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Minimum Agrlkl Plaklar

Design of Plates for Minimum Weight

by Erdogan SUHUB!

Division of Applied Mechanies, Civil Engineering Faculty
Technical University of Istanbul

Bu makalede keyfi siur sartlarm haiz, rijit plastik bir malzeme-
den yapilmis plaklarda minimum agirlik problemi incelenmistir. Mini-
mum agirlik halinde toplam dissipasyon ener jisi degisiminin agirlikla
orantili oldugu ispat edilmis ve plak ytizeyini bulmak igin h ve w cin-
sinden iki lineer olmayan kismi diferansiyel denklem elde edilmistir.
Bu denklemler basit mesnetli wve iiniform yikli sonsuz uzun bir plak
igin kesin ve kare bir plak igin yaklasik olarak ¢6zilmiistir. Son ola-
rak bu ¢oziimlerden faydalanmak suretiyle basit mesnetli, iniform yik-
li dikdérigen plaklar hakkinda bazi diistinceler ileri strilmistir.

.*.

In this paper the minimum weight design of plates made of rigid-
plastic material has been studied under arbifrary boundary conditions.
It has been proved that the fotal rate of dissipation is proportional to
the weight in case of minimum weight design and it has been obtained
two nonlinear partial differential equations in terms of h and deflec-

tion rate w to find the surface of the plate. These equations are then
solved exactly for an infinitely long plate and approximately for a
square plate simply supported and sub jected to uni form loading. Finally,
using the advantages of these solutions certain considerations have been
introdaced info the problem dealing with simply supported and uniformly
loaded rectangular plates.

*
B

I. Introduction. Previous works [1-2]* on minimum weight d_esiQn
of plates have been confined almost merely to circular plates. In the

* Numbers in brackets refer to the Bibliography at the end of the paper.
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Present work no assumption of circular symmetry is made. Assuming
the von Mises yield condition it is obtained two nonlinear partial
differential equations in terms of 4, the half-thickness of the plate,

and w, the deflection rate, to find the minimum weight design for a
solid plate.

Il. Statement of the problem. The problem under consideration
is the design of a transversely loaded solid plate under arbitrary
boundary conditions. The design is to be such that the plate is just
at the point of collapse under the given loads and such that mini-
mum volume of a given rigid - plastic material is involved. The ma-
terial is assumed to be homogeneous so that the design for minimum
volume coincides with the design for minimum weight.

a L oz
}l_ydl (rdy — A
c 2h
My,d;
I
S I Q_f y —
dy == h
y (a) _j
3 (6) s -
\d‘ (c)
Fig. 1.

Consider a plate which has various edge conditions and which
is bounded by an arbitrary curve (C) and subjected to a transversal
load g(x,y). Let us take the middle plane of the plate as the hori-
zontal x, y-plane of the coordinate axes and assume that the positive
direction of the z-axis is vertically downward (Fig 1a). We suppose
that the nonvanishing components of the stress tensor are only oy, 0oy,
7xy Which correspond to the moments seen in Fig. 1b. We neglect
the shearing and membrane stresses in the analysis. Accordingly the
yield condition can be written as

f(o'xn Oy JTXY) = K?

where f is a function which is homogeneous of degree n and symmet-
ric with respect to the stresses. % is a constant. We suppose that the
function f is also the plastic potential. Since the sections of the
plate are in fully plastic state (Fig. 1c) there are the following ‘re-
lations:
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M M, My

G Tt e T

where 2k is the thickness of the plate. If we substitute these values
into the yield condition, we obtain

(1) f(M:f,MysMxy):kzhg“-
If wé denote the deflection rate by w, the curvature rates can be
expressed as follows:

é?‘w ,.' a?,w .,' azw

=g M T gy T ey |

The rate of dissipation of energy '\).(/p due to plastic action per unit
area of the middle plane of the plate is given by

WP:“‘%: Mx+};!’ MY_%_ 2 ';'-xy Mxy-

According to this expression, by using the generalized stress-strain
relation [3], we obtain '

5 of

=4 M,

(2) Ay = aMy
n. — i
ik =0 oM.y

where A is a proportionality function which depends on coordinates
and time. A can also be expressed in terms of the rate of dissipation
[4]. Therefore, we get

G

ox? oM«

& w of

(3) aE oy? = 1 oM,
22w of

dx dy = oMy ;

For equilibrium the moments must satisfy the equation
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dng 1 62Mxy azMy ——
(4) ax2 T 2 ax ay + eyz Q‘

(1). (3) and (4) provide us five equations to solve the six unknowns

M., My, M, , w, h, A The sixth equation indicates that the weight
(or the volume) of the plate becomes minimum, that is, the integral

V=2ffhdxdy
S

becomes minimum or the variation §I/ vanishes :

6V=2ff6bdxdy=0.
S

If we use the Euler Theorem for homogeneous functions we have

—nhm O gy o S g of
©) o =R = o, Mt g M g M

and the rate of dissipation can be written as
(7) W, = n k2 o
in accordance with (2).

Now we shall take

8) We _ ¢

h

where C is a positive constant, and we shall show that this corres-
ponds to the minimum weight design of plate.

According to the expression (1) we have

Ink? pn—15p — Of o/ of
oy M=+ oM, oM My M

Hence

iy * 1 ) 0 (o)
1% zjf\‘mﬂhz“-l [5% M, an;yaM, +.9M{, aM._,]dxdy.
! .
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Since
Ao 1
T T AR
we obtain
1 [ [[cw 2w L, S
(9) SV-——'—E' ‘/ ‘[{a\z SM\ -f*ch?ﬁMy-r'anay ﬁM\y]dxdy

if we refer to the equations (3). It should be noted that the variations
of the moments are connected. When we vary the thickness of the
plate the moments also change but the load g remains constant. The
varied moments must also satisfy the equilibrium equation:

My + M) 9 62(M gy + dMxy)
il

ox* dx 0y

XMy +My)
oy*

If we take take the equation (4) into consideration we get

5t g.

edMsx |, POMyy 620M
a2 U T axey ' op

(10) =0.

Now we proceed to evaluate the expression (9). Using the expressions

dx = —dssina ) ~
dy=  dscosa N x
\
\
ni=icosa——~a—sina \ dx
6x on ds
0 J . i)
dy__—_ o Sin & +aﬂscosa
at the boundary of the plate (Fig. 2) S

and applying to the double inte-
grals the following formulas for *
integration by parts Y

Fig. 2.

o . oU
ffuaxdxdy—f Ude—ffva—xdxdg
S C S

and
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ij—audg:——f Uvd— | fV—dxdy

we easily obtam that

g,V:_%S [OM cos?a + & M, sin? o+ 28 My, sina cos «] £¥ ds

{ on
C
HE [[(ﬁ M,—d M,) sin a cos a8 My,(cos? & —sin? a)]%ﬁf_ T
e o ./‘[(aaM i BM{;Y )COS a4 (66M —I“GSMXY) sin r:] w ds

o 25, oM, \ - )
+[f ax2 2 axay ayzy)w dxdyg.
o8

The last integral becomes identically zero in accordance with (10).
The bending moment M., the torsional moment M,,, the shear force
Q. at the boundary can be expressed as follows [5] :

M. = M, cos? «+4My sin® a+2Myy sin a cos

M= (M,—M,) sin a cos a-+ My (cos? a— sin? @)

oM, oM, x :
Qn=(—67—}— ayy)cosa—{—( ! —l— o )sma.

If we note that d5/=08d/ the expression (11) takes finally the form

(12) &V = ——[faM == +faMn, ou ds—fﬁands]

Now let us calculate the values of 3V for various edge conditions :
Simply Supported Edge.

SM,=0 , %:o, w=0 and dV=0.
Built-in Edge.

ow fr7 5

=% ==0, @=0 and SV=0.
Free Edge.
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Let the edge be free between the points A and B at the boundary.
The second term can be put in the form

B

oo : "85 Moy -

fﬁMn,OTw—ds=|6Mu,wl— /@r,\M——wa's
s J  &s

C A G

'll}B aMngB =T éUA F)MnsA

= —faaM“ w ds
as
C

because wa = ws= 0. Hence, remarking that the reaction at the

oM. + Q. we obtain
s

(13) 5V=—i[faMnE—wds—j Vnzbds]-
C on ;
C C

Finally we find for free edge 8M.=0, 3Va=0 and dV=0.

We see that 81/ vanishes for all boundary conditions. Therefore,
we can state that the total rate of dissipation is proportional to the
weight of the plate in the minimum weight design.

a‘\Mns 3
= —fdes

@

boundary is V.=

Now we assume that the material obeys the von Mises yield
condition. For our state of stress this becomes

0l 40,2—0, oy+3 2%y =0F"

where o¢ is the yield stress. In terms of the moments this equation
takes the form

(14) M2+M2—M, My+3M?y= o’ A
Since n=2, we obtain
. C
%o = ZorE 2M.—M,)
. &
ty = ooy (2My—M.)
6C

Wy= 7w Mxy



18 Erdogan Suhubi

or if we solve these equations for the moments we get

R 1 on)
e L] (e :
M= SK ¢ (ot s 2 oy®
g e el "zz'u)
() My=—3g (ay~ T gl
2 o
My, = —- R =Y w
= 3K, 2 oxay
C , : DR -
where K, = — . We can insert the constant ;7= into w because
# 20F° 3K

we are only searching for 4. Henceforth we shall represent 2w /3K,

by w and denote A3 by H. The insertion from (15) in (4) and (14)
yields the equations

oH 6’ oH é "”‘]@2
(16)  HAsw4257 2 A2 7 Al - AH A — (ax =

O*H 6w 62H6w)
ox gy dx 8y ' Oy? oxt

&)’ azz};)z ow O'w ( 0w )2J 4
) 2 l — o 13
) H[(6x2)+(6y2 +ax2 oy | \éx éy _ 35 H

where A is Laplacian operator.

In order to find the minimum weight design, that is, the surface
of the plate we must work out these nonlinear simultaneous differen-
tial equations under given boundary conditions.

lll. Examples. a. Simply Supported and Uniformly Loade.d;lnfini;‘
taly Long Plate, [n this case the plate is bent cylindrically and w,

H depend only on x. Therefore, the equations (16) and (17) can' be
written as

d’H dw | &*Hdw
eior 2942 ok T gl
2w 1
&t~ Ty EE
Since Mx >0 we must take w’ <0, that is,
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do__ 2%
ae Vs o
If we eliminate w between the
two .foregOIDg Equatlons we > mm”“m“m Ilmm\ HHH J
obtaln
ot R
& \de) T A er )
Integrating this equation un- | i ‘ } _1[_
der the conditions et A T T Za
Fig. 3.
@-:0 for x=0, A=0for x=a
dx
o we get
_\/ \/7 2 2)1/2 — 9 2 2)1/2
(18) h—_é__ E(a—X) _0’658\/8—1:(& — x2)L2,

The equation (18) represents an ellipse with semiaxes a and

Ay = 0,658 \/ia.
OF

The volume of the plate per unit length is

V2 = S0 o,csss\/—"—a2
OF

If we design the same plate with constant thickness according to
carrying capacity, then we find for the volume

V2=2-0,658\/—;1;a- %a
Hence

V1 7T =

Vit 0,785

so that the minimum volume design effects a saving of 31 % over the
constant thickness plate

b. Simply Supported Square Plate Subjected to Uniform Load.
Before we proceed to solve the problem we first put the equations
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(16) and (17) into a nondimensional form. We introduce the nondi-

mensional quantities

5 . X
4 ¢ = ‘d‘
y
N = ==
] a
2a P X
w
w0 = —-
qa
2a H
ey
Fig. 4 a
we obtain
cu 0 1 (é&u do
(19) pAAw 2 3 T Aw 12 "1] Aru—|—Ap. Aw (é‘E"" FE
o ol & co 1
 Een &Een | o oEF
20 5 00)‘2+ &2 2+ﬂ5203 | (»62(3 I‘Z__icrrfum
G (“—E= ) (61]3) e anF T leEen, | 3

Since it-is not possible
to obtain an exact solu-
tion of this problem we
use an approximate meth-
od. We replace the dif-
ferential equations by ap-
proximating difference equ-
ations and cover the plate
by a square net with a

mesh size p=—:Tby dividing

the boundary into 2» equal
puts (Fig. 5). At any po-
int 0 of the net we obtain

the following difference
equations :
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1
[32 po—3 (mit-pat-py Fig) Joo — [lmaﬂh—ﬁ; (uz—l—m)»—3u3]ﬂn
il 1
= [11M3+P3—T(Hl—rus)—wﬂmz— 11uo+us——2—(ug+u4)—3un w3
' 1 s 1 il
= tnlba‘l‘u_l_?(ﬂrf—ﬂa)‘?)ﬂz o+ | 2001 7(u1—u3)+7(uru.x)

1 1 1 1
+ 15 (bs— gt H—Hg) | @5+ [?m— 5 (=) + 5 (1 iy

1 , 1 1
16 (15— g "i—.“7—lls) wg—+ [Ql-ta Gy (uy—1g)— 7(!’-5_!-‘-.1)

1

1
(21) I 16 (l‘-s—HB‘HLF_Hs) 07 Ql"o“}"? (ry—n3)— %(.U-z*!’q)

1 ] 1
— 15 (s Hathr—Hs) |05 [V«o + 55— P’-s)] 09
' 1 1
[P‘-a i 5 (Flz_H.J)} Wy + [ SOl (P-l_!’-a)" Wy

1
[ )= ) (P*;—P-.;)] wgp=p"
and

2
(22) % [(0, 03— 200)2-(0,+F 0,—2@0) - (003 —20,) (0;-0,—2w,)

These equations can be written at every point of the net and a
system of nonlinear equations can be obtained. The number of the
equations is equal to the number of the unknowns. In order to solve
these equations we shall use an iterative method. We shall estimate
the p and we shall solve the system of linear equations, obtained
in this way, for the ©. After having found the w, the p can be calcu-
lated from (22) at every net point. These values are generally different
from estimated ones. It is necessary to proceed with the iterative
procedure until the vaIue; of the p remain sensibiy constant.
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From symmetry considerations, it is seen that only one octant
of the plate need be considered. Since the plate is simply supported,
bending moments and deflections vanish at the boundary. For a net
point at the edge we can write (Fig. 6)

w;+w,=0, W, =—0g.

Now let us take p= A;— (Fig. 7). We introduce the notations

NN

RRRRRRNNR

—=a; and VY=
Ky 81, ]

(]
SNENRNN &
Q

ad

AN

&
Fig. 6

and take the p at the boundary equal to zero. Accordingly the

=25 N )
] ] [}
e e |
T 1 ““ﬂ
2 |5 |5 |5 2l 5
qll
3 |z |4 11111 ok
. Lo

Fig. 7
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equation (21) can be written at the points 0, 1, 2, 3, 4, 5 as follows:

(23)

[32—12¢t,)0,-8w,—(44—12a )0, 4405 =",

[2}‘1,—U3‘|‘“4+1—1'6—(az—|—.1—2a5) ] 0p-H (340, —Ta,—5,)0;
1
-+ [2a1+a3— a_l-,{—ﬁ (cyF1— 2a) :|m2— (220, +oy—7a,) wg

— (22a;, — Tag +ay) 04+ [40:1— %(az—[—l—fz%)] 0w, =Y,

' 1
(2(12 + ag+ —6—a1)m1—[—(30a2—5a3)m2—(22az—|—a3)m3—|—(2az—|—a3)m5———11’,

Lt (110:3—{—0.1— % o % Oy )031 = (110:3— % o+ 0,— S )mz

' 1 gl
=k [(34 A E) ag—20— 3ty — 1—6—054—30!6 }ms + [(3—— %) oy @

1 1 s 1
— % |- -5 s +i€ C‘J 0, — (1103—— 5 a—3ay as)ms =,

— (11— 30—y +1) 0g—(220,—az;—4a;—1) 0 +(60,10s—1)w;

+ (37a.;—6u1— 5 (et a3 o=,

1 :
( ag |- 5 % )c|)0—|-(4a5—|—a_l)m1+2(c5 wy— (220, —a,—4a3) w0,

= (11a5+a4—aé)m4+(31a5—6a3—%aé) ws = V.

Here we shall mention only the last step of the iteration. Let us take

=0.715, =0.170, 0;=0.350, «,—0.815, az=0.440.

According to these values the equations (23) become

92.220 0,+8.000 ©,—34.220 w,+4.000 0 =,

1 .913 0.)0_'"17-785 wl+0.983 m2_10.375 w3-14_095 m.j_"2|824 (05='{p,
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0.735 ©,14-3.350 ©,—4.090 ©0,+0.690 w;=",
— 4.260 ©,—2.342 0,4-8.611 w;-+1.929 ,—3.422 0, =,
— 7.930 0,—13.630 ©,+-4.330 ©,4-22.385 w,—5.690 ooV,
0.848 @y4-2.575 @, +0.880 ©,—7.465 ©,—5.305 v, 49502 0, = 1.

Solving this system for the w we obtain

@y =11.494250 ¥, o, = 9.694695V, m,=4 920284 P,
Wg= 6.743496 Y, ,=10.539825V, 0;=7.178254 ),

Putting these values into the left-hand member of the equations (21)
we find

3/2
11513 =0.564 5‘7_. 1y=0.1794 (Oi) g
F F
i 8/2
1l 3=0.503 0—‘1, 1w =0.1276 (ci) :
K F
T 372
walB=0.311 \/ci ) 1=0.0301 (E:L) )
E &
= 8,2
ly! 3=0.399 %. u;=0.0.35 ( %) ;
. T 3.2
,l%=0.529 Gi, ny=0.1 173(&9’ ) :
F E
ek 350
it8=0.428 \/ 1, t;=0.0.82 (—"’—l :
OF OFf '

The «; which correspond to the foregoing values are

“=0711, @' =0.168, a,=0.354, @,/ =0.824, «.'=0.436.

The greatest difference between the two steps is 1.19 . We can

StoP the process and the half-thicknesses of the plate at the net
points have been found as

}t0=0.564\/0—q—a, A =0.503 /ia, A.,:O.Sll\/ia.
: F OF % OF

h3=0.399 \/f; a,  h=0.529 \/i a,  hs=0.428 \/—"— a.
aF OF
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We can also calculate the moments at these points by means of
the following formulas:

02w 1 é2m
o 2 e G
Mx = “'qa ( 652 + 2 én]z) )
, [6°® 1 é*w
(24) My=—kga (6‘1]'-’ i 6'&2') :
el 1 5 o'zrl)
Myy = 5 Lga ZEon

We obtain these results:
Point 0: M,=M,=0.3181 ga*
» 1: M,=M,;=0.2495 ga®, My,=—0.0204 ga*
> 2: M,=M,;=0.0871 ga®, Myy=—0.0226 ¢a®
» 3 M.=0:1763 ga® My, = 0.128) ga®>, My, = —0.0187 ga®.
4: M,=0.2978 qa® , M, = 0.2650 ga*
5: My=0.2060 ga?, Mo =— 018858 ga

2

y -

Moments and thicknesses at the ssctions in question are shown
in Fig. 8 and Fig. 9.

In order to check our calculations we may compute the quantities

W,Jh, which require to be constant, at every point. In the following
; 1
table the values of y = Wy —
h 3 .. /oF
5 9\ K,V
2 q
compared to the value at the point 0 have bezn shown :

and their differences

Point 0 1 2 3 4 5

v | 19.37888 | 19.18812 | 18.84358 | 19.90095 | 19.81644 | 18.99107

o/, & | 0.00 0.98 2.76 2.69 2.26 1.98

It is clear that the greatest difference is of order 3 9/,. This can
be considered as a good approximation within the frame of the
method which is used.
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Now we try to represent the thicknesses by an explicit fdrmula.
It is easily observed that the equation '

(25) h = 0.564 \/ g"—; a VA—E) 1—%)

satisfactorily approximates to the above results at the net points.
Thus we can take this equation as the equation of the surface of
the plate. Therefore the volume of the plate becomes

Vi _1.399 \/i al.
2 oF

M
Ta?

() AP e

5

Fig. 8 — Moment diagrams at the sections of the plate
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If we elastically design the same plate with constant thickness we

obtain

o6

ho=0.536 \/;?F—a.

as .

0.4

0.3

02

Ellipse

B>
49

>

Al
g

0.5

a4

0.3

02

Ellipsc

o

Hence

and

3 2

Fig. 9 — Sections of the plate

%= 2.144 \/ 9 g
OF

i

v, =0.649.
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The minimum volume design effects a saving - of 35 9/, -over the
elastically designed plate with constant thickness. :

If we design the plate according to the carrying capacity we

find [6] * <
hy=0.391 \/ e
OF
and e
Vs =¥ / q 3
—2~—1.5.64 \/;a :
Hence
Vi
v, =(),890.

We obtain a saving of 11 °) in this case.

It should be noted that the value Vi is a lower bound. The
actual volume will be greater than V/|. If we consider the effects of
shear forces which have been neglected in calculations the thickness
will not vanish at the boundary and will become greater near the
edges. .
¢. Some Considerations on Simply Supported and Uniformly
Loaded Rectangular Plates, [f we consider the results which have
been obtained in previous examples for infinitely long (b/a=) and
square (b/a=1) plates we may- suppose- that the thickness of a
rectangular plate can approximately be expressed as

x2 x?
e ey

where %, is the half - thickness of the
b middle point. In order to determine

the surface we must find A,. We assume
= X that

q
b = -t
/lg ﬁ or a

a a where =0 (i) . The following values
Fig. 10 =

P o
Prager has given following bounds for ho (see [3], p. 69):

A @
0.409 \/ﬂF a = hy = 0,500 \/E; a
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of this function are known :

5 1, p=0.564
a
b _w, $=0.658.
a

If we consider two plates with % = n and 2 e L1 , it 1s easily
n

observed that
i il
f"_:_ = fa.
If we take this relation into account and rote that the difference

l\

0.658
0.664

4

nle

Fig. 10

between the asymptotic value and B (1) is comparatively small we
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can plot the curve f approximately. This curve is shown in Fig. 11.

For i>1 we can approximate this curve by
a

b
B =0.653 (1—e2a)

Therefore we can write

(1.
[2].

3].
[4].

[5).
[6].

b S 2 2 b
h=0.658(1—e—2") \/ciF a \/(1— %) (1— %) et
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