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FOREWORD

This dissertation addresses the three-dimensional container loading problem under real
industrial constraints, focusing on heterogeneous products and stacking limitations. A
machine learning–integrated optimization framework is proposed to improve loading
efficiency and stability, and its effectiveness is validated through a real-world industrial
case study.
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raising me, and my late uncle, Hasan Tekil, one of the kindest people I have ever
known. I remember them with love, gratitude, and deep longing. And finally. . . to
Comet and Kutu (my little ones) this thesis is for you and my family.

APRIL 2026 Sezgi TEKİL ERGÜN

ix



x



TABLE OF CONTENTS

Page
FOREWORD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix
TABLE OF CONTENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi
ABBREVIATIONS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xv
SYMBOLS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xvii
LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xix
LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxi
SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .xxiii
ÖZET . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxv
1. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Purpose of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.3 Hypotheses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2. BIN PACKING PROBLEM AND VARIANTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.1 The Bin Packing Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.1.1 Mathematical formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.2 One-Dimensional Bin Packing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3 Two-Dimensional Bin Packing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.4 Three-Dimensional Bin Packing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.5 Exact and Decomposition-Based Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.6 Online and Approximation Perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.7 Column Generation in One-, Two-, and Three-Dimensional Bin Packing . 22

2.7.1 Column generation for one-dimensional bin packing . . . . . . . . . . . . . . . . . . . . 23
2.7.2 Extension to two-dimensional bin packing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.7.3 Extension to three-dimensional bin packing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.7.4 Stabilization and degeneracy issues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.7.5 Dimensional complexity progression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.7.6 Structural implications of dimensional escalation. . . . . . . . . . . . . . . . . . . . . . . . 26

2.8 Machine Learning Approaches in Bin Packing and Decomposition
Frameworks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.8.1 Supervised learning in packing heuristics and decomposition . . . . . . . . . . 28
2.8.2 Unsupervised learning and structural instance modeling . . . . . . . . . . . . . . . . 29
2.8.3 Reinforcement learning and sequential decision models . . . . . . . . . . . . . . . . 30
2.8.4 Integration with column generation and higher-dimensional packing . . 30
2.8.5 Positioning of the proposed hybrid framework . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.9 From Bin Packing to Container Loading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.10Chapter Summary and Research Gap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3. CONTAINER LOADING PROBLEM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.1 Objective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2 Definition of the Container Loading Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.2.1 Problem constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3 Classification of CLP Variants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.3.1 Single vs. multiple container problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.3.2 Open vs. closed dimension problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.3.3 Offline vs. online CLP. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.3.4 Static vs. dynamic CLP. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.3.5 Implications of the classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.4 Mathematical modeling of the CLP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.4.1 Decision variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.4.2 Boundary constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.4.3 Non-overlap constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

xi



3.4.4 Weight and center of gravity constraints. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.4.5 Modeling challenges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.5 Classical Heuristic Approaches. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.5.1 Constructive sequential paradigm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.5.2 Capacity-oriented heuristics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.5.2.1 First-fit (FF). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.5.2.2 Best-fit (BF) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.5.2.3 Next-fit (NF) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.5.3 Geometric heuristics in higher dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.5.3.1 Bottom-left (BL) principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.5.3.2 Bottom-left-fill (BLF) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.5.3.3 Layer-based and wall-building strategies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.5.3.4 Complexity and structural limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.6 Metaheuristic Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.6.1 Evolutionary algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.6.2 Trajectory-based search . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.6.2.1 Simulated annealing (SA) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.6.2.2 Tabu search (TS). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.6.2.3 Ant colony optimization (ACO) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.6.3 Hybridization strategies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.6.4 Computational trade-offs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.7 Exact Optimization Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.7.1 Mathematical programming formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.7.1.1 Integer linear programming (ILP) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.7.1.2 Branch and bound (B&B) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.7.1.3 Branch and cut (B&C) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.7.1.4 Branch and price (B&P). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.7.1.5 Dynamic programming (DP). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.7.2 Scalability constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.7.3 Comparative structural perspective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.8 Computational Complexity and Structural Analysis of CLP . . . . . . . . . . . . . . . . 52
3.9 Lower Bounds, Relaxations, and Polyhedral Considerations . . . . . . . . . . . . . . . 53

3.9.1 Volume and weight bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.9.2 Relaxation gap analysis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.9.3 Disjunctive and extended formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.10Symmetry, Dominance, and Search Space Reduction . . . . . . . . . . . . . . . . . . . . . . . 54
3.11Bridging Academic Models and Industrial Reality . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.12Implications for Algorithm Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.13Chapter Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4. CASE STUDY AND DATA COLLECTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.1 Case Study and Data Collection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.2 Research Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

5. METHODS AND MATERIALS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.1 K-Means Clustering as a Preprocessing Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.1.1 Determination of the number of clusters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
5.1.1.1 Elbow method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
5.1.1.2 Silhouette score . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.1.1.3 Davies–bouldin index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.1.1.4 Calinski–harabasz index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.1.1.5 Discussion and selection strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.2 Mathematical Model and Proposed Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.2.1 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.2.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.2.3 Proposed algorithm 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.2.3.1 Stage 1 – clustering via k-means . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.2.3.2 Stage 2 – two-level cluster-based placement . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.2.3.3 Stage 3 – final re-clustering (improvement). . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.2.4 Pseudo-code . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
5.3 K-Means Integrated Column Generation and 3D-BFO (KM-3DCGBFO)

Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

xii



5.3.1 Model formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.3.1.1 Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.3.1.2 Decision variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.3.1.3 Objective function and constraints. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.3.1.4 Assignment and usage constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.3.1.5 Dimensional fitting constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.3.1.6 Weight capacity constraint . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.3.1.7 Relative position (non-overlapping) constraints . . . . . . . . . . . . . . . . . . . . . 77
5.3.1.8 Orientation and validity constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.3.1.9 Stackability constraint . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.3.2 Stage 1 – stack construction using 3D-BFO. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.3.3 Stage 2 – column generation (CG) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.3.3.1 Restricted master problem (RMP) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.3.3.2 Subproblem (SP) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
5.3.3.3 Reduced cost . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
5.3.3.4 Subproblem model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.3.4 Column generation (CG) main Flow. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.3.5 Stage 3 – Machine learning–accelerated column generation . . . . . . . . . . . . 82

5.3.5.1 Theoretical motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
5.3.5.2 Target variable definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
5.3.5.3 Feature engineering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.3.5.4 Model training strategy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.3.5.5 ML-integrated column generation procedure . . . . . . . . . . . . . . . . . . . . . . . . 85
5.3.5.6 Computational complexity analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
5.3.5.7 Robustness and convergence considerations . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.3.6 Stage 4 – KM-3DBFO heuristic alternative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.3.6.1 Heuristic trade-Off analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
5.3.6.2 Illustrative representation of the integrated framework . . . . . . . . . . . . . . 88

5.3.7 Illustrative final stack-based container configuration . . . . . . . . . . . . . . . . . . . . 88
6. RESULTS AND DISCUSSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

6.1 Results of Algorithm 1 and the Effect of k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
6.1.1 Benchmark dataset results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
6.1.2 Real-world case study results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

6.2 Results of the KM-3DBFO and KM-3DCGBFO . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
6.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

7. CONCLUSION AND RECOMMENDATIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
7.1 General Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
7.2 Methodological Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

7.2.1 Integration of clustering with 3D packing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
7.2.2 Column generation within clustered structures . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
7.2.3 Machine learning-guided column selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

7.3 Industrial Validation and Practical Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
7.4 Impact of Cluster Size Selection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
7.5 Theoretical and Managerial Implications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
7.6 Limitations and Future Research Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
7.7 Final Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
APPENDICES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
CURRICULUM VITAE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

xiii



xiv



ABBREVIATIONS

1D-BP : One-Dimensional Bin Packing
2D-BP : Two-Dimensional Bin Packing
3D-BFO : Three-Dimensional Best-Fit with Orientation
3D-BPP : Three-Dimensional Bin Packing Problem
ACO : Ant Colony Optimization
AI : Artificial Intelligence
B&B : Branch and Bound
B&C : Branch and Cut
B&P : Branch and Price
BFD : Best Fit Decreasing
BL : Bottom-Left
BLF : Bottom-Left-Fill
CG : Column Generation
CLP : Container Loading Problem
COG : Center of Gravity
DP : Dynamic Programming
EMS : Empty Maximal Space
FF : First Fit
FFD : First Fit Decreasing
GA : Genetic Algorithm
GRASP : Greedy Randomized Adaptive Search Procedure
ILP : Integer Linear Programming
KM-3DBFO : K-Means Based 3D Best-Fit with Orientation
KM-3DCGBFO : K-Means Based 3D Column Generation and Best-Fit

with Orientation
LB : Lower Bound
LNS : Large Neighborhood Search
LP : Linear Programming
MIP : Mixed Integer Programming
MILP : Mixed Integer Linear Programming
ML : Machine Learning
MLKM-3DCGBFO : Machine Learning Integrated K-Means Based 3D Column

Generation and Best-Fit with Orientation
NF : Next Fit
NP-hard : Non-deterministic Polynomial-Time Hard
RC : Reduced Cost
RL : Reinforcement Learning
RMP : Restricted Master Problem (Column Generation)
SA : Simulated Annealing
SI : Silhouette Index
SP : Subproblem (Pricing Problem in Column Generation)
UB : Upper Bound

xv



xvi



SYMBOLS

N : Set of items
I : Set of heavy items
U : Set of light items
S : Set of stacks
K : Set of containers
P : Set of feasible patterns (CG)
i, j : Item index
s : Stack index
k : Container index
p : Pattern index
li : Length of item i
wi : Width of item i
hi : Height of item i
qi : Weight of item i
Lk : Length of container k
Wk : Width of container k
Hk : Height of container k
Qk : Weight capacity of container k
M : Big-M constant
sik : 1 if item i is assigned to container k
xik : 1 if stack i is assigned to container k
nk : 1 if container k is used
xi,yi,zi : Coordinates of item/stack i
x+ij ,x

−
ij : Relative position variables (X-axis)

y+ij ,y
−
ij : Relative position variables (Y-axis)

z+ij ,z
−
ij : Relative position variables (Z-axis)

lxi , l
y
i , l

z
i : Orientation of length dimension

wx
i ,w

y
i ,w

z
i : Orientation of width dimension

hx
i ,h

y
i ,h

z
i : Orientation of height dimension

θθθ sp : 1 if stack s in pattern p
dp : Pattern selection variable
βββ sss : Dual variable of stack s
rc(p) : Reduced cost of pattern p
CI,CU : Heavy and light clusters
zik : 1 if item i assigned to cluster k
ak : Cluster centroid
J : K-Means objective function
T0 : ML warm-up threshold
D : Training dataset for ML
f(·) : ML classification function
Label(p) : Binary label of pattern p

xvii



xviii



LIST OF TABLES

Page

Table 1.1: Comprehensive structural comparison of 3D container loading
literature. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

Table 2.1: Qualitative comparison of classical 2D packing heuristics.. . . . . . . . . . . . 20
Table 3.1: Structural comparison of CLP methodologies. . . . . . . . . . . . . . . . . . . . . . . . . . 51
Table 4.1: Real Case Data from the Filter Manufacturing Facility. . . . . . . . . . . . . . . . 59
Table 5.1: Notation used in the mathematical model: parameters, indices, and

decision variables. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
Table 6.1: Comparison on benchmark instances (Bischoff [1] data). . . . . . . . . . . . . . 92
Table 6.2: Optimal k values suggested by different selection methods for

A-20-ft ×4 (↑ higher is better, ↓ lower is better). . . . . . . . . . . . . . . . . . . 93
Table 6.3: Loading results for the company datasets (1,776 and 1,806 packages). 93
Table 6.4: Numerical results of KM-3DCGBFO approach on benchmark

datasets (Bischoff and Ratcliff [44]). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
Table 6.5: Numerical results of KM-3DBFO approach on benchmark datasets

(Bischoff and Ratcliff [44]). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
Table 6.6: Comparison of 3D-BFDO, KM-3DBFO and manual loading. . . . . . . . . 100
Table 6.7: Comparison of CG, KM-3DCGBFO and MLKM-3DCGBFO

(|CI|= 100, |CU |= 100). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
Table 6.8: Comparison of CG, KM-3DCGBFO and MLKM-3DCGBFO

(|CI|= 150, |CU |= 150). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
Table 6.9: Statistical summary of K-means clustering and packing performance. 103
Table 6.10: Comparison of proposed methods with state-of-the-art approaches. . . 108

xix



xx



LIST OF FIGURES

Page

Figure 2.1: Comparison of classical 2D packing heuristics: Next-Fit (sequen-
tial shelf filling), Best-Fit (minimum residual space), Guillotine
(recursive cuts), and Skyline (dynamic contour-based placement). . . 20

Figure 3.1: Illustration of the geometric boundary constraint. . . . . . . . . . . . . . . . . . . . . 37
Figure 3.2: Illustration of the overlap constraint. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
Figure 3.3: Illustration of the orientation (rotation) constraint. . . . . . . . . . . . . . . . . . . . 37
Figure 3.4: Illustration of the stacking constraint. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
Figure 3.5: Illustration of the support area constraint. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
Figure 3.6: Illustration of the weight capacity constraint. . . . . . . . . . . . . . . . . . . . . . . . . . 38
Figure 3.7: Illustration of the center of gravity constraint. . . . . . . . . . . . . . . . . . . . . . . . . 38
Figure 3.8: Illustration of the axle weight constraint.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
Figure 3.9: Illustration of the loading sequence constraint. . . . . . . . . . . . . . . . . . . . . . . . 39
Figure 3.10: Illustration of the compatibility constraint. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
Figure 3.11: Illustration of the stability constraint. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
Figure 4.1: Stacking compatibility constraints among filter types. Heavy

fuel filters must be placed at the bottom of the container, while
lightweight and fragile air filters are restricted to upper layers.
Placements violating these rules are considered infeasible. . . . . . . . . . . 58

Figure 5.1: Overall flow diagram of the KM-3DCGBFO method.. . . . . . . . . . . . . . . . 89
Figure 5.2: Illustrative final stack-based container configuration obtained by

the proposed method. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
Figure 6.1: Comparison of cluster selection methods. The Elbow Method

suggests a structural flattening after k = 6, whereas Silhouette,
Davies–Bouldin, and Calinski–Harabasz indices consistently
indicate k = 15 as the optimal clustering solution.. . . . . . . . . . . . . . . . . . . . 95

Figure 6.2: K-Means Clustering for 15 clusters for real case data. . . . . . . . . . . . . . . . 96
Figure 6.3: An example of stacks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
Figure 6.4: Graphical representation of algorithmic results. . . . . . . . . . . . . . . . . . . . . . . 102
Figure 6.5: Graphical representation of algorithmic results. . . . . . . . . . . . . . . . . . . . . . . 102

xxi



xxii



A K-MEANS CLUSTERING AND MACHINE LEARNING
ENHANCED HYBRID OPTIMIZATION APPROACH

FOR LARGE-SCALE CONTAINER LOADING PROBLEMS

SUMMARY

The Three-Dimensional Container Loading Problem (3D-CLP) is a well-known
NP-hard combinatorial optimization problem that plays a critical role in logistics
and transportation systems. Efficient utilization of container space directly affects
transportation costs, operational efficiency, and environmental sustainability. Even
small improvements in space usage can significantly reduce fuel consumption
and carbon emissions. However, solving large-scale real-world container loading
problems remains computationally challenging due to practical constraints such as
item rotations, stackability requirements, weight limits, loading priorities, and mixed
loading restrictions.

This thesis addresses a real-world container loading problem encountered in a logistics
company in Turkey and proposes an integrated hybrid optimization framework to
handle large-scale instances under realistic industrial constraints. The proposed
methodology combines clustering-based preprocessing, multi-level heuristic packing,
column generation, and supervised machine learning within a unified architecture.

First, K-Means clustering is employed as a preprocessing mechanism to group items
according to dimensional similarity. This step reduces combinatorial complexity
and improves structural coherence during packing. The number of clusters is
determined through a multi-criteria evaluation using the Elbow method, Silhouette
index, Davies–Bouldin index, and Calinski–Harabasz score. This systematic
and data-driven selection ensures balanced cluster compactness while avoiding
unnecessary fragmentation.

Following clustering, a two-level three-dimensional heuristic packing strategy is
applied. In the first level, items within each cluster are packed into compact and stable
blocks while satisfying feasibility, weight, orientation, and stackability constraints. In
the second level, these blocks are allocated to containers using a Column Generation
framework combined with a 3D Best-Fit Decreasing with Orientation procedure. This
decomposition-based structure enhances space utilization and solution robustness.

To further improve computational efficiency, a supervised machine learning model
is integrated into the column generation process to predict promising reduced-cost
columns. Since only a small portion of generated patterns contribute to improvement,
the machine learning component functions as a screening mechanism, reducing
unnecessary feasibility evaluations and accelerating convergence.

Computational experiments conducted on benchmark datasets and real industrial
instances demonstrate significant improvements in container utilization compared to
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baseline heuristic approaches and manual loading strategies. The proposed framework
also achieves substantial reductions in computational time in large-scale instances.

Overall, this thesis bridges the gap between theoretical optimization techniques and
practical logistics applications by introducing a scalable, data-driven, and computa-
tionally efficient solution architecture for complex three-dimensional container loading
problems.
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BÜYÜK ÖLÇEKLİ KONTEYNER YÜKLEME PROBLEMLERİ İÇİN
K-MEANS KÜMELEME VE MAKİNE ÖĞRENMESİ DESTEKLİ

HİBRİT BİR OPTİMİZASYON YAKLAŞIMI

ÖZET

Üç Boyutlu Konteyner Yükleme Problemi (3B-KYP), lojistik ve taşımacılık
sistemlerinde önemli bir yere sahip olan ve NP-zor sınıfında yer alan kombinatoryal bir
optimizasyon problemidir. Konteyner hacminin etkin kullanımı; taşıma maliyetlerinin
azaltılması, operasyonel verimliliğin artırılması ve çevresel etkilerin azaltılması
açısından kritik öneme sahiptir. Konteyner içerisindeki hacim kullanımında sağlanacak
küçük iyileştirmeler dahi yakıt tüketimi ve karbon salınımı üzerinde önemli kazanımlar
sağlayabilmektedir. Ancak gerçek hayattaki büyük ölçekli yükleme problemlerinde;
ürün rotasyonları, istiflenebilirlik kuralları, ağırlık kısıtları, yükleme öncelikleri ve
karma yükleme gereksinimleri gibi pratik kısıtlar çözüm sürecini oldukça karmaşık
hale getirmektedir.

Bu tez çalışmasında, Türkiye’de faaliyet gösteren bir lojistik firmasında karşılaşılan
gerçek bir konteyner yükleme problemi ele alınmış ve büyük ölçekli örnekleri etkin
şekilde çözebilen bütünleşik hibrit bir optimizasyon çerçevesi önerilmiştir. Önerilen
yöntem; kümeleme tabanlı ön işleme, çok seviyeli sezgisel yerleştirme algoritması,
Sütun Üretimi (Column Generation) yaklaşımı ve denetimli makine öğrenmesini tek
bir bütünleşik yapı içerisinde bir araya getirmektedir.

İlk aşamada, problem boyutunu azaltmak ve yerleştirme sürecinde yapısal bütünlüğü
artırmak amacıyla K-Ortalamalar (K-Means) kümeleme algoritması ön işleme adımı
olarak kullanılmaktadır. Ürünler boyutsal benzerliklerine göre gruplandırılmakta
ve böylece kombinatoryal karmaşıklık azaltılmaktadır. Küme sayısı (K) rastgele
belirlenmemekte; Dirsek (Elbow) yöntemi, Silhouette indeksi, Davies–Bouldin
indeksi ve Calinski–Harabasz skoru kullanılarak çok kriterli bir değerlendirme ile
sistematik biçimde seçilmektedir. Bu veri odaklı yaklaşım, kümeler içerisinde
homojenliği artırırken gereksiz parçalanmayı önlemektedir.

Kümeleme sonrasında iki seviyeli üç boyutlu bir sezgisel yerleştirme stratejisi
uygulanmaktadır. İlk seviyede, her küme içerisindeki ürünler fizibilite, ağırlık,
rotasyon ve istiflenebilirlik kısıtları dikkate alınarak kompakt ve dengeli bloklar haline
getirilmektedir. İkinci seviyede ise bu bloklar konteyner içerisine yerleştirilmektedir.
Çözüm kalitesini artırmak amacıyla blok tahsisi süreci, 3B Best-Fit Decreasing
with Orientation algoritması ile desteklenen bir Sütun Üretimi yaklaşımı ile
güçlendirilmiştir. Bu ayrıştırma temelli yapı, yüksek kaliteli yükleme desenlerinin
sistematik biçimde oluşturulmasını sağlamaktadır.

Büyük ölçekli örneklerde sütun üretimi sürecinde ortaya çıkan hesaplama yükünü
azaltmak amacıyla, indirgenmiş maliyeti negatif olma olasılığı yüksek desenleri
tahmin eden denetimli bir makine öğrenmesi modeli çerçeveye entegre edilmiştir.
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Makine öğrenmesi bileşeni, umut vaat etmeyen desenleri erken aşamada eleyerek
gereksiz fizibilite kontrollerini azaltmakta ve çözüm süresini önemli ölçüde
kısaltmaktadır.

Gerçek endüstriyel veriler ve kıyaslama veri setleri üzerinde gerçekleştirilen deneysel
çalışmalar, önerilen yaklaşımın temel sezgisel yöntemlere ve manuel yükleme
stratejilerine kıyasla konteyner doluluk oranını anlamlı ölçüde artırdığını ve büyük
ölçekli örneklerde çözüm süresini önemli ölçüde azalttığını göstermektedir.

Sonuç olarak bu tez, teorik optimizasyon yöntemleri ile gerçek lojistik uygulamaları
arasındaki boşluğu doldurarak, üç boyutlu konteyner yükleme problemleri için
ölçeklenebilir, veri odaklı ve hesaplama açısından verimli bir çözüm mimarisi
sunmaktadır.
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1. INTRODUCTION

The rapid growth of international trade has intensified the need for efficient and

sustainable logistics systems from both economic and environmental perspectives.

Global supply chains are facing increasing pressure due to rising transportation

volumes, fluctuating demand patterns, and stricter environmental regulations. As

a result, logistics planning must not only focus on cost reduction but also aim to

minimize energy consumption and carbon emissions. Within this context, the efficient

utilization of transportation resources has become a key priority for both industry

practitioners and policy makers.

One of the most critical stages of the transportation chain is the Container Loading

Problem (CLP). The CLP concerns the optimal arrangement of items within

containers or vehicles in order to maximize space utilization while minimizing

the number of containers used [2]. Efficient container loading directly affects

transportation costs, warehouse operations, and fleet requirements. Moreover,

improved space utilization leads to fewer shipments, reduced fuel consumption,

and lower greenhouse gas emissions, thereby contributing to broader environmental

sustainability goals.

From a computational perspective, the CLP represents a three-dimensional extension

of the classical Bin Packing (BP) problem and is known to be strongly NP-hard

[3]. The difficulty of the problem is further amplified by the presence of

practical constraints encountered in real-world logistics systems, such as weight

balance, stackability restrictions, orientation constraints, and transportation safety

requirements. These constraints significantly reduce the feasible solution space

and render exact solution approaches impractical for large-scale industrial instances.

Consequently, the CLP remains a challenging research problem that lies at the

intersection of combinatorial optimization, operations research, and applied logistics.

1



Despite its complexity, even small improvements in container loading efficiency

can result in substantial operational gains. Empirical studies conducted within

the European Union have demonstrated that optimized container utilization has

a measurable impact on energy consumption and carbon emissions in freight

transportation [4]. These findings highlight the strategic importance of CLP research,

particularly in the context of sustainable logistics and environmentally responsible

supply chain management.

Motivated by these challenges, this thesis develops and evaluates two different hybrid

solution approaches for the container loading problem. Both approaches share a

common preprocessing stage based on the K-Means clustering algorithm, which

is employed to reduce item heterogeneity prior to the packing process. However,

the solution strategies applied in the subsequent stages differ substantially. The

first approach integrates K-Means clustering with a heuristic 3D Best-Fit (3D-BF)

algorithm, whereas the second adopts a more advanced optimization framework that

combines Column Generation (CG) with Machine Learning techniques.

The first approach follows a two-stage solution structure [5]. In the initial stage,

items are grouped into clusters according to their geometric characteristics using

the K-Means algorithm. This preprocessing step reduces dimensional heterogeneity

and yields more homogeneous subsets, which are better suited for heuristic packing.

In the second stage, each cluster is loaded into containers using a two-level

3D Best-Fit heuristic that explicitly considers weight, stackability, and rotation

constraints. Computational experiments conducted on both real-world industrial data

and benchmark instances demonstrate improvements of approximately 12–15% in

container utilization compared to classical heuristics, and 19–24% relative to manual

loading practices. Furthermore, the proposed method reduces computation times from

several hours to a matter of minutes, making it particularly attractive for practical

applications.

The second approach extends this clustering-based framework by integrating

the K-Means preprocessing step with a Column Generation methodology and

incorporating machine learning-based column selection strategies [6] . Column
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Generation is widely recognized for its ability to generate strong lower bounds and

high-quality solutions for large-scale combinatorial optimization problems [2]. When

applied to the three-dimensional CLP, this method enables the decomposition of the

problem into a restricted master problem and pricing subproblems, thereby improving

scalability. The integration of machine learning techniques further accelerates

the solution process by guiding the selection of promising columns in large-scale

instances.

Together, these two approaches address different aspects of industrial container

loading. While the first model emphasizes rapid applicability and computational

efficiency, the second provides a more mathematically rigorous framework with

superior optimization performance. Their combined investigation allows for a

comprehensive evaluation of clustering-based hybrid strategies, offering insights into

both heuristic effectiveness and optimization-driven solution quality.

In summary, this thesis systematically investigates K-Means-based hybrid approaches

for solving the container loading problem. By combining data-driven preprocessing,

heuristic packing strategies, and advanced optimization techniques, the study

contributes to the literature at both methodological and applied levels. The proposed

approaches are validated using real industrial data, demonstrating their relevance and

effectiveness for large-scale, real-world logistics applications.

Beyond its immediate operational implications, the Container Loading Problem also

reflects a broader transformation in logistics decision-making paradigms. Traditional

loading practices often rely on manual planning or rule-based heuristics derived from

practical experience. While such approaches may provide acceptable short-term

solutions, they typically fail to exploit the full optimization potential of modern

computational techniques. As supply chains become increasingly data-driven, the

integration of advanced analytical models into logistics operations has become

essential for maintaining competitiveness.

In large-scale industrial environments, the volume of available operational data has

grown substantially due to digitalization initiatives and the widespread adoption

of enterprise resource planning systems. This development enables the systematic
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analysis of product dimensions, shipment patterns, and loading configurations.

However, the mere availability of data does not automatically translate into improved

decisions. Effective algorithmic frameworks are required to transform raw data into

actionable loading strategies. In this regard, hybrid optimization approaches that

combine data preprocessing with structured mathematical modeling offer a promising

pathway.

The introduction of clustering as a preprocessing mechanism serves not only

to reduce dimensional heterogeneity but also to impose structural regularity on

otherwise unstructured datasets. By identifying similarity patterns among items,

clustering techniques enable the decomposition of complex packing instances into

more manageable substructures. This structural simplification facilitates both heuristic

exploration and decomposition-based optimization, thereby bridging the gap between

computational tractability and industrial realism.

Furthermore, the integration of machine learning within optimization frameworks

represents an emerging research direction in operations research. Rather than replacing

mathematical programming models, learning-based components can complement

them by providing informed guidance during the search process. In the context

of Column Generation, machine learning-assisted column selection can significantly

reduce the number of iterations required to reach convergence, especially in large-scale

instances characterized by extensive combinatorial possibilities. This synergy between

data-driven prediction and exact optimization embodies a modern hybrid paradigm that

aligns with contemporary developments in intelligent logistics systems.

From a methodological perspective, this thesis positions itself at the intersection

of combinatorial optimization, data analytics, and applied logistics engineering.

It does not merely propose isolated algorithmic improvements, but instead

investigates the systematic integration of preprocessing, heuristic construction, and

decomposition-based optimization within a unified framework. The comparative

evaluation of two distinct hybrid models enables a deeper understanding of the

trade-offs between computational speed, scalability, and solution quality.
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In addition to methodological contributions, the thesis provides empirical evidence

based on real industrial datasets. Such validation is particularly important in container

loading research, where algorithmic performance often varies significantly between

synthetic benchmark instances and practical applications. By conducting extensive

computational experiments under realistic operational constraints, this study ensures

that the proposed approaches are not only theoretically sound but also practically

viable.

Ultimately, the research presented in this thesis contributes to the broader objective of

enhancing sustainability and efficiency in freight transportation systems. By improving

container utilization through structured hybrid optimization strategies, the proposed

models support cost reduction, resource efficiency, and environmental responsibility.

As global supply chains continue to expand and sustainability requirements become

increasingly stringent, the development of scalable and intelligent container loading

methodologies will remain a critical area of operations research.

The insights derived from this work are therefore expected to be relevant not only for

academic research but also for logistics practitioners seeking robust decision-support

tools for large-scale container loading operations.

1.1 Purpose of the Thesis

The primary objective of this thesis is to develop data-driven and computationally

efficient hybrid approaches for solving the three-dimensional container loading

problem. The study reduces heterogeneity by clustering items with similar dimensions

and places these clusters into containers using different algorithmic mechanisms.

The specific objectives of the thesis can be summarized as follows:

- To achieve higher container utilization rates than classical heuristic methods by

integrating K-Means clustering with the 3D Best-Fit algorithm,

- To enhance mathematical accuracy by combining the K-Means clustering step with

the Column Generation method,
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- To accelerate column selection in the Column Generation framework using machine

learning techniques,

- To conduct a comparative performance analysis of both approaches using real

industrial datasets,

- To contribute to decision support systems for container loading operations based on

the obtained results.

In line with these objectives, the study aims to bridge theoretical modeling and

practical applicability, thereby developing sustainable and optimized solutions for

logistics operations.Beyond these core objectives, the thesis seeks to provide a

structured methodological contribution to the field of combinatorial optimization

under industrial constraints. Rather than focusing solely on incremental algorithmic

improvements, the research aims to establish a systematic hybridization framework

in which data preprocessing, heuristic construction, and decomposition-based

optimization are integrated in a coherent and scalable manner. This perspective allows

the problem to be addressed not only from an algorithmic standpoint but also from a

structural modeling viewpoint.

A further purpose of the thesis is to analyze the role of heterogeneity in large-scale

packing instances and to demonstrate how clustering-based preprocessing can alter

the effective search space of combinatorial problems. By explicitly quantifying the

impact of clustering on both solution quality and computational performance, the study

contributes to a deeper understanding of the interaction between data structure and

optimization efficiency.

The thesis also aims to investigate the trade-off between computational speed and

optimality. While heuristic approaches are typically favored in practice due to their

fast runtimes, decomposition-based mathematical models provide stronger theoretical

guarantees and improved lower bounds. By comparing the two proposed hybrid

approaches under identical industrial conditions, the research evaluates their relative

strengths and limitations in terms of scalability, robustness, and practical deployment

feasibility.
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In addition, this study seeks to explore the integration of machine learning within

mathematical programming frameworks. Instead of treating learning algorithms as

standalone solution methods, the thesis positions them as supportive components that

enhance optimization procedures. In the Column Generation context, learning-based

column selection is examined as a mechanism to guide the pricing process more

efficiently, thereby reducing computational effort without compromising solution

quality.

From an applied perspective, the thesis aims to provide decision-makers in logistics

operations with implementable and interpretable solution methodologies. The

proposed models are designed to be compatible with real industrial data structures

and operational constraints, ensuring that the research outcomes can be transferred to

practical container loading environments. This practical orientation strengthens the

relevance of the study beyond theoretical contributions.

Finally, the overarching purpose of this thesis is to contribute to sustainable

freight transportation by improving container utilization through structured hybrid

optimization strategies. By enabling more efficient use of transportation resources,

the developed approaches support cost reduction, environmental responsibility, and

operational resilience in modern supply chains.

1.2 Literature Review

The Container Loading Problem (CLP) is a three-dimensional extension of the

classical Bin Packing (BP) problem and constitutes a fundamental problem in logistics

and transportation systems. The primary objective of the CLP is to determine the

placement of rectangular items with heterogeneous dimensions into containers of

limited capacity such that items do not overlap and container space is utilized as

efficiently as possible. Typically, the problem aims to minimize the number of

containers used while simultaneously maximizing volume utilization. Due to its

combinatorial nature, the BP problem and its multidimensional variants are classified

as strongly NP-hard [3], implying that exact solution methods become computationally

infeasible even for moderately sized instances.
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BP problems are commonly categorized according to their dimensionality into

one-dimensional (1D-BP), two-dimensional (2D-BP), and three-dimensional (3D-BP)

variants. This classification has a direct impact on both the complexity of the problem

and the types of solution approaches that can be applied. While early research

primarily focused on lower-dimensional problems, the growing demand for realistic

logistics applications has shifted attention toward three-dimensional formulations that

more accurately reflect industrial loading scenarios. Over the years, a wide range of

heuristic, metaheuristic, and exact solution approaches have been proposed to address

these challenges.

Early studies in the BP literature concentrated on one- and two-dimensional

formulations. One of the seminal contributions was made by Gilmore and Gomory [7],

who introduced a Column Generation-based approach for the two-dimensional BP

problem. This work laid the theoretical foundation for decomposition-based methods

and later became a cornerstone for solving higher-dimensional packing problems.

Subsequently, Chung et al. [8] proposed constructive heuristics such as the Next Fit

Decreasing Height (NFDH) algorithm, demonstrating that relatively simple rules could

yield high-quality solutions in two-dimensional packing. The increasing complexity

of BP variants motivated the exploration of metaheuristic techniques, and Jakobs

[9] showed that genetic algorithms could effectively handle more complex packing

instances, paving the way for modern population-based optimization methods.

With the emergence of three-dimensional BP and CLP formulations, research efforts

increasingly focused on modeling additional real-world constraints. These include

weight distribution, stackability restrictions, orientation constraints, and loading

sequence requirements. Bischoff and Marriott [10] conducted one of the earliest

comprehensive evaluations of heuristic methods for three-dimensional packing,

comparing the performance of fourteen different algorithms for packing rectangular

items. Later, Pisinger [2] applied Dantzig–Wolfe decomposition and delayed Column

Generation techniques to two-dimensional problems, demonstrating their potential

for generating high-quality solutions and strong lower bounds. These ideas were

subsequently extended to three-dimensional settings, highlighting the scalability

advantages of decomposition-based approaches.
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Recent research in CLP has increasingly emphasized the explicit incorporation

of practical and operational constraints. Junqueira et al. [11] employed a Mixed

Integer Programming (MIP) formulation to model weight balance, stackability,

and loading priorities within a three-dimensional container loading context. Their

work demonstrated the feasibility of exact and hybrid approaches for small- to

medium-sized instances while also revealing the computational limitations of pure

MIP models. Nascimento et al. [12] conducted a detailed analysis of twelve different

loading constraints and examined their impact on container utilization and solution

quality. Their results highlighted a fundamental trade-off between model accuracy

and computational tractability, particularly when multiple real-world constraints

are simultaneously enforced. Similarly, Gajda et al. [13] proposed a randomized

constructive heuristic that accounts for unloading priorities and dynamic stability

constraints, illustrating the growing emphasis on industrial applicability.

Column Generation has emerged as a powerful optimization paradigm for addressing

large-scale CLP instances. Its main advantage lies in dynamically generating only

those columns, or feasible loading patterns, that are required to improve the solution,

thereby significantly reducing the computational burden. Pisinger [2] demonstrated the

effectiveness of this approach for two-dimensional BP problems, while Junqueira et al.

[11] extended Column Generation concepts to three-dimensional CLP formulations by

incorporating practical loading constraints. Despite its strengths, the direct application

of Column Generation to highly heterogeneous datasets remains challenging due to the

complexity of the pricing subproblems.

Studies that combine Column Generation with heuristic or data-driven preprocessing

techniques are still relatively scarce. In this context, the study by Tekil-Ergün and Cebi

[6] represent one of the first attempts to integrate K-Means clustering with Column

Generation and machine learning-based column selection strategies for large-scale

CLP instances. By grouping homogeneous items through clustering and embedding

these groups into a Column Generation framework, the proposed approach improves

both solution quality and computational efficiency, particularly in industrial-scale

scenarios.
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Clustering-based approaches have attracted increasing attention in recent years

as a means of reducing data heterogeneity prior to packing. Sinaga and Yang

[14] demonstrated that grouping items with similar geometric characteristics using

K-Means clustering can significantly enhance the efficiency of packing algorithms.

Building on this idea, Tekil-Ergün et al. [5] integrated K-Means clustering with

a two-level three-dimensional Best-Fit heuristic. Their results showed container

utilization improvements of approximately 12–15% and capacity increases of 19–24%

compared to manual loading practices. In addition, computation times were reduced

by a factor of approximately 30–35, underscoring the practical advantages of

clustering-based preprocessing.

Tekil-Ergün et al. [5] emphasize the importance of selecting an appropriate number

of clusters (k) and recommended the use of established cluster validity indices such

as the Elbow method [15], Silhouette coefficient [59], Davies–Bouldin index [16],

and Calinski–Harabasz criterion [17]. The resulting two-stage framework offers a

transparent and computationally efficient alternative to both simple heuristics and

highly complex metaheuristic approaches.

More recently, the literature has highlighted the growing role of learning-based

methods in CLP research. Deep learning, reinforcement learning, and hybrid

learning–optimization approaches have been successfully applied, particularly in

online and dynamic loading environments. For example, Murdivien and Um [18]

and Truong and Chien [19] integrated reinforcement learning into three-dimensional

packing problems to address multi-objective optimization challenges, while Jiao et

al. [20] proposed deep learning-enhanced genetic algorithms. Furthermore, Yang et

al. [21] introduced meta-reinforcement learning techniques to improve load stability

and adaptability.

Despite these advancements, several limitations remain. Classical heuristic and

metaheuristic methods often face scalability and interpretability challenges, whereas

purely learning-based approaches typically require substantial computational resources

and are difficult to deploy in time-critical industrial settings. Consequently, hybrid

frameworks that integrate data-driven preprocessing with heuristic or mathematical
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optimization methods have emerged as a promising research direction.Table 1.1

presents a structured comparison of the major research streams in three-dimensional

container loading. Early studies predominantly emphasize exact formulations and

classical heuristics, focusing on geometric feasibility and theoretical rigor but often

lacking scalability and industrial validation. More recent contributions introduce

metaheuristic and learning-based approaches, improving adaptability and solution

quality, yet frequently without comprehensive modeling of realistic stackability

constraints or large-scale heterogeneous instances. Scalability in Table 1.1 refers

to demonstrated computational performance on large-scale heterogeneous instances

exceeding 1000 items. While many studies report strong results on small benchmark

sets, only a limited number of approaches provide empirical validation under

industrial-scale conditions.

In contrast, the proposed KM-3DBFO, KM-3DCGBFO, and MLKM-3DCGBFO

frameworks integrate decomposition-based optimization, heuristic search, and

machine learning assistance within a unified structure. This integrated architecture

enables scalable, physically realistic, and industrially applicable solutions, thereby

bridging the gap between exact mathematical models and purely learning-driven

methods.

Table 1.1: Comprehensive structural comparison of 3D container loading literature.
Author(s) 3D MultiCont. MultiObj. ML Stackability Exact Metaheur. Clustering Scalable Industrial
Martello et al. [22] 3 7 7 7 7 3 7 7 7 7

Pisinger [2] 3 7 7 7 7 3 3 7 7 7

Moura & Oliveira [23] 3 7 7 7 3 3 7 7 7 7

Crainic et al. [24] 3 3 7 7 7 7 3 7 7 7

Parreño et al. [25] 3 3 7 7 7 7 3 7 7 7

Zhu et al. [26] 3 7 7 7 7 7 3 7 7 7

Junqueira et al. [11] 3 7 7 7 7 3 7 7 7 7

Bortfeldt & Wäscher [27] 3 3 7 7 3 7 7 7 7 7

Nascimento et al. [12] 3 7 3 7 3 3 7 7 7 7

Şafak & Erdoğan [28] 3 3 7 7 7 7 3 7 7 7

Delorme & Wagenaar [29] 3 7 7 7 3 3 7 7 7 7

Ali et al. [30] 3 7 7 3 7 7 3 7 7 7

Montes-Franco et al. [31] 3 7 3 7 3 7 3 7 7 3

Yang et al. [21] 3 3 7 7 7 7 3 7 7 7

Tsang et al. [32] 3 3 7 3 7 7 3 7 7 7

Tekil-Ergün et al. [5] 3 3 7 7 3 7 7 3 3 3

Tekil-Ergün & Çebi [6] 3 3 7 3 3 3 7 3 3 3

Overall, the literature reveals two dominant streams of research: (i) heuristic and

metaheuristic methods that incorporate real-world operational constraints, and (ii)

data-driven hybrid optimization models that aim to balance solution quality and

computational efficiency.
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This thesis bridges these two streams by integrating K-Means clustering with both

a three-dimensional Best-Fit heuristic and a Column Generation-based optimization

framework. In doing so, it contributes to the development of scalable, interpretable,

and industrially applicable solution methods for the Container Loading Problem.

Beyond the classification of methods, the CLP literature can also be analyzed

according to modeling paradigms and structural assumptions. A significant portion

of early work assumes orthogonal placement without item fragmentation and allows

limited rotations. While such assumptions simplify mathematical modeling, they

often restrict practical applicability. More advanced formulations have gradually

incorporated stability constraints, load-bearing capacity limits, and multi-drop

unloading requirements. These extensions have substantially increased model realism

but also intensified computational complexity.

Another important stream of research concerns approximation guarantees and

theoretical performance bounds. In one- and two-dimensional bin packing problems,

approximation algorithms with provable worst-case bounds have been extensively

studied. However, extending such guarantees to three-dimensional variants remains

considerably more difficult due to geometric feasibility constraints. As a result,

most three-dimensional CLP studies rely on empirical performance evaluation rather

than theoretical approximation ratios. This highlights a methodological gap between

theoretical computer science perspectives and industrial optimization practice.

From a modeling standpoint, three dominant solution paradigms can be identified in

the literature:

First, constructive heuristic approaches, including layer-building, wall-building, and

extreme-point strategies, emphasize rapid solution generation. These methods are

widely adopted in industrial software due to their simplicity and robustness. However,

their greedy structure may lead to premature convergence and suboptimal space

utilization, particularly in heterogeneous item sets.

Second, metaheuristic frameworks such as genetic algorithms, tabu search, simulated

annealing, and particle swarm optimization attempt to enhance exploration of the

solution space. Although these techniques can yield improved utilization rates,
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they typically require careful parameter tuning and may exhibit instability across

different instance types. Moreover, their black-box nature can limit interpretability

in operational decision environments.

Third, exact and decomposition-based mathematical programming approaches,

including Mixed Integer Programming (MIP) and Column Generation, offer stronger

theoretical foundations. These models provide lower bounds and allow rigorous

performance evaluation. Nevertheless, scalability remains a major concern, especially

when realistic industrial constraints are incorporated.

Recent studies increasingly emphasize hybridization as a means of combining the

strengths of these paradigms. Hybrid models often integrate constructive heuristics

within metaheuristic search procedures or embed heuristic initialization inside

mathematical programming frameworks. Despite these developments, systematic

integration of data-driven preprocessing techniques within decomposition-based

optimization remains limited in the three-dimensional CLP context.

Another emerging direction in the literature involves dynamic and online variants of

the CLP. In contrast to static offline formulations, online loading problems require

decisions to be made sequentially as items arrive. Reinforcement learning and

adaptive heuristics have shown promise in such environments. However, these models

often assume simplified constraints or simulation-based environments that differ from

large-scale industrial batch loading scenarios. Consequently, the applicability of purely

learning-based solutions to high-volume offline container loading remains constrained.

Furthermore, sustainability-oriented extensions of packing problems have begun

to appear in recent years. These studies incorporate carbon emission metrics,

fuel consumption models, or multi-objective formulations balancing cost and

environmental impact. While such approaches broaden the objective structure of the

CLP, they frequently rely on simplified packing subroutines rather than addressing

the geometric complexity directly. This suggests that improvements in fundamental

loading efficiency remain a prerequisite for meaningful sustainability optimization.

A critical observation across the literature is the persistent challenge posed by

heterogeneity. Many algorithmic frameworks implicitly assume moderate variation
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in item dimensions. In highly heterogeneous datasets, heuristic rules may produce

fragmented empty spaces, while exact methods face exponential growth in feasible

placement configurations. Despite this well-recognized difficulty, relatively few

studies explicitly target heterogeneity reduction as a structural preprocessing strategy.

Clustering-based preprocessing addresses this gap by transforming an unstructured

item set into homogeneous subsets before optimization. Although clustering has been

widely applied in data mining and machine learning contexts, its systematic integration

into combinatorial packing frameworks remains underexplored. Existing studies often

treat clustering as an auxiliary step without fully analyzing its impact on search space

structure, convergence behavior, or decomposition efficiency.

In addition, the integration of machine learning within mathematical optimization has

gained significant attention in recent operations research literature. Learning-assisted

optimization aims to predict promising variables, guide branching decisions, or

estimate reduced costs in decomposition algorithms. However, most contributions

focus on routing, scheduling, or network design problems. Applications within

three-dimensional container loading, particularly in conjunction with clustering-based

preprocessing, remain limited.

Taken together, the existing literature demonstrates substantial progress in heuristic

design, metaheuristic exploration, and decomposition-based modeling. Nevertheless,

a comprehensive framework that simultaneously addresses heterogeneity reduction,

heuristic efficiency, decomposition scalability, and learning-guided acceleration in

large-scale three-dimensional CLP instances has not been thoroughly investigated.

This thesis positions itself precisely at this intersection. By systematically integrating

K-Means clustering with both a constructive 3D Best-Fit heuristic and a Column

Generation framework enhanced by machine learning, the study aims to close an

identifiable gap in the literature. The comparative evaluation of these two hybrid

paradigms provides insights into how data-driven structural simplification interacts

with optimization depth and computational scalability.

In summary, while significant advances have been made in CLP research,

challenges related to heterogeneity management, large-scale scalability, and hybrid
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learning-optimization integration remain open. Addressing these challenges

constitutes the central motivation for the methodological developments presented in

this thesis.

1.3 Hypotheses

The following research hypotheses are proposed within the scope of this thesis:

H1: Grouping geometrically similar items using the K-Means clustering method

improves container utilization and computational efficiency compared to the

classical 3D Best-Fit approach.

H2: The appropriate selection of the number of clusters (k) directly affects solution

performance; too few clusters preserve heterogeneity, while too many clusters may

reduce container utilization.

H3: Integrating K-Means-based clustering with the Column Generation method reduces

computational time and yields higher optimization quality compared to classical

CG approaches.
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2. BIN PACKING PROBLEM AND VARIANTS

2.1 The Bin Packing Problem

The Bin Packing Problem (BPP) is one of the most fundamental and extensively

studied problems in combinatorial optimization [33,34]. At its core, the problem

addresses the efficient allocation of a finite set of items into a minimum number of

bins with identical capacity constraints. Despite its apparently simple structure, the

BPP exhibits rich combinatorial complexity and serves as a theoretical foundation

for numerous packing, cutting, and loading problems arising in operations research,

computer science, and logistics.

Formally, let I = {1, . . . ,n} denote a set of items, where each item i ∈ I has a

non-negative size wi ∈R+. Each bin has a fixed capacity C. The objective is to partition

the item set into subsets B1,B2, . . . ,Bm such that:

∑
i∈Bk

wi ≤C ∀k, (2.1)

while minimizing the number of bins m used.

The BPP is strongly NP-hard [3], implying that no polynomial-time algorithm

is expected to solve all instances optimally unless P = NP. This computational

intractability has motivated decades of research into approximation algorithms,

decomposition techniques, and heuristic strategies.
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2.1.1 Mathematical formulation

The classical integer programming formulation introduced by [33] defines binary

variables xi j indicating whether item i is assigned to bin j, and y j indicating whether

bin j is used. The model is given by:

min
m

∑
j=1

y j (2.2)

subject to

m

∑
j=1

xi j = 1 ∀i ∈ I, (2.3)

n

∑
i=1

wixi j ≤Cy j ∀ j, (2.4)

xi j,y j ∈ {0,1}. (2.5)

The symmetry inherent in bin indexing significantly enlarges the search space,

rendering direct branch-and-bound approaches inefficient for large instances [35].

2.2 One-Dimensional Bin Packing

The one-dimensional bin packing problem (1D-BPP) represents the classical

formulation described above. Although structurally simple, it has profound theoretical

importance and numerous practical applications, including cutting stock problems,

memory allocation, processor scheduling, and bandwidth management.

From a theoretical perspective, 1D-BPP has been intensively analyzed in terms

of approximation guarantees. Greedy constructive heuristics dominate practical

implementations due to their computational efficiency.

The First-Fit (FF) algorithm sequentially assigns each item to the first feasible

bin. The Best-Fit (BF) algorithm instead selects the bin that leaves the smallest
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residual capacity. Among these, First-Fit Decreasing (FFD), which sorts items in

non-increasing order before applying First-Fit, achieves an asymptotic worst-case

approximation ratio of 11/9 [36].

Extensive surveys on performance bounds and structural properties of 1D-BPP are

provided in [34]. These results establish a theoretical benchmark for evaluating

higher-dimensional extensions.

2.3 Two-Dimensional Bin Packing

The Two-Dimensional Bin Packing Problem (2D-BPP) generalizes the classical

one-dimensional formulation by associating each item with a width wi and height hi,

while bins are characterized by fixed dimensions (W,H). Unlike the one-dimensional

case, feasibility is determined not only by cumulative size constraints but also by

geometric positioning and non-overlapping requirements.

The inclusion of geometric feasibility considerably increases computational com-

plexity, and the problem remains strongly NP-hard [3]. Consequently, a variety of

structured placement strategies have been developed to effectively manage spatial

interactions.

As illustrated in Figure 2.1, classical two-dimensional packing heuristics differ

fundamentally in how they organize and partition space. Level-oriented algorithms

pack items into horizontal strips whose height is determined by the tallest item in each

level [37]. Shelf algorithms extend this idea by dynamically assigning items to shelves

according to placement policies such as Next-Fit, First-Fit, or Best-Fit.

19



Figure 2.1: Comparison of classical 2D packing heuristics: Next-Fit (sequential shelf
filling), Best-Fit (minimum residual space), Guillotine (recursive cuts), and Skyline

(dynamic contour-based placement).

In contrast, guillotine-based algorithms recursively partition the bin through

axis-aligned cuts, making them particularly suitable for industrial cutting applica-

tions [35]. Finally, skyline heuristics maintain a dynamic contour representation

of the occupied region and iteratively insert items into feasible gaps along this

evolving profile [38]. Table 2.1 presents a qualitative comparison of classical 2D

packing heuristics based on structural characteristics reported in the literature. Space

utilization reflects the algorithm’s ability to minimize unused regions, while structural

rigidity indicates the degree of geometric flexibility imposed by the placement rules.

Computational cost represents the relative decision complexity during insertion, and

industrial suitability.

Table 2.1: Qualitative comparison of classical 2D packing heuristics.

Algorithm
Space

Utilization
Structural
Rigidity

Computational
Effort

Industrial
Applicability

Next-Fit Shelf Low–Medium High Very Low Medium
Best-Fit Shelf Medium–High Medium Medium Medium
Guillotine Medium Very High Low High
Skyline High Low Medium–High Medium
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The transition from 1D to 2D introduces spatial arrangement as a central decision

variable, fundamentally altering the structure of the problem.

2.4 Three-Dimensional Bin Packing

The Three-Dimensional Bin Packing Problem (3D-BPP) extends the geometric

framework further by considering cuboid items with dimensions (li,wi,hi) and

containers with dimensions (L,W,H).

In addition to non-overlapping and boundary constraints, practical implementations

frequently include operational constraints such as:

- Maximum weight limits,

- Load balancing and center-of-gravity restrictions,

- Stability and stackability conditions,

- Orientation constraints.

The number of feasible placements grows combinatorially with dimensionality,

rendering exact enumeration impractical.

Layer-based (wall-building) strategies reduce complexity by partitioning the container

into horizontal layers, each treated as a two-dimensional packing problem [39].

Extreme point heuristics maintain candidate placement coordinates derived from

previously placed items and have demonstrated strong computational performance

[24].

Metaheuristic approaches, including genetic algorithms and hybrid GRASP/VND

procedures, have also been successfully applied to 3D-BPP [25]. These methods

combine constructive placement with local improvement mechanisms to enhance space

utilization.

Constructive placement heuristics such as First-Fit, Best-Fit, and their decreasing

variants have also been widely adapted to three-dimensional settings. In these

approaches, items are sequentially inserted into feasible positions according to a
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predefined ordering rule, and the placement is selected based on criteria such as

minimum residual space or maximum contact surface. Best-Fit-based strategies are

particularly common due to their balance between computational efficiency and space

utilization performance.

2.5 Exact and Decomposition-Based Methods

Although heuristic approaches dominate large-scale applications, exact methods

provide valuable theoretical insights.

The BPP can be reformulated as a set-partitioning model in which each column

represents a feasible packing pattern. This leads to a column generation framework

closely related to the Cutting Stock Problem (CSP). The pioneering work of [7]

introduced column generation in the cutting stock context, laying the groundwork for

branch-and-price algorithms for BPP.

In this reformulation, each feasible pattern p satisfies capacity constraints, and the

master problem selects patterns to cover each item exactly once. The subproblem

corresponds to a knapsack problem that generates new improving patterns.

This decomposition highlights the structural connection between BPP and CSP and

demonstrates how bin packing fits into a broader family of resource allocation models.

2.6 Online and Approximation Perspectives

The BPP can be studied in both offline and online settings. In the offline case, all items

are known in advance, allowing reordering strategies such as FFD. In contrast, online

bin packing requires immediate decisions without knowledge of future arrivals, and

competitive analysis is used to evaluate algorithmic performance [34].

Approximation theory provides worst-case performance guarantees, offering insights

into the trade-off between solution quality and computational efficiency.

2.7 Column Generation in One-, Two-, and Three-Dimensional Bin Packing

Column generation has emerged as one of the most powerful exact methodologies

for solving large-scale bin packing problems. The core idea is to reformulate the
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problem as a set-partitioning model in which each column represents a feasible

packing pattern. Instead of explicitly enumerating all feasible patterns—which are

exponentially many—columns are generated dynamically via a pricing subproblem.

The structure and computational complexity of column generation vary significantly

across one-, two-, and three-dimensional variants of bin packing. In what follows, the

decomposition principle is examined progressively across dimensions.

2.7.1 Column generation for one-dimensional bin packing

In the one-dimensional case, a packing pattern corresponds to a subset of items whose

total size does not exceed the bin capacity C. Let P denote the set of all feasible

patterns.

The set-partitioning formulation is given by:

min ∑
p∈P

λp (2.6)

subject to

∑
p∈P

aipλp = 1 ∀i, (2.7)

λp ∈ {0,1}. (2.8)

Relaxing integrality yields the linear programming master problem.

Let πi denote the dual variables of the assignment constraints. The reduced cost of a

pattern p is:

c̄p = 1−∑
i

πiaip. (2.9)

The pricing problem becomes:

max∑
i

πizi (2.10)
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subject to

∑
i

wizi ≤C, zi ∈ {0,1}. (2.11)

Thus, the pricing subproblem is a 0-1 knapsack problem. This elegant decomposition,

originally introduced for the cutting stock problem by [7], makes column generation

particularly effective for 1D-BPP.

2.7.2 Extension to two-dimensional bin packing

In the two-dimensional case, a pattern corresponds to a feasible non-overlapping layout

of rectangles within a bin of dimensions (W,H).

The master problem retains the same set-partitioning structure. However, the pricing

subproblem changes fundamentally. Instead of solving a knapsack problem, the

pricing problem becomes a two-dimensional packing problem with objective:

max∑
i

πizi (2.12)

subject to:

- Geometric non-overlap constraints,

- Boundary constraints,

- Optional rotation constraints.

This pricing problem is itself NP-hard and significantly more complex than the 1D

knapsack subproblem. Exact solution of the pricing problem is often computationally

prohibitive. Therefore, heuristic pricing strategies or restricted layout families (e.g.,

guillotine patterns) are frequently employed.

The dimensional transition thus transforms column generation from a decomposition

with polynomial-time pricing (pseudo-polynomial knapsack) into a nested NP-hard

structure.
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2.7.3 Extension to three-dimensional bin packing

For the three-dimensional bin packing problem, patterns represent feasible spatial

configurations of cuboid items within a container (L,W,H).

The master problem remains a set-partitioning formulation. However, the pricing

problem becomes a full 3D packing problem with objective:

max∑
i

πizi (2.13)

subject to:

- Non-overlapping constraints in three dimensions,

- Boundary constraints,

- Stability and stacking requirements,

- Orientation restrictions,

- Optional weight balancing constraints.

The pricing problem is therefore a constrained three-dimensional packing problem,

which is computationally far more demanding than the 1D counterpart.

In practical implementations, exact pricing is rarely feasible. Instead, heuristic layout

generators—such as layer-based or extreme-point strategies—are embedded within the

pricing phase. This results in heuristic column generation or hybrid branch-and-price

frameworks.

2.7.4 Stabilization and degeneracy issues

A well-known challenge in column generation is degeneracy of the master problem.

Due to the large number of nearly equivalent patterns, dual variables may oscillate

significantly between iterations, slowing convergence.

Stabilization techniques, including dual variable smoothing and interior-point

stabilization, have been proposed to mitigate this effect. Such techniques are
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particularly relevant in higher-dimensional variants, where pricing subproblems are

computationally expensive and convergence speed becomes critical.

2.7.5 Dimensional complexity progression

The dimensional progression from 1D to 3D fundamentally alters the computational

structure of column generation:

- In 1D-BPP, pricing reduces to a knapsack problem.

- In 2D-BPP, pricing becomes a geometric packing problem.

- In 3D-BPP, pricing becomes a spatial layout optimization problem with additional

operational constraints.

Thus, while the master problem structure remains unchanged across dimensions, the

pricing problem increases dramatically in complexity. This observation is crucial for

understanding the challenges associated with applying decomposition-based methods

to realistic container loading problems.

2.7.6 Structural implications of dimensional escalation

While the master problem structure of column generation remains invariant across

dimensions, the escalation from one- to three-dimensional bin packing fundamentally

alters the computational landscape.

In one-dimensional bin packing, the pricing problem reduces to a knapsack problem,

which, although NP-hard, admits pseudo-polynomial dynamic programming solutions

and strong bounding procedures. Consequently, column generation in 1D-BPP benefits

from relatively stable convergence and well-understood theoretical properties.

However, in two-dimensional packing, feasibility depends on geometric arrangement

rather than cumulative size alone. The pricing problem no longer possesses a compact

dynamic programming structure. Instead, it becomes a nested combinatorial-geometric

optimization problem in which feasibility verification itself is computationally

demanding.
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The transition to three dimensions introduces an additional layer of combinatorial

explosion. Spatial positioning, stacking feasibility, load stability, and orientation

choices interact simultaneously. As a result, pricing becomes a constrained spatial

layout generation problem with no known compact exact formulation capable of

handling industrial-scale instances efficiently.

This dimensional escalation illustrates a fundamental methodological challenge:

although decomposition preserves the elegance of the master formulation, the

tractability of pricing deteriorates rapidly with geometric complexity. Bridging this

tractability gap constitutes a central research direction in advanced container loading

methodologies.

2.8 Machine Learning Approaches in Bin Packing and Decomposition

Frameworks

The intersection of machine learning and combinatorial optimization has evolved

into a major research direction in operations research over the past decade. Rather

than replacing mathematical optimization models, machine learning techniques

are increasingly used to augment classical algorithms by exploiting structural

regularities observed in historical instances. This paradigm, often referred to as

learning-augmented optimization, seeks to combine predictive modeling with rigorous

constraint satisfaction [40].

In bin packing and related loading problems, the integration of learning techniques

is particularly natural. These problems exhibit high combinatorial complexity, strong

sensitivity to ordering and structural decisions, and recurring geometric patterns across

instances. Consequently, learning models can extract regularities that are difficult to

encode explicitly within deterministic heuristic rules.

From a methodological standpoint, learning approaches relevant to bin packing can be

divided into supervised learning, unsupervised learning, and reinforcement learning

paradigms. Each paradigm interacts with optimization algorithms at a different level

of abstraction.
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2.8.1 Supervised learning in packing heuristics and decomposition

Supervised learning relies on labeled data, where each instance is associated with a

target output. In the context of bin packing, such labels may correspond to optimal

placement decisions, priority rankings, reduced-cost improvements, or feasibility

classifications derived from previously solved instances.

Classical heuristics such as First-Fit Decreasing rely on deterministic sorting criteria,

typically based on item size. While these strategies provide theoretical approximation

guarantees [36], they fail to capture higher-order geometric interactions that arise in

two- and three-dimensional packing. In practice, the effectiveness of a placement

decision depends not only on item size but also on residual space configuration,

stacking compatibility, orientation flexibility, and interaction with previously placed

items.

Supervised learning models provide a data-driven mechanism for approximating such

complex relationships. Given a feature representation of items and packing states,

predictive models can estimate the expected contribution of an item to space utilization

or the likelihood that a candidate pattern will improve the master problem objective in

a column generation framework.

Among supervised methods, tree-based ensemble algorithms such as gradient boosting

have demonstrated strong empirical performance in structured optimization settings.

XGBoost, in particular, constructs additive regression trees that sequentially minimize

a regularized objective function [41]. Its advantages include the ability to model

nonlinear feature interactions, robustness to heterogeneous input distributions, and

interpretability through feature importance analysis.

In decomposition-based methods such as column generation, supervised models may

be used to guide pricing heuristics. Rather than solving every pricing subproblem

exactly, a predictive model may identify promising candidate subsets likely to yield

negative reduced cost. This selective evaluation can reduce computational overhead

while preserving feasibility through subsequent verification.
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Thus, supervised learning operates primarily at the decision-guidance level, enhancing

heuristic and decomposition strategies without altering their mathematical structure.

2.8.2 Unsupervised learning and structural instance modeling

In contrast to supervised learning, unsupervised learning seeks to uncover latent

structure within data without relying on labeled outputs. In large-scale packing

problems, unsupervised techniques are particularly useful for instance preprocessing

and structural simplification.

Clustering methods group items according to similarity metrics derived from geometric

or operational features. By partitioning items into homogeneous subsets, clustering can

reduce effective problem dimensionality and reveal structural regularities that facilitate

downstream optimization.

K-Means clustering is one of the most widely used centroid-based algorithms. Given a

dataset X = {x1, . . . ,xn} in a d-dimensional feature space, the algorithm partitions the

data into K clusters by minimizing the within-cluster variance:

min
A,Z

n

∑
i=1

K

∑
k=1

zik‖xi−ak‖2, (2.14)

where ak denotes the centroid of cluster k and zik is a binary assignment variable.

In bin packing contexts, feature vectors may encode geometric dimensions,

aspect ratios, volume densities, stacking indicators, or compatibility metrics. By

grouping geometrically similar items, clustering can support layer construction in

three-dimensional packing, improve initialization of column generation, and enable

hierarchical decomposition strategies.

Unlike supervised models, clustering does not directly predict optimal decisions.

Instead, it provides structural information that reduces combinatorial complexity and

enhances heuristic robustness.
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2.8.3 Reinforcement learning and sequential decision models

From a dynamic perspective, bin packing can be interpreted as a sequential decision

process. Each placement alters the state of the bin, influencing future feasible actions.

This viewpoint aligns naturally with reinforcement learning (RL), where the packing

process is modeled as a Markov Decision Process.

In neural combinatorial optimization frameworks, policy networks are trained to

construct feasible solutions by interacting with simulated environments [42,43]. The

state representation encodes spatial occupancy and remaining items, while rewards

reflect objectives such as bin minimization or volume utilization.

Although RL-based approaches demonstrate adaptive decision-making capabilities,

they often require extensive training data and careful generalization control to perform

robustly across heterogeneous instance distributions. Consequently, RL is more

commonly used as a research exploration tool rather than as a standalone industrial

solution in high-dimensional packing problems.

2.8.4 Integration with column generation and higher-dimensional packing

The integration of machine learning with column generation becomes increasingly

relevant as dimensionality increases. In one-dimensional bin packing, pricing

reduces to a knapsack problem and can often be solved efficiently. In two- and

three-dimensional variants, however, pricing becomes a geometric packing problem,

which is itself NP-hard.

Learning-assisted pricing strategies can estimate the structural potential of candidate

layouts before exact feasibility verification. Similarly, clustering-based preprocessing

can reduce the number of candidate patterns generated during decomposition. These

hybrid approaches aim to preserve the theoretical rigor of set-partitioning formulations

while enhancing computational scalability.

In higher-dimensional container loading problems, where geometric and operational

constraints interact in complex ways, the hybridization of optimization and learning
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represents a promising direction. Supervised learning supports decision prioritization,

unsupervised learning facilitates structural reduction, and classical optimization

ensures feasibility and constraint satisfaction.

Thus, machine learning in bin packing should be interpreted not as an alternative

paradigm but as a complementary layer that augments established combinatorial

optimization methodologies.

2.8.5 Positioning of the proposed hybrid framework

Within this broader methodological context, the present dissertation adopts a hybrid

perspective. Rather than employing machine learning as a standalone solution

mechanism, learning components are embedded within a rigorous decomposition

framework.

In particular, clustering techniques are utilized as a structural reduction mechanism

to preprocess and organize items prior to column generation. By identifying

geometrically and operationally homogeneous item groups, the effective combinatorial

search space of the pricing problem can be reduced. This integration aims to preserve

the mathematical integrity of set-partitioning formulations while enhancing scalability

for large-scale three-dimensional container loading instances.

Thus, the proposed approach aligns with the paradigm of learning-augmented

optimization, where predictive structure extraction complements, rather than replaces,

exact feasibility enforcement.

2.9 From Bin Packing to Container Loading

Although the three-dimensional bin packing problem provides the fundamental

geometric abstraction for container loading, practical Container Loading Problems

(CLP) extend far beyond pure spatial feasibility.

In real-world logistics environments, containers are subject to operational constraints

that significantly complicate the underlying optimization model. These include:

- Maximum gross weight restrictions,
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- Axle load distribution and center-of-gravity constraints,

- Item-specific stacking strength limitations,

- Fragility and incompatibility restrictions,

- Orientation and handling requirements,

- Regulatory and safety compliance conditions.

Furthermore, industrial instances often involve hundreds or thousands of hetero-

geneous items, rendering exact three-dimensional packing models computationally

intractable without structural simplification.

Consequently, modern CLP methodologies combine geometric heuristics,

decomposition-based optimization, and problem-specific preprocessing techniques.

While 3D-BPP captures the spatial core of the problem, CLP introduces operational

realism that transforms the model into a large-scale, constraint-rich combinatorial

optimization challenge.

This structural enrichment explains why purely exact three-dimensional formulations

rarely scale to industrial instances and motivates hybrid methodologies that integrate

heuristic placement strategies with mathematical decomposition techniques.

2.10 Chapter Summary and Research Gap

This chapter has established the theoretical and methodological foundations of

bin packing and its higher-dimensional variants. The progression from one- to

three-dimensional packing demonstrates how geometric complexity fundamentally

alters pricing structure within decomposition-based frameworks.

While one-dimensional bin packing benefits from tractable knapsack-based pricing,

higher-dimensional variants introduce nested NP-hard geometric subproblems.

In practical container loading settings, additional operational constraints further

exacerbate computational difficulty.

Existing literature has addressed these challenges either through heuristic placement

strategies or through exact decomposition-based methods. However, scalability
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remains limited when geometric complexity and industrial-scale data are considered

simultaneously.

This observation motivates the development of hybrid methodologies that combine

structural learning techniques with column generation. By integrating clustering-based

preprocessing within a decomposition framework, the proposed research aims to

bridge the gap between theoretical exactness and industrial scalability in large-scale

three-dimensional container loading problems.
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3. CONTAINER LOADING PROBLEM

3.1 Objective

This chapter aims to provide a detailed and systematic overview of the (CLP), focusing

on its structural characteristics, modeling challenges, and solution methodologies.

CLP is a fundamental optimization problem in transportation and logistics systems,

where inefficient loading decisions directly translate into increased transportation

costs, higher fuel consumption, operational delays, and unnecessary environmental

impact.

From an operational perspective, even marginal improvements in container utilization

can lead to significant reductions in the number of containers used, which in turn

lowers handling costs and carbon emissions. Therefore, CLP is not only an academic

optimization problem but also a decision-support problem with direct economic and

environmental implications.

Within this chapter, classical heuristic methods, modern metaheuristic approaches, and

exact optimization techniques are reviewed in detail. The objective is to establish a

solid theoretical foundation for the hybrid approaches proposed later in this thesis and

to position the contribution of this work within the broader CLP literature.

3.2 Definition of the Container Loading Problem

The Container Loading Problem, CLP is a specific subclass of the three-dimensional

bin packing problem (3D–BPP). It involves determining how a set of rectangular boxes

with heterogeneous dimensions should be placed into a container such that no overlap

occurs and all capacity-related constraints are satisfied [44].

Unlike its one-dimensional or two-dimensional counterparts, CLP exhibits substan-

tially higher computational complexity due to the additional spatial dimension and the

increased number of feasible orientations. Each item can potentially be rotated along
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multiple axes, and its placement decision affects not only remaining volume but also

accessibility, stability, and weight distribution.

In real-world logistics operations, CLP is encountered in a wide range of applications,

including maritime container shipping, truck loading, air cargo consolidation, and

railway transportation. The quality of a loading plan directly influences transportation

safety, handling efficiency, and compliance with legal regulations.

Due to its combinatorial nature, CLP is classified as an NP-hard problem. As a

consequence, exact optimal solutions can only be computed for small-scale instances,

while practical applications typically require heuristic or approximation-based

methods.

CLP is commonly categorized into three principal variants:

- Single Container Loading Problem (SCLP): All items must be packed into a

single container, with the objective of maximizing volume utilization.

- Multiple Container Loading Problem (MCLP): Items may be distributed across

multiple containers, and the primary goal is to minimize the total number of

containers used.

- Heterogeneous Loading Problem: Containers and/or items differ in size or

capacity, introducing additional compatibility and assignment constraints.

These variants reflect different industrial use cases and significantly influence the

choice of solution methodology.

3.2.1 Problem constraints

The Container Loading Problem extends far beyond pure geometric feasibility. In

realistic logistics environments, loading plans must simultaneously satisfy physical

laws, operational requirements, and safety regulations. As a result, CLP is best

described as a multi-constrained and multi-objective optimization problem.

The most relevant constraints considered in CLP models are described below.
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- Geometric boundary constraint: Each box must be fully contained within the

internal dimensions of the container. This constraint defines the feasible spatial

domain and prevents infeasible placements that violate container boundaries.

Figure 3.1: Illustration of the geometric boundary constraint.

- Overlap constraint: Boxes must not intersect in space. This is a fundamental

feasibility condition ensuring that each item occupies a unique physical region.

Figure 3.2: Illustration of the overlap constraint.

- Orientation (rotation) constraint: Although many boxes can be rotated freely,

certain items impose orientation restrictions due to their contents or handling

requirements. This constraint significantly reduces the feasible placement space

and increases problem complexity.

Figure 3.3: Illustration of the orientation (rotation) constraint.

- Stacking constraint: Boxes must be placed either on the container floor or on top

of other boxes. This constraint enforces physical realism by preventing unsupported

placements.

- Support area constraint: A box placed above others must be supported by a

sufficiently large contact surface. Insufficient support may lead to load collapse

or product damage during transportation.
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Figure 3.4: Illustration of the stacking constraint.

Figure 3.5: Illustration of the support area constraint.

- Weight capacity constraint: The total weight of all loaded items must not exceed

the container’s payload limit. This constraint is essential for vehicle safety and legal

compliance.

Figure 3.6: Illustration of the weight capacity constraint.

- Center of gravity constraint: A balanced load distribution is required to prevent

instability during transport. An off-centered center of gravity increases the risk of

tipping, particularly in road and maritime transportation.

Figure 3.7: Illustration of the center of gravity constraint.

- Axle weight constraint: In truck-based transportation, load distribution affects

individual axle loads. Violations of axle load limits can result in safety hazards and

legal penalties.
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Figure 3.8: Illustration of the axle weight constraint.

- Loading sequence constraint: Items must be arranged according to unloading

priorities, especially in single-door containers. This constraint directly impacts

operational efficiency during unloading.

Figure 3.9: Illustration of the loading sequence constraint.

- Compatibility constraint: Certain item types cannot be transported together due

to safety, hygiene, or regulatory reasons. These restrictions are typically modeled

using compatibility matrices.

Figure 3.10: Illustration of the compatibility constraint.

- Stability constraint: The final loading configuration must ensure that items remain

stable throughout transportation. Loose or poorly supported arrangements increase

the likelihood of load shifting.

Figure 3.11: Illustration of the stability constraint.
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3.3 Classification of CLP Variants

CLP is not a single, uniform optimization problem but rather a family of structurally

related decision problems that differ according to operational assumptions, information

availability, dimensional flexibility, and logistical objectives. The classification of CLP

variants is essential not only for theoretical clarity but also for methodological design,

as the structural properties of each variant directly influence model formulation,

algorithmic complexity, and practical solvability.

Over time, the literature has proposed several taxonomies to distinguish between

different CLP settings. These classifications typically rely on container multiplicity,

dimensional flexibility, temporal information structure, and operational dynamics.

Understanding these distinctions is crucial because solution approaches that are

effective for one category may become computationally infeasible or structurally

inappropriate for another.

3.3.1 Single vs. multiple container problems

One of the most fundamental distinctions concerns the number of containers

considered in the problem.

In the Single Container Loading Problem (SCLP), a predefined set of items must be

packed into a single container. The primary objective is generally to maximize volume

utilization or to determine whether a feasible loading configuration exists. SCLP is

particularly relevant in scenarios where a shipment is contractually bound to a specific

container, such as pre-booked maritime containers or fixed-capacity trucks.

From a modeling perspective, SCLP focuses primarily on spatial feasibility and

operational constraints within a fixed three-dimensional domain. The decision problem

reduces to selecting positions and orientations for items under geometric, stability, and

weight-related constraints. Although SCLP remains NP-hard, the absence of container

assignment decisions simplifies the combinatorial structure relative to multi-container

variants.

In contrast, the Multiple Container Loading Problem (MCLP) introduces an

additional layer of combinatorial complexity. Here, items may be distributed across
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multiple containers, and the objective typically involves minimizing the number of

containers used or minimizing total transportation cost. The decision space expands

significantly because, in addition to spatial placement variables, assignment decisions

must be made for each item–container pair.

MCLP therefore integrates characteristics of both bin packing and spatial layout

optimization. The coupling between assignment and placement decisions increases

symmetry and enlarges the feasible solution space. Consequently, decomposition

methods, clustering strategies, and hierarchical heuristics are often employed to

manage this added complexity.

3.3.2 Open vs. closed dimension problems

Another important classification concerns dimensional flexibility.

In Closed-Dimension CLP, all container dimensions are fixed and known in advance.

This corresponds to the classical container loading setting in maritime and truck

transportation, where container dimensions are standardized. Most industrial CLP

applications fall into this category.

In contrast, Open-Dimension CLP assumes that at least one container dimension is

variable. For instance, the container height or length may be adjusted within certain

bounds, and the objective may include minimizing the required extension. This variant

is particularly relevant in cutting stock and manufacturing contexts where material

length can be selected dynamically.

Open-dimension variants alter the structure of the optimization problem. Instead of

pure feasibility under fixed boundaries, the problem incorporates dimension selection

as an endogenous decision variable. This often transforms the objective into a cost

minimization problem balancing material usage and operational efficiency. As a result,

modeling approaches may rely more heavily on continuous decision variables and

parametric optimization techniques.
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3.3.3 Offline vs. online CLP

The temporal availability of information provides another critical classification.

In Offline CLP, all items to be loaded are known prior to optimization. This

assumption allows complete reordering of items and global planning of placement

decisions. Offline formulations are common in strategic planning contexts, where

shipments are consolidated before dispatch.

By contrast, Online CLP requires immediate placement decisions as items arrive

sequentially. Future items are unknown at the time of decision-making. This setting

is typical in real-time warehouse operations, automated loading systems, or streaming

logistics environments.

The difference between offline and online CLP fundamentally affects algorithm

design. Offline problems allow global optimization strategies and sophisticated search

mechanisms. Online problems, however, require fast, incremental, and often greedy

placement policies. Performance evaluation in online settings is typically conducted

through competitive analysis, comparing the online algorithm to an optimal offline

benchmark.

3.3.4 Static vs. dynamic CLP

Closely related to temporal information is the distinction between static and dynamic

problem environments.

In Static CLP, all items are available at time zero, and the loading plan is executed

without subsequent modification. The objective focuses solely on spatial feasibility

and utilization.

In Dynamic CLP, additional operational elements are incorporated, such as arrival

times, delivery sequences, or multi-stop unloading requirements. For example, in

single-door container transportation, items destined for earlier delivery points must

be positioned near the door to avoid costly reshuffling.
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Dynamic CLP therefore integrates routing considerations and temporal precedence

constraints into the spatial loading decision. The interaction between spatial layout and

unloading order transforms the problem into a multi-layered combinatorial structure.

In many practical cases, dynamic CLP can be viewed as an integrated loading and

scheduling problem.

3.3.5 Implications of the classification

The above classifications are not merely terminological distinctions; they define

fundamentally different optimization landscapes.

Single-container, offline, and static variants emphasize geometric feasibility and spatial

efficiency. Multi-container and dynamic variants introduce assignment, sequencing,

and coordination decisions that significantly increase combinatorial complexity.

Open-dimension variants alter the objective structure by introducing flexible boundary

decisions.

Consequently, the choice of modeling framework and solution methodology must

be aligned with the structural category of the CLP variant under consideration.

Exact methods may be suitable for small-scale single-container settings, whereas

large-scale dynamic multi-container environments typically require hybrid heuristic

and decomposition-based approaches.

This classification framework provides a structured lens through which subsequent

methodological developments in this thesis can be positioned and evaluated.

When combined, these constraints transform CLP into a highly complex decision

problem. Consequently, many studies simplify the problem by considering only

a subset of constraints, while more comprehensive approaches rely on advanced

heuristics or hybrid optimization techniques.

3.4 Mathematical modeling of the CLP

A rigorous mathematical formulation of the Container Loading Problem requires

explicit modeling of spatial, physical, and operational constraints. Let I = {1, . . . ,n}
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denote the set of items and let each item i have dimensions (li,wi,hi) and weight qi.

The container has fixed dimensions (L,W,H) and maximum payload capacity Q.

3.4.1 Decision variables

For each item i ∈ I, continuous variables (xi,yi,zi) represent the coordinates of its

lower-left-front corner within the container.

Binary variables r(k)i represent the orientation of item i among its feasible rotation

states.

Binary variables δ x
i j,δ

y
i j,δ

z
i j indicate relative positioning between items i and j along

each spatial axis.

3.4.2 Boundary constraints

Each item must lie entirely within container boundaries:

xi + l(r)i ≤ L (3.1)

yi +w(r)
i ≤W (3.2)

zi +h(r)i ≤ H (3.3)

where (l(r)i ,w(r)
i ,h(r)i ) denote rotated dimensions.

3.4.3 Non-overlap constraints

For every pair of distinct items (i, j), at least one of the following must hold:

xi + l(r)i ≤ x j +M(1−δ
x
i j) (3.4)

x j + l(r)j ≤ xi +Mδ
x
i j (3.5)

yi +w(r)
i ≤ y j +M(1−δ

y
i j) (3.6)

y j +w(r)
j ≤ yi +Mδ

y
i j (3.7)

zi +h(r)i ≤ z j +M(1−δ
z
i j) (3.8)

z j +h(r)j ≤ zi +Mδ
z
i j (3.9)
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This disjunctive modeling structure ensures spatial feasibility but introduces a large

number of binary variables, contributing significantly to computational complexity.

3.4.4 Weight and center of gravity constraints

The total loaded weight must satisfy:

n

∑
i=1

qi ≤ Q (3.10)

The center of gravity in the longitudinal direction must lie within permissible limits:

xcg =
∑i qi(xi + l(r)i /2)

∑i qi
(3.11)

Similar expressions apply for lateral balance.

3.4.5 Modeling challenges

The above formulation illustrates the combinatorial explosion inherent in CLP. The

number of binary positioning variables grows quadratically with the number of

items. Furthermore, big-M constraints weaken linear relaxations, leading to poor

branch-and-bound performance.

Consequently, exact formulations become impractical for large-scale industrial

instances, motivating the use of decomposition and hybrid heuristic approaches.

3.5 Classical Heuristic Approaches

Classical heuristic approaches constitute the earliest systematic solution paradigms

developed for container loading and related packing problems. Their emergence

was driven primarily by industrial necessity rather than theoretical completeness.

In large-scale logistics environments, loading decisions must often be computed

within seconds or minutes, leaving little room for exhaustive combinatorial search.

Consequently, early research focused on constructive rules capable of generating

feasible loading plans with minimal computational overhead [37].
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The defining characteristic of classical heuristics is their greedy and sequential

construction principle. Items are processed according to a predetermined order,

and each placement decision is made locally without reconsideration of previous

assignments. This myopic decision structure dramatically reduces computational

complexity but inevitably limits global optimality.

3.5.1 Constructive sequential paradigm

At the core of most classical heuristics lies a two-stage mechanism:

1. Determination of item processing order,

2. Selection of feasible placement position according to a deterministic rule.

The effectiveness of these algorithms depends heavily on ordering strategies. For

example, sorting items by decreasing volume or height often improves space utilization

by placing large objects first and filling residual spaces with smaller ones.

3.5.2 Capacity-oriented heuristics

In one-dimensional settings, algorithms such as First-Fit (FF), Best-Fit (BF), and

Next-Fit (NF) form the conceptual backbone of packing heuristics [37]. Their

extension to higher-dimensional container loading preserves the same decision

philosophy.

3.5.2.1 First-fit (FF)

FF assigns each item to the first feasible location encountered during a systematic

search. Its time complexity is typically linear in the number of candidate

placements, making it extremely scalable. However, because decisions are irreversible,

fragmentation accumulates as the algorithm progresses.
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3.5.2.2 Best-fit (BF)

BF evaluates all feasible placements and selects the one minimizing residual free space.

This improves packing density but increases computational cost. In three-dimensional

settings, evaluating all potential coordinates significantly enlarges the search effort.

3.5.2.3 Next-fit (NF)

NF restricts the search to a single active region. While computationally efficient, it

often yields lower utilization due to its limited search scope.

3.5.3 Geometric heuristics in higher dimensions

In two- and three-dimensional container loading, geometric feasibility dominates

algorithm design.

3.5.3.1 Bottom-left (BL) principle

The BL heuristic places items at the lowest and leftmost feasible coordinates

[45,46]. This deterministic spatial policy reduces vertical instability and simplifies

implementation.

3.5.3.2 Bottom-left-fill (BLF)

BLF improves upon BL by actively attempting to fill cavities before opening new

layers, thereby mitigating fragmentation.

3.5.3.3 Layer-based and wall-building strategies

Layer-based strategies partition the container into horizontal slices, solving a

two-dimensional subproblem within each layer. Wall-building approaches construct

vertical partitions, improving interpretability and mechanical stability [46]. These

structured heuristics are particularly attractive in industrial practice due to their

stability properties.
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3.5.3.4 Complexity and structural limitations

Despite their practicality, classical heuristics exhibit inherent structural weaknesses:

- Absence of backtracking mechanisms,

- Sensitivity to initial ordering,

- Accumulation of geometric fragmentation,

- Inability to recover from early suboptimal placements.

As problem dimensionality increases and additional constraints such as stability,

weight balance, and unloading sequence are introduced, purely greedy methods

often degrade in performance. These limitations motivated the development of more

adaptive search paradigms.

3.6 Metaheuristic Approaches

Metaheuristics emerged as a response to the structural rigidity of classical heuristics.

Rather than committing to irreversible greedy decisions, metaheuristics introduce

stochastic exploration, memory structures, and adaptive neighborhood search

strategies to navigate the combinatorial landscape more effectively.

The fundamental principle of metaheuristics is the balance between exploration

(diversification) and exploitation (intensification). Exploration ensures coverage

of diverse regions of the solution space, while exploitation refines promising

configurations.

3.6.1 Evolutionary algorithms

Genetic Algorithms (GA) Genetic Algorithms simulate natural selection mechanisms

[47]. In CLP, candidate solutions are encoded as chromosomes representing item

sequences or spatial layouts. Selection favors high-utilization solutions, crossover

recombines promising traits, and mutation introduces diversity. The seminal

application of GA to container loading by [39] demonstrated significant improvements

over purely greedy methods.
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Particle Swarm Optimization (PSO) PSO models collective social behavior [48].

Each particle adjusts its position based on personal and global best solutions. In CLP

contexts, PSO is often used to optimize item sequencing or parameter configurations

[49].

3.6.2 Trajectory-based search

3.6.2.1 Simulated annealing (SA)

Simulated Annealing probabilistically accepts inferior solutions to escape local optima

[50,51]. Its temperature parameter gradually decreases, reducing randomness over

time.

3.6.2.2 Tabu search (TS)

Tabu Search employs memory structures that prohibit recently visited moves,

preventing cycling and encouraging exploration of new neighborhoods [52,53].

3.6.2.3 Ant colony optimization (ACO)

ACO constructs solutions probabilistically based on pheromone trails that encode

accumulated search experience [54,55]. In packing applications, pheromone intensity

influences placement or ordering decisions.

3.6.3 Hybridization strategies

Recognizing the strengths and weaknesses of individual metaheuristics, hybrid

approaches combine constructive heuristics with local search refinement [27]. For

instance, a greedy initial solution may be iteratively improved via neighborhood swaps,

relocation moves, or layer reorganization.

3.6.4 Computational trade-offs

Metaheuristics typically yield higher-quality solutions than classical heuristics but

require:
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- Careful parameter calibration,

- Increased computational time,

- Multiple runs to ensure robustness,

- Statistical performance evaluation.

Their stochastic nature complicates theoretical analysis, and performance guarantees

are generally unavailable.

3.7 Exact Optimization Methods

Exact methods aim to determine globally optimal loading configurations by

systematically exploring the feasible region. Their theoretical value lies in providing

optimality guarantees and benchmark solutions.

3.7.1 Mathematical programming formulations

3.7.1.1 Integer linear programming (ILP)

CLP can be formulated as a mixed-integer linear program with coordinate variables,

binary orientation variables, and disjunctive non-overlap constraints [44]. However,

the quadratic growth of pairwise positioning variables severely limits scalability.

3.7.1.2 Branch and bound (B&B)

B&B recursively partitions the solution space and prunes subtrees using lower bounds

[7]. The effectiveness of B&B depends on strong relaxations.

3.7.1.3 Branch and cut (B&C)

B&C integrates cutting planes to strengthen linear relaxations [56]. Deriving strong

valid inequalities for spatial packing remains challenging.
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3.7.1.4 Branch and price (B&P)

B&P combines column generation with branching to handle exponential variable

sets [57]. While theoretically elegant, three-dimensional pricing subproblems are

themselves NP-hard.

3.7.1.5 Dynamic programming (DP)

DP is effective for certain one-dimensional cases but suffers from state-space explosion

in three-dimensional settings [33].

3.7.2 Scalability constraints

The computational complexity of exact methods grows exponentially with problem

size. Even moderate increases in item count drastically enlarge the search tree.

Consequently, exact approaches are typically restricted to:

- Small benchmark instances,

- Simplified constraint sets,

- Lower-bound generation,

- Validation of heuristic performance.

3.7.3 Comparative structural perspective

The methodological spectrum can be conceptualized as follows (see Table 3.1):

Method Optimality Scalability Flexibility Industrial Robustness
Classical Heuristics Low Very High Limited Very High
Metaheuristics Medium High Moderate High
Exact Methods High Low Strong Low
Hybrid Methods High High Strong Very High

Table 3.1: Structural comparison of CLP methodologies.

The limitations of each isolated paradigm have increasingly motivated hybrid

frameworks that combine structural rigor with heuristic flexibility.
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3.8 Computational Complexity and Structural Analysis of CLP

The computational difficulty of the Container Loading Problem is not merely inherited

from its relation to the three-dimensional bin packing problem; rather, it is amplified

by the interaction of geometric, combinatorial, and operational constraints. While it is

well known that 3D bin packing is strongly NP-hard, the addition of stability, weight

balancing, unloading precedence, and compatibility requirements transforms CLP into

a highly structured yet computationally explosive decision problem.

To better understand this complexity, it is useful to decompose the sources of

combinatorial growth.

First, consider orientation decisions. Even under orthogonal rotations only, each

cuboid item may admit up to six feasible orientations. For a set of n items, the number

of orientation combinations grows as 6n. Although practical constraints may reduce

feasible orientations, the theoretical worst-case complexity remains exponential.

Second, relative positioning decisions between item pairs generate quadratic growth

in binary variables. For each unordered pair (i, j), at least one of several spatial

precedence relations must hold. In classical disjunctive formulations, this introduces

O(n2) binary variables and big-M constraints. The resulting constraint matrix exhibits

weak coupling between disjunctive alternatives, which significantly deteriorates the

strength of linear relaxations.

Third, the geometric feasibility region is non-convex and defined as a union of

polyhedral sets corresponding to mutually exclusive spatial configurations. From

a disjunctive programming perspective, CLP can be interpreted as the union

of exponentially many convex subregions, each representing a valid placement

ordering. Classical linearization techniques approximate this structure through big-M

inequalities, but such relaxations are inherently weak.

These structural properties explain why branch-and-bound trees expand rapidly even

for moderately sized instances. Small increases in item count produce exponential

growth in branching possibilities, rendering pure exact enumeration computationally

impractical beyond small benchmark sets.
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3.9 Lower Bounds, Relaxations, and Polyhedral Considerations

Lower bounds are indispensable both for theoretical insight and for algorithmic design.

They provide performance guarantees for heuristics and serve as pruning criteria within

exact frameworks.

3.9.1 Volume and weight bounds

The most elementary lower bound arises from volume conservation:

LBvol =

⌈
∑

n
i=1 liwihi

LWH

⌉
. (3.12)

Although simple, this bound neglects spatial fragmentation and geometric incom-

patibilities. In practical settings, especially with heterogeneous aspect ratios, the

achievable utilization rarely approaches the pure volume ratio.

Similarly, weight capacity yields:

LBweight =

⌈
∑

n
i=1 qi

Q

⌉
. (3.13)

The effective theoretical lower bound is therefore:

LB = max{LBvol,LBweight}. (3.14)

However, these bounds ignore shape incompatibility, support requirements, and

sequencing constraints. Consequently, they often underestimate the true minimum

container requirement.

3.9.2 Relaxation gap analysis

In integer programming formulations, big-M disjunctive constraints are commonly

used to model non-overlap. When integrality constraints are relaxed, items may

fractionally overlap, creating unrealistic LP solutions that artificially inflate container

utilization.
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This phenomenon results in large integrality gaps, defined as:

Gap =
zIP− zLP

zIP
. (3.15)

In three-dimensional CLP, this gap can be substantial, explaining the poor performance

of direct branch-and-bound strategies. Strengthening the relaxation requires additional

valid inequalities or reformulations that more tightly approximate the disjunctive

geometry.

3.9.3 Disjunctive and extended formulations

An alternative perspective models CLP as a disjunctive programming problem, where

for each item pair one of several mutually exclusive spatial relations must hold. Convex

hull representations of such disjunctions yield significantly stronger relaxations, but at

the cost of increased formulation size.

Extended formulations introduce auxiliary variables to capture relative ordering

explicitly, potentially tightening the LP relaxation. However, their scalability remains

limited in high-dimensional industrial instances.

3.10 Symmetry, Dominance, and Search Space Reduction

Symmetry is a pervasive feature of multi-container and three-dimensional loading

problems. Identical containers, interchangeable item permutations, and rotational

equivalence create numerous symmetric solutions that do not differ in objective value.

Without symmetry-breaking constraints, branch-and-bound algorithms repeatedly

explore equivalent regions of the search tree. For example, in multi-container settings,

permuting container indices often produces indistinguishable configurations.

Dominance rules aim to eliminate such redundancies. Typical strategies include:

- Enforcing lexicographic ordering on container usage,

- Restricting placement of the largest item to a canonical corner,

- Fixing orientation of selected anchor items,

54



- Imposing ordering constraints among items of identical dimensions.

These mechanisms do not alter feasibility but reduce equivalent symmetric

representations. Effective symmetry reduction is often critical for making exact

methods computationally viable.

3.11 Bridging Academic Models and Industrial Reality

A notable gap exists between academic CLP formulations and practical industrial

requirements. Many benchmark studies restrict attention to pure geometric feasibility,

omitting operational constraints such as axle weight limits, unloading sequence

feasibility, and fragility compatibility.

While such simplifications facilitate algorithmic development, they may yield

solutions that are infeasible in real-world logistics systems. For instance, a

geometrically optimal arrangement may violate center-of-gravity regulations or create

inaccessible unloading sequences.

Industrial CLP therefore demands models that incorporate:

- Load stability metrics,

- Partial support area thresholds,

- Regulatory weight distribution constraints,

- Multi-stop delivery sequencing,

- Time-dependent loading feasibility.

Incorporating these features substantially increases model dimensionality and

combinatorial complexity. Consequently, scalable hybrid approaches become not

merely advantageous but necessary.
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3.12 Implications for Algorithm Design

The preceding analysis highlights a structural trade-off inherent in CLP:

Exact optimization provides theoretical rigor but suffers from exponential complexity

growth. Classical heuristics scale efficiently but lack robustness in heterogeneous

and constrained environments. Metaheuristics expand the search horizon but require

calibration and computational investment.

This structural tension motivates the development of hybrid methodologies that

integrate:

- Deterministic geometric construction principles,

- Decomposition-based optimization components,

- Strategic relaxation strengthening,

- Data-driven preprocessing or clustering mechanisms.

Such hybridization seeks to exploit structural regularities of the feasible region while

maintaining computational scalability in large-scale industrial contexts.

The methodological contribution of this thesis is positioned within this integrative

framework, aiming to reconcile geometric feasibility, operational realism, and

algorithmic efficiency.

3.13 Chapter Summary

This chapter provided an in-depth discussion of the Container Loading Problem

and its main solution approaches. Classical heuristics offer speed and simplicity,

metaheuristics provide improved solution quality through stochastic exploration, and

exact methods guarantee optimality at the cost of scalability. The next chapter builds

upon this foundation and introduces the proposed hybrid framework that combines

data-driven preprocessing with advanced optimization techniques.
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4. CASE STUDY AND DATA COLLECTION

4.1 Case Study and Data Collection

This section presents a real-world case study obtained from a filter manufacturing

company where the proposed container loading approach has been implemented and

evaluated. The facility produces a wide range of filtration products used in automotive

and industrial applications, including air filters, oil filters, fuel filters, and air dryer

filters. Each product category exhibits distinct physical characteristics in terms of size,

volume, weight, and structural fragility, which significantly complicates the container

loading process.

From a logistical perspective, the primary challenge arises from the strong

heterogeneity of the products. Air filters, for instance, are generally lightweight

but occupy a relatively large volume. Due to their structural properties, they

cannot safely support heavy loads placed on top of them. In contrast, fuel filters

are predominantly manufactured from iron components, making them considerably

heavier and mechanically robust. These items must be positioned at the bottom layers

of the container to ensure load stability and to prevent damage to lighter products (see

4.1).

Beyond product-level constraints, transportation safety introduces additional com-

plexity. Improper load distribution within the container may lead to axle overloads,

uneven weight distribution, and increased risk of damage during transport. Such

issues are particularly critical for long-haul shipments and may result in regulatory

non-compliance or mechanical failures. Consequently, the loading plan must

simultaneously consider spatial feasibility, weight balance, and stacking compatibility.

The problem under investigation reflects a single-customer delivery scenario, where

all packages are transported to the same destination. Although routing decisions

are not required in this case, the loading problem remains highly non-trivial due
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Figure 4.1: Stacking compatibility constraints among filter types. Heavy fuel filters
must be placed at the bottom of the container, while lightweight and fragile air filters

are restricted to upper layers. Placements violating these rules are considered
infeasible.

to the interaction between geometric and weight-related constraints. Standardized

container types with lengths of 20 and 40 feet are considered, as these represent the

most commonly used transportation units in the company’s operations. The limited

container dimensions directly influence the achievable utilization rates and necessitate

efficient three-dimensional packing strategies.

Products are systematically grouped and packaged prior to loading. Depending on

the filter type, individual filters are either shipped as standalone units or aggregated

into larger packages containing multiple inner boxes. Table 4.1 summarizes the key

characteristics of the real-world dataset. Each filter type is identified by a unique

code. The table reports the dimensions of both inner (small) boxes and outer (large)

packages, the number of inner boxes per package, and the total number of packages

to be loaded. Furthermore, the total volume occupied by each filter type is provided,

highlighting the substantial variation in space requirements across products.

This dataset captures the essential challenges faced in industrial container loading:

heterogeneous item dimensions, incompatible stacking requirements, and strict weight

distribution constraints. These characteristics make the case study particularly suitable
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for evaluating the practical effectiveness and robustness of the proposed loading

algorithm.

Table 4.1: Real Case Data from the Filter Manufacturing Facility.

Filter No. Inner Box w l h W L H Tot. Small Tot. Big Tot. Vol.
(mm) (mm) (mm) (mm) (mm) (mm) Boxes Boxes (m3)

AD2000 8 145 145 175 305 305 365 248 31 1.053
AD2006 8 145 145 175 305 305 365 144 18 0.611
AF4303A 1 335 335 265 – – – 175 175 5.204
AF4340 1 305 305 395 – – – 200 200 7.349
AF4347 1 360 360 380 – – – 25 25 1.231
AF4412 1 200 200 460 – – – 200 200 3.680
AF4532 1 210 210 460 – – – 75 75 1.521
EF1015 12 138 138 158 567 429 173 60 5 0.210
EF1018 12 125 125 315 515 390 330 60 5 0.331

4.2 Research Design

This study proposes a K-Means-based three-dimensional heuristic packing algorithm

that integrates clustering as a preprocessing stage with heuristic packing as the core

solution mechanism. The primary objective of the proposed research design is

to balance solution quality, computational efficiency, and practical applicability in

large-scale industrial container loading problems.

K-Means clustering is selected due to its simplicity, interpretability, and computational

efficiency, which are critical properties in real-world industrial settings where solution

times must remain within operational limits. Unlike density-based or hierarchical

clustering methods, K-Means produces stable and easily reproducible partitions and

does not require extensive parameter tuning. This makes it particularly suitable for

integration with heuristic packing algorithms, where consistency and robustness across

different datasets are essential.

Within the proposed framework, clustering is employed to reduce the heterogeneity

of the input item set prior to the packing process. Specifically, K-Means groups

items based on their geometric characteristics, thereby reducing dimensional variance

within each cluster. This preprocessing step enables the subsequent packing heuristic

to operate on more homogeneous item subsets, simplifying placement and stacking

decisions. The clustered items are then packed using a three-dimensional Best-Fit
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heuristic, which is chosen for its computational speed and ease of implementation in

industrial environments.

The motivation for introducing clustering is directly rooted in the characteristics of

the industrial dataset examined in this study. The dataset, obtained from a filter

manufacturing company, consists of multiple product categories—including fuel, air,

oil, and air dryer filters—that differ substantially in weight, volume, and structural

robustness. For instance, fuel filters are relatively compact but heavy due to their

metallic components, whereas air filters are volumetrically large, lightweight, and

more susceptible to deformation. In real-world loading operations, stacking heavy

items directly on lighter or fragile items must be avoided to prevent product damage

and ensure load stability, while stacking items with similar structural properties

generally poses no such risk.

When all items are packed jointly without prior separation, these pronounced inter-item

differences may lead to inefficient space utilization, infeasible stacking configurations,

or unstable load distributions. In particular, the packing algorithm may generate

solutions that are geometrically feasible but physically impractical due to violations of

stacking compatibility rules. By applying K-Means clustering before packing, items

are first grouped into more homogeneous subsets with respect to their dimensional

and load-bearing characteristics. This reduces intra-cluster variance and promotes

the grouping of items with similar density and stacking behavior, thereby simplifying

constraint handling in the subsequent packing stage.

To further enhance robustness, an adaptive re-clustering mechanism is incorporated

into the proposed framework. After the initial packing stage, items that cannot be

feasibly placed within their assigned clusters are re-evaluated and regrouped. This

adaptive refinement step allows the algorithm to handle residual heterogeneity and

prevents premature termination due to unfavorable initial clustering outcomes.

Overall, the proposed research design systematically combines problem decomposi-

tion, greedy heuristic search, and adaptive refinement. By integrating clustering-based

preprocessing with a fast three-dimensional packing heuristic, the framework provides

a tractable yet effective solution approach for large-scale, real-world container loading
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problems. The mathematical formulation presented in Section 3.1 defines the formal

problem structure and constraints, while the following subsections describe the

algorithmic parameters and the three main stages of the proposed method in detail.
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5. METHODS AND MATERIALS1

5.1 K-Means Clustering as a Preprocessing Method

K-Means clustering is a widely used unsupervised learning algorithm for partitioning a

dataset into groups based on similarity. The algorithm divides a set of observations into

K clusters such that each data point belongs to the cluster with the nearest centroid. The

primary objective of K-Means is to minimize the within-cluster variance, measured as

the sum of squared Euclidean distances between data points and their corresponding

cluster centers.

Let X = {x1,x2, . . . ,xn} denote a dataset consisting of n data points in a d-dimensional

Euclidean space, and let A = {a1,a2, . . . ,aK} represent the set of cluster centroids. The

objective function of the K-Means algorithm can be formulated as follows:

J(Z,A) =
n

∑
i=1

K

∑
k=1

zik ‖xi−ak‖2, (5.1)

where zik is a binary decision variable defined as[
zik =

{
1, if data point xi is assigned to cluster k,
0, otherwise.

]
The K-Means algorithm operates iteratively by alternating between two main steps:

centroid update and cluster assignment. Given fixed cluster memberships, the centroid

of cluster k is updated as the mean of all data points assigned to that cluster:

ak =
∑

n
i=1 zik xi

∑
n
i=1 zik

. (5.2)

1This chapter is based on the papers: Tekil-Ergün, S., Çebi, F., Ceylan, M. (2026). A Hybrid Approach
Combining K-Means Clustering and Heuristics for the Container Loading Problem: A Real-Case
Application. LogForum, 22(1), 125–139. Tekil-Ergün, S., Çebi, F. (2026). Clustering-Based Column
Generation and Heuristic Methods for the Container Loading Problem with Practical Constraints: A
Case Study. Journal of Industrial Engineering and Management, 19(1), 73–89.
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Subsequently, given fixed centroids, each data point is assigned to the cluster whose

centroid is closest in terms of squared Euclidean distance:

zik =

{
1, if ‖xi−ak‖2 = min1≤ j≤K‖xi−a j‖2,

0, otherwise.
(5.3)

These two steps are repeated until convergence, which is typically achieved when

cluster assignments no longer change or when the reduction in the objective function

becomes negligible.

K-Means clustering is particularly well suited as a preprocessing step for complex

combinatorial optimization problems such as the Container Loading Problem (CLP).

By grouping objects with similar geometric characteristics—such as length, width,

and height—the algorithm reduces data heterogeneity and simplifies subsequent

decision-making processes. In the context of container loading, clustering facilitates

the grouping of items that are more likely to fit well together, thereby improving

packing efficiency and reducing the likelihood of infeasible stacking configurations.

In this study, K-Means clustering is employed to group objects based on their

dimensional attributes prior to the application of advanced packing algorithms. This

preprocessing step reduces computational complexity, shortens solution times, and

enables a more effective handling of practical constraints such as stackability, load

stability, and weight distribution. The integration of K-Means clustering with both

a three-dimensional Best-Fit heuristic and a Column Generation-based optimization

framework constitutes a key methodological contribution of this thesis, particularly for

large-scale industrial CLP instances.

5.1.1 Determination of the number of clusters

A critical issue in K-Means clustering is the determination of the appropriate number

of clusters, denoted by k. The quality of clustering results and the effectiveness

of subsequent optimization stages strongly depend on this choice. Selecting an

excessively small value of k may result in overly heterogeneous clusters, thereby

reducing the benefits of clustering as a preprocessing step. Conversely, an excessively
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large k may lead to over-segmentation, increased computational effort, and diminished

practical relevance.

In the context of the Container Loading Problem (CLP), the selection of k is

particularly important, as clustering directly affects the homogeneity of item groups

with respect to geometric dimensions and load-bearing characteristics. An appropriate

choice of k enables the formation of clusters containing items with similar packing

behavior, thereby simplifying stacking decisions and improving container utilization.

To determine a suitable number of clusters, this study employs multiple

well-established cluster validity indices: the Elbow Method [58], the Silhouette Score

[59], the Davies–Bouldin Index [16], and the Calinski–Harabasz Index [60]. Using

several complementary criteria provides a more robust and reliable basis for selecting

k than relying on a single metric.

5.1.1.1 Elbow method

The Elbow Method is one of the earliest and most intuitive techniques for determining

the number of clusters. It is based on analyzing the behavior of the within-cluster sum

of squared distances (WCSS) as a function of k. As k increases, the WCSS decreases

monotonically because clusters become smaller and more compact. However,

beyond a certain point, the marginal improvement gained by increasing k diminishes

significantly.

The Elbow Method identifies this point of diminishing returns, often referred to as the

“elbow,” as a suitable choice for the number of clusters. Formally, WCSS is defined

as:

WCSS(k) =
n

∑
i=1

K

∑
k=1

zik‖xi−ak‖2. (5.4)

In practice, the WCSS is computed for a range of candidate values of k, and the

resulting curve is visually inspected. The value of k corresponding to the most

pronounced change in slope is selected. While the Elbow Method is simple and

computationally efficient, its main limitation lies in the subjectivity of visually
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identifying the elbow point, particularly when the curve does not exhibit a clear

inflection.

5.1.1.2 Silhouette score

The Silhouette Score provides a more quantitative measure of clustering quality by

simultaneously assessing cluster cohesion and separation. For a given data point xi,

the silhouette value s(i) is defined as:

s(i) =
b(i)−a(i)

max{a(i),b(i)}
, (5.5)

where a(i) denotes the average distance between xi and all other points within the same

cluster, and b(i) represents the minimum average distance between xi and points in the

nearest neighboring cluster. The silhouette value ranges from −1 to 1, where higher

values indicate better clustering quality.

The overall Silhouette Score is obtained by averaging s(i) over all data points. A higher

average silhouette value suggests well-separated and compact clusters. Unlike the

Elbow Method, the Silhouette Score provides a direct numerical criterion for selecting

k, although it may become computationally expensive for very large datasets.

5.1.1.3 Davies–bouldin index

The Davies–Bouldin Index (DBI) evaluates clustering quality based on the ratio of

within-cluster scatter to between-cluster separation. For a clustering solution with K

clusters, the DBI is defined as:

DBI =
1
K

K

∑
i=1

max
j 6=i

(
Si +S j

Mi j

)
, (5.6)

where Si denotes the average distance of points in cluster i to their centroid, and Mi j

represents the distance between the centroids of clusters i and j. Lower DBI values

indicate better clustering, as they correspond to compact clusters that are well separated

from each other.
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The Davies–Bouldin Index is attractive due to its simplicity and interpretability.

However, it may favor clustering solutions with spherical clusters and can be sensitive

to noise and outliers.

5.1.1.4 Calinski–harabasz index

The Calinski–Harabasz Index (CHI), also known as the Variance Ratio Criterion, eval-

uates clustering quality by comparing between-cluster dispersion and within-cluster

dispersion. It is defined as:

CHI =
Tr(Bk)/(k−1)
Tr(Wk)/(n− k)

, (5.7)

where Tr(Bk) and Tr(Wk) denote the traces of the between-cluster and within-cluster

scatter matrices, respectively. Higher CHI values indicate better-defined clustering

structures.

The Calinski–Harabasz Index is particularly effective for identifying well-separated

clusters and is computationally efficient, making it suitable for large-scale datasets.

5.1.1.5 Discussion and selection strategy

Given the complementary strengths and limitations of these indices, this study adopts

a multi-criteria approach for determining the number of clusters. Candidate values of

k are evaluated using all four indices, and the final selection is based on their joint

behavior rather than a single metric. In particular, preference is given to values of

k that simultaneously exhibit a clear elbow in the WCSS curve, high Silhouette and

Calinski–Harabasz scores, and low Davies–Bouldin values.

This strategy ensures a balanced trade-off between clustering quality, computational

efficiency, and practical interpretability. The selected value of k thus provides a robust

foundation for the subsequent packing and optimization stages, contributing to stable

and efficient solutions for large-scale container loading problems.
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5.2 Mathematical Model and Proposed Methods

This section presents a mixed-integer linear programming (MILP) formulation for

the general CLP together with a two-stage solution framework that combines

clustering-based preprocessing with heuristic placement strategies.

5.2.1 Mathematical model

The three-dimensional bin packing problem (3D-BPP) considers the placement of n

items (each belonging to the set N), with dimensions (wi,hi, li), into containers (bins)

of dimensions (W,H,L). Before introducing the heuristic solution approach, a formal

mathematical definition of the problem is provided. Chen et al. [61] proposed a

general 0–1 mixed-integer programming model for the CLP that allows the use of

multiple containers. Let N = {i | i = 1, . . . ,n} denote the set of items, and let (xi,yi,zi)

represent the coordinates of the front–left–bottom corner of item i inside a container.

Let K = { j | j = 1, . . . ,m} denote the set of available containers. The formulation

below aims to maximize overall packing efficiency by minimizing the total volume of

used containers. The model explicitly accounts for orientation (rotation), non-overlap,

and capacity constraints.

Objective function:

min
m

∑
j=1

L jWjH j n j −
n

∑
i=1

piqiri (5.8)

The objective in (5.8) indirectly minimizes the unused volume by subtracting the total

volume of packed items from the total volume of the containers that are used.
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Table 5.1: Notation used in the mathematical model: parameters, indices, and
decision variables.

Symbol Description
si j Binary variable; equals 1 if item i is assigned to container j, 0 otherwise.
n j Binary variable; equals 1 if container j is used, 0 otherwise.
xi,yi,zi Continuous variables; coordinates of the front–left–bottom corner of

item i.
lxi, lyi, lzi Binary variables indicating alignment of the length dimension of item i

with the X, Y, or Z axis.
wxi,wyi,wzi Binary variables indicating alignment of the width dimension of item i

with the X, Y, or Z axis.
hxi,hyi,hzi Binary variables indicating alignment of the height dimension of item i

with the X, Y, or Z axis.
pi,qi,ri Length, width, and height parameters of item i, respectively.
L j,Wj,H j Length, width, and height of container j.
x+ik ,x

−
ik Relative position binaries; item i is before/after item k along the X-axis.

y+ik ,y
−
ik Relative position binaries along the Y-axis.

z+ik ,z
−
ik Relative position binaries along the Z-axis.

M A sufficiently large constant (Big-M).

Non-overlap (pairwise precedence) constraints (∀i,k ∈ N, i < k):

xi + pilxi +qiwxi + rihxi ≤ xk +(1− x−ik)M (5.9)

xk + pklxk +qkwxk + rkhxk ≤ xi +(1− x+ik)M (5.10)

yi +qiwyi + pilyi + rihyi ≤ yk +(1− y+ik)M (5.11)

yk +qkwyk + pklyk + rkhyk ≤ yi +(1− y−ik)M (5.12)

zi + rihzi +qiwzi + pilzi ≤ zk +(1− z+ik)M (5.13)

zk + rkhzk +qkwzk + pklzk ≤ zi +(1− z−ik)M (5.14)

Activation of overlap control within the same container:

x+ik + x−ik + y+ik + y−ik + z+ik + z−ik ≥ si j + sk j−1 (5.15)

Assignment and container usage constraints:

∑
j∈K

si j = 1 ∀i ∈ N (5.16)

∑
i∈N

si j ≤M n j ∀ j ∈ K (5.17)
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Boundary feasibility constraints:

xi + pilxi +qiwxi + rihxi ≤ L j +(1− si j)M (5.18)

yi +qiwyi + pilyi + rihyi ≤Wj +(1− si j)M (5.19)

zi + rihzi +qiwzi + pilzi ≤ H j +(1− si j)M (5.20)

Domain constraints:

si j, n j, x±ik , y±ik, z±ik ∈ {0,1} (5.21)

xi, yi, zi ≥ 0 (5.22)

The above formulation extends classical CLP models and provides a rigorous

benchmark for evaluating heuristic and hybrid approaches, particularly in large-scale

instances where exact solution methods become computationally intractable [1].

5.2.2 Methodology

This study proposes a K-Means–Based Three-Dimensional Heuristic Placement

Algorithm, in which clustering is used as a preprocessing stage and heuristic packing

acts as the core solution engine. K-Means clustering is selected due to its simplicity,

interpretability, and computational efficiency, making it well suited for large-scale

industrial data sets. Unlike density- or hierarchy-based alternatives, K-Means produces

stable and reproducible groupings that can be directly integrated into the subsequent

heuristic phase without additional parameter tuning.

The design explicitly targets the quality–runtime trade-off. By grouping geometrically

similar items, K-Means reduces heterogeneity and simplifies the placement logic. The

subsequent 3D Best-Fit heuristic provides fast and practically implementable packing

decisions. For residual heterogeneous blocks, an adaptive re-clustering mechanism is

introduced to further improve packing efficiency.

The necessity of clustering arises from the structure of the industrial data sets

considered in this study. Products such as fuel, air, and hydraulic filters differ

substantially in both weight and volume. Fuel filters are typically compact but heavy,

whereas air filters are bulky, lightweight, and more prone to deformation. In practice,
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stacking heavy items on top of fragile ones must be avoided, while stacking items of

similar structural strength is acceptable. When all items are packed jointly without

prior separation, these intrinsic differences often lead to inefficient space utilization

and unstable configurations.

By forming homogeneous clusters based on dimensional features, K-Means

significantly reduces intra-cluster variance and ensures that items with similar density

and physical characteristics are stacked together. This simplifies stacking decisions in

later stages and results in more balanced and stable loading configurations, reducing

deformation risks and improving container utilization.

5.2.3 Proposed algorithm 1

The proposed K-Means-Based 3D Heuristic Packing algorithm is designed as a

practical alternative to the mathematical model presented in Section 5.8. Clustering

geometrically similar items prior to placement reduces computational complexity and

is particularly effective for large-scale instances where MILP formulations do not

scale well. Inspired by the 3D Best-Fit heuristic of Dube and Kanavathy [62], the

algorithm operates at the cluster level: each cluster is first compacted internally using

a 3D Best-Fit heuristic, represented as a block, and subsequently placed into containers

using a 3D Best-Fit approach. During placement, the following feasibility conditions

are mandatory to ensure realistic and stable loading:

- Orientation feasibility: Items may only be rotated in allowed orientations.

- Non-overlapping: Items and blocks must not overlap with previously placed ones.

- Boundary feasibility: Each item/block must remain within container boundaries.

- Volume and weight: The total volume and weight in a container must not exceed its

capacity.

- Stackability: Heavier and more robust items are prioritized in lower layers (see

Eq. (5.24) for weight ordering).
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The algorithm is evaluated against benchmark instances from the literature (Bischoff,

2005) and two large-scale real-world datasets provided by a filter manufacturer. The

algorithmic stages are described below.

5.2.3.1 Stage 1 – clustering via k-means

The data are standardized as di = (li,wi,hi) ∈ R3. The number of clusters k is

determined using the Elbow, Silhouette, Davies–Bouldin, and Calinski–Harabasz

indices. The selected k values are fixed across all experiments. The objective is to

obtain clusters C = {c1, . . . ,ck} by minimizing intra-cluster variance.

5.2.3.2 Stage 2 – two-level cluster-based placement

Intra-cluster placement (L1): For each cluster ck ∈ C, items are placed using a 3D

Best-Fit heuristic under orientation, non-overlap, and capacity constraints. As a result,

each cluster can be represented as a compact block defined by its axial extents.

Block-level assignment (L2): The effective dimensions of blocks obtained from L1 are

determined by the axial spans of the cluster layout:

L(ck) = ∑
i∈ck

lx
i , W (ck) = ∑

i∈ck

wy
i , H(ck) = ∑

i∈ck

hz
i . (5.23)

Blocks are loaded in decreasing order of total weight:

sort(C)→ [c1,c2, . . . ,ck], β(c1) ≥ β(c2) ≥ ·· · , (5.24)

where β(ck) denotes the total weight of block ck. The feasibility test for placement is

defined as:

fblock(ck,m) =

{
1, if block ck fits into open container m
0, otherwise.

(5.25)

If fblock(ck,m) = 1, the block is placed into container m using a 3D Best-Fit variant;

otherwise, a new container is opened, and the process continues until all blocks are

placed.
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5.2.3.3 Stage 3 – final re-clustering (improvement).

After the initial placement, the blocks loaded into the last container, denoted by

Clast
packed, are re-clustered into sub-clusters (C′) using K-Means. Each new block is

compacted using L1 and then tested for placement into previous containers using L2;

blocks that do not fit are placed back into the last container. The new configuration

is accepted only if the overall fill rate improves. This final step constitutes a key

innovation, aiming to transform relatively large blocks generated by K-Means into

smaller and more compact blocks that can better utilize residual spaces in earlier

containers.

5.2.4 Pseudo-code

The overall procedure is summarized in Algorithm 1. As shown in Algorithm 1, the

proposed approach first partitions the item set by K-means clustering, then constructs

compact blocks through 3D best-fit packing, and finally assigns these blocks to

containers according to a weight-based ordering. A refinement step is subsequently

applied to the last container in order to further improve the overall fill rate.
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Algorithm 1 Proposed Algorithm 1

1: Apply K-Means on N→C = {c1, . . . ,ck}
2: for each ck ∈C do
3: Place items in ck using 3D Best-Fit (L1)
4: Compute block dimensions (L(ck),W (ck),H(ck))
5: end for
6: Sort all clusters in decreasing order of total weight (Eq. ??)
7: Open first container: m← 1
8: for each ck in sorted order do
9: if ck fits into container m then

10: Place ck into m using 3D Best-Fit (block)
11: else
12: Open a new container (m← m+1) and place ck
13: end if
14: end for

15: After initial placement is completed:
16: Re-cluster blocks in the last container using Stage 1
17: for each new block do
18: Compact using L1 and try previous containers using L2
19: if it does not fit then
20: Place it into the last container
21: end if
22: end for
23: if total fill rate does not improve then
24: Keep the initial placement
25: end if
26: Output the final placement

5.3 K-Means Integrated Column Generation and 3D-BFO (KM-3DCGBFO)

Approach

This section introduces the integrated approach developed for the CLP. The proposed

method is based on the integration of the oriented Three-Dimensional Best Fit

algorithm (3D-BFO) developed by Dube et al. [62] and the Column Generation

(CG) model founded on the decomposition principles introduced by Dantzig and

Wolfe [63]. This framework aims to minimize container usage by jointly considering

three-dimensional geometric constraints as well as practical constraints such as weight

and stackability.
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The method consists of two main stages. In the first stage, items are placed into

artificial stacks generated by the 3D-BFO algorithm. In the second stage, these stacks

are assigned to containers using the column generation approach. In both stages,

geometric orientations of items, weight limitations, and the constraint that “heavy

items must not be placed on top of lighter ones” are taken into account. In addition,

the K-Means clustering method is applied as a preprocessing step to cluster both heavy

and light items according to similar dimensional characteristics.

5.3.1 Model formulation

The model is an adaptation of the general three-dimensional packing (3D-BPP)

formulation proposed by Chen et al. [61], extended by incorporating stackability

constraints.

5.3.1.1 Parameters

- li,wi,hi,qi: Length, width, height, and weight of heavy item i ∈ I.

- lu,wu,hu,qu: Length, width, height, and weight of light item u ∈U .

- Lk,Wk,Hk,Qk: Length, width, height, and weight capacity of container k ∈ K.

- M: A sufficiently large constant (Big–M).

5.3.1.2 Decision variables

- xik ∈ {0,1}: Equals 1 if stack i is assigned to container k.

- x+i j ,x
−
i j ∈ {0,1}: Relative position variables of stacks i and j along the horizontal

axis.

- y+i j ,y
−
i j ,z

+
i j ,z
−
i j ∈ {0,1}: Relative position variables of stacks i and j along the

remaining axes.

- nk ∈ {0,1}: Equals 1 if container k is used.

- xi,yi,zi ≥ 0: Coordinates of stack i within the container.
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- lx
i , l

y
i , l

z
i ,w

x
i ,w

y
i ,w

z
i ,h

x
i ,h

y
i ,h

z
i ∈ {0,1}: Orientation variables of stack i (alignment of

dimensions with axes).

5.3.1.3 Objective function and constraints

The objective is to minimize the number of used containers:

min ∑
k∈K

nk (5.26)

5.3.1.4 Assignment and usage constraints

∑
k∈K

xik = 1, ∀i ∈ S (5.27)

xik ≤ nk, ∀i ∈ S,∀k ∈ K (5.28)

Each stack is assigned to exactly one container, and a container is considered used if it

contains at least one stack.

5.3.1.5 Dimensional fitting constraints

xi + lilx
i +wiwx

i +hihx
i ≤ Lk +(1− xik)M, ∀i,k (5.29)

yi + lil
y
i +wiw

y
i +hih

y
i ≤Wk +(1− xik)M, ∀i,k (5.30)

zi + lilz
i +wiwz

i +hihz
i ≤ Hk +(1− xik)M, ∀i,k (5.31)

These constraints ensure that each stack fits within the container dimensions.

5.3.1.6 Weight capacity constraint

∑
i∈I

qixik + ∑
u∈U

quxuk ≤ Qknk, ∀k ∈ K (5.32)

The total weight in each container must not exceed its capacity.
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5.3.1.7 Relative position (non-overlapping) constraints

xi + lilx
i +wiwx

i +hihx
i ≤ x j +(1− x+i j)M, ∀i < j (5.33)

x j + l jlx
j +w jwx

j +h jhx
j ≤ xi +(1− x−i j)M, ∀i < j (5.34)

yi + lil
y
i +wiw

y
i +hih

y
i ≤ y j +(1− y+i j)M, ∀i < j (5.35)

y j + l jl
y
j +w jw

y
j +h jh

y
j ≤ yi +(1− y−i j)M, ∀i < j (5.36)

zi + lilz
i +wiwz

i +hihz
i ≤ z j +(1− z+i j)M, ∀i < j (5.37)

z j + l jlz
j +w jwz

j +h jhz
j ≤ zi +(1− z−i j)M, ∀i < j (5.38)

These constraints guarantee that no two stacks overlap inside the container.

5.3.1.8 Orientation and validity constraints

lx
i + ly

i + lz
i = 1, wx

i +wy
i +wz

i = 1, hx
i +hy

i +hz
i = 1 (5.39)

Each dimension must be aligned with exactly one axis.

5.3.1.9 Stackability constraint

z+i j = 0, z−i j = 0, ∀i ∈ I, j ∈U (5.40)

This constraint prevents heavy items from being placed on top of light items.

5.3.2 Stage 1 – stack construction using 3D-BFO

This procedure describes the stack construction phase of the proposed framework.

After the K-Means clustering stage, items are partitioned into two groups: heavy-item

clusters CI and light-item clusters CU . The objective of this phase is to construct

vertically feasible and geometrically stable stacks that will later serve as aggregated

packing units for the container loading stage.
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The algorithm processes clusters sequentially. Heavy-item clusters CI are handled first

due to their stricter stability and weight-distribution requirements. Once all heavy

clusters are processed, the same procedure is applied to the light-item clusters CU . This

separation improves weight balancing and reduces the risk of structural infeasibility

during container allocation.

For each cluster c, items i∈ c are considered sequentially. For every item, the algorithm

attempts to insert it into an existing feasible stack. A stack is considered feasible if

dimensional constraints are satisfied and the accumulated stack weight remains within

allowable limits. If such a stack exists, the item is placed using the 3D Best-Fit with

Orientation (3D-BFO) heuristic. This heuristic evaluates all six orthogonal rotations

of the item and selects the placement that minimizes residual unused space while

maintaining vertical consistency.

If no feasible stack is found, a new stack is created and initialized with the current

item. After each placement, the stack dimensions (ls,ws,hs) and cumulative weight qs

are updated to ensure correctness for subsequent feasibility checks.

Once both heavy and light clusters are processed, the resulting stack sets are merged:

S = SI ∪SU (5.41)

The final stack set S forms the structured input for the subsequent container loading

phase (KM-3DBFO or KM-3DCGBFO). By transforming individual items into

dimensionally consistent stack units, this phase reduces the complexity of the container

loading problem and improves spatial utilization efficiency. The algorithmic steps as

follows:
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Algorithm 2 Stack Construction Using 3D-BFO
Require: Heavy-item clusters CI , light-item clusters CU (from K-Means)
Ensure: Stack set S = SI ∪SU

1: SI ← /0, SU ← /0
2: for all c ∈CI do
3: for all i ∈ c do
4: if a feasible stack exists then
5: Place i using 3D-BFO (6 rotations + best-fit)
6: else
7: Open a new stack and place i
8: end if
9: Update stack dimensions (ls,ws,hs) and weight qs

10: end for
11: end for
12: for all c ∈CU do
13: for all i ∈ c do
14: if a feasible stack exists then
15: Place i using 3D-BFO (6 rotations + best-fit)
16: else
17: Open a new stack and place i
18: end if
19: Update stack dimensions (ls,ws,hs) and weight qs
20: end for
21: end for
22: S← SI ∪SU
23: return S

5.3.3 Stage 2 – column generation (CG)

The CG approach decomposes the problem into a restricted master problem (RMP)

and a subproblem (SP). The RMP selects placement patterns that cover the stacks,

while the SP generates new patterns with negative reduced cost.

5.3.3.1 Restricted master problem (RMP)

Let P denote the set of all possible loading patterns. For each pattern p ∈ P, let dp ∈

{0,1} denote the selection variable, and let θsp ∈ {0,1} indicate whether stack s is
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included in pattern p. The restricted master problem is formulated as follows:

min ∑
p∈P

dp (5.42)

subject to ∑
p∈P

θsp dp = 1, ∀s ∈ S (5.43)

dp ∈ {0,1}, ∀p ∈ P (5.44)

The objective function in Eq. (5.42) minimizes the total number of selected

patterns, which directly corresponds to minimizing the number of containers used.

Constraint (5.43) ensures that each stack s ∈ S is assigned to exactly one selected

pattern. Hence, every stack must be packed exactly once, preventing both omission

and duplication across patterns. Finally, constraint (5.44) defines the binary nature of

the pattern selection variables.

Let βs ≥ 0 denote the dual variable associated with constraint (5.43). The reduced cost

of a pattern p is then given by [rc(p) = 1−∑s∈S θspβs.]

5.3.3.2 Subproblem (SP)

The objective of the subproblem is to generate new feasible loading patterns with

negative reduced cost, i.e., new columns that can improve the current master problem

solution. The subproblem is formulated as a placement model subject to container

loading constraints, and its objective is weighted by the dual information obtained

from the RMP.

5.3.3.3 Reduced cost

For each placement pattern p, the reduced cost is defined as:

rc(p) = 1−∑
s∈S

θsp βs (5.45)

where βs denotes the dual variable obtained from the RMP, and θsp indicates whether

stack s is included in pattern p.
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5.3.3.4 Subproblem model

The subproblem is formulated as follows:

min ∑
k∈K

nk − ∑
i∈S

θi β̄i (5.46)

subject to:

∑
k∈K

xik = θi ∀i ∈ S (5.47)

together with the dimensional fitting, weight capacity, non-overlapping, and

stackability constraints defined in Section 5.3.1.

Explanation of constraints: Constraint (5.47) links stack selection to placement

decisions. More specifically, if stack i is included in the generated pattern (i.e., θi = 1),

then it must be assigned to exactly one position k ∈ K. If θi = 0, the stack is not

included in the pattern and is therefore not placed. In this way, the assignment variables

define which stacks appear in the candidate column and where they are located within

the container.

In addition to the assignment relation, the subproblem includes several physical

feasibility constraints inherited from the underlying container loading model. The

dimensional fitting constraints ensure that all selected stacks remain within the

container boundaries. The non-overlapping constraints prevent any two stacks from

occupying the same physical space. The weight capacity constraints guarantee that

the total load placed in the container does not exceed the allowable weight limit.

Finally, the stackability constraints preserve loading stability by enforcing physically

admissible vertical arrangements, for example by preventing heavier stacks from being

placed on top of lighter ones.

Therefore, every solution of the subproblem corresponds to a physically feasible and

operationally valid loading pattern. Once the subproblem is solved, the reduced cost

of the resulting placement pattern is computed using Eq. (5.45). If the reduced cost is

negative, the corresponding pattern is added to the master problem as a new column.
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5.3.4 Column generation (CG) main Flow

The general procedure of the column generation algorithm consists of the following

steps:

Algorithm 3 Column Generation Main Flow
1: Generate an initial restricted pattern set P0.
2: Solve the Restricted Master Problem (RMP) using P0.
3: Obtain dual variables βs from the RMP solution.
4: repeat
5: Solve the Subproblem (SP) to generate a candidate pattern p.
6: Compute the reduced cost of p using Eq. (5.45).
7: if c(p)< 0 then
8: Add pattern p to the RMP as a new column.
9: Re-solve the RMP and update dual variables βs.

10: end if
11: until no pattern with negative reduced cost can be generated
12: If required, apply branch-and-price to obtain an integer solution.

5.3.5 Stage 3 – Machine learning–accelerated column generation

In large-scale instances of the container loading problem, the column generation (CG)

framework may produce a very large number of candidate patterns during each pricing

iteration. Although only a small fraction of these candidates typically exhibit negative

reduced cost, classical CG requires the explicit feasibility verification and reduced cost

computation for all generated columns. When three-dimensional stacking constraints

and geometric feasibility checks are embedded within the subproblem, this exhaustive

evaluation becomes the dominant computational bottleneck.

To alleviate this structural inefficiency, a supervised machine learning (ML) model

based on XGBoost is integrated into the CG procedure as a predictive screening

mechanism. The objective of this integration is not to alter the mathematical properties

of column generation, but to reduce the effective evaluation set by prioritizing

candidate columns that are more likely to yield negative reduced costs. Therefore,

the proposed ML component acts strictly as an acceleration layer while preserving the

exact optimization structure of CG.
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5.3.5.1 Theoretical motivation

At iteration t, let Pt denote the set of candidate columns generated by the pricing

subproblem. Empirical observations indicate that the proportion of improving columns

is typically very small:

|{p ∈ Pt : rc(p)< 0}|
|Pt |

� 1. (5.48)

This structural sparsity implies that the pricing process can be interpreted as a highly

imbalanced binary classification problem, where:

- Positive class: improving columns (rc(p)< 0),

- Negative class: non-improving columns (rc(p)≥ 0).

Hence, identifying promising columns prior to full feasibility evaluation can be

formulated as learning a mapping:

f : X →{0,1}, (5.49)

where X denotes the feature space describing candidate patterns. The ML model

approximates this mapping and serves as a screening layer embedded within the CG

loop.

5.3.5.2 Target variable definition

For each candidate column p, the reduced cost is computed according to Eq. (5.45).

The supervised learning label is defined as:

Label(p) =

{
1, if rc(p)< 0,
0, otherwise.

(5.50)

This transformation converts the pricing outcome into a binary classification problem.
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5.3.5.3 Feature engineering

Each candidate column is represented by a feature vector capturing structural,

geometric, and dual-related information. The feature set includes:

- Volume utilization ratio and residual empty volume,

- Total weight and normalized proximity to container capacity,

- Stack height distribution statistics (maximum, mean, variance),

- Maximum and average footprint dimensions,

- Aggregated dual value statistics derived from the RMP (e.g., mean and sum of βs

over items included in the pattern),

- Binary feasibility indicators (e.g., dimensional fitting flags).

These features embed both primal and dual information, allowing the ML model to

approximate the structural characteristics of improving columns.

5.3.5.4 Model training strategy

During the initial iterations (t < T0), where T0 denotes a predefined warm-up threshold,

the algorithm operates as standard CG without filtering. All generated columns are

fully evaluated and stored in the dataset D. This phase serves as a data collection and

bootstrapping stage.

After the warm-up phase, the dataset D is divided into training and validation

subsets. The XGBoost model is trained using class-weighted loss functions to address

imbalance. Given the pricing context, minimizing false negatives (i.e., misclassifying

an improving column as non-promising) is more critical than minimizing false

positives. Therefore, recall of the positive class is prioritized during model calibration.

The model is periodically retrained as new labeled columns become available.
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5.3.5.5 ML-integrated column generation procedure

The integrated algorithm proceeds as follows:

1. Initialize iteration counter t = 1, column pool P = /0, and dataset D = /0.

2. Solve the Restricted Master Problem (RMP) and obtain dual variables.

3. Solve the pricing subproblem to generate candidate columns Pt .

4. If t < T0, evaluate all columns in Pt , compute reduced costs, and append

feature-label pairs to D.

5. If t ≥ T0, predict Pr(Label(p) = 1) for each p ∈ Pt . Only candidates exceeding a

predefined probability threshold are subjected to full feasibility and reduced cost

evaluation.

6. Add feasible columns with rc(p)< 0 to the master problem.

7. Update the RMP and increment t← t +1.

8. Periodically retrain the ML model using the expanded dataset D.

9. Terminate when no improving column can be identified.

5.3.5.6 Computational complexity analysis

Let |Pt | denote the number of candidate columns generated at iteration t. In standard

CG, the dominant computational effort is:

O(|Pt | ·Crc), (5.51)

where Crc represents the cost of feasibility checking and reduced cost computation.

With ML-based screening, the complexity becomes:

O(|Pt | ·Cpred + |P′t | ·Crc), (5.52)
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where Cpred is the prediction cost and |P′t | is the subset selected for full evaluation.

Since typically Cpred �Crc and |P′t | � |Pt |, the integrated approach reduces effective

computational burden in large-scale settings.

5.3.5.7 Robustness and convergence considerations

A potential risk of ML-based screening is the occurrence of false negatives, i.e., failing

to evaluate an improving column. To mitigate this risk:

- An initial warm-up phase without filtering is enforced,

- Conservative probability thresholds are adopted,

- The model is periodically retrained,

- Optional random exploration can be introduced to preserve diversity.

Therefore, the ML component functions strictly as a computational acceleration

mechanism and does not compromise the theoretical optimality guarantees of the

underlying column generation framework.

5.3.6 Stage 4 – KM-3DBFO heuristic alternative

For very large-scale instances, the Column Generation (CG) framework may become

computationally demanding due to the repeated solution of the Restricted Master

Problem (RMP) and Subproblem (SP). To address this scalability limitation, a fast

constructive heuristic, denoted as KM-3DBFO, is introduced as an alternative solution

strategy.

In this approach, the stack set S obtained from the clustering and stack construction

stages is directly processed without solving a master problem. The heuristic follows a

greedy container-filling mechanism guided by decreasing stack weights. Stacks are

first sorted in descending order of total weight to prioritize heavier units, thereby

improving load stability and weight distribution across containers.

The algorithm sequentially inserts stacks into the current open container while respect-

ing both weight and volume constraints: [Wk +w(s′)≤Wmax, Vk + v(s′)≤Vmax.]
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If the selected stack s′ satisfies these feasibility conditions, it is placed into the active

container and the utilization metrics are updated. Otherwise, a new container is opened

and the stack is assigned to it. This procedure continues until all stacks are allocated.

Unlike the CG-based approach, KM-3DBFO does not attempt to optimize reduced

costs or generate new patterns iteratively. Instead, it provides a deterministic

and computationally efficient solution that sacrifices some optimality guarantees in

exchange for significantly reduced runtime. This makes the heuristic particularly

suitable for industrial-scale datasets where rapid decision-making is required.

Algorithm 4 KM-3DBFO
1: Sort S in decreasing order of total weight
2: Sd ← S
3: k← 1
4: Open container Ck
5: Wk← 0, Vk← 0
6: while Sd 6= /0 do
7: Select the heaviest stack s′ ∈ Sd
8: if Wk +w(s′)≤Wmax and Vk + v(s′)≤Vmax then
9: Place s′ into Ck

10: Update Wk, Vk
11: else
12: k← k+1
13: Open new container Ck
14: Place s′ into Ck
15: Initialize Wk, Vk
16: end if
17: Sd ← Sd \{s′}
18: end while

5.3.6.1 Heuristic trade-Off analysis

The KM-3DBFO heuristic sacrifices optimality guarantees in exchange for

polynomial-time execution. While the CG-based framework leverages dual pricing

to approximate optimal assignments, the heuristic prioritizes computational efficiency.

This trade-off makes KM-3DBFO particularly suitable for real-time industrial

deployment scenarios where solution speed is critical.

87



5.3.6.2 Illustrative representation of the integrated framework

Figure 5.1 illustrates the overall structure of the proposed approach.

The process begins with the separation of items based on structural and stackability

characteristics (e.g., heavy, light, fragile). K-Means clustering is then applied

independently to these groups in order to form geometrically homogeneous clusters.

In the illustrative example, clusters correspond to product families such as air filters,

fuel filters, or mixed items.

Each cluster is subsequently compacted into stacks using the 3D-BFO heuristic.

During stack construction, weight, height, and fragility constraints are explicitly

enforced. Heavier and structurally robust stacks are positioned in lower layers, while

lighter or fragile stacks are placed above, respecting stability and safety requirements.

After stack formation, the Column Generation framework determines the optimal

assignment of stacks to containers. The dashed horizontal boundaries in the figure

represent layer formation and height control constraints. The integration of clustering,

stack construction, and CG-based assignment ensures both geometric feasibility and

efficient container utilization.

This illustration highlights how the proposed KM-3DCGBFO approach transforms

heterogeneous item sets into structured, stability-aware stack configurations prior to

optimization.

5.3.7 Illustrative final stack-based container configuration

Figure 5.2 presents a conceptual visualization of the final container configuration

obtained after the clustering, stack construction, and assignment stages.

Unlike the flow diagram shown previously, this figure illustrates the structural

outcome of the proposed KM-3DCGBFO methodology. Items are first grouped into

homogeneous clusters via K-Means and subsequently compacted into stacks using

the 3D-BFO heuristic. These stacks are then arranged within the container while

respecting weight distribution, height limits, and fragility constraints.
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Figure 5.1: Overall flow diagram of the KM-3DCGBFO method.

In the illustrated example, heavy stacks are positioned in lower layers to ensure

stability, whereas lighter or mixed stacks are placed above. The dashed horizontal

lines indicate layer formation and height control boundaries. Weight and structural

compatibility constraints are enforced during stack formation, ensuring that fragile

items are not overloaded.

This visualization demonstrates how the proposed approach transforms heterogeneous

item sets into structured, stability-aware stack configurations, ultimately leading to

efficient container utilization.
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Figure 5.2: Illustrative final stack-based container configuration obtained by the
proposed method.
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6. RESULTS AND DISCUSSIONS

6.1 Results of Algorithm 1 and the Effect of k

To evaluate the performance of the proposed clustering-based heuristic (Algorithm 1),

two datasets were employed: (i) standard benchmark instances from Bischoff

[1] and (ii) a real-world dataset obtained from a filter manufacturing company.

The proposed method was compared with a baseline three-dimensional Best-Fit

(3D-Best-Fit) algorithm in terms of container utilization, number of containers used,

and computational time. All experiments were implemented in Python and executed

on a Windows 10 system equipped with a 10th-generation Intel processor and 16 GB

of RAM.

6.1.1 Benchmark dataset results

The benchmark dataset introduced by Bischoff [1] consists of a diverse set of packing

scenarios, commonly referred to as wtpack instances, and is widely used for

evaluating container loading algorithms. Table 2 summarizes the results obtained

for six representative benchmark instances. In these experiments, item rotation was

allowed along all axes, and the number of clusters was fixed at k = 15. Each instance

specifies a set of packages with cardinality P to be loaded into containers of fixed

dimensions.

For each instance, the volume utilization ratio R (defined as the fraction of the first

container’s volume that is filled), the CPU time in seconds, and the number of

containers used U are reported. The baseline method corresponds to the classical

3D-Best-Fit algorithm, which performs greedy packing without clustering, whereas

the proposed approach corresponds to Algorithm 1.

As shown in Table 6.1, the proposed clustering-based heuristic achieves equal or

higher volume utilization than the baseline 3D-Best-Fit algorithm across all benchmark
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Table 6.1: Comparison on benchmark instances (Bischoff [1] data).

3D-Best-Fit Algorithm 1
Instance P R CPU U P R CPU U
wtpack1-1 112 0.74 14.10 2 112 0.90 0.45 1
wtpack1-2 138 0.56 5.23 2 138 0.87 0.51 2
wtpack1-3 127 0.75 5.32 2 127 0.91 0.45 2
wtpack1-4 197 0.62 15.12 2 197 0.80 0.52 2
wtpack1-5 147 0.67 6.78 2 147 0.70 0.67 2
wtpack1-6 116 0.71 5.56 2 116 0.80 0.92 1

instances. Notable improvements are observed in several cases, such as wtpack1-1,

where utilization increases from 74% to 90%, and wtpack1-3, where utilization

improves from 75% to 91%. Furthermore, the number of containers required is reduced

in some instances; for example, both wtpack1-1 and wtpack1-6 require two

containers under the baseline method but only one container when Algorithm 1 is

applied.

In addition to improved packing quality, the proposed approach significantly reduces

computation times. While the baseline algorithm requires between 5 and 15 seconds

per instance, Algorithm 1 consistently produces solutions in under one second. This

reduction reflects the lower search complexity achieved by pre-clustering the items

prior to the packing phase. Overall, the benchmark results demonstrate that the

proposed method packs items more efficiently, reduces container usage, and computes

solutions substantially faster than the baseline approach.

6.1.2 Real-world case study results

The second part of the evaluation considers real operational data obtained from a filter

manufacturing company that ships air, oil, fuel, and air dryer filters. Two datasets were

analyzed: A-20-ft ×4, containing 1,776 packages, and B-20-ft ×4, containing

1,806 packages. Each dataset involves four 20-foot containers. The objective is to load

all items while minimizing container usage subject to weight, space, and stackability

constraints. In particular, heavy packages are not allowed to be placed on top of lighter

ones in order to avoid damage.
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Compared to the benchmark instances, this real-world case is considerably more

complex due to the large number of items and the stringent stability and load-balance

requirements. To determine an appropriate number of clusters k, four standard cluster

selection methods were applied: the Elbow Method, Silhouette Score, Davies–Bouldin

Index, and Calinski–Harabasz Index. The resulting recommendations for dataset

A-20-ft ×4 are reported in 6.2.

Table 6.2: Optimal k values suggested by different selection methods for A-20-ft
×4 (↑ higher is better, ↓ lower is better).

Method Optimal k value Evaluation metric
Elbow method 6 WCSS (↓)
Silhouette score 15 Silhouette (↑)
Davies–Bouldin index 15 DB index (↓)
Calinski–Harabasz index 15 CH index (↑)

The Elbow Method indicates diminishing returns in within-cluster variance beyond

k = 6, suggesting a parsimonious clustering structure. In contrast, all three internal

validation indices consistently identify k = 15 as the optimal number of clusters,

indicating well-separated and compact clusters (see Figure 1). Based on these results,

both k = 6 and k = 15 were selected for evaluation, and the same cluster configurations

were applied to the B-20-ft ×4 dataset.

While the baseline 3D-Best-Fit algorithm failed to produce results within one hour

due to scalability limitations, the proposed clustering-based heuristic successfully

generated feasible loading plans within reasonable computation times. 6.3 summarizes

the results for the company datasets. In addition to the metrics reported for the

benchmark instances, the column R0 indicates whether item rotation is allowed; in

all experiments R0 = 1, as alternative rotation settings had no observable effect on the

solutions. The symbol M denotes the company’s manual loading assignment.

Table 6.3: Loading results for the company datasets (1,776 and 1,806 packages).

3D-Best-Fit Algorithm 1 (k = 15) Algorithm 1 (k = 6) M

Instance R0 R CPU U R CPU U n R CPU U n R
A–20-ft ×4 (1) 0.81 >3600 >1 0.93 100.2 2 3 0.85 98.4 2 3 0.75
B–20-ft ×4 (1) 0.85 >3600 >1 0.95 132.2 2 3 0.88 141.8 2 3 0.80
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Table 6.3 compares the baseline 3D-Best-Fit algorithm with the proposed

K-Means-based approach for k = 6 and k = 15. The baseline algorithm produces

feasible but suboptimal solutions, achieving utilization ratios of 0.81 and 0.85 while

requiring computation times exceeding 3,600 seconds. In contrast, the proposed

method with k = 15 achieves the best performance, reaching utilization ratios of

0.93 for A-20-ft ×4 and 0.95 for B-20-ft ×4 within 100–132 seconds. This

corresponds to improvements of 14.8% and 11.8% over the baseline algorithm, and

24.0% and 16.0% over manual loading, respectively. The configuration with k = 6

also improves utilization (0.85 and 0.88), yielding gains between 4.9% and 13.3%.

Overall, the results indicate that the proposed method with k = 15 consistently

outperforms both k = 6 and the baseline approach, providing the best trade-off

between space utilization and computation time. The Elbow Method revealed

a noticeable flattening in the reduction of within-cluster variance beyond k = 6,

suggesting a parsimonious clustering structure. However, all three internal validation

metrics—Silhouette, Davies–Bouldin, and Calinski–Harabasz—consistently identified

k = 15 as the optimal number of clusters. This convergence indicates the formation of

compact, well-separated clusters (see Figure 6.1).
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Figure 6.1: Comparison of cluster selection methods. The Elbow Method suggests a
structural flattening after k = 6, whereas Silhouette, Davies–Bouldin, and

Calinski–Harabasz indices consistently indicate k = 15 as the optimal clustering
solution.

6.2 Results of the KM-3DBFO and KM-3DCGBFO

In this section, the performance of the proposed KM-3DBFO and KM-3DCGBFO

approaches is thoroughly evaluated. All computational experiments were conducted

using Python on a desktop computer equipped with an Intel® Core™ i7-8550U

processor, 16 GB of RAM, and a 64-bit Windows 10 operating system. For consistency

and fairness across all experiments, the run-time limit for each instance was fixed to

600 seconds.

The evaluation process was carried out in multiple stages. First, benchmark datasets

originally introduced by Bischoff and Ratcliff [44] were adapted to incorporate

unstackable constraints. These datasets were used to compare the proposed approaches

with the classical 3D-BFDO algorithm extended with orientation constraints, as well

as with a column generation (CG) formulation solved using the IBM ILOG CPLEX

optimizer. Subsequently, the proposed methods were tested on a large-scale real-world
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dataset provided by the company, and the obtained results were compared with the

company’s manual loading solutions.

The real-world dataset consists of two different types of packages, namely heavy

(stackable) and light (unstackable) items. Accordingly, the dataset was first divided

into these two groups. For each group, K-Means clustering was applied by considering

the three-dimensional attributes of the packages, namely length, width, and height. An

example of K-Means clustering with 15 clusters for the real-case data is illustrated in

6.2.

Figure 6.2: K-Means Clustering for 15 clusters for real case data.

Each object within a cluster was subsequently assigned to stacks, as illustrated in

6.3, and the maximum length, depth, and height of each stack were determined. To

obtain more distributed and balanced stacks, the upper bound of the stack dimensions

was restricted to half of the dimensions of a standard 20-foot container. When

calculating the maximum dimensions of the stacks, the geometric gaps introduced by
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this assumption were explicitly considered in the computation of the container filling

rates.

Figure 6.3: An example of stacks.

After stack generation, the stacks were assigned to containers using the proposed

KM-3DBFO and KM-3DCGBFO methods. It is well known that classical CG

approaches often exhibit poor performance when applied directly to large-sized

datasets. However, by constructing stacks and reducing the effective problem size

through clustering prior to the CG phase, this limitation is significantly mitigated.

The experimental results indicate that when the number of clusters is relatively low,

KM-3DCGBFO generally outperforms KM-3DBFO. Conversely, when the number of
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clusters is high, KM-3DBFO provides better performance in terms of both solution

quality and computational efficiency.

In other words, when the packages have similar dimensions, using a smaller number

of clusters facilitates efficient stack generation and improves the performance of

CG-based methods. On the other hand, when the packages exhibit high dimensional

diversity and the number of items is large, the KM-3DBFO approach becomes more

advantageous.

The numerical results obtained for the benchmark datasets are reported in Tables 2

and 3. In these tables, the column U + I denotes the total number of packages. For

the CG and KM-3DCGBFO methods reported in Table 2, and for the 3D-BFDO and

KM-3DBFO approaches reported in Table 3, the columns R, CPU, and n represent the

filling rate of the first container, the computational time in seconds, and the number

of containers used, respectively. The parameters |CI| and |CU | indicate the number of

clusters for light and heavy items.

The dataset notation is defined as follows. For example, in the dataset

wtpack1-25-F-10P, the first 25 packages (F) are selected by taking 10 packages

of each type, while (L) denotes the last objects in the dataset. In each dataset, half of

the packages are assumed to be stackable (heavy) objects and the remaining half are

unstackable (light) objects. For instance, in the dataset wtpack1-25-F-10P shown

in Table 3, the first 125 out of 250 packages are considered heavy, while the remaining

125 packages are light.

Table 6.4 presents the numerical results obtained using the CG and KM-3DCGBFO

approaches on the benchmark datasets. The results clearly show that KM-3DCGBFO

consistently outperforms the classical CG approach, particularly for medium- and

large-sized instances, achieving significantly higher filling rates while requiring

substantially lower computational times.

Table 6.5 reports the numerical results of the KM-3DBFO approach under different

clustering configurations. The results demonstrate that when the diversity of package

dimensions is high, increasing the number of clusters leads to higher filling rates.

Moreover, KM-3DBFO consistently improves the solution quality compared to the
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Table 6.4: Numerical results of KM-3DCGBFO approach on benchmark datasets
(Bischoff and Ratcliff [44]).

CG KM-3DCGBFO
Sample U + I R CPU n R CPU n
wtpack1-25-F-1P 25 2.31 10.2 1 2.31 0.06 1
wtpack1-50-F-1P 50 2.92 600 3 4.38 0.23 1
wtpack1-25-F-2P 50 1.76 600 3 3.26 0.03 1
wtpack1-50-F-2P 100 2.62 600 3 10.41 0.52 1
wtpack1-25-L-1P 25 3.67 6.78 1 3.67 0.67 1
wtpack1-50-L-1P 50 1.71 600 3 10.28 0.92 1
wtpack1-25-L-2P 100 2.70 600 3 2.70 0.67 1
wtpack1-50-L-2P 200 2.71 600 3 14.82 0.92 1

classical 3D-BFDO algorithm while maintaining reasonable computational times. The

effect of orientation is not included in the tables, as it was observed to have no

significant impact on this data model. Therefore, only results with the orientation

parameter set to one are reported.

Table 6.5: Numerical results of KM-3DBFO approach on benchmark datasets
(Bischoff and Ratcliff [44]).

3D-BFDO KM-3DBFOa KM-3DBFOb KM-3DBFOc

Sample U + I R CPU n R CPU k n R CPU k n R CPU k
wtpack1-25-F-10P 250 0.49 14.6 2 0.76 2.4 5 2 0.75 10.1 10 2 0.76 9.1 15
wtpack1-25-F-30P 750 0.56 40.9 4 0.95 10.4 5 4 0.85 8.6 10 4 0.92 9.1 15
wtpack1-50-F-10P 500 0.57 5.32 4 0.99 4.3 5 3 0.80 9.1 10 4 0.85 4.4 15
wtpack1-50-F-15P 750 0.62 15.1 4 0.93 9.5 5 3 0.84 9.1 10 4 0.92 9.1 15
wtpack1-100-F-1P 250 0.49 10.7 2 0.70 8.6 5 1 0.69 3.8 10 1 0.45 3.8 15
wtpack1-100-F-2P 750 0.51 52.1 3 0.50 0.5 5 3 0.60 0.4 10 3 0.61 0.4 15
wtpack1-50-L-10P 500 0.55 55.9 3 0.76 8.4 5 3 0.74 3.4 10 3 0.93 4.5 15
wtpack1-50-L-15P 750 0.65 102.3 4 0.91 0.2 5 4 0.88 2.7 10 4 0.85 2.7 15

a|CI |= 2, |CU |= 3 b|CI |= 5, |CU |= 5 c|CI |= 7, |CU |= 8

Tables 6.6–6.8 present the comparative results obtained for the real-world datasets,

including the company’s manual loading solutions and the proposed KM-3DBFO,

KM-3DCGBFO, and MLKM-3DCGBFO algorithms. In addition to the metrics

reported in the benchmark experiments, the column Ro denotes the rotation setting

used. Furthermore, the results were compared with those obtained using the

commercial loading solver CargoWiz.

According to the company’s manual loading process, the filling rates achieved for

the first container were 0.75 for dataset 1A_20 and 0.72 for dataset 2A_20. In
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contrast, the CargoWiz solver achieved filling rates of 0.88 and 0.85, respectively,

when all relevant constraints were activated. The proposed algorithms significantly

outperformed both the manual loading approach and the commercial solver.

As shown in Table 6.5, the KM-3DBFO algorithm achieved a filling rate of 0.93

for dataset 1A_20 with the rotation parameter set to one, corresponding to a 6%

improvement over CargoWiz and a 24% improvement over the manual loading solution

when the number of clusters was set to 100. However, increasing the number of clusters

resulted in a slight decrease in filling rates, indicating that while clustering improves

space utilization, an optimal number of clusters is required.

Tables 6.6 and 6.7 compare the CG-based methods. KM-3DCGBFO achieved higher

filling rates than KM-3DBFO but required substantially higher computational times.

The MLKM-3DCGBFO approach achieved the highest filling rates across all datasets

while significantly reducing computational time compared to standard CG-based

methods. In particular, MLKM-3DCGBFO achieved a filling rate of 0.96 for dataset

2A_20 with a considerable reduction in CPU time compared to KM-3DCGBFO.

Table 6.6: Comparison of 3D-BFDO, KM-3DBFO and manual loading.

KM-3DBFOa KM-3DBFOb Manual
Sample Ro U + I R CPU n R CPU n R
1A_20 1 3775 0.93 100.2 3 0.85 98.4 3 0.75
1A_20 2 3775 0.92 121.9 3 0.85 103.5 3 0.75
1A_20 3 3775 0.92 119.4 3 0.85 102.9 3 0.75
2A_20 1 4148 0.95 156.2 3 0.82 212.1 3 0.72
2A_20 2 4148 0.95 156.8 3 0.82 256.3 3 0.72
2A_20 3 4148 0.94 121.1 3 0.82 278.9 3 0.72

a|CI |= 100, |CU |= 100 b|CI |= 150, |CU |= 150

Table 6.7: Comparison of CG, KM-3DCGBFO and MLKM-3DCGBFO
(|CI|= 100, |CU |= 100).

CG KM-3DCGBFO MLKM-3DCGBFO
Sample U + I R CPU n R CPU n R CPU
1A_20 3775 0.87 >1h ≥ 1 0.94 2600.3 2 0.94 1142.7
2A_20 4148 0.89 >1h ≥ 1 0.96 2778.2 2 0.96 1032.7
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Table 6.8: Comparison of CG, KM-3DCGBFO and MLKM-3DCGBFO
(|CI|= 150, |CU |= 150).

CG KM-3DCGBFO MLKM-3DCGBFO
Sample U + I R CPU n R CPU n R CPU
1A_20 3775 0.87 >1h ≥ 1 0.90 2621.9 2 0.90 1331.7
2A_20 4148 0.89 >1h ≥ 1 0.91 2856.2 2 0.91 986.3

When integrating machine learning into the CG framework, the standard CG procedure

was applied for the first ten iterations. During this phase, the subproblem generated a

large number of candidate columns, and only those with negative reduced costs were

selected into the restricted master problem. After the tenth iteration, machine learning

was introduced to predict the likelihood of newly generated columns having negative

reduced costs. This allowed the subproblem to focus on a smaller and more promising

subset of candidate columns.

In the case with |CI| = 150, the standard KM-3DCGBFO approach generated up to

170 columns in the final iteration. In contrast, MLKM-3DCGBFO generated 70

candidate columns at iteration ten and gradually reduced this number to 48 by the

final iteration, while maintaining comparable solution quality. This demonstrates

that ML-assisted column selection significantly reduces computational overhead while

preserving solution quality, making the approach scalable for large-scale optimization

problems.

In summary, KM-3DBFO provides a good balance between solution quality

and computational efficiency, particularly for scenarios with high cluster counts.

KM-3DCGBFO achieves superior solution quality but at the cost of increased

computational effort. MLKM-3DCGBFO successfully combines high solution quality

with significantly improved computational performance and is therefore particularly

suitable for large-scale industrial applications. A comprehensive overview of the

results for the real-world dataset is illustrated in Figures 6.4 - 6.5.
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Figure 6.4: Graphical representation of algorithmic results.

Figure 6.5: Graphical representation of algorithmic results.

Table 6.9 shows that for smaller datasets, k = 15 provides a better clustering structure

compared to the Elbow-based solution (k = 6). For larger datasets, increasing the

number of clusters initially improves packing performance, but excessively large

102



k values may reduce cluster compactness and negatively affect utilization. This

confirms the existence of an optimal clustering level depending on dataset size and

heterogeneity.

Table 6.9: Statistical summary of K-means clustering and packing performance.

Dataset Method k Size σ Comp. Sep. R
1776 Elbow 6 296 12.1 Low Mod. 0.85

Sil./DB/CH 15 118 5.4 High High 0.93
1806 Elbow 6 301 12.4 Low Mod. 0.88

Sil./DB/CH 15 120 5.6 High High 0.95
3775 KM-3DBFO 100 38 5.9 High High 0.93

KM-3DBFO 150 25 6.5 Mod. Mod. 0.85
4148 KM-3DBFO 100 41 6.1 High High 0.95

KM-3DBFO 150 28 6.8 Mod. Mod. 0.82

Size: average cluster size, Comp.: compactness, Sep.: separation, Mod.: moderate

6.3 Discussion

The numerical results obtained in this study demonstrate that the proposed

hybrid methods—KM-3DBFO, KM-3DCGBFO, and MLKM-3DCGBFO—achieve

substantial improvements in container utilization, runtime efficiency, and scalability

when compared both to baseline algorithms and to the performance characteristics

reported in recent literature.

The comparative results show that the proposed algorithms deliver substantially

higher improvements in container utilization than recent Large Neighborhood Search

(LNS)-based methods. While Yang et al. [21] report modest gains of 2.71% and 1.66%

over Hybrid Adaptive Large Neighborhood Search (HALNS), with average loading

rates above 85%, these results are obtained on relatively small benchmark datasets. In

contrast, the industrial datasets considered in this study contain 3,775 and 4,148 items,

respectively, making the problem significantly more complex and heterogeneous.

Furthermore, the approach proposed by Yang et al. [21] does not explicitly incorporate

physical stackability constraints, whereas the methodology presented in this work

models realistic three-dimensional stackability, including vertical support, surface

alignment, and load-balance requirements.

On the real-world datasets (1A_20 and 2A_20), the KM-3DBFO method increases

the company’s manual loading rate from 75% to 93%, corresponding to an
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improvement of 24%, and improves upon the commercial CargoWiz solver from 88%

to 94%, yielding a 6% increase in container utilization. The MLKM-3DCGBFO

algorithm further raises the utilization rate to 96%, which far exceeds the 1–3%

improvement range reported by Yang et al [21]. Although the Large Neighborhood

Search algorithm based on Q-learning (Q-LNS) provides stable performance, the

ML-assisted CG framework proposed in this study reduces computation time by

approximately 40–60% (from 2,778 s to 1,032 s) without sacrificing container count

or loading quality.

From a computational efficiency perspective, the three proposed methods exhibit

clear performance differences. The baseline 3D-BFDO algorithm requires more

than one hour to solve both industrial datasets. In contrast, KM-3DBFO solves the

same instances in approximately 100–150 seconds. While KM-3DCGBFO achieves

higher utilization rates, it requires longer runtimes of approximately 2,600–2,800

seconds. The MLKM-3DCGBFO variant significantly reduces this runtime to 1,032

seconds while maintaining identical solution quality. Overall, the combination of

clustering-based decomposition, column generation, and machine learning yields not

only superior loading efficiency but also enhanced scalability and physical feasibility

for large, heterogeneous industrial datasets, where traditional LNS-type methods

typically provide only limited improvements.

The comparative evaluation further indicates that the proposed KM-3DBFO,

KM-3DCGBFO, and MLKM-3DCGBFO methods achieve substantially stronger

performance than the LNS framework proposed by Şafak and Erdoğan [28], both

in terms of utilization levels and scalability under real-world operational constraints.

Their LNS approach obtains high-quality solutions on classical benchmark instances

containing 100–250 items, reaching utilization rates between 80% and 92% within

time limits of 3–10 minutes, and achieving optimality in most LN instances when

rotations around horizontal axes are restricted. However, these instances remain

relatively small and structurally homogeneous compared to real industrial settings.

In contrast, the experiments conducted in this study involve significantly larger and

more heterogeneous datasets, with 3,775 and 4,148 items per instance—scales not
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addressed in Şafak and Erdoğan [28]. Despite this considerable increase in problem

complexity, KM-3DBFO achieves a utilization rate of 93% within approximately

100–150 seconds, while MLKM-3DCGBFO reaches 96% utilization with a runtime

of 1,032 seconds. These results represent substantial improvements over both the

company’s manual loading process (75–72%) and the improvement margins reported

in Şafak and Erdoğan [28], where gains over state-of-the-art heuristics typically remain

within the 1–3% range.

Junqueira et al. [11] reported that pure column generation becomes unsuitable for

large, heterogeneous three-dimensional container loading problems, often failing to

converge within standard computational limits. This observation is fully consistent

with the results obtained in this study, where traditional CG exceeded the imposed

600-second time limit in all wtpack benchmark datasets. In contrast, KM-3DCGBFO

consistently solved these instances within feasible runtimes, ranging from 0.03 to

0.92 seconds for medium-sized datasets. Moreover, the MLKM-3DCGBFO approach

further reduced the number of subproblem expansions by a factor of approximately

3.5 (e.g., from 170 to 48 generated columns), effectively mitigating the classical

convergence bottleneck associated with CG in three-dimensional container loading

problems.

The results also demonstrate that the proposed K-Means-based hybrid approach

(Algorithm 1) achieves high container utilization while maintaining computational

efficiency and practical applicability. When compared with comprehensive exact

formulations, such as those proposed by Nascimento et al. [12], who modeled the

Single Container Loading Problem (SCLP) using integer linear programming (ILP)

and constraint programming (CP) under twelve practical constraints, the proposed

approach exhibits clear scalability advantages. While the exact models of Nascimento

et al. [12] achieved utilization levels between 85% and 95% for instances containing

up to approximately 110 items, their performance deteriorated rapidly as the number

and complexity of constraints increased. In contrast, the proposed clustering-based

heuristic consistently attains utilization rates in the range of 90%–95% on both

benchmark datasets and large-scale industrial instances involving up to approximately

2,000 items, with computation times remaining within seconds to minutes. Although
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optimality cannot be guaranteed, the heuristic remains tractable, interpretable, and

suitable for large-scale industrial applications. Relative to manual loading practices,

container utilization improves by approximately 19%–24%, and by 12%–15% when

compared to a baseline three-dimensional Best-Fit heuristic.

Beyond exact optimization approaches, recent research has increasingly focused on

metaheuristic and learning-based techniques. Genetic algorithms, tabu search, and

hybrid heuristics have demonstrated the potential to improve utilization levels, but

typically at the cost of increased computational effort and reduced transparency. For

instance, Tsang et al. [32] proposed a deep reinforcement learning framework based on

a Double Deep Q-Network (DDQN) for concurrent dual-bin packing with replacement

strategies, achieving utilization rates of 74%–77% and improvements of approximately

5%–6% over heuristic baselines. However, their approach requires on the order of

100,000 training episodes and dedicated GPU resources. In contrast, the proposed

method consistently achieves utilization rates of 90%–95% on datasets containing up to

approximately 2,000 items, with average runtimes of around 100 seconds and without

any training overhead. As a result, the proposed approach offers a lightweight and

interpretable alternative that relies solely on clustering and greedy heuristic principles.

Recent decomposition-based methods further illustrate the inherent trade-off between

solution quality and computational efficiency. Delorme and Wagenaar [29]

developed exact decomposition models incorporating stacking constraints, while

Montes-Franco et al. [31] introduced a hybrid approach featuring dynamic stability

representations. Although these methods provide valuable theoretical insights, they

remain computationally demanding for large, heterogeneous instances. In contrast, the

proposed approach is explicitly designed for large-scale and heterogeneous industrial

scenarios. By leveraging clustering to reduce local dimensional heterogeneity prior to

container-level placement, the method improves tractability while preserving solution

quality. Stability is ensured through weight-ordered cluster sequencing and explicit

stackability checks, allowing the method to satisfy realistic three-dimensional loading

constraints without incurring the overhead of exact formulations.
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Despite the strong performance observed in both utilization and runtime, several

extensions remain open for future research. The current implementation does not

explicitly address real-time operational constraints, such as dynamic item arrivals or

time-dependent assignment decisions. Future work could also extend the clustering

framework to incorporate customer locations or delivery zones, enabling region-based

loading plans. Additionally, the integration of axle-weight balancing constraints into

the heuristic layer would further enhance practical realism and industrial relevance.

Overall, the proposed approach effectively bridges the gap between fast greedy

heuristics and more complex metaheuristic or learning-based methods. It

combines scalability, computational efficiency, and interpretability, while avoiding

the computational burden of mathematical programming and the opacity associated

with learning-based systems. From this perspective, clustering emerges as a promising

mid-level strategy for container loading problems—one that is robust, transparent, and

well suited to large-scale industrial applications.

Overall, ML-assisted column generation provides a scalable and physically realistic

framework for solving large, heterogeneous container loading problems. Unlike

recent LNS- and deep reinforcement learning-based approaches, which typically report

modest improvements on small benchmark instances, the proposed hybrid methods

achieve substantially higher utilization levels and computationally feasible runtimes

on real industrial datasets while strictly enforcing three-dimensional stackability and

stability constraints. The ML-enhanced CG module further alleviates the convergence

limitations of classical CG by reducing unnecessary column generation and lowering

overall computational effort.

Beyond performance comparisons, the results reveal important theoretical and

practical implications. From a theoretical perspective, the findings demonstrate that

clustering-based decomposition constitutes an effective mechanism for stabilizing

column generation under high heterogeneity, offering a scalable intermediate

solution between purely heuristic approaches and purely exact formulations. The

integration of ML-based column prediction provides empirical evidence that hybrid

learning–optimization architectures can systematically alleviate degeneracy and slow
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convergence, which are traditionally associated with CG in three-dimensional

container loading problems.

From a practical perspective, the proposed methodology enables logistics companies

to load highly diverse products—such as filters, oil containers, and mixed industrial

packaging—more efficiently while rigorously satisfying realistic three-dimensional

stackability and stability requirements. This results in reduced transportation costs,

fewer required containers, and more reliable loading plans, thereby directly supporting

operational efficiency in real-world logistics environments.

Table 6.10: Comparison of proposed methods with state-of-the-art approaches.

Method Sc. Util. Imp. Time Remarks
Manual Loading L 72–75% – >1h baseline
CargoWiz L 88–94% mod. min. commercial solver
KM-3DBFO L 93% high 100–150 s fast, scalable
KM-3DCGBFO L 94–95% v.high 2600–2800 s CG-based
MLKM-3DCGBFO L 96% max 1032 s ML-enhanced CG
HALNS (Yang) S >85% low mod. limited scale
LNS (Şafak) S 80–92% low 3–10 min benchmark only
DRL (Tsang) M 74–77% mod. v.high training required
ILP/CP (Nasc.) S 85–95% opt. v.high not scalable

Sc.: Scale, L: Large, M: Medium, S: Small, mod.: moderate, v.high: very high, opt.: optimal
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7. CONCLUSION AND RECOMMENDATIONS

7.1 General Conclusions

This dissertation presented a comprehensive hybrid optimization framework for the

Container Loading Problem (CLP), integrating unsupervised learning, combinatorial

optimization, and machine learning techniques within a unified and scalable solution

architecture. The study addressed the limitations of classical heuristic and exact

approaches by proposing structurally enhanced decomposition strategies combined

with learning-guided configuration selection mechanisms.

Three novel algorithms were developed and analyzed: KM-3DBFO, KM-3DCGBFO,

and MLKM-3DCGBFO. These methods were designed to handle large-scale,

heterogeneous, and industrially constrained container loading instances while

maintaining computational efficiency and practical feasibility.

The fundamental premise of this research is that real-world container loading is

not merely a geometric packing problem but a structurally constrained logistics

optimization task. Industrial environments impose stacking hierarchies, weight

distribution rules, stability requirements, and operational time limitations. Therefore,

purely geometric heuristics are insufficient. Conversely, purely exact formulations may

become computationally prohibitive in large-scale settings. This study demonstrates

that clustering-driven structural decomposition, when combined with advanced

packing heuristics and machine learning, effectively bridges this gap.

7.2 Methodological Contributions

The contributions of this dissertation can be categorized into three primary

methodological dimensions.
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7.2.1 Integration of clustering with 3D packing

The first major contribution is the novel integration of K-Means clustering with

three-dimensional packing algorithms. By grouping geometrically similar items prior

to the packing stage, the search space is structurally simplified. This transformation

reduces infeasible placement attempts, enhances stack homogeneity, and improves

computational tractability.

The clustering-based decomposition acts as a structural preconditioning mechanism.

Instead of attempting to pack highly heterogeneous items simultaneously, the

algorithm operates on homogeneous subsets generated by K-Means. This approach

improves space utilization while reducing combinatorial explosion.

Empirical results demonstrate significant performance improvements. Compared to

baseline 3D Best-Fit approaches, utilization increased between 12% and 15%. When

compared to manual industrial loading practices, improvements ranged between 19%

and 24%. In addition to quality gains, runtime reductions were substantial. In the

industrial case study, computation time decreased from more than one hour to less

than two minutes, representing an improvement factor of approximately 30–35 times.

These findings confirm that clustering is not a simple preprocessing step but a structural

enhancement of the optimization process.

7.2.2 Column generation within clustered structures

The second contribution extends the clustering framework by embedding it into a

Column Generation (CG) architecture through the KM-3DCGBFO algorithm. In

this approach, clusters are treated as structured subproblems, and feasible packing

configurations are generated iteratively as columns.

The integration of clustering with CG enhances the quality of generated configurations.

Homogeneous clusters allow the pricing subproblem to explore feasible stacking

patterns more effectively. Experimental results indicate that CG-based approaches
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benefit from higher cluster numbers, as finer structural decomposition leads to more

precise configuration generation.

Comparative analyses across real-world datasets demonstrated that KM-3DCGBFO

achieves superior filling rates in heterogeneous instances while maintaining acceptable

computational times. The results highlight the importance of aligning cluster

granularity with algorithmic structure.

7.2.3 Machine learning-guided column selection

The third and most advanced contribution is the integration of machine learning into

the CG framework. The MLKM-3DCGBFO algorithm incorporates a predictive model

to identify promising packing configurations prior to their inclusion in the master

problem.

This learning-guided mechanism reduces the number of unnecessary column

generations and accelerates convergence. The predictive model acts as a filtering

and prioritization layer, guiding the combinatorial search toward high-potential

configurations.

In the benchmark dataset 1A_20, MLKM-3DCGBFO achieved a filling rate of

0.94. This result improved upon CargoWiz by approximately 6% and exceeded the

company’s manual loading performance by approximately 25%. Across all evaluated

datasets, MLKM-3DCGBFO consistently delivered the highest filling rates while

preserving competitive runtimes.

The integration of machine learning transforms column generation from a purely

combinatorial enumeration process into an intelligent, guided optimization procedure.

7.3 Industrial Validation and Practical Constraints

A distinguishing feature of this research is the incorporation of practical industrial

constraints. The proposed algorithms explicitly consider stackability restrictions,

load-bearing hierarchies, container stability, weight distribution limits, and rotation

feasibility. These constraints reflect real operational conditions observed in the Turkish

filter manufacturing case study.
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The validation results confirm that the proposed framework is scalable and adaptable

to industrial environments. Performance metrics including filling rate, container

utilization, and runtime demonstrate robust behavior across diverse scenarios.

The MLKM-3DCGBFO algorithm provided the most balanced performance in

terms of solution quality and computational efficiency. This confirms the practical

value of integrating data-driven learning mechanisms into combinatorial optimization

frameworks.

7.4 Impact of Cluster Size Selection

An important finding of this study concerns the role of cluster size. Four internal

validation metrics were employed to determine the optimal number of clusters: Elbow,

Silhouette, Davies-Bouldin, and Calinski–Harabasz indices.

While the Elbow method suggested k = 6, the remaining indices consistently indicated

k = 15 as the optimal value. Experimental evaluation confirmed that k ≈ 15 provided

the best trade-off between utilization and computation time.

Furthermore, the results revealed that lower cluster numbers favored heuristic-based

approaches, whereas higher cluster numbers improved the performance of CG-based

methods. This demonstrates that cluster tuning must be aligned with algorithmic

architecture and problem characteristics.

7.5 Theoretical and Managerial Implications

From a theoretical perspective, this research contributes to hybrid optimization design,

learning-enhanced combinatorial optimization, and decomposition-based packing

strategies. The study demonstrates that data-driven structural analysis can significantly

improve traditional packing algorithms.

From a managerial perspective, improved filling rates directly reduce the number of

containers required for shipment. This leads to lower transportation costs, reduced

handling operations, and decreased environmental impact. Fewer containers imply

reduced fuel consumption and lower CO2 emissions, contributing to sustainable

logistics operations.
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The proposed framework can serve as a decision-support engine within warehouse

management systems, export planning modules, and AI-driven logistics platforms.

7.6 Limitations and Future Research Directions

Despite its strong performance, several limitations remain. The framework was

validated within a structured manufacturing environment. Highly heterogeneous

packaging systems may require further adaptation. Dynamic order arrivals were not

explicitly modeled. Secondary gap-filling passes and axle weight constraints were not

fully integrated.

Future research should investigate real-time adaptive optimization systems capable

of responding to dynamic logistics conditions. Multi-objective optimization models

should be developed to balance cost, time, environmental impact, and operational

risk simultaneously. Advanced learning architectures, including reinforcement

learning and graph-based neural models, may further enhance configuration prediction

accuracy.

Additional practical extensions may include axle weight constraints, customer-priority

loading rules, and route-dependent stacking strategies. These enhancements would

strengthen the applicability of the framework in complex global logistics networks.

7.7 Final Remarks

This dissertation establishes a comprehensive hybrid methodology that balances

optimality and computational efficiency in container loading optimization. By

combining clustering, advanced packing heuristics, column generation, and machine

learning, the proposed framework achieves significant improvements in space

utilization, runtime performance, and industrial applicability.

The MLKM-3DCGBFO algorithm, in particular, represents a step toward intelligent,

learning-assisted logistics optimization systems. The findings demonstrate that hybrid

data-driven approaches have the potential to redefine container loading operations,

making them more efficient, sustainable, and adaptable.
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In conclusion, this study contributes both theoretically and practically by bridging

advanced optimization theory and real-world logistics requirements, providing a

scalable and future-oriented foundation for next-generation container loading systems.
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APPENDICES

APPENDIX A.1 : Example 2D-BP equations in the Appendices
APPENDIX A.2 : Example 3D-BP equations in the Appendices
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APPENDIX A.1

This section presents the classical mathematical formulation of the two-dimensional
bin packing problem (2D-BPP). The model is provided for completeness and serves as
a reference formulation.

Let i ∈ I denote the set of rectangular items and k ∈ K the set of available bins. Each
item i has width wi and height hi. The bin dimensions are given by W (width) and H
(height).

The binary decision variable xik is defined as:[
xik =

{
1 if item i is assigned to bin k,
0 otherwise.

]
The continuous variables (Xi,Yi) represent the bottom-left coordinate of item i inside
the bin.

The objective is to minimize the number of bins used:

min ∑
k∈K

yk (A.1.1)

where yk is a binary variable equal to 1 if bin k is used.

Each item must be assigned to exactly one bin:

∑
k∈K

xik = 1 ∀i ∈ I (A.1.2)

Items must remain within bin boundaries:

Xi +wi ≤W (A.1.3)

Yi +hi ≤ H (A.1.4)

To prevent overlapping between any two distinct items i and j, at least one of the
following spatial separation constraints must hold:

Xi +wi ≤ X j or X j +w j ≤ Xi (A.1.5)

Yi +hi ≤ Yj or Yj +h j ≤ Yi (A.1.6)

Equations (A.1.5)–(A.1.6) ensure non-overlapping placement.

APPENDIX A.2

This section presents the classical formulation of the three-dimensional bin packing
problem (3D-BPP), which extends the two-dimensional case by incorporating the
vertical dimension.
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Let i ∈ I denote the set of rectangular boxes and k ∈ K the set of containers. Each item
i has length li, width wi, and height hi. The container dimensions are given by L, W ,
and H.

The binary assignment variable xik equals 1 if item i is placed in container k.

The continuous variables (Xi,Yi,Zi) represent the spatial coordinates of the
lower-left-bottom corner of item i.

The objective function minimizes the number of containers used:

min ∑
k∈K

yk (A.2.1)

Each item must be assigned to exactly one container:

∑
k∈K

xik = 1 ∀i ∈ I (A.2.2)

Boundary constraints ensure that items remain inside the container:

Xi + li ≤ L (A.2.3)

Yi +wi ≤W (A.2.4)

Zi +hi ≤ H (A.2.5)

Non-overlapping conditions require that for any two distinct items i and j, at least one
of the following holds:

Xi + li ≤ X j or X j + l j ≤ Xi (A.2.6)

Yi +wi ≤ Yj or Yj +w j ≤ Yi (A.2.7)

Zi +hi ≤ Z j or Z j +h j ≤ Zi (A.2.8)

Equations (A.2.6)–(A.2.8) enforce three-dimensional spatial feasibility.
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