ISTANBUL TECHNICAL UNIVERSITY % INSTITUTE OF SCIENCE AND TECHNOLOGY

FUNDAMENTAL SOLITONS IN COMPLEX TWO DIMENSIONAL
LATTICES

M.Sc. Thesis by
Mahmut BAGCI

Department : Mathematical Engineering

Programme : Mathematical Engineering

JUNE 2010






ISTANBUL TECHNICAL UNIVERSITY % INSTITUTE OF SCIENCE AND TECHNOLOGY

FUNDAMENTAL SOLITONS IN COMPLEX TWO DIMENSIONAL
LATTICES

M.Sc. Thesis by
Mahmut BAGCI
509071006

Date of submission : 06 May 2010
Date of defence examination : 11 June 2010

Thesis Supervisor : Ass. Prof. Dr. ilkay B. AKAR (ITU)
Co-Supervisor : Assoc. Prof. Dr. Nalan ANTAR (ITU)

Members of the Examining Committee Prof. Dr. Emanullah HIZEL (ITU)
Prof. Dr. Hilmi DEMIRAY (ISIK U.)
Ass. Prof. Dr. Giiler GAYGUSUZOGLU (NKU)

JUNE 2010






ISTANBUL TEKNIK UNIVERSITESI % FEN BILIMLERI ENSTITUSU

IKi BOYUTLU KOMPLEKS KAFES (LATIS) ICINDE TEMEL
SOLITONLAR

Yiiksek Lisans Tezi
Mahmut BAGCI
509071006

Tezin Enstitiiye Verildigi Tarih : 06 Mayis 2010
Tezin Savunuldugu Tarih : 11 Haziran 2010

Damgmam : Yrd. Dog. Dr. flkay BAKIRTAS AKAR (iT0)
Es Damismam1 : Dog. Dr. Nalan ANTAR (IT0U)

Diger Jiiri Uyeleri : Prof. Dr. Emanullah HIZEL (ITU)
. Prof. Dr. Hilmi DEMIRAY (Isik Univ.)
Yrd. Dog. Dr. Giiler GAYGUSUZOGLU (NKU)

HAZIRAN 2010






FOREWORD

I would like to express my deep appreciation and thanks for my advisors, Ass.
Prof. Dr. Ilkay Bakirtag and Assoc. Prof. Dr. Nalan Antar. They provided me
the opportunity to work about one of the most modern and excellent subject. I
also would like to thank my family for their unconditional support.

May 2010 Mahmut Bagci

il



v



TABLE OF CONTENTS

Page
LIST OF FIGURES. ...ttt e e en e vii
SUMMARY .ottt st s e e e eas xiii
OZET ..ottt ettt ettt et st s xvii
1. INTRODUCGCTTION. . .ccitiiiiiiiiiiiiii ittt e e e e aas 1
1.1, DefNItIONS. ... 2
1.2, Lattice SOIONS. . .uuiii e 4
1.3 MOELenn e 4
1.3.1. The NLS equation..........ccoeiiiiiiiiii 5
1.3.2. The NLS equation with an external potential................................. 7
2. LINEAR SPECTRUM OF THE NLS EQUATION.......cc.cccccvenenene. 9
2.1. Converting NLS Equation to Mathieu’s Equation..............cccccccciiiinii. 9
2.2. General Solution of Mathieu’s Equation by Perturbation Methods....... 10
2.3. General Solution of Mathieu’s Equation by Spectral Methods.............. 13
3. FUNDAMENTAL LATTICE SOLITONS AND THEIR

STABILITY ettt eeree et esteeseensesnsensnsensasensans 17
3.1. Spectral Renormalization Method (SR).......ccccoviiviiiiiiiiiiiiii 17
3.2. Band Gap Structure ... 20
3.3. Power and Stability Analysis .............cco 21

4. SOLITONS IN TWO-DIMENSIONAL LATTICES POSSESSING
DISLOCATIONS. ..ttt ettt et e s e saensans 27
4.1. Band Gap Structure ... 27
4.2. Soliton Power of Dislocated Lattice ...........cccocooiiiiiiiiis 29
4.3. Properties of Dislocated Lattice Solitons ...........ccccooeiiiiiiiiiiiiiin, 30
4.4. Stability Properties of Dislocated Lattice Solitons ............ccccccvvviiiiii. 33
5. PROPERTIES OF QUASICRYSTAL LATTICE SOLITONS....... 39
5.1. Penrose Type Potentials...........cooooiiiiiiiiiiii e, 39
5.2. Band Gap Structure of Penrose-5 and Penrose-7 Lattices.................... 40
5.3. Properties of Penrose-7 Solitons. ..o 43
5.3.1. Solitons centered at lattice maxima.................cccviiiiiiiiiiiiiiiiiii, 43
5.3.2. Solitons centered at lattice minima.............ccoooeeeiiiiiiiininen i, 45
5.4. Stability Properties of Penrose-7 Solitons..........ccooeeeeiiiiiiiiiiiieeeniiiiiinnnn. 45
5.4.1. Solitons centered at lattice maxima...............c.ccciiiiiiiiiiiiiiiiiiiin, 48
5.4.2. Solitons centered at lattice minima.............ccoooeeeiiiiiiiiinnnn e, 49
6. CONCLUSIONS AND RECOMMENDATIONS.....cccccvevininienenne. 55
REFERENCES. ... ottt ettt et eae e s tseesaeenseensanens 57
CURRICULUM VITAE....c ittt eereeee e eesananens 61



vi



LIST OF FIGURES

Figure 1.1:
Figure 1.2:
Figure 1.3:
Figure 2.1:
Figure 2.2:

Figure 2.3:

Figure 2.4:

Figure 3.1:

Figure 3.2:

Figure 3.3:
Figure 3.4:

Figure 3.5:

Figure 3.6:

Figure 3.7:

Page
Simulation of an optical lattice potential........................cooooiii 3
Simulation of a Penrose tiling.............ccccccoiiiiii 3

Schematic diagram of an edge dislocation, "b" describes the
magnitude and direction of distortion to the lattice and blue line

Shows disSloCation ............coviiiiiiiii i 4
(a) Contour image, (b) Diagonal cross-section of the V' = Vj(cos> X +
cos?Y’) potential with Vo = 12.5....ccoiiiiiiiiiiii e 9
Numerical algorithm of Mathieu’s equation solution with

V = Vy(cos®X + cos?Y’) potential by spectral methods................. 14
Band gap structure of 1D Mathieu’s equation with V' = V;(cos?X +
cos?Y’) potential by spectral methods...........ccocoociviiiiiiiiiiee 15

Band gap structure of the linear periodic problem of Eqs.(2.5) and
(2.6). Solid curves, the numerically computed band gap boundaries;
dashed curves, analytic approximations for the same boundaries..15
Error ratio and 3D view of the solution (fundamental soliton)
according to X and Y with V=3 and p= —1..cccooiiiiin, 20
3D view of (a) Localized soliton inside the band gap with u = —1,
(b) Soliton started to extend (close to the band gap boundary)
with u = 1.7, (c¢) Bloch wave (outside of the band gap) with u =7,
for V = Vy(cos®X + cos?Y’) potential all with Vy = 4.......c.ccoo.... 21
Band-gap formation for NLS equation with V' = Vj(cos®X + cos?Y)
by SR method (dashed line) and by spectral method (solid line)..22
Soliton power as a function of eigenvalue for V' = V;(cos?X + cos?Y))
lattice with potential depth Vo =4........... 23
Evolution of soliton situated at V' = Vj(cos*X + cos?Y’) potential
with V5 =2 and p = —1. (a) Peak amplitude A(z) as a function
of the propagation distance. The initial condition is taken as the
fundamental soliton, (b) Center of mass in the x and y coordinates,
(c) Cross section along the diagonal axis of a fundamental soliton
at minimum superimposed on the potential at z = 0, (d) Cross
section along the diagonal axis of the fundamental soliton at the
minimum superimposed on the potential after the propagation

(22 0]t 25
Same as Fig.(3.5), added 1% noise to fundamental soliton in
amplitude and phase..........ccoooooiii 25

Evolution of soliton situated at lattice free medium (V4 = 0) with
p = —1. (a) Peak amplitude A(z) as a function of the propagation

Vil



Figure 3.8:

Figure 4.1:

Figure 4.2:

Figure 4.3:
Figure 4.4:

Figure 4.5:

Figure 4.6:
Figure 4.7:

Figure 4.8:

Page

distance. The initial condition is taken as the fundamental soliton,
(b) Center of mass in the x and y coordinates, (c¢) Cross section

along the diagonal axis of a fundamental soliton at z = 0, (d) Cross
section along the diagonal axis of the fundamental soliton after the

propagation (2 = 30).....cccciiiiiiiiiiii i 26
Same as Fig.(3.7), added 1% noise to fundamental soliton in
amplitude and phase..........coooooiiiiii 26

Contour images of the lattices (a) Without dislocation (6 = 0), (b)
With an edge dislocation which defined in Eq.(4.2), where k, =
ky=2mand Vo = 125, 28
Diagonal cross-sections of the lattices (a) Without dislocation

(0 =0), (b) With an edge dislocation which defined in Eq.(4.2),
where bk, =k, =2mand Vo =125, 28
Band-gap formation for NLS equation with external potential that
defined in Eq.(4.1) oo 29
Power analysis of dislocated lattice which given in Eq.(4.1) with
Vo=125and k = 27 .o, 30
Contour plot of the (a) Initial condition superimposed on dislocated
lattice, (b) Soliton superimposed on dislocated lattice, (c¢) Diagonal
cross section of soliton superimposed on dislocated lattice, (d) 3D
view of dislocated lattice soliton, when the soliton is centered at
lattice minima with g =0.5and Vo = 12.5....... 31
Same as Fig.(4.5) with g =1 and Vj =125, 31
Contour plot of the solitons, all with V, = 12.5 and k = 27, Top:
(a) The initial condition, (b) Soliton with 128 iteration, (c) 256
iteration, (d) 512 iteration with x = 0.5; Bottom: (e) The initial
condition, (f) Soliton with 128 iteration, (g) 256 iteration, (h) 512
iteration with p = 1; when initial condition is centered at dislocated
lattice MINIIA. . ....ueiee e 32
Evolution of soliton situated at dislocated lattice with Vj = 12.5
and pn = —1. (a) Peak amplitude A(z) as a function of the
propagation distance. The initial condition is taken as the
fundamental soliton, (b) Center of mass in the x and y coordinates,
(c) Cross section along the diagonal axis of a fundamental soliton
near the dislocation superimposed on the dislocated potential at

z =0, (d) Cross section along the diagonal axis of the fundamental
soliton near the dislocation superimposed on the dislocated potential

after the propagation (2 = 10)......ccccceiiiiiiiiiiiii 34
Figure 4.9: Same as Fig.(4.8), added 1% noise to fundamental soliton in

amplitude and phase..........cccoooiiiii 34
Figure 4.10: Same as Fig.(4.8) with V5 =125 and = 1o, 35

viil



Page

Figure 4.11: Evolution of soliton situated at dislocated lattice with V[, = 12.5

and p = 0.5. (a) Peak amplitude A(z) as a function of the
propagation distance. The initial condition is taken as the
fundamental soliton, (b) Center of mass in the x and y coordinates,
(c) Cross section along the diagonal axis of a fundamental soliton
near the dislocation superimposed on the dislocated potential at
z =0, (d) Cross section along the diagonal axis of the fundamental
soliton near the dislocation superimposed on the dislocated

potential after the propagation (z = 10)......ccccceevviiiiiiiiiiinnnn 36
Figure 4.12: Same as Fig.(4.11) with Vo =40 and gt = 0.5..cccooviiiiiiiiinn. 37
Figure 4.13: Same as Fig.(4.12), added 1% noise to fundamental soliton in
amplitude and phase............cccooviiiiiiiiin 37
Figure 5.1: Contour images of Penrose-5 and Penrose-7 lattices, all with Vy =
12.5 and k = 27, (a) for N=5, (D)N=T7......cccccooiiiiiiii 40
Figure 5.2: Diagonal cross-section of Penrose-5 and Penrose-7 lattices, all with
Vo =12.5 and k = 27, (a) for N=5, (D)N=T....cccccocerviininninnn. 40
Figure 5.3: Band-gap formation for NLS equation with external potentials,
Penrose-5, Penrose-7 by SR method...............ccccooo, 41

Figure 5.4:

Figure 5.5:

Figure 5.6:

Figure 5.7:

Figure 5.8:
Figure 5.9:

On axis mode profiles for N =5 and N =7, (a) Initial condition
on Min, along the x-axis, (b) Initial condition on Min, along the
y-axis for Vo =15 and = —1...oii 42
On axis mode profiles for N =5 and N =7, (a) Initial condition
on Max, along the x-axis, (b) Initial condition on Max, along the
y-axis for Vo =15 and pr = —1..cccooiiii 42
The mode profiles for Penrose-5 and Penrose-7 potentials............. 43
Contour plot of the (a) Penrose-7 soliton, (b) Initial condition and
Penrose-7 soliton on top of each other, (c¢) Diagonal cross section of
Penrose-7 soliton superimposed on Penrose-7 lattice, (d) 3D view of
Penrose-7 soliton’s intensity showing the dimple, when the soliton
is centered at the lattice maxima with p = —1 and V[ = 20......... 44
Same as Fig.(5.7) with 1 = 2.5 44
Contour plot of the (a) Penrose-7 soliton, (b) Initial condition and
Penrose-7 soliton on top of each other, (c¢) Diagonal cross section of
Penrose-7 soliton superimposed on Penrose-7 lattice, (d) 3D view of
Penrose-7 soliton, when the soliton is centered at the lattice minima
with p=—1and Vj) =125, 45

Figure 5.10: Same as Fig.(5.9) with 1 = 0.5..cccooiiiiiiiiiii 46
Figure 5.11: Soliton power as a function of the eigenvalue p within the semi

infinite band gap for Penrose-5 and Penrose-7 lattices, for solitons
at lattice minima and lattice maxima. All lattices share a common
peak depth Vo = 12.5. i 47

1X



Figure 5.12:

Figure 5.13:

Figure 5.14:
Figure 5.15:

Figure 5.16:

Figure 5.17:

Figure 5.18:

Figure 5.19:

Figure 5.20:
Figure 5.21:

Page

The power versus p for Penrose-7 potential, (a) Soliton located on
the lattice maxima, (b) Soliton located on the lattice minima, for
both cases peak depth Vi = 12.5....... s 47
Evolution of soliton situated at the Penrose-7 potential with Vj =
20 and p = 1. (a) Peak amplitude A(z) as a function of the
propagation distance. The initial condition is taken as the
fundamental soliton, (b) Center of mass in the x and y coordinates,
(c) Cross section along the diagonal axis of a fundamental soliton
at the maximum superimposed on the Penrose-7 potential at z = 0,
(d) Cross section along the diagonal axis of the fundamental soliton
at the maximum superimposed on the Penrose-7 potential after the
Propagation (2 = 10)....ccciiiiiiiiiiiiii et 48
Same as Fig.(5.13) with = — 1. 49
3D view of the fundamental soliton at the maximum superimposed
on the Penrose-7 potential after the propagation (z = 10) with
Vo=20and [t = —1 .o 50
Evolution of soliton situated at the Penrose-7 potential with Vj =
12.5 and p = —1. (a) Peak amplitude A(z) as a function of the
propagation distance. The initial condition is taken as the
fundamental soliton, (b) Center of mass in the x and y coordinates,
(c) Cross section along the diagonal axis of a fundamental soliton
at the minimum superimposed on the Penrose-7 potential at z = 0,
(d) Cross section along the diagonal axis of the fundamental soliton
at the minimum superimposed on the Penrose-7 potential after the

propagation (2 = 10).....ccciiiiiiiiiiiiii i 50
Same as Fig.(5.16), added 1% noise to fundamental soliton in
amplitude and phase............oooiiiiiiiiii 51

Evolution of soliton situated at the Penrose-7 potential with V =
20 and p = —0.5. (a) Peak amplitude A(z) as a function of the
propagation distance. The initial condition is taken as the
fundamental soliton, (b) Center of mass in the x and y coordinates,
(c) Cross section along the diagonal axis of a fundamental soliton
at the minimum superimposed on the Penrose-7 potential at z = 0,
(d) Cross section along the diagonal axis of the fundamental soliton
at the minimum superimposed on the Penrose-7 potential after the

propagation (2 = 10).....cciiiiiiiiiiiiii 52
Same as Fig.(5.18), added 1% noise to fundamental soliton in

amplitude and phase.............ccciiiiiiiiii 52
Same as Fig.(5.18) with = 0.5 and Vp =125, 53

Evolution of soliton situated at the Penrose-7 potential with
Vo =35 and p = 0.5. (a) Peak amplitude A(z) as a function of
the propagation distance. The initial condition is taken as the



Figure 5.22:

Page

fundamental soliton, (b) Center of mass in the x and y coordinates,
(c) Cross section along the diagonal axis of a fundamental soliton
at the minimum superimposed on the Penrose-7 potential at

z =0, (d) Cross section along the diagonal axis of the fundamental
soliton at the minimum superimposed on the Penrose-7 potential

after the propagation (z = 10)......ccccoriiiiiiiiiiiiiiiiieeee 54
Same as Fig.(5.21), added 1% noise to fundamental soliton in
amplitude and phase..........ooooiiiiiiiii e 54

X1



X1i



FUNDAMENTAL SOLITONS IN COMPLEX TWO DIMENSIONAL
LATTICES

SUMMARY

Nonlinear waves problems are of wide physical and mathematical interest and
arise in a variety of scientific fields such as nonlinear optics, fluid dynamics,
plasma physics, etc. The solutions of the governing nonlinear waves equations
often exhibit important phenomena, such as stable localized waves (e.g., solitons)
or self-similar structures and wave collapse (i.e., blowup).

In this study, band gap structures and nonlinear stability properties of localized
optical solitons arise in the solution of the nonlinear Schrédinger (NLS) equation
with an external potential (optical lattice). As the external potential, periodic
(crystal) lattices, dislocated lattices and the non-periodic (quasicrystal) lattices
are investigated in separate cases. Band gap structures of solitons are investigated
by analytic approximations and numerical methods. Stability properties of
solitons are investigated numerically and the results are shown to be in good
agreement with Vakhitov-Kolokolov (VK) stability criterion.

In Section 1, the historical background of the nonlinear wave propagation and the
solutions to nonlinear Schrodinger (NLS) equation are given. Basic definitions
about lattices and the model that governs nonlinear wave propagation through a
nonlinear optical lattice are also given in the same section. General information
about periodic (crystal), non-periodic (quasicrystal or Penrose type) and defected
potentials that have been used in the study is also given. The governing equation
for the physical model that has been used in this study, is defined as the nonlinear
Schrodinger (NLS) equation with an external potential in Eq.(1)

oU ( 0? 0?

2 —_
it aw) U—VU+UPU =0. (1)

In Section 2, the solution of the model is given by perturbation and spectral
methods when the external potential is taken to be periodic with the formulation
below

V = Vp(cos® X + cosY). (2)

Firstly, NLS equation with the external potential given in Eq.(2) (i.e., the model)
is converted to 1D Mathieu’s equation by separating the external potential in two
parts as follows

(92u1(X)

axz Vocos? Xuy (X) = —pyuy (X). (3)
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After that, 1D Mathieu’s equation is solved by perturbation and spectral methods
respectively. Finally, results obtained by the use of perturbation and the spectral
methods are compared.

In Section 3, solution of the NLS with an external potential is obtained by using
a numerical algorithm named as the Spectral Renormalization Method (SR). At
the beginning , the numerical method (SR) is explained and then, solution of the
NLS equation with the periodic external potential (Eq.(2)) is computed by using
SR Method. In a certain parameter regime for the potential depth (V) and the
eigenvalue (), the first nonlinear band gap is also obtained. In order to see the
reliability of the numerical algorithm (SR),the first nonlinear band gap formation
that is obtained by SR Method is compared with the ones that are obtained by
the use of the perturbation and the spectral methods previously in Section 2.

Finally, the nonlinear stability properties of localized solitons in the first
nonlinear band gap are investigated. Vakhitov-Kolokolov (VK) stability criterion
is explained, which interprets the relation between the soliton power (P =
2 ]2 U (2, y)[Pdzdy) and the nonlinear soliton stability. In order to use the
VK stability criterion, the power versus the eigenvalue graph is depicted. The
nonlinear stability is also investigated by directly computing the (Eq.(1)) over a
long distance finite difference method was used on derivatives (u,, and u,,) and
fourth-order Runge Kutta method to advance in z. In order to check the drift
instability, the location of the center of mass is also examined in long distance.
It is observed that the nonlinear stability properties of the band gap solitons
obtained by direct numerical simulations of the NLS equation with an external
potential are consistent with the VK stability criterion.

In the Section 4, edge dislocated lattice solitons are investigated. Firstly, an
optical lattice with an edge dislocation is formulated, contour image and diagonal
cross section of such a lattice are plotted.

The nonlinear first band gap structure is obtained by SR method and soliton
power (P) versus the eigenvalue (u) graph is plotted in order to investigate the
nonlinear stability properties of the band gap solitons by using the VK stability
criterion. The nonlinear stability is also investigated by directly computing the
(Eq.(1)) over a long distance. The location of the center of mass is also examined.

In Section 5, as the external potential, quasicrystal (non-periodic) type lattices
are considered. In particular, these lattices are called Penrose lattices namely,
Penrose-5 and Penrose-7.  Firstly, Penrose-5 and Penrose-7 potentials are
formulated and contour images and diagonal cross sections of these lattices are
plotted.

After that, first nonlinear band gap structures of Penrose-5 and Penrose-7
potentials are investigated by using the SR method. In order to analyze the
band gap soliton properties, the mode profiles of Penrose-5 and Penrose-7 lattice
solitons are plotted in same parameter regime, Vj, u. By examining the graphs,
the band gap solitons of Penrose-5 and Penrose-7 lattices are compared in the
sense of amplitude and shape.
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Soliton properties of Penrose-7 lattice are investigated when solitons are centered
at lattice maxima and minima and the differences at the mode profiles are shown
on figures.

Finally, the nonlinear stability properties of Penrose-7 solitons are investigated.
In order to use VK stability criterion, a detailed soliton power analysis of
Penrose-5 and Penrose-7 lattices are given. The nonlinear stability properties
of Penrose-7 solitons are investigated by directly computing the (Eq.(1)) over a
long distance when solitons are centered at lattice maxima and minima in separate
cases. The location of the center of mass is also examined for each case.

In conclusion part, results of the study are expressed and possible future studies
are discussed.
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IKi BOYUTLU KOMPLEKS KAFES (LATiS) ICINDE TEMEL
SOLITONLAR

OZET

Fizik ve Matematikte, lineer olmayan dalgalar, optik, akigskanlar dinamigi veya
plazma fizigi gibi alanlarda genig olarak yer tutan 6nemli bir konudur. Lineer
olmayan dalga problemlerinin ¢éztimleri farkli 6zellikler tagir. Bu ¢oziimler stabil
lokalize dalgalar (soliton) veya sontimli dalgalar olabilir.

Bu caligmada, kompleks kafes yapilari (latis) igindeki lokalize dalgalarin
(solitonlarim) birinci lineer olmayan bant yapilari ve lineer olmayan stabiliteleri
incelenmigtir. Caliymada, periyodik (kristal) potansiyel, diizensizlik (defect)
iceren potansiyel ve periyodik olmayan (yar1 kristal) potansiyel igindeki solitonlar
ayr1 ayri incelenmigtir. Solitonlarin bant yapilar: analitik ve sayisal yaklagimlarla
incelenmigtir.  Solitonlarin stabilitesi incelenirken cesitli sayisal algoritmalar
kullanilmig ve bulunan sonuglarin Vakhitov-Kolokolov (VK) stabilite kriterlerine
uygunlugu gosterilmistir.

(Qalismanin birinci boliimiinde, 6ncelikle lineer olmayan dalgalarla ilgili tarihi
bilgilere ve Nonlineer Scrodinger (NLS) denklemi ¢oztimlerine yer verilmis.
Kristal, yar1 kristal (kuazi kristal) ve diizensizlik igeren potansiyellerle ilgili gerekli
bilgiler ve tanimlar verilmistir. Sonrasinda, fiziksel sistemin yonetici modeli, bir
potansiyel iceren NLS denklemi olarak verilmistir. Bu denklem

oU ( 0? 0?

2 —_
Z& aXQ—Fm)U—VU—HU‘U—O (1)

seklindedir.
Calismanin ikinci béliimiinde latis yapisini ifade eden potansiyel,
V = Vy(cos’X + cos?Y) (2)

seklinde periyodik olarak alinmig, bu potansiyelin ayrilabilir tipte olmasindan
faydalamilarak, oOncelikle NLS denklemi tek boyutlu Mathieu denklemine
doniigtiirilmistiir. Tek boyutlu Mathieu denklemi

0?uy (X)
0X?
seklindedir. Sonrasinda tek boyutlu Mathieu denklemi pertiirbasyon yaklagimi ve

spektral yontemlerle ayr1 ayr1 ¢oziilmiistiir. Ikinci boliimiin sonunda pertiirbasyon
ve spektral yontemlerle elde edilen sonuglar kargilagtirilmigtir.

— Vocos? Xuy (X) = —pyug (X) (3)

Calgmanin {glincii bolumiinde, Spektral Renormalizasyon (SR) yontemi
kullanilarak, bir potansiyel igeren NLS denkleminin lokalize ¢oziimleri elde
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edilmistir.  Ilk olarak sayisal algoritmanin nasil olusturuldugu aciklanmis,
sonrasinda (2) denkleminde tamimlanan potansiyelin varliginda NLS denklemi
SR yontemiyle ¢oziilmigtiir. SR yontemi kullanilarak (2) denkleminde verilen
potansiyelin varliginda NLS denkleminin lineer olmayan bant yapisi incelenmistir.
SR yontemiyle elde edilen sonuglar, ikinci boliimde ele alinan pertiirbasyon
ve spektral yontemin sonuclariyla karsilagtirilarak, yontemin giivenilirligi test
edilmigtir.

Ugiincii  boliimiin  son kisminda, lokalize dalgalari (solitonlarm) lineer
olmayan stabilitesi incelenmigtir. Ik olarak soliton kuvvetiyle (P =
I [ U (z,y)[Pdzdy) solitonun lineer olmayan stabilitesi arasmdaki iligkiyi
ortaya koyan Vakhitov-Kolokolov (VK) stabilite kriterleri agiklanmigtir. VK
stabilite kriterlerinin kullanilabilmesi i¢in birinci lineer olmayan bant araligindaki
solitonlarin kuvvet-dzdeger grafigi ¢izilmigtir. Sonrasinda, NLS denklemindeki
turevler (u,, and w,,) sonlu farklar yontemiyle dogrudan ¢oziilmiis ve solitonlar
dordiincii dereceden Runge-Kutta yontemiyle ilerletilerek soliton stabilitesinin
sayisal analizi yapilmigtir. Kayma (lokalize olmug solitonun, ilerlerken
farkli bir latis hiicresine kaymasi) nedeniyle olugan stabilitedeki bozulmalari
incelemek amaciyla, soliton ilerlerken agirlik merkezinin yerindeki degigimler
goriintiilenmistir. Uciincii boliimiin sonunda, sayisal yéntemle elde edilen stabilite
analizlerinin VK stabilite kriterlerine uygunlugu gosterilmistir.

Calismanin  dordiincii  boéliimiinde, diizensizlik igeren potansiyel ic¢indeki
solitonlarin ozellikleri incelenmistir. 1Ilk olarak, diizensizlik iceren potansiyel
tanimlanmig ve bu potansiyelin diyagonal kesitiyle iistten goriiniigii ¢izilmistir.
Sonrasinda, bu potansiyelin bant yapis1t SR metoduyla incelenmis ve VK stabilite
kriterlerini kullanabilmek i¢in birinci lineer olmayan bant igerisindeki solitonlarin
kuvvet-6zdeger grafigi ¢izilmistir. Ele alinan potansiyel i¢indeki solitonlarin lineer
olmayan stabilite analizi ve ilerleyen solitonlarin agirlik merkezi ti¢iincii boliimde
verilen sayisal yontemle incelenmigtir. Dordiinci boliimiin sonunda, sayisal
yontemle elde edilen stabilite analizlerinin VK stabilite kriterlerine uygunlugu
gosterilmigtir.

Caligmanin son boliimiinde, periyodik olmayan (yar1 kristal) potansiyel igindeki
solitonlar incelenmistir. Periyodik olmayan potansiyeller Penrose-5 ve Penrose-7
potansiyelleri olarak alimmistir. Ilk olarak, Penrose-5 ve Penrose-7 potansiyelleri
tanimlanmig ve bu potansiyellerin diyagonal kesitleriyle {iistten goriiniisleri
¢izilmigtir. Sonrasinda, bu potansiyellerin bant yapilar1 SR yontemiyle
incelenmigtir. ~ Penrose-5 ve Penrose-7 solitonlarinin o6zelliklerini incelemek
amaciyla Vy ve p parametreleri sabitlenerek x ve y eksenlerine gore solitonlarin
kesitleri (mod profilleri) ¢izilmigtir. Bu kesitler kullamlarak Penrose-5 ve
Penrose-7 solitonlarinin genlikleri ve bigimleri kargilagtirilmigtir.

Ikinci olarak, soliton coziimlerinin potasiyelin maksimum veya minimumunda
elde edildigi durumlar i¢in, Penrose-7 solitonlarinin 6zellikleri incelenmis ve bu
solitonlarin mod profillerindeki farklhiliklar gosterilmigtir.

Son olarak, Penrose-7 solitonlarmin lineer olmayan stabilitesi, solitonun latisin
maksimumumda veya minimumunda elde edilme durumuna gore iki farkli halde
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incelenmigtir. VK stabilite kriterlerini kullanabilmek i¢in Penrose-7 potansiyeli
kullanildiginda elde edilen birinci lineer olmayan bant igerisindeki solitonlarinin
kuvvet-6zdeger grafigi ¢izilmigtir. Penrose-7 solitonlarinin lineer olmayan stabilite
analizi ii¢iincii boliimde verilen sayisal yontemle incelenmis ve bu stabilite
analizinin VK stabilite kriterlerine uygunlugu gosterilmistir.

Calismanin sonug¢ béliimiinde, elde edilen sonuglar ayrintili olarak aciklanmis ve
sonraki caligmalar i¢in Oneriler dile getirilmistir.
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1. INTRODUCTION

Nonlinear waves problems are of wide physical and mathematical interest and
arise in a variety of scientific fields such as nonlinear optics, fluid dynamics,
plasma physics, etc. The solutions of the governing nonlinear wave equations
often exhibit important phenomena, such as stable localized waves (e.g., solitons)
or self-similar structures and wave collapse (i.e., blowup) where the solution tends

to infinity in finite time or finite propagation distance [1].

It has been proved that a large number of the nonlinear evolution equations have
the soliton solutions by the numerical calculations and the theoretical analysis.
Solitary waves have the striking property that they can keep the shape of wave
stable after interaction. This is similar to the colliding property of particles. In
1965, Kruskal and Zabusky discovered that the pulselike solitary wave solution
to the Korteweg-de Vries (KdV) equation had a property which was previously
unknown: namely, that this solution interacted elastically with another such
solution. They termed these solutions as solitons. The next principally important
step in this direction was made by Zakharov and Shabat, who had demonstrated
that the integrability is not a peculiarity specific to a single (KdV) equation, but
is also featured by another equation which finds very important applications in

physics, the nonlinear Schrodinger (NLS) equation ([2]-[5]).

The soliton theory is an interdisciplinary topic, where many ideas from
mathematical physics, nonlinear optics, solid state physics and quantum theory
are mutually benefited from each other. Solitons are localized nonlinear waves
and their properties have provided a deep and fundamental understanding of
complex nonlinear systems. In recent years there has been considerable interest
in the study of solitons in systems with periodic potentials or lattices, in particular

those that can be generated in nonlinear optical materials 6, 7|.



In this study, we aim to investigate band gap structures and stability properties
of localized solitons in various lattices (e.g., periodic, nonperiodic or defected
lattices). Band gap structures and nonlinear stability properties of lattice solitons
are investigated by analytical approximations and numerical methods. The
numerical results that are obtained for nonlinear stability are supported with
Vakhitov and Kolokolov (VK) stability criterion. In the study, solitons in periodic
(crystal) lattices, in dislocated lattices and in non-periodic (quasicrystal) lattices

are investigated in separate cases.

In this section, before investigating solitons in lattices, it is essential to give some

definitions about lattices.

1.1. Definitions

A crystal or crystalline solid is a solid material, whose constituent atoms,
molecules, or ions are arranged in an orderly repeating pattern extending in all
three spatial dimensions [8]. Crystals have periodicity and translational symmetry
that introduces interesting selection rules which can be applied usefully in the

interpretation of experiments as well as theoretical modeling [9, 10].

In practice, the atomic arrangement in condensed matter is never perfect, but
this aspect is neglected in crystallography and, crystals are described by reference
to perfect infinite arrays of geometrical points called lattices. In a lattice, every
point has identical surroundings; all lattice points are equivalent and the crystal

lattice therefore exhibits perfect translational symmetry [10].

An optical lattice is formed by the interference of counter-propagating laser
beams, creating a spatially periodic polarization pattern [11], simulation of an

optical lattice is given in Fig.(1.1).

Crystals have periodicity and translational symmetry, but there exist a certain
class of structures called quasicrystals that do not posses periodicity nor
translational symmetry, but have long-range order and rotational symmetry

9, 12].



Figure 1.1: Simulation of an optical lattice potential.

A Penrose tiling is a nonperiodic (i.e., it lacks any translational symmetry)
tiling generated by an aperiodic set of prototiles, it is a type of quasicrystal
[13], simulation of a Penrose tiling is given in Fig.(1.2). Penrose lattices exhibit

rotational symmetry which is inhibited in periodic crystals [9].

Figure 1.2: Simulation of a Penrose tiling.

Dislocations are linear defects around which some of the atoms of the crystal
lattice are misaligned. Edge dislocations are caused by the termination of a
plane of atoms in the middle of a crystal. In such a case, the adjacent planes are
not straight, but instead, bend around the edge of the terminating plane so that
the crystal structure is perfectly ordered on either side [14]. Schematic diagram

of an edge dislocation is given in Fig.(1.3).



N

Figure 1.3: Schematic diagram of an edge dislocation, "b" describes the magnitude and
direction of distortion to the lattice and blue line shows dislocation.

1.2. Lattice Solitons

In periodic lattices, solitons can form when their propagation constant, or
eigenvalue, lies within certain regions, often called gaps. However, the external
potential of complex systems can be much more general and physically richer than
a periodic lattice. For example, atomic crystals can possess various irregularities,
such as defects, and edge dislocations, as well as quasicrystal structures, which

have long-range oriental order but no translational symmetry [15, 16].

In general, when the lattice’s periodicity is slightly perturbed, the band gap
structure and soliton properties become slightly perturbed as well, but otherwise
solitons are expected to exist in much the same way as in the perfectly periodic
case [17, 18]. Without the lattice potential, solitons would suffer collapse under
small perturbations [19]. In this study we investigate solitons which form in

optically generated lattices.

1.3. Model

The equation that governs the evolution of a laser beam propagating in a
self-focusing, nonlinear, inhomogeneous Kerr medium (nonlinear Schrodinger
(NLS) equation) with an external potential is taken as model in this study. Before
explaining the model, it is essential to give some information about the NLS

equation.



1.3.1. The NLS equation
(141)D Nonlinear Schrédinger (NLS) equation
iU, + AUy +~|UPU =0 (1.1)

arises in many physical problems, including nonlinear water waves and ocean
waves, waves in plasmas, propagation of heat pulses in a solid, self trapping
phenomena in nonlinear optics, nonlinear waves in a fluid filled elastic
(viscoelastic) tube and various nonlinear instability phenomena in fluids and
plasmas. This equation can also be used to investigate instability phenomena

in many other physical systems.

In isotropic (Kerr) media, where the nonlinear response of the material depends
cubically on the applied field, the dynamics of a quasi-monochromatic optical

pulse is governed by the (2+1)D NLS equation
iU, + AUy + Uyy) +7|UPU =0 (1.2)

In this model, U(z,y, z) is the amplitude of the envelope of the optical beam, z
is the distance in the direction of propagation, and x and y are transverse spatial

coordinates.

(1+1)D version of the NLS Eq.(1.1), is an integrable model and possesses
both single soliton and multisoliton solutions [20]. On the contrary, the
higher dimensional NLS models are no longer integrable. However they possess
stationary solutions, which are unstable on propagation. Maybe the most
fascinating issue related to the higher dimensional NLS is that, for a wide range
of initial conditions, the system evolution shows collapse [21]. Wave collapse

occurs where the solution tends to infinity in finite time (distance). Collapse was

theoretically predicted for the (2+1)D NLS equation back in the 1960s ([19]).

It is known that there exist solutions of Eq.(1.2) which have a singularity in
finite time and extremely sensitive to the addition of small perturbations to the
equation and there has been much interest in the determination of the structure

of this singularity [22, 23|.



Therefore, an important challenge in nonlinear science is to find out mechanisms

arresting wave collapse in NLS models.

One way of arresting collapse is adding a defocusing term to the classical (2+1)D

NLS Eq.(1.2). Then the model equation becomes
U, + MUse + Uyy) + 4|UPU =V (2, 9)U = 0 (1.3)
here the function V' (z,y) acts as a defocusing mechanism.

Eq.(1.3) doesn’t belong to a class of integrable nonlinear evolution equations
even in (14+1)D. Thus, no linear techniques are available for solving this equation.

Numerical solution to Eq.(1.3) is available by Fourier iteration methods (|24, 25]).

For nonlinear optic problems, V(x,y) appears in Eq.(1.3) is an optical potential
or lattice which serves as an inhomogeneous environment for the propagating
beam. Such an optical lattice can be created by interfering two laser beams or

instead real crystals might be used.

Photonic crystals are periodic optical nanostructures that are designed to affect
the motion of photons in a similar way that periodicity of a semiconductor crystal
affects the motion of electrons. For example, opal is a well known photonic
crystal. Photonic crystals occur in nature and in various forms have been studied

scientifically for the last century.

Real crystals feature defects or irregularities in the ideal arrangements described
above and it is these defects that critically determine many of the electrical and

mechanical properties of real materials.

One dimensional photonic crystals are used in the form of thin-film optics with
applications ranging from low and high reflection coatings on lenses and mirrors
to colour changing paints and inks. Higher dimensional photonic crystals are of
great interest for both fundamental and applied research, and the two dimensional

ones are beginning to find commercial applications.

The first commercial products involving two-dimensionally periodic photonic

crystals are already available in the form of photonic-crystal fibers, which use



a microscale structure to confine light with radically different characteristics
compared to conventional optical fiber for applications in nonlinear devices and

guiding exotic wavelengths.

Photonic crystals are composed of periodic dielectric or metallo-dielectric
nanostructures that affect the propagation of electromagnetic waves (EM) in the
same way as the periodic potential in a semiconductor crystal affects the electron
motion by defining allowed and forbidden electronic energy bands. Photons,
(behaving as waves) propagate through this structure - or not - depending on
their wavelength. Wavelengths of light that are allowed to travel are known as
modes, and groups of allowed modes form bands. Disallowed bands of wavelengths
are called photonic band gaps. Localized solutions to Eq.(1.3) must lie inside a
band gap, otherwise, the system will be in a periodic extended state (Bloch state)

and nonlinearity cannot cause the wave function to localize.

In this thesis, considering various periodic and nonperiodic (quasicrystals and
defective type) optical potentials (lattices), existing numerical solution techniques
applied to a form of Eq.(1.3). In the study, the band gap boundaries and

nonlinear stability properties are also analyzed in detail.

1.3.2. The NLS equation with an external potential

In this study, the NLS equation with an external potential will be considered as

the governing equation by setting v = A =1 in Eq.(1.3)

QUL (O
0z 0X?2  0Y?

In optics, U(z,y, z) corresponds to the complex-valued, slowly varying amplitude

)U—VU+\U!2U:O. (1.4)

of the electric field in the xy plane propagating in the z direction and the cubic
term in U originates from the nonlinear change of the refractive index, and the
potential V' (x,y) corresponds to a modulation of the linear refractive index of the
medium. In this study, we consider potentials that can be written as the intensity

of a sum of N phase-modulated plane waves which given as

N—1 2

2 eiEn Z+1i0n (x,y)

n=0

. (1.5)

V.
V(z,y) = FO




where Vj > 0 is constant and corresponds to the peak depth of the potential, i.e.,

Vo = maz,,V(x,y), © = (z,y), k, is a wave vector, 6,(x,y) is a phase function

that characterizes edge irregularities |7].
NLS equation conserves the power quantity as

P:/Z /Z|U(x,y)|2dxdy, (1.6)

power plays an important role in determining the stability properties of localized

modes (solitons).



2. LINEAR SPECTRUM OF THE NLS EQUATION

2.1. Converting NLS Equation to Mathieu’s Equation

In NLS equation, external potential V(z,y) represents the optically induced
photonic lattice which serves as an inhomogeneous environment for the
propagating beam. If we assume that both plane waves forming the lattice are

mutually incoherent, the potential V' takes the form [26],
V = Vy(cos® X + cos’Y) (2.1)

here Vj is the depth of the potential. The contour image and the diagonal cross

section of the potential are shown in Fig.(2.1).
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Figure 2.1: (a) Contour image, (b) diagonal cross-section of the V = Vj(cos?X + cos?Y)
potential with Vy = 12.5.

As can be seen from Fig.(2.1), this potential is periodic and it has local minima

and maxima.

In optical problems, Vj is generally negative. However, the sign of this potential
depth can be converted from negative to positive by using some transformations

in phase. Thus we take V5 > 0 in this study without loss of generality.



In order to find a stationary solution of Eq.(1.4), we should look solution of the

form
U(X,Y, z) =exp(—ipz)u(X,Y) (2.2)

where u(X)Y) is a real valued function and p is the propagation constant
(eigenvalue). Substituting Eq.(2.2) into Eq.(1.4), we get
*u O%*u

%2 + el Vu+ |ulu = —pu (2.3)

substituting Eq.(2.1) into Eq.(2.3) and neglecting the nonlinear term (|u|*u), we
get

0X?2  0Yy?
The optical potential V(X,Y) is separable, which enables us to reduce the

0? 0?
( + —) u — Vo(cos’X + cos?Y )u = —pu. (2.4)

dimensionality of the system. By setting
u(X,Y) = ui (X)up(Y),

we can split Eq.(2.4) into two 1D equations

%ui (X
% — Vocos> Xuy (X) = —pyur (X) (2.5)
us(Y
% — Vocos?Yuy(Y) = —pgus(Y) (2.6)
where
= 1+ pla.

Eq.(2.5) and Eq.(2.6) are 1D Mathieu’s equations whose properties are well

known. We can write (2.5) as

Pu(X) Vo

—axz 3 [1+ cos(2X)|ur (X) = —pus (X). (2.7)

2.2. General Solution of Mathieu’s Equation by Perturbation Methods

General Solution of Mathieu’s Equation by the use of Perturbation Methods is
explained in detail by Grimshaw (|27]) as follows.

10



General Mathieu’s equation is of the form
U 4 (6 + e cos 2t)u = 0. (2.8)

When § ~ n? where n = 0,1,2, ..., and ¢ is small, the solutions of Eq.(2.8) will
take the form

u(t) = eq(t) (2.9)

where ¢(t) is a periodic function of period 7 when n is an even integer and function
of period 27 when n is an odd integer. By substituting (2.9) into Eq.(2.8), we
find that

q" +2uq + p?q+ (6 + e cos2t)qg = 0. (2.10)

The solutions of Eq.(2.10) have the required period 7, or 27, and p will be

determined as a function of § and e.

Because the analyticity of the solutions of Eq.(2.10) with respect to the
parameter £ can be assumed, we are allowed to seek solutions of Eq.(2.10) in

the form

q=q(t) +eq(t) + @)+ ..., p=cm +eus+.., S=n>+ed +e5+..

(2.11)
Note that the leading order term for u (i.e., o) is zero. When the expansions
(2.11) are substituted into the left-hand side of Eq.(2.10), the result will be a
power series in € and, clearly, since this power series must vanish, the coefficient
of each power of € must be zero. Applying this process to the coefficients of ™

(m=0,1,2,...), we find that

q/6 + n2QO - 07
¢+ nPq = fi,

¢s +n*q = fa, (2.12)

q,;n + HQQm = fma

11



where the terms on the right-hand side of Eq.(2.12) are given by

fl = —2/,61Q6 — (51 + cos 2t)q07

2.13
fo=—=2p1q5 — (01 + cos 2t)q1 — 2u2qh — 1210 — 92q0- ( )

Eq.(2.12) and Eq.(2.13) show that f; depend only on ¢, f> depends only on
qo and ¢, and it can be shown that f,, depends only on qq, q1, ..., ¢n_1. We will
solve the problem for n = 0, from the above explanations we know that each
term qo, q1, ..., ¢m is periodic, with period m (because n = 0 is an even integer).
By using this periodicity and following this process we will find the coefficients

[y 42y -y M D terms of 01, 0, ..., 0. Using Eq.(2.12),

so that,
qo = Ao + Bot,
in order to qo be periodic By must be zero, then
g0 = Ao.

Using ¢ in Eq.(2.13), we get

f1 = —(01 + cos2t) A,.
Next, by using ¢f = f1, we get

1 5 1
q1 = A1 + Blt — 551A0t + Z_lAO COS Qt,
in order to ¢; be periodic 4; and B; must be zero, then
1

g = A+ ZAO cos 2t.

To find py, we must proceed to the next order. By using ¢; in Eq.(2.13), we get
1

1
fo=—(ui+ 6+ g)Ao + 1 Agsin 2t — ng cos 4t — Ay cos 2t.

In this case the resonant term is the constant term and, removing its coefficient,

we get

1
M%+52+§:07

12



recalling the definitions in Eq.(2.11), this corresponds to

1
p? 40+ ng =0, (2.14)

where the error term is order of €3. Thus, for § + &

§€2 > 0, the two solutions for
are both pure imaginary and correspond to stable behaviour. On the other hand,
for & + %62 < 0, the two solutions for p are both real-valued with p; > 0 and
fo = —p1 < 0; this corresponds to unstable behaviour. The stability boundary

determined by taking u = 0,

1
§ = —ge? (2.15)
Rewriting Eq.(2.7) as follows
0ui (X Ww W
% + [ — 50 - fcos(QX)]ul(X) =0
then comparing this equation with general Mathieu’s Eq.(2.8), we see that
1% 1%
5:/11—?0 and 82—30
substituting 0 and ¢ in Eq.(2.15), we get
Vo 1 Vo
and finally we obtain
1 1,
==-Vy— =V, . 2.16
=5V =5V (2.16)

This result is in good agreeement with Musslimani and Yang (|26]).

2.3. General Solution of Mathieu’s Equation by Spectral Methods

General Mathieu’s equation can be written
—u” + 2 cos(2z)u = M, (2.17)

where q is a real parameter, and we look for periodic solutions on [—m, 7.
For ¢ = 0 we have the linear pendulum equation, with eigenvalues 72n?/4 for

n=123,..

To compute eigenvalues of the Mathieu equation by a spectral method, we should
discretize Eq.(2.17) in a routine fashion. Transforming the equation from the

domain |[—m, 7| to [0, 27| leaves the eigenvalues unaltered, so the discretization

13



takes the form
Ly = —D](\?) + 2q diag(cos(2x1), ..., cos(2zy)),

where D](\?) is the second-order Fourier differentiation matrix. The computation
is straightforward in programl, and with N = 42, we get about 13 digits of

accuracy [28].

Program1

(Eigenvalues of Mathieu operator -u xx + Zgoos(iZxju
clo: clear all:
N = 42; h = 2%pi/Ny x = h¥(1:N); L=10;
column = [-pi~2/(3*h~2)1-1/6 ...
—. 5% (=1) .7 (1:N-1])./3in(h* (1:M-1) /2] ."2]:
Dz = toeplitz{colwon)
g = 0:.2:5; data = []:
for o = oo’

e = sorti{eig(=DZ + 2%g*diag(cos(x]."2111':
data = [data; =i11:11)]:

end

WO=2 *cp;

rlot (data, VO)

ulsbel ('hwu', 'Fontsize', 16
ylabel ('V_0' ,'Fontsize', 16)
axis([-1 4 0 4]}

Figure 2.2: Numerical algorithm of Mathieu’s equation solution with V = V;(cos?X + cos?Y)
potential by spectral methods.

As can be seen from Fig.(2.2), source code is programmed to solve 1D Mathieu’s
equation (i.e., Eq. (2.7)) with V' = Vj(cos’X + cos?Y) potential. If we run
Programl in MATLAB, we obtain the first nonlinear band gap information of
1D Mathieu’s equation with V' = Vj(cos>X + cos?Y’) potential as in Fig.(2.3).

This band gap boundaries are also investigated by Musslimani and Yang ([26]).
Their results are shown in Fig.(2.4). In Fig.(2.4), the first and the second
nonlinear band gaps are depicted for nonlinear periodic problem. Bloch wave
regions are the regions where there is no localized mode (soliton). By comparing
Fig.(2.3) and Fig.(2.4), it can be seen that the results that are obtained by the

use of the spectral method is in good agreement with Musslimani and Yang ([26]).

14



Figure 2.3: Band gap structure of 1D Mathieu’s equation with V' = Vy(cos?X + cos?Y)
potential by spectral methods.

4

Figure 2.4: Band gap structure of the linear periodic problem of Egs.(2.5) and (2.6). Solid
curves show the numerically computed band gap boundaries whereas the dashed
curves show analytic approximations for the same boundaries.
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3. FUNDAMENTAL LATTICE SOLITONS AND THEIR
STABILITY

In this section, solution to NLS equation with an external potential given
in Eq.(1.4) will be obtained by a fixed point spectral computational method
(spectral renormalization method) that is developed by Ablowitz and Musslimani
([24]). First we explain the spectral renormalization method and we obtain the
soliton solutions to NLS equation, then we investigate nonlinear stability of this

solution.

3.1. Spectral Renormalization Method (SR)

A central issue for optical solitons of nonlinear guided waves is how to compute
locilized, i.e., soliton, solutions, which generally involve solving nonlinear ordinary
or partial differential equations or difference equations. A method, introduced by
Petviashvili ([25]), for constructing localized solutions of a nonlinear system is
based on transforming to Fourier space and determining a convergence factor
based upon the degree (homogeneity) of a single nonlinear term (e.g.,|U|?U). In
this section, we explain spectral renormalization method scheme with which we

can compute localized solutions in nonlinear waveguides.
We seek solution to NLS Eq.(1.4), as
U=e " f(x,y) (3.1)

where f(z,y) is a real function. Substituting this solution suggestion in Eq.(1.4),

we get

Me—iﬂzf + (fx:r + fyy)e_wz + |f|2fe—i#2 - V(I7 y)e_mzf =0

17



simplifying this equation we obtain

uf + foo + fyy + 12 = Vie,y)f = 0. (3.2)
Applying Fourier Transform to the Eq.(3.2), we obtain the following equation

pf =K F+FFR] = Viwy)f) =0 (3.3)
where F shows the Fourier Transform (F[f] = JAC) and f = (kg ky), |E|2 =
k.>+k,”. Adding and subtracting r}\ (where r is a positive constant) to Eq.(3.3),
we get

A A A A
pl =k Fr f=r f+F(IfP] = Viwy)[] =0

this equation can be written as

(4 1) f =k 2+ 1) FAF[f1Pf = Vi) f] =0
then,

(7“+M)f+F[|f\ f=V(z, y)f]

k|2 + 7
In order to apply Fourier iteration method, we introduce a new variable

f= (3.4)

A

F=Aw

where \ is a parameter to be determined. Then Eq.(3.4) can be written as
(r+ u)/\ﬁ) +.7-"[|)\|2 lw|*Aw — V (z, y) ]

k2 +7

AN =

simplifying this equation, we get
(r 4 )+ |\ F [Jwfw] — FIV (2, y)u]
k|2 + 7
In order to iterate Eq.(3.5), we should index and normalize it,
(r + ) o+ AP F[|wn|*wa] = FIV (@, y)w)
(k[ +r

after obtaining w, 1, normalizing this indexed equation, we get

A F (r+ pyww + M@ Flluwfw] —w FIV (2, y)w)

ww dk = =

k|24

A
w =

(3.5)

~

Wnp4+1 =

dk

/\2

/\*
Jiilae= e [ L5 ais /&dk_/wqwm,y)w]dk
|k| +r k|2 +r |E|?+r
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then,

Ao W F[V ) w
dk — dk
P Jlwldk = (r + p) + [
" i ]—'[|w| ]
i e
f |k 2+r
2 B |w| i .7-'[V
Al = JU®F—n Ikl2+r + |k|2+r
" i _7-'[|w|2w]
———dk
f |k [2+r

this equation can be written as

SRR = w P + & FV(z, yu]| L
Al = ¥ Ll (3.6)
Jw .7:[|w|2w} ‘;;L dk

where

SL = / [(|E|2 —u)y@|2+&*ﬂx/($,y)w]} dk

SR = /ﬁ)*fﬂwfw]dk

Here SL and SR are two scalar quantities that can be efficiently calculated
by using Fast-Fourier Transforms in MATLAB, when potential V' and initial
condition w are given. Since SL=SR when w is solution of Eq.(3.2), we iterate
Eq.(3.6) until we provide |5& — 1| < 107! (error ratio). Typically, 20 — 40 steps

(number of iteration) suffice for obtaining convergence about 107%.

After programming SR algorithm, as the external potential, first we will consider

the periodic potential V' = Vj(cos?X + cos®Y’). The initial condition is taken as

w = e~ @=20)*+(y—v0)’] (3.7)

which is a Gaussian type function. Here, the values of zy and yq define the location
of the initial condition. In order to center the initial condition on the lattice
maxima (the one appears at the center of the lattice), we should take o = yo =0
and, to center the initial condition on a lattice minima (generally taken to be
one of the closest minima to the central maximum), we should determine the
location of the picked local minimum of the lattice and calculate those values.
For the lattice assumed above, one of the local minimum close to the origin can

be obtained by taking zq = yo = 7/2.
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By using the above potential and the initial condition, we obtain the soliton

solution shown in Fig.(3.1) for the values of the potential depth V, = 3 and the

eigenvalue u = —1. Error ratios are shown as "rat" in the figure.
i = 44 l ; ﬂ;“”éan
x 34

rat = §.35212e-005
rat = 3.20459e-006
rat = 2.55155e-003
2.06573e-010

rat
nurber of iteration =

42

Figure 3.1: Error ratio and 3D view of the solution (fundamental soliton) according to X and
Y with Vy =3 and p = —1.

As can be seen from Fig.(3.1), 42 iterations provide 107!° convergence in error

ratio.

3.2. Band Gap Structure

In this section, we investigate the first nonlinear band gap structure of V' =

Vo(cos?X + cos?Y’) potential by SR method.

To determine the first nonlinear band gap formation of the lattice, we set the
potential depth V; to a fixed value (starting from 0 up to 4). For each value of
Vb, by increasing the u values, we check both the convergence and the localization
of the mode by SR method. When the mode becomes more extended, usually the
convergence is slower and after a certain value of u, typically both the convergence

can not be reached and the localization of the mode is lost.
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In Fig.(3.2), 3D views of solitons for three different propagation constants
(eigenvalues) p namely, in (a) for g = —1 which lies in the band gap and therefore
a very localized structure, in (b) for ¢ = 1.7 which is close to the band gap
boundary and therefore a structure which is started to extend, and in (¢) an

extended state which is called a Bloch wave are shown.

(@) p=-1 (b) u=1.7 (€) u=7

Figure 3.2: 3D view of (a) Localized soliton inside the band gap with p = —1, (b) Soliton
started to extend (close to the band gap boundary) with = 1.7, (¢) Bloch wave
(outside of the band gap) with u = 7, for V = Vy(cos?X + cos?Y’) potential all

By keeping both the localization and the convergence criterions, we locate the
boundary of the first nonlinear band gap of the related lattice shown in Fig.(3.3).
In the same figure, we demonstrate a comparison of the first band gap boundary

of the linear periodic problem obtained by spectral methods and the SR method.

As can be seen in the figure, the band gap boundaries of both cases are close to

each other.

3.3. Power and Stability Analysis

In this section, we investigate the nonlinear stability of the fundamental solitons
in the first nonlinear band gap. Power plays an important role in determining

stability of the solitons. The power is defined as

P= [ [ uteidody (3.8)
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Figure 3.3: Band-gap formation for NLS equation with V' = Vj(cos?X +cos?Y’) by SR method
(dashed line) and by spectral method (solid line).

where u(z,y) is the solution of the NLS equation with an external potential

(lattice).

An important analytic result on soliton stability was obtained by Vakhitov and
Kolokolov ([29]). They proved, by use of the linearized perturbation equation,

that a necessary condition for the nonlinear stability of the soliton u(x; ) is
— <0, (3.9)

i.e., the soliton is stable only if its power decreases with increasing propagation
constant p. This condition is called the slope condition. In [30] and [31],
Weinstein and Rose proved that the necessary conditions for nonlinear stability
are the slope condition and spectral condition. A necessary condition for collapse
in the 2D cubic NLS equation is that the power of the beam exceeds the critical
power P, ~ 11.7, [32].

In order to understand the relation between power and eigenvalue (propagation
constant) better, we investigate soliton power (P) versus the eigenvalue (u),

shown in Fig.(3.4).
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In Fig.(3.4), the solid curve shows the soliton power versus the eigenvalue when
the initial condition is centered at the lattice maxima (xg = yo = 0), and the
dashed curve shows the soliton power versus the eigenvalue when the initial

condition is centered at the lattice minima (xg = yo = 7/2).

Figure 3.4: Soliton power as a function of eigenvalue for V' = Vj(cos? X + cos?Y") lattice with
potential depth Vy = 4.

As can be seen from Fig.(3.4), soliton power decreases with the increasing
propagation constant (eigenvalue) when soliton is centered at the lattice minima.
In other words, soliton power provides slope condition when soliton is centered
at the lattice minima. Conversely, soliton power increases with the increasing

propagation constant when soliton is centered at the lattice maxima.

The fundamental solitons of NLS equation can become unstable in two ways :

Focusing instability or drift instability [33].
(a) If the slope condition (3.9) is not satisfied, this leads to a focusing
instability.

(b) The spectral condition is associated with the eigenvalue problem (see
[33]). If the spectral condition is violated, it leads to a drift instability, i.e., the
fundamental soliton moves from the lattice maximum towards a nearby lattice

minimum. At this point we define center of mass of a perturbed soliton.
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Let us define the center of mass of a soliton as

1 o0 [e.@]
CM = F/ / (z + iy)|u*dzdy (3.10)

where the center of mass in  and y coordinates are defined as,
< x >:=real(CM), < y >:= imag(C'M). (3.11)

To numerically investigate the nonlinear stability, we directly compute Eq.(1.4)
over a long distance. Finite difference method was used on derivatives u,, and
Uyy, and fourth-order Runge-Kutta method to advance in z, for both periodic
and nonperiodic (Penrose) potentials. The initial conditions were taken to be a

fundamental soliton with 1% random noise in the amplitude and phase [34].

Now, we investigate the nonlinear stability properties of the solitons obtained
for V.= Vp(cos?X + cos®’Y) lattice. As can be seen from Fig.(3.4), solitons
centered at lattice minima provide stability conditions (i.e., slope condition and
critical power) for V' = Vy(cos?X + cos?Y) lattice. In both Fig.(3.5) and
Fig.(3.6), evolution of the fundamental solitons at lattice minima are plotted
for the potential depth Vj = 2 and p = —1. In Fig.(3.5), fundamental soliton
(which is obtained by SR method) is taken as the initial condition without noise
and, in Fig.(3.6) fundamental soliton is perturbed with 1% random noise in the

amplitude and phase.

As can be seen from Fig.(3.5) and Fig.(3.6), peak amplitudes of the fundamental
solitons (A(z) = max,,|u(x,y, z)|) oscillate with the propagation distance z and
the center of mass in the x and y axis nearly stay at the same place. This suggests
that the fundamental solitons for V' = Vp(cos?X + cos?Y’) lattice are nonlinearly

stable in this parameter regime.

In Fig.(3.7) and Fig.(3.8), we plot the stability graphs of a lattice free soliton
which is obtained by taking Vi = 0. This case corresponds to a standard (2+1)D
NLS equation that defined in Eq.(1.2) with v = A = 1. In Fig.(3.7), as it is
expected, if the lattice is removed from the medium, a rapid collapse occurs even
without a perturbation. If 1% perturbation is added to the initial condition, the

soliton solution collapses even more rapidly that can be seen from Fig.(3.8).
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Figure 3.5: Evolution of soliton situated at V = Vj(cos? X +cos?Y’) potential with Vy = 2 and
u = —1. (a) Peak amplitude A(z) as a function of the propagation distance. The
initial condition is taken as the fundamental soliton, (b) Center of mass in the
x and y coordinates, (¢) Cross section along the diagonal axis of a fundamental
soliton at minimum superimposed on the potential at z = 0, (d) Cross section
along the diagonal axis of the fundamental soliton at the minimum superimposed
on the potential after the propagation (z = 10).
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Figure 3.6: Same as Fig.(3.5), added 1% noise to fundamental soliton in amplitude and phase.
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Figure 3.7: Evolution of soliton situated at lattice free medium (Vp = 0) with p = —1.

(a) Peak amplitude A(z) as a function of the propagation distance. The initial
condition is taken as the fundamental soliton, (b) Center of mass in the x and y
coordinates, (¢) Cross section along the diagonal axis of a fundamental soliton at
z =0, (d) Cross section along the diagonal axis of the fundamental soliton after

the propagation (z = 30).
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Figure 3.8: Same as Fig.(3.7), added 1% noise to fundamental soliton in amplitude and phase.

26



In [26], the effect of the potential depth (V4) is investigated for the periodic
potential V' = Vj(cos?X +cos?Y’) and it is found that, deeper potential (increased

values of V) does improve the nonlinear stability of the fundamental solitons.
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4. SOLITONS IN TWO-DIMENSIONAL LATTICES POSSESSING
DISLOCATIONS

4.1. Band Gap Structure

In this section, we investigate the first nonlinear band gap structure of NLS
equation with a lattice possessing an edge dislocation. Dislocation is a type of

defect which cause an irregularity in crystal structure, (i.e., see [7]).
1%
V(z,y) = 2—2[2008(/%:33 +0(z,y)) + 2cos(kyy) + 1) (4.1)
where edge dislocation (6) defined as

O(z,y) = gg - tan’l(%) (4.2)

0(z,y) is a phase function through which irregularities are introduced.

Two lattice images with the edge dislocation and without the dislocation for a
bounded region are demonstrated in Fig.(4.1) and the diagonal cross-sections of

those two lattices are shown in Fig.(4.2).

As can be seen from Fig.(4.2)(b), the density of lattice sites changes vertically

across the lattice with edge dislocation.

To determine the first nonlinear band gap formation NLS equation with the
lattice given in Eq.(4.1), we set the potential depth Vj to a fixed value (starting
from 0 up to 30). For each value of V;, by increasing the p values, we check
both the convergence and the localization of the mode by SR method. When
the mode becomes more extended, usually the convergence is slower and after
a certain value of p, typically both the convergence can not be reached and the
localization of the mode is lost. In this way we locate the boundary of the first

nonlinear band gap of the dislocated lattice.
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The first nonlinear band gap boundaries for NLS equation with an edge
dislocation and without dislocation are depicted in Fig.(4.3).
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Figure 4.1: Contour images of the lattices (a) Without dislocation (6 = 0), (b) With an edge
dislocation which defined in Eq.(4.2), where k, = k, = 27 and V[ = 12.5.
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Figure 4.2: Diagonal cross-sections of the lattices (a) Without dislocation (6 = 0), (b) With
an edge dislocation which defined in Eq.(4.2), where k, = k, = 27 and V) = 12.5.

As can be seen from Fig.(4.3), the first nonlinear band gap for dislocated lattice

solitons is narrower than that of lattice solitons without dislocation.
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Figure 4.3: Band gap formations for NLS equation with and without the dislocation.

4.2. Soliton Power of Dislocated Lattice

Soliton power of dislocated lattice is investigated in two separate cases that are the

solitons centered at lattice maxima and the solitons centered at lattice minima.

In Fig.(4.4), we plot the soliton power P as a function of the eigenvalue i, with
and without dislocation, for the lattice defined in Eq.(4.1).

In Fig.(4.4), soliton power versus the eigenvalue graphs are depicted: i) for the
lattice with the edge dislocation (6 # 0) when soliton is centered above the phase
dislocation, ii) the lattice without dislocation (periodic lattice) when soliton is
centered at the lattice maxima and iii) the lattice without dislocation (periodic

lattice) when soliton is centered at the lattice minima.

As can be seen from the figure, edge dislocation reduces the gap size (i.e.,
fmae = 0.95), where the lattice without dislocation has a larger gap size (i.e.,
tmaz = 2). The numerical method converges to a localized state when p < ez,
and the numerical method converges to an extended state when g > ez tmaz

should be taken as a critical eigenvalue for this edge dislocated lattice.
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Figure 4.4: Power analysis of dislocated lattice which given in Eq.(4.1) with V5 = 12.5 and
k = 2m.

4.3. Properties of Dislocated Lattice Solitons

In order to investigate properties of dislocated lattice solitons, we locate the initial
condition above the phase dislocation, in between neighboring local maxima of
the lattice. Therefore, the initial condition looks like centered at lattice minima,

as it can be seen from Fig.(4.5) (c).

In Fig.(4.5), we take eigenvalue in the gap (i.e., 1 = 0.5 < fin4) and as expected
in Section 4.2, the soliton converges to a localized state (see Fig.(4.5) (d)) . As
can be seen from the figure, the starting point of the computational method is
around the origin (see Fig.(4.5) (a)) and during the iterations, the solution moves
upward along the y axis, until convergence is reached (see Fig.(4.5) (b)). This
result is also supported by Ablowitz et al. ([7]).

In order to see the difference between p1 < 0 and pt > fiynaz, We take eigenvalue

out of the gap (i.e., t =1 > fimae), and repeat same procedure in Fig.(4.6).

As can be seen from the figure, the starting point of the computational method
is around the origin (see Fig.(4.6) (a)), the solution is converged one cell above
(see Fig.(4.6) (b)) and, as expected and the soliton is more extended (compare

Fig.(4.5) (d) and Fig.(4.6) (d)).
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Figure 4.5: Contour plot of the (a) Initial condition superimposed on dislocated lattice, (b)
Soliton superimposed on dislocated lattice, (¢) Diagonal cross section of soliton
superimposed on dislocated lattice, (d) 3D view of dislocated lattice soliton, when
the soliton is centered at lattice minima with g = 0.5 and Vj = 12.5.
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Figure 4.6: Same as Fig.(4.5) with ;4 =1 and Vp = 12.5.



As explained above, dislocated lattice solitons moves upward along the y axis
during the iterations. In order to see this fact, we plot the same soliton with
different iteration numbers when = 0.5 (.., < fiyaz) and p =1 (6,0 > o)

in Fig.(4.7).

(a)
I 3 - 3 % 3 -
n=05 | : . : .
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-3 3 -3 3 -3 3 -3 3
iteration=0 iteration=128 iteration=256 iteration=512
(e) (f) (9) (h)
3 3
p=1
i -
3 3 3 3 3
iteration=0 iteration=128 iteration=256 iteration=512

Figure 4.7: Contour plot of the solitons, all with V5 = 12.5 and k = 27, Top: (a) The initial
condition, (b) Soliton with 128 iteration, (c¢) 256 iteration, (d) 512 iteration with
p = 0.5; Bottom: (e) The initial condition, (f) Soliton with 128 iteration, (g) 256
iteration, (h) 512 iteration with g = 1; when the initial condition is centered at
dislocated lattice minima.

As can be seen from Fig.(4.7), if u = 0.5, the soliton converges in the first cell
between local maxima and stays at the same location during the iterations (up to
512), if ;1 =1 the soliton converges in the first cell between local maxima in 128
iterations, after that, if the iteration number is increased up to 256 the soliton
keeps on moving upward along the y axis and finally soliton converges one cell
above between local maxima. Therefore, the soliton for g = 1 is not considered
to be a gap soliton since, there is two-cell shift during the iterations. pu = 0.95 is
the value of the propagation constant that should be considered as the threshold

for the band gap and the Bloch wave region.

After 256 iterations, in both cases, iteration number doesn’t change the place of

convergence. This result is supported by Ablowitz et al. ([7]).
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4.4. Stability Properties of Dislocated Lattice Solitons

As explained in previous section, soliton power plays an important role in
determining stability properties of fundamental solitons. We investigated soliton
power of dislocated lattice solitons in Fig.(4.4). In the light of this power analysis,
we now investigate stability properties of dislocated lattice solitons when the

initial condition is centered near the edge dislocation.

Firstly, we take propagation constant smaller than critical eigenvalue (i.e.,
p< fmaz = 0.95). As can be seen from Fig.(4.4), the dislocated lattice soliton
with © = —1 provide slope condition and soliton power doesn’t exceed the
critical power (P, ~ 11.7). Therefore, the soliton is expected to be stable in this
parameter regime. In both Fig.(4.8) and Fig.(4.9), evolution of the fundamental
soliton near the edge dislocation are plotted for the potential depth V5 = 12.5
and p = —1. In Fig.(4.8), fundamental soliton (which obtained by SR method)
taken as initial condition without noise and, in Fig.(4.9) fundamental soliton is

perturbed with 1% random noise in the amplitude and phase.

As can be seen from Fig.(4.8) and Fig.(4.9), peak amplitudes of the fundamental
solitons (A(z) = max,,|u(x,y, 2)|) oscillate with the propagation distance z and
the center of mass in the x and y axis nearly stay at the same place. This suggests
that the fundamental solitons for the edge dislocated lattice are nonlinearly stable

in this parameter regime.

Now, we take propagation constant bigger than critical eigenvalue (i.e., u >
Lmae = 0.95) and investigate stability properties of dislocated lattice soliton. As
can be seen from Fig.(4.4), the power of dislocated lattice soliton with p = 1
doesn’t exceed the critical power (P. ~ 11.7), but the eigenvalue exceeds critical
eigenvalue (i.e., ;£ > 0.95) and it doesn’t provide slope condition. Therefore
the soliton is expected to be unstable in this parameter regime. In Fig.(4.10),
evolution of the fundamental soliton near the edge dislocation is plotted for the

potential depth V) = 12.5 and pu = 1.
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Figure 4.8: Evolution of soliton situated at dislocated lattice with V5 = 12.5 and p = —1.

(a) Peak amplitude A(z) as a function of the propagation distance. The initial
condition is taken as the fundamental soliton, (b) Center of mass in the x and
y coordinates, (c) Cross section along the diagonal axis of a fundamental soliton
near the dislocation superimposed on the dislocated potential at z = 0, (d) Cross
section along the diagonal axis of the fundamental soliton near the dislocation
superimposed on the dislocated potential after the propagation (z = 10).
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Figure 4.9: Same as Fig.(4.8), added 1% noise to fundamental soliton in amplitude and phase.
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Figure 4.10: Same as Fig.(4.8) with V5 = 12.5 and u = 1.

As can be seen from Fig.(4.10), the peak amplitude of the fundamental soliton
A(z) = mazgylu(r,y, z)| increases with the propagation distance z. The

fundamental soliton is unstable in this parameter regime.

Finally, we take propagation constant (¢ = 0.5) smaller than critical eigenvalue
(i.e., p is in the band gap) when the initial condition is centered near the edge
dislocation. As can be seen from Fig.(4.4), the power doesn’t exceed the critical
collapse value (P. = 11.72), but the slope condition (Eq.(3.9)) is not satisfied
when p = 0.5 and this leads to a focusing instability that shown in Fig.(4.11).

As can be seen from Fig.(4.11), the peak amplitude of the fundamental soliton
A(z) = maz,ylu(z,y, z)| increases with the propagation distance z. The

fundamental soliton is unstable in this parameter regime.

Now, we increase the depth (Vj) of the lattice and repeat the same procedure
with the same propagation constant (1 = 0.5) for dislocated lattice soliton. The
nonlinear stability properties of dislocated lattice solitons with V, = 40 and
p = 0.5 are investigated in Fig.(4.12) and Fig.(4.13). In Fig.(4.12), fundamental

soliton (which obtained by SR method) taken as initial condition without noise
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and, in Fig.(4.13) fundamental soliton is perturbed with 1% random noise in the

amplitude and phase.
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Figure 4.11: Evolution of soliton situated at dislocated lattice with V5 = 12.5 and p = 0.5.
(a) Peak amplitude A(z) as a function of the propagation distance. The initial
condition is taken as the fundamental soliton, (b) Center of mass in the x and y
coordinates, (c¢) Cross section along the diagonal axis of a fundamental soliton
near the dislocation superimposed on the dislocated potential at z = 0, (d) Cross
section along the diagonal axis of the fundamental soliton near the dislocation
superimposed on the dislocated potential after the propagation (z = 10).

As can be seen from Fig.(4.12) and Fig.(4.13), peak amplitudes of the
fundamental solitons (A(z) = max,,|u(x,y, z)|) oscillate with the propagation
distance z and the center of mass in the x and y axis nearly stay at the same
place. This suggests that the fundamental solitons for the edge dislocated lattice

are nonlinearly stable in this parameter regime.

As a result, deeper potential (increased values of V4) does improve the nonlinear
stability of the fundamental solitons in dislocated lattice. This fact is also shown

by Musslimani and Yang [26] for the periodic lattice V' = Vj(cos?X + cos®Y).
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Figure 4.12: Same as Fig.(4.11) with V, = 40 and = 0.5.
(a)V0=40 p=0.5 (b) centers of mass
5.8 E 05
ﬁ-. 0.4
T . 03
56 0.2
———
. 7.1 S (PR |
Bl e
1] 2 4 B g 10 a 2 4 & g 10
(c) z=0 (d) z=10
40 40
© 0 ] 0
o0
8 20 1 20
=
~ AR MRIAAAAAAN
0 0
5 1] 5 -5 1] 5
=y xX=y

Figure 4.13: Same as Fig.(4.12), added 1% noise to fundamental soliton in amplitude and
phase.
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5. PROPERTIES OF QUASICRYSTAL LATTICE SOLITONS

In this section, we investigate 2D solitons on quasicrystal lattices. In particular,
the quasicrystal with NV = 5 is often called the Penrose tiling, the quasicrystal
with N = 7 is also a Penrose type potential in the formulation that given in

Eq.(1.5).

5.1. Penrose Type Potentials

In this study, the formulation of lattices without defect (6 = 0), given as follows

N-1
n=0

The fundamental lattice solitons and their nonlinear stability properties for N = 4

2

Vile,y) = 15 (5.1)

corresponds to a periodic lattice and for N = 5 corresponds to Penrose tiling have
been analyzed by Ablowitz et al. ([34]) in detail. In this part of the study, we
will consider two Penrose type quasicrystals corresponding to N =5and N =7

in Eq.(5.1).

If we take N = 5 in this formulation, we get Penrose-5 potential and similarly
by taking N = 7, we get Penrose-7 potential, where k, = k, = 2m. Solitons
in Penrose quasicrystal lattices, which were generated by the method of optical

induction, were predicted and observed by Freedman et al.(|35]).

In Fig.(5.1), contour images of Penrose-5 and Penrose-7 lattices are plotted for

a bounded region.
As can be seen from Fig.(5.1), Penrose-5 and Penrose-7 lattices are non-periodic.

If we plot diagonal cross section of the Penrose-5 and Penrose-7 lattices, we can

see maxima and minima for each lattices (see Fig.(5.2)).
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Figure 5.1: Contour images of Penrose-5 and Penrose-7 lattices, all with Vo = 12.5 and k = 27,
(a) for N=5, (b)N=T7.
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Figure 5.2: Diagonal cross-sections of Penrose-5 and Penrose-7 lattices, all with V5 = 12.5
and k = 2m, (a) for N=5, (b)N=7.

As can be seen from Fig.(5.2), there is one global maximum and many local

minima for both non-periodic lattices (N =5, N = 7).

5.2. Band Gap Structure of Penrose-5 and Penrose-7 Lattices

To compare the first nonlinear band gap formation of Penrose-5 and Penrose-7
lattices, we set the potential depth Vj to a fixed value (starting from 0 up to 30).
For each value of V[, by increasing the u values, we check both the convergence

and the localization of the mode by SR method. When the mode becomes more
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extended, usually the convergence is slower and after a certain value of p, typically
both the convergence can not be reached and the localization of the mode is lost.
In this way we locate the boundary of the first nonlinear band gap of the related
lattices. The first nonlinear band gap boundaries for Penrose-5 and Penrose-7

potentials are depicted in the Fig.(5.3).

30

Penrose-5
Penrose-7

il

2D

Figure 5.3: Band gap formation for NLS equation with external potentials, Penrose-5,
Penrose-7 by SR method.

As can be seen from Fig.(5.3), the first nonlinear band gap for Penrose-7 lattice

solitons is narrower than that of the Penrose-5 lattice solitons.

To compare the mode profiles of Penrose-5 and Penrose-7 lattices, we plotted the
on axis mode profiles for N =5 and N = 7 with same parameters (V and p) by
SR method.

As can be seen from Fig.(5.4) and Fig.(5.5), as N increases the amplitudes of the
fundamental solitons decrease. Also, we can see the dimples for solitons which

are centered at lattice maxima in Fig.(5.5) (b).

When we increased the depth of potential (V5) from 12.5 to 100, interestingly the
fundamental mode of the Penrose-7 lattice approaches the fundamental mode of

the penrose-5 lattice (see Fig.(5.6)).
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Figure 5.4: On axis mode profiles for N = 5 and N = 7, (a) Initial condition on Min, along
the x-axis, (b) Initial condition on Min, along the y-axis for V5 = 15 and pu = —1.
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Figure 5.5: On axis mode profiles for N =5 and N = 7, (a) Initial condition on Max, along
the x-axis, (b) Initial condition on Max, along the y-axis for Vy = 15 and u = —1.

The mode profiles of Penrose-5 and Penrose-7 solitons show that these modes have
similar properties. In next sections, we will investigate properties of Penrose-7
solitons and compare them with Penrose-5 solitons which are investigated by

Ablowitz et al. (|7]).
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Figure 5.6: The mode profiles for Penrose-5 and Penrose-7 potentials.

5.3. Properties of Penrose-7 Solitons

Soliton properties of Penrose-7 lattice are investigated in separate cases for the

solitons centered at lattice maxima and solitons centered at lattice minima.

5.3.1 Solitons centered at lattice maxima

As can be seen from Fig.(5.2), the origin is the global maximum of Penrose-7
lattice. If we locate the initial condition at the origin, then the fundamental

soliton obtained by the use of SR method is shown in Fig.(5.7).

Penrose-7 solitons which are centered on lattice maxima have dimples. The
dimples are more pronounced for large values of u (i.e., near the gap edge),
in order to see this fact compare Fig.(5.7) and (5.8). Penrose-7 solitons which
are centered around local minima do not have a dimple. This fact is also true for

penrose-5 solitons which have been investigated by Ablowitz et al. (|7]).

Also, it can be seen that, Penrose-7 solitons converge at lattice maxima when the

initial condition is centered at lattice maxima (see Fig.(5.8) (c)).
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Figure 5.7: Contour plot of the (a) Penrose-7 soliton, (b) Initial condition and Penrose-7
soliton on top of each other, (c) Diagonal cross section of Penrose-7 soliton
superimposed on Penrose-7 lattice, (d) 3D view of Penrose-7 soliton’s intensity
showing the dimple, when the soliton is centered at the lattice maxima with
@ =—1and Vy = 20.

(b)

0
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Figure 5.8: Same as Fig.(5.7) with p = 2.5.




5.3.2 Solitons centered at lattice minima

We now investigate solitons centered at lattice minima for Penrose-7 potential.
In order to center the soliton to lattice minima, we determine any local minima
of Penrose-7 potential close to the lattice center and then we pinpoint the initial

condition to this location.

As explained above, solitons centered around local minima do not have dimples

(see Fig.(5.9) and Fig.(5.10)).

(a) (b)

7 7 17 7
(c) (d)
125
3.7 |
-10 10
0 0 0
-7 7 10=10

Figure 5.9: Contour plot of the (a) Penrose-7 soliton, (b) Initial condition and Penrose-7
soliton on top of each other, (c) Diagonal cross section of Penrose-7 soliton
superimposed on Penrose-7 lattice, (d) 3D view of Penrose-7 soliton, when the
soliton is centered at the lattice minima with 4 = —1 and V, = 12.5.

As can be seen from Fig.(5.9) (b) and Fig.(5.10) (b), Penrose-7 solitons converge

a bit upward of the place that the initial condition is centered.

5.4. Stability Properties of Penrose-7 Solitons

Now we address the critical question of nonlinear stability of the fundamental
Penrose-7 solitons. Soliton power plays an important role in determining the

stability properties of the fundamental solitons. As explained in Section 3, soliton
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Figure 5.10: Same as Fig.(5.9) with u = 0.5.

power defined as
P = /OO /OO lu(x, y)|*drdy. (5.2)
and slope condition defined as o
— <0 (5.3)

i.e., the soliton is stable only if its power decreases with increasing propagation

constant u.

Also it is important to remember that, a necessary condition for collapse in the

2D cubic NLS equation is that the power of the beam exceeds the critical power

P.~11.7.

After remembering these conditions, we now investigate soliton powers of

Penrose-5 and Penrose-7 potentials in Fig.(5.11).

Before beginning stability analysis, we should give a detailed soliton power

analysis of penrose-7 lattice (see Fig.(5.12)).

To study the nonlinear stability, we directly compute Eq.(1.4) over a long

distance, (finite difference method was used on derivatives u,, and w,,, and
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fourth-order Runge-Kutta method to advance in z) for Penrose-7 potential. The
inital conditions were taken to be a fundamental soliton with 1% random noise
in the amplitude and phase. For Penrose-7 lattice, the nonlinear stability of the
fundamental solitons located on the lattice maxima and minima are investigated

in separate cases.

Figure 5.11: Soliton power as a function of the eigenvalue p within the semi-infinite band gap
for Penrose-5 and Penrose-7 lattices, for solitons at lattice minima and lattice
maxima. All lattices share a common peak depth Vy = 12.5.

(a) (b)

18
12
P P 115
11
11 — 105 —
£ 03 2 4 0 4 3 2 4 0
H H

Figure 5.12: The power versus p for Penrose-7 potential, (a) Soliton located on the lattice
maxima, (b) Soliton located on the lattice minima, for both cases peak depth
Vo = 12.5.
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5.4.1 Solitons centered at lattice maxima

Firstly, we locate the initial condition to the lattice maxima (the origin). In
Fig.(5.13), evolution of the fundamental soliton at the lattice maxima are plotted

for the potential depth Vj =20 and p = 1.
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Figure 5.13: Evolution of soliton situated at the Penrose-7 potential with V, = 20 and p = 1.
(a) Peak amplitude A(z) as a function of the propagation distance. The initial
condition is taken as the fundamental soliton, (b) Center of mass in the x and y
coordinates, (c¢) Cross section along the diagonal axis of a fundamental soliton
at the maximum superimposed on the Penrose-7 potential at z = 0, (d) Cross
section along the diagonal axis of the fundamental soliton at the maximum
superimposed on the Penrose-7 potential after the propagation (z = 10).

As can be seen from Fig.(5.13), the peak amplitude of the fundamental soliton
A(z) = mazgylu(x,y, z)| increases with the propagation distance z. The

fundamental soliton is unstable in this parameter regime.

In Fig.(5.14), we repeat the same stability analysis with different parameters

(Vo =20 and = —1), when the initial condition is centered at lattice maxima.

In Fig.(5.13) (©x = 1) and Fig.(5.14) (u = —1) evolution of the fundamental
soliton at the lattice maxima are computed for a range of values of p (—4 < p <
2), power versus p is depicted for both cases in Fig.(5.12). As can be seen from

Fig.(5.12) (a), the slope condition (Eq.(5.3)) is satisfied for both cases (u = —1
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Figure 5.14: Same as Fig.(5.13) with y = —1.

and p = 1), but the power exceeds the critical collapse value (P. = 11.72) and

collapse appears to be eventually attained.

Although we see the soliton peak A(z) about 40 in Fig.(5.14) (a), we don’t see
this in Fig.(5.14) (d), because the fundamental soliton moves from the potential
maximum (i.e., centers of mass moves largely, see Fig.(5.14) (b)). If we plot 3D

view of the fundamental soliton at z = 10, we can see this peak (see Fig.(5.15)).

5.4.2 Solitons centered at lattice minima

We now investigate solitons centered at the lattice minima for Penrose-7 potential.
In both Fig.(5.16) and Fig.(5.17), evolution of the fundamental solitons at the
lattice minima are plotted for the potential depth Vj = 12.5 and y = —1. In
Fig.(5.16), fundamental soliton (which obtained by SR method) taken as initial
condition without noise and, in Fig.(5.17) fundamental soliton is perturbed with

1% random noise in the amplitude and phase.

As can be seen from Fig.(5.16) and Fig.(5.17), peak amplitudes of the
fundamental solitons A(z) = maz,,|u(z,y, 2)| oscillate with the propagation

distance z and the center of mass in the x and y axis nearly stay at the same
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V0=20 p=-1 2z=10

Figure 5.15: 3D view of the fundamental soliton at the maximum superimposed on the
Penrose-7 potential after the propagation (z = 10) with Vj =20 and p = —1.

place. This suggests that the fundamental solitons for both cases are nonlinearly

stable in this parameter regime for Penrose-7 potential.
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Figure 5.16: Evolution of soliton situated at the Penrose-7 potential with V = 12.5 and
u = —1. (a) Peak amplitude A(z) as a function of the propagation distance. The
initial condition is taken as the fundamental soliton, (b) Center of mass in the
x and y coordinates, (c¢) Cross section along the diagonal axis of a fundamental
soliton at the minimum superimposed on the Penrose-7 potential at z = 0, (d)
Cross section along the diagonal axis of the fundamental soliton at the minimum
superimposed on the Penrose-7 potential after the propagation (z = 10).
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Figure 5.17: Same as Fig.(5.16), added 1% noise to fundamental soliton in amplitude and
phase.

In Fig.(5.18) and Fig.(5.19), we repeat the same procedure for solitons which are
centered at the lattice minima. In both Fig.(5.18) and Fig.(5.19), evolution of
the fundamental solitons at the lattice minima are plotted for the potential depth
Vo =20 and p = —0.5. In Fig.(5.18), fundamental soliton (which obtained by SR
method) taken as initial condition without noise and, in Fig.(5.19), fundamental

soliton is perturbed with 1% random noise in the amplitude and phase.

As can be seen from Fig.(5.18) and Fig.(5.19), peak amplitudes of the
fundamental solitons A(z) = max,,|a(z,y, z)| oscillate with the propagation
distance z and the center of mass in the z and y axis nearly stay at the same
place. This suggests that the fundamental solitons for both cases are nonlinearly

stable in this parameter regime for Penrose-7 potential.

Finally, we give an example of unstable Penrose-7 soliton, when the initial

condition is centered at lattice minima (see Fig.(5.20)).

In Fig.(5.20), the soliton is centered at local minima and computed for p = 0.5,
as can be seen from Fig.(5.12)(b), the power doesn’t exceed the critical collapse
value (P, = 11.72), but the slope condition (Eq.(3.9)) is not satisfied and this

leads to a focusing instability.
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Figure 5.18: Evolution of soliton situated at the Penrose-7 potential with V; = 20 and
p = —0.5. (a) Peak amplitude A(z) as a function of the propagation distance.
The initial condition is taken as the fundamental soliton, (b) Center of mass
in the x and y coordinates, (c) Cross section along the diagonal axis of a
fundamental soliton at the minimum superimposed on the Penrose-7 potential
at z = 0, (d) Cross section along the diagonal axis of the fundamental soliton
at the minimum superimposed on the Penrose-7 potential after the propagation

(z = 10).
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Figure 5.19: Same as Fig.(5.18), added 1% noise to fundamental soliton in amplitude and
phase.
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Figure 5.20: Same as Fig.(5.18) with = 0.5 and Vj = 12.5

Now, we increase the depth (V5) of the lattice and repeat the same procedure
with the same propagation constant (= 0.5) for dislocated lattice soliton. The
nonlinear stability properties of Penrose-7 solitons with V, = 35 and u = 0.5
are investigated in Fig.(5.21) and Fig.(5.22). In Fig.(5.21), fundamental soliton
(which obtained by SR method) taken as initial condition without noise and,
in Fig.(5.22) fundamental soliton is perturbed with 1% random noise in the

amplitude and phase.

As can be seen from Fig.(5.21) and Fig.(5.22), peak amplitudes of the
fundamental solitons (A(z) = max,,|u(z,y, z)|) oscillate with the propagation
distance z and the center of mass in the x and y axis nearly stay at the same place.
This suggests that the fundamental Penrose-7 solitons are nonlinearly stable in

this parameter regime.

As a result, deeper potential (increased values of V4) does improve the nonlinear
stability of the fundamental solitons in Penrose-7 lattice similar to what has been

observed for the dislocated and periodic lattices.
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Figure 5.21: Evolution of soliton situated at the Penrose-7 potential with V5 = 35 and p = 0.5.
(a) Peak amplitude A(z) as a function of the propagation distance. The initial
condition is taken as the fundamental soliton, (b) Center of mass in the x and y
coordinates, (c¢) Cross section along the diagonal axis of a fundamental soliton
at the minimum superimposed on the Penrose-7 potential at z = 0, (d) Cross
section along the diagonal axis of the fundamental soliton at the minimum
superimposed on the Penrose-7 potential after the propagation (z = 10).
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Figure 5.22: Same as Fig.(5.21), added 1% noise to fundamental soliton in amplitude and
phase.
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6. CONCLUSION AND RECOMMENDATIONS

The purpose of this study was to investigate band gap structures and stability
properties of localized solitons in various lattices (i.e., periodic, nonperiodic or
defected lattices). Firstly, we give solution of the model (i.e., NLS equation
with an external potential which is taken to be the periodic lattice) that governs
nonlinear wave propagation, by perturbation and spectral methods and we
compare results of these methods. We observed that the perturbation method
is in good agreement with the spectral methods and, the obtained results are
supported by previous studies. After that we solved the model by the numerical
algorithm (named SR method) and, we obtained the first nonlinear band gap
structure of the periodic lattice by SR method. By comparing the results obtained
by the use of the numerical and analytical methods, it has been shown that the

SR method is in good agreement with the perturbation and the spectral methods.

After obtaining fundamental solitons by SR method, we investigate stability
properties of the solitons in periodic lattices. We investigate the nonlinear
stability properties of fundamental solitons according to Vakhitov-Kolokolov
(VK) stability criterion and by a direct computational method. It is observed

that the numerical simulations are in agreement with VK stability criterion.

Dislocated lattice solitons are also investigated. We obtained that the first
nonlinear band gap for dislocated lattice solitons is narrower than that of lattice
solitons without dislocation and, there is a marked difference between soliton
powers of dislocated lattice solitons and lattice solitons without dislocation. We
investigated the nonlinear stability properties of dislocated lattice solitons and, we

showed that numerical simulations are in agreement with VK stability criterion.

In the last part of the study, Penrose type lattice solitons are investigated. Same

numerical algorithm (SR Method) has been used to investigate the Penrose type
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lattice solitons namely for Penrose-5 and Penrose-7 solitons. By plotting on axis
mode profiles of Penrose-5 and Penrose-7 solitons, we observed that Penrose-7
lattice solitons have similar properties (having dimples etc.) with Penrose-5
lattice solitons. Finally, we investigated the nonlinear stability properties of
Penrose-7 solitons and, we showed that numerical simulations are in good

agreement with VK stability criterion.

In this study, it is shown that, adding a defect to a periodic lattice decreases
the band size and also effects the nonlinear stability properties in a negative
way. Such a comparison can also be made between crystal and quasicrystal
lattices. Having irregularities or quasicrystal properties impoverish both the band
size and nonlinear stability of the fundamental solitons. Both in the dislocated
lattice solitons and Penrose-7 solitons, it has been observed that, deeper lattices
(increased potential depth) help to arrest collapse which usually occurs in the
existence of irregularities such as defects or quasicrystal structures. As a result,
using deeper lattices is shown to be an effective method as the collapse arrest

mechanism.

As a future project, investigating the linear stability properties of dislocated
lattice solitons and Penrose-7 solitons may be considered. Also, investigating
double and triple solitons and vortex structures (solitons carrying angular
momentum) in dislocated and Penrose-7 lattices can be a very interesting research
topic. Since collapse is one of the leading research interests appearing in the
current literature, applying other collapse arrest mechanisms such as adding a
nonlinear saturation to the physical model can be considered as a future study.
On the other hand, second band solitons have been observed experimentally but
currently, the numerical algorithm(SR) is not able to calculate such solitons.
Therefore, modifying SR to generate the second band solitons may be one of the

most important research priorities.

o8



REFERENCES

[1] Ablowitz, M. J., Bakirtag, I., and Ilan, B., 2005. Wave collapse in a
class of nonlocal nonlinear Schrodinger equations, Physica D,
207, 230-253

[2] Chaohao, G., 1995. Soliton theory and its applications, Springer-Verlag,
Berlin.

[3] Ablowitz, M. J., and Segur, H., 1981. Solitons and the Inverse
Scattering Transfom, STAM, Philadelphia.

[4] Malomed, B. A., 2006. Soliton Management in Periodic Systems,
Springer, New York.

[5] Hiev, I. D., Khristov, E. K., and Kirchev, K. P., 1994. Spectral
Methods in Soliton FEquations, John Wiley and Sons Inc., New
York.

[6] Abdullaev, F. K., and Konotop, V. V., 2003. Nolinear Waves:
Classical and Quantum Aspects, Kluwer Academic Publishers,
The Netherlands.

[7] Ablowitz, M. J., Ilan, B., Schonbrun, E., and Piestun, R., 2006.
Solitons in  two-dimensional lattices possessing defects,

dislocations, and quasicrystal structures, Physical Review E,
74, 035601 (R).

[8] <http://en.wikipedia.org/wiki/Crystal>, accessed at 16.03.2010.

[9] <http://www.brl.ntt.co.jp/E/activities/file /report03/E /report18.html>,
accessed at 17.03.2010.

[10] Janot, C., 1994. Quasicrystals A Primer, Oxford University Press Inc.,
New York.

[11] <http://en.wikipedia.org/wiki/Optical_lattice>, accessed at 16.03.2010.

[12] Senechal, M., 1995. Quasicrystals and Geometry, Cambridge University
Press, Cambridge.

[13] <http://en.wikipedia.org/wiki/Penrose _tiling>, accessed at 16.03.2010.

[14] <http://en.wikipedia.org/wiki/Crystallographic_ defect>,  accessed  at
16.03.2010.

99



[15]

[16]

[17]

18]

[19]

[20]

21]

22|

23]

[24]

[25]

26]

[27]

28]

29]

Shechtman, D., Blech, I., Gratias, D., and Cahn, J. W. 1951,
(1984). Metallic Phase with Long-Range Orientational Order
and No Translational Symmetry, Phys. Rev. Lett., 53.

Marder, M. P., 2000. Condensed Matter Physics, John Wiley, New York.

Fedele, F., Yang, J., and Chen, Z., 2005. Properties of defect modes in
light-induced photonic lattices, Stud. Appl. Math., 115, 279.

Buljan, H., Bartal, G., Cohen, O., Schwartz, T., Manela, O.,
Carmon, T., Segev, M., Fleischer, J. W., and
Christodoulides, D. N., 2005. Partially Coherent Waves in
Nonlinear Periodic Lattices, Stud. Appl. Math., 115, 173.

Kelley, P. L., 1965. Self-focusing of Optical Beams, Phys. Rev. Lett.,
15, 1005-1008.

Sulem, C., and Sulem, P. L., 1999. The Nonlinear Schridinger
Equation, Applied Mathematical Sciences, Springer-Verlag, New
York.

Berge, L., 1998. Wave collapse in physics: principles and applications to
light and plasma waves, Phys. Rep., 303, 260.

Fibich, G., and Papanicolaou, G. C., 1999. Self-focusing in the
perturbed and unperturbed nonlinear Schrédinger equation in
critical dimension, SIAM J. Appl.Math., 60, 183-240.

Fibich, G., and Papanicolaou, G. C., 1998. A modulation method for
self-focusing in the perturbed critical nonlinear Schrodinger
equation, Phys. Lett. A, 239, 167-173.

Ablowitz, M. J., and Musslimani, Z. H., 2005. Spectral
renormalization method for computing self-localized solutions to
nonlinear systems, Opt. Lett., 30, 2140.

Petviashvili, V. 1., 1976. Equation of an extraordinary soliton, Sov. J.
Plasma Phys., 2, 257.

Musslimani, Z. H., and Yang, J., 2004. Self-trapping of light in a
two-dimensional photonic lattice, J. Opt. Soc. Am. B, 21, 974.

Grimshaw, R., 1993. Nonlinear Ordinary Differential Equations, CRC
Press, Boca Raton.

Trefethen, L. N., 2000. Spectral Methods in Matlab, SIAM, Philadelphia.

Vakhitov, M., and Kolokolov, A., 1973. Stationary solutions of the
wave equation in a medium with nonlinearity saturation,
Radiophys. Quant. FElec., 16, 783.

60



[30] Weinstein, M. I., 1985. Modulational Stability of Ground States of
Nonlinear Schrodinger Equations, SIAM J. Math. Anal., 16, 472.

[31] Rose, H. A., and Weinstein, M. I., 1988. On the bound states of the
nonlinear Schrodinger equation with a linear potential, Physica
D., 30, 207.

[32] Weinstein, M. I., 1983. Nonlinear Schrédinger Equations and Sharp
Interpolation Estimates, Commun. Math. Phys., 87, 576.

[33] Sivan, Y., Fibich, G., Ilan, B., and Weinstein, M. I., 2008.
Qualitative and quantitative analysis of stability and instability
dynamics of positive lattice solitons, Physical Review FE, 78,
046602.

[34] Ablowitz, M. J., Antar, N., Bakirtas, I. and Ilan, B., 2010. Band
Gap Formation and Fundamental Solitons in Complex 2D
Nonlinear Lattices, Physical Review A, 81, 033834.

[35] Freedman, B., Bartal, G., Segev, M., Liftshitz, R.,
Christodoulides, D. N., and Fleischer, J. W., 2006. Wave
and defect dynamics in nonlinear photonic quasicrystals, Nature
(London), 440, 1166.

61



62



CURRICULUM VITAE

Mahmut Bagci was born in 1983 in Adiyaman. After graduated Adiyaman
high school, he began his undergraduate education at Istanbul Technical
University Urban and Regional Planning Department in 2001. He passed Physics
Engineering Department in 2003 and graduated from this department in 2007.
He began his graduate education at Istanbul Technical University Mathematics
Programme in 2007 and he continues this education.

63



