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PREDICTION OF LOAD DISTRIBUTION BASED ON DPIV IMAGES FOR 

A FLEXIBLE WING UNDERGOING PLUNGE MOTION  

SUMMARY  

In this thesis, main purpose is the prediction of force and pressure distribution on a 

wing using image processing. Determining the pressure distribution is the main 

objective for investigation aerodynamical properties. Two different wing types as 

Lexan and 3DPrinted, are tested. An image processing code is created to determine the 

pressure distribution with coding software MATLAB by MathWorks as a version of 

R2021a.  

Image processing is used for determining the deformation and displacement of wing. 

Force distribution is calculated with outputs from image processing. Image data sets 

and force measurement results are obtained from a previous study performed in 

Trisonic Laboratory of Istanbul Technical University. 

Main objective of the study is validation and optimization of an image processing 

method which is combined with experimental studies for determining pressure 

distribution and efficiency from deformation of a wing. Research of this thesis is 

related to the PhD study of Son (2018), titled ñExperimental Investigation of 

Flexibility Effects in Flapping Wing Aerodynamicsò.  

Four different models are used in the experiments which are Rigid, Lexan, 3D Printed, 

whose material is colorfabb_xt transparent, and Acetate. Image processing is applied 

only to 3D Printed flexible wing cases. Acetate type is eliminated due to thickness of 

plate whose thickness is close to glass sphere particle size and eliminated in image 

processing. Lexan type wing is eliminated due to the brightness issue of the image data 

set. 

Material properties and natural frequencies are calculated by weight deflection 

method. Averaged damped natural frequencies are calculated as 10.75 rad/sec for 

Printed and 14.26 rad/sec for Lexan and averaged damping ratios as 0.305 and 0.175 

respectively. Added masses are 1.133 kg for both plates. 

In the post processing of images, 9th degree polynomial curve fitted into binarized 

image. Positions and deflection of nodes are calculated. Forces are calculated for nodes 

and load distribution is determined. Pressure distribution of wings are calculated for 5 

different frequencies with 4 different amplitudes and compared with the integrated 

value of experiment. 

A reasonable agreement is found between measured force in experiments and forces 

determined from image processing for some of the cases. 
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DALMA HAREKETĶ YAPAN ESNEK KANAT Ķ¢ĶN DPIV 

G¥R¦NT¦LERĶNE G¥RE Y¦K DAĴILIMI TAHMĶNĶ 

ÖZET 

Yapēlan bu y¿ksek lisans tezinde temel ama­, kanat ¿zerindeki kuvvet ve basēn­ 

daĵēlēmēnēn gºr¿nt¿ iĸleme yöntemi kullanēlarak belirlenmesidir. Basēn­ daĵēlēmēnē 

belirlemek, aerodinamik ºzellikleri araĸtērmak i­in ana ama­tēr. Lexan ve 3DPrinted 

olmak ¿zere iki farklē kanat tipi kullanēldē. MathWorks tarafēndan ¿retilen MATLAB  

yazēlēmēnēn R2021a versiyonu kullanēlarak kuvvet daĵēlēmē ve basēn­ daĵēlēmēnē 

belirlemek i­in bir gºr¿nt¿ iĸleme kodlamasē oluĸturuldu. 

Kanat yapēlarēnēn yapēsal esnekliĵi, kanat ĸekilleri, kuvvet daĵēlēmē ve aerodinamiĵi, 

mikro hava ara­larēnēn ve insansēz hava ara­larēnēn iyileĸtirilmesinin ana i­eriĵi olarak 

ele alēnabilir. Ķyileĸtirmeyi ve geliĸtirmeyi saĵlayabilmek i­in g¿n¿m¿zde ­eĸitli 

gºzlem teknikleri kullanēlmaktadēr. Par­acēk Gºr¿nt¿s¿ Velosimetrisi (PIV), gºzlem 

tekniklerinden bir tanesidir. PIV akēĸ karakteristiĵini gºzlemlemek i­in kullanēlan bir 

lazer ºl­¿m tekniĵidir. Akēĸēn hēz ºzellikleri ­ekilen iki resim arasēndaki ­apraz 

korelasyon ile bulunur ve bulunan bu özellikler vektºrlere dºn¿ĸt¿r¿l¿r. Vektºrler 

yardēmēyla akēĸ incelenebilir. 

Gºr¿nt¿ iĸleme yöntemi, kanadēn deformasyonunu ve yer deĵiĸtirmesini belirlemek 

i­in kullanēldē. Kuvvet daĵēlēmē, gºr¿nt¿ iĸlemeden elde edilen ­ēktēlarla hesaplandē. 

Gºr¿nt¿lerin veri seti ve sonu­larēn deneysel kuvvet ºl­¿mleri, Ķstanbul Teknik 

¦niversitesi Trisonik Laboratuvarē'nda daha ºnce yapēlan bir doktora ­alēĸmasēndan 

alēndē (Son, 2018).  

¢alēĸmanēn sonucunda elde edilmek istenen asēl hedef, bir kanat veya yapēnēn 

deformasyonundan basēn­ daĵēlēmēnē ve verimini belirlemek i­in deneysel 

­alēĸmalarla birleĸtirilmiĸ bir gºr¿nt¿ iĸleme yºnteminin validasyonu ve 

optimizasyonudur. Bu tezin araĸtērmasē, Son (2018) tarafēndan hazērlanan ­ērpan kanat 

aerodinamiĵinde esneklik etkilerinin deneysel olarak araĸtērēldēĵē doktora ­alēĸmasēyla 

ilgilidir . 

Gºr¿nt¿ iĸleme i­in sērasēyla ikilileĸtirme ile görüntüyü matris formuna getirmek, 

maskeleme ile kuvvet sensorunu olduĵu sabit kēsmēn veri resminden temizlenmesi ve 

sadece esnek kēsmēn elde edilmesi, gºr¿nt¿n¿n filtrelenerek par­acēklardan 

temizlenmesi ile sadece kanadēn elde edilmesi ve elde edilen kanat gºr¿nt¿s¿ne ait bir 

eĵrinin elde edilmesi adēmlarē uygulandē.  

Deneyde Rigid, Lexan, Asetat ve colorfabb_xt olan 3D Printed olmak ¿zere dºrt farklē 

model kullanēldē. Gºr¿nt¿ iĸlemede plakalarēn b¿k¿lmesinin gºzlemlenebildiĵi esnek 

yapēdaki 3D Printed kanatlar kullanēldē. Asetat kanat, plaka kalēnlēĵē su kanalēnda 

kullanēlan cam k¿re partik¿l boyutuna yakēn olmasē ve gºr¿nt¿ iĸleme sērasēnda 

kalēnlēĵē nedeniyle filtrelenememesinden dolayē kullanēlmadēr. Lexan kanat ise 

kullanēlan gºr¿nt¿lerin veri setindeki parlaklēk sorunu nedeni ile kullanēlamadē. 
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Lexan kanat, kuvvet sonu­larēnēn elde edilmesinde kullanēlmazken, malzeme 

ºzellikleri a­ēsēndan daha kesin ¿retim verilerine sahip olduĵu i­in denklemlerin ve 

verilerin doĵrulanmasēnda kullanēldē. 

K¿tle ve direngenlik matrislerini doĵrulamak i­in serbest titreĸim altēndaki doĵal 

frekanslar ve mod ĸekilleri analitik olarak hesaplandē. Sonlu eleman analiz programlarē 

olan PATRAN ve ABAQUS kullanēlarak sistem plaka ve kiriĸ olarak modellendi. 

Tezde kullanēlan k¿tle ve direngenlik matrislerinin determinantlarē kullanēlarak doĵal 

frekanslar ve mod ĸekilleri hesaplandē. Analitik birincil doĵal frekans ­ºz¿m¿ esas 

sonu­ kabul edilerek hesaplanan toplam 8 adet doĵal frekans karĸēlaĸtērēlarak ­ºz¿m 

yaklaĸēmlarēnēn doĵruluĵu incelendi. 

Malzeme ºzellikleri ve doĵal frekanslar deneysel verilere gºre hesaplandē. 

Hesaplamalarda kullanēlan kanatlarēn ortalama sºn¿ml¿ doĵal frekanslarē Printed i­in 

10.75 rad/sn, Lexan için 14.26 rad/sn ve Acetate için 3.21 rad/sn, ortalama sönüm 

oranlarē sērasēyla 0.219, 0.175 ve 0.427 olarak bulundu. Akēĸ kaynaklē oluĸan ve 

hesaplanan ek kütle her kanat için 1.394 kg olarak bulundu. Baĵlantē elemanlarēnēn ve 

kuvvet sensörünün kütlelerinin eklenmesiyle bulunan atalete etkiyen toplam kütleler 

ise Lexan kanat için 1.510 kg, Printed kanat için 1.507 kg ve Acetate kanat için 1.496 

kg olarak bulundu.   

Kuvvet hesabē i­in k¿tle, sºn¿m ve direngenlik parametreleri kullanēldē. K¿tle iki 

farklē yºntem olan par­alē k¿tle, k¿tlenin d¿ĵ¿m noktalarēna eĸ olarak daĵētēlmasē ve 

baĵlē k¿tle, k¿tlenin d¿ĵ¿m noktalarēnēn birbirleri ile etkileĸimlerine gºre daĵētēlmasē, 

olarak hesaplandē. Sºn¿m katsayēsē ani kuvvet uygulanēp sistemin sºn¿mlenmesi 

beklenirken elde edilen kuvvet grafiĵi yardēmēyla iki tepe noktasē arasē zaman ve iki 

tepe noktasēnda oluĸan maksimum deĵer olarak iki farklē yºntem ile hesaplandē. 

Direngenlik matrisi ¿­ farklē yoldan hesaplandē. Birinci yºntem, sistemin esneklik 

matrisinin bulunarak tersinin alēnmasēyla elde edilen direngenlik matrisi, ikinci 

yºntem, sonlu elemanlar denklemlerinin MATLAB kullanēlarak hesaplanmasē ve son 

yöntem sistemin kütle-yay olarak modellenmesi ile elde edilen direngenlik matrisi 

olarak kullanēldē. Bu ¿­ yºntem aynē zamanda kuvvet hesaplama yöntemlerinin 

temelini oluĸturdu. 

Hareket sērasēnda kuvvet sensör¿n¿n konumu MATLAB koordinatlarēna gºre 

hesaplandē. Dokuzuncu derece bir polinoma sahip eĵri yerleĸtirildi. Eĵri 10 eĸit 

par­aya bºl¿nerek ºl­¿m noktalarē belirlendi. D¿ĵ¿m noktalarēnēn konumlarē ve 

sapmasē hesaplandē. Elde edilen eĵrilerin ve ºl­¿m noktalarēnēn arka arkaya gelen her 

resimde konumlarēna gºre bir hareket denklemi uygulanarak kuvvet hesabēnda 

kullanēlmasē sonucunda ºl­¿m noktalarē ¿zerindeki kuvvet ve kanat üzerindeki kuvvet 

daĵēlēmē elde edildi. 

Basēn­ daĵēlēmlarē 5 mm ve 40 mm arasē 4 farklē genlik ile 0.75 Hz ve 1.75 Hz arasē 5 

farklē frekans i­in hesaplandē ve deneyden elde edilen deĵerler ile karĸēlaĸtērēldē. 

Deneysel ­alēĸmada kullanēlan 0.75 Hz altēnda kalan frekanslar ­ºz¿m yºntemlerinin 

hata oranlarēnēn y¿kselmesi nedeni ile incelenmedi. 1.75 Hz ¿zerindeki frekans 

deĵerleri ise resim veri setlerinin uygun olmamasē nedeni ile ­alēĸmada kullanēlmadē. 

Tez ­alēĸmasē i­erisinde sistem incelenirken birinci mod ĸekli ¿zerine ve sistem kiriĸ 

olarak modellenerek ­alēĸēldē. Bazē durumlar i­in deneylerde elde edilen kuvvet 

daĵēlēmē ile uyumlu kuvvet verisi gºr¿nt¿ iĸleme yºntemi kullanēlarak elde edilebildi.  
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Esneklik matrisinin tersi kullanēlarak yapēlan hesaplamalarda yºnteminin doĵruluĵu 

daha d¿ĸ¿k frekans ve büyük genlikler için daha yüksek olduĵu, ancak genliĵin sabit 

olduĵu durumlarda artan frekansla doĵruluĵun arttēĵē gºzlemlendi. Maksimum 

kuvvetin deney verileriyle karĸēlaĸtērēlmasēnda hata oranē %10ôdan y¿ksek olduĵu 

görüldü.  K¿tle yay modelinde de hata oranē %17ônin ¿zerinde olduĵu gºr¿ld¿.  

Sistemin kütle-yay olarak modellendiĵi ve esneklik matrisinin tersi kullanēlarak elde 

edilen yöntemlerde kuvvet daĵēlēmlarē incelendiĵinde ºl­¿m noktalarē arasēnda 

kuvvetin s¿rekli yºn deĵiĸtirdiĵi gºr¿ld¿. Hata oranlarēnēn y¿ksekliĵi ve kuvvet 

daĵēlēmē deĵerlerinin uyumsuzluĵu nedeni ile esneklik matrisinin tersi yöntemi ve 

sistemin kütle-yay olarak modellenmesi ­ºz¿m kēsmēnda deĵerlendirilmedi.  

Sonlu elemanlar yºntemi, serbest titreĸim i­in doĵal frekanslarēn hesaplanmasē 

a­ēsēndan doĵrudur ve hareketin bir periyodu i­in kuvvet deĵerleri deneysel ­alēĸma 

ile uyumludur. Artan genlik ve frekans ile hata oranlarē azalēr.  

MATLAB kullanēlarak uygulanan sonlu elemanlar yºntemi ile maksimum kuvvet 

deĵeri i­in hata oranē genel olarak %8ôden d¿ĸ¿k, maksimum kuvvetin bir periyot 

i­esindeki zaman kaymasē ise %2ôden k¿­¿k olarak bulundu. Maksimum kuvvet hata 

deĵerleri 5 mm gibi d¿ĸ¿k genlikli durumlarda daha y¿ksek olarak gözlemlendi. 

Kuvvet daĵēlēmē iki ºl­¿m noktasē arasēnda uyumlu olduĵu ve genel olarak hücum 

kenarēndan firar kenarēn doĵru arttēĵē gºr¿ld¿. 

Sistemin kiriĸ yerine plaka olarak modellenmesi, ikinci veya daha y¿ksek mod 

ĸekillerinin incelenmesi, daha kalēn kanat se­ilmesi yapēsal ­ºz¿m a­ēsēndan gelecek 

­alēĸmalarda hata oranēnēn d¿ĸmesini saĵlayabilir. 

Ķncelenen alanēn veya kanatēn parlaklēĵēnēn arttērēlmasē, kamera kare hēzēnēn 

arttērēlmasē, d¿ĸ¿k genlikli verilerde kamera yaklaĸtērēlarak kameranēn gºrd¿ĵ¿ alanēn 

daraltēlmasē ile optik sebeplerden oluĸan hata oranē azaltēlabilir.
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1. INTRODUCTION  

Nature has been a subject of curiosity for humankind since the beginning of the history 

of humanity. Curiosity has always maintained its position as the most significant factor 

in the development of humanity and has caused humanity to accept nature as a guide. 

Flying has always confused and inspired humankind. The most important answers and 

clues are hidden in nature to solve the secrets of flying. The laws of physics behind the 

flight of birds and insects have been the source of answering questions on the way to 

solving the mystery. Their body and wing structures pioneered the discovery of flying 

structures in modern history. In addition to this, the way they flap their wings, 

lightweight, and high mobility are essential in the discovery and development of 

today's air structures, which can be named Micro Air Vehicles (MAVs) and Unmanned 

Aerial Vehicles (UAVs). 

Structural flexibility, wing shapes, force distribution, and aerodynamics of wing 

structures becomes the main content of improvement of micro air vehicles and 

unmanned aerial vehicles. The efficiency of the structures is based on force and 

flexibility, which are related to material properties and wing structures. Increasing the 

efficiency of MAVs and UAVs is based on these properties. Efficiency should be 

increased as a result of improvement of features and reduced cost of micro air vehicles 

and unmanned aerial vehicles. Improvement of features and reducing the cost of 

MAVs and UAVs can be achieved by increasing efficiency. 

One of the subjects, which efficiency depends on, is flexibility of the wing. As in 

nature, birds and insects have flexible wing structures, and flexibility is related to 

material properties and type of structure. 

Efficiency depends on the force applied to the structure. Understanding and observing 

the force is related to increasing the efficiency of the structure. Force distribution on 

the wing and force of flow affect efficiency directly in physical calculations. 

Measurement of force is in an important position because of these reasons. 

  



2 

 

1.1. Purpose of Thesis 

The main purpose of this thesis is the observation of force distribution on a wing with 

using image processing. Determining the force distribution is the main objective of 

investigating aerodynamical properties. 

In this study, 3D Printed flapping plate is investigated. An image processing coding is 

created to determine the force distribution and pressure distribution with using the 

coding software of MATLAB by MathWorks as a version of R2021a. 

Image processing is used to determine the deformation and displacement of the wing, 

which is divided into ten equidistant measuring stations. Force distribution is 

calculated with the motion of measuring station outputs from image processing. Data 

set of images and compared force measurements of results are used from a previous 

study in the Trisonic Laboratory of Istanbul Technical University which will be 

explained later in this section. 

The main objective of the study is validation and optimization of an image processing 

method which is combined with experimental studies for determining pressure 

distribution and force distribution from the deformation of a wing or structure. 

The study of this thesis is affiliated with the Ph.D. study of experimental investigation 

of flexibility effects in flapping wing aerodynamics by Son (2018). In the study of Son, 

one rigid and three different material types of the flexible wings, which are Lexan, 

Acetate, and 3D Printed, where used as three different material types in this thesis, are 

observed experimentally in a closed-loop water channel by a Digital Particle Image 

Velocimetry (DPIV) system (Son, 2018). 

In the Ph.D. study of Son, images are collected as data used to investigate the flow 

structure around flexible wings by Digital Particle Image Velocimetry (DPIV) system. 

Vortical structures which affect the measurement of force are obtained from 

instantaneous velocity fields with the help of DPIV. Total force effects on the wing 

are measured with the use of a force sensor (Son, 2018). 
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Four different material types of wings are investigated according to the flexibility 

effect on force and efficiency of the motion with a combination of nine different 

frequencies and four different amplitudes in the study of Son (2018). An example of 

the plunging motion and wing flexibility of Sonôs study, which is used as a data set in 

the current study can be seen in Figure 1.1: 

 

Figure 1.1: Combination of One Period of Motion with Different Frequencies. (Son, 

2018) 

In this thesis, results of force distribution and pressure distribution of wings, which are 

obtained from image processing by deformation of wings, are compared with the 

experimental force and pressure results obtained from force sensor and DPIV system 

by the Ph.D. study of Son (2018).  

1.2. Overview 

Firstly, in Chapter 1, general information and an introduction to this thesis will be 

given. This chapter will introduce the main purpose of the thesis. An outline of the 

thesis will be presented. 

Secondly, in Section 2, a literature review about related works with flapping wings, 

digital image processing, and force distribution calculation will be introduced. 

In Chapter 3, the image process and functions of image processing will be introduced. 

Binarization of an image, filtering and masking will be presented in detail with 

algorithms and methodology. Point detection, curve fitting algorithm with a fitted 

polynomial curve, and issues with image processing will be described. 
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In Chapter 4, the major parameters of motion and deriving equation of motion will be 

described. Total force, force components which are inertia, damping, and stiffness, 

deriving of force matrices, calculation of natural frequency, proof of the matrices, and 

methods of applications will be introduced. Sinusoidal curve fitting for motion 

parameters of measuring stations will be detailed. 

In Chapter 5, the experimental study will be given as the experimental setup, models 

tested in experiments, and data set of parameters. Compared experimental results of 

the Ph.D. study by Son (2018) will be introduced, and results of image processing 

applications and force calculations will be detailed. 

Lastly, in Chapter 6, the major contributions of the study and recommendations for 

further studies will be summarized. Comparison between the wing types, method of 

image processing, and results collected from the force sensor will be mentioned. 
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2. LITERATURE REVIEW  

In this chapter of the thesis related studies with flapping wings, image processing and 

pressure distribution will be detailed.  

2.1. Loading on Flexible Flapping Wing 

In this section of thesis, recent studies about flapping wings, effect of flexibility to 

efficiency of flapping wing, effect of motion and motion parameters to the efficiency 

will be discussed. 

New technologies are adapted to the aircrafts with the accumulation of knowledge and 

opportunities. Nature is used as a guide to develop the new technologies where birds 

and insects are in a significant position for the researches (Jones, Bradshaw, 

Papadopoulos, & Platzer, 2005) (Zdunich, et al., 2007). As stated by Sivasankaran and 

Ward, insects are the main subjects to observe MAVs and Biomimetic Micro Air 

Vehicles (BMAVs) with maneuverable and load bearing capacities (Sivasankaran & 

Ward, 2015). One of these new technologies is the type of flapping wing. According 

to Arora et al. (2014), MAVs with flapping wings have advantage on hovering 

performance, maneuver, take-off and landing when compared with fixed wing MAVs 

due to the capability of flapping. The advantages of flapping-wing vehicles make them 

more preferred, and research on flapping wing MAVs are increasing.  

One of the topics of researches in this area is efficiency of the flexible wings. As stated 

in the introduction, efficiency of flapping wings depends on different parameters as 

lift, drag and thrust is produced. As claimed by recent studies, flexible wing, which 

has an advantage to rigid wing, can affect the efficiency with increasing the lift and 

thrust (Gopalakrishnan & Tafti, 2010) (Yin & Luo, 2010) (Zhao, Huang, Deng, & 

Sane, 2010) (Nguyen & Han, 2018) (Addo-Akoto, Han, & Han, 2021). In conclusion 

of mentioned studies, it is claimed that flexibility increases the efficiency of wing.  
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As stated by Heathcote and Gursul (2007), the findings demonstrated maxima in thrust 

coefficient for intermediate stiffness, implying that flexibility is advantageous for 

thrust. Flexibility is directly related with stiffness of the material which affect the 

force. 

According to Heathcote et al., small amount of flexibility is quite useful for thrust  

(Heathcote, Wang, & Gursul, 2008). As stated by the study of Eldredge et al., in 

comparison to a rigid wing, a flexible wing consumes less energy during flapping 

(Eldredge, Toomey, & Medina, 2010).  

Experimental study performed by Wu, Ifju (2010), and Stanford, is based on the 

relation between thrust, flexibility and applied force, reveals that the deformation and 

force on the wing is related with thrust generation. Experimental setup of Wu, Ifju & 

Stanford (2010) can be seen in Figure 2.1: 

 

Figure 2.1: Experimental setup of Wu, Ifju, and Stanford (2010). 

According to experimental study of Fu et al., flapping wing is submerged into 

deionized (DI) water which can be seen in Figure 2.2 and investigate about the force 

and deformation with the Fourier transform profilometry (FTP) technique and Particle 

Image Velocimetry (PIV). They found that the drag values are lower and lift- to-drag 

ratios are higher for flexible wings when compared with rigid wings. (Fu, Liu, Shyy, 

& Qiu, 2018)  
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Figure 2.2: Experimental setup of Fu et al. (2018). 

As can be seen from the recent studies, efficiency is directly related to the flexibility 

of wing. 

2.2. Image Processing 

In this section of thesis, studies about image processing will be presented. One of the 

image processing applications can be named as a measurement with a vision method. 

Displacement of a structure can be observed with image processing.  

As stated by Romazsko, Sapinski and Sioma (2015), image processing is based on 

three aspects which are investigation of case and selecting the vision method, obtaining 

the data of image and producing a methodology for image processing with algorithms 

Experimental set up and vision method of study of Romazsko et al can be seen in 

Figure 2.3. 

 

Figure 2.3: Experimental set up (Romaszko, Sapinski, & Sioma, 2015). 

As based on the same methodology of measuring the displacement with image 

processing, measurement points are observed with pixel locations on the image as 

shown in Figure 2.4. Positions of the points can be observed between two images.  
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Figure 2.4: Measuring Displacement (Romaszko, Sapinski, & Sioma, 2015). 

Image processing methodology is used in the area of the displacement measurement 

which is based on vibration. As stated by Beberniss (2017) and Ehrhardt, image 

processing is a main subject of displacement and strain measurements with the 

development of the technology. According to studies about the image processing, 

accuracy of the observation depends on the frame rate, light intensity, brightness of 

the image, resolution of the image, and particles near the observed subject (Kovásznay 

& Joseph, 1955) (Huang, Schreiber, & Tretiak, 1971) (Helfrick, Niezrecki, Avitabile, 

& Schmidt, 2011) (Wang, Mottershead, Siebert, & Pipino, 2012).  

In cases where these reasons are not taken into consideration, problems may in the 

image processing. It is necessary to pay attention to these situations to not to encounter 

problems in data reading, filtering and examination processes. In addition to a bright 

and low-particle dataset, high frame rate cameras should be used to avoid noise in the 

image.  

2.3. Force Parameters and Pressure Distribution 

Literature review about the recent studies on force investigation on the flapping wing 

will be given in this section of the thesis. Force effects on the flapping wings, which 

is essentially a vibrating structure on a moving plate, are based on the transverse 

vibration. Rectangular shape wing with vibration can be modelled as beam (Hua, Zhu, 

& Lu, 2013) or plate (Qui, Zhang, Zhang, & Han, 2016). First mode shapes and first 

natural frequencies are equal for the beam and the plate. In this study, investigated 

cases are in the first mode; therefore, flapping plate can be modelled as beam.   
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Components and parameters of the motion derived from structural vibration can be 

listed as inertial, dynamic stiffness, and hydraulic in the recent studies (Zhang, Liu, & 

Lu, 2010) (Kang & Shyy, 2014) (Liu & Banerjee, 2016). In the study of Tang et al. 

(2016), pressure distribution of the flapping flexible plate which vibrate vertically near 

the ground, is studied where the plate is modelled as Euler-Bernoulli beam with the 

structural parameters of bending stiffness, mass and added mass. As in above 

mentioned studies, components can be modelled as inertia and damping components 

which are affected by the mass, and stiffness component. 

Mass component of the force can be modelled as coupled or lumped matrix form. 

Lumped mass matrix is a diagonal matrix and coupled mass matrix is a matrix which 

includes the interaction between the nodes. Error in the lumped mass application is 

higher than the coupled mass application due to not including the interaction between 

nodes.  

In the study of the mass modelling using finite element method, lumped mass matrix 

for beam is higher than consistent mass, however matrices are equal for bar elements 

where the plate modelled (Senjanoviĺ, Vladimir, & Hadģiĺ, 2014). Differences 

between consistent and lumped mass application can be seen as lower values due to 

the effect of the added mass which is dominant for the study.  As mentioned in the 

studies of Archer G. & Whalen T. (2005) and Wu S. (2006), consistent and lumped 

applications are applicable methods where the linear elements are used and 

convergence rates are similar.  
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3. IMAGE PROCESSING AND CURVE FITTING  

In this section of the thesis, the procedure of image processing, algorithms, 

methodology, and curve fitting will be mentioned. Image processing is done by the 

MATLAB Software Code process, which comprises image processing, curve fitting, 

and the force calculation parts. Image data which are in the raw form are cleared to 

detect the plate and measurement stations. Information about the procedure of 

obtaining the useable data will be given in this chapter. The image processing section 

will be discussed under four subheadings: reading data from the file, binarization, 

masking, and filtering the image. 

3.1. Reading Data from File 

Firstly, reading a specified file and determining images are performed. The first 

command of this part is ñmfilenameò. mfilename is used to determine the file to read. 

According to MathWorks, mfilename specify a function or script with a character 

vector that consists of a file name  (URL-1). *.tif , which is the format of the image, is 

specified in the pointed folder with the help of dir(...) command. *.tif, image is 

specified in the pointed folder with the help of the dir(...) command. On the other hand, 

dir (é) can be used for reading folders in *.mat format. Files converted from *.tif to 

*.mat format need a lower degree for storage. imread function is used to convert the 

raw data to the format of *.mat. After locating the data file, the imread (é) function 

is used repeatedly to apply the image to MATLAB. 

3.2. Binarization of Image 

In this part of the thesis, the detection and binarization of images will be discussed. As 

stated by Zhi-Yong and Yang  (2012), binarization of an image isolates the image into 

two main color vector codes as gray is fundamental in post-process of image 

processing.  
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Binarization is a method for obtaining a matrix containing values as "1" and "0" from 

the color codes of the raw image. Raw data of images before pre-processing can be 

seen in Figure 3.1: 

 

Figure 3.1: Raw Image. 

According to MathWorks, "imbinarize" function depends on "imbinarize (I, óMethodô, 

ónameô, óvalueô)" where óIô is data from imread function, ómethodô is methodology of 

thresholding, ónameô is the operation to apply the data which will be discussed later 

on this part and óvalueô is the parameter of operations (URL-2). The first method of 

binarizing is Otsuôs threshold method, which is applied by using command global to 

256-bin image histogram throughout the time accepting imbinarize(é) function 

(URL-2). As stated by Zhu et al.  (2009), Otsuôs threshold method is related to the 

color diagram of the image for the optimized threshold. As stated by Sezgin and 

Sankur, Otsuôs threshold theory is based on firstly decreasing the total foreground and 

background pixel distribution and secondly increasing the distribution among 

positions (Sezgin & Sankur, 2004). Otsuôs methodology has used a formulation based 

on probability. According to Otsu, the probability equation can be seen in equation 3.1 

(Otsu, 1979): 

 
ὲ

ὔ
ρ       

ὲ

ὔ
ρ  (3.1) 
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where ὒ is the pixel of gray codes, ὲ  is the number of pixels, and ὔ  is the total 

number of pixels. 

As stated by Lee and Park, applying Otsu threshold theory for modal distribution can 

be seen in equation 3.2 (Lee & Park, 1990):  

 „ Ὧ ὴ ά ά ὴ ά ά  (3.2) 

where „ Ὧ is interclass variance, ὴ  is dark pixel probability which has a lower 

value compared to Ὧ as gray rank, ὴ is bright pixelsô probability which has a higher 

value when compared to Ὧ as gray rank, ά  is dark pixelsô average, ά  is bright 

pixelsô average and ά  is mean of total (Lee & Park, 1990).  

The second method of applying the imbinarize function is the adaptive method. As 

stated in MathWorks; adaptive method, which is also stated as Bradleyôs method, 

depends on first-order statistics of data threshold of local pixel and pixelôs region with 

regional area mean intensity (URL-2).  

According to Mustafa and Kader, applying Bradley Method to an integral image 

depends on a methodology which can be expressed as local pixel area determined as 

black in case that mean brightness value is constant, calculation can be seen in 

Equation 3.3, percentage higher than local and neighborhood pixels, under other 

conditions area determined as white (Mustafa & Kader, 2018). 

 Ὕ ά ρ
Ὧ

ρππ
 (3.3) 

where Ὕ  is a constant to calculate brightness, ά  is the mean of intensity and Ὧ  is 

threshold value. As stated by Bradley and Roth, the surrounding rectangular area can 

be calculated with constant time as in equation 3.4 and 3.5 (Bradley & Roth, 2007): 

 Ὢὼȟώ Ὂὼȟώ  (3.4) 

 Ὂὼȟώ Ὅὼȟώ Ὅὼȟώ ρ Ὅὼ ρȟώ Ὅὼ ρȟώ ρ (3.5) 

where Ὢὼȟώ is function from pixel to real number, Ὅὼȟώ  is location of pixel, 

ὼȟώ  is lower right corner  ὼȟώ  is upper left corner as shown in Figure 3.2 
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Figure 3.2: Simple input, the computed integral and the integral image to calculate 

the sum respectively (Bradley & Roth, 2007). 

Operations selected as óbrightô, which are used to determine the brightness of the 

foreground. It can be classified as óbrightô to increase the brightness of the foreground 

and as ódarkô to increase the brightness of the background (URL-2). The last parameter 

is the óSensitivityô. The sensitivity factor, which is between 0 and 1, can be expressed 

as a factor of threshold where higher values declare the possibility of containing a pixel 

of background (URL-2). Sensitivity factor is applied as 0.1 to binarize the image. 

Resultant image after applying binarization can be seen in Figure 3.3. 

 

Figure 3.3: Example of Binarized Image. 
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3.3. Masking of Image 

The third image processing stage for determining a fully filtered flapping plate data is 

applying a masking process to the binarized image. Masking is a process for clearing 

the image where the system is rigid due to the connection of the force sensor. Flexible 

part of the plate can be isolated by applying the masking. Particle deficiencies may 

occur in the system due to the force sensor and movement of the plate. A function loop 

is added to the MATLAB coding process to determine the location of missing particles.  

The function loop includes scanning the y-axis and x-axis in terms of 0 and 1 of the 

binarized image. The function, which is in a while loop, firstly checks the y- axis by 

increasing the position of the x-axis one by one about the absence of pixel (px) at the 

limit of 150 px. After determining the absence of particle for the position of the y-axis, 

the scanning direction is changed to x-axis with a constant y- position. The second 

section of the function considers the x-axis direction of the existence of pixels that 

yields a value at the limit of 40 px. 

Wherever the pixels are found within the limit, the scan is terminated; furthermore, the 

mask is used to eliminate the image and data to the left-hand side (LHS) of the mask 

endpoint. Mask can be seen in Figure 3.4: 

 

Figure 3.4: Masking of Binarized Image. 
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3.4. Filter ing Image 

This section will mention removing and eliminating pixels that are not used and 

obtaining a clear plate image. Firstly, the bwareaopen function is applied. According 

to MathWorks, bwareaopen, called area opening, is used to eliminate the pixels whose 

values are less than a specifically given parameter in binarized data to create a restored 

binary image. This methodology depends on the connectivity of pixels, which are 

observed in edge, corner, and diagonal connection, for assuming pixels as the same 

section of the particle as shown in Figure 3.5 (URL-3).  

 

Figure 3.5: Connectivity of pixels (URL-3). 

Applying ñbwareaopenò command to the binarized image for a case can be seen in 

Figure 3.6: 

 

Figure 3.6: Application of bwareaopen. 
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The second and third functions of this section are ñimdilateò and ñimfill ò. ñimdilateò 

is a function of dilating and blurring a binarized image as ñ1ò and ñ0ò matrices to 

determine the value of a pixel. Dilation of the binary image can be expressed as in 

equation 3.5 (URL-4):  

 ὃṥὄ ᾀ᷄᷄ ὄ ᷊ὃ ᶮ  (3.6) 

where ὃ is the binary image, ὄ is the background of binary image,  ὄ is the reflection 

of ὄ, ᾀ is set of pixel locations (URL-4). 

ñimfill ò function is used for filling binarized image pixels with the help of connectivity 

as in the same procedure of bwareaopen function, can be exampled as in equation 3.7 

and equation 3.8 (URL-5): 

 ὍάὫ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ π π π π π π π
ρ ρ ρ ρ ρ π π π
ρ π π π ρ π ρ ρ
ρ π π π ρ ρ ρ π
ρ ρ ρ ρ π ρ ρ ρ
ρ π π ρ ρ π ρ π
ρ π π π ρ π ρ π
ρ π π π ρ ρ ρ πỨ
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 (3.7) 
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 (3.8) 

where Img is the binarized image. Results of applying ñimdilateò and ñimfill ò function 

can be seen in Figure 3.7: 
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Figure 3.7: Dilated and Filled Image. 

ñimopenò and ñimcloseò functions are the final stage of the pre-processing before 

determining curve fitting. imopen and imclose functions are morphological operations. 

As stated in MathWorks, imopen is an operation of the morphological opening of 

binarized data by erosion after dilation of system element (URL-6). The application of 

imopen is shown in Figure 3.8: 

 

Figure 3.8: Application of imopen. 

According to MathWorks, imclose, which is opposite morphological closing of 

imopen, is closing of binarized data by dilation after erosion (URL-7). Application of 

imclose is the last step of clearing the pixels which will not be used, is shown in Figure 

3.9: 
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Figure 3.9: Image of Masked and Filtered Plate. 

3.5. Applying Curve Fitting  

This section will discuss point detection and curve fitting to the filtered. As shown in 

Figure 3.9, a rectangle-shaped plate is obtained, including binarized values as in matrix 

form of ones and zeros.  

Firstly, the start of the plate as the upper left corner is found by positioning the first 

element, which equals 1 in the matrix. The matrix is held fixed in the constant x- axis 

point and scanned downwards in the direction of the y- axis. The last value equal to 

one is found to create an array whose mean point yields the center of starting edge of 

the plate, which is stated as the leading edge (LE) of the plate. The procedure is 

repeated with an increasing value of x as far as finding the end of the plate, which 

refers trailing edge of the plate, where binarized data yields zeros long the y- axis.  

The indicated points represent the centerline of the wing. fit(é) function is used for 

obtaining the curve. According to MathWorks fit(é) function is a curve fitting method 

as a quadratic curve using variables (URL-8). 

As stated by Attaway, curves consist of a polynomial degree; hence curve fitting can 

be expressed as optimization in quadratic polynomial, which can be seen in equation 

3.9 (Attaway, 2012) 

 ὴὧ ὥ ὼ ὥ ὼ Ễὥὼ ὥ  (3.9) 
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where ὴὧ is polynomial, ὲ is the degree of polynomial and ὥ ȟȣȟȟ are the 

coefficients of polynomial. Different degrees of polynomials are calculated for 

optimizing the curve fitting whose error calculation can be seen in Equation 3.10: 

 Ὡ
ώ ώ

ώ
ὼρππ  (3.10) 

where Ὡ  is deviation error, ώ  is position of the fitted curve, ώ  is the actual 

position of the point. In the final stage, fitted 9th degree curve whose calculation of 

error will be explained in Chapter 5, is divided into ten equal distanced parts with the 

help of 11 points to determine force distribution, as can be seen in Figure 3.10. 

 

Figure 3.10: Fitted Curve and Divided Points. 

3.6.  Issues on Image Processing 

In this part of the thesis, issues on image processing and problems due to the images 

will be introduced. The main issues that occur during the investigation of two material 

types of the plate can be listed as problems due to material properties and raw image 

data. 

Firstly, the issue of the material property will be presented. Due to the thickness of the 

Acetate type plate, images cannot be processed properly. Acetate-type plate thickness 

and the particle dimensions in the experiment for PIV have the same values; therefore, 

during the filtering section of the image processing operations, parts of the plate are 

filtered, as can be seen in Figure 3.11 
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Figure 3.11: Raw and Filtered data of the Acetate Type Plate. 

The second issue on image processing occurs due to the image properties, which can 

be exampled as the brightness of the image. The brightness of the Lexan-type plate 

case is lower in the experimental study. Due to the brightness issues of raw data as 

shown in Figure 3.12 and Figure 3.13, measurement points are cleared in the image 

processing filtering section, as seen in Figure 3.14.  

 

Figure 3.12: Differences between raw data of Lexan. 

 

Figure 3.13: Brightness differences between embedded data into MATLAB. 
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Figure 3.14: Filtered problematic images of the Lexan type plate. 

As a result of this problem, the Lexan type plate cannot be investigated. The problems 

on the raw data can be corrected by adding lines to the filtered data, however they 

could not be corrected due to changes of the matrix system and axis set of the image. 
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4. EQUATION OF MOTION AND FORCE FORMULATION  

In this section of the thesis, obtaining equations of motion, derivation of mass matrix, 

damping matrix, and stiffness matrix and calculation of force will be presented. 

4.1. Equation of Motion  

The motion of the system is a forced sinusoidal wave. Although the plate motion is 

straight on the axis, the equation of motion (EOM) is sinusoidal. This motion can be 

investigated as transverse vibration. The movement of the plate and path is shown in 

Figure 4.1 

 

Figure 4.1 : Motion of Plate and Equation of Motion. 

where m is total mass of the plate, k is stiffness of the plate, c is damping of the plate, 

y is equation of forced motion which is the motion of system. Movement of the plate 

is through the vertical y- direction.  

As shown in Figure 4.2, the force applied to the system can be expressed as the sum 

of inertia, damping, and stiffness. 
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Figure 4.2 : Force applied to the system. 

As stated by Blake, systems in vibration can be explained as systems that contain 

spring as potential energy, inertia as kinetic energy, and damper as decrease of energy 

(Piersol & Paez, 2010). These force equations can be seen in equation 4.1, equation 

4.2, and equation 4.3 as stated by Inman (Inman, 2008) 

 Ὂ Ὧὼ (4.1) 

 Ὂ ὧὼ (4.2) 

 Ὂ άὼ (4.3) 

where ὼ is the total displacement of the plate; ὼ which means the velocity of the plate, 

is the first derivative of ὼ with respect to time; ὼ which means acceleration of plate, is 

the second derivative of ὼ with respect to time as shown as equation 4.4 and equation 

4.5.  

 ὼ
Ὠὼὸ

Ὠὸ
 (4.4) 

 ὼ
Ὠὼὸ

Ὠὸ
  (4.5) 

Applied total force, which is the energy of the system, is equal to the sum of these 

force equations for undamped systems as seen in Equation 4.6 and Equation 4.7. 

 Ὂ Ὂ Ὂ Ὂ  (4.6) 

 άὼ ὧὼ Ὧὼ Ὂ  (4.7) 

The matrix form of Equation 4.7 with respect to time becomes as following in Equation 

4.8. 

 ὓ ὼὸ ὅ ὼὸ ὑ ὼὸ Ὂᴆὸ  (4.8) 



25 

where ὓ  is the mass matrix, ὅ is the damping matrix and ὑ is the stiffness matrix. 

The motion of the system occurs as a dynamic force. This force can be added to the 

right-hand side of Equation 4.7, which refers to the force applied to the system as 

shown in Equation 4.9 

 ὧώ Ὧώ Ὂ Ὂ   (4.9) 

where ώ is displacement of system, ώ is the velocity of system as seen in Figure 4.3 

  

Figure 4.3: Displacement under motion and force. 

Adding equation 4.9 in time depended matrix form into equation 4.8 gives general 

form of equation of motion as in equation 4.10a, equation 4.10b and equation 4.10c. 

ὓ ὼὸ ὅ ὼὸ ὑ ὼὸ ὅ ώὸ ὑ ώὸ Ὂᴆὸ  (4.10a) 

ὓ ὼὸ ὅ ὼὸ ώὸ ὑ ὼὸ ώὸ Ὂᴆὸ  (4.10b) 

ὓ ὼὸ ὅ ᾀὸ ὑ ᾀὸ Ὂᴆὸ  (4.10c) 

where ᾀὸ, which is relative displacement, is the difference between displacement of 

plate and system with respect to time, ᾀὸ, which is relative velocity, is the difference 

between the velocity of plate and system with respect to time. ᾀὸ can be seen in 

Figure 4.4 

 

Figure 4.4: Absolute displacement of plate. 
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The plate is divided into ten equal distance sections in terms of mass (m), damping (c), 

and stiffness (k), to determine force distribution, as seen in Figure 4.5.  

 

Figure 4.5: Free-Body Diagrams of Nodes. 

The second equation of motion can be expressed for the spring-mass system. The free 

body diagram of the spring-mass system, which includes m as mass, c as damping, k 

as stiffness, q as displacement, and f as force, can be seen in Figure 4.6.  

 

Figure 4.6: Free-Body Diagram of Spring-mass System. 

Applied total force to the system can be seen in equation 4.6. The force applied on 

each element and force component is related to the motion of nodes and base 

excitation, as can be seen in Figure 4.7. 

 

Figure 4.7: Force Components of the System. 

Displacement and velocity parameters of the nodes are related between the present and 

previous nodes. Force on the base occurs due to the motion of the first node, is shown 

in equation 4.11 

 ὧὼ ὸ ώὸ Ὧὼ ὸ ώὸ Ὂ  (4.11) 

where ώὸ is the displacement of the base, ώὸ is the velocity of the base, Ὧ is the 

stiffness, ὧ is the damping, ὼ ὸ is the displacement of the first node, ὼ ὸ is the 

velocity of the first node, and Ὂ  is the force of the base. 
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Substituting the motion parameters into equation 4.10c which yields the equation of 

motion for spring- mass system, to calculate the total force on the system can be seen 

in equation 4.12.  

 ὓ ήὸ ὅ ήὸ ὑ ήὸ Ὂᴆὸ  (4.12) 

where ήὸ is acceleration with respect to time, ήὸ is the velocity with respect to 

time, and ήὸ is the displacement.  

4.2. Derivation of Matrices 

This section of the thesis will explain the derivation of the mass matrix, damping 

matrix, and stiffness matrix in generalized form.  

4.2.1. Effective mass and derivation of mass matrices 

In this section of the thesis, masses by which the system is affected and derivation of 

the mass matrix will be introduced. Derivation of the mass matrix will be investigated 

in two topics: coupled mass matrix and lumped mass matrix. 

4.2.1.1. Lumped mass matrix 

The lumped mass matrix, which is a diagonal mass matrix, depends on the distribution 

of mass to the nodes. According to Surana, material mass can be divided equally along 

the dimension as the length of the beam is a standard application of obtaining a mass 

matrix for finite elements (Surana, 1981). Lumped mass is obtained by distributing the 

mass into the nodes equally as shown in Figure 4.8.  

 

Figure 4.8: Dividing to nodes according to mass. 

According to Logan, nodal mass matrix can be expressed as shown in equation 4.13 

(Logan, 2015) 

 ά
”ὃὒ

ς

ρ π π π
π π π π
π π ρ π
π π π π

 (4.13) 
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where ά  is the mass on the node, ” is the density of the structure, ὃ is the cross-

section area and ὒ is the distance between the nodes. The first and third columns and 

rows represent the mass acting in the direction of bending. The second and fourth 

rows/columns represent the mass from the angular displacement in the calculations 

where those elements yield zero. Due to the absence of movement in the angular 

direction, second and fourth rows and columns can be deleted, as can be seen in 

equation 4.14 

 ά

”ὃὒ

ς
π

π
”ὃὒ

ς

 (4.14) 

where, 

 ”ὃὒ ά  (4.15) 

where ά  is the mass between nodes. The calculation of the global lumped matrix, will 

be detailed in section 4.2.3.2. Derivation of stiffness matrix from finite element 

method, as seen in equation 4.16, can be calculated by using equation 4.14, 
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 (4.16) 

where ὓ ȟ is the first methodology for calculation of lumped mass matrix. 

Application of uniformly distributed mass matrix into the plate can be seen in Figure 

4.9, 

 

Figure 4.9: Lumped Mass Distribution 
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The second methodology of calculation for lumped mass matrix depends on mass 

distribution to the nodes equally, which can be seen in equation 4.17 
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4.2.1.2. Coupled mass matrix 

In this section of the thesis, coupled/consistent mass derivation will be introduced. As 

stated by Deshpande et al. (2016), the coupled mass matrix is a full matrix that includes 

all elements from shape functions. The coupled mass matrix represents more accurate 

results than the lumped mass matrix, due to consisting the interaction of nodes with 

each other and all aspects of the movement.  

According to Kim, for the rotating degrees of freedom, translational inertia has been 

employed to create a nonsingular lumped mass matrix for the bending vibration of 

beams where lower natural frequencies are achieved as a result of the inertia effect. 

However, the nonsingular lumped mass matrix makes a considerable contribution to 

the improvement of the intermediate natural frequencies when joined with the 

consistent mass matrix. (Kim, 1993). As stated by Archer and Whalen, the general 

form of the nodal consistent mass matrix for an EulerïBernoulli beam can be seen in 

equation 4.18 (Archer & Whalen, 2005) 

 ά
”ὃὒ
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 (4.18) 

where ά  is the mass on the node, ” is the density of the structure, ὃ is the cross-

section area, and ὒ is the distance between the nodes. The first and third rows/columns 

represent the mass caused by displacement, second and fourth rows/columns yield the 

mass caused by angular inertia.  
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The local mass matrix is used to obtain the global coupled mass matrix. 11 nodes exist 

in the system where the first node is on the base, as can be seen in Figure 4.10 

 

Figure 4.10: Number of Measurement Stations for the Beam Mass Matrix 

The global mass matrix is in a format of 22x22. Due to the first node where no 

displacement occurs, the global mass matrix can be reduced to 20x20 format. In 

addition to this, mass on the angular side of the movement is at a lower degree than 

the displacement.  

The global mass matrix can be reduced to a 10x10 format for force calculation. 

However, a 22x22 global mass matrix will be used in calculations of natural 

frequencies, which will be mentioned in determining free-vibration frequencies and 

mode shapes chapter. The global coupled mass matrix of the system can be seen in 

equation 4.19; 

 ὓ ȟ

”ὃὒ

τςπ
ὓ ȟ (4.19) 

where ὓ ȟ is the global reduced mass matrix, ” is the density of the structure, ὃ is 

the cross-section area, ὒ is the distance between the nodes and ὓ ȟ is the constants 

of coupled mass matrix which can be seen in equation 4.20. 
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4.2.1.3. Added and effective mass 

Masses in the system can be considered under three topics as the mass formed by the 

flow, the mass of the plate, and the mass of the connector and pins.  

Firstly, the added mass will be introduced. According to De Santo, inertia 

enhancement of a fully submerged object in a liquid with respect to inertia in a vacuum 

is called added mass. Its inertia in liquid is defined as acceleration relative to a 

stationary container of the liquid field of inertia (De Santo, 1981).  

Added mass can be calculated by using the shape of a rectangular plate. The added 

mass is related to the shape of the vibrating object and the density of the fluid. As 

stated by Dong, added hydrodynamic mass can be seen in Equation 4.21 (Dong, 1978) 

 ὓ ὑὥὦ
“

τ
” (4.21) 

where ὓ  is added mass, K is a constant, ὥ is the horizontal length of plate in motion, 

b is the vertical length of the plate in motion, ” is the density of fluid. 

Dimensions of the plate is shown in Figure 4.6. 

 

Figure 4.11: Dimension of body 

Values of ὑ can be seen in Table 4.1 

Table 4.1: Constant of the Added Mass (Dong, 1978). 

ὦ

ὥ
 K 

1.0 0.478 

1.5 0.680 

2.0 0.840 

2.5 0.953 

3.0 1.00 

3.5 1.00 

4.0 1.00 

- 1.00 
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The mass of the plate and the mass of the connectors affect the inertia of the system. 

The result of summation of the plateôs mass and added hydraulic mass gives the mass 

acting on the system as seen in Equation 4.22. 

 ὓ ὓ ὓ  ὓ  (4.22) 

where M is the total mass, ὓ  is added mass, ὓ  is the mass of plate, and ὓ  is the 

mass of the connector. Mass of partial nodes expressed as in Equation 4.23: 

 άȟ ὓὼὒ (4.23) 

where άȟ is the effective mass of nodes, M is total mass, and Li is length of nodes. 

The general form of the mass matrix can be seen in equation 4.24 

 ὓ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ά π π π π π π π π π
π ά π π π π π π π π
π π ά π π π π π π π
π π π ά π π π π π π
π π π π ά π π π π π
π π π π π ά π π π π
π π π π π π ά π π π
π π π π π π π ά π π
π π π π π π π π ά π
π π π π π π π π π ά Ứ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.24) 

Substitution of value of masses is shown in equation 4.25 

 ὓ πȢρ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὓὒ π π π π π π π π π
π ὓὒ π π π π π π π π
π π ὓὒ π π π π π π π
π π π ὓὒ π π π π π π
π π π π ὓὒ π π π π π
π π π π π ὓὒ π π π π
π π π π π π ὓὒ π π π
π π π π π π π ὓὒ π π
π π π π π π π π ὓὒ π

π π π π π π π π π
ὓὒ

ςỨ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

  (4.25) 
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4.2.2. Derivation of the damping coefficient and damping matrix   

In this section, the derivation of damping constants and damping matrix will be 

considered. According to Crandall, damping, whose force contribution is lower 

compared to inertia and elasticity, is caused by the elimination of energy of a 

vibrational system. The damping mechanism is based on the amplitude and frequency 

of periodic motions (Crandall, 1970). Damping is related to the motion, the natural 

frequency of the material, critical damping, and damping ratio. As stated by Rao, the 

critical damping and damping ratio can be expressed as in equation 4.26 and equation 

4.27 (Rao, 2011):  

 ὧ ςά‫  (4.26) 

 ‒
ὧ

ὧ
 (4.27) 

where ὧ is the critical damping, ά is mass, ‫  is natural frequency, and ὧ is actual 

damping. Substitution 4.26 into Equation 4.27 yields the expression of the damping 

constant as shown in Equation 4.28 

 ὧ ς‒ά‫  (4.28) 

The damping ratio yields a decrease in vibration amplitude between two peaks of 

motion. The damping ratio can be calculated in two different ways. The first way of 

calculating of damping ratio is by using the damped natural frequency. As stated by 

Rao, oscillation of motion can be categorized as under-damped, critically damped, or 

over-damped depending on the value of the damping ratio, which is lower than 1, equal 

to 1, and higher than 1. The cases examined in the thesis have values less than one for 

the damping coefficient. In cases where the damping coefficient is less than one, the 

following equation is applied, as seen in equation 4.29  (Rao, 2007).  

 ‫ ‫ ρ ‒  (4.29) 

where ‫  is damped frequency, ‫  is the natural frequency and ‒ is damping ratio. 

Damped frequency is expressed as in equation 4.30 (Rao, 2007): 

 ‫
ς“

Ὕ
 (4.30) 
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where Ὕ is the elapsed time between any successive peaks while the system damping 

is not under the effect of a force. Formulation of Ὕ can be seen in equation 4.31: 

 Ὕ
ὸ ὸ

ὲ
 (4.31) 

where ὲ is the number of peaks following the first obtained successful peak observed, 

ὸ is the time of the nth peak, ὸ is the time of the first successful peak when damping 

started as shown in Figure 4.12: 

 

Figure 4.12: Period of Damped Oscillation. 

A sudden force is applied to the system multiple times to obtain a force-time diagram 

for determining the time between damped peaks. 

Secondly, the damping ratio can be calculated directly from the amplitudes of the 

peaks, which is known as the Displacement Logarithmic Decrement Method. 

According to Little and Mann, the logarithmic decrement method (LDM), which is a 

primary method for vibration analyses, is a mathematical derivation to obtain the 

damping ratio from two or more peaks of the data for free vibration (Little & Mann, 

2019). The logarithmic decrement method is related to the ratio of amplitudes. 

The system investigated in the thesis can be modeled as a cantilevered beam or plate 

and expressed as a linear system. Tweten, Ballar, and Mann stated that LDM could be 

used for single degree of freedom (SDOF) systems that vibrate with a constant center. 

In addition to this, LDM can be used for multi-degree of freedom (MDOF) systems 

with the help of wavelet transform, which is used for uncoupling the modes of 

oscillation (Tweten, Ballard, & Mann, 2014).  
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According to the mentioned information, Displacement Logarithmic Decrement 

Method can be applied to obtain the damping ratio for free vibration. The damping 

ratio calculation methodology can be considered as similar for forced vibration.  

Displacement refers to the amplitude for oscillation and vibrations. According to 

Palazzolo, displacement-based logarithmic decrement can be expressed as in equation 

4.32 (Palazzolo, 2016), 

‏ 
ρ

ὲ
ÌÎ 
ή ȟ

ή ȟ
 (4.32) 

 where ‏ is the displacement-based logarithmic decrement, ὲ is the observed number 

of the peak, ή ȟ is the amplitude of the first peak and ή ȟ  is the amplitude of 

the nth peak. The damping ratio can be calculated by using logarithmic decrement, as 

seen in equation 4.33 (Palazzolo, 2016); 

 
‒

‏

‏ τ“
 (4.33) 

Equation 4.33 can be simplified as follows, 

 

‒
ρ

ρ
ς“
‏

 (4.34) 

where ‏ is the displacement-based logarithmic decrement and ‒ is the damping ratio.  

According to the information above, the calculated period and damping ratio refer 

matrix form of the damping constant of nodes as in equation 4.35: 

 ὅ ‌ ὓ  (4.35) 

where, 

 ‌ ς‒‫  (4.36) 

where ὅ is the damping matrix, ὓ  is the mass matrix, ‌  is the constant for 

damping,  ‒ is the damping ratio and ‫  is the natural frequency.  
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4.2.3. Derivation of stiffness matrix 

Three different types of stiffness matrices are calculated for the stiffness. This chapter 

of the thesis will introduce the derivation of the stiffness matrix from the inverse of 

flexibility, finite element formulation, and spring-mass.  

4.2.3.1. Derivation of stiffness matrix from inverse of flexibility  

The derivation of stiffness matrices will be mentioned in this part of the thesis. As 

stated by Turan, stiffness and elasticity have a relationship as a result of the 

displacement and applied force to the material. As can be seen in Equation 4.37 force 

applied can be described: (Turhan, 2017) 

 Ὂὃ ὼ (4.37) 

where Ὂ is the applied force, ὃ is flexibility constant of the material and ὼ is 

displacement. Substituting equation 4.37 into equation 4.1 refers to the relation 

between flexibility and stiffness as shown in equation 4.38: 

 ὑ
ρ

ὃ
 (4.38) 

where ὑ is stiffness and ὃ is flexibility constant of the material. As stated by Goodno 

and Gere, flexibility coefficients can be calculated as Equation 4.39 and Equation 4.40 

(Goodno & Gere, 2018): 

 ώ
ὖὼ

φὉὍ
σὥ ὼ             π ὼ ὥ (4.39) 

 ώ
ὖὥ

φὉὍ
σὼ ὥ            ὥ ὼ ὰ (4.40) 

where, 

 Ὅ
ρ

ρς
ίὸ (4.41) 
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where ώ  is displacement under force, ὖ is force, Ὁ is Modulus of Elasticity, Ὅ is the 

moment of inertia, ὥ is the distance of force from support point, ὦ is the distance of 

force from the end of affected area, ὼ  is the point under consideration, ὒ is total 

length, ί is the width, and ὸ is the thickness. Parameters of Equation 4.39 and Equation 

4.40 can be seen in Figure 4.13 

 

Figure 4.13: Parameters of applied force. 

The relation between stiffness and flexibility in matrix form is expressed in equation 

4.42 

 ὑ ὃ  (4.42) 

where ὑ is stiffness matrix and ὃ  is inverse of flexibility  matrix. The flexibility 

matrix is symmetric and can be expressed as equation 4.43: 

ὃ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥȟ

ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥȟ
ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥȟ

ὥ ὥ ὥ ὥ ὥ ὥ ὥȟ
ὥ ὥ ὥ ὥ ὥ ὥȟ

ὥ ὥ ὥ ὥ ὥȟ
ίώάȢ ὥ ὥ ὥ ὥȟ

ὥ ὥ ὥȟ
ὥ ὥȟ

ὥ ȟỨ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.43) 

where ὃ is flexibility matrix, ὥ  is coefficient of flexibility. As an example of the 

coefficient of flexibility, which can be seen in Figure 4.14 and Figure 4.15, is 

calculated by applying unit force for each node with the use of equation 4.39 and 

equation 4.40  
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Figure 4.14: Coefficient of the flexibility of the 1st node. 

 

Figure 4.15: Coefficient of the flexibility of  the 2nd node. 

Substituting values by applying unit force into equation 4.39 for the first element of 

the row and equation 4.40 for the remaining elements of the row to determine the first 

row of flexibility matrix expressed as: 

 
ὥ

ρὼ
ὒ
ρπ
φὉὍ

σ
ὒ

ρπ

ὒ

ρπ

ςὒ

φπππὉὍ
 

(4.44) 

 
ὥ

ρὼ
ὒ
ρπ
φὉὍ

σ
ςὒ

ρπ

ὒ

ρπ

υὒ

φπππὉὍ
 

(4.45) 

 
ὥ

ρὼ
ὒ
ρπ
φὉὍ

σ
σὒ

ρπ

ὒ

ρπ

ψὒ

φπππὉὍ
 

(4.46) 

 ể  

 
ὥȟ

ρὼ
ὒ
ρπ
φὉὍ

σ
ρπὒ

ρπ

ὒ

ρπ

ςχὒ

φπππὉὍ
 

(4.47) 
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If the procedure is repeated a second time for the determination of the second row, 

aside from applying Equation 4.39 for the first two elements and Equation 4.40 for the 

remaining elements can be expressed as: 

 
ὥ

ρὼ
ὒ
ρπ
φὉὍ

σ
ςὒ

ρπ

ὒ

ρπ

υὒ

φπππὉὍ
 

(4.48) 

 
ὥ

ρὼ
ςὒ
ρπ
φὉὍ

σ
ςὒ

ρπ

ςὒ

ρπ

ρφὒ

φπππὉὍ
 

(4.49) 

 
ὥ

ρὼ
ςὒ
ρπ
φὉὍ

σ
σὒ

ρπ

ςὒ

ρπ

ςψὒ

φπππὉὍ
 

(4.50) 

 ể  

 
ὥȟ

ρὼ
ςὒ
ρπ
φὉὍ

σ
ρπὒ

ρπ

ςὒ

ρπ

ρρςὒ

φπππὉὍ
 

(4.51) 

Substituting flexibility constants into the Flexibility matrix can be seen in equation 

4.52: 

ὒ

φπππὉὍ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ς υ ψ ρρ ρτ ρχ ςπ ςσ ςφ ςω
ρφςψ τπ υς φτ χφ ψψ ρππρρς

υτ ψρ ρπψρσυρφςρψωςρφςτσ
ρςψρχφςςτςχςσςπσφψτρφ

ςυπσςυτυπυχυφππχςυ
τσςυτπφτψχυφψφτ

ίώάȢ φψφψσσωψπρρςχ

ρπςτρςρφρτπψ
ρτυψρχπρ

ςπππỨ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.52) 

Substitution of equation 4.52 into equation 4.42 yields a general stiffness matrix as 

seen in equation 4.53: 
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φπὉὍ

ὒ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
σρτ ρωψ χω ςρ υ ρ ρ ρ π π

ςτυ ρψπ χυ ςπ υ ς ρ π π
ςτπ ρχψ χυ ςπ υ ς ρ π

ςτπ ρχψ χυ ςπ υ ρ π
ςτπ ρχψ χυ ςπ υ ρ

ςτπ ρχψ χυ ρψ σ
ίώάȢ ςσψ ρχχ φω ρς

ςσσ ρυψττ
ρφυ φρ

ςχỨ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.53) 

4.2.3.2. Derivation of stiffness matrix from finite element method 

In this section of the thesis, obtaining the stiffness matrix from a general finite element 

methodology approach with hand calculation will be introduced. As shown in Figure 

4.8, 11 nodes with two degrees of freedom (DOF) exist in the system. Due to degrees 

of freedom, the global stiffness matrix includes 22 elements in rows and columns. 

Those two degrees of freedom represents the displacement u1 and u2 as shear force, 

and angular movement v1 and v2 as the moment, as seen in Figure 4.16; 

 

Figure 4.16: Degrees of Freedom Between Two Nodes 

As stated by Kattan, steps of obtaining a global stiffness matrix from a local matrix 

includes; 

1. Discretization of the main element of the nodes, 

2. Calculating the element stiffness matrix with equations for each element, 

3. Obtaining the global stiffness matrix with a direct approach, 

4. Applying the boundary conditions in terms of force and motion (Kattan, 2010). 

The plate divided into 11 nodes as a first step of obtaining stiffness matrix. Secondly, 

the local stiffness matrix is determined. As stated by Chandrupatla and Belegundu, the 

element stiffness matrix is based on the total potential energy of the system and strain 

energy which can be seen in equation 4.54  (Chandrupatla & Belegundu, 2012) 
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 Ὗ
ρ

ς
ὉὍ

Ὠὺ

Ὠὼ
Ὠὼ  (4.54) 

where Ὗ is the potential energy, Ὁ is the modulus of elasticity, Ὅ is the moment of 

inertia and ὺ is the displacement. Calculation of the integral yields the element 

stiffness matrix as shown in equation 4.55 (Oñate, 2013) 

 Ὧ
ὉὍ

ὰ

ụ
Ụ
Ụ
Ụ
ợ
ρς φὰ ρς φὰ

φὰ τὰ φὰ ςὰ
ρς φὰ ρς φὰ

φὰ ςὰ φὰ τὰỨ
ủ
ủ
ủ
Ủ

 (4.55) 

where Ὧ  is the element stiffness matrix, Ὁ is the modulus of elasticity, Ὅ is the 

moment of inertia and ὰ is the element length. 

As stated at the beginning of this section global stiffness matrix is obtained in 22x22 

matrix form. Due to the fixed node, applying the boundary conditions decreases the 

stiffness matrix into 20x20 format. Since angular displacement is negligible, the global 

stiffness matrix obtained in 10x10 format by using finite element analysis, as can be 

seen in equation 4.56 

 ὑ
ὉὍ

ὰ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ςτ ρς π π π π π π π π
ρς ςτ ρς π π π π π π π
π ρς ςτ ρς π π π π π π
π π ρς ςτ ρς π π π π π
π π π ρς ςτ ρς π π π π
π π π π ρς ςτ ρς π π π
π π π π π ρς ςτ ρς π π
π π π π π π ρς ςτ ρς π
π π π π π π π ρς ςτ ρς
π π π π π π π π ρς ςτỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.56) 

where ὑ  is the global stiffness matrix by finite element analysis, Ὁ is the modulus 

of elasticity, Ὅ is the moment of inertia and ὰ is the element length between nodes. 

4.2.3.3. Derivation of stiffness matrix from spring-mass system 

In this chapter of the thesis, the derivation of the stiffness matrix from the spring-mass 

methodology will be expressed. As mentioned in the previous chapter, the plate can 

be modeled as a beam. As stated by Juvinall and Marshek, stiffness can be calculated 

from equation 4.57 (Juvinall & Marshek, 2017) 
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 Ὧ
ὉὍ

ὰ
 (4.57) 

where Ὧ  is the beam stiffness, Ὁ is the modulus of elasticity, Ὅ is the moment of 

inertia and ὰ is the element length between nodes. 

Substituting equation 4.58 into the equation of motion, stiffness constant yields the 

generalized stiffness matrix. As mentioned in the chapter derivation of stiffness matrix 

from finite element method, global stiffness matrix can be calculated from the local 

stiffness matrix. According to Meirovitch, the element stiffness matrix can be 

calculated as shown in equation 4.59 (Meirovitch, 1997) 

 Ὧ
Ὧ Ὧ
Ὧ Ὧ

 (4.58) 

where, 

 Ὧ
ὉὍ

ὰ
ρ ρ
ρ ρ

 (4.59) 

where Ὧ  is the element stiffness matrix. The global stiffness matrix can be 

calculated from the equation of motion by using the interaction of nodes with each 

other. The global stiffness matrix can be seen in equation 4.60 and equation 4.61 

 ὑ Ὧ ὑ  (4.60) 

and, 

 ὑ  

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ς ρ π π π π π π π π
ρ ς ρ π π π π π π π
π ρ ς ρ π π π π π π
π π ρ ς ρ π π π π π
π π π ρ ς ρ π π π π
π π π π ρ ς ρ π π π
π π π π π ρ ς ρ π π
π π π π π π ρ ς ρ π
π π π π π π π ρ ς ρ
π π π π π π π π ρ ρỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (4.61) 

where ὑ  is the global stiffness matrix, ὑ  is the coefficient matrix for the 

stiffness and Ὧ  is the stiffness value. 
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4.3. Calculation of Natural Frequency 

In this section of the thesis, natural frequency calculation using the theoretical method 

and determinants of stiffness and mass matrices will be introduced. Calculating natural 

frequencies using the stiffness matrix and the mass matrix plays a significant role in 

validating the accuracy of methods and matrices. 

Natural frequencies calculated with the matrices of each method should be expected 

to be close to the values calculated with experimental data, theoretical calculations, 

and finite element analysis software. The accuracy of the method decreases in case of 

incompatibility between the values, especially the first natural frequency values. 

Firstly, the natural frequencies of the system are calculated with equation 4.62a and 

equation 4.64 (Sawant, Chauhan, & Deshmukh, 2017) 

 ‫ ‌
ὉὍ

”ὃὒ
 (4.62a) 

 ‫
Ὧ

ά
 (4.62b) 

where, 

 ‌ ρȢψχυȟτȢφωτȟχȢψυυȟρπȢωωφȟρτȢρσχ  (4.63) 

and 

 Ὢ
‫

ς“
 (4.64) 

where ‫  is the natural frequency in rad/sec, Ὢ is the natural frequency in Hz, ‌  is 

the constant, Ὁ is the modulus of elasticity, Ὅ is the moment of inertia, ” is the density, 

ὃ is the area, and ὒ is the length. 

Secondly, natural frequencies and mode shapes are calculated using mass and stiffness 

matrices. As stated by Meirovitch, the characteristic determinant and the eigenvalues 

of the equation, which can be seen in equation 4.65, represents natural frequencies and 

normal mode shapes. (Meirovitch, Fundamentals of Vibrations, 2001) 
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 ÄÅÔὑ ‫ ὓ π  (4.65) 

and, 

 ‫ ‗  (4.66) 

where  ὑ is the stiffness matrix, ὓ  is the mass matrix, ‫  is the natural frequency, 

and ‗ is the eigenvalue. 

Lastly, natural frequencies and mode shapes are obtained by using ABAQUS software 

which is a finite element analysis software.  

4.4. Derivation of Motion Parameters 

In the final part of this section determination of parameters of motion will be 

mentioned. Firstly, as shown in Equation 4.10b and Equation 4.10c, general form of 

equation of motion for nodes can be expressed as Equation 4.67 and Equation 4.68 

 ὓ ὼὸ ὅ ὼὸ ώὸ ὑ ὼὸ ώὸ Ὢᴆὸ  (4.67) 

where ὓ  is the mass matrix, ὅ is the damping matrix, ὑ is the stiffness matrix, Ὥ 

is the number of nodes, ὼὸ is the displacement of  the node with respect to time, 

ώὸ is the displacement of the system which is equal for whole nodes with respect to 

time, ὼ is the first derivative of ὼ with respect to time yielding velocity of node, ὼ is 

the second derivative of ὼ with respect to time yielding acceleration of node, ώ is the 

velocity of the system.  
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 (4.68) 
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where ᾀὸ is the difference between the displacement of node and displacement of 

the system, ᾀὸ is the velocity difference between node and system. 

Secondly, as mentioned in equation 4.12, nodesô equation of motions are shown in 

equation 4.69 

 ὓ ήὸ ὅ ή ὑ ή Ὢᴆὸ  (4.69) 

when Ὥ is equal to 1 

 ή ὸ ὼ ὸ ώὸ (4.70) 

 ή ὸ ὼ ὸ ώὸ (4.71) 

 ή ὸ ὼ ὸ (4.72) 

and in case of Ὥ greater than 1 

 ήὸ ὼὸ ὼ ὸ (4.73) 

 ήὸ ὼὸ ὼ ὸ (4.74) 

 ήὸ ὼὸ (4.75) 

Substituting the mentioned equations into equation 4.73 yields, 
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 (4.76) 

where ήὸ is the displacement of nodes, ήὸ is the velocity difference between 

nodes. 
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Two main motion equation exists in the system. One of the equations is the motion of 

the system, which can be shown as Equation 4.77, whose derivative with respect to 

time can be seen in Equation 4.79 (Son, 2018): 

 ώὸ ὣὧέί‫ὸ (4.77) 

 ώὸ ὣ‫ίὭὲ‫ὸ (4.78) 

 ώὸ ὣ‫ ὧέί‫ὸ (4.79) 

where 

 ‫ ς“Ὢ (4.80) 

where ώὸ is the equation of motion of the oscillation with respect to time, ώὸ is the 

velocity of the system, ὣ is the amplitude, Ὢ is the frequency, ὸ is the time and ‫  is 

the natural frequency of motion.  

The second equation is the equation of motion of nodes. This parameter is derived 

from the motion graph, shown in Figure 4.17 for separated nodes with the help of curve 

fitting.  

 

Figure 4.17: Displacement Example of Node #6 with Respect to Time 



47 

As seen in Figure 4.17, the motion of nodes can be expressed as a sinusoidal motion. 

The equation of motion for nodes can be expressed as Equation 4.81, the velocity of 

the node can be expressed as Equation 4.82, and the acceleration of the node can be 

expressed as Equation 4.83 

 ὼὸ ὢὧέί‫ὸ •  (4.81) 

 ὼὸ ὢ‫ίὭὲ‫ὸ •  (4.82) 

 ὼὸ ὢ‫ ὧέί‫ὸ •  (4.83) 

where 

 ὼὸ ὼὸ ὼὸ  (4.84) 

 ὼὸ ὼὸ ὼὸ  (4.85) 

 ὼὸ ὼὸ ὼὸ  (4.86) 

where ὼὸ is the displacement of a node with respect to time, ὢ is amplitude of the 

node, ὸ is time, • is the phase difference, ‫  is the natural frequency, ὼὸ is the 

velocity of the node with respect to time and ὼὸ is the acceleration of node with 

respect to time.  

Fast Fourier Transform (FFT) is applied to the data set to obtain the parameters 

amplitude (ὢ), the phase difference (•), and frequency of node (Ὢ). The frequency of 

the measuring point should be approximately or directly equal to the frequency of the 

motion. Rao, Kim, and Hwang stated that the fast Fourier transform, which is based 

on the discrete Fourier transform (DFT), generalizes the DFT to higher point 

computing (Rao, Kim, & Hwang, 2010). MATLAB Software is used to calculate the 

FFT directly, as seen in equation 4.87 (URL-10). 

 ὢὯ ὣὮὩ  (4.87) 

where ὣὮ is the input data and ὢὯ is the output which is used as a sinusoidal fitted 

curve for the equation of motion. 
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Due to the motion phase, the difference occurs between the node and base. An example 

of the obtained motion parameters and graphs can be seen in Figure 4.18. 

 

Figure 4.18: Comparison between the motion of system, node and fitted sinusoidal 

curve of node #1. 

In the last stage of the thesis, the equation is solved, and the obtained values are 

compared with the experimental data. In addition to the mentioned equation of 

motions, an assumption can be used to calculate force. As stated in equation 4.62b, 

stiffness can be expressed as shown in equation 4.88: 

 Ὧ ά‫  (4.88) 

where Ὧ is stiffness, ά is mass and ‫  is the natural frequency.  

Due to the harmonic motion of nodes, equation 4.88 can be used as an assumption in 

the matrix form of the motion equation 4.68 to express in mass matrix format as shown 

in equation 4.89: 
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 (4.89) 

where [M] is mass matrix, ‒ is the damping ratio and ‫  is the natural frequency. 

Deflection ratio can be found by dividing displacement to thickness of the plate as seen 

in Equation 4.90. Deflection ratio shows the position of the measurement point in a 

period.  

ὼ‏ 
ὼὸ ώὸ

ὸ
 (4.90) 

where ‏ὼ is the deflection ratio, ὼὸ is the position of the measurement point, ώὸ is 

the position of the base, and ὸ is the thickness of the plate. 
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5. RESULTS 

In this part of the thesis, results obtained from the MATLAB code will be discussed.  

5.1. Experimental Study 

As mentioned in the Introduction section of the thesis, this academic study is based on 

the experimental data of PhD thesis of Son (2018). In this chapter of the thesis, the 

experimental setup, material properties, and experimental data set will be introduced. 

5.1.1. Experimental setup  

As stated by Son, experiments are conducted in the water channel, which is a closed-

loop, free-surface, and large scale with a dimension of test section as 1010x790 mm 

(Son, 2018). The water channel has four main sections as a filtration system, which 

filters the water, a centrifugal pump system which pumps the water to the test section, 

the test section where the experiments are performed, and the last section where water 

is pumped back to the system. 

In the experiment, freestream velocity is constant and equal to 0.1 m/s, which yields 

Reynolds number as 10000 from equation 4.37, Sinusoidal motion, whose general 

equation is given in equation 4.34a, is performed in the experimental study. 

As stated by Son, the plunge motion was generated with Labview VI signal generator 

and Kollmorgen/Danaher Motion AKM54K servo motor, which was controlled by 

ServoSTAR S700 digital servo amplifier through a computer system with 0.0104 mm 

accuracy. PIV measurements begin at the third period of oscillation, and collected for 

25 periods (Son, 2018).  

Images are obtained by using Dantec Dynamic Studio. Two cameras which are 10-bit 

Dantec Dynamics Flow Sense 2M CCD, are used to take images with a double-pulsed 

laser. 10 ɛm silver-coated hollow glass spheres are added to flow, images are taken by 

Particle Image Velocimetry (PIV) system, which can be seen in Figure 5.1 (Son, 2018):  
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Figure 5.1: Particle Image Velocimetry. 

According to Son, a six-component ATI NANO-17 IP68 Force/Torque sensor is used 

to collect the data following the third period, a total of 50 periods are recorded (Son, 

2018). Properties of the ATI NANO-17 IP68 F/T sensor can be seen in Table 5.1. 

Calibration of sensor is selected as SI-25-0.25.  

Table 5.1: Metric Calibration and Resolution of ATI NANO-17 IP68 F/T Sensor 

(URL-9). 

Calibration  SENSING RANGES RESOLUTION  

 
Fx, Fy 

(N) 

Fz 

(N) 

Tx, Ty 

(Nmm) 

Tz 

(Nmm) 

Fx, Fy 

(N) 

Fz 

(N) 

Tx, Ty 

(Nmm) 

Tz 

(Nmm) 

SI-12-0.12 12 17 120 120 1/320 1/320 1/64 1/64 

SI-25-0.25 25 35 250 250 1/160 1/160 1/32 1/32 

SI-50-0.5 50 70 500 500 1/80 1/80 1/16 1/16 

5.1.2. Models 

In this part of the thesis, models will be introduced. Four different types of models are 

used in the experiments which are Rigid, Lexan, 3D Printed, whose material is 

colorfabb_xt transparent, and Acetate. In the application of image processing, 3D 

Printed type plates are used due to the deflection of plates.  

Acetate type is eliminated from applications due to the thickness of the plate, whose 

thickness is close to glass sphere particle size. In addition to this, the Lexan-type plate 

is eliminated due to the brightness. As stated in Son, plates mounted on the leading 

edge with a distance of 10 mm yield the dimension of the flexible part of the plate as 

90 mm  (Son, 2018).  
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The dimensions and flexural stiffness can be seen in Table 5.2, where the Young 

modulus of Lexan equals 2.3 GPa, and according to equation 4.41 moment of inertia 

equals 7.032 mm4 (URL-11) The modulus of elasticity of the Colorfabb_xt, which is 

used as a 3D Printed plate, is equal to 2.96 GPa, and the moment of inertia equals 3.6 

mm4  (URL-12). Acetate type plate, modulus of elasticity is equal to 4.1 GPa, and 

according to equation 4.41, the moment of inertia is equal to 0.056 mm4 (URL-13) 

Table 5.2: Material Dimensional Properties. 

Plate Length 

(mm) 

Thickness 

(mm) 

Span 

(mm) 

Modulus 

of 

Elasticity I  

(Gpa)  

Moment 

of Inertia 

(I) (mm4) 

Flexural 

Stiffness 

(EI)  (Nm2) 

Lexan 100 0.76 200 2.30 7.032 161.12x10-4 

Printed 100 0.60 200 2.96 3.600 58.11x10-4 

Acetate 100 0.15 200 4.10 0.056 2.32x10-4 

As stated by Son, material properties and natural frequencies are calculated by weight 

deflection method (Son, 2018).  

As can be seen in Table 5.3, averaged damped natural frequencies and averaged 

damping ratios of the plates according to the material type are obtained by using the 

damped peaks and displacement-based logarithmic decrement for 10000 Reynolds in 

equation 4.29 and equation 4.34.  

Table 5.3 : Damped Natural Frequencies of Wings. 

Plate 

Natural 

Frequency 

in Water 

(rad/sec) 

Period of 

Oscillation 

(sec) 

Damped 

Natural 

Frequency 

in Water 

(rad/sec) 

Damping 

Ratio 

(Oscillation) 

 

Damping 

Ratio 

(Logarithmic 

Decrement) 

 

Lexan 14.49 0.440 14.26 0.175 0.166 

Printed 11.18 0.585 10.75 0.305 0.219 

Acetate 4.31 1.957 3.21 0.505 0.427 

5.1.3. Experimental data set 

In this section of the thesis data set will be introduced. The data set is chosen from the 

study of Son, where parameters of motion are determined by the system limits. In the 

data set, the angle of attack (AoA) is chosen as zero. Parameters of motion can be seen 

in Table 5.4. 



54 

Table 5.4: Parameters of Motion (Son, 2018). 

Y 

(mm) 

f 

(Hz) 

Y 

(mm) 

f 

(Hz) 

Y 

(mm) 

f 

(Hz) 

Y 

(mm) 

f 

(Hz) 

Y 

(mm) 

f 

(Hz) 

5 0.25 10 0.25 20 0.25 40 0.25 60 0.25 

5 0.50 10 0.50 20 0.50 40 0.50   

5 0.75 10 0.75 20 0.75 40 0.75   

5 1.00 10 1.00 20 1.00     

5 1.25 10 1.25 20 1.25     

5 1.50 10 1.50       

5 1.75 10 1.75       

5 2.00         

5 2.25         

The parameters f as frequency and Y as amplitude, as stated in Table 5.4, are applied 

to equation 4.77, equation 4.78, and equation 4.79 to determine the equation of motions 

considered in force calculations. 

Finally, in this section, images, which are the primary data set of image processing, 

are obtained from experiments. As stated in Son, deflection in an oscillation period of 

the Lexan wing can be seen in Figure 5.2, the Printed wing can be seen in Figure 5.3, 

and the Acetate wing can be seen in Figure 5.4: 

 

Figure 5.2: Period of Lexan wing for motion parameters (Son, 2018). 
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Figure 5.3: Period of Printed wing for motion parameters (Son, 2018). 

 

Figure 5.4: Period of Acetate wing for motion parameters (Son, 2018). 

5.2. Applications 

In this section of the thesis, calculation of matrices, application of image processing, 

and force calculation will be introduced.  

5.2.1. Calculation of general matrices and curve fitting error  

In this part of the thesis, calculated matrices, proof of matrices, calculation of natural 

frequencies, and curve fitting application will be mentioned. 
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5.2.1.1. Calculation of global mass, damping and stiffness matrices 

In this part of the thesis, the calculation of mass matrix, damping matrix, and stiffness 

matrix will be mentioned. General matrices of motion depend on material properties 

instead of motion parameters, and Matrices are formed based on equations which are 

mentioned chapter on the derivation of matrices. 

Firstly, the mass matrix, which includes the mass of the plate and added mass, is 

derived. The mass of plates is measured by weighing. Applying Equation 4.11 with 

parameters in Table 4.1 gives added mass. Parameters can be seen in Table 5.5, where 

” is the density of fluid and ” the density of plate: 

Table 5.5 : Calculation parameters of total mass of the system. 

Plate a (mm) b (mm) K ⱬ█ (kg/ m3) ⱬ▬ (kg/ m3) 

Lexan 90 200 0.891 997.77 1200 

Printed 90 200 0.891 997.77 1240 

Acetate 90 200 0.891 997.77 1300 

Substitution parameters into equations 4.21 and 4.22 describe the total mass, as can be 

seen in Table 5.6. The mass of connectors is calculated by weighing, and the 

summation of all the components gives the effective mass.  

Table 5.6 : Calculation parameters of total mass of the system. 

Plate ╜▐ (kg) ╜▬ (kg) ╜▼ (kg) ╜╣ (kg) 

Lexan 1.394 0.018 0.098 1.510 

Printed 1.394 0.015 0.098 1.507 

Acetate 1.394 0.004 0.098 1.496 

Substitution of the value of masses at Table 5.6 into Equation 4.16 yields global 

lumped mass matrix of Lexan plate expressed as in Equation 5.1 and mass matrix of 

Printed plate expressed as in Equation 5.2 and Acetate plate mass as in equation 5.3 in 

kg: 
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Added mass and connector mass matrices are in the lumped mass matrix form to obtain 

the effective mass matrix, which can be seen in equations 5.4, 5.5, and 5.6 with the 

unit as kg. 
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Substituting the parameters from Table 5.5 into equation 4.19 represents the global 

coupled mass (kg) matrix of the plate Lexan, Printed, and Acetate, respectively, as can 

be seen in equations 5.7, 5.8, and 5.9. 
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Added mass and mass of connectors substituted into equations lumped mass matrix to 

determine the total effective mass matrices of Lexan, Printed, and Acetate, which can 

be respectively seen in equations 5.10, 5.11, and 5.12.   
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Secondly, damping matrices are calculated by substituting the values of Table 5.3, 

lumped effective mass matrices, and coupled effective mass matrices into equation 

4.35. Damping matrices of Lexan, Printed, and Acetate from lumped mass matrices 

are shown in equations: 
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π π π π π π π ρ π π
π π π π π π π π ρ π
π π π π π π π π π πȢυỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (5.15) 

Damping matrices of Lexan, Printed, and Acetate from coupled mass matrices are 

shown in equations: 

πȢπςυ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ πȢππρ π π π π π π π π
πȢππρ ρ πȢππρ π π π π π π π
π πȢππρ ρ πȢππρ π π π π π π
π π πȢππρ ρ πȢππρ π π π π π
π π π πȢππρ ρ πȢππρ π π π π
π π π π πȢππρ ρ πȢππρ π π π
π π π π π πȢππρ ρ πȢππρ π π
π π π π π π πȢππρ ρ πȢππρ π
π π π π π π π πȢππρ ρ πȢππρ
π π π π π π π π πȢππρπȢυỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (5.16) 
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πȢπσπ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ πȢππρ π π π π π π π π
πȢππρ ρ πȢππρ π π π π π π π
π πȢππρ ρ πȢππρ π π π π π π
π π πȢππρ ρ πȢππρ π π π π π
π π π πȢππρ ρ πȢππρ π π π π
π π π π πȢππρ ρ πȢππρ π π π
π π π π π πȢππρ ρ πȢππρ π π
π π π π π π πȢππρ ρ πȢππρ π
π π π π π π π πȢππρ ρ πȢππρ
π π π π π π π π πȢππρπȢυỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (5.17) 

πȢπχ
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Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ πȢππρ π π π π π π π π
πȢππρ ρ πȢππρ π π π π π π π
π πȢππρ ρ πȢππρ π π π π π π
π π πȢππρ ρ πȢππρ π π π π π
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π π π π π πȢππρ ρ πȢππρ π π
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π π π π π π π π πȢππρπȢυỨ
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ủ
ủ
ủ
ủ
ủ
ủ
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 (5.18) 

Lastly, global stiffness matrices are calculated by substituting the values of Table 5.2 

into equations mentioned in the derivation of stiffness matrices section, which declares 

the stiffness matrix of plates. Stiffness matrices which are calculated from the inverse 

of flexibility method with using equation 4.53 for Lexan type, Printed type, and 

Acetate type, can be seen in equations, respectively.  

ρσςφȢρ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
σρτ ρωψ χω ςρ υ ρ ρ ρ π π

ςτυ ρψπ χυ ςπ υ ς ρ π π
ςτπ ρχψ χυ ςπ υ ς ρ π

ςτπ ρχψ χυ ςπ υ ρ π
ςτπ ρχψ χυ ςπ υ ρ

ςτπ ρχψ χυ ρψ σ
ίώάȢ ςσψ ρχχ φω ρς

ςσσ ρυψττ
ρφυ φρ

ςχỨ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (5.19) 

τχψȢςχ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
σρτ ρωψ χω ςρ υ ρ ρ ρ π π

ςτυ ρψπ χυ ςπ υ ς ρ π π
ςτπ ρχψ χυ ςπ υ ς ρ π

ςτπ ρχψ χυ ςπ υ ρ π
ςτπ ρχψ χυ ςπ υ ρ

ςτπ ρχψ χυ ρψ σ
ίώάȢ ςσψ ρχχ φω ρς

ςσσ ρυψττ
ρφυ φρ

ςχỨ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (5.20) 
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ρωȢπω

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
σρτ ρωψ χω ςρ υ ρ ρ ρ π π

ςτυ ρψπ χυ ςπ υ ς ρ π π
ςτπ ρχψ χυ ςπ υ ς ρ π

ςτπ ρχψ χυ ςπ υ ρ π
ςτπ ρχψ χυ ςπ υ ρ

ςτπ ρχψ χυ ρψ σ
ίώάȢ ςσψ ρχχ φω ρς

ςσσ ρυψττ
ρφυ φρ

ςχỨ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (5.21) 

Calculated global stiffness matrix from finite element method using the equation 4.56 

from the parameters seen in Table 5.2, for Lexan type, Printed type and Acetate type 

can be seen in equations respectively.  

 ςφυȢςὼρπ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ς ρ π π π π π π π π
ρ ς ρ π π π π π π π
π ρ ς ρ π π π π π π
π π ρ ς ρ π π π π π
π π π ρ ς ρ π π π π
π π π π ρ ς ρ π π π
π π π π π ρ ς ρ π π
π π π π π π ρ ς ρ π
π π π π π π π ρ ς ρ
π π π π π π π π ρ ςỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 (5.22) 
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 (5.24) 
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Calculated global stiffness matrix from spring-mass method with using the equation 

4.60 from the parameters which can be seen in Table 5.2, for Lexan type, Printed type 

and Acetate type can be seen in equations respectively. 

 ςȢςρὼρπ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ς ρ π π π π π π π π
ρ ς ρ π π π π π π π
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π π ρ ς ρ π π π π π
π π π ρ ς ρ π π π π
π π π π ρ ς ρ π π π
π π π π π ρ ς ρ π π
π π π π π π ρ ς ρ π
π π π π π π π ρ ς ρ
π π π π π π π π ρ ρỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
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 (5.25) 
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 (5.27) 

5.2.1.2. Mathematical proof of matrices for Lexan type plate 

The natural frequency of the system is calculated with obtained mass and stiffness 

matrices equation 4.62 and equation 4.64. PATRAN and ABAQUS software are used 

for modelling the system to observe the free vibration. The system is modelled as plate 

and beam with finite element software.  
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Natural frequency values of the Lexan type plate are shown in Table 5.7. Natural 

frequency for plate eliminated into two values due to the degrees of freedom which is 

in the component of bending and buckling of x-axis and y-axis. 

Table 5.7: Lexan Natural Frequency for Free Vibration.  

Calculation 

Methodology 

1st Natural 

Frequency 

(Hz) 

2nd Natural 

Frequency 

(Hz) 

3rd Natural 

Frequency 

(Hz) 

4th Natural 

Frequency 

(Hz) 

 1st Natural 

Frequency 

Error (%)  

Analytical 20.58 129.03 361.30 707.95 - 

PATRAN Plate 

Model 
22.45 139.39 - - 9.09 

PATRAN Beam 

Model 
20.98 131.47 368.06 721.37 1.94 

ABAQUS Plate 

Model 
22.48 142.80 - - 9.23 

ABAQUS Beam 

Model 
20.89 129.72 360.66 702.68 1.51 

Inverse of 

Flexibility 

Matrix 

20.48 126.97 351.97 682.54 0.49 

MATLAB -FEM 20.57 128.76 359.85 704.76 0.05 

Spring-Mass 14.98 151.18 299.28 441.29 27.21 

In addition to calculating the natural frequencies, mode shapes obtained from matrices 

are similar for each type of matrices. The first mode shape for the Lexan plate can be 

seen in Figure 5.5, obtained by the plate model of PATRAN.  

 

Figure 5.5: Mode Shape of Lexan, which Modelled as Plate by PATRAN. 

The first and second mode shapes for Lexan plate can be seen in Figure 5.6 and Figure 

5.7, obtained by the beam model of PATRAN. 
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Figure 5.6: 1st Mode Shape of Lexan, which Modelled as Beam by PATRAN. 

 

Figure 5.7: 2nd Mode Shape of Lexan, which Modelled as Beam by PATRAN. 

The first and second mode shapes for the Lexan plate can be seen in Figure 5.8 and 

Figure 5.9, obtained by the plate model of ABAQUS.  

 

Figure 5.8: Mode Shape of Lexan, which Modelled as Plate by ABAQUS. 

 

Figure 5.9: Mode Shape of Lexan, which Modelled as Plate by ABAQUS. 

The first and second mode shapes for the Lexan plate can be seen in Figure 5.10 and 

Figure 5.11, obtained by the beam model of ABAQUS. 
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Figure 5.10: 1st Mode Shape of Lexan, which Modelled as Beam by ABAQUS. 

 

Figure 5.11: 2nd Mode Shape of Lexan, which Modelled as Beam by ABAQUS. 

The first and second mode shapes for Lexan plate can be seen in Figure 5.12 obtained 

by matrices. 

 

Figure 5.12: 1st and 2nd Mode Shapes of Lexan Plate obtained by matrices. 

Mode shapes and natural frequencies are similar in all calculation methodologies; thus, 

matrices are verified. Natural frequencies are calculated and compared, substituting 

the total effective mass of motion and flow, as can be seen in Table 5.8.  

Table 5.8: Natural Frequencies with Flow for Lexan Type Plate 

Calculation 

Methodology 

Experimental 

Study 

Inverse of 

Flexibility 

Matrix  

MATLAB -

FEM 

Spring-

Mass 

Frequency 

(Hz) 
2.26 2.39 2.18 2.48 
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5.2.1.3. Curve Fitting Applications 

In this chapter of the thesis, the results of the image process and the fitted curve will 

be explained. Raw data were filtered as mentioned in the section of image processing. 

Curve fitted on the filtered data where curve fitting error is calculated for optimizing 

the fitted curve by applying equation 3.8, can be seen in Table 5.9: 

Table 5.9: Optimization of Curve Fitting 

Degree of 

Polynomial (#) 

Error of Mean Position 

Deviation (%) 

Error of Max Position 

Deviation (%) 

1 0.638 4.999 

2 0.149 3.120 

3 0.131 2.855 

4 0.088 2.267 

5 0.078 2.438 

6 0.069 2.001 

7 0.071 1.702 

8 0.072 1.511 

9 0.067 0.981 

According to Table 5.5, curve fit is optimized at 9th-degree polynomial in terms of 

mean position deviation error and maximum position error, which is selected as a best-

fitted curve for calculations. Raw data and fitted curves can be seen in Figure 5.13.  

 

Figure 5.13: Raw data and fitted curve for one period of 3D Printed type plate 

f=0.75 Hz, a=40 mm. 

The fitted curve is divided into ten parts with 11 nodes and ten measurement stations 

to observe the force distribution, as shown in Figure 5.14. 

 

Figure 5.14: Measurement Stations for an image. 
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Node with the number zero refers to the point where the plate is fixed to the motion 

system, which is not included in the calculations. Displacement of the nodes is used to 

analyze the equation of motions for nodes. The displacement of nodes are determined 

for 25 cycles as shown in Figure 5.15. 

 

Figure 5.15: Displacement of Nodes of 3D Printed plate during the experiment. 

The periods which have erroneous data are not included in the calculation, and 

uninterrupted, continuous cycles where a whole period can be examined are selected. 

5.2.2. Image process and force calculation of printed plate 

In this section of the thesis, the application of the image process and force distribution 

calculation on the Printed wing will be explained. Cases, in which errors are observed 

and successful results, are shown in Table 5.10. Successfully calculated cases are 

marked with the sign ñ+ò and inaccurate cases are marked with ñ-ò with the comment 

and reason.  
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Table 5.10: Investigated Cases 

f (Hz) A (mm) PRINTED Reason 

0.25 5 - The calculated total force is seven times 

higher than the experimental study. 

0.25 10 - The calculated total force is seven times 

higher than the experimental study. 

0.25 20 - The calculated total force is seven times 

higher than the experimental study. 

0.25 40 - The calculated total force is ten times higher 

than the experimental study 

0.25 60 - The calculated total force is ten times higher 

than the experimental study 

0.5 5 - The calculated total force is three times 

higher than the experimental study. 

0.5 10 - The calculated total force is three times 

higher than the experimental study. 

0.5 20 - The calculated total force is three times 

higher than the experimental study. 

0.5 40 - The calculated total force is three times 

higher than the experimental study 

0.75 5 - The calculated total force is two times 

higher than the experimental study. 

0.75 10 + 
 

0.75 20 + 
 

0.75 40 + 
 

1 5 + 
 

1 10 + 
 

1 20 + 
 

1.25 5 + 
 

1.25 10 + 
 

1.25 20 + 
 

1.5 5 + 
 

1.5 10 + 
 

1.75 5 + 
 

1.75 10 + 
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5.2.2.1. Printed plate with 1 Hz frequency and 5 mm amplitude 

Fitted curves and raw data per periods of 3D printed plate with 1 Hz frequency and 5 

mm amplitude can be seen in Figure 5.16.  

 

Figure 5.16: Fitted curve for 3D Printed plate f=1 Hz and a=5 mm. 

As seen in Figure 5.17, maximum deflection ratio according to displacement and 

thickness is calculated as ‏ὼ=11.28. 

 

Figure 5.17: Deflection ratio for 3D Printed plate f=1 Hz and a=5 mm. 

Value of the maximum force and trends are similar for the experimental study and 

MATLAB -FEM method; however, phase difference can be seen in Figure 5.18.  



71 

 

Figure 5.18: Comparison of the total force for case 3D Printed plate f=1 Hz and a=5 

mm. 

According to calculations, undeformed position of the plate, deflection of the plate and 

force distribution on the plate with respect to time of the maximum force can be seen 

in Figure 5.19, Figure 5.20 and Figure 5.21.  

 

Figure 5.19: Deflection and force distribution for case 3D Printed f=1 Hz and a=5 

mm according to MATLAB-FEM. 
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Figure 5.20: Deflection and force distribution for case 3D Printed f=1 Hz and a=5 

mm according to Inverse of Flexibility Method. 

 

Figure 5.21: Deflection and force distribution for case 3D Printed f=1 Hz and a=5 

mm according to Spring-Mass Method. 

As seen in figures, time and the shape of the maximum force occurs different due to 

phase difference between methodologies. Results of the calculation can be seen in 

Table 5.11 
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Table 5.11: Results for case 3D Printed f=1 Hz and a=5 mm. 

Method 
Maximum 

Force (N) 

Maximum 

Force 

Error (%) 

Normalized 

Time of 

Maximum 

Force 

Time 

Percentage 

Error in a 

Period 

(%) 

Experimental 0.380 - 0.125 - 

Inverse of 

Flexibility  
0.303 20.21 0.328 20.30 

MATLAB -

FEM 
0.280 26.26 0.041 8.40 

Spring-Mass 0.304 19.88 0.376 25.10 

5.2.2.2. Printed plate with 1.25 Hz frequency and 5 mm amplitude 

The time between images is equal to 0.1 second with ninth degree polynomial curve 

fitted. Fitted curves and raw data per periods are matched as seen in Figure 5.22. 

 

Figure 5.22: Fitted curve for 3D Printed plate f=1.25 Hz and a=5 mm. 

As seen in Figure 5.23, trailing edge deflection ratio according to displacement and 

thickness is calculated as ‏ὼ=16.58. 

 

Figure 5.23: Deflection ratio for 3D Printed plate f=1.25 Hz and a=5 mm. 
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Comparison of different methods with experimental data for the case of f=1.25 Hz and 

a=5 mm are shown in figure 5.24.  

 

Figure 5.24: Comparison of the total force for case 3D Printed f=1.25 Hz and a=5 

mm. 

According to calculations, undeformed position of the plate, deflection of the plate and 

force distribution on the plate with respect to time of the maximum force can be seen 

in Figure 5.25, Figure 5.26 and Figure 5.27.  

 

Figure 5.25: Deflection and force distribution for case 3D Printed f=1.25 Hz and 

a=5 mm according to MATLAB-FEM. 
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Figure 5.26: Deflection and force distribution for case 3D Printed f=1.25 Hz and 

a=5 mm according to Inverse of Flexibility Method. 

 

Figure 5.27: Deflection and force distribution for case 3D Printed f=1.25 Hz and 

a=5 mm according to Spring-Mass Method. 

As seen in figures, time and the shape of the maximum force occurs different due to 

phase difference between methodologies. Results of the calculation can be seen in 

Table 5.12 
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Table 5.12: Results for case 3D Printed f=1.25 Hz and a=5 mm. 

Method 
Maximum 

Force (N) 

Maximum 

Force 

Error (%) 

Normalized 

Time of 

Maximum 

Force 

Time 

Percentage 

Error in a 

Period 

(%) 

Experimental 0.555 - 0.180 - 

Inverse of 

Flexibility  
0.437 21.38 0.215 3.50 

MATLAB -

FEM 
0.454 18.31 0.166 1.40 

Spring-Mass 0.136 75.57 0.377 19.70 

5.2.2.3. Printed plate with 1.5 Hz frequency and 5 mm amplitude 

In this case 3D Printed plate with 5 mm amplitude and 1.5 Hz frequency is observed. 

Result of the curve fitting can be seen in Figure 5.28 

 

Figure 5.28: Fitted curve for 3D Printed plate f=1.5 Hz and a=5 mm. 

Maximum deflection ratio according to displacement and thickness is calculated as 

 ὼ=19.58 as shown in Figure 5.29‏

 

Figure 5.29: Deflection ratio for 3D Printed plate f=1.5 Hz and a=5 mm. 
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In this case trend of the force is similar, however peak values are different between 

methodologies compared to the experimental study as shown in Figure 5.30.  

 

Figure 5.30: Comparison of the total force for case 3D Printed f=1.5 Hz and a=5 

mm. 

According to calculations, undeformed position of the plate, deflection of the plate and 

force distribution on the plate with respect to time of the maximum force can be seen 

in Figure 5.31, Figure 5.32 and Figure 5.33.  

 

Figure 5.31: Deflection and force distribution for case 3D Printed f=1.5 Hz and a=5 

mm according to MATLAB-FEM. 
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Figure 5.32: Deflection and force distribution for case 3D Printed f=1.5 Hz and a=5 

mm according to Inverse of Flexibility Method. 

 

Figure 5.33: Deflection and force distribution for case 3D Printed f=1.5 Hz and a=5 

mm amplitude according to Spring-Mass Method. 

As seen in figures, time and the shape of the maximum force occurs different due to 

phase difference between methodologies. Results of the calculation can be seen in 

Table 5.13 
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Table 5.13: Results for case 3D Printed f=1.5 Hz and a=5 mm. 

Method 
Maximum 

Force (N) 

Maximum 

Force 

Error (%) 

Normalized 

Time of 

Maximum 

Force 

Time 

Percentage 

Error in a 

Period (%) 

Experimental 0.621 - 0.250 - 

Inverse of 

Flexibility  
0.481 22.49 0.261 1.10 

MATLAB -

FEM 
0.531 14.43 0.255 0.50 

Spring-Mass 0.341 45.13 0.253 0.30 

5.2.2.4. Printed plate with 1.75 Hz frequency and 5 mm amplitude 

In this case, frequency is equal to 1.75 Hz and amplitude is 5 mm. Fitted curves and 

raw data per periods can be seen in Figure 5.34. Time between images is 0.071 s. 

Errors can be observed between the nodes 2 and 4. 

 

Figure 5.34: Fitted curve for 3D Printed plate f=1.75 Hz and a=5 mm. 

As seen in Figure 5.35, maximum deflection ratio according to displacement and 

thickness is calculated as ‏ὼ=20.88. 
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Figure 5.35: Deflection ratio for 3D Printed plate f=1.75 Hz and a=5 mm. 

Value of the maximum force and trends are similar for the experimental study and 

MATLAB -FEM method as seen in Figure 5.35.  

 

Figure 5.36: Comparison of the total force for case 3D Printed f=1.75 Hz and a=5 

mm. 

According to calculations, undeformed position of the plate, deflection of the plate and 

force distribution on the plate with respect to time of the maximum force can be seen 

in Figure 5.37, Figure 5.38 and Figure 5.39.  
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Figure 5.37: Deflection and force distribution for case 3D Printed 1 f=1.75 Hz and 

a=5 mm according to MATLAB-FEM. 

 

Figure 5.38: Deflection and force distribution for case 3D Printed f=1.75 Hz and 

a=5 mm according to Inverse of Flexibility Method. 
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Figure 5.39: Deflection and force distribution for case 3D Printed f=1.75 Hz and 

a=5 mm according to Spring-Mass Method. 

As seen in figures, time and the shape of the maximum force occurs different due to 

phase difference between methodologies. Results of the calculation can be seen in 

Table 5.14. 

Table 5.14: Results for case 3D Printed f=1.75 Hz and a=5 mm. 

Method 
Maximum 

Force (N) 

Maximum 

Force 

Error (%) 

Normalized 

Time of 

Maximum 

Force 

Time 

Percentage 

Error in a 

Period 

(%) 

Experimental 0.576 - 0.269 - 

Inverse of 

Flexibility  
0.245 57.42 0.256 1.30 

MATLAB -

FEM 
0.514 10.85 0.264 0.50 

Spring-Mass 0.167 71.06 0.250 1.90 

Error for the time is acceptable for all the methodologies, however accuracy is low 

except finite element methodology by MATLAB as seen in Table 5.14.  
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5.2.2.5. Printed plate with 0.75 Hz frequency and 10 mm amplitude 

The position of force sensor during the motion is calculated where time between 

images is equal to 0.167 second with ninth degree polynomial curve fitted. Fitted 

curves and raw data per periods are matched as seen in Figure 5.40. Errors can be 

observed between the nodes 2 and 4. 

 

Figure 5.40: Fitted curve for 3D Printed plate f=0.75 Hz and a=10 mm. 

Maximum force occurs where the deflection ratio is highest. As seen in Figure 5.41, 

maximum deflection ratio according to displacement and thickness is calculated as 

 .ὼ=11.89‏

 

Figure 5.41: Deflection ratio for 3D Printed plate f=0.75 Hz and a=10 mm. 

Value of the maximum force and trends are similar for the experimental study and 

MATLAB -FEM method as shown in Figure 5.42.  
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Figure 5.42: Comparison of the total for 3D Printed plate f=0.75 Hz and a=10 mm. 

According to calculations, undeformed position of the plate, deflection of the plate and 

force distribution on the plate with respect to time of the maximum force can be seen 

in Figure 5.43, Figure 5.44 and Figure 5.45.  

 

Figure 5.43: Deflection and force distribution for case 3D Printed f=0.75 Hz and 

a=10 mm according to MATLAB-FEM. 



85 

 

Figure 5.44: Deflection and force distribution for case 3D Printed f=0.75 Hz and 

a=10 mm according to Inverse of Flexibility Method. 

 

Figure 5.45: Deflection and force distribution for case 3D Printed f=0.75 Hz and 

a=10 mm according to Spring-Mass Method. 

As seen in figures, time and the shape of the maximum force occurs different due to 

phase difference between methodologies. Results of the calculation can be seen in 

Table 5.15. All methodologies have low accuracy for this case. 
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Table 5.15: Results for case 3D Printed f=0.75 Hz and a=10 mm. 

Method 
Maximum 

Force (N) 

Maximum 

Force 

Error (%) 

Normalized 

Time of 

Maximum 

Force 

Time 

Percentage 

Error in a 

Period 

(%) 

Experimental 0.411  0.111 - 

Inverse of 

Flexibility  
0.577 40.57 0.172 6.10 

MATLAB -

FEM 
0.371 9.74 0.126 1.50 

Spring-Mass 0.527 28.44 0.194 8.30 

5.2.2.6. Printed plate with 1 Hz frequency and 10 mm amplitude 

The period of oscillation with ninth degree polynomial curve fitted can be seen in 

Figure 5.46. 

 

Figure 5.46: Fitted curve for 3D Printed plate f=1 Hz and a=10 mm. 

As seen in Figure 5.47, trailing edge deflection ratio according to displacement and 

thickness is calculated as ‏ὼ=21.09. 



87 

 

Figure 5.47: Deflection ratio for 3D Printed plate f=1 Hz and a=10 mm. 

Value of the maximum force and trends are similar for the experimental study and 

MATLAB -FEM method as shown in Figure 5.48.  

 

Figure 5.48: Comparison of the total force for case 3D Printed f=1 Hz and a=10 

mm. 

According to calculations, undeformed position of the plate, deflection of the plate and 

force distribution on the plate with respect to time of the maximum force can be seen 

in Figure 5.49, Figure 5.50 and Figure 5.51.  
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Figure 5.49: Deflection and force distribution for case 3D Printed f=1 Hz and a=10 

mm according to MATLAB-FEM. 

 

Figure 5.50: Deflection and force distribution for case 3D Printed f=1 Hz and a=10 

mm according to Inverse of Flexibility Method. 
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Figure 5.51: Deflection and force distribution for case 3D Printed f=1 Hz and a=10 

mm according to Spring-Mass Method. 

As seen in figures, time and the shape of the maximum force occurs different due to 

phase difference between methodologies. Results of the calculation can be seen in 

Table 5.16. 

Table 5.16: Results for case 3D Printed f=1 Hz and a=10 mm. 

Method 
Maximum 

Force (N) 

Maximum 

Force 

Error (%) 

Normalized 

Time of 

Maximum 

Force 

Time 

Percentage 

Error in a 

Period 

(%) 

Experimental 0.748 - 0.151 - 

Inverse of 

Flexibility  
0.514 31.33 0.309 15.80 

MATLAB -

FEM 
0.689 7.94 0.112 3.90 

Spring-Mass 0.459 38.69 0.376 22.50 

5.2.2.7. Printed plate with 1.25 Hz frequency and 10 mm amplitude 

The time between images is equal to 0.1 second with ninth degree polynomial curve 

fitted. Fitted curves and raw data per periods are matched as seen in Figure 5.52. 
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Figure 5.52: Fitted curve for 3D Printed plate f=1.25 Hz and a=10 mm. 

As seen in Figure 5.53, trailing edge deflection ratio according to displacement and 

thickness is calculated as ‏ὼ=28.84. 

 

Figure 5.53: Deflection ratio for 3D Printed plate f=1.25 Hz and a=10 mm. 

Value of the maximum force and trends are similar for the experimental study and 

MATLAB -FEM method as shown in Figure 5.54. Time of the maximum force is 

similar for experimental result, MATLAB-FEM and inverse of flexibility method 
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Figure 5.54: Comparison of the total force for case 3D Printed f=1.25 Hz and a=10 

mm. 

According to calculations, undeformed position of the plate, deflection of the plate and 

force distribution on the plate with respect to time of the maximum force can be seen 

in Figure 5.55, Figure 5.56 and Figure 5.57.  

 

Figure 5.55: Deflection and force distribution for case 3D Printed f=1.25 Hz and 

a=10 mm according to MATLAB-FEM. 
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Figure 5.56: Deflection and force distribution for case 3D Printed f=1.25 Hz and 

a=10 mm according to Inverse of Flexibility Method. 

 

Figure 5.57: Deflection and force distribution for case 3D Printed f=1.25 Hz and 

a=10 mm according to Spring-Mass Method. 

As seen in figures, time and the shape of the maximum force occurs different due to 

phase difference between methodologies. Results of the calculation can be seen in 

Table 5.17. 
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Table 5.17: Results for case 3D Printed f=1.25 Hz and a=10 mm. 

Method 
Maximum 

Force (N) 

Maximum 

Force 

Error (%) 

Normalized 

Time of 

Maximum 

Force 

Time 

Percentage 

Error in a 

Period 

(%) 

Experimental 0.999 - 0.193 - 

Inverse of 

Flexibility  
0.721 27.82 0.216 2.30 

MATLAB -

FEM 
0.919 7.99 0.208 1.50 

Spring-Mass 0.182 81.76 0.376 18.30 

5.2.2.8. Printed plate with 1.5 Hz frequency and 10 mm amplitude 

In this case plate with 10 mm amplitude and 1.5 Hz frequency where the time between 

the image process is 0.084 s, is presented. Result of the curve fitting can be seen in 

Figure5.58 

 

Figure 5.58: Fitted curve for 3D Printed plate f=1.5 Hz and a=10 mm. 

Force and deflection ratio graphs are similar. Maximum force occurs where the 

deflection ratio is highest. As seen in Figure 5.59, maximum deflection ratio according 

to displacement and thickness is calculated as ‏ὼ=32.94. 
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Figure 5.59: Deflection ratio for 3D Printed plate f=1.5 Hz and a=10 mm. 

Results of experimental study and MATLAB-FEM method are similar. Values of 

spring-mass method and inverse of flexibility methos are half of the experimental peak 

as shown in Figure 5.60.  

 

Figure 5.60: Comparison of the total force for case 3D Printed f=1.5 Hz and a=10 

mm. 

According to calculations, undeformed position of the plate, deflection of the plate and 

force distribution on the plate with respect to time of the maximum force can be seen 

in Figure 5.61, Figure 5.62 and Figure 5.63.  
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Figure 5.61: Deflection and force distribution for case 3D Printed f=1.5 Hz and 

a=10 mm according to MATLAB-FEM. 

 

Figure 5.62: Deflection and force distribution for case 3D f=1.5 Hz and a=10 mm 

amplitude according to Inverse of Flexibility Method. 
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Figure 5.63: Deflection and force distribution for case 3D Printed f=1.5 Hz and 

a=10 mm according to Spring-Mass Method 

As seen in figures, time and the shape of the maximum force occurs different due to 

phase difference between methodologies. Results of the calculation can be seen in 

Table 5.18 

Table 5.18: Results for case 3D Printed f=1.5 Hz and a=10 mm. 

Method 
Maximum 

Force (N) 

Maximum 

Force 

Error (%) 

Normalized 

Time of 

Maximum 

Force 

Time 

Percentage 

Error in a 

Period 

(%) 

Experimental 1.080 - 0.250 - 

Inverse of 

Flexibility  
0.701 35.13 0.261 1.10 

MATLAB -

FEM 
1.064 1.55 0.255 0.50 

Spring-Mass 0.620 42.57 0.253 0.30 

Results of the finite element method is accurate in terms of force and time. Inverse of 

flexibility method and spring-mass method are not accurate for the force values.  
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5.2.2.9. Printed plate with 1.75 Hz frequency and 10 mm amplitude 

The position of force sensor during the motion is calculated where time between 

images process data is equal to 0.072 second with ninth degree polynomial curve fitted 

as shown in Figure 5.64. In this case axis of the image is opposite of the other cases. 

 

Figure 5.64: Fitted curve for 3D Printed plate f=1.75 Hz and a=10 mm. 

Maximum force occurs where the deflection ratio is highest for MATLAB finite 

element method. As seen in Figure 5.65, maximum deflection ratio according to 

displacement and thickness is calculated as ‏ὼ=35.06. 

 

Figure 5.65: Deflection ratio for 3D Printed plate f=1.75 Hz and a=10 mm. 

Time of the maximum force peak for different methodologies are similar with 

experimental study. Values of spring-mass method and inverse of flexibility methods 

are less than the half of the experimental peak as shown in Figure 5.66.  
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Figure 5.66: Comparison of the total force for case 3D Printed f=1.75 Hz and a=10 

mm. 

According to calculations, undeformed position of the plate, deflection of the plate and 

force distribution on the plate with respect to time of the maximum force can be seen 

in Figure 5.67, Figure 5.68 and Figure 5.69.  

 

Figure 5.67: Deflection and force distribution for case 3D Printed 1 f=1.75 Hz and 

a=10 mm according to MATLAB-FEM. 
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Figure 5.68: Deflection and force distribution for case 3D Printed f=1.75 Hz and 

a=10 mm according to Inverse of Flexibility Method. 

 

Figure 5.69: Deflection and force distribution for case 3D Printed f=1.75 Hz and 

a=10 mm according to Spring-Mass Method. 

As seen in figures, time and the shape of the maximum force occurs different due to 

phase difference between methodologies. Results of the calculation can be seen in 

Table 5.19. 
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Table 5.19: Results for case 3D Printed f=1.75 Hz and a=10 mm. 

Method 
Maximum 

Force (N) 

Maximum 

Force 

Error (%) 

Normalized 

Time of 

Maximum 

Force 

Time 

Percentage 

Error in a 

Period 

(%) 

Experimental 1.046 - 0.269 - 

Inverse of 

Flexibility  
0.373 64.39 0.229 4.00 

MATLAB -

FEM 
1.117 6.73 0.254 1.50 

Spring-Mass 0.294 71.86 0.250 1.90 

Result accuracy of the finite element method is acceptable. Inverse of flexibility 

method and spring-mass method are not accurate for the force values.  

5.2.2.10. Printed plate with 0.75 Hz frequency and 20 mm amplitude 

The position of force sensor during the motion is calculated where time between 

images is equal to 0.167 second with ninth degree polynomial curve fitted. Fitted 

curves and raw data per periods are matched as seen in Figure 5.70. 

 

Figure 5.70: Fitted curve for 3D Printed plate f=0.75 Hz and a=20 mm. 

As seen in Figure 5.71, trailing edge deflection ratio according to displacement and 

thickness is calculated as ‏ὼ=25.21. 
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Figure 5.71: Deflection ratio for 3D Printed plate f=0.75 Hz and a=20 mm. 

All calculation methodologies are accurate when compared with experimental study 

as shown in Figure 5.72.  

 

Figure 5.72: Comparison of the total force for case 3D Printed f=0.75 Hz and a=20 

mm. 

According to calculations, undeformed position of the plate, deflection of the plate and 

force distribution on the plate with respect to time of the maximum force can be seen 

in Figure 5.73, Figure 5.74 and Figure 5.75.  


















































