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QUASIMORPHISMS ON SYMPLECTIC MANIFOLDS

SUMMARY

In this study, the main goal is to get an understanding of the concept of
guasimorphisms. Quasimorphisms exist as the nontrivial elements of the second
bounded cohomology group. The existence of quasimorphisms for certain groups of
diffeomorphisms is an active research area among symplectic geometers. Main
motivation of these studies focus on understanding the geometry of such groups.
Basically, if there is a nontrivial quasimorphism on such diffeomorphism groups,
then one concludes that the diameter of the group is infinite.

The first part of the study is devoted to bounded cohomology. Roughly, bounded
cohomology is the cohomology of chain complexes where cochains are bounded
functions into reals, integers etc. Since the seminal paper of Gromov, various studies
have been made on this subject. In this thesis, we recall the definitions from the usual
cohomology of spaces, following Hatcher. Next, we examine the bounded
cohomology of discrete groups in more detail. As an example, we analyze the
theorem of Trauber proving that the bounded cohomology groups of amenable
groups are trivial, folowing Bucher.

The second bounded cohomology group is in the heart of this study. Namely,
nontrivial quasimorphisms lie in the kernel of the comparison map between bounded
and usual cohomology groups in the second degree. Roughly, quasimorphisms are
homomorphisms up to an error. Since perfect groups do not admit nontrivial
homomorphism into reals (or any abelian group), it is natural to seek nontrivial
quasimorphisms defined for such groups. As an example, we include the result of
Brooks in detail in which an infinite family of quasimorphisms are defined in the free
group on two generators.

In the final chapter, we recall basics of symplectic topology. The study of classical
mechanical systems such as the planetary system is based on configuration spaces of
particles satisfying certain equations (Hamilton equations). The configuration spaces
are symplectic manifolds and there have been large number of studies on symplectic
manifolds in the last three decades. In this thesis, we first review basics of symplectic
topology and focus on the group of Hamiltonian diffeomorphisms of symplectic
manifolds. A classical result due to Banyaga shows that this group is perfect and
hence, quasimorphisms on this group become important. Recently, Polterovich and
his students and Gambaudo and Ghys construct quasimorphisms for certain
symplectic manifolds. We finish the thesis by stating these results. Their proofs
include spectral invariants of Floer theoretic backgrounds and are beyond the scope
of this study.
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SIMPLEKTIK MANIiFOLDLAR UZERINDE KUAZIMORFiZMALAR

OZET

Bu calismadaki temel amag¢ kuazimorfizmalarin neler olduklarini anlamaktir.
Homomorfizmalarin daha genel bir durumu olan kuazimorfizmalar ikinci sinirh
kohomoloji gruplarinin bariz olmayan elemanlaridir, yani ikinci sinirli kohomoloji
grubu homomorfizma olmayan veya sinirlt olmayan kuazimorfizmalar tarafindan
olusur. Difeomorfizma gruplari i¢in bu kuazimorfizmalarin varligi simplektik
geometriciler arasinda genis bir ¢alisma alanidir. Bu c¢alismalarin esas amaci bu
gruplarin geometrilerini anlamak iizerine kuruludur. Temel olarak, eger bu sekildeki
difeomorfizma gruplari {izerinde bariz olmayan kuazimorfizmalar var ise o zaman
grubun ¢ap1 sonsuz oldugu sonucunu ¢ikaririz.

Tezin ilk boliimii standart ve sinirli kohomoloji gruplari iizerine kuruludur. Ilk olarak
kozincirlerimizi olusturarak bu gruplarin temellerini atiyoruz. Standart kozincirler bir
ayrik grubun kuvvetlerinden bir abelyen gruba giden fonksiyonlarin kiimesi olarak
tanimlanirken sinirli kozincirler ise bir ayrik grubun kuvvetlerinden bir abelyen
gruba giden sinirli fonksiyonlarin kiimesi olarak tanimlanir. Olusturdugumuz
kozincirler arasinda kosinir fonksiyonlarimizi tanimliyoruz. Kozincirleri birbirine
baglayan kosinir fonksiyonlar1 ile kokompleksler elde ediyoruz. Standart kohomoloji
grubunu elde etmek icin standart kokompleks yardimiyla bir kosmir
fonksiyonumuzun  ¢ekirdegindeki  elemanlarin  kiimesini  aym1  kosinir
fonksiyonumuzun bir alt derecesindeki kosinir fonksiyonunun goriintiisii olan
elemanlarin kiimesine bdlityoruz. Siirli kohomoloji grubunu da elde etmek icin ayni
yontem ile bu sefer sinirli kokompleks yardimiyli sinirli kohomoloji grubumuzu elde
ediyoruz. Kabaca diyebiliriz ki sinirli kohomoloji grubu bir ayrik gruptan abelyen bir
gruba giden smirl fonksiyonlarin kiimesidir. Standart kohomoloji grubunda ise boyle
bir sinirhilik kisitlamasi olmadigr i¢in siirli kohomoloji grubu standart kohomoloji
gurubunun 6zel bir durumudur, yani alt kiimesidir. Gromov'un ¢alismalariyla birlikte
bu alanda bir ¢ok c¢alisma da baslamis oldu. Bu tezde Hatcher" takip ederek standart
kohomoloji uzaylarindan tanimlara yer veriyoruz. Daha sonra da ayrik gruplarin
sinirlt kohomoloji gruplarimi detayli bir sekilde inceliyoruz. Ayrica, amenable
gruplarin tanimini veriyoruz. Bir ayrik grubun amenable olmasi i¢in bu ayrik grup
tizerinde normla donatilmis reel degerli sinirli Banah uzaymin var olmasi gerektigini
ifade ediyoruz. Amenable gruplara 6rnek olarak ise sonlu gruplari ve abelyen
gruplar1 gosterebiliriz. Amenable gruplarin sinirli kohomoloji ile bagintisini gosteren
Trauber teoremini ispatliyoruz. Bu teoremin yardimiyla e8er ayrik grubumuz
amenable ise bu ayrik gruptan herhangi bir abelyen gruba giden fonksiyonlarin
olusturdugu simirli kohomoloji grubunun aslinda sifir grubundan baska birsey
olmadigint goriiyoruz ve bu teoremin standart kohomoloji gruplar i¢in gegerli
olmadigini gdsteren Bucher'in 6rnegini analiz ediyoruz.
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Ikinci smirli kohomoloji gruplari bu ¢alismanin esas odak noktalaridir. ikinci sinirh
kohomoloji grubu ile ikinci standart kohomoloji grubu arasinda karsilastirma
fonksiyonu tanimlanir ve bariz olmayan kuazimorfizmalar bu karsilastirma
fonksiyonunun g¢ekirdeginin iginde kalirlar. Kabaca diyebiliriz ki kuazimorfizmalar
homomorfizmalarin hatal1 halidir. Miilkemmel gruplardan reel sayilara (veya
herhangi bir abelyen gruba) tanimli tiim homomorfizmalar sifir homomorfizmasi
olacagindan bu gruplar iizerinde tanimli kuazimorfizmalarin varligi onemli bir
problem olur. Ornek olarak da iki iiretecli serbest gruplarda tanimlanan
kuazimorfizmalarin sonsuz bir ailesini tanimlayan Brooks'un sonucunu ayrintilariyla
irdeliyoruz. Brooks'un bu Orneginde iki iiretegli serbest gruplar {iizerinde
tanimladigimiz fonksiyonun homomorfizma olamayacagini ve buna ek olarak da bu
fonksiyonun sinirli da olamayacagini gosteriyoruz.

Son bolime baglamadan o©nce diferensiyel geometriden temel kavramlari
hatirliyoruz. 1lk olarak, bir vektdr uzaymin kendisiyle kartezyen carpimi iizerinde
tensorlin tanimini reel degerli bir fonksiyon yardimiyla tanimliyoruz. Bu tensorlere
ornek olarak fonksiyonelleri, i¢ ¢carpimi ve determinanti verebiliriz. Daha sonra da
herhangi iki bileseninin yerini degistirdigimiz zaman tensoriin aldig1 degerin
isaretinin degismesi durumunu bu tensoriin degisken olmasi olarak tanimliyoruz.
Boyle degisken tensorlere 6rnek olarak ise determinant1 verebiliriz fakat i¢ ¢arpimi
veremeyiz. Tensorler lizerinde tensor ¢arpimi tanimladiktan sonra bu tensor ¢arpimin
degiskenlestirerek wedge carpimi tanimliyoruz. Daha sonra ise diferensiyel formun
tanimini veriyoruz. Tiirevlenebilir bir manifoldtan her noktasinda degisken tensorlere
sahip olan bu manifoldun teget uzayma bir fonksiyonu diferensiyel form olarak
tanimliyoruz. Bir manifold iizerindeki reel degerli fonksiyonlar tanim geregince 0-
form olustururlar ve bu fonksiyonlarin tiirevleri de manifoldun teget uzay iizerinde
taniml1 reel degerli fonksiyonlar olarak tanimlanirlar. Daha sonra da geri ¢ekme
fonksiyonunun tanimim veriyoruz. Oklid uzay: iizerinde geri ¢ekme fonksiyonunun
aslinda fonksiyonlarin bileskesinden baska bir sey olmadigini gosteriyoruz. Boylece
bu geri ¢ekme fonksiyonu yardimiyla 1-formlari 3 boyutlu 6klid uzayindaki bir
egriden aslinda birim kapali araliga geri ¢ekerek bu 1-formun integralini
hesaplayabiliyoruz ve benzer sekilde de 2-formlar1 3 boyutlu 6klid uzayindaki bir
yuzeyden geri ¢ekerek bu 2-formun integralini hesaplayabiliyoruz. Daha sonra ise
herhangi bir formun dis tiirevini tanimliyoruz ve bu dis tiirevin formunun sectigimiz
formdan derecesinin bir fazla oldugunu gosteriyoruz. Sonra da sirasiyla 3 boyutlu
oklid uzayi tizerinde 0-form bir fonksiyonun tiirevinin 1-form oldugunu ve bunun da
gradient vektoriinii dogurdugunu, 1-form bir formun tiirevinin 2-form oldugunu ve
bunun da rotasyon vektoriinlii dogurdugunu ve 2-form bir formun tiirevinin 3-form
oldugunu ve bunun ise diverjans vektoriini dogurdugunu gosteriyoruz. Bunlara
karsin 3 boyutlu 6klid uzay: lizerinde 3-formlarin tiirevinin olmadigini ¢iinkii 4-form
bir formun 3 boyutlu bir manifoldta bulunamayacagini gosteriyoruz.

Diferensiyel geometriden bu temel kavramlart hatirladiktan sonra ikinci bdliime
simplektik topolojinin temellerini detaylandirarak basliyoruz. Gezegen sistemi gibi
klasik mekanik sistem caligmalar1 Hamilton denklemlerini saglayan parcaciklarin
konfiglirasyon uzaylarma dayalidir.  Konfiglirasyon uzaylart  simplektik
manifoldlardir ve son otuz yilda simplektik manifoldlar {izerine bir ¢cok ¢aligmalar
yapilmaktadir. Bu tezde ilk olarak simplektik fonksiyonu tanimlayarak simplektik
vektor uzaylarin tanimint veriyoruz. Simplektik vektdr uzaymin bazinin ¢ift sayida
elemandan olusmasi sebebiyle de simplektik vektor uzaylarinin ¢ift boyutlu olmasi
gerektigi  gercegine variyoruz. Cift boyutlu vektor uzaylari arasindaki
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simplektomorfizmayr da daha Once tanmimladigimiz geri ¢ekme fonksiyonu
yardimiyla tanimliyoruz. Bu tanim yardimiyla da cift boyutlu vektdér uzaylarinin
aslinda ayn1 boyutlu 6klid uzayina simplektomorfik oldugununun farkina variyoruz.
Benzer sekilde simplektik manifoldu da bu sefer manifoldun teget uzay: tizarindeki
simplektik bir 2-form yardimiyla kuruyoruz. Bir manifoldun simplektik manifold
olmasi icin gerek ve yeter sartin bu manifold iizerinde kurulan formun tiirevinin
sifira esit olmasi ve bu formun dejenere olmayan bir form olmasi gerektigi tanimini
veriyoruz. Ornek olarak ise ¢ift boyutlu 6klid uzayi, karmasik sayilar uzay: ve kiire
ylizeyi Orneklerini inceliyoruz. Ayni vektdor uzaymnda oldugu gibi manifoldlar
arasindaki simplektomorfizmay1 da geri ¢ekme fonksiyonu yardimiyla tanimliyoruz
ve yine benzer sekilde ¢ift boyutlu simplektik manifoldlarin yerel olarak ayn1 boyutlu
oklid uzayma simplektomorfik oldugunun farkina variyoruz. Daha geometrisel
olarak agiklamak gerekirse iki simplektik manifoldun birbirlerine simplektomorfik
olabilmesi ic¢in gerek ve yeter sart aralarinda hacim formu koruyan bir
difeomorfizmanin var olmasidir, yani 6rnegin birbirine difeomortfik bir kiire ile bir
elipsoidin simplektomorfik olabilmesi i¢in hacim formlarinin (yani, ylizey
alanlarinin) birbirine esit olmasi gerekir. Bu temelleri attiktan sonra ise bir manifold
tizerindeki Hamilton difeomorfizmalar1 grubu ve Simplektomorfizmalar grubuna
odaklaniyoruz. Banyaga'nin klasik sonucu gosteriyor ki bu gruplar basit gruplardir ve
dolayisiyla bu gruplardan reel sayilara bariz olmayan homomorfizma bulmak
miimkiin olmamaktadir. Bu yiizden bu gruplar lizerindeki kuazimorfizmalar bariz
olmayan kuazimorfizmalar olmasidan dolay1 énem kazanir. Ornek ve son olarak ise
disk ve torus iizerindeki simplektomorfizmalar grubundan reel sayilara bariz
olmayan kuazimorfizmalar buluyoruz ve bunu da ilk boliimde inceledigimiz ikinci
sinirlt kohomoloji gruplariyla bagdastiriyoruz.

Sonug olarak, eger bir manifold lizerindeki simplektormorfizmalar grubunda bariz
olmayan kuazimorfizmalar bulabiliyorsak o halde; daha once de bahsettigimiz iizere
bu simplektomorfizmalar grubunun capi sonsuz olur (bu da bize bu grubun
geometrisi hakkinda bilgi verir), komiitatorler ¢arpimi biciminde yazilabilen bir
difeomorifizmay1r  olusturan  komiitatériin ~ boyu sonsuz olur ve bu
simplektomorfizmalar grubunun ikinci smirli kohomoloji grubu ikinci standart
kohomoloji grubundan farkli olur. Bu sonuglar ifade ederek tezi noktaliyoruz. Son
zamanlarda Polterovich ve 6grencileri ile Gambaudo ve Ghys simplektik manifoldlar
icin bir ¢cok kuazimorfizma ornekleri kuruyorlar. Onlarin yapmakta oldugu ispatlar
bu tezin simirlar1 6tesindedir.
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1. BOUNDED COHOMOLOGY

In this chapter, we recall basic definitions and results about homology and
cohomology of spaces. Then, we introduce bounded cohomology of groups. We
follow mainly Hatcher [10] and Bucher [4].

1.1 Singular Homology and Cohomology

We need to introduce some basic definitions to explain what homology is. Let us
initially give a description of n-simplex. The n-simplex is the form of the
n-dimensional triangle; i.e., 0-simplex is just a point in the line R, 1-simplex is a line
in the plane R?, 2-simplex is a triangular zone in R3, 3-simplex is a solid tetrahedron
in R* and etc. Clearly, we need n + 1 points (corners) to obtain the n-simplex. These
points are called the vertices of the simplex and denoted as v;. Then, the n-simplex is
denoted as [vy, -+, v,] consisting of the terms of vertices. The standard n-simplex
can be set as

n
ZaizlandaiZOforalli

i=0

A= {(ao, v, a,) € RM

This produces the standart n-simplex whose vertices are the unit vectors; i.e.,
v, = (0&0) If we erase one of the vertices of an n-simplex, then the n

vertices of erased n-simplex span an (n — 1)-simplex and this new (n — 1)-simplex
is called a face of the n-simplex. Bringing all the possible faces of an n-simplex A™

together is the boundary of A™, denoted as dA™.

1.1.1 Singular homology

Let I" be a topological space. A singular n-simplex is a map a: A"—= I'. Let C,(I', A)
be the free abelian group with basis the set of singular n-simplices in I". A typical
element of C,(I',A) is a finite formal sum };n;o; for n; € A =7Z,R,Z, etc. and

o;: A™— I'. This gives a sequence of homomorphisms of abelian groups



On+1 On 01 9o

w2 Cpyp —C— g > G —C—0

where the boundary map @,,: C,,(I', A) — C,,_,(I", A) is given by
9,(0) = Z(—1)ia|[vo,...,ﬁi,...,,,n]
i

The boundary map satisfies the relation d,, d,,,; = 0 and hence, we can define the

singular homology group H,,(I') = Ker 0,,/Im 0,,41.

1.1.2 Cohomology

To obtain cohomology groups, we replace the chain groups C,, by the dual groups

Hom(I'™*1, A) and the boundary maps d by their dual maps §.

Consider a general chain complex of free abelian groups

On+1 On
v Oy —C G g

We replace each chain group C,, by its dual cochain group €™ = Hom(I'"**1, A) and
each boundary map @ by its dual coboundary map § = 0*:C™ - C™*1. From the
relation 92 = 0, it follows that §2 = 0. The cohomology group H™(I", A) is defined

as the homology group Ker 6, /Im 6,,_, at C™ in the cochain complex

e ML ﬁ cn f”__l cn1 < ...

1.2 Bounded Cohomology

Firstly, we recall the coboundary map. Let I" be a discrete group and A be an abelian

group as we defined previously; i.e., A = Z, R, Z, etc. Define the sets

CM(T, A) = {f: ™! — A}
CR(I,A) = {f: '™t — A|f is bounded}

The coboundary map &,: C™ — C™*1 is defined as

n+1

anf(VO""lVTHl) = Z(_l)if(yO'""?il""yn+1)

i=0

forfec™(I',A)andy; e wheni=0,--,n+ 1.



The elements of C™(I", A) are called cochains and also the elements of C;'(I", A) are
called bounded cochains. A cochain f is called cocycle if §f = 0. On the other hand,
a cochain f is called coboundary if there exists g satisfying g = f. Let f be a
coboundary, then there exists g satisfying §g = f and therefore, this implies that

8%g = &f = 0. It means that if f is a coboundary, then it is always a cocycle.
Lemma: §,,6,,1 = 0.
Lemma: The cocomplex
0> A— CJ(I'A) — CL(I',A) — CE(I',A) — -
is exact.
Proof: We prove this lemma in three steps.

Exactness in A : Let us first analyze the short sequence of

0 A
0> A-CJ(T,A)

where 0 maps the group 0 to the zero of the group A and A maps an element a of A
to the constant function f:I' - A with value a; i.e., forall y in I', f(y) = a. The
image of 0 is definitely {0} as well as the kernel of the map A is {0} since A is an

injective map. Owing to the equality KerA = Im0, this short sequence is exact.

Exactness in Cg (I, A) : Let us now analyze the sequence of
A 5o
A- C)(T,A) - CL(T, A)

Consider the Ker (8o: C2(I,A) = CL(I,A)) = {f|8of = 0}. If &f =0, then

So()Wov) = (1) = f(ro) = 0= f(y1) = f(y,) for every yo,y, €. This
means that chosen f is a constant function. Therefore, being the set of constant

functions, the set Ker(8,) = {f|6,f = 0} is, by definition, equal to the image set of

the map A. Due to the equality Kerd, = ImA, this sequence is exact, too.

Exactness in C;'(I", A) for n > 0 : To show that Imd,,_; = Kerd,, in the sequence

On-1 Sn
CpH (I, A) — CR (I, A) - G (T, A)

we firstly need to indicate that Imé,,_; € Keréd,. Let f be an element of Imé,,_;.

Then, there exists an element g in CF (I, A) with §,_,9 = f. It follows that



6nbn-19 = 6,f = 0. Since 6, f = 0, it means that f is the element of Keré,,, which

proves that Imé,,_; < Kerd,,.

Secondly, we need to demonstrate that Kerd,, € Imé,,_,. Let f be an element of
Kerés,, which means f € C}(I',A) with §,f =0, and g be an element of
ClY(r, A). Define g: '™ - A by

9 ) = F(Lyy - ¥n)

forall (yq, -, ¥,) in '™ Here, 1 is the identity element of the I'. Then,

n
0= 6nf(1;]/0;"';yn) = f(VO""an) _Z(_l)i(lfVOl"'f?l'f"'lyn)
i=0

and we thus have

n

Z(_l)if(l;yo;"':)//\i:'”;]/n) = f(VOJ"'JYTL)

i=0

Now, by considering the above equation and the definition of g, we have

n
an—lg(VOl 'yn) = Z(_l)ig(]/o; '?i' fyn)
i=0

n
= Z(_l)lf(l, VO, r?ir "‘,Vn)
i=0

= f(YO""'YTL)

Therefore, we obtain §,,_,g = f, which means f € Imé,,_;. Since we chose f from

Kerd,, it follows that Kerd,, € Imé,,_. Finally, we obtain
Imé,,_, = Keré,
In these three steps, we conclude that the cocomplex
0> A— CJ(IA) — CL(I,A) — CE(T,A) — -
IS exact.
|

Define C™(I',A)" and CJ}'(I',A)" as the subspaces of C™(I',A) and C}(I,A),

respectively. These subspaces consist of I'-invariant (bounded) cochains, that is,



cochains f: '™t — A forwhichy - f = f, foreveryy € I'. Here, y - f: ™1 > A'is
defined as

Vo) = FO ™Yo v )
forall (yg,--,¥n) Er*tandy €.
Definition: The usual cohomology H*(I", A) of I' is the cohomology of cocomplex
0— C(I,A)F — CcY(I,A)F — Cc*(r, A" — -
The bounded cohomology Hj,(I", A) of I is the cohomology of the cocomplex
0 — C)(I, A" — CAI AT — AT, AT — -
The cohomology groups H*(I", A) and H,(I", A) can be written as

Ker(8,:C™(I', A) — C™*1(I', A))

A = G e i, ) — v )

Ker(5n: CM(T, A) — CRF(T, A))
Hy (T, A) =

Im (5n_1: CrL(r,A) — CP (r,A))

The inclusion of cocomplexes C; (I, A) c C*(I", A) induces a comparison map

c.:H,(I',A) — H*(I',A)

1.3 Amenable Groups

Definition: Let I" be a discrete group. I' is said to be amenable if there exists a left
invariant mean on the Banach space B(I") of real valued bounded functions on I

equipped with the norm

Iflleo = sup{f(Wly € I'}

In other words, I is said to be amenable if there exists a functional m: B(I') - R

satisfying the properties below:
1. m(1;) = 1, where 1 is the constant function with value 1,
2. m(f)=0if f =0,

3. m(L,f) =m(f), forall f € B(I') and y € I'. Here, L,: B(I') » B(I') is the
left shift operator defined as L, f(B) = f(yp) forall g € I'.



Example: Finite groups are amenable.
Let us define the operator

m:B(I') — R

1
=P

YEr
Now, let us check whether this operator satisfies three properties we mentioned

above.

1. Let 1, be the constant function with value 1 and |I'| =n € Z* since

' ={yq,,yn}tis finite. Then,

1
m(1p) = 177 ) 1r()

YEr

n
=N 100
T n. ri

=1

1
= ;(11"(]/1) + ot 1F(Yn))

1

— (1 eea)
n\———

n times

=—n=1

n
Thus, m(1;) = 1.
2. Let f>0. Then, f(y)=0 for all y eI and hence, the finite sum

Yyer f(¥) 2 0. Since |I'|=ne€Z", it follows that |[I'| >0. Due to
Yyer f(y) = 0and |I'| > 0, then

: Z
=0
YEI
Therefore, it demonstrates that m(f) = 0.

3. Finally, we need to show that m(L, f) = m(f) for L, f(B) = f(yB). Since

y,B €I and I' is a group, then there always exists an element @ € I such

that « = yB. Hence,



1
m(Lyf) =17 ) LofB)

ger

1
= S0

Ber

- @

a€erlr

= m(f)

Therefore, we conclude by 1,2 and 3 that finite groups are amenable.

Example: Abelian groups are amenable.

Proposition (Trauber): If I" is an amenable group, then foralln > 0
HX}T,R) =0

Proof: Consider the cocomplex

Sne 5
e CPTY,R)T IS ML R)E S N R)T — -

for n > 0. Let f € Kerd,; ie., f € C}H(I',R)" with §,f =0. In order to show
H}(I',R) = Kerd,/Imd,,_; = 0, it is needed to be shown that f € Imd,,_; with the
existence of g € C~1(I', R)" with 6,,_;g = f. Let m: B(I') — R be a left invariant

mean and define for every (y,,-*,v,) €™
g r'—R
(Y1' ) Vn) = m(f(*) Y1, YTL))

where f(*,y1,, V) is the bounded function from I' to R by only evaluating the

first coordinate =. Consider for all (x,yq, ", ¥5),
n
0 = 8uf G ¥or+ s Y) = FQo 1) = D (=D (50, P, 7)
i=0
which implies
n
Z(—l)"f(*,yo,---.?z,---,yn) = (o, ¥n)
i=0

Thus, by considering the definition of g, the properties of a functional and the above

equation, we have



n
On—19Wo, " ¥n) = 2(—1)1'9(1/0, Vi Yn)

=0

= > COIm(F (0 o )

=m <Z(_1)lf(*l Yo, '"l?i' 1Vn)>
i=0

= m(f(yO"yn))
:f(VOJ""YTL)

Therefore, §,,_19 = f.
If we show that g is I'-invariant, the proof will be completed. By the definition of g,
we have g(yyy, -+, ¥¥n) = m(f(xyyy, -, ¥¥a)). Since f is I-invariant, we can

write m(f (s, yyy, -, ¥¥m)) = m(f(r~t % y1, -+, 1)) Since f is again I'-invariant
and f(x,v4,+,¥n) is the function only evaluating the first coordinate *, we can write

m(f()/‘1 *,yl,---,yn))=m(y-f(*,y1,---,yn)). And finally since m is left

invariant, m(y - f(x,v1,, 1)) = m(f (5 v1, -, ¥)) = g1, . ¥n).  Therefore,
we obtain g(yy1,++,¥¥n) = g(¥1,***, ¥») Which means g is I'-invariant.

As a result, we conclude that if I is an amenable group, then for all n >0
HMI,R) = 0.

This proposition is not always true for usual cohomology group. In order to show the

contradiction, we can look at the example below.
Example: H1(Z,R) = R.
Let us consider the sequence
CO(Z,R) 3 C1(Z,R) 3 C2(Z, R)
where §, and &, are defined as
81f (20,21, 22) = [(21,22) — [ (20, 22) + [ (20, 21)

009(20,21) = 9(z1) — g(2o)



for fec'(zZR); ie, f:Z*?->R, and g€ C°(ZR); ie, g:Z- R,

20,21, Zy € Z. Now, let us first find the set Kerd; .

Kerd, = {f]6:f = 0}
= {f16:1f (20,21, 22) = f(21,2;) — f(20,22) + f(20,21) = 0}

= flf(ZO'ZZ) = f(Zl'Zz) + f(ZOlzl)}

eR eR
=ROER

Secondly, let us find the set Imé,. For g € C°(Z, R),
Iméy = {f160g9 = f}
= {f1609(20,21) = g(z1) — g(20) = f(20,21)}

€R
=1f19(z1) — g(20) = f(ZOIZ1)}

eR eR
=1/l f(ZO'Zl)}
€eR
=R
Therefore,
Keré; R@®R
1 = = =
HAZR) = Imé, R

Thus, it is shown that the previous proposition can be false on usual cohomology.

1.4 Low Degree

and

In low degree, it is better to use a different cocomplex which is the inhomogeneous

cocomplex. Define the sets

CMIA) = {g: ™ — A}
CIMI,A) = {g:T"™ — Al|g is bounded}

The inhomogeneous coboundary map d,,: C* — C™** is defined as

n
dng(ylf Ty Vn+1) = g(VZl Ty Vn+1) + Z(_l)ig(yll = YiVien o 'yn+1)

i=1

+(=D" gy, ¥n)



With these definitions in mind, we still use the following sequence to define
cohomology.
0 _ do — d; — d
0 - CO(T, A) = CY(I', A) = C*(I',A) 5 -
Now, we analyze first three degrees in detail.
Degree 0: C°(I',A) = {g:I'° - A} which consists of constant functions on A and
hence, is nothing but A itself. For g € C°(I',A) and ¥ € I', we have
dog(¥) =9g—9g=0
This implies Kerd, = A. Clearly, Im0 = 0. Hence, H°(I", A) = Kerd,/Im0 = A.
Since constant functions are bounded, it follows C°(I',A) = CJ(I',A). Thus,
H)(I',A) = H(T', A) = A.
Degree 1: Since dy, = 0, we have Imd, = 0. To determine the Kerd,, take an
element g € C1(I', A) with d,g = 0. Hence, we obtain that
dig(y1,v2) = g(2) —g(rav2) +9(y1) =0

for every y,,y, €. This implies g(yi1v2) = g(y1) + g(v2), which means
g is a homomorphism from I' to A. Hence, Kerd, = Hom(I',A). Thus,
HY(I',A) = Kerd,/Imd, = Hom(T, A).

A homomorphism from I" to R or Z must be unbounded and hence, for any group I,

we have
H}(I'R) = HX(I',Z) = 0
Degree 2: Consider the case A = R.

Definition: Let I" be a group. The space of quasimorphisms of I" is defined as
QM) ={f:I' > R|3D > 0s.t.|[f(y1) + f(¥2) — f(rav2)| < D,Vyy, v, €T}
Define a map from QM(I') into the kernel of comparison map
Ker(cz:Hg(F, R) - H?(T, R)) by sending a quasimorphism f in QM(I") to the

cohomology class [df]. This map is surjective and its kernel consists of
homomorphisms f € Hom(I',R) or bounded maps f € B(I', R). Therefore, we have

an isomorphism

10



QM(I)/(Hom(I, R)®B(I', R)) = Ker(czz H2(I', R) - H2(T, IR))

Example (Brooks): Quasimorphisms in the free group F,

Let us anayze the example of Brooks [3]. Let F, = (a, b) be the free group on the

two generators a and b. Select aword w in a, b,a™%,b~1. Define f,,: F, > R as
fo(¥) = number of w occuring iny — number of w™! occuring iny

for all y € F,. If w is the empty word or one of a,b,a™t,b71, then £, is a
homomorphism. But if the number of letters a, b,a™, b~ used to obtain w is greater
or equal to 2, which is length(w) > 2, then f,, can not be a homomorphism. For

given y4,v, € F,, we have

ldfw V1, v2)| = lfo(1) — fo(r1v2) + fo(r2)| < length(w)

since |f,(¥1) — fo (V1¥2) + f(¥2)] = 1, which is a case that one of w or w™?!
additionally occurs in y,y, (in which w or w™! starts in the end of y; and ends in the
begining of y,), otherwise |f,(y1) — fo (r1v2) + fo(y2)| = 0, and in both cases
lfior V1) = for (Y1V2) + [ (¥2)| < length(w). Therefore, f,, is a quasimorphism.

Let us now show that f,, is a nontrivial quasimorphism when length(w) = 2; i.e.,
f., belongs to QM (F,) but does not belong to Hom(F,, R)®B(F,, R). We see that
Hom(F,,R) is two dimensional, generated by f, and f;,. If f, did belong to
Hom(F,, R)®B(F,, R), then there would exist a, 8 € R such that f,, — af, — Bf is

a bounded function on F,. We need to follow two steps below.
Firstly, suppose w is not a power of a or b. For any integer k, we have
fu(@®) = afe(a) = Bfp(a*) = 0 — ak — 0 = —ak

a must be equal to 0 in order f,, — af, — Bfp could be bounded independently of k.

Also, we thus have

fo () = Bfp(b¥) = 0 — Bk = —fk

B must be equal to 0 in order f,, — S f, could be bounded independently of k. Hence,

we find that f,, must be bounded.

Secondly, suppose w = a™ or w = b™ for integers |m| = 2. Let w = a™. For any

integer k, we have

fo () — afy(b¥) — Bfp(b*) = 00— pk = —pk

11



and hence, § = 0.

£, ((ab)®) — af,((ab)¥) = 0 — ak = — ak

and hence, @ = 0. And now let w = b™. For any integer k, we have

fw(ak) - afa(ak) - ,be(ak) =0—ak—0=—ak

and hence, a« = 0.

fw((ab)) — Bf,((ab)*) = 0 — Bk = — Bk
and hence, f = 0. It means that we again find f,, must be bounded.

Now, it remains to indicate that f,, is unbounded for w is not an empty word. We
first recognize that w=* does not occur in w* for an integer k > 2. If it did occur in
w?, then w would have to be of the form w = vz with w™! = zv. Then, since

1

wl=z1p1

=zv, we had v =z =id as well as w = id; i.e., w IS an empty
word. If w is cyclically reduced (i.e., any power of the word can not be reduced),

then for any integer k, we have

|fw (@) = |k

which means that f,, is unbounded. If w is not cyclically reduced, then it has one of
the form aza™t, bzb™1, a~lza or b~1zb where z is a reduced word. Suppose
w = aza™! or a 'za, then we have |f,((wh)*)| = |k|. Suppose w = bzb~* or

b~zb, then we have |f,,((wa)*)| = |k|. Hence, we conclude that £,, is unbounded.

As a result, we find that the following group is nontrivial.

HZ(F,, R) = Ker(czz HZ(F, R) > H2(F,, ]R)) = QM(F,)/Hom(F,, R)®B(F,, R)

12



2. SYMPLECTIC MANIFOLDS

Detailed exposition on symplectic topology can be found in McDuff [11] and Silva
[14]. We start with recalling basic facts about differential forms and their exterior

algebra from Guillemin and Pollack [8].

2.1 Exterior Algebra
Let V be a real vector space. A p-tensor on V is a real valued function T on the
cartesian product

VP =V XXV

p times

which is linear in each variable.

1-tensors are just linear functionals. Dot product on R¥ is a 2-tensor. Determinant is
a k-tensor on R¥. Since sums and scalar multiples of multilinear functions are
multilinear, the collection of all p-tensors is a vector space JP(V*). Note that we
have IP(V*) = V™.

Let T be a p-tensor and S be a g-tensor. Then,

T® S(UL o Vpy Uptrs ""Up+q) = T(UL ""UP) : S(Up+1' ""vp+q)

defines the tensor product T ® S of T and S. In general, tensor product is not

commutative but it is associative and distributive over addition.

Theorem: Let {¢,,--,¢} be a basis for V*. Then, the p-tensors
{¢i1 R ® gbl-p|1 <y, iy < k} form a basis for JP(V*). As a result,
dim3IP(V*) = kP.

Proof: Let I = (iy, -, i,) Where each component is between 1 and k, and let

b1 =i, @ Q ¢y,

13



Let {v,, -, v, } be the dual basis in V and v; denote (vil,---,vip). Suppose there is

another integer sequence J. We see that if 7 =/, then ¢,(v;) =1 and otherwise

¢:(v;) = 0. By multilinearity, for two p-tensors T and S, we have
T=S<T(vy)=S()

whatever J is. Hence, for T(v;) = S(v;), we obtain that

S=) T
I

has to be equal to T. Thus, {¢;} span IP(V*) and the ¢; are also independent. To

S=Za,¢,

1

see, if

then for each J
0=5(v)=q
Therefore, we conclude that the p-tensors ¢; = ¢;, ® - ® b1, form a basis for

IP(V).

Definition: A tensor T is alternating if
T(vll.“’vi"..’vjl.“lvp) o _T(vll---’vj’-..’vi’-..,vp)

To exemplify, 1-tensors are alternating, determinant is alternating but the dot product

is not.

Let S, denote the group of permutations of the numbers 1 to p. A permutation
o €S, is called even or odd if it can be written as a product of an even or odd

number of simple transpositions.

If T is any p-tensor, then

1
AT = - Z (—1)°T

O'ESp

is always altenating where T7(vy, -+, 1) = T(Vg(1), > Vo) )-

14



Note that if T is alternating, then Alt(T) =T.

The alternating p-tensors form a vector subspace AP(V*) of JP(V*) as sums and
scalar multiples of alternating functions are alternating. However, this is not true for

the tensor product.
IfT e AP(V*)and S € A1(V*), then the wedge product
TAS=Alt(TQ®S)e NPV

is alternating. With this definition, wedge product is distributive over addition and

scalar multiplication.

Theorem: Wedge product is associative; i.e.,
(TAS)AR=TA(SAR)

Let {¢p1, -, ¢, } be a basis for V*, then for any p-tensor T, we can write

T = z ity Biy @ @ Py,

where the sum ranges over all index sequences (iy, -, i,) for which each index is

between 1 and k. If T is alternating, then

T = Alt(T) = Z biyeiyAlt (f, ® @ ¢, ) = Z byt iy Ao A by,

Hence, the alternating tensors ¢; A -+ b, denoted by ¢; where I = (il, IO ip) span

AP (V™) (but not independent).

For the wedge product of two linear functionals on V, we have

1
PAY = QY -V P) = YA

implying that A is anticommutative on A1(V*). In general, TAS = (—1)PISAT
whenever T € AP(V*) and S € A1(V™).

Theorem: If {¢,, -+, ¢y} is a basis for V*, then
{61 =i, Ao, )1 < g, i < I

is a basis for AP(VV*). As a result,

_ [k k!
dlm/\p(V ) = (p) = m

15



2.2 Differential Forms

Let M be a smooth manifold. A p-form on M is a function w that assigns to each
point x € M an alternating p-tensor w(p) = w, on the tangent space of M at x;

w(x) € NP(T,M™).
Two p-forms w; and w, may be added point by point to create a new p-form
wq + wy:
(w1 + wy)(x) = w(x) + w,(x)
Wedge product is given by (w A 8)(x)=w(x) A 0(x).
0-forms are arbitrary real valued functions on M.

If : M — R is a smooth function, then d¢,: T,M — R is a linear map at each point
x. Therefore, x = d¢, defines a 1-form d¢ on X, called the differential of ¢.

If x,,--, x; are coordinate functions on R¥, then dx, -+, dx, are 1-forms on R¥. For
any z€RF, T,RF=RF. We have dx;(z)(ay,,a;)=a;. Therefore,
dx;(2), -+, dx;(z) form the standard basis for (R¥)*. If I = (i, -+, i;) is a strictly
increasing index sequence, then let dx; = dx;, A--- A dx, be a p-formon Rk If U is

an open subset of R¥ and f;: U — R are the coordinate functions, then any p-form

on U may be uniquely expressed as a sum Y, f;dx;.

In particular, if ¢ is a smooth function on R¥, then

dqb:Zj—idxl-

2.2.1 Pull-back Form

If f:X — Y is a smooth map and w is a p-form on Y, then f*w is a p-form on X
defined as follows: Let f(x) =y. Then, f induces a derivative map on tangent
spaces df,: T, X — T,)Y. Since w(y) is an alternating p-tensor on T,,Y, its pull back to

T, X is described through the transpose (df,)*. We define

frfo(x) = (df) w(y)

When w is a 0-form, then f*w = w o f. The following properties of pull back is

familiar:
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ffwi+wy) = fw + [T,
frlwnd)=(fw)A(f0)
(feh)'w=h"(f"w)
2.2.2 f* on Euclidean space

Let U c R* and V c R’ be open subsets and f:V — U be a smooth map with
flxy, -, x) = (filxy, -+, %), fi (g, ¢, %)) Where each f; is a smooth function

onV; fi:V - R.

Forapointy € V, df,, is represented by the matrix
afi
— )
<a3’i Y
and (df,) is the transpose of this matrix. Therefore,
l af
frdx; = Z—‘ dy; = df;
i 0y;j
j=1

Since an arbitrary form w on U can be written uniquely as w = Y,; a;dx;, f* can be

understood through 0-forms and 1-forms dx;.

By the above listed properties of f*, we have
f1@) =) (fadf,
I
Note that f*a; = a; o f.

2.2.3 Volume form

Suppose f:ViU is a diffeomorphism of two open sets in R¥ and

w = dx; A -+ A dx; which is called volume form on U. Then,

fro@) = (df,) dx,(x) A~ A (df,) dx,(x)
= det(df,)dy,(y) A+ A dy(y)

which yields the Change of Variables formula of differential Calculus.

Theorem: Assume f:V SUisa diffeomorphism of open sets in R and that a is an

integrable function on U. Then,

17



j adxy -~ dxy, = j (o fldet(@)ldy, - dy,

U 14

Note that if f is orientation preserving, then det(df) > 0. Thus, the above theorem

can be stated in the form waszf*w if f is an orientation preserving

diffeomorphism.
Let us now look at some examples below.
Example: (Line Integral)
Let w be a smooth 1-form on R3 as
w = fidx; + frdx; + f3dx3

and let y:I:]R3 be a simple curve; i.e., a diffeomorphism of the interval I = [0,1]

onto a compact one-manifold C = y(I) with boundary. Then,

fa)zfy*w
C 1

If we say y(t) = (v1(£), 72(6), y5(t)), then

. dy;
yidx; = dy; =d—tldt

fori=1,2,3.
Thus, we have
3 1

[o=> [ o1 @ar

c i=19
If we define F = (f1, f2, f3) as a vector field in R3, then the right side is called the
line integral of F over C, and is denoted as 4517" dy.
Example: Let w be a compactly supported 2-form on R3 as

w = fidx, Ndxz + fodxz Ndxq + fzdxg Adx,

and S be a surface in R3, for simplicity, the graph of a function

G:R>* > R

(x1,%x2) = x3

18



Let us now find [, w.

We can choose the parametrization

hR?— S

(x1,x3) (x1’ X2, G (x4, xz))

We compute h*dx; A dx,. Clearly,

h*dx; ANdx, = dx; Ndx,
We now compute h*dx, A dxs.

h*dx, Ndx; = dx, NdG
=dx, A <6_G dx, + O_dez)

dx, dx,

aG
= _a_xldxl N dxz

And we also compute h*dxs A dx;.
h*dx3 A dxl = dG A dx1

aG aG
= <_ dx1 + _dxz) FAN dx1

dx, dx,
aG
= - a_x'z dxl A dxz

Thus, we have

fw = f(nlfl + naf; + nzf3)dxdx,
s R2

where

B G 3G
n=(ng,nyn;z) = <_a_x1’_a_x2' )

We see that for any point x = (x;, x5, G (x4, x2)) in the surface S, the vector 7i(x) is

normal to S. If we let % = #/|7| be the unit normal vector and F = (f3, f,, f3) and

we define a smooth 2-form dA = |#l|dx; A dx,, then we can rewrite the integral as

fw=f2(ﬁ-a)dA
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The form dA is called the area form of the surface S.

2.3 Exterior Derivative
For a smooth p-form w =) a,dx;, define its exterior derivative
dw = Y. da; A dx;, whichisa (p + 1)-form.
Theorem:
1. d(w; + w,) =dw; + dw,
2. dlwNB)=(dw)ANO+(—1)PwAdb
3. d(dw) =0

As a consequence, if g:V SUisa diffeomorphism of open sets of R¥, then for any

form w on U
d(g*w) = g*(dw)
This result also holds for smooth maps of manifolds with boundary.
Example: Let us completely calculate the operator d in R3.
0-forms: If f is a function on R3, then we obtain
df = g1dx; + g,dx, + gzdx;
Here, the right hand side of the above equation is the gradient vector field of f,
denoted as ngi(f).
1-forms: Let w be a 1-form as
w = fidxy + fodx, + f3dxs
Then, we have

da) S dfl A dx1 + dfz A dxz + df3 A d.X3
S glde A d.X3 + gzd.X3 A dx1 + g3dx1 A\ dxz

where

_0fs 0f ofy 0fs of, 0fi

 Ox, 6_x3'g2:6x3 a_x1’93:ax1 0x,

g1

If we define the vector fields F = (f,, f5, fz) and G = (g4, g2, 3), then G = curlF.
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2-forms: Let w be a 2-form as
w = fldxz N dxg +f2dx3 N dx1 +f3dx1 N dxz

Then, we have

i 0f; 0fs
dw = <ax1 + ax, + ax3) dxqy Adxy A dxs

= (divﬁ)dxl Adxy N\ dxs
3-forms: d(3 — form) = 0 on R3.
Exterior derivative of a 3-form is a 4-form, but there is no 4-form on R3. This is why
d(3 — form) = 0.
2.3.1 DeRham cohomology groups

A p-form w on X is closed if dw = 0 and exact if w = d@ for some (p — 1)-form 6

on X. Exact forms are closed since d? = 0. But not every closed form is exact.

Two closed p-forms w and w’ are cohomologous (w ~ w") if w — w’ = d. This is
an equivalence relation and the set of equivalence classes is denoted H? (X): the pt"

deRham cohomology group of X.

If f:X—>Y is a smooth map, then f* defines a map f*:HP(Y) - HP(X) on

cohomology groups.

2.4 Symplectic Linear Algebra

Let V be an m-dimensional vector space over R and 2:V X VV — R be a linear map.

0 is called skew-symmetric if 2(u,v) = —Q2(v,u) forall u,v € V.

Theorem: For any skew-symmetric bilinear map 2 on V, there is a basis
{ug, -, U, e, ,en, f1, -, fn} Of V such that

Qu;,,v)=0foralliandv eV

.Q(ei, ej) =0= Q(fl-,f]-) foralli,j

Q(ei,f]-) = §;j foralli,j
Proof: Let U = {u € V|2(u,v) =0 forallv € V} and let uy, -, u; be a basis of

U. Choose a complementary space W to U in V; i.e., V. = U @ W. For any nonzero
e; € W, there is f; € W such that 2(eq, f;) # 0. Assume 2(eq, f;) = 1 and let
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W, = span of ey, fi
W ={wew|2(w,v) =0 forallv e W,}

With this setting, if v € W, n W2, then v = ae; + bf;. Then, we have

0= .Q(U, 31) = -Q(ael + bfli 81)
= afl(ey, e1) + b2(f1,e1)
=a0+b(-1)=-b

implies b = 0. Likewise,

0=00Ww,f;) =2(ae, +bfy, f1)
= afl(ey, f1) + bQ(f1, f1)
=al+b0=a

implies a = 0. Since v = 0, we obtain W, n W;? = {0}.

To show that W = W, @ W2, suppose v € W has 2(v,e;) = c and 2(v, f;) = d.
Then,

v=_(—cfi +de))+ Ww+cfy —dey)
Itis clear that —cf; + de; € W;.
Claim: v + cf; — de, € W}
Suppose gf; + he; € W;. Then,

N +cfy —dey, gfy + hey) = g2, f1) + h2(v, e1)
+cgQ(f1, f1) + ch(f1, €1)
—dg(ey, f1) — dh(ey, e1)
=gd+hc+cg0—ch—dg—d0=20

Hence, v + cf, — de; € W2, and we thus show that W = W, @ W.

Continuing this Gram-Schmidt process by letting 0 # e, € W2, there is f, € W;®
such that 2(e,, f,) # 0. Assume 2(e,, f,) = 1 and W, = span of e,, f, and so on.

Hence, one obtains
V:U@W1@W2@'”@Wn

as desired.
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2.4.1 Symplectic vector space

Let V be an m-dimensional vector space over R and 2:V XV — R be a bilinear
map. Define a map 2:V — V* by 2(v)(u) = 2(v,u) which is linear. Note that the

kernel of 2 is the subspace U above.

Definition: A skew-symmetric bilinear map 2 is symplectic if 2 is bijective; in other
words, if U = {0}. In this case, 2 is called a linear symplectic structure on V and
(V, 1) is called a symplectic vector space. If (V,2) is a sypmlectic vector space, then

dimV = 2niseven. (V,2) has a basis e, -+, ey, f1, ***, f, Satisfying
-Q(ei:f}') = (Sij and Q(ei, e]-) =0= _Q(f“f})

Once such a symplectic basis is given, £ can be written in the matrix notation as

o) =[]

The prototype of a symplectic vector space is (R?", 2,,) with 2, such that the basis

n.
e; = (1,0,+,0),, e, = <0'0'...,0,T,0,...,0>

fl = (0,0,...,O, \1, ;O;"';());""fn = (O,,O,l)

n+1.

is a symplectic basis.

Definition: A symplectomorphism ¢ between symplectic vector spaces (V,2) and

(V',2") is a linear isomorphism ¢@:V >V’ such that ¢ =0Q.
(0" 2)@w,v) = 2(p(w), o)) = 2(u,v))
In this case, (V,2) and (V',2") are called symplectomorphic.

Being symplectomorphic is an equivalence relation. By the above theorem, every

2n-dimensional symplectic vector space is symplectomorphic to (R?", 2,).

2.5 Symplectic Manifolds

Let w be a de-Rham 2-form on a manifold M; that is, for each p € M, the map

wy: T,M X T,M — R is skew-symmetric bilinear on the tangent space to M at p and

wy, varies smoothly in p. It is closed if dw = 0.
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Definition: The 2-form w is symplectic if w is closed and w,, is symplectic for all

p EM.
Note that if w is symplectic, then dimT,, M = dimM must be even.

Definition: A symplectic manifold is a pair (M, w) where M is a manifold and w is a

symplectic form.

Example: Let M = R?™ with linear coordinate x;, -, X,,, Y1, ***, V. Set the form

n
Wo = Z dxi A dyl
i=1

Since

n
dw, = d <z dx; A dyl->
i=1

=d(dx; Ady,) +d(dx, Ady,) + -+ d(dx, Adyy)
= d%x; Ady, + (—1)2d%y,; Adxy + -+ d?x, Ady, + (—1)2d?y, Adx,
=0Ady; +0Adx; +-+0Ady, +0Adx, =0

we obtain that the form w, is closed, and since
(W)™ =nldxy A Adxy Ady; A+ Ady, = n!Vol(R*™) # 0
it follows that w, is symplectic.

Example: Let M = C™ with linear coordinate z,, :--, z,,. Set the form

.n
l
Wy = Ez dz, Ndz;
k=1
If we identify C"* with R®™ by z, = x;, + iy, for k = 1,---,n, we see that this form

is the standard form of R?™ described in the previous example.

Example: Let M = S regarded as the set of the unit vectors in R>. Let T,,S? be the

tangent plane of S and u, v be the vectors of T,,S2. Then, set the form
wy, (U, v) = (p,u X v)

This form is closed since its exterior derivative would be a 3-form which must be 0
since S? is a 2-dimensional manifold. Due to the fact that when u # 0, we choose

v = u X p so that w, (u, v) # 0, the form w,, is symplectic.
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Definition: Let (M, w,) and (M,, w,) be 2n-dimensional symplectic manifolds and
let g: M, j>M2 be a diffeomorphism. Then, g is a symplectomorphism if
g*a)z = (Ul.

((g*wz)p(u, v) = (W2) gp) (dgp(u), dgp(v)) where u, v € Tle)

As for the symplectic vector spaces, (R?",,) is the local protype of symplectic

manifolds.

Theorem (Darboux): Let (M, w) be a 2n-dimensional symplectic manifold and let
p be any point in M. Then, there is a coordinate chart (U,xq, *,Xp Y1, ) Vo)

centered at p such that on U

w

n
z dxl- A\ dyl
i=1

Such a chart (U, xq, -+, xpn, ¥1,**, V) is called a Darboux chart.

Example (Cotangent Bundle): Let X be an n-dimensional manifold. M = T*X is its
cotangent bundle. Recall that if the manifold structure on X is described by
coordinate chart (U, x4, -+, x,) with x;: U = R, then at any x € U, the differentials
(dxq)y, -+, (dx;,), form a basis of T; X, the cotangent space at x € X. The cotangent
bundle is the 2n-dimensional smooth manifold T*X = {(x,v)|v € Ty X}. If § € T; X,

then & = Y1, &;(dx;), for some coefficients &;, -+, &,. This induces a map
T*U — R?"
(.X,', E) — (xll X 51' T En)

giving the smooth structure to the 2n-dimensional manifold T*X. With this setting,

define a 2-form w on T*U by

n
w= Z dx; A dE;
i=1

Note that for a = Y, &;dx; and w = —da, «a is called the tautological 1-form and
w is the canonical symplectic form on the cotangent bundle. This makes every

cotangent bundle into a symplectic manifold.
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2.6 Lagrangian Submanifolds

Let X and M be manifolds with dimX < dimM. A map i: X — M is an immersion if
di,:T,X - T;»)M is injective for any point p € X.

An embedding is an immersion which is a homeomorphism onto its image.

A closed embedding is a proper injective immersion.

Definition: A submanifold of M is a manifold X with a closed embedding i: X < M.

Definition: Let (M, w) be a 2n-dimensional symplectic manifold. A submanifold Y

of M is a lagrangian submanifold if at each p € Y, T,,Y is a lagrangian subspace of

T,M;ie.,

wp|TpY = 0 and dimT,Y = EdimTpM

Example: The zero section X, = {(x,&)|é =0€ T;X} is an n-dimensional
submanifold of T*X, diffeomorphic to X. Note that w = Y}[-, dx; A d&; = 0 on X,.

Therefore, it is a lagrangian submanifold of the cotangent bundle.
In other words, every manifold is a lagrangian submanifold of its cotangent bundle.

Example (Product Manifolds): Let (M;,w,) and (M,,w,) be 2n-dimensional

symplectic manifolds. Let ¢: M; iMz be a diffeomorphism. Let us find that in

which case ¢ is a symplectomorphism; i.e., ¢*w, = w;.
Define the projection maps
pri:M; X M, — M;

where pry(p1,p2) = p1 and pry(py,p,) = p, for i =1,2. Then, we obtain that

w = (pr)*w, + (pry)*w, is a 2-form on M; x M,. Since

dw = (pr)* dw, + (pry)" dw; =0
0 0

the form w is closed, and since
2 * *
0™ = (1) ((r) @)™ A ((ry) @)™ # 0

w Is symplectic.
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Given nonzero real numbers A, and 4,, then A;(pry)*w; + A,(pry)*w, is also a
symplectic form on M; x M,. Specifically, if we choose 4;, =1 and 4, = —1, we

then obtain the twisted product form on M; x M, as follows:

@ = (pr) w; — (pr2)*w,
The graph of a diffeomorphism ¢ is the 2n-dimensional submanifold of M; X M,,

denoted as Iy

I, = Graph ¢ = {(p,¢(»))|p € M;}
This submanifold is an embedded image of M, in M; X M,. The embedding map is
y:M; — My X M,
p— (0,o®)

Theorem: A diffeomorphism ¢ is symplectomorphism if and only if I, is a

lagrangian submanifold of (M; X M,, @).

Proof: The graph I, is lagrangian if and only if y*@ = 0.

Yo =y (pr) w; — vy (pr2) w,

*

*

=\|bryeoy w1_<Prz°V> W)

%.—’ e —
ldMl ®

Thus, we obtain that

YV’o=0w;,—¢@'w, =0 ¢*w, = w;

2.7 Isotopies and Vector Fields

Let M be a manifold and p: M X R — M be a map with p(p, t) = p;(p).

Definition: The map p is an isotopy if each pt:MiM is a diffeomorphism and
po = idy.
If we are given an isotopy p, then we obtain a time-dependent vector field; that is, a

family of vector fields v;, t € R, which satisfy at p € M

d
vt(p) = %ps (CI) |ls=¢
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where g = p;*(p); i.e.,

dpt

Evt ° Pt

If we are given a time-dependent vector fields v, and M is compact or the v,'s are
compactly supported, then there exists an isotopy p satisfying the previous equation.
Let M be compact. Then, there exists one to one correspondence
{isotopies of M} < {time — dependent vector fields on M}
Pt, t Ut, t
——

—
ER ER

Definition: If v, = v is independent of t, the associated isotopy is called the

exponential map or flow of v and denoted exp tv; i.e.,
{exp tv: M :M|t € R}
is the unique smooth family of diffeomorphisms satisfying
exp tv|i=g = idy
d
77 (exp ) (@) = v(exp tv(p))
Definition: The Lie derivative is the operator defined as
L,: 08 (M) — 0% (M)
d *
w = - (exp tv) w| =

If a vector field v, is time dependent, then its flow; i.e., the corresponding isotopy p,
locally exists. There is a one-parameter family of local diffeomorphisms p; within

the neighborhood of any point p and for small t as

dr vt Pt
po =id

Thus, we define the Lie derivative by v; is

Ly, 0¥ (M) — 0% (M)

d
w — E (pe) w|¢=0

28



Theorem (Cartan formula): £,w = 1,dw + di,w

Theorem: For a smooth family w;, t € R of d-forms, we have

d dw
(o0 we = ()" (Lo + 1)

Proof: If f = (x,y) is a real valued function, we have by the chain rule

d d d
Ef(t, t) = af(x, )lx=¢ + Ef(t' Y)ly=t

Thus,
d d d
at (pe) @ = dx (Px) W¢|x=t + d_y (pt)*wy|y=t
. , dwy
= (px) vawt|x=t + (pt) le:t

i dw;
= (pr) <Lvtwt + W)

2.7.1 Tubular neighborhood theorem

Let M be an n-dimensional manifold and X be a k-dimensional submanifold with

k < n and inclusion map

XM

At each point x in X, the tangent space to X can be seen as a subspace of the tangent

space to M by linear inclusion di,:T,X < T, M. Here, we denote x = i(x). The

normal space to X at x is (n — k)-dimensional vector space N, X = T,M /T, X. The

normal bundle set of X is

NX ={(x,v)|x € X,v € N, X}

The set NX is an n-dimensional manifold since it has the structure of a vector bundle

over X of rank n — k under the naturel projection. The zero section of NX

i1 X © NX

x +— (x,0)
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is an embedding map into X as a closed submanifold of NX. If the intersection of
N, X and a neighborhood U, of the zero section X in NX is convex with each fiber,

then U, is called convex.

Theorem (Tubular Neighborhood Theorem): The diagram

NX2U, % UcCM
iy N ,i
X

Is commutative where U, is a convex neighborhood of X in NX, U is a neighborhood
of X in M and ¢: U, SUisa diffeomorphism.
2.7.2 Tangent space to the group of symplectomorphisms

The symplectomorphisms of a symplectic manifold (M, w) form the group

Symp(M, w) = {f:M SMm

f*wzw}

We use notions from C!-topology in order to understand what Tl-d(Symp(M, w)) is

and what a neighborhood of id in Symp(M, w) looks like:
C1-topology
Let X and Y be two manifolds.

Definition: A sequence of map f;'s converges in the C°-topology to f: X — Y if and

only if f;: X — Y converges uniformly on compact sets.

Definition: A sequence of C! maps f;: X — Y converges in the C!-topology to
f:X->Y if and only if both itself and the sequence df;:TX — TY converges

uniformly on compact sets.

Let (M, w) be a compact symplectic manifold and take an element f € Symp(M, w).
Then, both Graphf and Graphid=A are lagrangian subspaces of
(M x M,pr;w — pryw). Here, pr;: M x M - M are the projections to each factors
fori =1,2.

By the tubular neighborhood theorem, we can say there exists a neighborhood U of A
such that A~xM in (M X M,pr;w — pr,w) which is symplectomorphic to a

neighborhood U, of M in (T*M, w,). Let ¢ be the symplectomorphism from U to

30



U,. Let f be sufficiently C-close to id; that is, be in some sufficiently small

neighborhood of id in the C*-topology. Then,

1. We assume that Graphf € U. Then let j:M < U the embedding as
Graph f and i: M < U the embedding as Graph id = A.

2. The map j is sufficiently C1-close to id.

3. By the tubular neighborhood theorem, U = U, € T*M, thus the j and i we
mentioned in 1. induce j,: M < U is an embedding where j, = @ oj and

ip: M < U is an embedding as 0-section. Therefore, we obtain

u L

N 7 iy
M
and
u L
N 7 Jo
M
where
i(p) = (p,p)
iy(p) = (p,0)
j®) = (p.f ()
Jo@) = o(p, f(®))
forp € M.

4. The map j, is sufficiently C!-close to iy. This implies that the image set

Jjo(M) intersects each T,; M at one point w, which depends smoothly on p.

5. The image of j, is the image of a smooth section u: M — T*M; i.e., a 1-form
f=joo(mejo)™".
Therefore, we conclude that
Graph f = {('p,up)|p EM,pu, € T;M}
Theorem: If y is a 1-form sufficiently C*-close to the zero 1-form, then for some

diffeomorphisms f: M 5 M, we have
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{(p, yp)|p EM,u, € T;M} ~ Graph f

Conclusion: A C*-neighborhood of zero in the vector space of closed 1-forms on M

is homeomorphic to a small C-neighborhood of id in Symp(M, w). Thus,

Tia(Symp(M, w)) = {1 € 2*(M)|du = 0}

T;aSymp(M, w) contains the space of exact 1-forms

_ % ~ €M)
{u=dhlh € C*(M)} = /locally constant functions

2.8 Hamiltonian and Symplectic Vector Fields

Let (M,w) be a symplectic manifold and H: M — R be a smooth function. The
differential of H is 1-form. Since (M, w) is a symplectic and so by nondegeneracy of
it, there is a unique vector field X, on M such that 1y, w = dH. Suppose M is
compact or X, is complete and let p, be the one-parameter family of

diffeomorphisms for t € R from M to M generated by X} such that

Claim: Each diffeomorphism p; preserves w; that is, for all t,
prw = w

Proof: For all ¢, we have

d
Ep;‘w = piLx,w = p;‘(leHw + LXHdw) =0

since iy, w = dH and dw = 0. Thus, pfw = w.

Hence, every function on (M, w) gives a family of symplectomorphisms.

Definition: A vector field X, as above is called hamiltonian vector field with

hamiltonian function H.

Example: Let M be the sphere S%, H(8,h) = h be the height function and
w = dO A dh. Thus, for the symplectic manifold (M, w) = (5%, d6 A dh), we have
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d
lXH(dH /\dh) = dh (= XH = 6_0

Therefore, p;(6,h) = (6 + t, h) which is rotation about the vertical axis and the

height function of H is thus preserved by this motion.
Remark: If X is hamiltonian, then
LXHH = lXHdH = lXHlXH(U = 0

Therefore, hamiltonian vector fields preserve their hamiltonian functions and each

integral curve {p;(x)|t € R} of X has to be contained in a level set of H:
H(x) = (prH)x = H(p(x))
for all ¢.

Definition: Let X be a vector field on M preserving w; i.e., Lyw = 0. Then, the

vector field X is called a symplectic vector field. Hence,

X is symplectic & 1yw is closed

X is hamiltonian < 1yw is exact

Every symplectic vector field on every contractible open set is hamiltonian.

Additionally, if H},z,.m (M) = 0, then every symplectic vector field is hamiltonian.

Example: Consider the 2-torus. On (M, w) = (T?,d8, A d6,), the vector fields

Xl and XZ =

" 96, a6,

are symplectic but not hamiltonian. H*(T?,Z) = Z @ Z and two generators of this

group are [d6;] = iy,w # 0 and [dB,] = 1y, w # 0.

2.9 The Group of Symplectomorphisms

Let (M?", w) be a symplectic manifold. Consider the group of symplectomorphisms
Symp(M, w) = {¢ € Dif f*(M)|$p*w = w}
where Dif f* (M) is the group of C*-diffeomorphisms on M.

Symp(M, w) is by definition equipped with C*-topology and is observed by
Weinstein [15], it is locally path connected.
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Let Symp,(M,w) denote the path component of id, in Symp(M,w) where
idy: M — M is the identity function with id,(p) = p. For any ¢ € Symp,(M, w),
let Y, € Symp(M, w) for all t € [0,1] such that ¢, = id,, and ¥, = Y. There exists

a unique family of vector fields (corresponding to y;)
d
Xt: M — TM SuCh that Elpt = Xt o lpt

The vector fields X, are called symplectic since they satisfy Ly w = 0, where Ly, @
denotes the Lie derivative of the form w along the vector field X,. By Cartan's

formula
'['th = lXt(d(l)) + d(lth)

Hence, X, is a symplectic vector field if and only if iy w is closed for all ¢. If
moreover iy w is exact, in other words iy, w = dH;, H;: M — R a family of smooth
functions, then X, are called a Hamiltonian diffeomorphism and H, is a Hamiltonian
for 1. The Hamiltonian diffeomorphisms form a group as a subgroup in the identity
component of the group of symplectomorphisms. Thus, we have a sequence of

groups and inclusions:

Ham(M) < Sympy(M) < Symp(M) < Dif f* (M)
Theorem (Moser): Any path w;, t € [0,1] of cohomologous symplectic forms on a
closed manifold M is induced by an isotopy ¢: M — M; i.e., p{(w;) = wy, P = id.

The teorem says that Symp(M) and Ham(M) depend only on the diffeomorphism
class of w. Therefore, when w, varies along a path of cohomologous forms, the

topological or algebraic properties of these groups do not change.

2.9.1 Flux homomorphism
Let w;, t € [0,1] be a loop of symplectomorphisms on a smooth symplectic manifold
(M, w). Then, the flux homomorphism Flux: Symp,(M) = H'(M, R) is given by

Flux({w,}) = f [ix,w]|dt € H*(M,R)

0

where X, is defined by %z/)t = X; o ,. Here, Symp,(M) denotes the universal

cover of Symp,(M). Recall that the universal cover of a space is just the set of
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equivalence classes of paths in that space with fixed ends. The notation {w,} denotes

the equivalence class of homotopic isotopies that have fixed ends w, = id , w; = w.
Let us now express the the theorem of Banyaga [2].

Theorem: Let ¢y € Symp,(M). Then, v is a Hamiltonian symplectomorphism if and
only if there exists a symplectic isotopy ¥, € Symp,(M) such that w, = id ,w, =
w , Flux({y.}) = 0. Moreover, if Flux({y;}) = 0, then {1} is isotopic with fixed
ends to a Hamiltonian isotopy.

Flux in the theorem is the homomorphism that Flux induces on Symp,(M). Namely,
if

I = Flux(m, (Symp,(M).)) € H'(M, R)
is the flux group, then

1
Flux: Symp,(M) — H (M, ]R)/F

The above theorem says that the group of Hamiltonian diffeomorphisms is exactly

the kernel of the flux homomorphism.

2.9.2 Calabi homomorphism

Let (M, w) be a noncompact symplectic manifold, Ham.(M) be the universal cover
of the compactly supported Hamiltonian diffeomorphisms. Then, the Calabi

homomorphism Cal: Ham.(M) — R is defined by
1
{¢e}— j thw”dt
0o M

where H, is given by iy, w = dH; and %d)t = X; o ¢;.

If one considers Hamiltonian diffeomorphisms supported in an open set U, then a
local version of the Calabi homomorphism for compact manifolds may be defined;

e,
Caly: Hamy(M), — R

As in the flux homomorphism, the map induces homomorphisms for the underlying

groups.
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Namely, if A = Cal (nl(Hamc(M))), then
Cal: Ham.(M) — ]R//\

can be defined.

2.10 Calabi Quasimorphisms

Recall that a group G is called simple if it has no normal subgroups. G is perfect if G
is equal to its commutator group; i.e., G = [G, G]. A classical result due to Banyaga

is as follows.

Theorem (Banyaga): If M is closed, then the group Ham(M) is simple (and hence
perfect).

The theorem implies that there is no nontrivial homomorphism h: Ham(M) — R.
However, recent studies show that in some cases the group Ham(M) admits

quasimorphisms.

An open set U is called if displacable if there exists f € Ham(M, w) such that
f(HnU = @.

Definition: Let u: Ham(M, w) — R be a homogeneous quasimorphism such that
1. If U c M is an open displacable set, then
Il|17(ﬁn(u) = ézlu

2. Let f,g € Ham(M,w) represent paths in Ham(M,w) generated by

normalized Hamiltonians F and G, respectively. Then,

1 1
vol(M) - J- mlén(Ft — Gy dt < u(g) — u(f) <vol(M) - jmﬁx(Ft — G,)dt
0 0

Then, u is called a Calabi quasimorphism.

So far, CP™, S%, §? x §? and X, surface of genus g are shown to admit such

Calabi quasimorphisms [13].
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3. CONCLUSION

In this chapter, we conclude the study with the application of Polterovich [13] and

the examples of Gambauda & Ghys [5].

3.1 Application (Polterovich)

Let G be a group and [G, G] its commutator subgroup. Every element h € [G, G] can
be written as a product of simple commutators fgf~'g~! = h. The commutator
norm ||kl is by definition the minimal number of simple commutators needed in

order to represent h. For a homogeneous quasimorphism u: G — R, Barg [1] shows
lhll = const(u) - u(h) ,h € [G,G]

Therefore, if u does not vanish on [G, G], then the diameter of the group [G, G] with

respect to commutator norm is infinite.

Next, consider an open covering {u,,-:+,u,,} for a closed connected symplectic
manifold (M, w). Banyaga [2] shows that any Hamiltonian diffeomorphism f can be
written as a product of diffeomorphisms g; such that each g; is supported in U; and
moreover g; € Ker(Cal). If L(f) is the minimal number of g;'s needed in order to
represent f, then the existence of a Calabi quasimorphism gives a lower bound for
L(f). See Polterovich [13].

Example (Gambaudo & Ghys): Following the above mentioned results of

Polterovich, Gambaudo and Ghys [5] construct Calabi quasimorphisms on X, $?

and D? in a more elementary setting based on the classical notion of rotation number.

Definition: Let Homeo,(S') be the group of orientation preserving
homeomorphisms of S'. For f € Homeo, (S'), choose a lift f of f which is a
homeomorphism of R such that it satisfies f(x +m) = f(x) + m for every real
number x and every integer m. Poincaré's rotation number is the map
p: Homeo, (S1) - R/Z defined as

p(f) = lim f—"(xoz 0
where x, is a fixed base point in R. Poincaré proved that the limit exists and is

independent of the point x,. Its lift to universal covers p: Homeo, (S') - R with
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p(id) =0 is called the translation number. g is the unique homogeneous
quasimorphism defined on Homeo,(S') (Ghys [6]). As an example, let f be a

rotation by an angle 6. Then, f(x) = x + 8 and hence, p(f) = 6.
Example: (The disc D?)

Let G = Diffy°(D? 0D? w,) denote the group of C%-diffeomorphisms of D?

preserving the area form w, = dx A dy which are identity near the boundary.

Let g € G and choose an isotopy (g¢).e[o,1] between g, = id and g; = g. Denote by
dg.(x) the differential at x € D?. dg,(x) can be thought as an element of SL(2, R).
The first column of dg,(x) is a nonzero vector in R? denoted by v, (x). If Angq(x)
is the variation of the angle of this curve v,(x) of nonzero vectors when t varies

from 0 to 1, then define
r(g) = f Angg(x)dw,
DZ

Claim: r is a quasimorphism.

1
|Anggh(x) — Angy(x) — Angy (h(x))| < 5
since for a curve A, € SL(2,R), the variations of the arguments of A,(u) and A,(v)
differ by at most one half turn for any two nonzero vectors u, v € R?.

Definition: Homogenizing r defines the Ruelle's quasimorphism
1
Rpz(g) = lim —r(g")
p—©o p

Let Roty denote the rotation around the origin by 6. For a function f:[0,1] - R
which is zero near 1 and constant near 0, define an area preserving diffeomorphism
F; of the disc by

Fr (%) = Roty x| (x)

Then,

1

1
Rp2(F;) = %J-f(t)Zntdt =2 j tf(O)dt # 0
0

0
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Example: (The torus T?)

The above construction can also be adapted to G = Symp(T?, w) where w is the
usual area form on T2. G contains translations T? c Symp(T?, w) as a subgroup

(Banyaga) which is a homotopy equivalence.

Let g € G and (g¢)tefo,1] be an isotopy between g and id. Its lift (g;) to R* gives an
isotopy in R2. Since the tangent bundle of the torus is trivialized, for each point x,
the curve dg,(x) is a curve in SL(2,R). Any loop in Symp(T?, w) is homotopic to a
loop in translation subgroup, hence to a loop with constant differential. Thus,

Ang,(x) is well defined and R is a quasimorphism on Symp(T?, w).

Theorem: Both quasimorphisms Rz and R,z defined above are Calabi

quasimorphisms.
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