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APPLICATIONS OF ISOGEOMETRIC THEORY ON STRUCTURAL
ANALYSIS OF BEAMS

SUMMARY

A novel method in numerical analysis called isogeometric analysis is applied on
structural analysis of straight and free shaped slender beams as well as isotropic and
composite thick beams in this thesis framework. Eventual goal of isogeometric
approach is based on the idea of combining CAD tools and FEM solvers under a
single software structure. This is simply ensured by appying same blending functions
both to define the distribution of analysis variables and for modeling the problem
geometry to be analysed.

In isogeometric analysis approach, the CAD tool that constructs the computational
domain are the NURBS which are already used in computer graphics which offers
distinguished flexibility and precision for generating and representing curves and
surfaces. Since NURBS allows defining exact geometry of even conic sections and
surfaces, when the mesh structure is constructed by NURBS, computational domain
exactly matches with the geometry of the problem. This is ensured with relatively
lower number of elements. As a result same accuracy can be maintained by using
relatively fewer elements with a lower number of degrees of freedom than standard
finite element method.

Since the geometry of the problem and the computational domain created with two
different mathematical models in ordinary numerical analysis process, when the
problem geometry is needed to be modified, computation mesh must be
reconstructed from the beginning. However, isogeometric concept allows easy
manipulation on the geometry. Exactly the same mathematical model creates the
mesh structure and the original geometry of the problem. As a result, when the
geometry modified, mesh is also modified as an exact representation of the new
geometry in one operation.

Relying on linearly isotropic constitutive law and geometrically non-linear structural
response, stiffness matrix is generated by successive derivation of the strain energy
functional of the beam with respect to the vector of control point displacements.
Then linearized form of equilibrium equation is solved at the undeformed
configuration which yields the control point displacement values. Hence, evaluation
of the displacements in control points allows to plot a new NURBS geometry that
represents the deformed geometry under defined loads and boundary conditions.

Once displacement field is known, the total stress at a distance to the neutral axis
that contains bending and membrane stress components is evaluated.

After the presentation of the isogeometric approach and elaborating the advantages
over standard finite element method, some numerical structural analysis applications
are carried out on both straight and arched beams and the results are compared with a
standard finite element package and analytic solutions.
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In the following applications codes to realize the isogeometric structural analysis of
isotropic thick beams under several load cases are developed. Finally codes to carry
our the isogeometric structural analysis of thick composite beams under cylindrical
bending are developed. Isotropic thick beam analyses are compared with the results
obtained from ABAQUS while composite cylindrical analysis results are compared
with analytic elasticity solutions. In order to create the benchmark results with the
analytic elasticity results, a code is developed to realize the analytic solution for the
corresponding cases.

Eventual results exposed that using higher order basis functions allows isogeometric
analysis to get more accurate results than conventional FEM even in the analyses of
free formed slender beams and composite thick beams with a fewer number elements
and degrees of freedom.

Since the results are clearly satisfactory, this work indicates that isogeometric
analysis theory is a suitable tool for the structural analysis of the beams and can be a
very strong alternative of conventional FEM in numerical analysis area.
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IZOGEOMETRIK ANALIZ TEORISI’NIN KiRISLERIN YAPISAL
ANALIiZi UZERINE UYGULAMALARI

OZET

Gerek dogada bulunan geometrik ¢esitliligin sonucu olarak meydana gelen gerekse
insan emegi ile {iretilen cisimlerin analizleri cogu zaman belirli bir kismi diferansiyel
denklem systemi ile temsil edilen bir fiziki tanimlama gerektirir. Bu fiziki
tanimlamanin yani sira s6z konusu cisimlerin geometrik tanimi da analizin basarisi
i¢in oldukc¢a onemlidir.

Bilgisayarlarin kullanilmaya baslandigi ilk yillardan baglayip gliniimiize kadar gegen
zaman diliminde ileri diizey matematik problemlerinin bilgisayarlar yardimi ile
¢oziilmesinde kullanilan yontemlerin daha hassas ve daha verimli hale gelmesi igin
durmaksizin c¢aba sarf edilmistir. Bu zaman diliminin baslangicinda gelismis analiz
uygulamalar1 i¢in sadece tek asamali hesaplama miimkiin olabilmistir. Ancak
gectigimiz birkag on yil iginde teknolojinin ivme kazanarak ilerlemesi ve
bilgisayarlarin kapasitesinin her gegen giin artmasi ile kullanim alanlarinin sadece
hesaplama ile smirlt kalmayip gorsel ve fiziksel modelleme gibi farkli uygulama
alaninda da kullanilabilmesine olanak saglamistir. Farkli uygulamalar ic¢in farkli
bilgisayar sistemleri gelistirilmis zaman gegtikce bu bilgisayar sistemlerinin
biitlinlesik olarak calismasi ve bir¢ok uygulamaya ayni anda cevap verebilmesi
saglanmigtir. Bilgisayar sistemleri biitiinlesik olarak ¢aligmak zorunda olduklar1 bir
yapiya biiriindiik¢e farkli gorevler iislenen bilgisayar sistemleri arasinda gozlenen
tanimlama ve yaklagim uyusmazliklari daha belirgin olmaya baslamis ve bu
uyusmazliklar analiz diinyasinda asilmasi gereken birincil sorunlardan biri haline
gelmistir. S6z konusu uyusmazliklar bilgisayar sistemleri arasinda elektronik bilgi
aligveriginin  giindemde olmadig1 yillar boyunca sorumlu olduklar1 gorev
dogrultusunda ve donemin smurli iglem giicii ile kendi iclerinde optimize edilmeye
calisilmis ve analiz sonuglarmin hassasligt bu sekilde arttirilmaya calisiimistir.
Ancak gilinimiiz kosullarinda bilgisayar sistemlerini arasindaki uyumun Onemi
oldukca artmis ve biitiinlesik bir yap1 ile calisan sistemler adeta bir zorunluluk haline
gelmistir.

Bilgisayar destekli modelleme ve sonlu elemanlar analizi birbiriyle yliksek uyum ile
caligmasi istenen bilgisayar sistemleri gorevlerinin baginda gelmektedir. Ciinkii bu
gorevleri lislenen sistemlerin geometrik tanimlama ve sayisal yaklagim alaninda
birbiri ile iletisimi sirasinda olusan uyumsuzluklar sonuglarin hassasiyetini ciddi
olgiide etkilemektedir. Ozellikle havacilik ve gemi miihendisligi alaninda ortaya
cikan karmagik akiskanlar mekanigi ve yapisal analiz problemlerinin ¢dzlimiine
duyulan ihtiya¢ sonucu sonlu elemanlar analizinin bilim diinyasi i¢indeki popiilerligi
ve mihendislik dallarinda kullanim alani geniglemistir. Bunun sonucu olarak
uygulamali matematikg¢ilerin ve bilgisayar miihendislerinin ilgisi de geometrik
tanimlama i¢in daha yiiksek dogruluga sahip bir matematiksel taban yaratmaya
dogru yonelmistir.
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Analiz sonuglarinin hassasliginda 6nemli bir role sahip olan yiiksek dogruluklu
geometrik tanimlamanin gerekliligi ve gelistirilmesi i¢in ¢esitli hesaplamali mekanik
uygulamalar1 lizerine bir¢ok c¢alisma yapilmis ve sonlu elemanlar analizinde
kullanilmak {izere en hassas geometrik tanimlamay1 gerceklestirebilecek alternatif
yontemler gelistirilmistir. Bu yontemlerin en yenilerinden biri olan izogeometrik
analiz, bilgisayar destekli modelleme ve sonlu elemanlar analizi i¢in gelecek yillar
boyunca kalic1 bir kullanim alanina sahip olabilecek, yiiksek verimli biitiinlesik bir
calisma alan1 olusturma potansiyeline sahiptir.

Bu ¢alisma kapsaminda oOncelikle izogeometrik analizin dayandigi matematiksel
temel olan B-Spline egrileri ve bu egrilerin 6zellesmis bir hali olan uniform olmayan
rasyonel B-Spline egrilerinin (NURBS) ozellikleri detaylariyla agiklanmis daha
sonrasinda ise bu matematiksel temel kullanilarak diiz ve serbest egrisel kirislerin
yapisal analizi {izerinde uygulamalar gergeklestirilmistir.

[zogeometrik analiz yaklasiminin nihai amac1 ve avantaji, bilgisayar destekli tasarim
aract ile sonlu elemanlar metodu islemcisini ayn1 yazilim igerisinde birbirleriyle
direkt iliski i¢erisinde galismasini saglayacak bir analiz ortaminin yaratilmasidir. Bu
da yer degistirme, sicaklik, hiz gibi analiz degiskenlerinin dagiliminin hesaplaminda
kullanilan dagilim fonksiyonlarinin ayni zamanda problem geometrisinin
olusturulmasinda da kullanilmasi ile gerceklestirilir. Bagka bir deyisle ¢oziim ag1
yapisinin da problemin ¢éziimiinde kullanilan dagilim fonksiyonlarinin uygun bir
sekilde harmanlanmasi ile olusturulmasi, tiim sayisal i¢erigin ayn1 fonksiyonlardan
tiiretilmilmesine olanak saglar.

[zogeometrik analiz yaklasiminda ¢dziim agini olusturmak icin kullanilan CAD
araci, egri ve serbest sekilli ylizeylerin olusturulmasi konusunda seckin esneklik ve
hassasiyet sunan NURBS egrileridir. NURBS egrileri ile gergeklestirilen geometrik
tanimlama siteminin temeli Bezier egrilerinin gelistirilmesine dayanmaktadir ve
ortaya ¢ikmalari serbest sekilli yiizeylerin kusursuz matematiksel taniminin
yapilmasi ihtayict sonucu olmustur. Ozellikle hava araclariin, otomobillerin ve
gemi govdelerinin dig yiizeylerinin teknik gereksinimlerden Otiirii, belirli bir
matematiksel tanima gore tekrar olusturulmasi gerekebilir. Bu yapilar goz oniinde
bulunduruldugunda NURBS sistemi bu tip tasarimlarm ilk yapildigr yillarda
tasarimct tarafindan olusturulmus ve modifikasyonu miimkiin olmayan tek bir
fiziksel modele nazaran biiyiik avantaj ortaya koymustur.

NURBS geometrik tanimlama sistemi konik kesitleri ve yiizeyleri dahi kusursuz
bicimde tanimlayabildigi i¢in niimerik analizde kullanilan ¢6ziim aginin NURBS ile
olusturulmas1 hesaplama alaninin problem geometrisini ile tamamen eslesmesini
saglamaktadir. Burada ¢6ziim ag1 olusturulurken gercek geometriyi temsil etmek ve
yakinsama ihtiyac1 s6z konusu degildir. Zira ¢6ziim agi geometrisi problem
geometrisi ile tamamiyla ortiismektedir. Ustelik bu durum standart sonlu elemanlar
metodu yontemi ile olusturulmus bir ¢oziim agina gore daha az saymnda eleman
kullanilarak veya aymi sayida eleman kullanilmasina karsin daha az serbestlik
derecesi ile saglanabilmis ve tatmin edici sonuglar ortaya ¢ikarmistir.

Aligilagelmis sonlu elemanlar metodu kullanan paketlerde gergek geometrinin ve
¢oziim agmin iki farkli matematik model kullanilarak olusturulmasi, problem
geometrisinin modifiye edilmesi durumunda tim ¢oziim aginin tamamiyla tekrar
olusturulmasi geregini dogurur. Buna karsin izogeometrik analiz, problem
geometrisi iizerinde esnek modifikasyon olanagi saglar. Ciinkii ¢6ziim ag1 yapisi ve
orijinal problem geometrisi ayni matematik model ile ifade edilir. Bunun sonucu
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olarak da problem geometrisinde bir degisiklik yapilmasi durumunda ¢6ziim ag1 da
yeni geometrinin mutlak temsili olacak sekilde degismektedir. 1ki ayr1 matematik
model s6z konusu olmadigindan bu degisim tek bir islemle gerceklesir.

Bu calisma igerisinde diiz ve serbest egrisel kiriglerin analizinde lineer izotropik
temel kanunu ve lineer olmayan geometrik yapisal cevap kabulii yapilmistir. Bu
kabul geregince elastik gerinme enerjisi fonksiyonunun serbestlik derecesi vektoriine
gore birinci tiirevi i¢ kuvvet vektoriinii vermektedir. Bu i¢ kuvvet vektoriiniin tekrar
serbestlik derecesi vektoriine gore tiirevinin alinmasi ise sistemin katilik matrisinin
elde edilmesini saglar. S6z konusu tiirevler analitik olarak alimmistir. Bu islem
boyunca gerek ifadeler igindeki terimlerin tiirevleri gerekse de elastik gerinme
enerjisi fonksiyonunun birinci ve ikinci tiirevleri, sonlu farklar yontemi kullanan bir
yazilim gelistirilerek hesaplanmis, bulunan sonuglar kagit {izerinde sonuglarla
karsilastirilarak saglamasi yapilmaistir.

Elde edilen katilik matrisi, denge denkleminin kiris geometrisinin deforme olmadan
onceki durumu icin lineerlestirilmis hali i¢erisinde kullanilarak kontrol noktalarinin
yer degistirme degerleri yani serbestlik derecesi vektorii bulunur. Kontrol
noktalarinin yer degistirme miktari ile kontrol noktalarinin yeni konumlari belirlenir.
Bdylece yeni kontrol noktalari ile olusturulan NURBS geometrisi uygulanan yiik ve
sinir sartlar1 altinda kirisin deforme olmus halini olusturmaktadir.

Yer degistirme alani kiris boyunca tanimlandiginda kiris lizerindeki herhangi bir
noktadaki kesitte asal eksenden belirlenen bir uzaklikta egilme ve ¢ekme kuvveti
bilesenlerinden olusan toplam gerilme miktar1 bulunur.

Calisma kapsaminda oncelikle izogeometrik analiz yaklagimi anlatilmis ve standart
sonlu elemanlar yonteminden temel farkliliklarina ve avantajlarina deginilmis diiz ve
serbest formlu egrisel kirigler {izerinde izogeometrik niimerik analizleri
gerceklestirecek kodlar gelistirilmis ve bu kodlardan elde edilen sonuglar analitik
coziimlerden ve paket programlardan elde edilen sonuglarla karsilastirilmistir.

Takip eden uygulamalarda ise cesitli yiikleme kosullart ve sir sartlari altinda
izotropik kalin kirislerin gesitli yiiklemeler altinda ve ¢esitli katman siralamasina
sahip kalin kompozit kirislerin silindirik egilme etkisi altindaki izogeometrik
niimerik analizlerini gergeklestirecek kodlar gelistirilmistir. Izotropik kalin Kiris
analizleri yine paket programlardan elde edilen sonuglarla karsilastirilmig, kompozit
kalin kirislerin silindirik egilme sonuglart ise N.J. Pagano’nun bir caligsmasi
igerisinde yayinlanmis analitik elastisite ¢oziimleri ile karsilastirilmistir. Bunun igin
analitik tam ¢O6ziimii gergeklestiren bir fonksiyon gelistirilmis ve nilimerik
izogeometrik analiz kodu ile iletisim halinde c¢aligmasi saglanmistir. Boylece
herhangi bir durum i¢in niimerik ve analitik tam ¢6zlim sonuglarinin karsilagtirmali
grafik ¢iktisini olusturan bir kod elde edilmistir.

Nihai sonuglar izogeometrik analiz i¢inde kullanilan fonksiyonlarin polinom
derecesi yiikseltildikge, serbest egrisel kirisler ve kompozit kalin kirisler de dahil
olmak iizere, serbestlik derecesi diisiik tutularak hassas sonuglara ulasilabilinecegini
gostermistir.

[zogeometrik analiz sonucu elde edilen sonuglar oncelikle validasyon amaciyla
halihazirda piyasada bulunabilen bir paket programdan elde edilen sonuglarla
karsilastirilmis daha sonra ise yliksek dereceden polinom derecesi kullanilarak daha
hassas sonuglar elde edilmeye ¢aligilmistir.
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Kalin kompozit kiriglerin silindirik egilme altindaki analizinde diisiik serbestlik
derecesi ile halihazirda ticari bir paket programin sahip olmadigi hassaslik elde
edilmistir. Sonuglarda ¢ok yiiksek dogruluk sagladigindan bu ¢alisma, izogeometrik
analiz teorisinin s6z konusu kosullar altinda kiriglerin yapisal analizinde
alisilagelmis sonlu elemanlar metoduna alternatif olarak kullanilabilecegini
gostermis ve ileri calismalar igin gerekli olan yazilim birikiminin olusturulmasini
saglamistir.
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1. INTRODUCTION

The importance of an accurate geometrical model have been pointed out by
numerous authors in the last decade for diverse computational mechanics problems
and different alternatives have been studied to implement accurate or exact
geometric representations for finite element simulations. This study proposes a novel
analysis method, the isogeometric structural analysis. It allows creating not an
approximation of the geometry but the exact geometry description of the solution
domain, by means of the CAD representation with NURBS. Furthermore, it also
allows simplification of mesh refinement by eliminating the necessity of subsequent
communication with the CAD geometry once the initial mesh is constructed.

This chapter describes the necessity of an accurate geometric description in the
numerical solution of structural mechanics applications and points out the role of
isogeometric analysis with its historical background. Then the objectives of the work
are described and a brief overview of the study is presented.

1.1 Literature Review

Finite element method originated from the need for solving complex elasticity and

structural analysis problems in civil and aeronautical engineering.

As the popularity of the finite element method began to grow in the engineering
communities, more applied mathematicians became interested in improving the
method to achieve a firm mathematical base. As a result, a number of studies were
aimed at estimating discretization error, rates of convergence, and stability for

different types of finite element approximations.

Besides enriching solution approximations, the need of improving the quality of the
geometrical representation has been rising. Isoparametric elements were the first
approach introduced to efficiently deal with curved boundaries, see
Zienkiewicz[1].The key idea was to employ the same polynomial functions to

approximate the solution and the geometry, hence the term called “isoparametric”. It



does not take a long time for the researchers to apply this approach on solid
mechanics applications due to its simple implementation and relatively better

accuracy.

Luo et al. [2] are derived parallel conclusions for linear elasticity problems. The
importance of a realistic geometric model for some applications in solid mechanics
is pointed out by Munoz [3] as well, where the B-splines are employed for modelling

the geometries of frictionless contact problems.

In the 1980s, CAD technology started to get involved in the FE analysis. In fact,
researchers on the field of shape optimization were the first ones who took the
advantage of the cooperation of CAD and FE. In a shape optimization process, the
integration of CAD into the analysis stage is vital to avoid the geometric

approximation habit while constructing the mesh structure of the problem.

The relevance of an accurate geometry description also motivated, in the last half of
1990s, an innovative group of FE-like techniques founded on CAD, which is the
subject of this thesis and still the subjects of many other researches: isogeometric
methods. The key idea is to use the same CAD entities for both the modelling of the
geometry and the solution of the problem. As a result, contrary to classical FE
approaches, not only the domain boundaries but also the entire solution domain
treated as a CAD entity. Moreover, contrary to classical polynomial approximations,
the solution is approximated with the same basis fuctions used to design the problem
geometry. The first example again encountered on shape optimization in the research
of Kagan et al. [4]. B-splines are proposed for the geometrical description, as well

as for the mechanical analysis.

More recently, NURBS have been used to develop isogeometric methods, Hughes et
al. present a more general framework known as isogeometric analysis.[5] This
innovative study is not only intended the accurate geometrical representation, but
also employed the features of NURBS for the solution approximation as similar as
current work. The use of several connected patches in isogeometric analysis has been
pointed out by Cottrell et. al.[6] while the use of T-Splines to take the advantage of
local refinement is proposed by Dorfel et. al.[7] Cottrell et al. also employed the
isogeometric analysis for vibration problems [8]. Another colleague of Cottrell and

Hughes, Bazilevs, published a work on stability and error estimates for refined



meshes in isogeometric analysis. [9] Nagy et al. applied isogeometric analysis into to
shape optimization and sizing of beam structures. [10]

Zhang et al. employed the isogeometric method for accurate blood flow modeling
[11]. Benson et al. proposed a shear deformable shell formulation based on the
isogeometric analysis methodology [12]. Gomez et al. studied the Cahn—Hilliard
phase-field model problem via isogeometric analysis [13]. Echter and Bischoff
analyzed the efficiency and locking issues for NURBS-based analysis [14]. The
robustness of isogeometric discretizations were also investigated by Lipton et al.
[15]. Kim et al. Performed the isogeometric analysis for trimmed CAD surfaces [16].
Besides based upon the isogeometric concept Lu constructed a circular element [17].
Sevilla et al. proposed a NURBS enhanced finite element method [18]. Shaw and
Roy constructed a NURBS-based parametric meshless method [19].

1.2 Objectives and Overview

The objective of this thesis is to present a novel numerical analysis approach,
isogeometric analysis, studying its superiorities over conventional FEM, and
applying isogeometric analysis on various cases of structural analysis of beams.
Although the method is already verified by some examples in the litrerature initial
simple applications, such as 1D slender beam analysis, are more likely to validate the
method. These applications are presented in this thesis for a better understanding of
the isogeometric concept and to maintain a solid foundation for more complex
applications in the following chapters. Besides this since isogeometric analysis
concept is a novel method, a contribution to current inventions is crucially necessary
as it is the eventual objective of this study. Since the isogeometric analysis codes can
achieve more accurate the results than a conventional FEM package for 2D isotropic
thick beam and 2D composite thick beam applications, this objective has been

accomplished successfully.

In the second chapter, B-splines, the key basis of NURBS, are explained in details
with proper refinement methods and NURBS, which are the building blocks of
isogeometric analysis, presented in the third chapter. In Chapter 4 the main equations
and mathematical background employed in the isogeometric structural analysis

codes developed for both 1D and 2D cases are introduced.



In the fifth chapter applications on a straight beam for two different boundary
conditions realized followed by an analysis of a free formed arched beam. Straight
beam applications are compared with analytical solutions while arched beam

application benchmarked with a commercial FEM package, ABAQUS.

In Chapter 6 the most challenging and remarkable section of this study which is
isogeometric structural analysis of isotropic and composite thick beams is
introduced. Isotropic thick beam cases compared with the results obtained from
ABAQUS while composite cases benchmarked with analytic elasticity solutions.
Besides the code for isogeometric analysis of composite thick beams, a subroutine
code is also developed for these elasticity solutions and for each case isogeometric
analysis code calls this subroutine and creates the benchmark plots for the stress
values through the beam thickness as presented at the end of the chapter. In addition,
all the results for various element numbers and basis degrees are presented in the

appendix.



2. B-SPLINES

Since B-Splines are the progenitors of the NURBS, definition of the B-Splines is an
essential starting point on the way to comprehend the NURBS which is the key

structure to implement isogeometric analysis.

A B-spline is a spline function that has minimal support with respect to a given
degree, smoothness, and domain partition. A fundamental theorem states that every
spline function of a given degree, smoothness, and domain partition can be
represented as a linear combination of B-splines of that same degree and
smoothness, and over that same partition. [20] Unlike in standard finite element
analysis, the B-spline parametric space is local to patches. Patches are used to define
the parametric space partitions within which element types and material models are

assumed to be uniform likely the elements do in conventional finite element method.

To avoid misunderstandings in the cases when computational geometry and finite
element method are applied together as it is done in isogeometric approach; it is

useful to state that in finite element literature p=0,1,2,3...etc. refers to constant,

linear, quadratic, cubic etc. polynomials respectively. However, this is usually

referred to as “degree” in the computational geometry literature.

2.1 Knot Vectors

In order to define the patches, a one dimensional vector comprise of non-decreasing
(< &iiq) coordinates in the parametric space is used. This is called “knot vector”.

Knot vectors are written as follows; =={&,S,,......&, ..} where & eRis the ith
knot, i is the knot index i=1,2,3...,n+ p+1, pis the polynomial order, and n is the
number of the basis functions which comprise the B-Spline.

There are two types of knot vector are used, periodic and open. Then they can be
either uniform or non-uniform. [0 1 2 3 4] and [-0,2 -01 0 01 0,2] are

uniform knot vectors since the knot values are evenly spaced otherwise they are


http://en.wikipedia.org/wiki/Spline_(mathematics)
http://en.wikipedia.org/wiki/Support_(mathematics)
http://en.wikipedia.org/wiki/Degree_of_a_polynomial
http://en.wikipedia.org/wiki/Smooth_function
http://en.wikipedia.org/wiki/Domain_(mathematics)

called non-uniform. Generally uniform knot vectors are normalized in the range

between 0 and 1.Knot vectors can be normalized as follows; when

p=2 [0 0 1 2 3 4 4] is normalized we get the following knot vector

p=2 [0 0 1/4 1/2 3/4 1 1].

More than one knot can appear at the same parametric coordinate. If a knot vector is

open then its first and last knots are repeated p+1 times. For example:
[0 0 0 025 05 0.75 1 1 1]is an open knot vector for quadratic (p = 2) basis

functions. In one dimension; for the basis functions formed from open knot vectors,

this repetition is compulsory to provide interpolative property at the internal and end

coordinates of the parametric interval [51,§n+p+1]. In multiple dimensions; it is also

the way of providing interpolative property of the corners of patches while they are
not interpolatory at interior knots. This is a distinctive feature between knots and

“nodes” in finite element analysis.

2.2 Basis Functions

B-spline basis functions are defined recursively starting with piecewise constants

when p=0
1 if §<d<&,
N. =
0(S) {O otherwise. (2.1)
For p=12,3..., they are defined by the following formula;
é:_é §i+p+l _é:
N; (&)= —N; (&) +——F"N;,; ,,(&)
P §i+p _é:i i égi+p+l _é:i+l N (22)

This is referred to as the Cox-de Boor recursion formula [21]. Because the Cox-de
Boor formula used to calculate B-spline basis functions is a recursion relation, a
basis function of a given order p depends on lover-order basis functions down to

order 1. For a given basis function, N; ,, this dependence forms a triangular pattern

ip’
given by;



Applying

i+1,p-1

i+1,p-2 Ni+2,p—2

Ni+1,1 Ni+2,1 N i+p-1,1
(eq.2.1) and (eq.2.2) to

a

uniform

knot

vector

E=[0 01 02 03 04 05..] provides the quadratic B-Spline basis functions

which is useful to make a comparison with standard finite element method shape

functions in Figure 2.1.

Shape function

Quadratic Fi

nite Element Sh
oy e =S

ape Fun
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NURBS Basis Functions
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Knots

Figure 2.1 : Comparison of quadratic finite element shape functions and B-spline
basis functions.

When the basis functions of standard FEM and B-Spline compared with each other,

for p=0and p=1, the basis functions of two different methods give the same plots

respectively. However for p>2 B-spline basis functions differ from their FEM

counterparts. Quadratic B-spline basis functions are exactly alike but shifted while

shape of a quadratic finite element function differs whether it corresponds to an

internal or an end node. This is the first distinguishing and noteworthy feature of



quadratic and higher order B-spline basis functions (and NURBS basis functions, as
will be discussed later) superior to standard finite element method as this
homogeneous feature provides significant advantages in equation solving over finite

element functions. In addition, support of each B-Spline basis function that shown as
Nip IS compact and contained in the interval[;,§+p+l]. Finally, unlike the standard

finite element shape functions each basis function of a B-Spline is pointwise non-

negative over the entire domain, that is, N; (£)>0,V¢&. Accordingly, all of the

coefficients of a mass matrix computed from these bases greater than, or equal to

ZEro.

Non-uniform knot vectors allow maintaining much richer behavior than uniform

knot vectors. A quadratic example is shown in Figure 2.2 for the open non-uniform

knot vector2=[0 0 0 02 04 04 06 08 1 1 1]. Note that the basis

functions are interpolatory at the ends of the interval and also at £=0.4 where the

knot repetition occurs. At this repeated knot only CO continuity is attained.
Elsewhere the functions have C1 continuity. Thus when the multiplicity of a knot
value is exactly p, the basis is interpolatory at that knot. When the multiplicity is p +

1, the basis becomes discontinuous and the patch boundary is formed.

Notice that the knot repetition on any parametric location on the curve decreases the
support of some of the functions, which lies around the repeated knot. However this

does not override the feature stated previously as the support of the each function

still contains p+1 knot spans. That is, all the functions still begin at knot & and end at
&..p. NOWever functions influenced by knot repetition has zero measure in some of

those knot spans. Furthermore, none of this has any effect on the bandwidth.

! N2 N> Ns 2
' Ns 2
N,z N3z N5,z N7,z

o] 0.2 0.4 0.6 0.8 1

Figure 2.2 : Quadratic basis functions of £=[0 0 0 0.2 0.4 0.4 0.6 0.8 1 1 1].



2.3 B-Spline Curves

Linear combination of B-spline basis functions constructs the B-spline curves in Rd
where the coefficients of the basis functions are called “control points”. Control
points have a similar role in the analysis as the nodal coordinates do in finite element
method. When the control points are added together with straight lines starting from

the first to the last, the resultant polygon is referred to as “control polygon”.

B-spline curves are defined by;

C(£)=2 N, (¢)B 2.3)

where B, e Rdare the corresponding control points for the given parametric length.

For the knot vector ==[0 0 0 02 04 04 06 08 1 1 1] the example

shown in Figure 2.3 is built from quadratic basis functions in Figure 2.2,

Figure 2.3 : Quadratic B-Spline curve in R2 constructed by the basis functions and
the knot vector in Figure 2.2.

2.4 Refinements

Mesh refinement processes for the B-spline geometries are simply developed from a
blend of knot insertion and order elevation strategies. These bring analogues with

standard finite element method such as h-refinement and p-refinement. However



advantageous k-refinement technique is a characteristic feature that is applicable on
B-splines.
2.4.1 Knot insertion: h-refinement

The analogue of h-refinement is knot insertion. For an existing knot vector

E=[&.& 0l let & [& & [ be the inserted knot. Then the new knot vector

will be 2=[&,&,,...6,8 & vy | When a new knot inserted to the knot vector,

number of the control points and the basis functions also increase by 1. The new n+1

control points {B,,B,,...,B,,,}are formed from the original control points,

=1 Py
{Bll Bzu-'-y Bn} by;

|5_;i =aB +(1-«,)B_, (2.4)
where;

1 ,1<i<k-p

,k—p+l<i<k (2.5)

0 yk+1<i<n+p+2

Knot values in the existing knot vector may be repeated as well but in this case the
continuity of the basis will be reduced. Continuity of the curve is preserved by
choosing the control points as in (2.4) and (2.5). Each unique internal knot value
may appear no more than p times or the curve becomes discontinuous as it is

discussed before.

An example of knot insertion is shown in Figure 2.4. A new knot is inserted at
&=0,5 to the existing knot vector £=[0 0 0 1 1 1] which is used to create
the original curve consist of quadratic B-Splines. Although the new curve is
geometrically and parametrically identical to the original curve the basis functions
and control points are changed. Thus, repeating h-refinement process allows

enriching the solution space by adding more basis functions of the same order while
keeping the original geometry.

10



Main idea of the knot insertion is creating new knot spans by splitting the present
knot spans while adding new knot values. For that reason, it has significant
similarities with h-refinement procedure in standard finite element analysis. On the
other hand the number of new functions that are created and the basis continuity at
the newly created element boundaries are different (continuity remains p-1).
However when each newly added knot is repeated p times, basis functions will have

C? across the new boundaries then it will be completely identical with h-refinement.

Original curve and basis functions with = = [D 0,005 11 1]
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Figure 2.4 : h-refinement (knot insertion). Control points are denoted by “*”.
2.4.2 Order elevation: p-refinement

In this refinement method the polynomial order of the basis functions are increased.
This action does not change the geometry or parameterization. In addition, to
preserve the desired discontinuities in the pth derivative of the elevated curve each

knot value in the knot vector must be repeated.

The solution space spanned by the order elevated basis functions includes the space

spanned by the original functions. Thus, as well as in h-refinement, it is possible to

11



elevate the polynomial order of basis functions without changing the geometry of the
B-spline curve. It is also possible to keep the parameterization structure unchanged.
Parameterization can be maintained as it was before the order elevation by splitting
the curve into many Bézier curves by knot insertion (see [22] for more info about
Bézier curves), then order elevating each of these segments and finally removing the
unnecessary knots to merge the segments to create one unified, order-elevated B-

spline curve.

An example of order elevation is presented in Figure 2.5. When p-refinement is
applied, the number of the control points and basis functions also increase by one as
seen in the figure. Although the control points appeared in different positions after p-
refinement, the elevated curve is still geometrically and parametrically identical to
the original curve. As a result, while original curve has three quadratic basis

functions, elevated curve has four cubic basis functions.

Original basis functions with == [0, 0,005, 1,1]

1
0.9

n.g
0.7
06
0.5 » -
0.4
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0 0.2 D4 0.6 08 1 0 0.5 1

p-refined curve and basis functions with 2= [0,0, 0,0,0.5,1, '1,1,1]
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Figure 2.5 : p-refinement (order elevation). Control points are denoted by “*”.
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2.4.3 Combined refinement for high orders and high continuity: k-refinement

If a unique knot value, &, is inserted between two distinct knots in a curve of order

p, the number of continuous derivatives of the basis functions at & is p-1. Even if we
elevate the order after knot insertion the basis still has p-1 continuous derivatives at
& . However if we change the sequence i.e. if the order of the original curve elevated
to q first and only then insert a unique knot value, the basis will have g-1 continuous
derivatives at £ .Thus an alternative order elevation method which has significant

advantages over standard order elevation reveals. This procedure called k-

refinement. There is no analogous refinement method similar with k-refinement.

There are many superiorities of k-refinement over p-refinement. Unlike the p-
refinement, k-refinement creates a homogeneous structure within patches and it
doesn’t raise the number of knots while maintaining the desired continuity. So
applying the order elevation before the knot insertion i.e. “k-refinement” creates

different basis function than applying the order elevation after knot insertion.

In order to make it more clear, these two different sequences of refinement process
are compared with an example in Figure 2.6. Initial domain consist of an element
and p+1 basis functions. h-refinement is applied followed by p-refinement on the left
side of the figure. In this process, to maintain the continuity at the p-1 level each
distinct knot value are replicated and the total number of basis functions is increased
by n-p to 2n-p. As a result, nine piecewise quadratic basis functions that has zero

continuity at internal knots are created.

By comparison, begin with the same element domain and proceed by k-refinement.
In this case for each order elevation, total number of basis functions increases by
only 1. Then domain can be h-refined until having n-p elements. If the domain is
exposed to order elevation for a times, the number of total basis functions will be
n+a while each of them has r+p-1 continuity. Thus at the right side, by applying k-
refinement, six piecewise quadratic functions that are continuous at internal knots
are created. That is, k-refinement allows covering the same element domain with

fewer number of basis functions while having higher level of continuity.
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Figure 2.6 : Comparison of k-refinement (right) and the reverse sequence of
refinement process.
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3. NON-UNIFORM RATIONAL B-SPLINES: NURBS

3.1 Formulation of NURBS

A rational B-spline is similar to a non-rational B-spline with the following exception.
A "weight" is added to each of the control points. This weight value usually ranges
from 0 to 1 and reflects how much the particular control point affects the curve. So it
can be stated that a B-spline is actually a rational B-spline with all weight values

equal to 1.

Although non-rational B-splines already have some advantageous features such as
having more homogenous basis structure as it is discussed in Chapter 2.2, using
rational B-splines adds a new significant ability which is exact representation of
geometries that cannot be exactly represented by polynomials. NURBS provide the
ability of obtaining desired geometric entities in Rd by projective transformations of
B-spline entities in Rd+1, In order to define an exact definition of conic sections such
as circles and ellipses, transformations of piecewise quadratic curves are used. This
is illustrated in Figure 3.1 [6] in which a circle in R2is constructed by the projection
of piecewise quadratic curves. Here {B*} is the set of control points for a B-spline
curve in Rd+1 with knot vector =. These are the projective control points that are
used to construct the desired NURBS curve in Rd. The control points in Rd are

formed from these points in Rd+1 by the following relations:
(8),=(B"),/w  j=l..d (3.6)

W =(B"),., (37)

where (B;); is the jth component of the vector B; and w; is corresponded the ith

weight.Rational basis functions are defined by;

15



Ni, (E)w

RP (g) =
' n 33
i:1Nlp(§)Wi (33)
Substituting this rational basis functions in B-spline definition gives NURBS
geometry as follows;
C(é):;Rip(g)Bi (3.4)
3 -
14
O_‘- -
2
3 -
1-
0- ) T
2
(b) Curves

Figure 3.1 : Circle in RZ constructed by projective transformation of piecewise
quadratic B-spline in R3. [6]

Similarly rational surfaces and solids can be defined analogously in terms of the

rational basis functions as follows:;

Nip (M (MW, ;

Ri?jq (5’77) - n m
21 2 Nip (M ()W ; (35)
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As an example Figure 3.2 [23] shows a control net and the corresponding NURBS

surface description of a torus. (see [23] for details)

Figure 3.2 : a) Control net for toroidal surface. b) Torodial surface [23].

3.2 Properties of NURBS Basis Functions

Important properties of rational B-Spline basis functions which are the results of

being a special case of non-rational B-spline basis functions (all weights equals to 0)

are;

v

They form a partition of unity, that is,

Ve 2N, (8)=1 (3.7)

Over the entire domain, basis functions always have positive values, that is,

N, , (£)=0. This makes all the entities of mass matrix positive.

The basis functions with p" order have p—1continuous derivatives across

the knots which enables some advantages of the use of splines as a basis of

analysis.
The support of each B-Spline function N; compact and contained in the
interval [ £,&,,, ], i.e. the support of B-Spline functions with an order of p

is always p+1 knot spans. Thus, when compared to classical FEM functions,
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higher order B-Spline functions have support over much larger portions of

the domain.
They also have following useful features which differ from non-rational B-Splines;

v They produce the correct results under projective transformations (while non-
rational B-splines only produce the correct results under affine

transformations).

They can be used to represent lines, conics, and when generalised to patches, can

represents planes, quadrics, and tori.
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4. ISOGEOMETRIC STRUCTURAL ANALYSIS OF BEAMS

It is obvious that NURBS are quite functional as a CAD tool when flexibility and
exact representation is needed. Today most CAD systems (e.g. Rhino, Npower etc.)
use spline basis function and often Non-Uniform Rational B-Splines (NURBS) of
different polynomial order. In the previous chapter NURBS itself, their features on
geometry representation and refinement processes explained in detail. However,
properties of NURBS are also very convenient for a wide range of computational
engineering applications as they provide unique accuracy and reduce the time
consumed for the communication between design and analysis. Briefly, the
robustness of the combination of geometric and analytic capabilities is the key

feature of the isogeometric analysis.

A NURBS based isogeometric analysis procedure contains following factors and

features;

v Knot vectors are the structures to define a mesh for the solution of NURBS
based analysis. In a one dimensional analysis, knot vector represents the
mesh itself. For two or three dimensional analyses mesh is created by the
products of knot vectors. e.g. in three dimensions a mesh is defined by
ExHxZ.

v Since knot vales used to define the mesh, knot spans define the elements in a

domain.

v Each basis function used to define a NURBS patch has a support which

consists of a small number of elements.

v' As a new approach, NURBS based analysis allows k-refinement process

beside classical h-refinement and p-refinement.

v A set of control points coordinates and control point variables are used as the

coefficients of the basis functions to realize the required representations.

v' Control points and blended basis functions are used to define the geometry.
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v Same basis functions are used to define both the geometry and the analysis
variables such as displacement, temperature etc. This feature enables

isogeometric solution that will be explained in details in Chapter 3.

Local arrays of the isoparametric NURBS patches can be assembled into global
arrays likewise as it is done in finite elements. In order to achieve the compatibility
of NURBS patches, same NURBS edge and surface representations are used on both

sides of patch interfaces.

4.1 Potential Energy Functionals

Although NURBS can be used to solve any kind of computational engineering
problem in the area of standard finite element method, the present work is one
focused on isogeometric structural analysis of beams. Objective of this chapter is
explaining the theory and algorithm of the code to calculate potential energy
functional to get the internal and external force vectors and stiffness matrix by using
isogeometric concept. Then these vectors and stiffness matrix will be used in a linear

solver to calculate the displacements and the stresses along the beam.

It is important to notice, that in a NURBS patch there is a continuous distribution of
properties. The geometric representation of NURBS is also capable of defining
geometrically non-linear structural responses. In order to use such beneficial
properties of isogeometric analysis and to make exact validations with analytic

results, some assumptions have been made for the beam model.
Modeling assumptions of the present work are as follows;

e Geometrical non-linearity

e Linear isotropic material properties

e Slender Beam Consideration

An arched beam modeled as a NURBS curve and required variables to calculate its

potential energy functional are illustrated in Figure 4.1. According to the figure & is
the parametric coordinate, dS is the differential arc length and r(<&) is the position

vector for a parametric location & on the beam.
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Figure 4.1 : Illustration of an arched beam as a NURBS curve and the required
variables to calculate the potential energy functional.

The total potential energy functional of an arbitrary conservative system is the sum
of the elastic strain energy stored in the deformed body and the potential energy of

applied forces. So it can be written as;

M=uU+V (4.1)

Since a slender beam can be considered as an Euler-Bernoulli beam, strain energy
functional and the potential energy of applied external forces can be formulated as

follows;
U (0) :%j[EAgz +Elp* [ds, (4.2)
V() =—[ pon" G+, d jdS, — f7a (4.3)

where 0 denotes the continuous displacement field and the terms p,, n, g,, and f

in (eq. 4.3) denotes the scalar value of the pressure load, the normal vector of the
NURBS curve, the vector of distributed loads per unit length, and the vector of
concentrated loads, respectively.

A function code is developed to calculate the strain energy functional. The algorithm

for this code is described as follows:
I) Computation of gauss points and weights for the problem
I1) Looping over knot spans

a) Non-zero knot span check
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b) Computation of numerical jacobian

¢) Evaluating the integration points

d) Looping over integration points
i) Computation of relative strain measures (see chapter 4.1.1)
i) Computing dS, for the integration
1ii) Updating strain energy value

Although strain energy functional is not directly used in main analysis code (as seen
in chapter 4.2, first and second derivatives are employed in the main code), it is used
for finite difference check to verify its first and second derivatives’ calculations and
for relative strain measures’ calculations which is described in the following sub-

chapter.

4.1.1 Calculation of relative strain measures

In order to calculate strain energy function, beside material and cross-section
oriented variables (E, | and A) there are two more integrant unknowns which need to

be calculated. They are ¢ and p which referred to as relative strain measures. ¢ is
the rate of change in differential arc length and p is the rate of change in curvature

relative to undeformed configurations. Figure 4.2 illustrates the stretch and curvature
change in an elastic rod. Unlike in Figure 4.1, here in Figure 4.2, R denotes not the

position vector but the radius of curvature.

a) b)
Stretch (Change in Length) Changein Curvature
ds

dS;

ARUVARANAY

Figure 4.2 : Stretch and change in curvature in an elastic rod.
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g and p can be obtained by[24];

gzdS—dSO (4.4)
ds,
ds
(-1 )— 45
p (K KO) dSO ( )
where;
ds = | L ds, = 9% (4.6)
oS 0¢
and
r'sxr” r' xr”
e R (4.7)
& E

All derivatives of the position vectors are evaluated by successive differentiations

with respect to & .

A subroutine is developed to calculate the relative strain measures in the strain

energy function. This subroutine employs curve information (which is stored in a

MATLAB structure contains the knot vector, number of control points and their co-

ordinates etc.), discrete displacement matrix of control points and concerned

parametric location on the curve as its inputs and brings the relative strain measures

as its outputs. The algorithm for relative strain measures for a parametric location

can be described as:

I) Computation of the first and second derivative of initial position vector

I1) Computation of the first and second derivative of deformed position vector.

a) Computation of the block diagonal matrices of basis function derivatives

i) Computation the first and second derivatives of all non-zero rational basis

functions with respect to £ at the concerned parametric location.

i) Construction of block diagonal matrices for first and second derivatives

of the bhasis functions

b) Creating the d.o.f. vector

i) Detection of the knot span which contains concerned parametric location
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i) Reshaping the selected (according to the detected knot span) part of

discrete displacement matrix of control points to construct a 2(p+1)x1

d.o.f. vector.

c) Multiplication of d.o.f. vector and block-diagonal matrices for the

computation of first and second derivative of the displacement vector

d) Summation of the derivatives of initial position and displacement vectors to

get the deformed position vector derivatives.

I11) Computation of the change in length (&) according to (4.4)

IV) Computation of the change in curvature (p) according to (4.5)

4.2 Stiffness Matrix and External Force Vector Calculation for 1D Application

In order to set a linear solution for the beam analysis, right and the left side terms
should satisfy the equilibrium that is the potential energy functional has to be
stationary for the diverse allowable displacement configurations. In addition, under
the assumption of static elastic problem, the total potential energy functional is not
only stationary but also preserve a global minimum [25]. Therefore, the solution can
be simplified by an approach of the minimization of the total potential energy for

relevant constraints.

As it is explained in the previous chapters, isoparametric concept employs the same
rational basis functions both to define the geometry and to approximate the

displacement field, hence

[}

=Ru (4.8)

where u denotes displacement of the control point coordinates and R is the

interpolation matrix which contains non-zero basis function values at concerned

parametric location.

Thus (eq. 4.8) can be restated as follows;
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AX,
Ay,

Ax,
~ Ro (ég) 0 R1 (5) o ...... Rn (éi) 0
| [ p (4.9)
He) { 0 Ro» () 0 Ry (&) 0 Rn,p(ég)} A:yl
AX,
Ay,

Relying on linearly isotropic constitutive law and geometrically non-linear structural
response, internal force vector and stiffness matrix can be generated by successive
derivation of the strain energy functional with respect to the vector of control point
displacements (d.o.f. vector) as

U ¢
fi (H)—E—ID C::C_':‘ ds, (4.10)
o°U T o’ o’p
_ 4.11
K(u)= a _j[_) C:I_)dSO+J-{EA5892+EIpagz S, (4.11)
where;
c_|EA O (4.12)
0 El
o
D_)% (4.13)
)
ou
G :{‘9} (4.14)
Yo

A subroutine is developed to calculate the first and second derivatives of ¢ and p to

be employed in stiffness matrix and internal force vector codes. Derivatives of &

and p are evaluated by hand calculation then the eventual expressions are used in

the subroutine as follows;

O _0(ds) 1 (4.15)
ou ou 2-dS,
op_ok—xy) dS  x—x, O(dS)

ou ou ds, ds, ou

(4.16)
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(Eq.4.15) and (eq.4.16) are derived once more with respect to d.o.f vector uand

second derivatives are defined as follows;

825 _ 82 (dS) . 1 (417)
ou®  ou® 2.dS,

azp: 0 (K — K,) 8(/{—1{0).6(dS)Jr

> —aS +
ou ou ou ou (4.18)
az(dS)‘(K_K )+a(dS)_8(K—KO) as
822 0 ag ag 0

A finite difference method code is developed and used to validate the derived
expressions in eq. 4.17 and eq. 4.18. Exact match of the results have been achieved
between finite difference results and hand calculated derivatives for both first and

second derivative of ¢ and p. A separate finite difference method code is also

developed to validate entire derivation of strain energy functional. Results of hand
calculated internal force vector (first derivative of strain energy functional) and
stiffness matrix (second derivative of strain energy functional) expressions are
perfectly matched with each other. Thus these expressions were ready to be
implemented in the main analysis code to construct the global internal force vector

and the stiffness matrix.

Similarly, computing the first derivative of potential energy of applied forces results

in the external force vector, i.e.

f.(u) =2—\: =—[[ pR"n+R"g, [dS, ~R" f (4.19)

This expression also attached by a subroutine to the main code. In this subroutine,
R" is constructed as a block diagonal matrix consists of basis functions. The normal

vector n is computed as a unit vector at the concerned parametric location.

The internal and external force vectors and the stiffness matrix are computed locally
in each knot span by using Gaussian quadrature. These local vectors and matrixes
are assembled to construct the global internal and external force vectors and the
global stiffness matrix. This process is quite analogous to standard FEA assembly
procedure. However, it is remarkable that highest order basis functions, i.e. higher

order local support of the interpolation functions yields much more overlapped
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entities of local arrays belong to adjacent knot spans. Eventually global arrays with a

characteristic size of 2(n+1) are constructed by the local arrays with a characteristic

size of 2(p+1)

4.3 Stress Recovery for 1D Applications
The non-linear equilibrium equation for the discrete model can be formulated as

f=f (4.20)

Linearized form of equilibrium equation at the undeformed configuration yields
K u=0 - g: fe (421)

In the main analysis code global arrays for the stiffness matrix and internal and
external force vector are constructed. Then a linear static solver employed under
defined boundary conditions to evaluate the displacements. Evaluation of the
displacements in control points allow to plot a new NURBS curve which is actual

deformed geometry. Since U is known at this level in the analysis, it is possible to

calculate the total stress at a distance to the neutral axis. This stress contains bending

and membrane stress components defined as

Ol =T + 0, (4.22)

total

o,and o, denote bending stress and membrane stress components respectively
which are defined as

o =251 (4.23)
ou |,
op
o = ‘E- (4.24)
b u . y

where vy is the distance from the neutral axis.

4.4 Stiffness Matrix and External Force Vector Calculation for 2D Application

In order to calculate the stiffness matrix for the two-dimentional applications in this

study, the equation below is used;
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K =j[_)Tc=:[_) dA=” D'CD dxdy (4.25)

where C is the stiffess tensor for the relevant coordinate in the surface where
continous stiffness matrix is being integrated. Since stiffness matrix only depends on
the material properties, it can be reduced according to the boundary conditions and
the loading case. In isotropic two dimensional beam analysis applications C matrix
has the same values during the integration as the material properties does not change
along the beam thickness or longtitude. However, for the composite beam analysis
case this matrix is particularly constructed for the elements depending on the layer

that they lay within. D matrix, which contains strain values, is constructed as

follows;
a
OX
p=lo X (4.26)
oy
oy oX

Here 0 and V are the continous displacements along the longitude and the thickness

directions. Using (4.8) in (4.26) yields;

JRu

— 0

OX
ORV

D=!{ 0 -—=— (4.27)

oy

OoRu  ORv

oy OX

Here u and v are discrete displacements. Since the derivations in the elements of D

are not convenient to evaluate, chain rule is applied.

OBU _RU IS (4.28)
OX 0& OX
OBV RV op (4.29)
oy on oy
OBu _RU oy (4.30)
oy on o
RV _ RV oF (4.31)
OX  0& OX
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Hence 0R/ox and OR/ox are the only terms to construct the B matrix. In order to

create these terms in the analysis code, a jacobian matrix, which is used to make the

transformation from the physical domain to parametric domain, is created as follows;

ox
5, =% % (4.32)
ox 9y
on on
Then required transformation is done as shown below;
SR R
Ox|_ )% 4.33
SR[" 3 5 (4.33)
oy on
Thus the B matrix of the analysis is created as shown in (4.34)
OR, /Ox 0 OR, /Ox 0o - OR, /Ox 0
B=| 0 dR/y 0 R/oy - 0 R,/oy (4.34)
OR /oy ©OR /Ox @R,[/dy OR,/OX - oR, /0y OR,/oX

In the integration of stiffness matrix through the gauss points in an element, another
jacobian matrix is needed to realize the transformation from parametric domain to

element coordinate system. This jacobian is stated as;

aéi 6_72 §i+l _é:i 0

3,249 o] 2 (4.35)
o5 0n 0 i — 10,
on on 2

Since the jacobian for the transformation from physical domain to parametric
domain and the jacobian for the transformation from parametric domain to element
coordinate system are stated, local stiffness integration for an element can be stated

as

K, =[B'CB det(J) ~> wB"CBdet(J) (4.36)
i1

where;
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(4.37)

Il
I
|

h
|
N

Local external force vectors on the edges which has a load applied is calculated as

follows;
Fe, = [ Rotioe U5 Jip = D WR. Gy 0S Iy (4.38)
i=1
where;
3, = % or 3, = ?7”12— Z (4.39)
and
ds, = | 22| or ds, =| % (4.40)

and R, is the block-diagoal matrix containing the shape functions. Calculation of

J,, and dS,depends on the edge where local external force vector is integrated. If
the load is applied on an edge along the length, & is used because the knot vectors
used on the edges along the length are defined by the parameter & while the knot

vectors used on the edges along thickness defined by the parameter 7;.

4.5 Stress Recovery for 2D Applications

Diagonal B matrix in 4.34, which contains bivariate derivatives of shape functions, is
used to calculate strain distribution along the surface. This diagonal matrix is
multiplied by discrete displacement vector of relevant control points. Hence the

strain distribution is obtained as follows,

£=B-Uy (4.41)

In open form;
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AX,

Ay,

R /X 0  OR,/ox 0 e oR,/ox 0 AX,
e=| 0 R/oy 0  ORfoy - 0 R /Joy|{ay,r (442)

aBl/ay 881/8)( aBz/ay 882/8X """ aBn/ay 6Bn/5X :

AX,

Ay,

Then the stress values are evaluated from the strain values by multiplying with
relevant local stiffness tensor. In isotropic two dimensional beam analysis
applications C matrix has the same values during the integration as the material
properties does not change along the beam thickness or longtitude. However, for the
composite beam analysis case this matrix is particularly constructed for the elements

depending on the material properties of the layer that they lay within.

Thus stress equation used in 2D codes can be described as;

o=¢&- EIayer (443)
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5. 1D APPLICATIONS AND RESULTS

In this section, the applications of isogeometric analysis on a straight slender beam
with two different boundary conditions are firstly presented. The results computed
with developed code are compared with analytic results. Then a half circle slender
arch application and finally an application on a free formed slender arch also
performed. For the half circle and free formed slender arch applications, stress at
extreme fibers and displacement results compared with a commercial structural
analysis package (ABAQUS).

5.1 Application 1

5.1.1 Application 1:Problem description

Structural analysis of a straight beam with a circular cross section of radius r is
considered. The beam is modeled as a cantilevered beam. Rotationless nature of the
clamped root of the beam ensured by setting the vertical co-ordinates of the first two
control points equal to zero. In addition, the horizontal co-ordinates of the control
points set as zero regarding small angle deflection assumption. A distributed load is
applied on the beam on -y direction. Geometrical and material constants are as seen

in the computational model given in Figure 5.1.

E=70GPa
h =1cm
b =0.8cm
9,=30N/m Z»
Ya L=1Im
; YVYVVVY wJ \A A ] v "EV_:.TV}.',': » Jr v v\>q0
—> i
/ 1
7

Figure 5.1 : Computational model of the rectangular cross sectional cantilevered
beam under uniform distributed load.
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5.1.2 Application 1:Results

Maximum deflection at the free end of the beam is observed for different
characteristic mesh sizes. Although the ratio between numerical and analytical value
is enough high for even five elements, according to Figure 5.2 a characteristic mesh
size of 0,025 which is achieved by 40 elements can be considered as the convergence

limit for the analysis.

1.002
/‘* !

0.998

/ 0.996

/ 0.994

/ 0.992

// 0.99
0.988

anjen oi3Ajeue/anjen [eaawinu

/ characteristic mesh size (1/n)
—————————— ———— —————————————————— 0.986
o o o o o o o o o
S S Z . Z 7 2) o, <
2 e s N 2% R T
N7
(o)

Figure 5.2 : Convergance curve of max. displacement.
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Figure 5.3 : Deformed and initial beam geometry produced by NURBS structure.

Deflection results of the isogeometric analysis performed with quadratic basis
functions and 40 elements returns exact match with the analytic results as seen in

Figure 5.4
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Figure 5.4 : Analytic and isogeometric numerical analysis results for displacement.

Analysis repeated with a single element and third order basis functions yields very
close results with the analytic solution results. However, boundary condition
definition in the analysis causes a small difference. It is a fact that there is only three
control points used to define the geometry. For that reason, second control point,

which is used to ensure cantilevered boundary condition, is not close enough to the

root.

0.00E+00
-1.00E-02
-2.00E-02
-3.00E-02
-4.00E-02
<
-5.00E-02
-6.00E-02
-7.00E-02
-8.00E-02

-9.00E-02

= == gnalytic
e 3rd Order single el.
0 01 02 03 04 05 06 07 08 09 1
Length (m)

Figure 5.5 : Isogeometric numerical results for single third order element.

Stress values in the beam are computed as described in chapter 3.3. Figure 5.6 shows

the analysis results for total stress at the extreme fibers.
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Figure 5.6 : Stress results at extreme fiber with quadratic basis functions (ne=40).

Oscillation around the analytical results in Figure 5.6 can be easily smoothed out by
order elevation of the analysis basis functions. Order elevation allows reducing
element number in the analysis as well. Results achieved with higher order basis
functions by using less element number yields smooth and precise results as seen in

Figure 5.7.
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Figure 5.7 : Stress results at extreme fiber for several basis orders (ng=20).
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5.2 Application 2

5.2.1 Application 2:Problem description

Structural analysis of a straight beam with a rectangular cross section is considered.
The beam is simply supported at one end and attached with a sliding support at the
other end. At the left end, boundary condition fixed the horizontal and vertical
entities of the control point to zero which does not allow displacement in any
direction but rotation. On the right end, the support condition is ensured by setting
the vertical coordinate zero. In addition, relying on small deflection assumption the
horizontal co-ordinate is also set to zero. A distributed load is applied along the
beam length on —y direction. Geometrical and material constants are as seen in the

computational model given in Figure 5.8.

E =70 GPa
h =1cm
b =08cm
q,=30N/m >z
VA L=1m
LULELLLLL | ”'\qo
X

Figure 5.8 : Computational model of simply supported beam under uniform
distributed load.

5.2.2 Application 2:Results

Maximum deflection at the mid-length of the beam is observed for different
characteristic mesh sizes. Similarly, the ratio between numerical and analytical value
is also quite high even for high characteristic mesh sizes. Figure 5.9 shows
convergence curve for the maximum displacement. For this application,

characteristic mesh size of 0.025 is also convenient for the analyses.
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Figure 5.10 : Deformed and initial beam geometry produced by NURBS structure.

Deflection results of the isogeometric analysis performed with quadratic basis

functions and 40 elements and singe third order element isogeometric analysis return

exact matches with the analytic results as seen in Figure 5.11 and Figure 5.12.
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Figure 5.11 : Analytic and isogeometric numerical analysis results for displacement.
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Figure 5.12 : Single third order element result for displacement.

Stress values in the beam are computed as described in chapter 3.3. Figure 5.13

shows the analysis results for total stress at the extreme fibers.
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Figure 5.13 : Stress results at extreme fiber with quadratic basis functions (ne=40).

Oscillation in the numerical results is smoothed out by order elevation of the analysis

basis functions. Results achieved with higher order basis functions by using less

element number yields smooth and precise results like in the previous application.

Figure 5.14 shows the stress results at extreme fibers for several basis function

orders by using 20 elements.
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Figure 5.14 : Stress results at extreme fibers for several basis orders (ng=20).
5.3 Application 3

5.3.1 Application 3:Problem description

Isogeometric structural analysis of an arched beam with a circular cross section of
radius r is considered. Boundary condition at both ends does not allow
displacements in any direction but rotation. This boundary condition ensured by
setting both horizontal and vertical coordinates of the control points to zero at the
ends of the beam. A pressure load is applied along the beam length. Since this is a
2D example, pressure load has been applied as a line load with the unit of N/m. The
code developed for this problem allows application of concentrated loads as well.
Geometrical and material constants are as seen in the computational model of the

arched beam shown in Figure 5.15.
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E =70 GPa
r =0.004 m
P,=30N/m

Figure 5.15 : Computational model of the circular cross sectional arched beam

under preassure load.

5.3.2 Application 3:Results

Since it is not so convenient to get an analytic solution in this problem, isogeometric
analysis results has been compared with a structural analysis package ABAQUS. In
the ABAQUS analysis, using 200 elements is found fine enough to maintain precise
results and to get a realistic geometric representation. The isogeometric analysis
code results in x and y deflections and stress values at extreme fibers successfully

matched with ABAQUS results in this application as well.
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Figure 5.16 : Convergance curve for the maximum displacement.
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Figure 5.17 : Initial and deformed beam geometry produced by NURBS structure.
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Figure 5.18 : Benchmark results with ABAQUS for the displacement on x direction.
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Figure 5.19 : Benchmark results with ABAQUS for the displacement on y direction.
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Figure 5.20 : Benchmark results with ABAQUS for 50 elements.
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Figure 5.21 : Stress benchmark results with ABAQUS results.
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6. 2D APPLICATIONS AND RESULTS

6.1 Isotropic Beam Applicatons

Isogeometric structural analyses of isotropic thick beams are realized for different
boundary conditions and load cases. A stretch case is carried out initially to verify
the accuracy of Poisson effect and axial displacements. Subsequently two bending
analysis with distributed and concentrated load are accomplished. Contrary to one-
dimensional applications in the fifth chapter, in these two applications shear effects
are also taken into account. That is Timoshenko beam theory is considered and
cross-section on x-z plane of the beam is no longer perpendicular to the neutral axis

under deformation.

Mesh structure in Figure 6.1 is used for all three isotropic cases. As seen in the
figure, four elements have been used through the thickness while eight elements used
along the beam length. Red lines correspond to knot vectors that define the elements
and black lines are the control points net. All the two dimensional applications in this

chapter has been realized with a beam geometry that has an aspect ratio of 4.
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Figure 6.1 : Control points net (black) and mesh structure (red)

6.1.1 Application 1

6.1.1.1 Application 1:Problem description

Isogeometric structural analysis of a beam under stretch is considered in this
application. As seen in the computational model in Figure 6.2, lower left corner is
clamped and lower right end is clamped with a slider. In addition, left edge is
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constraint on x direction while all the control points on this edge is free to move on y
direction. Therefore, beam is stretched under the load applied on the right edge on x

direction and because of the Poisson effect there is also a contraction along the

thickness.
E =0.2 GPa
v =0.3
h =25cm
q,=40N/m
L=1Im q
10
7 —
: L 5
h —>
[} —
: _
> v >
é} X L

Figure 6.2 : Computational model for stretch analysis

In order to maintain a realistic stretch case, distributed stretch load in this application
is simulated with a concentrated load on the lover right corner with a magnitude of
10N. This magnitude is equal to a distributed load of 40N/m for this edge. Then
multi point constraint applied on x direction on this free edge. Applying this multi
point constraint, since all the points on the right edge deformed equally while they

are free for contraction, stretch case is properly simulated.

6.1.1.2 Application 1:Results

In order to have a benchmark, same geometry is created in ABAQUS. Later on
boundary conditions, load and multi point constraint applied in isogeometric code is
applied in the same way in the ABAQUS analysis. ABAQUS analysis is realized
with a high number of elements to maintain reliable results to compare with
isogeometric results. Isogeometric contour plots are matched with ABAQUS plots
for both stretch and contraction values as seen in Figure 6.3 and Figure 6.4. In these
figures ABAQUS results has a deformation scale factor of 10° while isogeometric

deformation is scaled with 10°.
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Figure 6.3 : Isogeometric (upper) and ABAQUS (lower) results for displacement on
x direction.
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Figure 6.4 : Isogeometric (upper) and ABAQUS (lower) results for displacement on
y direction.

Displacement results through the beam thickness are shown in Figure 6.5. Since this
application is a stretch case, displacemet on x direction is constant along the
thickness for a given position on the beam length as expected. Therewithal

contraction results in Figure 6.5 are quite meaningful as they matched perfectly with
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ABAQUS results. Since beam is constrained on the y direction at lover corners,
contraction is at the maximum on the top edge of the beam and linearly decreases to
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Figure 6.5 : Isogeometric and ABAQUS results for displacements on x (left) and y
(right) direction through the thickness at mid-length.

Constant axial stress result is identical with the results obtained from ABAQUS. In
addition, as the beam is only exposed to an axial load on this application stress
values through the thickness is zero at any location in the beam. However, there is a
very small numerical noise in both isogemetric and ABAQUS results, which can be
neglected as seen on the right in Figure 6.6.
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Figure 6.6 : Isogeometric and ABAQUS results for stress results through the
thickness on x (left) and y (right) direction at mid-length.
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6.1.2 Application 2

6.1.2.1 Application 2:Problem description

Isogeometric structural analysis of a simply supported thick beam under a distributed
load considered in this application. Contrary to the slender beam applications in the
fifth chapter, in this application stress distribution is non-linaear through the
thickness. For that reason, in order to get accurate deformation and stress results

through the beam thickness, shear effects are taken into account.

Distributed load on the top edge of the beam is applied by integrating the load
magnitude among the points defined on the knot vector, which lays on the top edge.

This integration is shown in (4.38) in element level.

E=0.2 GPa
v =0.3
h =25cm
q,=400N/m
do
L=1m
YVYV A "l Yy Vv
)
]
]
A :h
y i
]
]
—V
X L

Figure 6.7 : Computational model for distributed load case.
6.1.2.2 Application 2: Results

As seen in in Figure 6.8 and Figure 6.9 displacement and stress contour results of
isogeometric analysis very well match with the contour plot outputs of ABAQUS.
Lower left corner of the beam is constrained vertically while it slides horizontally as
seen in Figure 6.8. For that reason deformation under a distributed load also yields a
small amount of stress in x direction plotted in Figure 6.10. As the problem
geometry is simply supported, a symmetric deflection on y direction is observed in

contour plots as seen in Figure 6.9.
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Due to the plot in Figure 6.11 it can be said that isogeometric displacement plot
through the thickness has less than 0.1x10°m difference than ABAQUS results,

which can be considered accurate enough.
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Figure 6.8 : Isogeometric (upper) and ABAQUS (lower) results for displacement on
x direction.
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Figure 6.9 : Isogeometric (upper) and ABAQUS (lower) results for displacement on
y direction.
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Figure 6.10 : Isogeometric (upper) and ABAQUS (lower) results for the stress on x
direction

Beside deformation results, stress results through the thickness has perfect match
with ABAQUS results and non-linear stress distribution on y direction is remarkable
in Figure 6.12. At the top and lower edge of the beam, a small jump for the stress
values on y direction is observed in ABAQUS results while isogeometric analysis
values starts with zero at the lower edge and ends at the 400 Pa which is applied

distributed force on the top edge of the beam as expected.
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Figure 6.11 : Isogeometric and ABAQUS displacement results through the
thickness on x (left) and y (right) direction at mid-length.
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Since the case is symmetric, shear stress value through the thickness at the mid-

length should be zero. Plot in Figure 6.13 shows that shear stress results oscilates

around zero while isogeometric analysis results are constant at zero. This proves that

isogeometric analysis has less noise than ABAQUS results for the stress distribution

through thickness in a thick beam analysis.
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Figure 6.12 : Isogeometric and ABAQUS stress results through the thickness on x

(left) and y (right) direction at mid-length.
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52



6.1.3 Appplication 3

6.1.3.1 Application 3:Problem description

Isogeometric structural analysis of a simply supported thick beam under a
concentrated load at its mid-length is considered in this application. In this

application shear effects are taken into account as in the previous example.

Concentrated load on the top edge of the beam is applied by defining the
parameterized position of the load on the knot vector at the top edge border of the
beam. During element external force vector integration, isogeometric code checks
the edges for the existence of a concentrated load. If there is a concentrated load, the
corresponding knot span that includes the load is found then the contribution of this

concentrated load is added to the relevant element external force vector.

E =0.2 GPa
v =0.3
h =25cm Rl
g,=400 N
L=1m
N
]
]
A ]
y i
]
]
LV
X L

Figure 6.14 : Computational model for distributed load case.
6.1.3.2 Application 3: Results

Figure 6.15 and Figure 6.16 indicates the benchmark of displacement contour results
of isogeometric analysis with ABAQUS results. As seen in the figures, these results
also have a meaningful match as in the previous applications. Due to the
concentrated load, a local deflection can be seen at the mid-length on the top edge of
the beam in both isogeometric and ABAQUS plots. Because of the simply supported
boundary conditions, a symmetric vertical deflection is observed in the contour plots

as seen in Figure 6.16.
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Isogeometric horizontal displacement plot in Figure 6.18 has a difference than
ABAQUIS results around 0.5x10® m, which can be considered accurate enough.
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Figure 6.15 : Isogeometric (upper) and ABAQUS (lower) results for displacement
on x direction.
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Figure 6.16 : Isogeometric (upper) and ABAQUS (lower) results for displacement
on y direction.
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However, as seen in the Figure 6.17 vertical displacement results have a 0.2x10-5m
difference on the top edge at the mid-length where the concentrated load is applied.
Most probably, the local deflections are the reason of this higher difference. This
difference can be eliminated by using higher number of elements in the isogeometric

analysis code.

In Figure 6.18 this local difference also can be observed on stress values. As seen in
the figure, isogeometric and ABAQUS results match clearly through the thickness

but on the locations closer to the top edge some difference is observed.
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Figure 6.17 : Isogeometric and ABAQUS displacement results through the
thickness on x (left) and y (right) direction at mid-length.
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6.2 Composite Beam Applications

Isogeometric structural analyses of composite thick beams under cylindrical bending
are realized for two different stacking sequences. A general computational model is
presented in Figure 6.19. The layers of the laminated beam have the same material
properties but different fiber directions. Cases for 0/90 and 0/90/0 are carried out and
the results for each case are presented at the end of each sub-chapter. For each layup,
different combinations of basis orders and element numbers are employed along the
thickness and length. Complete lists of cases for each layup are presented in Table
6.1 and Table 6.2.

E, =25x10°psi E, =10° psi Omax =500 N
G,; =05x10° psi G,y =0.2x10° psi v, ,=v,;=0.25
h =25cm L=1m q,
‘Fhll AT

i HH “mnh
(n)
(3) "
2y
(1) §

Figure 6.19 : Computational model for cylindrical bending of a composite beam.

Contrary to isotropic analyses in the sub-chapter 6.1, in these composite cases basis
functions used through the beam thickness has discontinuities. These discontinuities
are located on the layer interfaces and maintained by knot repetition as shown in the
second chapter in Figure 2.2. Knot repetition yields an increase in the number of
control points as explained in the second chapter. Increase of the control points
around the layer interface can be observed in Figure 6.20 and Figure 6.30. Since
several analyses with different number of elements have been carried out for each

stacking sequence, the mesh structures in the Figure 6.20 and Figure 6.30 are shown
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only to indicate the difference of the mesh structure than the ones used in isotropic

cases.

Table 6.1 : List of cases carried out for 0/90 stacking sequence.

Cna(l)s.e eL [ew-|AR el| p q
1 4 2 4 1 1 2 3
2 4 4 8 1 1 2 3
3 4 2 4 2 1 2 3
4 4 4 8 2 1 2 3
5 8 2 2 1 1 2 3
6 8 4 4 1 1 2 3
7 8 8 8 1 1 2 3
8 8 2 2 2 1 2 3
9 8 4 4 2 1 2 3
10 8 8 8 2 1 2 3
11 16 2 1 1 1 2 3
12 16 4 2 1 1 2 3
13 16 8 4 1 1 2 3
14 16 16 8 1 1 2 3
15 16 2 1 2 1 2 3
16 16 4 2 2 1 2 3
17 16 8 4 2 1 2 3
18 16 16 8 2 1 2 3

The beam geometry in all the composite cases has an aspect ratio of 4. Thus these
analyses are also thick beam analyses where shear effects are taken into account.
Cylindrical bending is applied with a static distributed load in a shape of half sinus
wave. In order to integrate this load over the top edge of the beam, a subroutine is
developed to calculate the magnitude of the load for a desired location on the edge.
Then the contribution of the calculated magnitude for each knot span is added to the

relevant element external force vector.
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Table 6.2 : List of cases carried out for 0/90/0 stacking sequence.

C;a(lie eL |ew-[AR el| p q
1 4 2 6 1 1 2 3
2 4 4 12 1 1 2 3
3 4 2 6 2 1 2 3
4 4 4 12 2 1 2 3
5 8 2 3 1 1 2 3
6 8 4 6 1 1 2 3
7 8 8 12 1 1 2 3
8 8 2 2 1 2 3
9 8 4 2 1 2 3
10 8 8 12 2 1 2 3
11 16 2 15 1 1 2 3
12 16 4 3 1 1 2 3
13 16 8 6 1 1 2 3
14 16 16 12 1 1 2 3
15 16 2 15 2 1 2 3
16 16 4 3 2 1 2 3
17 16 8 6 2 1 2 3
18 16 16 12 2 1 2 3

Since local stiffness values are different for the layers in the composite cases, a
subroutine is developed to call the right stiffness values for the corresponding
elements. During the integration of element stiffness matrices, these right stiffness
values are used. In addition, these stiffness values also used for the stress recovery

process as explained in (4.43).

In these composite applications, isogeometric analysis results are compared with
analytic elasticity solutions. An analytic elasticity solution code is developed
referring to the calculations in a study of N.J Pagano.[24] This analytic code is called
in the main isogeometric analysis and realize the analytic elasticity solution then
stores the result data. Thus, analytic and isogeometric results are plotted together for

the benchmark results.
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6.2.1 Application 1: Analysis for 0/90 stacking sequence

Isogeometric structural analysis of a simply supported, composite, thick beam with a
stacking sequence of 0/90 under a cylindrical bending is considered in this
application. Figure 6.20 shows an example mesh structure for 0/90 stacking
sequence. As seen in the figure, there is a populated number of control points at the
mid-thickness of the beam. This is because of the knot repetition as explained in the

previous sub-chapter.

025

02

Figure 6.20 : a) Mesh structure b) Control points net for 0/90 stacking sequence

6.2.1.1 Application 1:Problem description

6.2.1.2 Application 1:Results

Contour plots of displacement results in Figure 6.21 and Figure 6.22 are quite
reasonable for the bending case. Because of the simply supported boundary
conditions and symmetrical load, a symmetric vertical deflection is observed in the

contour plots as seen in Figure 6.22.
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Figure 6.21 : Isogeometric displacement results on x direction.

Figure 6.22 : Isogeometric displacement results on y direction.

Contour plot of the stress on x direction in Figure 6.23 indicates the layers
significantly. Since the top layer has a fiber orientation of 90 degrees, the lower layer
handles the stress on x direction. Furthermore, as it is expected there is a tensile
stress on the top of lower layer and a negative stress at the bottom.

Similarly, as seen in the Figure 6.24 the maximum stress on y direction is observed
in the mid-length at the top edge where the load is applied. The magnitude of this
stress is equal to the maximum value of the load. Therefore Figure 6.24 proves that
the load is integrated properly and the stress recovery process is done properly by the

isogeometric code.

In adition, Figure 6.25 shows shear stress distribution on xy plane. As it is expected,
maximum absolute shear stress values are also observed in bottom layer which has a

fiber orientation on the direction of beam length
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Figure 6.23 : Isogeometric stress results on x direction.

Figure 6.24 : 1sogeometric stress results on y direction.
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Figure 6.25 : Isogeometric shear stress results.

After general observation of the stress distribution over contour plots, stress values
along the thickness are plotted with the analytic results. This plots are compared for
different mesh structures and for different polynomial degrees of basis functions in

the following figures. In these plots, stress data on the x and y directions are derived
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on the mid length of the beam while shear values are derived on the free end of the
bea where x=0. In Figure 6.26 and in Figure 6.27 since the mesh structure is quite

coarse, shear stress values has a signicant difference with analytic values.
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Figure 6.26 : Stress results for 4 elements along the length and 2 elements per layer
by using linear basis functions along the length.
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Figure 6.27 : Stress results for 8 elements along the length and 2 elements per layer
by using quadratic basis functions along the length.
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However, as seen in Figure 6.28 and Figure 6.29, isogeometric results for cubic basis
functions along the thickness leads smoother and more accurate results than the

results derived with quadratic basis functions for finer mesh structures.
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Figure 6.28 : Stress results for 16 elements along the length and 2 elements per layer
by using linear basis functions along the length.
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Figure 6.29 : Stress results for 16 elements along the length and 8 elements per layer
by using quadratic basis functions along the length.
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In the stress plots along the thickness, the results derived with quadratic basis
functions can be obtained with the current FEM packages. Since isogeometric
analysis allows using higher order basis functions through the thickness; for the case
in Figure 6.28, isogeometric results for cubic basis functions introduce the

superiority over classical FEM.

6.2.2 Application 2: Analysis for 0/90/90 stacking sequence

Isogeometric structural analysis of a simply supported, composite, thick beam with a
stacking sequence of 0/90/0 under a cylindrical bending is considered in this
application. Figure 6.30 shows an example mesh structure for 0/90/0 stacking
sequence. As seen in the figure, there is a populated number of control points at two
layer interface in thickness direction. As it is explained in the previous application

this is also because of the knot repetition on that locations.
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Figure 6.30 : a) Mesh structure b) Control points net for 0/90/0 stacking sequence

6.2.2.1 Application 2:Problem description

6.2.2.2 Application 2:Results

Contour plots of displacement results in Figure 6.31 and Figure 6.32 are also
reasonable for this bending case as it is in the previous application. Because of the
simply supported boundary conditions and symmetrical load, a symmetric vertical

deflection is observed in the contour plots as seen in Figure 6.32.
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Figure 6.32 : Isogeometric displacement results on y direction.

Layers of the beam can be easily seen in the contour plot of the stress on x direction
in Figure 6.33. Since the mid layer has a fiber orientation of 90 degrees, the bottom
and top layers handle the stress on x direction. Furthermore, as it is expected there is

a tensile stress on the top of lower layer and a negative stress at the bottom.

In the Figure 6.34, maximum stress on y direction is observed in the mid-length at
the top edge where the load is applied. The magnitude of this stress is equal to the
maximum value of the load. Therefore, Figure 6.34 proves that the load is integrated

properly and the stress recovery process is done properly by the isogeometric code.

Figure 6.35 shows shear stress distribution on xy plane. As it is expected, also the
maximum absolute shear stress values are observed in the bottom and top layers

which have a fiber orientation on the direction of beam length.
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Figure 6.33 : Isogeometric stress results on x direction.

0.05

Figure 6.34 : Isogeometric stress results on y direction.
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After general observation of the stress distribution over contour plots, stress values
along the thickness are plotted with the analytic results. This plots are compared for
different mesh structures and for different polynomial degrees of basis functions as it
is done in the previous application. In Figure 6.36 and in Figure 6.37 since the mesh
structure is quite coarse, shear stress values has a signicant difference with analytic

values.

Figure 6.35 : Isogeometric shear stress results.
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Figure 6.36 : Stress results for 4 elements along the length and 4 elements per layer
by using quadratic basis functions along the length.
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Figure 6.37 : Stress results for 4 elements along the length and 8 elements per layer
by using linear basis functions along the length.

However, as seen in Figure 6.38 and Figure 6.39, isogeometric results for cubic basis
functions along the thickness introduce smoother and more accurate results than the

results derived with linear and quadratic basis functions for finer mesh structures.
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Figure 6.38 : Stress results for 16 elements along the length and 2 elements per
layer by using quadratic basis functions along the length.
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Figure 6.39 : Stress results for 16 elements along the length and 8 elements per
layer by using quadratic basis functions along the length.

As same as in the previous application; since isogeometric analysis allows using
higher order basis functions through the thickness, for the analysis case in Figure
6.38, isogeometric results for cubic basis functions introduce the superiority over the
results of quadratic solutions. Hence, by using higher order basis functions, results
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that are more accurate can be obtained with less number of elements that is with less
number of degrees of freedom.

Stress plots through the thickness indicate that, by using higher number of elements,
stress results on x direction can be approximated easier than the results on y
direction. On the other hand, for a certain mesh structure shear stress results has the
least accuracy when compared with the stress results on x and y direction. This
seems natural when more sophisticated formulation of shear stress calculation is
taken into account. However, using higher order basis functions along the length
allows maintaining accurate results even with coarse mesh structures. For that
reason, it can be stated that; isogeometric analysis introduces a significant advantage

especially for shear stress calculations in cylindrical bending of thick beams.

Stress plots for different mesh structures also indicate that, not only the element
number along the thickness but also the element number along the length has an
effect on the accuracy of the stress results through the thickness.
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7. CONCLUSIONS

Isogeometric analysis, a new approach for structural analysis, and its advantages

over standard finite element method have been studied. This new method has been

validated for some test-cases dealing with structural analysis of slender beams in 1D

based on Euler-Bernoulli theory . Then isotropic thick beams are analysed for

several boundary conditions and load options with a coding structure which are also

contains shear effects. Finally a code framework has been created which is able to

analyse comosite thick beams under cylindrical bending for any desired stacking

sequence and compares the results with elasticity solution.

As an alternative to conventional finite element method, successful isogeometric

analysis applications on structural analysis of beams yield the following comments:

Although isogeometric analysis includes some fragments of classical FEM
framework isogeometric analysis have significant differences and
advantages. Using high order NURBS basis functions which may have C1
and higher continuity instead of employing CO continuous classical Lagrange
polynomials as shape functions, and using control points as degrees of
freedom which can be outside of the actual geometry are the most
outstanding features.

Perfect geometrical representation with coarsest mesh structure is possible
for most of the cases whatever the number of degrees of freedom. This
prevents unnecessary mesh refinements for geometrical representation. Thus,
number of degrees of freedom is risen only for the solution accuracy.
High-order solutions mentioned in the first entry are employed without extra
coding work, thanks to the features of NURBS functions.

A combined refinement process (k-refinement) is applicable which allows
increased inter-element regularity i.e. covering the same element domain
with fewer number of basis functions while maintaining the level of

continuity.
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e Since degrees of freedom are defined on control points, at a given location
they cannot be assumed as the solution values while degrees of freedom is
interpreted as the solution values in classical FEM.

e Identical data structure for geometry and solution domain eliminates many

extra lines of code. Therefore, the coding framework is created much easier.

Results of straight beam analyses have maintained perfect match with analytical
solutions in both displacement and stress plots. Accurate results can be obtained with
even single elements with higher order basis functions. Displacement and stress
results for arched beam had some difference with the results of structural analysis
software package, ABAQUS in the initial analysis. Then it is recognized that this is
caused by different parameterization fashion of the curve. In curved beam analysis
the parametrical coordinate is not directly proportional with the curve length as it is
in straight beam. So in curved beam analysis the parametric coordinate is transferred
to curve length as in ABAQUS plots. Thus matched plots of displacement and stress

are obtained eventually.

In isotropic and composite thick beam cases, deflection and stress countour plots are
perfectly matched with the plots obtained from a commerical analysis package,
ABAQUS. Deflection and stress comparison through the beam thickness also yields

satisfactory results.

The most significant acquisition of this research is the stress results through the
thickness of a composite beam under cylindrical bending. This is a novel application
for isogeometric analysis. In this application, isogeometric analysis allows using
high order basis functions which is able to provide much more accurate results than
conventional FEM packages. While isogeometric analysis allows this higer order
solutions, conventional FEM packages (such as ABAQUS,ANSYS etc.) can employ

second order shape fuctions at best.
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APPENDICES

APPENDIX A : Stress results for the 0/90 layup with the mesh structures in

Table 6.1
APPENDIX B : Stress results for the 0/90/0 layup with mesh structures in

Table 6.2

75



APPENDIX A Stress results for the 0/90 layup with the mesh structures in Table
6.1. Cases which is not presented here, is already in the text.
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Figure A.1 : Stress results for 4 elements along the length and 2 elements per layer
by using quadratic basis functions.
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APPENDIX A.2
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Figure A.2 : Stress results for 4 elements along the length and 4 elements per layer
by using linear basis functions.

APPENDIX A.3
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Figure A.3 : Stress results for 4 elements along the length and 8 elements per layer
by using linear basis functions.
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APPENDIX A4
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Figure A.4 : Stress results for 4 elements along the length and 8 elements per layer
by using quadratic basis functions.
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Figure A.5 : Stress results for 8 elements along the length and 2 elements per layer
by using linear basis functions.
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APPENDIX A.6
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Figure A.6 : Stress results for 8 elements along the length and 4 elements per layer
by using linear basis functions.
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Figure A.7 : Stress results for 8 elements along the length and 4 elements per layer
by using quadratic basis functions.
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Figure A.8 : Stress results for 8 elements along the length and 8 elements per layer
by using linear basis functions.
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Figure A.9 : Stress results for 8 elements along the length and 8 elements per layer

by using quadratic basis functions.
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Figure A.10 : Stress results for 16 elements along the length and 2 elements per

layer by using quadratic basis functions.
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Figure A.11 : Stress results for 16 elements along the length and 4 elements per

layer by using linear basis functions.

81




APPENDIX A.12

normalized thickness

05 T 0.5 T
Analytic Analytic /
~~~~~~ Isogeo q=1 s 150gE0 G=1
Isogeo q=2 Isogeo q=2
0.4 Isogeo g=3 041 Isogeo =3
0.3F 1 031 1
0.2 02+
0.1 @ 01F d
Qo
c
%
2
£
(s - OfF 4
@
N
©
E
0.1F S 01f g
0.2 1 0.2 il
-0.3F -0.3F n|
04 4 04+ 4
05 1 1 0.5 Fi 1 I
-40 -20 0 20 40 -05 0 05 1
sigma x sigmay

normalized thickness

0.5

04

0.3

0.2

01t

-0.1

-0.2

-0.3F

-041

-0.5

T
Analytic

s |S0GEO G=1
Isogeo q=2
Isogeo =3 ||

Figure A.12 : Stress results for 16 elements along the length and 4 elements per

layer by using quadratic basis functions.
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Figure A.13 : Stress results for 16 elements along the length and 8 elements per

layer by using linear basis functions.
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APPENDIX B Stress results for the 0/90/0 layup with the mesh structures in Table
6.2. Cases which is not presented here, is already in the text.
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Figure B.1 : Stress results for 4 elements along the length and 2 elements per layer
by using linear basis functions.
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Figure B.2 : Stress results for 4 elements along the length and 2 elements per layer
by using quadratic basis functions.
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Figure B.3 : Stress results for 4 elements along the length and 4 elements per layer

by using linear basis functions.
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Figure B.4 : Stress results for 4 elements along the length and 8 elements per layer
by using quadratic basis functions.
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Figure B.5 : Stress results for 8 elements along the length and 2 elements per layer
by using linear basis functions.
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Figure B.6 : Stress results for 8 elements along the length and 2 elements per layer
by using quadratic basis functions.
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Figure B.7 : Stress results for 8 elements along the length and 4 elements per layer

by using linear basis functions.
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Figure B.8 : Stress results for 8 elements along the length and 4 elements per layer
by using quadratic basis functions.
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Figure B.9 : Stress results for 8 elements along the length and 8 elements per layer

by using linear basis functions.
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Figure B.10 : Stress results for 8 elements along the length and 8 elements per layer
by using quadratic basis functions.
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Figure B.11 : Stress results for 16 elements along the length and 2 elements per
layer by using linear basis functions.
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Figure B.12 : Stress results for 16 elements along the length and 4 elements per
layer by using linear basis functions.
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Figure B.13 : Stress results for 16 elements along the length and 4 elements per
layer by using quadratic basis functions.
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Figure B.14 : Stress results for 16 elements along the length and 8 elements per
layer by using linear basis functions.
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