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NON-ASSOCIATIVE GAUGE THEORY

SUMMARY

There had been no known Lagrangian description of multiple M2-branes before
Bagger and Lambert presented an alternative approach to this system using a new kind
of symmetry structure, so called Lie 3-algebra. The multiple M2-branes revolution
started in 2007 with a series three papers presented by Jonathan Bagger & Neil
Lambert [1-3] and also independtly by Andreas Gustavsson [4]. Motivated by Basu &
Harvey [5] proposal, they present a three dimensional N=2 supersymmetric action for
the scalar-spinor sector of multiple M2-brane worlvolume theory. In other words, they
construct a unique 3 dimensional supersymmetric field theory that is consistent with all
the symmetries expected of a multiple M2-brane theory: maximal supersymmetry (16
supersymmetries), conformal invariance and an SO(8) R-symmetry acts on the eight
transverse scalars. They first described the supersymmetry transformations of multiple
M?2-branes and then argued that the M2-brane coordinates are naturally elements of
a non-associative algebra. Their field theory model is based on such an algebra
with a totally antisymmetric triple product and they have succeeded in formulating
Lagrangian description for multiple M2-branes in terms of this product.

Since there has been significant recent progress for multiple M2-branes worldvolume
theory, it is natural to wonder whether the results can be extended to multiple
M5-branes system [6-9]. For this purpose, Lambert & Papageorgakis proposed [10] an
ansatz to construct a Lie-3 algebra theory in six dimensions with (2,0) supersymmetry.
They consider the set of supersymmetry transformations for the abelian case first and
then propose a non-Abelian generalisation, resulting a system of equations of motion
that represent the (2,0) supersymmetric tensor multiplet.

In this thesis we study technical details of the Bagger-Lambert-Gustavsson theory and
its extension to the multiple M5-branes, a system of interacting M5-branes manifesting
(2,0) supersymmetry.

This thesis consists of five chapters:
In chapter 1, we give a brief introduction to M-theory, to some of the objects that are

relevant to its definition and historical progress of multiple M2-brane worldvolume
theory.

In chapter 2, we give some algebraic details of the Bagger-Lambert-Gustavsson
theory that is based on a nonassociative algebra called Lie-3 algebra, for which the
anti-symmetrized associator leads to a natural triple product structure.

In chapter 3, we present the basics of the Bagger-Lambert-Gustavsson theory. We
study how they gauge a symmetry that arises from the algebra’s triple product and
construct a supersymmetric multiple M2-branes worldvolume theory. We first consider

XV



a set of supersymmetry transformations postulated by Bagger & Lambert and check
the closures of them. We see that these supersymmetries close into translations and
gauge transformations with a set of equations of motion so that the superalgebra
closes " on shell " and all the equations of motions are invariant under supersymmetry
transformations. We end this chapter presenting a supersymmetric and gauge-invariant
Bagger & Lambert action that is consistent all expected continious symmetries.

In chapter 4, we discuss the extension of this model to multiple M5-branes theory
whose low energy dynamics are based on a theory in 6 dimensions with (2,0)
supersymmetry, SO(5) R-symmetry and conformal symmetry. We study Lambert
& Papageorgakis propasal in detail. We proceed by checking the closures of these
supersymmetry algebras for both Abelian and non-Abelian cases. The superalgebras
close ” on shell ”. The closures yield a set of equations of motion and a number
of constraints. In addition, the superalgebra for non-Abelian (2,0) tensor multiplets
in six dimensions close ” on shell ” up to translations and gauge transformations
in case the structure constants are the elements of a real 3-algebra. We end this
chapter reviewing the relation between 6 dimensional this theory and 5 dimensional
super Yang-Mills, in other words expanding it around a particular vacuum point how
it reduces to five dimensional super-Yang-Mills along with six-dimensional, Abelian
(2,0) tensor multiplets.

In chapter 5, we have collected some conclusions.

Finally, we end this study presenting three apendices; Notation & Convention, Fierz
reordering formulas and Gamma matrix identities used repeatedly in the thesis.
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BIRLESIMSIZ AYAR TEORISI

OZET

Evreni tek bir ¢erceve i¢inde agiklayabilen tutarh bir teorinin varligi, modern fizigin
yamitim1 aradig1 temel sorulardandir. M teori, bdyle bir teoriye en muhtemel adaydir.
Bes farkl: siipersicim teorisini ve onbir boyutlu siipercekim teorisini birlestiren bagarili
bir teoridir. Siipersicim teorileri ve onbir boyutlu siipercekim teorisi M teorinin farkl
limitlerdeki 6zel durumlart olarak ele alinir.

M teorinin anlamli oldugu onbir boyuttaki temel cisim zardir. Teoride sicimlerden
bagka M2-zar, MS5-zar, KK6-zar ve 9-zar gibi yiiksek boyutlu nesnelerin de oldugu
ortaya konmustur. Ayrica iizerlerinde ¢ok caligilmis siipersicim teorilerinin {i¢iiniin de
(tip 1, tip 1I-A, tip II-B) sicimlerin yaninda D-zar olarak adlandirilan yiiksek boyutlu
nesneler icerdikleri gosterilmistir.

1995°den bu yana D-zarlar hakkinda ¢ok sey 6grenilmistir. Tek bir D-zar i¢in D-zar
tizerindeki teori, siipersimetrik Yang-Mills teorisidir. N tane kesisen D-zar1 tanimlayan
teorisi ise Abelyan olmayan Born-Infeld teorisidir.

M-zarlar iizerindeki alan teorileri hakkinda ise heniiz yeterli bilgi bulunmamaktadir.
Tek bir M2-zar1 ve tek bir M5-zar1 tanimlayan eylem uzun zamandir bilinmektedir.
Fakat bu zarlarin iist iiste dizildigi durumlar icin eylem yazma isi, M teorinin ortaya
cikisindan bu yana problem olmustur. Jonathan Bagger & Neil Lambert ve bagimsiz
olarak Andreas Gustavsson, Lie-3 cebri formalizmi kullanarak ¢coklu M2-zarlar1 i¢in
eylem yazmay1 basarmislardir. Diger bir ifade ile coklu M2 zarlar1 teorisi i¢in {i¢
boyutlu, siipersimetrik bir alan teorisi yazmiglardir. Coklu M5-zarlar1 eylemi ise hala
gizemlidir.

Coklu M-zarlar1 dinamigi, coklu D-zarlar1 dinamigine gore daha zordur. Fakat
sevindirici yani, M-zarlar ile D-zarlar arasindaki benzerliklerdir. M21MS5 sistemi
D1.1D3 sistemine benzerdir. M teorinin tip II-A siipersicim teorisinin siddetli
ciftlenim limiti olarak diisiiniilmesi ile bu benzerlikler goriilmiistiir. Iste bu benzerlik
"D-zarlar hakkinda bilinenler M-zarlara genellestirilebilir mi?" sorusunu ortaya
cikarmastir.

Bu amacla Basu & Harvey, D11D3 ve M21MS5 sistemleri arasindaki dualite
iligkisinden yola ¢ikarak, D11 D3 sistemini tanimlayan Nahm denklemini M2_ M5
sistemi icin genellestirmeyi basarmiglardir. Elde ettikleri genellestirilmis bu denklem,
dortlit Nambu parantezini icermektedir. Ardindan, bu denklemin {iclii Lie parantezi
iceren bir eylemden tiiredigi ortaya konmugstur. Bunun iizerine Bagger & Lambert
ve bagimsiz olarak Gustavsson, Basu & Harvey’in caligmalarindan esinlenerek ve
Lie-3 cebri olarak adlandirilan bu yeni simetri yapisini kullanarak ¢oklu M2-zarlari
i¢in beklenen;
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e N=8 siipersimetri,
e SO(8) R-simetri,

e Konformal simetri

simetrilerine sahip, siipersimetrik ve ayar degismez bir eylem yazmay1 basarmiglardir.
Bu basari, s6z konusu teorinin ¢oklu M5-zarlarina genellestirilmesi icin yapilan yeni
girisimleri de beraberinde getirmistir.

Bu tezde ¢oklu M2-zarlari i¢in sunulan Bagger-Lambert-Gustavsson teorisinin ve bu
teorinin ¢goklu MS5-zarlaria uygulamasinin teknik detaylari tizerinde durulmustur.

Tez, beg ana boliimden olusur.

Birinci boliimde; M teori, teorinin iligkili oldugu nesneler ve teorinin tarihsel
gelisiminden kisaca soz edilmistir. Bagger-Lambert-Gustavsson teorisinin ve bu
teorinin ¢coklu M5-zarlarina uygulamasinin motivasyonu sunulmustur.

Ikinci boliimde; teorinin dayandig1 bazi cebirsel detaylar hakkinda bilgi verilmistir.
Teori, Lie-3 cebir yapisi iizerine kurulmustur. Bu boliimde cebir, Lie cebir ve Lie-3
cebir yapilari sunulmustur.

Uciincii boliimde, Bagger-Lambert-Gustavsson modelinin temelleri sunulmustur.
Coklu M2-zarlar1 i¢in Bagger ve Lambert tarafindan ortaya konan siipersimetri
doniisiimleri dikkate alinarak, ayar kuraminin nasil olusturuldugu incelenmistir.
Ardindan ayar kuraminin siipersimetriklestirilmesi tizerinde durulmustur. Siipersimetri
doniistimleri alinarak cebrin sirast ile skaler alan, spindr alan ve ayar alam
icin kapalilig1 kontrol edilmistir. ~ Bu siipercebrin “on shell” olarak oteleme
ve ayar doniistimlerine kapandigi goriilmiistiir, buradan hareket denklemleri elde
edilmistir.  Fermiyonik hareket denkleminin siiper varyasyonu alinarak, bosonik
hareket denklemine ulagilmigtir. Son olarak, beklenen simetrilere uygun, s6z konusu
doniisiimler altinda siipersimetrik ve ayar degismez eylem sunularak iiciincii boliim
sonlandirilmistir.

Doérdiincii boliimde, Bagger-Lambert-Gustavsson teorisinin sonuglarinin Lie-3 cebri
formalizmi ile ¢oklu MS5-zarlarina genisletilmesi sunulmustur. Alti boyutta coklu
M5-zarlarindan beklenen simetriler:

e (2,0) slipersimetri,
o SO(5) R-simetri,

e Konformal simetri

seklindedir.

Bagger-Lambert-Gustavsson teorisinin ¢oklu MS5-zarlarina uygulamasi icin Neil
Lambert ve Constantinos Papageorgakis, Lie-3 cebri yapist ile altt boyutta (2,0)
siipersimetrik bir teori yazmuglardir. Bu modelin teknik detaylari incelenmis ve
sonuclart sunulmustur.  Alti boyutlu Abelyan (2,0) tensor multipletin kovaryant
siipersimetri doniisiimlerinden hareket edilerek, non-Abelyan durum icin siipersimetri
doniisiimleri yazilmistir ve cebrin kapaliligi her iki durum i¢in kontrol edilmistir.
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Siipercebir ”on shell” olarak kapanmistir, buradan hareket denklemleri ve kisitlar elde
edilmistir. Non-Abelyan (2,0) tensér multipleti icin siipersimetri doniisimlerinin,
cebrin yapi sabitlerinin gercel bir 3-cebrin elemanlar1 olmas1 durumunda, “on shell”
olarak oteleme ve ayar doniisiimlerine kapandigir goriilmiistiir. Fermiyonik hareket
denkleminin siiper varyasyonu alinarak bosonik hareket denklemi bulunmustur.

Teorinin vakum noktas1 civarinda agilmasi ile bes boyutlu siiper- Yang-Mills teorisi ile
iligkisi incelenmis ve yorumlanmustir.

Besinci boliimde, sonuglar sunulunmustur.

Son olarak, tezde kullanilan notasyon, Fierz 6zdesligi ve gamma matris 6zdeslikleri ile
ilgili ekler verilerek ¢alisma sonlandirilmistir.
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1. INTRODUCTION

The aim of this chapter is to give an introduction to M-theory, to some of the
objects that are relevant to its definition and historical progress of multiple M2-brane

worldvolume theory. We begin by reviewing the history of string theory.

There are two theories describing the universe. One is Einstein’s theory of General
Relativity which explains very large-scale behaviour of the cosmos and the other
is Quantum Mechanics, physics of the microcosm. Because both of these theories
describe the same universe, it should be possible to understand universe better when the
laws of universe can be combined in one theory. In other words, the most outstanding
problem of theoretical physics is to unify our picture of two fundamental theories.
This was Albert Einstein’s dream. He studied relentlessly for a so-called unified field
theory, a theory capable of describing nature’s forces within a single, all-encompassing
coherent framework, during the last years of his life but he never realised this dream
since a number of essential features of matter and the forces of nature were either
unknown or, at best, not well understood [11]. Neverthless, the physicists sustained
their studies for this purpose. However, they have inavoidably been riddled with

infinities or violoted some of the cherished princples of physics such as causality [12].

Superstring Theory (and its latest formulation M-theory) is the most promising hope
for a truly unified and finite theory [12]. It has been the leading candidate over the past
decades for a theory that consistently unifies all fundamental forces of nature, including
gravity and forms of matter [13,14]. It is a contender for a theory of everything (TOE).
It arose in the late 1960s with the name of string theory. But this attempt failed first
and the theory was replaced by QCD. It was posited later that the string theory is not
just a theory of strong interactions, but a theory incorparating all the forces of nature,

including gravity [15, 16].

This theory essentially based on fundamental one dimensional oscillating objects

called strings rather then point-like particles. The basic idea of the theory is that



specific particles correspond to specific oscillation modes of the string [17]. This
view then developed to the superstring theory, including supersymmetry which is
a symmetry that relates bosons to fermions [18, 19]. Although supersymmetry is
initially discovered in the early 1970’s, we still don’t know how it plays a major
role in nature [20]. The discovery of this symmetry leads to the extension of the
theories such as string theories, quantum field theories. Theories admitting more than
one supersymmetry are known as extended SUSY theories [21]. The generators of
this symmetry forms an algebra called superalgebra, that is a super extension of the
Poincare Lie algebra [22,23]. Supersymmetry is required and is a generic feature of all
potentially realistic superstring theories [24]. The consistency of string theories with
fermions depends significantly on local supersymmetry. In the view of Superstring
theory all particles, which differ in spin and other quantum numbers are related by
a symmetry which reflects the properties of the string. So, it can be considered a
particular kind of particle theory in that it unites the particles in the same way that a

violin string provides a unified description of the musical tones [12].

It was discovered that quantum mechanical consistency of such a ten dimensional
theory with N=1 supersymmetry requires a local Yang-Mills gauge symmetry based
on one of two possible Lie algebras : SO (32) or E8 x E8. Only for these two cases
do certain quantum mechanical anomalies cancel. "When one uses the superstring
formalism for both left moving modes and right moving modes, the supersymmetries
associated with the left movers and the right movers can have either opposite
handedness or the same handedness. These two possibilities give different theories
called the type IIA and IIB superstring theories, respectively. A third possibility, called
the type I superstring theory can be derived from the type IIB theory by modding out by
its left-right symmetry, a procedure called orientifold projection. The type I and type
II superstring theories are described using formalism with world-sheet and space-time
supersymmetry, respectively. It is possible to use the formalism of the 26-dimensional
bosonic string for the left movers and the formalism of the 10-dimensional superstring
for the right movers. The string theories constructed in this way are called "heterotic”.
The mismatch in space-time dimensions may sound strange but it is actually, exactly
what is needed. The extra 16 left moving dimensions must describe a torus with very

special properties to give a consistent theory .
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Altogether, there appear to be five distinct types of string theory, each in ten
dimensions. Three of them, the type I theory and the two heterotic theories, have N=1
supersymmetry in the ten dimensional sense. The minimal spinor in ten dimensions
has 16 real components, so these theories have 16 conserved supercharges. The type |
superstring theory has the gauge group SO (32), whereas the heterotic theories realize
both SO(32) and E8 x E8. Other two theories, type IIA and type IIB, have N=2

supersymmetry or equivalently 32 supercharges.

The realization that there are five different superstring theories was confusing. The
search for a single unified theory of all interactions and the attempts to unify gravity
and quantum mechanics had led to five different string theories. Definitely, there is
only one Universe , so it would be most satisfying if there were only one possible
unified theory. In the late 1980s it was realized that there is a property known as
T-duality that relates the two type II theories and the two heterotic theories , so
that they shouldn’t really be regarded as distinct theories. Progress in understanding
nonperturbative phenomena peaked in 1995 (This is known as second superstring
revolution). Nonperturbative S-dualities and the opening up of an eleventh dimension
at strong coupling in certain cases led to new identifications " [17]. In other words,
these theories are related by transformations that are called dualities. In the study of
superstring theory, one can discover that superstring theories contain various p-branes,
objects with p-spatial dimensions, in addition to the fundamental string. In fact, one
can say that fundamental strings are only a special type of p-brane with p=1. The
branes first appear as solutions of the supergravites which are the low energy effective
theories of the superstring theories, and of eleven dimensional super gravity which is
assumed to be the low energy effective theory of M-theory. Most of these solutions
were known before the dualities in string theory become the object at intensive
research. The type I and type II superstring theories contain a class of p-branes
called D-branes. Their defining property is that they are objects on which fundamental
strings can end. The fact that the fundamental strings can end on D-branes implies that
quantum field theories are of the Yang-Mills type, like the Standard model reside on
the world volumes of D-branes. The Yang-Mills fields arise as the massless modes of

open strings attached to the D-branes [17].



Going back to the main problem for relating and unifying five distinct superstring
theories, one can say that there has been speculations that there is an underlying
more fundamental theory, since S-and T-dualities exist. T-duality implies that in
many cases two different geometries for the extra dimensions are physically equivalent
and S-duality explains behaviour of the three of the five supersting theories at strong
coupling. And the question arises what happens other two superstring theories-type ITA
and E8 x E8 heterotic.The answer is that they grow on eleventh dimension. This new
dimension in the type IIA case is a circle and in the heterotic case is a line. Therefore,
a new type of quantum theory in 11 dimensions called M-theory, emerges [17]. M
stands for mother (as in mother of all theories), or membrane or perhaps Matrix
theory. M-theory imply that the five superstring theories are connected by a web of

dualities [15].

After the advent of the duality existence it was seen that all these five string theories
can be regarded as different limits of a single unified theory called M-theory. M-theory
is a non-perturbative description of string theory. It suggests a method of relating the
five superstring theories and eleven dimensional supergravity which is a field theory
that combines supersymmetry and general relativity, involving massless bosons and
fermions. It represents the main goal of unification: the ability to have a unique theory
capable of describing all physical phenomena.The five different versions of string
theory were just M-theory expanded around different vacua. M-theory contains various
extended objects such as M2-brane, M5- brane, KK6-brane and 9-brane, propagating
in 11 spacetime dimensions. The basic building blocks of M-theory, that preserve half
the supersymmetry of the vacuum, are M2-branes and M5-branes. This is due to the
fact that 11 dimensional supergravity, which is the low limit of M-theory, contains a
single 3-form gauge field, which couples electrically to the M2-brane and magnetically
to the M5-brane [25,26]. These objects can also be seen at the level of the M-theory

superalgebra [25,27].

As we declared before, modern String theory involves the dynamics of the multiple
D-branes which are described by the end points of open strings. Open strings streching
between D-branes become massless when the D-branes coincide. For a single D-brane,

the worldvolume theory is supersymmetric Yang-Mills theory. However, in the case



of N coincident D-branes, this leads to a non Abelian gauge theory called Born infeld

theory with N2 degrees of freedom on the worldvolume of the branes.

It is natural to say that the dynamics of the multiple membranes and multiple
M5-branes is more complex and not well understood than multiple D-branes. However
the action describing a single M2-brane and the action for a single M5-brane are
known for a long time, the action for multiple M2 -branes had been an important open
problem since the discovery of M-theory, also the case of multiple MS5-branes is still

mysterious [28].

As it is mentioned before, a D-brane is an extended object on which open fundamental
strings can end on it. This fact leads to the derivation of the multiple D-branes theory.
It is natural to wonder whether an analogous property holds for branes in M-theory.
The analogues are constructed by considering M-theory as the strongly coupled limit
of type IIA String theory. Considering a fundamental string ending on a D2-brane
in type IIA, the M-theory limit transforms the D2-brane into on M2-brane and the
F-string into another M2-brane. In the case of multiple M2-branes they are considered
to be connected each other not by strings but by M2-branes. Similarly, starting with
a fundamental string ending on a D4-brane and taking the M-theory limit, one has on
M2-brane ending on an M5-brane with common part of their worldvolumes being a

string [29-32].

The M2_LMS5 relationship is very similar to a relationship among D-branes. It is
possible to use S-duality to transform the supersymmetric configuration of an open
fundamental string ending on a D3-brane,a configuration known as a "Blon". In that
case, the fundamental string turns into a D-string, while the D3-brane remains the
same, so one ends up with a supersymmetric configuration of a D string case on a
D3-brane. This view can be extended to coincident paralel D strings ending on paralel

D3-branes [29].

The relationship between the intersecting D11D3 and M21MS5 systems can be
explained with the help of the dualities. By compactifying on M2 1 M35 system on a
circle within the M5 but not within the M2, a D2 1 D4 system is obtained. Then using
T-duality on a common direction, D2 and D4-branes become D-strings and D3-branes

respectively, D1 L D3 system.



There has been two complementary pictures of D11 D3 system; one is D3-brane
worldvolume Picture: The Blon spike and the other is DI1-brane (D-string)
worldvolume Picture: The Fuzzy Funnel. In the first Picture,the D1-branes arise as
a soliton ‘spike’ in the D3 worldvolume theory. In the second Picture, the D3-brane

arises as a ‘fuzzy’ sphere in D-string worldvolume theory [33-35].

As much more is known about D-branes, in particular worldvolume theory of multiple
D-branes and because they are related by dimensional reduction, D-brane intersections
in string theory are useful for inferring properties of the M-theory intersection. For this
purpose, it is natural to be focused on the D11 D3 system in type IIB theory which is

related to M2 1 M5 system by dimensional reduction and T-duality.

Infact, relation between D1_L D3 system motivated Basu and Harvey [5] to put forward
a proposal for multiple membrane worldvolume theory. Their plan was to conjecture a
generalization of the Nahm equation:

axi

55 = i%eijk[Xj,Xk], ijke1,2,3 1.1)
X

that describes the D11 D3 system. By using representation of SU(2)

(&, al] = 2ig*ot (1.2)
a solution of this equation can be inferred as

X'=+—ad, i=1,2,3. (1.3)

Basu & Harvey proposed a multiple M2-branes worldvolume theory, conjecturing
a Nahm equation, along with its solution in terms of a “fuzzy funnel” describing
the M2-branes worldvolume opening up onto on M5-brane. They found that this
generalized equation describing on MS5-brane in the worldvolume theory of multiple

M?2-branes requires Nambu 4-bracket:

X' 1 b :

7 2 Y j k vI .

910 = 41 37p7 [Gs, X7, X* X'] (1.4)
where

[A17A2,A3,A4] = E Sigl’l(G)AG(I)AG(Z)AG(3)AG(4) (15)

permutationsc
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is the Nambu 4-bracket. Some of the terms in such an action could be

2 2 2
$=~Ty, [ donr [1 (@XM - %(HKLMV + j—g[&aX[K,HLMN]]Z . (16)

As aresult, it is proposed that this generalized equation of motion arises from an action
which involves 3-bracket. Inspired by Basu & Harvey proposal, Bagger & Lambert
[1-3] and also independently Gustavsson [4] presented a Lagrangian possessing all

the symmetries expected for the theory of multiple M2-branes [36-39]:

e 16 supersymmetries (N=8, d=3) (8 scalars X' are supplemented by a set of fermion
coordinates W4, A = 1,...8 with each being a complex 2-component spinor on the

worldvolume.
e SO(8) R-Symmetry (which acts on the eight transverse scalars)
e Nontirivial gauge symmetry

e Conformal symmetry.

The expected multiple M2-branes worldvolume theory consists of these continious

symmetries.

They proposed a Lagrangian with four supersymmetries that might model come

general features of the complete coincident M2-brane worlvolume theory.

In this thesis we study technical details of the Bagger-Lambert-Gustavsson theory that
is presented to describe multiple M2-branes and the attempt for the extension of this
theory to multiple MS5-branes, a system of interacting M5-branes manifesting (2,0)
supersymmetry. As we mentioned above, the progress in the formulation of Lagrangian
descriptions for multiple M2-branes relied on the introduction of a novel algebraic
structure, called Lie 3-algebra [40—43]. So, we first give some algebraic details of this
theory. We then study how they gauge a symmetry that arises from the algebra’s triple
product and construct a supersymmetric multiple M2-branes worldvolume theory.
Afterwards we consider a set of supersymmetry transformations postulated by Bagger
& Lambert and check the closure of them. We see that these supersymmetries close
into translations and gauge transformations with a set of equations of motion so that

the superalgebra closes " on shell " and all the equations of motions are invariant under

7



supersymmetry transformations. We end multiple M2-brane worldvolume theory
presenting a supersymmetric and gauge-invariant Bagger & Lambert action that is

consistent all expected continious symmetries.

We then continue with the extension of this model to multiple M5-branes theory
whose low energy dynamics are based on a theory in 6 dimensions with the following

symmetries:

e (2,0) Supersymmetry
e SO(5) R-Symmetry

e Conformal symmetry.

Lambert & Papageorgakis [10] proposed an ansatz to construct a Lie-3 algebra
theory in six dimensions with (2,0) supersymmetry. They consider the set
of supersymmetry transformations for the abelian case first and then propose a
non-Abelian generalisation, resulting a system of equations that represents the (2,0)
supersymmetric tensor multiplet. We study this propasal in detail. We proceed by
checking the closure of the supersymmetry algebra. The superalgebra closes ” on
shell ” up to translations and gauge transformations in case the structure constants
are the elements of a real 3-algebra. The closures yield a set of equations of motion
and a number of constraints. Finally, we end the thesis reviewing the relation
between 6 dimensional this theory and 5 dimensional super Yang-Mills, in other words
expanding it around a particular vacuum point how it reduces to five dimensional

super-Yang-Mills along with six-dimensional, Abelian (2,0) tensor multiplets.



2. SOME ALGEBRAIC DETAILS

In this chapter we give some algebraic details of BLG model which is discussed in
detail in chapter 3. The BLG model is based on a nonassociative algebra, so called
Lie-3 algebra [44,45] for which the anti-symmetrized associator leads to a natural triple
product structure. In the field theory derived by Bagger and Lambert, one assumes that
the scalars and fermions take values in the Lie-3 algebra. However, before presenting

Lie-3 algebra, we briefly remind the reader what an algebra is [46].

2.1 Algebra

An algebra is a vector space consisting of vectors vi,va,v3...... € V and scalar

f1,6,f5....... € F on which three types of operations

e () vector addition, +
e (B) scalar multiplication, o

e () vector multiplication, X

are defined satisfying the following postulates A, B, C.

2.1.1 Postulate A

(V,+)1is an abelian group.

e v;,v; € V=v;+v; €V (Closure)

® Vi +(Vj+vi)=(V;+V;)+ Vv (Associativity)
e vy + v; =Vv; =v; + vo (Existence of Identity)

e v;+ (-v;) = vg = (-v))+ v; (Unique inverse)

e v, +v;=v;+v; (Commutativity)



2.1.2 Postulate B

o f;cF v; €V, 1v; eV (Closure)

fi o (fj ovi)=(f;of;) o vy (Associativity)

1 o v; =v; =v; o 1 (Existence of Identity)

fi o (v +v;) =1 ovy+1; ov; (Distributive law)

(fi+fj)OVk=inVk+ijVj

2.1.3 Postulate C

e vi,va2 € V,v| X vy € V (Closure)

e (Vi+Vvy)Xv3=(Vv]y XVv3)+(VvaXV3)

vi X (va+v3)=(vy] X Vv2)+ (v x v3z) (Bilinearity)
o (Vi X vy) X v3=vy X (vy X v3) (Associativity)
e (vix 1)=v; (Existence of Identity)
e vi X v ==+ vp X vi(Commutativity and Anti-commutativity)
o Vi X (va xv3)=(V] XVy) X vVv3+vy X (v X vs) (Derivation)
The first and second axioms of C are sufficient to define an algebra over V-vector
space. The other postulates imply the type of algebra such as commutative algebra,
assosiative or non-associative algebra, etc.

The vector multiplication operator "x" can be defined as an antisymmetric, bilinear

[-,-] bracket as follows,

AXB = [AB]

= AB—BA 2.1
which has the linearity property

[A,BB+7yC] = PBI[A,B]+7[A,C] (2.2)
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and it can be seen that it defines an algebra on V which has no identity and non-Abelian.

2.2 Lie Algebra

An algebra with the antisymmetric multiplication defined by the commutation relations
above is called a "Lie Algebra", provided this operation also obeys the last axiom of

postulate C.

AX(BXxC)=(AxB)xC+Bx(AxC) 2.3)

This property, called a derivation, can be written more familiarly as

[Av[B’CH = [[AaB]’C]+[B’ [A7C]] (2.4)

or

[A,[B,C]]+ [B,[C,A]] +[C,]A,B]] = 0. (2.5)

The latter form is known as the Jacobi’s identity.

In other words, a Lie algebra is essentially a vector space with an extra bilinear
operation [—,—] : V. ®V — V that assigns to every pair of vectors a third one. This
extra operation is usually called multiplication and, in the case of Lie algebras, the Lie
bracket on the commutator.

It is also possible to define a trilinear operation, an associator on an algebra. This
allows a straight forward generalization to a Lie-3 algebra, as a vector space with a
3-bracket [—,—,—] : V®V ®V — V. Triple product that is trilinear in each of the
entries and satisfies a fundamental identity that generalises the concept of the Jacobi
identity.

An associator on an algebra is commonly defined as

<A,B,C>=(A-B)-C—A-(B-C) (2.6)

which vanishes in an associative algebra and is written as

(A-B)-C=A-(B-C). Q.7)

11



To define a Lie-3 algebra, one needs a non-vanishing anti-symmetrized associator
which leads to a natural triple product structure for this non-associative algebra
as in the case of known non-Abelian Lie algebras defined by commutators. The

antisymmetrized associator for the construction of a Lie-3 algebra is given as

[A,B,C] = <AB,C>+<B,C,LA>+<C,AB>

— <AC,B>—<C,BA>—<B,A,C>. (2.8)

Similar to the closure of the Lie algebras defined by the [-,-] commutator operation,

which is given as

7,1 = f* T 2.9)
or

[Ta, Ty) = fup“ T, (2.10)

the closure of triple Lie algebras defined with the [-,-,-] associator operation is given

as

[T, 7,1 = f* ;1 2.11)
or

[Ta, Ty Te] = fanc'Tu 2.12)

where {T%} is a basis and { f*,} is the structure constants of the Lie algebra.

This is a finite-dimensional complex vector space with a basis 7¢ which is endowed
with a trilinear antisymmetric product above and from which it is clear that f%¢, =
flabel

Furthermore, if X,Y,Z’s are any elements of this algebra and they can be expanded in

the basis of algebra and their triple product is calculated as follows,

X,Y,Z] = [X.T%Y,T? Z2.7°
= XY, Z. [T, T, T¢]
= XY Z.f%,T. (2.13)

12



A trace form is required on the 3-algebra to define an action and to construct an
invariant Lagrangian. Trace form on an algebra Tr : V ® V — C is a bilinear map

that is symmetric and invariant:

Tr(T, T?) = Tr(T?,T%) (symmetry) (2.14)

Tr(T- T, 7€) =Tr(T*, T - T°).  (invariance) (2.15)
The invariance property implies

Tr(< T T, T¢ >, TY) = Tr((T*-T?)-T¢, T)Tr(T* (T"-T¢),T%)
= Tr(T*-T°,7¢-T)Tr(T* (T" - T¢)- T?)

= TrT*<T’,T°,T?>) (2.16)
which follows that
Tr([T, T, T, T = —Tr(T4,[T", T, TY). (2.17)
This relation on the trace form with antisymmetry of the triple-product implies that
fabed _ f[abcol]7 (2.18)

ie. fe% > are totally antisymmetric, in analogy with the familiar result in Lie

algebras. The trace form provides a notion for metric

h = Tr(T4, T?) (2.19)
which can be used to raise and lower indices:

fabed _ fabce ped (2.20)

A notion of ‘Hermitian’ conjugation § and positivity is also assumed for the trace form
which implies that 7r(A,A") > 0 for any element of the algebra (with equality if and
only if A=0).

For this algebra the Jacobi identity takes the form of
(e, 7%,[1¢, 7, T} = [[T*,7°,T|,T*,T°]
+[T¢,[T%, T, 19, T¢) + [T¢,T%,[T%,T?, T°)]. (2.21)
13



In a basis form this is equivalent to

fefgdfabcg _ fefagfbcgd + fefbgfcagd + fefcgfabgd‘ (2.22)
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3. THE BLG THEORY

3.1 A Brief Introduction to The Basics of The BLG Theory

The aim of this chapter is to redone in details the calculations presented in N = 8
Bagger-Lambert-Gustavsson theory. Bagger-Lambert-Gustavsson have been succesful
in formulating Lagrangian for multiple M2-branes in terms of the Lie-3 algebra. We
are going to demonstrate how the construction of a M2-brane theory with the correct

symmetries naturally leads to a 3-algebra structure.

The multiple M2-branes revolution started in 2007 with a series three papers presented
by Jonathan Bagger & Neil Lambert [1-3] and also independtly work by Andreas
Gustavsson [4]. Motivated by Basu & Harvey [5] they proposed a field-theory model
of multiple M2-branes based on an algebra with a totally antisymmetric triple product
and gauge a symmetry that arises from the algebra’s triple product [47]. In other words,
they constructed a supersymmetric gauge-invariant theory that is consistent with all the
symmetries expected of a multiple M2-brane theory. This theory contains 8 scalars, X7,
which take values in the transverse space, and a 16-component real fermion ¥, which
is a two-component real d = 3 spinor in one of the 8-dimensional spinor representations
of the SO(8) R-symmetry group. The supersymmetry parameter € is in the other spinor

representation [48,49].

They showed that the supersymmetry algebra closes (up to a translation and a gauge
transformation) on shell and the equations of motion arise from a supersymmetric

action consistent with all the known continuous symmetries of the multiple M2-branes.

Bagger & Lambert propose lowest-order supersymmetry transformations in the

following form [1]:

6x! = e’y

S = JX'THT e +ix[x! X7 XXX (3.1)
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where u,v,A =0,1,2 and I,J,K = 3,4,5,...,10. In these transformations k is a
dimensionless constant and [X!, X/, XX] is antisymmetric and linear in each of the
fields [1]. They found that closure of the 16 component supersymmetry algebra leads

to the variation

X" o ity Tygey (X7, XK X7 (3.2)
which can be viewed as a local version of the global symmetry transformation

X = [a, B,X] 3.3)

where a, 3 € A.

For 6X = [a, B,X] to be a symmetry it is required to act as a derivation [3] .

S[X,Y,Z] = [8X,Y,Z]+[X,8Y,Z]+ [X,Y,8Z]

= |lo,B.X].Y.Z]|+ X, |, B,Y],Z] + [X,Y, |, B, Z]] 3.4
and this leads to the ‘fundamental’ identity.
o, B, X, Y, Z]) = [[et, B, X].Y, Z] + [X, [et, B, Y], Z] + [X, Y, [et, B, Z]] 3.5)

In BLG theory, the fundamental identity plays a major role analogous to the Jacobi
identity in ordinary Lie algebra, where it arises from demanding that the transformation
0X = [at,X] acts as a derivation and the progress is based on assuming that this identity

holds. As discussed before in chapter 2, it can be written in terms of structure constants
refs fabcg _ fag pbes 4 pe fbg feag 4 fe fcg fabs (3.6)
The symmetry transformation 6X = [a, B,X| can be written as [3]:
8Xq = f™ yOlafpXe- (3.7)
Also the notation allows for the more general transformation

8Xg = f  Aup X, (3.8)
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which is assumed from now on.

The transformation X’ oc i&,I'jx € [XJ XK X! ] corresponds to the choice
Aap o< 8T &2X XK. (3.9)

Little calculation shows that the action is invariant under global symmetries of these

transformations. To show this, we obtain that for any Y,

STr(Y,Y) = Tr(8Y,Y)+Tr(Y,8Y)
= h'§y,Y, +h*y,8Y,
= W AapYe) Yo+ HYa(f (A Ye)
— hde fahcd AabYcYe + hdeYd fabce AabYc
= fUCA WYY, A+ AN LYY,
= fYCAGY Y+ fPCNGYY,
— ( fabce + fabce) AabYCYe

) (3.10)

by the replacement of the indices ¢ — e and d — ¢ for the second term in the fifth line
and the antisymmetry of f<.
The trace form is invariant under global symmetries.

Furthermore, the fundamental identity ensures that
(S[x1,x7 XKy = e Aqlx!, X7 XK, (3.11)

The Lagrangian which is invariant under §X! = f*¢;A,,X] transformations can be

written as

&L= —%Tr(c?“X], otxh) —3x?Tr(X!, x7, xX), [x!, x7, xX]). (3.12)
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3.2 Gauge Symmetry and Supersymmetry of Multiple M2-Branes

3.2.1 Gauging the symmetry

Since this is a local symmetry, a covariant derivative Dy X can be introduced such that

8(DyX) = Du(8X)+(8Dy)X

0(DuX)a = Du(6X,)+(0Dy)X,. (3.13)
If it is let that

85Xy = At f" Xy = ALX,, (3.14)
the covariant derivative as a natural choice can be written in the form of

(DuX)a = OuXa — AL X (3.15)

where AVZ L =feb A ped 1s a gauge field. The gauge field can be considered as living in
the space of linear maps V ®V — V, in analogy with the adjoint representation of a Lie
algebra. The gauge field acts as an element of gI(N,V), where N is the dimension of
the algebra V. Besides, the symmetry algebra is contained in so(N,V) as a consequence
of the antisymmetry of f* structure constants.

Let us look at how the gauge field transforms under this mentioned symmetry.

According to (3.15) we can write

S(DuX)a = 8(duXa—ALXp)
= 9u(6Xa) —AL4(8X,) — (8A7,)X,,

= Du(8Xa) — (8AL )X, (3.16)

and we obtain (AL,

11a)Xp as:

(8AL )Xy, = Du(8Xs)—8(DuX)a

= —(8Dy)Xa. 3.17)
We can write the transformation of covariant derivative as:

S(DyX)y = A2 (DyX)y. (3.18)
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Considering (DyX)a = duXa —gZaXb, we get
S(DuX)y = A2dy X, — ALAS, X,.

u

It is possible to write
Dy (8Xa) = 9u(8Xa) — AL, (5Xp)

according to (3.15).

Placing 0X, = Acy f“”’ Xp = KZX;, above, we obtain
Dy (8Xa) = du(AbXy) — A, (ALX,).
Putting (3.19) and (3.21) expressions in (3.13) we find (6D, )X, as:

(8Dy)Xa = A ALX, — ALAS, X. — (9uAL)X,.

So, the transformation of a gauge field is obtained as follows,

SAN Xy = —ALNX,+ADAS X+ (9uAD)X,,.

On the other hand, taking into account following expressions,
Du(8X,) = Du(ALXy)

Ou(8Xs) — AL, (8Xs) = (DuAL)Xy+AL(DuX,)

I (ALXy) —Zza(~ch) = (DuAD)X,+Ab9u X, — KZZZ’?XC

we get
(DuADXy, = —AG ALX, + ALAC X+ (9uAL)Xp.
Finally, we obtain
SAL Xy = —ALAPX,+ALAC X+ (9uAD)X,,
= (DNKZ)X,,

19
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and

SAL, = —APAS, +AL A+ (9uAD)
= (DuAY).

In fact, this expression is the general form of a gauge transformation.

(3.27)

Before the question how the field strength transforms, let us look at the commutation

relation of ( [D“ ,Dv} X )a in the following,
([D“’DV} X)a - (D/JDVX>9 - (DVD/JX)a :
Let us calculate first term explicitly.

Du(DvX)a = 0u(DyX)a—Ab,(DyX),
= u(IVXy—AY,Xp) — AL, (9 X, — A, Xe)
= 9u0vXa— (FuAyy) X — AY,(9uXs)

_Kza<aVXb) +g[l?tag$/bXC
We can get second term replacing by t <+ Vv in the first term:

Dy(DyX)y = vouXy— <avgza>xb —Zza(avxb)

Then commutator is:

( [D,LLaDV} X)a = (aVAVZa - aﬂg{)/a _chgf/a +Z€CXC

ua)Xb-

We define the field strength as
([DusDV]X), = FivaXs
which leads to

F\Z}va = avgza _— a'uAv}"/a _AVZLAV({;& +AVI‘)/CAV‘ZKI.
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The transformation of the field strength is calculated as follows,

SFiva = S(OvAhy) — 8(uAby) — 8 (ApcAS, ) +5 (AbAL, )
= aV((sAv;bLa) - aIJ(SA?M) - (SXZL)AV;a

_AVIZLC(SAvsa) + (SAVI\]/C)AVZa +AVI\7/C(6AV;€M) (3.34)

If the transformation of the gauge field (3.27) is plugged in (3.34) and the expression

is rearrenged, the transformation of the field strength is obtained as:

SFpy, = Oyl — (AD)AS, — A2(9VAY,) + (AL AS + A}, (9vAS)
—OudvAL + (JuAD)AS, + A2(IuAS,) — (FuAl ) NG — AL (IuAS)
—(QuAL)AG, + (AJAL VAS, — (Ab ADAS, + (9, AD)AS,,
—(ALAL DA+ (Ab ADAS, — Ab(DyAG) +AD (AGAY,)
—AD AS N+ AY (OuAG) — A (AGAL,) +AY AG AL

= —ALOVAG, + ALOLAS, + ALAS AY, — ALAS AL,
+(OvAb A — (Al RS — Ab AS A + (A AL A

= —APFS 4+ Fb A (3.35)

c' uva uvetra:

The resulting Bianchi identity is D[ﬂfv ;L]Z = 0 shown as follows,

Dy, F? L (DuFY, +DyF?. 4Dy F
mFvAla 31V H VAa Vi Aua Aluva
~DyEa = DuFfya = DaFiua). (3.36)
where

b b N b
DuF;, = aﬂFvﬂLa - fialec
= aﬂ aVAl;La - a.u alAl\)/a - (aﬂAl\j/J ia _Al\)/c(aliAia)
N N Ab N e b N N
+(&lJAlic)A$/a +Alc(aﬂA€a) _A#a(aVA),c) +A[C,taalAVC

+AS A A — AGAS LAY 3.37)
Similarly, all other terms are expanded and put in (3.36), it is obtained

Dy Fyy)b=0. (3.38)
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Also, using fundamental identity (3.6) and considering (3.37) where fﬁva =
Fuvea fedb a Kza = Apycd fedb 4> it can be checked the Bianchi identity (3.38) is also

satisfied.

We repeat the findings of this subsection: There is a natural gauge symmetry on
the fields X' for the X! = Ay, fe7X! = ASX! transformation. There is a covariant
derivative (DyX), = duX, —gzaXb for the 6;(/11“ = Du/N\fm transformation, as well
as a gauge-covariant field strength ffw. The space of all /~\ab satisfy closure under
the ordinary matrix commutator, so it generates a matrix Lie algebra G. From this

viewpoint, Xfw is the usual gauge connection in the adjoint representation of G,

whereas the elements of A are in the fundamental representation [2].

3.2.2 Supersymmetrizing gauged theory

In this section, we show how to supersymmetrize the gauged multiple M2-brane model
which is consistent with all the symmetries expected from multiple M2-branes: in
other words a conformal and gauge invariant action with 16 supersymmetries and
SO(8) R-symmetry. As we mentioned before, the expected theory describing multiple
M2-branes should have 8 scalar fields X/, parameterising directions transverse to the
worldvolume, as well as their fermionic superpartners, so called Goldstinos, which

correspond to broken supersymmetries and a nonpropagating gauge field.

Bagger and Lambert proposed the general form of the supersymmetry trasformations

including gauge field as

sx! = ier'y,
¥, = D XT"Te+xx]x/xKrbed 17K

8AL, = ELLLIX[W.f,. (3.39)

We check this supersymmetry algebra can be made to close ”on shell” (satisfying the

equations of motion) only after including the gauge field and its transformation rule.

We first consider the scalars. We then continue with the closure of the fermions and
the gauge field respectively. We see that the closures require equations of motion so

that the supersymmetry algebra closes up to a translation and a gauge transformation.
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3.2.2.1 The closure of scalars

Let us consider scalar fields first to check the closure and see how the algebra closes.

(61, 85]X) = 618X, — 58X,

= §(ieI¥,) - & (5 "Y,)

= iBl(8¥,) — g (5Y,)

= 5 (D XITHT & + kX XK XL foed T/KLg))
—i&) T (DX THTY &y + 1eX] XX X5 foed TVKEgy)

= Dy X! &' Ve +ikX) XX XL foed g1 TV,
—iDu X8 UTHTY &g + i X XXX 124 & TIT KL g,

= iDuX)&(I'T*TY + TTHT g

+ikX] XKxE ool g (DITVEL L VKL g (3.40)
Using the gamma matrix identities (A.48, A.49):
T + /T = 24 TH
and

FIFJKL—l—FJKLFI — ZgUFKL—l—ZgILFIK—l—ngKFU

— 2gIJFKL—|—2g1LFJK—2gIKF,L, (3.41)
the commutation can be written as:

(61, 8)X) = iDuX]&(—2¢"T")e, +ixX] XXX5 o & (26" TKE

+24L VK —2IKTV g, . (3.42)

Considering the properties that metric tensor raises-lowers the indices and the

antisymmetry of { ¢}’ s respectively, we can write

81,8]X! = —2iDX!& e + 2in(Xix KX)o &, Tk e,

+X/xKx] ol gy 1VKe — XIXIXE P g1V g)) (3.43)
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which can be simplified to
(81, 8]X) = —2iD X! & e +6ikX!XEX] U &1 e (3.44)

We find that the transformations proposed by Bagger & Lambert, close into a

translation and a gauge transformation;
61, 8]x! = vEDuXx!+AbX] (3.45)
where we define —2i&I*¢&; = v* and 6ik&; 1V e X XK fedb = AL,

3.2.2.2 The closure of spinors

Continuing with the closure of the spinor fields, we get

[01,0]|¥a = 616,¥.—6061Y,
= 81(DuXITHT &y + 1eX] X! XK TVK foed g5)
— & (DuXITHT &) + kX[ X XK TVE fhed g1
= 81 (DuXTHT &) + 8y (kX[ X! XK THE fPed g))

& (DyXITHT &) — 8 (kX[ X! XKTIK fhecd gy). (3.46)
Each term in paranthesis can be calculated seperately as follows,

ST Dy Xley) = THI'S(DuXD)e
= I8 (9uX] — AL XD)es
= M9, (81X))e, —THI 8 (AL, X)) e,
= I*I79,(8,X])e, —THI' AL, (81X]) e
—THT(8,AL,) X} e
= DT (9u(8:X)) — AL, (81X0))e, —THT (8145, X[ e,
= I'T'Du(8:X))e — T (81AL,) X e
= DD, (6T, ) e — THTY (i Ty Ty X)W 9 ) XL es
= T T DY, — iTHT 6T, T/ g6 X)X £,

(3.47)
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81 (kTVEXIXI XK foed &) =

= k(DK (8 X))x! X} 17 & + TVEX[(8IXD)X S 17
ATVRXIX (BXE) 1 )

= k(TVE(ig T, ) X XK o4 ey + TVEX! (16, TV W) XK 24 g,
+TEXIX] (i TR, ) 17 )

= k(iYW XI X[ 7 o + 0K E T W X X 7 e

+iTVE g TR, xIxT foed g5). (3.48)
Considering {74, }’s are antisymmetric, this expression can be simplified as:
81 (kTVEXIXIXK foed )y = 3ixTVK g TR W e, XX foed | (3.49)

The last two term in (3.46) can be obtained from the first two term by replacing the

indices. Thus, the closure of fermion field is given as:

61,5]¥, = T T DY, 6 — iTHT 6T, T/ X0 X! £,
13kl TR e XX 9P, — iTHT &1 D W
T ST T ge XEX] £, — 3ik TV K & 7KW 60 X[ X 9P,
= TN (&'D, Y6 — 1Dy Pa8) +iTHT (6T, T/ 61
—E T P 8)XIX! 0, — 3ik DK (67K ¢

— &KW, 8)xIx7 fedb | (3.50)

Expanding these three terms above with Fierz reordering formula in (A.20), we get

—iTHT (&ID W1 — § D W o8) =
- %rﬂr’ (26T &)Y D, ¥, — (§T e )TMTI D, WP,

1, _
+E(ezFVFLMNoel)FVFLMNOFID“‘Pa] (3.51)

iTHT (&, TP ae) — 60T, W) X[ X! fedb , =

— —1i6r“r’ (26 0ye )TV LT W, — (& e )T, T,
1
+Z(ezrerMNoel)FVFLMNOFMFJ\PU,]X;X{ fedb (3.52)
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—3iKFIJK(§2FKlPd81 — éHK\Pdgz)XéngCdba =

3ik _ -
= Er“K (26T, e IVYIEW, — (6T e THITE Y,

1
+E(82FVFLMN081)FVFLMNOFK‘Pd]XéXCJ feab (3.53)

Putting these expressions in [}, 6] ¥, and rearranging, we find

61, 8]¥, = %{2(§2Fvsl) C“I'TYT' DY, — THTTY T, Ty XX, e,
+3kCVETY TR, x] X7 P | — (& e [THTTHMT D, P,
~THTITIME, Ty, X)X o483k DKM TR X X pedb |

+4l! (& Tynoe) CHTTVTEMNOT D, @,

—THT TV IMNOT, W X X £,

+3KFIJKFVFLMNOFK\PdXéngcdba]}

i _ _ 1 _
= E[Q(Ezrv&‘] )A — (82FLM£] )B + Z(SZFVFLMNO&)C]- 3.54)

We simplify A, B, C respectively using gamma matrix identities in (A).
Each term in A can be calculated as follows.

First term is calculated with the help of gamma matrix identities (A.4), (A.1) and (A)

as:

r“r’'o'r’'p,¥, = -U'r'r*rvn,Y,
= —8(-I"T* +2¢"")Dy ¥,

— 8IVI*D,W,— 164D, Y, (3.55)

and considering Kk = —é, second term is calculated using (A.4), (A.1), (A) and (A.36)

as follows,

(-CATCVTLL, + 3k TR, X)X P | =
= (T'TVI'T, T, + %rvr”’( r)w.x)x! 7,
= [(-IVT* + Zg“")l“]f‘“l"] + %FVFIJKFK]\PXm{XZfbcda
= [(-T'T* +2g"")I'T, T + %r%r’f WX 1x] foed |
(3.56)
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We consider the I''T as a term of symmetric and antisymmetric parts as:
1 1
v - E(r’r“+r“r’)+E(F’rf—rfrl). (3.57)

Because the multiplication of symmetric part with X/Xx/ fPed s zero, we can write

I'TY as T and we get

(-TATCVT,L, + 3k T)w, X)X | =
= [BrVrY -2V 4+ 30w x[x] 7,

—4rVTy x]x! foed (3.58)
Combining all these expressions, we obtain A as follows,
A = SIVI*D,¥,— 16g"VD,¥, +40 T, X/ X! focd . (3.59)

Each term in B can be calculated similarly.

First term is (see A.51)

r“r'r'™r,p, ¥, = 401D, ¥, (3.60)
Second term is (see A)

~THTITIME, O, X)X 4, = 30 TME e, x[x! o, (3.61)

and the last term is (see A.55)

_ %FIJKFLMFK\PXm{XCJfbcda _ _FLMFIJ\PdeIXCJfbcda + 3FLJTdX£4XCJbeda
_31—~LI\PdX]§XéVIfbcda + 31—~M11PXm§XCLfbcda
=30 X x] e — 2w X)X E
+2PaX, X,
_ _I—‘LMFIJ\I;d Xzf XCJ fbcda _ 6FL1‘Pd Xl{ Xé” fbcda
+erMhw xixE el — aw x)xE gt

(3.62)
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Hereby, we can write

B = 4r*T™p, W, + 30T ¥ X x] 7 — MW X X el

—6rHw xIxM fbed 4 erMigy xIXE foed _ q@ xMxLbed = (3,63)
Considering (see A.30)
UM, = 3T, 4+ 6¢/fTMT, — 6g™TLT, (3.64)
we obtain B as (see A.29):

B = 4m*T™p,¥,+ 30T, X[ X! 74 + 6" TMT )@ X[ X! o,
_6 gIMFLFJ\Pd ng XCJ fbcda _ My, ng XCJ fbcda _ eIty X,f Xﬁ” fbcda
+orMW X XE P — 4w X XE
= AT Mp, W, +orMTIT XX P 4 6(TM T TN xEx] e,
—6(TLr! — M)W xIxM pbed 4@, xMxL fbed
= ATHT™MD, W, 4+ 2T, P X[ X] 74 + 681 X X! 7,
—6gH W xIxM fhed _ 4@ xMxL pbed

= AT D, + 2T XX P 16 XEXM el (3.65)

Finally, each term of C can be calculated in a similar way.

First term of C is given as follows (see A.52),

rerrrtMNorip w, = —rHr'r’rtMNorip

= 0. (3.66)
Second term is (see A.4, A.42, A.1)

~THOITVTEMNOT, Ty XX fd = —TRTVE,DITEMNOT e, X[ X foed
= —IH(-I,IY+2g",)I'rMNer,
P x!x? foed

= DVIITEMNOT w xIx) foed - (3.67)
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and the last term is (see A.53)

1

3 KFIJKFVFLMNOFK‘{JdXéXC{deba — EFvFIJKFLMNOFK\PdX[ngdeba
1 db
= DT XX
1
+EFVFJFLMNOFITXm{ngCdba.
(3.68)
So, we get
1 .
C — EFV (FIFLMNOFJ + FJFLMNOFI)\PdeIngLdba
= 0. (3.69)
We used (A.32) considering the fact that % ’s are antisymmetric above.
If we put all these expression in (3.54), we find
61, 8], = —2i(&:;T"e)DyW, — i(EBL e ) VX XY 1,
. 1
+i(&yve) TV [THD, Y, + Er,,\ydxgxg feb
i _ 1
- (BT e )TEM[THD P, + ST S XExI pedb 1. (3.70)
The closure of the spinor fields requires that the second and third lines vanish.
This leads to
1
“D,¥,+ 51",,)(5)(5{ Wy, fedb =0. (3.71)
Finally, on shell, we find that
81, 8] W, = v'D, W, + ALy, (3.72)

after the fermionic equation of motion (3.71) is satisfied.

As a result, considering fermions we see that the transformation of spinor field closes
into a translation and a gauge transformation after satisfying fermionic equation of

motion.
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3.2.2.3 The closure of the gauge field

Lastly, we will check the closure of the gauge field which give us the field equation of

field strength as follows,

[61 ’ SZ]AV;bm

851640, — &:81A,,

81 (i& Ty DX W £ ) — 8, (i T DX ¥ 9 )
ST T (S X)W f Y, +i& T DX (81%,) f,

—i& Ty (S XY 9, —ig Ty TiX (8, g) £°,
ST T (i T W)Wy f  + i, DX (DT Dy X €

+iX] XFXITKLg foI8 ) pedb | — ig DLy (16T W)W
—ig T DX (T TV Dy X 6 + kX X FXIT R gy 118 ) 1P,

— ST LT Y, % +i&T, DTV e XDy X7 £,
+ikg T DT e XXX FXEpers  pet?

+E T L&Y Y, 9, — i T D T X! Dy X 14,
—ik& T D ey XX X XL pers , ed?,

— &I (P ey Wy — Pl e P, Y,

+ig T, DTV e X! Dy X £, — i T TV T ey X! Dy X3 7642,
— é (&L — e T T ey XX X XL pers  ped®

(3.73)

Expanding the first term in (3.73) with Fierz (A.20) and rearrenging, we obtain

[61552]sza

1 _ i} ]
Egzrur,{z(wcrvlyd)rVr" g — (P Ly )M g

+4l! (P v W) TV THMNOT g ) pedb,

+igy (T, DT — VIV T, ) e XDy X £,
—%ézl“”FIFJKLelXCIDVXc{ feab

—(&Ver) gy (PI W) f, +2i6T Ve €, XIDM XL <,
—2i&T e X DyX] U,

2i(&1" &1)€yyp (X DX+ é‘pcrhpd)f “,

—2i(&Lye)X Dy X £, (3.74)
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where we used respectively (A.51), (A.52) and the property that f¢’’s are
antisymmetric. Fortunately, f¢/$ b fedb , term contribute null to commutator since it

vanishes as a result of the fundamental identity (3.6).

We used also
ALY + VIV = —2THT Vg 4 2gHV VT (3.75)
and consider again I'TV as I'" since the multiplication of symmetric part with

Xl{ngdea is zero.

To close the algebra we get the Kﬁa equation of motion as:

~ ) l _ .
FPyo+ €uva (X! DX £, + E‘PCFA‘I’d)f db =0 (3.76)

So that, ”on shell” the algebra closes as required:
(61,82 ALy = V' Filva + DAy, (3.77)

Notice that wa contains no local degrees of freedom, as required. It is shown that the
supersymmetry algebra closes "on shell" under the global transformations [3].
3.2.2.4 Bosonic equation of motion

The supervariation of the fermionic equation can be used to find the bosonic equation

with the help of gauge field equation.

So, to obtain the bosonic equation of motion, we first take the supervariation of the

fermionic equation of motion. We found fermion equation of motion (3.71) as:
1
DY, + ST JXIXIP, 9 = 0.
The supervariation of this equation gives

1
0 = 5(F”Du‘Pa—|—EFUXCIXL{‘beCdba)
1 1
= IV§(D\W,)+ E1“,,(5)(,{ )XW, el 4 EF,JXC’ (8XW, e,
1
+§F1 IXIXI(8W,) . (3.78)
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It is known that the covariant derivative transforms as:
S(DyWa) = Dy(8%.)— (8AL,)%,.
Substituting 0¥, and &Zfza transformations (3.39) in this expression, we get
§(Dy¥,) = Dy(DuXITHT e+ kX]x!xK foed THK)
— BT, TIXI W, W, £,
= DyDX!T*Te + k(DyX])X! XK focd T1Ke
+1X] (Dy X)) XX foed THK e 1 1ex] X7 (D XK) focd THK e
— i, TiXW 9, 14,
= DyD XTI e+ 3x(Dy X)X XK foed TVK g
— g TIX Y Py . (3.79)

So, the first term in (3.78) can be written as:

1
Vé(Dy¥,) = I'THT'DyD,Xle Ervr”’( (DyX))XIxKefoed,

—iEDVT DX P, £, (3.80)
Second and third terms in (3.78) are

1 ‘ 1 .
5F,,(6X§)ijbf‘dba+EFIJXC’(SXj)ledeba = Ty (8XH)XJW, e,

= Ty (iETP )XW, [,

(3.81)
and the last term in (3.78) is
1 . 1 .
ST IXIXI(8W,) <, = ST JXIX) D XETHTK g b,
K
+3T0 JTKMXIXIX KX X pels, pedb . (3.82)

Combining all these expressions, we get

0 = I'I*I'DyDyXle— %FVFUK (DyX))XIxKefbed
— DV T X W, f€9P 40 80 X W, 9P,
+%FIJFM TEX{XgDuXj ef, — éFUFKLMXL{Xa{XeK XEX £, 1 e
(3.83)
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Now we want to rearrange each term in (3.83).

We have shown (3.32) that
[D,uaDv]Xla = ﬁﬁvang
which can be written as:

DyDuX'q = DuDyX'y — FL, X].

(3.84)

Using (3.84) and (A.1), the first term can be written as:

r'r“r'p,px'e = -T*I'U'DyDyX!e+21'DVD X e

[ -b 1
~I'THTEY, Xle

= —I'T*I'DyD,X!e +20'D*X]e

I -b 1
~I'THIEY, Xe

and we get

(3.85)

1 ~
I'I“1'DyDyXle =T'D*X1e — 5rvr“r’ FlL.Xie. (3.86)

Second and fifth terms which are similar in (3.78) can be written as:

—5 VPR (D X)) XIXK 24 & + AT TV (Dy X)) X XK P e

1
= STV (TR D) (DX XX 17 e

1 .
=TT KT (D XXX

1

1
— —EF"FK (DvX)XI XK foed e 1 EFVFK (DVX])X X! P e

= —I"INDyx))XIXS 7 e
= TETY(Dy X)X XK foed g
= —I*rVxXx/D,x] fI ¢

= Iy XIx!Dyx] o< e.
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Plugging these into (3.78), we obtain

1 .
0 = I'DXxle— ZFVF“FIFﬁvasz—FIFAXLgXCJD;LXIf fhed e

— BTV T T X W, 14, + T 6T X0, 12,

1
_ EF FKLMXIX]XKXLfoefg fbcd (3.88)

We now want to deal with the last term in this expression. We use the gamma matrix

identity (see A.29, A.47)

F]JFKLM — FIJ (FKFLM . gKLFM —|—gKMFL)
= (0T — gry) [T — gHM) — gRETM 4 oAV
= 00,5t o kMM — oy oKt
+I T g* Ml g, TR TETY g TK gKE

+g17g5 T — g1,g*MTE (3.89)
and make the definition
X' =X,. (3.90)

Then, we see that the terms such as F]F]XC{XdJ fPed  vanishes because f”“, is
antisymmetric.

Finally, we get supervariation of fermionic equation of motion as:

i 1
0 = (D! - %\Pcr”xj Wof Pyt S ST X XEXIX]X e

1 i .
X, (5 Eyy — XD X] f‘dba—%lpcrhpdfbcda)e. (3.91)

Uva

As a consequence of the vector equation of motion, the last term vanishes and the first

term gives the scalar equations of motion,

2 I g a9V
D°x! — qucr”x;lpb A X = 0 (3.92)
where the potential is
U ubed vet
vV = — f"b‘d ree xIx] xExxixk
1
= —71r(x",x7,xX], [x!, x/, xX]). (3.93)

2.3!
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Let us summarize our calculations and their results. The supersymmetry

transformations proposed by Bagger & Lambert are:

sx! = iErhy,
8, = DyX!THIe+xx[x!xK foed TVKe

§Ab, = QETLIX[W.f,. (3.94)
We see that these supersymmetries close into translations and gauge transformations,

61, 8]X) = vIuX]+ (AL —v'AL X))
61,8]%, = I W,+ (AL —vVAL W)

[61,8:]Ab, = v'3,AL, +Dyu(AL—v'AL,) (3.95)
after using the equations of motion

1
r“D“wa+§r,,X§ijbfcdba — 0

[ = . A%
Dx! — % ‘PCF”XC{‘P;, Fedb T = 0
~ l _
Fitva+ Euva X/ DX 4SBT ) 0, = 0. (3.96)

It is openly seen that the supersymmetry variation of the fermion equation of motion
vanishes, and that the algebra closes on shell. From here, we see that all the equations

of motion are invariant under supersymmetry.

We end this chapter by presenting an action for this system. One can have the equations

of motion directly from the Lagrangian:

1 | - |
<z = - (DuX)(DuXg) + é‘PaWDu‘Pa + i\PbFIJXc{Xc{lPaf wed —y

1 2
+§8“ APy OvAgea + gf cda FIPALbA VAR er). (3.97)

The action is gauge invariant and supersymmetric under the transformations mentioned

above.

The Bagger-Lambert-Gustavsson theory presents a model that was expected from

multiple M2-brane theory. According to this model, the action is invariant under 16
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supersymmetries and SO(8) R-symmetry. Besides, it is conformally invariant. These
symmetries are the continuous symmetries that are expected of coincident M2-brane

worldvolume theory.

36



4. M5-BRANE ATTEMPT FOR THE EXTENSION OF THE BLG THEORY
FORMULATION

In this section, the attempt for the extension of the revolutionary
Bagger-Lambert-Gustavsson theory to the MS5-brane theory is discussed. As it
mentioned before, 3-algebra formalism plays a crucial role in the analysis of the
dynamics of the M theory. Since formulation for a system of N coincident M2-branes
which can be condensed to a single M5-brane by means of Lie 3-algebra was achieved,
it 1s natural to ask whether it would also be possible to use 3-algebra formalism to
formulate a system of interacting M5-branes manifesting (2,0) supersymmetry and the
results from M2-branes extend to the case of multiple M5-branes. For this purpose,
Lambert and Papageorgakis [10] proposed a set of supersymmetry transformations
for non-Abelian (2,0) tensor multiplets in six dimensions, using a 3-algebraic
structure. In other words, they obtain a non Abelian system of equations that furnish
a representation of the (2,0) supersymmetric tensor multiplet and the result was an
interacting system of equations where the gauge structure arises from a 3-algebra.
They attained the on-shell conditions are quite restrictive so that the system can be
reduced to five dimensional gauge theory along with six-dimensional Abelian (2,0)
tensor multiplets. Compared to M2-brane system the formulation of M5-brane system
is more complex. Even for the case of a single fivebrane it seems hard to write down
a six dimensional action with conformal symmetry because of the selfduality of the
three form field strength [29]. Moreover, multiple M5-brane theory is given by a
conformal field theory in six dimensions with mutually local electric and magnetic
states and no coupling constant. All of these features make the Lagrangian description

for M5-brane theory difficult to pacify with a Lagrangian definition [29, 50, 51].

Here, we studied the method in detail which is used to obtain Abelian and non-Abelian
equations for the six-dimensional tensor multiplet as the method discussed in chapter
3 to derive Bagger-Lambert-Gustavsson model for multiple M2-branes. We first

consider the set of supersymmetry transformations for the Abelian M5-brane and
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then study the construction of a non-Abelian generalisation proposed by Lambert &

Papageorgakis.

Apart from the expected non-Abelian scalars, fermions and the field strength, this
model includes a gauge field as well as a non-propagating vector field which transforms

nontrivially under the non-Abelian gauge symmetry.

We proceed by checking the closures of the supersymmetry algebra for both Abelian
and non-Abelian cases. We see that the superalgebra closes "on shell" up to translations
and gauge transformations in case the structure constants are the elements of real
3-algebras, they are totally antisymmetric and obey the fundamental identity. The
"on shell" conditions lead to a set of equations of motion and constraints. Finally,
expanding this theory around a vacuum point, we see that it reduces to five dimensional

super-Yang-Mills along with six-dimensional, Abelian (2,0) tensor multiplets [10].

The supersymmetry transformations for the Abelian case are [52]:

sx! = gr'y
11
SY = F“FlaqueqLaEF“"’lH”Me

where 4 =0,.....5,1 =6,.....10 and Hyy5 = 39|, By, is selfdual:

1
70
H/,LV/IA = geuv/lrcpH pA-

The supersymmetry generator € is chiral: I'gj2345€ = € and the fermions W are
antichiral: I'gj2345%¥ = —W [10].
In general, it is preferred to write the algebra purely in terms of Hy;,; to By, as:
sx! = iEr'y
11
Y = DHIouX'e+ T H, e

312
SHyyy = 3iel),, 0. 4.2)

The scalar fields X?, the fermions W, and the self-dual field Hyy, form a (2, 0) tensor

multiplet in six dimensions.
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On the other hand, the six-dimensional (2,0) transformation rules reduce to those of

the five-dimensional super-Yang-Mills which are given by

sx! = iEry
| .
S¥ = F“F’Dax’g+§r“ﬁr5Faﬁs—%[X’,Xf]r”ﬁe

SAq = iET4TsP. 4.3)

To find a term analogous to the [X?, X”] for the transformation of the fermions in (4.3),
non-Abelian generalisation requires a new field C*. So, the non-Abelian generalisation

is given as [10]:

8x'y = ier'y,
11 1
J 1 A IJ ~A~vI1~J CDB
SHyypa = 3iéF[uvDM‘PA+iéF’FuMKC§Xé‘I’DgCDBA
SAB, = gD, CE¥phPPy

sci = o. (4.4)

4.1 Abelian (2,0) Tensor Multiplets with 3-Algebras

We first consider the covariant supersymmetry transformations (4.1) of a free
six-dimensional (2,0) tensor multiplet for the Abelian case. Then, we would like to
investigate whether the same algebra can be expanded for the case of non-Abelian

fields.

4.1.1 Closure on X/

We start by checking the closure of supersymmetry algebra on the scalars:
61, 8]X" = 886X - 86X
= §(i&TW) - & (i5 W)
= isITHY 9 X e —ig T'THTY 9, X &)

1 _ _
+E(82FI "V Hy 8 — 60T H ) 6) (4.5)
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Because &'THV* g, = §T'THV2g,, the last line of (4.5) vanishes (see A.13). Then

we have (see A.48)

(61, 8]X" = &[T +TTHTY)d X g
= 25T X e

= oH9,x’ (4.6)
where 9" = 2i&T .

4.1.2 Closure on ¥

We then continue with the spinor fields,
[01,0]Y = 66Y—66Y 4.7)

We consider each term above seperately.

The first term can be written as follows,

1
5 6,¥ = 51(1“”1“[8qu82-|—EF“MHMWISQ)
1
= TR0, (8, X")ey + ErW(cSIHM)gz
B i B}
— PR (g7 9, W) e + ZrW (& T uvnP)e

= (@9, W) () + i((glr[ﬂvaulp)(rﬂ%z) 4.8)

where H,,y; = 30|, Byy) and 6Byy = i€l Y.

Now we write the second term by replacing 1 < 2 in the first term.

5H&W = iF”FI(s‘zl“Ia”‘P)sl+£F“V’I(EZF[“V8,U‘P)81

= (&9, W) (M"Te;) + Lil((e‘zrwam\y)(rWL &) 4.9)
Combining (4.8) and (4.9), we obtain [}, 5| ¥ as follows:

[61,8]¥ = —iI*T'(&179, Ve — &9, Yey)

—il‘“"’l [(S_QF[uv&;L]\Psl — éll“[u‘,&;t]‘llez)]. (4.10)
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We are going to expand this expression with Fierz reordering formula and rearrange

with Gamma matrix identities.

Using the Fierz identity in (A.22), we obtain

i 1
[6.8,]¥ = E{z(ezrpel)[rﬂr’rpr’au%rZr““rprwlaﬂlp]

1
—2(&T, X)) [T T'TPTT 9, + ZF‘“”LFPF’( INTAY

1

+E(§2rpmr“sl)[r“r’ rPeTrkiry, v
1

+ DMV TPOTTRIT 0,91

We now make some definitions:

i _ _
(61.85]¥ = 1—6{2(szrpel)1<—2(szrpr’<el)L
1

where
1
K = r“r’rpr’a“%rZr“”rprvlaulp
1
L = r“r’rPrKr’a“w+ZF“MFPFKFM&)M\P

1
M = F“FIFP"TFKLl“Iau‘PJrZF“"’IFP‘”FKLFV;@#‘P.

We are going to simplify those expressions using gamma matrix identities.

To simplifiy K, we need

I*TTPI 9, ¥ = SIPTH9,¥ — 10gMP 9, ¥

1 uva

(see A.1, A, A.30, A41)

Using them we get

K = 6TPTH9, W — 16gPH 9, .

We used following expressions to simplify L (see A.1, A.42, A, A.30, A.41).

r“T'TPrAr'o, ¥ = -3r5TPIr*9, W + 6P 1% 9, ¥

1
ZFHMFPFKFM&“\P = IKTPIHo, ¥ —6¢PHTX 0, ¥
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and we get
L = -2r%r°r#o,Vv. (4.20)
Lastly, to simplify M, we need (see A.42,A.31, A.34, A.57, A41)

rHrireetrkiriy ¢ = —rXirHreet, v
1
JDVTPOTTET W = STRITHIPOT9, W 4 THITHPOT 9, W

+TKEPHPTLO 9, @ + TRITHTOTP 9, P, (4.21)
Then we get M as follows:

M = ATKLTHDPOTQ, @ 4 TRITHPOTT), P
+IKETHPTTO 9 @ 4 TRITHTOTP g, P

= —ATKLPOTDHY W+ 24T KEgHPTOT 9\ TREDHPOTT ), W
+TKEPHPTTo 9 @ 4 TRETHEOTP 9, @

= 0 (4.22)
Combining all these expressions in [0}, 8| ¥ and simplifying, we obtain
s 3i, _
[81.5]% = —2i(&Me) 9u¥+ 7 (&Lpe) [P (MM9W)

+7 (&I e TFTP (19, ). (4.23)
Therefore the algebra closes on-shell with the equation of motion
I'“o,¥=0 (4.24)

where we define —2i (&1 ¢e;) = 9.

Finally, we get the closure of fermion algebra as follows,
01.86]Y = vHJ,Y. (4.25)

This algebra closes "on shell" up to translation, with (4.25).
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4.1.3 Closure on Hyv?L

We then continue with H, 3 .

[61762]Huvl = 6152H,uvl_5261Huwl (4.26)

We first consider

01(&Huva) = 3i61(&,,d1P)
= 3i.§21“[“v8,u51‘11
11

= 3igyl, 0y (IPTY X e + §§F”“Hpmsl)

= iy [PT7 €10, dpX e —acyclic (inpuvA)
i

+12

&1 uyIP°" €10y Hygr —acyclic (inpuvAa). 4.27)
The first term of (4.27) will contribute following result to [y, 6] Hyy, (see A.13):
LI e —e T IPT e, = & (0, +gvTy —ghlv)Me
—& (Fﬁv + g’v)ru - gﬁrv)rlgz
= 2gvelMe —2gh&l e, (4.28)
So, terms that contain dpX” in (4.26) :
i8s0 TP €10, 9p X" — igUyy TP €10y 9p X! — i&aT; , TP €199 X!
—i& Ty TP 293, p X! + iE Ty TPT €20y dp X + i81 T3, TP T 29, 9p X!
=0. (4.29)

As aresult, closure of Hy,, is given as:

i _ _
[61752]Huvl = Z(EZF[MVFPGTEI&MHpGT—SIF[MVFPGTSQaMHpor)

= i(ézrpel)nguvp. (4.30)

(see A.56)

To obtain the equation of motion for X’ and H,y), we take the supervariation of

fermionic equation of motion,

0 = §(THI,P) =THd,(8%,)
11

= Moy (I'T o X'e) + T, (yirp‘”Hpm% : (4.31)
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Therefore,
vl 1 11 ot
0 = I*I'I'edydvX' + 551““1“” €dyHpor.
Exchanging the name of the indices (1 <> V) in the first term:
ViU 1 11 T
0 = I'T*I'edydyX +§§F“F”“ €uHpor.
Adding (4.32) to (4.33), we get
0 = 2Med o*x' + %rﬂrpcfsaqum.
Multiplying (4.34) with € from left, we find

1
0 = 2&ledyotx’ + 3,8 TP e Hpor.

Recall that: E[*e = 0, but £I7e # 0 or ETHP%%e £ ()

Therefore, we obtain

and
8[qu6ﬂ = 0.

Continuing with the second term in (4.27), we can write
F[WFPGWMHPM = 2F[quFp"f8;L]Hpm —2g[“v1“p‘”8MHpM.
The second term of (4.37) gives zero contribution and we get

Ty IPo%0) Hpor = 20, IVIPO703 Hyor + 20, 80T 070 Hpor

(Excluding zero contributions)
Thus, we obtain
F[luvrporaa‘}Hpo'f — Zr[”vpo-ral]Hpcf — 121—‘78[AH‘UV]T

= QFMVPO-’C&[;LHPGT} — 12FT&[7LH/JV]T'
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Second term gives translation contribution and first term leads to a[lHPG] = 0 should

be an equation of motion.

This result justifies vanishing of each term of (4.36) separately.

4.2 Non-Abelian (2,0) Tensor Multiplets with 3-Algebras

Now, we wish to apply the same method as in the Abelian case to find suitable
non-Abelian equations of motion for the six dimensional tensor multiplet. As we
mentioned before, to get a term analogous to the [X/, X”] for 8¥ above, it is needed to
introduce a I'y; matrix to account for the fact that € and ¥ have opposite chirality. As a
result of this requirement, non-Abelian generalisation includes the existence of a new

field CH so that [10]:

8x'y = ier'y,

8Wy = THT'DuX'ae+ %%rwmﬂv 2E— %rlr”chgx,g fPP e
SHyyan = 3i€L|y Dy Pa +i80T 1 CEXEYDgP

SAB, = gD, CEPphPE,

sCi = 0. (4.40)

4.2.1 Closure on X}

We first check the closure of supersymmetry using the supersymmetry transformations

of X! field:
[81,5] X5 = 818:X] — 581X} (4.41)
The first term is found as:

818X, = & (i&a"Wa)
= 57 (5W,)
= BT DX] e + éézl“IFMMH”M A€

—éézl“l I, IVECAxIXK fPB g, (4.42)
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The second term is obtained analogously,

5231)(;{ = iéll"ll"“FJD“Xng+éélrlruleulegz

- %élr’n TVECAxIXK DB ¢, . (4.43)
Combining them we get

[81,&]X) = BT + VT D X &
i
12

—ééz(r’n VK L VKT, T CAXIXE fCPB g, (4.44)

+— (&I Tyyae1 — 8Ty &)H""

Second line of (4.44) vanishes, because &1'T;, €1 = £ 1'T ;& (see A.13). The

gamma matrix structure in the first and third terms can be simplified as follows,

[81,8]X) = —2i8:0 e DyX) + ity T, TXCEXIXK fPE e

— it g KT, IV Chx!XE FCPB e (4.45)

We substitue (A.48) and (A.50) in (4.45).

Thus, we get the following expression.

(81, 8]X) = —2ie; e DyX] +2i8,0, Ve ChXiXLFEPB,

— WDy xi 4+ ABX (4.46)

where V¥ = —2i(&T"e;) and AE =2i (& 1Ve) ChXLFCPE,.

We find that the transformations close into a translation and a gauge transformation.

4.2.2 Closure on Ck

Then, we investigate the closure on the new field CX . It is clear that from the

transformation SCX = ( such that

[61,8]Cy = 88C\ —&5C
_ o (4.47)
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But what we expect is, to close the algebra in the form of (4.45)
[81,8,]C =v'DyCh + A5CY. (4.48)

This algebra closes on shell providing the constraints D,C% = 0 and C{}C@ fEPB, =0.

We can also get the second constraint from supersymmetrising the first constraint.

4.2.3 Closure on Kﬁ A

We then continue with the closure on the gauge field.

61, 8]A8, = 66,A5, — 5,648, (4.49)

The first term is calculated as follows,

§186AL, = 8 (8T CEPphPEy) (8ck =0)
= & T'TICED X[ se
i
12
i
—5&8Tu oIV CACIXEX) FEFC  hCPE g (4.50)

+ ézrﬂlrvngéHvPGDhCDBA&

And the second term is calculated analogously,

&8A8, = BT TTCED XHhPE e,
i

12

- %élrﬂ Lo CACoxIX] FEFG hCDB g, (4.51)

+ éll“MvaGCéHV”GDhCDBAsz

Combining them we obtain,

[51,52]Xfm = iéz(FMFVFIJFFIFVFM)C/ClDVXII)hCDBAgl

i
+58 (Tualvpo + TvpoTpup ) CAHYPO phCPE g (4.52)

l_
—58 (TualoT + T ToTyz) CECSXLXLfEFC L HCPE sey.
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Each gamma matrix structure in parentheses can be calculated with the help of

following Gamma Matrix identities (see A.30, A.56):

[TV Tua] = 28I —285Ty
{Fuxl ) vac} = nglvguprc - Zglvgucrp + Zglpgucrv — Zg;Lpgqug
+28368uvlp —282068upl'v

{Tualo.Tolyn} = 206
Using these identities, we get

61, 5]A8, = &I (21T — 285 L) e1CEDyXph PPy
+1L.252(24FVHW;LD)81C211CDBA
—i(BT 6T &) CACIXEX] FEFC phCPE
= —2i (&I Me) CEDXHHEPE, (4.53)
+2i (B0 e)) CEDy XHHPE 4 — vV CEHyaph™PPs (4.54)
—i (8202 T 1) CLCEXEXH FEFO phCPE (4.55)

= VWES,+DuAf. (4.56)

We have written what [Jy, &]Zﬁ 4 should amount to in the last expression above.

FB,, is defined as,

First term (4.53) implies that A¢PB, = fPBC, to provide the correct gauge
P A gaug

transformation.
Therefore, we see that v"CéH Wi ph€PB, term is a translation so that

ﬁva = CéHuv/lDfBDCA (4.58)
and the (4.55) gives,

CLCLfEro L fBP¢, = 0. (4.59)

Thus, we see that f48C, must satisfy fundamental identity for 3- algebras and as a

result (4.59) follows from CACP fCPE, = 0.
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For the first term of (4.54) line, we can write
CAD, x}BPC, = 0. (4.60)

4.2.4 Closure on H, 4

Then, we investigate the closure on the antisymmetric tensor field-strength H;yj4;

(61,82 Hyyan = VPDpHyypa —2i(&T T €1)CoXHS" P 4Hyyap

—6i(B2T [ e1) (Fyy 4 — ChHyajppg P ) XC

—6i(&; I €1)CHXEDL XD (FPP 4 — 8PP4)

2 @ T &) (BT pal ¥0)Ch (1P s — %))
+2i(&T T 1) €419 CHCEXEXEXE gPIBIC , frOlE]
+i(&8 yyaTimer ) €M MCECep XEXEXE gPBlC, fFOE
T e R XEXEX G P

+vP (4D[unlp]A + guvlpchgXéDTXégCDBA
i
2
= VWDpHyypa+ASH, 25 (4.61)

T5Euva meg @CFTTDg CDBA

where in the last line again we have given the required expression for the closure of

the algebra as before.

According to above expression, it can be seen that the second term of the first line gives

the correct gauge transformation if the relation
CDB CDB
g 7 h = 70 (4.62)

is satisfied.

Also it can be seen that the second and third lines vanish for the correct gauge

transformation. The fourth line vanishes if the relation
hDBCA _ gCDBA (4.63)

is satisfied.
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Obtained the previous conditions this implies that f¢PB, = — f¢BP , and thus P8, is
totally antisymmetric in C, D, B. As in the case of multiple M2-branes, consistency of
the gauge symmetries /~\§ implies that the structure constants satisfy the fundamental

identity [10] :
FHBC L fPIEE L =0, (4.64)
Considering that the seventh line vanishes gives the H-equation of motion as:

D[qu)Lp]A + iguvlpangXéDTXII)fCDBA

+E€uvapocCT P Wp fCPB, = 0. (4.65)
Furthermore, it can be seen that the Bianchi identity Dmfﬁ‘w g = 0, along with the

H-equation of motion.

This implies that
CPDoH,yapfPP 4 =0. (4.66)

It could be introduced a field By,y4 such that H,yy = 38[qu 2]- This result would lead

to the algebraic constraint [10]:

LB
Fiuva

+15€uvaporCR P ™ Wp fP8, =0, (4.67)

B)Lp]B + %guvlpangXéDTX{)fCDBA

but this over-constrains the fields and so there cannot exist a suitable Byy4 as we will

verify this in the next steps.

We check that the closure of the antisymmetric tensor field-strength Hyy4 as
required in case the equations of motion and algebraic constraints above are satisfied.
Hyypa is self-dual, are invariant under the six dimensional (2,0) supersymmetry

transformations [10].
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4.2.5 Closure on ¥,

Let us look at the closure on the fermions. We expect to find that the algebra closes
into a translation and a gauge transformation. Applying the ideas of the previous

calculation, we will get the closure on the fermions to gauge this symmetry:

[61,0]Pa = 616,¥s— 0201Pa. (4.68)

We calculate first term as follows.

1 1
816,%s = & (r”F’DuX,ieﬁﬁrmH““Aez—Erar”C”XéXéfCDBm)
= {T*T'8 ' DyWae, — iTHT& T, CAPphPE s X e
i _ —
+ZFuVA£1r[ule]lPA82 + EF“”&F FMWIKCEXé‘PDgCDBASQ
i

—Er,tr”cgélr’\ycx,g fCPB e

—énr“ CAxLeTVw), fCPBe, (4.69)
And the second term is written as

5251‘PA = il"“l“’ézl“’DH‘PAel —iF“l"Iézl"MCé‘PDhCDBAXéel
i _ i _
+ZF'LLV}L£2F[HVDM\PA81 + EFI’W)L82FIFuVAKC§Xé‘PDgCDBA81
i _
—Er;tr“cgszr’\ycx,g fCPB &

—%rlr” CAxLe, W), fCPBe, . (4.70)
Combining them we obtain

(61,8]Ps = —il"T" (&I'DyWae) — & I'DyPaer)
HIHT! (81 CE¥phPE X e
—&T ;LCC‘PDh CDB Xle,)
—L—lrﬂv’L (82 TyDa ¥aer — &)y Dy Pass)
LTI T CEX L gy
—8T Ty C XY™ 482)

+%F,1F” Ch (&YX fP8 o1 — 87X fP8 L 62)

+%r,lr” Chx!. <ézl'" W, fCPB & — 5 TV, fCPB Ae‘z) . @7)
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We now name each term of [§;, ;] ¥y as:

A =

F =

We rearrenge

A =

—iF“FI (E‘zFIDHlPAS] — & FIDulPASz)
irHr! <(§2FulCé‘PDhCDBAXI{;81 — élruxCé\PDhCDBAXé&’z)

i _ _
—ZFI'WA (82 r[uka]lPAgl — 81F[“VDM1PA82)

i _
—EFW (BT 4 CEX PP ye)

—& Flry 7 chxélngCDBA &)
[ _ _
5 F), FIJC]?;L (82F11PCX£fCDBA €1—& FI‘PCxl])fCDBA 82)

i _ _
EFAFUCIA;Xé <82F,‘PDfCDBA81 —& F"PDfCDBAF,‘z) .
each term above with Fierzing (A.22). As a result, we obtain

é[z (&Tye)) TV T D, ¥,

—2(&Ve ) T'I'T'TVIY D Wa

1
+53 (8aLya6 ke TR TV TV D 9|

i
2 (@0ve) (—F“F’ VT, CEW phCPE AXé)

2 (&0 ey) (~THTTY VT CEhE 4 X )

1
5 (BTelre) (—F“F’FVMFJKF#KC’C“PDhCDBAXé)]

i 1
1_6[2 (&2T'ver) (eryrrvr[pyDT]\PA)

_ 1
-2 (&Ve) (ZF””TFVF’ TipyD7¥a)

1 _ 1
+E<82FV).GF,K81)(ZFP VAT D Wy )]
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(4.75)
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i _ 1
D = E[Z (82rv£1) (ErparrvrlrpGrKCgXélPDgCDBA>
_ 1
—2(&a0vMer) (5 TP T T T oo CpXcWng ™)

1. 1
+55 (Bl er) (EFPGTFMGI"KFIFPGTKCEXé‘PDgCDB )] (4.81)

i 1
E = £l zrvel)(—ErKr’Mcngr’qfcngCDBA)
i} 1
—2(&Ve) (—ErKr’Mcngrfr’ WexMrePB )
1, 1
+3 (82020 (—ErKr’Mcng“errqucx,g” FPBO] (4.82)

' 1
F o= Zl2(&lve) (—3 Tl ™M O Ty %))
1
—2 (& Me) (— DM CEXCT T T W fP5 )

1, 1
+ (BT 0K er) (—EFKFIMC};XéFV“F’KFM‘PD FPE]. (4.83)

Combining all these Fierz reordered terms, we obtain

[ _ _ 1 ,_
[01,0]¥a = E[Z(Ezrv&)AI—Z(82er‘181)B'+ﬁ(82vaor‘1K81)C'

(4.84)
where A’,B’ and C’ are given as

A = TIDT Dy, — TRV CE¥ ph P8 1 X,
+%F”7’TFVF[MDT]‘PA + él“p”l“vl“l TpyexCEXE WPy
—%FKFIM CETYTTWCXM (DB, %rKr’M CEXIDVTMw ), CPB ,(4.85)
B = THTTVIVI'D, s — THTTVIVD  CEY XA
+%F’”’TF"F’ TipyDg P+ f—zrpyfrvrd Ty e CEXE¥ P8
—%r,cr”” CETVIVIIWexM rCcPB

1
— 5r,<1“1M CExirvTTMy, fCPB (4.86)
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C' = TV D W, — T VATV, CEW B 1 X
1 1
SPLARE S e SRVORL JESCS L ad e O PREN 3 ok T
1
_ 5FKFIMCgFVAO'r\IKFI\I;CngCDBA

1
—ErKr’M CixrVAor/KrMy, fCDB (4.87)

Let us calculate each term in A’ separately.

The first and second terms are: (see A.1, A, A.30, A.41)
r“T'T'r'D, Yy = SIVTHD ¥, — 10g4VD, W, (4.88)
—THTTVE y CEWpXEhCPE 4 =

= I'(-IVT* +2g"Y) [ CEYpXEh P 5
= —SOITVTCEWpXEnCPE 4 2T TV CEY pXEHCPB

= 430V CEYpXE P8, — 28V T CEW XL FCPB . (4.89)
Third term is:

1 1
ZF””F"F[MDT] ¥y, = o (—=TVIPT® 4 2gYPTYT 4 20VTTPY 4 26VIT*P)
5 5 5
2 3
—gerTDT‘PA + EgTVDT"PA - SgVPDp\PA
2 3
—geryDylPA + ngDY\PA — SgVTDTlPA
2FVFP v . PYD, ¥ ZFVFV Y
3 D, A+§g Dy AT3 Dy 4
3 yv - 3 v
+§g DY\PA — §F I DTlPA + Eg DT‘PA
2 3

— TVTPD,Wy —6g°"DpWa. (4.90)

We used (A.31, A.41) above.
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Continuing with fourth term, we get (see A.31, A.41)

TPV TV Ty o CEXE P pg“PE, = — 12TV T CEX ¥ pgePE

+72¢" CEXLWpgPB (4.91)
and the last two terms can be arrenged as (A.35)

1 1
—il“KF’MCEFVF"PCXg e EFKFIMCEXC{FVFM‘PD P8,
1

= — 5(r,cr"MrVr’\lf(;)(,gV’c,’,f P8,
+ T MMy xlek rP8 ). (4.92)

Replacing I «+ M, C <+ D and taking into account the antisymmetry of fPB, for the

second term in (4.92) expression above, we obtain

1 1
—EFKF’MC,’;FVF’\PCX% T zI“KF’Mc};XérVr1‘4l11DfCl’BA

= — LLYOMrIwexM ek rebs,. (4.93)
Using T'MTT = —4I'™ (A.35) above, we get the following expression,
—%rKr’M CETVIIWexM P, — %rKr’M csx vy, fCPB, —
= —ATMIVI CEW XM P8, 1 8gY TMCEW XM (CPB,
= ATVTT CEW X)L P, +8gY TICEW X, FCPB . (4.94)
Putting all these expressions in A’ expression, we obtain
A = 6I'THD, Wy — 16g"V D Wa + 6TV T T CEYpXp fPE . (4.95)
Now we calculate the second term B’ (4.86):

B = T"I'TVII'D, s — TR TV VT CEP p X R
1 1
+ TP T Ty Dy P + TPV T T e Cp X Ppg ™y
1 1
—Er,{r’M CATVIVIIWexM f<PB, 5r,cr’M csxlrvrtyy, fCPB
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Every term can be arrenged with the help of Gamma matrix identities as is done for A’
above.

First term is written as follows (see A.42),
r“I'Tr'r'p, ¥, = 3UVITH*D, P4 + 68TV D, Wa. (4.96)
Second term is (see A.35):
UV CEPpXERPEy = 3TV CEYpXEHPE
—2g¥ IV CEW X, HPB
= 3V CEWp XL CPB,
—6gV TV CEWp XL P8,
128" DT CEX P PP,
—4g¥ gV CEX} WL CPB, . (4.97)
Third and fourth terms can be calculated with the help of A.31 and A.41 as follows,

1
eryrrvrjr[pyDr]‘I’A = —T'I'IPDp¥s—68° T/ Dy ¥4, (4.98)

1
TP T T yex X P pg ™7 s

= IVI'(-D'T+6g" ) CEXE g

= VIV CEXIWp P8, — 68" IVTICEX W fCPB,.  (4.99)
And the last term is

1 1
_ EFKFIMCgFVl—JFI\IICXg/[f‘CDBA _ EFKFIMCEX(I:FVF,FM‘{JDfCDBA
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= - o'rMrriecx)ick rePB,

= I V(20T + 6" ) WXy Cp F7°

= 2 IVIVTMY X MK DB, _ oM TV XM CK FCPB

= 20T MW o)l FOPB - dgY T XM O FCPB
+68" TV TP eXp Cpf P — 128" ¢ WXy Cp P

= VIV WpXACEfCPB, +4gY VT XiCE fCPB

+6gY TV WpXACE FCPB, — 126V gV WpXLCE LB, . (4.100)
Replacing all these expressions in (4.86), we get B/, we get

B = 20VIVI*D, W4 + 20 TV CEXF ¥ p fP5

—16g" g CE¥pXL P, (4.101)

The last term C’ (4.87) is:

1,
C' = 5 (Bl a) I T I TD, W,
1
A A
—THDTY AT ATy CEWph PP 4 X + TPV T TR o, D Wy
1
+55 ZF””TFVMF’K Ty CEXEP P,

1
. 5FKFIMCgFVlGr\/KFIqJCXngCDBA

1
o EFKFIMCEXéFVA GFJKFMTDfCDBA )] .
To simplify this expression, we can rearrange the terms associated with each other and
using gamma matrix identities.
Firstly,we can combine the terms first and fourth just as a term which contain covariant

derivative.

1
~I'TKTTHTY A Dy Wy +  TK TP AT, Dy W (4.102)

1
JK A JK A
—IETHTYA D Wy + TP AT Dy

1
~IYATHTYAOD Wy + S TK(TPTYAOT,yD,
+TPTHLYAOT,, D, + TPTHIYAOT D, )Py (4.103)
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Using TP VF"M’FP,, — 4THTVA0 (A.57), we get the second term in (4.103) as follows,

Ik A A A
EIJ (TPTRTVACT Dy, + TPTHTVACT,, D), + TPTHTVACT D) Py

1k A A A
= ﬁrd (4THTYA° Dy, +4TPTVA° D, +4TTV4° D, )P,

VKAV % D, 9, (4.104)
Then (4.103) becomes
1
_l—*ll—\lKFIFIJFVlO'D”\PA + ZF’KFPYTFVZO'FU)YDT}\PA _
—VKpHrvAop W, + VKTHTYA D o,
= 0. (4.105)

If we look at the second term in C’, we get the following expression using Gamma

matrix identity (see A.56):

—THTVAC TR (CEYphPEAX) = TITVATHTYAOT ), CEYph PP 4 X
— FIFJK(_I—‘KFV)LO')CE\PDhCDBAXg

= TV Ao ckw,, fPBC x5,

(4.106)
And the fourth term can be written
1
EFpYTFV)VGFJKFIpr’EK‘CgXé‘\IIDgCDBA —
1
— EFJKFIFP }/TI—*V/’L GFP YTKCgXélPDgCDBA
1
= ST (120 X wpe ",
= /Kol rvAiockxlwp B, (4.107)

We used [PV VAT 0 = — 120 TVA9 above (A.58).
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And the last term can be found replacing I <+ M, C <+ D and taking into account the

antisymmetry of f¢PB, as:

1
—EFKF’M cErvrorVK (i ex M + T pxL) FCPB, =

— _FIMI—\]KFIFKFV/'L G\PCXgCngDBA
— _F’KFMFKFVAG\PCXgngfCDBA + FMI—\IKFK_FVAG\PCXgCngDBA .

(4.108)

We used —"MTVKT! — TMTY/K _ TVKTM (gee A.30) above.

Finally, we can combine all these expressions in C’ and replace M <+ 1, B— C,C — D,

D — B in the third term and M <+ I C <> D in the fourth term. Then we get

C/ — _FIF]KFKFVIG\I]DXéCngBCA . FJKFIFKFVAGCgXélPDfCDBA
+IMTVET VAW x M ek fCPB VKM VAo w x Mk fCPB

= 0. (4.109)

There is no contribution to [8;, 0] ¥4 from the last term, C'.

Using the relations that we found in A’, B, C’ above, one gets [0;, 5] W4 as follows,

(01,6 Ws = —2i(&I"&))Dy¥s +2i (BLL &) CE¥DXpf "y

+¥[(ézr"81) V(D ¥a + FIFKCICC‘I'DXLI;fCDBA)]
_i[(ézl“vl"fsl) VT (THD, Wy + T CEXSYp P )]

= viD s+ KQ‘PD

J% [(BT'yer) TV (THDy Wy + TT CEW DXL P8 )]

_ﬁ[(ézrvl"]&) I'IV(T*Dy s + T CEXEYp P8 )]

(4.110)
where —2i (&, e;) = v and 2i (&) CEX,FCPB, = AD.

Closure of the algebra requires that the lines in parentheses vanish. Therefore,this

determines the fermionic equation of motion;

THDy¥s + T CEYp XL PE, = 0. (4.111)
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So that on shell,
81,8, ¥y = VD, Wy + AR Wp. (4.112)

We see that transformation of the spinor field close into a translation and a gauge

transformation again.

4.2.6 Bosonic equation of motion

To obtain the bosonic equation of motion, we take the supervariation of the fermion
equation of motion. We found fermionic equation of motion as (4.111). Taking

supervariation of this equation, we obtain

0 = S(THDLYa+XLCHTIW, DB )
0 = IV§(DyWa)+ (8X0)CRTV I PP ) + X{CYT I (8%p) fPP,.

(4.113)

Let us calculate each term in (4.113) separately. Using the transformation of covariant

derivative
S(Dy¥a) = Dy (84 (5A%,)¥p (4.114)
and considering (4.4) we obtain (4.113) as:

0 = I'I*I'DyDyXfe+ lervrﬂp 3Dy HMP se
IV TV CEX) Dy XL FCPE & + e W CYT T, fCPB
+XCCETV T DX P8 e + %Xéc,grvr’ Typa H'P* p P8 e
- %Xécgrvr’ 0, VKCExixK fFOE , rCPB e (4.115)

As we calculated before (3.86) in chapter 3, we can write

1 -
'r“r'o,DyXie = F’Dszs—EFVF“F’FvaXée. (4.116)
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Considering the property that HP* , is antisymmetric, we obtain

TVlpa H* p = Ty(Tulpls — gupla + 81 p — 8 D) H*P* b

upA
= DV THYPA p — gDy HHP g DT HPPA
_gg/lrvruH“plD

= T[T, H*PA ), (4.117)
IV, TV ChDy XL P8+ T DITHTY Dy X XECE FCPE

= — 90V, cExppyxLrePE - TITVT, TR (D X)) XLy fPB
— TVIYTLCEXEDVXEPP g — (T + 87) (~T'Ty + 264) DXy,
X(Cy Py
= — Y0V, Chxp Dy XL fCPE  + TVTHD, CY X ED X3 CPE
= — 2rCyD XHXEFCPE L+ TR CEXED X P8 4
- GDXRXLIE,

= T CXED X P8, (4.118)
where we used the constaint (4.60) Cl‘,vaXé fCPB 4 =0.

The rest terms can be rearranged as follows:

1
XL T IR 17O , P,

_ %FI (=T;Ty +22,2) (FJFK _ %) Xé cy C}% X,{ Xg fFGED fCDBA

_ _%r’ I, ITRX.CyCh i xK fFOE | fCPB,
N e e
+FIFJFKXéC§CgXI£nggGEfCDBA
~TXCCECEXEXG O pf P (@119

Considering the property that f°PB, is antisymmetric, the only nonvanishing term is:

LI CECRXIXEXLCY 7O P8,
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Combining all these expressions in (4.113) and rearranging, we get
0= I {D%g{ — %IPCC,;FVF’ Wy P, — CYCrxLxixk 5 CE FCPB A} £

1 ~
_EFIFVFM {Fva - CéHuv)LDfCDBA} € +D[qu7Lp]A

1 i -
+ZguvlpGngXéDTXi[)fCDBA + gguvlparcglPCFTlPDfCDBA

where we used (4.58) and (4.65).
From here we obtain scalar equation of motion as:

0= DX} — L Cyr T P8, — CYCEXIXIXE 75 1P,
(4.120)

Let us summarize our calculation: We required the transformations to close into a
translation and a gauge transformation so that this way we obtained equations of
motion and constraints. Taking supervariation of fermionic equation of motion, we

get bosonic equation of motion.

All of the equations and constraints are:

0 = DX} — %\Pccgrvr’ Wy P8 — CyoXIXEXF FEEC P8,
0 = DyHyppu+ %‘?LtvlpangXéDTXéf ps
FeEuntparCE T ¥ [P,
= D,y + T CEPpXL P8,
= fva - CéHuvwaDBA
= DuCy =ChLCyf*P,

o o o O

4.3 Relation to Five-Dimensional Symmetry

In group space, the signature of the metric determines whether the algebra is Euclidean
or Lorentzian. There is exactly one Euclidean four-dimensional 3-algebra as well as
an infinite set of Lorentzian 3-algebras [10]. We proceeded to investigate the vacuum

solutions of the theory for these two possibilities, but one can also consider three
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algebras with more than one timelike directions. The goal of this section is to relate

gauge theory of these algebras with five dimensional super Yang-Mills theory.

4.3.1 Lorentzian case

The Lorentzian 3-algebras can be set up by starting with an ordinary Lie algebra ¢ and
adding two directions to ¢ as a vector space, which are called + and —, two lightlike
generators 7% such that A,B = +, —,a, b..., raising the total dimension of the algebra
to dim(%) + 2 [10]. Using indices A,B = +, —, a, b..., the structure constant are given

in terms of the Lie algebra ¢-structure constants £ as:

f+abc — _fLH—b — fab+ — ab fabc_ — fabC (4.122)

c c Cc

fABC

with all other remaining components of p vanishing. The invariant metric in terms

of standard metric on ¥ is given as:

I|'_| AB

The dim(¥) + 2 scalar fields X! and fermion fields ¥ transform in the SO(8). Two
fields (leE and W) are singlets of ¢, while the other fields Xé, V¥, transform in the
adjoint representation [37]. Since the fields X! transform in the adjoint of ¥ we can

introduce the matrices 7¢ = {T*,T~,T4} such that
x!' = xIt9
|:T(l, Tbi| — fabCTC
Tr(T°T?) = g%. (4.123)

We focus on vacua of this theory in the particular case of 4 = su(N) by expanding

around a particular point

< Ch >=g8l8; (4.124)
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while all other fields are set to zero. And the fourth line of (4.121) equations according

to this assumption has the form of

0 = FvA CC uv?LDfCDB

= FuvA (865 uwlDfC

DB
= F/,th_gH/,tVSDf+ A

= B\ —gHuvspfP%). (4.125)

From this equation we obtain

0 = Fop,—8Haps/™,

Fog, = gHupsf®, (4.126)

with 1t = &, 5 and all other remaning components of FB LvA ZETO.

The constraint
0 — DuC) =y,
takes the form of
0 = Dyu(gds'sy)
and we get
dug = 0. (4.127)

The rest of (4.121) equations respectively have the following forms.

The bosonic equation of motion:

i
0 = D?Xi— El}fccgrvr’ WpfPB, — CyoXIXIXLFEEC, FCPB
1 -
= Dp’x!— E‘Pc(gﬁsv SOV P8,
— (8658, )(885v 8 )XIX] X[ O P8,

= DYDyx! - i%@crsrhpd £ — E@XIXIXEF 1, (4.128)
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The H-equation of motion:

1
0 = D[/,LHV/Ip]A + ZguvlpchgXéDrxéfCDBA
i
8
1
= D[,qulp]A + Zguvk&n' (gSgég)XéDrxéfCDBA
i -
g8uvk§cr(g6566;)‘llcrﬁPDfCDBA
8
= D[,unlp]A + ZguVASSTXcIDTXéfCDA

g .
+l§€uv185rlPCFT\PDf Py

+ guvlpcrcg q’CFT\PDf CDBA

+

There are two possibilities;

i) If any of the indices is equal to 5, it is obtained
0 — D[aHﬁﬂSa.

ii) None of the indices is equal to 5.

Recall that,

1 1
Cleeeen ciby..... bp—i
S[a = ——& aiby..... bn,‘._g ! e " lSC] ci+

Toeeen an] (n - l) '
So, DjqHgy4 can be written as:

1 1 s
DiaHgya = 1€uvapap ;" " P Doty

Recall that Hgp  is self dual,

1
H517K' = 58511 xabe

abc

Then, it is obtained
1
DiaHpya = 5,57 €uvipap e1PM% P g5 capeDyH .
The Levi-Civita tensor multiplication is given as follows,
8’}’517K(XB Esex = _85T]K’}/(Xﬁ €snKabe
Y
= =—(-331){87578)}
1
:m%ﬁﬂwﬁ—ﬂ$$+ﬁwﬁ

—576288 +815%8F — 575%8F}.
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(4.130)

(4.131)

(4.132)
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So,

e1PM%P g5 capeDyH™® = 3131D, H*FY (4.135)

and

1
D[qu/lp}A = ZguvlpaﬁDYHaﬁy~ (4.136)

Multiplying the last line of the (4.129) equations with €*VAP>71 from left and writing

above expression in it, we get

8
0 = guV)LpSnD[qu/lp]A + ZguV)LpSnguvlpSTXéDTXéfCDA
i _
"‘gggu‘%psnguvlpSIlPCrTlPDfCDA
1 g
= Zguv;LpsnguvlpaﬁDyHaﬁy + ZguwlpsnguvkpSTXéDTXlI)fCDA
i _
+§ge“”1’5’7 Eavipse P Wp P, (4.137)
Recall that,
VAP g 1o = —4(8;,84 — 838d) (4.138)
and
gMVAPINg 2 ose = 4187 (4.139)

Using above expressions we find

1
JAUDHT — Dy §.4!X(’;D"XLI) 7ep,

+i§4!‘i’cF’7‘PD 7P,

1

p (—2DyH"™) + %XéDnXII)fCDA
+i§\i'cr’7\yp 7er,

1
EDYHWS + %XéanéfCDA

+i§\ifcr"lPD 7er,

Dy + SX DX P + i3 U P,

A I cd yvip v, bg

D%Hepsa + 581" a(XcDpXg + 5¥cIp¥a). (4.140)
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The fermionic equation of motion becomes:

0 = THD W4+ X TsTW, e,

And the constraints:

0 = CPDpXhfPE, =CPDyWpfCPE = CODpH yiafPE

become respectively

0 = CZDpXpf™%y
= (88730)DpXpf

_ gDSXdIf+dba

= gDsX1f, = dsX; =0,

0 = CPD,¥pfPE,

= (88581)Dp¥pf "y

= gDs¥,f %, = ¥y =0,

0 = CgDPHuwlAfXDB
= (gssl)SEr)DpH,ulefCDBA

= gDsHyyaf =

85Huv;m =0.

To summarize, the equations of motion become

0 = Fgg,—8Haps",

0 = D"DaXy— il WIsTWaf = X!X!X] 1 41,

O - D[aHBﬂSa

_ 1 - i =
0 = D%Hypsq+ ng(:da (X;DpXg+ 5 ¥el'p¥a)

0 = I"DyWa+gXiTsT'P, 1,

0 = 05X)=05%;=05H,1,
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(4.142)

(4.143)

(4.144)
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where Do X! = 9o X! —KgaX,f . Whereas one also get from (4.3) that

sx! = ier'y,

. 1 ] )
S¥, = rarfnax;e+§raﬁr5H“ﬁ5ae—%FSF’JSXZSXjf‘das

SAL = ETaTsW.f %, (4.146)
It is seen that with the identifications [10]:
1 ~
g=gvm Hops = 5 Fop Ay =Aucf,. (4.147)
YM

So, it is recovered the equations of motion, Bianchi identity and supersymmetry
transformations of five-dimensional SU(N) super Yang-Mills theory. In particular
since g has scaling dimension 1, we see that g,z/ 1 also has the correct scaling dimension

4.3).

On the other hand, we also have the additional equations

0 = JuHyrpla
0 = THI,W, (4.148)

with transformations

sxL = iErwy
11
SV, = F“Flaqu_LsnL?EFuleiMs

SHyype = 3iel(,,0;Pe. (4.149)

These contain two free, abelian (2,0) multiplets in six dimensions.

Finally, investigation of the existence of a 2-form By, is given as follows. Before the
calculation, we remind that (4.67) only acts on the non Abelian fields. For the Abelian
case, one has dj Hy; p+ = 0 and it is natural to write locally Hy ;1 = 39|,By)]+-

From (4.126) we have, assuming DsBgg, =0

Fog, = gHapsaf",
= 28D Bpjscf,
1 - -
= izg(D(XBﬁSC_DﬁBOCSC)' (4.150)
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Considering,
[jOCBﬁSa - aaBﬁsa _KgaBBSb- (4.151)
We find

Fbg, = 8l(OuBpsc—A%Bpsa) — (IpBausc — A .Basal [
= gaaBﬁSchba - ggﬁccBﬁSdbea - gaaBﬁSchba

+8A% Bpsaf - (4.152)

However we should compare this to

Foga = At — OuAf, — AGeAG, +Af Ay
Comparing the derivative terms leads to

AL = —gByscfP,. (4.153)
If the nonlinear terms are compared, it is required that

—AQAG + A Ay = —gA%Bgsaf T+ 8Af Basa Vo (4.154)
Considering gza = —gByscf<", we get

—8*Basaf " Bgsef“u+ 8 Bpsif! Basef*s = & BasnBpgsaf™f"a

—g*BpsiBasaf* .f(4.155)

db b hd b
~BasaBgse ™ o fa+BpsiBasef e = BasuBpsaf™ . f"q

—BgsiBasaf* f .. (4.156)

If the indices g — d, f — e are changed for the second term, 7 — d, d — e for the third

term and k — e for the fourth term above, we obtain

_BanBBSefdbcfeca +BﬁSEB(X5dfebc dca = BOCSdB[SSefdec Cba
—BgsBasaf“ o f . (4.157)
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Therefore, it is required that

db b rd d b d b
_f cfeca+fe cfca = fecfca_fe cfca

and

feb

d db d b d b
c Ca_f c eca = fecfca+f ec ca

_ Zfdechbg-

whereas using the Jacobi identity one can find instead

feb

dc fdb ec _fde ch

c a

C a C a*

This result indicates that there is no By in general.

(4.158)

(4.159)

(4.160)

As we have seen the nonabelian sector of the theory is essentially five-dimensional

super Yang-Mills.

In summary, in the case of Lorentzian 3-algebra the vacua of the theory correspond to

five-dimensional super-Yang-Mills along with two free, abelian (2, 0) multiplets which

are six-dimensional.

4.3.2 Euclidean case

The other possibility is an Euclidean signature 3-algebra which is rather similar. The

structure constants conform with the invariant tensor of SO(4), f¢PBA

= gCPBA for

the A4 Euclidean 3-algebra. Regardless of one of the SO(4) directions, considering

A = o, 4 and expanding the theory around < Cg >= v55“ 54 leads to

o o o o o O

Foga—VHaps /',

D*DaX, — i VL sTWaf ™y —XIXIX[
DigHpyisa

D*Hypsq+ %Vf @ (X!DpXg+ élpcrﬁlyd)
Dy Wa + vXLDsT W, 144,

05X} = 95y = dsHyya
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where Do X! = do X! —Zgax,{ , whereas one also has from (4.3) that

sx! = iEry,
- 1 ]
S‘Pa = FaFIDaXaIS + iraﬁFSHaalﬁe — éF5F1J5X56Xijd4a£

SAL = D IsW 4. (4.162)

It is seen that with the identifications

1 ~
V=i 34;5 = Z—FéZﬁ Al =Aacf, (4.163)
Yym
where % are now the structure constants of SU(2). So, the theory is once again
identified around the vacuum as five-dimensional SU(2) super Yang-Mills [53], [54].
In the Euclidean 3-algebra case, one has only a single six-dimensional (2, 0) tensor

multiplet because of the replacement (& — 4) such that [10]:

0 = JuHyap

0 = rua“\pA (4.164)
with transformations

8x! = ier'y,

11
5V, = F“FI8uX4{8+§§FuMHfM€
SHyyia = 3iEL(y 00 Wa. (4.165)

The Euclidean 3-algebra is qualitatively similar compared to the Lorentzian 3-algebra,

unlike 3 dimensional 3-algebra theories with 16 supercharges. On the contrary, it

would have been possible to reach this ansatz by working backwards. Considering

super Yang- Mills theory in five dimensions, the set of equations of motion and

supersymmetry transformations, YM coupling can be renamed as glz, Y= Ci and the
! Ab, = Aqcf,.

gauge field Fo‘:ﬁ = %ngﬁs’
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5. CONCLUSION

Although a great deal of the physics is known, we don’t still know of any simple
covariant descriptions of M-theory in 11 dimensions, multiple M2-branes and multiple
M5-branes. However the low energy limit of a single M2-brane and a single M5-brane
is understood for a long time, the case of multiple M2-branes is not understood or at

least, it wasn’t understood until the end of 2007.

Motivated by Basu & Harvey, Bagger & Lambert and also independently Gustavsson
presented an alternative approach to multiple M2-branes system using three algebra
formalism. They have constructed a supersymmetric field theory model that is

consistent with all the symmetries expected of a multiple M2-brane theory.

After this revolution, there has been important progress for understanding multiple
M2-branes. Furthermore, the BLG model for multiple M2-branes motivates an
MS5-brane theory with a novel gauge symmetry defined by the Lie 3-algebra. The
description of multiple M5-branes is expected to be a non-Abelian generalisation of
the single M5-brane theory. For this purpose, there have been significant attempts for

the new Lagrangian formulation of a single M5-brane and multiple M5-branes.

All of these significant recent progresses are achieved in our understanding of multiple
M2 and M5 branes using a new kind of symmetry structure so called Lie 3 algebra, but

there is still a lot to be learned about them.
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APPENDIX A
Notation and Convention:

In this section, we summarize notation used in the thesis. The indices are:

, 1,2 for M2-branes

,v=0,1,2,4,5 for M5-branes

Transverse space coordinates: [,J = 3,....., 10 for M2-branes
1,J =6,.....,10 for M5-branes

Worldvolume coordinates: ,V =

o O

All 11D coordinates: mn=20,1,.....,10
Spin(1, 10) spinor indices: a,B=1,...32
Basis of Lie 3-algebra V: a, b,....., dimV.
Spinorial quantities and fields are Grassmann variables, i.e. anti-commuting. We

typically use Greek symbols such as W, € for Fermionic Grassmann fields and Roman
symbols for Bosonic fields.

For 11 dimensions, the dimension of the spinor is 2° = 32. In M-theory, the spinor
must be Majorana. So we work 32-component Majorana spinors. But, for an M2-brane
breaks the Lorentz symmetry as:

S0(10,1) = SO(2,1) x SO(8),

so that we can get a Weyl spinor of SO(8) [4]. In the M5-brane theory, the fermions
are Goldstinos and breaks the symmetry as:

50(10,1) — SO(5,1) x SO(5).

The Dirac matrices I'’s are a representation of the 11-dimensional Clifford algebra, i.e.
givenm,n=0,..., 10 it results

{1} = 2™, (A.1)

We consider the "mostly minus" convention for the Minkowski metric:

Nimn =
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By defining the chirality matrix of SO(1,2) as:
I'= FOIZ

for M2 branes, the convention for the chirality condition we have is

I'e=¢ ; el'=—¢ ; 'Y =-Y¥ ; Y =-Y.

The (anti)commutation relations are:
;%] =0, {I,I"}=0.
Analogously, the chirality matrix of SO(5,1) is defined as:

I'=T012345

which satisfies the following chirality conditions

I'e=¢ ; el'=—¢ ; 'Y = -¥ ; Y =-Y.

The (anti)commutation relations are:
{r\r'y=0 . {rr}=0 . ({CI*}=0.
The conjugate spinors are defined with the charge conjugation matrix

N7, )

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A.7)

(A.8)

and for our representation we can choose C = I'’ [10]. This makes it antisymmetric

CT = —C and antihermitian C* = —C withC~! = —C.
As CT = C~! = —C, one also has that

Cr,c'=-r}
and

{c,r'} =0.
In the general form,

(Crml---mn)T = (Fm1~-mn)TCT
= (=1)""'CTm,..m,
_ (_l)n—l(_1)[1+2+...+(n—1)]cl—\mlmmn

and we have the following symmetry properties for I' matrices [7].

82

(A9)

(A.10)

(A.11)



symmetric matrix: CLo, s Cl iy Clinymymmams s CUinymamamamsmeg s -+
anti-symmetric matrix:  CLy myms > CUimymamymy s CUinymomsmamsmgms > ---

Using the results that we mentioned above, we can find a simple rule of the sign under
exchanging locations of spinors :

&Y' = (-1)gy"e
Ezj/nngl = (—1)51 }’mn&‘z
&Y"e = (+1)€1Y"e
EY"Pe = (+1)g1Y"Pg
g y"Ple = (41)gy"Pg,. (A.12)

Using the chirality property I'¢ = € and €' = —€ we also see that

érﬂ]...ukrll,..lne — él—*ul...ﬂkl—*ll..,lnl—*e
— (_l)kél—‘l—‘ﬂl...ykrll...lng
(=)t lgrstuphehg, (A.13)

So, only if k is odd we could have no-zero value for E[™H1-H« hIng [7]. We expressed
symmetry properties and chiral properties above to derive the following Fierz identities
and simplify several calculations used in the thesis.

APPENDIX B
The Fierz identities:

In this section the Fierz identities used repeatedly in the thesis are introduced.

The Fierz-reordering formula exchanges the order of anticommuting spinors. In
other words, it is used to express a product of two Dirac bilinears (which are the
matrix elements of gamma matrices and products of them) as a linear combination of
other products of bilinears with the four constituent Dirac spinors in different order.
Since Fierz identities relate Dirac bilinears, that are the objects with well defined
transformation properties under the Lorentz group and also gamma matrices form a
representation of the Lorentz group generators, it is natural that the Fierz identities
imply the existence of a basis of four-vectors formed by Dirac bilinears and guarantee
its orthogonality and completeness features. Furthermore, the reverse is possible,
that is, recovering the spinor from that basis, which yields the equivalence between
spinor and tensorial representation of various quantities [55]. Fierz identities are only
a specific set of matrix identities, valid for the Dirac bilinears that span the space of
complex matrices. Generalized Fierz identities can be obtained for any real or complex
square matrices [55, 56].

As is well known, considering the standard 4 x 4 Dirac matrices ¥ and taking suitable
products of them, a set of 16 matrices can be obtained that, among other features, span
the 16 dimensional space of all the 4 x 4 matrices, the gamma matrices basis [56]. This
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process can be generalized to D dimensions. The 2 matrices I* form a complete set
of 2%D X 2%D matrices for even D. In the odd D case, the 2P~!
less than or equal to 2(D-1) are also a complete set of 23(D=1) 5 23( matrices. As

a result, any matrix of the corresponding dimensionality can be expressed in terms of
the I™:

matrices I'* of degree
D-1)

p el
MoB — 2 2DZET”(MYan...al)(Val...an)aﬁ for even D,
n=0""

D
1
Mo = 2*%02;Tr(Myan,,,al)(Val...an)aﬁ for odd D. (A.14)
n=0"""

The right hand side is split by factors 23(D=1) 5 23(P —1), which represent the trace

of the unit matrix for even and odd D, respectively; the factor % is included to

avoid summing n! times over the same matrix ¥;,. g, Furthermore; notice that the
indices {a;...a,} appear twice but in opposite order to avoid extra minus signs [57].
Consequently, the completeness relation can be used to reorder spinors in expressions
such as (YT x)(ETBE). In the even D case, it can be derived

1 D —
FrDEPE) = 28 Y % 0T E ) (A15)
n=0"""

for commuting spinors (for anticommuting spinors there is an extra factor -1).
After these results, we can obtain the Fierz identities for M2-branes and M5-branes in
11 dimensions.

In 11 D spacetime the basis {7} of the vector space of 27 x 27 matrices are:

{T*} = {1, Ty ilns il mnp, Donnpgs Umnpgr } (A.16)
which satisfies the condition

Tr{T% T’} =27 5. (A.17)

Using the basis {7%} in 11D, we have the following generalized expression,

— e _ | B
(E20)e1 = 2 [2][(6281)%+(82Tm81)rmx—5(€2rmn81)rmnx
1 |
_§ (82anp81 )anpx + 47(‘C«‘Zl—‘mnpqsl)anpq%
1 o 1 r
+§(82anpq,£1)l" "Par . (A.18)

From the symmetry property that mentioned above, one can have the following
expression in eleven-dimensions:

o o 1 -~ m 1 = mn
(E2x)e1 — (E1x)ea = _1_6[(82Fm81)r X_E(SZangl)r X
l - mn r
+§(82anpqr81)l“ PaT ¥ ] (A.19)
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where m=0, ..., 10 [7].

In the case of u,v =0,1,2 and I,J = 3,.....,10. & and & have the same chirality
with respect to I'gj2, so the only terms that contribute must have an even number of
I indices. Besides, in this case the generalized expression is only nonvanishing when
x has the same I'g, chirality as & and &. When this is the case for M2 branes, the
general expression reduces to [3]:

_ _ | _
(Bx)e1—(Bix)es = —E[282Fu81)rﬂx—(€2F1181)FIJX
1 _
+ 7 (BTl ke Ty (A.20)

In the case of u,v =20,1,2,3,4,5 and I,J = 6,.....,10 for M5 branes, the general
expression can be obtained similarly. Splitting SO(10,1)—SO(5,1)® SO(5) it can be
obtained that, since € and & have the same chirality with respect to I'yj2345 (While €
and €, the opposite) the nonvanishing terms must involve odd powers of I';;’s. Also, the
expression is only nonvanishing in case €1 has the opposite chirality as &. Considering
the chirality properties, one then gets

_ _ | _
(E2x)e1 — (E1x)e2 = —E[(82Fu8l)rul—(SzruF181)F“F1X
11 _
+§5(82Fuv,11“”81)1““"’11“”x

1 _
+47(82F“FIJKL81)F“FIJKLX

1
+§(82Fuv1p681)1"“””"x]. (A.21)

Rearranging the last line above in terms of fewer I'-matrices with the help of -tensors.
The final form of Fierz identity in 11 dimensions becomes [10],

_ _ | I _
(Ex)er — (E1x)er = —1—6[2(82Fu81)F”x—2(82FMF’81)F”F’X
11 _
+§5(82Fuvlru81)FMVAFIJX]. (A.22)
APPENDIX C

Gamma matrix identities:
In this section, we provide some useful Gamma Matrix identities used in the thesis.

Since the antisymmetrized matrices (A.16) form a basis, any gamma matrix product
can be expressed as a linear combination of these matrices. Using the Clifford algebra,
one can easily derive the relations:

l—‘al—*b] ..... bn — r‘abl ..... bn + nga[bl sz ..... bn} (A.23)
Fbl ..... bnl—w — Fbl ..... bya +nr[b1 ..... b,1,1gbn]a. (A.24)
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The most general such formula is [7]:

'm!
Fbl ..... b,,r* ..... _ n:
A ,,Z’o (n—p)!(m—p)!p!
8 P L b L (A.25)
min(n,m) nlm!
Fb ..... bnr*al ..... an .
1 = (n—p)!(m—p)!p!
Lip, ... b,,,,,[a”“ """ O by patona) (A.26)
from which it also follows that
[Iﬂ,l“bl ..... bn] _ (1_(_1)n)1—~ab1 ..... bn+n<1+(_1)n)ga[b1r~b2 ..... by] (A27)

{FaJ—‘b] ..... bn} _ (1_|_(_1)n)rab1 ..... b”+n(1—(—1)")g“[bll“b2 ..... bn]. (A.28)

Firstly, we can write some simple commutation relations [7], [58]:

'rY = 4% (A.29)
rerbe — pbera g 4ga[br6] (A.30)
e = -t 4 6getred (A.31)
r-arbcde — rabcde _|_gabl—~cde _gacrbde +gadr~bce . gaerbcd (A32)

Fabrcd _ Fabcd + gadrbc . gacrbd + gbcrad _ gbd e 4+ gad gbc gac gbd
(A.33)

Fabrcde — rabcde _ gacrbde + gadrbce gaerbcd + gbcrade _ gbdrace
+ gbeFaCd ( gad gbc gac gbd ) ( gae gbc

gacgbe) + (guegbd gadgbe)r (A34)

From the relations above, we can obtain the following useful relations that are used
during the calculation of the closures in the thesis repeatedly. (Here a,b,c,...is the
general index and n is defined by ), 1'“I'“ = n) of the supersymmetry algebra.

For example, considering Y, "' = n, we can get [7]

LI =11, = (n—1DI° (A.35)

[ % =11, = (n—2)I* (A.36)
[ [ebed — phedap - —  (p —3)P (A.37)
[pal™ = (n=2)[, 4 (n—1)gy° (A.38)

Ll = —n(n—1) (A.39)

[ % = (n—4)r,r%e —3g,ler? (A.40)
[, =1°%r, = —(n—1)(n—2)I*. (A.41)
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Some triple summation relations are:

rr're (2—n)I? (A.42)
'r*r* = (n—4)r’ (A.43)
rervedre = (6 —n)rbed, (A.44)
The following identities used in the thesis are also found to be useful:
erire = (4— ) — (12— 4n)g?lr (A.45)
Fabcrderu (l’l _ 6)1—~del—~bc + (21’1 _ 10) [gdcrbe _ gecrbd +gbdrec
_gbel—‘dc] + 4[gdcgbe . gecgbd] ) (A.46)
We used also the relations:
[KIM . pKPLM _ oKLpM | KMEL (A.47)
'Y + /! —24"TH (A.48)
D/TVKL { TKLTL . olITKL | o ILpIK _ o KL (A.49)
R DRSS o LS AN o ) oL NI o oS o
= I (AT 1'%
= 28T, X 424/, 1V (A.50)
Iy’ 4 (A.51)
Y3 R 0 (A.52)
[/PPKLMNT,  —  _pIpKLMNTY | [V KLMNE (A.53)
/KLY _ p/rkLpd 2TKLTH _ orKI §IL 4 oTKI gL
—orH §/K Lol §1K 1 45KIGIL — 48K §IL (A.54)

FHKFLMF[( — 2FLM1—~IJ o 6FLJ5]M +6FL[6JM
—6rM §/L 1 6rM/ 51k 48 §™M — 451 5™ (A.55)
FPGTFVA, — _Fvlr‘pGT + 2glpg\/0r"[ . 2g/lngT1—‘O' + zgﬁ.O‘gV’EFp
_zgkogvpl—w:_'_zg/lfgvpro _Zg/lrgvorp (A.56)
CHVADPOTL o = —300HTPOT 4+ 12IHTO TP 4 12THTPOTT
+12IHT*PT° (A.57)
PYTYA%Tre = —120%VA% (A.58)
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