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YÜKSEK LİSANS TEZİ
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ALMOST L-STRUCTURES AND
NEARLY-KAEHLERIAN STRUCTURES

SUMMARY

In this study, almost L-structures and nearly-Kaehlerian structures are investigated on
Weyl spaces. After giving the definitions and theorems related to these structures, for
an Einstein L-Weyl space to be an Einstein space, the necessary and sufficient condition
is given.

In the first chapter, the basic notations and definitions of Riemannian space are given.
And then, the definitions and properties of Weyl space have been studied. In addition,
almost complex and almost Kaehlerian structures on Weyl space are defined. In the
second chapter, we introduce almost L-structures and nearly-Kaehlerian structures
and give some theorems concerning these structures which will be useful to find out
generalized Einstein L-Weyl tensor. Next, we show that how all these structures are
related to Einstein space. Also, we state the generalized Einstein L-Weyl tensor in
terms of almost L-structures on Wn.

Let Wn be n-dimensional space having a conformal metric tensor g and let D be torsion
free (symmetric) connection. If D satisfies the compatibility condition

Dkgi j = 2wk gi j

then Wn is called a Weyl space, denoted by Wn(g,w), where w is a 1-form, named
complementary co-vector field. Under the renormalization of the metric tensor g

ḡ = Ω2g (Ω > 0)

where Ω is a scalar function defined on Wn and also w is transformed by the law,

w̄ = w+d lnΩ

The prolonged (extended) covariant derivative of the satellite A of weight {p} is
defined as

∇̇k A = Dk A− pwk A

The curvature tensor, covariant curvature tensor, the Ricci curvature tensor and the
scalar curvature of Weyl space are defined by, respectively,

W h
k ji =Wk jil glh

Wk jil =W m
k ji gml

W ji = gkl Wk jil =W k
k ji

W = g jiW ji

The curvature tensor of Weyl space Wn is defined

W l
k ji = R l

k ji −δ l
jwki +δ l

kw ji +δ l
i (w jk −wk j)+gls(g jiwks −gkiw js)

xvii



where w jk = ∇ jwk +w jwk − 1
2g jkwtwt and R l

k ji represents the Riemannian curvature
tensor.

The curvature tensor, the covariant curvature tensor and the Ricci curvature tensor of
Wn(g,w) satisfy the following symmetry properties:

Wk jim =−Wjkim

Wk jim +Wk jmi = 2gim(∇ jwk −∇kw j) = 4gim∇[ jwk]

The Ricci curvature tensor of Wn is calculated in terms of the Ricci curvature R ji of the
Riemannian space as

W ji = R ji +(n−2)w ji +(w ji −wi j)+g jigkmwkm

The first and the second Bianchi identities for Wn, respectively,

W l
k ji +W l

jik +W l
ik j = 0

∇̇mW l
k ji + ∇̇kW l

jmi + ∇̇ jW l
mki = 0

Let Wn be even dimensional (n ≥ 2). A tensor F j
i of type (1,1) with weight {0} is

called an almost complex structure on Wn if F j
i satisfies

F j
i F k

j =−δ k
i

and Wn is called an almost complex space.

If Wn admits an almost complex structure F j
i satisfying the condition

gi j F i
h F j

k = ghk

then F j
i is called an almost Hermitian structure with a Hermitian metric g on Wn.

If almost Hermitian structure F j
i satisfies

∇̇k F j
i = 0 for all i, j,k

then, it is called a Kaehlerian structure and then Wn becomes a Kaehlerian space
denoted by KWn.

An almost Hermitian structure F j
i is called an almost Kaehlerian structure on Wn

(respectively, almost Kaehlerian Weyl space) if the tensor F j
i satisfies

Fhi j = ∇̇hFi j + ∇̇iFjh + ∇̇ jFhi = 0

An almost Hermitian structure F j
i is called an almost semi-Kaehlerian structure on Wn

(respectively, semi-Kaehlerian Weyl space) if the tensor F j
i satisfies

Fi ≡ ∇̇ jF
j

i = 0

An almost Hermitian structure F j
i of weight {0} with a Hermitian metric g on Wn

satisfying the relation
G k

i j ≡ ∇̇iF k
j + ∇̇ jF k

i = 0

xviii



is called a nearly-Kaehlerian structure or an almost Tachibana structure.

An almost Hermitian structure F j
i on Wn satisfying

[∇̇ j∇̇k]F h
i ≡ (∇̇ j∇̇k − ∇̇k∇̇ j)F h

i = 0

is called an almost L-structure and a Weyl space admitting an almost L-structure is
called almost L-Weyl space denoted by LWn.

Theorem 2.1. A nearly-Kaehlerian structure is an almost semi-Kaehlerian Weyl
structure.

Theorem 2.2. A nearly-Kaehlerian Weyl space is a Kaehlerian-Weyl space if the
structure is integrable.

Theorem 2.3. An almost Hermitian structure F j
i is an almost L-structure on LWn if

and only if
F a

i W h
k ja = F h

a W a
k ji

Theorem 2.4. On an almost Hermitian Weyl space, the condition in Theorem 2.3. is
equivalent to

Wki jh = F l
j F t

h Wkilt

Theorem 2.5. On an almost L-Weyl space, the following conditions hold;

i)W jm =
1
2

FksF i
m Wksi j +FksFjm(wk,s −ws,k)

ii) Q ≡W +
1
2

FskF i jWski j = 0

iii)W = F jiF k
m W m

k ji

Theorem 2.7. For a nearly-Kaehlerian structure F j
i on NKWn,

Q ≥ 0

where Q is given by Theorem 2.5., and the equality holds if and only the structure F j
i

is Kaehlerian.

Theorem 2.8. If an almost L-structure F j
i on LWn is almost semi-Kaehlerian and

satisfies either

∇̇kG j
hi = 0 or ∇̇kFhi j = 0

where ∇̇k = g jk∇̇ j, then the structure F j
i is Kaehlerian.

Theorem 3.1. For an Einstein L-Weyl space (ELW ) to be an Einstein space, the
necessary and sufficient condition is

(n−2)
2

[∇ jwi +∇iw j +2w jwi] = θg ji

where θ is a scalar function. Also we obtain generalized Einstein L-Weyl tensor as

G j
l = F jmFktWklmt −

1
4

δ j
l FmtF h

k W k
mth −2g jk ∇[lwk]
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HEMEN HEMEN L-YAPILARI VE
YAKLAŞIK-KAHLER YAPILAR

ÖZET

Bu tezde, Weyl uzayı üzerinde hemen-hemen L-yapıları ve yaklaşık Kahler
yapılar incelenmiştir. Bu yapılarla ilgili tanımlar ve teoremler verildikten sonra,
genelleştirilmiş Einstein L-Weyl tensörü bulunmuştur.

Birinci bölümde, Rieman uzayı için temel notasyonlar ve ifadeler verilmiştir.
Sonrasında ise, Weyl uzayı için tanımlar ve eğrilik tensörünün özellikleri gösterilmiştir.
Bunlara ek olarak, Weyl uzayında hemen-hemen kompleks ve yaklaşık Kahler yapılar
tanımlanmıştır. İkinci bölümde, hemen-hemen L-yapılar ve yaklaşık-Kahler yapılar
verilerek, genelleştirilmiş Einstein L-Weyl tensörünün bulunmasında faydalı olacak
teoremlere yer verilmiştir. Son bölümde ise, tüm bu yapıların Einstein uzayıyla nasıl
bağlantılı olduğundan bahsedilmiştir. Ayrıca Einstein L-Weyl uzayının, Einstein uzayı
olabilmesi için gerek ve yeter koşul ispatlandıktan sonra genelleştirilmiş Einstein
L-Weyl tensörü bulunmuştur.

Wn, konformal g metriğine sahip n boyutlu bir uzay ve D burulmasız (simetrik) bir
konneksiyon olmak üzere, eğer D aşağıda belirtilen uygunluk koşulunu sağlarsa, Wn’e
Weyl uzayı denir ve Wn(g,w) ile gösterilir:

Dkgi j = 2wk gi j

Burada w, tamamlayıcı eş-vektör alanı diye isimlendirilen 1 formdur.

g metrik tensörünün normalizasyonu ile

ḡ = Ω2g (Ω > 0)

ifadesi bulunur. Burada Ω, Wn üzerinde tanımlı skaler bir fonksiyondur. Ayrıca w
belirtilen bu kurala göre

w̄ = w+d lnΩ

şeklinde değişir.

{p} ağırlıklı A uydusunun genişletilmiş türevi aşağıda belirtildiği gibi tanımlanmıştır.

∇̇k A = Dk A− pwk A

Weyl uzayında eğrilik tensörü, kovaryant eğrilik tensörü, Ricci eğrilik tensörü ve skaler
eğrilik tensörü sırasıyla

W h
k ji =Wk jil glh

Wk jil =W m
k ji gml

W ji = gkl Wk jil =W k
k ji

W = g jiW ji
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olarak tanımlanmıştır.

Wn Weyl uzayının eğrilik tensörü

W l
k ji = R l

k ji −δ l
jwki +δ l

kw ji +δ l
i (w jk −wk j)+gls(g jiwks −gkiw js)

(1)

şeklindedir. Burada w jk ifadesi w jk =∇ jwk+w jwk− 1
2g jkwtwt ve R l

k ji Rieman eğrilik
tensörünü belirtir.

Wn(g,w)’nin eğrilik, kovaryant eğrilik ve Ricci eğrilik tensörleri aşağıda belirtilen
simetri özelliklerini sağlarlar.

Wk jim =−Wjkim

Wk jim +Wk jmi = 2gim(∇ jwk −∇kw j) = 4gim∇[ jwk]

Wn’de Ricci eğrilik tensörü, Rieman uzayının R ji Ricci eğrilik tensörü cinsinden,

W ji = R ji +(n−2)w ji +(w ji −wi j)+g jigkmwkm

ile ifade edilir.

Wn’de birinci ve ikinci Bianchi özdeşlikleri sırasıyla,

W l
k ji +W l

jik +W l
ik j = 0

∇̇mW l
k ji + ∇̇kW l

jmi + ∇̇ jW l
mki = 0

ile verilir.

(n ≥ 2) için Wn çift boyutlu bir uzay olsun. {0} ağırlıklı (1,1) tipinde F j
i tensörün Wn

üzerinde hemen-hemen kompleks yapı olması için

F j
i F k

j =−δ k
i

ifadesini sağlaması gerekir. Bu durumda Wn’e hemen-hemen kompleks uzay denir.

Eğer Wn, hemen-hemen kompleks yapıyı sağlayan bir F j
i tensörüne sahip ve

gi j F i
h F j

k = ghk

ifadesini sağlıyorsa, F j
i tensörüne, Wn üzerinde Hermitik g metriğine sahip

hemen-hemen Hermite yapı denir.

Eğer F j
i hemen-hemen Hermitsel yapısı

∇̇k F j
i = 0 for all i, j,k

ifadesini sağlarsa, bu yapıya Kahler yapı denir ve Wn, KWn şeklinde ifade edilen Kahler
uzaya dönüşür.

F j
i hemen-hemen Hermite yapısının, Wn üzerinde hemen-hemen Kahler yapı olarak

adlandırılabilmesi için F j
i tensörünün

Fhi j = ∇̇hFi j + ∇̇iFjh + ∇̇ jFhi = 0
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denklemini sağlaması gerekir.

F j
i hemen-hemen Hermite yapısının, Wn üzerinde hemen-hemen yarı-Kahler yapı

olması için F j
i tensörü

Fi ≡ ∇̇ jF
j

i = 0

ifadesini sağlar.

Wn üzerinde g hermite metriği ile verilen {0} ağırlıklı hemen-hemen F j
i hermite yapısı

G k
i j ≡ ∇̇iF k

j + ∇̇ jF k
i = 0

ifadesini sağlar ve bu yapıya yaklaşık-Kahler yapı veya hemen-hemen Tachibana
yapısı denilerek, NKWn ile gösterilir.

Wn üzerinde hemen-hemen Hermite yapı olan F j
i

[∇̇ j∇̇k]F h
i ≡ (∇̇ j∇̇k − ∇̇k∇̇ j)F h

i = 0

denklemini sağlarsa bu yapıya hemen-hemen L-yapısı denir ve bu yapıya sahip Weyl
uzayına da hemen-hemen L-Weyl uzayı denir ve LWn şeklinde gösterilir.

Teorem 2.1. Yaklaşık-Kahler yapı (NKWn uzayı), hemen-hemen yarı-Kahler Weyl
(SKWn uzayı) yapısıdır.

Teorem 2.2. Eğer yapı integre edilebiliyorsa, yaklaşık-Kahler Weyl uzayı Kahler Weyl
uzayıdır.

Teorem 2.3. F j
i hemen-hemen hermite yapısının, LWn üzerinde hemen-hemen

L-yapısı olması için gerek ve yeter şart

F a
i W h

k ja = F h
a W a

k ji

olmasıdır.

Teorem 2.4. Hemen-hemen Hermite Weyl uzayında, Teorem 2.3.’deki ifade aşağıda
verilen ifadeye denktir.

Wki jh = F l
j F t

h Wkilt

Teorem 2.5. Hemen-hemen L-Weyl uzayında,

i)W jm =
1
2

FksF i
m Wksi j +FksFjm(wk,s −ws,k)

ii) Q ≡W +
1
2

FskF i jWski j = 0

iii)W = F jiF k
m W m

k ji

verilen koşullar sağlanır.

Teorem 2.7. Teorem 2.5.’de verilen Q için, NKWn üzerinde yaklaşık-Kahler F j
i

yapısı,
Q ≥ 0

eşitliğini sağlaması için gerek ve yeter koşul F j
i yapısının Kahler olmasıdır.

Teorem 2.8. Eğer LWn üzerinde hemen-hemen F j
i L-yapısı hemen-hemen

yarı-Kahler’dir ve
∇̇kG j

hi = 0
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ya da
∇̇kFhi j = 0

koşullarından birini sağlar. Burada ∇̇k = g jk∇̇ j şeklinde tanımlıdır.

Teorem 3.1. Einstein L-Weyl uzayının ELW , Einstein uzayı olabilmesi için gerek ve
yeter koşul

(n−2)
2

[∇ jwi +∇iw j +2w jwi] = θg ji

olmasıdır. Burada θ , Wn ’de tanımlı skaler bir fonksiyondur.

Einstein L-Weyl uzayında,

G j
l =W j

l − 1
2

δ j
l W −2g jk∇[lwk]

denklemiyle verilen tensöre genelleştirilmiş Einstein L-Weyl tensörü denir.
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1. INTRODUCTION

In an n-dimensional Riemannian space, for any given coordinates xi (i = 1, · · · ,n), the

infinite small distance between very close points xi and xi +dxi is defined by

ds2 = gi j dxidx j, (i, j = 1,2, · · · ,n) (1.1)

In the equation (1.1), the coefficient gi j is coordinate function of xi and said to

be Riemannian metric tensor. In addition, the space and the geometry which are

characterized by such a metric, are called Riemannian space and the Riemannian

geometry respectively [1-7].

If a vector A is parallel transported along a curve between very close points such as xi

and xi +dxi, the components of the vector change as follows;

dAi =−Γ i
jkA jdxk (1.2)

where Γ i
jk represent the connection coefficients.

Definition 1.1. Let Mn be a Riemannian space defined by the metric tensor gi j, there

exists only one connection which is compatible with the metric tensor gi j of Mn.

Assume Γ i
jk and Γ

′ γ
αβ be the coordinate functions of x and x′, respectively, so the

following statement is provided [4];

Γ
′ γ
αβ

∂xi

∂x′γ
=

∂ 2xi

∂x′α∂x′β
+Γ i

jk
∂x j

∂x′α
∂xk

∂x′β
(1.3)

which means Γ i
jk is not a tensor.

Furthermore, if the connection Γ i
jk is Riemannian (i.e. Levi-Civita), then we have

gihg jh = δ i
j, δ i

j =

{
1, i = j
0, i ̸= j (1.4)

Γ i
jk =

{
i
jk

}
= gi j[ jk,h], [ jk,h] =

1
2
(
∂g jh

∂xk +
∂gkh

∂x j −
∂g jk

∂xh ) (1.5)

Here, we call [ jk,h] and
{ i

jk

}
as Christoffel symbols of the first kind and the second

kind, respectively. It is seen that Christoffel symbols are symmetric respect to the

lower two indices.

1



In general, if connection is different from Levi-Civita, the connection coefficient Γ i
jk is

composed of its symmetric and anti-symmetric parts on n-dimensional Riemannnian

space Mn. The symmetric and anti-symmetric part of the connection coefficients Γ i
jk

are defined by, respectively,

Γ i
( jk) =

1
2
(Γ i

jk +Γ i
k j) (1.6)

Γ i
[ jk] =

1
2
(Γ i

jk −Γ i
k j) (1.7)

where Γ i
( jk) is a connection coefficient and Γ i

[ jk] is a tensor which is called the torsion

tensor of the connection. Recall that, since Γ i
( jk) in (1.3) is not a tensor, Γ i

[ jk] is a tensor.

By (1.6) and (1.7), we write

Γ i
jk = Γ i

( jk)+Γ i
[ jk] (1.8)

In Riemannian space, Γ i
jk is symmetric and the torsion tensor Γ i

[ jk] equals to zero.

Let vi, vi and T h
ji be the components of a contravariant vector field, a covariant vector

field and a tensor field, in order. The covariant derivative of these quantities with

respect to the Riemannian connection ∇, are defined by, respectively [4,14]

∇ jvi =
∂vi

∂x j + vhΓ i
h j (1.9)

∇ jvi =
∂vi

∂x j − vkΓ k
i j (1.10)

∇kT h
ji =

∂T a
ji

∂xk +T a
i j Γ h

ka −T h
ai Γ a

k j −T h
ja Γ a

ki (1.11)

The covariant derivative of the metric tensor gi j respect to Levi-Civita connection is

∇kgi j =
∂gi j

∂xk −
{

a
k j

}
gai −

{
a
ki

}
ga j = 0 (1.12)

In general, the curvature tensor of a space Mn is defined by

R h
k ji = ∂kΓ h

ji −∂ j Γ h
ki +Γ h

kt Γ t
ji −Γ h

jt Γ t
ki , (∂k =

∂
∂xk ) (1.13)

If we take the coefficients Γ h
ji as Christoffel symbols of second kind, then the curvature

tensor of the Riemannian space admitting the metric tensor gi j turns into [14]

R h
k ji = ∂k

{
h
ji

}
−∂ j

{
h
ki

}
+

{
h
ka

}{
a
ji

}
−
{

h
ja

}{
a
ki

}
(1.14)

Let vi, vi, f , T h
li and S t

k j be the components of a contravariant vector field, a covariant

vector field, a scalar function, a tensor field of type (1,2) and a torsion tensor, on Mn
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respectively. The covariant tensor R h
k ji satisfies the Ricci identities

∇k∇ jvi −∇ j∇kvi = R i
k jh vh −2S t

k j ∇tvi (1.15)

∇k∇ jvi −∇ j∇kvi =−R h
k ji vh −2S t

k j ∇tvi (1.16)

∇k∇ j f −∇ j∇k f =−2S t
k j ∇t f (1.17)

∇k∇ jT h
li −∇ j∇kT h

li = R h
k jt T t

li −R t
k jl T h

ti −R t
k ji T h

lt −2S t
k j ∇tT h

li (1.18)

In particular, if Mn is the Riemannian space, then torsion tensor S t
k j = 0. Thus, we

reach the Ricci identities for Riemannian case.

The covariant curvature tensor of Rk jih is defined as

Rk jih = R a
k ji gah (1.19)

From (1.14), it can be seen that the Riemannian curvature satisfies the following

properties

(1) Rk jih +R jikh +Rik jh = 0

(2) Rk jih =−R jkih

(3) Rk jih =−Rk jhi

(4) Rk jih = Rihk j

(5) Rkkih =−Rk jhh = 0 (1.20)

The first property is called the first Bianchi identity.

Also, the covariant derivative of the curvature tensor satisfies

∇lR h
k ji +∇k R h

jli +∇ j R h
lki = 0 (1.21)

which is called the second Bianchi identity.

In the equation of (1.14), contracting indices h and k, then we reach the Ricci curvature

tensor

R ji = R a
a ji (1.22)

Also, we have

R ji = R a
a ji = gab Ra jib = gba Riba j = gba Rbi ja = Ri j (1.23)

which shows that the Ricci curvature tensor is symmetric. By using Ricci curvature

tensor, the scalar curvature of the Riemannian space is defined by [13,14]

R = g jiR ji (1.24)
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1.1 Literature Review

In literature, many authors have been studied Weyl spaces and Kaehlerian Weyl spaces.

The starting point of Weyl was to state a unified theory for the electromagnetic and

gravitational interactions. But the electric charge conservation is violated in this

unified theory. In spite of unacceptable theory for physics, it presents some special

properties for differential geometry. It relates spaces by conformal transformations and

display some conserved quantities during transformations. The change in curvature

and curvature related geometric quantities by introducing some structures on these

type of spaces have been widely studied [1-25].

When we look at Einstein’s geometrization of gravity, we see the usage of the

metric tensor gi j and the symmetric linear connection Γ i
jk instead of the Newtonian

gravitational potential and the Newtonian gravitational force. In essence, the general

theory of relativity the gravitational field is represented by the metric tensor and

indirectly by the curvature of spacetime.

In Einstein’s theory of relativity non-vacuum solutions admit conserved

energy-momentum tensors. Then, electromagnetic field as an example of conserved

source is included in Einstein’s theory of relativity [2].

In differential geometric context, differential geometric structures such as almost

complex, Kaehlerian and L-Structures may introduce new interesting properties to the

geometrical quantities and therefore, they can be used to classify these spaces [15-25].

1.2 Purpose of Thesis

In this thesis, we define almost L-structures and Nearly-Kaehlerian structures on Weyl

space and examine curvature and curvature related properties, we state and prove

theorems concerning these extended structures. Then, we introduce a generalized

Einstein L-Weyl tensor and prove the necessary and the sufficient condition of Einstein

L-Weyl to be an Einstein space.
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1.3 Preliminaries

In this section, we give some preliminary concepts related to Weyl spaces. First,

we define the Weyl space and obtain the curvature, the covariant curvature, the

Ricci curvature tensor and scalar curvature of Weyl space in terms of Riemannian

tensor and the metric tensor. Also, we mention about the Bianchi identities and give

some symmetry properties of the curvature tensors of Weyl space. Also, curvature

similarities between Riemannian and Weyl space are emphasized.

Let Wn be n-dimensional space having a conformal metric tensor g and let D be torsion

free (symmetric) connection.

Definition 1.3. If D satisfies the compatibility condition

Dkgi j = 2wk gi j (1.25)

then, Wn is called a Weyl space and denoted by Wn(g,w). Here, w is a 1-form, named

complementary co-vector field.

Let us consider renormalization transformation of the metric tensor g

ḡ = Ω2g (Ω > 0) (1.26)

where Ω is a scalar function defined on Wn [4,8,9].

We examine the transformation of the complementary vector w̄ to get the covariant

derivative of ḡ as

Dkḡ = 2 w̄k ḡ (1.27)

If we use (1.26) in (1.25), to obtain

Dkḡ = 2 w̄k ḡ (1.28)

and we find

Dk(Ω2g) = 2 w̄k Ω2g (1.29)

If we take the derivative of (1.29) with respect to Dk, then we obtain

2ΩΩk g+Ω2 2wk g−2w̄k Ω2 g = 0 (1.30)
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and re-arranging (1.30), then we get

w̄k = wk +
Ωk

Ω
(1.31)

So, w is transformed by the law,

w̄ = w+d lnΩ (1.32)

Definition 1.4. A quantity A defined on Wn(g,w) is called a satellite of g of weight

{p}, if it admits a transformation of the form

Ā = ΩpA (1.33)

under the renormalization (1.26).

We note that the weight of the metric tensor gi j is {2} by the rule of (1.26).

Definition 1.5. The prolonged (extended) covariant derivative of the satellite A of

weight {p} is defined by [4,8,9]

∇̇k A = Dk A− pwk A (1.34)

Taking prolonged covariant derivative of the metric tensor gi j, we have

∇̇k gi j = Dk gi j −2wk gi j (1.35)

From (1.25), it’s seen that

∇̇k gi j = Dk gi j −Dk gi j (1.36)

Thus we have

∇̇k gi j = 0 (1.37)

The curvature tensor, covariant curvature tensor, the Ricci curvature tensor and the

scalar curvature of Weyl space are defined by, respectively,

(∇̇i∇̇ j − ∇̇ j∇̇i)vk =−W t
k ji vt (1.38)

W h
k ji =Wk jil glh (1.39)

Wk jil =W m
k ji gml (1.40)

Wji = gkl Wk jil =W k
k ji (1.41)

W = g jiW ji (1.42)
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From (1.38), the curvature tensor of Wn is obtained

W l
k ji = ∂kΓ l

ji −∂ jΓ l
ki −Γ t

ki Γ l
jt +Γ t

ji Γ l
kt (1.43)

where Γ l
ji are the coefficients of the Weyl connection

Γ l
ji =

{
l
ji

}
− (w jδ l

i +wiδ l
j −gi jwl) (1.44)

In (1.44),
{

l
ji

}
are the coefficients of the metric connection ∇.

Substituting (1.44) in (1.43), the curvature tensor of Wn is obtained

W l
k ji = ∂k

[{ l
ji

}
− (w jδ l

i +wiδ l
j −g jiwl)

]
−∂ j

[{ l
ki

}
− (wkδ l

i +wiδ l
k −gkiwl)

]
+
[{ t

ji

}
− (wiδ t

j +w jδ t
i −g jiwt)

][{ l
kt

}
− (wkδ l

t +wtδ l
k −gktwl)

]
−
[{ t

ki

}
− (wkδ t

i +wiδ t
k −gkiwt)

][{ l
jt

}
− (w jδ l

t +wtδ l
j −g jtwl)

]
(1.45)

and using Riemannian curvature (1.14),

W l
k ji = R l

k ji −∂k(wiδ l
j +w jδ l

i −g jiwl)+∂ j(wkδ l
i +wiδ l

k −gkiwl)

−
{

t
ji

}
(wkδ l

t +wtδ l
k −gktwl)−

{
l
kt

}
(wiδ t

j +w jδ t
i −g jiwt)

+(wkδ l
t +wtδ l

k −gktwl)(wiδ t
j +w jδ t

i −g jiwt)

+
{ t

ki

}
(w jδ l

t +wiδ j
t −g jtwl)+

{
l
jt

}
(wkδ t

i +wiδ t
k −gkiwt)

−(w jδ l
t +wiδ j

t −g jtwl)(wkδ t
i +wiδ t

k −gkiwt) (1.46)

So, using the properties of the Riemannian curvature tensor and simplying the (1.46),

we reach

W l
k ji = R l

k ji −δ l
jwki +δ l

kw ji +δ l
i (w jk −wk j)+gls(g jiwks −gkiw js) (1.47)

where

w jk = ∇ jwk +w jwk −
1
2

g jkwtwt (1.48)

and R l
k ji represents the Riemannian curvature tensor.

Multiplying (1.47) by metric tensor glm and using (1.40), we find

Wk jim = R l
k ji glm −δ l

jwkiglm +δ l
kw jiglm +δ l

i (w jk −wk j)glm

+gls(g jiwks −gkiw js)glm (1.49)
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From (1.19) and (1.4), we get

Wk jim = Rk jim −g jmwki +gkmw ji +gim(w jk −wk j)

+glsglm(g jiwks −gkiw js) (1.50)

So, the covariant curvature tensor of Wn is found as

Wk jim = Rk jim −g jmwki +gmkw ji +gim(w jk −wk j)+(g jiwkm −gkiw jm) (1.51)

We observe that the curvature tensor, the covariant curvature tensor and the Ricci

curvature tensor of Wn(g,w) satisfy the following symmetry properties:

Wk jim =−Wjkim (1.52)

Wk jim +Wk jmi = 2gim(∇ jwk −∇kw j) = 4gim∇[ jwk] (1.53)

In (1.51), by interchanging the indices k and j, the covariant curvature tensor W jkim is

obtained

Wjkim = R jkim −gkmw ji +gm jwki +gim(wk j −w jk)+(gkiw jm −g jiwkm) (1.54)

Since the metric tensor gi j is symmetric and using (1.20), we get

W jkim =−[−R jkim +gmkw ji −g jmwki +gim(−wk j +w jk)+(−gkiw jm +g jiwkm)](1.55)

by rearranging the (1.55), we find

W jkim =−[Rk jim −g jmwki +gmkw ji +gim(w jk −wk j)+(g jiwkm −gkiw jm)] (1.56)

so, we see that

Wk jim =−W jkim (1.57)

Now, using (1.56) we calculate the sum of the covariant tensors Wk jim and Wk jmi

Wk jim +Wk jmi = Rk jim +Rk jmi +2gim(w jk −wk j) (1.58)

By the symmetry property of covariant curvature tensor of Riemannian space (1.20),

we have

Wk jim +Wk jmi = 2gim(w jk −wk j) (1.59)
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where w jk is defined in (1.48).

If we substituting (1.48) in (1.59), then (1.59) reduces to

Wk jim +Wk jmi = 2gim(∇ jwk −∇kw j) = 4gim∇[ jwk] (1.60)

Let’s now consider the covariant curvature tensor Wk jim on Weyl space. Multiplying

the (1.51), by the metric tensor gkm, we obtain

W ji = gkm[Rk jim −g jmwki +gmkw ji +gim(w jk −wk j)+(g jiwkm −gkiw jm)] (1.61)

by the rule of the (1.41).

From (1.23), we find

W ji = R ji −gkmgm jwki +gkmgmkw ji +gkmgmi(w jk −wk j)

+gkmg jiwkm −gmkgkiw jm (1.62)

From (1.4), (1.62) can be written as

Wji = R ji −δ k
j wki +δ m

m w ji +δ k
i (w jk −wk j)+gkmg jiwkm −δ m

i w jm (1.63)

Now, re-arranging (1.63), we find that the Ricci curvature tensor of Wn is calculated in

terms of the Ricci curvature of the Riemannian space R ji as

Wji = R ji +(n−2)w ji +(w ji −wi j)+g jigkmwkm (1.64)

where w ji is defined in (1.48).

The Ricci curvature tensor in (1.63) is not necessarily symmetric on Wn since the Weyl

connection D is non-metric. The Ricci curvature tensor Wji of Wn can be decomposed

symmetric and anti-symmetric parts as

Wji =W( ji)+W[ ji] (1.65)

Here W( ji) represents the symmetric part of Wji and W[ ji] represents the anti-symmetric

part of W ji

W( ji) =
1
2
(W ji +Wi j) (1.66)

W[ ji] =
1
2
(W ji −Wi j) = n∇[ jwi] (1.67)
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By using (1.63) the symmetric and anti-symmetric parts of the Ricci curvature tensor

of W ji are given as follows

W( ji) = R ji +
(n−2)

2
(w ji +wi j)+g jigktwkt (1.68)

or

W( ji) = R ji +(n−2)[∇ jwi +∇iw j +2w jwi]−g ji(2wtwt −gkt∇kwt) (1.69)

and

W[ ji] = n∇[ jwi] (1.70)

Also, multiplying (1.64) by g ji and using (1.24), we find the scalar curvature of Wn

W = R+2(n−1)∇ jw j − (n−1)(n−2)w jw j (1.71)

in terms of the Riemannian scalar curvature R and the complementary co-vector w.

The following identities are known as the first and the second Bianchi identities for

Wn, respectively, [4,8,9]

W l
k ji +W l

jik +W l
ik j = 0 (1.72)

∇̇mW l
k ji + ∇̇kW l

jmi + ∇̇ jW l
mki = 0 (1.73)

The first and the second Bianchi identities can be also written as follows

Wk jim +W jikm +Wik jm = 0 (1.74)

∇̇mWk jin + ∇̇kW jmin + ∇̇ jWmkin = 0 (1.75)

By using (1.51), we observe that the difference of the covariant tensors Wk jim and Wimk j

as

Wk jim −Wimk j = gmk(w ji −wi j)+gm j(wik −wki)+g ji(wkm −wmk)

+gik(wm j −w jm)+gim(w jk −wk j)+gk j(wmi −wim) (1.76)

Substituting (1.48) in (1.76) and after some calculations, we find

Wk jim −Wimk j = gmk(∇ jwi −∇iw j)+gm j(∇iwk −∇kwi)+g ji(∇kwm −∇mwk)

+gik(∇mw j −∇ jwm)+gim(∇ jwk −∇kw j)+gk j(∇mwi −∇iwm) (1.77)
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So, the covariant curvature tensor Wk jim satisfies

Wk jim −Wimk j = gmk(wi, j −w j,i)+gm j(wk,i −wi,k)+g ji(wm,k −wk,m)

+gik(w j,m −wm, j)+gim(wk, j −w j,k)+gk j(wi,m −wm,i) (1.78)

where ∇̇mw j = ∇mw j = w j,m.
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2. STRUCTURES ON WEYL SPACES

2.1 Almost Complex And Almost Kaehlerian Structures On Weyl Space

In this chapter, we start with some definitions and properties of almost complex and

almost Hermitian structures on Weyl spaces.

Definition 2.1. Let Wn be even dimensional (n ≥ 2). A tensor F j
i of type (1,1) with

weight {0} is called an almost complex structure on Wn if F j
i satisfies

F j
i F k

j =−δ k
i (2.1)

and Wn is called an almost complex space [15,16].

Definition 2.2. If Wn admits an almost complex structure F j
i satisfying the condition

gi j F i
h F j

k = ghk (2.2)

then F j
i is called an almost Hermitian structure with a Hermitian metric g on Wn.

Definition 2.3. If almost Hermitian structure F j
i satisfies

∇̇k F j
i = 0 for all i, j,k (2.3)

then, it is called a Kaehlerian structure and then Wn becomes a Kaehlerian space

denoted by KWn.

Definition 2.4. An almost Hermitian structure F j
i is called an almost Kaehlerian

structure on Wn (respectively, almost Kaehlerian Weyl space) if the tensor F j
i satisfies

Fhi j = ∇̇hFi j + ∇̇iFjh + ∇̇ jFhi = 0 (2.4)

Definition 1.10. An almost Hermitian structure F j
i is called an almost

semi-Kaehlerian structure on Wn (respectively, semi-Kaehlerian Weyl space SKWn) if

the tensor F j
i satisfies

Fi ≡ ∇̇ jF
j

i = 0 (2.5)
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The tensors Fi j and F i j, respectively, are defined on Wn by

Fi j = F k
i gk j (2.6)

F i j = gih F j
h (2.7)

From (2.6) and (2.7) it can be seen that

Fi j =−Fji (2.8)

F i j =−F ji (2.9)

From (1.26) and (2.1), it can be seen that the weight of Fi j is {2}. Since, the weight of

gih is {−2}, the weight of F i j is {−2}, respectively [15].

2.2 Almost L-Structures And Nearly-Kaehlerian Structures On Weyl Spaces

We now introduce an almost L-structure and a nearly-Kaehlerian structure on Wn and

define the Nijhenuis torsion tensor on Wn for an almost L-structure to be integrable. We

state and prove some theorems concerning these structures which show the relation

between almost Hermitian and almost L-structures and how they are related to each

other. Results of these theorems will be very helpful to construct the generalized

Einstein L-Weyl tensor to be introduced in the next chapter.

Definition 2.1. An almost Hermitian structure F j
i with a Hermitian metric g on Wn

satisfying the relation

G k
i j ≡ ∇̇iF k

j + ∇̇ jF k
i = 0 (2.10)

is called a nearly-Kaehlerian structure or an almost Tachibana structure (respectively,

nearly-Kaehlerian Weyl space denoted by NKWn).

Definition 2.2. An almost Hermitian structure F j
i on Wn satisfying

[∇̇ j∇̇k]F h
i ≡ (∇̇ j∇̇k − ∇̇k∇̇ j)F h

i = 0 (2.11)

is called an almost L-structure and a Weyl space admitting an almost L-structure is

called almost L-Weyl space denoted by LWn.

Corollary 2.1. A Kaehlerian structure of Wn is an almost L-structure.

Proof. Since an almost Hermitian structure F j
i on KWn satisfies

∇̇kF j
i = 0 for all i, j,k (2.12)
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then using (2.10), the Kaehlerian structure (respectively, the space KWn) is an almost

L-structure (respectively, the space LWn).

The Nijhenuis torsion tensor on Wn is defined by

N k
i j = F h

i (∇̇hF k
j − ∇̇ jF k

h )−F h
j (∇̇hF k

i − ∇̇iF k
h ) (2.13)

and it is said that an almost complex structure is integrable on Wn if it has no torsion,

i.e. N k
i j = 0 [15].

Remark 2.1. If we take the complementary vector field w to be locally gradient, then,

(2.13) reduces Riemannian space [14].

Theorem 2.1. A nearly-Kaehlerian structure (respectively, the space NKWn) is an

almost semi-Kaehlerian Weyl structure (respectively, the space SKWn).

Proof. In (2.10), contracting indices with respect to i and k

∇̇iF i
j =−∇̇ jF i

i (2.14)

From (2.6)

F m
i = Fi j g jm (2.15)

and contracting indices with respect to m and i, we obtain

F i
i = Fi j gi j = 0 (2.16)

Then, from (2.14) it follows that

∇̇iF i
j = 0 (2.17)

which shows that the structure F j
i is an almost semi-Kaehlerian Weyl structure.

Theorem 2.2. A nearly-Kaehlerian Weyl space is a Kaehlerian-Weyl space if the

structure is integrable.

Proof. Since Nijhenuis torsion tensor on Wn is

N k
i j = F h

i (∇̇hF k
j − ∇̇ jF k

h )−F h
j (∇̇hF k

i − ∇̇iF k
h ) (2.18)

and using the defining condition (2.10) of the nearly-Kaehlerian structure we obtain

∇̇h F k
j =−∇̇ j F k

h (2.19)

and

∇̇h F k
i =−∇̇i F k

h (2.20)
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Replacing (2.19) and (2.20) in (2.18) find

N k
i j =−2F h

i ∇̇ jF k
h +2F h

j ∇̇iF k
h (2.21)

Since

F h
j F k

h =−δ k
j (2.22)

by taking the prolonged covariant derivative of (2.22), we get

(∇̇i F k
h )F h

j =−(∇̇i F h
j )F k

h (2.23)

Similarly, the prolonged covariant derivative of

F h
i F k

h =−δ k
i (2.24)

yields

(∇̇ jF k
h )F h

i =−(∇̇ jF h
i )F k

h (2.25)

and using (2.10) we obtain

(∇̇ jF k
h )F h

i =−(∇̇ jF h
i )F k

h = (∇̇iF h
j )F k

h (2.26)

On the other hand, substituting (2.23) and (2.26) in (2.21), we reach

N k
i j =−4(∇̇iF h

j )F k
h (2.27)

By assumption, since the nearly-Kaehlerian structure is integrable, the Nijhenuis

torsion tensor N k
i j is zero.

Hence, we obtain

(∇̇i F h
j )F k

h = 0 (2.28)

If we multiply (2.28) by F m
k and use (2.1), thus we obtain

∇̇i F m
j = 0 for all i, j,m, (2.29)

which gives that the structure F j
i is Kaehlerian.

Now, we can express the defining condition (2.11) of an almost L-structure on LWn in

terms of the Weyl and Ricci curvature tensors.

Theorem 2.3. An almost Hermitian structure F j
i is an almost L-structure on LWn if

and only if

F a
i W h

k ja = F h
a W a

k ji (2.30)
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Proof. Since the almost Hermitian structure F j
i is a tensor of weight {0}, we have

∇̇k∇̇ jF h
i − ∇̇ j∇̇kF h

i = ∇k∇ jF h
i −∇ j∇kF h

i (2.31)

also the Ricci identity on Wn, we have by [14]

(∇̇k∇̇ j − ∇̇ j∇̇k)F h
i = F a

i W h
k ja −F h

a W a
k ji (2.32)

If an almost Hermitian structure F j
i is an almost L-structure on LWn, then from (2.11),

we obtain

(∇̇k∇̇ j − ∇̇ j∇̇k)F h
i = F a

i W h
k ja −F h

a W a
k ji = 0 (2.33)

which follows that

F a
i W h

k ja = F h
a W a

k ji (2.34)

Conversely, suppose (2.30) holds. Then we have

F a
i W h

k ja −F h
a W a

k ji = ∇̇k∇̇ jF h
i − ∇̇ j∇̇kF h

i = 0 (2.35)

which shows that the structure F j
i is an almost L-structure on LWn.

Theorem 2.4. On an almost Hermitian Weyl space, the condition (2.30) is equivalent

to

Wki jh = F l
j F t

h Wkilt (2.36)

Proof. Suppose (2.30) holds. Multiplying (2.30) by F i
m and using (2.1), we have

δ a
mW h

k ja =−F h
a F i

m W a
k ji (2.37)

So, re-arranging the equation (2.37), we get

W h
k jm =−F h

a F i
m W a

k ji (2.38)

First, multiplying (2.38) by ght

Wk jmt =−FatF i
m W a

k ji (2.39)

and then using (2.8), we obtain

Wk jmt = FtaF i
m W a

k ji (2.40)

Also, applying (2.6) to (2.40) for the metric tensor gpa, we find

Wk jmt = F p
t F i

m W a
k ji gpa (2.41)
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Since the metric tensor is symmetric, we have

Wk jmt = F p
t F i

m Wk jip (2.42)

which shows (2.36) is valid

Wki jh = F l
j F t

h Wkilt (2.43)

Conversely, suppose that (2.36) holds. Then, multiplying (2.36) by F m
u , we have

F m
u Wk jmt = F m

u F i
m F p

t Wk jip (2.44)

By (2.1), we get

F m
u Wk jmt =−δ i

u F p
t Wk jip (2.45)

which (2.45) turns into

F m
u Wk jmt =−F p

t Wk jup (2.46)

Multiplying (2.46) by gtn and by the rules of (1.39) and (2.7), we obtain

F m
u W n

k jm =−FnpWk jup (2.47)

Now, applying (2.7) and (2.9) to Fnp again, we get

F m
u W n

k jm = gpmF n
m Wk jup (2.48)

From (1.39), we reach

F m
u W n

k jm = F n
m W m

k ju (2.49)

Theorem 2.5. On an almost L-Weyl space, the following conditions hold

i)W jm =
1
2

FksF i
m Wksi j +FksFjm(wk,s −ws,k) (2.50)

ii) Q ≡W +
1
2

FskF i jWski j = 0 (2.51)

iii)W = F jiF k
m W m

k ji (2.52)

Proof.

i) According to Theorem 2.4., we write

Wk jmt = F i
m F s

t Wk jis (2.53)

By multiplying (2.53) by gkt , we get

W jm = FksF i
m Wk jis (2.54)
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here we use the results of (1.41) and (2.7).

Now, from (1.52), we rewrite (2.54) as

W jm =−FksF i
m W jkis (2.55)

Applying (1.53) to Wjkis, we reach

W jm =−FksF i
m (−W jksi +2gsi(w j,k −wk, j)) (2.56)

By re-arranging the (2.56), we have

W jm = FksF i
m Wjksi −FksF i

m 2gsi(w j,k −wk, j) (2.57)

From (1.78), we write

Wsi jk −W jksi = gki(ws, j −w j,s)+gks(w j,i −wi, j)+g ji(wk,s −ws,k)

+g js(wi,k −wk,i)+g jk(ws,i −wi,s)+gsi(wk, j −w j,k) (2.58)

Taking (2.58) into (2.57), we have

Wjm = FksF i
m [Wsi jk −gki(ws, j −w j,s)+gks(w j,i −wi, j)+g ji(wk,s −ws,k)

+g js(wi,k −wk,i)+g jk(ws,i −wi,s)+gsi(wk, j −w j,k)]

−FksF i
m 2gsi(w j,k −wk, j) (2.59)

Simplifying the equation (2.59), then we get

W jm = FksF i
m Wsi jk −FksF i

m [gki(ws, j −w j,s)+gks(w j,i −wi, j)+g ji(wk,s −ws,k)

+g js(wi,k −wk,i)+g jk(ws,i −wi,s)+3gsi(wk, j −w j,k)] (2.60)

Also, from (1.74), we write the first Bianchi for Wis jk as

Wis jk +Ws jik +Wjisk = 0 (2.61)

From (2.61)

Wsi jk =Ws jik +W jisk (2.62)

Taking account (2.62) into (2.60) and arranging the (2.60), we obtain

Wjm = FksF i
m Ws jik +FksF i

m W jisk −FksF i
m [gki(ws, j −w j,s)+gks(w j,i −wi, j)

+g ji(wk,s −ws,k)+g js(wi,k −wk,i)+g jk(ws,i −wi,s)+3gsi(wk, j −w j,k)](2.63)
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By interchanging the indices k and s for Ws jik in (2.63), we have

Wjm = FskF i
m Wk jis +FksF i

m Wjisk −FksF i
m [gki(ws, j −w j,s)+gks(w j,i −wi, j)

+g ji(wk,s −ws,k)+g js(wi,k −wk,i)+g jk(ws,i −wi,s)+3gsi(wk, j −w j,k)](2.64)

Using (2.9) in (2.64), we get

W jm =−FksF i
m Wk jis +FksF i

m W jisk −FksF i
m [gki(ws, j −w j,s)+gks(w j,i −wi, j)

+g ji(wk,s −ws,k)+g js(wi,k −wk,i)+g jk(ws,i −wi,s)+3gsi(wk, j −w j,k)] (2.65)

and using (2.54), (2.65) becomes

Wjm =−W jm +FksF i
m W jisk −FksF i

m [gki(ws, j −w j,s)+gks(w j,i −wi, j)

+g ji(wk,s −ws,k)+g js(wi,k −wk,i)+g jk(ws,i −wi,s)+3gsi(wk, j −w j,k)](2.66)

Substituting (1.52) in (2.66) and re-arranging (2.66), we reach

2W jm =−FksF i
m Wi jsk −FksF i

m [gki(ws, j −w j,s)+gks(w j,i −wi, j)+g ji(wk,s −ws,k)

+g js(wi,k −wk,i)+g jk(ws,i −wi,s)+3gsi(wk, j −w j,k)] (2.67)

From (1.78), we have

Wi jsk −Wski j = gk j(wi,s −ws,i)+gki(ws, j −w j,s)+g js(wk,i −wi,k)

+gsi(w j,k −wk, j)+gsk(wi, j −w j,i)+gi j(wk,s −ws,k) (2.68)

If we substitute (2.68) into (2.67), we obtain

2W jm =−FksF i
m [Wski j +gk j(wi,s −ws,i)+gki(ws, j −w j,s)+g js(wk,i −wi,k)

+gsi(w j,k −wk, j)+gsk(wi, j −w j,i)+gi j(wk,s −ws,k)]

−FksF i
m [gki(ws, j −w j,s)+gks(w j,i −wi, j)+g ji(wk,s −ws,k)

+g js(wi,k −wk,i)+g jk(ws,i −wi,s)+3gsi(wk, j −w j,k)] (2.69)

After some calculations, we obtain

2W jm =−FksF i
m Wski j −FksF i

m [2gki(ws, j −w j,s)

+2g ji(wk,s −ws,k)+2gsi(wk, j −w j,k)] (2.70)

By simplifying (2.70), we find

Wjm =−1
2

FksF i
m Wski j −FksF i

m [gki(ws, j −w j,s)

+g ji(wk,s −ws,k)+gsi(wk, j −w j,k)] (2.71)
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or

Wjm =−1
2

FksF i
m Wski j −FksF i

m gki(ws, j −w j,s)

−FksF i
m g ji(wk,s −ws,k)−FksF i

m gsi(wk, j −w j,k) (2.72)

From (2.6) and (2.1), we obtain

W jm =−1
2

FksF i
m Wski j +δ s

m(ws, j −w j,s)

−FksFm j(wk,s −ws,k)−δ k
m(wk, j −w j,k) (2.73)

After some calculations,

W jm =−1
2

FksF i
m Wski j −FksFm j(wk,s −ws,k) (2.74)

By using (1.52) and (2.8), (2.74) turns into

Wjm =
1
2

FksF i
m Wksi j +FksFjm(wk,s −ws,k) (2.75)

ii) Multiplying (2.71) by g jm, and using (1.42), we get

W =−1
2

g jmF i
m FksWski j −g jmFksF i

m [gki(ws, j −w j,s)

+gi j(wk,s −ws,k)+gsi(wk, j −w j,k)] (2.76)

By (2.7) and we rewrite (2.76) as

Q ≡W +
1
2

F jiFksWski j +FksF ji[gki(ws, j −w j,s)

+gi j(wk,s −ws,k)+gsi(wk, j −w j,k)] (2.77)

and

Q ≡W +
1
2

F jiFksWski j +FksF jigki(ws, j −w j,s)

+FksF jigi j(wk,s −ws,k)+FksF jigsi(wk, j −w j,k) (2.78)

Since FksF jigi j = 0, (2.78) turns into

Q ≡W +
1
2

F jiFksWski j +FksF jigki(ws, j −w j,s)+FksF jigsi(wk, j −w j,k) (2.79)

Now, interchanging the indices k and s in (2.79), we get

Q ≡W +
1
2

F jiFksWski j +FskF jigsi(wk, j −w j,k)+FksF jigsi(wk, j −w j,k) (2.80)
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Using the (2.9) in (2.80), we obtain

Q ≡W +
1
2

F jiFksWski j −FksF jigsi(wk, j −w j,k)+FksF jigsi(wk, j −w j,k) (2.81)

which yields

Q ≡W +
1
2

F jiFksWski j (2.82)

Using the (2.9) in (2.82), hence we find

Q ≡W +
1
2

FskF i jWski j = 0 (2.83)

iii) According to Theorem 2.4., we write (2.36) as

Wk jmt = F i
m F s

t Wk jis (2.84)

Multiplying (2.84) by gkt and using (1.41) and (2.7), we obtain

W jm = FksF i
m Wk jis (2.85)

Contracting (2.85) by g jm and using (1.42) and (2.7), we reach

W = FksF jiWk jis (2.86)

and then

W =−FskF jiWk jis (2.87)

Substituting (2.7) in (2.87), we get

W =−gsmF k
m F jiWk jis (2.88)

From (1.39), we reach

W =−F k
m F jiW m

k ji (2.89)

Applying (2.9) in (2.89), we get

W = F i jF k
m W m

k ji (2.90)

We quote the following theorem from [15].

Theorem 2.6. If an almost semi-Kaehlerian structure F j
i satisfies

∇̇kFi j∇̇iF jk = a∇̇kFi j∇̇kF i j (2.91)
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where a is a non-zero constant, then Q defined by (2.51)

Q ≡W +
1
2

F i jFklWi jkl +2gk j(∇ jwk −∇kw j) (2.92)

is non-negative (non-positive) according as a is positive (negative). Further, the

structure F j
i is Kaehlerian on Wn if and only if Q = 0.

In [15], it is shown that

Q = a(∇̇kFi j)(∇̇kF i j) (2.93)

where ∇̇k = g jk ∇̇ j.

In particular, Q = 0 if and only if the structure is Kaehlerian on Wn.

We now state the following theorem which gives a relation between a

nearly-Kaehlerian structure on NKWn and a Kaehlerian structure on KWn.

Theorem 2.7. For a nearly-Kaehlerian structure F j
i on NKWn

Q ≥ 0 (2.94)

where Q is given by (2.51), and the equality holds if and only if the structure F j
i is

Kaehlerian.

Proof. Since a nearly-Kaehlerian structure F j
i is an almost semi-Kaehlerian structure,

multiplying (2.10) by g jm, we obtain

∇̇i Fmk + ∇̇m F k
i = 0 (2.95)

and also multiplying (2.95) by gin, we get

∇̇n Fmk =−∇̇m Fnk (2.96)

From equations (2.11), (2.91) and (2.96), we have

∇̇k Fi j (∇̇i F jk) = (∇̇k Fi j)(−∇̇i Fk j) = (∇̇k Fi j)(∇̇k F i j) (2.97)

from which it follows that a = 1.

Also, we observe that the equality in (2.94) holds if and only if the structure F j
i is

Kaehlerian.

Theorem 2.8. If an almost L-structure F j
i on LWn is almost semi-Kaehlerian and

satisfies either

∇̇kG j
hi = 0 (2.98)
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or

∇̇kFhi j = 0 (2.99)

where ∇̇k = g jk∇̇ j, Fhi j and G j
hi are defined in (2.4) and (2.10) respectively, then the

structure F j
i is Kaehlerian.

Proof. From the defining condition (2.11) of an almost L-structure, it follows that

∇̇k ∇̇h F j
i = ∇̇h ∇̇k F j

i (2.100)

Multiplying (2.100) by gik gives

∇̇i ∇̇h F j
i = ∇̇h ∇̇k Fk j =−∇̇h ∇̇k F jk =−∇̇h ∇̇k gi jF k

i =−gi j ∇̇h∇̇k F k
i (2.101)

Since F j
i is an almost semi-Kaehlerian structure, we have

∇̇kF k
i = 0 (2.102)

then, (2.101) reduces to

∇̇i ∇̇h F j
i = 0 (2.103)

Now, suppose (2.98) holds. Multiplying (2.98) by δ i
k , we obtain

δ i
k ∇̇k G j

hi = δ i
k ∇̇k (∇̇h F j

i + ∇̇i F j
h ) = 0 (2.104)

and using (2.103), (2.104) gives

∇̇i ∇̇i F j
h = 0 (2.105)

On the other hand, in [15] it is proved that an almost Hermitian structure F j
i satisfies

F i j ∇̇k ∇̇k Fi j = 0 (2.106)

the structure is Kaehlerian. Thus, from (2.105) and (2.106), it is obtained that the

structure F j
h is Kaehlerian.

Now, suppose (2.99) holds. Taking the prolonged covariant derivative of (2.99), we

have

∇̇k Fhi j = ∇̇k ∇̇h Fi j + ∇̇k ∇̇i Fjh + ∇̇k ∇̇ j Fhi = 0 (2.107)

Multiplying (2.107) by δ i
k , and using (2.6), respectively, we obtain

∇̇i ∇̇h Fi j + ∇̇i ∇̇iFjh + ∇̇i ∇̇ j Fhi = 0 (2.108)
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and

g jm∇̇i ∇̇h F m
i + ∇̇i ∇̇i Fjh −ghm ∇̇i ∇̇ j F m

i = 0 (2.109)

By means of (2.103), the equation (2.109) yields

∇̇i ∇̇i Fjh = 0 (2.110)

From (2.105), and (2.110), it follows that the structure is Kaehlerian.
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3. EINSTEIN L-WEYL SPACES

3.1 Einstein L-Weyl Spaces

In this section, we give the definition of an Einstein L-Weyl space and show its relation

with the symmetric part of the Ricci curvature tensor of Weyl space. Then, we consider

an Einstein space and state that the necessary and the sufficient condition for an

Einstein L-Weyl space to be an Einstein space.

We call a Weyl space an Einstein L-Weyl space, denote by ELW , if the symmetric part

of the Ricci curvature tensor of Wn is proportional to the metric tensor g

W(k j) = λgk j (3.1)

where λ is a scalar function defined on Wn.

From (1.64), we have

Wji = R ji +(n−2)w ji +(w ji −wi j)+g jigkmwkm (3.2)

On the other hand, since the Riemannian space is an L-space, its Ricci curvature tensor

has the following property [17]

R ji = F h
j F k

i Rhk (3.3)

Hence, if we write (3.2) and the Ricci curvature tensor Wi j in terms of (3.3), we find

W ji = F h
i F k

j Rhk +(n−2)wi j +(wi j −w ji)+gi jgkmwkm (3.4)

and

Wi j = F h
j F k

i Rhk +(n−2)w ji +(w ji −wi j)+g jigkmwkm (3.5)

From (3.5) and (3.4), we conclude

W ji +Wi j = 2F h
j F k

i Rhk +(n−2)(w ji +wi j)+2g jigkmwkm (3.6)
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and

W( ji) = F h
j F k

i Rhk +
(n−2)

2
(w ji +wi j)+g jigkmwkm (3.7)

Substituting (1.48) into (3.7), we get

W( ji) = F h
j F k

i Rhk +
(n−2)

2
[∇ jwi +w jwi −

1
2

g jiwtwt +∇iw j +wiw j −
1
2

gi jwtwt ]

+g jigkm(∇kwm +wkwm − 1
2

gkmwtwt) (3.8)

and after some simplification, we obtain

W( ji) = F h
j F k

i Rhk +
(n−2)

2
[∇ jwi +∇iw j +2w jwi −g jiwtwt

+g ji(∇kwk +wkwk −
n
2

wtwt) (3.9)

Finally, the symmetric part of the Ricci curvature tensor of (ELW ) can be written as

W( ji) = F h
j F k

i Rhk +
(n−2)

2
[∇ jwi +∇iw j +2w jwi]+g ji(∇kwk +(2−n)wtwt)(3.10)

Theorem 3.1. For an Einstein L-Weyl space (ELW ) to be an Einstein space, the

necessary and sufficient condition is

(n−2)
2

[∇ jwi +∇iw j +2w jwi] = θg ji (3.11)

where θ is a scalar function on Wn.

Proof. Let the space be an Einstein L-Weyl, then we have

W(i j) = λ gi j (3.12)

If the Riemannian space is Einstein i.e., Ri j = β gi j, then (3.10) reduces to

λ g ji = β gi j +
(n−2)

2
[∇ jwi +∇iw j +2w jwi]+g ji[∇kwk +(2−n)wtwt ] (3.13)

with β is a scalar function of coordinates.

Since the last term in the right-handside is scalar multiple of the metric tensor, say

α g ji, (3.13) can be written as

(λ −β −α)g ji =
(n−2)

2
[∇ jwi +∇iw j +2w jwi] (3.14)

or, in another form

(n−2)
2

[∇ jwi +∇iw j +2w jwi] = θg ji (3.15)
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where θ = (λ −β −α).

Conversely, by using (3.11) and the Riemannian space is an Einstein

Ri j = β gi j (3.16)

we obtain that Wn is an Einstein L-Weyl space.

Also, it follows from (3.10) that

Corollary 3.1. Every 2-dimensional Einstein L-Weyl space (ELW ) is an Einstein

space.

3.2 Generalized Einstein L-Weyl Tensor

Weyl spaces with semi-symmetric connection and generalized Einstein tensor in Weyl

spaces are studied in the literature [19,25]. In these spaces, a covariantly constant

tensor is obtained such that its generalized derivative with respect to the connection of

the space vanishes, and then, it is called generalized Einstein tensor.

In this section we obtain Einstein L-Weyl tensor by using Bianchi identities, and

properties of curvature tensors of almost L-Weyl spaces. Einstein tensor in Weyl space

is defined in [20,21]

G j
l =W j

l − 1
2

δ j
l W −2g jk∇[lwk] (3.17)

Here W k
l =Wlm gmk is the Ricci curvature tensor, W is the scalar curvature of the Weyl

space, and w is the complementary vector. We prove that the tensor G j
l is covariantly

constant with respect to the prolonged covariant derivative and called Einstein tensor.

Using the covariantly constant property of the metric tensor g, the first and the second

Bianchi identities (1.72) and (1.73) can be reduced

Wk jim +W jikm +Wik jm = 0 (3.18)

∇̇lWk jim + ∇̇ jWlkim + ∇̇kW jlim = 0 (3.19)

On the other hand, the Ricci formula for F h
i is [14]

(∇̇k∇̇ j − ∇̇ j∇̇k)F h
i = F a

i W h
k ja −F h

a W a
k ji (3.20)

Since the Weyl connection is symmetric and F h
i is zero weight then we have

(∇̇k∇̇ j − ∇̇ j∇̇k)F h
i = (∇k∇ j −∇ j∇k)F h

i (3.21)
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Since the structure F h
i is an almost L-structure

(∇̇k∇̇ j − ∇̇ j∇̇k)F h
i = 0 (3.22)

and then

F a
i W h

k ja = F h
a W a

k ji (3.23)

Multiplying (3.23) by F i
m , we get

W h
k jm =−F h

a F i
m W a

k ji (3.24)

and multiplying (3.24) by ght and using (2.6), we reach

Wk jmt =−FatF i
m W a

k ji (3.25)

Substituting (2.6), (2.8) and (1.40) in (3.25), we find

Wk jmt = F a
t F i

m Wk jia (3.26)

Contracting (3.26) by gkt and using (2.7), we obtain

W jm = F l
m FkaWk jla (3.27)

Furthermore, multiplying (3.27) by gmt , (3.27) reduces

W t
j = F tlFkaWk jla (3.28)

Let us multiply the first Bianchi identity (1.72) by F k
l , then we have

F k
l (W l

i jk +W l
jki +W l

ki j ) = 0 (3.29)

By using (2.36), (1.52) in (3.29), we have

F l
k W k

i jl −F l
i W k

k jl +F l
j W k

kil = 0 (3.30)

Simplifying (3.30), we get

F l
k W k

i jl −F l
i W jl +F l

j Wil = 0 (3.31)

Also multiplying (3.31) by F i j, we get

F i jF l
k W k

i jl −F i jF l
i W jl +F i jF l

j Wil = 0 (3.32)
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Using (2.7) and re-arranging the equation (3.32), we find

F i jF l
k W k

i jl −gl jWjl +gliWil = 0 (3.33)

By (1.42), (3.33) gives rise to the relation

F i jF l
k W k

i jl −2W = 0 (3.34)

so we get

F i jF l
k W k

i jl = 2W (3.35)

Multiplying (3.18) by F ik, we write

F ik(Wi jkl +W jkil +Wki jl) = 0 (3.36)

By the symmetry rule of (1.52), we get

F ikWi jkl −F ikWk jil +F ikWki jl = 0 (3.37)

Interchanging the indices i and k, we rewrite the equation (3.37) as

FkiWk jil −F ikWk jil +F ikWki jl = 0 (3.38)

From (2.9) and re-arranging (3.38), we reach

2FkiWk jil −FkiWki jl = 0 (3.39)

Thus we get

Fki(2Wk jil −Wki jl) = 0 (3.40)

Let us now derive the generalized Einstein equation for the L-Weyl space.

Contracting (3.19) by gkm, we get

∇̇lW ji − ∇̇ jWli +gkm∇̇kW jlim = 0 (3.41)

then, contracting (3.41) by g ji, we obtain

∇̇lW − ∇̇ jW
j

l +gkmg ji∇̇k(−W jlmi +2gim(∇lw j −∇ jwl)) = 0 (3.42)

Re-arranging (3.42)

∇̇lW − ∇̇ jW
j

l +gkm∇̇k(−Wlm)+2gkm∇̇k(∇lwm −∇mwl) = 0 (3.43)
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After some calculations, we reach

∇̇ jW −2∇̇ jW
j

l +2∇̇ j(∇lw j −g jm∇mwl) = 0 (3.44)

and we have

∇̇ j[W
j

l − 1
2

δ j
l W − (∇lw j −g jm∇mwl)] = 0 (3.45)

In (3.45), we call the tensor

G j
l =W j

l − 1
2

δ j
l W −2g jk∇[lwk] (3.46)

as the generalized Einstein L-Weyl tensor.

From (3.45), G j
l is covariantly conserved, that is,

∇̇ jG
j

l = 0 (3.47)

We now express (3.45) in terms of almost L-structure. By using (3.28) and (3.35),

generalized Einstein equation (3.45) takes the form

∇̇ j(F jmFktWklmt −
1
4

δ j
l FmtF h

k W k
mth −2g jk∇[lwk]) = 0 (3.48)

In almost L-Weyl space, the generalized Einstein L-Weyl tensor becomes

G j
l = F jmFktWklmt −

1
4

δ j
l FmtF h

k W k
mth −2g jk∇[lwk] (3.49)

Then, we have proved the following theorem.

Theorem 3.2. The generalized Einstein tensor in L-Weyl space is given by (3.49).

Remark. If we take the complementary vector field as locally covariant, then (3.49)

reduces to

G j
l = F jmFktWklmt −

1
4

δ j
l FmtF h

k W k
mth (3.50)

32



4. CONCLUSIONS AND RECOMMENDATIONS

In differential geometry spaces can be classified with respect to structures defined on

them. Weyl spaces are similar to Riemannian space that admit symmetric connection

but the covariant derivative of the metric tensor is not zero in Weyl spaces.

In this thesis, we introduce almost L-structures and nearly-Kaehlerian structures

on Weyl spaces Wn to examine curvature properties of Weyl spaces having these

structures. We also define Einstein L-Weyl space and we give a necessary and sufficient

condition for an Einstein L-Weyl space (ELW ) to be Einstein space. Moreover, we

define the generalized Einstein tensor in L-Weyl spaces and express it in terms of

almost L-structures.

Then, almost complex and almost Kaehlerian structures on Weyl space are defined.

We construct almost L-structures and nearly-Kaehlerian structures. We prove the

integrability condition of Kaehlerian Weyl space and proved that nearly-Kaehlerian

Weyl space is a Kaehlerian-Weyl space if the structure is integrable. In addition, we

give some theorems which are used to find out generalized Einstein L-Weyl tensor.

In the conclusion, we reveal how all these structures are related with Einstein space.

By means of the theorems, we also state the generalized Einstein L-Weyl tensor in the

terms of curvature tensor, covariant curvature tensor and F j
i tensors which are defined.

Moreover, if we take our Weyl connection as semi-symmetric, then it reduces more

richer spaces then we found. Also it gives new curvature properties and theorems to

construct new structures and classify them.

33



34



REFERENCES

[1] Boothby, W.M., (2003). An Introduction To Differentiable Manifolds And
Riemannian Geometry, Academic Press, USA.

[2] Bell, J.L., Korte, H., (Spring 2011). Hermann Weyl The Stanford Encyclopedia of
Philosophy, http://plato.stanford.edu/spr2011/entries/weyl/.

[3] Carmo, M.P.do., (1992). Riemannian Geometry (Mathematics: Theory And
Applications), Birkhauser.

[4] Eisenhart, L.P., (1927). Non-Riemannian Geometry, The American Mathematical
Society, Colloquium Publications, New York ISBN 0821810081.

[5] Hicks, N., (1965). Notes On Differential Geometry, D.Van. Nostrand Company,
London.

[6] Hlavaty, V., (1949). Theorie d’immersion d’une Wm dans Wn, Ann. Soc.
Polon.Math., Vol.21, pp.196-206.

[7] Kobayashi, S., Nomizu, K., (1969). Foundations of Differential Geometry,
Interscience Publishers, Vol.2.

[8] Miron, R., (1968). Mouvements Confermes Dans Les Escapes Wn et Nn,
Tensor,N.S.,19.

[9] Norden, A., (1976). Affinely Connected Spaces, GRFML, Moscow.

[10] Okubo, T., (1987). Differential Geometry, Marcel Dekker, Inc.270 Madison
Avenue, New York, 10016.

[11] Yılmaz, S., (2010). Weyl Uzaylarında Yaklaşık Hermitsel Ve Yaklaşık Kaehler
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