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INVESTIGATION OF THE EFFECT OF DIFFERENT
MODAL ANALYSIS METHODS ON FLUTTER SPEED CALCULATION

SUMMARY

The flexibility of the structure is of great importance in the development of modern
aircraft today. Aeroelastic effects became more important in the design process by
increasing the flexibility in the structure. For this reason, the flutter condition, which
is a major aeroelastic problem in modern aviation, has a great importance in the
certification process. For this reason, efforts to find the flutter speed are taken into
consideration from the very beginning of the design phase. Moreover, the fact that
the aircraft has an aeroelasticly stable structure from the very beginning of the design
prevents possible problems during the design phases of the design, thus saving time and
cost. Considering all these processes, determining the speed of flutter in the concept
design phase is of great importance.

In the first stage of the thesis, in order to evaluate the flutter speed in the concept
design stage, the k method and the classic flutter method were used to find the flutter
speed of the model, which represents the structure in two dimensions. While using
these two methods, aerodynamic loads were obtained using the formulas developed by
Theodorsen. Analytical method has been developed for two dimensional two degree
of freedom and two dimensional three degree of freedom models. These methods to be
used in the design phase have saved significant time in calculations using the MATLAB
commercial program. These developed analytical methods have been proved to give
consistent results by applying on the problems from the literature.

In the next stage of the thesis, MATLAB code was developed to be used to find
the flutter speed of three-dimensional structures. In this analytical analysis method,
formulas developed by Theodorsen using standard strip theory were used to calculate
aerodynamic loads. The natural bending frequency, bending mode shape function,
natural torsion frequency and torsion mode shape function of the structure required
for three-dimensional structures were obtained from formulas developed for beam
models with a constant cross section in the literature. The models we obtained from the
literature that we used to make comparisons have different flutter speed according to
both standard strip theory and double lattice method. The developed MATLAB codes
were applied on the models from the literature and the results were compared and it
was seen that the results of these models were almost the same with the flutter speeds
obtained using the standard strip theory. However, it has been observed that there is a
difference between the flutter speeds obtained by using the double lattice method and
the flutter speeds we have obtained. The reason for this is that MATLAB codes use
standard strip theory. As a result, developed MATLAB codes have been proved to give
consistent results.

In the last stage of the thesis, three different methods are explained for the modal
analysis of the structure, which is required to be used in the three-dimensional

XXV



analytical aeroelastic analysis method. Aeroelastic analysis of the weakened AGARD
445.6 wing model was made using the MSC FlightLLoads and Dynamics module and
MSC NASTRAN commercial software programs. This commercial software program
uses double lattice method to calculate aerodynamic loads. The results obtained by
using commercial software were compared with the test results of the AGARD 445.6
wing model in the wind tunnel. The results were observed to be very close to each
other. As a result, the results obtained from MSC FlightLoads and Dynamics module
and MSC NASTRAN commercial software program have been proved to be consistent
with real results. Different modal analysis methods are applied on the structure
with a constant cross section and the structure where both the height and width of
the cross section change with linear ratio. These data are used in MATLAB codes
developed for three-dimensional aeroelastic analysis and the flutter speeds of these two
different structures were obtained. By using MSC FlightLoads and Dynamics module
and MSC NASTRAN commercial software program, the flutter speeds of these two
different structures were obtained. The results obtained from MATLAB codes and
the commercial software program were compared. As a result of the comparison, it
was observed that the flutter speeds obtained from MATLAB codes were lower than
the flutter speeds obtained from commercial software. As a result, it was seen that the
MATLAB code using the standard strip theory gives more conservative results than the
real values. Flutter speed results obtained by using the mode analysis results made by
using Euler-Bernoulli beam theory and Tymoshenko beam theory in MATLAB code.
These results were found to be more consistent than the results of the flutter speeds
obtained by using the mode analysis results using the discrete mass system method in
the MATLAB code.
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FARKLI MODAL ANALIZ YONTEMLERININ
CIRPINMA HIZI HESABI UZERINDEKI ETKISININ INCELENMESI

OZET

Giliniimiizde modern hava araglarinin gelismesinde yapinin esnekliginin biiyiik bir
onemi vardir. Yapidaki esneklidin arttirilmasiyla aeroelastik etkiler tasarim siirecinde
daha biiyiik bir oneme sahip olmustur. Bu yilizden modern havacilikta biiyiik bir
aeroelastik problem olan ¢irpinma durumu sertifikasyon siirecinde biiyiik bir dneme
sahiptir. Bdylece ¢irpinma hizin1 bulma galismalari tasarim fazinin en bagindan dikkate
alinir. Ayrica ugagin tasarimin en basindan itibaren aeroelastik olarak kararl bir yapiya
sahip olmas1 tasarimin ileriki asamalarinda olas1 problemleri engelleyerek zamandan
ve maliyetten tasarruf edilmesini saglar. Biitiin bu siirecler gbz 6niine alinirsa, konsept
tasarim fazinda c¢irpinma hizinin belirlenmesi biiyiik 6nem arz eder. Ciinkii flutter
hiz1 hesabinin tasarim fazindaki etkisi 6nemli boyutlandirma calismalar1 agisindan
onemlidir. Modern havacilikta hava aracinin sagladig1 giiven ve hava aracinin hafif
olmas1 Onemli iki kriterdir. Hava aracinin bu kriterleri saglamasi tasarimin ilk
safhalarindan son safhalarina kadar tasarimi etkileyen parametrelerin tasarim siirecine
olan etkisi dikkate alinarak basarilir. Bu parametrelerin ve bu parametrelerin flutter
hiz1 hesab1 iizerindeki etkileri bu tezde incelenmistir.

Tez ¢aligmasinin ilk agsamasinda konsept tasarim asamasinda yapinin ¢irpinma hizinm
degerlendirmek icin yapiyr iki boyutlu iki serbestlik dereceli ve iki boyutlu ii¢
serbestlik dereceli olarak temsil eden ve akabinde bu iki boyutlu modelin ¢irpinma
hizin1 bulmak igin k methodu ve klasik ¢irpmma metodu kullamlmistir. iki boyutlu, iki
serbestlik dereceli yapilar icin literatiir aragtirmasi sonucu elde edilen klasik yontem ve
k metodu agiklanmigtir. Bu iki metod kullanilirken aerodinamik yiikler Theodorsen’in
gelistirdigi formiiller kullanlarak elde edilmistir. Iki boyutlu , ii¢ serbestlik dereceli
yapilar i¢in literatiir arastirmasi sonucu elde edilen k metodu aciklanmistir. Ayni
sekilde bu metodda kullanilan aerodinamik yiik hesabinda Theodorsen’in gelistirdigi
formiiller kullaniliyor. Theodorsen, aerodinamik yiiklerin hesabinda standart strip
teoriyi kullanmustir. iki boyutlu iki serbestlik dereceli ve iki boyutlu ii¢ serbestlik
dereceli modeller i¢in analitik yontem gelistirilmistir. Tasarim fazinda kullanilmak
tizere bu yontemler MATLAB ticari yazilim programi kullanilarak hesaplamalarda
zamandan ciddi tasarruf elde edilmistir. Gelistirilen bu analitik yontemler literatiirden
gelen problemler iizerinde uygulanarak tutarli sonuclar verdigi ispatlanmistir. Detay
tasarim fazina gegmeden Once yapinin flutter hizin1 hesaplamak i¢in kullanilabilecek
ara¢ bu sekilde elde edilmistir.

Tezin ikinci asamasinda {i¢ boyutlu yapilarin flutter hizi hesab1 i¢in gelistilen
metod literatiirden elde edilerek tezin bu asamasinda detayli olarak incelenmistir.
Incelenen bu metod literatiirden alinan farkli boyutlardaki modellerin flutter hizim
hesaplamak icin MATLAB kodu kullanilarak tool gelistirilmigtir.  Flutter hizi
hesaplanacak olan modeller kalinlik oran1 ve en-boy oraninin degistirilmesiyle elde
edilen 9 farkli modelden olusmaktadir. Boylece yapinin boyutlarini temsil eden
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farkli parametrelerdeki degisimlerin flutter hizina olan etkisi de gozlemlenebilir.
Modelin dogal frekans degerini ve mod sekillerini elde etmek i¢in kullanilan mod
analizi yontemi, problemi aldigimiz literatiir kaynagindan alinarak incelenmistir.
Bu method literatiirde sabit Olgiilere sahip dikdortgensel kesitli yapilar i¢in sikca
kullanilir. MATLAB ticari yaziliminda kullandigimiz ii¢ boyutlu flutter hesabinda
kullanilan aerodinamik yiikler Theodorsen’in gelistirdigi fonksiyonlar kullanilarak
hesaplanmistir. Theodorsen’in bu fonksiyonlarinda standart strip teori kullanilmustir.
Dogrulama i¢in kullandi§imiz literatiir kaynaginda ise modellerin flutter hiz1 hesabinda
kullanilmak tizere iki farkli metod incelenmistir. Bu metodlar standart stip teori ve
double lattice metodudur. Double lattice metod giiniimiizde aerodinamik yiiklerin
hesabinda kullanilan ticari yazilim programlarinda sikca kullanilmaktadir. Bu iki
metod aerodinamik yiiklerin hesabinda kullanilmaktadir.  Gelistirilen MATLAB
kodu farkli oOlciilere sahip modeller iizerinde uygulanmistir ve literatiir sonuclari
ile kargilastirilmistir. Sonuglarin karlagtirilmasiyla MATLAB kodundan elde edilen
sonuglar ile standart strip teoriyi kullanan literatiir sonucglarinin neredeyse ayni
oldugu goriilmiistir. Fakat MATLAB kodundan elde edilen sonuclar ile double
lattice metodunu kullanan literatiir sonuclarinin farkli oldugu anlagilmistir. Ciinkii
aerodinamik yiik hesabinda kullanilan metodlarin flutter hiz1 sonuclarinda ciddi etkileri
vardir. Tezin son kisminda bu konu iizerinde daha detayli durulmustur. Tezin
bu asamasinda sadece MATLAB kodunu gelistirmek i¢in faydalanmis oldugumuz
yontemin ve bu yontemin aerodinamik yiik hesabinda kullandig1r yontemin literatiir
sonuclar: ile tutarli olup olmadigi arastinlmisti.  Tezin bu boliimiinde ayrica
yapinin mod analizini yapmak i¢in kullanilan yontemin flutter hiz1 sonuglarina etkisi
incelenmemistir.  Tezin son asamasinda bu konu detayli sekilde ele alinmustir.
Bu boliimde elde edilen sonuglar gelistirilen MATLAB kodunun tutarli oldugunu
ispatlamistir. Ancak aerodinamik yiiklerin hesabinda kullanilan metodlarin flutter hizi
sonucu lizerindeki etkiside ciddi sekilde gozlenmistir.

Tezin son asamasinda {i¢ boyutlu analitik analiz yonteminde kullanilmak iizere
gerekli olan yapinin mod analizi i¢in ii¢ farkli yontem detayl olarak agiklanmustir.
"MSC FlightLLoads and Dynamics” modiili ve MSC NASTRAN ticari yazilim
programlar1 kullanilarak zayiflatilmis AGARD 445.6 kanat modelinin aeroelastik
analizleri yapilmistir. Bu model literatiirde sikca kullanilmaktadir. Bu ticari yazilim
programi aerodinamik yiiklerin hesabinda double lattice metodu kullanmaktadir.
Ticari yazilim programi aynt model sonlu elemanlar yontemi temel alinarak
cirpinma hizi hesaplanmugtir.  Ticari yazilim kullanarak elde ettigimiz sonuclari
zayiflatilmis AGARD 445.6 kanat modelinin riizgar tiinelinde yapilan test sonuclari
ile kargilagtirilmigtir. Sonuclarin birbirine ¢ok yakin oldugu gozlemlenmistir. Sonug
olarak "MSC FlightLoads and Dynamics” modiili ve MSC NASTRAN ticari
yazilim programindan elde edilen sonuglarin gercek sonuglara gore tutarli oldugu
ispatlanmigtir.  Farkli mod analizi yontemleri, sabit kesite sahip olan yapinin ve
kesitinin hem yiiksekliginin hem de genisliginin dogrusal oranla degisti8i yapisal
modeller iizerinde uygulanmistir. Elde edilen bu veriler ti¢ boyutlu aeroelastik
analiz i¢in gelistirilen MATLAB kodlarinda kullamlmistir ve bu iki farkli yapinin
cirpinma hizlart elde edilmistir. Ayrica MSC FlightLoads and Dynamics modiilii ve
MSC NASTRAN ticari yazilim programi kullanilarak bu iki farkli yapinin ¢irpinma
hizlar elde edilmisti. MATLAB kodlarindan elde edilen sonuglar ile ticari yazilim
programindan elde edilen sonuclar kargilastirllmistir.  Karsilagtirmanin sonucunda
MATLAB kodlarindan elde edilen ¢irpinma hizlarinin ticari yazilimdan elde edilen
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ciupinma hizlarindan daha diisiik oldugu goriilmiigtiir. Bunun sonucunda standart
strip teoriyi kullanan MATLAB kodunun gercek degerlere gore daha konservatif
sonu¢lar verdigi goriilmiistiir. Euler-Bernoulli kiris teorisi ve Timoshenko kirig teorisi
kullanilarak yapilan mod analiz sonuclarinin MATLAB kodunda kullanilmasiyla elde
edilen ¢irpinma hizi sonuglarinin ayrik sistem metodu kullanilarak yapilan mod analizi
sonuclarinin MATLAB kodunda kullanilmasiyla elde edilen ¢irpinma hizi sonuglarina
gore daha tutarli oldugu goriilmiistiir. Boylelikle farkli mod analizi yontemlerinin
cirpinma hizi iizerindeki etkisi ve bu farkli mod analiz yontemlerinin kendi i¢indeki
dogruluk degerlendirmesi yapilmstir.
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1. INTRODUCTION

1.1 Purpose of Thesis

Reaching the ideal model in aviation has an important place in technology
development. Before reaching the ideal model, a simple model is created to ensure the
validity of the basic aeroelastic principles. Later, in order to increase the reliability of
this design, aeroelastic analysis methods are applied and the design is made more ideal.
These aeroelastic analysis methods apply the analysis and conclusion on the structural,
aerodynamic and inertial behavior of the aircraft structure. The most important of
these three behaviors of the structure is accepted as aerodynamic behavior. Because
during the aeroelastic analysis of the structure, transient or unsteady aerodynamic
loads due to the deformation of the structure have a key importance. In this thesis,
before reaching the ideal model, a tool has been developed to be used in aeroelastic
analysis of two-dimensional and three-dimensional structures. In aeroelastic analysis,
the vibrational characteristic of the structure is of great importance. The different
modal analysis methods developed to find this vibrational characteristic have been
analytically introduced. In addition, the finite element method (FEM) has great
advantages in terms of both time and reliability in finding the vibration characteristics
of the structure. The use of Finite element method together with methods that calculate
aerodynamic loads such as double lattice method has caused it to be an indispensable
tool in the industry at the preliminary design and flight availability stages. The
accuracy and reliability of the analysis performed by applying FEM in the thesis
was proved by comparing it with the test results. The different vibration modal
analysis methods used to find the vibration characteristic have been integrated into the
three-dimensional analytical flutter rate analysis method, and its effect on the results

has been desired.



1.2 Literature Review

Unsteady aerodynamics has made progress on two issues in history.First, the loads
caused by impulsive motion were calculated. The first research of a two dimensional
structure in this area in incompressible flow was done by Wagner [1]. R. T. Jones [2]
continued this research. Unsteady-lift functions of the wings with finite aspect ratio
were obtained by adjusting aerodynamic inertia and angle of attack. In finite wing, it
was observed that there is less starting lift than infinite wing. However, it was observed
that the final lift was largely small. The similarity of the distribution of the lift on the
wing to the final distribution on the wing was observed. Curves indicating the lift
changes caused by sudden change in angle of attack and continuous oscillation state
were found. As a result of examining these curves, lift calculation is made easier
under different conditions. As a result of these examinations, vertical acceleration of

the wing caused by gust can be calculated.

Lomax [3] conducted research on the unsteady lift problems of two dimensional
and three dimensional structures. For two- and three-dimensional wing models, the
problem of transient lift is considered as the boundary value problem in classical wave
equations. As in the case of steady state, the Kirchhoff formula enables the analysis to

become an analysis of the sources.

Another area where unsteady earodynamics has made progress is the calculation of
the loads of a harmonic oscillating structure. The aerodynamic loads of the structure,
which makes simple harmonic oscillation in incompressible flow, were calculated by
Theodorsen [4]. Aerodynamic loads were found for the 2-dimensional 2 degree of
freedom airfoil or 2-dimensional 3 degree of freedom combination of airfoil-aileron.
The Bessel functions used to find these loads are resolved. The theory of potential flow
and Kutta conditions can be considered the same as the wing section theory, which
is related to the steady case. The process of finding aerodynamic loads including
potential flow and Kutta condition has been completed. The solution was found
using the parameter k, which is defined as reduced frequency. The flutter speed is
expressed in terms of functions consisting of the ratio of the frequency values of

the airfoil-aileron combinations where the flutter state occurs. At the end of these



processes, frequency-flutter velocity graphics are obtained. These graphics make a

visual contribution to the interpretation of the flutter speed.

Watkins [S] developed the solution method by recovering the Kernel function used
in aerodimaic calculations from singularity. The result of the integral equation
used for finite wing models in subsonic flow is obtained. This equation establishes
a relationship between downwash distribution and lift. This solution method is
applicable for models with different shapes of leading and trailing edges. In addition,

this solution method can be applied to control surfaces such as the tail of the aircraft.

The Kernel function removed from singularities was used by Rowe [6] in structures
with a control surface. The method has been developed to find unstable loading caused
by the oscillations of the control surfaces in the trailing edge area of the wing structure
in the subsonic flow. This method can be applied for the wing with control surface
throughout the span or for the wing with control surface at intervals on the span.
The downwash integral equation in this method achieves its final form by separating
the singular and non-singular terms. A method has been developed to eliminate
discontinuities in the kinematic downwash distribution. Assumption has been made to
include local velocities due to airfoil thickness in boundary conditions. As a result of
these processes, it was observed that the results of pressure distribution on different
control surface models were consistent by comparing theoretical and experimental

data.

Another method that uses the finite element method model of the structure and used
to calculate aerodynamic loads was developed by Albano and Rodden [7]. The
aerodynamic surface is created by combining many lifting elements. These lifting
elements refer to acceleration-potential doublets and the linearized formulation is
achieved by using acceleration-potential doublets on the aerodynamic surface. Using
the Kernel function, velocity caused by unit force is found. The load affecting each
element in the double lattice method is found by providing normal velocity boundary
condition at many points of the aerodynamic surface. The lifting elements on the
aerodynamic surface are positioned to provide the Kutta condition. This method is

very easy to use on complex problems.



In aeroelastic analysis, the assumption that the structure makes simple harmonic
motion is quite common. The reason for this situation is that this analysis technique
predicts flutter boundaries very well. Theodorsen and Garrick [8], and Smilg and
Wasserman [9] are pioneers of these commonly used methods. Smilg and Wasserman
has also integrated artificial structural damping into this method and used it in three

dimensional structures.

Due to U-f flutter analysis methods, which cannot provide sufficient information
for stable and subcritical flutter cases, methods using convolution techniques were
used [10], [11]. The difference between true damping solution of flutter equation
and structural damping solution is examined. If the unsteady aerodynamic system
can be expressed in terms of a p variable that expresses a complex number, the
damping solution can be obtained. For a system with harmonic motion, it is possible
to determine the damping value in case of increasing or decreasing amplitude of
aerodynamic forces. But in this case, aerodynamic loads must be given in reduced

frequency k.

The natural modes of the aerodynamic structure at any speed are determined. It was
observed that the damping value obtained in the critical mode increased up to 85
percent of the critical speed and then dropped to zero when it came very close to the
flutter speed [12]. Stability increases sharply in non-critical mode. When the system
response caused by forced excitation and normal mode responses were compared, it
was seen that the system response caused by forced excitation showed the approach to
the flutter state earlier. Therefore, the examination of the system response caused by

forced excitation was found to be more accurate.



1.3 Scope of Thesis

In the first stage of the thesis, aeroelastic analysis of two dimensional structures with
two degree of freedom and two dimensional structures with three degree of freedom
was investigated. In aeroelastic analysis, the calculation of flutter speed is emphasized.
For this, two different methods are used, which are frequently used in the literature.
MATLAB code has been generated to apply these two methods in two dimensional
structures. The validity of the MATLAB codes generated was tested on two problems

obtained from the literature.

In the second stage of the thesis, the method used in the literature to calculate the flutter
speed calculation of 3D structures is explained. MATLAB code has been generated to
use this described method on models of different sizes. In the method used in the
literature, standard strip theory is used to calculate aerodynamic loads. The modal
analysis results required for the use of the structure in the calculation of the flutter
speed were obtained as stated in the literature source to be used for validation. The
flutter analysis tool generated in MATLAB was used on different models used in the
literature and the results were compared. In the literature, these models have two
different results. In the literature, the results obtained using the standard strip theory
and the results obtained with the double lattice method were compared with the results

obtained using the tool generated in MATLAB.

In the last stage of the thesis, three different modal analysis methods are used to use
in flutter calculation. These methods are explained in detail. Finally, MATLAB code
including these modal analysis methods has been generated.Generated MATLAB code
and MSC PATRAN / NASTRAN commercial software, which has been proven by
calculation of flutter speed on the AGARD wing, is used to calculate the flutter speed

of two different models and the results are compared with each other.






2. SUBSONIC FLUTTER ANALYSIS OF A TYPICAL WING SECTION

2.1 Mathematical Modeling Of a 2 Degree Of Freedom Typical Section

In this section, we will examine how to calculate the flutter in a linear system.First
we need to simplify the model we will work on. Two-dimensional, spring-mounted,
rigid models were used to analyze the flutter. Figure 2.1 shows this structure.Physical
simplicity is the reason why these structures are still used today. This model can
represent an elastic, finite wing model that we can use in our tests, as well as the
airfoil section of an airplane wing.If the model represents the model we will use in
tests in the wind tunnel, the springs will reflect the bending and torsional stiffness of

the wing structure and the reference point will represent the elastic axis.

zero-Jift Jip,

Figure 2.1 : Typical section of the wing with pitch and plunge spring restraints[21].

In such models, the points P, C, Q, and T represent respectively, the reference point
where the pitching displacement (h) is measured, the center of mass, the aerodynamic
center and the 3 quarter of the veter length.The dimensionless s parameter which
indicates the location of the center of gravity is between -1 and 1 (—1 < e < 1).The
dimensionless a parameter representing the location of the reference center is also
between -1 and 1 (—1 < a < 1). If the value of e and a is negative, the distance of
the reference axis and center of gravity from the edge of the attack is shown, if it is

positive, the distance from the edge of the trailing edge is shown.The kj, and kg values



shown in the figure 2.1 are the spring stiffness coefficients in the 4 and 0 directions of

the springs.

2.2 Equations Of Motion Of The 2 Degree Of Freedom Typical Section

Lagrange’s equation can be used while obtaining the motion equation of the 2 degree
of freedom system. Generalized coordinates to be used in this equation are given

below.
qgi=h and ¢, =20
Lagrange’s equation;

d (dT aT JP :
E(ac]i>_8_(]i+aqi:®i i=1,2 (2.1)

which T and P are kinetic energy and potential energy, respectively. From equation

2.1 for 2 degree of freedom , 2 Lagrange equations can be obtained;

d (IT\ oT aP
i <_ah) “on Tan = 22
d (9T JT 9P

E(ae)_ae+aez®9 -

The kinetic and potential energy of the typical wing airfoil section in the center of

gravity is obtained as follows;

1 1.
T = EmVC2 + EIce2 (2.4)

which V¢ and I are velocity of the center of the gravity and mass moment of inertia,

respectively.

VC:h—b(a—e)é



VE =h*—2hb(a—e)0 +b*(e—a)*6?

1 . T

T = Em(hz—2hb(a—e)9+b2(e—a)292)2+EICGZ (2.5)
1,1 o

T = Em;ﬂ +5 (mb*(a—e)* +1Ic) 6* — mhbb(a —e) (2.6)

where; mbz(a — 6)2 + Ic = Ip (mass moment of inertia about reference point )

1 ., 1. .
T = 5mh2 + 5[1)92 — mhOb(a—e) (2.7)

1 1
P = —kh*+ —ky0? 2.8
>k +2 ) (2.8)

The virtual work caused by aerodynamic pressure on a two-dimensional plate is

calculated as follows.

6W:Qh5h+Q956://p3wdx:/p(—5h—x39)dx

— 5h (- / pdx) +56 (_ / pxdx) (2.9)

= Sh(—L)+ 56 (M,)

From equation 2.9

®,=—L and @y =M (2.10)

From equation 2.10, 2.2, and 2.3

d (aT)zmﬁ—mb(a—e)é : 8_T:0 ) aszhh

dr \ oh oh E

(2.11)
d (0T " . dT oP
E(%) :IPG—mb(a—e)h y %:0 s %:kge



From equation 2.2, 2.3 , and 2.11, equations of motion of typical wing section;

mh~+ mbxg0 + kyh = —L
.. .. (2.12)
mbxgh+Ip0 + kg0 =M

2.3 Solution of the Equations of Motion of 2 Degree of Freedom Model Using

Subsonic Aerodynamics Based On Classical Flutter Analysis

Normally, analysis is not done only through the solution of generalized equations of
motion as described in section 2.2. The solution method is based on simple harmonic
motion. Therefore, equations of motion are solved using this basis. Classic flutter
analysis for an arbitrary flight condition cannot provide modal damping.Therefore,
classical flutter analysis can only provide a measure of flutter stability at the stability
limit. This is a major disadvantage of classical flutter analysis. However, for a certain
level of accuracy, only unsteady air loads are needed to solve the problem if compared
with an arbitrary movement. This feature is a serious advantage of classical flutter

analysis.

In the case of simple harmonic motion, the state of unsteady air loads on the lifting
surface have to be taken into account to demonstrate classical flutter analysis. Due
to the smallness of these oscillation movements, a linear aerodynamic theory should
be used to determine unsteady air loads. These theories use the linear potential flow
theory, which accepts the assumption that the disturbance due to movement and
thickness of the wing structure is less than the free-stream flow.To demonstrate this,
the typical section of the two-dimensional lifting surface, which is shown in figure
2.1, which makes rotational and translational movements simultaneously, is reviewed
again.Since the motion is accepted as simple harmonic, its representation is as follows ;
h(t) = h exp(iwt)

B (2.13)
0(t) = 6 exp(iwt)

where w is the frequency of the motion. Although /4 and 6 movements have the same

frequency, their phases are different.To take this mathematically into account, the

10



amplitude of O must be taken as a real number and the amplitude of / as a complex
number.Due to the use of linear aerodynamic theory, the lifting force(L) obtained and

the pitching moment(M) about P ;

1
M:Mi%—b(i—ka)L (2.14)

L(t) = L exp(iwt)
— (2.15)
M(t) = M exp(iwt)

According to linear aerodynamic theory, lifting force and pitching moment can be

written as follows depending on the reduced frequency and Mach number.

S S

L= —np.b’w? [lh(k, M..)— +1g(k, Mw)é}

(2.16)

S S

M = mp..b*w? [mh(k, M..)—+mg(k, Mm)ﬁ]

The compressibility effects of the coefficients are shown by their dependence on
the Mach number(M.,). Reduced frequency (k) is specific to unsteady flows. The
dimensionless reduced frequency(k) value is a value ranging from O to 1 depending on
the flow and flight conditions. It should be known that any aerodynamic coefficient can
be written as a complex number according to the dimensionless k£ and M., value. The
fact that the lift and pitching moment are complex number reflect the phase relations
according to the pitch angle.The rate of occurrence of flutter varies according to the
values of reduced frequency(k) and Mach numbers(M..) and this should be found by

performing iteration.

Substituting equation 2.13 and equation 2.15 into the equations 2.12, a pair of
equations for the amplitudes of 4 and 6 in the form can be obtained.
—w?mh —w*mbxg0 + mw%ﬁ =-L

B _ o (2.17)
—w?mbxgh — w*1p0 +Ipw299 =M

Substituting equation 2.16 into equation 2.17 and rearranging, then linear,

homogeneous equations can be obtained for / and 8, given by
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{ ” [1 — <ﬂ)2} +lh(k,Moo)} ng [%‘f’le(k,Mm)] 0-0

2
Tpb ¢ . . - (2.18)
mxg P wo =
Lrpoobz +mh(k,Moo)1 >+ { — {1 - ( - ) 1 —i—mg(k,Moo)} 9=0

These equations can be simplified using the following dimensionless parameters.

u= ﬁ (mass ratio)
7 (2.19)
=1/ —P2 (mass radius of gyration about P)
mb

Then equation 2.18 became as follow;

{H {1 — <%)Z] +lh(k,Mm)}g+ [ +1g(k,M..)]6 =0 020)

[xg + my(k, M.oo)] % + {WZ {1 4 (%)2] +m9(k,MM)}§ =0

As a next step, mathematical equations are solved for flight conditions involving
simple harmonic motion. As a result, the flutter boundary is found. In cases where
m,e,a,lp,wy,wg, and b parameters are known, unknown h,0,w, P, M, and k values
provide an understanding of motion and flight conditions. To get the solution of
equation 2.20, which is homogeneous and linear, the determinant of the matrix, which
is the coefficients of % and 6, must be 0. As a result of this step, the following situation

is obtained.

H[l—cz(%)z]Jrlh Hxg + g

=0 (2.21)
xg +my, ur? [1 - (W—W")z] +mg

Weo

2
where ¢ = (M> .

Equation 2.21 is called flutter determinant.The o parameter has been added to use the

. . . 2
(%2) parameter. So the determinant takes us to a quadratic polynomial of A = (%2)".

2.3.1 Solution of the Flutter Determinant

In case of flight condition at the flutter boundary, there are 4 unknowns in the flutter

m
(mpt?)

determinant.These unknowns are (W—WB), U= , Mo, and k = l% , respectively.By

12



equating this determinant to zero, a second degree polynomial characteristic equation
is obtained.Since the aerodynamic coefficients are complex numbers, this complex
equation represents two real equations. In order to get the solution, both real and
imaginary parts must be equal to 0. For this, 2 of the 4 unknown must be determined.

The following method describes this method that solves the flutter limit.

1. set p parameter for a fixed altitude.

2. The initial value is defined for M.., it can be taken as zero.

3. A series of k values are defined, and can be selected from 0.001 to 1.
4. I, lg,my, and mg values are calculated for each k value.

5. The flutter determinant is solved for each value of k.

6. The expression obtained as a result of the determinant has (%)2 value that makes
both the real and the non-real part zero.Also, after plotting both real and non-real
parts according to %, the k value that intersects both curves can be taken as the

wanted value.
7. Flutter speed and M. = lc]f value can be calculated.

8. Steps from step 3 to step 7 are repeated until the M., value converges to the M.,

value for u initially calculated.

9. The whole procedure is repeated from the beginning for different p values to

calculate the critical flutter speeds at the other altitudes.

2.4 Solution of the Equations of Motion of 2 Degree of Freedom Model Using
Subsonic Aerodynamics Based On K-Method

After Theodore Theodorsen’s analysis for the flutter problem, various schemes
are prepared to reach the flutter determinant roots and determine the stability
conditions.Later, Scanlan and Rosenbaum offered an overview of such techniques
introduced in the 1940s [13].The use of a parameter representing the structural
damping effect in flutter analysis was quite common.As a result, observations have

shown that the energy lost in each cycle during simple harmonic oscillation is
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proportional to the square of the amplitude but independent of frequency. It was
understood that this behavior could be represented by a damping force proportional
to displacement and also rapidly in the same phase. If structural damping effects
are added to the equations of motion in 2 degree of freedom systems, the following

equations are obtained.

m(h—i—ber) +khh: —L+Dh

. N (2.22)
IPG —|—mbx9h—|—k99 :M+D9
Structural damping terms;
Dy, = Dyexp(iwt) = —igymwihexp(iwt)
— r (2.23)
Dg = Dgexp(iwt) = igglpws exp(iwt)
and equation 2.20 became ;
wi\2 h _
{u {1 _ (7’1) (1 +igh)] +lh} -+ (o +19)6 =0
(2.24)

(Lxg +mh)§+ {Wz [1 - (%)2(1+ig9)} +me}§=0

The g, and gg damping coefficients can have values ranging from 0.01 to 0.05
depending on the structural condition. Old analysts predetermined the coefficients to
get results closer to more real results. In 1948, Scanlan and Rosenbaum proposed
the idea of the structural damping coefficients to be accepted together with frequency
as an unknown.As a result, subscripts under g are removed and new parameter is
introduced as below.

Z= (%)2(1 +ig) (2.25)

consequently, if we apply this parameter to equation 2.24 and then get the flutter

determinant, we get the following result.

u(1—622)+lh Uxg +lg
Uxg + my ur? (1 —2)+mg

I
o

(2.26)
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This equation is quadratic in Z. By solving this equation, the following Z value is

obtained.

2
Zip = (&> (1+ig12) (2.27)

wi,2

The method used to solve equation 2.26 is similar to the method used to solve equation
2.21. There are some differences between these 2 methods. The most important
difference between them is the solution of this equation, 2 real results are obtained
and these two real roots are drawn according to the reduced speed % and the results
are evaluated. From the graphs according to the airspeed of the damping coefficients,
the flutter boundary is obtained at the points where one of the damping coefficients is
equal to zero. This method is often known as the U-g method. In this method, since
simple harmonic motion is always performed, g; and g, values obtained for each k
value are considered as damping coefficients that provide motion at frequencies w
and wy. These damping coefficients are actually not real. They are only artificial
parameters that provide the desired movement. Frequency plots versus airspeed in
combination with damping are often used to explain the physical condition that causes
instability. With the increase of airspeed, interaction in the roots is used to observe
the transfer of energy from one mode to another. Thanks to these observations, the
instability can be delayed. For any reduced frequency value, motion modes can be
obtained by placing the relevant eigenvalues w; and g; into the motion equations of the
respective eigenvectors.

In addition, the aerodynamic coefficients obtained using the Theodorsen’s theory to

be used in the flutter speed calculation of 2 degree of freedom systems are given below.

=1 2k (2.28)
k
. 2iC(k) (L — 2C(k
lo=—a—7—= ()152 a) k§> (2.29)
1
my = —a+ €% (5+4) (2.30)
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2.5 Mathematical Modeling of 3 Degree of Freedom Typical Section of 2
Dimensional Wing Model

The typical sectional model is represented as a 2-dimensional wing mounted in the
wind tunnel, which is vertically and angularly suitable, or by mounting the beam
representing a 3-dimensional model on the side wall of the wind tunnel. As shown
in the figure 2.3, typical section is actually the section of the wing in three-quarter.
The vertical and angular displacement of the typical section results from the bending

and torsion movement of the wing, respectively.

LS ST I TSI T I TSI T IS T T A
: Zb -
h
s
P
4 ¥
A v
PTFFTTTTI7 7777777777 777747 I T 77777777777 7777
Figure 2.2 : 3 Degree of Freedom Typical Wing Section Of 2 Dimensional Wing
Model[14].

In Figure 2.2, b is the half veter length, a gives the ratio of the distance between the
center line and the elastic axis to b, x¢, is the ratio of the distance between the center
of gravity and the elastic axis to the length of b, A is the vertical displacement of the

elastic axis in the vertical direction. « is the angle between the air flow direction of the

16
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Figure 2.3 : Cantilever Wing Model mounted on Side Wall of Wind Tunnel[16].

elastic veter axis, k, and kq are the spring stiffness in the plunge and pitch directions,
respectively. Also in figure 2.2, 8 shows the movement of the control surface, xg is the
spring constant in this direction of movement, c is the distance between the point z =0
and the hinge line, F' is the center of gravity of the control surface, xg is the distance

between the center of gravity of the control surface and the hinge line.

2.6 Mathematical Equations and Solutions for 3 Degree of Freedom Model in

Incompressible Subsonic Flow

The equation of motion of the model described in section 2.5 are given below.

mh + mgbxe 6 +m13beB + Kyh=—L
mabxah+Ia6+{(c —a)bmgbxg + 15} B+ Kqat =M (2.32)

mgbxgh+ {(c —a)bmgbxg +1g} 6+ Igf + K = H

control surface’s static mass moment about the hinge line and airfoil’s static

mass moment about the elastic axis, respectively;

S =mpbc
P b (2.33)

Sa - mabC(x

17



substituting equation 2.6 into equation 2.32, Then ;

mh + St + S + Kyh = —L
Sah+1q6+{(c—a)bSg+15} B+ Koqo =M (2.34)
Sgh+{(c—a)bSg+1g} &+ 1sp+KsB=H

where;

Iﬁ ;Mass moment of inertia of the control surface

H;Moment about the hinge line

B and H are formulated as follows, since the motion of the control surface is also

considered simple harmonic motion.

B = Bexp(iwt) (2.35)

H = Hexp(iwt) (2.36)

The lift and moment on the elastic axis of the typical wing section with simple
harmonic motion and unit span length and the moment on the hinge line of the control

surface are described in the literature as follows.

L = pob? [n'h+ AU A — mhaé— UTyp — leB]

TioUP + anB] (2.37)
T

+ 27 UbC (k) o

; 1
UOH—h—i—b(E—a) o+

18



) 1 1
M = p..b* {nbah— wUb (5 —a> o — mb* <§ +a2) & — (Ty+Ti0) U

%] UbB + (15 + (c—a)Tl]bZB} (2.38)

TioUB  bTif
107r[3jL 11[3]

— [Tl—Tg—(c—a)T4+

1
2P Ub> —\C(k
T 27p (a+2> (k) u

. 1
Uoc+h+b(§—a) o+

U?(Ts — TuTho) B

. 1
H = p.b’ {leh— {—2T9 T+ T, (a - 5)} Ubd — 2Ti3b% 6 —

T
UbT,Tiof Tub*f . 1 TiwUB  bTyif
2% T 2 T 21
(2.39)

substituting equation 2.13, equation 2.35, and 2.36 into equations 2.37, 2.38

2.39, we can obtain equations ;

L= {pmb2 [—wzﬂrfz + iwrU O + w? thadl — inT4B +wT, b[_3]

- 1 TUB . bTpB
Uﬁ—i—iwh—l—iwb(i—a)a—k 10 ﬁ—i—iw IIB]}exp(iWI)

+27p..UbC (k) . o

(2.40)

_ 1 1 —
M= {pwbz {—wznbah — iwnUb (5 - a) o+ wmh? (g + a2> a— (Iu+Tio) U*B

—iw [Tl —Ty—(c—a)Ty+ %] UbB —w? [T7 + (c—a)Tl]bZB}

- 1 ToUB . bTiP
U&+iwh+iwb(§—a)a+ 10 B+iw ”ﬁ]}exp(iwt)

1
27p.Ub? — ) Ck
erp <a+2> (k) T 2r

(2.41)
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_ 1
H= { Peob? {—szlbh —iw [—2T9 —T+Ty (a — 5)] Ubo+ 2w Ti3b°a

U?(Ts—T4T;10)B . UbTyTi 1B 2T31923}
+iw —w
T 27 T

—pUb*T1C(k
p 12 ( ) T 21

_ 1 TwUB . bTuP
Uﬂ+iwh+iwb(§—a)ﬁ+ 10 ﬁ+iw 1I'BI}exp(iwt)

(2.42)

b
Where, U = TW, then;

— b bw  — —
—w?mh+ iwﬂ:Twa—l— w2 hadl — iw%ﬂﬁ +wTibB

—bw?

L= q (—bw?) pb®

Tl()bWE i iwal 13

Tk 27

bw_ . — 1 _ad
7a+zwh+zwb(§—a>a+

+ (bw) 2npwb7wa(k) -

_ b 1 1
—w2Tmthah + iwn’%b (5 — a> o+ wmh? <§ +a2) o

M= | (b*W?) pub®

b2w?
bw\’ = Tl bw — _
—(Ta+Tho) (%) B —iw {Tl - (c—a)T;;—i—%] %bﬁ W[+ (c—a)T1] BB
+ b2w?
. . _ _
Vit iwh L —a) oy B0 TP
bw , 1 k 2 Tk wxT .
—l—(bw)27rpoo7b ats C(k) 7 exp(iwt)
w

(2.44)
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_ 1\
iw?Tybh — iw {—2T9 ~Ti+Ty (a — 5)] %ba+ w22T3b% e

H = (ab*w?) poob? s

—(bW)Z(Ts—T4T10)B+. bsz4T113_ , T30’ B
k? Wk Y x
h2w?

_|_

TiobwB . bTy1B
—+ 1w
wk 27

b — 1
—W§+iwh+iwb (5 —a> o+

b
— (mbw) pm%szlzC(k) exp(iwt)

Tbhbw

(2.45)

Equation 2.43, equation 2.44, and equation 2.45 can be rearranged as shown

below.

— 1 1 - 1_ =
h—i-0— a0 +i—TiB — ~T
ia aa—an 1B p 1B

— — (2.46)
1_ 1= (1 — B .Tup :
—O+i-h+i 54 (X—}-n——i—l—n exp(iwt)

S =

2 lew

k k b

—1i {Tl—Tg—(c—a)T4+%] %{E—%[Trl-(c—a)ﬂ]ﬁ
—1—2% (%+a> C(k) %64—%%%—1 <%— >_+%+ T;—]B] }exp(zwt)
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T - 1 1 1

4ypr2 1 .

=TPb"W ——h—1|— -1+ T - = — 2— T

H =mp..b {{ ﬂbh l|: 2Ty 1+ 4<a 2)} T o+ 1300
= T3/3

T, T

411[3 2 }

1 1 1 /1 T
—O+i—h+i- (——a)OC+T10 2kB+l llﬁ] }exp(iwt)

1
_W(T T,Tio) B tis s

1
—Peb* W —T12C (k)

k k h 2

(2.48)

Final form of Equation 2.46, equation 2.47, and equation 2.48 ;

L= npb*w? { (1 B 2ick(k)) §+ (_a_ i(1+(1 —kZa)C(k)) 4 2(;@) _

N ( Ty, iy iTuC(k) 2TioClk ))3} (i)

k wk k2
(2.49)
M =mp.b* 2{{_”%} , E b 22T )CE
(1
K <§—a) 0-@arnew)] {_THTIO_@QH)TIOC(,C)
k k
i(T T4 (c—a)Ti— 5T + (l—ka) T C(k))
Ti+(c—a)Ti 84 4= 5+ {5 B G
T Tk
(2.50)
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i (2T9 + T + (% — a) (Ts— leC(k)))

Ty  iTpCk)\ h
H =1pob*w? <_;1_M>E+

rtk k

T k2 2 2mik 2m2k

m2k?

2T; T1,C(k) \ T3 iT4,T iT1 T12,C(k Ts — 14T
n 13—12()>(x—|—(——3 4T iTnTC(k) (5 — T4Tho)

_M) E} exp(iwt)

w2k?

We can write the Equation 2.49, equation 2.50, and equation

aerodynamic coefficients as follows;

h A = .
L= —mp.b’w? [th; + L@+ LgB | exp(iwt)

- B
M = mp.b*w? {Mhz + Mo O+ Mg | exp(iwt))

h 1 :
H = np.b*w? {th—) + Ho 0+ Hg B | exp(iwt)

the aerodynamic coefficients in these equations are as follows

2iC (k)
k

Ly=1-

i(1+(1-2a)C(k)) 2C(k)
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(2.51)

2.51 in terms of

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)



1
. 1+a2_ i <§—a> (1—=(2a+1)C(k)) . (2a+1)C(k)

8 k k2

_E n i1y _ iT11C(k) _ 2T10C(k)

La — e
B T 7wk wk k2

Ti+(c—a)Ty i<T8—T1 +(c—a)Ty— (%) TnC(k))

Mg = -

T Tk
T iT12C(k)
Hy= (-2
" ( T Tk )
( 2B+ T+ (£ —a) (Ta— TiaC(k))
i ~—a —

H. 27113 n A ! 2 4 12 _ T12C(k)
“T Tk k2
g B N iy Ty TioC(k)  (T5 —TyTio)  TioTi2C(k)
B= w2 " on2k 22k 722 22

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

The terms 7; are functions of the distance between the hinge line and the midchord,

and the distance between the midchord and the elastic axis [14];

T = —%\/ 1—¢2 (2+02) +c(cos™¢)
= c(l —cz) —V1-=c2 (1 +C2) cos_lc-l—c(cos_lc)2

8 4

I3 =— (l +62) (COS_IC)2 + lcv 1—c2cos ¢ (7+2C2) — % (1 —CZ) (502 —|—4)

= —cos_lc+cx/ 1—¢?
Ts=—(1 —cz) — (cosflc)2+2cv 1—c2cos ¢

Is =1
1 1
T =— (§ +c2) cos e+ §C 1—c2 (7+202)
1

Ts = —5\/ 1—¢2 (2c2+ 1) +c (cos_]c)
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1/1
Ty =~ (—\/1—c2+aT4)

2\3
Tio=V1—c2+cos 'c
Ty =cos 'c(1-2¢)+V1—-c2(2—c)
(2.64)
Tio=V1—-c2(2+c)—cos lc(2c+1)
1
T13=§(—T7—(C—G)Tl)
T — 1 +1
4= 716 2
if we rewrite the equations of motion, we reach the following equations;
h ) . h
mbE—I—Sa(X—i-SﬁB —l—thE—l—L:O (2.65)
b I ((c—a)bSg+1g) .. Ky M
h (c—a)bSﬁ +Iﬁ Iﬁ .. KB H
Sg— o+ — —p——=0 2.67
by b TP TP (267)

If we write the equation 2.65, equation 2.66, and equation 2.67 in a matrix form where

structural damping is neglected, we obtain the matrix equation below.

mb Sa Sg 3 bK, O h
Iy (c—a)bSg+1Ig | |~ Ky z
Se “ bl 0 =% 0f|[b
bs, 1 4 “ bk, | @
S (c—a)bSg+1g Ig B o o -P||[B
b b b
(2.68)
Li Ly Lg]|”
— TPk’ W | My My Mg g —0
H, Hy Hjg B
Then;
[M][4]+ [K] [q] — mpb>w? [A(K)] [g] = O (2.69)
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where [M], [K], [A], [¢];

B
Iy (c—a)bSp+1p
Sa 7
] — : ; (2.70)
(c—a)bSﬁ +1 I£
B b b
bK, O 0
Ko
K= |0 712) 2.71)
B
0 0 b
h
= {3] 2.72)
B
L, Lo Lg
A= My My My (2.73)
H, Hy Hp
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2.7 Solution of the 3 Degree of Freedom Model Equation Using Subsonic
Aerodynamics Based on K-Method

To find the flutter boundaries of an aeroelastic system, equations of motion must be
solved. Generally, structural damping is derived from the real part of the eigenvalue
value obtained by solving the equations of motion given in matrix form. If the real
part is negative, the motion means stable. If the movement is positive, it is understood
that the movement is not stable. In k-method, structural damping is used in the
system’s equations of motion. In this method, equations of motion are brought into a
simple form and eigenvalues are used to solve the flutter boundary. These eigenvalues
contain structural damping values. Structural damping values are obtained from
Eigenvalues. The point where the structural damping values change from negative to
positive indicates the flutter boundary. This zero point is used to find flutter speed and
frequency. Adding the structural damping coefficient to equation 2.77, the following

equation is reached.

[M] (4] + (1+ig) [K] [q] — mpb> W [A(K)] [7] = O (2.74)

Motion in degree of freedoms of flight is simple harmonic motion. Then, equation

2.74 is converted to form as shown below.

—w?[M][g] + (1 +ig) [K][q] — mpb’w* [A(K)] [7] = O (2.75)

After simplifying equation 2.75 by dividing by —w?, equation below is obtained.

1+ig)w?
) k)]~ M | g 276
, _ (1+ig) wi _ Im(A)
where eigenvalue = 2 and g = Re(R)’

1
After multiplying equation 2.76 with W, equation below is obtained.

27



Sp
TTPb3

(c—a)bSg +1g

Tp.b*
Iy
TTP-b*

Q I

=

Ly Lo Lg
+ (M, Mgy Mﬁ
H, Hy Hjg
2.77)
=0

which is the radius of gyration about the reference point

which is the radius of gyration about the hinge line

which is the stiffness of typical wing section in plunge direction

which is the stiffness of typical wing section in pitch direction

which is the angular stiffness of aileron section

([ mb Sa
TTPb? TTPb?
Sa Iy
TTPb? TPob*
Sﬁ (c—aﬁ)bSﬁ —i—Iﬁ
( L Tpeabr? TPeob*
[ K
2 : 2 0
Wi} TPosb
K
—A 0 T
W} TTPeob
0
Where;
I
2 o
o = 2
— 5 which is mass ratio
PooTth
1
2 1B
rﬁ o mﬁbz
Kh = mw%
Ko = Igw?,
B 2

(2.78)

after rearranging equation 2.77 with parameters from equation 4.4.2.4 , equations of

motion associated with the k-method is obtained as follow.
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mg
H HUXq —uXp
m

mg Ly Lo Lg
UXq ur’ —H ((c—a)XB —|—r[23) + My Mo Mg
i B 2 mg. 2 H, Hq Hg
?uX —u ((c—a)Xlg +rﬁ> kg
w0 o 1) [%]
2 b
0 Yeuz o
- l h a — O
w
o o BTl
i Wp M "1 ) | B
(2.79)
After simplifying equation 2.79 , equation below is obtained.
([77)+ ] - 2 [R] ) = 0 250
Where,
g
H HUXo —uXp
M) = | uXq ur By ((c_a)xﬁ —I—rﬁ) (2.81)
m m
—ﬁ,uXﬁ —ﬁu <(c—a)Xﬁ —i—r%) ;ﬁﬂi’%
v 0 0
0 Va ur 0
K] = wi ¢ i (2.82)
w
BMp o
L h _
[Z(k)} = [A(k)] (2.83)

2.7.1 Solution of The K-Method for Three Degree of Freedom System

We used the classic version of the aeroelastic system in a 2 degree of freedom system.

. ) .. bw .
In this system, in addition to our reduced frequency k = — value, structural damping

99 9

(g) is also included. ”g” is a commonly used symbol in flutter limit calculations.
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Adding the structural damping symbol to this solution is somewhat artificial. In
real conditions, eigenvalues found in the solution of the flutter determinant in flight
conditions allow structural damping to reach zero. Consequently, structural damping
in a stable system is negative. In general, graphs containing the structural damping
value drawn against the air speed are used in the flutter speed calculation. As a result,
it is often referred to as this V-g chart. If equation 2.80 is rearranged, new equation of

motion will be as follows.

(K] (] + [A®)) — (2] [a) = 0 (2:84)

The following steps should be followed to find the critical flutter speed from

this equation.

1. A series of k values are defined, and can be selected from 0.001 to 1.

2. Aerodynamic coefficients [Z (k)} are calculated for each k value.

3. Equation should be solved for each k values to determine eigenvalues.

4. Frequencies and damping coefficients are determined from these eigenvalues.
) ) bw;

5. The corresponding speed can be determined as U; = =

6. U-w and U-g graphics are drawn for each mode.

7. Using the graphs, the flutter speed is found at the point where the damping passes

from negative to positive.

MATLAB will be used to reduce solution time using the steps described above. To

obtain eigenvalues from the flutter determinant, “eig” command will be used.
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2.8 Code Validation for Flutter Analysis

Flutter analysis methods of two dimensional, two degree of freedom and two
dimensional, three degree of freedom systems presented in this chapter are aimed to
be verified through examples by using MATLAB program. These Matlab codes save
serious time in finding the flutter speed using the classic method and the k method.

First example is given by Y.C.Fung [15].

2.8.1 Casel

This example represents a two dimensional and two degree of freedom system. Values
representing a two degree of freedom and a two dimensional incompressible system
are given below. The values in this example represent the dimensionless parameters
shown in the figure 2.1.The elastic axis located on the mid-chord line, and the mass
distribution is symmetrical.Find flutter speed and frequency by using classical flutter

method and k method.

b =30ft, r2 = 0.6222

m =269 slugs per foot, wﬁ =0.775, W%‘ =241

Solution;

Because the elastic axis is in the mid chord and the mass distribution is symmetrical;
a=0, e=0, xg=0

In this case;
J— m J—
H= npb?
p =0.002378 slugs per foot

40

Classic Flutter Method; The aerodynamic coefficients obtained from Theodorsen’s
theory will be used both in the classical flutter method and in the k method as

mentioned earlier. As a priority, the problem will be solved with the classical flutter
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method. The solution to this problem starts with the calculation of the Theodorsen’s
function from the k values (reduced frequency) we determined. After determining
the value of this function,with a (determine the locations of the point P in figure
ref fig: 2D typical section), k and these determined theodorsen’s function values,
aerodynamic coefficients are obtained.These values are used in the flutter determinant.
When the determinant is opened, a complex expression occurs due to the structure of
the Theodorsen’s function. Therefore, both the real and the imaginary part must be
equal to zero for the solution of this complex expression. Aerodynamic coefficients
depend on the Theodorsen’s function as known, and since this function depends on
the value of k (reduced frequency), the result of the flutter determinant depends on the
u, k, w, xg, o, r values. U, r, xg, o values were defined at the beginning of the
problem. So for a given k (reduced frequency) value, there is a frequency value that
makes both the real part and the imaginary part of the equation zero.As a result, the

flutter frequency of the system can be calculated in wy using the classic flutter method.

Flutter speed calculated by using MATLAB code is shown as below;

Uftusrer(flutter speed) = 161.5373 ft/sn

K Method; Problem above calculated with classic flutter method can be calculated by
k method also. K method was introduced in section 2.4 . Equation 2.24 is matris form

: : - wo\? :
of equations of motion. New parameter is introduced as Z = <—9) (1+ig) .
w

{N {1 - <%)2(1 +i8h)} +lh} §+(ux9+19)§:0
(.uxe‘i‘mh)%“‘ {ur2 {1 - (%)20 +ige>] +me}§=0

If we apply this parameter to equation above and then get the flutter determinant, we

get the following result.

n(1—0%z)+1, Uxg + g
Uxg +my urr (1—2)+mg

When flutter determinant is being solved by using MATLAB code to find flutter speed,

Steps introduced below is used;
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2
. Eigenvalue parameter is given as A = <@> (1+ig)
w

b
. eigenvalue problem should been solved for each k = Fw (reduced frequency) value.

. parameters shown below should been found to find damping parameter (g) for each

k (reduced frequency) value.

2 2
reel(A) = (@) , Imaginer(A) = (@) 2
W w
(damping parameter) = Imaginer(1) (2.85)
’ i ~ reel())

. to find flutter speed equation below is used for each value of k(reduced frequency).

CEIOE) e

. g (damping parameter) vs. U (speed) plot should been created.

. The point where g (damping parameter) is equal to zero shows place where U

(speed) is equal to Uy, (flutter speed).

. And point found at step 6 gives flutter frequency w e from reduced frequency
bwflutter

Uf lutter

equation (kflutter =

04
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Figure 2.4 : Damping vs. speed plot of the 2DoF typical section (k-method).
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After following the steps described above, the graph 2.4 was obtained. The area

enclosed in the green circle in this graph shows where the damping parameter passes

0. The place corresponding to the point where the damping is O represents the flutter

speed. To see the speed value at this point more clearly, after zooming on the graph,

the following graph is obtained.

%1072
T

4+

1k

@""'_--_-_- bending
[=a] D—---------------. X H
— tarsion
" 1
A o
1
1
2F I 4
1
|
aF 1 4
i
1
-4 | b
I I I I ! I I I I
160.8 161 161.2 161.4 161.6 161.8 162 162.2

u

Figure 2.5 : Damping vs. speed plot of the 2DoF typical section (k-method).

As seen from the graph, the flutter speed is approximately 161.5 ft/sn.

The result of this proplem is 162 ft/sn. in the book "an introduction to the theory of

aeroelasticity" [15] which we use as a reference in this problem.

Table 2.1 : Table comparing the results obtained with the reference results.

from reference book classic flutter method k-method

Flutter Speed (ft/sn)

162 161.5373 161.5

The argument we obtained from this example; The results table 2.1 obtained by

applying both the classic flutter method and the k method are almost perfect with the

results given in the reference book.
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2.8.2 Case 2

the inference we obtained from this example; The results obtained by applying both
the classic flutter method and the k method are almost same with the results given
in the reference book.the second example is an example taken from reference [16].
This example represents a 2 dimensional and 3 degree of freedom system. Values
representing a three degree of freedom and a two dimensional incompressible system
are given below. The values in this example represent the dimensionless parameters

shown in the figure 2.2.

a=-04, xq =0.2 c=0.6
m
=40, P _4P 2 =025
m
3 =0.05, xg = 0.0125, Yh _ o5 Yh _ 02108
W(x Wﬁ

K Method; This problem is solved by using the k method described in section 2.7.
The steps used to solve this problem are similar to the steps used in the previous k
method.The eigenvalue values of the flutter determinant of the 3 degree of freedom
system are found using the MATLAB code. This flutter determinant used was given in

section 2.7;

(] + [4] - 4 [K] ) =0

When flutter determinant is being solved by using MATLAB code to find flutter

speed,Steps introduced below is used

2
1. Eigenvalue parameter is given as A = <ﬂ> (I+ig)
w

b
2. eigenvalue problem should been solved for each k = i (reduced frequency) value.
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. parameters shown below should been found to find damping parameter (g) for each

k (reduced frequency) value.

2 2
reel(A) = <ﬂ> , Imaginer(1) = <ﬁ> g
w w
- (2.87)
(damping parameter) = [maginer(4)
§ pingp — reel(M)
. Dimensionless air speed ;
U
Udimensionless = b_ (2.88)
Wh

. reel part of square root of eigenvalue (4) found in step 2 is calculated as shown

below;

el - ().

w

. to find dimensionless air speed, equation below is used for each value of k(reduced

1) (1 P
Ultimensionless = (_> (_) - (_> (59
imensionless % k bwy,

. g (damping parameter) vS. U imensioniess Plot should been created.

frequency).

. The point where g (damping parameter) is equal to zero shows place where
Uflutter
Wh

Udimensionless is equal to

vs. g Graph

dimensionless
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Figure 2.6 : Damping vs. dimensionless air speed plot (k-method).
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After applying all these steps, the graphic in figure 2.6 is obtained from the MATLAB
code.As mentioned above, the dimensionless air speed is obtained from the point
coming to the region where the damping parameter is zero. On the graph, this point
zone is circled in green. A vertical dashed line is drawn on the graph towards the x
axis, where the dimensionless air velocity value corresponding to this point is located.
in order to see the dimensionless air speed value on this x-axis more clearly, the graph

is zoomed and then the following graph in figure 2.7 is obtained.

u vs. g Graph

dimensionless

T T T T T T T T T T T
0.01F / =
0.008 | =
.'

0.006 -

0.004 -

0.002 -

-0.002

-0.004

-0.006

-0.008

-0.01 - /
1 I I I

5.96 5.98 G 6.02 6.04 6.06 6.08 6.1 6.12 G.14 6.16
Ulbw,
Figure 2.7 : Damping vs. dimensionless air speed plot (k-method).

U
As seen from the graph, the dimensionless air speed (b—f> is approximately
Wh

6.055

Table 2.2 : Table comparing the results obtained with the reference result.

from reference book[16] k-method
Flutter Speed (ft/sn) 6.05 6.055

The argument we obtained from this example; The results table 2.2 obtained by

applying the k method is almost perfect with the result given in the reference book [16].
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3. SUBSONIC 3 DIMENSIONAL FLUTTER ANALYSIS OF A WING
STRUCTURE

3.1 Introduction

In this section, it is aimed to create an analytical solution method for the 3D wing
structure. This method will be created based on the uniform cantilever wing structure.
Analysis of a structure with pure bending and pure torsional modes will be shown in
the 3D flutter method we found using the assumed mode shape method. This method
is then applied on a sample from the literature and the results are compared with the

results from the literature.

3.2 Exact Treatment of The Bending-Torsion Flutter of a Uniform Cantilever

Wing

The most useful flutter analyzes are based on the assumption that the structure consists
of superpositions of a number of predetermined deformation modes. This process
is used on the structure having externally excited vibrations. Structures with inertial
and elastic properties at a certain point and difficult to express mathematically leave
the analyst in a difficult situation. Accordingly, flutter analysis of some simple wing
structures that remained within the limits of linearized aerodynamic and elastic theories
can be fully resolved. Such solutions are used as a comparison tool to find out whether
the solutions of other structures are correct. Examples of such simple systems are the
systems described in chapter 2. In addition, structures with large aspect ratio values
and representative structures with flaps used by Myklestad [17] feature lumped-mass
approaches. Unless too many degrees of freedom are given, it is unlikely that a real
structure will get too close to reality in the flutter analysis. The exact solutions applied
for uniform wings are used to compare approximate solution methods. they are unique
in terms of improving distributed parameters with partial differential tests and using

flutter mode shape functions along the wing. The first conclusion about this subject was
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Goland [18], who dealt with the bending-torsion flutter analysis of cantilever wings

with constant chord value, uniformly distributed mass and elastic properties.

It is assumed that the EI and GJ values, which express the stiffness of the wing
structure in bending and torsion respectively, are deformed in a manner similar to
those of the slender beam. Any section on the structure has infinite rigid value and
the elastic axis is considered straight.In case the vertical movement (w(y,7)) and twist
movement (6(y,t)) of the elastic axis of the structure are specified, the strain state
of the structure is completed. The representation of the wing structure moving in the
air exposed to aerodynamic force L(y,t) and moment M, (y,) is shown in the figure

below.

Figure 3.1 : Two views of a uniform restrained wing deforming in bending and
torsion under running aerodynamic loads L(y,t) and M, (y,t).

equations of motion for a wing with constant stifness and torsion stiffness values
along the wing span are given below.
. . d*w(y,1)
mw(y,t) —S,0(y,1) +El8—y4 = L(y,1)

B} %0 (y,t
L,6(y,t) — Syw(y,1) — GJ% =M, (y,1)

(3.1

Superscript dots represent derivative over time 7. The movement of the wing structure
is assumed to be simple harmonic motion. According to this assumption, the

movement in vertical and angular direction is shown as follows.

w(y,t) = Wi (y) coswt +Wa(y) sinwt
3.2)
0(y,t) = ©1(y) coswr + @, sinwt

Where W), W, and ®, O, describe bending and twisting deformations of wing
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structure. It is assumed that the wing structure has a low flight speed to provide
incompressible aerodynamic condition. In addition, the aspect ration is assumed to be
high enough to allow the use of strip theory. The lift and moment in these conditions
are given below.

L(y,t) = W Lyw +wL, W +w?Lg +wLy0

. (3.3)
M(y,t) = w>My,w +wM. W +w*Mg 6 +wMpy0

The coefficients given in this equation are the function of air density and wing chord.
At the same time, these coefficients indirectly depend on the value of k(reduced
frequency). If we integrate the equation 3.2 and equation 3.3 into equation 3.1, we
separate this resulting equation as those with coswt and sinwt coefficients. Values in
parentheses must be zero, since all of these attempts are zero at any point in time. S0

we have 4 different equations.

d*w,
dy*
+Sw?@; —w?Le®; —w? L@ =0

EI — mw*W; —w?L, W, —w?L! W5

(3.4)

4

aw
27/ 2 2 2
w'L W +EI &y —mw Wy, —w°L,,W> (3.5)

+ WZL/9®1 —|—SyW2®2 — W2L9®2 =0

d*®,
dy? (3.6)

— WS, Wy + w MWy +w ML W, + GJ

+ LW 01 + W Mp® +wMp®, = 0

— WM, W — WS, Wa + w M, W — w? Mg @

d*© (3.7)
- GJW; + L0 +wMg®; =0

Boundary conditions ;

aty=20 There is no twist, bending deflection, and slope

aty=1 There is no torque, shear, and bending moment
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Then;

W1(0) = W2(0)

d>wi (1) _ d*Ws (1) _ d*Wy (1) _ d>Wy (1) _de (1) _ dey(l)

_dWi(0) _ dWy(0)

dy

=0(0)=0,(0)=0 (3.8)

dy? dy?

dy3 dy

dy =0 3.9

In the solution of this equation, the method used in the solution of the homogeneous

differential equation with a constant coefficient is used. In this equation, as already

mentioned, simple harmonic motion will be based on. Then the accuracy of the

calculation is increased by using the Laplace transform.The solution of the equation

is started using the assumption stated below according to the known frequency and

reduced frequency (k) value.

Wy = Ae™
W, = Be™
@, =Ce"
@, = De™

(3.10)

We can apply this assumption in equation 3.4, equation 3.5, equation 3.6, and equation

3.7, and write the coefficients of the unknown as different equations. In order for these

equations to reach the result, the determinant of these equations, which have been

turned into a matrix form, must be equal to zero. The opening of this determinant

takes us to the sixth order polynomial of A2.

[%14 —m—L, ~L Sy — L]
L, [%14 —m—L, Ly
[M,, — S, M [%xzﬂﬁm
_Miv (M, — Sy] _Mé)
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[Sy _LG]
=0
M
GJ
{Wﬂ +1I,+Ma
(3.11)



All coefficients of the polynomial obtained by opening this determinant are real. This
polynomial has 6 complex roots in A2. This A? value gives the complex conjugate
value of a pair A as shown below.

)vr - ér + inr

_ (3.12)
()“")conjugate = 5” — M

For these functions to be real, there must be a (A,)conjugare associated with

(A)conjugate. Each conjugate pair combines to form the following definition.

A, ety | (Ar)conjugatee(ér_mr)y — o5 [ar cos M,y + d.sin T]r)’] (3.13)

Constants in this equation;

ar=A+(A))

conjugate
y (3.14)

a, =1 [Ar - (Ar)conjugate]

If equation 3.12 is written in the form of equation 3.13, the following equation is

obtained.

& la,cosn,y +d.sinn,y]

=
=

I
Mo

\
I
—_

&y [b,cos N,y + b sinn,y|

&
<

I
Mo

\
I
—_

(3.15)

<
=

I
Mo

5y [c, cos 1,y + c..sin n,y}

\
I
—_

&y [d, cos M,y +d.. sin nry}

$
=

I
Mo

‘
I
—_

36 quantities b, b, ¢, ¢}, d, and d|. are associated with 12 a, and a,. The following
relations have emerged by substituting the solutions obtained from equation 3.12 into

B D .
=L =" and =< ratios.

tions 3.4-3.7 and then finding th ,
equations and then finding eAr a, A
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B .
A_: :ar+lﬁr

(Br)conjugate — o — iﬁr
(Ar)conjugate (316)

/
b, = oya,+ PBra;

/ /
b, = —Bra, + o,a,

The a, and . constants, which must be determined according to the boundary
conditions in 3.8 and 3.9 still exist. The next step is to adapt the general solution
to a specific beam model. In this part there is a difference from the method created
for the eigenvalue calculation of the characteristic equation of motion having free
vibration. The w (frequency) and k (reduced frequency) values used in the calculation
of aerodynamic coefficients should be determined in advance until one is found that
satisfies the boundary conditions. The literal coefficients in the equations are given
in 12 a, and a’r. These coefficients are used in boundary conditions. As a result, 12
real, homogeneous and simultaneous equations are obtained. All coefficients obtained
are real, but the determinant obtained from here does not vanish. All these steps are
repeated until the kr and wr value is found, which makes the determinant zero. This
situation where the wing structure has this simple harmonic flutter state is considered
as a critical situation and the velocity in this state is defined as the flutter speed. Flutter
speed is calculated as shown below from frequency and reduced frequency which

bring wing structure into critical flutter situation.

bWF

Up = —=
F kF

(3.17)

The bending and torsion mode shapes are obtained by placing the a, and . values in
equation 3.15, after this equation is placed in equation 3.2. The amount of energy
initially given to the system determines the magnitude of the system’s oscillation.
Due to this situation one of these constants remains uncertain. Difference is observed
between the vibration modes of the system and the characteristic modes of the vacuum.
Since the %, % and % ratios change along the wing span, the bending and torsional
movements at various stations on the wing do not pass from zero at the same time.
Therefore the degrees of freedom are not in the same phase. This type of vibration

seen in the system shows waves that move in deflection and twist. A system with only
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inertia and stiffness values that do not have damping value cannot have these waves by
vibration without having external force effects. Phase between aerodynamic loads and

movements cause such waves.

3.3 Aeroelastic Modes

In chapter 2, it was analyzed in detail how 2 dimensional 2 degree of freedom and 3
degree of freedom systems show vibration movement in an air flow and how flutter
speed is calculated. This theory is valid in a flexible structural wing in the air flow.
However, since the degree of freedom is infinite in elastic structures, in this theory
the aeroelastic mode can be imagined in an infinite number. These modes completely
overlap with the free vibration modes of the immobile structural wing. A wind tunnel
can be designed where the air velocity is regularly increased starting from zero and
the frequency and structural damping of the structural wing model is observed. At
low air speed, the air absorbs the energy caused by vibration in the system and the
damping rates grow with increasing air speed. As a result, with the increase of air
speed, the decreasing damping value of the structure increases with approaching the
flutter speed and reaches the zero value. In some cases aeroelastic modes include the
movement of the entire structure of the aircraft. however, critical modes in flutter
velocity analysis generally occur on certain aerodynamic surfaces. In such cases, the
rest of the aircraft is neglected and the wing is modeled as a cantilever beam and the
modes of this model are examined. The pure bending and pure torsion modes of this
model are first examined to examine the reliability of this simplification. Important
structural deformations are defined as the bending and twisting of wing structures with
large aspect ratio. The lowest frequency coupled modes of the wing structure in zero air
velocity modeled as cantilever beam are examined. As mentioned above, these modes
are generally the lowest frequency bending and subsequent torsion modes. Studies

show that pure bending and pure torsional modes cause flutter mode.

Theory of transient motion is more complex than simple harmonic motion. When
calculating aeroelastic modes, flutter analysis cannot estimate the stability of the
modes in terms of speed.In simple structures where strip theory can be used to

calculate air load, the calculation mentioned in the previous sentence can be used.
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Figure 3.2 : Frequency and damping of the fundamental aeroelastic modes plotted vs.
airspeed for an airplane wing with natural bending and torsional
frequencies 103.5 cycles/min and 304 cycles/min[22].
Goland and Luke made this calculation for wings with a tip mass and large aspect
ratio [12]. In incompressible flows, the calculation of lift and moment is calculated
similar to that described in chapter 2. Elastic and inertial properties are found using
pre-determined deformations shapes used in Rayleigh-Ritz method. In figure 3.4
and 3.6 , the ratio of bending frequency in vacuum to torsion frequency , which is
the results of reference [12], was found again. In this section, it is only aimed to
investigate the aeroelastic modes of the aircraft. In these 2 figures, the y axis has the
frequency value (w), which is the real part of the time-dependent complex equation,
and the damping value (o), which is the imaginary part.Flight speed (U) is given on

the x axis in these figures.

e(ftxﬂ’w)t (318)

The o value associated with the damping ratio of the structure is used to find the

magnitude of the degree of damping of the structure.

Damping Ratio = (3.19)

o
Vo2 +w?
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Figure 3.3 : Frequency and damping of the fundamental aeroelastic modes plotted vs.
airspeed for an airplane wing with natural bending and torsional
frequencies 276 cycles/min and 304 cycles/min[22].

Figure 3.4 is given for the system with natural bending frequency of 103 rpm and
torsion frequency of 304 rpm. The ratio of these values is generally quite common for
metal wings with skin structure. According to this figure, the first torsion mode starting
from U = 0O indicates that it is a flutter mode. Both modes in the figure are a function
of the air velocity and show a highly reliable damping value. As shown in the figure,
the damping value of the bending branch is lower than that of the torsion branch, but
the damping ratio of the bending branch is greater than that of the torsion branch until
it drops to a rapid decrease in the flutter state. If we come to the frequency value of
the modes, the frequency values of the bending and torsion modes start to get very
different from each other as they approach the flutter condition. If we look at figure
3.6, we see a less common case where the bending frequency and torsion frequency
are 276 rpm and 304 rpm, respectively. In this case, the flutter speed is lower due to the
frequency resonance effect. At all air speeds, the damping value of the bending branch
is lower than the damping value of the torsion branch. As can be understood from this
figure, we cannot observe the transition of aeroelastic mode to flutter mode until the
flow rate gets closer to the flutter speed. This indicates that an airplane can fly at close

speeds before reaching the flutter speed during flight. This also explains the emergence
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of the bending and torsion flutter condition suddenly when it reaches the flutter speed.
According to figure 3.4 and figure 3.6, if the flutter speed is exceeded 5 miles / hour,
the blades are irreversibly damaged and become unusable. If a structure does not have
an estimated range when investigating the flutter condition, this research should be
done very precisely. Dynamic properties in an structure change with flight speed due
to the compressibility of air and deformations occurring in the structure. Rigid body
degrees of freedom are included in calculations to facilitate flutter calculation and save

time.

3.4 Flutter Analysis by Assumed-Mode Methods

To find the flutter equation of a system, the way known as Rayleigh-Ritz method is
the method obtained by using a finite number of mode shapes. For this we consider a
flat structure on the xy plane and assume that the structure on this plane is quite rigid.
We only get comprehensive information about stress and strain in the structure if we
know the w(x,y,) value that represents the displacement of the structure according
to the initial condition. Two methods are used to obtain the assumed modes used in
the methods developed for approximately all flutter analysis. The first of these two
methods takes advantage of the normal vibration modes, a more classic way. The
second method uses primitive modes, which is a more efficient way. If the first method
using the normal modes of the structure is used, the displacement statement defined

below is used.
w00 = L) (3.20)
This statement allows us to reach another statement below.
M&;+MwiE; =& (j=1,2,3....,00) (3.21)

¢j(x,y) and w; used in this expression represent the mod shape and natural

frequency.Below are the jth generalized mass and generalized force equations:

M;= / /S 07 p(x,y)dxdy (3.22)
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5= / /S F.(x,y,1)0;(x,y) dxdy (3.23)

The F(x,y,t) unit used in the generalized force equation represents the external force
for the unit xy area with the motion in the z direction. The integration process is
calculated over the projection area of the entire aircraft. F.(x,y,#) used in such a
calculation represents the pressure difference between the lower and upper surfaces of
the structure during flight. If we formulate this difference in pressure, we will get the

following definition.
Fz(xayvt):(pl‘_pU): _Apa(x7yat) (3.24)

If we take an unrestrained aircraft, rigid body plunging, pitching and rolling are

achieved as the first three modes.

¢1 (xvy) =1
Pa(x,y) = —x (3.25)
o(x,y) =y

These modes have zero natural frequency value. The generalized masses are the sum
of the moment of inertia about the y axis and the moment of inertia about the x axis.
Generalized forces are lift, pitching moment and rolling moment. The deformation

shapes obtained using the ¥;(x,y) function to create the flutter mode are given below.
n
w(x,y,1) Z X,¥)qi(t (3.26)
Finally, the motion equations obtained are;
n n
Y mijgi+ Y kijg; = Qi (i=1,2,3,...,n) (3.27)
Jj= =1

Where,
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0i = /SFz(x,y,t)%(x,y)dxdy= —/SApa(x,yJ)%(w)dxdy
mi; = /S}/i(x,y))/j(xa)’)P(an)dXd)’ (328)

b= [ ne) [[ Koy Em)yi(E mydan dxdy

The kinetic and potential energy expressions that enter the Lagrange’s equations are

as shown below.

NI*—‘
1=

N
I

_
~.

Z ml]q.l'q.j

n
Z ij4id j

—

(3.29)

l\)lr—‘
s

We can use solid body degrees of freedom instead of ¥ values. In this case, the
associated stiffness values disappear. The simple harmonic motion expression to be

used in the calculation of the flutter is given below.

Ei(t) = Ee™ or qj(t) = ge™" (3.30)

In this expression, E and g values are coefficients. Based on the system being linear,

we get external force as follows.

F(x, 1) = F(x,)e™ = —Ap,(x,y)e™ (3.3

Time-dependent variables in equation 3.31 are removed. Ap,(x,y) is a function
dependent on the amplitudes of the different modes. hence Z; and Q; depend on these
amplitudes. The motion equation is a homogeneous equation depending on E or q
and this equation leads us to the problem of algebraic eigenvalue. To obtain a result
that is not equal to zero, the determinant of the coefficients must be equal to zero.
This condition gives us the flutter determinant. We obtain complex numbers from the
solution of the flutter determinant due to the phase difference between aerodynamic
loads and motion. As explained in part 2, different parts of the structure do not move

in the same phase. The flutter mode shape of the structure is given below.
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IQ{Z%@JW} (3.32)
j=1

It can be difficult to get results from this equation. Modeling the structure that we
want to apply flutter analysis like a plate can be quite efficient using the solution
method obtained using modal analysis. By applying this method, we get rid of the
terms elastic(k;;) and inertial coupling(m;;) . The same difficulties are observed in
both E; and Q; forms, regardless of the difference. The use of artificial modes is more
suitable where the structure has rigid sections. The application of this method is quite
common, since most of the wing structures have rigid sections. The rest of this chapter

proceeds using artificial modes in calculations.

3.4.1 Bending-Torsion Flutter Analysis With Artificial Modes

If we consider the wing or tail structure whose elastic axis is perpendicular to the
direction of flight, we consider the point y = 0 as the wing root and take into account
the effects of rigid body degrees of freedom caused by bending and torsion in the
fuselage. Deflections in bending and torsion are modeled as beam bending and torsion
as we show in Figure 3.1. However, deformations are considered to occur due to

overlapping of modes that do not depend each other.

ws(.0) = ¥ fu i)

- (3.33)
Or(n.t) =) fo.(»)6i(r)

i=1

If by placing the entire mass of the structure along the elastic axis of the structure and
then finding the lowest modes of this system obtained, f,,, mode shapes and related
frequencies can be obtained. fp, can be found in case the structure is prevented from
bending by adding a rigid structure along its elastic axis. The surface deformation

equation is given below.
r n—r
wix 1) =Y fu0)wi(t) = Y xfe,(v)6i(t) (3.34)
i=1 i=1

Where;
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%(X,y)sz,-(y) i:1327""7r
Yr+1(x7y):_xf9i(y) i:172,....,(1’l—7")

(3.35)

gi(t) represents w;(¢) and 6;(r). To find the inertial coefficients m;;, only half span

between 0 and 1 will be examined.

1 r!
B 5/0 /chord i, y,)]* p(x, ) dxdy
1/ ,
N 5/ /hd [bis(0.1) =267 (31)]” p (x.y) dxdy (3.36)

I N
— /0 [Emw%; — SwaQT + Elye% dy
The m(y), Sy(y) and Iy(y) parameters in this equation represent the mass calculated

per unit span, the static unbalance and the moment of inertia about the elastic axis,

respectively.

100 ) ror (n—r) . )
EZ ZW / mfwiijdy_ZZ Z Wiej/o Snyifejdy
i=1j=1 i=1i=1 j=1
o (3.37)
ts 9/1yf9f9 dy
i=1 j=1

From the total potential energy found as a result of the examination of the elastic
deformation,values of k;; can be found. As we have explained so far, we only consider
uncoupled bending mode and uncoupled torsion mode when trying to achieve the
result. Contrary to what is predicted in this way, no important features of the analysis

are lost. In this way, we can convert the kinetic energy equation to the form below.
Lol s e Lol 5
T = 2w [ mpidy—viebi | S.fufody+368 [ Lizay  (338)

Given as subscript, R indicates that these parameters are taken from reference points.
Since the structure is considered as a simple beam model, potential energy is given as

follows.
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82WB a9T
2/El{ 2}dy 2/G][ y} dy
121 dsz 1 dfe]’

In order not to take the derivatives of the f,, and fg expressions in this given equation,

(3.39)

we write the equation in the form below.
| L Lot
Ug = EWWWR /0 mf,,dy+ Wb OR/O L fody (3.40)

These frequencies are obtained by decoupling 2 deformations occurring in the
direction of bending and torsion. If we distribute the mass along the elastic axis, we

can express the oscillation as follows.

we(y,1) = fi(y) coswy,t (3.41)

Based on this step, we find kinetic and potential energy as follows.

1 /! 1 !
Try. = —/ by dy = Ewgvsinzwwt/ mfv%dy
0

- ) (3.42)
Ury, = /El{a WB} dy:lcoszwwt/ EI ld fw} dy
2 dy?

2 dy?

Since the maximum potential energy and the maximum kinetic energy are equal from

the principle of energy conservation, the following statement emerges.

d%f, 1 !
2/ [—f] :EWEV/O mf2dy (3.43)

By multiplying both sides of equation 3.43 by sze, the relationship between the
first term of equation 3.39 and the first term of equation 3.40 is found. As can be
remembered from the external force calculation, the pressure difference has a negative

value. Therefore, generalized forces are found by integrating aerodynamic quantities.
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[ [
Ov=—[ [ apleya)fdsdy= [ L) f5)dy
0 Jchord 0 (3.44)

[ [
Qo= - /0 [ apulxyn)l=xfoly) dvdy = /0 My(5,1) o (y) dy

L in this equation represents the lift for the unit span and M represents the pitching
moment parameter on the elastic axis. Structural friction have a very strong effect on
flutter analysis, as Theodorsen and Garrick [8] point out. In the observations in the
literature, it was stated that the amount of energy lost due to friction is proportional to
the square of the amplitude of the friction, but is dependent on frequency. Based on

this, a viscous damping force can be expressed as harmonic motion.
dx 2,2
Fpy = _fE = —fuXocoswt =+ fy\/ X5 —x (3.45)

The positive or negative sign in this experiment is given because the viscous damping
force is opposite to the instantaneous velocity. The work done per cycle is given as

follows.

=27 /w
Woy. = / Foy.ax (3.46)

Damping force, which has the same effect as friction;

Fp.s. = —gxocoswt = g4 /x5 — x? (3.47)

It is quite difficult to fully explain the mechanism of friction in aerial structures
mathematically. It should be known that what exactly the friction does is actually
cause energy loss from the system in proportion to the amplitude and frequency. The
elastic restoring force and torque of the beam acting on each dy element are expressed

as follows.

2 2
ar =~ 2 |er?ve| 4
dy? dy?
P 96, (3.48)

If we associate each of these equations with friction, we get the following equations.
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2 ’w
dFps = zgwa 5 {El 3 23] dy

8{ d6r

(3.49)
dtp.s. =ige5- | GJ —} dy

dy

According to the researches in the literature, g,, and gg values generally vary between
0.01 and 0.03. By integrating dFp s. and ddtp s into general forces in the direction of

bending and twisting we obtain the following equations.

dFDS

d*f,,
f}fw

fw(y )dy——lgwwR/ / e {El

ld d
(04005 = | Z’Sf( )dy = —ige6p / / [Gfﬁ}fedy

(Ow)p.s =
0 (3.50)

After applying integration to this equation twice, we apply boundary conditions.After

applying equation 3.43, the following statement is obtained.

26,17
dy?

dfe
dy

[
(Ow)D.s = —igwWR / EIl l } dy = —ig,wiwg /0 mfEdy

(3.51)

I I
(Qwbp.s = —igeGR/ GJ{ } dy = —igewz)@R/O Lf§dy

After these operations, we obtain the equation of motion required to perform flutter
analysis by substituting the equations 3.38, 3.40, 3.44, and 3.51 into the Lagrange’s
equation. The two degrees of freedom in this process are wg and Og, respectively.

Following these operations, the following two equations of motion are obtained.

! gl ! !
wR/ mfv%dy—GR/ Syfwfedy+wafv[l+igw]/ mfv%dy:/ Lf,dy
0 0 0 0 (3.52)

ol ! ! !
bc | Lf3dy—vin | Sifufody+0and 1 +ige] [ 1f3dy= [ Mfady

The lift and moment equations for a structure with simple harmonic motion in

incompressible flow are given below.

L(y,1) = Tpobw? {%fw(y)Lh —Orfo(y) [La —Ln (% +a>] }

1
My(y,t) = Tpb*w? {—%fw(y) {Mh =Ly (5 + a)} (3.53)

}

o) [~ 01+ 1) (3 4) 10 ()
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The parameter b(y) in these equations represents the half-veter length of the wing and
the a(y) parameter represents the distance between the elastic axis and the midpoint of
the veter. Dimensionless aerodynamic coefficients are functions of reduced frequency
and mach number. As we know, we indicate the simple harmonic motion in the

direction of bending and torsion as follows.

WR (Z‘) = WReth, Or (Z‘) = aReiW[ (3.54)

After substititing equations 3.53, and 3.54 into equation 3.53, we collect the terms
and divide them into TP.byw?le™ and Tp.bpw?le™ values, and then reach the final

equations we will use in the flutter analysis.

@ 1 ]—(1—|—l )(ﬂ)z(@>2_ /lmfzd *_I_/l (ﬁ)ZLde*

br | Tpeb? 8\ e w/ | Jo Yo \bg) T
[ ! 1S d JEAN 1 d 0

_ - " a3 r L., —L - ” * —
R npwb?g/o vfwfody +/0 (bR) La h<2+a)]ff6 y

(3.55)

WR 1 1 . 1/} 3 1 )
_5{—7[1)00[)%/0 Syfwfﬂdy ‘|‘/0 <E) [Mh_Lh <§—{—a>:|fwf9dy}

— 1 . Wo 2 ! 2 g %
+9R{7rpoobfe [1—(1+1g9) (7) }/0 I fgdy

t/b\* 1 1 N\?| ...
+/ — | |Ma—(Mp+La)( 5+a|+Ly| 5+a) | fody" ;=0
0o \br 2 2
(3.56)
2
Ly=1- Z’C(k) (3.57)
1 i 2 2
Lo==—-—=Clk)— = :
«= 57y kC(k) sz(k) (3.58)
1 .
My, = 3 (for subsonic cases) (3.59)
3 i
My=-—— 3.60
a=g Ty (3.60)



—0.4544ik
Ck) =1+~ o0 (3.61)

Integrals in these equations are the function of the reduced spanwise variable shown
below.

(3.62)

We can make some changes on equation 3.55 and equation 3.56 to get the flutter
determinant. First, we assume that the structural damping values used in bending and

twisting situations are equal to each other [9].
8w 80 =28 (3.63)

. . . w
This parameter (g) combines with other unknown (—9> to create complex unknown
w

value Z shown below.

Z= (%)2 1+ ig] (3.64)

4 coefficients of ? and Oy in equation 3.55 and equation 3.56 form the flutter
determinant used tg determine the flutter speed of our system after the assumed
modes are determined. In order to reach the results that do not equal to only O from
equation 3.55 and equation 3.56, the flutter determinant that we will create from the 4

coefficients of ? and O must be equal to 0.
R

A B
C D

‘ =0 (3.65)

Where,
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A= {@ ll—z(x—:)zl /Olmfidy“r/ol <%)2th$dy*}
e ot Lo (2 o)
C:—{@/Ol%fwfedy“r/ol (%)3 [Mh—Lh (%w)}fwfedy*}
p-{- ey f3ay

LG T w1

From the static mass balance equation we can expand Sy parameter as xqmb .In order

fody* }

to obtain the eigenvalue values of the flutter determinant given above, we must convert

the determinant to [X] — A [Y] form.

=0 (3.66)

Where,
A=Z

1 1 L/ b\?
X<11>={ﬂp o [ mpzay+ [ (E) thidy*}
¥R
1 1 L/p\° 1
X<12):_{77:p b3/0 xambfwfedy*+/() (a) {La_Lh (§+a>}fwf6dy*}
YR
1 1 L/p\? 1
X<21):_{7tp b3/o xambfwfed)’“r/o (5) {Mh_Lh <§+a>:|fwf9dy*}
YR

1 1
X(22) = { /0 L f3dy*

T Posb

L) e o)
1

fody* }

Y(12) =

Y(21)=0

Y(22) = ! 11 fady*
~ L mpuabk Jo PO

We cannot directly get the flutter speed from the flutter determinant. In chapter 2, the
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procedure that we follow for the k method used in the flutter speed calculation of the
2D wing profile will be used. We use the different reduced frequency values used to
achieve the damping value to zero, to obtain eigenvalue from the flutter determinant.
For these reduced frequency values, the flutter determinant expands to a complex
polynomial in Z. Since there are two degrees of freedom in our system, this polynomial

can be factored using the quadratic formula.

3.5 Code Validation for 3D Flutter Analysis

We will investigate the validity and reliability of the 3D flutter analysis method by
applying this method we have described in this chapter on a structure studied in the
literature. The analytical calculation method required for 3D flutter analysis will
be implemented using MATLAB. This analytical calculation method is an iterative
process applied for different reduced frequency values in each step. The MATLAB

code allows us to save time seriously when calculating the flutter speed.

Case for 3D Flutter Analysis; The created MATLAB code will be applied for a
rectangular cantilevered wing, consisting of isotropic material and having a veter of 1
meter and different aspect ratio values and thickness ratio values [19]. The root of the
wing is fixed on the elastic axis from all degrees of freedom. The bending stiffness
EI and torsion stiffness GJ values of the wing structure are found using the formulas

given below [20].

E 3
El= 12(1Ch v2)
X (3.67)
Gr= Em (1
- 6(1+0) 5c

The section height of our beam-like wing model with a rectangular cross section is
represented by the 4 parameter. We obtain mass and the mass moment of inertia value
in the torsion direction of our uniform wing model per it’s rectangular cross-sectional

area from the following formulas [20].

Z (R +cd) (3.68)

m = pshc ,LL9:12

59



The ps parameter in these equations gives the density of the material forming the
structure. Since the cross section of the structure is symmetrical, the elastic axis and
the inertial axis coincide on the y axis, which is the symmetry axis. Therefore, the
elastic center of the section coincides with the center of mass (xo = 0). The material

properties of the structure are given below.
ps = 2700 kg /m® E=170° Pa v =035 (3.69)

In this case used in the literature, 9 different combinations formed by using 3 different

aspect ratios and 3 different thickness ratio values were used.

21 h
AR == =1[4,6,8] TR = - = [0.006,0.008,0.010] (3.70)
C C

The natural bending mod shape, natural bending frequency, natural torsion shape
and natural torsion frequencies of our wing model with uniform beam features are

obtained from the following formulas [21], [22].

o Iy Yy (coshyi+cosy\ T . I Y
9i = cosh (37) = cos (37) (sinhyi—l—sinyi)[smh(%l) Sm("’z)}

2
v JE! 1
= — =0.597 1 — =

S N (<) B O
(p,-sm(@,l), f(pi_27rl o’ 9,-(1 > T

After doing flutter analysis for 9 different wing modifications, we get the following U

(flutter speed) -g (damping) graphs for each modification.

60



U-g Graph

01

01 . 1

g (Damping)

03r 7

D4 4

05 7

0 5 10 15 20 25 30 35
U (Flutter speed m/s)

Figure 3.4 : U-g graphic for wing model having AR=4 and TR=0.006.
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Figure 3.5 : U-g graphic for wing model having AR=4 and TR=0.006.
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Figure 3.6 : U-g graphic for wing model having AR=4 and TR=0.008.
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Figure 3.7 : U-g graphic for wing model having AR=4 and TR=0.008.
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Figure 3.8 : U-g graphic for wing model having AR=4 and TR=0.01.
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Figure 3.9 : U-g graphic for wing model having AR=4 and TR=0.01.
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U-g Graph
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Figure 3.10 : U-g graphic for wing model having AR=6 and TR=0.006.
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Figure 3.11 : U-g graphic for wing model having AR=6 and TR=0.006.
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U-g Graph
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Figure 3.12 : U-g graphic for wing model having AR=6 and TR=0.008.
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Figure 3.13 : U-g graphic for wing model having AR=6 and TR=0.008.
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Figure 3.14 : U-g graphic for wing model having AR=6 and TR=0.01.
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Figure 3.15 : U-g graphic for wing model having AR=6 and TR=0.01.
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Figure 3.16 : U-g graphic for wing model having AR=8 and TR=0.006.
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Figure 3.17 : U-g graphic for wing model having AR=8 and TR=0.006.
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Figure 3.18 : U-g graphic for wing model having AR=8 and TR=0.008.
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Figure 3.19 : U-g graphic for wing model having AR=8 and TR=0.008.
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Figure 3.20 : U-g graphic for wing model having AR=8 and TR=0.01.
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Figure 3.21 : U-g graphic for wing model having AR=8 and TR=0.01.
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Figure 3.22 : Flutter speeds according to standard strip theory for 9 different wing
modifications from reference[19].
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Figure 3.23 : Flutter speeds according to double lattice method for 9 different wing
modifications from reference[19].
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3.6 Conclusion

Using the MATLAB code developed for 3D flutter analysis on 9 different models,
flutter speeds were obtained. Standard strip theory was used to calculate the
aerodynamic loads used for the analytical analysis we created. Finally, in reference
[19], U-g plots of flutter velocity results obtained using standard strip theory and
double lattice method are given for the same models, respectively. In graph in figure
3.22, flutter speeds obtained using standard strip theory are given. Flutter speeds
obtained using double lattice method are given in graph in figure 3.23. If we compare
the flutter speed results we obtained with the graph in figure 3.22 containing the results
obtained by using the standard strip theory of reference [19], the results are almost
same. The results are almost the same because the method used for aerodynamic load
calculation is the same. As can be understood from this situation, it is seen that the
MATLAB code we have developed is consistent. When the results obtained in graphic
in figure 3.22 are compared with our results, it is seen that there is a difference. The
reason for this difference is that the flutter speed results in graph in figure 3.23 are

obtained by using the double lattice method.
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4. EFFECTS OF DIFFERENT METHODS OF COMPUTING NATURAL
MODE SHAPES AND FREQUENCIES ON CALCULATING FLUTTER
SPEED

4.1 Modal Analysis by Using Concentrated Mass Systems

4.1.1 Deformations of Slender Unswept Wings

Let’s consider a wing model that is assumed to have a thin thickness on its skin
and web of spars. We can model this wing model like a beam. This beam model is
assumed to have no bending rigidity value. And the cross-sectional shape of the beam
model representing this wing is determined by the ribs of the wing. These ribs are
assumed to have infinite rigidity value. The cross-section dimensions of the beam can
vary in the spanwise direction of the beam. the figure representing this beam model

and the loads on it is given below.

Center of twist

Figure 4.1 : Loaded cross section of shell beam[22].

In the beam model representing the wing structure, the y axis is formed along the
length of the beam, passing through the center of the stress bearing area on each
cross-section. The x and z axes go through the bending axes of the xy and yz planes,

respectively. The coordinates of a point on the section are determined by the spanwise
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(y) axis and tangential coordinate (s). On counterclockwise, the measured tangential
coordinate is positive for the skin, and is positive for upward direction of z axis on
the web of ribs. The point where shear S(y) and torque 7'(y) are applied is in the
twist and shear center of the cross section. Normal stresses in the y-axis direction
are represented by the o. Shear flow, which has a positive sign in the s direction, is
represented by the ¢ sign. In this section, where we describe the modeling of the wing
as a slender beam, two assumptions will be made. The first of these assumptions is
that when the torque load is applied on the beam, the beam can be completely bent.
This situation allows the application of the principle of St. Venant and allows the
bending and torsional movements of the beam to be considered as uncoupled actions.
The second of the assumptions is that the cross-section remains as the plane when

beam is bending. This assumption gives us the possibility of applying bending theory.

4.1.1.1 Bending and Shearing Deformations

The wing structure consists of balanced skin elements that are exposed to normal

stresses and shear flows shown in figure 4.2.

Figure 4.2 : Element of wing skin[22].

Rib structures, one of the elements that make up the wing structure, are assumed to be
rigid. Therefore, normal stresses on the rib throughout the veter are neglected. The

strain energy formed on the wing is found in terms of stresses on the wing as follows.

U= /l/ rdsdA 4 /l/ 2% 1 @1
= — s — — .
2F Jo Jcs. 2G Jo c.s.q t
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The parameter ¢ in this equation represents the skin thickness. In this equation, the
integral operation on s is done on the wing section. Again, in this equation, the
integration process on A is done throughout spanwise. First, lateral deflection w(y)
should be calculated from the bending moment and shear force distributed over the
wing structure. In order to apply Castigliano’s Theorem on this system, an additional
P load must be applied where A = y is located. We show the total normal stress
caused by the bending moment M(A) and the P load we have included in the system
as follows.
Jdc

5(A.s) = 0(A,s) +P5 4.2)

o(A,s) in this equation is caused by the bending moment distribution M(A). The

5P parameter, which also represents the normal stress distribution in this equation,

occurs when P = 1. Similarly, total shear flow is found as shown in the equation below.

. I
a(h,5) =a(h.s) + PSEA3)

d
g(A,s) in this equation is caused by the cut distribution S(A). The a_Z parameter,
which also represents the shear flow in this equation, occurs when P = 1. By
substituting equation 4.2 and equation 4.3 into equation 4.1, the total strain energy

resulting from bending moment, shear distribution and P load is given below.

1/l 061>
U:ﬁ/ /CS [G()L,s)+P8—P] tdsd).
Jq
ZG// [ +Pﬁ} T‘M

After taking the differential of this equation on P, if we equal the value of P to zero,

4.4)

we get the lateral deflection given below.

// /ls tdsdl—l— / qxsaquda 4.5)
C.S. G C.S.

The o parameter used in this equation represents bending deflection and we can
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determine this parameter with the help of the equation below.
1! Jdo
aly)=—= A,s)=—=tdsdA 4.6
0= [ [ osSpds @6

If we assume that we can apply theory of beam bending, normal stresses are expressed

as follows.

“.7)

gl GRSy 51
dP
0, (y<2)

The parameter I used in this equation represents the moment of inertia in the axis of
the cross-section. If we substituting equation 4.7 into equation 4.6, we get the new

bending deflection expression shown below.

aly) = /OHWCM (4.8)

If we take the differential of this equation twice on y, we find the relationship between

the bending moment and curvature given below.
o =— 4.9)

We can find the value of shearing deflection from the second part of equation 4.5.

1 dq ds
BO) =5 | [ a5t an (410

We can find the shear flow distribution expression that occurs in S = 1 as follows.
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q(A,s) = Su(A,s)
A.11)

2_ sk >
JoP 0, (y<A)

Expressing the shearing constant of the cross-section of the beam caused by the
unit shear force in terms of shear flow is obtained by substituting equation 4.11 into

equation 4.10.

Y SdA
B() 0 GK
K= 1 - 4.12)
fc.s. ur—

t

If the differential of equation 4.12 is taken on y, the relationship between shear and

the first derivative of shear deformation is found.

B =" (4.13)

4.1.1.2 Influence Functions and Coefficients

From equation 4.5, which expresses lateral deflection, we can obtain influence
functions that take into account both bending and shear deformations. To get the
C%(y,m) expression, we can obtain the following equations by placing them in

equation 4.5.

G(}L,s):—n;/lz, 0<A<n)

Jc  y—4A

op- 1 o 0<4<y) (4.14)
qg(A,s) =u(d,s), (0<A<n)

aa_

ﬁ—u(l,s), 0<A<y)

The influence functions that take into account both bending and shear deformations

after this process are given below.
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. y ( y 2) /ycm N
C%(y,m /0 dA + | GK (m>vy)
n(n— y—/1> " da

73 _ -
¢ (y’n)_/o El d/1+/0 ok =M

4.15)

4.1.1.3 Torsional Deformation and Influence Function

If the beam does not resist twisting when the torsion moment is applied to the beam
model representing the wing model, strain energy consists of shear stresses, as can be

understood from the following statement.

2G/ /cs 7 (4.16)

The twist angle of the beam is found as follows using Castigliano’s theorem.
dq d
G//CSq?Ls £ Sd?t (@.17)

If the torque value is equal to 1, and shear flow distribution is shown with v, the

following statements are obtained.

q(A,s) =T(A)v(A,s)

(4.18)

97 _ {v(ﬂm, (y>2).
oT 0, (y<A)

By substituting equation 4.18 into equation equation 4.17, the angle of twist value is

given as follows.

YT (A)dA
00) = | & (4.19)

The torsion constant in the cross section of the beam:;

J= o (4.20)

d
fcs"2 :

t
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If the differential of equation 4.19 is taken on y, the relationship between the rate of

twist and torsional moment is obtained as follows.

' T
0 — 4.21
a7 (4.21)

Figure 4.3 shows the wing structure model used to calculate the torsion influence

value.

Figure 4.3 : Cantilever wing under unit torque load[22].

We can obtain the torsion influence function by using the following expressions in

equation 4.17.

q(A,s) =v(4,s)

97 (4.22)
ﬁ = V(A,S)

Torsion influence functions is obtained as shown below:

v dA
= = M=)

o 5){ (4.23)
00 _ [MdA S

The parameter J used in these equations represents torsion constant.
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4.1.2 Integral Equation of Motion of a Slender Beam

As shown in the figure below, when distributed load and moment are applied on the
restrained beam, deflection in the z-axis direction and the slope around the x-axis can

be defined as follows.

wy)

=Y

Figure 4.4 : Beam loaded by lateral load and running moment[22].

l

W) = [ 1€ (m)Z(n) + % m)m(m)] d
0 (4.24)
W)= [ IC%mz(n) +C* ()] d
Where,
C*(y,n) = lateral deflection at y due to a unit load at
C**(y,m) = lateral deflection at y due to a unit moment at 7
C*(y,n) = slope at y due to a unit load at 7
C*%(y,n) = slope at y due to a unit moment at 1) (4.25)
dC=(y,n)
oz — )
CZZ y7
Cza(y,n>:COtZ(y7n): a<17 n)

The influence functions include deflections in both the bending direction and the shear
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direction. We express the Z(y) load and the moment of 7(y) as follows.

Z(m) = F;(n,t) —m(n)w(n,t)

, (4.26)
m(n) =—p(n)a (n,t)

If rotary inertia effects are taken into consideration, if we want to obtain the integral
equations of restrained beam, we must substitute the equations we found above into

equation 4.24. As a result of this process, the following equations are obtained.

[ ’
w(1) =/O {=0um) [E(n.0) = m(n)y(n,0)] = C* ()@ (m,1) } dn

! l /
W(y,t)=/0 {c"‘z(y,n)[Fz(n,t)—m(n)v‘v(n,t)]—C““(y,n)u(n)d (n,t)}dn
(4.27)

Since the unknowns in these equations are used in the integral process, these equations
are called integral equations. Where o is equal to w, the problem can be simplified
to a problem that can be solved with a single equation from equation 4.27.So we get

the following equation:

l !
w(y,t)z/0 {C”(y,n)[Fz(n,t)—m(n)w(n,t)]—CZ“(y,n)/J(n)w' (mt)}dn
(4.28)

4.1.2.1 Integral Equation of Free Vibration of a Slender Restrained Beam

In the free vibration of the beam model we mentioned above, we equalize y and
F;(y,t) to zero to neglect the effects of rotary inertia. As a result, equation 4.28

becomes the following equation.
I
w(ut) = = [ CEum)i(n.m(n)dn (4.29)

The separated version of this equation can be used as a solution.

w(y,t) =W(y)T(t) (4.30)

If we substitute our last equation into equation 4.29, the following equation is obtained.
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T 1

v ' Clum)W (m)m(n)dn (431)

Since the y and ¢ parameters are independent from each other, the following equations

are obtained.

T+w?T =0 (4.32)

W(y) =w? /O lC(y, MW (n)m(n)dn (4.33)

4.1.3 Natural Mode Shapes and Frequencies Derived From The Integral

Equation

In section 4.2.1.2, we learned that we can obtain the natural mode shapes and natural
frequencies of the wing structure or another structure representing the wing structure
with the solution of a homogeneous integral. The integral equation of the beam with

varying properties in previous sections is given below.
, [l
W) =w? [ ClomW (mm(n)dn 434

The method applied using the integral equation is more useful than the differential
method to obtain natural mode shape and natural frequency. The integration process

applied on an existing solution is a more appropriate approach in our problem.

4.1.3.1 The Integral Equation Applied To Concentrated Mass Systems

The method we can use to reach the result by using equation 4.34 is to distribute the
mass of the beam to different points. If we apply this approach, the integral operation

becomes a addition operation and the set of equations is obtained.

Wi=w?Y CiMW;, (i=1,2,...,n) (4.35)
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We can convert this set of equations into matrix form as shown below.

AN
wy=w?[C]| M |{w} (4.36)
N

By solving this equation, we get eigenvalue values that enable us to find mode shapes

and natural frequencies.

4.2 Modal Analysis by Using 3D Timoshenko Beam Theory and 3D

Euler-Bernoulli Beam Theory

4.2.1 3D Timoshenko Beam Theory

Timoshenko beam theory eliminates the assumption that the cross-section plane
remains perpendicular to the neutral axis after deformation. In this theory, the result
is achieved with high accuracy by taking the shear deformation effects into account.
By taking these effects into account, the flexibility of the beam is increased and as a
result, lower natural frequency values are obtained compared to other methods that do

not take into account these effects.

4.2.1.1 Nodal Coordinates of 3D Timoshenko Beam Theory

Figure 4.5 shows the beam element with a total of 2 nodes with 6 degrees of freedom

in each node.

Element e

e=1L...N.

Figure 4.5 : Nodal displacements for beam element e in global coordinates[23].
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These 12 degrees of freedom shown in figure 4.37 are in the global xj, x, and x3

directions. Figure 4.6 shows local degrees of freedom in 3D.

Element e
e=1,... N,
it
_ .fd— » 3
4. ~
™~ a ‘?78
X

Figure 4.6 : Nodal displacements for 3D beam element e in local coordinates[23].

Figure 4.7 shows the local degrees of freedom in the local coordinate system.

qa

4

Figure 4.7 : Local degrees of freedom in the local coordinate system[23].

As can be seen from these figures, a total of 12 degrees of freedom of a beam element
is expressed in the local coordinate system and the global coordinate system as follows

[23] .

In local coordinates:

& ~e e e e e e e ~  ~e T
de = (41, &5, 43, 94> 95: 96> 45> 43+ 99: G105 Gi1> 912) (4.37)
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In global coordinates:

T
g = (45, 95, 45, 94 45, 9%, 45, 9% 95, 90> 9i1, 9i2) (4.38)

Generally, displacement on both the local coordinate system and the global coordinate
system is used in the vibration analysis of the structure. Displacements in the local
coordinate system are used to calculate stress and reaction forces. The displacements
in the global coordinate system are used to observe the general movement of
the structure. We use the coordinate transformation matrix, which provides the
transformation between the local coordinate system and the global coordinate
system, to obtain the element stiffness matrix and the mass matrix. To better see the
relationship between these two coordinate systems, the displacement vector 1% given

in figure 4.8 is considered.

v

Figure 4.8 : Vector V and the local and global coordinate system unit vectors[23].

We can express this displacement vector in both coordinate systems as follows.

V= Viér +Voéy +Viés = ‘71?1 + ‘722~2 + ‘73273 (4.39)

The transformation of the displacement vectors in these two coordinate systems

between themselves is shown below.
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‘21 Cii Ci2 Ciz| (W .
Kz =1Cy Crp (Cy Vo b, C,'j = COS(Z@,‘, éj) (4.40)
V3 G Cn Gz W3

In figure 4.9 below, the rotational and translational degrees of freedom of the beam
element in both the local coordinate system and the global coordinate system are

shown.

¢

Local node 1

Loscal nodde 2

X 3

Figure 4.9 : The 12 local and 12 global displacements at nodes 1 and 2 of
element[23].

The expression of the vectors shown in figure 4.10, both on the local coordinate axis

and on the global coordinate axis:

Local node |

Local node 2

X

Xy

Figure 4.10 : The two nodal translation and two nodal rotation vectors of element
e[23].
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\7“ =qié1+q5é2+q5é3 = c?fé] + 67‘3?2 + q~§§3 = translation vector at local node 1
Vel = q581 + 562+ qtés = §Ge1 + gier + gies = rotation vector at local node 1

Vo = g5é1 + qiér + q5e3 = G5ey + gher + g5es = translation vector at local node 2
Vo = ¢60f1 + 45182 + 45283 = G pe1 + 35,62 + G, €3 = rotation vector at local node 2

(4.41)

Thus, the transformation of the displacement of a 3-dimensional beam element

between its coordinate axes can be expressed as follows.

() (4§ )
9 9
95 95
q4 q4
& A0 0 0] ¢
3 04 0 0f]¢
qg =10 0 1 o qg (4.42)
s 00 0 A]]|dq
qs s
1o 4o
q1y a5
ity L4912 )
676 - Te X {ge (443)

Where,

e e e
11 12 13
— e e e
A= CZI C22 C23
e e e
C31 C32 C33

g. = nodal displacement in local coordinates
Te = transformation matrix

ge = nodal displacement in global coordinates

The terms CY,, C{, and C{; in this transformation matrix are the cosine value of the
angle between the local x axis and the global x, y, and z axes, respectively. Similarly,
the terms C5,, C5, and C5; are the cosine value of the angle between the local y axis

and the global x, y, and z axes, respectively.Likewise, the terms C5;, C5, and C5; are
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the cosine value of the angle between the local 7 axis and the global x, y, and z axes,

respectively.

4.2.1.2 Shape Functions, Element Stiffness, and Mass Matrices

Euler-Bernoulli shape functions are used in 3D timoshenko beam theory to find the
element mass matrix. This method evaluates the kinetic energy of the element in
determining the mass matrix. In this method, the same shape functions are used to
obtain the mass matrix and stiffness matrix of the element. Therefore, a consistent
mass matrix is obtained for the element. Strain displacement relation, which is
different from strain displacement relation used for Euler-Bernoulli, in equations of
motion of 3D Timoshenko beam theory is used. The kinematic assumptions used in

the Euleri-Bernoulli beam theory are given below.

e Cross-section planes remains plane

e cross-section planes are always perpendicular to the neutral axis before and after

deformation.

These assumptions generate the following equation.

~ d (Jdup
The u; parameter used in this equation represents the displacement of the neutral axis
in the x2 direction. The coordinates where the element is exposed to deformation are

shown in figure 4.11.

The assumption that the cross-section planes used in the euler-bernoulli 3D beam
theory will always be perpendicular to the neutral axis before and after deformation,
disappears in the 3D Timoshenko’s beam theory. Timoshenko beam theory includes
extra displacement that is not in the Euler-Bernoulli beam theory. As shown in figure
4.11, point a moves to point a” instead of point &’ after deformation. As can be noticed

from the figure, the plane b — a’ is perpendicular to the neutral axis.
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Figure 4.11 : Kinematics for beam deformation in the (a) x; —x; and (b) x; —x3
planes[23].

Strain-Displacement Relations and Shear Form Factors

. duy . : : .
The neutral axis slope 8—3 in equation 4.14 is removed from the equation and the
X1

parameter 53 is replaced.

> _ 006
gy = —XQa—fi (4.45)

Similarly, the equation on the x1 —x3 plane is obtained as follows.
~ _ d ~ _ 06,
€px2 = — X35 <—92) =X35= (4.40)
dax ax
Shear strain equations for x1 — x2 plane and x1 — x3 plane are obtained as follows.

du;  duy du;  duy

Yaxn= % on Yoz = 8_)73 0%, (4.47)

As shown in figure 4.11, the parameters of 53 and 52 can be expressed as follows.

~ du;  ~  du
3 A (4.43)
Therefore, equation 8 can be written as follows.
~  duy ~  Jduz
%Vvl X — _93 + a_.%], %ZI X3 62 + a_)le (449)
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While obtaining shear stress equations, the equation changes according to the

deformation of the cross section and the position of the cross-section on the beam.
Twn = G m (X1,%2,03), Ty 5 = G¥ 5 (X1,%2,X3) (4.50)

The G parameter in this equation represents the shear modulus of elasticity. Shear

forces are obtained as follows.
Vi = /A o T dA = T Vs /A o B dA = A 4.51)

The ave in equation 4.51 represents the average value across the cross-section. As can
be seen from figure 4.11, the shear strain changes only depending on the position on

the x1 axis. So we get the effective shear stress equations as follows.
Tn 5 (1) =G 5 () and Tg 5 (61) = Gy 5 (1) (4.52)

As can be understood from equation 14.52, effective shear stress values change only

depending on the position on the x1 axis. Below are also average shear stress equations.
’L')%v?xvz = szxl x2< ) = sz%l’fz ()71) Tfl 3 = kg’txl xz( ) = kgG%l i (3CV1) (4.53)
We get shear forces from equations 4.51, 4.52 and 4.53 as follows:

VfZ = kZAG%EI 75527 Vf3 = k3AG%€1 7)73 (454)

From this equation, we can rewrite the effective shear stresses given in equation 4.52

in the form below.

ave
_ e Vn oo — n Ve (4.55)

The k parameters in these equations represent shear form factor values. As will be
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seen in the cases we will apply later, shear form factor is obtained as follows in beam

models representing the wing structure with rectangular cross-section.

10(1+4v)

h=-— "2
12+ 11v

(4.56)

Vv in this equation represents the poisson ratio value. In figure 4.12, shear form factor

equations are given for different cross-sections. [24]

JL !
T I beam
d [ by . h
) = . iy =
“'I-r [*]
— h—
p L0014+ v 1= 3 t)

T4 T2, +150a + 9027+ v(1] + 66a, + 13567 +90a7) + 30a e, + e+ Sval(8a, +9a?)

O . O

Hellow cylinder o
Clirgle

Ihin-walled square ube Hectangle

ol +v) 4 il + v W0 4 e ; 21+ v ) P L0l + )
AT - - . RFTYETS Tty
T+ '[?+l!'n':|[| = “,.':.'_‘_ L:_H]_- -‘!I'J-{,r" 4 o 2y 12+110w

Figure 4.12 : Shear form factors for some common cross sections (v = Poisson ratio

)[23].

X1 — x» Plane, Translational Differential Equations, Shape Functions, and

Stiffness and Mass Matrices

The figure 4.13 below shows the strain distribution due to axial force Py, and bending

moment Mx,.

__
!
]

l-'

X - My,
oy = k
J B
______ -3 + b
: Neutral axis  [—3] MNentral axis g;
X —*
aiy ;. 20,

= —

© i,
Figure 4.13 : Axial strain distribution for x1 - x2 plane deformation[23].
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Strain and stress equations :

Jdiiy . 965 i 965
& = a—}a —Xza_fl — 055 = ES;I = Eax1 —Exy— FE (4.57)
Bending moment:
=~ aMl 893
M, = /Ax2<_6)71,)72dA) axl /xsz+Ea dA (4.58)

If the cross-section is symmetrical about the neutral axis, the bending moment will

change to the form below.

M, = EI;S(;—z (4.59)

By looking at the figure 4.14 showing the free-body diagram below, we get the

following equation from the moment equilibrium.

fTP’-

X - Ve,
i H.‘.-
X, M. + Do X
o,

Figure 4.14 : Free body diagram of a differential beam in the x1 x2 plane[23].

il

IV;,
My, + —2 d%, +dx, <V;2+ e dx1> — Mg, =0 (4.60)

Mz,
E
If we delete the quadratic terms in equation 4.60, we get the following equation.

oM,
&Xl

P 1V =0 4.61)

The following equation is obtained from the sum of the shear forces on the free-body
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diagram.

Vi Vi
Ve Ve 2y =0 —2 =0 4.62
X2 + X2 + aXI xl axl ( )
If we rethink equation 4.18 and equation 4.54:
~  Ju;
V)?z = kZAG%?l X ko AG (_93 + 8—35) (4.63)
Governing equation in the x; — X, plane:
dz'? 12_12
dx1 4 ( % ) ( 6 )
Where,
b %2 01 ap O
p_ ) > )P o (1o 0 by 1 ]
o = A > G2=1g o o o |2 927 IAG’ 12 = EL,
2x1 sz 00 -1 0
X3
(4.65)
Symbolic solution of equation 4.64:
b U U0
e X1 65 Ay Ap 630
7°(x) =1 — - = —— =% A — (4.66)
F o 2x2  2x2 _V-
2x1 (x1) A‘//;Nz " - A‘//[xfo
X3 (fl) Vx50
Do i(0)
= U (X1) 12~ 2x1 12 =+ ) 65(0)
251(X1) {93()61)} Hia(X1) o 2xa(X1) in(L) (4.67)
2x1 93 (L)
Fo Kit K Do_
2x1 2x2  2x2 2x1 -
Fp2=d_Z__\_ ———— Y =K"’p? (4.68)
F 12 12 D



Where,

) NG NEGD) N33 NE)
N“(x1) = (4.69)
NE(X) N3 (X)) N3(x1) Naz(x)

NI? =213+ 28 = 32L0) + 12992 (L— X))
N3 =% (x 1L3+x1L 2RL2) + 67125 (L— 7))
Ni3 = —%7(28 —3%L) + 57 (125%)

NiF =72 %L—f%ﬁ) + 6% (X1 — L)

4.70)
N3t = 6y{%% (%1 — L)
22 = YI ( +3x L— 4x1L2)+ 12'}/ (L—.’)-Cvl)
Ny3 = —69°% (%1 — L)
NAZ = y2% (3% L —2L%) + 1294%%,
Kit =AR (L)An(L), Ki7 = —A, (L) b71)
Ki3 = Apa(L) — Ap(L)AT) (L)A11 (L), K33 = Apn(L)A (L)
b1z 4 ~ by
[t ® T M1 AN 5o 00 [ oo
A= |:0 1:|7 Ap = b]2~2 O Azl 00 An —x1 1
—7)61 b12x1
(4.72)
Where,
12EL;,  24L (1+V) 1
== N E e B e (473
koAGL ko AL L3 (14 @) 12L(1+ P, )

Finally stiffness matris for the x1 —x2 plane :
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IZEIg3 6E1553 — 12E1553 6E1333
L3(1+q312) L2(1—|—q)|2) L3(1—|-CI312) L2(1+(I312)
6L, X3 (4+@12) —OEL; 3(2-P1)
Elz . L2(1+CI)12) L(l—l—q)lz) Lz(l—l—q)lz) L(l—l—q)lz)
- —12EL;, —6FE1;, 12EL, —6FE1;,
L3(1+q)12) Lz(l—l—q)lz) L3(1—|—q)12) L2(1+(I)12)
6EL;, El;0-o),) —OEL; Bl (440))
_Lz(l—}-q)lz) L(l—i—CI)lz) L2(1—|—<1312) L(l—f—q)lz) i

(4.74)

where,

Iz, = / X3 dA = area moment of inertia about the ¥, axis
A

Iz, = / )7% dA = area moment of inertia about the x3 axis 4.75)
A

Jp = / (33 +33) dA = L, + I, = area polar moment of inertia
A

F ,;.: ‘-i-z [ l

I- o & I-'j_> V- . ,l"_-,l,I

I::: (T "} =‘I My, (%)= ':I {fx L

R - |
: x =0 X :

Figure 4.15 : Free body diagram of a beam in the x1 x2 plane[23].

Below is the equation that allows us to obtain the translation mass matrix and the

rotary mass matrix.
v LT ~ 27 LT ~
M2 ZPA/O NipNi2udxy, Mi2g =P1)73/0 Ni29N120 dx) (4.76)

The translation mass matrix and rotary mass matrix in degrees of freedom ul, thetal,

u2 and theta2 are given below.

a}Zu
12u 12u :
~ pAL a,™ a;™ symmetric
Mo, = 5 5 | T2u 12w 12u 4.77)
420X(b12L —|—12a12) az a, a
a12u alZu _a12u alZu
4 6 2 5

Where,
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al? = 156b%,L* 4 3528a1,b1,L* 42016043,
= 2L(11b3,L* 4 231a2b12 L% + 1260a7,)

ay?" = 54b3,L* + 1512a1,b15 L% + 1008043,

(4.78)
ay? = —L(13b3,L* 4 378b12b1, L2 +2520a3,)

24 — [2(4b3,L* + 84b12b12) L2 + 50443,

ag? = —3L* (b}, L* 4 28b12b1oL? + 168a3,)

126

]
~ pL;, L ay?®  al?% symmetric
Mg = 5 3| _g120 _ 120 120 (4.79)
30 x (blzL + 126112) 1 2 1

120 120 _ 4120 126
a, a a as

a

Where,

ay*® =36b7,L°
a;ze = —3Lb12(—b12L2 + 606112)

(4.80)
ay?% = 4b, L4 +60a12b12 L% + 144043,

ay?® = —b?3,L* — 60a)2b1,L* 472042,

x; — x3 Plane, Translational Differential Equations, Shape Functions, and

Stiffness and Mass Matrices

The figure 4.16 below shows the strain distribution in the X1 — X3 plane due to axial

force Py, and bending moment M, .

[

J"'rll

Meutral axis

’)::J
[T 4
+
E
=

iy o f fa'
= Xy —
) e

Figure 4.16 : Axial strain distribution for x1 x3 plane deformation[23].

Strain ve stress equations :
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diiy 06, i 90,

83?1 = a__’fl x:;a—-,x\',l — Gfl 3= ES;] 3 = Eaxl +EX3 ax (481)
Bending moment:
~ 8u1
M)?2 = /Ax3(_6)ﬂci1,)72dA) Eaxl /X}dA +Ea / (482)

If the cross-section is symmetrical about the neutral axis, the bending moment will
change to the form below.
96,

My, = Bl 52 (4.83)

By looking at the figure 4.17 showing the free-body diagram below, we get the

following equation from the moment equilibrium.

Ty H I/_, ’ _ ' ‘_‘_\i\."q
.'Ifl..-.: | ax | o
e My, +—

ox,

Figure 4.17 : Free body diagram of a differential beam in the x1 x3 plane[23].

Vg,
My, + —==2 d%_d%, Vi, + == d%) | — Mz, =0 (4.84)

8~ e

If we delete the quadratic terms in equation 4.84, we get the following equation.

IMs,
0%,

Ve =0 (4.85)

The following equation is obtained from the sum of the shear forces on the free-body

diagram.

Vs,

_V% + Vx3 dX1 0— 8)71

Fr =0 (4.86)
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If we rethink equation 4.18 and equation 4.54:

~  duy
Vi, = k3AGY;, 5, = k3AG (92 + 8_)71) (4.87)
Governing equation in the x| — x3 plane:
dz" 13_13
—=G 4x1 4.88
dx1 . ( ) ( )
Where,
13 lg 01 a3 0
2x1 ’) 00 0 b 1 1
< - F13 9 G13 O O 0 0 9 6113 k3AG7 b13 EI~
i V-~ X2
2x Z\/Ixj 0 0 1 0
X
’ (4.89)
Symbolic solution of equation 4.64:
i u3 30
5 21 62 Ay Apl ) O
7°(x)=¢ ———— = —— = E‘ZZ %4222 — (4.90)
o) Vi, 2 a2l | Vi
X (xl) M
)?2 ()?1) - )720
Dy u3(0)
- ﬁs(fl)} 3 w0 ) 2 ~ ) 6:2(0)
Dyy1(x1)=9= =Ny 4ux ——— p=Nou(x ~ 491
i) = (e | M) ] =M@ PO @D
Fy Ko KB Do
F13 _ _2_><i_ _ 2x2  2x2 _2_><i_ :[?131)13 (4.92)
F 13 13 D
IxT % % 2x1

Where,
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Ni(x) NB&E) NEED) NG
NB@G) = (4.93)
Ny (X)) Ny3(x1) Np3(x1) Npj(x1)

N3 = yB3(13 428 - 33L) + 1293 (L - 7))
NS = P EL+ 3L - 2317 — 6y33% (L — %)
Ni3 = -7 (28 —3%L) + 5’ (12%)
N3 = - @BL-FL) - 6y°% (%1 - L)
(4.94)

Nyi = —6Y°% (¥ — L)

Nj3 =77 (L +35L — 4%11%) + 12, (L — 51)

Ny3 = 6% (%1 — L)

Na2 = yB3%, (3% L — 2L%) + 12°%,

t30 31 on} {V)?L}
Dp=2 Y D ={3FY Rp={ 80 B! Ts 4.95
P {920} t {GZL} ‘ {M~0 BT Mz (399

b3 -3 b13 - ~

) —?Xﬁawxl S| . ool . [r O
A“_{O 1 }, A= biz b » An =g o] A= %1
7961 13X1
(4.96)
Where,
12El~ 24 1+V) 13 1
D3 = 5= o o= = — (497
ki3AGL ki3AL 12L(1 + Py3) 12L(1 +P; )
Finally stiffness matris for the x1 —x3 plane :
[ 12EL, —6EL,  —12EL,  —6EL,
L3(1—l—q)13) Lz(l—l—q)lg) L3(1+q)13) L2(1+(D13)
—OEL,  Elhuien  OEL,  Elhp-op)
k13— L2(1+®13) L(1+®13) L2(1+P13) L(1+Py3) (4.98)

— 12E];;2 6EI3;2 12EI;2 %
L3(1+CI313) L2(1+CI313) L3(1+CI313) L2(1+(I313)

— EI}‘VZ Elfz(z_qpm) 6EI§C“2 Elf2(4+¢13)
_L2(1+CI)13) L(l—l—q)13) L2(1+q)13) L(1+(I)l3) |
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The numbers on the top and side of this matrix represent degrees of freedom. These
degrees of freedom are g3, g5, g9 and g1, respectively. These degrees of freedom
represent U3, 520, u3y, and §2L, respectively. Below is the equation that allows us to

obtain the translation mass matrix and the rotary mass matrix.
¥ Lor ~ 7 Lor ~
M3, = PA/O Niz Nizudxy, Mizg = Plfz/o Ni39N136 dX (4.99)

The translation mass matrix and rotary mass matrix in degrees of freedom u3g, 6y,

u3y, and 6,7 are given below.

13u
a;
. AL 13u 13u ;
M= — PO, O, Y (@.100)
@ (b]3L +12a]3) a%3u Cllélu a113u 13u
Where,
a3 = 156b%;L* 4+ 3528a13b13L% 42016043,
ay3 = —2L(11b3,L* 4 231a13b13L° + 1260a3;)
a3 = 54b3, LY + 1512a13b13L7 + 1008047,
(4.101)
ay = L(13b3,L* 4+ 378b3b 3L 4 2520a%5)
a3 = [2(4b3,L* 4 84b3b13)L? + 50443,
ai = =312 (b3;L* 4 28b13b13L* + 168a3;)
a130
~ I- L 139 130 :
Mz = plx i a2139 a3139 symrlrggtrlc (4.102)
30 x (b13L2 + 12(113) a; " —4 a
aé36 afe _aé39 aé36
Where,
ap’® =36b7,L°
ay?® = —3Lb\, — b13L? +60a3)
(4.103)

at3® = 4p3; L% 4 60a13b13 L7 4 144043,

a3® = —b3L* — 60a13b13L% + 72043,
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Axial (Longitudinal) x; Differential Equation, Shape Functions, and Stiffness and

Mass Matrices

The figure 4.18 below shows normal stress applied to the cross-section of the beam

structure.

/?_h UI]E[ - ‘El
A

Figure 4.18 : Axial stress acting on a beam cross section[23].

As can be seen in figure 4.19, in the case of static equilibrium, Fo is equal to the size

of F1; but in the opposite direction.

Fly —> E, AL —

Figure 4.19 : Axial nodal forces on a beam element[23].

_ EA EA
Fol _ | 7 L Uo
{FlL}_ _EA E_‘% {%L}
L L

As a result, the axial stiffness matrix is obtained as follows.

EA  EA
Ki=| k4 £
L L

Below is the equation that allows us to obtain the mass matrix.

L 11711 11711 L
~ N{'N;" N;'N, ~ / T ~
Max—pA/O |:N2]]N]]] N211N211 dx1 —pA 0 NaxNadeI
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where,

Nl=1-2 Nt
L L

The mass matrix in the degrees of freedom u}( and u]y, is given below.

Nl=1-2 Nyt
L L

Maxial =p AL

Q| —W| =
W | =N | =

(4.107)

(4.108)

(4.109)

Torsional 51 Differential Equation, Shape Functions, and Stiffness and Mass

Matrices

As can be seen in figure 4.20, in the case of static equilibrium, the M 10 1s equal to 1\711 L

but in the opposite direction.

M —H —-M,,

Figure 4.20 : Twist torques at nodes of a beam[23].

As a result, the torsional stiffness matrix is obtained as follows.

GJ GJ
Etorsional = J G‘lf
L L

Below is the equation that allows us to obtain the mass matrix.

L 11711 117711 L

= - [FINSINGL NgINGY| o~ . T

Mo, = p/ { ar-gl 4l 92] dx| = p/ N} Ngy dx;
or =PJP Jo INSINT NN PIp J, Nerler
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where,

Ngh == (4.112)

The mass matrix in the degrees of freedom of 510 and 51 L 1s given below.

Mlosional = pJPL 4.113)

AN W =
W | =\ =

Twelve-Dof Element Stiffness Matrix and Mass Matrix in Timoshenko’s Beam

Theory

The figure below shows the displacements, rotations, moments, and forces in the local

coordinates of the element.

Local node 2 90 X,

Figure 4.21 : Nodal displacements and forces in local coordinates[23].

Finally, we get the following equation which contains the stiffness matrix of the

element.
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£ L 12B¢
h 0 = q
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f~3 0 0 0 % symmetric 43
? 0 o = o £ %
5 “ L qs
el _ |0 65# o 0 0 ﬁTﬁ 96
fr A 0 0o o0 0 o £ P
i 0 2 o o o b o 126% qs
~ L- L L’ ~
/o 0 o0 oo ¥ oo o o P >
J10 o 0 0 = 0 0 0 0 0 o S
—6B¢ € 6B 6p? ~
2; o o HEtoo B0 0o o P oo b | e
o % 0o o o oo M o o o 2
L 2 L 12 L
(4.114)
We can briefly express the equation as follows:
F=K,*§ (4.115)
where
g EL, g EL,
12 1+Pp 13 14+P3
b b
Bra = (4+P12)Bi5 Pz = (44 P13)B15
By = (2—P12)Bfs Bz = (2—P13)Bi5
B — 12E L, _ 24 (14 V) _ 12EI;, _ 241 (1+v)
7 AGL? koAL? P GAGL? ksAL?

The consistent mass matrix M! elements, including rotary inertia and shear

deformation effects, is given in table 4.1.

The negative sign used in parentheses of the matrix terms indicates that the
corresponding value’s negative will be used. Consistent mass matrix is a symmetric
matrix (MeT = Me). Undefined terms in this consistent mass matrix are zero. Two

parameters used to find consistent mass matrix elements are given below.

Y12 = (b12L2+12012)2’ Y13 = (b13L2+12a13)2
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Table 4.1 : Consistent Mass Matrix Elements in Timoshenko’s Beam Theory.

Term Entry Term Entry

(4,4), (10,10) £lpk (1,1, (7,7) pAL

(10.4) oIk (7.1) Bt

2.2), (8.8) Yot ("4“213" ‘”“9) (3.3). 9.9) Yot (*:20+’w”)
(6,2), (-12,-8) Yol (A 2 “2129) (5.3), (-11,-9) Yot <A4§éu+1“~’2‘§20130>
8.2) Yot (‘2 - ma ) 93) Tl <Af§3”'f2'§5139>
(12.2), (:8.-6) Yotz (ﬁ;é“ > (11,3), (9.-5) Vi3 <A423+ & “;0”9>
6,6), (12,12) Yotz (A 2 2 ) (5,5), (11,11) Yot (ﬁg%;“#fz@z”e)
(12.6) Yo ("Z&S" 129) (11,5) Yo (Am#m”)

4.2.2 3D Euler-Bernoulli Beam Theory

In Timoshenko’s beam theory, effects from shear force were included in the beam
model, which represents the wing structure. For timoshenko beam theory, the
effect from the shear forces was always taken into account to obtain the element
stiffness matrix and the element mass matrix in the local coordinate system. For the
Euler-Bernoulli beam theory, the effects from these shear forces are neglected. As will
be shown in the next section, while finding stiffness matrix and mass matrix, shear

deformation effects are neglected as mentioned above.

4.2.2.1 Twelve-Dof Element Stiffness Matrix and Mass Matrix in Euler-Bernoulli

Beam Theory

Equation 4.116 which contains the stiffness matrix of the element is obtained using

same steps as in the Timoshenko’s beam theory but neglecting shear deformation
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effects. Below is the equation that contains the stiffness matrix of the element in local

coordinate system.

[ EA
]7 L o
/1 0 i 7
f 12EL, 7
]A% 0 3 22
=~ 0 0 0 ol symmetric 93
fa 6EL;. 4EI q4
% 0 0 20 2 o
/3 6EL; AL 45
sl_|0 = 0o 0o o ==& Gs
[7 _E 120EI~ 0 0 0 762# % 12E1; 27
/8 0 30 0 0 30 3 qs
~ L’ L2 L g
12EL 6EI; 12E1; 9
fs 0 0 —=2 0 22 0 0 0 - -
fio =GJ GI 1710
/1 0 0 o =< 0 0 0 0 0 & in
6EL; 2EL; 6EL; 4EI;. ~
j;“ 0 0 520 =2 0 0 0 2 0 2 qn
12 6EL; 2EL; —6EIL; 4EL;
0 2 0 0 0 B0 5% 0 0 0 -2
(4.116)
We can briefly express the equation as follows:
F=K,xq 4.117
q

The consistent mass matrix elements of the Euler-Bernoulli beam element is given in

table 4.2.

The negative sign used in parentheses of the matrix terms indicates that the
corresponding value’s negative will be used. Consistent mass matrix is a symmetric
matrix (MeT = M,). Undefined terms in this consistent mass matrix are zero.

Parameters used to find consistent mass matrix elements are given below.

PAL o Pl pAL Pl
Y2 = 220 Yni2 = 30L Y13 = 420 %?113— 30L
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Table 4.2 : Consistent Mass Matrix Elements in Euler-Bernoulli Beam Theory.

Term Entry Term Entry

(L1, (1,7) pAL (7.1) pAL

(4.4), (10,10) £JpL (10,4) £JpL

(2,2), (8,8) Y1, % 1564712, %36 (3,3), (9,9 Ve 3% 156479 1536

(6,2), (-12,-8) Y 1% 22L4+79 ,%3L (5.,3), (-11,-9) Y 3% (=22L) +90 4% (—3L)
(6,6), (12,12) Ve iy xAL2 490 w412 (5,5), (11,11) Ve 3 AL 90+ 412

(8,2) Vi1 x54+15,%(—36) 9.3) V3% 54+0 3% (—36)
(8.6), (-12,-2) Y4 1% 13L+99 5 x(—3L) (9.,5), (-11,-3) Y 3% (—13L)+70 ,+3L
(12,6) Yx(=3L2)+¥2 ,x(=L*)  (11,5) V3% (=3L2) + 9 3% (—L?)

4.3 Using PATRAN/NASTRAN to Find Flutter Speed of the Weakened AGARD
445.6 Wing

In this section, the commercial program PATRAN / NASTRAN, which uses double
lattice method, will be used to calculate aerodynamic loads. Double lattice method is
an aerodynamic tool used worldwide to calculate the flutter speed of planes. double
lattice method Models the lifting surface of a aircraft performing simple harmonic
motion under the subsonic flow using the finite element method. As a result of this
modeling, aerodynamic loads on the control surfaces and the reaction of the structure
against these loads are found. Double lattice method is reduced to vortex lattice method
at zero reduced frequency value. The number of elements created in this method
largely depends on the aspect ratio and reduced frequency. Finite elements created
at high reduced frequency values should have a low chordwise size. In fact, having a
high reduced frequency value creates a requirement in the finite number of elements

required for good aerodynamic modeling. The application of this method in complex
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geometries is achieved by eliminating singularities in lift along lines where normal
speed is discontinuous. In this method, the normal speed caused by the unit force is
defined by an integral of the subsonic kernel function. By providing normal speed limit
conditions at certain points on the lifting surface, the load on each finite element can
be calculated. By providing normal velocity boundary conditions at certain points on
the lifting surface, the load on each finite element can be calculated. The validity of the
double lattice method will be discussed by comparing the actual flutter speed results
obtained from the experiments of a structure with the flutter speed results obtained
from the commercial program PATRAN / NASTRAN. Weakened AGARD 445.6
wing is a widely used model to understand the accuracy of a flutter analysis program
developed. By comparing the experimental data obtained from tests of AGARD 445.6
wing in Langley dynamic tunnel and the data obtained by using any commercial
software program, it can be concluded about the accuracy of this commercial program.
AGARD 445.6 wing is a wing structure with NACA 65A004 airfoil section a, 1.6525
aspect ratio, 0.6576 taper ratio and 45 degree quarter chord swept angle. Holes are
available at various locations on this experimental wing structure to reduce the stiffness
value. These holes are filled with a lower stiffness material to protect the aerodynamic
surface. In the figure 4.22, the dimensions of the weakened AGARD 445.6 wing are

given.

Y 0.356 m

1/4 Chord line

0.762m

+—
4
o
I
°
3

Figure 4.22 : AGARD 445.6 wing geometry.

108



Material properties of AGARD 445.6 wing is given below [25].

Eij =3.1511 x 10° Pa,
E» = 0.4162 x 10° Pa,
v =0.31,
G = 0.4392 x 10° Pa,

p(density) = 381.98 kg/m’

Natural frequencies of the AGARD 445.6 wing are found in NASTRAN 103 module

by modal analysis. These results are compared with the test results in table 4.3.

Table 4.3 : Natural Frequencies of Weakened AGARD 445.6.

NASTRAN (hz) Experiment(hz)[25]
Mode 1 9.56 9.6
Mode 2 39.91 38.1
Mode 3 50.1 50.7
Mode 4 96.2 98.5

Finally, using the NASTRAN aeroelasticity module, flutter speed and flutter frequency

are obtained. These results are compared with the experimental results in table 4.4.

Table 4.4 : Flutter Speed and Flutter Frequency from NASTRAN Aeroelasticity
Module and Experiment[25].

NASTRAN Experiment[25]
Flutter speed (m/s) 302.1 296.7
Flutter 16.02 16.09
frequency(Hz)
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As can be seen in the table above, the results obtained using PATRAN/NASTRAN and
the results of the experiment are very close. This proves that NASTRAN commercial

software using double lattice method gives reliable results.

4.4 Comparison of finite Elements Based 3D Flutter Analysis With Analytical 3D
Flutter Analysis

In this section, we will compare the flutter speeds obtained by using the
PATRAN/NASTRAN commercial program with the flutter speeds found by using the
mode shape and frequency data obtained from different modal analysis methods in 3D
analytical flutter analysis. In the previous section, we used the PATRAN / NASTRAN
commercial program to calculate the flutter speed of the Agard 445.6 wing and it was
found to be perfectly close to the test results. The flutter speed of uniform beam and
double tapered beam structures will be calculated and the speeds obtained from these
different methods will be compared. As a result of these comparisons, MATLAB codes
will be validated for the developed 3D analytical flutter analysis. The different cases

where these comparisons are made are given below.

4.4.1 Casel

Figure 4.23 : Uniform beam.

In this case, uncoupled bending frequency, uncoupled torsion frequency, bending

mode shape function and torsion mode shape function required for 3D analytical flutter
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analysis will be found in 3 different methods described in previous sections. Using
these methods in equations 3.55 and 3.56, flutter speed will be calculated. Finally,
using the PATRAN / NASTRAN commercial analysis program, flutter analysis of the
uniform beam will be performed and the result will be compared with the results of 3
different analytical flutter analysis. The uniform beam structure consists of aluminum

and the material properties are given below.

E (elasticity modulus) = 70 x 10° Pa,
v(poisson ratio) = 0.35,
G(shear modulus) = 20 Iiv) = 25925925925.9259 Pa,
p(density) = 2700 kg/m’

Sizes of the uniform beam are given in figure 4.24 and figure 4.25.

3m

Figure 4.24 : Top view of uniform beam.

+ 0.005 m
|

f:

v

05m

Figure 4.25 : Rectangular cross section of uniform beam.

Static unbalance parameter (x¢) is 0 because the beam has symmetrical cross-section.
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4.4.1.1 Modal Analysis by Using Concentrated Mass Systems

Modal analysis of the uniform beam shown above will be performed using the
concentrated mass system method. The uniform beam structure is divided into 10
different parts of the same length. Then the mass matrix and the influence coefficient
matrix are found using the generated MATLAB code. Then, using equation 4.36,
uncoupled bending frequency (w,,), uncoupled torsion frequency (wg), bending mode
shape function (f,,) and torsion mode shape function (fg) are found. These values we

find as a result of modal analysis are given below.

wy = 5.7954 rad/sn.
wg = 32.2409 rad/sn.
fw= 0,002617()7*)4 -0, O443(y*)3 40,2401 (y*)2 —0,006866(y") — 0,001169

fo =0,0022054(y*)* —0,02994(y*)> +0,00684(y*)? +0,5265(y*) 45,9425 x 10~*

Finally, using the equation 3.66, the flutter speed is obtained. All these steps were done
using the MATLAB code. The U-g graph that gives the flutter speed of the uniform
beam structure, which we analyze by using the concentrated mass system, is given in

figure 4.26 and figure 4.27.

0.5 T T

g {Damping)
//

05T \\

U (Flutter speed m/s)

Figure 4.26 : U-g graphic of uniform beam.
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U-g Graph
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Figure 4.27 : Flutter speed of uniform beam.

4.4.1.2 Modal Analysis by Using Timoshenko’s Beam Theory

Modal analysis of the uniform beam shown above will be performed using the
Timoshenko’s beam theory. The uniform beam structure is divided into 200 different
parts of the same length. Then the mass matrix and the stiffness matrix are found using
the generated MATLAB code. Then, uncoupled bending frequency (w,,), uncoupled
torsion frequency (wg), bending mode shape function (f,,) and torsion mode shape
function (fg) are found. These values we find as a result of modal analysis are given

below.

wy, = 5.7422 rad/sn.
wg = 35.9840 rad/sn.
fir =0,18206(y*)* —1,01273(y*)> 4 1,8422(y*)> — 0,01247(y*) + 4, 1307 x 10~*

fo =2,3479(y*)* —4,2898(y*)> 4 1,326(y*)* 4 1,6377(y*) +0,002941

Using the equation 3.66, the flutter speed is obtained. All these steps were done using
the MATLAB code. The U-g graph that gives the flutter speed of the uniform beam
structure, which we analyze by using the Timoshenko’s beam theory, is given in figure

4.28 and figure 4.29.
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Figure 4.29 : Flutter speed of uniform beam.
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4.4.1.3 Modal Analysis by Using Euler-Bernoulli Beam Theory

Modal analysis of the uniform beam shown above will be performed using the
Euler-Bernoulli beam theory. The uniform beam structure is divided into 200 different
parts of the same length. Then the mass matrix and the stiffness matrix are found using
the generated MATLAB code. Then, uncoupled bending frequency (w,,), uncoupled
torsion frequency (wg), bending mode shape function (f,,) and torsion mode shape

function (fg) are found. These values we find as a result of modal analysis are given.

wy, = 5.8219 rad/sn.

we = 35.8737 rad/sn.

fiw=0,18742(y*)* —1,02669(y*)> + 1,8512(y*)*> — 0,01284(y*) +4,24723 x 10~*
fo =0,1764(y*)* —0,7937(y*) +0,053022(y*)? 4 1,56382(y*) 42,3239 x 10~*

Finally, using the equation 3.66, the flutter speed is obtained. All these steps were done
using the MATLAB code. The U-g graph that gives the flutter speed of the uniform
beam structure, which we analyze by using the Euler-Bernoulli beam theory, is given

in figure 4.30 and figure 4.31.

U-g Graph
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\-\
06 \\\ -
'\.\\\
_Da 1 1 \\ 1 1 1 1
0 10 20 30 40 50 60 70

U (Flutter speed m/s)

Figure 4.30 : U-g graphic of uniform beam.
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Figure 4.31 : Flutter speed of uniform beam.

4.4.1.4 Modal Analysis by Using MSC PATRAN/NASTRAN

The aeroelastic analysis of the uniform beam structure has been done using the
commercial program MSC PATRAN / NASTRAN. As mentioned earlier in this
commercial software program, aerodynamic loads are calculated using the double
lattice method. Uniform beam structure is modeled using the finite element method
for use in analysis. This model is created by using meshnig tool in MSC PATRAN /
NASTRAN program. FEM model consists of TET10 solid mesh elements. The FEM

model created using the geometry of the uniform beam is shown in the figure 4.32.

Figure 4.32 : FEM model of uniform beam.
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This FEM model is fixed from the root of the uniform beam at 6 degrees of freedom
and solved in MSC NASTRAN modal analysis solver, and first bending frequency,
first torsion frequency, pure bending mode shape and pure torsion mode shapes are
obtained. MSC NASTRAN modal analysis results are given in the figures 4.33 and
4.34.

NON-LAYERED)

Figure 4.33 : First bending mode shape of uniform beam.

Figure 4.34 : First torsion mode shape of uniform beam.
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First bending natural frequency and first torsion natural frequency from MSC

NASTRAN:

wy = 0.94117 Hz = 5.9135 rad/sn.

wg = 5.6754 Hz = 35.6595 rad/sn.

Aeroelastic analysis of uniform beam structure shown in Figure 4.23 was performed
in MSC FlightLoads and Dynamics Module. In this module, a flat plate aerodynamic
model has been created. lifting surface has been created and this lifting surface is
meshed. Splines were created between the previously created FEM model and the
mesh elements created on the lifting surface. In addition, Mach number-reduced
frequency pairs were created. P-k method was chosen as the analysis method in MSC
FlightLoads and Dynamics Module. result datas given in figure 4.35 are obtained in

the final report given at the end of the analysis in MSC®)FlightLoads and Dynamics

Module.

KFREQ 1./KFREQ VELOCITY DAMPING FREQUENCY COMPLEX EIGENVALUE
3.5498 2.8176468E-81 5.B0600BBE+00 -3.5665494E-83 5.6497162E+60 -6.3363061E-82 3.5498177E+81
1.7686 5.6797719E-81 1.6660000E+01 -1.3581536E-82 5.60842719E+00 -2.3912114E-81 3.5212681E+81
1.1682 8.6189342E-81 1.5660000E+01 -2.3877064E-82 5.5397196E+08 -4,1554552E-81 3.4867087E+01
B.8569 1.1669871E+6808 2 .BPBOBRRE+B1 -3.4315117E-82 5.4552426E+080 -5.8809763E-01 3.4276382E+81
B.6715 1.4891347E+606 2.5666666E+01 -4, 5777608E-82 5.3438735E+60 -7.6852763E-81 3.35765568E+81
B8.5447 1.83608257E+00 3.0000000E+01 -5.8315597E-82 5.20818689E+00 -9.5285583E-081 3.2679279E+01
8.4508 2.2182567E+00 3.5000000E+01 -7.1681763E-82 5.8223427E+00 -1.1297437E+00 3.1556311E+81
B.3771 2.6515799E+808 4. BPBEBBRE+B1 -8.4805131E-82 4.8018146E+00 -1.2793148E+68 3.8178692E+081
B8.3163 3.1611123E+686 4.,5000000E+01 -9.6420921E-82 4,5312986E+00 -1.3725996E+66 2.8476991E+81
B.2639 3.7889717E+00 5.0000000E+01 -1.8125787E-81 4,2004786E+00 -1.3362184E+00 2.6392385E+01
8.2171 4.,6071987E+00 5.5600000E+01 -8.4386110E-82 3.7999322E+00 -1.8873879E+00 2.3875679E+81
8.1749 5. 7161946E+80 6.PPBOBRRE+B]1 -8.2192418E-63 3.3411372E+00 -8.6178742E-82 2.8992985E+81
B.1485 7.1156688E+00 6. 5666666E+61 1.7669748E-81 2.9679573E+60 1.6142398E+66 1.8271235E+681
B.1154 8.6688414E+00 7.0000000E+01 4,4223794E-81 2.5763194E+00 3.5718258E+00 1.6149794E+81
8.8955 1.8466882E+081 7.5000000E+01 7.4433732E-81 2.2808359E+00 5.3335171E+08 1.4338914E+81
B.8780 1.2825094E+81 8.0PBOBRRE+B1 1.8979669E+080 1.9855441E+808 6.8488665E+00 1.2475542E+81
B.8666 1.6494662E+681 8.5006666E+01 1.5767974E+60 1.6483147E+60 8.1255531E+606 1.8386481E+61
B8.8485 2.4676041E+01 9.0000000E+01 2.4873090E+00 1.1669596E+00 9.8718679E+00 7.2945247E+00
B8.0000 9.9999996E+24 9.5000000E+01 2.80816289E-81 0 .0000000E+00 1.3188386E+81 0 .0000000E+00
0.6660 9.9999996E+24 1.00B800BBE+B2 2.7777433E-81 B .PPBOPRRE+BB 1.9253649E+81 B .PPBOPRRE+BB

Figure 4.35 : Result datas from MSC Flightl.oads and Dynamics Module.

The velocity value that corresponds to the zero value where the damping value takes
from the negative value to the positive value gives the flutter speed. If the U-g graph
is drawn from these result values, the flutter speed is found more comfortable. U-g

graphic is given in figure 4.36 and figure 4.37.
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Figure 4.36 :

g {Damping)

Figure 4.37 :

4.4.2 Case 2

described in previous sections.
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U-g graph created by datas from MSC FlightLoads and Dynamics
Module.

U-g Graph
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U-g graph created by datas from MSC Flightl.oads and Dynamics
Module.

In this case,In this case, the steps for case 1 will be applied in the same way, but this
time our model is not uniform beam but taper beam. uncoupled bending frequency,
uncoupled torsion frequency, bending mode shape function and torsion mode shape

function required for 3D analytical flutter analysis will be found in 3 different methods
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Figure 4.38 : Double tapered beam

flutter speed will be calculated. Finally, using the PATRAN / NASTRAN commercial
analysis program, flutter analysis of the tapered beam will be performed and the result
will be compared with the results of 3 different analytical flutter analysis. The double
tapered beam structure consists of aluminum as like case 1 so the material properties
are same.

Sizes of the double tapered beam are given in figure 4.38, figure 4.39, and figure 4.41.

Figure 4.39 : Top view of double tapered beam.

v 0.005m
h -
0.5m

Figure 4.40 : Rectangular tip cross section of double tapered beam.
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Figure 4.41 : Rectangular root cross section of double tapered beam.

Static unbalance parameter (x) is 0 because the beam has symmetrical cross-section.

4.4.2.1 Modal Analysis by Using Concentrated Mass Systems

Modal analysis of the double tapered beam shown above will be performed using
the concentrated mass system method. The double tapered beam structure is divided
into 10 different parts of the same length. Then the mass matrix and the influence
coefficient matrix are found using the generated MATLAB code. Then, using equation
4.36, uncoupled bending frequency (w,,), uncoupled torsion frequency (wg), bending
mode shape function (f,,) and torsion mode shape function (fg) are found. These

values we find as a result of modal analysis are given below.

wy, = 7.6707 rad/sn.

wg = 51.7801 rad/sn.

fiw=—0,0071803(y*)* +0,02461(y*)> +0,121124(y*)*> +0,01015(y*) — 0,0016462
fo = —0,005037(y*)* — 0,00943(y*)> +0,09797(y*)* 4 0,27486(y*) 46,1549 x 10~*

where;

y = % which is the reduced spanwise variable

Finally, using the equation 3.66, the flutter speed is obtained. All these steps were done
using the MATLAB code. The U-g graph that gives the flutter speed of the double
tapered beam structure, which we analyze by using the concentrated mass system, is

given in figure 4.42 and figure 4.43.

121



U-g Graph
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Figure 4.42 : U-g graphic of double tapered beam.
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Figure 4.43 : Flutter speed of double tapered beam.

4.4.2.2 Modal Analysis by Using Timoshenko’s Beam Theory

Modal analysis of the double tapered beam shown above will be performed using the
Timoshenko’s beam theory. The double tapered beam structure is divided into 200
different parts of the same length. Then the mass matrix and the stiffness matrix are
found using the generated MATLAB code. Then, uncoupled bending frequency (w,,),
uncoupled torsion frequency (wg), bending mode shape function (f,,) and torsion

mode shape function (fp) are found. These values we find as a result of modal analysis
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are given below.

wy, = 7.5535 rad/sn.

wg = 52.0238 rad/sn.

fiv = —0,43007(y*)* +0,47582(y*)> +0,94248(y*)> +0,01187(y*) — 3,31658 x 10~*
fo = —0,643425(y*)* +0,16807(y*)? 4+ 0,6467(y*)> +0,83106(y*) + 8,935 x 10~*

Finally, using the equation 3.66, the flutter speed is obtained. All these steps were done
using the MATLAB code. The U-g graph that gives the flutter speed of the double
tapered beam structure, which we analyze by using the Timoshenko’s beam theory, is

given in figure 4.44 and figure 4.45.
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Figure 4.44 : U-g graphic of double tapered beam.
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Figure 4.45 : Flutter speed of double tapered beam.
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4.4.2.3 Modal Analysis by Using Euler-Bernoulli Beam Theory

Modal analysis of the double tapered beam shown above will be performed using the
Euler-Bernoulli beam theory. The double tapered beam structure is divided into 200
different parts of the same length. Then the mass matrix and the stiffness matrix are
found using the generated MATLAB code. Then, uncoupled bending frequency (w,,),
uncoupled torsion frequency (wg), bending mode shape function (f,,) and torsion
mode shape function (fy) are found. These values we find as a result of modal analysis

are given below.

wy, = 7.5159 rad/sn.
wg = 52.0227 rad/sn.
fw= —0,432057())*)4 —FO,48315(y"‘)3 —|—O,93662(y"‘)2 +0,01245(y*) — 3,53144 x 1074

fo = —0,6435(y*)* +0,16836(y*)> +0,64653(y*)* +0,83104(y*) + 8,9441 x 10~*

Finally, using the equation 3.66, the flutter speed is obtained. All these steps were
done using the MATLAB code. The U-g graph that gives the flutter speed of the
double tapered beam structure, which we analyze by using the Euler-Bernoulli beam

theory, is given in figure 4.46 and figure 4.47.
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Figure 4.46 : U-g graphic of double tapered beam.
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Figure 4.47 : Flutter speed of double tapered beam.

4.4.2.4 Modal Analysis by Using MSC PATRAN/NASTRAN

The aeroelastic analysis of the double tapered beam structure has been done using the
commercial program MSC PATRAN / NASTRAN. Double tapered beam structure is
modeled using the finite element method for use in analysis. This model is created
by using meshnig tool in MSC PATRAN / NASTRAN program. FEM model consists

of TET10 solid mesh elements. The FEM model created using the geometry of the

double tapered beam is shown in the figure 4.48.

Figure 4.48 : FEM model of double tapered beam.
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This FEM model is fixed from the root of the double tapered beam at 6 degrees of
freedom and solved in MSC NASTRAN modal analysis solver, and first bending

frequency, first torsion frequency, pure bending mode shape and pure torsion mode

shapes are obtained. MSC NASTRAN modal analysis results are given in the figures
4.49 and 4.50.

Figure 4.49 : First bending mode shape of double tapered beam.

-LAYERED)

Figure 4.50 : First torsion mode shape of double tapered beam.
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First bending natural frequency and first torsion natural frequency from MSC

NASTRAN:

wy, = 1.2212 Hz = 7.6730 rad/sn.

wg = 8.8825 Hz = 55.8103 rad/sn.

Aeroelastic analysis of double tapered beam structure shown in Figure 4.38 was
performed in MSC FlightLoads and Dynamics Module. In this module, a flat plate
aerodynamic model has been created. lifting surface has been created and this
lifting surface is meshed. Splines were created between the previously created FEM
model and the mesh elements created on the lifting surface. In addition, Mach
number-reduced frequency pairs were created. P-k method was chosen as the analysis
method in MSC FlightLoads and Dynamics Module. result datas given in figure 4.51
are obtained in the final report given at the end of the analysis in MSC FlightLoads

and Dynamics Module.

KFREQ 1./KFREQ VELOCITY DAMPING FREQUENCY COMPLEX  EIGENVALUE
3.4718 2.88@3542E-01 5.0000000E+20 -2.8472359E-83 8.8408537E+00 -7.9080164E-82 5.5548725E+81
1.7216 5.80846087E-01 1.0000000E+01 -1.3354283E-02 8.7681713E+00 -3.6785519E-01 5.58920849E+01
1.1341 8.8179180E-01 1.5600000E+01 -2.3576850E-02 8.6635456E+00 -6.4169896E-01 5.4434666E+81
8.8368 1.1949887E+80 2.00000A0E+a1 -3.3411897E-82 8.5238600E+00 -8.9469892E-01 5.3556992E+81
8.6547 1.5273370E+20 2.5000000E+21 -4.3945063E-82 8.3363371E+00 -1.1588937E+20 5.2378750E+81
8.5297 1.8878584E+00 3.0000000E+01 -5.4999910E-82 8.8932312E+00 -1.3984877E+00 5.8851273E+01
8.4368 2.2893889E+00 3.5000000E+01 -6.5455681E-82 7.7860742E+00 -1.6010880E+00 4.8921349E+081
8.3635 2.7512956E+80 41.0000000E+81 -7.3117822E-82 7.4844504E+80 -1.7608498E+80 4.6523537E+81
8.3827 3.3037045E+80 4.5000000E+81 -7.2083928E-82 65.9371552E+80 -1.5709766E+80 4.3587433E+81
8.2589 3.9859202E+00 5.0000000E+a1 -4.7134834E-02 6.3886857E+00 -9.46810859E-01 4.8141296E+01
8.2887 4.7926655E+00 5.5000000E+01 1.7293151E-82 5.8446116E+00 3.1752628E-01 3.6722778E+01
a8.1736 5.76089682E+80 5.0000000E+81 6.0181480E-82 5.3842727E+00 1.8028560E+80 3.3327728E+01
8.1336 7.48A5786E+20 6.5000000E+21 2.8822896E-01 4.4229913E+00 41.80850097E+00 2.7790474E+81
8.1119 8.9366703E+00 7.0000000E+01 5.8634418E-01 3.9892604E+00 7.3484359E+00 2.5865264E+81
8.8942 1.8615358E+081 7.5000000E+01 8.9667088E-01 3.5982940E+00 1.8136384E+01 2.2608749E+01
8.8783 1.2772182E+81 §.0000000E+81 1.2527521E+80 3.1968516E+80 1.2554884E+81 2.80843686E+81
8.8629 1.5894870E+81 8.5000000E+21 1.7154205E+80 2.7235293E+00 1.4677515E+81 1.7112448E+81
8.e467 2.1414152E+81 0.0000000E+21 2.4552646E+00 2.1404827E+00 1.6518489E+01 1.34490850E+01
8.8261 3.8372292E+01 9.5000000E+01 4.5487820E+00 1.2608864E+00 1.7986988E+81 7.9223833E+00
8.06000 9.9999996E+24 1.0000000E+82 2.4377446E-081 6.0000000E+E0 2.7835172E+081 6.0000000E+E0

Figure 4.51 : Result datas from MSC FlightLLoads and Dynamics Module.

The velocity value that corresponds to the zero value where the damping value takes
from the negative value to the positive value gives the flutter speed. If the U-g graph
is drawn from these result values, the flutter speed is found more comfortable. U-g

graphic is given in figure 4.52, and figure 4.53.
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Figure 4.52 : U-g graph created by datas from MSC FlightL.oads and Dynamics
Module.
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Figure 4.53 : U-g graph created by datas from MSC FlightLLoads and Dynamics
Module.
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4.5 Conclusion

Three different methods are explained for the modal analysis of the structure, which
is required to be used in the three-dimensional analytical aeroelastic analysis method.
Aeroelastic analysis of the weakened AGARD 445.6 wing model was made using the
MSC FlightLoads and Dynamics module and MSC NASTRAN commercial software
programs. This commercial software program uses double lattice method to calculate
aerodynamic loads. The results obtained by using commercial software were compared
with the test results of the AGARD 445.6 wing model in the wind tunnel. The results
were observed to be very close to each other. As a result, the results obtained from
MSC FlightLoads and Dynamics module and MSC NASTRAN commercial software
program have been proved to be consistent with real results. Different modal analysis
methods are applied on the structure with a constant cross section and the structure
where both the height and width of the cross section change with linear ratio. These
data are used in MATLAB codes developed for three-dimensional aeroelastic analysis
and the flutter speeds of these two different structures were obtained. By using
MSC FlightLoads and Dynamics module and MSC NASTRAN commercial software
program, the flutter speeds of these two different structures were obtained. The
results obtained from MATLAB codes and the commercial software program were
compared. As a result of the comparison, it was observed that the flutter speeds
obtained from MATLAB codes were lower than the flutter speeds obtained from
commercial software. As a result, it was seen that the MATLAB code using the
standard strip theory gives more conservative results than the real values. Flutter speed
results obtained by using the mode analysis results made by using Euler-Bernoulli
beam theory and Tymoshenko beam theory in MATLAB code. These results were
found to be more consistent than the results of the flutter speeds obtained by using the

mode analysis results using the discrete mass system method in the MATLAB code.
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5. CONCLUSIONS AND RECOMMENDATIONS

In the first stage of the thesis, a tool was prepared using the methods taken from the
literature in MATLAB code to find the flutter speed of two dimensional, two degree of
freedom and two dimensional, three degree of freedom structures. The purpose of these
tools is to save time in advanced design processes by being used in the preliminary
design phase. The results were obtained by applying these MATLAB codes prepared
on the problems obtained from the literature. These results are compared with the
proven results in the literature and the consistency of MATLAB codes has been proved.
As a result of these operations, the flutter speed of a two-dimensional model known as
cross section can be calculated. Thus, the design process can be continued reliably by

calculating the flutter speed before a detailed design process.

In the second stage of the thesis, the method developed for the calculation of the flutter
speed of three-dimensional structures was obtained from the literature and examined in
detail at this stage of the thesis. MATLAB code has been generated using this method
to calculate the flutter speed of models of different sizes from the literature. The modal
analysis method used to obtain the model’s natural frequency values and mode shapes
were analyzed by taking the source of the literature from which we took the problem.
The aerodynamic loads used in the three-dimensional flutter calculation we used in the
MATLAB tool were calculated using the functions developed by Theodorsen. Standard
strip theory is used in these functions of Theodorsen. In the literature resource we
used for validation, two different methods were investigated to be used in the flutter
calculation of the models. These methods are standard strip theory and double lattice
method. These two methods are used in the calculation of aerodynamic loads. The
generated MATLAB tool was applied on models of different sizes and compared with
the results of the literature. However, it is understood that the results obtained from
MATLAB code and the literature results using the double lattice method are different.

These results proved that the developed MATLAB tool is consistent. However, the
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effect of the methods used in the calculation of aerodynamic loads on the result of

flutter speed was seriously observed.

In the last stage of the thesis, different modal analysis methods that will be integrated
into the method investigated in the previous stage of the thesis are used to use in
calculating the flutter speed of three-dimensional structures. Flutter speed of weakened
AGARD 445.6 wing model was calculated by using MSC PATRAN / NASTRAN
software, which is a commercial analysis program widely used in industry. The
commercial software MSC PATRAN / NASTRAN uses the double lattice method
to calculate aerodynamic loads. The results obtained from commercial software
of MSC PATRAN / NASTRAN and the results of the tests performed in the wind
tunnel of the same model in the literature are very close to each other. Thus,
the flutter speed obtained from MSC PATRAN / NASTRAN commercial software
using double lattice method has been proved to be consistent. The different modal
analysis methods investigated in this section in the thesis are integrated into the
MATLAB code developed for three-dimensional flutter speed calculation. For these
three modal analysis methods, flutter speed was calculated on two different models.
At the same time, the flutter speed of these two different models was calculated using
MSC PATRAN / NASTRAN commercial software, which has been demonstrated to
be consistent with actual results. Analysis results obtained using MATLAB code
were compared with analysis results obtained using MSC PATRAN / NASTRAN
commercial software. As a result of this comparison, it was observed that the flutter
speeds obtained using the MATLAB code were lower than the flutter speeds obtained
using the commercial software MSC PATRAN / NASTRAN. It was understood that the
analysis made using the standard strip theory was more conservative than the double
lattice method. If the results obtained by using three different modal analysis methods
are compared within themselves, it was observed that the results obtained by using
Timoshenko’s beam theory and Euler-Bernoulli beam theory gave more realistic results

than the results obtained by using discrete mass system.
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