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SUMMARY

Flutter and divergence phenomena are defined respectively as the dynamic or
static instability of an aeroelastic system , characterized by the interactions of elastic
deformation and aerodynamic loads. They are aeronautically very important since the
onset of flutter/divergence may quickly develop into catastrophic structural failure or
undesirable limit cycle oscillations.

Fluid-loaded plates and shells have primary interest especially in the
aerospace and offshore structures. Flutter of a plate in the supersonic flow (panel
flutter) falls in the category of self-excited oscillations. The panel flutter differs from
wing flutter in that the aerodynamic force acts only one side of the panel and that the
phenomena of panel flutter is generally less catastrophic than wing flutter. Small
amplitude linear structural theory indicates that there is a critical dynamic pressure
above which the panel motion becomes unstable and grows exponentially with time.

On the other hand, the determination of free vibration characteristics of a
fluid loaded plate is essential to obtain dynamic and aeroelastic responce of a plate
subjected to dynamic loading. A vibrating plate with fluid load is under the effect of
an added pressure due to the fluid motion. If the high frequency vibrations are of
primary concern as in problems of noise and sound, the added pressure loading will be
mainly proportional to velocity.In the problems above the effects of added mass are
negligible. On the other hand, there are many instances such as vibration and flutter of
fuel-loaded wing panels and hydroelastic problems of hydrofoils, in which low
frequency characteristics of such elastic plates are of importance. In these cases the
effect of added mass predominate.

In this study, free vibration and flutter of a ﬂuld-loaded plate is studied
numerically. The equations of motion for the plate are stated within the frame of
Kirchoff’s thin plate theory with temperature dependent material properties. The
coupling between the vibrating plate and the fluid is of the form of an induced
pressure at the interface. This pressure may be conveniently interpreted as added
inertia of plate. The acrodynamic pressure is considered by the use of Piston theory of
linear aerodynamics. The interaction problem among the airflow, plate and fluid is
solved numerically using the Galerkin method. Vibration and flutter characteristics of
the inclined fluid-loaded plate are obtained. Then, influence of geometrical properties
of the plate and fluid on the vibration and flutter characteristics of the plate are
studied.

Fluid load reduces the natural frequencies of the plate in all the considered
cases. The spectrum of the frequencies has importance on the dynamic behavior of
the plate. Due to the added mass the thickness of base fluid has tendency to reduce the
natural frequencies. The aspect ratio of the plate also effect the frequency ratios for
different inclinations.

This study may be extended to investigation of nonlinear behavior of fluid-
loaded plate. Having obtanied thermal effects can be taken into account. The flutter
analysis of fluid-loaded inclined plates with temperature effects will have importance
for aerospace structures. Influence of the change of plate’s curvature due to the fluid
load on the vibration and flutter characteristics may be analyzed.



OZET

AKISKAN YUKLU EGIMLI PLAKLARIN TITRESIM VE FLATER
ANALIZI

Flater; aerodinamik kuvvetler, elastik reaksiyonlar ve atalet kuvvetlerinin
karsihkli etkilesimleriyle olugan sirekli salimmlardir. Olay ingaat miithendisligi
yapilarinda, ozellikle uzay ve hava araglarinda kendini gostermektedir. Ugadin
ekonomik olarak igletilebilmesi i¢in gerekli olan hafiflik sarti, ister istemez yiik altinda
biyiik Olgiide deforme olan esnek yapilara yol agmugtr. Boyle deformasyonlar,
neticede yine deformasyonlara sebeb olacak olan aerodinamik yik dagilim
neticeleriyle sonuglanir. Bu kargihkli geri besleme iglemi, kendi kendini tahrik eden
sahmimlar geklinde beliren ve genellikle tahribatla sonuglanan flatere yol agar. Titregen
ucgak yapilan ile civardaki akim arasinda enerji transferine sebeb olan bu kararsiziik ya
dizaynla tamamen yok edilmeli ya da manevra zarfi dahilinde ortaya ¢ikmasina
miisaade edilmemelidir. '

Flaterin baglamas: dogrudan dogruya yapmin rjidligi ile ilgili oldugundan,
artik ugagm rijid bir cisim olarak degil, aksine elastik bir yap: olarak ele alinmasi
gerekir.

Ses tistii ugugun baglamasiyla birlikte ugak yapilarinda, panel flateri denilen
yeni bir olayla kargilagilmigtir. Panel, ucgus vasitalarindaki kaplamalarin i¢ yap
elemanlanyla desteklenmesi sonucunda dig ytizeylerin boliindiigti ayrik elemaniarn
her birine verilen addir.

Panel flaterin Onemi havacilik tarihinde kargilagilan baz vakalarla
vurgulanmigtir. Mesela 1950’lerin ortalarinda bir aver ugagy, flatere giren bir panele
tutturulmug bulunan bir hidrolik hattin par¢alanmasindan dolayr deney ugusu sirasinda
kaybedilmigtir. Pilot mahalli dayaniimaz derecede giiriiltiilii olan bir baska avci ugad:
problemin panel flaterinden kaynaklandig: anlagildiktan sonra problem giderilmigtir.
Uzaya gonderilen roket ve diger araglarda da, panel flateri problem dogurmustur.

Probleme once lineer modeller ve viskozitesiz aerodinamikle yaklagim
yapilmigtir. Ancak son zamanlarda yapilan kontrollii deneyler ve geligtirilmig teorilerle
elde edilen ¢oziimler, plaklarin dinamik aeroelastik kararliiginda yapisal non-
lineerliklerin ve viskoz akim tesirlerinin 6énemli oldufunu goOstermistir. Yapilan
calismalar su gekilde simflandinilabilir :

(1) Deneysel Caligmalar

Aeroelastisite sahasindaki deneysel ¢aligmalar iki ana gayeyle yapiumslardir.
Bunlar ige yarar teorilerin geligtirilmesinde gerekli yonlendirici tesiri yapmuslar ve
mevcut teorilerin giivenilirliginin bulunmadifi birgok alanda pratik problemler igin
¢Ozimler saglamuglardir.

Flater olayt agisindan onemli olan kararsizhfin baglama noktasinin
belirlenmesidir. Plaklarin flater simirint deneysel olarak belirlemek ig¢in bir takim
teknikler uygulanmgtir. Dowell ve Voss, Fung ve Lock, Nasa’da aragtirmalar yapan
Langley Grubu deneysel galigmalarla flater stnirini aramiglardr.

(i) Teorik Caligmalar



Flater problemi {izerinde ¢ok genis bir literatiir olugmakla beraber analizlerin
pek ¢ofu kullanilan yapisal ve aerodinamik teoriye dayandinlan dort kategoriden
birine yerlestirilebilir : 1) Lineer yapisal teori; sanki daimi (quasi-steady) aerodinamik
teori 2) Lineer yapisal teori; tam lineerlestirilmis (viskozitesiz potansiyel), aerodinamik
teori 3) Non-Lineer yapisal teori; sanki daimi aerodinamik teori 4) Non-Lineer yapisal
teori; tam lineerlestirilmis aerodinamik teori. Lineerlestirilmis teoriler hata paylarin: da
beraberlerinde getirmiglerdir )

Plak ¢6kmesini temsil etmek ve hareket denklemlerini tiiretmek i¢in bir takum
yaklagimlar yapilmugtir. 1) Galerkin yontemi ile birlegtirilmis modal agihm. 2) Sonlu
fark temsiller. 3) Sonlu eleman temsiller. 4) Kesin ¢6zimler diye bilinen
degiskenlerine ayirma.

Birinci yaklagimda yapisal deformasyon tabii veya en azindan tam modlarn
serisine actlir, verilmis modal deformasyon igin aerodinamik kuvvetler -mesela,
transformasyon tekniklert kullanmlarak- hesaplanir. Bu iki adimdan elde edilen sonuglar
hareket denklemlerinde kullanilarak, modal genlikler igin bir diferansiyel denklem
takimina ulagmak {izere, Galerkin yontemi uygulanir. Bu denklem takimu sayisal
integrasyonla veya diger herhangi bir sayisal teknikle ¢oziiliir.

Belli bir dogruluk derecesi igin gerekli olan modlann sayisi elemanlarin
sayisindan oldukga az oldugundan, Galerkin yéntemi sonlu fark yaklagimina gére daha
az serbestlik derecesi gerektirir. Buna kargihik sonltu farklar yontemini uygulama alam
genigtir ve digital hesaplamada kolaylik saglamaktadir.

Miihendislik problemlerinde daima bir olay ve bu olayin cereyan ettidi bir
sistem vardir. Bu durumda yapilan i, probleme teorik ve/veya deneysel yoldan
yaklagim yaparak olay1 uygun sekilde modellemek ve sonra ¢oziime gitmektir. Burada
ele alinan problemde olay, akim iginde bulunan bir plagin gazla olan etkilegimidir.
Sistem iki kisimdan olusmaktadir : Gaz ve elastik bir katt cisim. Bunlarin ortak
ozelligi siirekli ortam olmalandir, Pargacik hareketi igin Newton’un ortaya koydugu
aksiyomlarin siirekli ortam igin gelistirilmis sekli ile, bnye igin yapilan bazi kabuller
yardinuyla elastisitenin ve aerodinamigin temel denklemleri elde edilir.

Mihendislik uygulamalari bakimindan plaklar teorisi, bugiin i¢in elastisite
teorisindeki en ilging ve en 6nemli konulardan biridir. Plak deyimi tanim olarak,
kiigiik egrilikli iki yiizeyle simirlanan ve kalinliklan ylizey boyutlanna kiyasla kiigiik
olan cisimlere verilen addir. Bizim c¢aligmamizda Kirchoff'un plak modeli
kullamlmigtr. Buna gore; plak malzemesi elastik, homojen ve izotropiktir.
Baglangigta plak diizdiir, plagin kalinligi dier boyutlarina oranla ¢ok kigiktiir.
Cokmeler de plak kalmhgna gore kigtktiir. Enlemesine kesme ve normal uzamalar
ihmal edilmigtir. Orta yiizeye dik olan gerilmeler ihmal edilebilir. Orta ylzeyde
diizlemsel kuvvetlerin meydana getirdigi uzamalar da kaale alnmayabilir. Bu sekilde
ortaya koydugumuz teori ile plak denklemindeki non-lineer terimler de ihmal edilmis
olur. Flaterin smirimt verecek hareket denklemi, aerodinamik yaklagim da ele
ahndiktan sonra ifade edilecektir.

Kullamlan aerodinamik model potansiyel akim modeli olup; viskoz tesirlerin
ihmal edildi3i bu teori, genig bir ses alti-ses Ustii Mach sayis1 ve plak uzunluk/genislik
oram aralifinda tatminkar sonuglar verir. Kenar tabaka tesirlerinin énemli hale geldigi
ses agimi-algak ses Ustii Mach sayilarinda uygun sonuglar elde edebilmek igin
geligtirilmigtir. Bu teoride ortam siireklidir, akim stirtiinmesizdir, higbir 1s1 transferi
yoktur. Sonlu giigte sok dalgalan yoktur ve higbir kiitlesel kuvvet mevcut degildir.



Yapilan bu ¢ahiymada, akigkan yiikli bir plagin titresim ve flater analizleri
niimerik olarak yapild:. Plagin hareket denklemleri Kirchoff’un ince plak teorisi esas
alinarak ¢ikarildi. Akiskan tabakanin kalnhi@imn plak boyutlarma orami yaklasik 1/10
kabul edildi. Higbir ytizey dalgasinin bulunmadig: farzedildi Plak Gizerindeki akiskanin
atalet etkisi hareket denklemine ilave edildi. Aerodinamik basing dagilimi igin piston
teorisi kullamidi. Bu teorinin yitkksek Mach sayilan igin gelistirilmis formu kullanildi.
Hareket denklemi nimerik olarak, Galerkin metodu kullanilarak ¢ozildi. Egimli
akigkan yiikli bir plagin titregim ve flater karakteristikleri bulundu. Plak ve akiskanin
geometrik 6zelliklerinin titregim ve flater Gizerine etkileri aragtirildi.

Bu kisa 6zetten ve yapi-aerodinamik kabuller hakkinda bilgi verdikten sonra hareket
denklemini yazabiliriz :

8w Atw 8w 8w v
D +p =p,+ P,

+ + —
5x4 ax2ﬁ.y2 ayél- atZ

Burada ik terim plak denklemi, ikinci terim ise atalet terimidir. p, aerodinamik
basinci, pr ise plak Gzerindeki akigkanin basincini ifade eder. Plak iizerindeki akiskan
tabakasi, plagin farkli eksenlerde efimlenmesinden dolayr farkhi kalmhga sahiptir.
Yapilan ¢altlsmada bu durum g6z oOniine almmugtir. Bunun basing ifadesine de bir
etkisi olmugtur. Her iki basing terimi denkleme yerlestirildikten sonra bir A
(aerodinamik basing parametresi) tarifi yapilmigtir. Flater smunnm belirlenmesinde bu
parametrenin Onemi biyiktiir. Plagin harmonik titresim yaptigt kabul edilerek
yerdegistirme ifadesindeki zaman terimi, uzaysal terimlerden aynilmistir. Bundan sonra
boyutsuzlagtirma iglemleri yapilarak denklem ¢oziime hazir hale getirilmistir.

Uzerinde akigkan yitk bulunan plak, dért kosesinden basit mesnetlenmistir.
Coziim igin teklif edilen fonksiyon bu smir sartlarint saglamak zorundadir. Fakat plak
denklemini saglamasi zorunlu degildir. Plak kuvvetlerine virtiiel bir is yaptinidiktan
sonra, teklif ettifimiz fonksiyon buraya yerlestirilirse MxN tane lineer, cebrik denklem
elde edilir, bunlar da matris formda yazlabilir. Artitk burada asagida ifade edilen
sekilde bir 6zdeger problemi ortaya ¢ikmustir.

[K+4-0’M]{4,,}) =0

Eger aerodinamik basing sifir ise yukandaki ikinci terim ortadan kaybolur ve esitlik
bize akigkan yikhi bir plagin serbest titregim frekanslarini verir. Aerodinamik basing
ifadesi bulunursa A degeri yavas yavag artirilirken 6zdeger problemi ¢oziiliir ve flater
swnir1 tesbit edilir.

Yapilan ¢dziimlerde poisson orammin degeri 0.3, akiskan yoguntugunun plak
orammna oram 0.308 olarak almmugtir. Bir Q frekans parametresi tariflenerek,
grafiklerde bu parametre kullamlmuistir. Akigkan yiiklii bir plagin serbest titresimleri
bulunmustur. Tablo 1°de goriilebilecegi gibi, frekanslar kiigiik modlarda daha ¢abuk
yakmsamugtir. Plaga x ve/veya y yonlerinde verilen egim frekanslarda diigmelere neden
olmustur. Baska bir deyisle plagin lizerine konan ilave kiitle, serbest titresim



frekanslanmn  degerini  azaltmaktadir. Dalga sayisi artarken azalma orami da
yikselmektedir (fig. 4.1).

Plak egiminin kiigiik frekanslarda ¢ok fazla etkisi gériilmemektedir. Bu etki
yitksek frekanslarda bu frekanslara bagh modlardaki yiiksek enerji seviyeleri yiiziinden
biylimektedir. (fig. 4.2).

Orijinde bulunan akigkan seviyesinin de frekans oranlan lizerinde etkileri
mevcuttur. Burada akigkan seviyesi yiikselirken frekans orami diigmektedir. Ayn1 anda
plak x ekseni yoniinde egimlendirilirse frekans oranindaki azalma daha da artmaktadir
(v ekseni boyunca egim yokken).

Plak goriiniiy orammn frekans oranlan Gzerindeki etkileri fig. 4.4’den
goriilebilir. Biyiik agiklik oranlarinda frekans oranlan da biyiimektedir. Buradan su
etki de goriilebilir : Plagin gériinis oram kiigitk ise, plaga efim vermenin 6nemi yok
gibidir. Sadece biiyiik gériiniiy oranlarinda plaga verilen egim, frekans oranlanm
azaltict yonde etkilere sebeb olmaktadir,

Plagin iizerindeki akigkan yiikiin mod sekilleri tizerinde de tesirleri vardir :
Plak x ve/veya y eksenleri dogrultusunda egimlenirse, akigkanin kiitle merkezi
degistifi i¢in konturlarda x ve/veya y eksenleri dogrultusunda kaymalar
gorilmektedir. Egim her iki yonde aym zamanda verilirse, simetrik olmayan bu yiik
anti-simetrik modlarn olugmasina sebeb olmaktadir.

Bir onceki sayfada matris formuyla verilen denklemde K matrisi gergek ve
simetrik bir matristir. Aerodinamik yik matrisin simetriklifini bozmaktadir. Dinamik
basing parametresi A‘mn degeri artarken frekans degerleri bir A, degerine kadar artar
ve iki 6zdeger burada birlegir. A daha da artinlirsa frekanslar kompleks ifadeler haline
gelir. Iste tam bu nokta kararsiziifm basladid yer olup flater sinin olarak adlandmilir.
Yapilan ¢ahgmada plagin yiiksiiz halde kararsizlik analizi de yapilmstir. Daha sonra
akiskan yiik ilave edilerek ve plaga egim verilerek flater smin belirlenmigtir.

Uzerinde akigkan olmayan dért kogesinden basit mesnetlenmis kare bir plak
igin, kritik dinamik basing parametresi 512.714 olarak bulunmustur. Bu andaki kritik
dzdeger ise 1848.29’dur. Dinamik basing parametresi ve 6zdeger igin tam sonuglar
512.651 ve 1848.21°dir. Bu sonuglardan, Galerkin Metodu ile yaptigimiz ¢oziimiin
tam degerlere ¢ok yakin oldugunu gormekteyiz. Plak egiminin flater sinin Gzerindeki
etkileri fig. 4.5°de gosterilmigtir. Eer x ekseni yoniinde negatif efim wvarsa,
egimlenmemis plagin dinamik basincindan daha kiigiik bir basingta flater vuku bulur.
Tersine olarak x ekseni yoniinde pozitif yonde plak egimi varsa, flater diiz plaga goére
daha ge¢ meydana gelmektedir. Aynica orijinde akigkan varsa, eSime bagh olarak
bunun da kararsizlifin baglama simirina etkisi olmaktadir. Diiz plakta bu etki s6z
konusu degildir. Plak x ekseni yoniinde pozitif egimlenirse, orijinde bulunan akiskan
flater smnm  digiiriirken; negatif yondeki egimlenmede orjindeki akigkanm
seviyesinin artist bu smun biyiitmektedir. Flatere ait mod sekillerinde ise su goriiliir :
Dinamik basing parametresinin kiigiik degerlerinde, plak iizerindeki akigkanin mod
sekilleri izerindeki etkisi fazla goriilmezken, kararsizhigin bagladigi siira yaklagtikca
akiskamn etkisi fark edilir.

Akiskan yiikli egimli bir plagin Kirchoff Teorisi temel! alinarak ve Galerkin
Metodu kullanilarak titresim ve aeroelastik kararlilifs incelendi. Yapilan titresim ve
lineer flater analizlerinde tam sonuglara benzer degerler bulundu.

Akigkan yik tim durumlarda tabii frekanslan dagiirmektedir. Yiksek
modlarda frekanslann azalmasi digilk modlara gére daha fazladir. Akiskan yik
daralan bir tabii frekans spektrumuna sebeb olur. Bunun plagin dinamik davranisi



tizerinde etkisi vardir. Egim sebebiyle olusan frekans orani degisimleri, plak egiminin
kiiciik degerleri i¢in Hneme haizdir.

Orijinde bulunan akiskanin yiiksekliginin, tabii frekanslart azaltma egilimi
vardir. 'Y ekseni boyunca egim, frekans orami de@igimlerini x eksenine gore
degistirmez fakat oranlan azaltir. Bu tip e@imin, plagin anti-simetrik mod sekilleri
tizerinde 6nemli tesirleri mevcuttur.

Plak gortinig oranmin frekans oranlan {izerinde etkileri su sekilde ifade
edilebilir : Biyuk goriniy oram yiiksek frekans oranlarina sebeb olur ve burada plak
egikligi frekans oramm distriicii yonde galigir. Kiigiik goriiniis oranlarinda plak
egiminin frekans oranlarnna etkileri 6nemsizdir. .

Mod sekillerindeki kontur gizgileri lizerindeki degismeler ve maksimum yer
degistirme noktalan tistindeki kaymalar, egiklik sebebiyle olugur. Diger bir sdyleyisle,
akigkamn kiitle merkezinin degigimi aeroelastik kararsizlifin baglama sinirina etkir. x
ekseni boyunca pozitif plak egimi, kritik dinamik basincin artigina neden olur; bu da
kararsizhik noktasini Gteler.

Bu galigmada yap1 ve aerodinamik modellerde lineer teoriler kullanildi. Plagin
hareket denklemi, sicakhfin malzeme ozelliklerini etkiledifi durumda elde edildi.
Coziimde ise tiim termal etkiler ihmal edildi. Bu etkiler hesaba katilarak ¢oziim
yapilabilir. Non-lineerlikler dikkate alarak titresim ve flater analizleri yapilabilir.
Akiskan yiikin plak egriliginin degisimi izerine olan etkileri incelenebilir.



CHAPTER 1. INTRODUCTION

For the aircraft structure subjected to aerodynamic loading, the
interactions between elastic deformation of structure and aerodynamic forces
can make the structure unstable, i.e., flutter or divergence may develop. As a
consequence, the onset of instability may induce disastrous structural failure or
undesirable limit cycle oscillations. Fluid-loaded plates and shells have primary
interest especially in the aerospace and offshore structures. Flutter of a plate in the
supersonic flow (panel flutter) falls in the category of self-excited oscillations. The
panel flutter differs from wing flutter in that the aerodynamic force acts only one side
of the panel and that the phenomenon of the panel flutter is generally less catastrophic
than wing flutter. Small amplitude linear structural theory indicates that there is a
critical dynamic pressure above which the panel motion becomes unstable and grows
exponentially with time.

On the other hand, the determination of free vibration characteristics of a
fluid-loaded plate is essential to obtain dynamic and aeroelastic response of a plate
subjected to dynamic loading. A vibrating plate with fluid load is under the effect of
an added pressure due to the fluid motion. If the high frequency vibrations are of
primary concern as in problems of noise and sound, the added pressure loading will be
mainly proportional to velocity. In the problems above the effects of added mass are
negligible. On the other hand, there are many instances, such as vibration and flutter
of fuel-loaded wing panels and hydroelastic problems of hydrofoils, in which low
frequency characteristics of such elastic plates are of importance. In these cases the
effects of added mass predominate.

Flutter of plates have been studied by many researchers. Dowell [1] gave a
comprehensive review on both linear and nonlinear panel flutter. Srinivasan and Babu
[2),[3] investigated flutter of quadrilateral plates. Liao-Sun [4] and Lin-Lu performed
flutter analysis composite plates and shells in supersonic flow. Flutter of composite
plates in subsonic flow was studied by Lin, Lu and Tarn [5]. Recently, Nasr [6] gave a



large review on the finite element analysis of aeroelasticity of plates and shells. There
are some other investigations including temperature effects on structures [7].

The vibration problems of fluid-loaded plates and shells have been investigated
by some authors. Eatwell and Butler have studied the response of a fluid-loaded beam
stiffened plate [8]. Espinosa and Gallego-Juarez [9] have studied the forced vibrations
of water-loaded circular plates. Nagaya and Takeuchi have analyzed the vibration of
fluid-loaded plate with arbitrary shape[10]. Komamatsu and Matsushima [11] have
made some experiments on the vibration of fluid filled hemispherical shells. Mikami
and Yoshimura [12] have used the collocation method for analyzing free vibration of
shells with fluid loads. The basic theories and detailed account of the developments on
panel flutter can be found in Ref [13]. Mecitoglu [14] has investigated the aeroelastic
behavior of a plate. Most recently, Mecitoglu and Can has studied on the Vibration
and Flutter of Fluid Loaded Inclined Plates [15].

In this study, free vibration and flutter of a fluid-loaded plate with simply
supported edges is studied numerically. The equations of motion for the plate are
stated within the frame of Kirchoff’s thin plate theory with temperature-dependent
material properties. The thickness of the fluid layer is considered to be approximately
one-tenth of the plate length. It is also assumed that no surface waves are present.
The coupling between the vibrating plate and the fluid is of the form of an induced
pressure at the interface. This pressure may be conveniently interpreted as added
inertia of plate. The aerodynamic pressure is considered by the use of Piston theory of
linear aerodynamics. The interaction problem among the airflow, plate and fluid is
solved numerically using the Galerkin method. Vibration and flutter characteristics of
the inclined fluid-loaded plate are obtained. Then influence of geometrical properties
of the plate and fluid on the vibration and flutter characteristics of the plate are

studied.



CHAPTER 2. GENERAL EQUATIONS
2.1 THIN PLATE THEORY
2.1.1  Coordinate System and Sign Convention

The shape of a plate is adequately defined by describing the geometry of its
middle surface, which is a surface that bisects the plate thickness h at each point
(fig.2.1). The small deflection plate theory, generally attributed to Kirchhoff and
Love (other contributors include Bernoulli Navier, Poisson, Saint-Venan, and
Lagrange)[16], is based on the following assumptions :

1. The material of the plate is elastic, homogeneous, and isotropic linear
thermo elastic; at the end of chapter, thermo-elastic parts will be
neglected.

2. The plate is initiaily flat.

3. The thickness of the plate is small compared to its other dimensions. The
smallest lateral dimension of the plate is at least ten times larger than its
thickness. . ‘

4. The deflections are small compared to the plate thicknesses. A maximum
deflection from one tenth to one fifth of the thickness is considered as the
limit for small deflection theory. This limitation can also be stated in terms
of length; i.e., the maximum deflection is less than one fiftieth of the
smaller span length.

5. The slopes of the deflected middle surface are small compared to unity.

6. The deformations are such that straight lines, initially normal to the middle
surface, remain straight lines and normal tothe middle surface
(deformations due to transverse shear will be neglected).

7. The deflection of the plate is produced by displacement of points of the
middle surface normal to its initial plane.



8. The stresses normal to the middle surface are of a negligible order of
magnitude.
Many of these assumptions are familiar to the reader since they have their
equivalent counterparts in elementary beam theory. Small and large scale tests have
proved the validity of these assumptions. In the case of plates with bending resistance,

an additional simplifying assumption can be introduced :

9. The strains in the middle surface produced by inplane forces can usually be
neglected in comparison with strains due to bending (inextensional plate

theory).

For rectangular plates, the use of Cartesian coordinate system is the most
convenient (fig. 2.1). The external and internal forces and the deflection components
u, v and w are considered positive when they point toward the positive direction of
the coordinate axes X, Y and Z. In general engineering practice, positive moments
produce tension in the fibers located at the bottom of structure. This sign convention

is maintained for plates.

Y.v

Z,w

Figure 2.1 Laterally loaded rectangular plate.



Figure 2.2 External and internal forces on the element of middle surface

Considering an elemental parallelepiped cut out of the plate, as shown in
fig.2.1, we assign posttive internal forces and moments to the near faces. To satisfy
the equilibrium of the element, negative internal forces and moments act on its far
sides. The first subscript of the internal forces indicates the direction of the surface

normal pertinent to the section.

2.1.2  Equilibrium of the Plate Element

Assuming that the plate is subjected to lateral forces onmly, from the six

fundamental equlibrium equations, the following three can be used :



M, =0, M, =0, and P =0 (2.11)

The behavior of the plate is in many respects analogous to that of a two-dimensional
gridwork of beams. Thus the external load P is carried by Q¢ and Q, transverse
shear forces and by M; and M, bending moments. The significant derivation from
the two-dimensional gridwork action of beams is thepresence of the twisting moments
M,, and My (fig. 2.2). In the theory of plates it is customary to deal with internal
forces and moments per unit length of the middle surface. To distinguish these internal
forces from the above mentioned resultants, th notations qx, gy, Gy , Mx My, My,
and my, are introduced.

The procedure involved in setting up the differential equation of equilibrium
is as follows :

1. Select a convenient coordinate system and draw a sketch of plate element.

2. Show all external and internal forces acting on the element.

3. Assign positive internal forces with increments ( gzt ...,qy+.....etc.) to the

near sides.
4. Assign negative internal forces to the far sides.

5. Express the incremens by a truncated Taylor series in the form

17
qx+dqx=qx+iqx‘k’ m}’+d}ny=my+ my

x oy

dy, etc. 212)

6. Express the equilibrium of the internal and external forces acting on the
element. Let us express, for instance, that the sum of the moments of all

forces around the Y axis is zero (fig. 2.2). This gives

om, om
(mx+ pe cbcjd)wmxdy-!-(mﬂﬁ-—&j’i@jdx—mﬂdx

g+ % |y g -
(qﬁ &jdyz q.dy— =0 (213)



After simplification, we neglect the term containing 1/2(q./éx)(dx)* dy, since it is a
small quantity of higher order. Thus equation (2.1.3) becomes

om
Oy dedy+ 0% gy — q_dcdy = 0 (2.1.4)
Ox Jy

and after division by dx dy, we obtain

om,  Oms

- 2.1.5
2 oy 9. (2.1.5)

In a similar manner the sum of moments around the X axis gives,

o”my o”mxy
+—== 2.1.6
o q, (2.1.6)

The summation of all forces in the Z direction yields the third equilibrium equation :

o
_a&dxciy_k qy

dx dxdy =0 2.1.7
sy + = L ddy + p,dicly @1.7)

which, after division by dx dy , becomes

éq éqy
£ —_ 2.1.8
0,& 5’/ pz ( )

Substituting egs. (2.1.5) and (2.1.6) into (2.1.8) and observing that m,, = my, , we

obtain

2 +2— 2 =—p,(x,) (2.1.9)



The bending and twisting moments in eq. (2.1.9) depend on strains, and the
strains are functions of the displacement components (u, v, w), as discussed before.
Thus, in the next steps, relation between the internal moments and displacement

components are sought.

2.1.3  Relation Between Stress, Strain, and Displacements

The stresses oy and oy are related to strains by means of the constitutive

relations of an isotropic linear thermo-elastic material

Oy = IE(T; (gx +ygy —(1+ y)a(T)T)
-7
(2.1.10)
oy = IE;(Q (ay +yex+(1+ 7)a(T)T)

where T is the difference from the reference temperature. The temperature variation
across the thickness, T(x,z), is dependent on the conductivity of the plate material.
For illustrative purposes, the temperature is assumed to vary linearly across the

thickness of the plate. This assumption is valid for thin plates, and we may write
T(X,Z)=T1+T2X+T3Z+T4XZ (2111)

The material properties, such as Young’s modulus and the thermal expansion
coefficient, have a spatial variation due to temperature distribution over the plate.
Therefore, the material of the plate has a kind of inhomogenity which must be
considered in the constitutive relations. For purposes of demonstration, a linear
variation of the material properties with the temperature is considered for the

temperature ranges under consideration described by the reference [17],

E(T)=E,+E; T and oaT)=co+oyT (2.1.12)



where Ey and o are Young’s modulus and the thermal expansion coefficient at the
zero temperature, respectively. E; and a; are constant coefficients for the considered
model. The torsional moments my, and my, produce in-plane shear stress T and Ty«
which are again related to the shear strain y by the pertinent Hookean relationship,
giving

E(T) _
___2(1+y)""}’ =Ty (2.1.13)

Txy =Grxy =

Next, we consider the geometry of the deflected plate to express the strains
in terms of the displacement coefficients. Taken a section of a constant y, as shown in
fig. 2.3, we compare the section before and after deflection. Using assumptions 5 and
6, introduced earlier in this section, we ékpress the angle of rotation of lines I-I and
II-1I by

9=-2"  md Gt =19+§2dx, (2.1.14)
X

respectively. After the deformation the length AB of a fiber, located at z distance

from the middle surface, becomes AB (Figure 2.3). Using the definition of strain,

gsz‘b‘zAB_;AB:[”b‘+Z(5‘9/ax)‘b‘]“cb‘=za‘9 (2.1.15)
dx | AB dx ox

Substituting into this e;(pression the first of the equations (2.1.14), we obtain

(2.1.16)

(2.1.17)
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Figure 2.3 and 2.4 Section before-after deflecton and Angular distorsion



Let us now determine the angular distorsion Y, =y +7y by comparing an

ABCD rectangular parallelogram (fig. 2.4), located at a constant distance z from
the middle surface, by its deformed shape A'B'C' D' on the deflected plate surface.

From the two small triangles in Fig. 2.4 and from another equation, it is evident that

Y . Ou
y =— and y =—
ox Oy
but from Fig. 2.3
u=z98= —zéw—
ox
similarly,
ow
V=—z—
oy
consequently,
Yo =1+ =202
i Ox 3By

2.1.4 Internal Forces Expressed in Terms of w

= "oy

(2.1.18)

(2.1.19)

(2.1.20)

(2.1.21)

(2.1.22)

The stress components oy and oy produce bending moments in the plate

element in a manner similar to that in elementery beam theory. Thus, by integrating of
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the normal stress components, the bending moments, acting on the plate element, are

obtained
hi2 hi2
m=[ozdz ad m= [o,zd (2.1.23)
-h/2 —h/2

Similarly, the twisting moments produced by the shear stresses T, Txy , Tyx can be

calculated from

h2 hi2
my= | c,2de and m,= [tz (2.1.24)
~h/2 ~h/2

but T =T =7, and therefore mg =my .
If we substitute Eqs. (2.1.16) and (2.1.17) into (2.1.10), the normal stresses

ox and oy are expressed in terms of the lateral deflection w. Thus, we can write

Ox

2 2
= E(Dz[é’ ;V+;/a ;V+(l+y)a(DT]
1-y2\Jox oy

(2.1.25)

2

Ez |2 5

oy = 22{ ;V +y ;V+(1+y)a(T)TJ
1-7°\ 3y ox

Integration of the Egs. (2.1.24), after substitution of the above expressions for oy

and oy gives
1+
2 Y
My 1_ Z(Kx+yKY)—[1_,YZJB1
A2 1+'Y
My =12 1y +7%4) - (1 - 7)31 (21.26)
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where coefficients are defined as

E4h®
A1= 12 (T3+T4X)
h
A, = E(E0 +E{Ty+E; T, X) (2.1.27)

o {a,]E1h5(T3 £T,x)P
1 =

o +[n® (T3 + Tyx) (ctg g + 204Eq Ty + 200E¢ Ty +

3a4E T2+ 204E Tyx + 200 E4 To X + Ba4E Ty Tox + 3a4E4 TEx2)] / 12}

Since the shear strain, y, as already mentioned, is unaffected by temperature variation,
eq. (2.1.9) remains unchanged. Integration of the appropriate stress components over

the plate thickness yields
mP=my-mr, mP®=my-mr and my=my, (2.1.28)
where

E(T)a(T) M2

my = EMa(T) | T(x z)zdz (2.1.29)
1=y —h2

represents the thermal equivalent bending moment. Substitution of Eq. (2.1.19) into

Eq. (2.1.9), which represents the equilibrium of the infinitesimal plate element in the Z

direction, results in

2 2
6mxy amy

&ay+ay2

8%m,
PV

+2 = -p, + V°my (2.1.30)

In this study, p, consists of p, and ps. pr and p, denote the pressure of fluid
and airflow, respectively. The substitution of Eq. (2.1.26) into Eq. (2.1.9) yields the



14

governing differential equation of the plate subjected to the lateral loads :

84w o 84w . 84w _Pz(xy) Vmy

(2.1.31)

This equation is a fourth-order, nonhomogeneous, partial differential
equation of the elliptic type with constant coefficients, often called a
nonhomogeneous biharmonic equation. Equation (2.1.31) is linear since the
derivatives of w do not have exponents higher than one. The plate problem is
considered solved if a suitable expression for the deflected plate surface w(x,y) is
found which simultaneously satisfies the differential equation of equilibrium (2.1.31)
and boundary conditions. Consequently, it can be stated that the solution of the plate

problems is a specific case of a boundary value problem of mathematical physics.

2.2 AERODYNAMIC THEORY

Aerodynamic pressure may be considered as the sum of two parts,
one given by the pressure fluctuations on the plate in the absence of any
plate mbtions, e.g., due to turbulent boundary layer fluctuations, and the other
due to the plate motion itself The superposition of these two contributions to
form the total aerodynamic pressure implies that the plate motion and the
consequent portion of the aerodynamic pressure are sufficiently small so that

the turbulent pressure fluctuations themselves are not substantially modified.

Ap = Ap™ + Ap® (2.2.1)

where

Ap™ : aerodynamic pressure dueto plate motion
Ap® : external aerodynamic pressure independent of plate motion, e.g.

turbulent pressure fluctuations
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Ap® is taken as prescribed from experiment or separate analysis while

Ap™ may be related to w in general by an expression of the form,

M 21 1| ow 1 Jw
1) = pUss—
Ap (xa) pw Q{M{é’x-*-(/w 5t:l

ow 1 ow } 2.22)

+ Uo A(x— &t~ r)[—ég +——fgdr

A is a moderately complicated function which depends parametically
on Mach number, M=U,/a . An appropriate non-dimensional aerodynamic time
scale is tUs/a where a is the plate length. For harmonic motion the
corresponding frequency scaling is ®a/U, . A very popular assumption, for
obvious reasons, is to simplify equation (2.2.2) by dropping the second
(integral) term. We shall explore the consequences of and justification for this
simplification later. Note that the integral term describes the effects of spatial
and temporal memory, i.e., the pressure at a particular point, x at a particular
time, t, is influenced by the motion at all points, O<t<a, at all previous times,
O<t<t. The neglect of the memory effect leads to the so-called “piston theory”
approximation (2.2.2)

Apszij[o”w+ 1 é‘w:l

M | ox U, ot
ow Ow
ApM = pwam[Uw Eﬁ-—a—t} (223)

This is recognized as the relation between the motion of and pressure
on a piston in a tube where the total piston velocity includes both a
convection term U, (Ow/0x), as well as the direct velocity, ow/ét. Here the
plate is the equivalent piston and the fluid tube is perpendicular to the plate.
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When M>>1 the first term is the importance one, it leads to merging

frequency flutter at sufficiently large dynamic pressure.
2.3 EQUATIONS OF MOTION

The equations of motion for the plate are stated within the frame of
Kirchhoff's thin plate theory. The thickness of the fluid layer is considered to be
approximately one-tenth of the plate length. It is also assumed that no surface waves
are present. The coupling between the vibrating plate and the fluid is of the form of an
induced pressure at the interface. This pressure may be conveniently interpreted as
added inertia of the plate. The aerodynamic pressure is considered by the use of
Piston theory of linear aerodynamics. The fluid-loaded rectangular plate is illustrated
in Figure 2.5. Due to incline form of the plate there is a variable fluid load. If we
neglect the thermal effects, the equation of motion for a fluttering elastic thin plate
under the fluid load given by (2.1.33) is reduced to the following equation .

2

o°w
:|+phat—2:pf+pa (231)

8w 3w otw
5x4 + éxZﬁyZ + @)4

The boundary conditions for the plate with simply supports at all edges could

be taken as,

w= 2?: = at x=0,a (2.3.2a)
and

w= i;‘f:o at y=0b (2.3.2b)

The motion of incompressible and inviscid fluid is irrotational and the

pressure field satisfies the following Laplace’s equation
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Vip, =0 (23.3)

At the interface of the fluid and plate the fluid has a prescribed motion and

the boundary condition for pressure field is stated as

@__ Fw
z &

(2.3.4)

Here, we assume that the thickness of the fluid layer on the plate is small compared
with the smallest planar dimension of the plate. The thickness of the fluid layer may
have a variation in the x-direction and/or y-direction with an inclined plate as in the

following equation :

y(e,9) = by + (=R~ + (h, ~ ) (2.3.5)

where h, is the thickness of the fluid layer. ho, hy and hy are the thickness of the fluid
layer at the origin, at the x = a, y = 0 and x = 0, y = b, respectively. If we solve the
equation (2.3.3) and (2.3.4) and obtain the equation (2.3.6)

ps(x.y)=—ph, (x,y)gTw (2.3.6)

considering the effect of fluid is in the form of added mass. The aerodynamic pressure

loading will be assumed to be that of steady supersonic theory:

—pVe W

)= —
pa(xay ) ‘/m&k

(23.7)

We can substitute equations (2.3.6) and (2.3.7) into equation (2.3.1) to obtain :
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7 /)
/
7

Figure 2.5 Fluid-loaded plate geometry.

2w Stw otw
axtt + §x2§y2 + ay4
(2.3.8)

=0

orw ow
+ (ph + h
(p Py f) Ox

217 + A

PVl

where 4 = J_Z_ , s aerodynamic pressure parameter.
M -1

In the equation (2.3.8) assuming that the plate is undergoing the harmonic
motion, w(x,y,t) = W(x,y)¢” , and then non-dimensionializing resulting equation, it
takes the form of below equation for the free vibrations of fluid-loaded plate. For the
equation below, w is the frequency in rad/sec, x = x/a, h = y/b, h. =h;/a,

Ah, = (h,~hy)/a, Ah, = (h,—h)/b, and r=a/b, the aspect ratio of the plate.

plew _, ew oW
— +2r +7
a4 554 562&72 &’4

(23.9)
Ah A

W
Ln) |@*W +=—=0
n)}w g

+ I:ph +pralh + MRS+
r



CHAPTER 3. METHOD OF SOLUTION
3.1 GALERKIN’S METHOD

Galerkin’s method has been used to solve problems in structural mechanics,
dynamics, fluid flow, hydrodynamic stability, heat transfer, acoustics, etc. [19].
Problems governed by ordinary differential equations, partial differential equatidns
and integral equations have been investigated via a Galerkin formulation. Steady,
unseady and eigenvalue problems have proved to be equally amenable to a Galerkin
treatment. Essentially, any problem for which governing equations can be written
down is a candidate for a Galerkin method. The origin of the method is generally
associated with a paper published by Galerkin (1915) on the elastic equilibrium of
rods and thin plates. For many years, researchers have studied to apply Galerkin
method to theoretical problems. The ready availability of computers during the 1960s
produced a change in emphasis in the use of Galerkin method. The key features of the
Galerkin method can be stated quite concisely. It will be assumed that a two-
dimensional problem is governed by a linear differential equation

Lw=0 3.1.1)
in a domain D(x,y), with boundary conditions
S)=0 (3.1.2)

on 0D, the boundary of D. The Galerkin method assumes that u can be accurately

represented by an approximate solution

U= Uo (xY) +2. 0 3; 5 (Xy) (3.1.3)



20

where the ¢;’s are known analytic functions, up is introduced to satisfy the boundary
conditions, and the a;’s are coefficients to be determined. Substitution of eq. (3.1.3)

into eq. (3.1.1) produces a nonzero residual, R, given by

R(a, a1, . ...ax,X,y) =L (u) =L (w) + Z 3L (¢;) (3.1.4)

It is convenient to define an inner product (f,g) in the following manner :

g = [l fg dx dy (3.1.5)

In the Galerkin method the unknown coefficients, a; in eq. (3.1..3) are obtained by

solving the following system of equations :

Ro)=0, k=1,....N (3.1.6)

Here R is just the equation residual, and the ¢.’s are the same analytic functions that
appear in eq. (3.1.3). Since this example is based on a linear differential equation, eq.

(3.1.6) can be written directly as a matrix equation for the coefficients a; as

2 a [ L), o 1= - [ Lwo) , b ] (3.1.7)

Substitution of the a;’s resulting from the solution of eq. (3.1.7) into eq. (3.1.3) gives
the required approximate solution u,. The test and trial functions, ¢u(x), should be
chosen from the first N functions of a complete set of functions. This is a necessary
condition for convergence to the exact solution as N—> . It is useful here to reiterate
the conditions required in applying the traditional Galerkin method :

(i) The test functions wk are chosen from the same family as the trial
functions, ¢; .

(i) The trial and test functions must be linearly independent.
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(i) The trial and test functions should be the first N members of a complete set of
functions.
(iv) The trial functions should satisfy the boundary conditions (and initial conditions if
applicable) exactly. Conditions (i) defines the Galerkin method, and condition (ii) is
necessary to ensure that independent equations are available to obtain the unknown
coefficients a; . Conditions (iii) and (iv) relate to the efficiency of the method.
Violation of these conditions reduces the efficiency.

The governing equation (2.3.9) together with the boundary conditions
(2.3.2) will be solved via Galerkin's method. The displacement function may be

chosen as

W(&n = f i A, sin(mz&)sin(nzn) (3.1.8)

m=1n=1

which satisfies the boundary conditions (2.3.2). Substitution of equation (3.1.8) into
equation (2.3.9) results in an error function. Application of the Galerkin method yields
a set of MxN simultaneous, linear and algebraic equations to determine the

frequencies and unknown parameters A . It can be written in matrix notation as

follows
[K+ 18- 0'M]{4,,}" =0 (3.1.9)

If the aerodynamic pressure is zero, the second term in equation (3.1.9) will vanish
and equation (3.1.9) gives the natural frequencies and modes of the fluid loaded plate.
In the presence of the aerodynamic pressure,flutter boundary can be determined by
the use of equation (3.1.9). To find the linear flutter boundary for a plate subjected
fluid loading is to solve the eigenvalue equation (3.1.9) by gradually increasing the

dynamic pressure A .
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3.2 SOLUTION OF THE EIGENVALUE PROBLEMS

After defining K; =K + AA , {Am}=q and o =k jEq. (3.1.9) can be

reduced to the following form
[Ki-kM]a=0 (3.2.1)

the solution of which yields the eigenvalues k and associated vectors q for a given
value of A. In the above formulation, K and M are symmetric matrices, whereas A is
unsymmetric in nature. Also, the matrix K is positive definite in form.

Since the aerodynamic matrix A is unsymmetric, complex eigenvalues k are
expected for A > 0. When A = 0, the eigenvalues k are real and positive. As A is
increased in value monotonically from zero, the symmetric matrix K is then perturbed
by the unsymmetric matrix AA, when two of the roots approach each other and
finally coalesce to the value k. for a value of A=A, . For A > A, the two roots

become a complex conjugate pair
k=kg £i*k 322)

i* being the imaginary number. The flutter boundary corresponds to A, in which case
the flutter frequency is obtained as ® = i*V(k), k being real. The flutter boundary is
obtained for a complex root k when o attains a pure imaginary value yielding the

following relations for the flutter frequency :
o = i*V(kg), (3.2.3)

Thus, the flutter boundary may be obtained by continuing the analysis for A > A, .The
relevant analysis procedures usually compute A, first, the dynamic pressure is then
increased monotonically until equation (3.2.3) is satisfied. The computational

procedure for the determination of A, involves the solution of the eigenproblem given
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by equation (3.2.1) for each of the increasing values of A until two roots coalesce. By
far the major portion of the entire solution time is expended in the determination of A
and hence the necessity of deriving an efficient solution procedure for same.

The earlier papers on supersonic panel flutter study were primarly devoted to
developing the appropriate finite elements for such analysis. Reference [20] discusses
the disadvantages of the conventional eigenproblem solution techniques, including the
direct iterative procedure for the solution of eq. (3.2.1) and also presents details of a

solution procedure adopted in that work.



CHAPTER 4. NUMERICAL RESULTS

The vibration characteristics are determined for a fluid-loaded inclined plate
having simply supported edges. Poisson's ratio of the plate material is taken to be 0.3
in all numerical examples. Ratio of the fluid density to the plate density is 0.308 used
in this study. The fluid considered here is a kind of jet fuel.

4.1 VIBRATION ANALYSIS

In this study, a frequency parameter is used as Q = wa®\[ph/ D . Following
geometrical para-meters are examied: (i) inclination of the plate (7)) aspect ratio of
the plate and (i7i) height of the fluid. The ratio of frequency parameter of fluid-loaded
plate (Q) to the lowest frequency parameter of unloaded plate (C,) is in

consideration in this numerical study.
The convergence tests show that the six terms for both directions are
sufficient to obtain reliable numerical results (Table 1). Table 2 presents the lowest six
natural frequencies of a square fluid-loaded plate for some inclinations in the
x-direction. Figure 4.1 shows the relation between the number of waves in the x-
direction and the natural frequencies for four different degrees of inclination in the
same direction. The wave number in the y-direction n = 1. The geometrical properties
of the inclined fluid-loaded plate are chosen as ab =1, b/h=50, #,/a=0,Ak, =0.

Table 4.1 Convergence of natural frequencies (2=wa*,/ph/D) of a
fluid-loaded plate. a/b = 1, b/h = 50, hy/a=0,Ah, = 0.08,Ah, =0.

1 2 3 4 5 6

M=3,N=3 | 155004 38.5915 39.1127 62.6417 76.6493 78.8239

M=4,N=4 | 155003 38.5913 39.1126 62.6409 76.6482 78.3260

M=6N=6 | 15.5003 38.5913 39.1125 62.6404 76.6481 78.3246
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Table 4.2 Variation of the natural frequencies (€2) of a fluid-
loaded plate with As, (a/b =1, b/h =50, h,/a=0,Ah, =0).

At 00 | 002 | 004 | 006 | 0.08 0.10
Mode
1 (L1)| 19739 | 18371 | 17.248 | 16305 | 15.500 | 14.803

2 (1,2)| 49.348 | 45.904 | 43.050 | 40.647 | 38.591 36.810
3 (2,1)| 49.348 | 45.980 | 43.273 | 41.024 | 39.112 37.456
4 (2,2)| 78957 | 73.579 | 69.267 | 65.687 | 62.640 60.000
5 (1,3)] 98.696 | 91.723 | 85.860 | 80.895 | 76.648 72.974
6 (3,1)| 98.696 | 91.973 | 86.584 | 82.117 | 78.325 75.044
7 (3,2)|128.305]| 119.575|112.589 | 106.804 | 101.893 | 97.646
8 (2,3)]128.305|119.598|112.643 | 106.866 | 101.940 | 97.658

QQ,

Figure 4.1 Frequency ratio vs the mode number for different inclinations.

000, Abz=0.0, oo Ah; =0.04, 0 0 0 Ah; =0.08, Aaa Ah; =0.12.
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Figure 4.2. The frequency ratios of an inclined plate and an uninclined plate.
000, hy/a=0.0, ooo Ahg = 0.10.

The effect of the fluid load which change linearly with x decreases the
frequencies of plate due to the mass contribution of the fluid. The rate of decrease is
gradually increased as the wave number increases. The added mass effect is much
more important for the frequencies corresponding to the greater modes. The fluid
load changes the frequency spectrum and hence the natural frequencies of the plate-
fluid system become closer than those of the unloaded plate.

Effect of the inclination on the frequency spectrum of the fluid-loaded plate
is examined comparing the frequencies of an inclined and an uninclined plate
considering the same amount of fluid load (Fig. 4.2). The inclination has no
significant effect on the lower frequencies of the system. The effect increases for the
higher frequencies due to higher energy levels of the mode corresponding these

frequencies.
A plot of frequency ratio vs A, for three different values of /,/a is given

in Fig. 4.3. In the plot the ratio of the lowest frequency of a square plate is

considered. There is no inclination in the y-direction. The fluid load has a role of
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added mass and hence the effect of the base fluid height causes an amount of
decreasing at the natural frequencies. As seen from the Fig. 4.3, the base fluid reduces
the influence of the inclination. Because the relative contribution of fluid mass due to
the plate inclinations to he mass of plate-fluid system is reduced by means of the base
fluid.

Figure 4.4 shows the variation of frequency ratio of plates with the
inclination in the x - direction. The geometrical properties of plates are taken to be:
ab=0.5,b/h=50,and a/b=2, b/h=25 The properties of fluid load are taken to
be h,/a=0,Ah, =0. The frequency reducing effect of the fluid load is more

significant for the plate 2 than that of the plate 0.5. This effect may be due to the fact
that the inclined plate with the aspect ratio 2 has the fluid load twice of that of the
other plate. Another reason for this effect can be attributed to the greatness of the
natural frequencies of the plate with a/b = 2 than those of the low aspect ratio's plate.

The mode shapes of the plate under the fluid load effect are shown in Fig. 4.5
for the plate with the geometrical properties a/b=1, b/h=150. Following cases are
considered : (2) no fluid load (b) Ahy =024, Ah,=0 (c)Ah=0, Ah,=0.24 (d)
Ah; = 0.08, Ah, = 0.08. High inclinations are taken into account to show the effect
of the fluid load on the mode shapes. The height of the base fluid is taken zero at all
the examples. As seen from the Fig. 4.5, the contours (node lines) and the maximum
displacement points are shifted towards the downward side of the plate. This shifting
is due to the movement of the fluid mass center because of the inclination of the plate.
Bi-directional inclinations (d) have more effect on the mode shapes than the uni-
directional inclinations (b and c). As can be seen from the Figure 4.5, the
antisymmetrical modes change considerably due to the unsymmetrical fluid load.
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Figure 4.3 The effect of the base fluid on the frequencies of the inclined fluid-loaded
plate. 0 ¢ 0, hy/a=0.0, noohe/a=0.05, 00 0 hy/a=0.10.

Figure 4.4. The frequency ratio vs mode number for the plates with the aspect ratios

0.5and 2. 0 ¢ 0, Ahg=0.0, ooo Ah: =0.04, 0 0 0 Ah; = 0.08.
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4.2 FLUTTER ANALYSIS

Let us consider the matrix K; = K + AA in equation (3.1.9). If the A equals
to zero, the K; matrix is real and symmetric. For the nonzero values of the dynamic
pressure parameter A, K; matrix is real but no more symmetrical due to the
aerodynamic contribution. With the increase of the dynamic pressure parameter A, the
values of the frequencies change until they reach a value A.,where two modes
coalesce. Increasing further A, a pair of complex conjugate frequencies is obtained and
in view of Equation, w(x,y,f) = W(x,y)e'” . The lowest value of A for which the first
coalescence occurs will thus determine the borderline of the stability boundary.

In this study, the flutter of a rectangular plate with various fluid loads
(inclination) is analyzed. If the fluid load is not taken into account, the critical
dynamic pressure of a square plate with simply supported edges is obtained as
512.714. The critical eigenvalue, x, = wpha®/ D, is obtained as 1848.29. The exact
values of dynamic pressure and eigenvalue are 512.651 and 1848.21, respectively.
The variation of the flutter boundary with inclination is shown in the Figure (4.6).
The inclination has a considerable effect on the flutter boundary. From the Figure
(4.6) if the inclination is toward to leading edge, the flutter occurs at a lower value of
dynamic pressure than that of the uninclined plate. On the other hand, if the inclination
of the plate is toward to the trailing edge, the flutter boundary will be higher than that
of uninclined plate.
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o
1000

Dynamic Pressure, A

Figure 4.6. Eigenvalues vs dynamic pressures for the fluid loading. ¢ ¢ ¢ hy/a=0.0,
Ah; = 0.06, oo hy/a= 0.0, Ahs = - 0.06.

Critical Dynamic Pressure, Acr

300 -

200

100—-
L B L B L BN
-0.10  -0.05 0.00 0.05 0.10

Inclination, Ap

Figure 4.7 Flutter boundary vs inclination of the plate in the x-direction. ¢ ¢
0, hy/a=0.0, ooohy/a=10.05, 0 0 0 he/a=0.10.
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4.3 CONCLUSION

The free vibration and flutter of a fluid-loaded plate are studied numerically
on the basis of theory of thin elastic plates by the use of Galerkin method. A thin
layer of the fluid over the vibrating plate is considered. A linear flutter analysis is also
performed for the fluid-loaded plate and a good agreement is obtained with certain
earlier results.

Fluid load reduces the natural frequencies of the plate in all the considered
cases. Reduction of the higher natural frequencies is more dramatical than that of the
lower ones. The fluid load effects results in narrowing the natural frequency spectrum.
The narrowing spectrum has importance on the dynamic behavior of the plate.
Frequency ratio variations due to the inclinations are significant for small value of
plate inclinations.

Due to the added mass the thickness of base fluid has tendency to reduce the
natural frequencies. Inclination in y-direction does not change the character of
frequency ratio variations with inclinations in x-direction but it reduces frequency
ratios. This type of inclination has significant effect on the antisymetrical mode shapes
of the plate.

The aspect ratio of the plate has no significant effect on the character of the
frequency ratio variation. The reduction of frequencies due to the fluid load is more
significant for plate with high aspect ratio than for plate with lower one.

Some shifting of the node lines and the maximum displacement points are
observed on the mode shapes because of the inclination. This shifting results in a
change in the flutter boundary. An inclination toward to leading edge decreases the
critical dynamic pressure. An inclination toward to trailing edge causes an increase of
the critical dynamic pressure. The variation of the related modes due to the fluid load
has the effect on the flutter boundary.

This study may be extended to the investigation of nonlinear behavior of
fluid-loaded plate. Temperature-dependent material property were applied to the
problem while we were setting equation of plate motion, but all thermal effects were

neglected during solution. This can be added to the solution procedure. The flutter
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analysis of fluid-loaded inclined plates with temperature effects will have importance
for aerospace structures. Influence of the change of plate's curvature due to fluid load

on the vibration and flutter characteristics may be analyzed.
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C BUPROGRAM TAKVIYELI/TAKVIYESIZ PLAKLARIN SERBEST
C TITRESIM ANALIZLERINDE VE DINAMIK AEROELASTIK
ANALIZLERINDE KULLANILABILIR. TAKVIYE PARCALARI ORTOTROPIK
MALZEME YAKLASIMI ILE HESABA
C KATILMISTIR.
C
C NPROB: YAPININ TIPINI BELIRTEN BIR PARAMETREDIR. PLAK
ANALIZLERI
C I¢IN NPROB = 0, BASIK KABUK ANALIZLERI I¢IN NPROB = 1
GIRILIR.
C NSTIF : YAPININ TAKVIYE DURUMUNU GOSTERIR. TAKVIYESIZ
DURUM I¢IN
C NSTIF = 0, X YONUNDE TAKVIYELI YAPI HALINDE NSTIF = 1,
C Y YONUNDE TAKVIYELI YAPI IgIN NSTIF = 2, HER IKI YONDE
C TAKVIYELI YAPI I¢IN NSTIF = 3 GIRILIR.
C NODOV : BU PARAMETRE SIFIR OLARAK GIRILIRSE YALNIZCA
FRAKANSLAR
C HESAPLANIR. BIR OLARAK GIRILIRSE HEM FREKANSLAR, HEM
C MODLAR HESAPLANIR.
C ENBUY : CIKISTA YALNIZCA ENBUY'A KADAR OLAN FREKANSLAR VE
ILGILI
C MOD SEKILLLERI YANSITILIR.
C LAMDA : DINAMIK BASINC. LAMDA = 0.0 GIRILMESI HALIDE SERBEST
TITRESIM
C ANALIZI YAPAR.
C YMOD : ELASTISITE MODULU
C POIS : POISSON ORANI
C DENSTY: YOGUNLUK
C A,B : PLAK VEYA KABUGUN ENI VE BOYU
C THICK : PLAK KALINLIGI
C
C IMPLICIT DOUBLE PRECISION (A-H,0-Z)
INTEGER NVEC(500000), YAZ
REAL VEC(1000000)
OPEN(5,FILE=PF1.DAT")
OPEN(6,FILE=PF1.0UT")
C
C*** PROBLEMLE ILGILI BAZI BOYUTLARI OKU
C
READ(5,500) NPROB, NSTIF, MS, NS, NODOV, YAZ, ENBUY
500 FORMAT(615,F10.0)
IF(NPROB.EQ.0) WRITE(6,601)
IF(NPROB.EQ.1) WRITE(6,602)
IF(NSTIF EQ.0) WRITE(6,603)
IF(NSTIF.EQ.1) WRITE(6,604)
IF(NSTIF.EQ.2) WRITE(6,605)
IF(NSTIF.EQ.3) WRITE(6,606)
601 FORMAT(5X,’BU BIR PLAK PROBLEMIDIR"
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602 FORMAT(5X, BU BIR BASIK KABUK PROBLEMIDIR')
603 FORMAT(5X,'TAKVIYESIZ YAPT)
604 FORMAT(5X,’X YONUNDE TAKVIYELI YAPI')
605 FORMAT(5X,'Y YONUNDE TAKVIYELI YAPT)
606 FORMAT(5X,’X VE Y YONLERINDE TAKVIYELI YAPI')
C SHA00170
NMAT = MS*NS
WRITE(6,607) NMAT
607 FORMAT(5X, MATRISLERIN MERTEBESI = 13//)
Il = 1 + NMAT*NMAT SHA00030
I2 = I1 + NMAT*NMAT
I3 = I2 + NMAT
I4 =13 + NMAT
15 = 14 + NMAT
16 =I5 + NMAT
IZ =16 + NMAT*NMAT
IF (IZ .GT. 1000000) GO TO 99
CALL PLAK(NPROB, NSTIF, MS, NS, NMAT, NODOV, YAZ,
ENBUY, VEC(1), VEC(I1), VEC(I2), VEC(I3), VEC(14), VEC(I5),
VEC(I6), NVEC(1))
99 WRITE(6,999)
999 FORMAT('!!! GIRILEN VEKTOR BOYUTU YETERLIDEDIL...")
CLOSE(5)
CLOSE(6)
STOP
END
O

*¥*SUBROUTINE 1***

SUBROUTINE QZHES(NM,N,A,B,MATZ,Z)

C

C IMPLICIT DOUBLE PRECISION (A-H, 0-Z)
INTEGER LJK,L, N,LB,L1,NM,NK1,NM1,NM2
REAL A(NM,N),B(NM,N),Z(NM,N)

C DOUBLE PRECISION A(NM,N),B(NM,N),Z(NM,N)
LOGICAL MATZ

IF(NOT. MATZ) GO TO 10

DO3I=1,N
DO2J=1,N
Z(I))=0.0
2 CONTINUE
Z(AD) =10
3 CONTINUE
C 3¢ 3k ok 3k 24¢ K ok ok ok dk¢ B'Y"' §ST §DGEN FORMUNA "'ND"'RGE 2K % o 3% 3k e ok K ok of¢ %k
10 IF (N LE. 1) GO TO 170



41

NM1=N-1

DO 100L =1, NM1
L1=L+1

S$=00

DO201=L1,N
S =S+ ABS(B(LL))

20 CONTINUE
IF (S .EQ. 0.0) GO TO 100
S =S + ABS(B(L,L))
R =0.0
DO251=L,N
B(LL)=B(LL)/S
R =R + B(L,L)**2

25 CONTINUE
R = SIGN(SQRT(R),B(L,L))
B(LL)=B(LL)+R
RHO =R *B(L,L)
DOS0J=LI, N
T=0.0

DO30I=L N
T=T+B(@L) * B
30 CONTINUE
T=-T/RHO
DO401=L,N
B(LJ) =B(LJ)+ T *B(L)
40 CONTINUE
50 CONTINUE
DO80T=1,N
T=0.0
DO60I=L,N
T=T+B(L) * ALJ)
60 CONTINUE
T =-T/RHO
DO701=L,N
ALY =AQLD) + T *BQL)
70 CONTINUE
80 CONTINUE
B(LL)=-S *R
DO90I=LI,N
B(LL)=0.0
90 CONTINUE
100 CONTINUE
C  #xwckeksxk By §0GEN HALDE MUHAFAZA EDEREK, A'YT §ST
HESSENBERG
C FORMUNA “ND RGE *#### ki
IF (N .EQ. 2) GO TO 170
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NM2=N-2
DO 160K = 1, NM2
NK1=NMI -K
C 3¢ 3¢ 3¢ fe ode ske of¢ ke ke Kk L:N_l ADIMI “'D”N _l'DEN K+1’E KADAR YAP a6 30 20 e 24 e oj¢ S ofe of¢
DO 150 LB = 1, NK1
L=N-LB
Ll=L+1
C a§¢ 3fe of¢ 3¢ of¢ ok¢ ke ok¢ K ok A(L_l_l,K) SDFDR ke e ol¢ of¢ e ok dfe ke dfe ok¢ ¢
S = ABS(A(L,K)) + ABS(A(L1,X))
IF (S .EQ. 0.0) GO TO 150
Ul=ALK)/S
U2=AL1K)/S
R = SIGN(SQRT(U1*U1+U2*U2),U1)
V1=-(Ul+R)/R
v2=-U2/R
U2=V2/Vl

DO 110T=KN
T=A(L,J)+ U2 * ALL)J)
ALD) =ALJ)+T* V1
ALL)=ALLY) +T* V2

110 CONTINUE

C
A(LLK)=0.0

C
DO 120J=L, N
T =B(L,J) + U2 * B(L1,J)
B(L,J)=B(LJ)+T * V1
BL1J))=BLL)+T* V2

120 CONTINUE

C 3¢ ¢ afe 3k ofe dfe ofe sfe ofe k¢ B(L+1,L) SDFDR e 2f¢ e 36 e sfe sfe sfe of¢ e 2fe
S = ABS(B(L1,L1)) + ABS(B(L1,L))
IF (S .EQ. 0.0) GO TO 150
Ul1=B(L1,L1)/S
U2=B(L1L)/S
R = SIGN(SQRT(U1*U1+U2*U2),U1)
Vi=-(Ul+R)/R
V2=-U2/R
U2=V2/Vl1

DO 1301=1,L1
T=B(LL1) + U2 * B(LL)
B(LL1)=B(,L1)+T * VI
B(LL)=B(L)+ T * V2

130 CONTINUE

C
B(L1,L)=0.0

C
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DO 1401=1,N
T=A(L1)+U2* A(LL)
A(LL1)=AQILD) +T * VI
A(LL)=A(L)+T* V2
140 CONTINUE
C
IF (NOT. MATZ) GO TO 150
C
DO 1451=1,N
T=Z@L1)+U2* Z(IL)
ZALD=ZIL1)+T* V1
Z(LL)=Z@LL)+ T * V2
145 CONTINUE
C
150 CONTINUE
C
160 CONTINUE
C
170 RETURN
END
0

*#*SUBROUTINE 2***

SUBROUTINE QZIT(NM,N,A,B,EPS1, MATZ,Z IERR)

C

C IMPLICIT DOUBLE PRECISION (A-H, O-Z)
INTEGER LJ,K,LN,EN,K1,K2,LD,LL L1, NA NM,ISH,ITS, KM1,LMI,
X  ENM2,IERR,LORI,ENORN
REAL A(NM,N),B(NM,N),Z(NM,N)

C DOUBLE PRECISION A(NM,N),B(NM,N),Z(NM,N)
INTEGER MAX0,MINO

LOGICAL MATZ NOTLAS
IERR =0

ANORM = 0.0
BNORM = 0.0

DO30I=1,N
ANI=0.0
IF (1 .EQ. 1) ANI = ABS(A(LI-1))
BNI =0

DO20J=1,N
ANI = ANI + ABS(A(L)))
BNI = BNI + ABS(B(L]))
20 CONTINUE



IF (ANI .GT. ANORM) ANORM = ANI
IF (BNI .GT. BNORM) BNORM = BNI
30 CONTINUE
C
IF (ANORM .EQ. 0.0) ANORM = 1.0
IF (BNORM .EQ. 0.0) BNORM = 1.0
EP = EPS1
IF (EP .GT. 0.0) GO TO 50
C
EP=1.0
40EP=EP/2.0
IF (1.0 + EP .GT. 1.0) GO TO 40
50 EPSA = EP * ANORM
EPSB = EP * BNORM
C
LOR1 =1
ENORN =N
EN=N
C
60 IF (EN .LE. 2) GO TO 1001
IF (NOT. MATZ) ENORN =EN
ITS=0
NA=EN-1
ENM2 =NA -1
70 ISH=2
C
DOS8OLL=1,EN
LM1 =EN-LL
L=LM1+1
IF (L .EQ. 1) GO TO 95
IF (ABS(A(L,LM1)) .LE. EPSA) GO TO 90
80 CONTINUE
C
90 A(L,LM1)=0.0
IF (L LT. NA) GO TO 95
C
EN =LM1
GO TO 60
C
951D =L
100L1=L+1
B11=B(L,L)
IF (ABS(B11) .GT. EPSB) GO TO 120
B(L,L)=0.0
S = ABS(A(L,L)) + ABS(A(L1,L))
Ul=A(L,L)/S
U2=A(LLL)/S
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R = SIGN(SQRT(U1*U1+U2*U2),U1)
V1=-(Ul+R)/R

V2=-U2/R

U2=V2/Vl

DO 110 J =L, ENORN
T=AQL,J)+ U2 * ALL))
AL =ALJ)+T* VI
ALLD)=ALLD)+T* V2
T =B(L,J) + U2 * B(LL,))
B(IL,J)=BL,J)+T* V1
B(LL)=BLLI)+T*V2
110 CONTINUE
C
IF (L NE. 1) A(L,LMI) = -A(L,LM1)
LMI=L
L=L1
GO TO 90
120 A1l = A(L,L)/B11
A21=A(L1,L)/B11
IF (ISH .EQ. 1) GO TO 140

IF (ITS .EQ. 50) GO TO 1000
IF (ITS .EQ. 10) GO TO 155

B22=B(L1,LI)

IF (ABS(B22) .LT. EPSB) B22 = EPSB
B33 = B(NA,NA)

IF (ABS(B33) .LT. EPSB) B33 = EPSB
B44 = B(EN,EN)

IF (ABS(B44) LT. EPSB) B44 = EPSB
A33 = A(NA,NA) / B33

A34 = A(NA,EN) / B44

A43 = A(EN,NA) / B33

A44 = A(EN,EN) / B44

B34 = B(NA,EN) / B44

T=0.5* (A43 * B34 - A33 - A44)
R=T*T+A34* A43 - A33 * Ad4
IF (R LT. 0.0) GO TO 150

ISH=1
R = SQRT(R)

SH=-T+R

S=-T-R

IF (ABS(S-A44) LT. ABS(SH-A44)) SH=§

DO 130 LL = LD, ENM2
L=ENM2+LD-LL
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IF (L .EQ. LD) GO TO 140
LMi=L-1
Li=L+1
T=A(,L)
IF (ABS(B(L,L)) .GT. EPSB) T=T - SH * B(L,L)
IF (ABS(A(L,LM1)) .LE. ABS(T/A(L1,L)) * EPSA) GO TO 100
130 CONTINUE
C
140 A1 =Al1-SH
A2 =A21
IF (L NE. LD) A(L,LM1) = -A(L,LM1)
GO TO 160
C
150 A12 = A(L,L1)/B22
A22=A(L1,L1)/B22
B12=B(L,L1)/B22
Al=((A33 - All) * (A44 - A11) - A34 * A43 + A43 * B34 * All)
X /A21+Al12-Al1*BI2
A2=(A22-Al11)- A21 * B12 - (A33 - All) - (A44 - All)
X +A43 *B34
A3 =A(L1+1L1)/B22
GO TO 160
C
155 A1=0.0
A2=1.0
A3 =1.1605
160 ITS =ITS + 1
IF (NOT. MATZ) LOR1 =LD
C
DO 260K =L, NA
NOTLAS =K NE. NA .AND. ISH .EQ. 2
Kl=K+1
K2=K+2
KMI = MAXO0(K-1,L)
LL = MINO(EN K 1+ISH)
IF (NOTLAS) GO TO 190

IF (K .EQ. L) GO TO 170
Al = A(K,KM1)

A2 = A(K1,KM1)

170 S = ABS(Al) + ABS(A2)
IF (S .EQ. 0.0) GO TO 70
Ul=Al/S
U2=A2/8$
R = SIGN(SQRT(U1*U1+U2*¥U2),U1)
V1=-(Ul+R)/R
V2=-U2/R
U2=V2/Vl1
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DO 180 J = KMI, ENORN
T=AK,J) + U2 * AKLJ)
AKID = AR +T* V1
AKLD =AKL)+T* V2
T =B(K,J) + U2 * B(KL,J)
B(K,J)=B(K,J) + T * V1
B(K1,))=BKL])+T* V2
180 CONTINUE
C
IF (K NE. L) A(K1,KM1) = 0.0
GO TO 240
C

190 IF (K .EQ. L) GO TO 200
Al = A(K.XKM1)

A2 = AK1,KMI)
A3 = AK2,KM1)

200 S=ABS(Al)+ ABS(A2) + ABS(A3)
IF (S .EQ. 0.0) GO TO 260
Ul=Al/S
U2=A2/S
U3=A3/S
R = SIGN(SQRT(U1*U1+U2*U2+U3*U3),U1)
V1=-Ul+R)/R
V2=-U2/R
V3=-U3/R
U2=V2/Vl
U3 =V3/VI

DO 210 J = KMI1, ENORN

T=AK,J) + U2 * AKLJ) + U3 * A(K2,))
AR =AKT) +T* V1

AKL) = AKL) +T * V2

AK2,D) =AK2))+T * V3

T=B(K,J) + U2 * BKL,J) + U3 * B(K2,))
B(K,J))=BX,J) + T * V1
B(K1,J)=B(K1,J)+ T * V2

B(K2,J) = B(K2,J) + T * V3

210 CONTINUE

C
IF (K .EQ. L) GO TO 220
AK1,XM1)=0.0
A(K2,KM1)=0.0

C

220 S =ABS(B(K2,K2)) + ABS(B(K2,K1)) + ABS(B(K2,K))
IF (S .EQ. 0.0) GO TO 240
Ul =B(K2,K2)/S
U2=B(K2,K1)/S
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U3 =B(K2,K)/ S

R = SIGN(SQRT(U1*U1+U2*U2+U3*U3),U1)
V1=-(U1+R)/R

V2=-U2/R

V3=-U3/R

U2=V2/Vl

U3=V3/Vl

DO 2301=LORI, LL

T =A(K2) + U2 * A(LK1) + U3 * A(LK)
A(QK2)=A(K2)+T * VI

ALK =ALKD) +T * V2

T =B(K2) + U2 * BIK1) + U3 * BLK)
B(LK2) =B(,K2)+ T * V1
B(LK1)=B(@ILKI1)+ T * V2
B(LK)=B(K) + T * V3

230 CONTINUE

C

B(K2,K) = 0.0

B(K2,K1)=0.0

IF (NOT. MATZ) GO TO 240
C

DO2351=1,N
T =Z(LK2) + U2 * Z(LK1) + U3 * Z(IK)
Z(LK2)=Z(LK2) + T * V1
Z(LK1) = Z({LK1) + T * V2
Z(LK)=Z(LK)+ T * V3
235 CONTINUE
C
240 S = ABS(B(K1,K1)) + ABS(B(K1,K))
IF (S .EQ. 0.0) GO TO 260
Ul =B(K1K1)/S
U2=B(K1X)/S
R = SIGN(SQRT(U1*U1+U2*U2),U1)
V1=-(Ul+R)/R
V2=-U2/R
U2=V2/Vl1

DO 250 I=LOR1, LL
T=A(LKI) + U2 * A(LK)
ALK = ACLKD)+T * V1
A(LK)=AQIK)+ T * V2
T =B(LK1) + U2 * B(LK)
B(LK1)=B(ILK1)+ T * VI
B(LK) =B(LK)+T * V2

250 CONTINUE
C
B(K1,K) = 0.0
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IF (NOT. MATZ) GO TO 260

DO 2551=1,N
T=Z(LK1) + U2 * Z(LK)
Z(LK1) = Z(ILK1) + T * V1
Z(ILK)=Z(IK)+ T * V2

255 CONTINUE
C
260 CONTINUE
C
GO TO 70
C
1000 IERR = EN
C
1001 IF (N.GT. 1) B(N,1) = EPSB
RETURN
END
0

*#*SUBROUTINE 3***

SUBROUTINE QZVAL(NM,N,A,B,ALFR ALFI,BETA,MATZ,Z)
C
C  IMPLICIT DOUBLE PRECISION (A-H, 0-Z)

INTEGER LJ,N,EN,NA,NM,NN,ISW

REAL A(NM,N),B(NM,N),ALFR(N),ALFI(N),BETA(N),Z(NM,N)
C DOUBLE PRECISION
A(NM,N),B(NM,N),ALFR(N),ALFI(N),BETA(N),Z(NM,N)

LOGICAL MATZ
C

EPSB = B(N,1)

ISW = 1

DOS510NN=1,N
EN=N+1-NN
NA=EN- 1
IF (ISW .EQ. 2) GO TO 505
IF (EN .EQ. 1) GO TO 410
IF (A(EN,NA) .NE. 0.0) GO TO 420
C
410 ALFR(EN) = A(EN,EN)
IF (B(EN,EN) .LT. 0.0) ALFR(EN) = -ALFR(EN)
BETA(EN) = ABS(B(EN,EN))
ALFI(EN) = 0.0
GO TO 510
C
420 IF (ABS(B(NA,NA)) .LE. EPSB) GO TO 455
IF (ABS(B(EN,EN)) .GT. EPSB) GO TO 430
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Al = A(EN,EN)
A2 = A(EN,NA)
BN =0.0

GO TO 435

430 AN = ABS(A(NA,NA)) + ABS(A(NA,EN)) + ABS(A(EN,NA))

431

C
C

+ ABS(A(EN,EN))

BN = ABS(B(NA,NA)) + ABS(B(NA,EN)) + ABS(B(EN,EN))

All = A(NANA) / AN

Al12 = A(NA,EN) / AN

A21 = A(EN,NA) / AN

A22 = A(EN,EN) / AN

B11 = B(NA,NA) /BN

B12 = B(NA,EN) / BN

B22 = B(EN,EN) / BN

E=All/Bl11

EI=A22/B22

S=A21/(Bl11 * B22)

T=(A22-E * B22)/B22

IF (ABS(E) LE. ABS(EI)) GO TO 431

E=EI

T=(All-E *B11)/Bl11
C=0.5*(T-S *Bl12)

D=C*C+S *(Al2-E *BI2)

IF (D .LT. 0.0) GO TO 480

E=E + (C + SIGN(SQRT(D),C))

All=All-E *Bl1

Al2=Al2-E*BI12

A22=A22-E*B22

IF (ABS(A11) + ABS(A12) .LT.
ABS(A21) + ABS(A22)) GO TO 432

Al =AI2

A2=All

GO TO 435

432 Al=A22

C

A2 =A21

435 S =ABS(Al)+ ABS(A2)

Ul=Al1/S
U2=A2/S

R = SIGN(SQRT(U1*U1+U2*U2),U1)
V1=-(Ul+R)/R

V2=-U2/R

U2=V2/Vl

DO 4401=1, EN
T = A(LEN) + U2 * A(INA)
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A(LEN) = A(LEN) + T * V1
A(LNA) = A(ILNA) + T * V2
T = B(LEN) + U2 * B(LNA)
B(LEN) = B(LEN) + T * V1
B(LNA) = B(LNA) + T * V2

440 CONTINUE

C

C

IF (NOT. MATZ) GO TO 450

DO 4451=1,N
T = Z(LEN) + U2 * Z(I,NA)
Z(LEN) = Z(LEN) + T * V1
Z(INA) = Z(LNA) + T * V2

445 CONTINUE

C

450 TF (BN .EQ. 0.0) GO TO 475

IF (AN LT. ABS(E) * BN) GO TO 455
Al = B(NA,NA)

A2 = B(EN,NA)

GO TO 460

455 Al=A(NANA)

C

A2 = A(EN,NA)

460 S=ABS(Al)+ ABS(A2)

IF (S .EQ. 0.0) GO TO 475

Ul=Al/S

U2=A2/S

R = SIGN(SQRT(U1*U1+U2*U2),U1)

V1=-Ul+R)/R

V2=-U2/R

U2=V2/Vl1

DO 470 J=NA, N
T = A(NA,J) + U2 * A(EN,])
A(NA,J)=ANAJ) +T* V1
AEN,J))=AEN,]) + T * V2
T=B(NA,J) + U2 * B(EN,J)
B(NA,J) =B(NA,J)+ T * V1
B(EN,J)=B(EN,J) + T * V2

470 CONTINUE

C

475 A(EN,NA)=0.0

B(EN,NA) = 0.0
ALFR(NA) = A(NA,NA)

ALFR(EN) = A(EN,EN)

IF (B(NA,NA) LT. 0.0) ALFR(NA) = -ALFR(NA)
IF (B(EN,EN) .LT. 0.0) ALFR(EN) = -ALFR(EN)
BETA(NA) = ABS(B(NA,NA))

BETA(EN) = ABS(B(EN,EN))
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ALFI(EN) = 0.0
ALFI(NA) = 0.0
GO TO 505
C
480 E=E+C
EI = SQRT(-D)

AlIR=All-E * B11
Al1I=EI * B11
AI2R = Al2 -E * B12
A121=EI * B12
A22R = A22 -E * B22
A221=EI * B22
IF (ABS(A11R) + ABS(A11I) + ABS(A12R) + ABS(A12I) LT.
X  ABS(A21) + ABS(A22R) + ABS(A22I)) GO TO 482

Al = AI2R
All= Al2I
A2=-AlIR
A2 = -Al1l
GO TO 485

482 Al=A22R
Al = A221
A2=-A21
A21=0.0

C

485 CZ=SQRT(AI * Al + All * All)
IF (CZ .EQ. 0.0) GO TO 487
SZR = (Al * A2 + A1l * A2T)/ CZ
SZI=(Al * A21 - A1l * A2)/ CZ
R = SQRT(CZ*CZ+SZR*SZR+SZI*SZI)
CZ=CZ/R
SZR = SZR /R
SZI=SZI/R
GO TO 490

487 SZR=1.0
SZI=0.0

490 TF (AN LT. (ABS(E) + EI) * BN) GO TO 492
Al =CZ*Bl1 + SZR * B12
A1l = SZI * B12
A2 = SZR * B22
A2 = SZI * B22
GO TO 495

492 Al=CZ* All+ SZR * Al2
All = SZI * A12
A2=CZ* A21 + SZR * A22
A21 = SZI * A22

C

495 CQ=SQRT(AL * Al + AlI * All)

IF (CQ .EQ. 0.0) GO TO 497
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SQR = (Al * A2 + A1l * A2I)/ CQ
SQI=(Al * A2I - A1l * A2)/CQ
R = SQRT(CQ*CQ+SQR*SQR+SQI*SQI)
CQ=CQ/R
SQR = SQR /R
SQI=SQI/R
GO TO 500
497 SQR=1.0
SQI=0.0
C
500 SSR=SQR * SZR + SQI * SZI
SSI=SQR * SZI - SQI * SZR
I=1
TR=CQ * CZ * All + CQ * SZR * A12 + SQR * CZ * A21
X +SSR*A22
TI=CQ * SZI * A12 - SQI * CZ * A21 + SSI * A22
DR =CQ * CZ * B11 + CQ * SZR * B12 + SSR * B22
DI=CQ*SZI*B12+SSI*B22
GO TO 503
502 I=2
TR =SSR * A1l - SQR * CZ *A12 - CQ *SZR * A21
X +CQ*CZ*A22
TI=-SSI * All - SQI * CZ *Al12 + CQ * SZI * A21
DR =SSR * B11 - SQR * CZ *B12 + CQ * CZ * B22
DI =-SSI * B11 - SQI * CZ * B12
503 T=TI*DR-TR * DI
T=NA
IF (T LT. 0.0)J=EN
R = SQRT(DR*DR+DI*DI)
BETA(J) =BN *R
ALFR(J)= AN * (TR * DR + TI * DI) /R
ALFI(J)= AN * T /R
IF (I EQ. 1) GO TO 502
505 ISW=3-ISW
510 CONTINUE
C
RETURN
END
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