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ix



x



TABLE OF CONTENTS

Page

FOREWORD........................................................................................................... ix
TABLE OF CONTENTS........................................................................................ xi
ABBREVIATIONS ................................................................................................. xiii
SUMMARY ............................................................................................................. xv
ÖZET .......................................................................................................................xvii
1. INTRODUCTION .............................................................................................. 1
2. SOME ALGEBRAIC DETAILS ....................................................................... 9

2.1 Algebra ........................................................................................................... 9
2.1.1 Postulate A.............................................................................................. 9
2.1.2 Postulate B.............................................................................................. 10
2.1.3 Postulate C.............................................................................................. 10

2.2 Lie Algebra..................................................................................................... 11
3. THE BLG THEORY .......................................................................................... 15

3.1 A Brief Introduction to The Basics of The BLG Theory ............................... 15
3.2 Gauge Symmetry and Supersymmetry of Multiple M2-Branes..................... 18

3.2.1 Gauging the symmetry ........................................................................... 18
3.2.2 Supersymmetrizing gauged theory ......................................................... 22

3.2.2.1 The closure of scalars ...................................................................... 23
3.2.2.2 The closure of spinors...................................................................... 24
3.2.2.3 The closure of the gauge field.......................................................... 30
3.2.2.4 Bosonic equation of motion............................................................. 31

4. M5-BRANE ATTEMPT FOR THE EXTENSION OF THE BLG THEORY
FORMULATION.................................................................................................... 37

4.1 Abelian (2,0) Tensor Multiplets with 3-Algebras........................................... 39
4.1.1 Closure on X I .......................................................................................... 39
4.1.2 Closure on Ψ .......................................................................................... 40
4.1.3 Closure on Hµνλ .................................................................................... 43

4.2 Non-Abelian (2,0) Tensor Multiplets with 3-Algebras .................................. 45
4.2.1 Closure on X I

A ......................................................................................... 45
4.2.2 Closure on Cµ

A ......................................................................................... 46
4.2.3 Closure on ÃB
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NON-ASSOCIATIVE GAUGE THEORY

SUMMARY

There had been no known Lagrangian description of multiple M2-branes before
Bagger and Lambert presented an alternative approach to this system using a new kind
of symmetry structure, so called Lie 3-algebra. The multiple M2-branes revolution
started in 2007 with a series three papers presented by Jonathan Bagger & Neil
Lambert [1–3] and also independtly by Andreas Gustavsson [4]. Motivated by Basu &
Harvey [5] proposal, they present a three dimensional N=2 supersymmetric action for
the scalar-spinor sector of multiple M2-brane worlvolume theory. In other words, they
construct a unique 3 dimensional supersymmetric field theory that is consistent with all
the symmetries expected of a multiple M2-brane theory: maximal supersymmetry (16
supersymmetries), conformal invariance and an SO(8) R-symmetry acts on the eight
transverse scalars. They first described the supersymmetry transformations of multiple
M2-branes and then argued that the M2-brane coordinates are naturally elements of
a non-associative algebra. Their field theory model is based on such an algebra
with a totally antisymmetric triple product and they have succeeded in formulating
Lagrangian description for multiple M2-branes in terms of this product.

Since there has been significant recent progress for multiple M2-branes worldvolume
theory, it is natural to wonder whether the results can be extended to multiple
M5-branes system [6–9]. For this purpose, Lambert & Papageorgakis proposed [10] an
ansatz to construct a Lie-3 algebra theory in six dimensions with (2,0) supersymmetry.
They consider the set of supersymmetry transformations for the abelian case first and
then propose a non-Abelian generalisation, resulting a system of equations of motion
that represent the (2,0) supersymmetric tensor multiplet.

In this thesis we study technical details of the Bagger-Lambert-Gustavsson theory and
its extension to the multiple M5-branes, a system of interacting M5-branes manifesting
(2,0) supersymmetry.

This thesis consists of five chapters:

In chapter 1, we give a brief introduction to M-theory, to some of the objects that are
relevant to its definition and historical progress of multiple M2-brane worldvolume
theory.

In chapter 2, we give some algebraic details of the Bagger-Lambert-Gustavsson
theory that is based on a nonassociative algebra called Lie-3 algebra, for which the
anti-symmetrized associator leads to a natural triple product structure.

In chapter 3, we present the basics of the Bagger-Lambert-Gustavsson theory. We
study how they gauge a symmetry that arises from the algebra’s triple product and
construct a supersymmetric multiple M2-branes worldvolume theory. We first consider
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a set of supersymmetry transformations postulated by Bagger & Lambert and check
the closures of them. We see that these supersymmetries close into translations and
gauge transformations with a set of equations of motion so that the superalgebra
closes " on shell " and all the equations of motions are invariant under supersymmetry
transformations. We end this chapter presenting a supersymmetric and gauge-invariant
Bagger & Lambert action that is consistent all expected continious symmetries.

In chapter 4, we discuss the extension of this model to multiple M5-branes theory
whose low energy dynamics are based on a theory in 6 dimensions with (2,0)
supersymmetry, SO(5) R-symmetry and conformal symmetry. We study Lambert
& Papageorgakis propasal in detail. We proceed by checking the closures of these
supersymmetry algebras for both Abelian and non-Abelian cases. The superalgebras
close ” on shell ”. The closures yield a set of equations of motion and a number
of constraints. In addition, the superalgebra for non-Abelian (2,0) tensor multiplets
in six dimensions close ” on shell ” up to translations and gauge transformations
in case the structure constants are the elements of a real 3-algebra. We end this
chapter reviewing the relation between 6 dimensional this theory and 5 dimensional
super Yang-Mills, in other words expanding it around a particular vacuum point how
it reduces to five dimensional super-Yang-Mills along with six-dimensional, Abelian
(2,0) tensor multiplets.

In chapter 5, we have collected some conclusions.

Finally, we end this study presenting three apendices; Notation & Convention, Fierz
reordering formulas and Gamma matrix identities used repeatedly in the thesis.
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BİRLEŞİMSİZ AYAR TEORİSİ

ÖZET

Evreni tek bir çerçeve içinde açıklayabilen tutarlı bir teorinin varlığı, modern fiziğin
yanıtını aradığı temel sorulardandır. M teori, böyle bir teoriye en muhtemel adaydır.
Beş farklı süpersicim teorisini ve onbir boyutlu süperçekim teorisini birleştiren başarılı
bir teoridir. Süpersicim teorileri ve onbir boyutlu süperçekim teorisi M teorinin farklı
limitlerdeki özel durumları olarak ele alınır.

M teorinin anlamlı olduğu onbir boyuttaki temel cisim zardır. Teoride sicimlerden
başka M2-zar, M5-zar, KK6-zar ve 9-zar gibi yüksek boyutlu nesnelerin de olduğu
ortaya konmuştur. Ayrıca üzerlerinde çok çalışılmış süpersicim teorilerinin üçünün de
(tip I, tip II-A, tip II-B) sicimlerin yanında D-zar olarak adlandırılan yüksek boyutlu
nesneler içerdikleri gösterilmiştir.

1995’den bu yana D-zarlar hakkında çok şey öğrenilmiştir. Tek bir D-zar için D-zar
üzerindeki teori, süpersimetrik Yang-Mills teorisidir. N tane kesişen D-zarı tanımlayan
teorisi ise Abelyan olmayan Born-Infeld teorisidir.

M-zarlar üzerindeki alan teorileri hakkında ise henüz yeterli bilgi bulunmamaktadır.
Tek bir M2-zarı ve tek bir M5-zarı tanımlayan eylem uzun zamandır bilinmektedir.
Fakat bu zarların üst üste dizildiği durumlar için eylem yazma işi, M teorinin ortaya
çıkışından bu yana problem olmuştur. Jonathan Bagger & Neil Lambert ve bağımsız
olarak Andreas Gustavsson, Lie-3 cebri formalizmi kullanarak çoklu M2-zarları için
eylem yazmayı başarmışlardır. Diğer bir ifade ile çoklu M2 zarları teorisi için üç
boyutlu, süpersimetrik bir alan teorisi yazmışlardır. Çoklu M5-zarları eylemi ise hala
gizemlidir.

Çoklu M-zarları dinamiği, çoklu D-zarları dinamiğine göre daha zordur. Fakat
sevindirici yanı, M-zarlar ile D-zarlar arasındaki benzerliklerdir. M2⊥M5 sistemi
D1⊥D3 sistemine benzerdir. M teorinin tip II-A süpersicim teorisinin şiddetli
çiftlenim limiti olarak düşünülmesi ile bu benzerlikler görülmüştür. İşte bu benzerlik
"D-zarlar hakkında bilinenler M-zarlara genelleştirilebilir mi?" sorusunu ortaya
çıkarmıştır.

Bu amaçla Basu & Harvey, D1⊥D3 ve M2⊥M5 sistemleri arasındaki dualite
ilişkisinden yola çıkarak, D1⊥D3 sistemini tanımlayan Nahm denklemini M2⊥M5
sistemi için genelleştirmeyi başarmışlardır. Elde ettikleri genelleştirilmiş bu denklem,
dörtlü Nambu parantezini içermektedir. Ardından, bu denklemin üçlü Lie parantezi
içeren bir eylemden türediği ortaya konmuştur. Bunun üzerine Bagger & Lambert
ve bağımsız olarak Gustavsson, Basu & Harvey’in çalışmalarından esinlenerek ve
Lie-3 cebri olarak adlandırılan bu yeni simetri yapısını kullanarak çoklu M2-zarları
için beklenen;
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• N=8 süpersimetri,

• SO(8) R-simetri,

• Konformal simetri

simetrilerine sahip, süpersimetrik ve ayar değişmez bir eylem yazmayı başarmışlardır.
Bu başarı, söz konusu teorinin çoklu M5-zarlarına genelleştirilmesi için yapılan yeni
girişimleri de beraberinde getirmiştir.

Bu tezde çoklu M2-zarları için sunulan Bagger-Lambert-Gustavsson teorisinin ve bu
teorinin çoklu M5-zarlarına uygulamasının teknik detayları üzerinde durulmuştur.

Tez, beş ana bölümden oluşur.

Birinci bölümde; M teori, teorinin ilişkili olduğu nesneler ve teorinin tarihsel
gelişiminden kısaca söz edilmiştir. Bagger-Lambert-Gustavsson teorisinin ve bu
teorinin çoklu M5-zarlarına uygulamasının motivasyonu sunulmuştur.

İkinci bölümde; teorinin dayandığı bazı cebirsel detaylar hakkında bilgi verilmiştir.
Teori, Lie-3 cebir yapısı üzerine kurulmuştur. Bu bölümde cebir, Lie cebir ve Lie-3
cebir yapıları sunulmuştur.

Üçüncü bölümde, Bagger-Lambert-Gustavsson modelinin temelleri sunulmuştur.
Çoklu M2-zarları için Bagger ve Lambert tarafından ortaya konan süpersimetri
dönüşümleri dikkate alınarak, ayar kuramının nasıl oluşturulduğu incelenmiştir.
Ardından ayar kuramının süpersimetrikleştirilmesi üzerinde durulmuştur. Süpersimetri
dönüşümleri alınarak cebrin sırası ile skaler alan, spinör alan ve ayar alanı
için kapalılığı kontrol edilmiştir. Bu süpercebrin ”on shell” olarak öteleme
ve ayar dönüşümlerine kapandığı görülmüştür, buradan hareket denklemleri elde
edilmiştir. Fermiyonik hareket denkleminin süper varyasyonu alınarak, bosonik
hareket denklemine ulaşılmıştır. Son olarak, beklenen simetrilere uygun, söz konusu
dönüşümler altında süpersimetrik ve ayar değişmez eylem sunularak üçüncü bölüm
sonlandırılmıştır.

Dördüncü bölümde, Bagger-Lambert-Gustavsson teorisinin sonuçlarının Lie-3 cebri
formalizmi ile çoklu M5-zarlarına genişletilmesi sunulmuştur. Altı boyutta çoklu
M5-zarlarından beklenen simetriler:

• (2,0) süpersimetri,

• SO(5) R-simetri,

• Konformal simetri

şeklindedir.

Bagger-Lambert-Gustavsson teorisinin çoklu M5-zarlarına uygulaması için Neil
Lambert ve Constantinos Papageorgakis, Lie-3 cebri yapısı ile altı boyutta (2,0)
süpersimetrik bir teori yazmışlardır. Bu modelin teknik detayları incelenmiş ve
sonuçları sunulmuştur. Altı boyutlu Abelyan (2,0) tensör multipletin kovaryant
süpersimetri dönüşümlerinden hareket edilerek, non-Abelyan durum için süpersimetri
dönüşümleri yazılmıştır ve cebrin kapalılığı her iki durum için kontrol edilmiştir.
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Süpercebir ”on shell” olarak kapanmıştır, buradan hareket denklemleri ve kısıtlar elde
edilmiştir. Non-Abelyan (2,0) tensör multipleti için süpersimetri dönüşümlerinin,
cebrin yapı sabitlerinin gerçel bir 3-cebrin elemanları olması durumunda, ”on shell”
olarak öteleme ve ayar dönüşümlerine kapandığı görülmüştür. Fermiyonik hareket
denkleminin süper varyasyonu alınarak bosonik hareket denklemi bulunmuştur.

Teorinin vakum noktası civarında açılması ile beş boyutlu süper-Yang-Mills teorisi ile
ilişkisi incelenmiş ve yorumlanmıştır.

Beşinci bölümde, sonuçlar sunulunmuştur.

Son olarak, tezde kullanılan notasyon, Fierz özdeşliği ve gamma matris özdeşlikleri ile
ilgili ekler verilerek çalışma sonlandırılmıştır.
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1. INTRODUCTION

The aim of this chapter is to give an introduction to M-theory, to some of the

objects that are relevant to its definition and historical progress of multiple M2-brane

worldvolume theory. We begin by reviewing the history of string theory.

There are two theories describing the universe. One is Einstein’s theory of General

Relativity which explains very large-scale behaviour of the cosmos and the other

is Quantum Mechanics, physics of the microcosm. Because both of these theories

describe the same universe, it should be possible to understand universe better when the

laws of universe can be combined in one theory. In other words, the most outstanding

problem of theoretical physics is to unify our picture of two fundamental theories.

This was Albert Einstein’s dream. He studied relentlessly for a so-called unified field

theory, a theory capable of describing nature’s forces within a single, all-encompassing

coherent framework, during the last years of his life but he never realised this dream

since a number of essential features of matter and the forces of nature were either

unknown or, at best, not well understood [11]. Neverthless, the physicists sustained

their studies for this purpose. However, they have inavoidably been riddled with

infinities or violoted some of the cherished princples of physics such as causality [12].

Superstring Theory (and its latest formulation M-theory) is the most promising hope

for a truly unified and finite theory [12]. It has been the leading candidate over the past

decades for a theory that consistently unifies all fundamental forces of nature, including

gravity and forms of matter [13,14]. It is a contender for a theory of everything (TOE).

It arose in the late 1960s with the name of string theory. But this attempt failed first

and the theory was replaced by QCD. It was posited later that the string theory is not

just a theory of strong interactions, but a theory incorparating all the forces of nature,

including gravity [15, 16].

This theory essentially based on fundamental one dimensional oscillating objects

called strings rather then point-like particles. The basic idea of the theory is that
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specific particles correspond to specific oscillation modes of the string [17]. This

view then developed to the superstring theory, including supersymmetry which is

a symmetry that relates bosons to fermions [18, 19]. Although supersymmetry is

initially discovered in the early 1970’s, we still don’t know how it plays a major

role in nature [20]. The discovery of this symmetry leads to the extension of the

theories such as string theories, quantum field theories. Theories admitting more than

one supersymmetry are known as extended SUSY theories [21]. The generators of

this symmetry forms an algebra called superalgebra, that is a super extension of the

Poincare Lie algebra [22,23]. Supersymmetry is required and is a generic feature of all

potentially realistic superstring theories [24]. The consistency of string theories with

fermions depends significantly on local supersymmetry. In the view of Superstring

theory all particles, which differ in spin and other quantum numbers are related by

a symmetry which reflects the properties of the string. So, it can be considered a

particular kind of particle theory in that it unites the particles in the same way that a

violin string provides a unified description of the musical tones [12].

It was discovered that quantum mechanical consistency of such a ten dimensional

theory with N=1 supersymmetry requires a local Yang-Mills gauge symmetry based

on one of two possible Lie algebras : SO (32) or E8 x E8. Only for these two cases

do certain quantum mechanical anomalies cancel. "When one uses the superstring

formalism for both left moving modes and right moving modes, the supersymmetries

associated with the left movers and the right movers can have either opposite

handedness or the same handedness. These two possibilities give different theories

called the type IIA and IIB superstring theories, respectively. A third possibility, called

the type I superstring theory can be derived from the type IIB theory by modding out by

its left-right symmetry, a procedure called orientifold projection. The type I and type

II superstring theories are described using formalism with world-sheet and space-time

supersymmetry, respectively. It is possible to use the formalism of the 26-dimensional

bosonic string for the left movers and the formalism of the 10-dimensional superstring

for the right movers. The string theories constructed in this way are called ”heterotic”.

The mismatch in space-time dimensions may sound strange but it is actually, exactly

what is needed. The extra 16 left moving dimensions must describe a torus with very

special properties to give a consistent theory .
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Altogether, there appear to be five distinct types of string theory, each in ten

dimensions. Three of them, the type I theory and the two heterotic theories, have N=1

supersymmetry in the ten dimensional sense. The minimal spinor in ten dimensions

has 16 real components, so these theories have 16 conserved supercharges. The type I

superstring theory has the gauge group SO (32), whereas the heterotic theories realize

both SO(32) and E8 x E8. Other two theories, type IIA and type IIB, have N=2

supersymmetry or equivalently 32 supercharges.

The realization that there are five different superstring theories was confusing. The

search for a single unified theory of all interactions and the attempts to unify gravity

and quantum mechanics had led to five different string theories. Definitely, there is

only one Universe , so it would be most satisfying if there were only one possible

unified theory. In the late 1980s it was realized that there is a property known as

T-duality that relates the two type II theories and the two heterotic theories , so

that they shouldn’t really be regarded as distinct theories. Progress in understanding

nonperturbative phenomena peaked in 1995 (This is known as second superstring

revolution). Nonperturbative S-dualities and the opening up of an eleventh dimension

at strong coupling in certain cases led to new identifications " [17]. In other words,

these theories are related by transformations that are called dualities. In the study of

superstring theory, one can discover that superstring theories contain various p-branes,

objects with p-spatial dimensions, in addition to the fundamental string. In fact, one

can say that fundamental strings are only a special type of p-brane with p=1. The

branes first appear as solutions of the supergravites which are the low energy effective

theories of the superstring theories, and of eleven dimensional super gravity which is

assumed to be the low energy effective theory of M-theory. Most of these solutions

were known before the dualities in string theory become the object at intensive

research. The type I and type II superstrıng theories contain a class of p-branes

called D-branes. Their defining property is that they are objects on which fundamental

strings can end. The fact that the fundamental strings can end on D-branes implies that

quantum field theories are of the Yang-Mills type, like the Standard model reside on

the world volumes of D-branes. The Yang-Mills fields arise as the massless modes of

open strings attached to the D-branes [17].
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Going back to the main problem for relating and unifying five distinct superstring

theories, one can say that there has been speculations that there is an underlying

more fundamental theory, since S-and T-dualities exist. T-duality implies that in

many cases two different geometries for the extra dimensions are physically equivalent

and S-duality explains behaviour of the three of the five supersting theories at strong

coupling. And the question arises what happens other two superstring theories-type IIA

and E8 x E8 heterotic.The answer is that they grow on eleventh dimension. This new

dimension in the type IIA case is a circle and in the heterotic case is a line. Therefore,

a new type of quantum theory in 11 dimensions called M-theory, emerges [17]. M

stands for mother (as in mother of all theories), or membrane or perhaps Matrix

theory. M-theory imply that the five superstring theories are connected by a web of

dualities [15].

After the advent of the duality existence it was seen that all these five string theories

can be regarded as different limits of a single unified theory called M-theory. M-theory

is a non-perturbative description of string theory. It suggests a method of relating the

five superstring theories and eleven dimensional supergravity which is a field theory

that combines supersymmetry and general relativity, involving massless bosons and

fermions. It represents the main goal of unification: the ability to have a unique theory

capable of describing all physical phenomena.The five different versions of string

theory were just M-theory expanded around different vacua. M-theory contains various

extended objects such as M2-brane, M5- brane, KK6-brane and 9-brane, propagating

in 11 spacetime dimensions. The basic building blocks of M-theory, that preserve half

the supersymmetry of the vacuum, are M2-branes and M5-branes. This is due to the

fact that 11 dimensional supergravity, which is the low limit of M-theory, contains a

single 3-form gauge field, which couples electrically to the M2-brane and magnetically

to the M5-brane [25, 26]. These objects can also be seen at the level of the M-theory

superalgebra [25, 27].

As we declared before, modern String theory involves the dynamics of the multiple

D-branes which are described by the end points of open strings. Open strings streching

between D-branes become massless when the D-branes coincide. For a single D-brane,

the worldvolume theory is supersymmetric Yang-Mills theory. However, in the case
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of N coincident D-branes, this leads to a non Abelian gauge theory called Born infeld

theory with N2 degrees of freedom on the worldvolume of the branes.

It is natural to say that the dynamics of the multiple membranes and multiple

M5-branes is more complex and not well understood than multiple D-branes. However

the action describing a single M2-brane and the action for a single M5-brane are

known for a long time, the action for multiple M2 -branes had been an important open

problem since the discovery of M-theory, also the case of multiple M5-branes is still

mysterious [28].

As it is mentioned before, a D-brane is an extended object on which open fundamental

strings can end on it. This fact leads to the derivation of the multiple D-branes theory.

It is natural to wonder whether an analogous property holds for branes in M-theory.

The analogues are constructed by considering M-theory as the strongly coupled limit

of type IIA String theory. Considering a fundamental string ending on a D2-brane

in type IIA, the M-theory limit transforms the D2-brane into on M2-brane and the

F-string into another M2-brane. In the case of multiple M2-branes they are considered

to be connected each other not by strings but by M2-branes. Similarly, starting with

a fundamental string ending on a D4-brane and taking the M-theory limit, one has on

M2-brane ending on an M5-brane with common part of their worldvolumes being a

string [29–32].

The M2⊥M5 relationship is very similar to a relationship among D-branes. It is

possible to use S-duality to transform the supersymmetric configuration of an open

fundamental string ending on a D3-brane,a configuration known as a "BIon". In that

case, the fundamental string turns into a D-string, while the D3-brane remains the

same, so one ends up with a supersymmetric configuration of a D string case on a

D3-brane. This view can be extended to coincident paralel D strings ending on paralel

D3-branes [29].

The relationship between the intersecting D1⊥D3 and M2⊥M5 systems can be

explained with the help of the dualities. By compactifying on M2⊥M5 system on a

circle within the M5 but not within the M2, a D2⊥D4 system is obtained. Then using

T-duality on a common direction, D2 and D4-branes become D-strings and D3-branes

respectively, D1⊥D3 system.
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There has been two complementary pictures of D1⊥D3 system; one is D3-brane

worldvolume Picture: The BIon spike and the other is D1-brane (D-string)

worldvolume Picture: The Fuzzy Funnel. In the first Picture,the D1-branes arise as

a soliton ‘spike’ in the D3 worldvolume theory. In the second Picture, the D3-brane

arises as a ‘fuzzy’ sphere in D-string worldvolume theory [33–35].

As much more is known about D-branes, in particular worldvolume theory of multiple

D-branes and because they are related by dimensional reduction, D-brane intersections

in string theory are useful for inferring properties of the M-theory intersection. For this

purpose, it is natural to be focused on the D1⊥D3 system in type IIB theory which is

related to M2⊥M5 system by dimensional reduction and T-duality.

Infact, relation between D1⊥D3 system motivated Basu and Harvey [5] to put forward

a proposal for multiple membrane worldvolume theory. Their plan was to conjecture a

generalization of the Nahm equation:

∂X i

∂x9 = ± i
2

ε
i jk[X j,Xk], i, j,k ∈ 1,2,3 (1.1)

that describes the D1⊥D3 system. By using representation of SU(2)

[
α

i,α j] = 2iε i jk
α

k (1.2)

a solution of this equation can be inferred as

X i =± 1
2x9 α

i, i = 1,2,3. (1.3)

Basu & Harvey proposed a multiple M2-branes worldvolume theory, conjecturing

a Nahm equation, along with its solution in terms of a ”fuzzy funnel” describing

the M2-branes worldvolume opening up onto on M5-brane. They found that this

generalized equation describing on M5-brane in the worldvolume theory of multiple

M2-branes requires Nambu 4-bracket:

∂X i

∂x10 =
1
4!

b
8πρ3

p
[G5,X j,Xk,X l] (1.4)

where

[A1,A2,A3,A4]≡ ∑
permutationsσ

sign(σ)Aσ(1)Aσ(2)Aσ(3)Aσ(4) (1.5)
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is the Nambu 4-bracket. Some of the terms in such an action could be

S =−TM2

∫
d3

σtr
[

1+(∂aXM)2− b2

12
(HKLM)2 +

b2

48
[∂aX [K,HLMN]]2

] 1
2

. (1.6)

As a result, it is proposed that this generalized equation of motion arises from an action

which involves 3-bracket. Inspired by Basu & Harvey proposal, Bagger & Lambert

[1–3] and also independently Gustavsson [4] presented a Lagrangian possessing all

the symmetries expected for the theory of multiple M2-branes [36–39]:

• 16 supersymmetries (N=8, d=3) (8 scalars X I are supplemented by a set of fermion

coordinates ΨA, A = 1, ...8 with each being a complex 2-component spinor on the

worldvolume.

• SO(8) R-Symmetry (which acts on the eight transverse scalars)

• Nontirivial gauge symmetry

• Conformal symmetry.

The expected multiple M2-branes worldvolume theory consists of these continious

symmetries.

They proposed a Lagrangian with four supersymmetries that might model come

general features of the complete coincident M2-brane worlvolume theory.

In this thesis we study technical details of the Bagger-Lambert-Gustavsson theory that

is presented to describe multiple M2-branes and the attempt for the extension of this

theory to multiple M5-branes, a system of interacting M5-branes manifesting (2,0)

supersymmetry. As we mentioned above, the progress in the formulation of Lagrangian

descriptions for multiple M2-branes relied on the introduction of a novel algebraic

structure, called Lie 3-algebra [40–43]. So, we first give some algebraic details of this

theory. We then study how they gauge a symmetry that arises from the algebra’s triple

product and construct a supersymmetric multiple M2-branes worldvolume theory.

Afterwards we consider a set of supersymmetry transformations postulated by Bagger

& Lambert and check the closure of them. We see that these supersymmetries close

into translations and gauge transformations with a set of equations of motion so that

the superalgebra closes " on shell " and all the equations of motions are invariant under
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supersymmetry transformations. We end multiple M2-brane worldvolume theory

presenting a supersymmetric and gauge-invariant Bagger & Lambert action that is

consistent all expected continious symmetries.

We then continue with the extension of this model to multiple M5-branes theory

whose low energy dynamics are based on a theory in 6 dimensions with the following

symmetries:

• (2,0) Supersymmetry

• SO(5) R-Symmetry

• Conformal symmetry.

Lambert & Papageorgakis [10] proposed an ansatz to construct a Lie-3 algebra

theory in six dimensions with (2,0) supersymmetry. They consider the set

of supersymmetry transformations for the abelian case first and then propose a

non-Abelian generalisation, resulting a system of equations that represents the (2,0)

supersymmetric tensor multiplet. We study this propasal in detail. We proceed by

checking the closure of the supersymmetry algebra. The superalgebra closes ” on

shell ” up to translations and gauge transformations in case the structure constants

are the elements of a real 3-algebra. The closures yield a set of equations of motion

and a number of constraints. Finally, we end the thesis reviewing the relation

between 6 dimensional this theory and 5 dimensional super Yang-Mills, in other words

expanding it around a particular vacuum point how it reduces to five dimensional

super-Yang-Mills along with six-dimensional, Abelian (2,0) tensor multiplets.
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2. SOME ALGEBRAIC DETAILS

In this chapter we give some algebraic details of BLG model which is discussed in

detail in chapter 3. The BLG model is based on a nonassociative algebra, so called

Lie-3 algebra [44,45] for which the anti-symmetrized associator leads to a natural triple

product structure. In the field theory derived by Bagger and Lambert, one assumes that

the scalars and fermions take values in the Lie-3 algebra. However, before presenting

Lie-3 algebra, we briefly remind the reader what an algebra is [46].

2.1 Algebra

An algebra is a vector space consisting of vectors v1,v2,v3...... ∈ V and scalar

f1,f2,f3....... ∈ F on which three types of operations

• (α) vector addition, +

• (β ) scalar multiplication, ◦

• (γ) vector multiplication, ×

are defined satisfying the following postulates A, B, C.

2.1.1 Postulate A

( V , + ) is an abelian group.

• vi,v j ∈ V⇒ vi + v j ∈ V (Closure)

• vi + ( v j + vk ) = ( vi + v j )+ vk (Associativity)

• v0 + vi = vi = vi + v0 (Existence of Identity)

• vi + (-vi) = v0 = (-vi)+ vi (Unique inverse)

• vi + v j = v j + vi (Commutativity)
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2.1.2 Postulate B

• fi ∈ F, v j ∈ V, fiv j ∈ V (Closure)

• fi ◦ ( f j ◦ vk ) = ( fi ◦ f j ) ◦ vk (Associativity)

• 1 ◦ vi = vi = vi ◦ 1 (Existence of Identity)

• fi ◦ ( vk + vl ) = fi ◦ vk + fi ◦ vl (Distributive law)

• ( fi + f j ) ◦ vk = fi ◦ vk + f j ◦ v j

2.1.3 Postulate C

• v1,v2 ∈ V, v1 × v2 ∈ V (Closure)

• ( v1 + v2 ) × v3 = ( v1 × v3 ) + ( v2 × v3 )

v1 × ( v2 + v3 ) = ( v1 × v2 ) + ( v1 × v3 ) (Bilinearity)

• ( v1 × v2 ) × v3 = v1 × ( v2 × v3 ) (Associativity)

• ( v1× 1 ) = v1 (Existence of Identity)

• v1 × v2 = ± v2 × v1(Commutativity and Anti-commutativity)

• v1 × ( v2 × v3 ) = ( v1 × v2 ) × v3 + v2 × ( v1 × v3 ) (Derivation)

The first and second axioms of C are sufficient to define an algebra over V-vector

space. The other postulates imply the type of algebra such as commutative algebra,

assosiative or non-associative algebra, etc.

The vector multiplication operator "×" can be defined as an antisymmetric, bilinear

[-,-] bracket as follows,

A×B = [A,B]

= AB−BA (2.1)

which has the linearity property

[A,βB+ γC] = β [A,B]+ γ[A,C] (2.2)
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and it can be seen that it defines an algebra on V which has no identity and non-Abelian.

2.2 Lie Algebra

An algebra with the antisymmetric multiplication defined by the commutation relations

above is called a "Lie Algebra", provided this operation also obeys the last axiom of

postulate C.

A× (B×C) = (A×B)×C+B× (A×C) (2.3)

This property, called a derivation, can be written more familiarly as

[A, [B,C]] = [[A,B],C]+ [B, [A,C]] (2.4)

or

[A, [B,C]]+ [B, [C,A]]+ [C, [A,B]] = 0. (2.5)

The latter form is known as the Jacobi’s identity.

In other words, a Lie algebra is essentially a vector space with an extra bilinear

operation [−,−] : V ⊗V → V that assigns to every pair of vectors a third one. This

extra operation is usually called multiplication and, in the case of Lie algebras, the Lie

bracket on the commutator.

It is also possible to define a trilinear operation, an associator on an algebra. This

allows a straight forward generalization to a Lie-3 algebra, as a vector space with a

3-bracket [−,−,−] : V ⊗V ⊗V → V . Triple product that is trilinear in each of the

entries and satisfies a fundamental identity that generalises the concept of the Jacobi

identity.

An associator on an algebra is commonly defined as

< A,B,C >= (A ·B) ·C−A · (B ·C) (2.6)

which vanishes in an associative algebra and is written as

(A ·B) ·C = A · (B ·C). (2.7)
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To define a Lie-3 algebra, one needs a non-vanishing anti-symmetrized associator

which leads to a natural triple product structure for this non-associative algebra

as in the case of known non-Abelian Lie algebras defined by commutators. The

antisymmetrized associator for the construction of a Lie-3 algebra is given as

[A,B,C] = < A,B,C >+< B,C,A >+<C,A,B >

−< A,C,B >−<C,B,A >−< B,A,C > . (2.8)

Similar to the closure of the Lie algebras defined by the [-,-] commutator operation,

which is given as

[T a,T b] = f ab
cT c (2.9)

or

[Ta,Tb] = fab
cTc, (2.10)

the closure of triple Lie algebras defined with the [-,-,-] associator operation is given

as

[T a,T b,T c] = f abc
dT d (2.11)

or

[Ta,Tb,Tc] = fabc
dTd (2.12)

where {T a} is a basis and { f abc
d} is the structure constants of the Lie algebra.

This is a finite-dimensional complex vector space with a basis T a which is endowed

with a trilinear antisymmetric product above and from which it is clear that f abc
d =

f [abc]
d .

Furthermore, if X,Y,Z’s are any elements of this algebra and they can be expanded in

the basis of algebra and their triple product is calculated as follows,

[X ,Y,Z] = [XaT a,YbT b,ZcT c]

= XaYbZc[T a,T b,T c]

= XaYbZc f abc
dT d. (2.13)

12



A trace form is required on the 3-algebra to define an action and to construct an

invariant Lagrangian. Trace form on an algebra Tr : V ⊗V → C is a bilinear map

that is symmetric and invariant:

Tr(T a,T b) = Tr(T b,T a) (symmetry) (2.14)

Tr(T a ·T b,T c) = Tr(T a,T b ·T c). (invariance) (2.15)

The invariance property implies

Tr(< T a,T b,T c >,T d) = Tr((T a ·T b) ·T c,T d)Tr(T a · (T b ·T c),T d)

= Tr(T a ·T b,T c ·T d)Tr(T a,(T b ·T c) ·T d)

= Tr(T a,< T b,T c,T d >) (2.16)

which follows that

Tr([T a,T b,T c],T d) =−Tr(T a, [T b,T c,T d]). (2.17)

This relation on the trace form with antisymmetry of the triple-product implies that

f abcd = f [abcd], (2.18)

i.e. f abcd ’s are totally antisymmetric, in analogy with the familiar result in Lie

algebras. The trace form provides a notion for metric

hab = Tr(T a,T b) (2.19)

which can be used to raise and lower indices:

f abcd = f abc
ehed. (2.20)

A notion of ‘Hermitian’ conjugation † and positivity is also assumed for the trace form

which implies that Tr(A,A†) ≥ 0 for any element of the algebra (with equality if and

only if A=0).

For this algebra the Jacobi identity takes the form of

[T a,T b, [T c,T d,T e]] = [[T a,T b,T c],T d,T e]

+[T c, [T a,T b,T d],T e]+ [T c,T d, [T a,T b,T e]]. (2.21)
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In a basis form this is equivalent to

f e f g
d f abc

g = f e f a
g f bcg

d + f e f b
g f cag

d + f e f c
g f abg

d. (2.22)
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3. THE BLG THEORY

3.1 A Brief Introduction to The Basics of The BLG Theory

The aim of this chapter is to redone in details the calculations presented in N = 8

Bagger-Lambert-Gustavsson theory. Bagger-Lambert-Gustavsson have been succesful

in formulating Lagrangian for multiple M2-branes in terms of the Lie-3 algebra. We

are going to demonstrate how the construction of a M2-brane theory with the correct

symmetries naturally leads to a 3-algebra structure.

The multiple M2-branes revolution started in 2007 with a series three papers presented

by Jonathan Bagger & Neil Lambert [1–3] and also independtly work by Andreas

Gustavsson [4]. Motivated by Basu & Harvey [5] they proposed a field-theory model

of multiple M2-branes based on an algebra with a totally antisymmetric triple product

and gauge a symmetry that arises from the algebra’s triple product [47]. In other words,

they constructed a supersymmetric gauge-invariant theory that is consistent with all the

symmetries expected of a multiple M2-brane theory. This theory contains 8 scalars, X I ,

which take values in the transverse space, and a 16-component real fermion Ψ, which

is a two-component real d = 3 spinor in one of the 8-dimensional spinor representations

of the SO(8) R-symmetry group. The supersymmetry parameter ε is in the other spinor

representation [48, 49].

They showed that the supersymmetry algebra closes (up to a translation and a gauge

transformation) on shell and the equations of motion arise from a supersymmetric

action consistent with all the known continuous symmetries of the multiple M2-branes.

Bagger & Lambert propose lowest-order supersymmetry transformations in the

following form [1]:

δX I = iε̄Γ
I
Ψ

δΨ = ∂µX I
Γ

µ
Γ

I
ε + iκ[X I,XJ,XK]ΓIJK

ε (3.1)
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where µ,ν ,λ = 0,1,2 and I,J,K = 3,4,5, ...,10. In these transformations κ is a

dimensionless constant and [X I,XJ,XK] is antisymmetric and linear in each of the

fields [1]. They found that closure of the 16 component supersymmetry algebra leads

to the variation

δX I ∝ iε̄2ΓJKε1[XJ,XK,X I] (3.2)

which can be viewed as a local version of the global symmetry transformation

δX = [α,β ,X ] (3.3)

where α,β ∈ A.

For δX = [α,β ,X ] to be a symmetry it is required to act as a derivation [3] .

δ [X ,Y,Z] = [δX ,Y,Z]+ [X ,δY,Z]+ [X ,Y,δZ]

= [[α,β ,X ],Y,Z]+ [X , [α,β ,Y ],Z]+ [X ,Y, [α,β ,Z]] (3.4)

and this leads to the ‘fundamental’ identity.

[α,β , [X ,Y,Z]] = [[α,β ,X ],Y,Z]+ [X , [α,β ,Y ],Z]+ [X ,Y, [α,β ,Z]] (3.5)

In BLG theory, the fundamental identity plays a major role analogous to the Jacobi

identity in ordinary Lie algebra, where it arises from demanding that the transformation

δX = [α,X ] acts as a derivation and the progress is based on assuming that this identity

holds. As discussed before in chapter 2, it can be written in terms of structure constants

f e f g
d f abc

g = f e f a
g f bcg

d + f e f b
g f cag

d + f e f c
g f abg

d. (3.6)

The symmetry transformation δX = [α,β ,X ] can be written as [3]:

δXd = f abc
dαaβbXc. (3.7)

Also the notation allows for the more general transformation

δXd = f abc
dΛabXc (3.8)
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which is assumed from now on.

The transformation δX I ∝ iε̄2ΓJKε1[XJ,XK,X I] corresponds to the choice

Λab ∝ ε̄1Γ jkε2XJ
a XK

b . (3.9)

Little calculation shows that the action is invariant under global symmetries of these

transformations. To show this, we obtain that for any Y,

δTr(Y,Y ) = Tr(δY,Y )+Tr(Y,δY )

= hde
δYdYe +hdeYdδY e

= hde( f abc
dΛabYc)Ye +hdeYd( f abc

eΛabYc)

= hde f abc
dΛabYcYe +hdeYd f abc

eΛabYc

= f abce
ΛabYcYe + f abcd

ΛabYdYc

= f abce
ΛabYcYe + f abec

ΛabYcYe

= ( f abce + f abce)ΛabYcYe

= 0 (3.10)

by the replacement of the indices c→ e and d→ c for the second term in the fifth line

and the antisymmetry of f abce.

The trace form is invariant under global symmetries.

Furthermore, the fundamental identity ensures that

(δ [X I,XJ,XK])a = f cdb
aΛcd[X I,XJ,XK]b. (3.11)

The Lagrangian which is invariant under δX I
a = f abc

dΛabX I
b transformations can be

written as

L =−1
2

Tr(∂µX I,∂ µX I)−3κ
2Tr([X I,XJ,XK], [X I,XJ,XK]). (3.12)
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3.2 Gauge Symmetry and Supersymmetry of Multiple M2-Branes

3.2.1 Gauging the symmetry

Since this is a local symmetry, a covariant derivative DµX can be introduced such that

δ (DµX) = Dµ(δX)+(δDµ)X

δ (DµX)a = Dµ(δXa)+(δDµ)Xa. (3.13)

If it is let that

δXa = Λcd f cdb
aXb ≡ Λ̃

b
aXb (3.14)

the covariant derivative as a natural choice can be written in the form of

(DµX)a = ∂µXa− Ãb
µaXb (3.15)

where Ãb
µa = f cdb

aAµcd is a gauge field. The gauge field can be considered as living in

the space of linear maps V ⊗V →V , in analogy with the adjoint representation of a Lie

algebra. The gauge field acts as an element of gl(N,V), where N is the dimension of

the algebra V. Besides, the symmetry algebra is contained in so(N,V) as a consequence

of the antisymmetry of f abcd structure constants.

Let us look at how the gauge field transforms under this mentioned symmetry.

According to (3.15) we can write

δ (DµX)a = δ (∂µXa− Ãb
µaXb)

= ∂µ(δXa)− Ãb
µa(δXb)− (δ Ãb

µa)Xb

= Dµ(δXa)− (δ Ãb
µa)Xb (3.16)

and we obtain (δ Ãb
µa)Xb as:

(δ Ãb
µa)Xb = Dµ(δXa)−δ (DµX)a

= −(δDµ)Xa. (3.17)

We can write the transformation of covariant derivative as:

δ (DµX)a = Λ̃
b
a(DµX)b. (3.18)
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Considering (DµX)a = ∂µXa− Ãb
µaXb, we get

δ (DµX)a = Λ̃
b
a∂µXb− Λ̃

b
aÃc

µbXc. (3.19)

It is possible to write

Dµ(δXa) = ∂µ(δXa)− Ãb
µa(δXb) (3.20)

according to (3.15).

Placing δXa = Λcd f cdb
aXb ≡ Λ̃b

aXb above, we obtain

Dµ(δXa) = ∂µ(Λ̃
b
aXb)− Ãc

µa(Λ̃
b
cXb). (3.21)

Putting (3.19) and (3.21) expressions in (3.13) we find (δDµ)Xa as:

(δDµ)Xa = Ãc
µaΛ̃

b
cXb− Λ̃

b
aÃc

µbXc− (∂µ Λ̃
b
a)Xb. (3.22)

So, the transformation of a gauge field is obtained as follows,

δ Ãb
µaXb = −Ãc

µaΛ̃
b
cXb + Λ̃

b
aÃc

µbXc +(∂µ Λ̃
b
a)Xb. (3.23)

On the other hand, taking into account following expressions,

Dµ(δXa) = Dµ(Λ̃
b
aXb)

∂µ(δXa)− Ãb
µa(δXb) = (Dµ Λ̃

b
a)Xb + Λ̃

b
a(DµXb)

∂µ(Λ̃
b
aXb)− Ãb

µa(Λ̃
c
bXc) = (Dµ Λ̃

b
a)Xb + Λ̃

b
a∂µXb− Λ̃

b
aÃc

µbXc (3.24)

we get

(Dµ Λ̃
b
a)Xb = −Ãc

µaΛ̃
b
cXb + Λ̃

b
aÃc

µbXc +(∂µ Λ̃
b
a)Xb. (3.25)

Finally, we obtain

δ Ãb
µaXb = −Ãc

µaΛ̃
b
cXb + Λ̃

b
aÃc

µbXc +(∂µ Λ̃
b
a)Xb

= (Dµ Λ̃
b
a)Xb (3.26)
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and

δ Ãb
µa = −Λ̃

b
cÃc

µa + Ãb
µcΛ̃

c
a +(∂µ Λ̃

b
a)

= (Dµ Λ̃
b
a). (3.27)

In fact, this expression is the general form of a gauge transformation.

Before the question how the field strength transforms, let us look at the commutation

relation of
([

Dµ ,Dν

]
X
)

a in the following,

([
Dµ ,Dν

]
X
)

a =
(
DµDνX)a− (DνDµX

)
a . (3.28)

Let us calculate first term explicitly.

Dµ(DνX)a = ∂µ(DνX)a− Ãb
µa(DνX)b

= ∂µ(∂νXa− Ãb
νaXb)− Ãb

µa(∂νXb− Ãc
νbXc)

= ∂µ∂νXa− (∂µ Ãb
νa)Xb− Ãb

νa(∂µXb)

−Ãb
µa(∂νXb)+ Ãb

µaÃc
νbXc (3.29)

We can get second term replacing by µ ↔ ν in the first term:

Dν(DµX)a = ∂ν∂µXa− (∂ν Ãb
µa)Xb− Ãb

µa(∂νXb)

−Ãb
νa(∂µXb)+ Ãb

νaÃc
µbXc. (3.30)

Then commutator is:

([
Dµ ,Dν

]
X
)

a = (∂ν Ãb
µa−∂µ Ãb

νa− Ãb
µcÃc

νa + Ãb
νcÃc

µa)Xb. (3.31)

We define the field strength as

([
Dµ ,Dν

]
X
)

a = F̃b
µνaXb (3.32)

which leads to

F̃b
µνa = ∂ν Ãb

µa−∂µ Ãb
νa− Ãb

µcÃc
νa + Ãb

νcÃc
µa. (3.33)
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The transformation of the field strength is calculated as follows,

δ F̃b
µνa = δ (∂ν Ãb

µa)−δ (∂µ Ãb
νa)−δ

(
Ãb

µcÃc
νa

)
+δ

(
Ãb

νcÃc
µa

)
= ∂ν(δ Ãb

µa)−∂µ(δ Ãb
νa)− (δ Ãb

µc)Ã
c
νa

−Ãb
µc(δ Ãc

νa)+(δ Ãb
νc)Ã

c
µa + Ãb

νc(δ Ãc
µa). (3.34)

If the transformation of the gauge field (3.27) is plugged in (3.34) and the expression

is rearrenged, the transformation of the field strength is obtained as:

δ F̃b
µνa = ∂ν∂µ Λ̃

b
a− (∂ν Λ̃

b
c)Ã

c
µa− Λ̃

b
c(∂ν Ãc

µa)+(∂ν Ãb
µc)Λ̃

c
a + Ãb

µc(∂ν Λ̃
c
a)

−∂µ∂ν Λ̃
b
a +(∂µ Λ̃

b
c)Ã

c
νa + Λ̃

b
c(∂µ Ãc

νa)− (∂µ Ãb
νc)Λ̃

c
a− Ãb

νc(∂µ Λ̃
c
a)

−(∂µ Λ̃
b
c)Ã

c
νa +(Λ̃b

dÃd
µc)Ã

c
νa− (Ãb

µdΛ̃
d
c )Ã

c
νa +(∂ν Λ̃

b
c)Ã

c
µa

−(Λ̃b
dÃd

νc)Ã
c
µa +(Ãb

νdΛ̃
d
c )Ã

c
µa− Ãb

µc(∂ν Λ̃
c
a)+ Ãb

µc(Λ̃
c
dÃd

νa)

−Ãb
µcÃc

νdΛ̃
d
a + Ãb

νc(∂µ Λ̃
c
a)− Ãb

νc(Λ̃
c
dÃd

µa)+ Ãb
νcÃc

µdΛ̃
d
a

= −Λ̃
b
c∂ν Ãc

µa + Λ̃
b
c∂µ Ãc

νa + Λ̃
b
cÃc

µdÃd
νa− Λ̃

b
cÃc

νdÃd
µa

+(∂ν Ãb
µc)Λ̃

c
a− (∂µ Ãb

νc)Λ̃
c
a− Ãb

µdÃd
νcΛ̃

c
a +(Ãb

νdÃd
µc)Λ̃

c
a

= −Λ̃
b
cF̃c

µνa + F̃b
µνcΛ̃

c
a. (3.35)

The resulting Bianchi identity is D[µ F̃νλ ]
b
a = 0 shown as follows,

D[µ F̃b
νλ ]a =

1
3!
(Dµ F̃b

νλa +Dν F̃b
λ µa +Dλ F̃b

µνa

−Dν F̃b
µλa−Dµ F̃b

λνa−Dλ F̃b
νµa). (3.36)

where

Dµ F̃b
νλa = ∂µ F̃b

νλa− Ãc
µaF̃b

νλc

= ∂µ∂ν Ãb
λa−∂µ∂λ Ãb

νa− (∂µ Ãb
νc)Ã

c
λa− Ãb

νc(∂µ Ãc
λa)

+(∂µ Ãb
λc)Ã

c
νa + Ãb

λc(∂µ Ãc
νa)− Ãµa(∂ν Ãb

λc)+ Ãc
µa∂λ Ãb

νc

+Ãc
µaÃb

νdÃd
λc− Ãc

µaÃb
λdÃd

νc. (3.37)

Similarly, all other terms are expanded and put in (3.36), it is obtained

D[µ F̃νλ ]
b
a = 0. (3.38)
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Also, using fundamental identity (3.6) and considering (3.37) where F̃b
µνa =

Fµνcd f cdb
a, Ãb

µa = Aµcd f cdb
a, it can be checked the Bianchi identity (3.38) is also

satisfied.

We repeat the findings of this subsection: There is a natural gauge symmetry on

the fields X I for the δX I
c = Λab f abc

d X I
c ≡ Λ̃c

dX I
c transformation. There is a covariant

derivative (DµX)a = ∂µXa− Ãb
µaXb for the δ Ãb

µa = Dµ Λ̃b
µa transformation, as well

as a gauge-covariant field strength F̃b
λνa. The space of all Λ̃ab satisfy closure under

the ordinary matrix commutator, so it generates a matrix Lie algebra G. From this

viewpoint, Ãb
µa is the usual gauge connection in the adjoint representation of G,

whereas the elements of A are in the fundamental representation [2].

3.2.2 Supersymmetrizing gauged theory

In this section, we show how to supersymmetrize the gauged multiple M2-brane model

which is consistent with all the symmetries expected from multiple M2-branes: in

other words a conformal and gauge invariant action with 16 supersymmetries and

SO(8) R-symmetry. As we mentioned before, the expected theory describing multiple

M2-branes should have 8 scalar fields X I , parameterising directions transverse to the

worldvolume, as well as their fermionic superpartners, so called Goldstinos, which

correspond to broken supersymmetries and a nonpropagating gauge field.

Bagger and Lambert proposed the general form of the supersymmetry trasformations

including gauge field as

δX I
a = iε̄Γ

I
Ψa

δΨa = DµX I
aΓ

µ
Γ

I
ε +κX I

bXJ
c XK

d f bcd
aΓ

IJK
ε

δ Ãb
µa = iε̄ΓµΓIX I

c Ψd f cdb
a. (3.39)

We check this supersymmetry algebra can be made to close ”on shell” (satisfying the

equations of motion) only after including the gauge field and its transformation rule.

We first consider the scalars. We then continue with the closure of the fermions and

the gauge field respectively. We see that the closures require equations of motion so

that the supersymmetry algebra closes up to a translation and a gauge transformation.
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3.2.2.1 The closure of scalars

Let us consider scalar fields first to check the closure and see how the algebra closes.

[δ1,δ2]X I
a = δ1δ2X I

a−δ2δ1X I
a

= δ1(iε̄2Γ
I
Ψa)−δ2(iε̄1Γ

I
Ψa)

= iε̄2Γ
I(δ1Ψa)− iε̄1Γ

I(δ2Ψa)

= iε̄2Γ
I(DµXJ

a Γ
µ

Γ
J
ε1 +κXJ

b XK
c XL

d f bcd
aΓ

JKL
ε1)

−iε̄1Γ
I(DµXJ

a Γ
µ

Γ
J
ε2 +κXJ

b XK
c XL

d f bcd
aΓ

JKL
ε2)

= iDµXJ
a ε̄2Γ

I
Γ

µ
Γ

J
ε1 + iκXJ

b XK
c XL

d f bcd
aε̄2Γ

I
Γ

JKL
ε1

−iDµXJ
a ε̄1Γ

I
Γ

µ
Γ

J
ε2 + iκXJ

b XK
c XL

d f bcd
aε̄1Γ

I
Γ

JKL
ε2

= iDµXJ
a ε̄2(Γ

I
Γ

µ
Γ

J +Γ
J
Γ

µ
Γ

I)ε1

+iκXJ
b XK

c XL
d f bcd

aε̄2(Γ
I
Γ

JKL +Γ
JKL

Γ
I)ε1 (3.40)

Using the gamma matrix identities (A.48, A.49):

Γ
I
Γ

µ
Γ

J +Γ
J
Γ

µ
Γ

I = −2gIJ
Γ

µ

and

Γ
I
Γ

JKL +Γ
JKL

Γ
I = 2gIJ

Γ
KL +2gIL

Γ
JK +2gIK

Γ
LJ

= 2gIJ
Γ

KL +2gIL
Γ

JK−2gIK
Γ

JL, (3.41)

the commutation can be written as:

[δ1,δ2]X I
a = iDµXJ

a ε̄2(−2gIJ
Γ

µ)ε1 + iκXJ
b XK

c XL
d f bcd

aε̄2(2gIJ
Γ

KL

+2gIL
Γ

JK−2gIK
Γ

JL)ε1. (3.42)

Considering the properties that metric tensor raises-lowers the indices and the

antisymmetry of { f bcd
a}’ s respectively, we can write

[δ1,δ2]X I
a = −2iDµX I

a ε̄2Γ
µ

ε1 +2iκ(X I
bXK

c XL
d f bcd

aε̄2Γ
KL

ε1

+XJ
b XK

c X I
d f bcd

aε̄2Γ
JK

ε1−XJ
b X I

c XL
d f bcd

aε̄2Γ
JL

ε1) (3.43)
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which can be simplified to

[δ1,δ2]X I
a = −2iDµX I

a ε̄2Γ
µ

ε1 +6iκXJ
c XK

d X I
b f cdb

aε̄2Γ
JK

ε1. (3.44)

We find that the transformations proposed by Bagger & Lambert, close into a

translation and a gauge transformation;

[δ1,δ2]X I
a = vµDµX I

a + Λ̃
b
aX I

b (3.45)

where we define −2iε̄2Γµε1 ≡ vµ and 6iκε̄2ΓJKε1XJ
c XK

d f cdb
a ≡ Λ̃b

a.

3.2.2.2 The closure of spinors

Continuing with the closure of the spinor fields, we get

[δ1,δ2]Ψa = δ1δ2Ψa−δ2δ1Ψa

= δ1(DµX I
aΓ

µ
Γ

I
ε2 +κX I

bXJ
c XK

d Γ
IJK f bcd

aε2)

−δ2(DµX I
aΓ

µ
Γ

I
ε1 +κX I

bXJ
c XK

d Γ
IJK f bcd

aε1)

= δ1(DµX I
aΓ

µ
Γ

I
ε2)+δ1(κX I

bXJ
c XK

d Γ
IJK f bcd

aε2)

−δ2(DµX I
aΓ

µ
Γ

I
ε1)−δ2(κX I

bXJ
c XK

d Γ
IJK f bcd

aε1). (3.46)

Each term in paranthesis can be calculated seperately as follows,

δ1(Γ
µ

Γ
IDµX I

aε2) = Γ
µ

Γ
I
δ1(DµX I

a)ε2

= Γ
µ

Γ
I
δ1(∂µX I

a− Ãb
µaX I

b)ε2

= Γ
µ

Γ
I
∂µ(δ1X I

a)ε2−Γ
µ

Γ
I
δ1(Ãb

µaX I
b)ε2

= Γ
µ

Γ
I
∂µ(δ1X I

a)ε2−Γ
µ

Γ
IÃb

µa(δ1X I
b)ε2

−Γ
µ

Γ
I(δ1Ãb

µa)X
I
bε2

= Γ
µ

Γ
I(∂µ(δ1X I

a)− Ãb
µa(δ1X I

b))ε2−Γ
µ

Γ
I(δ1Ãb

µa)X
I
bε2

= Γ
µ

Γ
IDµ(δ1X I

a)ε2−Γ
µ

Γ
I(δ1Ãb

µa)X
I
bε2

= Γ
µ

Γ
IDµ(iε̄1Γ

I
Ψa)ε2−Γ

µ
Γ

I(iε̄1ΓµΓJXJ
c Ψd f cdb

a)X
I
bε2

= iΓµ
Γ

I
ε̄1Γ

IDµΨaε2− iΓµ
Γ

I
ε̄1ΓµΓJΨdε2X I

bXJ
c f cdb

a

(3.47)
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δ1(κΓIJKX I
bXJ

c XK
d f bcd

aε2) =

= κ(ΓIJK(δ1X I
b)X

J
c XK

d f bcd
aε2 +Γ

IJKX I
b(δ1XJ

c )X
K
d f bcd

aε2

+Γ
IJKX I

bXJ
c (δ1XK

d ) f bcd
aε2)

= κ(ΓIJK(iε̄1Γ
I
Ψb)XJ

c XK
d f bcd

aε2 +Γ
IJKX I

b(iε̄1Γ
J
Ψc)XK

d f bcd
aε2

+Γ
IJKX I

bXJ
c (iε̄1Γ

K
Ψd) f bcd

aε2)

= κ(iΓIJK
ε̄1Γ

I
ΨbXJ

c XK
d f bcd

aε2 + iΓIJK
ε̄1Γ

J
ΨcX I

bXK
d f bcd

aε2

+iΓIJK
ε̄1Γ

K
ΨdX I

bXJ
c f bcd

aε2). (3.48)

Considering { f bcd
a}’s are antisymmetric, this expression can be simplified as:

δ1(κΓ
IJKX I

bXJ
c XK

d f bcd
aε2) = 3iκΓ

IJK
ε̄1Γ

K
Ψdε2X I

bXJ
c f bcd

a. (3.49)

The last two term in (3.46) can be obtained from the first two term by replacing the

indices. Thus, the closure of fermion field is given as:

[δ1,δ2]Ψa = iΓµ
Γ

I
ε̄1Γ

IDµΨaε2− iΓµ
Γ

I
ε̄1ΓµΓJΨdε2X I

bXJ
c f cdb

a

+3iκΓ
IJK

ε̄1Γ
K

Ψdε2X I
bXJ

c f cdb
a− iΓµ

Γ
I
ε̄2Γ

IDµΨaε1

+iΓµ
Γ

I
ε̄2ΓµΓJΨdε1X I

bXJ
c f cdb

a−3iκΓ
IJK

ε̄2Γ
K

Ψdε1X I
bXJ

c f cdb
a

= −iΓµ
Γ

I(ε̄2Γ
IDµΨaε1− ε̄1Γ

IDµΨaε2)+ iΓµ
Γ

I(ε̄2ΓµΓJΨdε1

−ε̄1ΓµΓJΨdε2)X I
bXJ

c f cdb
a−3iκΓ

IJK(ε̄2Γ
K

Ψdε1

−ε̄1Γ
K

Ψdε2)X I
bXJ

c f cdb
a. (3.50)

Expanding these three terms above with Fierz reordering formula in (A.20), we get

−iΓµΓI(ε̄2ΓIDµΨaε1− ε̄1ΓIDµΨaε2) =

=
i

16
Γ

µ
Γ

I[(2ε̄2Γνε1)Γ
ν
Γ

IDµΨa− (ε̄2ΓLMε1)Γ
LM

Γ
IDµΨa

+
1
4!
(ε̄2ΓνΓLMNOε1)Γ

ν
Γ

LMNO
Γ

IDµΨa] (3.51)

iΓµΓI(ε̄2ΓµΓJΨdε1− ε̄1ΓµΓJΨdε2)X I
bXJ

c f cdb
a =

= − i
16

Γ
µ

Γ
I[(2ε̄2Γνε1)Γ

ν
ΓµΓJΨd− (ε̄2ΓLMε1)Γ

LM
ΓµΓJΨd

+
1
4!
(ε̄2ΓνΓLMNOε1)Γ

ν
Γ

LMNO
ΓµΓJΨd]X I

bXJ
c f cdb

a (3.52)
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−3iκΓIJK(ε̄2ΓKΨdε1− ε̄1ΓKΨdε2)X I
bXJ

c f cdb
a =

=
3iκ
16

Γ
IJK[(2ε̄2Γνε1)Γ

ν
Γ

K
Ψd− (ε̄2ΓLMε1)Γ

LM
Γ

K
Ψd

+
1
4!
(ε̄2ΓνΓLMNOε1)Γ

ν
Γ

LMNO
Γ

K
Ψd]X I

bXJ
c f cdb

a. (3.53)

Putting these expressions in [δ1,δ2]Ψa and rearranging, we find

[δ1,δ2]Ψa =
i

16
{2(ε̄2Γνε1)[Γ

µ
Γ

I
Γ

ν
Γ

IDµΨa−Γ
µ

Γ
I
Γ

ν
ΓµΓJΨdX I

bXJ
c f cdb

a

+3κΓ
IJK

Γ
ν
Γ

K
ΨdX I

bXJ
c f cdb

a]− (ε̄2ΓLMε1)[Γ
µ

Γ
I
Γ

LM
Γ

IDµΨa

−Γ
µ

Γ
I
Γ

LM
ΓµΓJΨdX I

bXJ
c f cdb

a +3κΓ
IJK

Γ
LM

Γ
K

ΨdX I
bXJ

c f cdb
a]

+
1
4!
(ε̄2ΓνΓLMNOε1)[Γ

µ
Γ

I
Γ

ν
Γ

LMNO
Γ

IDµΨa

−Γ
µ

Γ
I
Γ

ν
Γ

LMNO
ΓµΓJΨdX I

bXJ
c f cdb

a

+3κΓ
IJK

Γ
ν
Γ

LMNO
Γ

K
ΨdX I

bXJ
c f cdb

a]}

=
i

16
[2(ε̄2Γνε1)A− (ε̄2ΓLMε1)B+

1
4!
(ε̄2ΓνΓLMNOε1)C]. (3.54)

We simplify A, B, C respectively using gamma matrix identities in (A).

Each term in A can be calculated as follows.

First term is calculated with the help of gamma matrix identities (A.4), (A.1) and (A)

as:

Γ
µ

Γ
I
Γ

ν
Γ

IDµΨa = −Γ
I
Γ

I
Γ

µ
Γ

νDµΨa

= −8(−Γ
ν
Γ

µ +2gµν)DµΨa

= 8Γ
ν
Γ

µDµΨa−16gµνDµΨa (3.55)

and considering κ =−1
6 , second term is calculated using (A.4), (A.1), (A) and (A.36)

as follows,

(−Γ
µ

Γ
I
Γ

ν
ΓµΓJ + 3κΓ

IJK
Γ

ν
Γ

K)ΨdX I
bXJ

c f bcd
a =

= (Γµ
Γ

ν
Γ

I
ΓµΓJ +

1
2

Γ
ν
Γ

IJK
Γ

K)ΨdX I
bXJ

c f bcd
a

= [(−Γ
ν
Γ

µ +2gµν)ΓI
ΓµΓJ +

1
2

Γ
ν
Γ

IJK
Γ

K]ΨdX I
bXJ

c f bcd
a

= [(−Γ
ν
Γ

µ +2gµν)ΓI
ΓµΓJ +

1
2

Γ
ν(6Γ

IJ)]ΨdX I
bXJ

c f bcd
a.

(3.56)
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We consider the ΓIΓJ as a term of symmetric and antisymmetric parts as:

Γ
IJ =

1
2
(ΓI

Γ
J +Γ

J
Γ

I)+
1
2
(ΓI

Γ
J−Γ

J
Γ

I). (3.57)

Because the multiplication of symmetric part with X I
bXJ

c f bcd
a is zero, we can write

ΓIΓJ as ΓIJ and we get

(−Γ
µ

Γ
I
Γ

ν
ΓµΓJ + 3κΓ

IJK
Γ

ν
Γ

K)ΨdX I
bXJ

c f bcd
a =

= [3Γ
ν
Γ

IJ−2Γ
ν
Γ

IJ +3Γ
ν
Γ

IJ]ΨdX I
bXJ

c f bcd
a

= 4Γ
ν
Γ

IJ
ΨdX I

bXJ
c f bcd

a. (3.58)

Combining all these expressions, we obtain A as follows,

A = 8Γ
ν
Γ

µDµΨa−16gµνDµΨa +4Γ
ν
Γ

IJ
ΨdX I

bXJ
c f bcd

a. (3.59)

Each term in B can be calculated similarly.

First term is (see A.51)

Γ
µ

Γ
I
Γ

LM
ΓIDµΨa = 4Γ

µ
Γ

LMDµΨa. (3.60)

Second term is (see A)

−Γ
µ

Γ
I
Γ

LM
ΓµΓJΨdX I

bXJ
c f bcd

a = 3Γ
I
Γ

LM
ΓJΨdX I

bXJ
c f bcd

a (3.61)

and the last term is (see A.55)

−1
2

Γ
IJK

Γ
LM

Γ
K

ΨdX I
bXJ

c f bcd
a = −Γ

LM
Γ

IJ
ΨdX I

bXJ
c f bcd

a +3Γ
LJ

ΨdXM
b XJ

c f bcd
a

−3Γ
LI

ΨdX I
bXM

c f bcd
a +3Γ

MI
ΨdX I

bXL
c f bcd

a

−3Γ
MJ

ΨdXL
b XJ

c f bcd
a−2ΨdXM

b XL
c f bcd

a

+2ΨdXL
b XM

c f bcd
a

= −Γ
LM

Γ
IJ

ΨdX I
bXJ

c f bcd
a−6Γ

LI
ΨdX I

bXM
c f bcd

a

+6Γ
MI

ΨdX I
bXL

c f bcd
a−4ΨdXM

b XL
c f bcd

a.

(3.62)
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Hereby, we can write

B = 4Γ
µ

Γ
LMDµΨa +3Γ

I
Γ

LM
ΓJΨdX I

bXJ
c f bcd

a−Γ
LM

Γ
IJ

ΨdX I
bXJ

c f bcd
a

−6Γ
LI

ΨdX I
bXM

c f bcd
a +6Γ

MI
ΨdX I

bXL
c f bcd

a−4ΨdXM
b XL

c f bcd
a. (3.63)

Considering (see A.30)

3Γ
I
Γ

LM
ΓJ = 3Γ

LM
Γ

I
ΓJ +6gIL

Γ
M

ΓJ−6gIM
Γ

L
ΓJ, (3.64)

we obtain B as (see A.29):

B = 4Γ
µ

Γ
LMDµΨa +3Γ

LM
Γ

I
ΓJΨdX I

bXJ
c f bcd

a +6gIL
Γ

M
ΓJΨdX I

bXJ
c f bcd

a

−6gIM
Γ

L
ΓJΨdX I

bXJ
c f bcd

a−Γ
LM

Γ
IJ

ΨdX I
bXJ

c f bcd
a−6Γ

LI
ΨdX I

bXM
c f bcd

a

+6Γ
MI

ΨdX I
bXL

c f bcd
a−4ΨdXM

b XL
c f bcd

a

= 4Γ
µ

Γ
LMDµΨa +2Γ

LM
Γ

I
ΓJΨdX I

bXJ
c f bcd

a +6(ΓM
Γ

I−Γ
MI)ΨdXL

b X I
c f bcd

a

−6(ΓL
Γ

I−Γ
LI)ΨdX I

bXM
c f bcd

a−4ΨdXM
b XL

c f bcd
a

= 4Γ
µ

Γ
LMDµΨa +2Γ

LM
Γ

I
ΓJΨdX I

bXJ
c f bcd

a +6gMI
ΨdXL

b X I
c f bcd

a

−6gLI
ΨdX I

bXM
c f bcd

a−4ΨdXM
b XL

c f bcd
a

= 4Γ
µ

Γ
LMDµΨa +2Γ

LM
Γ

I
ΓJΨdX I

bXJ
c f bcd

a +16ΨdXL
b XM

c f bcd
a. (3.65)

Finally, each term of C can be calculated in a similar way.

First term of C is given as follows (see A.52),

Γ
µ

Γ
I
Γ

ν
Γ

LMNO
Γ

IDµΨa = −Γ
µ

Γ
ν
Γ

I
Γ

LMNO
Γ

IDµΨa

= 0. (3.66)

Second term is (see A.4, A.42, A.1)

−Γ
µ

Γ
I
Γ

ν
Γ

LMNO
ΓµΓJΨdX I

bXJ
c f bcd = −Γ

µ
Γ

ν
ΓµΓ

I
Γ

LMNO
ΓJΨdX I

bXJ
c f bcd

= −Γ
µ(−ΓµΓ

ν +2gν
µ)Γ

I
Γ

LMNO
ΓJ

.ΨdX I
bXJ

c f bcd

= Γ
ν
Γ

I
Γ

LMNO
ΓJΨdX I

bXJ
c f bcd

a (3.67)
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and the last term is (see A.53)

3κΓ
IJK

Γ
ν
Γ

LMNO
Γ

K
ΨdX I

bXJ
c f cdb

a =
1
2

Γ
ν
Γ

IJK
Γ

LMNO
Γ

K
ΨdX I

bXJ
c f cdb

a

= −1
2

Γ
ν
Γ

I
Γ

LMNO
Γ

J
ΨdX I

bXJ
c f cdb

a

+
1
2

Γ
ν
Γ

J
Γ

LMNO
Γ

I
ΨdX I

bXJ
c f cdb

a.

(3.68)

So, we get

C =
1
2

Γ
ν(ΓI

Γ
LMNO

Γ
J +Γ

J
Γ

LMNO
Γ

I)ΨdX I
bXJ

c f cdb
a

= 0. (3.69)

We used (A.32) considering the fact that f abc
d’s are antisymmetric above.

If we put all these expression in (3.54), we find

[δ1,δ2]Ψa = −2i(ε̄2Γ
µ

ε1)DµΨa− i(ε̄2ΓLMε1)ΨdXL
b XM

c f cdb
a

+i(ε̄2Γνε1)Γ
ν [ΓµDµΨa +

1
2

ΓIJΨdX I
bXJ

c f cdb
a]

− i
4
(ε̄2ΓLMε1)Γ

LM[ΓµDµΨa +
1
2

ΓIJΨdX I
bXJ

c f cdb
a]. (3.70)

The closure of the spinor fields requires that the second and third lines vanish.

This leads to

Γ
µDµΨa +

1
2

ΓIJX I
c XJ

d Ψb f cdb
a = 0. (3.71)

Finally, on shell, we find that

[δ1,δ2]Ψa = vµDµΨa + Λ̃
b
aΨb, (3.72)

after the fermionic equation of motion (3.71) is satisfied.

As a result, considering fermions we see that the transformation of spinor field closes

into a translation and a gauge transformation after satisfying fermionic equation of

motion.
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3.2.2.3 The closure of the gauge field

Lastly, we will check the closure of the gauge field which give us the field equation of

field strength as follows,

[δ1,δ2] Ãb
µa = δ1δ2Ãb

µa−δ2δ1Ãb
µa

= δ1(iε̄2ΓµΓIX I
c Ψd f cdb

a)−δ2(iε̄1ΓµΓIX I
c Ψd f cdb

a)

= iε̄2ΓµΓI(δ1X I
c)Ψd f cdb

a + iε̄2ΓµΓIX I
c(δ1Ψd) f cdb

a

−iε̄1ΓµΓI(δ2X I
c)Ψd f cdb

a− iε̄1ΓµΓIX I
c(δ2Ψd) f cdb

a

= iε̄2ΓµΓI(iε̄1Γ
I
Ψc)Ψd f cdb

a + iε̄2ΓµΓIX I
c(Γ

ν
Γ

JDνXJ
d ε1

+κXJ
e XK

f XL
g Γ

JKL
ε1 f e f g

d) f cdb
a− iε̄1ΓµΓI(iε̄2Γ

I
Ψc)Ψd f cdb

a

−iε̄1ΓµΓIX I
c(Γ

ν
Γ

JDνXJ
d ε2 +κXJ

e XK
f XL

g Γ
JKL

ε2 f e f g
d) f cdb

a

= −ε̄2ΓµΓI ε̄1Γ
I
ΨcΨd f cdb

a + iε̄2ΓµΓIΓ
ν
Γ

J
ε1X I

c DνXJ
d f cdb

a

+iκε̄2ΓµΓIΓ
JKL

ε1X I
c XJ

e XK
f XL

g f e f g
d f cdb

a

+ε̄1ΓµΓI ε̄2Γ
I
ΨcΨd f cdb

a− iε̄1ΓµΓIΓ
ν
Γ

J
ε2X I

c DνXJ
d f cdb

a

−iκε̄1ΓµΓIΓ
JKL

ε2X I
c XJ

e XK
f XL

g f e f g
d f cdb

a

= −ε̄2ΓµΓI(Ψ̄cΓ
I
ε1Ψd− Ψ̄dΓ

I
ε1Ψc) f cdb

a

+iε̄2ΓµΓIΓ
ν
Γ

J
ε1X I

c DνXJ
d f cdb

a− iε̄1ΓµΓIΓ
ν
Γ

J
ε2X I

c DνXJ
d f cdb

a

− i
6
(ε̄2ΓµΓIΓ

JKL
ε1− ε̄1ΓµΓIΓ

JKL
ε2)X I

c XJ
e XK

f XL
g f e f g

d f cdb
a.

(3.73)

Expanding the first term in (3.73) with Fierz (A.20) and rearrenging, we obtain

[δ1,δ2 ] Ãb
µa =

1
16

ε̄2ΓµΓI{2(Ψ̄cΓνΨd)Γ
ν
Γ

I
ε1− (Ψ̄dΓLMΨc)Γ

LM
Γ

I
ε1

+
1
4!
(Ψ̄cΓνΓLMNOΨd)Γ

ν
Γ

LMNO
Γ

I
ε1} f cdb

a

+iε̄2(ΓµΓIΓ
ν
Γ

J−Γ
J
Γ

ν
ΓIΓµ)ε1X I

c DνXJ
d f cdb

a

− i
3

ε̄2ΓµΓIΓ
JKL

ε1X I
c DνXJ

d f cdb
a

= −(ε̄2Γ
ν
ε1)εµνλ (Ψ̄cΓ

λ
Ψd) f cdb

a +2iε̄2Γ
ν
ε1εµνλ X I

c Dλ X I
d f cdb

a

−2iε̄2ΓIJε1X I
c DµXJ

d f cdb
a

= 2i(ε̄2Γ
ν
ε1)εµνλ (X

I
c Dλ X I

d +
i
2

Ψ̄cΓ
λ

Ψd) f cdb
a

−2i(ε̄2ΓIJε1)X I
c DµXJ

d f cdb
a (3.74)
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where we used respectively (A.51), (A.52) and the property that f cdb
a’s are

antisymmetric. Fortunately, f e f g
b f cdb

a term contribute null to commutator since it

vanishes as a result of the fundamental identity (3.6).

We used also

Γ
µ

Γ
I
Γ

ν
Γ

J +Γ
J
Γ

ν
Γ

I
Γ

µ =−2Γ
µ

Γ
νgIJ +2gµν

Γ
J
Γ

I (3.75)

and consider again ΓIΓJ as ΓIJ since the multiplication of symmetric part with

X I
bXJ

c f bcd
a is zero.

To close the algebra we get the Ãb
µa equation of motion as:

F̃b
µνa + εµνλ (X

J
c Dλ XJ

d f cdb
a +

i
2

Ψ̄cΓ
λ

Ψd) f cdb
a = 0 (3.76)

So that, ”on shell” the algebra closes as required:

[δ1,δ2] Ãb
µa = vν F̃b

µνa +Dµ Λ̃
b
a. (3.77)

Notice that Ãb
µa contains no local degrees of freedom, as required. It is shown that the

supersymmetry algebra closes "on shell" under the global transformations [3].

3.2.2.4 Bosonic equation of motion

The supervariation of the fermionic equation can be used to find the bosonic equation

with the help of gauge field equation.

So, to obtain the bosonic equation of motion, we first take the supervariation of the

fermionic equation of motion. We found fermion equation of motion (3.71) as:

Γ
µDµΨa +

1
2

ΓIJX I
c XJ

d Ψb f cdb
a = 0.

The supervariation of this equation gives

0 = δ (ΓµDµΨa +
1
2

ΓIJX I
c XJ

d Ψb f cdb
a)

= Γ
ν
δ (DνΨa)+

1
2

ΓIJ(δX I
c)X

J
d Ψb f cdb

a +
1
2

ΓIJX I
c(δXJ

d )Ψb f cdb
a

+
1
2

ΓIJX I
c XJ

d (δΨb) f cdb
a. (3.78)
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It is known that the covariant derivative transforms as:

δ (DνΨa) = Dν(δΨa)− (δ Ãb
µa)Ψb.

Substituting δΨa and δ Ãb
µa transformations (3.39) in this expression, we get

δ (DνΨa) = Dν(DµX I
aΓ

µ
Γ

I
ε +κX I

bXJ
c XK

d f bcd
aΓ

IJK
ε)

−iε̄ΓµΓIX I
c ΨdΨb f cdb

a

= DνDµX I
aΓ

µ
Γ

I
ε +κ(DνX I

b)X
J
c XK

d f bcd
aΓ

IJK
ε

+κX I
b(DνXJ

c )X
K
d f bcd

aΓ
IJK

ε +κX I
bXJ

c (DνXK
d ) f bcd

aΓ
IJK

ε

−iε̄ΓµΓIX I
c ΨdΨb f bcd

a

= DνDµX I
aΓ

µ
Γ

I
ε +3κ(DνX I

b)X
J
c XK

d f bcd
aΓ

IJK
ε

−iε̄ΓµΓIX I
c ΨdΨb f cdb

a. (3.79)

So, the first term in (3.78) can be written as:

Γ
ν
δ (DνΨa) = Γ

ν
Γ

µ
Γ

IDνDµX I
aε− 1

2
Γ

ν
Γ

IJK(DνX I
b)X

J
c XK

d ε f bcd
a

−iε̄Γ
ν
ΓµΓIX I

c ΨdΨb f cdb
a. (3.80)

Second and third terms in (3.78) are

1
2

ΓIJ(δX I
c)X

J
d Ψb f cdb

a +
1
2

ΓIJX I
c(δXJ

d )Ψb f cdb
a = ΓIJ(δX I

c)X
J
d Ψb f cdb

a

= ΓIJ(iε̄Γ
I
Ψc)XJ

d Ψb f cdb
a

(3.81)

and the last term in (3.78) is

1
2

ΓIJX I
c XJ

d (δΨb) f cdb
a =

1
2

ΓIJX I
c XJ

d DµXK
b Γ

µ
Γ

K
ε f cdb

a

+
κ

2
ΓIJΓ

KLMX I
c XJ

d XK
e XL

f XM
g f e f g

b f cdb
a. (3.82)

Combining all these expressions, we get

0 = Γ
ν
Γ

µ
Γ

IDνDµX I
aε− 1

2
Γ

ν
Γ

IJK(DνX I
b)X

J
c XK

d ε f bcd
a

−iε̄Γ
ν
ΓµΓIX I

c ΨdΨb f cdb
a + iΓIJ ε̄Γ

I
ΨcXd

J Ψb f cdb
a

+
1
2

ΓIJΓ
µ

Γ
KX I

c XJ
d DµXK

b ε f cdb
a−

1
12

ΓIJΓ
KLMX I

c XJ
d XK

e XL
f XM

g f e f g
b f cdb

aε.

(3.83)

32



Now we want to rearrange each term in (3.83).

We have shown (3.32) that

[Dµ ,Dν ]X I
a = F̃b

µνaX I
b

which can be written as:

DνDµX I
a = DµDνX I

a− F̃b
µνaX I

b. (3.84)

Using (3.84) and (A.1), the first term can be written as:

Γ
ν
Γ

µ
Γ

IDνDµX I
aε = −Γ

µ
Γ

ν
Γ

IDµDνX I
aε +2Γ

IDνDνX I
aε

−Γ
ν
Γ

µ
Γ

IF̃b
µνaX I

bε

= −Γ
ν
Γ

µ
Γ

IDνDµX I
aε +2Γ

ID2X I
aε

−Γ
ν
Γ

µ
Γ

IF̃b
µνaX I

bε (3.85)

and we get

Γ
ν
Γ

µ
Γ

IDνDµX I
aε = Γ

ID2X I
aε− 1

2
Γ

ν
Γ

µ
Γ

IF̃b
µνaX I

bε. (3.86)

Second and fifth terms which are similar in (3.78) can be written as:

−1
2ΓνΓIJK(DνX I

b)X
J
c XK

d f bcd
aε + 1

2ΓJKΓνΓI(DνX I
b)X

J
c XK

d f bcd
aε

=
1
2

Γ
ν(−Γ

IJK +ΓJKΓ
I)(DνX I

b)X
J
c XK

d f bcd
aε

=
1
2

Γ
ν(−gIJ

Γ
K +gIK

Γ
J)(DνX I

b)X
J
c XK

d f bcd
aε

= −1
2

Γ
ν
Γ

K(DνXJ
b )X

J
c XK

d f bcd
aε +

1
2

Γ
ν
Γ

K(DνXJ
b )X

K
d XJ

c f bdc
aε

= −Γ
ν
Γ

K(DνXJ
b )X

J
c XK

d f bcd
aε

= Γ
K

Γ
ν(DνXJ

b )X
J
c XK

d f bcd
aε

= −Γ
K

Γ
νXK

d XJ
c DνXJ

b f dcb
aε

= −Γ
I
Γλ X I

dXJ
c Dλ XJ

b f bcd
aε. (3.87)
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Plugging these into (3.78), we obtain

0 = Γ
ID2X I

aε− 1
2

Γ
ν
Γ

µ
Γ

IF̃b
µνaX I

bε−Γ
I
Γλ X I

dXJ
c Dλ XJ

b f bcd
aε

−iε̄Γ
ν
ΓµΓIX I

c ΨdΨb f cdb
a + iΓIJ ε̄Γ

I
ΨcXJ

d Ψb f bcd
a

− 1
12

ΓIJΓ
KLMX I

c XJ
d XK

e XL
f XM

g f e f g
b f bcd

aε. (3.88)

We now want to deal with the last term in this expression. We use the gamma matrix

identity (see A.29, A.47)

ΓIJΓ
KLM = ΓIJ(Γ

K
Γ

LM−gKL
Γ

M +gKM
Γ

L)

= (ΓIΓJ−gIJ)[Γ
K(ΓL

Γ
M−gLM)−gKL

Γ
M +gKM

Γ
L)]

= ΓIΓJΓ
K

Γ
L
Γ

M−ΓIΓJΓ
KgLM−ΓIΓJgKL

Γ
M

+ΓIΓJgKM
Γ

LgIJΓ
K

Γ
L
Γ

M +gIJΓ
KgKL

+gIJgKL
Γ

M−gIJgKM
Γ

L (3.89)

and make the definition

X I
c Γ

I = Xc. (3.90)

Then, we see that the terms such as ΓIΓJX I
c XJ

d f bcd
a vanishes because f bcd

a is

antisymmetric.

Finally, we get supervariation of fermionic equation of motion as:

0 = Γ
I(D2X I

a−
i
2

Ψ̄cΓ
IJXJ

d Ψb f cdb
a +

1
2

f bcd
a f e f g

dXJ
b XK

c X I
e XJ

f XK
g )ε

+Γ
I
Γλ X I

b(
1
2

ε
µνλ F̃b

µνa−XJ
c Dλ XJ

d f cdb
a−

i
2

Ψ̄cΓ
λ

Ψd f bcd
a)ε. (3.91)

As a consequence of the vector equation of motion, the last term vanishes and the first

term gives the scalar equations of motion,

D2X I
a−

i
2

Ψ̄cΓ
IJXJ

d Ψb f cdb
a−

∂V
∂X Iα

= 0 (3.92)

where the potential is

V =
1

12
f abcd f e f g

dX I
aXJ

b XK
c X I

e XJ
f XK

g

=
1

2.3!
Tr([X I,XJ,XK], [X I,XJ,XK]). (3.93)
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Let us summarize our calculations and their results. The supersymmetry

transformations proposed by Bagger & Lambert are:

δX I
a = iε̄Γ

I
Ψa

δΨa = DµX I
aΓ

µ
Γ

I
ε +κX I

bXJ
c XK

d f bcd
aΓ

IJK
ε

δ Ãb
µa = iε̄ΓµΓIX I

c Ψd f cdb
a. (3.94)

We see that these supersymmetries close into translations and gauge transformations,

[δ1,δ2]X I
a = vµ

∂µX I
a +(Λ̃b

a− vν Ãb
νaX I

b)

[δ1,δ2]Ψa = vµ
∂µΨa +(Λ̃b

a− vν Ãb
νaΨb)

[δ1,δ2] Ãb
µa = vν

∂ν Ãb
µa + D̃µ(Λ̃

b
a− vν Ãb

νa) (3.95)

after using the equations of motion

Γ
µDµΨa +

1
2

ΓIJX I
c XJ

d Ψb f cdb
a = 0

D2X I
a−

i
2

Ψ̄cΓ
IJXJ

d Ψb f cdb
a−

∂V
∂X Iα

= 0

F̃b
µνa + εµνλ (X

J
c Dλ XJ

d f cdb
a +

i
2

Ψ̄cΓ
λ

Ψd) f cdb
a = 0. (3.96)

It is openly seen that the supersymmetry variation of the fermion equation of motion

vanishes, and that the algebra closes on shell. From here, we see that all the equations

of motion are invariant under supersymmetry.

We end this chapter by presenting an action for this system. One can have the equations

of motion directly from the Lagrangian:

L = −1
2
(DµX I

a)(DµX I
a)+

i
2

Ψ̄aΓ
µDµΨa +

i
4

Ψ̄bΓIJX I
c XJ

d Ψa f abcd−V

+
1
2

ε
µνλ ( f abcdAµab∂νAλcd +

2
3

f cda
g f e f gbAµabAνcdAλe f ). (3.97)

The action is gauge invariant and supersymmetric under the transformations mentioned

above.

The Bagger-Lambert-Gustavsson theory presents a model that was expected from

multiple M2-brane theory. According to this model, the action is invariant under 16
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supersymmetries and SO(8) R-symmetry. Besides, it is conformally invariant. These

symmetries are the continuous symmetries that are expected of coincident M2-brane

worldvolume theory.
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4. M5-BRANE ATTEMPT FOR THE EXTENSION OF THE BLG THEORY
FORMULATION

In this section, the attempt for the extension of the revolutionary

Bagger-Lambert-Gustavsson theory to the M5-brane theory is discussed. As it

mentioned before, 3-algebra formalism plays a crucial role in the analysis of the

dynamics of the M theory. Since formulation for a system of N coincident M2-branes

which can be condensed to a single M5-brane by means of Lie 3-algebra was achieved,

it is natural to ask whether it would also be possible to use 3-algebra formalism to

formulate a system of interacting M5-branes manifesting (2,0) supersymmetry and the

results from M2-branes extend to the case of multiple M5-branes. For this purpose,

Lambert and Papageorgakis [10] proposed a set of supersymmetry transformations

for non-Abelian (2,0) tensor multiplets in six dimensions, using a 3-algebraic

structure. In other words, they obtain a non Abelian system of equations that furnish

a representation of the (2,0) supersymmetric tensor multiplet and the result was an

interacting system of equations where the gauge structure arises from a 3-algebra.

They attained the on-shell conditions are quite restrictive so that the system can be

reduced to five dimensional gauge theory along with six-dimensional Abelian (2,0)

tensor multiplets. Compared to M2-brane system the formulation of M5-brane system

is more complex. Even for the case of a single fivebrane it seems hard to write down

a six dimensional action with conformal symmetry because of the selfduality of the

three form field strength [29]. Moreover, multiple M5-brane theory is given by a

conformal field theory in six dimensions with mutually local electric and magnetic

states and no coupling constant. All of these features make the Lagrangian description

for M5-brane theory difficult to pacify with a Lagrangian definition [29, 50, 51].

Here, we studied the method in detail which is used to obtain Abelian and non-Abelian

equations for the six-dimensional tensor multiplet as the method discussed in chapter

3 to derive Bagger-Lambert-Gustavsson model for multiple M2-branes. We first

consider the set of supersymmetry transformations for the Abelian M5-brane and
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then study the construction of a non-Abelian generalisation proposed by Lambert &

Papageorgakis.

Apart from the expected non-Abelian scalars, fermions and the field strength, this

model includes a gauge field as well as a non-propagating vector field which transforms

nontrivially under the non-Abelian gauge symmetry.

We proceed by checking the closures of the supersymmetry algebra for both Abelian

and non-Abelian cases. We see that the superalgebra closes "on shell" up to translations

and gauge transformations in case the structure constants are the elements of real

3-algebras, they are totally antisymmetric and obey the fundamental identity. The

"on shell" conditions lead to a set of equations of motion and constraints. Finally,

expanding this theory around a vacuum point, we see that it reduces to five dimensional

super-Yang-Mills along with six-dimensional, Abelian (2,0) tensor multiplets [10].

The supersymmetry transformations for the Abelian case are [52]:

δX I = iε̄Γ
I
Ψ

δΨ = Γ
µ

Γ
I
∂µX I

ε +
1
3!

1
2

Γ
µνλ Hµνλ ε

δBµν = iε̄ΓµνΨ (4.1)

where µ = 0, .....5, I = 6, .....10 and Hµνλ = 3∂[µBνλ ] is selfdual:

HµνλA =
1
3!

εµνλτσρHτσρ
A.

The supersymmetry generator ε is chiral: Γ012345ε = ε and the fermions Ψ are

antichiral: Γ012345Ψ =−Ψ [10].

In general, it is preferred to write the algebra purely in terms of Hµνλ to Bνλ as:

δX I = iε̄Γ
I
Ψ

δΨ = Γ
µ

Γ
I
∂µX I

ε +
1
3!

1
2

Γ
µνλ Hµνλ ε

δHµνλ = 3iε̄Γ[µν∂λ ]Ψ. (4.2)

The scalar fields X I , the fermions Ψ, and the self-dual field Hµνλ form a (2, 0) tensor

multiplet in six dimensions.
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On the other hand, the six-dimensional (2,0) transformation rules reduce to those of

the five-dimensional super-Yang-Mills which are given by

δX I = iε̄Γ
I
Ψ

δΨ = Γ
α

Γ
IDαX I

ε +
1
2

Γ
αβ

Γ
5Fαβ ε− i

2
[X I,XJ]ΓIJ

Γ
5
ε

δAα = iε̄ΓαΓ5Ψ. (4.3)

To find a term analogous to the [X I,XJ] for the transformation of the fermions in (4.3),

non-Abelian generalisation requires a new field Cµ . So, the non-Abelian generalisation

is given as [10]:

δX I
A = iε̄Γ

I
ΨA

δΨA = Γ
µ

Γ
IDµX I

Aε +
1
3!

1
2

Γµνλ Hµνλ
Aε− 1

2
Γλ Γ

IJCλ
B X I

CXJ
D fCDB

Aε

δHµνλA = 3iε̄Γ[µνDλ ]ΨA + iε̄Γ
I
ΓµνλκCκ

BX I
CΨDgCDB

A

δ ÃB
µA = iε̄ΓµλCλ

C ΨDhCDB
A

δCµ

A = 0. (4.4)

4.1 Abelian (2,0) Tensor Multiplets with 3-Algebras

We first consider the covariant supersymmetry transformations (4.1) of a free

six-dimensional (2,0) tensor multiplet for the Abelian case. Then, we would like to

investigate whether the same algebra can be expanded for the case of non-Abelian

fields.

4.1.1 Closure on X I

We start by checking the closure of supersymmetry algebra on the scalars:

[δ1,δ2]X I = δ1δ2X I−δ2δ1X I

= δ1(iε̄2Γ
I
Ψ)−δ2(iε̄1Γ

I
Ψ)

= iε̄2Γ
I
Γ

µ
Γ

J
∂µXJ

ε1− iε̄1Γ
I
Γ

µ
Γ

J
∂µXJ

ε2

+
i

12
(ε̄2Γ

I
Γ

µνλ Hµνλ ε1− ε̄1Γ
I
Γ

µνλ Hµνλ ε2) (4.5)
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Because ε̄2ΓIΓµνλ ε1 = ε̄1ΓIΓµνλ ε2, the last line of (4.5) vanishes (see A.13). Then

we have (see A.48)

[δ1,δ2]X I = iε̄2(Γ
I
Γ

µ
Γ

J +Γ
J
Γ

µ
Γ

I)∂µXJ
ε1

= 2iε̄2Γ
µ

∂µXJ
ε1

= ϑ
µ

∂µXJ (4.6)

where ϑ µ = 2iε̄2Γµε1.

4.1.2 Closure on Ψ

We then continue with the spinor fields,

[δ1,δ2]Ψ = δ1δ2Ψ−δ2δ1Ψ (4.7)

We consider each term above seperately.

The first term can be written as follows,

δ1δ2Ψ = δ1(Γ
µ

Γ
I
∂µX I

ε2 +
1

12
Γ

µνλ Hµνλ ε2)

= Γ
µ

Γ
I
∂µ(δ1X I)ε2 +

1
12

Γ
µνλ (δ1Hµνλ )ε2

= iΓµ
Γ

I(ε̄1Γ
I
∂µΨ)ε2 +

i
4

Γ
µνλ (ε̄1Γ[µν∂λ ]Ψ)ε2

= i(ε̄1Γ
I
∂µΨ)(Γµ

Γ
I
ε2)+

i
4
((ε̄1Γ[µν∂λ ]Ψ)(Γµνλ

ε2) (4.8)

where Hµνλ = 3∂[µBνλ ] and δBµν = iε̄ΓµνΨ.

Now we write the second term by replacing 1↔ 2 in the first term.

δ2δ1Ψ = iΓµ
Γ

I(ε̄2Γ
I
∂µΨ)ε1 +

i
4

Γ
µνλ (ε̄2Γ[µν∂λ ]Ψ)ε1

= i(ε̄2Γ
I
∂µΨ)(Γµ

Γ
I
ε1)+

i
4
((ε̄2Γ[µν∂λ ]Ψ)(Γµνλ

ε1) (4.9)

Combining (4.8) and (4.9), we obtain [δ1,δ2]Ψ as follows:

[δ1,δ2]Ψ = −iΓµ
Γ

I(ε̄2Γ
I
∂µΨε1− ε̄1Γ

I
∂µΨε2)

− i
4

Γ
µνλ [(ε̄2Γ[µν∂λ ]Ψε1− ε̄1Γ[µν∂λ ]Ψε2)]. (4.10)

40



We are going to expand this expression with Fierz reordering formula and rearrange

with Gamma matrix identities.

Using the Fierz identity in (A.22), we obtain

[δ1,δ2]Ψ =
i

16
{2(ε̄2Γρε1)[Γ

µ
Γ

I
Γ

ρ
Γ

I
∂µΨ+

1
4

Γ
µνλ

Γ
ρ

Γνλ ∂µΨ]

−2(ε̄2ΓρΓ
K

ε1)[Γ
µ

Γ
I
Γ

ρ
Γ

K
Γ

I
∂µΨ+

1
4

Γ
µνλ

Γ
ρ

Γ
K

Γνλ ∂µΨ]

+
1

12
(ε̄2ΓρστΓ

KL
ε1)[Γ

µ
Γ

I
Γ

ρστ
Γ

KL
Γ

I
∂µΨ

+
1
4

Γ
µνλ

Γ
ρστ

Γ
KL

Γνλ ∂µΨ]}. (4.11)

We now make some definitions:

[δ1,δ2]Ψ =
i

16
{2(ε̄2Γρε1)K−2(ε̄2ΓρΓ

K
ε1)L

+
1

12
(ε̄2ΓρστΓ

KL
ε1)M (4.12)

where

K = Γ
µ

Γ
I
Γ

ρ
Γ

I
∂µΨ+

1
4

Γ
µνλ

Γ
ρ

Γνλ ∂µΨ (4.13)

L = Γ
µ

Γ
I
Γ

ρ
Γ

K
Γ

I
∂µΨ+

1
4

Γ
µνλ

Γ
ρ

Γ
K

Γνλ ∂µΨ (4.14)

M = Γ
µ

Γ
I
Γ

ρστ
Γ

KL
Γ

I
∂µΨ+

1
4

Γ
µνλ

Γ
ρστ

Γ
KL

Γνλ ∂µΨ. (4.15)

We are going to simplify those expressions using gamma matrix identities.

To simplifiy K, we need

Γ
µ

Γ
I
Γ

ρ
Γ

I
∂µΨ = 5Γ

ρ
Γ

µ
∂µΨ−10gµρ

∂µΨ (4.16)
1
4

Γ
µνλ

Γ
ρ

Γνλ ∂µΨ = Γ
ρ

Γ
µ

∂µΨ−6gρµ
∂µΨ. (4.17)

(see A.1, A, A.30, A.41)

Using them we get

K = 6Γ
ρ

Γ
µ

∂µΨ−16gρµ
∂µΨ. (4.18)

We used following expressions to simplify L (see A.1, A.42, A, A.30, A.41).

Γ
µ

Γ
I
Γ

ρ
Γ

K
Γ

I
∂µΨ = −3Γ

K
Γ

ρ
Γ

µ
∂µΨ+6gµρ

Γ
K

∂µΨ

1
4

Γ
µνλ

Γ
ρ

Γ
K

Γνλ ∂µΨ = Γ
K

Γ
ρ

Γ
µ

∂µΨ−6gρµ
Γ

K
∂µΨ (4.19)
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and we get

L = −2Γ
K

Γ
ρ

Γ
µ

∂µΨ. (4.20)

Lastly, to simplify M, we need (see A.42,A.31, A.34, A.57, A.41)

Γ
µ

Γ
I
Γ

ρστ
Γ

KL
Γ

I
∂µΨ = −Γ

KL
Γ

µ
Γ

ρστ
∂µΨ

1
4

Γ
µνλ

Γ
ρστ

Γ
KL

Γνλ ∂µΨ = 5Γ
KL

Γ
µ

Γ
ρστ

∂µΨ+Γ
KL

Γ
µρσ

Γ
τ
∂µΨ

+Γ
KL

Γ
µρτ

Γ
σ

∂µΨ+Γ
KL

Γ
µτσ

Γ
ρ

∂µΨ. (4.21)

Then we get M as follows:

M = 4Γ
KL

Γ
µ

Γ
ρστ

∂µΨ+Γ
KL

Γ
µρσ

Γ
τ
∂µΨ

+Γ
KL

Γ
µρτ

Γ
σ

∂µΨ+Γ
KL

Γ
µτσ

Γ
ρ

∂µΨ

= −4Γ
KL

Γ
ρστ

Γ
µ

∂µΨ+24Γ
KLgµ[ρ

Γ
στ]

∂µΨ+Γ
KL

Γ
µρσ

Γ
τ
∂µΨ

+Γ
KL

Γ
µρτ

Γ
σ

∂µΨ+Γ
KL

Γ
µτσ

Γ
ρ

∂µΨ

= 0. (4.22)

Combining all these expressions in [δ1,δ2]Ψ and simplifying, we obtain

[δ1,δ2]Ψ = −2i(ε̄2Γ
µ

ε1)∂µΨ+
3i
4
(
ε̄2Γρε1

)
Γ

ρ(Γµ
∂µΨ)

+
i
4
(
ε̄2ΓρΓ

K
ε1
)

Γ
K

Γ
ρ(Γµ

∂µΨ). (4.23)

Therefore the algebra closes on-shell with the equation of motion

Γ
µ

∂µΨ = 0 (4.24)

where we define −2i(ε̄2Γµε1) = ϑ µ .

Finally, we get the closure of fermion algebra as follows,

[δ1,δ2]Ψ = ϑ
µ

∂µΨ. (4.25)

This algebra closes "on shell" up to translation, with (4.25).
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4.1.3 Closure on Hµνλ

We then continue with Hµνλ .

[δ1,δ2]Hµνλ = δ1δ2Hµνλ −δ2δ1Hµνλ (4.26)

We first consider

δ1(δ2Hµνλ ) = 3iδ1(ε̄2Γ[µν∂λ ]Ψ)

= 3iε̄2Γ[µν∂λ ]δ1Ψ

= 3iε̄2Γ[µν∂λ ](Γ
ρ

Γ
I
∂ρX I

ε1 +
1
3!

1
2

Γ
ρστHρστε1)

= iε̄2ΓµνΓ
ρ

Γ
I
ε1∂λ ∂ρX I

ε1− acyclic( in µνλ )

+
i

12
ε̄2ΓµνΓ

ρστ
ε1∂λ Hρστ − acyclic( in µνλ ). (4.27)

The first term of (4.27) will contribute following result to [δ1,δ2]Hµνλ (see A.13):

ε̄2ΓµνΓ
ρ

Γ
I
ε1− ε̄1ΓµνΓ

ρ
Γ

I
ε2 = ε̄2(Γ

ρ

µν +gρ

ν Γµ −gρ

µΓν)Γ
I
ε1

−ε̄1(Γ
ρ

µν +gρ

ν Γµ −gρ

µΓν)Γ
I
ε2

= 2gρ

ν ε̄2ΓµΓ
I
ε1−2gρ

µ ε̄2ΓνΓ
I
ε1. (4.28)

So, terms that contain ∂ρX I in (4.26) :

iε̄2ΓµνΓ
ρ

Γ
I
ε1∂λ ∂ρX I− iε̄2ΓµνΓ

ρ
Γ

I
ε1∂ν∂ρX I− iε̄2ΓλνΓ

ρ
Γ

I
ε1∂µ∂ρX I

−iε̄1ΓµνΓ
ρ

Γ
I
ε2∂λ ∂ρX I + iε̄1ΓµνΓ

ρ
Γ

I
ε2∂ν∂ρX I + iε̄1ΓλνΓ

ρ
Γ

I
ε2∂µ∂ρX I

= 0. (4.29)

As a result, closure of Hµνλ is given as:

[δ1,δ2]Hµνλ =
i
4
(ε̄2Γ[µνΓ

ρστ
ε1∂λ ]Hρστ − ε̄1Γ[µνΓ

ρστ
ε2∂λ ]Hρστ)

= i(ε̄2Γ
ρ

ε1)∂λ Hµνρ . (4.30)

(see A.56)

To obtain the equation of motion for X I and Hµνλ , we take the supervariation of

fermionic equation of motion,

0 = δ (Γµ
∂µΨ) = Γ

µ
∂µ(δΨa)

= Γ
µ

∂µ(Γ
ν
Γ

I
∂νX I

ε)+Γ
µ

∂µ

(
1
3!

1
2

Γ
ρστHρστε

)
. (4.31)
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Therefore,

0 = Γ
µ

Γ
ν
Γ

I
ε∂µ∂νX I +

1
3!

1
2

Γ
µ

Γ
ρστ

ε∂µHρστ . (4.32)

Exchanging the name of the indices (µ ↔ ν) in the first term:

0 = Γ
ν
Γ

µ
Γ

I
ε∂ν∂µX I +

1
3!

1
2

Γ
µ

Γ
ρστ

ε∂µHρστ . (4.33)

Adding (4.32) to (4.33), we get

0 = 2Γ
I
ε∂µ∂

µX I +
1
3!

Γ
µ

Γ
ρστ

ε∂µHρστ . (4.34)

Multiplying (4.34) with ε̄ from left, we find

0 = 2ε̄Γ
I
ε∂µ∂

µX I +
1
3!

ε̄Γ
µ

Γ
ρστ

ε∂µHρστ . (4.35)

Recall that: ε̄Γµε = 0, but ε̄ΓIε 6= 0 or ε̄Γµρστε 6= 0

Therefore, we obtain

∂µ∂
µX I = 0

and

∂[µHρστ] = 0. (4.36)

Continuing with the second term in (4.27), we can write

Γ[µνΓ
ρστ

∂λ ]Hρστ = 2Γ[µΓνΓ
ρστ

∂λ ]Hρστ −2g[µνΓ
ρστ

∂λ ]Hρστ . (4.37)

The second term of (4.37) gives zero contribution and we get

Γ[µνΓ
ρστ

∂λ ]Hρστ = 2Γ[µΓνΓ
ρστ

∂λ ]Hρστ +2Γ[µgρ

ν Γ
στ

∂λ ]Hρστ

−2Γ[µgσ
ν Γ

ρτ
∂λ ]Hρστ +2Γ[µgτ

νΓ
ρσ

∂λ ]Hρστ . (4.38)

(Excluding zero contributions)

Thus, we obtain

Γ[µνΓ
ρστ

∂λ ]Hρστ = 2Γ[µν
ρστ

∂λ ]Hρστ −12Γ
τ
∂[λ Hµν ]τ

= 2Γµν
ρστ

∂[λ Hρστ]−12Γ
τ
∂[λ Hµν ]τ . (4.39)
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Second term gives translation contribution and first term leads to ∂[λ Hρσ ] = 0 should

be an equation of motion.

This result justifies vanishing of each term of (4.36) separately.

4.2 Non-Abelian (2,0) Tensor Multiplets with 3-Algebras

Now, we wish to apply the same method as in the Abelian case to find suitable

non-Abelian equations of motion for the six dimensional tensor multiplet. As we

mentioned before, to get a term analogous to the [X I,XJ] for δΨ above, it is needed to

introduce a Γµ matrix to account for the fact that ε and Ψ have opposite chirality. As a

result of this requirement, non-Abelian generalisation includes the existence of a new

field Cµ so that [10]:

δX I
A = iε̄Γ

I
ΨA

δΨA = Γ
µ

Γ
IDµX I

Aε +
1
3!

1
2

Γ
µνλ Hµνλ ε− 1

2
Γλ Γ

IJCλ
B X I

CXJ
D fCDB

Aε

δHµνλA = 3iε̄Γ[µνDλ ]ΨA + iε̄Γ
I
ΓµνλκCκ

BX I
CΨDgCDB

A

δ ÃB
µA = iε̄ΓµλCλ

C ΨDhCDB
A

δCµ

A = 0. (4.40)

4.2.1 Closure on X I
A

We first check the closure of supersymmetry using the supersymmetry transformations

of X I
A field:

[δ1,δ2]X I
A = δ1δ2X I

A−δ2δ1X I
A. (4.41)

The first term is found as:

δ1δ2X I
A = δ1

(
iε̄2Γ

I
ΨA
)

= iε̄2Γ
I (δ1ΨA)

= iε̄2Γ
I
Γ

µ
Γ

JDµXJ
Aε1 +

i
12

ε̄2Γ
I
Γµνλ Hµνλ

Aε1

− i
2

ε̄2Γ
I
Γλ Γ

JKCλ
B XJ

CXK
D fCDB

Aε1. (4.42)
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The second term is obtained analogously,

δ2δ1X I
A = iε̄1Γ

I
Γ

µ
Γ

JDµXJ
Aε2 +

i
12

ε̄1Γ
I
Γµνλ Hµνλ

Aε2

− i
2

ε̄1Γ
I
Γλ Γ

JKCλ
B XJ

CXK
D fCDB

Aε2. (4.43)

Combining them we get

[δ1,δ2]X I
A = iε̄2(Γ

I
Γ

µ
Γ

J +Γ
J
Γ

µ
Γ

I)DµXJ
Aε1

+
i

12
(ε̄2Γ

I
Γµνλ ε1− ε̄1Γ

I
Γµνλ ε2)Hµνλ

A

− i
2

ε̄2(Γ
I
Γλ Γ

JK +Γ
JK

Γλ Γ
I)Cλ

B XJ
CXK

D fCDB
Aε1. (4.44)

Second line of (4.44) vanishes, because ε̄2ΓIΓµνλ ε1 = ε̄1ΓIΓµνλ ε2 (see A.13). The

gamma matrix structure in the first and third terms can be simplified as follows,

[δ1,δ2]X I
A = −2iε̄2Γ

µ
ε1DµX I

A + iε̄2gIJ
Γλ Γ

KCλ
B XJ

CXK
D fCDB

Aε1

−iε̄2gIK
Γλ Γ

JCλ
B XJ

CXK
D fCDB

Aε1. (4.45)

We substitue (A.48) and (A.50) in (4.45).

Thus, we get the following expression.

[δ1,δ2]X I
A = −2iε̄2Γ

µ
ε1DµX I

A +2iε̄2Γλ Γ
J
ε1Cλ

DX I
BXJ

C fCDB
A

= vµDµX I
A + Λ̃

B
AX I

B (4.46)

where vµ =−2i(ε̄2Γµε1) and Λ̃B
A = 2i

(
ε̄2Γλ ΓJε1

)
Cλ

DXJ
C fCDB

A.

We find that the transformations close into a translation and a gauge transformation.

4.2.2 Closure on Cµ

A

Then, we investigate the closure on the new field Cµ

A . It is clear that from the

transformation δCµ

A = 0 such that

[δ1,δ2]C
µ

A = δ1δ2Cµ

A −δ2δ1Cµ

A

= 0. (4.47)
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But what we expect is, to close the algebra in the form of (4.45)

[δ1,δ2]C
µ

A = vνDνCµ

A + Λ̃
B
ACµ

B . (4.48)

This algebra closes on shell providing the constraints DνCµ

A = 0 and Cλ
BCρ

C fCDB
A = 0.

We can also get the second constraint from supersymmetrising the first constraint.

4.2.3 Closure on ÃB
µA

We then continue with the closure on the gauge field.

[δ1,δ2] ÃB
µA = δ1δ2ÃB

µA−δ2δ1ÃB
µA (4.49)

The first term is calculated as follows,

δ1δ2ÃB
µA = δ1(iε̄2ΓµλCλ

C ΨDhCDB
A) (δCλ

C = 0)

= iε̄2Γµλ Γ
ν
Γ

ICλ
C DνX I

DhCDB
Aε1

+
i

12
ε̄2Γµλ ΓνρσCλ

C Hνρσ
DhCDB

Aε1

− i
2

ε̄2Γµλ Γσ Γ
IJCλ

CCσ
GX I

EXJ
F f EFG

DhCDB
Aε1. (4.50)

And the second term is calculated analogously,

δ2δ1ÃB
µA = iε̄1Γµλ Γ

ν
Γ

ICλ
C DνX I

DhCDB
Aε2

+
i

12
ε̄1Γµλ ΓνρσCλ

C Hνρσ
DhCDB

Aε2

− i
2

ε̄1Γµλ Γσ Γ
IJCλ

CCσ
GX I

EXJ
F f EFG

DhCDB
Aε2. (4.51)

Combining them we obtain,

[δ1,δ2] ÃB
µA = iε̄2

(
Γµλ Γ

ν
Γ

I +Γ
I
Γ

ν
Γµλ

)
Cλ

C DνX I
DhCDB

Aε1

+
i

12
ε̄2
(
Γµλ Γνρσ +Γνρσ Γµλ

)
Cλ

C Hνρσ
DhCDB

Aε1 (4.52)

− i
2

ε̄2
(
Γµλ Γσ Γ

IJ +Γ
IJ

Γσ Γµλ

)
Cλ

CCσ
GX I

EXJ
F f EFG

DhCDB
Aε1.
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Each gamma matrix structure in parentheses can be calculated with the help of

following Gamma Matrix identities (see A.30, A.56):

[
Γ

ν ,Γµλ

]
= 2gν

µΓλ −2gν

λ
Γµ{

Γµλ ,Γνρσ

}
= 2gλνgµρΓσ −2gλνgµσ Γρ +2gλρgµσ Γν −2gλρgµνΓσ

+2gλσ gµνΓρ −2gλσ gµρΓν{
Γµλ Γσ ,Γσ Γµλ

}
= 2Γµλσ .

Using these identities, we get

[δ1,δ2] ÃB
µA = iε̄2Γ

I(2gν
µΓλ −2gν

λ
Γµ)ε1Cλ

C DνX I
DhCDB

A

+
i

12
ε̄2(24Γ

νHµνλD)ε1Cλ
C hCDB

A

−i(ε̄2Γµλσ Γ
IJ

ε1)Cλ
CCσ

GX I
EXJ

F f EFG
DhCDB

A

= −2i
(
ε̄2Γλ Γ

I
ε1
)

Cλ
C DµX I

DhCDB
A (4.53)

+2i
(
ε̄2ΓµΓ

I
ε1
)

Cλ
C Dλ X I

DhCDB
A− vνCλ

C HµνλDhCDB
A (4.54)

−i
(
ε̄2Γµνλ Γ

IJ
ε1
)

Cν
CCλ

GX I
EXJ

F f EFG
DhCDB

A (4.55)

= vν F̃B
µνA +Dµ Λ̃

B
A. (4.56)

We have written what [δ1,δ2] ÃB
µA should amount to in the last expression above.

F̃B
µνA is defined as,

F̃B
µνA = ∂ν ÃB

µA−∂µ ÃB
νA− ÃB

µCÃC
νA + ÃB

νCÃC
µA. (4.57)

First term (4.53) implies that hCDB
A = f DBC

A to provide the correct gauge

transformation.

Therefore, we see that vνCλ
C HµνλDhCDB

A term is a translation so that

F̃B
µνA =Cλ

C HµνλD f BDC
A (4.58)

and the (4.55) gives,

Cν
CCλ

G f EFG
D f BDC

A = 0. (4.59)

Thus, we see that f ABC
D must satisfy fundamental identity for 3- algebras and as a

result (4.59) follows from Cλ
BCρ

C fCDB
A = 0.
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For the first term of (4.54) line, we can write

Cλ
C Dλ X I

D f BDC
A = 0. (4.60)

4.2.4 Closure on HµνλA

Then, we investigate the closure on the antisymmetric tensor field-strength HµνλA;

[δ1,δ2]HµνλA = vρDρHµνλA−2i(ε̄2ΓρΓ
I
ε1)C

ρ

CX I
DgDBC

AHµνλB

−6i(ε̄2Γ[µΓ
I
ε1)(F̃C

νλ ]A−Cρ

BHνλ ]ρDgCDB
A)X

I
C

−6i(ε̄2Γρ[µνΓ
IJ

ε1)C
ρ

BX I
CDλ ]X

J
D( fCDB

A−gCDB
A)

−3i
8
(ε̄2Γ

σ
Γ

J
ε1)(Ψ̄CΓµνλρσ Γ

J
ΨD)C

ρ

B(h
DBC

A−gCDB
A)

+2i(ε̄2Γ
τ
Γ

K
ε1)εµνλρστCρ

BCσ
E X I

CXJ
FXK

G gD[B]C
A f FG[E]

D

+i(ε̄2Γµνλ ΓLMε1)ε
IJKLMCκ

BCκEX I
CXJ

FXK
G gDB[C

A f FG]E
D

+3i(ε̄2Γρ[µνΓLMε1)ε
IJKLMCρ

BCλ ]EX I
CXJ

FXK
G gDB[C

A f FG]E
D

+vρ(4D[µHνλρ]A + εµνλρστCσ
B X I

CDτX I
DgCDB

A

+
i
2

εµνλρστCσ
B Ψ̄CΓ

τ
ΨDgCDB

A

= vρDρHµνλA + Λ̃
B
AHµνλB (4.61)

where in the last line again we have given the required expression for the closure of

the algebra as before.

According to above expression, it can be seen that the second term of the first line gives

the correct gauge transformation if the relation

gCDB
A = fCDB

A (4.62)

is satisfied.

Also it can be seen that the second and third lines vanish for the correct gauge

transformation. The fourth line vanishes if the relation

hDBC
A = gCDB

A (4.63)

is satisfied.
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Obtained the previous conditions this implies that fCDB
A =− fCBD

A and thus fCDB
A is

totally antisymmetric in C, D, B. As in the case of multiple M2-branes, consistency of

the gauge symmetries Λ̃B
A implies that the structure constants satisfy the fundamental

identity [10] :

f [ABC
E f D]EF

G = 0. (4.64)

Considering that the seventh line vanishes gives the H-equation of motion as:

D[µHνλρ]A +
1
4εµνλρστCσ

B X I
CDτX I

D fCDB
A

+ i
8εµνλρστCσ

B Ψ̄CΓτΨD fCDB
A = 0. (4.65)

Furthermore, it can be seen that the Bianchi identity D[λ F̃A
µν ]B = 0, along with the

H-equation of motion.

This implies that

Cρ

CDρHµνλD fCDB
A = 0. (4.66)

It could be introduced a field BµνA such that Hµνλ = 3∂[µBνλ ]. This result would lead

to the algebraic constraint [10]:

F̃B
[µνABλρ]B +

1
6εµνλρστCσ

B X I
CDτX I

D fCDB
A

+ i
12εµνλρστCσ

B Ψ̄CΓτΨD fCDB
A = 0, (4.67)

but this over-constrains the fields and so there cannot exist a suitable BµνA as we will

verify this in the next steps.

We check that the closure of the antisymmetric tensor field-strength HµνλA as

required in case the equations of motion and algebraic constraints above are satisfied.

HµνλA is self-dual, are invariant under the six dimensional (2,0) supersymmetry

transformations [10].
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4.2.5 Closure on ΨA

Let us look at the closure on the fermions. We expect to find that the algebra closes

into a translation and a gauge transformation. Applying the ideas of the previous

calculation, we will get the closure on the fermions to gauge this symmetry:

[δ1,δ2]ΨA = δ1δ2ΨA−δ2δ1ΨA. (4.68)

We calculate first term as follows.

δ1δ2ΨA = δ1(Γ
µ

Γ
IDµX I

Aε2 +
1

12
Γµνλ Hµνλ

Aε2−
1
2

Γλ Γ
IJCλ

B X I
CXJ

D fCDB
Aε2)

= iΓµ
Γ

I
ε̄1Γ

IDµΨAε2− iΓµ
Γ

I
ε̄1ΓµλCλ

C ΨDhCDB
AX I

Bε2

+
i
4

Γ
µνλ

ε̄1Γ[µνDλ ]ΨAε2 +
i

12
Γ

µνλ
ε̄1Γ

I
ΓµνλκCκ

BX I
CΨDgCDB

Aε2

− i
2

Γλ Γ
IJCλ

B ε̄1Γ
I
ΨCXJ

D fCDB
Aε2

− i
2

Γλ Γ
IJCλ

B X I
Cε̄1Γ

J
ΨD fCDB

A ε2 (4.69)

And the second term is written as

δ2δ1ΨA = iΓµ
Γ

I
ε̄2Γ

IDµΨAε1− iΓµ
Γ

I
ε̄2ΓµλCλ

C ΨDhCDB
AX I

Bε1

+
i
4

Γ
µνλ

ε̄2Γ[µνDλ ]ΨAε1 +
i

12
Γ

µνλ
ε̄2Γ

I
ΓµνλκCκ

BX I
CΨDgCDB

Aε1

− i
2

Γλ Γ
IJCλ

B ε̄2Γ
I
ΨCXJ

D fCDB
Aε1

− i
2

Γλ Γ
IJCλ

B X I
Cε̄2Γ

J
ΨD fCDB

A ε1. (4.70)

Combining them we obtain

[δ1,δ2]ΨA = −iΓµ
Γ

I (
ε̄2Γ

IDµΨAε1− ε̄1Γ
IDµΨAε2

)
+iΓµ

Γ
I(ε̄2ΓµλCλ

C ΨDhCDB
AX I

Bε1

−ε̄1ΓµλCλ
C ΨDhCDB

AX I
Bε2)

− i
4

Γ
µνλ

(
ε̄2 Γ[µνDλ ]ΨAε1− ε̄1Γ[µνDλ ]ΨAε2

)
− i

12
Γ

µνλ (ε̄2Γ
I
ΓµνλκCκ

BX I
CΨDgCDB

Aε1

−ε̄1Γ
I
ΓµνλκCκ

BX I
CΨDgCDB

Aε2)

+
i
2

Γλ Γ
IJCλ

B (ε̄2Γ
I
ΨCXJ

D fCDB
Aε1− ε̄1Γ

I
ΨCXJ

D fCDB
Aε2)

+
i
2

Γλ Γ
IJCλ

B X I
C

(
ε̄2Γ

J
ΨD fCDB

Aε1− ε̄1Γ
J
ΨD fCDB

Aε2

)
. (4.71)
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We now name each term of [δ1,δ2]ΨA as:

A = −iΓµ
Γ

I (
ε̄2Γ

IDµΨAε1− ε̄1Γ
IDµΨAε2

)
(4.72)

B = iΓµ
Γ

I
(

ε̄2ΓµλCλ
C ΨDhCDB

AX I
Bε1− ε̄1ΓµλCλ

C ΨDhCDB
AX I

Bε2

)
(4.73)

C = − i
4

Γ
µνλ

(
ε̄2 Γ[µνDλ ]ΨAε1− ε̄1Γ[µνDλ ]ΨAε2

)
(4.74)

D = − i
12

Γ
µνλ (ε̄2Γ

I
ΓµνλκCκ

BX I
CΨDgCDB

Aε1

−ε̄1Γ
I
ΓµνλκCκ

BX I
CΨDgCDB

Aε2) (4.75)

E =
i
2

Γλ Γ
IJCλ

B

(
ε̄2Γ

I
ΨCXJ

D fCDB
Aε1− ε̄1Γ

I
ΨCXJ

D fCDB
Aε2

)
(4.76)

F =
i
2

Γλ Γ
IJCλ

B X I
C

(
ε̄2Γ

J
ΨD fCDB

Aε1− ε̄1Γ
J
ΨD fCDB

Aε2

)
. (4.77)

We rearrenge each term above with Fierzing (A.22). As a result, we obtain

A =
i

16
[2(ε̄2Γνε1)Γ

µ
Γ

I
Γ

ν
Γ

IDµΨA

−2
(
ε̄2ΓνΓ

J
ε1
)

Γ
µ

Γ
I
Γ

ν
Γ

J
Γ

IDµΨA

+
1
12
(
ε̄2Γνλσ Γ

JK
ε1
)

Γ
µ

Γ
I
Γ

νλσ
Γ

JK
Γ

IDµΨA] (4.78)

B =
i

16
[2(ε̄2Γνε1)

(
−Γ

µ
Γ

I
Γ

ν
ΓµκCκ

CΨDhCDB
AX I

B

)
−2
(
ε̄2ΓνΓ

J
ε1
)(
−Γ

µ
Γ

I
Γ

ν
Γ

J
ΓµκCκ

CΨDhCDB
AX I

B

)
+

1
12
(
ε̄2Γνλσ Γ

JK
ε1
)(
−Γ

µ
Γ

I
Γ

νλσ
Γ

JK
ΓµκCκ

CΨDhCDB
AX I

B

)
] (4.79)

C =
i

16
[2(ε̄2Γνε1)(

1
4

Γ
ργτ

Γ
ν
Γ[ργDτ]ΨA)

−2
(
ε̄2ΓνΓ

J
ε1
)
(
1
4

Γ
ργτ

Γ
ν
Γ

J
Γ[ργDτ]ΨA)

+
1

12
(ε̄2Γνλσ Γ

JK
ε1)(

1
4

Γ
ργτ

Γ
νλσ

Γ
JK

Γ[ργDτ]ΨA)] (4.80)
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D =
i

16
[2(ε̄2Γνε1)(

1
12

Γ
ρστ

Γ
ν
Γ

I
ΓρστκCκ

BX I
CΨDgCDB

A)

−2
(
ε̄2ΓνΓ

J
ε1
)
(

1
12

Γ
ρστ

Γ
ν
Γ

J
Γ

I
ΓρστκCκ

BX I
CΨDgCDB

A)

+
1

12
(
ε̄2Γνλσ Γ

JK
ε1
)
(

1
12

Γ
ρστ

Γ
νλσ

Γ
JK

Γ
I
ΓρστκCκ

BX I
CΨDgCDB

A)] (4.81)

E =
i

16
[2(ε̄2Γνε1)(−

1
2

ΓκΓ
IMCκ

BΓ
ν
Γ

I
ΨCXM

D fCDB
A)

−2
(
ε̄2ΓνΓ

J
ε1
)
(−1

2
ΓκΓ

IMCκ
BΓ

ν
Γ

J
Γ

I
ΨCXM

D fCDB
A)

+
1

12
(
ε̄2Γνλσ Γ

JK
ε1
)
(−1

2
ΓκΓ

IMCκ
BΓ

νλσ
Γ

JK
Γ

I
ΨCXM

D fCDB
A)] (4.82)

F =
i

16
[2(ε̄2Γνε1)(−

1
2

ΓκΓ
IMCκ

BX I
CΓ

ν
Γ

M
ΨD fCDB

A)

−2
(
ε̄2ΓνΓ

J
ε1
)
(−1

2
ΓκΓ

IMCκ
BX I

CΓ
ν
Γ

J
Γ

M
ΨD fCDB

A)

+
1

12
(
ε̄2Γνλσ Γ

JK
ε1
)
(−1

2
ΓκΓ

IMCκ
BX I

CΓ
νλσ

Γ
JK

Γ
M

ΨD fCDB
A)]. (4.83)

Combining all these Fierz reordered terms, we obtain

[δ1,δ2]ΨA =
i

16
[2(ε̄2Γνε1)A′−2

(
ε̄2ΓνΓ

J
ε1
)

B′+
1

12
(
ε̄2Γνλσ Γ

JK
ε1
)

C′

(4.84)

where A′,B′ and C′ are given as

A′ = Γ
µ

Γ
I
Γ

ν
Γ

IDµΨA−Γ
µ

Γ
I
Γ

ν
ΓµκCκ

CΨDhCDB
AX I

B

+
1
4

Γ
ργτ

Γ
ν
Γ[ργDτ]ΨA +

1
12

Γ
ργτ

Γ
ν
Γ

I
ΓργτκCκ

BX I
CΨDgCDB

A

−1
2

ΓκΓ
IMCκ

BΓ
ν
Γ

I
ΨCXM

D fCDB
A−

1
2

ΓκΓ
IMCκ

BX I
CΓ

ν
Γ

M
ΨD fCDB

A (4.85)

B′ = Γ
µ

Γ
I
Γ

ν
Γ

J
Γ

IDµΨA−Γ
µ

Γ
I
Γ

ν
Γ

J
ΓµκCκ

CΨDX I
BhCDB

A

+
1
4

Γ
ργτ

Γ
ν
Γ

J
Γ[ργDτ]ΨA +

1
12

Γ
ργτ

Γ
ν
Γ

J
Γ

I
ΓργτκCκ

BX I
CΨDgCDB

A

−1
2

ΓκΓ
IMCκ

BΓ
ν
Γ

J
Γ

I
ΨCXM

D fCDB
A

−1
2

ΓκΓ
IMCκ

BX I
CΓ

ν
Γ

J
Γ

M
ΨD fCDB

A (4.86)
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C′ = Γ
µ

Γ
I
Γ

νλσ
Γ

JK
Γ

IDµΨA−Γ
µ

Γ
I
Γ

νλσ
Γ

JK
ΓµκCκ

CΨDhCDB
AX I

B

+
1
4

Γ
ργτ

Γ
νλσ

Γ
JK

Γ[ργDτ]ΨA +
1

12
Γ

ργτ
Γ

νλσ
Γ

JK
Γ

I
ΓργτκCκ

BX I
CΨDgCDB

A

−1
2

ΓκΓ
IMCκ

BΓ
νλσ

Γ
JK

Γ
I
ΨCXM

D fCDB
A

−1
2

ΓκΓ
IMCκ

BX I
CΓ

νλσ
Γ

JK
Γ

M
ΨD fCDB

A. (4.87)

Let us calculate each term in A′ separately.

The first and second terms are: (see A.1, A, A.30, A.41)

Γ
µ

Γ
I
Γ

ν
Γ

IDµΨA = 5Γ
ν
Γ

µDµΨA−10gµνDµΨA, (4.88)

−ΓµΓIΓνΓµκCκ
CΨDX I

BhCDB
A =

= Γ
I (−Γ

ν
Γ

µ +2gµν)ΓµκCκ
CΨDX I

BhCDB
A

= −5Γ
I
Γ

ν
ΓκCκ

CΨDX I
BhCDB

A +2Γ
I
Γ

ν
κCκ

CΨDX I
BhCDB

A

= +3Γ
ν
Γ

I
ΓκCκ

CΨDX I
B fCDB

A−2gν
κΓ

ICκ
CΨDX I

B fCDB
A. (4.89)

Third term is:

1
4

Γ
ργτ

Γ
ν
Γ[ργDτ]ΨA =

1
24

(−Γ
ν
Γ

ργτ +2gνρ
Γ

γτ +2gντ
Γ

ργ +2gνγ
Γ

τρ)

.
(
2ΓργDτ +2ΓγτDρ +2ΓτρDγ

)
ΨA

= +
5
3

Γ
ν
Γ

τDτΨA +
5
3

Γ
ν
Γ

ρDρΨA +
5
3

Γ
ν
Γ

γDγΨA

−2
3

Γ
ν
Γ

τDτΨA +
3
2

gτνDτΨA−5gνρDρΨA

−2
3

Γ
ν
Γ

γDγΨA +
3
2

gγνDγΨA−5gντDτΨA

−2
3

Γ
ν
Γ

ρDρΨA +
3
2

gρνDρΨA−
2
3

Γ
ν
Γ

γDγΨA

+
3
2

gγνDγΨA−
2
3

Γ
ν
Γ

τDτΨA +
3
2

gτνDτΨA

−2
3

Γ
ν
Γ

ρDρΨA +
3
2

gρνDρΨA−5gνγDγΨA

= Γ
ν
Γ

ρDρΨA−6gρνDρΨA. (4.90)

We used (A.31, A.41) above.
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Continuing with fourth term, we get (see A.31, A.41)

Γ
ργτ

Γ
ν
Γ

I
ΓργτκCκ

BX I
CΨDgCDB

A = −12Γ
I
Γ

ν
ΓκCκ

BX I
CΨDgCDB

A

+72gν
κCκ

BX I
CΨDgCDB

A (4.91)

and the last two terms can be arrenged as (A.35)

−1
2

ΓκΓ
IMCκ

BΓ
ν
Γ

I
ΨCXM

D fCDB
A − 1

2
ΓκΓ

IMCκ
BX I

CΓ
ν
Γ

M
ΨD fCDB

A

= − 1
2
(ΓκΓ

IM
Γ

ν
Γ

I
ΨCXM

D Cκ
B fCDB

A

+ ΓκΓ
IM

Γ
ν
Γ

M
ΨDX I

CCκ
B fCDB

A). (4.92)

Replacing I↔M, C↔ D and taking into account the antisymmetry of fCDB
A for the

second term in (4.92) expression above, we obtain

−1
2

ΓκΓ
IMCκ

BΓ
ν
Γ

I
ΨCXM

D fCDB
A − 1

2
ΓκΓ

IMCκ
BX I

CΓ
ν
Γ

M
ΨD fCDB

A

= − ΓκΓ
ν
Γ

IM
Γ

I
ΨCXM

D Cκ
B fCDB

A. (4.93)

Using ΓIMΓI =−4ΓM (A.35) above, we get the following expression,

−1
2

ΓκΓ
IMCκ

BΓ
ν
Γ

I
ΨCXM

D fCDB
A−

1
2

ΓκΓ
IMCκ

BX I
CΓ

ν
Γ

M
ΨD fCDB

A =

= −4Γ
M

Γ
ν
ΓκCκ

BΨCXM
D fCDB

A +8gν
κΓ

MCκ
BΨCXM

D fCDB
A

= 4Γ
ν
Γ

I
ΓκCκ

BΨCX I
D fCDB

A +8gν
κΓ

ICκ
BΨCX I

D fCDB
A. (4.94)

Putting all these expressions in A′ expression, we obtain

A′ = 6Γ
ν
Γ

µDµΨA−16gµνDµΨA +6Γ
ν
Γ

I
ΓκCκ

CΨDX I
B fCDB

A. (4.95)

Now we calculate the second term B′ (4.86):

B′ = Γ
µ

Γ
I
Γ

ν
Γ

J
Γ

IDµΨA−Γ
µ

Γ
I
Γ

ν
Γ

J
ΓµκCκ

CΨDX I
BhCDB

A

+
1
4

Γ
ργτ

Γ
ν
Γ

J
Γ[ργDτ]ΨA +

1
12

Γ
ργτ

Γ
ν
Γ

J
Γ

I
ΓργτκCκ

BX I
CΨDgCDB

A

−1
2

ΓκΓ
IMCκ

BΓ
ν
Γ

J
Γ

I
ΨCXM

D fCDB
A−

1
2

ΓκΓ
IMCκ

BX I
CΓ

ν
Γ

J
Γ

M
ΨD fCDB

A.
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Every term can be arrenged with the help of Gamma matrix identities as is done for A′

above.

First term is written as follows (see A.42),

Γ
µ

Γ
I
Γ

ν
Γ

J
Γ

IDµΨA = 3Γ
ν
Γ

J
Γ

µDµΨA +6gµν
Γ

JDµΨA. (4.96)

Second term is (see A.35):

−Γ
µ

Γ
I
Γ

ν
Γ

J
ΓµκCκ

CΨDX I
BhCDB

A = −3Γ
I
Γ

J
Γ

ν
ΓκCκ

CΨDX I
BhCDB

A

−2gν
κΓ

I
Γ

JCκ
CΨDX I

BhCDB
A

= 3Γ
ν
Γ

J
Γ

I
ΓκCκ

CΨDX I
B fCDB

A

−6gIJ
Γ

ν
ΓκCκ

CΨDX I
B fCDB

A

+2gν
κΓ

J
Γ

ICκ
CX I

BΨD fCDB
A

−4gν
κgIJCκ

CX I
BΨD fCDB

A. (4.97)

Third and fourth terms can be calculated with the help of A.31 and A.41 as follows,

1
4

Γ
ργτ

Γ
ν
Γ

J
Γ[ργDτ]ΨA = −Γ

ν
Γ

J
Γ

ρDρΨA−6gρν
Γ

JDρΨA, (4.98)

1
12

Γ
ργτ

Γ
ν
Γ

J
Γ

I
ΓργτκCκ

BX I
CΨDgCDB

A

= Γ
J
Γ

I(−Γ
ν
Γκ +6gν

κ)C
κ
BX I

CΨDgCDB
A

= Γ
ν
Γ

J
Γ

I
ΓκCκ

BX I
CΨD fCDB

A−6gν
κΓ

J
Γ

ICκ
BX I

CΨD fCDB
A. (4.99)

And the last term is

−1
2

ΓκΓ
IMCκ

BΓ
ν
Γ

J
Γ

I
ΨCXM

D fCDB
A−

1
2

ΓκΓ
IMCκ

BX I
CΓ

ν
Γ

J
Γ

M
ΨD fCDB

A
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= −ΓκΓ
ν
Γ

IM
Γ

J
Γ

I
ΨCXM

D Cκ
B fCDB

A

= −ΓκΓ
ν(−2Γ

J
Γ

M +6gMJ)ΨCXM
D Cκ

B fCDB
A

= 2ΓκΓ
ν
Γ

J
Γ

M
ΨCXM

D Cκ
B fCDB

A−6gMJ
ΓκΓ

ν
ΨCXM

D Cκ
B fCDB

A

= 2Γ
ν
Γ

J
ΓκΓ

M
ΨCXM

D Cκ
B fCDB

A +4gν
κΓ

J
Γ

M
ΨCXM

D Cκ
B fCDB

A

+6gMJ
Γ

ν
ΓκΨCXM

D Cκ
B fCDB

A−12gMJgν
κΨCXM

D Cκ
B fCDB

A

= −2Γ
ν
Γ

J
Γ

I
ΓκΨDX I

BCκ
C fCDB

A +4gν
κΓ

J
Γ

I
ΨDX I

BCκ
C fCDB

A

+6gIJ
Γ

ν
ΓκΨDX I

BCκ
C fCDB

A−12gIJgν
κΨDX I

BCκ
C fCDB

A. (4.100)

Replacing all these expressions in (4.86), we get B′, we get

B′ = 2Γ
ν
Γ

J
Γ

µDµΨA +2Γ
ν
Γ

J
Γ

I
ΓκCκ

CX I
BΨD fCDB

A

−16gν
κgIJCκ

CΨDX I
B fCDB

A. (4.101)

The last term C′ (4.87) is:

C′ =
1
12
(
ε̄2Γνλσ Γ

JK
ε1
)
(Γµ

Γ
I
Γ

νλσ
Γ

JK
Γ

IDµΨA

−Γ
µ

Γ
I
Γ

νλσ
Γ

JK
ΓµκCκ

CΨDhCDB
AX I

B +
1
4

Γ
ργτ

Γ
νλσ

Γ
JK

Γ[ργDτ]ΨA

+
1

12
Γ

ργτ
Γ

νλσ
Γ

JK
Γ

I
ΓργτκCκ

BX I
CΨDgCDB

A

−1
2

ΓκΓ
IMCκ

BΓ
νλσ

Γ
JK

Γ
I
ΨCXM

D fCDB
A

−1
2

ΓκΓ
IMCκ

BX I
CΓ

νλσ
Γ

JK
Γ

M
ΨD fCDB

A)].

To simplify this expression, we can rearrange the terms associated with each other and

using gamma matrix identities.

Firstly,we can combine the terms first and fourth just as a term which contain covariant

derivative.

−Γ
I
Γ

JK
Γ

I
Γ

µ
Γ

νλσ DµΨA +
1
4

Γ
JK

Γ
ργτ

Γ
νλσ

Γ[ργDτ]ΨA (4.102)

= −Γ
JK

Γ
µ

Γ
νλσ DµΨA +

1
4

Γ
JK

Γ
ργµ

Γ
νλσ

Γ[ργDµ]ΨA

= −Γ
JK

Γ
µ

Γ
νλσ DµΨA +

1
12

Γ
JK(Γργµ

Γ
νλσ

ΓργDµ

+Γ
ργµ

Γ
νλσ

ΓγµDρ +Γ
ργµ

Γ
νλσ

ΓµρDγ)ΨA (4.103)
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Using ΓµργΓνλσ Γργ = 4ΓµΓνλσ (A.57), we get the second term in (4.103) as follows,

1
12

Γ
JK(Γργµ

Γ
νλσ

ΓργDµ +Γ
ργµ

Γ
νλσ

ΓγµDρ +Γ
ργµ

Γ
νλσ

ΓµρDγ)ΨA

=
1
12

Γ
JK(4Γ

µ
Γ

νλσ Dµ +4Γ
ρ

Γ
νλσ Dρ +4Γ

γ
Γ

νλσ Dγ)ΨA

= Γ
JK

Γ
µ

Γ
νλσ DµΨA. (4.104)

Then (4.103) becomes

−Γ
I
Γ

JK
Γ

I
Γ

µ
Γ

νλσ DµΨA +
1
4

Γ
JK

Γ
ργτ

Γ
νλσ

Γ[ργDτ]ΨA =

= −Γ
JK

Γ
µ

Γ
νλσ DµΨA +Γ

JK
Γ

µ
Γ

νλσ DµΨA

= 0. (4.105)

If we look at the second term in C′, we get the following expression using Gamma

matrix identity (see A.56):

−Γ
µ

Γ
I
Γ

νλσ
Γ

JK
ΓµκCκ

CΨDhCDB
AX I

B = Γ
I
Γ

JK
Γ

µ
Γ

νλσ
ΓµκCκ

CΨDhCDB
AX I

B

= Γ
I
Γ

JK(−ΓκΓ
νλσ )Cκ

CΨDhCDB
AX I

B

= −Γ
I
Γ

JK
ΓκΓ

νλσCκ
CΨD f DBC

AX I
B.

(4.106)

And the fourth term can be written

1
12

Γ
ργτ

Γ
νλσ

Γ
JK

Γ
I
ΓργτκCκ

BX I
CΨDgCDB

A =

=
1
12

Γ
JK

Γ
I
Γ

ργτ
Γ

νλσ
ΓργτκCκ

BX I
CΨDgCDB

A

=
1
12

Γ
JK

Γ
I
(
−12ΓκΓ

νλσ

)
Cκ

BX I
CΨDgCDB

A

= −Γ
JK

Γ
I
ΓκΓ

νλσCκ
BX I

CΨD fCDB
A. (4.107)

We used ΓργτΓνλσ Γργτκ =−12ΓκΓνλσ above (A.58).
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And the last term can be found replacing I↔M, C↔ D and taking into account the

antisymmetry of fCDB
A as:

−1
2

ΓκΓ
IMCκ

BΓ
νλσ

Γ
JK(ΓI

ΨCXM
D +Γ

M
ΨDX I

C) fCDB
A =

= −Γ
IM

Γ
JK

Γ
I
ΓκΓ

νλσ
ΨCXM

D Cκ
B fCDB

A

= −Γ
JK

Γ
M

ΓκΓ
νλσ

ΨCXM
D Cκ

B fCDB
A +Γ

M
Γ

JK
ΓκΓ

νλσ
ΨCXM

D Cκ
B fCDB

A.

(4.108)

We used −ΓIMΓJKΓI = ΓMΓJK−ΓJKΓM (see A.30) above.

Finally, we can combine all these expressions in C′ and replace M↔ I, B→C, C→D,

D→ B in the third term and M↔ I C↔ D in the fourth term. Then we get

C′ = −Γ
I
Γ

JK
ΓκΓ

νλσ
ΨDX I

BCκ
C f DBC

A−Γ
JK

Γ
I
ΓκΓ

νλσCκ
BX I

CΨD fCDB
A

+Γ
M

Γ
JK

ΓκΓ
νλσ

ΨCXM
D Cκ

B fCDB
A−Γ

JK
Γ

M
ΓκΓ

νλσ
ΨCXM

D Cκ
B fCDB

A

= 0. (4.109)

There is no contribution to [δ1,δ2]ΨA from the last term, C′.

Using the relations that we found in A′, B′, C′ above, one gets [δ1,δ2]ΨA as follows,

[δ1,δ2]ΨA = −2i(ε̄2Γ
µ

ε1)DµΨA +2i
(
ε̄2ΓκΓ

I
ε1
)

Cκ
CΨDX I

B fCDB
A

+
3i
4
[(ε̄2Γνε1)Γ

ν(ΓµDµΨA +Γ
I
ΓκCκ

CΨDX I
B fCDB

A)]

− i
4
[
(
ε̄2ΓνΓ

J
ε1
)

Γ
ν
Γ

J(ΓµDµΨA +Γ
I
ΓκCκ

CX I
BΨD fCDB

A)]

= vµDµΨA + Λ̃
D
A ΨD

+
3i
4
[(ε̄2Γνε1)Γ

ν(ΓµDµΨA +Γ
I
ΓκCκ

CΨDX I
B fCDB

A)]

− i
4
[
(
ε̄2ΓνΓ

J
ε1
)

Γ
ν
Γ

J(ΓµDµΨA +Γ
I
ΓκCκ

CX I
BΨD fCDB

A)]

(4.110)

where −2i(ε̄2Γµε1) = vµ and 2i
(
ε̄2ΓκΓIε1

)
Cκ

CX I
B fCDB

A = Λ̃D
A .

Closure of the algebra requires that the lines in parentheses vanish. Therefore,this

determines the fermionic equation of motion;

Γ
µDµΨA +Γ

I
ΓκCκ

CΨDX I
B fCDB

A = 0. (4.111)
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So that on shell,

[δ1,δ2]ΨA = vµDµΨA + Λ̃
D
A ΨB. (4.112)

We see that transformation of the spinor field close into a translation and a gauge

transformation again.

4.2.6 Bosonic equation of motion

To obtain the bosonic equation of motion, we take the supervariation of the fermion

equation of motion. We found fermionic equation of motion as (4.111). Taking

supervariation of this equation, we obtain

0 = δ (ΓµDµΨA +X I
CCν

BΓ
I
ΨD fCDB

A)

0 = Γ
ν
δ (DνΨA)+(δX I

C)C
ν
BΓνΓ

I
ΨD fCDB

A +X I
CCν

BΓνΓ
I(δΨD) fCDB

A.

(4.113)

Let us calculate each term in (4.113) separately. Using the transformation of covariant

derivative

δ (DνΨA) = Dν(δΨA)−(δ ÃB
νA)ΨB (4.114)

and considering (4.4) we obtain (4.113) as:

0 = Γ
ν
Γ

µ
Γ

IDνDµX I
Aε +

1
12

Γ
ν
Γµρλ DνHµρλ

Aε

−Γ
ν
Γλ Γ

IJCλ
B XJ

DDνX I
C fCDB

Aε + iε̄Γ
I
ΨCCν

BΓνΓ
I
ΨD fCDB

A

+X I
CCν

BΓνΓ
I
Γ

µ
Γ

JDµXJ
D fCDB

Aε +
1

12
X I

CCν
BΓνΓ

I
Γµρλ Hµρλ

D fCDB
Aε

−1
2

X I
CCν

BΓνΓ
I
Γλ Γ

JKCλ
E XJ

FXK
G f FGE

D fCDB
Aε. (4.115)

As we calculated before (3.86) in chapter 3, we can write

Γ
ν
Γ

µ
Γ

IDνDµX I
Aε = Γ

ID2X I
Aε− 1

2
Γ

ν
Γ

µ
Γ

IF̃B
µνAX I

Bε. (4.116)
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Considering the property that Hµρλ
D is antisymmetric, we obtain

ΓνΓµρλ Hµρλ
D = Γν(ΓµΓρΓλ −gµρΓλ +gµλ Γρ −ggλ Γµ)Hµρλ

D

= ΓνΓµΓρΓλ Hµρλ
D−gµρΓνΓλ Hµρλ

D +gµλ ΓνΓgHµρλ
D

−ggλ ΓνΓµHµρλ
D

= ΓνΓµΓρΓλ Hµρλ
D (4.117)

−Γ
ν
Γλ Γ

IJCλ
B DνX I

C fCDB
A +ΓνΓ

I
Γ

µ
Γ

JDµXJ
DX I

CCν
B fCDB

A

= − Γ
IJ

Γ
ν
ΓλCλ

B XJ
DDνX I

C fCDB
A−Γ

I
Γ

J
ΓνΓ

µ(DµXJ
D)X

I
CCν

B fCDB
A

− Γ
IJ

Γ
ν
ΓλCλ

B XJ
DDνX I

C fCDB
A− (ΓIJ +gIJ)(−Γ

µ
Γν +2gµ

ν )DµXJ
D

.X I
CCν

B fCDB
A

= − Γ
IJ

Γ
ν
ΓλCλ

B XJ
DDνX I

C fCDB
A +Γ

IJ
Γ

µ
ΓνCν

BX I
CDµXJ

D fCDB
A

= − 2Γ
IJCν

BDνXJ
DX I

C fCDB
A +Γ

µ
ΓνCν

BX I
CDµXJ

D fCDB
A

− Cν
BDνX I

DX I
C fCDB

A

= Γ
µ

ΓνCν
BX I

CDµX I
D fCDB

A (4.118)

where we used the constaint (4.60) Cν
BDνX I

D fCDB
A = 0.

The rest terms can be rearranged as follows:

−1
2

X I
CCν

BΓνΓ
I
Γλ Γ

JKCλ
E XJ

FXK
G f FGE

D fCDB
A

=
1
2

Γ
I(−Γλ Γν +2gνλ )(Γ

J
Γ

K−gJK)X I
CCν

BCλ
E XJ

FXK
G f FGE

D fCDB
A

= −1
2

Γ
I
Γλ ΓνΓ

J
Γ

KX I
CCν

BCλ
E XJ

FXK
G f FGE

D fCDB
A

+
1
2

Γ
I
Γλ ΓνX I

CCν
BCλ

E XJ
FXJ

G f FGE
D fCDB

A

+Γ
I
Γ

J
Γ

KX I
CCν

BCν
EXJ

FXK
G f FGE

D fCDB
A

−Γ
IX I

CCν
BCν

EXJ
FXK

G f FGE
D fCDB

A (4.119)

Considering the property that fCDB
A is antisymmetric, the only nonvanishing term is:

−Γ
ICν

ECν
BXJ

FXK
G X I

CCν
B f FGE

D fCDB
A.
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Combining all these expressions in (4.113) and rearranging, we get

0 = Γ
I
{

D2X I
A−

i
2

Ψ̄CCν
BΓνΓ

I
ΨD fCDB

A−Cν
BCν

EX I
CXJ

FXK
G f FGE

D fCDB
A

}
ε

−1
2

Γ
I
Γ

ν
Γ

µ

{
F̃B

µνA−Cλ
C HµνλD fCDB

A

}
ε +D[µHνλρ]A

+
1
4

εµνλρστCσ
B X I

CDτX I
D fCDB

A +
i
8

εµνλρστCσ
B Ψ̄CΓ

τ
ΨD fCDB

A

where we used (4.58) and (4.65).

From here we obtain scalar equation of motion as:

0 = D2X I
A−

i
2

Ψ̄CCν
BΓνΓ

I
ΨD fCDB

A−Cν
BCν

EX I
CXJ

FXK
G f FGE

D fCDB
A

(4.120)

Let us summarize our calculation: We required the transformations to close into a

translation and a gauge transformation so that this way we obtained equations of

motion and constraints. Taking supervariation of fermionic equation of motion, we

get bosonic equation of motion.

All of the equations and constraints are:

0 = D2X I
A−

i
2

Ψ̄CCν
BΓ

ν
Γ

I
ΨD fCDB

A−CνGXJ
CXJ

EX I
F f EFG

D fCDB
A

0 = D[µHνλρ]A +
1
4

εµνλρστCσ
B X I

CDτX I
D fCDB

A

+
i
8

εµνλρστCσ
B Ψ̄CΓ

τ
ΨD fCDB

A

0 = Γ
µDµΨA +Γ

I
ΓκCκ

CΨDX I
B fCDB

A

0 = F̃B
µνA−Cλ

C HµνλD fCDB
A

0 = DµCν
A =Cµ

CCν
D f BCD

A

0 = Cρ

CDρX I
D fCDB

A =Cρ

CDρΨD fCDB
A =Cρ

CDρHµνλA fCDB
A. (4.121)

4.3 Relation to Five-Dimensional Symmetry

In group space, the signature of the metric determines whether the algebra is Euclidean

or Lorentzian. There is exactly one Euclidean four-dimensional 3-algebra as well as

an infinite set of Lorentzian 3-algebras [10]. We proceeded to investigate the vacuum

solutions of the theory for these two possibilities, but one can also consider three
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algebras with more than one timelike directions. The goal of this section is to relate

gauge theory of these algebras with five dimensional super Yang-Mills theory.

4.3.1 Lorentzian case

The Lorentzian 3-algebras can be set up by starting with an ordinary Lie algebra G and

adding two directions to G as a vector space, which are called + and −, two lightlike

generators T± such that A,B = +,−,a,b..., raising the total dimension of the algebra

to dim(G ) + 2 [10]. Using indices A,B =+,−,a,b..., the structure constant are given

in terms of the Lie algebra G -structure constants f ab
c as:

f+ab
c =− f a+b

c = f ab+
c = f ab

c , f abc
− = f abc (4.122)

with all other remaining components of f ABC
D vanishing. The invariant metric in terms

of standard metric on G is given as:

The dim(G ) + 2 scalar fields X I and fermion fields Ψ transform in the SO(8). Two

fields (X I
± and Ψ±) are singlets of G , while the other fields X I

a, Ψa transform in the

adjoint representation [37]. Since the fields X I
a transform in the adjoint of G we can

introduce the matrices T a = {T+,T−,T A} such that

X I = X I
aT a[

T a,T b
]

= f ab
cT c

Tr(T aT b) = gab. (4.123)

We focus on vacua of this theory in the particular case of G = su(N) by expanding

around a particular point

<Cλ
A >= gδ

λ
5 δ

+
A (4.124)
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while all other fields are set to zero. And the fourth line of (4.121) equations according

to this assumption has the form of

0 = F̃B
µνA−Cλ

C HµνλD fCDB

= F̃B
µνA− (gδ

λ
5 δ

+
C )HµνλD fCDB

= F̃B
µνA−gHµν5D f+DB

A

= F̃B
µνA−gHµν5D f DB

A. (4.125)

From this equation we obtain

0 = F̃b
αβa−gHαβ5 f db

a

F̃b
αβa = gHαβ5 f db

a (4.126)

with µ = α,5 and all other remaning components of F̃B
µνA zero.

The constraint

0 = DµCν
A =Cµ

CCν
D f BCD

A

takes the form of

0 = Dµ(gδ
ν
5 δ

+
A )

and we get

∂µg = 0. (4.127)

The rest of (4.121) equations respectively have the following forms.

The bosonic equation of motion:

0 = D2X I
A−

i
2

Ψ̄CCν
BΓ

ν
Γ

I
ΨD fCDB

A−CνGXJ
CXJ

EX I
F f EFG

D fCDB
A

= D2X I
a−

i
2

Ψ̄c(gδ
ν
5 δ

+
A )ΓνΓ

I
ΨD fCDB

A

−(gδ
ν
5 δ

+
A )(gδ5νδ

+
G )XJ

c XJ
e X I

f f EFG
D fCDB

A

= D̃αD̃αX I
a− i

g
2

Ψ̄cΓ5Γ
I
Ψd f cd

a−g2XJ
c XJ

e X I
f f e f

d f cd
a. (4.128)
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The H-equation of motion:

0 = D[µHνλρ]A +
1
4

εµνλρστCσ
B X I

CDτX I
D fCDB

A

+
i
8

εµνλρστCσ
B Ψ̄CΓ

τ
ΨD fCDB

A

= D[µHνλρ]A +
1
4

εµνλδστ(gδ
σ
5 δ

+
B )X I

CDτX I
D fCDB

A

+
i
8

εµνλδστ(gδ
σ
5 δ

+
B )Ψ̄cΓ

τ
ΨD fCDB

A

= D[µHνλρ]A +
g
4

εµνλδ5τX I
c DτX I

d fCD
A

+i
g
8

εµνλδ5τΨ̄CΓ
τ
ΨD fCD

A. (4.129)

There are two possibilities;

i) If any of the indices is equal to 5, it is obtained

0 = D[αHβγ]5a. (4.130)

ii) None of the indices is equal to 5.

Recall that,

S[a1.....an] =
1

(n− i)!
εa1.....aib1.....bn−i

1
i!

ε
c1.....cib1.....bn−iSc1.....ci. (4.131)

So, D[αHβγ]A can be written as:

D[αHβγ]A =
1
1!

εµνλραβ

1
4!

ε
γδηκαβ DγHδηκ . (4.132)

Recall that Hδηκ is self dual,

Hδηκ =
1
3!

εδηκabcHabc.

Then, it is obtained

D[αHβγ]A =
1

3!4!
εµνλραβ ε

γδηκαβ
εδηκabcDγHabc. (4.133)

The Levi-Civita tensor multiplication is given as follows,

ε
γδηκαβ

εδεκ = −ε
δηκγαβ

εδηκabc

= =−(−3!3!){δ γ

[aδ
α
b δ

β

c]}

= 3!3!
1
3!
{δ γ

a δ
α
b δ

β
c −δ

γ
a δ

α
c δ

β

b +δ
γ

b δ
α
c δ

β
a

−δ
γ

b δ
α
a δ

β
c +δ

γ
c δ

α
a δ

β

b −δ
γ
c δ

α
b δ

β
a }. (4.134)
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So,

ε
γδηκαβ

εδηκabcDγHabc = 3!3!DγHαβγ (4.135)

and

D[µHνλρ]A =
1
4

εµνλραβ DγHαβγ . (4.136)

Multiplying the last line of the (4.129) equations with εµνλρ5η from left and writing

above expression in it, we get

0 = ε
µνλρ5ηD[µHνλρ]A +

g
4

ε
µνλρ5η

εµνλρ5τX I
CDτX I

D fCD
A

+
ig
8

ε
µνλρ5η

εµνλρ5τΨ̄CΓ
τ
ΨD fCD

A

=
1
4

ε
µνλρ5η

εµνλραβ DγHαβγ +
g
4

ε
µνλρ5η

εµνλρ5τX I
CDτX I

D fCD
A

+
ig
8

ε
µνλρ5η

εµνλρ5τΨ̄CΓ
τ
ΨD fCD

A. (4.137)

Recall that,

ε
µνλρ5η

εµνλραβ =−4(δ 5
αδ

η

β
−δ

5
β

δ
η
α ) (4.138)

and

ε
µνλρ5η

εµνλρ5τ = 4!δ η
τ . (4.139)

Using above expressions we find

0 =
1
4

4!(DγH5ηα −DγHη5α)+
g
4
.4!X I

CDηX I
D fCD

A

+i
g
8

4!Ψ̄CΓ
η

ΨD fCD
A

=
1
4
(−2DγHγη5)+

g
4

X I
CDηX I

D fCD
A

+i
g
8

Ψ̄CΓ
η

ΨD fCD
A

=
1
2

DγHγη5 +
g
4

X I
CDηX I

D fCD
A

+i
g
8

Ψ̄CΓ
η

ΨD fCD
A

= DγHγη5 +
g
2

X I
CDηX I

D fCD
A + i

g
4

Ψ̄CΓ
η

ΨD fCD
A

= D̃αHαβ5a +
1
2

g f cd
a(X

I
c D̃β X I

d +
i
2

Ψ̄cΓβ Ψd). (4.140)
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The fermionic equation of motion becomes:

0 = Γ
µDµΨA +gX I

CΓ5Γ
I
Ψd f cd

a. (4.141)

And the constraints:

0 = Cρ

CDρX I
D fCDB

A =Cρ

CDρΨD fCDB
A =Cρ

CDρHµνλA fCDB
A

become respectively

0 = Cρ

CDρX I
D fCDB

A

= (gδ
ρ

5 δ
+
C )DρX I

D fCDB
A

= gD5X I
d f+db

a

= gD5X I
d f db

a ⇒ ∂5X I
d = 0, (4.142)

0 = Cρ

CDρΨD fCDB
A

= (gδ
ρ

5 δ
+
C )DρΨD fCDB

A

= gD5Ψd f db
a ⇒ ∂5Ψd = 0, (4.143)

0 = Cρ

CDρHµνλA fCDB
A

= (gδ
ρ

5 δ
+
C )DρHµνλA fCDB

A

= gD5HµνλA f db
a ⇒ ∂5Hµνλa = 0. (4.144)

To summarize, the equations of motion become

0 = F̃b
αβa−gHαβ5 f db

a

0 = D̃αD̃αX I
a− i

g
2

Ψ̄cΓ5Γ
I
Ψd f cd

a−g2XJ
c XJ

e X I
f f e f

d f cd
a

0 = D[αHβγ]5a

0 = D̃αHαβ5a +
1
2

g f cd
a(X

I
c D̃β X I

d +
i
2

Ψ̄cΓβ Ψd)

0 = Γ
µDµΨA +gX I

CΓ5Γ
I
Ψd f cd

a

0 = ∂5X I
d = ∂5Ψd = ∂5Hµνλa (4.145)
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where D̃αX I
a = ∂αX I

a− Ãb
αaX I

b. Whereas one also get from (4.3) that

δX I
a = iε̄Γ

I
Ψa

δΨa = Γ
α

Γ
ID̃αX I

aε +
1
2

Γαβ Γ5Hαβ5
aε− i

2
Γ5Γ

IJ
δX I

c δXJ
d f cd

aε

δ Ãb
αa = iε̄ΓαΓ5Ψd f db

a. (4.146)

It is seen that with the identifications [10]:

g = g2
Y M Ha

αβ5 =
1

g2
Y M

Fa
αβ

Ãb
αa = Aαc f cb

a. (4.147)

So, it is recovered the equations of motion, Bianchi identity and supersymmetry

transformations of five-dimensional SU(N) super Yang-Mills theory. In particular

since g has scaling dimension 1, we see that g2
Y M also has the correct scaling dimension

(4.3).

On the other hand, we also have the additional equations

0 = ∂
µ

∂µX I
±

0 = ∂[µHνλρ]A

0 = Γ
µ

∂µΨA (4.148)

with transformations

δX I
± = iε̄Γ

I
Ψ±

δΨ± = Γ
µ

Γ
I
∂µX I

±ε +
1
3!

1
2

Γµνλ Hµνλ

± ε

δHµνλ± = 3iε̄Γ[µν∂λ ]Ψ±. (4.149)

These contain two free, abelian (2,0) multiplets in six dimensions.

Finally, investigation of the existence of a 2-form BµνA is given as follows. Before the

calculation, we remind that (4.67) only acts on the non Abelian fields. For the Abelian

case, one has ∂[µHνλρ]± = 0 and it is natural to write locally Hνλρ± = 3∂[µBνλ ]±.

From (4.126) we have, assuming D5Bαβα = 0

F̃b
αβa = gHαβ5d f db

a

= 2gD̃[αBβ ]5c f cb
a

=
1
2!

2g(D̃αBβ5c− D̃β Bα5c). (4.150)

68



Considering,

D̃αBβ5a = ∂αBβ5a− Ãb
αaBβ5b. (4.151)

We find

F̃b
αβa = g[(∂αBβ5c− Ãd

αcBβ5d)− (∂β Bα5c− Ãd
βcBα5d] f cb

a

= g∂αBβ5c f cb
a−gÃd

αcBβ5d f cb
a−g∂αBβ5c f cb

a

+gÃd
αcBβ5d f cb

a. (4.152)

However we should compare this to

F̃b
αβa = ∂β Ãb

αa−∂α Ãb
βa− Ãb

αcÃc
βa + Ãb

βcÃc
αa.

Comparing the derivative terms leads to

Ãb
αa =−gBα5c f cb

a. (4.153)

If the nonlinear terms are compared, it is required that

−Ãb
αcÃc

βa + Ãb
βcÃc

αa =−gÃd
αcBβ5d f cb

a +gÃd
βcBα5d f cb

a. (4.154)

Considering Ãb
αa =−gBα5c f cb

a , we get

−g2Bα5d f db
c Bβ5e f ec

a +g2Bβ5 f f f b
cBα5g f gc

a = g2Bα5hBββ5d f hd
c f cb

a

−g2Bβ5kBα5d f kd
c f cb

a,(4.155)

−Bα5dBβ5e f db
c f ec

a +Bβ5 f Bα5g f f b
c f gc

a = Bα5hBβ5d f hd
c f cb

a

−Bβ5kBα5d f kd
c f cb

a. (4.156)

If the indices g→ d, f → e are changed for the second term, h→ d, d→ e for the third

term and k→ e for the fourth term above, we obtain

−Bα5dBβ5e f db
c f ec

a +Bβ5eBα5d f eb
c f dc

a = Bα5dBβ5e f de
c f cb

a

−Bβ5eBα5d f ed
c f cb

a. (4.157)
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Therefore, it is required that

− f db
c f ec

a + f eb
c f dc

a = f de
c f cb

a− f ed
c f cb

a (4.158)

and

f eb
c f dc

a− f db
c f ec

a = f de
c f cb

a + f de
c f cb

a

= 2 f de
c f cb

a. (4.159)

whereas using the Jacobi identity one can find instead

f eb
c f dc

a− f db
c f ec

a = f de
c f cb

a. (4.160)

This result indicates that there is no Bµν in general.

As we have seen the nonabelian sector of the theory is essentially five-dimensional

super Yang-Mills.

In summary, in the case of Lorentzian 3-algebra the vacua of the theory correspond to

five-dimensional super-Yang-Mills along with two free, abelian (2, 0) multiplets which

are six-dimensional.

4.3.2 Euclidean case

The other possibility is an Euclidean signature 3-algebra which is rather similar. The

structure constants conform with the invariant tensor of SO(4), fCDBA = εCDBA for

the A4 Euclidean 3-algebra. Regardless of one of the SO(4) directions, considering

A = α,4 and expanding the theory around <Cµ

A >= vδ
µ

5 δ 4
A leads to

0 = F̃b
αβa− vHαβ5 f 4db

a

0 = D̃αD̃αX I
a− i

v
2

Ψ̄cΓ5Γ
I
Ψd f cdb

4− v2XJ
c XJ

e X I
f f e f 4

d f cdb
4

0 = D[αHβγ]5a

0 = D̃αHαβ5a +
1
2

v f cd4
a(X

I
c D̃β X I

d +
i
2

Ψ̄cΓβ Ψd)

0 = Γ
µDµΨA + vX I

CΓ5Γ
I
Ψd f cd4

a

0 = ∂5X I
d = ∂5Ψd = ∂5Hµνλa (4.161)
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where D̃αX I
a = ∂αX I

a− Ãb
αaX I

b, whereas one also has from (4.3) that

δX I
a = iε̄Γ

I
Ψa

δΨa = Γ
α

Γ
ID̃αX I

aε +
1
2

Γαβ Γ5Hαβ5
a ε− i

2
Γ5Γ

IJ
δX I

c δXJ
d f cd4

aε

δ Ãb
αa = iε̄ΓαΓ5Ψd f 4db

a (4.162)

It is seen that with the identifications

v = v2
Y M Ha

αβ5 =
1

v2
Y M

Fa
αβ

Ãb
αa = Aαc f c4b

a (4.163)

where f abc are now the structure constants of SU(2). So, the theory is once again

identified around the vacuum as five-dimensional SU(2) super Yang-Mills [53], [54].

In the Euclidean 3-algebra case, one has only a single six-dimensional (2, 0) tensor

multiplet because of the replacement (±→ 4) such that [10]:

0 = ∂
µ

∂µX I
4

0 = ∂[µHνλρ]A

0 = Γ
µ

∂µΨA (4.164)

with transformations

δX I
4 = iε̄Γ

I
Ψ4

δΨ4 = Γ
µ

Γ
I
∂µX I

4ε +
1
3!

1
2

Γµνλ Hµνλ

4 ε

δHµνλ4 = 3iε̄Γ[µν∂λ ]Ψ4. (4.165)

The Euclidean 3-algebra is qualitatively similar compared to the Lorentzian 3-algebra,

unlike 3 dimensional 3-algebra theories with 16 supercharges. On the contrary, it

would have been possible to reach this ansatz by working backwards. Considering

super Yang- Mills theory in five dimensions, the set of equations of motion and

supersymmetry transformations, YM coupling can be renamed as g2
Y M ≡ C5

+ and the

gauge field Fa
αβ

= 1
g2

Y M
Ha

αβ5, Ãb
αa = Aαc f cb

a.
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5. CONCLUSION

Although a great deal of the physics is known, we don’t still know of any simple

covariant descriptions of M-theory in 11 dimensions, multiple M2-branes and multiple

M5-branes. However the low energy limit of a single M2-brane and a single M5-brane

is understood for a long time, the case of multiple M2-branes is not understood or at

least, it wasn’t understood until the end of 2007.

Motivated by Basu & Harvey, Bagger & Lambert and also independently Gustavsson

presented an alternative approach to multiple M2-branes system using three algebra

formalism. They have constructed a supersymmetric field theory model that is

consistent with all the symmetries expected of a multiple M2-brane theory.

After this revolution, there has been important progress for understanding multiple

M2-branes. Furthermore, the BLG model for multiple M2-branes motivates an

M5-brane theory with a novel gauge symmetry defined by the Lie 3-algebra. The

description of multiple M5-branes is expected to be a non-Abelian generalisation of

the single M5-brane theory. For this purpose, there have been significant attempts for

the new Lagrangian formulation of a single M5-brane and multiple M5-branes.

All of these significant recent progresses are achieved in our understanding of multiple

M2 and M5 branes using a new kind of symmetry structure so called Lie 3 algebra, but

there is still a lot to be learned about them.
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APPENDIX A

Notation and Convention:

In this section, we summarize notation used in the thesis. The indices are:

Worldvolume coordinates: µ,ν = 0,1,2 for M2-branes
µ,ν = 0,1,2,4,5 for M5-branes

Transverse space coordinates: I,J = 3, .....,10 for M2-branes
I,J = 6, .....,10 for M5-branes

All 11D coordinates: m,n = 0,1, .....,10

Spin(1, 10) spinor indices: α,β = 1, .....,32

Basis of Lie 3-algebra V: a, b,....., dimV.

Spinorial quantities and fields are Grassmann variables, i.e. anti-commuting. We
typically use Greek symbols such as Ψ,ε for Fermionic Grassmann fields and Roman
symbols for Bosonic fields.

For 11 dimensions, the dimension of the spinor is 25 = 32. In M-theory, the spinor
must be Majorana. So we work 32-component Majorana spinors. But, for an M2-brane
breaks the Lorentz symmetry as:

SO(10,1)→ SO(2,1)×SO(8),

so that we can get a Weyl spinor of SO(8) [4]. In the M5-brane theory, the fermions
are Goldstinos and breaks the symmetry as:

SO(10,1)→ SO(5,1)×SO(5).

The Dirac matrices Γ’s are a representation of the 11-dimensional Clifford algebra, i.e.
given m, n = 0, . . . , 10 it results

{Γm,Γn}= 2η
mn. (A.1)

We consider the "mostly minus" convention for the Minkowski metric:

ηmn =


1
−1

−1
...

...
−1

 .
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By defining the chirality matrix of SO(1,2) as:

Γ≡ Γ012 (A.2)

for M2 branes, the convention for the chirality condition we have is

Γε = ε ; εΓ =−ε ; ΓΨ =−Ψ ; ΨΓ =−Ψ. (A.3)

The (anti)commutation relations are:

[Γ,Γµ ] = 0, {Γ,ΓI}= 0. (A.4)

Analogously, the chirality matrix of SO(5,1) is defined as:

Γ≡ Γ012345 (A.5)

which satisfies the following chirality conditions

Γε = ε ; εΓ =−ε ; ΓΨ =−Ψ ; ΨΓ =−Ψ. (A.6)

The (anti)commutation relations are:

{Γµ ,ΓI}= 0 ; {Γ,ΓI}= 0 ; {Γ,Γµ}= 0. (A.7)

The conjugate spinors are defined with the charge conjugation matrix

Ψ = Ψ
TC (A.8)

and for our representation we can choose C = Γ0 [10]. This makes it antisymmetric
CT =−C and antihermitian C† =−C with C−1 =−C.

As CT =C−1 =−C, one also has that

CΓµC−1 =−Γ
T
µ (A.9)

and

{C,ΓI}= 0. (A.10)

In the general form,

(CΓm1...mn)
T = (Γm1...mn)

TCT

= (−1)n−1CΓmn...m1

= (−1)n−1(−1)[1+2+...+(n−1)]CΓm1...mn (A.11)

and we have the following symmetry properties for Γ matrices [7].
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symmetric matrix: CΓm1,CΓm1m2,CΓm1m2m3m4m5,CΓm1m2m3m4m5m6, ...
anti-symmetric matrix: CΓm1m2m3,CΓm1m2m3m4,CΓm1m2m3m4m5m6m7, ...

Using the results that we mentioned above, we can find a simple rule of the sign under
exchanging locations of spinors :

ε2γ
m

ε1 = (−1)ε1γ
m

ε2

ε2γ
mn

ε1 = (−1)ε1γ
mn

ε2

ε2γ
mno

ε1 = (+1)ε1γ
mno

ε2

ε2γ
mnop

ε1 = (+1)ε1γ
mnop

ε2

ε2γ
mnopq

ε1 = (+1)ε1γ
mnopq

ε2. (A.12)

Using the chirality property Γε = ε and εΓ =−ε we also see that

ε̄Γ
µ1...µkΓ

I1...Inε = ε̄Γ
µ1...µkΓ

I1...InΓε

= (−1)k
ε̄ΓΓ

µ1...µkΓ
I1...Inε

= (−1)k+1
ε̄Γ

µ1...µkΓ
I1...Inε. (A.13)

So, only if k is odd we could have no-zero value for ε̄Γµ1...µkΓI1...Inε [7]. We expressed
symmetry properties and chiral properties above to derive the following Fierz identities
and simplify several calculations used in the thesis.

APPENDIX B

The Fierz identities:

In this section the Fierz identities used repeatedly in the thesis are introduced.
The Fierz-reordering formula exchanges the order of anticommuting spinors. In
other words, it is used to express a product of two Dirac bilinears (which are the
matrix elements of gamma matrices and products of them) as a linear combination of
other products of bilinears with the four constituent Dirac spinors in different order.
Since Fierz identities relate Dirac bilinears, that are the objects with well defined
transformation properties under the Lorentz group and also gamma matrices form a
representation of the Lorentz group generators, it is natural that the Fierz identities
imply the existence of a basis of four-vectors formed by Dirac bilinears and guarantee
its orthogonality and completeness features. Furthermore, the reverse is possible,
that is, recovering the spinor from that basis, which yields the equivalence between
spinor and tensorial representation of various quantities [55]. Fierz identities are only
a specific set of matrix identities, valid for the Dirac bilinears that span the space of
complex matrices. Generalized Fierz identities can be obtained for any real or complex
square matrices [55, 56].
As is well known, considering the standard 4×4 Dirac matrices γµ and taking suitable
products of them, a set of 16 matrices can be obtained that, among other features, span
the 16 dimensional space of all the 4×4 matrices, the gamma matrices basis [56]. This
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process can be generalized to D dimensions. The 2D matrices ΓA form a complete set
of 2

1
2 D×2

1
2 D matrices for even D. In the odd D case, the 2D−1 matrices ΓA of degree

less than or equal to 2(D-1) are also a complete set of 2
1
2 (D−1)×2

1
2 (D−1) matrices. As

a result, any matrix of the corresponding dimensionality can be expressed in terms of
the ΓA:

Mαβ = 2−
1
2 D

D

∑
n=0

1
n!

Tr(Mγan...a1)(γa1...an)αβ f or even D,

Mαβ = 2−
1
2 D

D

∑
n=0

1
n!

Tr(Mγan...a1)(γa1...an)αβ f or odd D. (A.14)

The right hand side is split by factors 2
1
2 (D−1)× 2

1
2 (D−1), which represent the trace

of the unit matrix for even and odd D, respectively; the factor 1
n! is included to

avoid summing n! times over the same matrix γa1...an . Furthermore, notice that the
indices {a1...an} appear twice but in opposite order to avoid extra minus signs [57].
Consequently, the completeness relation can be used to reorder spinors in expressions
such as (ψ̄ΓAχ)(ξ̄ ΓBζ ). In the even D case, it can be derived

(ψ̄Γ
A

χ)(ξ̄ Γ
B
ζ ) = 2−

1
2 D

D

∑
n=0

1
n!
(ψ̄Γ

A
γan...a1Γ

B
ζ )(ξ̄ γa1...an χ) (A.15)

for commuting spinors (for anticommuting spinors there is an extra factor -1).
After these results, we can obtain the Fierz identities for M2-branes and M5-branes in
11 dimensions.

In 11 D spacetime the basis {T a} of the vector space of 2
11
2 ×2

11
2 matrices are:

{T a}= {1,Γm, iΓmn, iΓmnp,Γmnpq,Γmnpqr} (A.16)

which satisfies the condition

Tr{T a,T b}= 2
11
2 δab. (A.17)

Using the basis {T a} in 11D, we have the following generalized expression,

(ε2χ)ε1 = −2−[
11
2 ][(ε̄2ε1)χ +(ε̄2Γmε1)Γ

m
χ− 1

2!
(ε̄2Γmnε1)Γ

mn
χ

− 1
3!
(ε̄2Γmnpε1)Γ

mnp
χ +

1
4!
(ε̄2Γmnpqε1)Γ

mnpq
χ

+
1
5!
(ε̄2Γmnpqrε1)Γ

mnpqr
χ]. (A.18)

From the symmetry property that mentioned above, one can have the following
expression in eleven-dimensions:

(ε2χ)ε1− (ε1χ)ε2 = − 1
16

[(ε2Γmε1)Γ
m

χ− 1
2!
(ε2Γmnε1)Γ

mn
χ

+
1
5!
(ε2Γmnpqrε1)Γ

mnpqr
χ] (A.19)
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where m = 0, ..., 10 [7].

In the case of µ,ν = 0,1,2 and I,J = 3, .....,10. ε1 and ε2 have the same chirality
with respect to Γ012, so the only terms that contribute must have an even number of
I indices. Besides, in this case the generalized expression is only nonvanishing when
χ has the same Γ012 chirality as ε1 and ε2. When this is the case for M2 branes, the
general expression reduces to [3]:

(ε̄2χ)ε1− (ε̄1χ)ε2 = − 1
16

[2ε̄2Γµε1)Γ
µ

χ− (ε̄2ΓIJε1)Γ
IJ

χ

+
1
4!
(ε̄2ΓµΓIJKLε1)Γ

µ
Γ

IJKL
χ. (A.20)

In the case of µ,ν = 0,1,2,3,4,5 and I,J = 6, .....,10 for M5 branes, the general
expression can be obtained similarly. Splitting SO(10,1)→SO(5,1)⊗ SO(5) it can be
obtained that, since ε1 and ε2 have the same chirality with respect to Γ012345 (while ε1
and ε2 the opposite) the nonvanishing terms must involve odd powers of Γµ ’s. Also, the
expression is only nonvanishing in case ε1 has the opposite chirality as ε2. Considering
the chirality properties, one then gets

(ε2χ)ε1− (ε1χ)ε2 = − 1
16

[(ε2Γµε1)Γ
µ

χ− (ε2ΓµΓ
I
ε1)Γ

µ
Γ

I
χ

+
1
3!

1
2!
(ε2Γµνλ Γ

IJ
ε1)Γ

µνλ
Γ

IJ
χ

+
1
4!
(ε2ΓµΓ

IJKL
ε1)Γ

µ
Γ

IJKL
χ

+
1
5!
(ε2Γµνλρσ ε1)Γ

µνλρσ
χ]. (A.21)

Rearranging the last line above in terms of fewer Γ-matrices with the help of ε-tensors.
The final form of Fierz identity in 11 dimensions becomes [10],

(ε2χ)ε1− (ε1χ)ε2 = − 1
16

[2(ε2Γµε1)Γ
µ

χ−2(ε2ΓµΓ
I
ε1)Γ

µ
Γ

I
χ

+
1
3!

1
2!
(ε2Γµνλ Γ

IJ
ε1)Γ

µνλ
Γ

IJ
χ]. (A.22)

APPENDIX C

Gamma matrix identities:

In this section, we provide some useful Gamma Matrix identities used in the thesis.

Since the antisymmetrized matrices (A.16) form a basis, any gamma matrix product
can be expressed as a linear combination of these matrices. Using the Clifford algebra,
one can easily derive the relations:

Γ
a
Γ

b1.....bn = Γ
ab1.....bn +nga[b1Γ

b2.....bn] (A.23)
Γ

b1.....bnΓ
a = Γ

b1.....bna +nΓ
[b1.....bn−1gbn]a. (A.24)
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The most general such formula is [7]:

Γ
b1.....bnΓa1.....am =

min(n,m)

∑
p=0

n!m!
(n− p)!(m− p)!p!

.Γ[b1.....bn−p
[ap+1.....amgbn−p+1.....bn]

a1.....ap
(A.25)

Γb1.....bnΓ
a1.....an =

min(n,m)

∑
p=0

n!m!
(n− p)!(m− p)!p!

.Γ[b1.....bn−p
[ap+1.....amgbn−p+1.....bn]

a1.....ap (A.26)

from which it also follows that

[Γa,Γb1.....bn] = (1− (−1)n)Γab1.....bn +n(1+(−1)n)ga[b1Γ
b2.....bn] (A.27)

{Γa,Γb1.....bn} = (1+(−1)n)Γab1.....bn +n(1− (−1)n)ga[b1Γ
b2.....bn]. (A.28)

Firstly, we can write some simple commutation relations [7], [58]:

Γ
a
Γ

b = Γ
ab +gab (A.29)

Γ
a
Γ

bc = Γ
bc

Γ
a +4ga[b

Γ
c] (A.30)

Γ
a
Γ

bcd = −Γ
bcd

Γ
a +6ga[b

Γ
cd] (A.31)

Γ
a
Γ

bcde = Γ
abcde +gab

Γ
cde−gac

Γ
bde +gad

Γ
bce−gae

Γ
bcd (A.32)

Γ
ab

Γ
cd = Γ

abcd +gad
Γ

bc−gac
Γ

bd +gbc
Γ

ad−gbd
Γ

ac +gadgbc−gacgbd

(A.33)
Γ

ab
Γ

cde = Γ
abcde−gac

Γ
bde +gad

Γ
bce−gae

Γ
bcd +gbc

Γ
ade−gbd

Γ
ace

+gbe
Γ

acd +(gadgbc−gacgbd)− (gaegbc

−gacgbe)+(gaegbd−gadgbe)Γc. (A.34)

From the relations above, we can obtain the following useful relations that are used
during the calculation of the closures in the thesis repeatedly. (Here a,b,c,...is the
general index and n is defined by ∑a ΓaΓa = n) of the supersymmetry algebra.

For example, considering ∑a ΓaΓa = n, we can get [7]

ΓaΓ
ab = Γ

ba
Γa = (n−1)Γb (A.35)

ΓaΓ
abc = Γ

bca
Γa = (n−2)Γbc (A.36)

ΓaΓ
abcd = Γ

bcda
Γa = (n−3)Γbcd (A.37)

ΓbaΓ
ac = (n−2)Γb

c +(n−1)gb
c (A.38)

ΓabΓ
ab = −n(n−1) (A.39)

ΓdeΓ
eabc = (n−4)ΓdΓ

abc−3gd
[a

Γ
bc] (A.40)

ΓabΓ
abc = Γ

cab
Γab = −(n−1)(n−2)Γc. (A.41)
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Some triple summation relations are:

Γ
a
Γ

b
Γ

a = (2−n)Γb (A.42)
Γ

a
Γ

bc
Γ

a = (n−4)Γbc (A.43)
Γ

a
Γ

bcd
Γ

a = (6−n)Γbcd. (A.44)

The following identities used in the thesis are also found to be useful:

Γ
abc

Γ
d
Γ

a = (4−n)Γd
Γ

bc− (12−4n)gd[b
Γ

c] (A.45)
Γ

abc
Γ

de
Γ

a = (n−6)Γde
Γ

bc +(2n−10)[gdc
Γ

be−gec
Γ

bd +gbd
Γ

ec

−gbe
Γ

dc]+4[gdcgbe−gecgbd]. (A.46)

We used also the relations:

Γ
KLM = Γ

K
Γ

LM−gKL
Γ

M +gKM
Γ

L (A.47)
Γ

I
Γ

µ
Γ

J +Γ
J
Γ

µ
Γ

I = −2gIJ
Γ

µ (A.48)
Γ

I
Γ

JKL +Γ
JKL

Γ
I = 2gIJ

Γ
KL +2gIL

Γ
JK−2gIK

Γ
JL (A.49)

Γ
I
Γλ Γ

JK +Γλ Γ
JK

Γ
I = −Γλ Γ

I
Γ

JK +Γλ Γ
JK

Γ
I

= Γλ

(
Γ

JK
Γ

I−Γ
I
Γ

JK)
= Γλ

(
−2gIJ

Γ
K +2gIK

Γ
J)

= −2gIJ
Γλ Γ

K +2gIK
Γλ Γ

J (A.50)
ΓMΓ

IJ
Γ

M = 4Γ
IJ (A.51)

ΓMΓ
IJKL

Γ
M = 0 (A.52)

Γ
IJP

Γ
KLMN

ΓP = −Γ
I
Γ

KLMN
Γ

J +Γ
J
Γ

KLMN
Γ

I (A.53)
Γ

I
Γ

KL
Γ

J−Γ
J
Γ

KL
Γ

I = 2Γ
KL

Γ
IJ−2Γ

KJ
δ

IL +2Γ
KI

δ
JL

−2Γ
LI

δ
JK +2Γ

LJ
δ

IK +4δ
KI

δ
JL−4δ

KJ
δ

IL (A.54)
Γ

IJK
Γ

LM
ΓK = 2Γ

LM
Γ

IJ−6Γ
LJ

δ
IM +6Γ

LI
δ

JM

−6Γ
MI

δ
JL +6Γ

MJ
δ

IL +4δ
LJ

δ
IM−4δ

LI
δ

JM (A.55)

Γ
ρστ

Γνλ = −Γνλ Γ
ρστ +2gλρgνσ

Γ
τ −2gλρgντ

Γ
σ +2gλσ gντ

Γ
ρ

−2gλσ gνρ
Γ

τ +2gλτgνρ
Γ

σ −2gλτgνσ
Γ

ρ (A.56)
Γ

µνλ
Γ

ρστ
Γνλ = −30Γ

µ
Γ

ρστ +12Γ
µ

Γ
στ

Γ
ρ +12Γ

µ
Γ

ρσ
Γ

τ

+12Γ
µ

Γ
τρ

Γ
σ (A.57)

Γ
ργτ

Γ
νλσ

Γργτκ = −12ΓκΓ
νλσ . (A.58)
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