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CONTROL OF LEGGED ROBOTS 

SUMMARY 

In a manufacturing plant, where robots have to rapidly weld pieces together, 
precisely assemble motors, or neatly package chocolates into boxes, the focus is put 
on speed, precision, and cost-effectiveness. In contrast, robots in real world must be 
able to cope with uncertainty and react to changes in the environment. Animals have 
evolved to be very adaptable to their environments. Thus nature is a great source of 
inspiration to design robots. The most developed animals are vertebrates on the land 
and they use legs for locomotion. 

This study is about the robots which use legs for locomotion. An important reason 
for exploring the use of legs for locomotion is the difficulty of mobility in different 
terrains. The models which are studied in this study make us to understand basics of 
walking and running. Once the models are obtained, the control job can be studied 
for them with simulations. 

First, the basics of walking are studied with the “Compass Gait Model”. The 
fundamentals of walking are examined by this model by using MATLAB. Then the 
“SLIP Model” is studied to understand how animals store energy with their muscles 
and tendons. This model can be a simple model for hoping animals like kangaroos. 
Also that is a step for “BSLIP” model, which is a useful model that includes 
fundamentals of running. Running contains at least two legs and flight phase while 
moving. BSLIP model is a good way of representing running because of his two legs 
and spring loaded structure.  Finally, the model with a bar mass on the hip is 
introduced. 

After examining all these models, the control job is studied to make them locomate. 
MATLAB Simulink is used to simulate the control jobs. Compass Gait Model can 
walk without control on a sloppy surface. Also, successful results are obtained for 
SLIP and BSLIP models by controlling. They are able to locomate with some 
assumptions. 

 

 

 

 

 

 

 

 

 



 
xvi

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
xvii

 

 

 

 
AYAKLI ROBOTLARIN KONTROLU 

ÖZET 

Robotların parçaları birbirine kaynaklaması, düzenli bir şekilde motorları monte 
etmesi gerektiği veya çikolataları dikkatlice paketlemesi gerektiği üretim tesislerinde, 
robotlarda dikkat edilmesi gereken asıl amaçlar hızı artırmak, kesinlik ve uygun 
maliyetle ürünü çıkarmaktır. Diğer taraftan, gerçek dünyada robotlar belirsizliklerle 
başa çıkmalı ve çevredeki değişimlere reaksiyon vermelidirler. Doğadaki hayvanlar 
çevrelerine uyum sağlamak için evrim geçirmişlerdir. Bu yüzden doğa robotların 
dizaynı konusunda büyük bir esinlenme kaynağıdır. En gelişmiş hayvanlar olan 
omurgalılar hareket etmek için bacaklarını kullanırlar. 

Bu tezde, hareket etmek, bir yerden bir yere gitmek için ayaklarını kullananan 
robotlar hakkında çalışılmıştır. Ayaklı robot hareketlerinin incelenmesindeki önemli 
bir sebep, farklı arazilerde hareket edebilmenin zorluğudur. Bu çalışmada incelenen 
modeller yürüme ve koşmanın temellerini anlamamızı sağlamıştır. Modeller elde 
edildikten sonra, modellerin kontrol çalışmaları benzetim programları aracılığıyla 
incelenebilir. 

Đlk olarak, “Compass Gait Model” ile birlikte yürümenin esasları çalışıldı. Bu 
modelle birlikte yürüme işinin temelleri MATLAB kullanılarak incelendi. Daha 
sonra hayvanların nasıl koştuğunu ve koşarken kaslarında ve tendonlarında 
depoladıkları enerjiyi nasıl kullandıklarını anlamak için “SLIP Model” incelendi. Bu 
model kanguru gibi zıplayarak ilerleyen hayvanları modelleyebilmek için kolay bir 
modeldir. Ayrıca, bu model koşma işini temellerini içeren “BSLIP” modeli anlamak 
için bir yararlı bir adımdır. Koşma işi en az iki bacak ve süreç içinde uçuş modu 
barındırır. BSLIP model iki bacak ve bacaklarında yaylar içerdiğinden koşma işini 
iyi bir şekilde temsil eder. Son olarak da bu tezde, bar şeklinde kütlesi olan model 
incelenmiştir. 

Bu modeller incelendikten sonra, bunları başarılı bir şekilde hareket ettirmek için 
kontrol kısmı MATLAB Simulink kullanılarak çalışılmıştır. Compass Gait Model’in 
belirli şartlar sağlandığında kontrol edilmeden yürüdüğü gözlemlenmiştir. Diğer 
modeller de bazı varsayımlarla kontrol edilerek başarılı sonuçlar elde edilmiştir.  
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1 INTRODUCTION 

In a manufacturing plant, where robots have to rapidly weld pieces together, 

precisely assemble motors, or neatly package chocolates into boxes, the focus is put 

on speed, precision, and cost-effectiveness. In contrast, robots in real world must be 

able to cope with uncertainty and react to changes in the environment. Animals have 

evolved to be very adaptable to their environments. Thus nature is a great source of 

inspiration to design robots. Azevedo declared [6] that biological knowledge of 

human posture and gait can inspire biped robot design. Due to this idea, different 

kinds of robots have been developed inspiring from the nature.  These robot's major 

targets are movement, locomotion (crawling, walking, running, climbing, swimming, 

flying), navigation, manipulation, imitation and cooperation.  

This study is about the robots which use legs for locomotion. An important reason 

for exploring the use of legs for locomotion is the difficulty of mobility in different 

terrains. The present machines use wheels to move, and these wheels need prepared 

surfaces like roads and rails. On the other hand, many areas haven't been paved yet. 

Six legged robot RHex which is designed for both walking and running is designed 

inspiring from cockroaches. Biological studies suggest that most legged animals have 

similar center of mass trajectories. If the model of those legged animals is obtained, 

the control algorithms can be applied to the biologically inspired robot (Figure 1.1).  

 

Figure 1.1: System structure. 
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In this study, one of the aims is to understand the basics of locomotion. The 

mechanical parameters of a human body have a remarkable effect on the existence 

and quality of a gait [1]. So, to understand dynamics of walking, mechanics should 

be well studied. To make these dynamics clear, it is reasonable to study simple pure 

mechanical models. Mathematical models allow us to translate between biology and 

engineering, and our ultimate target is to produce a model of a "behaving animal" 

that can also inform of novel legged machines. The simple inverted pendulum is very 

useful in describing the motions of animals [1]. Holmes [7] states that, at low speeds 

animals walk by vaulting over stiff legs acting like inverted pendulum, exchanging 

gravitational and kinetic energy. Although this model is a very simple one with two 

rigid legs and a hip, it includes the fundamentals of walking (compass gait model). 

At high speeds animals bounce like pogo sticks, exchanging gravitational and kinetic 

energy with elastic strain energy. So, a more developed version of this model, spring-

loaded inverted pendulum (SLIP), is introduced. In running animals and insects, the 

center of mass (COM) falls to the its lowest position at midstance as if compressing a 

virtual or effective leg spring, and rebounds during the second half of the step as if 

recovering the elastic stored energy [7]. SLIP is a useful tool for understanding 

animal running, due to the relatively simple mathematical structure of its model, 

characterizing the fundamentals of running is achieved [2], [3]. In nature, animals 

alternate gaits at different speeds. In order to capture the characteristics of alternating 

gaits, using the BSLIP (bipedal spring loaded inverted pendulum) is an appropriate 

way [5]. BSLIP is the derivation of the SLIP model for bipedal running with two 

spring loaded pendulums. These three models give us the fundamentals of walking 

and running.  

 

 

 

 

 

 

 



 
 
 
 
 

2 COMPASS GAIT MODEL 

2.1 Introduction 

 

 

Figure 2.1: A typical passive walking step. 

 

The compass gait model captures the basic principles of biped locomotion using a 

simple point mass model. So the simplest model of bi-pedal gait is imitated in Figure 

2.1. Garcia [1], asserts that simple models give more significant insight into human 

motion than more complicated models. He believes that compass gait model is the 

simplest model for bipedal walking. Inverted pendulum models were before 

considered as simple models of bipedal locomotion. Also it is added that simple, 

uncontrolled, 2D, two-link model resembling human legs, can walk down a shallow 

slope, powered only by gravity [1]. 

In this model there are two rigid legs connected by a frictionless hinge at the hip. The 

only mass is at the hip and the feet. M is the hip mass and m is the foot mass 
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(M>>m). Since m is very small with respect to M, the effect of the swinging leg in 

the motion of the hip is negligible. When a foot hits the ground (ramp surface) at 

heelstrike, it has a plastic (no-slip, no-bounce) crash and its velocity falls down to 

zero. That foot remains on the ground, acting like a hinge, until the swinging foot 

reaches heelstrike. During walking, only one foot is in get in touch with the ground at 

any time; double support occurs instantly. 

‘Figure 2.1’ illustrates a simple step of a typical passive walking step. The new 

stance leg (lighter line) has just touched the ramp in the upper left picture. The swing 

leg (heavier line) swings until the next heelstrike (bottom right picture). The top-

center picture gives a description of the variables and parameters that we use. θ is the 

angle of the stance leg with respect to the slope normal. φ is the angle between the 

stance leg and the swing leg. M is the hip mass, and m is the foot mass. l is the leg 

length, γ is the ramp slope, and g is the acceleration due to gravity. Leg lines are 

drawn with different weights to match the plot of ‘Figure 2.1’. 

2.2 Model 

The model’s motion is governed by the laws of classical rigid body mechanics. Non-

physical assumption was made by this way: The swing foot can shortly pass through 

the ramp surface when the other leg (stance) is near vertical. This allowance is made 

to avoid the expected scuffing problems of straight legged walkers. In physical 

models, one can attempt to avoid foot-scuffing by adding some combination of 

complications such as powered ankles, passive knees or side-to-side rocking. 

According to the ‘Figure 2.1’ the dynamics of this system are modelled in equations 

(2.1) and (2.2). θ is the angle between stance leg and the normal of surface, φ is the 

angle between two legs and γ is the slope of the surface. The first equation explains 

an inverted simple pendulum (the stance leg) which is not affected by the motion of 

the swinging leg. The second equation explains the swinging leg as a simple 

pendulum whose support moves through an arc. The equations (2.1) and (2.2) 

represent angular momentum balance about the foot (for the whole mechanism) and 

about the hip (for the swing leg), respectively. 

 

( ) sin( ( ) ) 0t tθ θ γ− − =ɺɺ   (2.1) 

2( ) ( ) sin( ( )) cos( ( ) )sin( ( )) 0t t t t tθ φ θ φ θ γ φ− + − − =ɺɺ ɺɺ ɺɺ  (2.2) 



 
5

 

The system is hybrid because when the swinging leg touches the ground instantly, 

swinging leg becomes stance leg and vice versa. Then, there has to be a transition 

condition which is φ(t)=2θ(t). When this condition occurs, the variables changes 

according to the matrix (2.3). Simulating the walker's motion consists of integrating 

equations of motion and applying a transition rule when the swinging foot hits the 

ground at heelstrike. The collision occurs when the geometric collision condition 

φ(t)=2θ(t) is met. This condition describes that the swinging leg touched the ground. 

It is also true when two legs are parallel but we ignore it. As this condition is 

satisfied, the names of the legs should be changed by the following transition, where 

the `+' superscript means `just after heelstrike', and the `-' superscript means `just 

before heelstrike'. [1] 

1 0 0 0

0 cos 2 0 0

2 0 0 0

0 cos 2 (1 cos 2 ) 0 0

θ θ

θ θ θ

φ φ

φ θ θ φ

+ −
−     

     
     =
     −
     

−     

ɺ ɺ

ɺ ɺ

 (2.3) 

The state diagram can be modelled like in the ‘Figure 2.2’. One state and one 

transition equation are enough for this system. The model is always at the stance 

state and double stance occurs instantly. Double stance is accepted as an event 

between stance states. This event occurs when the transition equation (2.4) appears. 

This condition also appears when the legs are at the same position but it is skipped. 

1 2 180θ θ+ =   (2.4) 

 

Figure 2.2: The state diagram for compass gait model. 

 

2.3 Simulation Graphs 

 

The blocks below ‘Figure 2.3’ utilized to construct the determined structure for the 

compass gait model. That structure consists of two main parts: one (System) contains 
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the dynamics of the system which are Eq. (2.1) and (2.2). The 'Hybrid Structure' 

block has two responsibilities. First, it detects transition event which is 'touching 

ground' for the swinging leg. The second is, changing the variables in every 

transition according to the matrix(2.3). 

 

Figure 2.3: The simulink diagram of the compass gait model. 

 

 

Figure 2.4: The simulink diagram of the “System” block for compass gait model. 

 

The inner side of the 'System' block is represented in the ‘Figure 2.4’. The 'rst' input 

is driven by the 'Hybrid Structure' block. That input's working condition is Eq. (2.4)

.Whenever this condition occurs, the integrator of the system restarts with the 

recalculated initial conditions. The ‘Figure 2.5’ figures inner part of 'Hybrid 

Structure' block. The subscripts '-' means the previous value, and the subscript '+' 

means next value which is calculated for the system to use after transition condition. 
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Figure 2.5: The simulink diagram of the 'Hybrid Structure' block for compass gait      
model. 

2.4 Simulation Results 

The system explained in the previous section is established in simulink. The system 

doesn't need to be controlled if it has the appropriate initial conditions. In this 

simulation the initial values of the variables are shown below (Equations (2.5)-(2.8)). 

0.1534inθ =   (2.5) 

0.1561
in

θ = −ɺ   (2.6) 

0.33inφ =   (2.7) 

0.0073
in

φ = −ɺ   (2.8) 

 

In the ‘Figure 2.6’ the peak points of the curve represent the transition moments. As 

stated in the matrix (2.3) after the transition, the angle between the swinging leg and 

the surface normal θ becomes – θ. 
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Figure 2.6: θ-time graph of the Compass-Gait Model. 

 

The φ-time graph of the system is shown in ‘Figure 2.7’. When the curve approaches 

the peak points, it is also approaching to 2θ, which is the transition condition. After 

that transition condition, φ becomes -2θ. 

 

Figure 2.7: φ-time graph of the Compass-Gait Model. 
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3 SPRING LOADED INVERTED PENDULUM MODEL 

3.1 Introduction 

 

Figure 3.1: A SLIP Model. 

 

Biomechanists have gained great insight in understanding basic principles of diverse 

locomotion of creatures such as humans and cockroaches by considering the basic 

Spring-Loaded Inverted Pendulum (SLIP) model shown in Figure 3.1 as a metaphor 

for running and hopping. In spite of such complexity, we shall argue that, under 

suitable conditions, animals with diverse morphologies and leg numbers, and many 

mechanical and yet more neural degrees of freedom run as if their mass centers were 

following SLIP dynamics [7]. Bouncing, spring-mass, monopod model can 

approximate the energetic and dynamics of trotting, running and hopping in animals 

like cockroaches, quail and kangaroos [2]. Farley [3] focused on trotting and hopping 

because these are symmetrical gaits which could be modelled as simple spring-mass 

systems. The spring provides not only faster running but also energy saving. In 

biology, muscles, tendons and ligaments behave like a spring, which alternately 

stretch and recoil, storing and releasing elastic energy [3] As Alexander mentioned 

[4], energy saving and reducing unwanted heat production might be performed by 

bouncing along on springs, using the principle of pogo stick. Potential energy and 

kinetic energy will fluctuate during each stride as a result less energy will be 

consumed. 
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Assumptions: 

The leg and the spring are assumed massless and the body has a point mass at the hip 

joint. During stance, the leg is free to rotate around its toe. In flight, the mass is 

considered as a projectile acted upon by gravity. We assume there are no losses in 

either the stance or flight phases. 

Figure 3.1 illustrates a parameterization of the SLIP model as a schematic 

representation for the stance phase of a running (or hopping) biped with at most one 

foot on the ground at any time. This model incorporates a rigid body of mass m and 

moment of inertia I, possessing a massless sprung leg attached at a hip joint, H, a 

distance d from the COM (center of mass), G. 

3.2 The Model 

3.2.1 SLIP Model 

The dynamical equations of stance phase of SLIP model is shown below ((3.1),    

(3.2)). The system is modelled in cartesian coordinates. The flight phase dynamic 

equations are (3.5) and (3.6). 

 

0cos( )( )
k

x l l
m

θ= − −ɺɺ   (3.1) 

0sin( )( )
k

y l l g
m

θ= − − −ɺɺ   (3.2) 

2 2
l x y= +   (3.3) 

arctan( )
y

x
θ =   (3.4) 

0x =ɺɺ   (3.5) 

y g= −ɺɺ   (3.6) 

To find the θ and l (length of the leg), it is obvious that the coordinates of the foot 

have to be known. It is assumed that the first foot coordinates are (xf, yf)=(0,0). So 

when the system initializes ' θ ' and 'l' can be calculated ((3.3), (3.4)). When the 

system is again in the stance phase, the touch point of the foot is recorded then ' θ ' 

and 'l' are calculated according to equations (3.7) and (3.8). The y coordinate of the 
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foot is zero (yf=0) when the system is at stance phase and x coordinate of the foot is 

stays same when it is first recorded. 

arctan( )h f

h f

y y

x x
θ

−
=

−
  (3.7) 

2 2( ) ( )h f h fl y y x x= − + −   (3.8) 

In the flight phase, it is assumed that the spring is neither compressed nor 

decompressed, so the length of the leg is its original length. So the coordinates of the 

foot can be calculated ((3.9), (3.10)). For these equations, the symbols m, θ, k, l0 and 

g denote hip mass, the angle between leg and surface, constant of the spring, the 

length of the leg and the gravity force, respectively.  

For each stride, there are two phases during locomotion: First is stance phase where 

the foot touches the ground. The second is the flight phase where the foot is airborne. 

The stance phase can be split in two parts:  compression and decompression. 

Similarly flight phase can be split in two as ascent and descent sub phases.  This 

situation leads transition between these sub phases. 

0 cos( )f hx x l θ= −   (3.9) 

0 sin( )
f h

y y l θ= −   (3.10) 

Transition "Touch Down":  The moment that leg touches the ground and beginning 

of compression (Equation (3.11)) 

Transition "Lift off": The moment that the leg reaches maximum extension at the end 

of stance (Equation (3.12)) 

0 sin 0y l θ− =   (3.11) 

0 0l l− =   (3.12) 

The state diagram is figured in Figure 3.2. In that figure, there are two states which 

are 'stance' and 'flight'. The transition equations between them are Eq. (3.11) and Eq. 

(3.12) which are named 'touch down' and 'lift off', respectively. When the leg is at the 

stance state, if the lift-off event appears, then system will change its state to flight 

state. Similarly, when the leg is at the flight state, if the touch-down event appears, 

the system state will be transformed to stance state. 
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Figure 3.2: The state diagram for SLIP model. 

 

When the system is in the stance phase, it performs its dynamics without any control 

sign. On the other hand, when it starts flying, it should be prepared for the next 

stance phase. So, in the flight phase the control job is performed. The target is to 

control the touch-down angle of the foot.  

3.2.2 DC Motor Model 

It is assumed that, the hip contains a DC motor to circulate the leg. So, the control 

signal will directly affect the motor to control the touch down angle. The DC motor 

equations are shown in Eq. (3.13) and (3.14).  

mk I j bθ θ= +ɺɺ ɺ   (3.13) 

mV k LI RIθ− = +ɺ ɺ   (3.14) 

The laplace transform of the model is given below in the equation(3.15). 

3 2 2( ) ( ) ( )
m

m

k

V s jL s Rj bL s bR k

θ
=

+ + + +
  (3.15) 

For the following simulations the motor parameters are given in the Error! 
Reference source not found.. 
 

Table 3.1: Parameters for DC Motor. 

j (Motor and 
load inertia) 

b (friction) km (Speed and 
torque 
constant) 

R (Terminal 
resistance) 

L (Terminal 
inductance) 

0.00025 
Nm/rad/sc2 

0.0001 
Nm/rad/sc 

0.05 0.5 Ω  0.0015 H 

 

So the laplace transform of the DC motor model becomes: (Equation (3.16)) 
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6 3 2

0.005

3.75 10 0.0001265 s  0.00255 sV s

θ
−

=
⋅ + +

 (3.16). 

3.3 Simulation Graphs 

The blocks below in Figure 3.3 utilized to construct the determined structure for the 

SLIP model. That structure consists of two main parts: one (Control) contains the 

control job. The other block represents plant which contains 'system variables block' 

and the 'hybrid structure' (Figure 3.4). The control block takes the feedback from the 

system and sends control signal to the motor on the hip.  

 

Figure 3.3: The simulink diagram of the SLIP model and the control system. 

 

As shown in the Figure 3.4, according to the parameters coming from the 'system 

block', the 'hybrid structure block' switches the system between the modes which are 

discussed in the previous section. 

 

Figure 3.4: The simulink diagram of the plant for SLIP model. 

 

The Figure 3.5 illustrates the modes of the system which are in the 'system block'. 

The equations which are modelled in these blocks were given in the previous section 

(Equations (3.1)-(3.10)).  
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Figure 3.5: The simulink diagram of the system block for SLIP model. 

 

This block represented in the Figure 3.6, is responsible for detecting the transition 

events which are 'lift off' and 'touch down' and switching between modes. The 

switching job is performed by the 'chart' block. Chart block is a user interfaces which 

simplifies representing state-event transitions. The diagram in the  

Figure 3.2 can be embedded in the simulink as shown in the Figure 3.7. 

It is assumed that, system starts in the stance mode because the 'start' event initializes 

the chart. In the stance mode, the switch signal is set '1', 'stance enable' signal is set 

'1' and 'flight enable' signal is set '0'. When the 'lift-off' event occurs system jumps to 

flight mode. In that mode of the chart, switch signal which drives the multiport 

switch in the Figure 3.4, set '2'. 
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Figure 3.6: The simulink diagram of the hybrid structure block for SLIP model. 

 

 

Figure 3.7: The representation of state-event transitions for SLIP model. 

  

3.4 Simulation Results 

Table 3.2: SLIP model system constants. 

Mass Spring constant Original leg length Gravity constant 
1 kg 1000 N/m 0.5 m 9.81 m/sc2 

 

The system explained in the previous section is established in simulink. The system 

constants are given in the Error! Reference source not found.. The initial 

conditions of this simulation are shown below in the Error! Reference source not 

found.. 
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Table 3.3: SLIP model system initialization. 

Initial x 

position 

Initial y 

position 

Initial x 

velocity 

Initial y 

velocity 

Reference touch 

down angle 

0 m 0.4 m 1.5 m/sc 1.5 m/sc 97o 

 

It is assumed that at the first step, the system is in the stance phase with the above 

initial conditions. And it waits for flying (lift off), to perform the control job.  With 

these conditions in the Error! Reference source not found., the reference touch-

down angle is determined as θref=97o. The controller parameters for this model are 

calculated as Kp=1.12, Ki=0.58 and Kd=0.042 by the help of genetic algorithm tool of 

MATLAB. 

 

Figure 3.8: The change of  x-axis of hip for SLIP. 
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Figure 3.9: The change of  y-axis of hip for SLIP. 

 

In the Figure 3.8, the x coordinate of the hip increases continuously, this means that 

the body is going forward. The Figure 3.9 is the y coordinate of the hip. The waves 

on the curve show that, the hip rising and falling while it is going forward. 

 

Figure 3.10: The change of x-axis of foot for SLIP. 
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Figure 3.11: The change of y-axis of foot for SLIP. 

 

In the figures Figure 3.10 and Figure 3.11, there are also switch, touch down and lift 

off signals, addition to the x coordinate and the y coordinate of the foot. The switch 

signal is in the upper part means the system is in the flight mode and down part 

means that the system is in the stance mode. It is obviously seen that when touch 

down occurs, system goes to stance mode and when lift off occurs it goes to flight 

mode. In the Figure 3.10 there are stopping times for the x-coordinate of the foot. 

This occurs, because it is assumed that when the system is in the stance mode, the 

foot is stuck on the ground. While the system is in the stance mode, y-coordinate of 

the foot equals to zero as figured in Figure 3.11. Shortly after the stance phase, which 

is the beginning of the flight phase, it is seen in the Figure 3.11 that y coordinate is 

sub-zero. The reason is, it is assumed that, in the flight mode the leg is neither 

compressed nor decompressed, which means it is on its original length (l0). 
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Figure 3.12: Touch down angle of the system (θ) for SLIP. 

 

As mentioned before, it is figured in Figure 3.12 that the control begins in the flight 

mode. The controller performs the job without any overshoot. Furthermore, the 

controlling job is performed without steady state error and fast. 

Figure 3.13: The trajectory which SLIP model fallows. 
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4 BIPEDAL SPRING LOADED INVERTED PENDULUM MODEL  

4.1 Introduction 

 

Figure 4.1: A BSLIP Model. 

 

Research on biomechanics of asserts that hexapedal insects prefer the alternating 

tripod gaits at high speeds [5]. It is characterized by the presence of two tripods, each 

formed by the front and back legs of one side and the middle leg of the opposite side. 

The tripods operate out of phase with each other, whereas the legs within a tripod are 

synchronized with each other. The resulting pattern is essentially a bipedal gait, 

where the actions of the two tripods correspond to the two legs of a biped. This gait 

is also the only hexapedal gait that admits duty factors lower than 50% and hence 

locomotion with significant aerial phases, yielding a potentially significant increase 

in energy efficiency [5].  

This model contains two legs, so there are more modes and equations to define this 

model. The modes are, left stance, right stance, double stance and flight. The flight 

mode can be separated in two modes which are left flight and right flight to make the 

process easier. The dynamical equations of both for left stance and right stance are 

same as SLIP model is shown equations ((3.1) and (3.2)). The system is modelled in 

cartesian coordinates. Also, flight phase dynamic equations are same as SLIP 

model's in Eq. (3.5) and (3.6). Double stance equations are given in Equations (4.1)- 

(4.6).  The parameters used in the equations  θ1, θ2, l1, l2, l, k, m, g and d  denote 

angle between first leg and the ground, angle between second leg and the ground, 

length of first leg, length of second leg, leg length without compression or 



 
22

decompression, spring constant, mass of hip, gravitational acceleration and the 

distance between two feet. We need to know the cartesian coordinates of the hip and 

the parameter d as initial conditions for the equations below. 

 

1 1 2 2cos ( ) cos ( )
k k

x l l l l
m m

θ θ= − − − −ɺɺ   (4.1) 

1 1 2 2sin ( ) sin ( )
k k

y l l l l g
m m

θ θ= − − − − −ɺɺ   (4.2) 

1 arctan
y

x
θ =   (4.3) 

2 2
1l x y= +   (4.4) 

2 arctan
y

x d
θ =

−
  (4.5) 

2 2
2 ( )l x d y= − +   (4.6) 

In this study, it is assumed that double stance mode is not necessary for running. 

Saranli [5] constructed a structure to control a running bipedal robot without double 

stance.  In his structure, when the system is at left stance, control job begins for the 

right leg and the left leg is active by performing the system dynamics, until the left 

liftoff occurs. Then, in that flight mode control job for the right leg goes on and left 

leg is idle which means there is no control job on it. But in this study, in that 

situation the leg is controlled not to crush to ground. As represented in the Figure 

4.2, the system consists of four modes, which are 'Right Stance', 'Right Flight', 'Left 

Stance' and 'Left Flight'. 

Right Stance: 

In this mode, right leg performs single stance dynamics and the control job for left 

leg begins. The touch down angle for the right leg θr and the length of right leg lr are 

calculated in equations (4.7) and (4.8). It is assumed that, the x and y coordinate of 

the right foot (xr and yr) don't change during the right stance mode (no slip). The data 

for those variables are obtained from the end of right stance mode. The touchdown 

angle for left leg is controlled, and DC motor equations (3.13) and  (3.14) are used to 

obtain θl. The length of left leg (ll) is its original length which is l0, because it doesn't 
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touch the ground. To find the x and y coordinates of the left foot (xl and yl) we need 

the length and touch down angle of the leg (Equations (4.9) and (4.10)). 

arctan h r
r

h r

y y

x x
θ

−
=

−
  (4.7) 

2 2( ) ( )
r h r h r

l y y x x= − + −   (4.8) 

0cos( )
l h l

x x lθ= −   (4.9) 

0sin( )
l h l

y y lθ= −   (4.10) 

 

Figure 4.2: The finite state machine governing leg alternation in BSLIP. 

 
Left Flight: 

The left flight is the mode, which the left touch down angle is controlled for the 

preparation of left stance. On the other hand, right leg is controlled in this mode not 

to crush to ground. So there is a flight reference angle for the right leg and a touch 

down reference angle for the left leg. Since the system is in the flight mode, 

equations (3.5) and (3.6) are used to obtain the hip coordinates (xh and yh). The foot 

coordinate equations for left leg is represented above ((4.9) and (4.10)) are used in 

left flight mode. Also, the foot coordinate equations for right leg are similar ((4.11) 

and (4.12)). As mentioned before when a leg doesn't have a contact with ground, the 

leg length is l0. 

0 cos( )r h rx x l θ= −   (4.11) 

0 sin( )r h ry y l θ= −   (4.12) 
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Other modes of the system: 'Left Stance' is similar to 'Right Stance' and 'Right Flight' 

is similar to 'Left Flight'. 

Transition Events: 

When the system is in the 'Right Flight' mode, it will wait for equation (4.13) (Right 

leg touch down). When it is in 'Right Stance' mode, it will wait until equation (4.14) 

(Right leg lift off) occurs. Then the 'Left Flight' mode will continue until the system 

comes up with the equation (4.15) (Left leg touch down). Finally, the system stays in 

'Left Stance' mode until equation (4.16) (Left leg lift off) occurs. 

sin 0h r ry l θ− =   (4.13) 

0 0rl l− =   (4.14) 

sin 0h l ly l θ− =   (4.15) 

0 0ll l− =   (4.16) 

4.2 Simulation Graphs 

The blocks below in Figure 4.3 utilized to construct the determined structure for the 

BSLIP model. That structure consists of two main parts: one (Control) contains the 

control job. The other block represents plant which contains 'system variables block' 

and the 'hybrid structure' Figure 4.4. The control block takes the feedbacks from the 

system and sends control signals to the motors on the hip. 

 

Figure 4.3: The simulink diagram of the BSLIP model and the control system. 

 

As shown in the Figure 4.4, according to the parameters coming from the 'system 

block', the 'hybrid structure block' switches the system between the modes which are 

discussed in the previous section. 
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Figure 4.4: The simulink diagram of the Plant for BSLIP model. 

 

The signals coming from the 'hybrid structure block', switch system between the 

modes as figured in Figure 4.5. The system consists of these four subsystems.  The 

subsystems are driven by making them enable or not. Only one of the modes is active 

at the same time. 

 

Figure 4.5: The simulink diagram of the modes of the system for BSLIP model. 

 

The contents of the ‘hybrid structure block’ are figured in Figure 4.6. It consists of 

two main parts: One is detecting the transition events (equations (4.13)-(4.16)) and 

the other is processing those transition events in the chart block (Figure 4.7). This 

block determines the mode of the system. 
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Figure 4.6: The simulink diagram of the hybrid structure block for BSLIP model. 

 

 

Figure 4.7: The representation of state-event transitions in simulink for BSLIP 
model. 
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4.3 Simulation Results 

Table 4.1: BSLIP model system constants. 

Mass Spring constant Original leg length Gravity constant 

1 kg 750 N/m 0.5 m 9.81 m/sc2 

 

The system explained in the previous section is established in simulink. The system 

constants are given in the Error! Reference source not found.. The initial 

conditions of this simulation are shown below in the Error! Reference source not 

found.. It is assumed that, the first mode of the system is 'Left Stance' so 

[xl,yl]=[0,0], and the initial values for the right foot are calculated from initial angle 

of the right leg (θr). Proportional controller is used to control this system with the 

parameter Kp =0.45. 

Table 4.2: BSLIP model system initialization. 

x position y position x velocity y velocity Ref. T.Down angle Ref. Fly angle 

0.2 m 0.35 m 2 m/sc 3 m/sc 105o 0o 

 

As represented in the Figure 4.8, the system goes ahead during the simulation. The 

Figure 4.9 shows that, the system behaves like a bouncing ball. 

 

Figure 4.8: The change of x-axis of hip for BSLIP model.  



 
28

 

Figure 4.9: The change of y-axis of hip for BSLIP model. 

 

As represented in figures Figure 4.10-Figure 4.13, the switch signal has four steps. 

The first step means that the system is in 'Right Stance', second step means that the 

system is in 'Left Flight', third step means that the system is in 'Left Stance' and the 

fourth step means that the system is in 'Right Flight'. 

 

 

Figure 4.10: The change of x-axis of right leg for BSLIP model. 
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Figure 4.11: The change of y-axis of right leg for BSLIP model. 

 

As a transition event first 'Right touch down' occurs and the system converts its mode 

to 'Right Stance'. After 'Right Stance', system goes to 'Left flight' as soon as 'Right 

lift off' event occurs. Then, it waits for the 'Left touch down' to pass to 'Left Stance'. 

And finally the system goes to 'Right Flight' as soon as 'Left lift off' occurs. So, the 

system completes its loop and can start again for the same loop. 

 

Figure 4.12: The change of x-axis of the left foot for BSLIP model. 
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Figure 4.13: The change of y-axis of the left foot for BSLIP model. 

 

The reference touch down angle for the right leg, when the system is both in left 

stance and right flight is 105o. For the left flight the avoiding flight angle is 0o. The 

parameters are same for the left leg. The touch down control job should be performed 

without crushing ground. So, the leg should circulate above the hip instead of below. 

The figures represent the touch down angle of right leg and left leg, respectively. 

(Figure 4.14,Figure 4.15) 

 

Figure 4.14: The graph of right leg touch down angle for BSLIP model. 
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Figure 4.15: The graph of left leg touch down angle for BSLIP model. 

 
 

 

Figure 4.16: The trajectory which BSLIP model fallows. 
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5 ROBOT MODEL WITH A BAR MASS ON THE HIP 

5.1 Introduction 

 

Figure 5.1: Robot model with a mass on the hip. 

 

This model is different from the previous one because the mass is not a point on the 

hip. So, the moment of inertia will be taken into account. So, there is one more 

equation which represents that situation. This model can be examined in four modes 

which are double stance, front stance, rear stance and flight. The equations for the 

system are given in equations (5.1)-(5.3). The equation (5.3) represents the moment 

of inertia of the mass. The parameters used in the equations are defined in the Error! 

Reference source not found.. 

Table 5.1: Robot System Parameters. 

x y α βr βf l 

Displacement 

of system in 

x coordinate 

Displacement 

of system in 

y coordinate 

Angle of 

the body 

refer to the 

ground 

Angle 

between 

the rear leg 

and the hip 

Angle between 

the front leg 

and the hip 

Length 

of rear 

leg 

 

lf l0 k g d m 

Length of 

front leg 

Original 

leg length 

The spring 

constant 

Gravity 

constant 

The distance between 

hip and mass  

Mass 

of  hip 
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0 0( )sin( ) ( ) sin( )r r f f

k k
y l l l l g

m m
α β α β= − − + − − + −ɺɺ  (5.1) 

0 0( ) cos( ) ( ) cos( )r r f f

k k
x l l l l

m m
α β α β= − + − − +ɺɺ  (5.2) 

0 0

2

( ) sin ( ) sin

/12

r r f f

k k
l l d l l d

m m

d m

β β
α

− − −
=ɺɺ   (5.3) 

All modes of the system can be defined with those equations. Because, in the 'front 

stance' mode, it is assumed that the length of the rear leg is on its original length 

which is l0. So the term (lr-l0) becomes equal to zero and rear leg does not affect the 

equations (because it does not touch the ground and does not have any mass). In the 

same way, in the 'rear stance', (lf-l0) becomes zero. So, the effect of the front leg is 

eliminated. Similarly, in the 'flight mode', both of the leg forces are eliminated 

because both (lf=0) and (lr=l0). So, in the flight mode, only gravity constant forms the 

dynamics. 

5.2 Double Stance Mode 

 

Figure 5.2: Robot standing on double stance mode with an initial angle of α. 

 

In the double stance mode (DS), both of the legs apply force to the system, so all the 

equations above ((5.1)-(5.3)) are effective for this mode. After the initial conditions 

for the system (x initial (xin), xɺ αɺ  initial ( xɺ in), y initial (yin), yɺ  initial ( yɺ in), α initial 

(αin), αɺ  initial (αɺ in) are given, the coordinates of the tip of the legs can be 

calculated.  The top coordinates of the front leg can be calculated with the equations 

(5.4) and (5.5). Similarly for the rear leg the equations are represented below (Eq. 

(5.6) and Eq. (5.7)). 
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sin( )
2 ft

d
y yα+ =   (5.4) 

cos( )
2 ft

d
x xα+ =   (5.5) 

sin( )
2 rt

d
y yα− =   (5.6) 

cos( )
2 rt

d
x xα− =   (5.7) 

 

The next step is to calculate the coordinates of the feet which are the tips of the legs. 

It is assumed that, between the DS mode and the previous mode, the feet positions 

are same (yfb, xfb, yrb, xrt). In other words, the feet positions remain same in the DS 

mode and they are obtained just before the previous mode. So, we have coordinates 

of both upper tip and lower tip of legs. By using those values, the length of the legs 

(lf and lr) (Eq. (5.9) and Eq. (5.11)) and the angles between the body and legs (βf and 

βr) (Eq. (5.8) and eq. (5.10)) can be calculated. 

arctan( )ft fb

f

ft fb

y y

x x
β α

−
= −

−
  (5.8) 

2 2( ) ( )f ft fb ft fbl y y x x= − + −   (5.9) 

arctan( )rt rb
r

rt rb

y y

x x
β α

−
= −

−
  (5.10) 

2 2( ) ( )
r rt rb rt rb

l y y x x= − + −   (5.11) 

5.2.1 Simulations 

The initial conditions are given for the simulations in the Error! Reference source 

not found.. The system constants are; spring constant k=50 kg/m, hip mass m=10 

kg, gravity constant g=9.81 m/s2, original length of the leg l0=5 m and the distance 

between the legs d=6 m. 
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Table 5.2: Initialization for the robot model withbar mass for double stance mode. 

xin yin xɺ in yɺ in αin αɺ in ybrin xbrin ybfin xbfin 

0 m 3 m 
0 

2

m

sc
 0

2

m

sc
 

-2o 00 0 m -3 m 0 m 3 m 

 

The simulation results are represented below. The α angle starts its behaviour from 2 

degrees and oscillates by increasing due to dynamics of the springs. The legs apply 

force to the hip so that angle does not only oscillates between 2 and -2 degrees 

(Figure 5.3). While α changes, the springs compress and decompress respectively. So 

the y coordinate of the hip oscillates as shown in Figure 5.4. 

 

Figure 5.3: The change of α angle in DS model. 
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Figure 5.4: The change of the hip on y-axis. 

 

5.3 Front Stance Mode 

 

Figure 5.5: Robot standing on front stance mode. 

 

In the front stance mode (FS), only the front leg applies force to the hip, because, it is 

assumed that while a leg is flying its length is equal to its original length. In other 

words, lo-lr=0 and the term with the lr is eliminated in the equations (5.1)-(5.3). After 

the initial conditions for the system (x initial (xin), xɺ  initial ( xɺ in), y initial (yin), yɺ  

initial ( yɺ in), α initial (αin), αɺ  initial (αɺ in)) are given, the coordinates of the tip of the 

legs can be calculated.  The top coordinates of the front leg can be calculated with 

the equations (5.4) and (5.5). Similarly for the rear leg the equations are represented 

above (Eq. (5.6) and Eq. (5.7)). 
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The next step is to calculate the coordinates of the feet which are the tips of the legs. 

It is assumed that in FS mode, the coordinates of the front foot are obtained from the 

previous state and remain same during the FS state. So, we have the coordinates of 

the front leg. The coordinates of the rear leg can be calculated via equations (5.12)

and (5.13). 

sin( )rb ft r ry y lβ α= − +   (5.12) 

cos( )rb ft r rx x lβ α= − +   (5.13) 

After calculating all the coordinates of the legs, the angles between legs and the body 

and the length of the legs can be calculated. As mentioned before, the flying leg (in 

FS mode, rear leg is flying) length is l0 and we assume for the simulation that its 

angle between the body is constant too. So, the angles between the body and the front 

leg and the length of front leg have to be calculated. Since, the dynamics of FS are 

same in DS for front leg, the equations (5.8) and (5.9) are still valid. 

5.3.1 Simulations 

The system constants remain same as in DS for the simulation. The initial conditions 

are given below in the Error! Reference source not found.. 

Table 5.3: Initialization for the robot model with bar mass for front stance. 

xin yin xɺ in yɺ in αin αɺ in βrin ybfin xbfin 

0 m 5 m 
0 

2

m

sc
 0

2

m

sc
 

-45o 00 

4

π
 m 

0 m 3 m 
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Figure 5.6: The change of x axis for the hip. 

 

 

Figure 5.7: The change of y axis for the hip. 

 

In the Figure 5.6, x-coordinate of the hip is represented according to the above initial 

conditions (Error! Reference source not found.). The hip starts at the point '0', then 

goes back (-x), because the leg compressed at that moment (l0-lf=2) and pushes the 

hip to the -x direction. So x-coordinate of the hip starts decreasing. It is assumed that, 

during the front stance mode, the front leg is stuck to the ground. So, the system 

behaves like a pendulum and x-coordinate starts increasing. In the Figure 5.7, the 

process of the y-coordinate of the hip is illustrated. The system is without control so 

it starts falling like a pendulum. 
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Figure 5.8: The change of β. 

 

 

Figure 5.9: The change of lf. 

 

The angle between the body and the front leg βf is shown in the Figure 5.8. So, as 

studied in the previous section, by using the equation (5.8), βf is calculated. The 

initial angle for the βf is 151.97o, and this angle oscillates during the simulation. 

Similarly, in the Figure 5.9, it can be examined that the length of the front leg is 

compressed as initial condition and oscillates because of the spring force. 
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Figure 5.10: The change of α. 

 

The Figure 5.10 shows that, the α angle changes during the simulation. Because in 

that simulation there isn't any control mechanism. So, if all the figures in this section 

are composed, it is obvious that the front stance mode of this system behaves like a 

pendulum with a bar. 

 

 

 

 

 

5.4 Flight Mode 

In the flight mode (FL), none of the legs apply force to the hip, because, it is 

assumed that while a leg is flying its length is equal to its original length. In other 

words, l0-lr=0 and $ l0-lf=0 and the terms with the lr and lf is eliminated in the 

equations (5.1)-(5.3). After the initial conditions for the system (x initial (xin), xɺ  

initial ( in
xɺ ), y initial (yin), yɺ  initial ( in

yɺ ), α initial (αin), αɺ  initial ( in
αɺ )) are given, 

the coordinates of the tip of the legs can be calculated.  The top coordinates of the 

legs can be calculated with the equations (5.4)-(5.7). 
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Figure 5.11: Robot in flight mode. 

 

The next step is to calculate the coordinates of the feet which are the tips of the legs. 

The coordinates of the rear leg can be calculated via equations (5.12) and (5.13). 

Accordingly, the equations for the front leg tip coordinates are given below. ((5.14)

,(5.15)) 

sin( )
fb ft f f

y y lβ α= − +   (5.14) 

cos( )
fb ft f f

x x lβ α= − +   (5.15) 

After calculating all the coordinates of the legs, the angles between legs and the body 

and the length of the legs can be calculated. As mentioned before, the flying leg (in 

FL mode, both of the legs are flying) length is l0 and we assume for the simulation 

that their angle between the body are constant too. 

5.4.1 Simulations 

The system constants are remain same as in DS for the simulation. The initial 

conditions are given below in the Error! Reference source not found.. 

Table 5.4: Initializationfor the robot model with bar mass for flight mode. 

xin yin xɺ in yɺ in αin αɺ in βrin βfin 

0 m 10 m 
0 

2

m

sc
 15

2

m

sc
 

-45o 00 

4

π
 m 

4

5

π
 m 

 

It is illustrated that, the system goes up (+y) with a given initial velocity and after a 

while it starts falling by the effect of gravity in the Figure 5.12. 
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Figure 5.12: The change of y-axes for the hip. 
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6 CONCLUSION AND RECOMMENDATIONS 

In the developing world, robots are taking their places in lots of areas, because, they 

are faster and more precise than humans. Also, they can be used in hazardous areas 

like nuclear terrains or in war conditions. Moreover, they have to locomate in these 

conditions. Since nature is a wide source of inspiration, we can mimic animals in 

nature. The legged robots are inspired from nature to cope with uncertain conditions. 

Therefore, it is a remarkable study to understand the behaviour of legged robot 

models. 

In this study; firstly, the fundamentals of walking were discussed via “Compass Gait 

Model”. It was assumed as a simple template of walking with two legs and a mass on 

the hip. The model succeeded to walk without any control on a sloppy surface. So, 

we benefited from the potential energy of the model to make it locomate. Secondly, 

we took bouncing robot models in hand via “SLIP” model. That was a model with 

one leg loaded with a spring. As we know, running process includes flight phase 

which differs it from walking. So, we benefited from the spring to store the energy 

and make the robot jump between stance phases. We assumed that, there is a motor 

on the hip which circulates leg. Therefore, to make a successful locomotion the 

motor angle was controlled via PID controller. The genetic algorithm tool was used 

to find the controller parameters. This bouncing robot model was intermediatory for 

running. Running also includes two legs which differs it from bouncing. So, a new 

model was introduced: BSLIP Model. This model can be accepted as a running 

template. A finite state machine was designed to govern the alternating legs of the 

model. And according to this state machine, the legs were controlled by PID 

controllers. Finally, a more realistic model “Robot Model with Bar on the Hip” was 

introduced.  The dynamics of this model were examined separately for all modes of 

the model. 

In this thesis, the fundamentals of walking and running were examined successfully. 

The models locomated perfectly under some conditions such as no slope and flat 

surface. In future works, other control structures can be applied to the motors to 
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make them react faster. Moreover, the control function can be modified by a learning 

algorithm to make the robots locomate in different terrains. 
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