of the base swing angle abruptly drops.

Williamson and Roshko studied regions of vortex synchronization existing in
the wavelength—amplitude plane [14]. They found several new regions of
synchronization occupying this plane up to amplitudes of five diameters and to
wavelengths of 16 diameters. Their classification is in terms of vortices shed per
“cycle of oscillation. As they pointed out, a large number of previous experiments
were carried out in the fundamental lock—in region for externally induced
amplitudes of less than cylinder diameter. Near this region where the wavelength
is about 5.0, the major vortex patterns of 2S, 2P and P+S are observed: The
designation 2S means that two vortices are shed with the opposite circulation per
cycle of oscillation, 2P means the formation of vortex pairs and the P+S mode is
an asymmetric version of the 2P mode where the cylinder sheds a pair and a single
vortex each cycle. More recently, Brika et al. investigated the vibrations of a

flexible circular cylinder with a low damping ratio [15]. The main concern of their



study was to confirm the results with the flow visualization observations of
Williamson and Roshko. They obtained a concurrence for the critical flow velocities

at which the jump on vortex shedding modes 2P and 2S occurs.

Relatively less attention has been paid to the lock—in characteristics of
elastically mounted cylinders.  Griffin et al. measured the amplitude of
vortex —induced oscillations at Reynolds numbers between 550 and 900 [16].
Another experimental investigation into vortex —induced oscillations of an elastically
mounted circular cylinder was carried out by Anagnostopoulos and Bearman [17].
Their experiments were performed at Reynolds numbers ranging between 90 and
150, where the vortex street behind the cylinder is fully laminar. They found that

the maximum oscillation amplitude occurs near the lower limit of the lock —in.
1.3.2 Numerical Studies

Sarpkaya and Schoaff were among the first researchers to investigate
computationally the influence of body oscillation on vortex shedding. They
developed a model for flow around a stationary circular cylinder [18] and then
applied the same technique to a freely vibrating cylinder [3]. The model is based
on the Lagrangian discrete vortex method which allows representation of separated
layers from a bluff body by means of a number of point vortices. The evaluation
of the layers can then be calculated using a Lagrangian approach. This method
incorporates some severe assumptions such as an empirically tuned vortex decay
factor to compensate for lack of three —dimensionality in the computation (for
detailed information refer to Sarpkaya [19]). However, some of the response
characteristics were reproduced and, within the lock —in region, it was found that the
mean in—line force and its amplitude of oscillation increase with increasing
amplitudes as in experiments. Their numerical model has also shown that the
cylinder continues to oscillate at a frequency close to its natural frequency at both

ends of the synchronization region, which is in accord with experiments.

In 1982, Hurlburt et al. considered forced vibration of a circular cylinder in

a laminar two—dimensional flow [20]. Three types of cylinder motion are
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considered; oscillation in still —fluid, in—line oscillation and transverse oscillation.
Their computational results showed that drag, lift and inertia effects are strongly
dependent upon Reynolds number, oscillation amplitude and driving frequency.
Chilukuri also studied incompressible laminar flow past a cylinder forced to vibrate
transversely [21]. Calculations were made for several Reynolds numbers and for
large vibration amplitudes. He investigated aeroelastic stability by examining the
power transmission and cumulative energy transfer from the fluid to the cylinder.
He found that a critical amplitude exists above which the structural motion is damped
by the flow and concluded that for the case of elastically mounted cylinder whose
natural frequency matches the natural vortex shedding frequency, the cylinder will
extract energy from the flow and vibrate with increasing amplitude until a critical

amplitude is reached.

Lecointe and Piquet investigated the flow structure in the wake of a circular
cylinder undergoing superimposed in—line or transverse oscillations [22]. They
simulated the characteristic shortening of the vortex length of shedding and therefore
obtained the numerical confirmation of the flow visualization observations of

Ongoren and Rockwell [13].

Blevins applied the Lagrangian discrete vortex method to problems in
fluid —structure interaction [23]. His model incorporates viscous diffusion of
vorticity by means of the Random Walk method, which is a way of introducing
viscosity into the otherwise inviscid discrete vortex calculation. The numerical
method produced a good estimate of the maximum resonant response, but the

predicted lock —in range is narrower than experimentally observed.

In 1992, Stansby and Slaouti presented their work on the two —dimensional
computations of the entire flow—cylinder interaction where the cylinder responds
with two degrees of freedom [10]. This method of computation is similar to that of
Blevins, i.e. at each time step, discrete vortices are generated around the cylinder
surface to satisfy the zero—slip condition. The inviscid part of the vorticity
transport equation is solved by convecting the vortices in their mutually induced

velocity field and the diffusion part is solved by imposing random "walks" taken
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from a normal distribution. For reduced velocities below the range of lock —in, their
computational results show a lift frequency which is close to the Strouhal frequency
while in the experiments the cylinder responds at or close to its structural natural
frequency. The range of reduced velocities for lock—in was also found smaller in
computations than in experiments and the onset of lock—in was computed at a
reduced velocity slightly below the experimental value. They concluded that the
differences between experiment and computation are due to some flow structures not

present in a laminar, two—dimensional flow.

Meneghini and Bearman simulated numerically the flow about a circular
cylinder forced to oscillate and used the equivalence of the transverse oscillation and
the superimposed oscillatory cross flow [24]. They observed the typical beating
pattern outside the lock—in boundary. For large amplitudes of oscillation, amplitude
ratio (imposed amplitude / cylinder diameter) greater than 0.6, they found that the
wake presents a different mode of shedding where a pair of vortices with opposite
circulation plus a single vortex are shed per cycle of oscillation. It must be pointed
out that the present study adopts basically their numerical method where the
Eulerian—Lagrangian ~ Vortex—in—Cell formulation and operator—splitting
technique for Navier—Stokes equations are used. Herein, the diffusive part of the
vorticity transport equation is solved using a finite difference scheme on a fixed grid
[25]. The convection terms are simulated by convecting point vortices. However,
the velocities at discrete vortex locations are calculated on mesh via solution of
Poisson’s equation for stream function. For a critical evaluation of the Lagrangian
and Eulerian—Lagrangian hybrid methods, the reader is advised to refer to an

extensive review by Sarpkaya [19].

In addition to the above —mentioned models based on the finite difference
technique, there have been several numerical attempts for which the finite element
technique is favoured for the numerical solution of the Navier—Stokes
equations [2,26,27].



CHAPTER 2
MATHEMATICAL FORMULATION AND NUMERICAL METHOD

In this chapter, the important mathematical relationships that govern the time
history of viscous flow around a 2D circular cylinder undergoing transverse vibration

and the numerical simulation method are presented.

The study primarily addresses the flow of a uniform stream normal to a rigid
circular cylinder which constitutes also a test case of the computer code. A discrete
vortex method based on the Vortex—in—Cell formulation incorporating viscous
diffusion is used for the simulations. Following the establishment of the solution
technique, necessary reference system transformation is made and the
spring —mass —damper system defining the vibrating cylinder is presented. Finally

the flowchart of the computer code is given.

In order to improve readability, the derivations of some equations used in this
chapter are omitted here and given in the Appendices at the end.

2.1 Navier —Stokes Equations

The study of an incompressible laminar flow of a Newtonian and
constant —viscosity fluid is based on the Navier —Stokes equations of motion which

can be expressed [28] in the form of

Bi, S - 2.1
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The gravity term being negligible, this equation in two—dimensional form

becomes

-
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2.2 Vorticity Transport Equation and Viscous Splitting

Taking the curl of Navier==Stokes equations (2.2 & 2.3) eliminates the
pressure term and using the conservation of mass, which for incompressible flow can

be expressed as

v.0-0 4
or (in 2D)
ou, v _g 2.5)
ox Oy

leads to the transport equation in two—dimension for the vorticity scalar w of the

fluid, that is

Do _dv (UV)o - vV (2.6)
Dt ot -
0=V _ou @2.7)
ox Oy

The Vorticity Transport equation is the basic equation of the Viscous Splitting
Algorithm which suggests the separated treatment of the convection and diffusion of
the vorticity [29]. Accuracy and rate of convergence of the approximation to the

Navier—Stokes solution depend on the individual accuracies of convection and
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diffusion [30]. Thus equation (2.6) is split into a diffusion equation

99 _yv2 (2.8)
ot
and a convection equation
99 __(F.V)o (2.9)
ot

The convection part is modelled assuming that the vorticity field is carried on a large
number of discrete vortices. According to the algorithm, diffusion is applied first,
so that, in the case of flow past a body, vortices created by no—slip condition are
diffused into the flow and redistributed onto mesh points from where they are

convected.

2.3 Poisson’s Equation for Stream Function

For two —dimensional incompressible flows it is possible to define a stream
function ¥ such that the conservation of mass (Equation 2.5) is automatically

satisfied.

o°F _ ., or __, (2.10)

This definition leads to a simple expression for the vorticity, w, in terms of the

stream function , namely the Poisson’s equation,

V2 - - o 2.11)

Following the suggestion of Chorin [29], vorticity is created at solid
boundaries to satisfy the no—slip condition and the diffusion equation is solved
subject to the no —slip boundary condition at the surface. Necessary stream function

values are to be obtained by solving the Poisson’s equation. The calculation of the






