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QUASIMORPHISMS ON SYMPLECTIC MANIFOLDS

SUMMARY

In this study, the main goal is to get an understanding of the concept of
quasimorphisms. Quasimorphisms exist as the nontrivial elements of the second
bounded cohomology group. The existence of quasimorphisms for certain groups of
diffeomorphisms is an active research area among symplectic geometers. Main
motivation of these studies focus on understanding the geometry of such groups.
Basically, if there is a nontrivial quasimorphism on such diffeomorphism groups,
then one concludes that the diameter of the group is infinite.

The first part of the study is devoted to bounded cohomology. Roughly, bounded
cohomology is the cohomology of chain complexes where cochains are bounded
functions into reals, integers etc. Since the seminal paper of Gromov, various studies
have been made on this subject. In this thesis, we recall the definitions from the usual
cohomology of spaces, following Hatcher. Next, we examine the bounded
cohomology of discrete groups in more detail. As an example, we analyze the
theorem of Trauber proving that the bounded cohomology groups of amenable
groups are trivial, folowing Bucher.

The second bounded cohomology group is in the heart of this study. Namely,
nontrivial quasimorphisms lie in the kernel of the comparison map between bounded
and usual cohomology groups in the second degree. Roughly, quasimorphisms are
homomorphisms up to an error. Since perfect groups do not admit nontrivial
homomorphism into reals (or any abelian group), it is natural to seek nontrivial
quasimorphisms defined for such groups. As an example, we include the result of
Brooks in detail in which an infinite family of quasimorphisms are defined in the free
group on two generators.

In the final chapter, we recall basics of symplectic topology. The study of classical
mechanical systems such as the planetary system is based on configuration spaces of
particles satisfying certain equations (Hamilton equations). The configuration spaces
are symplectic manifolds and there have been large number of studies on symplectic
manifolds in the last three decades. In this thesis, we first review basics of symplectic
topology and focus on the group of Hamiltonian diffeomorphisms of symplectic
manifolds. A classical result due to Banyaga shows that this group is perfect and
hence, quasimorphisms on this group become important. Recently, Polterovich and
his students and Gambaudo and Ghys construct quasimorphisms for certain
symplectic manifolds. We finish the thesis by stating these results. Their proofs
include spectral invariants of Floer theoretic backgrounds and are beyond the scope
of this study.
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SİMPLEKTİK MANİFOLDLAR ÜZERİNDE KUAZİMORFİZMALAR 

ÖZET

Bu çalışmadaki temel amaç kuazimorfizmaların neler olduklarını anlamaktır. 
Homomorfizmaların daha genel bir durumu olan kuazimorfizmalar ikinci sınırlı 
kohomoloji gruplarının bariz olmayan elemanlarıdır, yani ikinci sınırlı kohomoloji 
grubu homomorfizma olmayan veya sınırlı olmayan kuazimorfizmalar tarafından 
oluşur. Difeomorfizma grupları için bu kuazimorfizmaların varlığı simplektik 
geometriciler arasında geniş bir çalışma alanıdır. Bu çalışmaların esas amacı bu 
grupların geometrilerini anlamak üzerine kuruludur. Temel olarak, eğer bu şekildeki 
difeomorfizma grupları üzerinde bariz olmayan kuazimorfizmalar var ise o zaman 
grubun çapı sonsuz olduğu sonucunu çıkarırız. 

Tezin ilk bölümü standart ve sınırlı kohomoloji grupları üzerine kuruludur. İlk olarak 
kozincirlerimizi oluşturarak bu grupların temellerini atıyoruz. Standart kozincirler bir 
ayrık grubun kuvvetlerinden bir abelyen gruba giden fonksiyonların kümesi olarak 
tanımlanırken sınırlı kozincirler ise bir ayrık grubun kuvvetlerinden bir abelyen 
gruba giden sınırlı fonksiyonların kümesi olarak tanımlanır. Oluşturduğumuz 
kozincirler arasında kosınır fonksiyonlarımızı tanımlıyoruz. Kozincirleri birbirine 
bağlayan kosınır fonksiyonları ile kokompleksler elde ediyoruz. Standart kohomoloji 
grubunu elde etmek için standart kokompleks yardımıyla bir kosınır 
fonksiyonumuzun çekirdeğindeki elemanların kümesini aynı kosınır 
fonksiyonumuzun bir alt derecesindeki kosınır fonksiyonunun görüntüsü olan 
elemanların kümesine bölüyoruz. Sınırlı kohomoloji grubunu da elde etmek için aynı 
yöntem ile bu sefer sınırlı kokompleks yardımıylı sınırlı kohomoloji grubumuzu elde 
ediyoruz. Kabaca diyebiliriz ki sınırlı kohomoloji grubu bir ayrık gruptan abelyen bir 
gruba giden sınırlı fonksiyonların kümesidir. Standart kohomoloji grubunda ise böyle 
bir sınırlılık kısıtlaması olmadığı için sınırlı kohomoloji grubu standart kohomoloji 
gurubunun özel bir durumudur, yani alt kümesidir. Gromov'un çalışmalarıyla birlikte 
bu alanda bir çok çalışma da başlamış oldu. Bu tezde Hatcher'ı takip ederek standart 
kohomoloji uzaylarından tanımlara yer veriyoruz. Daha sonra da ayrık grupların 
sınırlı kohomoloji gruplarını detaylı bir şekilde inceliyoruz. Ayrıca, amenable 
grupların tanımını veriyoruz. Bir ayrık grubun amenable olması için bu ayrık grup 
üzerinde normla donatılmış reel değerli sınırlı Banah uzayının var olması gerektiğini 
ifade ediyoruz. Amenable gruplara örnek olarak ise sonlu grupları ve abelyen 
grupları gösterebiliriz. Amenable grupların sınırlı kohomoloji ile bağıntısını gösteren 
Trauber teoremini ispatlıyoruz. Bu teoremin yardımıyla eğer ayrık grubumuz 
amenable ise bu ayrık gruptan herhangi bir abelyen gruba giden fonksiyonların 
oluşturduğu sınırlı kohomoloji grubunun aslında sıfır grubundan başka birşey 
olmadığını görüyoruz ve bu teoremin standart kohomoloji grupları için geçerli 
olmadığını gösteren Bucher'ın örneğini analiz ediyoruz. 
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İkinci sınırlı kohomoloji grupları bu çalışmanın esas odak noktalarıdır. İkinci sınırlı 
kohomoloji grubu ile ikinci standart kohomoloji grubu arasında karşılaştırma 
fonksiyonu tanımlanır ve bariz olmayan kuazimorfizmalar bu karşılaştırma 
fonksiyonunun çekirdeğinin içinde kalırlar. Kabaca diyebiliriz ki kuazimorfizmalar 
homomorfizmaların hatalı halidir. Mükemmel gruplardan reel sayılara (veya 
herhangi bir abelyen gruba) tanımlı tüm homomorfizmalar sıfır homomorfizması 
olacağından bu gruplar üzerinde tanımlı kuazimorfizmaların varlığı önemli bir 
problem olur. Örnek olarak da iki üreteçli serbest gruplarda tanımlanan 
kuazimorfizmaların sonsuz bir ailesini tanımlayan Brooks'un sonucunu ayrıntılarıyla 
irdeliyoruz. Brooks'un bu örneğinde iki üreteçli serbest gruplar üzerinde 
tanımladığımız fonksiyonun homomorfizma olamayacağını ve buna ek olarak da bu 
fonksiyonun sınırlı da olamayacağını gösteriyoruz. 

Son bölüme başlamadan önce diferensiyel geometriden temel kavramları 
hatırlıyoruz. İlk olarak, bir vektör uzayının kendisiyle kartezyen çarpımı üzerinde 
tensörün tanımını reel değerli bir fonksiyon yardımıyla tanımlıyoruz. Bu tensörlere 
örnek olarak fonksiyonelleri, iç çarpımı ve determinantı verebiliriz. Daha sonra da 
herhangi iki bileşeninin yerini değiştirdiğimiz zaman tensörün aldığı değerin 
işaretinin değişmesi durumunu bu tensörün değişken olması olarak tanımlıyoruz. 
Böyle değişken tensörlere örnek olarak ise determinantı verebiliriz fakat iç çarpımı 
veremeyiz. Tensörler üzerinde tensör çarpımı tanımladıktan sonra bu tensör çarpımın 
değişkenleştirerek wedge çarpımı tanımlıyoruz. Daha sonra ise diferensiyel formun 
tanımını veriyoruz. Türevlenebilir bir manifoldtan her noktasında değişken tensörlere 
sahip olan bu manifoldun teğet uzayına bir fonksiyonu diferensiyel form olarak 
tanımlıyoruz. Bir manifold üzerindeki reel değerli fonksiyonlar tanım gereğince 0-
form oluştururlar ve bu fonksiyonların türevleri de manifoldun teğet uzayı üzerinde 
tanımlı reel değerli fonksiyonlar olarak tanımlanırlar. Daha sonra da geri çekme 
fonksiyonunun tanımını veriyoruz. Öklid uzayı üzerinde geri çekme fonksiyonunun 
aslında fonksiyonların bileşkesinden başka bir şey olmadığını gösteriyoruz. Böylece 
bu geri çekme fonksiyonu yardımıyla 1-formları 3 boyutlu öklid uzayındaki bir 
eğriden aslında birim kapalı aralığa geri çekerek bu 1-formun integralini 
hesaplayabiliyoruz ve benzer şekilde de 2-formları 3 boyutlu öklid uzayındaki bir 
yüzeyden geri çekerek bu 2-formun integralini hesaplayabiliyoruz. Daha sonra ise
herhangi bir formun dış türevini tanımlıyoruz ve bu dış türevin formunun seçtiğimiz 
formdan derecesinin bir fazla olduğunu gösteriyoruz. Sonra da sırasıyla 3 boyutlu 
öklid uzayı üzerinde 0-form bir fonksiyonun türevinin 1-form olduğunu ve bunun da 
gradient vektörünü doğurduğunu, 1-form bir formun türevinin 2-form olduğunu ve 
bunun da rotasyon vektörünü doğurduğunu ve 2-form bir formun türevinin 3-form 
olduğunu ve bunun ise diverjans vektörünü doğurduğunu gösteriyoruz. Bunlara 
karşın 3 boyutlu öklid uzayı üzerinde 3-formların türevinin olmadığını çünkü 4-form 
bir formun 3 boyutlu bir manifoldta bulunamayacağını gösteriyoruz. 

Diferensiyel geometriden bu temel kavramları hatırladıktan sonra ikinci bölüme 
simplektik topolojinin temellerini detaylandırarak başlıyoruz. Gezegen sistemi gibi 
klasik mekanik sistem çalışmaları Hamilton denklemlerini sağlayan parçacıkların 
konfigürasyon uzaylarına dayalıdır. Konfigürasyon uzayları simplektik 
manifoldlardır ve son otuz yılda simplektik manifoldlar üzerine bir çok çalışmalar 
yapılmaktadır. Bu tezde ilk olarak simplektik fonksiyonu tanımlayarak simplektik 
vektör uzayların tanımını veriyoruz. Simplektik vektör uzayının bazının çift sayıda 
elemandan oluşması sebebiyle de simplektik vektör uzaylarının çift boyutlu olması 
gerektiği gerçeğine varıyoruz. Çift boyutlu vektör uzayları arasındaki 
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simplektomorfizmayı da daha önce tanımladığımız geri çekme fonksiyonu 
yardımıyla tanımlıyoruz. Bu tanım yardımıyla da çift boyutlu vektör uzaylarının 
aslında aynı boyutlu öklid uzayına simplektomorfik olduğununun farkına varıyoruz. 
Benzer şekilde simplektik manifoldu da bu sefer manifoldun teğet uzayı üzarindeki 
simplektik bir 2-form yardımıyla kuruyoruz. Bir manifoldun simplektik manifold 
olması için gerek ve yeter şartın bu manifold üzerinde kurulan formun türevinin 
sıfıra eşit olması ve bu formun dejenere olmayan bir form olması gerektiği tanımını 
veriyoruz. Örnek olarak ise çift boyutlu öklid uzayı, karmaşık sayılar uzayı ve küre 
yüzeyi örneklerini inceliyoruz. Aynı vektör uzayında olduğu gibi manifoldlar 
arasındaki simplektomorfizmayı da geri çekme fonksiyonu yardımıyla tanımlıyoruz 
ve yine benzer şekilde çift boyutlu simplektik manifoldların yerel olarak aynı boyutlu 
öklid uzayına simplektomorfik olduğunun farkına varıyoruz. Daha geometrisel 
olarak açıklamak gerekirse iki simplektik manifoldun birbirlerine simplektomorfik 
olabilmesi için gerek ve yeter şart aralarında hacim formu koruyan bir 
difeomorfizmanın var olmasıdır, yani örneğin birbirine difeomorfik bir küre ile bir 
elipsoidin simplektomorfik olabilmesi için hacim formlarının (yani, yüzey 
alanlarının) birbirine eşit olması gerekir. Bu temelleri attıktan sonra ise bir manifold 
üzerindeki Hamilton difeomorfizmaları grubu ve Simplektomorfizmalar grubuna 
odaklanıyoruz. Banyaga'nın klasik sonucu gösteriyor ki bu gruplar basit gruplardır ve 
dolayısıyla bu gruplardan reel sayılara bariz olmayan homomorfizma bulmak 
mümkün olmamaktadır. Bu yüzden bu gruplar üzerindeki kuazimorfizmalar bariz 
olmayan kuazimorfizmalar olmasından dolayı önem kazanır. Örnek ve son olarak ise 
disk ve torus üzerindeki simplektomorfizmalar grubundan reel sayılara bariz 
olmayan kuazimorfizmalar buluyoruz ve bunu da ilk bölümde incelediğimiz ikinci 
sınırlı kohomoloji gruplarıyla bağdaştırıyoruz. 

Sonuç olarak, eğer bir manifold üzerindeki simplektormorfizmalar grubunda bariz 
olmayan kuazimorfizmalar bulabiliyorsak o halde; daha önce de bahsettiğimiz üzere 
bu simplektomorfizmalar grubunun çapı sonsuz olur (bu da bize bu grubun 
geometrisi hakkında bilgi verir), komütatörler çarpımı biçiminde yazılabilen bir 
difeomorifizmayı oluşturan komütatörün boyu sonsuz olur ve bu 
simplektomorfizmalar grubunun ikinci sınırlı kohomoloji grubu ikinci standart 
kohomoloji grubundan farklı olur. Bu sonuçları ifade ederek tezi noktalıyoruz. Son 
zamanlarda Polterovich ve öğrencileri ile Gambaudo ve Ghys simplektik manifoldlar 
için bir çok kuazimorfizma örnekleri kuruyorlar. Onların yapmakta olduğu ispatlar 
bu tezin sınırları ötesindedir. 
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1. BOUNDED COHOMOLOGY

In this chapter, we recall basic definitions and results about homology and

cohomology of spaces. Then, we introduce bounded cohomology of groups. We

follow mainly Hatcher [10] and Bucher [4].

1.1 Singular Homology and Cohomology

We need to introduce some basic definitions to explain what homology is. Let us

initially give a description of -݊simplex. The -݊simplex is the form of the

-݊dimensional triangle; i.e., 0-simplex is just a point in the line ℝ, 1-simplex is a line

in the plane ℝଶ, 2-simplex is a triangular zone in ℝଷ, 3-simplex is a solid tetrahedron

in ℝସ and etc. Clearly, we need ݊൅ ͳ points (corners) to obtain the -݊simplex. These

points are called the vertices of the simplex and denoted as .௜ݒ Then, the -݊simplex is

denoted as ڮ଴ǡݒ] ǡݒ௡] consisting of the terms of vertices. The standard -݊simplex

can be set as

∆௡ൌ ൝( ଴ܽǡڮ ǡܽ ௡) ∈ ℝ௡ାଵอ෍ ௜ܽ

௡

௜ୀ଴

ൌ ͳ�ܽ݊݀�ܽ௜൒ Ͳ�݂ܽ�ݎ݋ ݈݈�݅ൡ

This produces the standart -݊simplex whose vertices are the unit vectors; i.e.,

௜ൌݒ ቆͲǡڮ ǡͳณ
௜Ǥ

ǡڮ ǡͲቇ. If we erase one of the vertices of an -݊simplex, then the ݊

vertices of erased -݊simplex span an (݊െ ͳ)-simplex and this new (݊െ ͳ)-simplex

is called a face of the -݊simplex. Bringing all the possible faces of an -݊simplex ∆௡

together is the boundary of ∆௡, denoted as ߲ο௡.

1.1.1 Singular homology

Let ߁ be a topological space. A singular -݊simplex is a map ǣο௡՜ߪ .߁ Let (ܣǡ߁)݊ܥ

be the free abelian group with basis the set of singular -݊simplices in .߁ A typical

element of (ܣǡ߁)௡ܥ is a finite formal sum ∑ ௜݊ߪ௜௜ for ௜݊א ܣ ൌ ԺǡԹǡԺଶ etc. and

:௜ߪ ∆௡՜ .߁ This gives a sequence of homomorphisms of abelian groups
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ڮ� ՜ ௡ାଵܥ
డ೙శభ
ሱ⎯ሮ ௡ܥ

���డ೙
ሱ⎯⎯ሮ ௡ିଵ՜ܥ ڮ ՜ ଵܥ

���డభ
ሱ⎯⎯ሮ ଴ܥ

���డబ
ሱ⎯⎯ሮ 0

where the boundary map ௡߲ǣܥ௡(߁ǡܣ) ՜ (ܣǡ߁)௡ିଵܥ is given by

௡߲(ߪ) ൌ ෍ (−1)௜ߪȁ[௩బǡڮ ǡ௩ො೔ǡڮ ǡ௩೙]

௜

The boundary map satisfies the relation ௡߲�߲௡ାଵ = 0 and hence, we can define the

singular homology group (߁)௡ܪ ൌ ܭ ௡߲�ݎ݁ ܫ݉ �߲௡ାଵ⁄ .

1.1.2 Cohomology

To obtain cohomology groups, we replace the chain groups ௡ܥ by the dual groups

݉݋ܪ (ܣ௡ାଵǡ߁) and the boundary maps ߲ by their dual maps .ߜ

Consider a general chain complex of free abelian groups

ڮ ՜ ௡ାଵܥ
డ೙శభ
ሱ⎯ሮ ௡ܥ

���డ೙
ሱ⎯⎯ሮ →௡ିଵܥ ⋯

We replace each chain group ௡ܥ by its dual cochain group ௡ܥ ൌ ݉݋ܪ (ܣ௡ାଵǡ߁) and

each boundary map ߲ by its dual coboundary map ൌߜ ߲∗ǣܥ௡ ՜ .௡ାଵܥ From the

relation ߲ଶ = 0, it follows that ଶߜ = 0. The cohomology group (ܣǡ߁)௡ܪ is defined

as the homology group ܭ ௡ߜ�ݎ݁ ܫ݉ ⁄௡ିଵߜ� at ௡ܥ in the cochain complex

ڮ ՚ ௡ାଵܥ
ఋ೙
ርሲܥ௡

ఋ೙షభ
ር⎯ሲܥ௡ିଵ ← ⋯

1.2 Bounded Cohomology

Firstly, we recall the coboundary map. Let ߁ be a discrete group and ܣ be an abelian

group as we defined previously; i.e., ܣ ൌ ԺǡԹǡԺଶ etc. Define the sets

(ܣǡ߁)௡ܥ = {݂ǣ߁௡ାଵ ื {ܣ

௕ܥ
௡(߁ǡܣ) = {݂ǣ߁௡ାଵ ื ݀݁݀݊ݑ݋ܾ�ݏ݅�݂|ܣ }

The coboundary map ܥ௡ǣߜ
௡ ՜ ௡ାଵܥ is defined as

௡ߜ ڮ଴ǡߛ݂) ǡߛ௡ାଵ) ൌ ෍ (−1)௜ ڮ଴ǡߛ݂) ǡߛො௜ǡڮ ǡߛ௡ାଵ)

௡ାଵ

௜ୀ଴

for א݂ (ܣǡ߁)௡ܥ and א௜ߛ ߁ when ݅ൌ Ͳǡڮ ǡ݊ ൅ ͳ.
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The elements of (ܣǡ߁)௡ܥ are called cochains and also the elements of ௕ܥ
௡(߁ǡܣ) are

called bounded cochains. A cochain ݂ is called cocycle if ߜ݂ ൌ Ͳ. On the other hand,

a cochain ݂ is called coboundary if there exists ݃ satisfying ߜ݃ ൌ .݂ Let ݂ be a

coboundary, then there exists ݃ satisfying ߜ݃ ൌ ݂ and therefore, this implies that

ଶ݃ߜ ൌ ߜ݂ ൌ Ͳ. It means that if ݂ is a coboundary, then it is always a cocycle.

Lemma: ௡ିଵߜ௡ߜ = 0.

Lemma: The cocomplex

Ͳื ܣ ื ௕ܥ
଴(߁ǡܣ) ื ௕ܥ

ଵ(߁ǡܣ) ื ௕ܥ
ଶ(߁ǡܣ) ⟶ ⋯

is exact.

Proof: We prove this lemma in three steps.

Exactness in ܣ : Let us first analyze the short sequence of

0
଴
՜ ܣ

ఒ
՜ ௕ܥ

଴(߁ǡܣ)

where 0 maps the group 0 to the zero of the group ܣ and mapsߣ an element ܽ of ܣ

to the constant function ݂ǣ߁ ՜ ܣ with value ;ܽ i.e., for all ߛ in ,߁ (ߛ݂) ൌ .ܽ The

image of 0 is definitely {0} as well as the kernel of the map ߣ is {0} since ߣ is an

injective map. Owing to the equality ܭ ൌߣݎ݁ ܫ݉ Ͳ, this short sequence is exact.

Exactness in ௕ܥ
଴(߁ǡܣ) : Let us now analyze the sequence of

ܣ
ఒ
՜ ௕ܥ

଴(߁ǡܣ)
ఋబ
՜ ௕ܥ

ଵ(߁ǡܣ)

Consider the ܭ ௕ܥ଴ǣߜቀݎ݁
଴(߁ǡܣ) ՜ ௕ܥ

ଵ(߁ǡܣ)ቁൌ { ଴݂ൌߜ݂| Ͳ}. If ଴݂ൌߜ Ͳ, then

)଴ߜ (ଵߛ଴ǡߛ)݂( ൌ (ଵߛ݂) െ (଴ߛ݂) ൌ Ͳ֜ (ଵߛ݂) ൌ (଴ߛ݂) for every ଵߛ଴ǡߛ א .߁ This

means that chosen ݂ is a constant function. Therefore, being the set of constant

functions, the set ܭ (଴ߜ)ݎ݁ = { ଴݂ߜ݂| ൌ Ͳ} is, by definition, equal to the image set of

the map .ߣ Due to the equality ܭ ଴ߜݎ݁ ൌ ܫ݉ ,ߣ this sequence is exact, too.

Exactness in ௕ܥ
௡(߁ǡܣ) for ݊ ൐ Ͳ : To show that ܫ݉ ௡ିଵߜ ൌ ܭ ௡ߜݎ݁ in the sequence

௕ܥ
௡ିଵ(߁ǡܣ)

ఋ೙షభ
ሱ⎯ሮ ௕ܥ

௡(߁ǡܣ)
ఋ೙
ሱሮ ௕ܥ

௡ାଵ(߁ǡܣ)

we firstly need to indicate that ܫ݉ ௡ିଵߜ ؿ ܭ .௡ߜݎ݁ Let ݂ be an element of ܫ݉ .௡ିଵߜ

Then, there exists an element ݃ in ௕ܥ
௡ିଵ(߁ǡܣ) with ௡ିଵ݃ߜ ൌ .݂ It follows that
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௡ିଵ݃ߜ௡ߜ ൌ ௡݂ߜ ൌ Ͳ. Since ௡݂ߜ ൌ Ͳ, it means that ݂ is the element of ܭ ,௡ߜݎ݁ which

proves that ܫ݉ ௡ିଵߜ ؿ ܭ .௡ߜݎ݁

Secondly, we need to demonstrate that ܭ ௡ߜݎ݁ ؿ ܫ݉ .௡ିଵߜ Let ݂ be an element of

ܭ ,௡ߜݎ݁ which means ݂ א ௕ܥ
௡(߁ǡܣ) with ௡݂ߜ ൌ Ͳ, and ݃ be an element of

௕ܥ
௡ିଵ(߁ǡܣ). Define ݃ǣ߁௡ ՜ ܣ by

ڮଵǡߛ)݃ ǡߛ௡) ൌ (݂ͳǡߛଵǡڮ ǡߛ௡)

for all ڮଵǡߛ) ǡߛ௡) in .௡߁ Here, 1 is the identity element of the .߁ Then,

Ͳൌ ௡ߜ (݂ͳǡߛ଴ǡڮ ǡߛ௡) ൌ ڮ଴ǡߛ݂) ǡߛ௡) െ ෍ (−1)௜(ͳǡߛ଴ǡڮ ǡߛො௜ǡڮ ǡߛ௡)

௡

௜ୀ଴

and we thus have

෍ (−1)௜ (݂ͳǡߛ଴ǡڮ ǡߛො௜ǡڮ ǡߛ௡)

௡

௜ୀ଴

ൌ ڮ଴ǡߛ݂) ǡߛ௡)

Now, by considering the above equation and the definition of ݃, we have

ڮ଴ǡߛ)௡ିଵ݃ߜ ǡߛ௡) ൌ ෍ (−1)௜݃(ߛ଴ǡڮ ǡߛො௜ǡڮ ǡߛ௡)

௡

௜ୀ଴

ൌ ෍ (−1)௜ (݂ͳǡߛ଴ǡڮ ǡߛො௜ǡڮ ǡߛ௡)

௡

௜ୀ଴

ൌ ڮ଴ǡߛ݂) ǡߛ௡)

Therefore, we obtain ௡ିଵ݃ߜ ൌ ,݂ which means ݂ א ܫ݉ .௡ିଵߜ Since we chose ݂ from

ܭ ,௡ߜݎ݁ it follows that ܭ ௡ߜݎ݁ ؿ ܫ݉ .௡ିଵߜ Finally, we obtain

ܫ݉ ௡ିଵߜ ൌ ܭ ௡ߜݎ݁

In these three steps, we conclude that the cocomplex

Ͳื ܣ ื ௕ܥ
଴(߁ǡܣ) ื ௕ܥ

ଵ(߁ǡܣ) ื ௕ܥ
ଶ(߁ǡܣ) ⟶ ⋯

is exact.

∎

Define ௰(ܣǡ߁)௡ܥ and ௕ܥ
௡(߁ǡܣ)௰ as the subspaces of (ܣǡ߁)௡ܥ and ௕ܥ

௡(߁ǡܣ),

respectively. These subspaces consist of invariant-߁ (bounded) cochains, that is,
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cochains ݂ǣ߁௡ାଵ ՜ ܣ for which ڄ݂ߛ ൌ ,݂ for every אߛ .߁ Here, ڄ݂ߛ ǣ߁௡ାଵ ՜ ܣ is

defined as

ڄ݂ߛ� ڮ଴ǡߛ) ǡߛ௡) ൌ ڮ଴ǡߛଵିߛ݂) ǡିߛଵߛ௡)

for all ڮ଴ǡߛ) ǡߛ௡) א ௡ାଵ߁ and אߛ .߁

Definition: The usual cohomology (ܣǡ߁)∗ܪ of ߁ is the cohomology of cocomplex

Ͳื ௰(ܣǡ߁)଴ܥ ื ௰(ܣǡ߁)ଵܥ ื ௰(ܣǡ߁)ଶܥ ⟶ ⋯

The bounded cohomology ௕ܪ
(ܣǡ߁)∗ of ߁ is the cohomology of the cocomplex

Ͳื ௕ܥ
଴(߁ǡܣ)௰ ื ௕ܥ

ଵ(߁ǡܣ)௰ ื ௕ܥ
ଶ(߁ǡܣ)௰ ⟶ ⋯

The cohomology groups (ܣǡ߁)∗ܪ and ௕ܪ
(ܣǡ߁)∗ can be written as

(ܣǡ߁)௡ܪ =
ܭ ܥ௡ǣߜ൫ݎ݁

௡(߁ǡܣ) ื ൯(ܣǡ߁)௡ାଵܥ

ܫ݉ ൫ߜ௡ିଵǣܥ௡ିଵ(߁ǡܣ) ื ൯(ܣǡ߁)௡ܥ

௕ܪ
௡(߁ǡܣ) =

ܭ ௕ܥ௡ǣߜቀݎ݁
௡(߁ǡܣ) ื ௕ܥ

௡ାଵ(߁ǡܣ)ቁ

ܫ݉ ቀߜ௡ିଵǣܥ௕
௡ିଵ(߁ǡܣ) ื ௕ܥ

௡(߁ǡܣ)ቁ

The inclusion of cocomplexes ௕ܥ
(ܣǡ߁)∗ ؿ (ܣǡ߁)∗ܥ induces a comparison map

∗ܿǣܪ௕
(ܣǡ߁)∗ ื (ܣǡ߁)∗ܪ

1.3 Amenable Groups

Definition: Let ߁ be a discrete group. ߁ is said to be amenable if there exists a left

invariant mean on the Banach space (߁)ܤ of real valued bounded functions on ߁

equipped with the norm

‖݂‖ஶ ൌ }݌ݑݏ אߛ|(ߛ݂) {߁

In other words, ߁ is said to be amenable if there exists a functional ݉ǣ(߁)ܤ → ℝ

satisfying the properties below:

1. ݉ (1௰) = 1, where 1௰ is the constant function with value 1,

2. ݉ ( )݂ ≥ 0 if ݂ ൒ Ͳ,

3. ݉ ൫ܮఊ݂൯ൌ ݉ ( )݂, for all ݂ א (߁)ܤ and אߛ .߁ Here, (߁)ܤఊǣܮ ՜ (߁)ܤ is the

left shift operator defined as ఊܮ (ߚ݂) ൌ (ߚߛ݂) for all ߚ א .߁
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Example: Finite groups are amenable.

Let us define the operator

݉ǣ(߁)ܤ ⟶ ℝ

݂ ฽
1

|߁|
෍ (ߛ݂)

ఊא௰

Now, let us check whether this operator satisfies three properties we mentioned

above.

1. Let 1௰ be the constant function with value 1 and |߁| ൌ ݊ א Ժା since

߁ ൌ ڮଵǡߛ} ǡߛ௡} is finite. Then,

݉ (1௰) =
1

|߁|
෍ ͳ௰(ߛ)

ఊא௰

=
1

݊
෍ ͳ௰(ߛ௜)

௡

௜ୀଵ

=
1

݊
൫ͳ௰(ߛଵ) + ⋯ + 1௰(ߛ௡)൯

=
1

݊
ቆͳ൅ ڮ ൅ ͳᇣᇧᇧᇤᇧᇧᇥ

௡�௧௜௠ ௘௦

ቇ

=
1

݊
݊ ൌ ͳ

Thus, ݉ (1௰) = 1.

2. Let ݂ ൒ Ͳ. Then, (ߛ݂) ≥ 0 for all אߛ ߁ and hence, the finite sum

∑ ௰אఊ(ߛ݂) ≥ 0. Since |߁| ൌ ݊ א Ժା , it follows that |߁| ≥ 0. Due to

∑ ௰אఊ(ߛ݂) ≥ 0 and |߁| ≥ 0, then

1

|߁|
෍ (ߛ݂)

ఊא௰

≥ 0

Therefore, it demonstrates that ݉ ( )݂ ≥ 0.

3. Finally, we need to show that ݉൫ܮఊ݂൯ൌ ݉ ( )݂ for ఊܮ (ߚ݂) ൌ .(ߚߛ݂) Since

ߚǡߛ א ߁ and ߁ is a group, then there always exists an element ߙ א ߁ such

that ߙ ൌ .ߚߛ Hence,
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݉൫ܮఊ݂൯ൌ
1

|߁|
෍ ఊܮ (ߚ݂)

ఉא௰

=
1

|߁|
෍ (ߚߛ݂)

ఉא௰

=
1

|߁|
෍ (ߙ݂)

ఈא௰

ൌ ݉ ( )݂

Therefore, we conclude by 1,2 and 3 that finite groups are amenable.

Example: Abelian groups are amenable.

Proposition (Trauber): If ߁ is an amenable group, then for all ݊ ൐ Ͳ

௕ܪ
௡(߁ǡԹ) = 0

Proof: Consider the cocomplex

ڮ ื ௕ܥ
௡ିଵ(߁ǡԹ)௰

ఋ೙షభ
ሱ⎯ሮ ௕ܥ

௡(߁ǡԹ)௰
ఋ೙
ሱሮ ௕ܥ

௡ାଵ(߁ǡԹ)௰ ⟶ ⋯

for ݊ ൐ Ͳ. Let א݂ ܭ ;௡ߜݎ݁ i.e., ݂ א ௕ܥ
௡(߁ǡԹ)௰ with ௡݂ߜ ൌ Ͳ. In order to show

௕ܪ
௡(߁ǡԹ) ൌ ܭ ௡ߜݎ݁ ܫ݉ ⁄௡ିଵߜ = 0, it is needed to be shown that ݂ א ܫ݉ ௡ିଵߜ with the

existence of ݃ א ௕ܥ
௡ିଵ(߁ǡԹ)௰ with ௡ିଵ݃ߜ ൌ .݂ Let ݉ǣ(߁)ܤ ⟶ ℝ be a left invariant

mean and define for every ڮଵǡߛ) ǡߛ௡) א ௡߁

݃ǣ߁௡ ⟶ ℝ

ڮଵǡߛ) ǡߛ௡) ฽ ݉ ൫݂ ڮଵǡߛǡכ) ǡߛ௡)൯

where ڮଵǡߛǡכ݂) ǡߛ௡) is the bounded function from ߁ to ℝ by only evaluating the

first coordinate ∗. Consider for all ڮ଴ǡߛǡכ) ǡߛ௡),

Ͳൌ ௡ߜ ڮ଴ǡߛǡכ݂) ǡߛ௡) ൌ ڮ଴ǡߛ݂) ǡߛ௡) െ ෍ (−1)௜ ڮ଴ǡߛǡכ݂) ǡߛො௜ǡڮ ǡߛ௡)

௡

௜ୀ଴

which implies

෍ (−1)௜ ڮ଴ǡߛǡכ݂) ǡߛො௜ǡڮ ǡߛ௡)

௡

௜ୀ଴

ൌ ڮ଴ǡߛ݂) ǡߛ௡)

Thus, by considering the definition of ݃, the properties of a functional and the above

equation, we have
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ڮ଴ǡߛ)௡ିଵ݃ߜ ǡߛ௡) ൌ ෍ (−1)௜݃(ߛ଴ǡڮ ǡߛො௜ǡڮ ǡߛ௡)

௡

௜ୀ଴

ൌ ෍ (−1)௜݉ ൫݂ ڮ଴ǡߛǡכ) ǡߛො௜ǡڮ ǡߛ௡)൯

௡

௜ୀ଴

ൌ ݉ ൭෍ (−1)௜ ڮ଴ǡߛǡכ݂) ǡߛො௜ǡڮ ǡߛ௡)

௡

௜ୀ଴

൱

ൌ ݉ ൫݂ ڮ଴ǡߛ) ǡߛ௡)൯

ൌ ڮ଴ǡߛ݂) ǡߛ௡)

Therefore, ௡ିଵ݃ߜ ൌ .݂

If we show that ݃ is ,invariant-߁ the proof will be completed. By the definition of ݃,

we have ڮଵǡߛߛ)݃ ǡߛߛ௡) ൌ ݉ ൫݂ ڮଵǡߛߛǡכ) ǡߛߛ௡)൯. Since ݂ is ,invariant-߁ we can

write ݉ ൫݂ ڮଵǡߛߛǡכ) ǡߛߛ௡)൯ൌ ݉ ൫݂ ڮଵǡߛǡכଵିߛ) ǡߛ௡)൯. Since ݂ is again invariant-߁

and ڮଵǡߛǡכ݂) ǡߛ௡) is the function only evaluating the first coordinate ∗, we can write

݉ ൫݂ ڮଵǡߛǡכଵିߛ) ǡߛ௡)൯ൌ ݉ ൫ڄ݂ߛ ڮଵǡߛǡכ) ǡߛ௡)൯. And finally since ݉ is left

invariant, ݉ ൫ڄ݂ߛ ڮଵǡߛǡכ) ǡߛ௡)൯ൌ ݉ ൫݂ ڮଵǡߛǡכ) ǡߛ௡)൯ൌ ڮଵǡߛ)݃ ǡߛ௡). Therefore,

we obtain ڮଵǡߛߛ)݃ ǡߛߛ௡) ൌ ڮଵǡߛ)݃ ǡߛ௡) which means ݃ is .invariant-߁

As a result, we conclude that if ߁ is an amenable group, then for all ݊ ൐ Ͳ

௕ܪ
௡(߁ǡԹ) = 0.

∎

This proposition is not always true for usual cohomology group. In order to show the

contradiction, we can look at the example below.

Example: ,ଵ(ℤܪ ℝ) = ℝ.

Let us consider the sequence

,଴(ℤܥ ℝ)
ఋబ
՜ ,ଵ(ℤܥ ℝ)

ఋభ
՜ ,ଶ(ℤܥ ℝ)

where ଴ߜ and ଵߜ are defined as

ଵߜ (ଶݖଵǡݖ଴ǡݖ݂) ൌ (ଶݖଵǡݖ݂) െ (ଶݖ଴ǡݖ݂) ൅ (ଵݖ଴ǡݖ݂)

(ଵݖ଴ǡݖ)଴݃ߜ ൌ (ଵݖ)݃ െ (଴ݖ)݃



9

for א݂ ,ଵ(ℤܥ ℝ); i.e., ݂ǣԺଶ → ℝ, and ݃ א ,଴(ℤܥ ℝ); i.e., ݃ǣԺ ՜ Թ , and

ଶݖଵǡݖ଴ǡݖ ∈ ℤ. Now, let us first find the set ܭ .ଵߜݎ݁

ܭ ଵߜݎ݁ = { ȁ݂ߜଵ݂ൌ Ͳ}

= { ȁ݂ߜଵ (ଶݖଵǡݖ଴ǡݖ݂) ൌ (ଶݖଵǡݖ݂) െ (ଶݖ଴ǡݖ݂) ൅ (ଵݖ଴ǡݖ݂) = 0}

ൌ ൝݂ ȁ݂ (ଶݖ଴ǡݖ) ൌ ᇣᇧᇤᇧᇥ(ଶݖଵǡݖ݂)
∈ℝ

൅ ᇣᇧᇤᇧᇥ(ଵݖ଴ǡݖ݂)
∈ℝ

ൡ

= ℝ ⊕ ℝ

Secondly, let us find the set ܫ݉ .଴ߜ For ݃ א ,଴(ℤܥ ℝ),

ܫ݉ ଴ߜ = { ȁ݂ߜ଴݃ ൌ }݂

= { ȁ݂ߜ଴݃(ݖ଴ǡݖଵ) ൌ (ଵݖ)݃ െ (଴ݖ)݃ ൌ {(ଵݖ଴ǡݖ݂)

ൌ ൝݂ ȁ݃(ݖଵ)ᇣᇤᇥ
∈ℝ

െ ᇣᇤᇥ(଴ݖ)݃
∈ℝ

ᇩᇭᇭᇭᇪᇭᇭᇭᇫ
∈ℝ

ൌ ൡ(ଵݖ଴ǡݖ݂)

ൌ ൝݂ ȁ ᇣᇧᇤᇧᇥ(ଵݖ଴ǡݖ݂)
∈ℝ

ൡ

= ℝ

Therefore,

,ଵ(ℤܪ ℝ) =
ܭ ଵߜݎ݁
ܫ݉ ଴ߜ

=
ℝ ⊕ ℝ

ℝ
= ℝ

Thus, it is shown that the previous proposition can be false on usual cohomology.

1.4 Low Degree

In low degree, it is better to use a different cocomplex which is the inhomogeneous

cocomplex. Define the sets

(ܣǡ߁)௡ܥ̅ = {݃ǣ߁௡ ื {ܣ

௕ܥ̅
௡(߁ǡܣ) = {݃ǣ߁௡ ื ݀݁݀݊ݑ݋ܾ�ݏ݅�݃|ܣ }

The inhomogeneous coboundary map ௡݀ǣ̅ܥ
௡ ՜ ௡ାଵܥ̅ is defined as

௡݀݃(ߛଵǡڮ ǡߛ௡ାଵ) ൌ ڮଶǡߛ)݃ ǡߛ௡ାଵ) ൅ ෍ (−1)௜݃(ߛଵǡڮ ǡߛ௜ߛ௜ାଵǡڮ ǡߛ௡ାଵ)

௡

௜ୀଵ

+(−1)௡ାଵ݃(ߛଵǡڮ ǡߛ௡)
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With these definitions in mind, we still use the following sequence to define

cohomology.

0
଴
՜ (ܣǡ߁)଴ܥ̅

ௗబ
՜ (ܣǡ߁)ଵܥ̅

ௗభ
՜ (ܣǡ߁)ଶܥ̅

ௗమ
→ ⋯

Now, we analyze first three degrees in detail.

Degree 0: (ܣǡ߁)଴ܥ̅ = {݃ǣ߁଴ ՜ {ܣ which consists of constant functions on ܣ and

hence, is nothing but ܣ itself. For ݃ א (ܣǡ߁)଴ܥ̅ and אߛ ,߁ we have

଴݀݃(ߛ) ൌ ݃ െ ݃ ൌ Ͳ

This implies ܭ ݎ݁݀ ଴ ൌ .ܣ Clearly, ܫ݉ Ͳൌ Ͳ. Hence, (ܣǡ߁)଴ܪ ൌ ܭ ݎ݁݀ ଴ ܫ݉ Ͳ⁄ ൌ .ܣ

Since constant functions are bounded, it follows (ܣǡ߁)଴ܥ̅ ൌ ௕ܥ̅
଴(߁ǡܣ). Thus,

௕ܪ
଴(߁ǡܣ) ൌ (ܣǡ߁)଴ܪ ൌ .ܣ

Degree 1: Since ଴݀ = 0, we have ܫ݉ ଴݀ = 0. To determine the ܭ ݎ݁݀ ଵ, take an

element ݃ א (ܣǡ߁)ଵܥ̅ with ଵ݀݃ ൌ Ͳ. Hence, we obtain that

ଵ݀݃(ߛଵǡߛଶ) ൌ (ଶߛ)݃ െ (ଶߛଵߛ)݃ ൅ (ଵߛ)݃ = 0

for every ଶߛଵǡߛ א .߁ This implies (ଶߛଵߛ)݃ ൌ (ଵߛ)݃ ൅ ,(ଶߛ)݃ which means

݃ is a homomorphism from ߁ to .ܣ Hence, ܭ ݎ݁݀ ଵ ൌ ݉݋ܪ .(ܣǡ߁) Thus,

(ܣǡ߁)ଵܪ ൌ ܭ ݎ݁݀ ଵ ܫ݉ ଴݀⁄ ൌ ݉݋ܪ .(ܣǡ߁)

A homomorphism from ߁ to ℝ or ℤ must be unbounded and hence, for any group ,߁

we have

௕ܪ
ଵ(߁ǡԹ) ൌ ௕ܪ

ଵ(߁ǡԺ) = 0

Degree 2: Consider the case ܣ ൌ Թ .

Definition: Let ߁ be a group. The space of quasimorphisms of ߁ is defined as

ܯܳ (߁) = {݂ǣ߁ ՜ Թ|ܦ׌ ൐ Ͳݏ�ǤݐǤ| (ଵߛ݂) ൅ (ଶߛ݂) െ |(ଶߛଵߛ݂) ൏ ଶߛଵǡߛ׊ǡܦ א {߁

Define a map from ܯܳ (߁) into the kernel of comparison map

ܭ ቀܿݎ݁ ଶǣܪ௕
ଶ(߁ǡԹ) ՜ ቁ(ǡԹ߁)ଶܪ by sending a quasimorphism ݂ in ܯܳ (߁) to the

cohomology class [݀ ]݂. This map is surjective and its kernel consists of

homomorphisms ݂ א ݉݋ܪ (ǡԹ߁) or bounded maps א݂ .(ǡԹ߁)ܤ Therefore, we have

an isomorphism
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ܯܳ (߁) ൫݉݋ܪ ۩(ǡԹ߁) ⁄؆൯(ǡԹ߁)ܤ ܭ ቀܿݎ݁ ଶǣܪ௕
ଶ(߁ǡԹ) ՜ ቁ(ǡԹ߁)ଶܪ

Example (Brooks): Quasimorphisms in the free group ଶܨ

Let us anayze the example of Brooks [3]. Let ଶܨ = 〈 ǡܾܽ 〉 be the free group on the

two generators ܽ and .ܾ Select a word ߱ in ǡܾܽ ǡܽ ିଵǡܾ ିଵ. Define ఠ݂ǣܨଶ → ℝ as

ఠ݂ (ߛ) ൌ ݉ݑ݊ ܾ݁ ݂݋�ݎ �߱ ܿ݋� ݊݅�݃݊ݎ݅ݑܿ െߛ� ݉ݑ݊ ܾ݁ ݂݋�ݎ �߱ ିଵܿ݋� ݊݅�݃݊ݎ݅ݑܿ ߛ�

for all אߛ .ଶܨ If ߱ is the empty word or one of ǡܾܽ ǡܽ ିଵǡܾ ିଵ, then ఠ݂ is a

homomorphism. But if the number of letters ǡܾܽ ǡܽ ିଵǡܾ ିଵ used to obtain ߱ is greater

or equal to 2, which is ݈݁ ݐ݄݃݊ (߱) ≥ 2, then ఠ݂ can not be a homomorphism. For

given ଶߛଵǡߛ א ,ଶܨ we have

|݀ ఠ݂ |(ଶߛଵǡߛ) = | ఠ݂ (ଵߛ) െ ఠ݂ (ଶߛଵߛ) ൅ ఠ݂ |(ଶߛ) ൑ ݐ݄݈݃݊݁ (߱)

since | ఠ݂ (ଵߛ) െ ఠ݂ (ଶߛଵߛ) ൅ ఠ݂ |(ଶߛ) = 1, which is a case that one of ߱ or ߱ିଵ

additionally occurs in ଶߛଵߛ (in which ߱ or ߱ିଵ starts in the end of ଵߛ and ends in the

begining of ,(ଶߛ otherwise | ఠ݂ (ଵߛ) െ ఠ݂ (ଶߛଵߛ) ൅ ఠ݂ |(ଶߛ) = 0, and in both cases

| ఠ݂ (ଵߛ) െ ఠ݂ (ଶߛଵߛ) ൅ ఠ݂ |(ଶߛ) ൑ ݐ݄݈݃݊݁ (߱). Therefore, ఠ݂ is a quasimorphism.

Let us now show that ఠ݂ is a nontrivial quasimorphism when ݈݁ ݐ݄݃݊ (߱) ≥ 2; i.e.,

ఠ݂ belongs to ܯܳ (ଶܨ) but does not belong to ݉݋ܪ ,ଶܨ) ℝ)۩ ,ଶܨ)ܤ ℝ). We see that

݉݋ܪ ,ଶܨ) ℝ) is two dimensional, generated by ௔݂ and ௕݂. If ఠ݂ did belong to

݉݋ܪ ,ଶܨ) ℝ)۩ ,ଶܨ)ܤ ℝ), then there would exist ߚǡߙ א Թ such that ఠ݂ െ ߙ ௔݂ െ ߚ ௕݂ is

a bounded function on .ଶܨ We need to follow two steps below.

Firstly, suppose ߱ is not a power of ܽ or .ܾ For any integer ,݇ we have

ఠ݂ (ܽ௞) െ ߙ ௔݂(ܽ௞) െ ߚ ௕݂(ܽ௞) ൌ Ͳെ െ݇ߙ Ͳൌ െ݇ߙ

ߙ must be equal to 0 in order ఠ݂ െ ߙ ௔݂ െ ߚ ௕݂ could be bounded independently of .݇

Also, we thus have

ఠ݂ (ܾ௞) െ ߚ ௕݂(ܾ௞) ൌ Ͳെ ݇ߚ ൌ െ݇ߚ

ߚ must be equal to 0 in order ఠ݂ െ ߚ ௕݂ could be bounded independently of .݇ Hence,

we find that ఠ݂ must be bounded.

Secondly, suppose ߱ ൌ ܽ௠ or ߱ ൌ ܾ௠ for integers |݉ | ≥ 2. Let ߱ ൌ ܽ௠ . For any

integer ,݇ we have

ఠ݂ (ܾ௞) െ ߙ ௔݂(ܾ௞) െ ߚ ௕݂(ܾ௞) ൌ Ͳെ Ͳെ ݇ߚ ൌ െ݇ߚ
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and hence, ߚ ൌ Ͳ.

ఠ݂ ((ܽ )ܾ௞) െ ߙ ௔݂((ܾܽ )௞) ൌ Ͳെ ݇ߙ� ൌ െ݇ߙ�

and hence, ߙ ൌ Ͳ. And now let ߱ ൌ ܾ௠ . For any integer ,݇ we have

ఠ݂ (ܽ௞) െ ߙ ௔݂(ܽ௞) െ ߚ ௕݂(ܽ௞) ൌ Ͳെ െ݇ߙ Ͳൌ െ݇ߙ

and hence, ߙ ൌ Ͳ.

ఠ݂ ((ܽ )ܾ௞) െ ߚ ௕݂((ܾܽ )௞) ൌ Ͳെ ݇ߚ ൌ െ݇ߚ�

and hence, ߚ ൌ ͲǤIt means that we again find ఠ݂ must be bounded.

Now, it remains to indicate that ఠ݂ is unbounded for ߱ is not an empty word. We

first recognize that ߱ିଵ does not occur in ߱௞ for an integer ݇ ൒ .ʹ If it did occur in

߱ଶ, then ߱ would have to be of the form ߱ ൌ ݖݒ with ߱ିଵ ൌ .ݒݖ Then, since

߱ିଵ ൌ ଵିݒଵିݖ ൌ ,ݒݖ we had ݒ ൌ ൌݖ ݅݀ as well as ߱ ൌ ݅݀ ; i.e., ߱ is an empty

word. If ߱ is cyclically reduced (i.e., any power of the word can not be reduced),

then for any integer ,݇ we have

| ఠ݂ (߱௞)| ≥ | |݇

which means that ఠ݂ is unbounded. If ߱ is not cyclically reduced, then it has one of

the form ݖܽܽ ିଵ, ݖܾܾ ିଵ, ܽିଵܽݖ or ܾିଵܾݖ where ݖ is a reduced word. Suppose

߱ ൌ ݖܽܽ� ିଵ or ܽିଵܽݖ , then we have | ఠ݂ ((߱ )ܾ௞)| ≥ | |݇. Suppose ߱ ൌ ݖܾܾ� ିଵ or

ܾିଵܾݖ , then we have | ఠ݂ ((߱ )ܽ௞)| ≥ | |݇. Hence, we conclude that ఠ݂ is unbounded.

As a result, we find that the following group is nontrivial.

௕ܪ
ଶ(ܨଶ, ℝ) ؆ ܭ ቀܿݎ݁ ଶǣܪ௕

ଶ(ܨଶ, ℝ) ՜ ,ଶܨ)ଶܪ ℝ)ቁ؆ ܯܳ (ଶܨ) ݉݋ܪ ,ଶܨ) ℝ)۩ ,ଶܨ)ܤ ℝ)⁄
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2. SYMPLECTIC MANIFOLDS

Detailed exposition on symplectic topology can be found in McDuff [11] and Silva

[14]. We start with recalling basic facts about differential forms and their exterior

algebra from Guillemin and Pollack [8].

2.1 Exterior Algebra

Let ܸ be a real vector space. A tensor-݌ on ܸ is a real valued function ܶ on the

cartesian product

ܸ௣ ൌ ܸ ൈ ڮ ൈ ܸᇣᇧᇧᇤᇧᇧᇥ
௣�௧௜௠ ௘௦

which is linear in each variable.

1-tensors are just linear functionals. Dot product on ℝ௞ is a 2-tensor. Determinant is

a -݇tensor on ℝ௞. Since sums and scalar multiples of multilinear functions are

multilinear, the collection of all tensors-݌ is a vector space ℑ௣(ܸ∗). Note that we

have ℑ௣(ܸ∗) ൌ ܸ∗.

Let ܶ be a tensor-݌ and ܵbe a .tensor-ݍ Then,

ܶٔ ൫ܵݒଵǡڮ ǡݒ௣ǡݒ௣ାଵǡڮ ǡݒ௣ା௤൯ൌ ܶ൫ݒଵǡڮ ǡݒ௣൯ή ൫ܵݒ௣ାଵǡڮ ǡݒ௣ା௤൯

defines the tensor product ܶٔ ܵ of ܶ and .ܵ In general, tensor product is not

commutative but it is associative and distributive over addition.

Theorem: Let {߶ଵǡڮ ǡ߶௞} be a basis for ܸ∗. Then, the tensors-݌

ቄ߶௜భ ٔ ڮ ٔ ߶௜೛ȁͳ൑ ଵ݅ǡڮ ǡ݅ ௣ ൑ ݇ቅ form a basis for ℑ௣(ܸ∗). As a result,

݀݅݉ Ա௣(ܸ∗) ൌ ݇௣.

Proof: Let ൌܫ ൫݅ଵǡڮ ǡ݅ ௣൯where each component is between 1 and ,݇ and let

߶ூൌ ߶௜భ ٔ ڮ ٔ ߶௜೛
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Let ڮଵǡݒ} ǡݒ௞} be the dual basis in ܸ and ூݒ denote ቀݒ௜భǡڮ ǡݒ௜೛ቁ. Suppose there is

another integer sequence .ܬ We see that if ൌܫ ,ܬ then ߶ூ൫ݒ௃൯ൌ ͳ and otherwise

߶ூ൫ݒ௃൯ൌ Ͳ. By multilinearity, for two tensors-݌ ܶ and ,ܵ we have

ܶ ൌ ܵ฻ ܶ൫ݒ௃൯ൌ ൫ܵݒ௃൯

whatever .isܬ Hence, for ܶ൫ݒ௃൯ൌ ൫ܵݒ௃൯, we obtain that

ܵൌ ෍ ܶ

ூ

ூ߶(ூݒ)

has to be equal to .ܶ Thus, {߶ூ} span ℑ௣(ܸ∗) and the ߶ூ are also independent. To

see, if

ܵൌ ෍ ூܽ

ூ

߶ூ

then for each ܬ

Ͳൌ ൫ܵݒ௃൯ൌ ௃ܽ

Therefore, we conclude that the tensors-݌ ߶ூൌ ߶௜భ ٔ ڮ ٔ ߶௜೛ form a basis for

ℑ௣(ܸ∗).

∎

Definition: A tensor ܶ is alternating if

ܶ൫ݒଵǡڮ ǡݒ௜ǡڮ ǡݒ௝ǡڮ ǡݒ௣൯ൌ െܶ൫ݒଵǡڮ ǡݒ௝ǡڮ ǡݒ௜ǡڮ ǡݒ௣൯

To exemplify, 1-tensors are alternating, determinant is alternating but the dot product

is not.

Let ௣ܵ denote the group of permutations of the numbers 1 to .݌ A permutation

ߪ א ௣ܵ is called even or odd if it can be written as a product of an even or odd

number of simple transpositions.

If ܶ is any ,tensor-݌ then

ܣ (ܶ)ݐ݈ =
1

Ǩ݌
෍ (−1)ఙܶఙ

ఙאௌ೛

is always altenating where ܶఙ൫ݒଵǡڮ ǡݒ௣൯ൌ ܶ൫ݒఙ(ଵ)ǡڮ ǡݒఙ(௣)൯.
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Note that if ܶ is alternating, then ܣ (ܶ)ݐ݈ ൌ ܶ.

The alternating tensors-݌ form a vector subspace ⋀௣(ܸ∗) of ℑ௣(ܸ∗) as sums and

scalar multiples of alternating functions are alternating. However, this is not true for

the tensor product.

If ܶ א (∗ܸ)௣ٿ and אܵ ,(∗ܸ)௤ٿ then the wedge product

ൌܵרܶ ܣ ٔܶ)ݐ݈ )ܵ ∈ ⋀௣ା௤(ܸ∗)

is alternating. With this definition, wedge product is distributive over addition and

scalar multiplication.

Theorem: Wedge product is associative; i.e.,

רܶ) )ܵ ܴר ൌ רܶ (ܴרܵ)

Let {߶ଵǡڮ ǡ߶௞} be a basis for ܸ∗, then for any tensor-݌ ,ܶ we can write

ܶ ൌ ෍ ڮ௜భǡݐ ǡ௜೛߶௜భ ٔ ڮ ٔ ߶௜೛

where the sum ranges over all index sequences ൫݅ଵǡڮ ǡ݅ ௣൯ for which each index is

between 1 and .݇ If ܶ is alternating, then

ܶ ൌ ܣ (ܶ)ݐ݈ ൌ ෍ ڮ௜భǡݐ ǡ௜೛ܣ ቀ߶௜భݐ݈ ٔ ڮ ٔ ߶௜೛ቁൌ ෍ ڮ௜భǡݐ ǡ௜೛߶௜భ ڮר ௜೛߶ר

Hence, the alternating tensors ߶௜భ ڮר ߶௜೛ denoted by ߶ூwhere ൌܫ ൫݅ଵǡڮ ǡ݅ ௣൯span

⋀௣(ܸ∗) (but not independent).

For the wedge product of two linear functionals on ܸ, we have

߶ ߰ר ൌ
1

2
(߶ ٔ ߰ െ ߰ ٔ ߶) ൌ െ߰ ߶ר

implying that ∧ is anticommutative on ⋀ଵ(ܸ∗). In general, ൌܵרܶ (−1)௣௤ܵܶר

whenever ܶ א (∗ܸ)௣ٿ and אܵ .(∗ܸ)௤ٿ

Theorem: If {߶ଵǡڮ ǡ߶௞} is a basis for ܸ∗, then

ቄ߶ூൌ ߶௜భ ڮר ߶௜೛ȁͳ൑ ଵ݅ǡڮ ǡ݅ ௣ ൑ ݇ቅ

is a basis for ⋀௣(ܸ∗). As a result,

݀݅݉ (∗ܸ)௣ٿ ൌ ൬
݇
݌
൰ൌ

݇Ǩ

Ǩ(݇െ݌ !(݌
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2.2 Differential Forms

Let ܯ be a smooth manifold. A form-݌ on ܯ is a function ߱ that assigns to each

point אݔ ܯ an alternating tensor-݌ (݌)߱ ൌ ߱௣ on the tangent space of ܯ at ;ݔ

(ݔ)߱ ∈ ⋀௣( ௫ܶܯ
∗).

Two forms-݌ ߱ଵ and ߱ଶ may be added point by point to create a new form-݌

߱ଵ ൅ ߱ଶ:

(߱ଵ൅ ߱ଶ)(ݔ) ൌ ߱ଵ(ݔ) ൅ ߱ଶ(ݔ)

Wedge product is given by (߱ (ݔ)߱=(ݔ)(ߠר .(ݔ)ߠר

0-forms are arbitrary real valued functions on ܯ .

If ߶ǣܯ ՜ Թ is a smooth function, then ݀߶௫ǣܶ௫ܯ ՜ Թ is a linear map at each point

.ݔ Therefore, ՜ݔ ݀߶௫ defines a 1-form ݀߶ on ܺǡcalled the differential of ߶.

If ڮଵǡݔ ǡݔ௞ are coordinate functions on ℝ௞, then ڮଵǡݔ݀ ǡ݀ ௞ݔ are 1-forms on ℝ௞. For

any אݖ Թ௞, ௭ܶℝ௞ = ℝ௞. We have )(ݖ)௜ݔ݀ ଵܽǡڮ ǡܽ ௞) ൌ ௜ܽ. Therefore,

ڮǡ(ݖ)ଵݔ݀ ǡ݀ (ݖ)௞ݔ form the standard basis for (ℝ௞)∗. If ൌܫ ൫݅ଵǡڮ ǡ݅ ௣൯ is a strictly

increasing index sequence, then let ூൌݔ݀ ௜భݔ݀ ڮר ௣ݔ݀ר be a form-݌ on ℝ௞. If ܷ is

an open subset of ℝ௞ and ௜݂ǣܷ ՜ Թ௞ are the coordinate functions, then any form-݌

on ܷ may be uniquely expressed as a sum ∑ ூ݂݀ ூூݔ .

In particular, if ߶ is a smooth function on ℝ௞, then

݀߶ ൌ ෍
߲߶

௜ݔ߲
௜ݔ݀

2.2.1 Pull-back Form

If ݂ǣܺ ՜ ܻ is a smooth map and ߱ is a form-݌ on ܻ, then ݂∗߱ is a form-݌ on ܺ

defined as follows: Let (ݔ݂) ൌ .ݕ Then, ݂ induces a derivative map on tangent

spaces ݀ ௫݂ǣܶ ௫ܺ ՜ ௬ܶ .ܻ Since (ݕ)߱ is an alternating tensor-݌ on ௬ܶ ,ܻ its pull back to

௫ܶܺ is described through the transpose (݀ ௫݂)∗. We define

(ݔ)߱∗݂ = (݀ ௫݂)∗߱(ݕ)

When ߱ is a 0-form, then ݂∗߱ ൌ ߱ ל .݂ The following properties of pull back is

familiar:
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݂∗(߱ଵ൅ ߱ଶ) ൌ ݂∗߱ଵ ൅ ݂∗߱ଶ

݂∗(߱ (ߠר = (݂∗߱) ∧ (ߠ∗݂)

ל݂) )݄∗߱ ൌ ݄∗(݂∗߱)

2.2.2 ∗ࢌ on Euclidean space

Let ܷ ؿ Թ௞ and ܸ ؿ Թ௟ be open subsets and ݂ǣܸ ՜ ܷ be a smooth map with

ڮଵǡݔ݂) ǡݔ௟) ൌ ൫݂ ଵ(ݔଵǡڮ ǡݔ௟)ǡڮ ǡ݂ ௞(ݔଵǡڮ ǡݔ௟)൯where each ௜݂ is a smooth function

on ܸ; ௜݂ǣܸ ՜ Թ .

For a point אݕ ܸ, ݀ ௬݂ is represented by the matrix

൭
߲ ௜݂

௜ݕ߲
൱(ݕ)

and ൫݀ ௬݂൯
∗

is the transpose of this matrix. Therefore,

௜ൌݔ݀∗݂ ෍
߲ ௜݂

௝ݕ߲
௝ݕ݀ ൌ ݀ ௜݂

௟

௝ୀଵ

Since an arbitrary form ߱ on ܷ can be written uniquely as ߱ ൌ ∑ ூܽ݀ ூூݔ , ݂∗ can be

understood through 0-forms and 1-forms .௜ݔ݀

By the above listed properties of ݂∗, we have

݂∗(߱) ൌ ෍ (݂∗
ூܽ)݀ ூ݂

ூ

Note that ݂∗
ூܽൌ ூܽל .݂

2.2.3 Volume form

Suppose ݂ǣܸ
≃
՜ ܷ is a diffeomorphism of two open sets in ℝ௞ and

߱ ൌ ଵݔ݀ ڮר ௞ݔ݀ר which is called volume form on ܷ. Then,

(ݕ)߱∗݂ ൌ ൫݀ ௬݂൯
∗
(ݔ)ଵݔ݀ ڮר ר ൫݀ ௬݂൯

∗
(ݔ)௞ݔ݀

ൌ ݀ ൫݀ݐ݁ ௬݂൯݀ (ݕ)ଵݕ ڮר (ݕ)௞ݕ݀ר

which yields the Change of Variables formula of differential Calculus.

Theorem: Assume ݂ǣܸ
≃
՜ ܷ is a diffeomorphism of open sets in ℝ௞ and that ܽ is an

integrable function on ܷ. Then,
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න ڮଵݔ݀ܽ ௞ݔ݀ =

௎

න לܽ) )݂|݀ ݀)ݐ݁ ڮଵݕ݀|݂( ௞ݕ݀
௏

Note that if ݂ is orientation preserving, then ݀ ݀)ݐ݁ )݂ > 0. Thus, the above theorem

can be stated in the form ∫ ߱
௎

= ∫ ݂∗߱
௏

if ݂ is an orientation preserving

diffeomorphism.

Let us now look at some examples below.

Example: (Line Integral)

Let ߱ be a smooth 1-form on ℝଷ as

߱ ൌ ଵ݂݀ݔଵ ൅ ଶ݂݀ݔଶ ൅ ଷ݂݀ݔଷ

and let ܫǣߛ
≃
→ ℝଷ be a simple curve; i.e., a diffeomorphism of the interval ൌܫ [0,1]

onto a compact one-manifold ܥ ൌ (ܫ)ߛ with boundary. Then,

න ߱

஼

ൌ න ߱∗ߛ

ூ

If we say (ݐ)ߛ ൌ ൫ߛଵ(ݐ)ǡߛଶ(ݐ)ǡߛଷ(ݐ)൯, then

௜ൌݔ݀∗ߛ =௜ߛ݀
௜ߛ݀
ݐ݀

ݐ݀

for ݅ൌ ͳǡʹ ǡ͵ .

Thus, we have

න ߱

஼

ൌ ෍ න ௜݂[(ݐ)ߛ]
௜ߛ݀
ݐ݀

ݐ݀(ݐ)

ଵ

଴

ଷ

௜ୀଵ

If we define ܨ⃗ = ( ଵ݂ǡ݂ ଶǡ݂ ଷ) as a vector field in ℝଷ, then the right side is called the

line integral of ܨ⃗ over ,ܥ and is denoted as ∮ ܨ⃗ .ߛ݀

Example: Let ߱ be a compactly supported 2-form on ℝଷ as

߱ ൌ ଵ݂݀ݔଶ ଷݔ݀ר ൅ ଶ݂݀ݔଷ ଵݔ݀ר ൅ ଷ݂݀ݔଵ ଶݔ݀ר

and ܵbe a surface in ℝଷ, for simplicity, the graph of a function

ǣԹଶܩ ⟶ ℝ

(ଶݔଵǡݔ) ฽ ଷݔ
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Let us now find ∫ ߱
ௌ

.

We can choose the parametrization

ℎ: ℝଶ ื ܵ

(ଶݔଵǡݔ) ฽ ൫ݔଵǡݔଶǡܩ(ݔଵǡݔଶ)൯

We compute ℎ∗݀ݔଵ .ଶݔ݀ר Clearly,

ℎ∗݀ݔଵ ଶݔ݀ר ൌ ଵݔ݀ ଶݔ݀ר

We now compute ℎ∗݀ݔଶ .ଷݔ݀ר

ℎ∗݀ݔଶ ଷݔ݀ר ൌ ଶݔ݀ ܩ݀ר

ൌ ଶݔ݀ ൬ר
ܩ߲

ଵݔ߲
ଵݔ݀ +

ܩ߲

ଶݔ߲
ଶ൰ݔ݀

= −
ܩ߲

ଵݔ߲
ଵݔ݀ ଶݔ݀ר

And we also compute ℎ∗݀ݔଷ .ଵݔ݀ר

ℎ∗݀ݔଷ ଵݔ݀ר ൌ ܩ݀ ଵݔ݀ר

ൌ ൬
ܩ߲

ଵݔ߲
ଵݔ݀ +

ܩ߲

ଶݔ߲
ଵݔ݀רଶ൰ݔ݀

= −
ܩ߲

ଶݔ߲
ଵݔ݀ ଶݔ݀ר

Thus, we have

න ߱

ௌ

ൌ න ( ଵ݊ ଵ݂ ൅ ଶ݊ ଶ݂ ൅ ଷ݊ ଷ݂)݀ݔଵ݀ݔଶ
ℝమ

where

ሬ⃗݊= ( ଵ݊ǡ݊ ଶǡ݊ ଷ) ൌ ൬െ
ܩ߲

ଵݔ߲
, −

ܩ߲

ଶݔ߲
ǡͳ൰

We see that for any point ൌݔ ൫ݔଵǡݔଶǡܩ(ݔଵǡݔଶ)൯in the surface ,ܵ the vector ሬ⃗݊(ݔ) is

normal to .ܵ If we let ሬ⃗ൌݑ ሬ⃗݊ | ሬ⃗݊|⁄ be the unit normal vector and ܨ⃗ = ( ଵ݂ǡ݂ ଶǡ݂ ଷ) and

we define a smooth 2-form ܣ݀ ൌ | ሬ⃗݊|݀ݔଵ ,ଶݔ݀ר then we can rewrite the integral as

න ߱

ௌ

ൌ න൫⃗ܨ ήݑሬ⃗൯݀ ܣ

ℝమ
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The form ܣ݀ is called the area form of the surface .ܵ

2.3 Exterior Derivative

For a smooth form-݌ ߱ ൌ ∑ ூܽ݀ ,ூݔ define its exterior derivative

݀߱ ൌ ∑݀ ூܽݔ݀רூ, which is a ൅݌) ͳ)-form.

Theorem:

1. ݀(߱ଵ൅ ߱ଶ) ൌ ݀߱ଵ൅ ݀߱ଶ

2. ݀(߱ (ߠר = (݀߱) ൅ߠר (−1)௣߱ ߠ݀ר

3. ݀(݀߱) = 0

As a consequence, if ݃ǣܸ
≃
՜ ܷ is a diffeomorphism of open sets of ℝ௞, then for any

form ߱ on ܷ

݀(݃∗߱) ൌ ݃∗(݀߱)

This result also holds for smooth maps of manifolds with boundary.

Example: Let us completely calculate the operator ݀ in ℝଷ.

0-forms: If ݂ is a function on ℝଷ, then we obtain

݂݀ ൌ ଵ݃݀ݔଵ ൅ ଶ݃݀ݔଶ ൅ ଷ݃݀ݔଷ

Here, the right hand side of the above equation is the gradient vector field of ,݂

denoted as ݎܽ݃ ݀ሬሬሬሬሬሬሬሬሬሬ⃗( )݂.

1-forms: Let ߱ be a 1-form as

߱ ൌ ଵ݂݀ݔଵ ൅ ଶ݂݀ݔଶ ൅ ଷ݂݀ݔଷ

Then, we have

݀߱ ൌ ݀ ଵ݂ ଵݔ݀ר ൅ ݀ ଶ݂ ଶݔ݀ר ൅ ݀ ଷ݂ ଷݔ݀ר

ൌ ଵ݃݀ݔଶ ଷݔ݀ר ൅ ଶ݃݀ݔଷ ଵݔ݀ר ൅ ଷ݃݀ݔଵ ଶݔ݀ר

where

ଵ݃ =
߲ ଷ݂

ଶݔ߲
−
߲ ଶ݂

ଷݔ߲
�ǡ݃ ଶ =

߲ ଵ݂

ଷݔ߲
−
߲ ଷ݂

ଵݔ߲
�ǡ݃ ଷ =

߲ ଶ݂

ଵݔ߲
−
߲ ଵ݂

ଶݔ߲

If we define the vector fields ܨ⃗ = ( ଵ݂ǡ݂ ଶǡ݂ ଷ) and ܩ⃗ = ( ଵ݃ǡ݃ ଶǡ݃ ଷ), then ܩ⃗ ൌ ݎ݈ݑܿ .ܨ⃗
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2-forms: Let ߱ be a 2-form as

߱ ൌ ଵ݂݀ݔଶ ଷݔ݀ר ൅ ଶ݂݀ݔଷ ଵݔ݀ר ൅ ଷ݂݀ݔଵ ଶݔ݀ר

Then, we have

݀߱ ൌ ൬
߲ ଵ݂

ଵݔ߲
+
߲ ଶ݂

ଶݔ߲
+
߲ ଷ݂

ଷݔ߲
൰݀ݔଵ ଶݔ݀ר ଷݔ݀ר

ൌ ൫݀ ൯݀ܨ⃗ݒ݅ ଵݔ ଶݔ݀ר ଷݔ݀ר

3-forms: ݀(͵െ ݎ݂݉݋ ) = 0 on ℝଷ.

Exterior derivative of a 3-form is a 4-form, but there is no 4-form on ℝଷ. This is why

݀(͵െ ݎ݂݉݋ ) = 0.

2.3.1 DeRham cohomology groups

A form-݌ ߱ on ܺ is closed if ݀߱ ൌ Ͳ and exact if ߱ ൌ ߠ݀ for some െ݌) ͳ)-form ߠ

on ܺ. Exact forms are closed since ݀ଶ = 0. But not every closed form is exact.

Two closed forms-݌ ߱ and ߱Ԣare cohomologous (߱ ׽ ߱Ԣ) if ߱ െ ߱Ԣൌ .ߠ݀ This is

an equivalence relation and the set of equivalence classes is denoted :(ܺ)௣ܪ the ௧௛݌

deRham cohomology group of ܺ.

If ݂ǣܺ ՜ ܻ is a smooth map, then ݂∗ defines a map ݂∗ǣܪ௣(ܻ) ՜ (ܺ)௣ܪ on

cohomology groups.

2.4 Symplectic Linear Algebra

Let ܸ be an ݉ -dimensional vector space over ℝ and ǣܸߗ ൈ ܸ ՜ Թ be a linear map.

ߗ is called skew-symmetric if (ݒǡݑ)ߗ ൌ െߗ(ݒǡݑ) for all ݒǡݑ א ܸ.

Theorem: For any skew-symmetric bilinear map ߗ on ܸ, there is a basis

ڮଵǡݑ} ǡݑ௞ǡ݁ ଵǡڮ ǡ݁ ௡ǡ݂ ଵǡڮ ǡ݂ ௡} of ܸ such that

(ݒ௜ǡݑ)ߗ ൌ Ͳ�݂ܽ�ݎ݋ ݒ�݀݊ܽ�݅�݈݈ א ܸ

൫݁ߗ ௜ǡ݁ ௝൯ൌ Ͳൌ ൫݂ߗ ௜ǡ݂ ௝൯�݂ܽ�ݎ݋ ݈݈�݅ǡ݆

൫݁ߗ ௜ǡ݂ ௝൯ൌ ܽ�ݎ݋௜௝�݂ߜ ݈݈�݅ǡ݆

Proof: Let ܷ ൌ ݑ} א (ݒǡݑ)ߗ|ܸ ൌ Ͳ�݂ܽ�ݎ݋ ݒ�݈݈ א ܸ} and let ڮଵǡݑ ǡݑ௞ be a basis of

ܷ. Choose a complementary space ܹ to ܷ in ܸ; i.e., ܸ ൌ ܷ ْ ܹ . For any nonzero

ଵ݁ א ܹ , there is ଵ݂ א ܹ such that )ߗ ଵ݁ǡ݂ ଵ) ≠ 0. Assume )ߗ ଵ݁ǡ݂ ଵ) = 1 and let
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ܹ ଵ ൌ ݂݋�݊ܽ݌ݏ �݁ଵǡ݂ ଵ

ܹ ଵ
ఆ = ݓ} א ܹ (ݒǡݓ)ߗ| ൌ Ͳ�݂ܽ�ݎ݋ ݒ�݈݈ א ܹ ଵ}

With this setting, if אݒ ܹ ଵ ת ܹ ଵ
ఆ , then ൌݒ ܽ ଵ݁ ൅ ܾ ଵ݂. Then, we have

Ͳൌ ǡ݁ݒ)ߗ ଵ) ൌ ܽ)ߗ ଵ݁ ൅ ܾ ଵ݂ǡ݁ ଵ)

ൌ )ߗܽ ଵ݁ǡ݁ ଵ) ൅ )ߗܾ ଵ݂ǡ݁ ଵ)

ൌ ܽͲ൅ (ܾ−1) ൌ െܾ

implies ܾൌ Ͳ. Likewise,

Ͳൌ ǡ݂ݒ)ߗ ଵ) ൌ ܽ)ߗ ଵ݁൅ ܾ ଵ݂ǡ݂ ଵ)

ൌ )ߗܽ ଵ݁ǡ݂ ଵ) ൅ )ߗܾ ଵ݂ǡ݂ ଵ)

ൌ ܽͳ൅ Ͳܾൌ ܽ

implies ܽ ൌ Ͳ. Since ൌݒ Ͳ, we obtain ܹ ଵ ת ܹ ଵ
ఆ = {0}.

To show that ܹ ൌ ܹ ଵ ْ ܹ ଵ
ఆ , suppose אݒ ܹ has ǡ݁ݒ)ߗ ଵ) ൌ ܿ and ǡ݂ݒ)ߗ ଵ) ൌ .݀

Then,

ൌݒ (െ݂ܿ ଵ ൅ ݀ ଵ݁) + ൅ݒ) ݂ܿ ଵ െ ݀ ଵ݁)

It is clear that െ݂ܿ ଵ ൅ ݀ ଵ݁ א ܹ ଵ.

Claim: ൅ݒ ݂ܿ ଵ െ ݀ ଵ݁ א ܹ ଵ
ఆ .

Suppose ݃ ଵ݂ ൅ ݄ ଵ݁ א ܹ ଵ. Then,

൅ݒ)ߗ ݂ܿ ଵ െ ݀ ଵ݁ǡ݃ ଵ݂ ൅ ݄ ଵ݁) ൌ ǡ݂ݒ)ߗ݃ ଵ) ൅ ǡ݁ݒ)ߗ݄ ଵ)

��������������������������������������������������������൅ܿ݃ )ߗ ଵ݂ǡ݂ ଵ) ൅ ݄ܿ )ߗ ଵ݂ǡ݁ ଵ)

��������������������������������������������������������െ݀݃ߗ( ଵ݁ǡ݂ ଵ) െ ݀ )ߗ݄ ଵ݁ǡ݁ ଵ)

ൌ ݃݀൅ ݄ܿ ൅ ܿ݃ Ͳെ ݄ܿ െ ݀݃െ ݀Ͳൌ Ͳ

Hence, ൅ݒ ݂ܿ ଵ െ ݀ ଵ݁ א ܹ ଵ
ఆ , and we thus show that ܹ ൌ ܹ ଵْ ܹ ଵ

ఆ .

Continuing this Gram-Schmidt process by letting Ͳ് ଶ݁ א ܹ ଵ
ఆ , there is ଶ݂ א ܹ ଵ

ఆ

such that )ߗ ଶ݁ǡ݂ ଶ) ≠ 0. Assume )ߗ ଶ݁ǡ݂ ଶ) = 1 and ܹ ଶ ൌ ݂݋�݊ܽ݌ݏ �݁ଶǡ݂ ଶ and so on.

Hence, one obtains

ܸ ൌ ܷ ْ ܹ ଵ ْ ܹ ଶ ْ ڮ ْ ܹ௡

as desired.

∎
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2.4.1 Symplectic vector space

Let ܸ be an ݉ -dimensional vector space over ℝ and ǣܸߗ ൈ ܸ ՜ Թ be a bilinear

map. Define a map ෨ǣܸߗ ՜ ܸ∗ by (ݑ)(ݒ)෨ߗ ൌ (ݑǡݒ)ߗ which is linear. Note that the

kernel of ෨isߗ the subspace ܷ above.

Definition: A skew-symmetric bilinear map ߗ is symplectic if ෨isߗ bijective; in other

words, if ܷ ൌ {0}. In this case, ߗ is called a linear symplectic structure on ܸ and

(ܸǡߗ) is called a symplectic vector space. If (ܸǡߗ) is a sypmlectic vector space, then

݀݅݉ ܸ ൌ ʹ݊ is even. (ܸǡߗ) has a basis ଵ݁ǡڮ ǡ݁ ௡ǡ݂ ଵǡڮ ǡ݂ ௡ satisfying

൫݁ߗ ௜ǡ݂ ௝൯ൌ ൫݁ߗ�௜௝�ܽ݊݀ߜ ௜ǡ݁ ௝൯ൌ Ͳൌ ൫݂ߗ ௜ǡ݂ ௝൯

Once such a symplectic basis is given, ߗ can be written in the matrix notation as

(ݒǡݑ)ߗ = ቂ[ݑ]
Ͳ ܫ
െܫ Ͳ

ቃ[ݒ]்

The prototype of a symplectic vector space is (ℝଶ௡ǡߗ଴) with ଴ߗ such that the basis

ଵ݁ = (1,0, ⋯ ,0)ǡڮ ǡ݁ ௡ ൌ ቆͲǡͲǡڮ ǡͲǡͳ⏞
௡Ǥ

ǡͲǡڮ ǡͲቇ

ଵ݂ ൌ ቆͲǡͲǡڮ ǡͲǡ ͳณ
௡ାଵǤ

ǡͲǡڮ ǡͲቇǡڮ ǡ݂ ௡ = (0, ⋯ ,0,1)

is a symplectic basis.

Definition: A symplectomorphism ߮ between symplectic vector spaces (ܸǡߗ) and

(ܸԢǡߗԢ) is a linear isomorphism ߮ǣܸ ՜ ܸԢ such that Ԣൌߗ∗߮ .ߗ

ቀ(߮∗ߗԢ)(ݑǡݒ) ൌ Ԣ൫߮ߗ ǡ߮(ݑ) ൯ൌ(ݒ) ቁ(ݒǡݑ)ߗ

In this case, (ܸǡߗ) and (ܸԢǡߗԢ) are called symplectomorphic.

Being symplectomorphic is an equivalence relation. By the above theorem, every

ʹ݊ -dimensional symplectic vector space is symplectomorphic to (ℝଶ௡ǡߗ଴).

2.5 Symplectic Manifolds

Let ߱ be a de-Rham 2-form on a manifold ܯ ; that is, for each א݌ ܯ , the map

߱௣ǣܶ௣ܯ ൈ ௣ܶܯ ՜ Թ is skew-symmetric bilinear on the tangent space to ܯ at ݌ and

߱௣ varies smoothly in .݌ It is closed if ݀߱ ൌ Ͳ.
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Definition: The 2-form ߱ is symplectic if ߱ is closed and ߱௣ is symplectic for all

א݌ ܯ .

Note that if ߱ is symplectic, then ݀݅݉ ௣ܶܯ ൌ ݀݅݉ ܯ must be even.

Definition: A symplectic manifold is a pair ܯ) ǡ߱ ) where ܯ is a manifold and ߱ is a

symplectic form.

Example: Let ܯ ൌ Թଶ௡ with linear coordinate ڮଵǡݔ ǡݔ௡ǡݕଵǡڮ ǡݕ௡. Set the form

߱଴ ൌ ෍ ௜ݕ݀ר௜ݔ݀

௡

௜ୀଵ

Since

݀߱଴ ൌ ݀൭෍ ௜ݕ݀ר௜ݔ݀

௡

௜ୀଵ

൱

ൌ ଵݔ݀)݀ (ଵݕ݀ר ൅ ଶݔ݀)݀ (ଶݕ݀ר ൅ ڮ ൅ ௡ݔ݀)݀ (௡ݕ݀ר

ൌ ݀ଶݔଵ ଵݕ݀ר + (−1)ଶ݀ଶݕଵݔ݀רଵ ൅ ڮ ൅ ݀ଶݔ௡ ௡ݕ݀ר + (−1)ଶ݀ଶݕ௡ ௡ݔ݀ר

ൌ Ͳݕ݀רଵ ൅ Ͳݔ݀רଵ ൅ ڮ ൅ Ͳݕ݀ר௡ ൅ Ͳݔ݀ר௡ = 0

we obtain that the form ߱଴ is closed, and since

(߱଴)௡ ൌ ݊Ǩ݀ ଵݔ ڮר ௡ݔ݀ר ଵݕ݀ר ڮר ௡ݕ݀ר ൌ ݊Ǩܸ ݈݋ (ℝଶ௡) ≠ 0

it follows that ߱଴ is symplectic.

Example: Let ܯ ൌ ԧ௡ with linear coordinate ڮଵǡݖ ǡݖ௡. Set the form

߱଴ =
݅

2
෍ ௞ݖ݀ ௞തതതݖ݀ר

௡

௞ୀଵ

If we identify ℂ௡ with ℝଶ௡ by ௞ݖ ൌ ௞ݔ ൅ ௞ݕ݅ for ݇ ൌ ͳǡڮ ǡ݊ , we see that this form

is the standard form of ℝଶ௡ described in the previous example.

Example: Let ܯ ൌ ܵଶ regarded as the set of the unit vectors in ℝଷ. Let ௣ܶܵ
ଶ be the

tangent plane of ܵଶ and ݒǡݑ be the vectors of ௣ܶܵ
ଶ. Then, set the form

߱௣(ݑǡݒ) = ൈݑǡ݌〉 〈ݒ

This form is closed since its exterior derivative would be a 3-form which must be 0

since ܵଶ is a 2-dimensional manifold. Due to the fact that when ݑ ് Ͳ, we choose

ൌݒ ൈݑ ݌ so that ߱௣(ݑǡݒ) ≠ 0, the form ߱௣ is symplectic.
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Definition: Let ଵǡ߱ܯ) ଵ) and ଶǡ߱ܯ) ଶ) be ʹ݊ -dimensional symplectic manifolds and

let ݃ǣܯଵ

≃
՜ ଶܯ be a diffeomorphism. Then, ݃ is a symplectomorphism if

݃∗߱ଶ ൌ ߱ଵ.

ቀ(݃∗߱ଶ)௣(ݑǡݒ) = (߱ଶ)௚(௣) ቀ݀ ௣݃(ݑ)ǡ݀ ௣݃(ݒ)ቁ݄݁ݓ� ݎ݁ ݒǡݑ� א ௣ܶܯଵቁ

As for the symplectic vector spaces, (ℝଶ௡ǡߗ଴) is the local protype of symplectic

manifolds.

Theorem (Darboux): Let ܯ) ǡ߱ ) be a ʹ݊ -dimensional symplectic manifold and let

݌ be any point in ܯ . Then, there is a coordinate chart (ܷǡݔଵǡڮ ǡݔ௡ǡݕଵǡڮ ǡݕ௡)

centered at ݌ such that on ܷ

߱ ൌ ෍ ௜ݕ݀ר௜ݔ݀

௡

௜ୀଵ

Such a chart (ܷǡݔଵǡڮ ǡݔ௡ǡݕଵǡڮ ǡݕ௡) is called a Darboux chart.

Example (Cotangent Bundle): Let ܺ be an -݊dimensional manifold. ܯ ൌ ܶ∗ܺ is its

cotangent bundle. Recall that if the manifold structure on ܺ is described by

coordinate chart (ܷǡݔଵǡڮ ǡݔ௡) with ௜ǣܷݔ ՜ Թ , then at any אݔ ܷ, the differentials

,௫(ଵݔ݀) ⋯ , ௫(௡ݔ݀) form a basis of ௫ܶ
∗ܺ, the cotangent space at אݔ ܺ. The cotangent

bundle is the ʹ݊ -dimensional smooth manifold ܶ∗ܺ ൌ אݒ|(ݒǡݔ)} ௫ܶ
∗ܺ}. If אߦ ௫ܶ

∗ܺ,

then ൌߦ ∑ ௫(௜ݔ݀)௜ߦ
௡
௜ୀଵ for some coefficients ڮଵǡߦ ǡߦ௡. This induces a map

ܶ∗ܷ ื Թଶ௡

(ߦǡݔ) ⟼ ڮଵǡݔ) ǡݔ௡ǡߦଵǡڮ ǡߦ௡)

giving the smooth structure to the ʹ݊ -dimensional manifold ܶ∗ܺ. With this setting,

define a 2-form ߱ on ܶ∗ܷ by

߱ ൌ ෍ ௜ߦ݀ר௜ݔ݀

௡

௜ୀଵ

Note that for ߙ ൌ ∑ ௜݀ߦ ௜ݔ
௡
௜ୀଵ and ߱ ൌ െ݀ߙ, ߙ is called the tautological 1-form and

߱ is the canonical symplectic form on the cotangent bundle. This makes every

cotangent bundle into a symplectic manifold.
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2.6 Lagrangian Submanifolds

Let ܺ and ܯ be manifolds with ݀݅݉ ܺ ൏ ݀݅݉ ܯ . A map ǣ݅ܺ ՜ ܯ is an immersion if

݀ ௣݅ǣܶ௣ܺ ՜ ௜ܶ(௣)ܯ is injective for any point א݌ ܺ.

An embedding is an immersion which is a homeomorphism onto its image.

A closed embedding is a proper injective immersion.

Definition: A submanifold of ܯ is a manifold ܺ with a closed embedding ǣ݅ܺ մ ܯ .

Definition: Let ܯ) ǡ߱ ) be a ʹ݊ -dimensional symplectic manifold. A submanifold ܻ

of ܯ is a lagrangian submanifold if at each א݌ ܻ, ௣ܻܶ is a lagrangian subspace of

௣ܶܯ ; i.e.,

߱௣|
೛்௒ ؠ Ͳ�ܽ݊݀�݀ ݅݉ ௣ܻܶ ൌ

1

2
݀݅݉ ௣ܶܯ

Example: The zero section ܺ଴ = ൌߦ|(ߦǡݔ)} Ͳא ௫ܶ
∗ܺ} is an -݊dimensional

submanifold of ܶ∗ܺ, diffeomorphic to ܺ. Note that ߱ ൌ ∑ ≡௜ߦ݀ר௜ݔ݀ 0௡
௜ୀଵ on ܺ଴.

Therefore, it is a lagrangian submanifold of the cotangent bundle.

In other words, every manifold is a lagrangian submanifold of its cotangent bundle.

Example (Product Manifolds): Let ଵǡ߱ܯ) ଵ) and ଶǡ߱ܯ) ଶ) be ʹ݊ -dimensional

symplectic manifolds. Let ߮ǣܯଵ

≃
՜ ଶܯ be a diffeomorphism. Let us find that in

which case ߮ is a symplectomorphism; i.e., ߮∗߱ଶ ൌ ߱ଵ.

Define the projection maps

ଵܯ௜ǣݎ݌ ൈ ଶܯ ื ௜ܯ

where (ଶ݌ଵǡ݌)ଵݎ݌ ൌ ଵ݌ and (ଶ݌ଵǡ݌)ଶݎ݌ ൌ ଶ݌ for ݅ൌ ͳǡʹ . Then, we obtain that

߱ ൌ ଵ߱∗(ଵݎ݌) + ଶ߱∗(ଶݎ݌) is a 2-form on ଵܯ ൈ .ଶܯ Since

݀߱ ൌ ∗(ଵݎ݌) ݀߱ଵถ
଴

+ ∗(ଶݎ݌) ݀߱ଶถ
଴

= 0

the form ߱ is closed, and since

߱ଶ௡ ൌ ቀ
ʹ݊
݊
ቁ((ݎ݌ଵ)∗߱ଵ)௡ ∧ ௡(ଶ߱∗(ଶݎ݌)) ≠ 0

߱ is symplectic.
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Given nonzero real numbers ଵߣ and ,ଶߣ then ଵ߱∗(ଵݎ݌)ଵߣ ൅ ଶ߱∗(ଶݎ݌)ଶߣ is also a

symplectic form on ଵܯ ൈ .ଶܯ Specifically, if we choose ଵߣ = 1 and ଶߣ = −1, we

then obtain the twisted product form on ଵܯ ൈ ଶܯ as follows:

෥߱ ൌ ଵ߱∗(ଵݎ݌) − ଶ߱∗(ଶݎ݌)

The graph of a diffeomorphism ߮ is the ʹ݊ -dimensional submanifold of ଵܯ ൈ ,ଶܯ

denoted as ఝ߁ :

ఝ߁ ൌ ݎܽܩ ߮�݄݌ ൌ ൛൫݌ǡ߮ א݌൯ห(݌) ଵൟܯ

This submanifold is an embedded image of ଵܯ in ଵܯ ൈ .ଶܯ The embedding map is

ଵܯǣߛ ื ଵܯ ൈ ଶܯ

฽݌ ൫݌ǡ߮ ൯(݌)

Theorem: A diffeomorphism ߮ is symplectomorphism if and only if ఝ߁ is a

lagrangian submanifold of ଵܯ) ൈ .(ଶǡ߱෥ܯ

Proof: The graph ఝ߁ is lagrangian if and only if ∗ߛ ෥߱ ൌ Ͳ.

∗ߛ ෥߱ ൌ ଵ߱∗(ଵݎ݌)∗ߛ െ ଶ߱∗(ଶݎ݌)∗ߛ

ൌ ቌݎ݌ଵߛלᇣᇤᇥ
௜ௗಾ భ

ቍ

∗

߱ଵ െ ൭ݎ݌ଶ ᇣᇤᇥߛל
ఝ

൱

∗

߱ଶ

Thus, we obtain that

∗ߛ ෥߱ ൌ Ͳ฻ ߱ଵ െ ߮∗߱ଶ ൌ Ͳ฻ ߮∗߱ଶ ൌ ߱ଵ

∎

2.7 Isotopies and Vector Fields

Let ܯ be a manifold and ܯǣߩ ൈ Թ ՜ ܯ be a map with (ݐǡ݌)ߩ ൌ .(݌)௧ߩ

Definition: The map ߩ is an isotopy if each ܯ௧ǣߩ
≃
՜ ܯ is a diffeomorphism and

଴ߩ ൌ ݅݀ ெ .

If we are given an isotopy ,ߩ then we obtain a time-dependent vector field; that is, a

family of vector fields אݐ௧ǡݒ Թ , which satisfy at א݌ ܯ

(݌)௧ݒ =
݀

ݏ݀
௦ୀ௧|(ݍ)௦ߩ
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where ൌݍ ௧ߩ
ିଵ(݌); i.e.,

௧ߩ݀
ݐ݀

௧ߩל௧ݒ

If we are given a time-dependent vector fields ௧ݒ and ܯ is compact or the ௧'sݒ are

compactly supported, then there exists an isotopy ߩ satisfying the previous equation.

Let ܯ be compact. Then, there exists one to one correspondence

{ ݂݋�ݏ݁݅݌݋ݐ݋ݏ݅ ܯ� } ⟷ ݉ݐ݅} ݁െ ݀ ݊݁݁݌ ݀݁݊ ݒ݁�ݐ ݂݁݅�ݎ݋ݐܿ ݈݀ ݊݋�ݏ ܯ� }

ตݐ௧ǡߩ
∈ℝ

ุ ตݐ௧ǡݒ
∈ℝ

Definition: If ௧ൌݒ ݒ is independent of ,ݐ the associated isotopy is called the

exponential map or flow of ݒ and denoted ;ݒݐ�݌ݔ݁ i.e.,

ቄ݁ ܯǣݒݐ�݌ݔ
≃
՜ ܯ ቚאݐ Թቅ

is the unique smooth family of diffeomorphisms satisfying

ȁ௧ୀ଴ݒݐ�݌ݔ݁ ൌ ݅݀ ெ

݀

ݐ݀
( (݌)(ݒݐ�݌ݔ݁ ൌ ൫݁ݒ ൯(݌)ݒݐ�݌ݔ

Definition: The Lie derivative is the operator defined as

ℒ௩ǣߗ
௞(ܯ ) ื ܯ)௞ߗ )

߱ ฽
݀

ݐ݀
( ȁ௧ୀ଴߱∗(ݒݐ�݌ݔ݁

If a vector field ௧ݒ is time dependent, then its flow; i.e., the corresponding isotopy ,ߩ

locally exists. There is a one-parameter family of local diffeomorphisms ௧ߩ within

the neighborhood of any point ݌ and for small asݐ

௧ߩ݀
ݐ݀

ൌ ௧ߩל௧ݒ

଴ߩ ൌ ݅݀

Thus, we define the Lie derivative by ௧ݒ is

ℒ௩೟ǣߗ
௞(ܯ ) ื ܯ)௞ߗ )

߱ ฽
݀

ݐ݀
(௧ߩ)

∗߱ȁ௧ୀ଴
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Theorem (Cartan formula): ℒ௩߱ ൌ ଓ௩݀߱ ൅ ݀ଓ௩߱

Theorem: For a smooth family ߱௧ǡאݐ Թ of ݀-forms, we have

݀

ݐ݀
(௧ߩ)

∗߱௧ = (௧ߩ)
∗ ൬ࣦ ௩೟߱௧+

݀߱௧

ݐ݀
൰

Proof: If ݂ൌ (ݕǡݔ) is a real valued function, we have by the chain rule

݀

ݐ݀
(ݐǡݐ݂) =

݀

ݔ݀
+௫ୀ௧|(ݐǡݔ݂)

݀

ݕ݀
௬ୀ௧|(ݕǡݐ݂)

Thus,

݀

ݐ݀
(௧ߩ)

∗߱௧ =
݀

ݔ݀
+௧|௫ୀ௧߱∗(௫ߩ)

݀

ݕ݀
(௧ߩ)

∗߱௬|௬ୀ௧

= ℒ௩ೣ∗(௫ߩ) ߱௧|௫ୀ௧+ (௧ߩ)
∗
݀߱௬

ݕ݀
|௬ୀ௧

= (௧ߩ)
∗ ൬ࣦ ௩೟߱௧+

݀߱௧

ݐ݀
൰

∎

2.7.1 Tubular neighborhood theorem

Let ܯ be an -݊dimensional manifold and ܺ be a -݇dimensional submanifold with

݇ ൏ ݊ and inclusion map

ǣ݅ܺ մ ܯ

At each point ݔ in ܺ, the tangent space to ܺ can be seen as a subspace of the tangent

space to ܯ by linear inclusion ݀ ௫݅ǣܶ௫ܺ մ ௫ܶܯ . Here, we denote ൌݔ .(ݔ݅) The

normal space to ܺ at ݔ is (݊െ )݇-dimensional vector space ܰ௫ܺ ൌ ௫ܶܯ ௫ܶܺ⁄ . The

normal bundle set of ܺ is

ܰܺ ൌ אݔ|(ݒǡݔ)} ܺǡݒ א ܰ௫ܺ}

The set ܰܺ is an -݊dimensional manifold since it has the structure of a vector bundle

over ܺ of rank ݊െ ݇ under the naturel projection. The zero section of ܰܺ

଴݅ǣܺ մ ܰܺ

฽ݔ (ǡͲݔ)
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is an embedding map into ܺ as a closed submanifold of ܰܺ. If the intersection of

ܰ௫ܺ and a neighborhood ࣯଴ of the zero section ܺ in ܰܺ is convex with each fiber,

then ࣯଴ is called convex.

Theorem (Tubular Neighborhood Theorem): The diagram

ܰܺ ل ࣯଴

ఝ
՜ ����࣯ ك ܯ

�������������݅଴ ՠ � ա �݅���������
� ܺ �

is commutative where ࣯଴ is a convex neighborhood of ܺ in ܰܺ, ࣯ is a neighborhood

of ܺ in ܯ and ߮ǣ࣯ ଴

≃
՜ ࣯ is a diffeomorphism.

2.7.2 Tangent space to the group of symplectomorphisms

The symplectomorphisms of a symplectic manifold ܯ) ǡ߱ ) form the group

݉ݕܵ ܯ)݌ ǡ߱ ) ൌ ቄ݂ ǣܯ
≃
՜ ܯ ቚ݂ ∗߱ ൌ ߱ቅ

We use notions from ଵ-topologyܥ in order to understand what ௜ܶௗ൫ܵ ܯ)݌݉ݕ ǡ߱ )൯ is

and what a neighborhood of ݅݀ in ݉ݕܵ ܯ)݌ ǡ߱ ) looks like:

ଵ-topologyܥ

Let ܺ and ܻ be two manifolds.

Definition: A sequence of map ௜݂'s converges in the ଴-topologyܥ to ݂ǣܺ ՜ ܻ if and

only if ௜݂ǣܺ ՜ ܻ converges uniformly on compact sets.

Definition: A sequence of ଵܥ maps ௜݂ǣܺ ՜ ܻ converges in the ଵ-topologyܥ to

݂ǣܺ ՜ ܻ if and only if both itself and the sequence ݀ ௜݂ǣܶ ܺ ՜ ܻܶ converges

uniformly on compact sets.

Let ܯ) ǡ߱ ) be a compact symplectic manifold and take an element ݂ א ܯ)݌݉ݕܵ ǡ߱ ).

Then, both ݎܽܩ ݂�݄݌ and ݎܽܩ ݀݅�݄݌ ൌ ȟ are lagrangian subspaces of

ܯ) ൈ ܯ ǡݎ݌ଵ
∗߱ െ ଶݎ݌

∗߱). Here, ܯ௜ǣݎ݌ ൈ ܯ ՜ ܯ are the projections to each factors

for ݅ൌ ͳǡʹ .

By the tubular neighborhood theorem, we can say there exists a neighborhood ࣯ of ∆

such that ο؄ ܯ in ܯ) ൈ ܯ ǡݎ݌ଵ
∗߱ െ ଶݎ݌

∗߱) which is symplectomorphic to a

neighborhood ࣯଴ of ܯ in ܯ∗ܶ) ǡ߱ ଴). Let ߮ be the symplectomorphism from ࣯ to
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࣯଴. Let ݂ be sufficiently ଵ-closeܥ to ݅݀ ; that is, be in some sufficiently small

neighborhood of ݅݀ in the .ଵ-topologyܥ Then,

1. We assume that ݎܽܩ ݂�݄݌ ك ࣯ . Then let ǣ݆ܯ մ ࣯ the embedding as

ݎܽܩ ݂�݄݌ and ǣ݅ܯ մ ࣯ the embedding as ݎܽܩ ݀݅�݄݌ ൌ ο.

2. The map ݆is sufficiently ଵ-closeܥ to ݅݀ .

3. By the tubular neighborhood theorem, ࣯ ؄ ࣯଴ ك ܯ∗ܶ , thus the ݆and ݅we

mentioned in 1. induce ଴݆ǣܯ մ ࣯ is an embedding where ଴݆ ൌ ߮ ݆ל and

଴݅ǣܯ մ ࣯ is an embedding as 0-section. Therefore, we obtain

࣯
ఝ
՜ ࣯଴

���������݅ ՠ� � �ա ଴݅

� ܯ �

and

࣯
ఝ
՜ ࣯଴

���������݆ ՠ� � �ա ଴݆

� ܯ �

where

(݌݅) = (݌ǡ݌)

଴݅(݌) = (ǡͲ݌)

(݌݆) ൌ ൫݌ǡ݂ ൯(݌)

଴݆(݌) ൌ ߮൫݌ǡ݂ ൯(݌)

for א݌ ܯ .

4. The map ଴݆ is sufficiently ଵ-closeܥ to ଴݅. This implies that the image set

଴݆(ܯ ) intersects each ௣ܶ
ܯ∗ at one point ௣ߤ which depends smoothly on .݌

5. The image of ଴݆ is the image of a smooth section ܯǣߤ ՜ ܯ∗ܶ ; i.e., a 1-form

ൌߤ ଴݆ ∘ לߨ) ଴݆)ିଵ.

Therefore, we conclude that

ݎܽܩ ݂�݄݌ ؄ ൛൫݌ǡߤ௣൯หא݌ ܯ ǡߤ௣ א ௣ܶ
ܯ∗ ൟ

Theorem: If ߤ is a 1-form sufficiently ଵ-closeܥ to the zero 1-form, then for some

diffeomorphisms ݂ǣܯ
≃
՜ ܯ , we have
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൛൫݌ǡߤ௣൯หא݌ ܯ ǡߤ௣ א ௣ܶ
ܯ∗ ൟ؄ ݎܽܩ ݂�݄݌

Conclusion: A ଵ-neighborhoodܥ of zero in the vector space of closed 1-forms on ܯ

is homeomorphic to a small ଵ-neighborhoodܥ of ݅݀ in ݉ݕܵ ܯ)݌ ǡ߱ ). Thus,

௜ܶௗ൫ܵ ܯ)݌݉ݕ ǡ߱ )൯ൌ אߤ} ܯ)ଵߗ ߤ݀|( ൌ Ͳ}

௜ܶௗ ݉ݕܵ ܯ)݌ ǡ߱ ) contains the space of exact 1-forms

ൌߤ} ݀ א݄݄| ஶܥ ܯ) )} ≃ ஶܥ ܯ) )
݈ܿ݋ ݊݋ܿ�ݕ݈݈ܽ ݐܽݏ ݊ݑ݂�ݐ݊ ݊݋ݐܿ݅ ൘ݏ

2.8 Hamiltonian and Symplectic Vector Fields

Let ܯ) ǡ߱ ) be a symplectic manifold and ܯǣܪ ՜ Թ be a smooth function. The

differential of ܪ is 1-form. Since ܯ) ǡ߱ ) is a symplectic and so by nondegeneracy of

it, there is a unique vector field ܺு on ܯ such that ଓ௑ಹ߱ ൌ ܪ݀ . Suppose ܯ is

compact or ܺு is complete and let ௧ߩ be the one-parameter family of

diffeomorphisms for אݐ Թ from ܯ to ܯ generated by ܺு such that

଴ߩ ൌ ݅݀ ெ

௧ߩ݀
ݐ݀

௧ߩל
ିଵ ൌ ܺு

Claim: Each diffeomorphism ௧ߩ preserves ߱ ; that is, for all ,ݐ

௧ߩ
∗߱ ൌ ߱

Proof: For all ,ݐ we have

݀

ݐ݀
௧ߩ

∗߱ ൌ ௧ߩ
∗ℒ௑ಹ߱ ൌ ௧ߩ

∗൫݀ ଓ௑ಹ߱ ൅ ଓ௑ಹ݀߱൯ൌ Ͳ

since ଓ௑ಹ߱ ൌ ܪ݀ and ݀߱ ൌ Ͳ. Thus, ௧ߩ
∗߱ ൌ ߱ .

∎

Hence, every function on ܯ) ǡ߱ ) gives a family of symplectomorphisms.

Definition: A vector field ܺு as above is called hamiltonian vector field with

hamiltonian function ܪ .

Example: Let ܯ be the sphere ܵଶ, ǡ݄ߠ)ܪ ) = ℎ be the height function and

߱ ൌ ݀רߠ݀ .݄ Thus, for the symplectic manifold ܯ) ǡ߱ ) = (ܵଶǡ݀ ݀רߠ )݄, we have
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ଓ௑ಹ ݀רߠ݀) )݄ ൌ ݄݀฻ ܺு =
߲

ߠ߲

Therefore, ǡ݄ߠ)௧ߩ ) = ൅ߠ) ǡ݄ݐ ) which is rotation about the vertical axis and the

height function of ܪ is thus preserved by this motion.

Remark: If ܺு is hamiltonian, then

ℒ௑ಹܪ ൌ ଓ௑ಹ݀ܪ ൌ ଓ௑ಹଓ௑ಹ߱ ൌ Ͳ

Therefore, hamiltonian vector fields preserve their hamiltonian functions and each

integral curve אݐ|(ݔ)௧ߩ} Թ} of ܺு has to be contained in a level set of ܪ :

(ݔ)ܪ = ௧ߩ)
ൌݔ(ܪ∗ ൯(ݔ)௧ߩ൫ܪ

for all .ݐ

Definition: Let ܺ be a vector field on ܯ preserving ߱ ; i.e., ℒ௑߱ ൌ Ͳ. Then, the

vector field ܺ is called a symplectic vector field. Hence,

݈݁݌݉ݕݏ�ݏ݅�ܺ ฻ܿݐܿ݅ ଓ௑߱�݅ܿ�ݏ ݏ݈݁݋ ݀

݄݉ܽ�ݏ݅�ܺ ݊݋ݐ݈݅ ݅ܽ ݊ ฻ ଓ௑߱�݅ݔܽ݁�ݏ ݐܿ

Every symplectic vector field on every contractible open set is hamiltonian.

Additionally, if ௗ௘ோ௛௔௠ܪ
ଵ ܯ) ) = 0, then every symplectic vector field is hamiltonian.

Example: Consider the 2-torus. On ܯ) ǡ߱ ) = (ॻଶǡ݀ ଵߠ ,(ଶߠ݀ר the vector fields

ܺଵ =
߲

ଵߠ߲
�ܽ݊݀�ܺ ଶ =

߲

ଶߠ߲

are symplectic but not hamiltonian. ,ଵ(ॻଶܪ ℤ) = ℤ ⊕ ℤ and two generators of this

group are [ଵߠ݀] ൌ ଓ௑మ߱ ് Ͳ and [ଶߠ݀] ൌ ଓ௑భ߱ ് Ͳ.

2.9 The Group of Symplectomorphisms

Let ܯ) ଶ௡ǡ߱ ) be a symplectic manifold. Consider the group of symplectomorphisms

݉ݕܵ ܯ)݌ ǡ߱ ) = {߶ א ݂݅ܦ ݂ஶ ܯ) )|߶∗߱ ൌ ߱}

where ݂݅ܦ ݂ஶ ܯ) ) is the group of ஶܥ -diffeomorphisms on ܯ .

݉ݕܵ ܯ)݌ ǡ߱ ) is by definition equipped with ஶܥ -topology and is observed by

Weinstein [15], it is locally path connected.
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Let ݉ݕܵ ܯ)଴݌ ǡ߱ ) denote the path component of ݅݀ ெ in ݉ݕܵ ܯ)݌ ǡ߱ ) where

݅݀ ெǣܯ ՜ ܯ is the identity function with ݅݀ ெ (݌) ൌ .݌ For any ߰ א ܯ)଴݌݉ݕܵ ǡ߱ ),

let ߰௧א ܯ)݌݉ݕܵ ǡ߱ ) for all אݐ [0,1] such that ߰଴ ൌ ݅݀ ெ and ߰ଵ ൌ ߰. There exists

a unique family of vector fields (corresponding to ߰௧)

ܺ௧ǣܯ ื ܯܶ ݄ܿݑݏ� ݐ݄� �ݐܽ
݀

ݐ݀
߰௧ൌ ܺ௧߰ל௧

The vector fields ܺ௧ are called symplectic since they satisfy ℒ௑೟߱ ൌ Ͳ, where ℒ௑೟߱

denotes the Lie derivative of the form ߱ along the vector field ܺ௧. By Cartan's

formula

ℒ௑೟߱ ൌ ௑݅೟
(݀߱) ൅ ݀൫݅௑೟߱൯

Hence, ܺ௧ is a symplectic vector field if and only if ௑݅೟߱ is closed for all .ݐ If

moreover ௑݅೟߱ is exact, in other words ௑݅೟߱ ൌ ,௧ܪ݀ ܯ௧ǣܪ ՜ Թ a family of smooth

functions, then ܺ௧ are called a Hamiltonian diffeomorphism and ଵܪ is a Hamiltonian

for ߰. The Hamiltonian diffeomorphisms form a group as a subgroup in the identity

component of the group of symplectomorphisms. Thus, we have a sequence of

groups and inclusions:

݉ܽܪ ܯ) ) մ ܯ)଴݌݉ݕܵ ) մ ܯ)݌݉ݕܵ ) մ ݂݅ܦ ݂ஶ ܯ) )

Theorem (Moser): Any path ߱௧, אݐ [0,1] of cohomologous symplectic forms on a

closed manifold ܯ is induced by an isotopy ߶௧ǣܯ ՜ ܯ ; i.e., ߶௧
∗(߱௧) ൌ ߱଴, ߶௧ൌ ݅݀ .

The teorem says that ݉ݕܵ ܯ)݌ ) and ݉ܽܪ ܯ) ) depend only on the diffeomorphism

class of ߱ . Therefore, when ߱௧ varies along a path of cohomologous forms, the

topological or algebraic properties of these groups do not change.

2.9.1 Flux homomorphism

Let ߱௧, אݐ [0,1] be a loop of symplectomorphisms on a smooth symplectic manifold

ܯ) ǡ߱ ). Then, the flux homomorphism ܨ ෫ݔݑ݈ ǣܵ ෫݌݉ݕ
଴(ܯ ) ՜ ܯ)ଵܪ ǡԹ) is given by

ܨ ෫ݔݑ݈ ({߱௧}) ൌ නൣ݅௑೟߱൧݀ ݐ

ଵ

଴

א ܯ)ଵܪ ǡԹ)

where ܺ௧ is defined by
ௗ

ௗ௧
߰௧ൌ ܺ௧߰ל௧. Here, ݉ݕܵ ෫݌

଴(ܯ ) denotes the universal

cover of ݉ݕܵ ܯ)଴݌ ). Recall that the universal cover of a space is just the set of
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equivalence classes of paths in that space with fixed ends. The notation {߱௧} denotes

the equivalence class of homotopic isotopies that have fixed ends ߱଴ ൌ ݅݀ �ǡ߱ ଵ ൌ ߱ .

Let us now express the the theorem of Banyaga [2].

Theorem: Let ߰ א ܯ)଴݌݉ݕܵ ). Then, ߰ is a Hamiltonian symplectomorphism if and

only if there exists a symplectic isotopy ߰௧א ܯ)଴݌݉ݕܵ ) such that ߱଴ ൌ ݅݀ �ǡ߱ ଵ =

߱�ǡܨ ({௧߰})ݔݑ݈ = 0. Moreover, if ܨ ({௧߰})ݔݑ݈ = 0, then {߰௧} is isotopic with fixed

ends to a Hamiltonian isotopy.

Flux in the theorem is the homomorphism that ܨ ෫ݔݑ݈ induces on ݉ݕܵ ܯ)଴݌ ). Namely,

if

߁ ൌ ܨ ෫ݔݑ݈ ൫ߨଵ( ݉ݕܵ ܯ)଴݌ ). )൯ؿ ܯ)ଵܪ ǡԹ)

is the flux group, then

ܨ ǣܵݔݑ݈ ܯ)଴݌݉ݕ ) ⟶ ܯ)ଵܪ ǡԹ)
߁
ൗ

The above theorem says that the group of Hamiltonian diffeomorphisms is exactly

the kernel of the flux homomorphism.

2.9.2 Calabi homomorphism

Let ܯ) ǡ߱ ) be a noncompact symplectic manifold, ෫݉ܽܪ
௖(ܯ ) be the universal cover

of the compactly supported Hamiltonian diffeomorphisms. Then, the Calabi

homomorphism ෪݈ܽܥ ǣ݉ܽܪ෫
௖(ܯ ) → ℝ is defined by

{߶௧} ฽ න න ௧߱ܪ
௡݀ݐ

ெ

ଵ

଴

where ௧ܪ is given by ௑݅೟߱ ൌ ௧ܪ݀ and
ௗ

ௗ௧
߶௧ൌ ܺ௧ל߶௧.

If one considers Hamiltonian diffeomorphisms supported in an open set ܷ, then a

local version of the Calabi homomorphism for compact manifolds may be defined;

i.e.,

෪݈ܽܥ ௎ǣ݉ܽܪ෫
௎(ܯ )௖ ⟶ ℝ

As in the flux homomorphism, the map induces homomorphisms for the underlying

groups.
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Namely, if ٿ ൌ ܽܥ ቀ݈ߨଵ൫݉ܽܪ ௖(ܯ )൯ቁ, then

ܽܥ ǣ݈݉ܽܪ ௖(ܯ ) ⟶ ℝ
⋀ൗ

can be defined.

2.10 Calabi Quasimorphisms

Recall that a group ܩ is called simple if it has no normal subgroups. ܩ is perfect if ܩ

is equal to its commutator group; i.e., ܩ ൌ .[ܩǡܩ] A classical result due to Banyaga

is as follows.

Theorem (Banyaga): If ܯ is closed, then the group ݉ܽܪ ܯ) ) is simple (and hence

perfect).

The theorem implies that there is no nontrivial homomorphism ݄ǣ݉ܽܪ ܯ) ) → ℝ.

However, recent studies show that in some cases the group ݉ܽܪ ܯ) ) admits

quasimorphisms.

An open set ܷ is called if displacable if there exists א݂ ݉ܽܪ ܯ) ǡ߱ ) such that

(݂ܷ) ת ഥܷ = ∅.

Definition: Let ෫݉ܽܪǣߤ ܯ) ǡ߱ ) → ℝ be a homogeneous quasimorphism such that

1. If ܷ ؿ ܯ is an open displacable set, then

ȁு௔௠෫ߤ (௎) ൌ ෪݈ܽܥ ௎

2. Let ǡ݂݃ א ෫݉ܽܪ ܯ) ǡ߱ ) represent paths in ݉ܽܪ ܯ) ǡ߱ ) generated by

normalized Hamiltonians ܨ and ,ܩ respectively. Then,

݈݋ݒ ܯ) ) ήන ݉ ݅݊
ெ

௧െܨ) ݐ݀(௧ܩ

ଵ

଴

൑ (݃)ߤ െ )ߤ )݂ ൑ ݈݋ݒ ܯ) ) ήන ݔܽ݉
ெ

௧െܨ) ݐ݀(௧ܩ

ଵ

଴

Then, ߤ is called a Calabi quasimorphism.

So far, ԧܲ௡, ܵଶ, ܵଶ ൈ ܵଶ and ௚வଵߑ surface of genus ݃ are shown to admit such

Calabi quasimorphisms [13].
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3. CONCLUSION

In this chapter, we conclude the study with the application of Polterovich [13] and

the examples of Gambauda & Ghys [5].

3.1 Application (Polterovich)

Let ܩ be a group and [ܩǡܩ] its commutator subgroup. Every element ℎ ∈ [ܩǡܩ] can

be written as a product of simple commutators ݂݃ ݂ିଵ݃ିଵ = ℎ. The commutator

norm ‖ℎ‖ is by definition the minimal number of simple commutators needed in

order to represent ℎ. For a homogeneous quasimorphism ܩǣߤ ՜ Թ , Barg [1] shows

‖ℎ‖ ൒ ݊ܿ݋ (ߤ)ݐݏ ήߤ(ℎ)    , ℎ ∈ [ܩǡܩ]

Therefore, if ߤ does not vanish on ,[ܩǡܩ] then the diameter of the group [ܩǡܩ] with

respect to commutator norm is infinite.

Next, consider an open covering ڮଵǡݑ} ǡݑ௠ } for a closed connected symplectic

manifold ܯ) ǡ߱ ). Banyaga [2] shows that any Hamiltonian diffeomorphism ݂ can be

written as a product of diffeomorphisms ௜݃ such that each ௜݃ is supported in ܷ௜ and

moreover ௜݃א ܭ ܽܥ)ݎ݁ )݈. If (݈ )݂ is the minimal number of ௜݃'s needed in order to

represent ,݂ then the existence of a Calabi quasimorphism gives a lower bound for

(݈ )݂. See Polterovich [13].

Example (Gambaudo & Ghys): Following the above mentioned results of

Polterovich, Gambaudo and Ghys [5] construct Calabi quasimorphisms on ,௚ߑ ܵଶ

and ଶܦ in a more elementary setting based on the classical notion of rotation number.

Definition: Let ݉݋ܪ ା(ܵଵ)݁݋ be the group of orientation preserving

homeomorphisms of ܵଵ. For ݂ א ݉݋ܪ ,ା(ܵଵ)݁݋ choose a lift ሚ݂of ݂ which is a

homeomorphism of ℝ such that it satisfies ሚ݂(ݔ൅ ݉ ) ൌ ሚ݂(ݔ) ൅ ݉ for every real

number ݔ and every integer ݉ . Poincaré's rotation number is the map

݉݋ܪǣߩ ା(ܵଵ)݁݋ → ℝ
ℤൗ defined as

)ߩ )݂ ൌ ݈݅݉
௡՜ஶ

ሚ݂௡(ݔ଴) െ ଴ݔ
݊

where ଴ݔ is a fixed base point in ℝ. Poincaré proved that the limit exists and is

independent of the point .଴ݔ Its lift to universal covers ݉݋ܪ෤ǣߩ ෫݁݋
ା(ܵଵ) → ℝ with
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݀݅)෤ߩ ) = 0 is called the translation number. ෤ߩ is the unique homogeneous

quasimorphism defined on ݉݋ܪ ෫݁݋
ା(ܵଵ) (Ghys [6]). As an example, let ݂ be a

rotation by an angle .ߠ Then, ሚ݂(ݔ) ൌ ൅ݔ ߠ and hence, )ߩ )݂ ൌ .ߠ

Example: (The disc (ଶܦ

Let ܩ ൌ ݂݅ܦ ଴݂
ஶ ଶǡ߲ܦ) ଶǡ߱ܦ ଴) denote the group of ஶܥ -diffeomorphisms of ଶܦ

preserving the area form ߱଴ ൌ whichݕ݀רݔ݀ are identity near the boundary.

Let ݃ א ܩ and choose an isotopy ( ௧݃)௧א[଴ǡଵ] between ଴݃ ൌ ݅݀ and ଵ݃ ൌ ݃. Denote by

݀ ௧݃(ݔ) the differential at אݔ .ଶܦ ݀ ௧݃(ݔ) can be thought as an element of ,2)ܮܵ ℝ).

The first column of ݀ ௧݃(ݔ) is a nonzero vector in ℝଶ denoted by .(ݔ)௧ݒ If ݊ܣ ௚݃(ݔ)

is the variation of the angle of this curve (ݔ)௧ݒ of nonzero vectors when ݐ varies

from 0 to 1, then define

(݃)ݎ ൌ න ݊ܣ ௚݃(ݔ)݀߱଴

஽మ

Claim: ݎ is a quasimorphism.

ห݊ܣ ௚݃௛(ݔ) െ ݊ܣ ௛݃(ݔ) െ ݊ܣ ௚݃൫݄ ൯ห൏(ݔ)
1

2

since for a curve א௧ܣ ,2)ܮܵ ℝ), the variations of the arguments of (ݑ)௧ܣ and (ݒ)௧ܣ

differ by at most one half turn for any two nonzero vectors ݒǡݑ א Թଶ.

Definition: Homogenizing definesݎ the Ruelle's quasimorphism

ℜ஽మ(݃) ൌ ݈݅݉
௣՜ஶ

1

݌
(௣݃)ݎ

Let ఏݐ݋ܴ denote the rotation around the origin by .ߠ For a function ݂ǣ[0,1] → ℝ

which is zero near 1 and constant near 0, define an area preserving diffeomorphism

௙ܨ of the disc by

(ݔ)௙ܨ ൌ (ݔ)௙(‖௫‖)ݐ݋ܴ

Then,

ℜ஽మ൫ܨ௙൯ൌ
1

ߨ
න (ݐ݂) ݐ݀ߨʹ ݐ

ଵ

଴

ൌ ʹන ݐ݂ ݐ݀(ݐ)

ଵ

଴

≠ 0
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Example: (The torus ॻଶ)

The above construction can also be adapted to ܩ ൌ ॻଶǡ߱)݌݉ݕܵ ) where ߱ is the

usual area form on ॻଶ. ܩ contains translations ॻଶ ؿ ॻଶǡ߱)݌݉ݕܵ ) as a subgroup

(Banyaga) which is a homotopy equivalence.

Let ݃ א ܩ and ( ௧݃)௧א[଴ǡଵ] be an isotopy between ݃ and ݅݀ . Its lift ( ௧݃෦ ) to ℝଶ gives an

isotopy in ℝଶ. Since the tangent bundle of the torus is trivialized, for each point ,ݔ

the curve ݀ ௧݃(ݔ) is a curve in ,2)ܮܵ ℝ). Any loop in ݉ݕܵ ॻଶǡ߱)݌ ) is homotopic to a

loop in translation subgroup, hence to a loop with constant differential. Thus,

݊ܣ ௚݃(ݔ) is well defined and ℜॻమ is a quasimorphism on ݉ݕܵ ॻଶǡ߱)݌ ).

Theorem: Both quasimorphisms ℜॻమ and ℜ஽మ defined above are Calabi

quasimorphisms.
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