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Moment Gerilmeleri Bulunan Bir Elastik Ortamda
Düzlem Dalga Yayılışı

Propagation Of Plane Waves İn An Eîastic Medium
With Couple Stress

Erdoğan S. ŞUHUBİ

Division of Applied Mechanics, Civil Engineering Faculty,
Technical University of İstanbul

Bu çalışmada yalnız moment gerilmeleri taşıyabilen mikroelastik
bir ortamda düzlem dalga yayılışı incelenmiştir. Temel alan denklem­
leri önce bir vektörel formda yazılmış, sonra alan değişkenlerinin
irrotationel ve solenoidal vektör alanlarının toplamı olduğu kabul
edilerek daha basit sistemlere bölünmüştür. Denklemler uygun bir
şekle sokulduktan sonra düzlem dalga çözümleri aranmış ve böyle
bir ortamda farklı hızlarla giden altı tip dalganın bulunabildiği göste­
rilmiştir. Boyuna yer değiştirme dalgaları hariç olmak üzere bütün
dalgalanr. dispersif bir karakter taşıdığı görülmüştür. Bir çeşit dönme
ve bir çeşit ters yer değiştirme dalgası için bir cut-off frekansının
varlığı gösterilmiştir. Son olarak ta Fourier transformu kullanılarak
sonsuz bir ortam için denklemlerin bir formel çözümü verilmiştir.

In the present work the propagation of plane waves in a micro-
elastic medium having only couple strees is studied. The fundamental
field eguations are first varitten in a vectorial form, then they are
partitioned into simpler systems by assuming field variables as the
şum of the irrotational and solenoidal vectorial fıelds- After having 
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cast the eguations into a suitable form the plane wave Solutions are
sought and it is shown that six type of waves, which travel with diffe-
ı<ent velocıties, can exist in such a medium. Ali waves, witlı the excep-
tıon of longitudinal displacement waves appear to possess a disper-
sive character- It is shown that a cut-off freguency exists for one kind
of rotation and one kind of displacement wave. Finally a formal solu-
tion of the eguat'ons is given for an infinite medium bu making use
of Fourier transforms.

I. Introduction : In our previous woıks [1], [2], [3], [4] a simple
micro-morphic material is dtfined in whıch local effects are roughyl
taken into account without resorting to molecular considerations and
methods of statistical mechanics.

As is well knovvn. the continuum model of matter is an idelization
and mathematica! volüme element d\/> which is the limit of A\J, bec-
omes meaningless from molecular standpoint if it is less than a finite
quantity, sa AV,*  which will be called henceforth as micro-element. If
we desire to refine the existing theory of continuous media and ex-
plain, to some extent, the mechanical phenoınena which take piace
within the volüme element AV*  "’e have lo consider the peculiar de-
formation of material contained in the maero-element AV. For this
purpose a continuous or diserete mass distribution is assumed to be
in d\/ such that a continuous mass distribution might be supposed
to exist at each poirit being equal to the average of local masses över
d\f. This enables one to construct a somewhat modified continuum
theory by taking suitable statistical averages över miero elements.

In [1] and [3] a theory of micro-elasticity was developed in the
aforedeseribed way and various approximation, and finally a linearized
theory, was obtained. A special model in which particles that cons-
titute the maero-elemets are allowed to perform only rigid rotations
was stııdied in detail and it was shown that this model represent
materials wilh coııple slress which become to draw the attention of
researehers in recent years

İn the present work an infinite medium of such material is consi-
dered first and the propagation of plane waves are investigated. In
seetion 2, the governing differential equations, vvhich are cast into
vectorial forms, are split into four simpler equations by experessing the 
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field quantities as the superosition of irrational and solenoidal vecto-
rial fields. İt is then found out in section 3 that six type of waves
can exist in the medium which travel with four different velocities
denoted by vt, v3 and ■w1. is associated with dilatational waves,
■»2 whit rolation waves v3 and with two shear waves which induce
rotation waves. It is shovvn that there is a conımon cnt-off frequency
<t>o for the waves which propagate with the velocities v3 and v3. For
frequencies which are less than m0 no wawe motion can maintain. Finally
in section 4, a formal solution of fhe general equ.tions is given by
using Fourier transforms assuming field variables as Fourier transformable.

II. Basic Equations : The governing differential equotions for the
linear theory of couple stress are given below :

(/• + P — m.-; -H (p- + z) uı: kk — 2 z </> ;ı-; ₺ + p0 {fı

( a — 6) (çZ) Ik ; 4- ch km- *■'/)  + P ■?> !*•  : kk — 2 z f ım

+ z(n,(2.2)

where u is the displacement vector. <f> is a skew-syınmetric second
order tensor which denotes the peculiar rotalion of the elements, î is
the body force per unit mass, i is a skew-symmetric second order
tensor which characterizes the body moment per unit mase, p0 is the
density of the medium. Zu is the intrinsic moment of inertia per unit
mass for a micro-isotropic material, Â and p are constants which reduce
to the Lame’s constants in the case of ordinary theory of elasticity,
a, 0, 5 and z are micro-elastic constants and a semicolon denotes
covariant differentation with respect to the variable locatcd after it.

Now let us define axial vectors </> and 1 from the corresponding
skew-symetric tensors as follows :

= </>,,, t = (2.3)

where F:'"' is the alternating tensor. One can easily find that

Zrpq r, Ip, = — lr (2.4)
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Substituting the relations (2.4) into Eqs. (2.2) we obtain

0 (firik <6 r ; km + ~rkm ^r;kl) + |- irim </>r-,kk~ * Srlm </> '

4“ z (uz ; m ~ Um;z). ~i~ ~ erZ’n i Içı irim j ~

Multiplying- both sides by es,“ we find*

( sr A </>r:k- + Kk ■/> 'i + P S'; r: *-  - 2 «AT

- 2 Z Um-,l + Po (5'r l' ~ h 8°r = 0 (2.5)

noting that

iS,m Ul-„„ — Ss,m u,n-,l — — iS",‘ Ur,m — i‘,m UmU
— — es'm Um-,t — i1,1"1 um;ı — — 2 e11"1 um-,ı.

Since
3'1 a"m = a'-' — a-1'1mn

we see that

( Knk T- r; kı) = f£f2( 0s; ’z)

= (z-S)(</>s; mm - </>’":

and considering that ofy a-z —q;, Eqs. (2 5) become

(a - o) (<A -J- P </> kk - 2 z </> ’ — 2 x e’'"1 um-ı

... • ■+‘;o(Z'-/^) = O
or

(a + p —8) cbs; -nl-(a-o) </>"’; sm - 2 x </> * - 2 x um;ı

+ Po(('-/1>^41)=O. (2.6)
dt“ J

(*) \Ve recall the follovving- relations :
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Noting that

we can write (2.1) and (2.6) in vectorial forms as

(X + p — x) v V . u + (p + x) ü —

If we use the vector identity

Va A = v V • A — ç X çxA ,

Then we obtain the following coupled differential equations

(A + 2|i)w.u-(|i-|-x) vXvX«—

£ V V . £ - (x+?-6) VXVX^ - 2 z -2 zv X u + P0 = 0.

(2.8

Let us next introduce the notations

(2.9)

(«—5)w. </>+(a4-P-S)vü</>— 2z</> — 2xvXu-f-p0(ı _/1 = 0.
\ et*)

— 0 (2.7)

</> tkl k =~~ t-rlk 4>r;k ^Ikr </>r;k = Y (v x

■3 = ±-
' 2 Po

C"3 = — >Pb

_a+3-5,-----
P(1 Zo

d>mm = (V2 <£ )s, </>":\, = (v V.^)s, t,l“un!l = (vXu)'

Cj8==İ±2±
Po
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2-C6 ~P0/n ’

The above equations can now be vvritten as

c/vv-h —(c«: + c32)vXvX*>~ cs!!vX şL+/=|jrr (2.1°)

c52 W- — e? V X V X </> — "û2 </> — “o2 V X» + -^11 — 8_^= . (2.11)
— _ _ 2c32 St­

il has been shown in [3, (6.12)J that sufficient conditions for the stress
potential to be non-negative are

3X-|-2p^0, p^O, x^sO, a^±0, P —5^0, 5^0

which ensure the positive character of cı2,....,c52 .
Now let us express the vectorial quantities which enter Eqs. (2.10)

and (2.11) as the sum of the irrotational and solenoidal vectorial fields
such that

u=vu + uXU, f = v/ + vXF .
^=v0+vX®. i=W + vXL-

lf we insert these expressions into Eqs. (2.10) and (2.11) we obtain the
following equations, two scalar and the other two vectorial, for
■u, U, </> and <t> :

c,2V!«+/ = ^-. (2-13)
d u*

C62V2^-coo20+^/ = ^( (2-14)
2 c3z d t2

â2 U
(c22 + c32)v2U-c32vX® + F = (2.15)

Ü) 2 ^2 (H
c?V^-®3-<VXU+rL!L=-=. (2.16)

— — 2cs2 ğfl

It is clearly seen that the last two equations constitute a coupled
■System while the first two are uncoupled.
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III Studj’ of Plane Waves In An Infinite Medium : Let us consider
an infinite medium free from body forces and body moments, and
assume there exists a deformation field in the follovving form :

u = v a exp (z k (n . x — v Z)] -|-vxa exp [z k (n . x — nZ)]=V «+v X U,
(3.1)

0=V beA-p [z k (n . x— nZ)] + V x b exp [i k (n . x - t>Z)] —V 0 t V x <t>

Which represents plane waves propagating along the direclion of the
unit vector n. Here x is the position vector of a typical point of the
medium, a and b are scalar constants, and a, b are constant vectors.
Eqs. (3.1) thus become

u =i ka n exp [ı £ (n . x — wZ)] -|- i k n x a exp [z k (n .x—wZ)],
0:2).

<b — ikbn exp [i k (n x — tzZ)] 4- i k n x b exp [z‘ k (n .x—r’Z)].

Now if we substitute (3.1) into (2.13) to (2.16) we obtain the cozres
ponding frequency equatior.s :

a) From Eq. (2.13) we have for the first kind of displacement.
kx (v2 — c2) a = 0

and the speed of propagation becomes
v, =c,. (3.3)

It is seen from (3.2) that displacement vector is normal to the
wave front and corresponds to a diiatational wave without an associated
rotation of the eiements.

b) From Eq. (2.14) we obtain
(k- -j2 — İd- — <o32) 6 = 0

or

c32 = c5= + ^-. (3.4)-

If we introduce the angular frequency o> by

Eq. (3.4) can be put into the form
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From (3.5) it becomes clear that <on is the cut-off frequency for the
plane waves of rotation which is defined as , that is to say,
there is no wave motion in the medium whose frequency is iess than
ıo0- Rotations, in this case, take place, obviously, in the wave front.

c) From Eqs (2.15) and (2.16) we find
k2 (v- — c22 — css) a — i k c32 n x b = 0,

— i k ıı x a 4” (k“ v2 — k2 c.ı2 — <o02) b — 0 (3.6)
or introducing the notations

c?

C22

(3.7)
e= —>

Co2 •

r 2ca
we arrive at the system

(E — 1 — e) a — i — n X b = 0,
k

(3.8)
— i — n x a 4-f? — e —— |b=0

k ( k2)
We first assume that

?=# 1 H s and
k2

and solve b from (3.8) to obtain

(ç — 1 - e) a 4------ -——---- p- [n x (n x a)] — 0
\ FF-0-—

V k?)
or

(5-l-s) fç-ö-4) a+^[(n.a)n-a] = °.
\ k ) k2

it is easily seen from 3 8) that
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n . a = n . b = 0 .
We thus find

a = 0

and the following quadratic equation is obtained to determine the
speed of propagation

ç=_/,l+£ + ft+±)? + (l+e)&H_ ±=0 (3.9)
\ k2 / AT

whose solution is

Ç( = - ^l + e + O-j--^- + l71+e- 0-±y + 4^11^
2 f İ2~L\ A2/ A2] )

(i = l, 2) (3.10)

which is none other than the dispersion relation for plane waves of
displacemen't and rotation fields in form

ıı = rotU, <J> = rot'I’ (3.11)

It is seen that the displacement field, in this case, is associated with
the rotation field and vice versa. Therefore, one kind of disturbance
gives rise to two kinds of dispersive plane waves whose amplitudes
are related to each other by

or

, . , Ş, -l —e ..b,=ı k —------------ nX ae ('■=1,2) (3.12)

a,- — ı k --------------- nX b,

and each one propagates with one of the velocities

« L \ K2 / K~ J , )

«4=-^ jl+*  + ’“> + — - [fl +e-0--1 y+4^11/2^2.
\İ2 l kz X:27 J $

(3.13)
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It is easily seen that the veclors af and b; both lie in the wave
front and one vector is orthogonal to the complex conjugate of the
other. It is clear that this displacement fıeld corresponds to shear
waves and rotations occur in planes paraliel to the direction of pro­
pagation. If e , 6 , <p approach to zero, we get the classical result:

r»0 = c2 ,

— 0.

Eq. (3.9) can be cast into another form if we notice that

_£ = ç< (3.14)
k2 <o2 c22 w2

Introducing (3.14) into (3.9) we obtain

fl - — )§2-fl+e4-ö-— 1 5 + &(l+e) = 0. (3.15)
\ CO2 / \ CO2 /

İf the inequalities

_10+1L>0 and l+e + »-W >Q<
1 — (™o/“)2 1 ~ (“o/")2

hold, where e and 0 are positive numbers, then both roots of Eq. (3.15)
become greater than zero. This implies that both and will be real if

CO2 > K>oJ .

The condition for the two roots of (3.15) to be negative are

(1 -|- e) q 1 ~h £ ~l~ — (Mo/m)2 < q
1 — (“o/™)2 1 — («o»2

which leads to an impössibility. İf

to2 < co02

then one root is lees and the other is greater than zero. It can easily
be checked that the root which corresponds to is positive. Therefore
<o0 is again a cut-off freqnency for waves which travel with the velocity

The solution of (3.15) is then found to be
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n? = ! ■+ e + ^ ~ (“o/m)2 ± [[1 + e - 6 - (co0/a>)2] + 4 e 8 (a>0/co)2)%
" c22 2 [1 -(»»=]

(z =3,4). (3.16>

Let us now suppose that Ç = 1-|-e . In this case, from (3.8)

u X b = 0
hence

u X (u X a) — o
and we obtain

a = (a . n) n

The fact that this vectör has nö contribution on u can easily be veri'
fied from (3.2)

A similar result is obtained for ^=&4* tP/^2 and we conclude
that these velöcities do not correspond to a wave motion under con-
sideration.

We, therefore, find that plane waves in an infinite microelastic
medium with couple stress can be represented by

u = i k a n exp [i k (n . x — /)] -j- iik n X a exP [i & (n . x — o81)]

+ ---- jl +e —8 - — — [ (1 e — 8-<P/P)2 + 4e^/â:2J1''^
2ıp ( k2 )

b exp [z k (n . x — v, t)],

4> = i k 6 n exp [z k (n .x — tqt)] — 1 +e— e — <J)/£2—[ (1 -f- e—ö— ty/k2)2''
2 s f

+ 4e4-/^]1/^

a exp [z k (n . x — v31) ] + i k n X b exp [z’ k (n. x — t)J,

or if we introduce the quantity, which may be interpreted as a coupling
factor,

7. (k2) = — 1 + e = 8 - tylk2 - [(1 + e - 8 - + 4e<p/Z:J /2 

we can write
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U = i k a d exp [t k (n. x — vt f)] + i k n x a exp [f k (u. x — v3 t)]

_j_ % b exp [t £ (n . x—-^4/)], (3.18)

7 (k")d> —ikbn exp [i k (n . x — v2 f)]----— a [i k (n . x —-03/)]

-f- i k n X b exp [z k (n . x — f)]

where a , b , b , a are arbitrary constant scalars and vectors.

To sum up the analysis vve may say that there exist six different
vvaves in a micro-elastic medium whose micro-deformations are assurred
to be only rigid rotations. These vvaves travel vvilh the velocities ,
î>2 > V3 and vı , given in the formulas (3.3), (3.5) and (3.13)lt2 Dila-
tational vvaves propagete vvith vt , rotation vvaves with rotation vector
parallel to the direction of propagetion travel vvith n2 and are disper-
sive. There are two different dispersive shear vvaves vvhich are asso-
ciated vvith tvvo rotation vvaves vvhose rotation vectors are perpen-
dıcular to the direction of propogation. They propogate vvith the
velocities. v3, and v.t and are dispersive. The former reduces to the
classical value in limit of ordinary elasticity, vvhereas the latter vanis-
hes in the same limit. An important property is the existence of a
cut-off frequency for the vvaves vvhich travel vvhich the velocities v3
and v3 and this seeıns quite intcresting to the author from the experi-
mental vievvpoint.

IV. The formal Solution For The infinite Medium : If vve aplly
multiple Fourier transform technique to Eqs. (2.10) and (2.11) and if
vve define the transformed quantities u , <£ , f , 1 by

00
ü(k,M)-////u(x, i) exp [z (k . X -|- wf)] dx\ dx2 dx3 dt (4.1)

and by similar formulas, vve obtain the follovving transformed equations
(k , co) space:

— k2 (c22 + c33) ] I — (cj2 — c;2 — c32) . u + zc32 k X — f

j[(»2 — <o02 — k2 c? I — (c32 — c42) K £ . 0 + iıo02 k X “ = — -ttt (4-2) 
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where I is the unit matrix, K is the dyadics k k and k- =■ k-f + ks- + k32.
If we observe that

K.[kX J] = kXM=0

we can eliminate </> from Eqs- (4.2) to obtain

[Zj I - 1. K], u = - [1,1 - Â4 K]. f’+ y kX 1 (4.3)

where
A, - w4 — (A2 (c22 4- c32 + c42) + “o2 ] + e? (&2 e? + mo2) + k*  c32 c42 ,
;,2 = (C1= 4- c52 - c22 - c32 - c4a) <o2 - (C12 - c22 - c32) (£2 c62 + cou2)

— & (c52 — c42) (c23 -f c32) — co02 C32 ,
X3 = co2— <n02—A2c42, (4.4)
Z4 = c52 — c42 .

If we notice the fact that

[XJ_l,K)-.= 1Lt+_7_iK_S (M>

we can easily obtain u from (4.3) as

ü = - [â, i-â2k]-> kxı

LAı Aı lAı — A27 J ( )
or

u(k,0)) = - -^-1-----K . f 4- z-4- kXl.lAı I 2 a,

Knowing the value of u we find from the second of Eqs. (4.2)

^(k,») = -!-^kXÛ-— [— I + ------- ---------  Kİ.T. (4.7)
k3 2c32 [it, X3(Z3-^â4) |

After having obtained the transformed quantities in terms of specified
external agents we can now formally write the desired functions using
the inversion formula:
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u (x , t) = —I J~ I I 11 (k , co) ea-p [—i (k . x-|-“01

exp [— i (k . x -|- ® 0] dkı dk? dk3 d a>.
(4.8)

Let us note that if we assııme f = l=0, the determinant of the
coefficients in (4 3) has to vanish in order that we can have a nont-
rivial solution for ıı . We thus obtain

| X, I — Z2 K | = 0
or

X,3 1 I-pK I = V [1 -^.r-j = A12(X,-.«Â:)=0 . (4.9)

If we substitute fron (4.4) iııto (4.9) we find

Aı2

+ (c? + c32)

<4,o)
which are precisely the saıne as were found previously in Sec. 3.
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