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ABSTRACT

COPRIMELY PACKED POLYNOMIAL RINGS

In this work we prove some new results in line with the work of V. Erdogdu about
the inheritance of coprime packedness of R by a polynomial ring extension R[x] of
R. We also examine the coprime packedness of some overrings of R[x] when R is
coprimely packed.



ASAL IDELLARI TARAFINDAN KAPALI POLINOM HALKALARI

OZET

R birimli degismeli bir halka ve I R’nin bir ideali olsun. Eger I, R’nin herhangi bir
asal idealler kiimesinin her elemamn ile aralarinda asal ise ve I s6z konusu asal
idealler kiimesinin birlesimi tarafindan kapsanmiyorsa, o zaman I idealine, R’nin asal
idealler tarafindan kapalidir denir. Eger R’nin her ideali R’nin asal idealleri
tarafindan kapal1 ise o zaman R’ye asal idealleri tarafindan kapali bir halka denir.
Bir R Noetherian halkasi {izerinde R[x] polinom halkasinin asal idealler tarafindan
kapali olmasi durumunda R’nin sonlu sayida asal ideallere sahip oldugu [7] de
gosterilmigtir. Sayet R bir Dedekind tamlik bdlgesi ise, 0 zaman R[x]’ in asal idealler
tarafindan kapali olmas: i¢in gerek ve yeter kosul R’nin semilocal temel ideal bolgesi
olmasidir.

R’nin asal idealler tarafindan kapali olmasi her zaman R iizerindeki polinom halkasi
R[x])’in de aym o6zelligi gostermesi gerekmedigini R = Z ( Z tam sayilar halkas:
olmak {izere) olmas1 durumunda gdstermektedir. Ciinkii Z temel ideal bélgesi ve her
temel ideal bolgesi asal idealleri tarafindan kapalidir ancak Z[x] asal idealleri
tarafindan kapali1 degildir.

Bu g¢alismada R Noetherian ve sonlu sayida maksimal ideale sahip olmadigt
durumlarda R[x] polinom halkasimn asal idealleri tarafindan kapali oldugu durumlar
incelenmigtir. R asal idealleri tarafindan kapali, Krull boyutu bir olan tam kapal bir
tamlik bolgesi olsun. O zaman R iizerinde R[x] polinom halkasinin monik bir
polinom igeren Q* asal ideali ile béliimiinden elde edilen R[x] / Q* béliim halkasinin
da asal idealleri tarafindan kapali oldugu gésterilmigtir. Bunun diginda R iizerindeki
¢esitli polinom halka geniglemelerinin asal idealleri tarafindan kapali olma zellikleri
de incelenmistir.
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COPRIMELY PACKED POLYNOMIAL RINGS

SUMMARY

An ideal I of a commutative ring R with identity is said to be coprimely packed by
prime ideals of R if whenever I is coprime to each element of a family of prime
ideals of R, I is not contained in the union of prime ideals of the family. We say that
R is coprimely packed if every ideal of R is coprimely packed.

In [ 7] it is prove that if a polynomial ring R[x] over a Noetherian ring R is coprimly
packed, then R has only finitely many prime ideals and that over a Dedekind domain
R, R[x] is coprimely packed if and only if R is a semilocal principal ideal domain. If
R is coprimely packed then it does not follow that the polynomial ring extension
R[x] of R is coprimely packed (e.g. if R is the ring of integers Z, then Z being a
principal ideal domain is coprimely packed but Z[x] is not coprimely packed). The
quest we pursue here is that what form of a polynomial ring extension is coprimely
packed when the underlying ring R is, in the case R may have infinitely many
maximal ideals and may not be Noetherian. In Chapter 5 we show that if R is a
coprimely packed integrally closed domain of Krull dimension one and Q* is a
prime ideal of R[x] contaning a monic polynomial then R[x]/ Q" contains R as a
subring and it is coprimely packed. We then investigate the other forms of
polynomial ring extensions which inherits the coprimely packedness property from
that of R.

vii



1.INTRODUCTION

The ring R is said to be coprimely packed if whenever I is an ideal of R and S is a set
of maximal ideals of R with [ ¢ U {M € S}, then I ¢ M for some M e S. This
concept was introduced in [3]. [4] raised the question of which rings R have the
property that R[x] is coprimely packed, and showed taht for R Noetherian and
Hilbert, R[x] is coprimely packed if and only if R is Artinian. In [7] it is shown that
for an arbitrary Noetherian ring R, if R[x] is coprimely packed, then R has at most
finitely many prime ideals. Our aim here is to find out what form of a polynomial
ring extension of R is coprimely packed when R has infinitely many prime ideals and

may not be Noetherian.
The outline of this work is as follows :

In Chapter 2, we deal with integral extensions and examine the properties of such

extensions. In particular we examine the integral extentions of polynomial rings.

In Chapter 3, we outline certain properties of prime ideals.

In Chapter 4, we gather the information related to the notion of coprime packedness.
Finally, in Chapter 5, we prove our main results.

Throughout this work R will denote a commutative ring with identity.



2.INTEGRAL DEPENDENCE

This chapter contains an exposition of integral dependence. The material of this
chapter can be found in [1] and in [9]. For the sake of completeness we reproduce the

proofs.

Definition. Let B be a ring, A a subring of B. An element x of B is said to be integral
over A if x is a root of a monic polynomial with coefficients in A, that is if x satisfies

an equation of the form

X" +ax™ +...+2,=0 (1)

where the a; are elements of A. Clearly every element of A is integral over A.
Lemma 2.1. Let M be a finitely generated A-module, let Ibe an ideal of A, and let ¢
be an A-module endomorphism of M such that (M) < IM. Then ¢ satisfies an

equation of the form
O +a 0™+, +a,=0

where the a; in L.

Proof. Let xy, . . ., X, be a set of generators of M. Then each ¢(x;) € IM, so that we

have say ¢(x;) = Za,.jxj (Ii<n;a;e]),
j=1

ZL. (0 ~a;)x;=0

where §;; is the Kronecker delta. By multiplying on the left by the adjoint of the

matrix (8;¢ - a;) it follows that det (8;¢ - a;j) annihilates each x; hence is the zero



endomorphism of M .Expanding out the determinant, we have an equation of the

required form.

Proposition 2.2. The following are equivalent :
i) x€B is integral over A.
ii) A[x] is finitely generated A-module.
iii)  A[x] is contained in a subring C of B such that C is a finitely
generated A-module.
iv) There exists a faithful A[x]-module M which is finitely generated A-

module.

Proof. i) = ii). From equation (1) we have

X" =- (ax™ 4+ L+ a,x)

for all r > 0 ; hence, by induction,all positive powers of x lie in the A-module

generated by 1x, . . . x™' . Hence A[x] is generated (as an A-module) by

1x,...x"!

it) = iii). Take C=A[x]

iif) = iv). Take M=C, which is faithful A[x]-module (since yC=0 = y.1 =0).

iv) = 1). This follows from (2.1): take ¢ to be multiplication by x, and 1= A (we

have xM ¢ M since M is an A[x]-module) ; since M is faithful, we have

X" +a;x™! +...+a,=0 for suitable 3; € A.

Corollary 2.3. Let x; (1 <1 < n) be elements of B, each integral over A. Then the
ring A[Xy, . . . Xp] is a finitely —generated A-module.

Proof. By induction on n. The case n=1 is part of (2.2). Assume n > 1, let



A= Alxy, . . ., X ; then by the inductive hypothesis A,.; is finitely generated A-
module. A, = A,.i[Xx,] is a finitely generated A, ;-module (by the case n=1,since x, is

integral over A,.;). But then A, is a finitely generated A-module.

Corollary 2.4 The set C of elements of B which are integral over A is a subring of B

containing A.

Proof. If x,y € C then A[x,y] is a finitely generated A-module by (2.3). Hence x +y
and x.y are integral over A, by iii) of (2.2).

The ring C in (2.4) is called the integral closuer of A in B. If C=A, then A is said to

be integrally closed in B, the ring B is said to be integral over A.

Corollary 2.5. If A ¢ B ¢ C are rings and if B is integral over A, and C is integral

over B, then C is integral over A (transitivity of integral dependence)

Proof. Let x €C, then we have an equation
x"+bx"! +...+b,=0 (b; e B)

The ring B’ = A[by, . . ., by] is a finitely generated A-module by (2.3) and B'[x] is a
finitely generated B’ - module (since x is integral over B’ ). Hence B’[x] is a finitely
generated A-module and therefore x is integral over A by iii) of (2.2)

Corollary 2.6. Let A c B be rings and let C be the integral closure of A in B. Then C
is integrally closed in B.

Proof. Let x € B be integral over C. By (2.5) x is integral over A, hence

x e C.

Proposition 2.7. Let A < B be rings, B integral over A.
i) IfJ is an ideal of B and I=1J°= A N J, then B/J is integral over A/I
i1) If S is a multiplicatively closed subset of A, then S'B is integral over S™'A.

Proof. i) If x € B we have, say, x" + a;x™ +...+a,=0 with a; € A. Reduce this
equation mod J.

ii) Let x/s € S'B (x € B, s € S). Then the equation above gives



(x/s)" + (a/s)(x/s)™ + .. . +ays=0

which shows that x/s is integral over S™A.
Proposition2.8. Let A < B be integral domains, B integral over A. Then Bis a field
if and only if A is a field.

Proof. Suppose Aisafield;lety e B,y#0. Let
V' Hay™ +...+2,=0 (aic A)

be an equation of integral dependence for y of smallest possible degree. Since B is an

integral domain we have a, # 0, hence

yo" Fay™ L ) =

YO Fay 4.+ (-, T =1
It follows that,
yl=-a, '™ +ay?+...+a") e B

Hence Bis a field.

Conversly, suppose B is a field ; let x € A, x # 0. Then x”' e B, hence is integral

over A, so that we have an equation

X +ax™! 4. +a,=0(a e A)
It follows that,

x'=-(a,faxx+...+ax™) € A,

hence Ais a field.

Corollary 2.9. Let A < B be rings, B integral over A ; let q be a prime ideal of B and

let p=q°=q M A. Then q is maximal if and only if p is maximal.



Proof. By (2.7), B/q is integral over A/p, and both these rings are integral domain.
Now use (2.8)

Proposition2.10 Let A be a subring of an integral domain B, and let C be the integral
closure of A in B. Let f,g be monic poliynomials in B[x] such that fg € C[x]. Then
f,g are in C[x].

Proof. A ¢ C ¢ B, f,g € B[x] and f,g are monic polynomials such that f.g € C[x].
Let K be quotient field of B, then f,g € K[x]. Let L be an extention field of K such
that the polynomial f, g split into lineer factors ; say f = [I(x-&; ) and g = [I(x-n; ).
Each §; and m; is a root of f.g, hence is integral over C. Hence the coefficients of f

and g are integral over C.

Proposition 2.11. Let A be a subring of a ring B and C be the integral closure of A in
B. Than C[x] is the integral closure of A[x] in B[x].

Proof. If f € B[x] is integral over A[x], then
P +gf™ 4+, +gn=0(ge Alx])
Letr> (m, deggy, ..., deggy) and let f = f-x', so that

G+ + g +x)™ !+, +ga=0

or say fi™+ lfi™ + ...+ hp =0 where hy = )™+ g(x)™' +...+gn € A[X]
Now apply (2.10) to the polynomials hy = -fi™ - ;fi™' - . . . = huy fi € A[X]
= hyp=-HE™ + ™ +. ..+ hp) = -f and §™ + ;™2 + . ..+ hy € Clx]

= fx"e C[x] = f e C[x].

Theorm 2.12. Let A < B be rings, B integral over A, and let p be a prime ideal of A.
Then there exists a prime ideal q of B suchthat g A=p

Proof. By (2.7), B, is integral over A, and the diagram



A—-B

ab B
A~ Bp

(in which the horizontal arrows are injections) is commutative. Let n be a maximal
ideal of By ; then m =n N Ay is maximal by (2.9), hence is the unique maximal ideal

of the local ring Ap. If q=B'(n), then q is prime and we have " A =o' (m) =p

Theorm 2.13.(“Going-up theorem”) Let A < B be rings, B integral over A ; let
P1E ...C pabe achain of prime ideals of A and q; < ... < gm (m <n) a chain of
prime ideals of B such that ;A =p; (1 <i<m). The chainq; < ... gmcanbe

extendedtoachainq; < ...=qn inBsuchthatqi A=p;ifor (1<i<n).

Proof. By induction we reduce immediately to the case m = 1, n = 2. Let
A"=A/p;, B '=B/q;then A" c B’, and B is integral over A by (2.7). Hence, by
(2.12), there exists a prime ideal q2 of B such that ¢, " A" =p," the image of p; in
A". Lift back q;" to B and we have a prime ideal g, with the required properties.



3.SOME PROPERTIES OF PRIME IDEALS

The aim of this short chapter is to show that no three distinct prime ideals in a
polynomial ring R[x] contract to the same ideal in R, and as well as state and
demonstrate the prime avoidance theorem. The material in here can be found in [1]
and [8].

Theorem 3.1. (The prime avoidance theorem) i) Let R be a ring py, . . . , p, be prime
ideals of R and let I an ideal of R contained in U p; - Then I ¢ p; for some i.
1
ii) LetI;, . . ., I, be ideals and let p be a prime ideal containing ﬂ] ;. Then pinl;
1
forsomei.Ifp= ﬂli ,then p = I;for somei.
1
Proof. i) Is proved by induction on n in the form

Iep(sisn=Ia | Jp,
1

It is certainly true for n = 1. If n > 1 and the result is true for n-1, then for each i there
exists x; € I such that x; ¢ p;, whenever j # i . If for some i we have x; ¢ p;, we are

through. If not, then x; € p; for all i.

Consider the element

n
y= zl Xy Xy e X X Xpg e X,

wehavey e Tandy ¢ p;(1 Si<n).Hence/z Up,.
1



ii) Suppose p & [; for all i. Then there exists x; € /;, xi ¢ p (1 <1 < n) and threfore

Hx,. € ﬂl,.; but Hx,. ¢ p (since p is prime). Hence ﬂ[, & p. Finally, if
1 i 1 1
p= ﬂ],. , then p c I;, and hence p = J; for some i.
|

Theorem3.2. Suppose taht R is an integral domain. If P is a nonzero prime ideal of

R[x] such that P n R =0, then for every f(x) € R[x] \ P we have (P + f(x)) "R # 0.

Proof. Let K be the quotient field of R. If S = R\{0}, then S"'R[x] = K[x]. Since
PN R=0,P S is empty, and consequently S''P is a nonzero proper prime ideal of
K[x]. As such, it is a maximal ideal of K[x]. Furthermore S'P N R[x] = P. Therefore,
if f(x) € R[x] /P, then f(x) & S'P; hence f(x) and S'P generate K[x]. Now K[x] is a
principal ideal domain, so S''P is generated by some g(x) / s, where g(x) € Pand s €

S. Hence there are elements h(x), k(x) € R[x] and elements u, v € S such that 1 =

(h(x) / u)(g(x) / s) + (k(x) / v)f(x). Then

uvs = vh(x)g(x) + usk(x)f(x) € (P +(f(x))) "R and uvs # 0

Corollary3.3. Suppose that R is an integral domain. Let P and P’ be nonzero ideals
of R[x] such taht P < P’. If P is a prime ideal, then P’ "R = 0.

Proof. If PN R#0,then P’ "R #0.If PN R=0and if f(x)e P’ \ P, then

0=P+({x))Nc P NR.

Corollary3.4. Let P;,P,,P; be ideals of R[x],with P, prime, such that P, P, c Ps.
ThenPinRcP;NR.

Proof. If P; " R c P, N R, we have finished. Suppose that P, "R =P, "R =P,
which is a prime ideal of R. Then R[x] / PR[X] may be viewed as the polynomial
ring in one indeterminate over the integral domain R / P. Since PR[x] < Pic P, we

have 0 # P, / PR[x] < P3; /PR[x]. Hence, by (3.3), P3 /PR[x] " R /P # 0. Thus there



is an element a € R\ P and a polynomial f(x) € P3 such that a - f(x) € PR[x]. If b is

the constant term of f(x), then b ¢ P. However be Py R,s0P,nRcP;NR.

10



4.COPRIMELY PACKEDNESS

Here we recall the notion of coprimely packedness of a ring which was introduced
and stuided in [3], [4], [5], [6], [7]-

An ideal I of a ring R is said to be coprimely packed if I+ Ps=R where P;(s € S)
are prime idals of R, thenI & | JP, .

SES

A non-empty subset X of the set of prime ideals of R is said to be coprimely packed
if whenever an element P of X is coprime to each element of a subset Y of X, then P

is not contained in the union of prime idals in Y.
If every ideal of R is coprimeley packed then R is a coprimely packed ring.
Theorem4.1. Every semilocal ring is coprimely packed.

Proof. Let R be a semilocal ring and let I be any non-zero ideal of R. Suppose that

I+ P =R for all P € X, where X is any non-empty subset of SpecR. We want to

show that I & U P, - Now because MaxSpecR is finite, we may pick a subset

{My, My, . .., My} of MaxSpecR in such a way that for each M;in {M;, M, . . .,
M,} there exists an element P in X such that P < M; and for each P € X there exists

an element M;in {M;, M, .. ., My} such that P = M; Since I+ P =R forall Pe X,

it follows that I+ M; =R foralli=1,2,... ,n. Hence by (3.1) I & UM,.. But
1

U rex F S ijM ,,andsola& U P, . Therefore it follows that R is coprimely packed.

Theorem 4.2. Let R be a ring. Suppose that every prime ideal of R is coprimely
packed by the set of maximal ideals of R. Then R is coprimely packed.

11



Proof. Let A= {J | Jis ideal of R, and there is a set S(J) of maximal ideals such that
Jgu {M e S(J)} butJ & M for all M e S(J)}. We must show A is empty. If not, use

Zorn’s Lemma to show that A contains a maximal member, say H. Clearly H is not

prime. Thus there are ideals K and L, both properly containing H, such that KL < H.
AsK ¢ A, Kz U{M e S(H)} ( since otherwise, H c K = M for some M € S (H) ).
Therefore, there is an x e K-U{M € S(H)}. Similary, there is a
y € L-u {M e S(H)}. However, xy € KL ¢ Hc U {M e S(H)}, which gives a

contradiction. Therefore R is coprimely packed.

Definitions. 1) Let R be a ring and consider a chain PocP1g ... € Prof r+1
proper prime ideals of R . The lenght of such a chain is the integer r . Its first term is
Pp and its last term is P..

The Krull dimension of R is the supremum of the lengths of all chains of distinct

proper prime ideals of R.

2) The heigth of a prime ideal P is the Krull dimension of R,

3) A Dedekind domain is a Noetherian integrally closed domain of Krull dimension
one.

Remarks :

1) If R is coprimely packed,then clearly every quotient ring R/J is coprimely packed.

In particular if HR, is coprimely packed, then each factor is coprimely packed.
1

2) Let [ [ R, be a product of domains where each factor is of dimension 1. If [ R,
1 1

coprimely packed, so is each R;. This is because each maximal ideal of a coprimely

packed integral domain of Krull dimension one is the radical of a principal ideal.

Because of its use we state (without proof, as it is lengthy) the following result
taken from [5].

Theorem4.3. Let R be a Dedekind domain. Then the following statement are

equivalent.
12



i) MaxSpecR is coprimely packed.

it) The ideal class group of R is torsion.

iii)  For each non-empty subset X of MaxSpecR and for each Qe (MaxSpecR) —
X, Rqg ® Sx'R = K where K is the field of fractions of R and

Sx=R-[Jp,.

Definition. A ring R is Hilbert if every prime ideal of R is an intersection of

maximal ideals.

Theorem4.4. Let R be a Hilbert ring. Then MaxSpecR is coprimely packed if and

only if every maximal ideal of R is the radical of principal ideal.

Proof. Let M be any maximal ideal of R. Then M & UN (N ranging in the set of

N=M

maximal ideals of R different than M). Let x € M which is not in any other maximal

ideal of R. Then +/x is the intersection of all prime ideals of containing x. Since each

prime containing x is contained only in M but not contained in any other maximal of
R, and each such prime is nothing other than M itself, M =x
Conversly ; if M =x , then x¢ UN (N is maximal ideal of R and N # M). Hence

N=M

MaxSpecR is coprimely packed.

Corollary4.5. A coprimely packed Noetherian Hilbert ring is of Krull dimension at

most 1.

Proof. Let M be a maximal ideal of R then by the above theorem M =/x . But then
the fact that R is of Krull dimension at most 1 follows from Krull’s principal ideal

theorem.

Proposition4.6. There exists a ring R and a polynamial ring R[x] in x over R such

taht MaxSpecR is coprimely packed without MaxSpecR[x] being coprimely packed.

Proof. Take R to be the ring of integers Z and let Z[x] be the polynamial ring in x
over Z. Then clearly MaxSpecZ is coprimely packed. Now Z and Z[x] are both
Hilbert rings. If MaxSpecZ[x] where coprimely packed,then by (4.4), every maximal

ideal of Z[x] would be the radical of a principal ideal, which would then imply that
13



Z[x] is of Krull dimension one, which is not the case, since it is of Krull dimension

two. Therefore MaxSpecZ[x] is not coprimely packed.

14



5.COPRIMELY PACKED POLYNOMIAL RINGS

In this Chapter we state and prove our main results. We begin with the following

well known fact.

Proposition5.1. If P is a prime ideal and contains a monic polynomial in R[x] such

taht P "R =0, then R < R[x]/ P” is an integral extention.

Proof. Let f(x) = x" + amX™ + . . . + ag be the monic polynomial of R[x] contained
inP". Let 8 =x+P", then R[x]/ P’ is generated by 1,6, . . ., 0™! . This is because
R[x] as an R-module is generated by powers of x and so R[x]/ P as an R-module is
generated by powers of 6. Since f + P* = P" in R[x] / P, it follows that
0™ + 8y 0™ + ... +a,0 +ap =0inR[x]/P". But then 6™ = (2., 0™ + ...+ 2,0 +
ap) . Hence R[x] / P* as an R-module is generated by 1, 6, . . . , ™" Therfore by
(2.2) R[x]/ P is integral over R.

Proposition 5.2. Let R be a domain and let M" be a maximal ideal of R[x] containing

a monic polynomial. Then M" N R is maximal.

Proof. Since R/ M" " R = R[x] / M" and since M’ contains a monic polynomial
R/M N R cR[x]/Mis an integral extention. As M is maximal, R[x] / M is a
field and hence R / M™ N R is a field by (2.9). Therefore M* N R is a maximal ideal
inR.

Theorem5.3. Let R be an integrally closed domain and Q" a prime ideal of R[x]

containing a monic poliynomial. Then Q" contains a height one prime ideal P* such

that P* is generated by an irreducible monic poliynomial.

Proof. Let f be a monic polynomial in Q" and suppose that f = gih; for some
polynomials g;, h; in R[x]. If now a is the leading coefficient of g; and b is the

leading coefficient of h;, then 1 = ab is the leading coefficient of f and thus a and b
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are units in R. Since Q" is a prime ideal, it follows that either g or hy in Q, say
g € Q‘ . But then g; = (1/a)g; € Q‘ and g; is a monic polynomial. If g; is reducible,
then using the above argument we obtain a monic polynomial g; in Q" such that
g3| 2 | g1 |f . Continuing in this way and taking in account that degree cannot

decrease indefinitely, we arrive at a monic polynomial g in Q".

Since g is irreducible in R[x] it is irreducible in K[x], where K is the field of
fractions of R. This is because if g = g,‘gz' in K[x], then the coeeficients of gl* and
g, are integral over R. But R is in integrally closed imply, g, g2 e R[x], a

contradiction.
Thus gK[x] = P is a prime ideal in K[x], as K[x] is a U.F.D.
If now 0 =x + <g> and g is of degree n then R[x] / <g> is a free R-module generated

n-1 . n-1 .
by 1,6, ..., 0" This is because if Za,. 0'= 0 then Za,. x' € <g>, a contradiction

i=0 i=0

as gis of degree n, unless a; =0 fori=0,1,...,n-1.

Thus R[x] / <g> is a free R-module and since R — K is a monomorphism, we have
R[x] / <g> =R[x] / <g> ®r R - K ®g R[x] / <g> = K[x] / P is a monomorphism,
and hence R[x] / <g> is an integral domain as K[x] / P is a field. Therefore <g> is a
prime ideal of R[x].

Finally, we show that <g> is a height one prime ideal of R[x]. If not then there is a
non-zero prime ideal P” of R[x] such that 0  P* c <g>. Since <g> N R =0 and by
(3.4) there can not be a chain of three distinct prime ideals in R[x] contracting to the

same ideal in R, <g> is of height one.

TheoremS5.4. Let R be a coprimeley packed integrally closed domain of Krull
dimension one and Q" a prime ideal of R[x] containing a monic polynomial. Then

R[x]/Q" is coprimely packed.

Proof. Let P = Q* N R. Then as Q* contains a monic polynomial, R / P = R[x]/ Q"

is an integral extention. There are two possibilities to be examined.
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Case 1. P # 0 in R in which case R / P is a field and hence by (2.8) R[x] / Q" is a
field being an integral extention of R / P. Therefore R[x] / Q* is coprimely packed.

Case2. P = 0. Then it follows that Q" is an upper to zero, and so by going-up theorem
there is a prime ideal M of R[x] properly containing Q. Thus Q* is a non—zero
prime ideal of R[x] of height one containing a monic polynomial (since otherwise
there would be three distinct prime ideals contracting to zero in R). Hence by (5.3),

Q" is generated by an irreducible monic polynomial g in R[x]. Again by the proof of
(5.3), we have R[x] / Q' = HR. But then the coprimely packedness of R[x]/ Q‘
t

follows from Remark 2 of Chapter 4.

In fact R[x]/ Q" = R. This is because R[x] / Q" and H R as R-modules and as rings
1

are one and the same. Since

r(f+Q)=rf+Q =(r+Q ) f+Q",
alsoforreR, (r;,...,m) € ﬁR

T, eee s )=, ..o, ) =@ ..., 0T -, )
Now R[x]/ Q being an integral domain and R[x]/ Q" = HR implies n=1.
1

By virtue of (4.3) we have,

Corollary5.5. Let R be a Dedekind domain of torsion ideal class group and Q" be a
prime ideal of R[x] containing a monic polynomial. Then the class group of
R[x] / Q* is torsion.

Proposition.5.6. Let R be principal ideal domain and S be the set of monic
polynomials in R[x], T be the set of polynomials in R[x] with unit content.Let
R<x> = S'R[x], R(x) = T’lR[x]. Then in the following chain of rings
R c R[x] ¢ R<x>c R(x) all except possibly R[x] are coprimely packed.
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Proof. We note at the outset that all rings in the chain R ¢ R[x] € R<x> < R(x) are
unique factorization domains. Let M be a prime ideal of R[x] of height 2. Then
M AR=P=%#0in R, and so P[x] € M and M / P[x] is a maximal ideal in
R[x] / P[x] = (R / P)[x]. Since R / P is a field, M/ P[x] is a principal ideal in
(R / P)[x] and hence M = < f, P[x] > for some monic polynomial f in M. But then
Mn S and M N T are both non empty. Thus the prime ideals in R<x> and R(x) are
of height one and so are principal. Therefore R<x> and R(x) are coprimely packed.

If R is not semilocal, then R[x] is not coprimely packed as shown in (4.6).

Finally we remark that in general the coprimely packedness of R always implies the
same for R(x) ( see [6] ), however it does not imply the same for R<x>. For if K is a
field and Y, Y; are two indeterminates then R = K[[Y}, Y;]] being a local ring is
coprimely packed by (4.1). But R<x> is not coprimely packed. Because by [2], R<x>
is a Noetherian Hilbert ring of Krull dimension 2 and so by (4.5) it is not coprimely
packed.
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