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To math, nothing could teach us,
the finite humans, better what infinity is!
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FOREWORD

First of all, I am proud of studying both on modern mathematics and geometry in these
territories where mathematics, more properly, where geometry which was the first form
of mathematics came into life. Now my target is to come up with the most acclaimed
geometry book ever after Euclid in the following days.

In fact this thesis belongs to all people whom I learned something or even just a word
throughout my interactions so far, they molded my thoughts. In addition to this, I
would like to thank to my beloved advisor Assoc. Prof. Dr. Fatma OZDEMIR. She
supported me taking my first steps into the world of geometry so I could realize my first
academical studies, as well as giving me strength in hard times to restart my master
degree after a long break.

I also thank all my friends and best friends with whom we sometimes have diverging
times and converging times on the linear life cycle, and I would like to thank my
Istanbul and my family for being right beside me throughout these times. As I do not
want to keep you apart from the mysterious world of geometry; I would like to thank
one more person, my dearest grandmother in your presence. I will always cherish the
memories of all the years we had together. I have always felt her love in all the years
without her, and I will keep on holding on her memories in the future. Although she is
now the infinity herself, our souls will eventually meet at a point of intersection...again.

"Let no one untrained in geometry enter." Motto over the entrance of Plato’s Academy

June 2013 Mustafa Deniz TURKOGLU
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ALMOST L-STRUCTURES AND
NEARLY-KAEHLERIAN STRUCTURES

SUMMARY

In this study, almost L-structures and nearly-Kaehlerian structures are investigated on
Weyl spaces. After giving the definitions and theorems related to these structures, for
an Einstein L-Weyl space to be an Einstein space, the necessary and sufficient condition
is given.

In the first chapter, the basic notations and definitions of Riemannian space are given.
And then, the definitions and properties of Weyl space have been studied. In addition,
almost complex and almost Kaehlerian structures on Weyl space are defined. In the
second chapter, we introduce almost L-structures and nearly-Kaehlerian structures
and give some theorems concerning these structures which will be useful to find out
generalized Einstein L-Weyl tensor. Next, we show that how all these structures are
related to Einstein space. Also, we state the generalized Einstein L-Weyl tensor in
terms of almost L-structures on W,,.

Let W, be n-dimensional space having a conformal metric tensor g and let D be torsion
free (symmetric) connection. If D satisfies the compatibility condition

Dygij =2wi gij

then W, is called a Weyl space, denoted by W, (g,w), where w is a 1-form, named
complementary co-vector field. Under the renormalization of the metric tensor g

g=0Q%% (Q>0)
where Q is a scalar function defined on W, and also w is transformed by the law,
w=w+dInQ

The prolonged (extended) covariant derivative of the satellite A of weight {p} is
defined as .
VkA = DkA - kaA

The curvature tensor, covariant curvature tensor, the Ricci curvature tensor and the
scalar curvature of Weyl space are defined by, respectively,

Wi =Wija g"
Wejit = Wi ™ gmi
Wji = g Wiju =W, i ¢
W= gﬁ Wj,’
The curvature tensor of Weyl space W, is defined
Weji ! = Riji' — 8w+ 8iwii+ 8 (wjx — wij) + 8" (gjiwis — 8w js)
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_ V. . 1,. t l ; :
where wj =V jwi +wwp — 58 xwew’ and R, ji represents the Riemannian curvature
tensor.

The curvature tensor, the covariant curvature tensor and the Ricci curvature tensor of
W, (g,w) satisfy the following symmetry properties:

Wejim = —Wikim
Wejim + Wijmi = 28im(V jwi — Viw;) = 4gimV [jwy

The Ricci curvature tensor of W, is calculated in terms of the Ricci curvature R j; of the
Riemannian space as

Wi =Rji+ (n—2)wji+ (wji —wij) + 818" Wi
The first and the second Bianchi identities for W,,, respectively,
ijil +Wjikl +VVikjl =0
VW, ji f+ Vijmil +ViW,' =0
Let W, be even dimensional (n > 2). A tensor Fl.j of type (1,1) with weight {0} is

called an almost complex structure on W, if F; / satisfies

1

F*l_fij:_ak

and W, is called an almost complex space.

If W, admits an almost complex structure F; J satisfying the condition
CFiR T —
8ijly Iy 8hk
then F; /s called an almost Hermitian structure with a Hermitian metric gonW,.
If almost Hermitian structure F; / satisfies
ViF /=0 forall i,j k
then, it is called a Kaehlerian structure and then W, becomes a Kaehlerian space
denoted by KW,,.
An almost Hermitian structure Fl-j is called an almost Kaehlerian structure on W,
(respectively, almost Kaehlerian Weyl space) if the tensor F; / satisfies

Fij = ViFj+ ViFj+VFi =0

An almost Hermitian structure F; 7 is called an almost semi-Kaehlerian structure on W,
(respectively, semi-Kaehlerian Weyl space) if the tensor F; I satisfies

An almost Hermitian structure F; 7 of weight {0} with a Hermitian metric g on W,
satisfying the relation ‘ ‘
Gl=ViF*+V;F k=0
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is called a nearly-Kaehlerian structure or an almost Tachibana structure.

An almost Hermitian structure F; / on W, satisfying
is called an almost L-structure and a Weyl space admitting an almost L-structure is

called almost L-Weyl space denoted by LW,,.

Theorem 2.1. A nearly-Kaehlerian structure is an almost semi-Kaehlerian Weyl
structure.

Theorem 2.2. A nearly-Kaehlerian Weyl space is a Kaehlerian-Weyl space if the
structure is integrable.

Theorem 2.3. An almost Hermitian structure F; 7 is an almost L-structure on LW, if
and only if
h _ h
F Wiy =Fg Wy ¢

Theorem 2.4. On an almost Hermitian Weyl space, the condition in Theorem 2.3. is
equivalent to
Weijn = F; 'Fy Wi

Theorem 2.5. On an almost L-Weyl space, the following conditions hold;

i) Wn = %F"SFmiWksi i S Fi(wis —wik)
i) 0=W+ %F“"Fifwski =0
iii) W = F/'F, ‘W, ;"

Theorem 2.7. For a nearly-Kaehlerian structure F;  on NKW,,

0=>0

where Q is given by Theorem 2.5., and the equality holds if and only the structure F; J
is Kaehlerian.

Theorem 2.8. If an almost L-structure Fl.j on LW, is almost semi-Kaehlerian and
satisfies either

VkGhij =0 or Vthij =0

where V¥ = g/kv j» then the structure F; / is Kaehlerian.

Theorem 3.1. For an Einstein L-Weyl space (ELW) to be an Einstein space, the
necessary and sufficient condition is

n—2
(2—)[ij,~+V,-wj+2ijl~] = ngi

where 0 is a scalar function. Also we obtain generalized Einstein L-Weyl tensor as

. . 1. .
G,) = F"FM Wy — ZS{F’"ka "Wt — 287V pwyg
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HEMEN HEMEN L-YAPILARI VE
YAKLASIK-KAHLER YAPILAR

OZET

Bu tezde, Weyl uzayr iizerinde hemen-hemen L-yapilari ve yaklasik Kahler
yapilar incelenmistir. Bu yapilarla ilgili tanimlar ve teoremler verildikten sonra,
genellestirilmis Einstein L-Weyl tensorii bulunmustur.

Birinci boliimde, Rieman uzay:1 icin temel notasyonlar ve ifadeler verilmistir.
Sonrasinda ise, Weyl uzayi i¢in tanimlar ve egrilik tensoriiniin 6zellikleri gosterilmistir.
Bunlara ek olarak, Weyl uzayinda hemen-hemen kompleks ve yaklasik Kahler yapilar
tammlanmstir. ikinci boliimde, hemen-hemen L-yapilar ve yaklasik-Kahler yapilar
verilerek, genellestirilmis Einstein L-Weyl tensoriiniin bulunmasinda faydali olacak
teoremlere yer verilmistir. Son boliimde ise, tiim bu yapilarin Einstein uzayiyla nasil
baglantili oldugundan bahsedilmistir. Ayrica Einstein L-Weyl uzayinin, Einstein uzayi
olabilmesi i¢in gerek ve yeter kosul ispatlandiktan sonra genellestirilmis Einstein
L-Weyl tensorii bulunmustur.

W,, konformal g metrigine sahip n boyutlu bir uzay ve D burulmasiz (simetrik) bir
konneksiyon olmak iizere, eger D asagida belirtilen uygunluk kosulunu saglarsa, W,’e
Weyl uzay1 denir ve W, (g, w) ile gosterilir:

Dygij = 2wy gij
Burada w, tamamlayici es-vektor alani diye isimlendirilen 1 formdur.
g metrik tensoriiniin normalizasyonu ile
g=0% (Q>0)

ifadesi bulunur. Burada Q, W, iizerinde tanimli skaler bir fonksiyondur. Ayrica w
belirtilen bu kurala gore

w=w+dInQ
seklinde degisir.
{p} agurlikli A uydusunun genisletilmis tiirevi asagida belirtildigi gibi tanimlanmusgtir.
ViA =DyA—pwiA

Weyl uzayinda egrilik tensorii, kovaryant egrilik tensorti, Ricci egrilik tensorii ve skaler
egrilik tensorii sirasiyla



olarak tanimlanmugtir.
W,, Weyl uzayimin egrilik tensorii
Wit =Ry it — 8iwii+ Siwji+ 8] (Wi — wij) + 8" (8jiwis — &kiwjs)

1)
seklindedir. Burada w j; ifadesi w j = V jwi +wjwy — %g jkw[w’ VeR, ].l.l Rieman egrilik
tensoriinii belirtir. '

W,(g,w)’nin egrilik, kovaryant egrilik ve Ricci egrilik tensorleri asagida belirtilen
simetri 0zelliklerini saglarlar.

Wejim = —Wikim

Wejim + Wijmi = 28im(V jwi — Viw;) = 4gimV [jwy

W, de Ricci egrilik tensorii, Rieman uzayinin R j; Ricci egrilik tensorii cinsinden,
Wii=R;i+ (n— 2)Wj,‘ + (Wj,' — W,'j) + gjigkmwkm

ile ifade edilir.

W,,’de birinci ve ikinci Bianchi 6zdeglikleri sirasiyla,
ijil +Wjikl +VVikjl =0

ile verilir.

(n > 2) igin W, ¢ift boyutlu bir uzay olsun. {0} agirlikli (1,1) tipinde Fij tensoriin W,

tizerinde hemen-hemen kompleks yap1 olmasi igin

F}ijk:_5]<

1

ifadesini saglamasi gerekir. Bu durumda W,,’e hemen-hemen kompleks uzay denir.
Eger W,,, hemen-hemen kompleks yapiy1 saglayan bir Fl-j tensoriine sahip ve
8iiF'F) = g

ifadesini sagliyorsa, F.’ tensoriine, W, iizerinde Hermitik g metrigine sahip
hemen-hemen Hermite yap1 denir.

Eger Fl.j hemen-hemen Hermitsel yapisi
ViF /=0 forall i,j k

ifadesini saglarsa, bu yapiya Kahler yap1 denir ve W,,, KW,, seklinde ifade edilen Kahler
uzaya doniisiir.

F; / hemen-hemen Hermite yapisinin, W, iizerinde hemen-hemen Kahler yap1 olarak
adlandirilabilmesi i¢in F; ’ tensdriiniin

Fyij = ViFj+ ViFj+V iFyi =0

Xxii



denklemini saglamasi gerekir.

Fl.j hemen-hemen Hermite yapisinin, W, iizerinde hemen-hemen yari-Kahler yap1
olmast igin F; / tensoril
ifadesini saglar.

W, tizerinde g hermite metrigi ile verilen {0} agirlikli hemen-hemen F; / hermite yapisi

ifadesini saglar ve bu yapiya yaklagik-Kahler yap1 veya hemen-hemen Tachibana

yapist denilerek, NKW,, ile gosterilir.
W, tizerinde hemen-hemen Hermite yap1 olan F; J
ViVIE" = (ViVi=ViV)E " =0
denklemini saglarsa bu yapiya hemen-hemen L-yapisi denir ve bu yapiya sahip Weyl
uzayina da hemen-hemen L-Weyl uzay1 denir ve LW, seklinde gosterilir.

Teorem 2.1. Yaklagik-Kahler yap1 (NKW,, uzay1), hemen-hemen yari-Kahler Weyl
(SKW,, uzay1) yapisidir.

Teorem 2.2. Eger yapi integre edilebiliyorsa, yaklagik-Kahler Weyl uzay1 Kahler Weyl
uzayidir.

Teorem 2.3. Fl.j hemen-hemen hermite yapisinin, LW, lizerinde hemen-hemen
L-yapis1 olmasi icin gerek ve yeter sart

a h __ h a
F " Wejaw = F Wi
olmasidir.

Teorem 2.4. Hemen-hemen Hermite Weyl uzayinda, Teorem 2.3.’deki ifade asagida
verilen ifadeye denktir.
Whijn = F/ ', Wy

Teorem 2.5. Hemen-hemen L-Weyl uzayinda,

i) Wi, = Lpep

Jm — 2 m
1 .
i) Q=W+ EFS"F’/WSM i=0

Wisij + F*Fim(Wis — wy k)

iii) W = F/'F, ‘W, ;"
verilen kosullar saglanir.

Teorem 2.7. Teorem 2.5.’de verilen Q icin, NKW, lizerinde yaklasik-Kahler Fl.j

yapisi,
0>0

esitligini saglamas igin gerek ve yeter kosul F; J yapisinin Kahler olmasidir.

Teorem 2.8. Eger LW, lizerinde hemen-hemen Fij L-yapist hemen-hemen
yar1-Kahler’dir ve ' .
VEG,. =0
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ya da .
ViR =0

kosullarindan birini saglar. Burada V¥ = g/*v j seklinde tanimlidir.

Teorem 3.1. Einstein L-Weyl uzayimin ELW, Einstein uzay1 olabilmesi icin gerek ve
yeter kosul

n—2
%[ijmLV,-quLijw,-] = ng,-

olmasidir. Burada 6, W, ’de taniml skaler bir fonksiyondur.

Einstein L-Weyl uzayinda,
: 1 "
Gl] = VVI - ESIJW — 2gj V[lwk]

denklemiyle verilen tensore genellestirilmis Einstein L-Weyl tensorii denir.
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1. INTRODUCTION

In an n-dimensional Riemannian space, for any given coordinates x' (i = 1,--- ,n), the

infinite small distance between very close points x’ and x’ + dx’ is defined by
ds* = gijdx'dx’, (i,j=1,2,---,n) (1.1)

In the equation (1.1), the coefficient g;; is coordinate function of x' and said to
be Riemannian metric tensor. In addition, the space and the geometry which are
characterized by such a metric, are called Riemannian space and the Riemannian

geometry respectively [1-7].

If a vector A is parallel transported along a curve between very close points such as x’

and x’ 4+ dx’, the components of the vector change as follows;
dA" = —T Aldx* (1.2)
where I j/é represent the connection coefficients.

Definition 1.1. Let M, be a Riemannian space defined by the metric tensor g;;, there

exists only one connection which is compatible with the metric tensor g;; of M,,.

. /
Assume I’ jk‘ and I’ ag be the coordinate functions of x and X/, respectively, so the
following statement is provided [4];

/ 8xi azxi ax] axk
Y _ i ox ox"
of ox'Y o axlaax/ﬁ +ij 0/ ax’ﬁ 1.3)

which means T’ jki is not a tensor.
Furthermore, if the connection I j,f is Riemannian (i.e. Levi-Civita), then we have
reu=5l =1 1 (14)
=0 T 0 i)

Y L G oo 1 98 dg 98k
L {jk} R 1P T VA N

Here, we call [jk,h] and {jik} as Christoffel symbols of the first kind and the second

1.5)

kind, respectively. It is seen that Christoffel symbols are symmetric respect to the

lower two indices.



In general, if connection is different from Levi-Civita, the connection coefficient I" j,j is
composed of its symmetric and anti-symmetric parts on n-dimensional Riemannnian
space M,,. The symmetric and anti-symmetric part of the connection coefficients I" j,f

are defined by, respectively,

i 1 i i
i 1 i i
[y = 5T = Ty)) (1.7)

where F(]?k) 1s a connection coefficient and F[jl}d is a tensor which is called the torsion

tensor of the connection. Recall that, since l“(j"k) in (1.3) is not a tensor, I, /

K] is a tensor.
By (1.6) and (1.7), we write
Ty =T+ T (1.8)

i

k] equals to zero.

In Riemannian space, I' jkl i1s symmetric and the torsion tensor I

Let v/, v; and Tjih be the components of a contravariant vector field, a covariant vector
field and a tensor field, in order. The covariant derivative of these quantities with

respect to the Riemannian connection V, are defined by, respectively [4,14]

Vil == +VIT, (1.9)
av,-
Vivi= ] vkl“l.j" (1.10)
h 8le.“ atr h hp a hr a
VkTﬁ = oxk +Tij Fka _Tai ij _Tja rki (1.11)

The covariant derivative of the metric tensor g;; respect to Levi-Civita connection is

dgii a a
Vigij = a—xl,f — {kj}gai — {ki}gaj =0 (1.12)

In general, the curvature tensor of a space M, is defined by

)

Rkjih = akrjih - ajrkih —I'Fkthrjit ~T,'T), (o= W)

; (113)

If we take the coefficients I jih as Christoffel symbols of second kind, then the curvature

tensor of the Riemannian space admitting the metric tensor g;; turns into [14]

T V2 B P A P P S

Let V', v;, f, T, hand S 1 J’ be the components of a contravariant vector field, a covariant

vector field, a scalar function, a tensor field of type (1,2) and a torsion tensor, on M,

2



respectively. The covariant tensor R, ..” satisfies the Ricci identities

kji
ViV =V Vo' =Ry vt =28, 1V, (1.15)
ViV vi =V iVivi = =Ry ;v = 28,/ V,vi (1.16)
ViVif = VVif = =285,1V.f (1.17)

ViV,T; = ViViT); "= RkahTu - RkjltTti " _RkjitTlt h— ZSk;VtTli h(1.18)

In particular, if M, is the Riemannian space, then torsion tensor S, j’ = 0. Thus, we

reach the Ricci identities for Riemannian case.

The covariant curvature tensor of Ry i, is defined as
Rujin = Ry i 8an (1.19)
From (1.14), it can be seen that the Riemannian curvature satisfies the following
properties
(1) Ryjin + Rjikn +Rixjn = 0
(2) Rjin = —R jkin
(3) Rijin = —Rujni
(4) Rijin = Rinkj
(5) Rixin = —Rkjnn =0 (1.20)

The first property is called the first Bianchi identity.

Also, the covariant derivative of the curvature tensor satisfies

ViR + ViR "+ ViR, =0 (1.21)

jli
which is called the second Bianchi identity.

In the equation of (1.14), contracting indices 4 and k, then we reach the Ricci curvature
tensor

Rji=R,;" (1.22)
Also, we have

Rji =Ry ;" = 8" Rujir = 8" Rivaj = 8" Rpiju = Rij (1.23)

which shows that the Ricci curvature tensor is symmetric. By using Ricci curvature

tensor, the scalar curvature of the Riemannian space is defined by [13,14]

R=g/'R; (1.24)



1.1 Literature Review

In literature, many authors have been studied Weyl spaces and Kaehlerian Weyl spaces.
The starting point of Weyl was to state a unified theory for the electromagnetic and
gravitational interactions. But the electric charge conservation is violated in this
unified theory. In spite of unacceptable theory for physics, it presents some special
properties for differential geometry. It relates spaces by conformal transformations and
display some conserved quantities during transformations. The change in curvature
and curvature related geometric quantities by introducing some structures on these

type of spaces have been widely studied [1-25].

When we look at Einstein’s geometrization of gravity, we see the usage of the
metric tensor g;; and the symmetric linear connection I" jki instead of the Newtonian
gravitational potential and the Newtonian gravitational force. In essence, the general
theory of relativity the gravitational field is represented by the metric tensor and

indirectly by the curvature of spacetime.

In Einstein’s theory of relativity non-vacuum solutions admit conserved
energy-momentum tensors. Then, electromagnetic field as an example of conserved

source is included in Einstein’s theory of relativity [2].

In differential geometric context, differential geometric structures such as almost
complex, Kaehlerian and L-Structures may introduce new interesting properties to the

geometrical quantities and therefore, they can be used to classify these spaces [15-25].

1.2 Purpose of Thesis

In this thesis, we define almost L-structures and Nearly-Kaehlerian structures on Weyl
space and examine curvature and curvature related properties, we state and prove
theorems concerning these extended structures. Then, we introduce a generalized
Einstein L-Weyl tensor and prove the necessary and the sufficient condition of Einstein

L-Weyl to be an Einstein space.



1.3 Preliminaries

In this section, we give some preliminary concepts related to Weyl spaces. First,
we define the Weyl space and obtain the curvature, the covariant curvature, the
Ricci curvature tensor and scalar curvature of Weyl space in terms of Riemannian
tensor and the metric tensor. Also, we mention about the Bianchi identities and give
some symmetry properties of the curvature tensors of Weyl space. Also, curvature

similarities between Riemannian and Weyl space are emphasized.

Let W, be n-dimensional space having a conformal metric tensor g and let D be torsion
free (symmetric) connection.

Definition 1.3. If D satisfies the compatibility condition
Dygij =2wi gij (1.25)

then, W, is called a Weyl space and denoted by W, (g, w). Here, w is a 1-form, named

complementary co-vector field.

Let us consider renormalization transformation of the metric tensor g
g=0% (Q>0) (1.26)

where Q is a scalar function defined on W, [4,8,9].

We examine the transformation of the complementary vector w to get the covariant

derivative of g as
Dig =2wi g (1.27)
If we use (1.26) in (1.25), to obtain
Dirg =2wi 8 (1.28)
and we find
Di(Q%g) = 2w Qg (1.29)
If we take the derivative of (1.29) with respect to Dy, then we obtain

200, 8+ Q22w g — 2w Q% g =0 (1.30)
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and re-arranging (1.30), then we get

Qy
Vi = — 1.31
Wi = wg + %) ( )
So, w is transformed by the law,
w=w+dIlnQ (1.32)

Definition 1.4. A quantity A defined on W, (g,w) is called a satellite of g of weight

{p}, if it admits a transformation of the form
A=QPA (1.33)

under the renormalization (1.26).

We note that the weight of the metric tensor g;; is {2} by the rule of (1.26).

Definition 1.5. The prolonged (extended) covariant derivative of the satellite A of

weight {p} is defined by [4,8,9]
ViA =Dy A—pwiA (1.34)

Taking prolonged covariant derivative of the metric tensor g;;, we have

Vigij = Dig&ij — 2wk &ij (1.35)
From (1.25), it’s seen that
Vigij = Di&ij — Digij (1.36)
Thus we have
Vigij=0 (1.37)

The curvature tensor, covariant curvature tensor, the Ricci curvature tensor and the

scalar curvature of Weyl space are defined by, respectively,

(ViV;=VVi)vi = =W, ;" v (1.38)
Wi " =W jil g (1.39)
Wejit = Wi ™ 8mi (1.40)
Wii = & Wijir = Wy, © (1.41)
W =g/ W (1.42)



From (1.38), the curvature tensor of W, is obtained
W' =l -/ -T,/T;/+T,/T/ (1.43)
where I jil are the coefficients of the Weyl connection
! ! l !

In (1.44), { } are the coefficients of the metric connection V.

Substituting (1.44) in (1.43), the curvature tensor of W, is obtained
l ! l l ! l l !
Wit = o] ji — (w6 +w,6 —giw)] — 9| Wil ~ (Wi; +wid — giw')]
t )
H[{ 5} 0wt =] [, |- 0+ it — )]

—H;}%w&+m&—%wﬂqz} (8! + w8} — gw')]

(1.45)
and using Riemannian curvature (1.14),
Wi = Ryji' — K(wi8} +w;8! — gjiw') +0;(wi8! +wib{ — gran')
- { Jt.l. } (Wi + w8 — gruw') — { kll } (wid; +w;6; —gjiw')
+ (w8 + w8l — guw!) (wib} +w;6f —gjiw')
+ {]z} (wj5,l +w,-3,j —gjtwl) + { ;t } (Wi6] +wibf — grw')
—(w;8! + w8/ — gjw) (w8 +wiSl — gn') (1.46)

So, using the properties of the Riemannian curvature tensor and simplying the (1.46),

we reach
Wil =Ryt — 8iwii + 8iwji + 8 (W — wij) + 8" (8jiwis — guiwjs)  (1.47)
where

1
—g jkwtwt (1.48)

Wik = VW +wiwy — >

and Ry ; represents the Riemannian curvature tensor.
Multiplying (1.47) by metric tensor g;,, and using (1.40), we find
Wejim = Rkjilglm - 6Jl‘wkiglm + 8{Wjigim + 8L (Wi — Wij)gim

+g' (8jiWks — 8kiW js)&im (1.49)
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From (1.19) and (1.4), we get

Wi jim = Rijim — 8 jmWki + 8kmW ji + 8im(W jk — Wi j)

+glsglm (gjiwks - gkins) (150)
So, the covariant curvature tensor of W,, is found as
Wejim = Rk jim — & jmWki + &miW ji + &im(W jk — wkj) + (& jiWim — 8kiwjm)  (1.51)

We observe that the curvature tensor, the covariant curvature tensor and the Ricci

curvature tensor of W,(g,w) satisfy the following symmetry properties:

Wejim = —Wikim (1.52)

ijim + ijmi = 2gim(ijk — kaj) = 4g,-mVka} (1.53)

In (1.51), by interchanging the indices k and j, the covariant curvature tensor Wiy, is

obtained
Wikim = R jkim — 8rmW ji + 8mjwii + &im(Wij — Wik) + (8kiWjm — &jiwkm) ~ (1.54)
Since the metric tensor g;; is symmetric and using (1.20), we get
Wikim = —[—R jkim + 8mkW ji — & jmWki + 8im(—wWkj +Wjk) + (—8kiW jm + & jiWkm))(1.55)
by rearranging the (1.55), we find
Wikim = —[Rkjim — 8 jmWii + &mkWji + 8im(W jk — Wkj) + (& jiWkm — &kiWjm)] (1.56)
so, we see that
Wejim = —Wkim (1.57)
Now, using (1.56) we calculate the sum of the covariant tensors Wy j;,, and Wy,
Wi jim + W jmi = Rijim + Rk jmi + 28im(W jk — Wi ;) (1.58)

By the symmetry property of covariant curvature tensor of Riemannian space (1.20),

we have

Wejim + Wi jmi = 28im(W jk — Wi j) (1.59)



where w j is defined in (1.48).

If we substituting (1.48) in (1.59), then (1.59) reduces to
ijim + ijmi = 2gim(VjWk — kaj) = 4g,~mV[jwk] (1.60)

Let’s now consider the covariant curvature tensor Wy ;;,, on Weyl space. Multiplying

the (1.51), by the metric tensor gk’”, we obtain
Wi = & [Rijim — & jmWii + &mikW ji + &im(W ik — Wi j) + (8jiWkm — 8kiwjm)]  (1.61)

by the rule of the (1.41).
From (1.23), we find

Wii=Rj— g gm Wi + & giew ji T & i (W ik — Wkj)

+8" g iWim — 8" gkiW jm (1.62)
From (1.4), (1.62) can be written as
Wji = Rji — 8fwii + 8iwii + 85 (wjx — wij) + 8" jiWiom — 87"W jm (1.63)

Now, re-arranging (1.63), we find that the Ricci curvature tensor of W,, is calculated in

terms of the Ricci curvature of the Riemannian space Rj; as
le' = Rji + (n — Z)Wj,' -+ (le' — Wl'j) -+ gjigkmwkm (1.64)

where w; is defined in (1.48).

The Ricci curvature tensor in (1.63) is not necessarily symmetric on W, since the Weyl
connection D is non-metric. The Ricci curvature tensor Wj; of W;, can be decomposed

symmetric and anti-symmetric parts as
Wiji = Wiy + Wi (1.65)

Here W ;) represents the symmetric part of Wj; and W};; represents the anti-symmetric

part of W;
1
Wiy = E(Wji +Wij) (1.66)
1
Wijiy = 5 (Wji = Wij) = nV (1.67)



By using (1.63) the symmetric and anti-symmetric parts of the Ricci curvature tensor

of W;; are given as follows

(n—2)

5 (Wit wij) +g ji8 Wi (1.68)

Wiy = Rji +
or
W

jiy = Rji+ (n=2)[V jwi+ Viw; +2w;w;] — gi(2w'w; — g Vywy) (1.69)

and
Wi =nVw; 1.70)
Also, multiplying (1.64) by g/' and using (1.24), we find the scalar curvature of W,
W=R+2(n—1)V;w — (n—1)(n—2)w;w’ (1.71)

in terms of the Riemannian scalar curvature R and the complementary co-vector w.

The following identities are known as the first and the second Bianchi identities for

W,, respectively, [4,8,9]

VWi +ViW,' + VW, =0 (1.73)

The first and the second Bianchi identities can be also written as follows

Wejim + Wiikm + Wik jm = 0 (1.74)

ViuWejin + ViWimin +V jWokin = 0 (1.75)

By using (1.51), we observe that the difference of the covariant tensors W j;,, and W ;
as

Wijim — Winkj = 8mk(Wji — Wij) + gmj(Wik — Wki) + &ji Wiom — Wink)

+8ik(Wimj — Wim) + &im(Wjk — Wi j) + &kj(Wmi — Wim) (1.76)
Substituting (1.48) in (1.76) and after some calculations, we find

Wijim — Wimkj = 8mk(V jwi = Viw;) + gmj(Viwg — Viw;) + &i(Viwm — Viawi)
+8ik(Viwj =V jwi) + 8im(V jwi — Viw ;) + g1 j(Viuwi — Viwy, ) (177)
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So, the covariant curvature tensor Wy j;;, satisfies

Wijim — Wimkj = 8mk(Wi j —Wji) + &mj(Wki — Wik) + &jii(Wmx — Wim)

+8ik(Wjm —Wm,j) + 8im(Wik,j —Wjk) + 8kjWim —wmi)  (1.78)

where V,,w; =V,w;=wj .
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2. STRUCTURES ON WEYL SPACES

2.1 Almost Complex And Almost Kaehlerian Structures On Weyl Space

In this chapter, we start with some definitions and properties of almost complex and

almost Hermitian structures on Weyl spaces.

Definition 2.1. Let W,, be even dimensional (n > 2). A tensor Fij of type (1,1) with

weight {0} is called an almost complex structure on W, if F: / satisfies

F/F* =8t 2.1)

and W, is called an almost complex space [15,16].

Definition 2.2. If W, admits an almost complex structure F; J satisfying the condition
giiF,' F.' = g (2.2)

then F; 7 is called an almost Hermitian structure with a Hermitian metric g on W,,.

Definition 2.3. If almost Hermitian structure F; J satisfies
ViF /=0 forall i,jk (2.3)

then, it is called a Kaehlerian structure and then W, becomes a Kaehlerian space

denoted by KW,,.

Definition 2.4. An almost Hermitian structure Fl-j is called an almost Kaehlerian

structure on W, (respectively, almost Kaehlerian Weyl space) if the tensor F; / satisfies
Fpij = ViF; j T V.F jh+ \% iFi=0 2.4)

Definition 1.10. An almost Hermitian structure F; / is called an almost
semi-Kaehlerian structure on W, (respectively, semi-Kaehlerian Weyl space SKW,,) if
the tensor F; / satisfies

F=V;F’ =0 (2.5)
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The tensors F;; and F iJ, respectively, are defined on W, by
Fj=F " g, (2.6)
Fi=ghF/ 2.7)
From (2.6) and (2.7) it can be seen that

Fj=—Fj 2.8)

FlU— _Fii (2.9)

From (1.26) and (2.1), it can be seen that the weight of F;; is {2}. Since, the weight of
g is {2}, the weight of F/ is { -2}, respectively [15].

2.2 Almost L-Structures And Nearly-Kaehlerian Structures On Weyl Spaces

We now introduce an almost L-structure and a nearly-Kaehlerian structure on W, and
define the Nijhenuis torsion tensor on W, for an almost L-structure to be integrable. We
state and prove some theorems concerning these structures which show the relation
between almost Hermitian and almost L-structures and how they are related to each
other. Results of these theorems will be very helpful to construct the generalized

Einstein L-Weyl tensor to be introduced in the next chapter.

Definition 2.1. An almost Hermitian structure F; J with a Hermitian metric gonW,
satisfying the relation

Gl =ViF*+V;F, =0 (2.10)
is called a nearly-Kaehlerian structure or an almost Tachibana structure (respectively,

nearly-Kaehlerian Weyl space denoted by NKW,,).

Definition 2.2. An almost Hermitian structure F; / on W, satisfying
VI E "= (ViVi—ViV)E =0 (2.11)

is called an almost L-structure and a Weyl space admitting an almost L-structure is
called almost L-Weyl space denoted by LW,,.
Corollary 2.1. A Kaehlerian structure of W, is an almost L-structure.

Proof. Since an almost Hermitian structure F; / on KW, satisfies

ViF, /=0 for all i,jk (2.12)
14



then using (2.10), the Kaehlerian structure (respectively, the space KW,,) is an almost

L-structure (respectively, the space LW,)).

The Nijhenuis torsion tensor on W, is defined by

N,j* = F,"(VyF;* =V F,*) — F"(V,F ¥ = Vi, %) (2.13)

1

and it is said that an almost complex structure is integrable on W, if it has no torsion,

ie. NjF=0115].

Remark 2.1. If we take the complementary vector field w to be locally gradient, then,

(2.13) reduces Riemannian space [14].

Theorem 2.1. A nearly-Kaehlerian structure (respectively, the space NKW,) is an
almost semi-Kaehlerian Weyl structure (respectively, the space SKW,)).

Proof. In (2.10), contracting indices with respect to i and k

ViF;'=—V,F' (2.14)

From (2.6)

1

F,"=F;g" (2.15)
and contracting indices with respect to m and i, we obtain

F'=F;g' =0 (2.16)

1

Then, from (2.14) it follows that

ViF;'=0 (2.17)

which shows that the structure F; /'is an almost semi-Kaehlerian Weyl structure.

Theorem 2.2. A nearly-Kaehlerian Weyl space is a Kaehlerian-Weyl space if the
structure is integrable.

Proof. Since Nijhenuis torsion tensor on W, is
N,j* = F"(VyF* =V F,*) — F;"(V4F = ViF,b) (2.18)
and using the defining condition (2.10) of the nearly-Kaehlerian structure we obtain

VyF*=-V;F* (2.19)

and
V,F k= —V,E* (2.20)
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Replacing (2.19) and (2.20) in (2.18) find

Since

Fi"F* = -6} (2.22)

by taking the prolonged covariant derivative of (2.22), we get

(Vi F"=—(ViF,") Ff (2.23)

Similarly, the prolonged covariant derivative of

Ehpk=_¢&F (2.24)
yields
(ViEE"=—(V;F " Ff (2.25)
and using (2.10) we obtain
(VRS E" = (V") B = (ViE ") R (2.26)

On the other hand, substituting (2.23) and (2.26) in (2.21), we reach

1

By assumption, since the nearly-Kaehlerian structure is integrable, the Nijhenuis
torsion tensor NN, jk is zero.
Hence, we obtain

(ViF;"F, =0 (2.28)
If we multiply (2.28) by F, " and use (2.1), thus we obtain

ViF;"=0  forall i j,m, (2.29)

which gives that the structure F; / is Kaehlerian.

Now, we can express the defining condition (2.11) of an almost L-structure on LW, in

terms of the Weyl and Ricci curvature tensors.

Theorem 2.3. An almost Hermitian structure F; 7 is an almost L-structure on LW, if
and only if
F, ‘W, " =F,"W, ;; * (2.30)
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Proof. Since the almost Hermitian structure F; 7 is a tensor of weight {0}, we have
ViV,E"-VViEh =V, V,E" -V V" (2.31)
also the Ricci identity on W,,, we have by [14]

(ViVj =V, VOF " =F W, — F,"W, ;; * (2.32)

If an almost Hermitian structure F; / is an almost L-structure on LW, then from (2.11),
we obtain

(ViV; =V, VE " = F o, jah —F,"w, =0 (2.33)

which follows that
F, "W, = F,"W,;; (2.34)

Conversely, suppose (2.30) holds. Then we have
F Wy, = F,"W,;; “ = ViVF "=V iViF =0 (2.35)
which shows that the structure F; /is an almost L-structure on LW,.

Theorem 2.4. On an almost Hermitian Weyl space, the condition (2.30) is equivalent
to

Wiijn = F; ' F, Wi (2.36)

Proof. Suppose (2.30) holds. Multiplying (2.30) by F,/ and using (2.1), we have
8aW,;d' = —F,"F,/W, ;“ (2.37)

So, re-arranging the equation (2.37), we get

Weim = —F,"F, /W, ;¢ (2.38)

First, multiplying (2.38) by g,
Wijmi = —FurFyy W ji (2.39)

and then using (2.8), we obtain
Wejmt = FraFp Wi (2.40)

Also, applying (2.6) to (2.40) for the metric tensor g, we find

Weme = F, "F,/ W, ;8 pa (2.41)
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Since the metric tensor is symmetric, we have
ijmt =F mekajip (2.42)

which shows (2.36) is valid
Wiijn = F;'F,' Wi (2.43)

Conversely, suppose that (2.36) holds. Then, multiplying (2.36) by F,,”™, we have

F,"Wijmi = F,""F,/F, "W jip (2.44)
By (2.1), we get
F"Wijme = =8, F, "Wejip (2.45)
which (2.45) turns into
F, kajmt =—F kajup (2.46)

Multiplying (2.46) by g and by the rules of (1.39) and (2.7), we obtain

ES " Weim = —F""Wijup (2.47)
Now, applying (2.7) and (2.9) to F"P again, we get

ES " Weim = 87" E Wijup (2.48)

From (1.39), we reach

Theorem 2.5. On an almost L-Weyl space, the following conditions hold

. 1 :

l) ij = EFkSleWkSij + stij (Wk,s — Ws,k) (2.50)
1 .

i) Q=W+ EFS’(F’JWS,{,- =0 (2.51)

i) W = F/'F, ‘W, ;" (2.52)

Proof.

i) According to Theorem 2.4., we write
Wi = F F; Wi (2.53)
By multiplying (2.53) by g, we get

Win = F5F, Wi jis (2.54)
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here we use the results of (1.41) and (2.7).

Now, from (1.52), we rewrite (2.54) as
Win = —FFF, W (2.55)
Applying (1.53) to Wi, we reach
Wim = —F5E, ] (~Wisi + 285 (W — Wi j)) (2.56)
By re-arranging the (2.56), we have
Wim = FOF, /Wi — FFF,285(wjx —wi ;) (2.57)
From (1.78), we write

Waijk = Wiksi = 8ki(Ws,j — Wijs) + 8ks(Wji — Wi j) + &ji(Wk,s — Ws )
+8js(Wik —wii) + & jk(Wsi —wis) + &si(Wij —Wjk) (2.58)
Taking (2.58) into (2.57), we have
Wim = FOF, Wi — 81i(Ws.j — Wjs) + 8ks(Wjii — wij) + 8ji(Wes — We )

+8js(Wik —wi,i) + & jk(Ws,i — Wis) + &si(Wk,j —Wk)]

—F5F, 284wk —wi ) (2.59)
Simplifying the equation (2.59), then we get
Wim = FOF, Wy — FOF, [gki(ws.j — wjs) + 8ks(Wji — Wi j) + 8ji(Wis — W)
+8js(Wik —wii) + 8 jk(wsi —wis) +385i(Wk j —Wjk)] (2.60)
Also, from (1.74), we write the first Bianchi for Wi as
Wisik + Wsjik + Wiigk = 0 (2.61)

From (2.61)
Wiiik = Wyjik + Wik (2.62)

Taking account (2.62) into (2.60) and arranging the (2.60), we obtain
Wim = FSF, Wy i+ FOF, Wi — FSF, (g (s j — wjs) + 8ks (Wi — i)

+8i(Wis — Wek) + &jis Wik — Wii) + & jk(Ws,i — Wis) +38si(Wi j — wjx)](2.63)
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By interchanging the indices k and s for Wy in (2.63), we have
Wim = F¥E, [ Wyjis + FSF, Wi — FSF, (g (e j — wjs) + gks (Wi — Wi )
+8ji(Wr,s — Wsk) + &js(Wik — wri) + &k (Wsi — Wis) +38si(Wi,j — w 1) ](2.64)
Using (2.9) in (2.64), we get
Wim = —F F,'Wejis+ FXF, Wi — FF, [gki(ws.j — W) + 8ks(Wj.i — wi )
+8ji(Wis — Wek) + 8js(Wik — Wii) +&jk(Ws,i — Wis) +385i(Wij —wjk)] (2.65)
and using (2.54), (2.65) becomes
Win = —Wjm + FCF,/Wjige — FCF,/ [gii(Ws j = wjs) + 8ks(Wji — i)
+8ji(Wis — Wek) + &js(Wik — Wii) +&jk(Ws,i — Wis) +385i(Wi,j — W x)](2.66)
Substituting (1.52) in (2.66) and re-arranging (2.66), we reach
Wi = —F5E, Wi — FOF, [gi(ws,j —wis) + 8ks(Wji — wij) + &ji(Wis — Wy k)
+8js(Wik —wii) + 8 jk(Wsi — wis) +38si(Wi j — W k)] (2.67)
From (1.78), we have
Wijske = Wekij = 8icj(Wiis — Ws,i) + 8ki(Wsj — Wijs) + 8 js(Wki — i)
+85i(Wjk —wij) + &8sk (Wi j —wji) 4 8ij(Wis — Ws k) (2.68)
If we substitute (2.68) into (2.67), we obtain
2Wim = —F5E, Wi+ grj(Wis — wsi) + 8ti(Ws j— Wjs) + &js(Wri — wik)
+8si(Wjk — Wi, j) + 8k (Wi j — wji) + 8ij(Wis — Wik)]
—FOF, Tari(ws,j—wjs) + &ks (W) = i j) + &i(Wis — Wy )
+8js(Wig —wii) + & jk(Ws,i —wis) +38si(W, j —Wjk)] (2.69)
After some calculations, we obtain
2Wim = —FCF,Wyij — FOF, [2g1(ws.j— wjs)
+28i(Wis — Ws k) +28s5i(Wi,j — wjx)] (2.70)
By simplifying (2.70), we find
1

Wim = — EF SF, Waij — FOF, [gii(ws.j — wjs)

+8ji(Wis — We k) + &si(Wk j — Wk)] (2.71)
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or

1 , .
Wim = —5F SE, Wi — FOF, gi(wg j — wis)

—FYF,/gii(wis —wsx) — FOF, gsi(wi j —wjx)
From (2.6) and (2.1), we obtain

1 .
ij — _EFkSle Skij + 6;:1(WS7] — Wj7s)

—F"Fpyj(wis —wsx) — Oh (Wi j —wik)

After some calculations,

1 .
ij = _Estle skij — }'—'ksij("Vlww - Ws,k)

By using (1.52) and (2.8), (2.74) turns into
1 ks i ks
ij = EF Fm Wksij +F ij(kas — Ws,k)
ii) Multiplying (2.71) by g/™, and using (1.42), we get
1 .. . . .
W= _EngleFkSWskij — ¢/ FF, [gi(wsj—wjs)
+8ij(Wis — Ws k) + 8si(Wr j — Wjk)]

By (2.7) and we rewrite (2.76) as

1 . .
Q=W + S FIF Wij + FRF[gri(ws j —wiis)

+8ij(Wis — We k) + &si(Wk,j —Wk)]
and

1 .. .
Q=W + S FIF Wopij + FRF (s j—wj)

+stFjigij(wk7s — Wy k) + stFjigsi(wk7j —Wjk)
Since FFFJig;; =0, (2.78) turns into
Q=W+ %FﬁFkSWsk,- S+l (wy j—wi) + FEFlgg(wy j —wi)
Now, interchanging the indices k and s in (2.79), we get

1 . ) )
O=W+ EFJleSWskij + FSkFﬂgsi(Wk,j —wjk)+ stFﬂgsi(Wk,j —Wjk)
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Using the (2.9) in (2.80), we obtain
1. y y
0=W+ EFﬂstWskij — FOFTgg(wij—wjx) + FCF ggi(wej—wjg)
which yields
1.
Q=W+ S F/F Wy
Using the (2.9) in (2.82), hence we find
1 sk pij
QEW+§F F'/Wgii =0
iii) According to Theorem 2.4., we write (2.36) as
Wijm: = F Fy*Wjis
Multiplying (2.84) by g and using (1.41) and (2.7), we obtain
Winm = F¥F,[ Wi jis
Contracting (2.85) by g/ and using (1.42) and (2.7), we reach
W = FOF Wi

and then

W = —F*FI'W s
Substituting (2.7) in (2.87), we get
W = —g""F,}FI'W, jis

From (1.39), we reach

W = —F,FI'w, ;"

Applying (2.9) in (2.89), we get
We quote the following theorem from [15].

Theorem 2.6. If an almost semi-Kaehlerian structure Fl-j satisfies
ViE VIR = Vi FVEFY
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where a is a non-zero constant, then Q defined by (2.51)
| .
o=W+ EFUFleVijkl + 2gkj (ijk — Vij) (2.92)
is non-negative (non-positive) according as a is positive (negative). Further, the
structure F; 7 is Kaehlerian on W, if and only if 0 = 0.

In [15], it is shown that
Q = a(VF;j)(VFFY) (2.93)

where VA = g/kv ;.

In particular, Q = 0 if and only if the structure is Kaehlerian on W,,.

We now state the following theorem which gives a relation between a

nearly-Kaehlerian structure on NKW,, and a Kaehlerian structure on KW,,.

Theorem 2.7. For a nearly-Kaehlerian structure F;  on NKW,
0>0 (2.99)

where Q is given by (2.51), and the equality holds if and only if the structure F; J s

Kaehlerian.

Proof. Since a nearly-Kaehlerian structure F, ’ is an almost semi-Kaehlerian structure,

multiplying (2.10) by g/”, we obtain
ViF"™ VM E k=0 (2.95)
and also multiplying (2.95) by g™, we get
VI FT = v prk (2.96)
From equations (2.11), (2.91) and (2.96), we have
ViF (VIER) = (Vi Fy) (< F9) = (Vi Fj) (V*FY) (2.97)

from which it follows that a = 1.
Also, we observe that the equality in (2.94) holds if and only if the structure F; 7 is

Kaehlerian.

Theorem 2.8. If an almost L-structure F; 7 on LW, is almost semi-Kaehlerian and
satisfies either
ViG, 7 =0 (2.98)
23



or

ViR =0 (2.99)

where V¥ = gjkV j» Fij and Ghij are defined in (2.4) and (2.10) respectively, then the
structure F; / is Kaehlerian.

Proof. From the defining condition (2.11) of an almost L-structure, it follows that
ViViE ) =V, ViF/ (2.100)
Multiplying (2.100) by g gives
VIVyF ! =V, Vi FN = —V, Vi F* = —V, Vi dF K = —¢V, Vi E X (2.101)

Since F; /is an almost semi-Kaehlerian structure, we have
ViF k=0 (2.102)

then, (2.101) reduces to
VIV,F /=0 (2.103)
Now, suppose (2.98) holds. Multiplying (2.98) by Ski, we obtain
SiVEG, = 8IVE(VLE T +VF ) =0 (2.104)
and using (2.103), (2.104) gives

ViViE,’ =0 (2.105)

On the other hand, in [15] it is proved that an almost Hermitian structure F; / satisfies
FiVkV, F;j=0 (2.106)

the structure is Kaehlerian. Thus, from (2.105) and (2.106), it is obtained that the
structure th is Kaehlerian.

Now, suppose (2.99) holds. Taking the prolonged covariant derivative of (2.99), we
have

VEEj = VAV B+ VAV Fy + VAV F =0 (2.107)
Multiplying (2.107) by 5,: , and using (2.6), respectively, we obtain
VIV Fj+ V' ViFy+V'ViFi =0 (2.108)
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and

gijithim+ViVith_ghmViijim:0 (2.109)
By means of (2.103), the equation (2.109) yields
VIViFip =0 (2.110)

From (2.105), and (2.110), it follows that the structure is Kaehlerian.
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3. EINSTEIN L-WEYL SPACES

3.1 Einstein L-Weyl Spaces

In this section, we give the definition of an Einstein L-Weyl space and show its relation
with the symmetric part of the Ricci curvature tensor of Weyl space. Then, we consider
an FEinstein space and state that the necessary and the sufficient condition for an

Einstein L-Weyl space to be an Einstein space.

We call a Weyl space an Einstein L-Weyl space, denote by ELW, if the symmetric part

of the Ricci curvature tensor of W, is proportional to the metric tensor g
W(k]) = Agkj (3.1)

where A is a scalar function defined on W,,.

From (1.64), we have
Wii=R;+ (n— Z)Wj,' + (Wj,' — W,‘j) + gj,-gkmwkm 3.2)

On the other hand, since the Riemannian space is an L-space, its Ricci curvature tensor

has the following property [17]
Rji=F;"F "Ry (3.3)
Hence, if we write (3.2) and the Ricci curvature tensor W;; in terms of (3.3), we find
Wii=F; hFj “Ruc + (n—2)wij + (wij — wji) + 8i;8" Wi (3.4
and
Wij = F;"F, "R+ (n = 2)wji + (wji — wij) + 8i€"" Wiom (3.5
From (3.5) and (3.4), we conclude
Wji+Wij = 2F;"F, "R+ (n — 2) (wji + wij) + 28 i Wim (3.6)
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and

Wijiy = F;"F, “Ruc+ n ; 2 (wji+wij) + i€ " Wim (3.7)
Substituting (1.48) into (3.7), we get
Wiy = thFi KR + @[iji +ww; — %gﬁw,wt +Viwj+ww; — %gijwtwt]
+8i8™ (Viewm -+ Wiw, — lgkath) (3.8

2

and after some simplification, we obtain

(n—2)
2

W( :thF;- thk+

ji) [V jwi+Viwj +2wjw; — g jiwew!

n
+8i(Viwx +wiwy, — Ewtwt) (3.9)

Finally, the symmetric part of the Ricci curvature tensor of (ELW ) can be written as

(n=2)
2

Wiy = F; hE KRy + [V iwi + Viwj +2wiwi] + gi(Viwg + (2 — n)wn') (3.10)

Theorem 3.1. For an Einstein L-Weyl space (ELW) to be an Einstein space, the
necessary and sufficient condition is

n—2
% [VjWi + V,'Wj + 2WjWi] = ngi 3.11)
where 0 is a scalar function on W,,.

Proof. Let the space be an Einstein L-Weyl, then we have
W(ij) = l 8ij (3.12)

If the Riemannian space is Einstein i.e., R;; = f g;;, then (3.10) reduces to

n—2
A 8ji = B 8ij + % [VJ'W,' + V,‘Wj + 2iji] + 8ji [Vka + (2 — l’l)WtWZ] 3.13)

with f is a scalar function of coordinates.
Since the last term in the right-handside is scalar multiple of the metric tensor, say

o gji, (3.13) can be written as

A-=B-0a)gji=

-2
% [V iwi+Viwj+2w;wi| 3.149)

or, in another form

(n=2)
2

[VjWi + V,'Wj + 2WjWi] = ng,' 3.15)
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where 6 = (A —f — ).
Conversely, by using (3.11) and the Riemannian space is an Einstein
Rij = Bgij (3.16)

we obtain that W, is an Einstein L-Weyl space.

Also, it follows from (3.10) that

Corollary 3.1. Every 2-dimensional Einstein L-Weyl space (ELW) is an Einstein

space.

3.2 Generalized Einstein L-Weyl Tensor

Weyl spaces with semi-symmetric connection and generalized Einstein tensor in Weyl
spaces are studied in the literature [19,25]. In these spaces, a covariantly constant
tensor is obtained such that its generalized derivative with respect to the connection of

the space vanishes, and then, it is called generalized Einstein tensor.

In this section we obtain Einstein L-Weyl tensor by using Bianchi identities, and
properties of curvature tensors of almost L-Weyl spaces. Einstein tensor in Weyl space

is defined in [20,21]
. 1 . ,
G/ =W, = S8/W —2¢"V wy (3.17)

Here W, k = w,,, " is the Ricci curvature tensor, W is the scalar curvature of the Weyl

space, and w is the complementary vector. We prove that the tensor Gl’ is covariantly

constant with respect to the prolonged covariant derivative and called Einstein tensor.

Using the covariantly constant property of the metric tensor g, the first and the second

Bianchi identities (1.72) and (1.73) can be reduced

Wejim +Wiikm + Wik jm = 0 (3.18)

ViWejim +V iWikim + ViWjtim = 0 (3.19)
On the other hand, the Ricci formula for F; his [14]
(ViVj =V, VOF " = F, ‘W, ;" = F,"W,; ¢ (3.20)
Since the Weyl connection is symmetric and F; " is zero weight then we have

(ViVj =V, VOE = (Vi V; =V, V! (3.21)
29



Since the structure F; h is an almost L-structure
(V¥ —V VOFE " =0

and then

F; aijah = Fahiji ¢
Multiplying (3.23) by F, !, we get
ijmh =—F, thiiji ¢
and multiplying (3.24) by gj; and using (2.6), we reach
Wijm = —FuF, W, i
Substituting (2.6), (2.8) and (1.40) in (3.25), we find
Wjm = F; “F Wjia
Contracting (3.26) by g and using (2.7), we obtain
Wim = F, F*W 1,
Furthermore, multiplying (3.27) by g™, (3.27) reduces
W} = F"F*Wji
Let us multiply the first Bianchi identity (1.72) by F, k. then we have
F AW+ W' + W) =0
By using (2.36), (1.52) in (3.29), we have
Fklvvijl “—F, kajlk"J’_Fjkail “=0
Simplifying (3.30), we get
F'W; = F "Wy +F;'Wy =0
Also multiplying (3.31) by F*/, we get
FUF!'W,;* — FUF, "W+ FUF;'W; =0
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Using (2.7) and re-arranging the equation (3.32), we find
FUF'W, ;" — g TWj + "Wy =0 (3.33)
By (1.42), (3.33) gives rise to the relation
FUR W,k —2w =0 (3.34)
so we get
FUR W, * =2w (3.35)
Multiplying (3.18) by F*, we write
F Wija + Wik + Wigjr) =0 (3.36)
By the symmetry rule of (1.52), we get
F W, 0 — F* Wy jis + F*Wiijp = 0 (3.37)
Interchanging the indices i and k, we rewrite the equation (3.37) as
F*W jit — F*W jiy + F*W 5 = 0 (3.38)
From (2.9) and re-arranging (3.38), we reach
2F Wy jiy — F* Wiy = 0 (3.39)
Thus we get

FY(2Wjit — Wiijt) =0 (3.40)

Let us now derive the generalized Einstein equation for the L-Weyl space.
Contracting (3.19) by g¥, we get
ViWji =V Wi+ " VWi = 0 (3.41)
then, contracting (3.41) by g//, we obtain
VW = VW, 7 4 g IV (= Wi +28im (Viw; — Vjwp)) = 0 (3.42)
Re-arranging (3.42)

VIW = VW, 7 4 gV (= W) + 28" Vi (VWi — Viwy) = 0 (3.43)
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After some calculations, we reach
VW —2V,W, 7 42V ;(Viw! — ¢V ,wp) = 0 (3.44)
and we have
Viw,’ - %5/W — (Viw! — g™V w))] =0 (3.45)
In (3.45), we call the tensor
G/ =w’ - %qfw — 27V wy (3.46)

as the generalized Einstein L-Weyl tensor.

From (3.45), Glj is covariantly conserved, that is,

VG =0 (3.47)

We now express (3.45) in terms of almost L-structure. By using (3.28) and (3.35),
generalized Einstein equation (3.45) takes the form
Y im okt |y a— k jk
VJ(F F Wklm[ — ZSI F Fk Wmth — 2g V[lwk]) =0 (3.48)
In almost L-Weyl space, the generalized Einstein L-Weyl tensor becomes
G,) = F/"FN Wiy — ZalfF B W — 287V pwyg (3.49)
Then, we have proved the following theorem.

Theorem 3.2. The generalized Einstein tensor in L-Weyl space is given by (3.49).

Remark. If we take the complementary vector field as locally covariant, then (3.49)

reduces to

A . 1 .
G,) = F"FM Wy — 15{ FmEhw K (3.50)
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4. CONCLUSIONS AND RECOMMENDATIONS

In differential geometry spaces can be classified with respect to structures defined on
them. Weyl spaces are similar to Riemannian space that admit symmetric connection

but the covariant derivative of the metric tensor is not zero in Weyl spaces.

In this thesis, we introduce almost L-structures and nearly-Kaehlerian structures
on Weyl spaces W, to examine curvature properties of Weyl spaces having these
structures. We also define Einstein L-Weyl space and we give a necessary and sufficient
condition for an Einstein L-Weyl space (ELW) to be Einstein space. Moreover, we
define the generalized Einstein tensor in L-Weyl spaces and express it in terms of

almost L-structures.

Then, almost complex and almost Kaehlerian structures on Weyl space are defined.
We construct almost L-structures and nearly-Kaehlerian structures. We prove the
integrability condition of Kaehlerian Weyl space and proved that nearly-Kaehlerian
Weyl space is a Kaehlerian-Weyl space if the structure is integrable. In addition, we

give some theorems which are used to find out generalized Einstein L-Weyl tensor.

In the conclusion, we reveal how all these structures are related with Einstein space.
By means of the theorems, we also state the generalized Einstein L-Weyl tensor in the

terms of curvature tensor, covariant curvature tensor and F; / tensors which are defined.

Moreover, if we take our Weyl connection as semi-symmetric, then it reduces more
richer spaces then we found. Also it gives new curvature properties and theorems to

construct new structures and classify them.

33



34



REFERENCES

[1] Boothby, W.M., (2003). An Introduction To Differentiable Manifolds And
Riemannian Geometry, Academic Press, USA.

[2] Bell, J.L., Korte, H., (Spring 2011). Hermann Weyl The Stanford Encyclopedia of
Philosophy, http://plato.stanford.edu/spr2011/entries/weyl/.

[3] Carmo, M.P.do., (1992). Riemannian Geometry (Mathematics: Theory And
Applications), Birkhauser.

[4] Eisenhart, L.P., (1927). Non-Riemannian Geometry, The American Mathematical
Society, Colloquium Publications, New York ISBN 0821810081.

[5] Hicks, N., (1965). Notes On Differential Geometry, D.Van. Nostrand Company,
London.

[6] Hlavaty, V., (1949). Theorie d’immersion d’une W,, dans W,, Ann. Soc.
Polon.Math., Vol.21, pp.196-206.

[7] Kobayashi, S., Nomizu, K., (1969). Foundations of Differential Geometry,
Interscience Publishers, Vol.2.

[8] Miron, R., (1968). Mouvements Confermes Dans Les Escapes W, et N,,
Tensor,N.S.,19.

[9] Norden, A., (1976). Affinely Connected Spaces, GRFML, Moscow.

[10] Okubo, T., (1987). Differential Geometry, Marcel Dekker, Inc.270 Madison
Avenue, New York, 10016.

[11] Yilmaz, S., (2010). Weyl Uzaylarinda Yaklagik Hermitsel Ve Yaklasik Kaehler
Yapilar, Yiiksek Lisans Tezi, Fen Bilimleri Enstitiisii, Istanbul Teknik
Universitesi.

[12] Weatherburn, C.E., (1966). An Introduction To Riemannian Geometry And The
Tensor Calculus, Cambridge University Press, Cambrigde.

[13] Kon, M., Yano, K., (1984). Structures on Manifolds, World Scientific
Publications.

[14] Yano, K. (1965). Differential Geometry On Complex And Almost Complex
Spaces, Pergamon Press.

[15] Demirbiiker, H., Ozdemir, F., (1998). Almost Hermitian, Almost Kahlerian And
Almost Semi-Kahlerian Structures In Weyl Spaces, Buletinnul Sthntific
Universitath Politehnica Din Timisoara Matematica-Fizica, Tom 43(57),
No.2, pp. 1-7.

35



[16] Ozdemir, F., Yildirim Civi G., (2005). On Conformally Recurrent
Kahlerian-Weyl Spaces, Topology And Its Applications 153, pp. 477-484.

[17] Friedland, L., Hsiung C.C., (1989). A Certain Class Of Almost Hermitian
Manifolds, 7ensor N.S., Vol.48, pp. 252-263.

[18] Hsiung, C.C., (1995). Almost Complex And Complex Structures, World Scientific
Publishing Co..

[19] Ozdemir, F., Tiirkoglu, M.D., (2013). A Note On L-Structures On Weyl
Spaces, International Conference On Applied Analysis And Mathematical
Modeling, ICAAMM 2013, Istanbul-TURKEY.

[20] Jones P.E., Tod, K.P., (1985). Minitwistor Spaces And Einstein Weyl Spaces,
Class. Quant. Grav., Vol.2, 567-577.

[21] Calderbank, D.M.J., Pedersen, H., (2000). Selfdual Spaces With Complex
Structures, Einstein-Weyl Geometry And Geodesics, Annales de Pinstitut
Fourier, 50, 921-963.

[22] Lovelock,D., Rund, H., (1989). Tensors, Differential Forms And Variational
Principles, Dover Publ.Inc., New York.

[23] Santamato, E., (1984). Geometric Definition Of The Schrodinger Equation From
Classical Mechanics In Curved Weyl Space, Phys.Rev., D 29, 216-222.

[24] Scholz, E., (2008). Weyl Geometry In Late 20th Century Physics, Beyond Einstein,
Proceedings Mainz Conf. Sept., Bach V., Rowe D. (eds.), Einstein Studies.

[25] Scholz, E. (2011). Weyl Geometric Gravity And Breaking of Electroweak
Symmetry, Annalen De Physik.

[26] Ozdemir, F., Tiirkoglu, M.D., (2013). Generalized Einstein Tensor For
L-Weyl Spaces, 12th International Conference On Applied Mathematics,
APLIMAT 2013, Bratislava-SLOVAKIA.

36



CURRICULUM VITAE

Name Surname: Mustafa Deniz Tiirkoglu
Place and Date of Birth: Briihl-Germany 29.06.1986

Adress: Seyitomer Mah. Altimermer Cad. Aydin Apt. D Blok No:3/7 34098
Kocamustafapasa Fatih-Istanbul Turkey

E-Mail: mdturkoglu@hotmail.com
B.Sc.:

M.Sc.:

Professional Experience and Rewards:

List of Publications and Patents:

PUBLICATIONS/PRESENTATIONS ON THE THESIS

» OZDEMIR, F., TURKOGLU, M.D. (2013). Generalized Einstein Tensor For L-Weyl
Spaces, 12th International Conference On Applied Mathematics, APLIMAT 2013,
Bratislava-SLOVAKIA.

» OZDEMIR, F, TURKOGLU, M.D. (2013). A Note On L-Structures On Weyl
Spaces, International Conference On Applied Analysis And Mathematical Modeling,
ICAAMM 2013, istanbul-TURKEY.

37



