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TRAJECTORY TRACKING CONTROL OF QUADROTOR UAV WITH LPV
APPROACH MPC CONTROLLER

ABSTRACT

For the last couple of decades, quadrotor control is one of the trending research topics
since it has wide areas in use. On the other hand, quadrotors are relatively complex
systems since they have six degrees of freedom and only four inputs. Three inputs are
pitch, roll, and yaw angle, and one input is the thrust force of the motors. From that
point, two control loops have been used for most research about quadrotor control.
Also in this research trajectory tracking control of the quadrotor is obtained by two
control loops. The position control has been obtained by feedback control, which is
responsible for reaching the desired x,y, and z coordinates and speed of the quadrotor
from each direction relative to the earth frame. The MPC (Model Predictive Control)
achieves attitude control with LPV (Linear Parameter Varying) approach. LPV method
is obtained by collecting all of the nonlinear parameters on the state-space equations
of the quadrotor to the A matrix. Since MPC control works on the discrete-time from
each time sample, we can assume all the variables on the matrix A as constants, and
the control algorithm can be handled as a linear system. But the quadrotor model
remains nonlinear. For testing this approach on the quadrotor MATLAB model is
designed and tested on different trajectories. From each trajectory, the quadrotor
catches the trajectory and follows it smoothly. From this research perspective, the
LPV-MPC method has good results on trajectory tracking but it needs to be tested on

the real-time system to observe CPU usage on the quadrotor.

Key Words: Trajectory Tracking, Quadrotor Control, LPV-MPC, Linear Parameter
Varying
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DORT KANATLI BiR iHA'NIN LPV YAKLASIM MPC KONTROL iLE
YORUNGE TAKIiP KONTROLU

OZET

Gelismekte olan teknoloji ile birlikte son birka¢ on yi1lda quadrotorlar ya da daha genel
kullanilan ismi ile dronlar olduk¢a yaygin bir sekilde kullanilmaya baslandi. Bunun
baslica sebebi zaman igerisinde diisen maliyetin ulasilabilirligi arttirmasi olarak
gosterilebilir. Diisen maliyetlerle birlikte, dronlarin bir¢ok yeni kullanim alanlar
ortaya c¢ikmaya baglamistir. Bunlardan en sik en etkili kullanim alanmi ise sinema
diinyas1 ve savunma teknolojileridir. Her ne kadar savunma teknolojilerinde kullanilan
insansiz hava araglarina da drone denede burada bahsi gecen dronlar tiirlerine gore
farklilik gostermektedir. Temelde drone olarak hitap edilen insansiz hava araglar1 lice
ayrilmaktadir. Sabit kanatli, doner kanatl1 ve hibtit insansiz hava araci bu {ig tiirii temsil
etmektedir. Bu yapilan tez calismasi temelde doner kanatli insansiz hava araci olan
tirii ele almaktadir. Doner kanatli insansiz hava araglar1 pervane sayisina gore

siniflandirilmaktadir. Burada ele alinan arag dort pervaneli quadrotor olmustur.

Qaudrotorlarin diisen maliyet, yazilim ve elektronik alaninda kat edilen gelismeler
ozellikle kontrol miihendislerini quadrotorlar iizerine ¢alismak konusunda tesvik edici
olmustur. Kolay ulasabilirlik ve kolay test edilebilmeleri baslica arastirmacilara
sagladigr biliylik avantajlardan en Onemlileridir. Bu nedenle gecen son yillarda
quadrotorlar iizerine bir ¢ok ¢alisma yapilmistir. Her ne kadar test etmek kolay olsa da
bir quadrotorun kontrolii gérece karmasik bir yapiya sahiptir. Bunun en temek nedeni
bir quadrotorun alt1 serbestlik derecesine sahip olmasina karsin, bunlar x, y, z
koordinatlar1 ile yuvarlanma, yunulama ve yalpalama agilaridir, dort girise sahiptir,
bunlar itki ile yuvarlanma, yunulama ve yalpalama agilaridir. Bu nedenle yeterince iyi

modellenmemis bir kontrolcii ile quadrotor kontrol etmek olasilik disidir.

Quadrotorlarin bu karmasik yapisi sebebi ile arastirmacilar geg¢miste dogru bir
matematiksel model ¢ikartma konusunda oldukg¢a fazla calismalar yapmislardir. Bu
caligmalarin sonucunda literatiirde su anda gercege oldukca yakin pek ¢ok quadrotor

matematiksel modeli bulunmaktadir. Bu tez calismasinda en temelden bir quadrotor
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matematiksel denklemlerinin c¢ikartilisi anlatilmis olsa da bu ¢ikarimlar literatiir

arastirmalar1 sonucunda ve bazi varsayimlar sonucunda elde edilmistir.

Olusturulan bu matematiksel model oldukga girift bir yapiya sahiptir. Bu nedenle
quadrotor lizerinde kontrol g¢alismasi yapan arastirmacilar olabildigince tek bir
kontrolcti ile tiim sistemin kontrol edilmesinden kaginirlar. Bunun temel sebebi olusan
bu girift yap1 kontrolciiniin cevap siliresini uzatmasi ve birbirleriyle biitiinlesmis
calisan sistemler kullanilan ayni tip ve giigteki kontrolciilerin yeterince iyi cevap

verememesidir.

Litereatirde tasarlanan quadrotor kontrolcilerinin buyik c¢ogunlugu temel iki
kontrolcii samasi tizerinden yapilmaktadir. Bunlar yiikseklik ve tutum kontrolciileridir.
Tutum kontrolciisii quadrotorun agilarinin tayin edilmesinde ve ylikseklik kontrolciisii
de yiiksekligin ayarlanmasindan sorumludur. Quadrotorun koordinat diizlemindeki x
ve y eksenlerinden yapacagi hareketler bunlara bagl olan yuvarlanama yunulama ve

yalpalama agcilar1 araciligi ile saglanmaktadir.

Yapilan bu tez ¢calismasinda da temelde iki adet kontrolcii kullanilarak bir quadrotorun
yoringe takip kontrolclsii tasarlanmistir. Yiikseklik kontrolii bir geri besleme
kontrolciisii ile saglanirken quadrotorun asil hareketini belirleyen tutum kontrolciisii
ise Model Ongoriilii Kontrol (MPC) ile saglanmistir. Model Ongoriilii Kontrol temelde
cevrimici bir optimizasyon kontrolciisii olmasi sebebiyle olduk¢a giiglii bir
kontrolciidiir. Fakat dogrusal Model Ongériilii Kontrol matematiksel modeldeki
degisimlerin kontrolcli iizerinden adapte edilmemesi sebebiyle hatali sonug
verebilmektedir. Bu nedenle bu ¢alismada Model Ongériilii Kontrol ile tasarlanan

kontrolciiye Dogrusal Degisken Parametre(LPV) metodu uygulanmistir.

Dogrusal Degisken Parametre (LPV) metodu temelde bir yaklasima dayanmaktadir.
Bu yaklasim da kontrol edilen sistemdeki tiim dogrusal olmayan denklemlerinin bir
matrise toplanacak sekilde durum-uzay modelinin ¢ikartilmasi ve bu dogrusal olmayan
parametrelerin ayrik zamanda her bir zaman 6rneklemi arasinda dogrusal ve sabit
oldugu diisliniilmesi bu nedenle de sisteme dogrusal sistem yaklagimlarinin
uygulanmasinin uygun hale gelmesini dayanmaktadir. Bu yaklasim oldukga basarili
olmakla birlikte yapilan bu tez ¢aligmasinda simiilasyon sonuglarmin miikemmele

yakin oldugu goriilmiistiir.
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Model Ongériilii Kontrol temelde iki adet matematiksel model ile calismaktadir.
Klasik bir kontrol siteminde kontrolctiden elde edilen cevaplar matematiksel modele
veya gere¢ zamanl bir sisteme iletilir ve modelsen ve ya sistem sensorlerinden alinan
cevaplar yeniden kontrolciiye iletilerek bir dongii olusturulur. Ardindan kontrolcti geri
beslemelere gore yeni bir giris sinyali sisteme gonderir ve dongii devam eder. Model
Ongorilu Kontrolde ise modelden gelen durum cevaplar1 kontrolciiye iletilir ve
kontrolct kontrol ufku boyunca 6ngoéride bulunur. Bunu da kendi icerisinde bulunan
matematiksel model iizerinde test eder ve elde ettigi sonuglar1 optimal bir sekilde
dengeler. Ardindan bu optimal sonuglardan ilk ayrik zamandakini gergek sisteme iletir
ve dongii devam eder. Her zamana araliginda 6ngoriide bulunularak en optimal sistem
girdisini elde edilmesi oldukca g6z alici goziikse de beraberinde bazi sorular
getirmektedir. Bunlarin en temeli yiiksek islem giicii gereksinin ve buna bagl olarak

gee sistem cevabidir

Her ne kadar Dogrusal Degisken Parametre (LPV) metodu ciddi bir avantaj saglamis
olsa da Model Ongériilii Kontrol *iin (MPC) hantal bir kontrolcii olmasi sistemlerin
yavas c¢alismasina neden olmaktadir. Bu nedenle bu yapilan ¢alismada simiilasyon
sonuclart her ne kadar oldukga iyi goziikse de gercek bir sistemde elde edilecek
sonuglar buradakilerden ciddi farkliliklar gosterebilir. Bu nedenle bu ¢alinmanin ileri
acasi olarak buradaki kontrolcli tasariminin gercek bir quadrotor Uzerinden test

edilmesi gerekmektedir.

Anahtar Kelimeler: Yoringe Takibi, Quadrotor Kontroli, LPV-MPC, Lineer

Degiken Parametre, Model Ongériilii Kontrol
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1. INTRODUCTION

This thesis’s aim is that control a quadrotor UAV for trajectory-tracking purposes. For
this purpose, the controller of the quadrotor is split into two parts like other researcher
applications in the literature: the position controller and the angular control; also, it
can be called position and attitude control. [1,2] In this thesis, the feedback controller
achieves the position controller, and the MPC controller executes the angular or
attitude control. The main focus of this thesis is to design an attitude control that can
be strong enough to follow the desired trajectory as closely as possible. The main
reason for choosing the MPC controller is to make a nonlinear control that is both
efficient and applicable for real-time application. [3,4] That’s why, besides using the
MPC controller, the LPV approach is also used on the attitude controller. The LPV
approach makes the system more stable for different trajectories, and even though it

makes the controller nonlinear, it is easy to apply to the controller. [5,6]

In the literature, there are some examples of LPV-MPC controllers of quadrotors. Still,
they mainly focus on the simulation results, which are relatively hard to calculate on a
computer. Another focus of this work is making the controller as simple as possible to
apply any quadrotor in the future. Even though this controller is not applied to the real
quadrotor, all the parameters are used from a real quadrotor. This work will be planned

to be applied to an actual commercial quadrotor or a custom quadrotor.

All the simulations in this thesis are made in the MATLAB environment, and some
MATLARB libraries are used for driving and optimization problems. For example, for
driving the equation “ode45” method is used, and for the minimization of the cost

function “quadprog” method has been used. [7]

The main outline of the thesis can be summarized as; the first section of the thesis
introduction of the work. Section 1.1. is focused on general information about UAVSs.
Section 1.2 is the comparison of each type of UAV. Section 1.3 is focused on the
different control strategies for quadrotor control. Section 1.4 is about Quadrotor
control inputs and their brief definition; more detailed descriptions will be given in
Section 2 and Section 3. Section 2 is focused on the equations of the motions and their

1



deriving these equations. Section 3 is about controller types used in the quadrotor and
optimization strategies. Finally, sections 4 and 5 are simulations, results, and the last

comments about this work.

1.1.  General Knowledge of UAV

The recent development in control, robotics, and computer technologies led to
unmanned air vehicles (UAV) popularity and incrementation. In the last couple of
decades, with the increasing popularity of UAV researchers, it has started to interest
more and more in the control of the UAV. Another reason for the uprising interest is
that the controller of the UAV is easy to test, thanks to MATLAB and other software
that allow researchers to experiment. The other reason is that easy to arrange an
experiment environment in real life. It is easy to apply the controller on a quadrotor or
any other rotary wing UAV, and it is easy to test in real life since they are relatively
cheap. Moreover, they are applicable for close-room experiments because most have

small structures with slow and precise movements.

There are mainly three types of UAVs exists. These are rotary-wing UAVS, fixed-wing
UAVs, and hybrid UAVs. [8] Each has a different kind of application in fields.
Therefore, they have some advantages and some disadvantages of each other.

1.1.1. Rotary Wing UAVs

They are the most common UVA types of all. It is also known as drones. They are
called rotary wings, but in general look, they don’t have any wings. They have motors
that generate thrust with rotational movements, called rotary wings. They are also
called multi-rotors. The most commonly used ones are four-motored quadrotors, but

others have three, four, six, or eight rotors. [9]

Rotary-wing UAVs are common because they are relatively cheap and have precise
movements. That’s why they are used in many fields. [9,14] They can be used in
agriculture, electrical cable failure inspections, delivery, scouting small areas harder
for humans to enter, cinematography, medical support, search and rescue, and many
more. Rotary-wing UAVs are used in some fields; in others, they are planned to be
used. One example of the Rotary-wing UAV is Parrot Mambo Mini drone that is given

in Figure 1.1
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Figure 1.1 Parrot Mambo Mini Drone

The central aspect of rotary-wing UAVSs is that they can take off vertically. So that
they can take off almost from any place. Also, they are small structures, and precise
movement allows them to scout tight areas that are hard to enter. In the literature,

vertical take-off is represented as VTOL.

Their precise movements and hovering ability are very crucial for cinematographic

applications. In recent movies, directors have been using drones very much.

Despite all the advantages of drones, they have some significant disadvantages. Some

of them are;

e They are not very capable of carrying the load. Their payload is minimal.

e Their energy consumption is too high for comparing the other type of UAVs
¢ Range and endurance of the rotary-wing UAVs are small.

e They have complex mechanisms, so their controller design is also complex.

e They have limited speed to control.



1.1.2. Fixed-Wing UAVs

The fixed-wing UAVs are the second most common UAVs that exist. They have
similar aspects as the aircraft. They produce lift force by the vehicle’s speed and take

off as runway take-off. In the literature, runway take-off is represented as CTOL.

The main differences between aircraft and fixed-wing UAVs are that fixed-wing
UAVs are autonomously or remotely controlled. Fixed-wing UAVs are nowadays
mainly used in warfare and cartography since both applications are dangerous for
humans and take a long time to achieve the desired result. [11] In today’s world, almost
all Fixed-wing UAVs use a turboprop engine, electrical engine, or piston engine, but
almost none use any turbojet motor. [12] But from the development of communication
and control technology, more turbojet engine-powered Fixed-wing UAVs will be
produced. In Figure 1.2 is one of most commonly known UAV in Turkey Baykar TB2

IS given as an example.

Figure 1.2 Baykar TB2 Fixed-Wings UAV [13]
Fixed-wing UAVs are energy efficient and have a long-range endurance compared to

rotary-wing UAVs. They are much faster, and they have a very high payload capacity.
Also, they are mechanically simple, so they can be assumed to be controlled easily
compared to rotary-wing UAVS. [9] But of course, there are some disadvantages to

them:

e They need appropriate fields to take off since they cannot vertically take off.
e They cannot hover in the air.

e They are maneuver capability is not high as rotary-wing UAVs’.



1.1.3. Hybrid UAVs

Hybrid UAVs are getting more and more interest nowadays. From the understanding
of its name, it is a mixture of fixed-wing and rotary-wing UAVSs. They are developed
to compensate for all the disadvantages of rotary and fixed-wing UAVS. They can
vertically take off, and some can fly like fixed-wing UAVs. In Figure 1.3 there is an
example of a hybrid UAV is given.

Rotor |

Figure 1.3 Hybrid VTOL UAV [15]

There are many different designs for hybrid UAVs exist. Some have mechanical parts
attached to the rotor to rotate the motor after the VTOL; some have divided motors;

some are responsible for take-off, and some for propulsion. [15]

Hybrid UAVs are a relatively new concept for aeronautical areas. They created to take
advantage of both fixed-wing and rotary-wing UAVs, but they came up with some

other disadvantages:

e They are mechanically complex systems.

e Since they are included both fixed and rotary wing UAV equipment, they have
complex controller designs.

e Since they have different approaches to hybrid concepts, they have different
types of controllers and equations of motion, making them create a custom

controller design for each.



1.2. Comparisons of All UAV Types

This section collects all the advantages and disadvantages of all types of UAVs. Table

1.1 shows all the comparison results.

Table 1.1 Comparison Table for UAV Types

UAV Types Advantageous

Disadvantageous

Fixed-Wing e Energy efficient
e High speed, range, and
endurance
e Mechanically simple
Rotary-Wing e Hight agility for flight
e Vertical take-off ability
e Low cost for the test
Hybrid e Can take-off vertically
e Low energy consumption
e High speed, range,
endurance, and agility

Cannot vertically take-off

Low agility for small movements
Needs a proper field to take-off
Cannot hover on air

Mechanically complex

Very low energy efficiency
Complex controller design needed
Highly complex for controller
design

Mechanically more complex than
fixed-wing UAVS.

The comparison table shows that all UAVs have some advantages and

disadvantageous for each other. So, there is not the best choice for the selection of
UAVs, but it depends on the application. On the other hand, hybrid UAVs have

massive potential for future applications. From the point of those in this thesis one of

the popular rotary-wing UAV Parrot Mambo Mini drone is chosen which is given in

Figure 1.4.

Figure 1.4 Parrot Mambo Mini Drone [16]
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1.3.  Controller Types for Quadrotor Control

Many different types of controllers exist in the literature. Like all the concepts of the
world, there is no best controller for all the applications. Some of them have a better
solution for some applications than others but have disadvantages, like complexity or
high-cost energy. So that there are optimal controller selections for each type of
application. There are many different solutions for controller selection regarding
quadrotor control. In Figure 1.5, some controller type has been given categorized ways.
[17] Next section is dedicated to explaining the concepts for each controller given in

Figure 1.5.

Quadrotor
Control
Methodologies

v ¥ v

Learning
based
Controller

Linear Nonlinear
Controllers Controllers

Feedback Linearization Fuzzy Logic

I

LaQrR Backstepping Artificial Neural Network

Gain Scheduling Sliding Mode

I
ik

Adaptive Controlier

Model Predictive Controller

Figure 1.5 Controller Methodologies for Quadrotor Control [17]
Linear Controller is the most common controller type because it is easy to design and

use. They are very straightforward when it comes to the design of them. The simplest
way they can express as have plant, controller, and feedback. Figure 1.6 is a simple

example of a feedback controller.

r €

Controller Plant

=

Sensors y

Figure 1.6 Feedback controller
The other controller methodologies mostly have the same concepts, but it changes

inside of the controller.



1.3.1. Feedback Controllers

The linear controller technique is the most common technique for quadrotor control.

They are simple and sufficient enough for most cases. [17]
PID Controller

PID controller is powerful in applications, and dynamics are unknown because trial-
and-error methods can tune it after applying the PID controller. [17,18] It is time-
consuming since finding appropriate gains is random. But some tools and techniques
exist for finding appropriate control gain. MATLAB has some excellent tools for that

purpose.
LQR (Linear Quadratic Regulator) Controller

LQR is one of the many types of optimal controllers. It is powerful due to its robust
performance. [17] Some successful quadrotor applications exist in the literature, but
some unsuccessful ones exist elsewhere. From this point of that, LQR mainly uses

some other controller. [17]
Gain Scheduling

It is a powerful control technique since it is a linear but nonlinear model-based control.
Some applications are used for quadrotor control. It is a stroll controller in quadrotor
control because it is a model-based control algorithm. The model can be modified for

each quadrotor.
He (H-infinity)

H.. is one of the most popular robust controllers in literature. It is powerful due to can
be applied to unmodeled dynamical systems. [17] There are some applications for
quadrotor control with H. control—most of the works about path-following

commands are in the literature.

1.3.2. Nonlinear Controllers

Nonlinear controllers are some of the robust controller designs because they are based
on nonlinear model-based controllers. [17] Almost all systems are nonlinear in real
life, so they apply to nearly every scenario. But on the other hand, even though some

systems are nonlinear, they can be solved by a linear approach very easily, so using a



nonlinear controller for those systems makes the system complicated and energy

inefficient.
Feedback Linearisation

Feedback Linearisation is based on converting the nonlinear dynamics of the system
into a linear-based system after applying the linear control methods to the design and
converting back to the nonlinear system with inverse conversion methods. This is the
basic principle of the feedback linearisation control method. [17] Some examples of

quadrotors' feedback linearisation controller design exist in the literature.
Backstepping

Backstepping control can be used for systems that have a high disturbance. It is
suitable for compensating for the trouble, but on the other hand, it is not robust as the
other system. Some examples of quadrotor control with backstepping control, but the
hybrid controlling technique is more sufficient for quadrotor control. [17]

Sliding Mode

It is a nonlinear system control tool. Its robustness is better than any other control
method in this thesis for quadrotor control. It has good outputs for quadrotor control
with disturbance and uncertainties. [17,19] But it has a low quality for flight

performance.
Adaptive Control

The adaptive controller is a robust control method that works well under uncertainties.
Moreover, it has a good solution with a nonlinear model with unmodeled dynamics.
[17]

Model Predictive Control

Model Predictive Control (MPC) is an online model-based optimization control
algorithm. MPC uses the current and past control output to predict the future output
and input. MPC can be categorized as nonlinear, adaptive, or linear control. Nonlinear
MPC can be described by its name. It uses that nonlinear model for control; adaptive
MPC uses the system model with some variables that are updated in time so that the
system model adapts in time. [17,20,21,22,23]



MPC works on discrete time, predicting the future output and input until the prediction
horizon. After the prediction, it optimizes the cost function, including weights on the
creation, information, and future values. This allows the system to find an optimal

solution for each reference trajectory time step. [17,20,21,22,23]

1.3.3. Learning-Based Controllers

Learning-based controllers are the most powerful controllers. They are robust,
dynamic models of the system are not necessary, and the optimization is quite good
comparing the other controllers. Still, their major disadvantage is that they must be
adequately created to work fine. Moreover, they are much more complex than the other
ones. [17] Most common learning-based controllers are fuzzy and neural-network

control or adaptive neural network controls.

1.4.  Inputs of The Quadrotor

Quadrotors are controlled by regulating the angular velocities of each motor. With this
regulation, the quadrotor creates angular movement and thirst. Those angular
movements are called pitch, roll, and yaw movements. Those movements and the

thrust are called quadrotors inputs. [24, 25, 26]

Despite having four inputs, quadrotors have six outputs (X,y,z,¢,0,). This thesis
represents inputs as U1, Uz, Uz, and Uas. These inputs can mathematically be shown as

follows;
U =b(Q3+ 0%+ 02+03)
U, = bl(Q3 — Q3 — Q3 + Q2)
(1.1)
Us = bl(—0%2 — Q2 + 03 + 02)
U, =d(—0%? + 03 - 0%+ 02)

Where b is the thrust coefficient of the motors, | is the distance between the engines
and the center of mass of the quadrotor, d is the drag coefficient of the motors, and Qi

is the angular speed of each i motor.

The inputs U1, Uz, Uz and Usare called thrust, pitch, roll, and yaw, respectively. Figure

1.7 to Figure 1.10 shows schematic concepts of each input.
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1.4.1. Thrust Force - U1 (N)

When four motors of the quadrotor rotate, they create thrust for force from the
geometry of the propeller. Therefore, propellers design and arrange the quadrotor to
develop a downward thrust as the reaction quadrotor moves upward. In the quadrotor
design, opposite-sided two of the four motors pair with each other and rotate in the
same orientation, although two others rotate on opposite sides. [24, 25, 26] Motor 1

and motor 3 rotate clockwise, and motor two and motor 4 rotates counterclockwise.

Figure 1.7 Thrust Force Motor Orientations

Two clockwise, two counterclockwise rotating propeller design allows the quadrotor
to fight stability. If all four motors rotate in the same direction, the quadrotor moves
upward but also turns in the same direction as the motors. All the motor causes this to
push the air in the same direction. From Newton’s third law, pushing air causes to
create a force in another direction. Collectively they cause the quadrotor to take a
moment in the same direction as the propellers. [24, 25, 26]

1.4.2. Roll Moment — Uz (N.m)

Roll moment is made by keeping the front and the rear motor at the same speed, but
the sides differ. This is because the quadrotor tends to roll toward the side, which has
a lower motor speed. [24, 25, 26]. Figure 1.8 shows the motor speed and orientation;

the roll moment to each side is shown as a schema.

11



Figure 1.8 Roll Moment for Each Sides
1.4.3. Pitch Moment — Us (N.m)

A pitch moment occurs when two side motors have the same speed, the front motor is
decreased speed, and the rear engine has a higher rate than the front motor. [24, 25,
26] When the pitch moment action happens, the controller needs to compensate for the
thrust force not to cause losing altitude of the quadrotor. For example, in Figure 1.9,

the pitch moment is shown.

Figure 1.9 Pitch Moment

1.4.4. Yaw Moment — U4 (N.m)

Yaw moment is a little bit different from the other ones. It is made by the same
principle as the other movement as adjusting the motor speed, but it occurs by
changing the pair motors that have the same rate but are different to the other pair that
causes the force mentioned on the third force part. Different pressure caused by
pushing the air to the rotation direction causes the quadrotor to rotate. When this
movement happens, the controller needs to adjust the motor’s speed to a level so that

the quadrotor does not lose altitude. This occurs by lowering a pair’s speed but

12



increasing the other pair’s speed until the quadrotor has the same thrust force. Figure

1.10 represents the yaw moment of the quadrotor. [24, 25, 26]

Figure 1.10 Yaw Moment
Those are the four input signals of the quadrotor. After controlling the inputs, real

quadrotor control turns into the four motor speeds to seed directly to ESC (Electronic
Speed Controller) or the controller in the quadrotor-embedded CPU unit. The states
are collated with the quadrotors sensors after the control signal is sent to the systems.
But in this thesis, no experiment was done, so the quadrotors model calculated the

sensor values.
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2. EQUATIONS OF MOTION (QUADROTOR MODEL)

In section 1 in the control methodologies part, some methods do not need a
mathematical system model. But in this thesis, MPC controllers have been used, so a
proper model is needed. Also, in this thesis, there are no experimental results, so
validation is only made by simulation, and for proper simulation, a suitable

mathematical mode is needed.

X.

Figure 2.1 Body to Earth Coordinates Frame Representation [26]
A quadrotor is a moving object that cannot be controlled earth frame coordinate
system. There should be a body frame coordinate system, but on the other hand,
trajectory references of the quadrotor are sent by being defined in earth frame
coordinates. For an example of the two different coordinates frames is given in Figure
2.1Two coordinate frames are defined for this approach to work, and a transformation

matrix is defined.

2.1.  Euler Angles

Transformation matrix derived for interchanging earth-to-body and body-to-earth

coordinates for any input or output. Two different transformation matrices are derived.
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One is called the rotation matrix, and the other is called the angular transformation

matrix.

In this part coordinates transformation matrix is derived for roll, pitch, and yaw

movement. Those rotations are called Euler Angles.

2.1.1. Roll

Figure 2.2 Roll Movement

Roll movements occur around the Xp axis as it is shown in Figure 2.2. Therefore, the

Rx rotation matrix is derived considering no rotational change on the X, axis.

Y, =Y, cos(¢p) — Z, sin(¢) (2.1)
Z, =Y, sin(¢) + Z, cos(¢)

Equation 2.1 shows the rotational transformation equations of the roll. As mentioned
before, there is no change in body X axis to earth X axis. Therefore, these equations

should be represented in matrix form to achieve the transformation matrix.

X,7 10 0 X,
Y,| =10 cos(¢p) —sin(¢)||Y.
Zy 0 sin(¢p) cos(¢) 11Z,

(2.2)

1 0 0
R, = [0 cos(¢p) — sin(qb)]
0 sin(¢) cos(¢)
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Equation 2.2 shows the rotational equation in matrix form and the Rx matrix required

for calculating the total transformation matrix.

2.1.2. Pitch

Pitch movement occurs around the Yy axis. So that Ypand Yeare the same. There is no
coefficient to convert them. All the equations for pitch movement are shown in
Equation 2.3 and in Figure 2.3 it show that how the pitch movement occurs.

4
3
Figure 2.3 Pitch Movement
X, = X, cos(0) + Z, sin(6)
Y, =Y, (2.3)

Zp, = —X,sin(0) + Z, cos(60)

Equation 2.3 shows the rotational equations of pitch movement. Equation 2.4 is the
matrix form representations of Equation 2.3 and the Ry matrix.

Xp cos(0) 0 sin(8)7[Xe
o= o 1 0 ||
Zy —sin(@) 0 cos(6)ILZ,

(2.4)

0 1 0
—sin(8) 0 cos(0)

cos(d) 0 sin(0)
|
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2.1.3. Yaw

Yaw movement is rotation about Zy axis. That’s why Zp axis to Ze axis there is
coefficient exists. They are directly converted. All the equations for yaw movement

are given in Equation 2.5 and in Figure 2.4 it show that how the yaw movement occurs.
X, = X, cos(¥) — Y, sin(y)

Yy = X sin(y) + Yecos(y) (2.5)

The rotational matrix R, is shown in Equation 2.6.

Xp] [cos(¥) —sin(¥) O][Xe]
Yol =|sin(¥) cos(yp) Of]|Ye
Zp 0 0 11 LZ ]
(2.6)

cos(yp) —sin(y) 0]
R, =|sin(¥) cos(y) O
0 0 1

4

3

Figure 2.4 Yaw Movement

Rotational and angular rotation transformation matrices can be driven with all the Rx,
Ry, and Rz rotational matrices.
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2.2. Rotational Transformation Matrix

The orders of the three rotational matrices are essential for establishing the
transformation matrices. However, it is not the same rotating the x, y, and z axes order

as the z, y, and x-axes. [27] This thesis uses the “ZY X" order for the transformation

matrices.
Rzyx,be = RzRny
cos(y) —sin(y) 0] cos(0) 0 sm(9) 0
Ryyxeb = [sin(tp) cos() 0] [ 0 ] [ COS((P) - sin(q.'))]
0 0 1) L—sin(8) 0 cos(@) sin(¢)  cos(¢)

c(@)c@) s(@)s@)c(¥) —c(@)s®) c(P)s(8) c¥) +s(P) s(¥)
Royxepr = |€(@)s@) s(@)s(O)s() +c(@)c(®) c(¢)s(0) c(¥) —s(¢) c(¥)
—s(8) s(¢) c(6) c(¢)c(6)

Equation 2.7 shows the calculation of the rotational transformation matrix where c()
stands for cos() and s() stands for sin() in short. This matrix is used for transforming
earth coordinates to body coordinates. It can be reversed, as shown in Equation 2.8, by

taking the matrix inverse.

Rbe =5 (Rzyx,eb)_l (28)

In the control of the quadrotor, the reference signals are sent based on the earth

coordinates so that earth to body transformation matrix is needed.

2.3.  Angular Transformation Matrix

As the rotational transformation mentions, the “ZY X" order is also used to establish
the angular transformation matrix. The angular transformation matrix transforms
earth-to-body and body-to-earth coordinate frames of angles, angular velocities, and

acceleration.

¢

0 0 b
Tye [ = RxRyR; | 0|+ RyRy |6+ Ry |0 2.9)
Y () 0 0

If the angular rate from Equation 2.9 can be extracted, it shows the angular

transformation matrix as shown in Equation 2.10.
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1 0 —sin (0)
The =0 cos(¢) sin(¢) cos (6) (2.10)
0 —sin(¢) cos (¢)cos (0)
Equation 2.10 shows the angular transformation matrix of the body-to-earth. Due to

earth references on the controller, the earth-to-body transformation matrix is needed.
Tep = (Tpe) ™"

1 sin(¢)tan (0) cos(¢)tan (0)
T., = |0 cos (¢) — sin(¢) (2.11)
0 sin(¢)sec(8) cos (¢)sec (0)
To satisfy the need for an earth-to-body angular transformation matrix, Equation 2.11
is established. From now on, the rotational and the angular transformation matrices are

represented as R and T, respectively.

2.4. Kinematic of Quadrotor

Quadrotors have six degrees of freedom (x,y,z,¢,0,y). Those are the system outputs.
Controlling the quadrotor, the simulation part calculates these outputs changing rates.
These rates are converted into the simulation using transformation matrices established

in sections 2.2 and 2.3 and the quadrotor body changing rates.

y|=R Iv
L Z wH
7 N (2.12)
0 =TP
Y r

The transformation of body-to-earth coordinates of angular and positional velocities is
shown in Equation 2.12. In Equation 2.12, there are terms u,v,w,p,q, and r are velocity
in the x direction, velocity in the y direction, velocity in the z direction, angular
velocity in ¢ direction, angular velocity in 0 direction and angular velocity in
direction on the body frame respectively.

V =RV,

(2.13)
W =TWw,
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Equation 2.13 shows the short representation of Equation 2.12. In other parts, these
representations are used.
V=[x Yy z]T
w=I[¢ 6 Y]
(2.14)

Vy=[u v w]"

Wy=1[p q 7

2.5. Forces and Moments

Several different forces and moments are acting on the quadrotor. Therefore, these
forces and moments should be introduced appropriately to find the equations of motion

of the quadrotor.

Any system’s mathematical models have some assumption to control the system. So
the quadrotors mathematical model is not too different from the other system. Some

assumptions are made to find a proper model to control a quadrotor.
Fbody = Fgravity + Finrust
(2.15)
F, = mgRk — F.k,
In Equation 2.15, k and k, are axis unit vectors on earth and body frame, respectively.

Fb = me + WbX(me) (216)

Newton's law of motion shows the total force acting on the quadrotor, as shown in
Equation 2.16.

Mbody = Thody — Yactuator

(2.17)
Mbody = M, Thody = Tb Yactuator = Ya
Moments acting on the quadrotor are shown in Equation 2.17.
Mb = IWb + be(IWb) (218)

All the moments and the forces acting on the quadrotor are given in Equation 2.15 to
Equation 2.18. That equation shows the resultant force and moments in two different
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ways. One is theoretical, and the other one is the assumption and observations. In

Equation 2.18 I is the inertia matrix which can be shown as;

I, 0 0
=0 1, 0
0 0 I,

Equation 2.19 shows the results of substituting all the parameters into Equation 2.16,

where F, = [, F, F;]7 forces action in each direction of the quadrotor bodly.

oD

[u + qw — 1v
vV—pw+ru
(W +pv —qu

p
q
r
(2.19)

N'TJ \;11 Rﬁj
I
3

Equation 2.20 shows the resultant moment matrix, substituted form of all the

parameters into Equation 2.18.

M, L, 0 0] p L, 0 Ofmp
My,|=10 I, Of|q|+|q|x{]0 L, O lq]
M, 0 0 I|lr r 0 0 L|'r

(2.20)

M, ply —qrl, +qrl,
ql, + prl, —prl,
M,| |7l, — pql +pql,

Equation 2.15 and Equation 2.19 are equal to each other since they are equal to F;,. So

that substituting both equations with each other is resultant the equation 2.21.
—mg[sin(0)] = m( + qw — rv)
mg[cos(8) sin(¢)] = m(v — pw + ru) (2.21)
mg[cos(0) cos(¢p)] — F, = m(w + pv — qu)

Also, the same process was applied in Equations 2.17 and Equation 2.20; the results

are shown in Equation 2.22.
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Ty + Gax = Pl — quy +qrl,
Ty + 9ay = qly + pql — prl, (2.22)
Ty + Gaz =71, — pqly + pq[y

Equation 2.21 and Equation 2.22 shows all the moments and forces acting on the

quadrotor body. These equations are derived with the assumption given below;

e Center of mass is the center of the quadrotor’s four motors. Therefore, all the
motors have an equal distance to the center of mass.

e Quadrotor’s origin and the center of mass coincide.

e Quadrotor’s body is rigid, and there is no flexing through flight.

e No wind force acting on the quadrotor. If it was considered, the aerodynamic
force part should be added to the total force.

e Quadrotor’s propellers are rigid and generate thrust proportional to the square
of the motor’s rotational speed.

e No noise was measured between the sensors, motor,s and controller

communication.

Equation 2.21 and Equation 2.22 are derived by considering these assumptions.

2.6.  Actuator and Gyroscopic Moment

In a quadrotor, actors are four motors. Section 2.5 moments and the action of the forces
on the quadrotor derives as torque and force. In this section, firstly, actuator dynamics
was given, and then the gyroscopic moment g,was explained. Finally, section 1.4
shows the inputs of the system. Those inputs are the torque and the thrust force action
on the quadrotor.

Fo=b(Q+Q3+0%3+0%)=1U,

T, =bl(Q2 —-03-0%2+03)=U,

(2.23)
T, = bl(—Q% — Q5 + Q5 + Q) = U3

7,=d(-Q?+ Q2 -0+ 03) =U,
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The gyroscopic moments are compelling on the roll and the pitch moment, but their
effect on the yaw moment is too small, which is neglected in this thesis. In Figure 2.5

how gyroscopic moment is occur is given as an example .
Qt = Ql - QZ + Q3 - Q4 (224)
Equation 2.24 is the total motor rotation in the order of their rotation orientations.

Ya :]tp(be'lEb)-Qt (2.25)

Figure 2.5 Gyroscopic Moments Example

Equation 2.25 is the gyroscopic moments on the actuators. The gyroscopic moments

that are used for the finding quadrotors model are shown in Equation 2.26

Je
ax = —I—qut
x
It
Gay = I_pP'Q't
Y

2.7.  Quadrotor Model and State-Space Equations (2.26)

From the beginning of Section 2, all the equations for deriving the quadrotor’s
mathematical model (equations of motion). This section forms these equations to find
the desired parameters to control a quadrotor. Those parameters change (x, y, z, u, v,

w, 9,0, v, p, q, 1).

Controller design of the quadrotor made from state-space representation. State-space
representation is used in many articles about quadrotor control in the literature. [24,28]

In the thesis also, the state-space representation is used.
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x(t) = Ax(t) + Bu(t)
(2.27)
y(t) = Cx(t) + Du(t)
Equation 2.27 show the state-space model of any control system. This representation
is based on continuous time; however, MPC is a discrete-time-based control. Finally,
Equation 2.28 shows the discrete-time state-space model given.
x(k + 1) = Ax(k) + Bu(k)
(2.28)
y(k) = Cx(k) + Du(k)
State-space model of the quadrotor can be established with the derived equations.
However, before starting the state-space model, the quadrotor’s states should be

decided to maintain stable control.
X=[x y zuwvwe¢ oy pqrrl (2.29)
Quadrotors have twelve states. These are given in Equation 2.29. It is represented on

the body frame coordinate system. These states can also be represented as Equation

2.30 in the Earth frame coordinate system.
X=[x % v § 2z %2 ¢ ¢ 6 6 ¢y ]I’ (2.30)
Before establishing the state-space model, all the equations included in the state-space
model need to be established.
u = (vr —wq) + gsin(6)
v = (wp —ur) — gcos(0) sin(¢)

w = (uq — vp) — gcos(0) cos(¢p) + %

-1, I U, (2.31)
) qr—q-—Q¢ +
L L

Q.
I
~
N
I

I U
x)pr+pjﬂﬂt +—3

Iy Iy Iy
. [x_Iy U4

= | — + —
r ( 1, )pq 1,
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Equation 2.31 is the nonlinear model of the quadrotor based on the body frame
coordinates system. However, references to the trajectory are given to the system as
an earth coordinate system. That’s why there needs to be earth coordinates system

representation needed.

£ = [S(@)s() + c(@)cs@)]
U,
= [e(B)s@)s(6) — c)s(@)]

U,
7= =g+ [c(@ec®)]

L—1 J (2.32)
v y_ . tp Y2
d’_( I, )Qw 91x9f+1x
_ I, =1\ . .]tp Us

State-space models can be derived from all the given terms in Equation 2.31 and
Equation 2.32. Equations and conversion of the body frame and the earth frame

coordinate are given in Equation 2.33.

= wls(@)c@) + c(P)s(P)s(0)] = v[c(Pp)s(®) — c(W)s(p)s(0)] + ulc(@)c(6)]
y =v[c(@)c@) +s(@)s@)s(0)] = wlc@)s(p) — c(P)sW)s(0)] + u[c(6)sW)]
Z2=wlc(@)c(®)] —uls()] + v[c(6)s(¢)]
b =p + [s(@)t(O)]q + [c(®)t(O)]r
6 = [c(®)]q — [s(P)]r

=Ll el
p= () -aa+ (2:33)

(L1 Jop . Us
q=(21 x>p P

y

u=rv—qw++g[s(6)]
v =pw —1v+ g[c(0)s(p)]

U,
W = qu—pv — g[c(@)c(p)] + pro
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Some terms in Equation 2.33 can be represented as;

y|=R Iv
| Z wi
o) D
o|=T Iq
[ T

Quadrotor’s state-space representation can be established from all the equations given
above. Therefore, equation 3.34 is the final state-space representation of the quadrotor

model used in this thesis.

0 1.0 00 0 0 0 0 0 0 0
e {00000 0 0 0 0 0 0 0 .
¢l o001 000 0 0 0 0 0 p
"l 1o o 0o 0 0 00 0 0 0 0 0
Y o o o 0 0 1 0 0 0 0 0 0 Y
32.’ 000O0O0GO0 O 0 0 0 0 0 y
S looo0oo0o000 1 0 0 0 0 z
. _ ]tp . Iy_Iz z
él=l0 0 0 0 0 0 0 0 0 7o 0 6( b
. X X H
¢l o o 0 0 000 0 0 1 0 0 ‘(’9’
6 (L =1\||9
gl 10 0o oo o0 00 ]Iﬂﬂto 0 o¢(zl"e
ll) y y ll}
I 1o 0000 0 0 0 0 0 1 ”
L] O/, —1 bl —1 -
0 0 0 0 0 —(" y)oi(" y)o 0
i 2\ 1, AN -
0 0 0 07 (2.34)
1
[s(@)s@) + c(P)c(@W)s(8)] - 0 0 O
0 0 0 0
1
[c(d)s@)s(8) — c()s(P)] — 0 0 0
0 0 0 0
g 1
=< 4 [c(p)c(®)] = 0 0 of[U
U1 m U2
+ 0 0 0 oy,
1 U
0 — 0 ol|lU.
Iy
0 0 0 0
0 o Lo
Iy
0 0 0 0
0 0 0 2
L]

Equation 3.34 is the first part of the state-space model. It gives the A and the B matrix

of the model. In Equation 3.35 C, the D matrix is given.
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X7 1 0 0 0 00O OO0 0 0 O 0 0 0 0
y| 1o o0 1. 00 00 0000 0 0o 0 o ol[u
z| o o 0o 01 00000TO0O0 0o 0 o ollu,
o=lo 0 0 000 10000 ol oo ollv]?@
] 1o 0o 0 000001000 o o o ollu,
vl Lo 0o o0 o000 000 1 O o 0 o0 o

€€ DT T NN LR kR

Equation 2.35 shows the C and the D matrix of the state-space model. In this thesis,
no disturbance is implemented on the system so that the D matrix is all zeros.

In the next section, where the quadrotor controller is explained, this state-space model
is separated into two parts to create two controllers. One controller is responsible for
position control, and the other for angular control. The state-space model given in
Equation 3.34 and Equation 3.35 was made by considering this approach. All the
nonlinear parameters are on a single matrix from the state space equation. That
approach was made on purpose because of the LPV approach. In the next section, more
information is given about the LPV approach.
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3. CONTROLLER DESIGN

In this part of the thesis controller design of the quadrotor is handled. As mentioned
before, the controller is discussed in two parts. Figure 3.1 shows that the whole control
system. The position controller controls the x, y, and z directions and the Uy input; the

other is an angular controller, which controls ¢, 6, v angles and Uz, U3, and U4 inputs.

|n' e }—>| LPV-MPC ‘
Trajectory Position iscretization Quadrotor

Generator Controller - N Dynamics
Omega
Caleulator

Figure 3.1 Block Diagram of the Control System of Quadrotor

PID controller is chosen for the position controller. It is a straightforward controller
type, easy to design and optimize. Those are the main reasons to choose a PID
controller. Also, it is a controller responsible for finding an appropriate U1 input
shown in Equation 2.23. It is the thrust force of the quadrotor. It can be called relatively

easy to handle, considering the other complexities of the quadrotor.

The main topic of this thesis is that the MPC controller is used for the angular
controller of the quadrotor. Therefore, the angular controller is responsible for finding
the desired U, Us, and U4 inputs. MPC controller is an online optimiser controller;
that’s why it is chosen for the angular controller. The angular change of the quadrotor
controls the quadrotor’s position. That is the main reason to choose a more robust

controller for the angular controller of the quadrotor.

As mentioned before there are two different controllers have been used. Why not use
two MPC controllers to find the position and the angular controller inputs? Even if

MPC has better results for both applications, the energy consumption will be higher
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than the simple PID controller. Furthermore, the position controller’s PID controller
seems enough to find desired reference angles, altitude and input in the literature.

[1,29] Hence, using a robust controller on the position controller is unnecessary.

3.1. MPC Controller

MPC controller is used for angular control. Equation 2.34 and Equation 2.35 show the
whole state-space model of the quadrotor. Since the controller is separated into two
parts, that equation must also be separated. For the angular controller, it should include

the angles and U, Us, and U4 inputs. From that knowledge, Equation 3.1 is derived.

1 0 0

[0 0 , 0 0 1. [0 0 0

¢1 o 0 -2q. 0 4(2H)[?] |~ o o

¢ Iy I d) I

3 0 0 0 1 0 0 0 0 0 o0f[U:

1 =1o ]ﬂﬂt 0 0 0 d’,(’Z_IX) 0 +10 L o Us[ (3.1)
9_ Iy Iy Iy U4

[ lo o o o o 1 [¥] [0 0o o

o (xly & (l=ly Pl o o0 2

Y _O 2( . ) 0 2( 5 ) 0 0 I I,

Equation 3.1 shows the states of the systems and includes the A and the B matrix of

the system. C and the D of the system are shown in Equation 3.2.

[?1 0 0 O
¢100000(£888Uz
9=0010009+000U3 (3.2)

U
zp000010¢0004

] o 0 o

For the system’s angular controller, all the needed state-space model is separated as in
equation 3.1 and 3.2. But before starting the controller design, this state-space model
must be on the discrete-time model since MPC is based on the discrete-time model. In
that case, this thesis has used the discretization of the state-space model Euler
Discretization method. [21, 22 ,23]

3.1.1. Euler Discretization Method

As mentioned before, MPC is based on the discrete-time system, so applying the MPC
controller to the system state-space model of the quadrotor must be in discrete form.

In that case, the Euler Discretization method has been used on the state-space model.
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x(k) = Ax(k) + Bu(k)

x(k+1) —x(k)

(k) = =

Equation 3.3 shows the Euler Discretization method that has been used. [21, 22 ,23,
30] If both equations in 3.3 are implemented to each other, they end up in Equation
3.4.

x(k+1) —x(k)

= Ax(k) + Bu(k)

T.
’ (3.4)
x(k + 1) = Ty(Ax(k) + Bu(k)) + x(k)
When collecting the common terms together, it ends up like Equation 3.5.
x(k +1) = x(k)(AT; + I) + u(k)(BTy) (3.5)

So discretization is done by that. (AT, + I) can be called as A; and (BTs) can be
called By.In the output part, it is unrelated to the output’s time derivation so that it can
be directly discretized as C; = C and D,;=D. Collectively discrete-time state-space
model can be represented as;

x(k+1)=x(k)A; +u(k)B,
(3.6)

y(k) = x(k)Cq + u(k)Dq

3.1.2. Augmented State-Space Model

The augmented state-space model has been derived from the discrete-time state-space
model given in the previous section. An augmented state-space model uses the states
and the system’s input to control the whole system with one matrix. After this section,
MPC prediction matrices are derived with this augmented matrix. The purpose of the
augmentation will be more explicit in that section. Equation 3.7 shows the augmented
state matrix of the system. [21, 22, 23, 31]
_ [Ax(k+1)
Xalk) = [ u(k) 3.7)

The state-space model can also be augmented with states and the system's outputs. The
new stats of the system can be represented in Equation 3.8.

(3.8)
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_ [Ax(k+1)
w® =0y
In this thesis, the system is augmented as Equation 3.7 since controlling a quadrotor
requires controlling the input and the states.
Ax(k+1)] _[A B [ x(k) ] [ x(k) ]
[ u) |= b u(k — 1) Au(k)
(3.9)
_ x (k)
Equation 3.9 is the augmented form of the state-space model. The given matrices A,
B, and C are the discrete forms of the quadrotor’s state-space model A4, B, and
C, matrices in Equation 3.6, respectively. Therefore, equation 3.9 can be represented
as a shot form as Equation 3.10.
%(k + 1) = Ax(k) + BAu(k)

(3.10)
y(k) = Cx(k)

3.1.3. Prediction Equations of State-Space Model

In this section, prediction equations are derived to find future input and states of the
system. Future control action ad future states calculate prediction equations. Future
states are found using instantaneous time sample ki and prediction of the future control

action; future states are found with these future control actions. [21, 22, 23]
u(klk) = Au(klk) +u(k — 1)
a(k + 1|k) = Atk + 1|k) + +Ad(k|k) +u(k—1)
(3.11)
t(k + N, —1|k) = Ati(k + N, — 1k) + -+ At(k|k) + u(k — 1)

Future control actions are calculated as Equation 3.11. N,, in Equation 3.11 represents

the control horizon, which is the number of predicted control actions in the future.
Au(k +ilk) =u(k+i]) —ulk+i—1]k) (3.12)
In the literature for MPC, it is better to choose a control horizon smaller than the
prediction horizon, which is the number of how many states of the future are predicted.
32
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That is a problem for the prediction equations given in Equation 3.18. To solve the

cause of the problem, Equation 3.13 is used for the control equation. [21, 22, 23]
u(k +ilk) =u(k + N, — 1), where N, <i < N,

Equation 3.13 allows us to solve the problem of unequal prediction and control
horizon. State predictions needed to be calculated after finding the future control action

equations.
X(k + 1|k) = Ax(k) + B[At(k|k) + u(k — 1)]
= Ax(k) + BAu(k|k)
2(k + 2|k) = Ax(k + 1) + B[Ad(k + 1]k) + Aa(k|k) + u(k — 1]
= A2x(k) + ABAu(k|k) + BAu(k + i|k)

2(k + 3]k) = Ax(k + 2)
+ B[AG(k + 2]k) + Atk + 1]k) + Aa(klk) + u(ke — 1)]

= A3x(k) + A2BAu(k|k) + ABAu(k + 1|k) + BAu(k + 2|k)

2(k + Ny|k) = ANex(k) + (ANp™! + -+ A+ DBAA(k[K) + -
+ (ANp~Ne 4 ..+ A+ DBAG(k + N, — 1]k) + (A1 + -4+ 4
+ DBu(k — 1)

Equation 3.14 shows the prediction state equation. It is derived from previous input

and states to future input. Now output equations must be derived to control the system.
y(k +1|k) = Cx(k + 1]k)
y(k + 2|k) = Cx(k + 2|k)
(3.15)
y(k + Ny|k) = Cx(k + N, |k)

Equation 3.15 shows the derivation process of the output of the system. Implementing

states to the output equation ends up as Equation 3.16.

y(k + 1|k) = CAx (k) + CBAu(k|k)
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y(k + 2|k) = CA*x(k) + CABAu(k|k) + CBAu(k + 1]k)

y(k + N, |k) = CANex(k) + CAN~*BAu(k|k) + CAN?~?BAu(k + 1]k)
+ <-4 CANe™NeBAu(k + N, — 1]k)

Equation 3.16 show the output equation of the system. From Equations 3.14 and 3.16
MPC optimization matrix can be established. Before that, these equations must
mention that A, B, and C matrices are discrete-time state-space matrices.

y(k) = Fx(k) + HAu(k) (3.17)
Equation 3.17 is the short version of the optimizer output.

y(k+1) [CA]

y(k +2) CA?

y(k + 3) =| A3 Ix(k)

yae+mpl Leaw) (3.18)
[ CB 0 0 0 1
| CAB CB 0 0 |
+| CcA%B CAB CB 0 Au(k)
[CANé-lB CAV 2B CANv3B . CANvNep

F and the H matrices mentioned in Equation 3.17 is derived in Equation 3.18. In the
next section, an optimization equation is derived in that equation F and H matrices are

used.

3.1.4. Optimization Equation

In this section, the optimization equation is derived based on the MPC optimization
algorithms in the literature. [21, 22, 23] Optimization of the quadrotor’s equations
made by the cost function and minimizing the cost function by adding the weights on

the system.

J= -wW)T(Y -W)+AUTIAU (3.19)

Equation 3.19 shows the fundamental cost function of the MPC problem. In literature,

many books use the same cost function even though other more custom functions exist.
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Y =Fx+ HAu
In Equation 3.17, the term W represents each time sample's reference trajectory.

r(k+1)
r(k + 2)
W =|r(k+3) (3.18)

rk + N,)

W matrices cover the reference trajectories for the N,time sample, but on the other
hand, in this thesis reference, W is used as step input. That is made by taking the first
reference trajectory and using the same trajectory for other time samples. This
approach is made for only one step. In the next step, the following reference trajectory
is used like the other one. From that approach, each time step approaches, the desired

reference is targeted.
J=(Fx+HAu— W) (Fx + HAu — W) + AuT AAu

=xTFTFx + xTFTHAu — xTFTW 4+ AuTHTFx + AuTHTHAu
—ATH™W —WTFx — WTHAu + WTW + AuTAAu

(3.19)

=AuT(HTH + DAu + 2xTFTHAu — 2WTHAu + x"FTFx — 2xTFTW
+wTw

Equation 3.19 is the open form of the cost function used on the quadrotor's
optimization problem. Equation 3.19 can be represented as Equation 3.20, given
below. [21, 22, 23]

J =Au"MAu + 2fTAu+b (3.20)

Equation 3.20 is the collective version of Equation 3.20. All the terms of Equation 3.21
are collected together through the M, f, and b terms. [21, 22, 23]

M=HTH + 2 (3.21)
2fTAu = 2xTFTHAu — 2WTHAu

b=xTFTFx —2xTFTw +wTw
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(3.22)

Equation 3.22 shows the M, f, and b terms in Equation 3.20. Optimization of the cost
function, mathematically, taking the derivative of the given cost function. The
quadrotor optimization problem is the minimization of the input action. That the cost
function needs to be derived according to Au and equation, it to zero so that the

minimum Au term can be found from the given equation. [21, 22, 23]

In the Equation 3.22, b term has non Au related part. Since the cost function minimized
to Au in the derivation of the cost function b term will be zero. So that there is no need
for the b term. [21, 22, 23]

J = Mu"MAu + 2fTAu (3.23)
At the end, the cost function is end up as Equation 3.23. [21, 22, 23]

3.1.5. Quadratic Programing on MATLAB (quadprog)

In this thesis cost function is minimized with the quadratic programing method. For

that purpose, MATLAB’s “quadprog” method has been used.
(1
min {E xTHx + fo} (3.24)
X
MATLAB’s “quadprog” method works based on the Equation 3.24. In the previous
section cost function is derived for this form of the quadratic programing equation. [7]

()1 . 2 7
rrAlhn{E_EAu MAu+Ef Au}

) (3.25)
min {] =-Au"MAu + fTAu}
Au 2

For quadrotor control M and f terms must be calculated in order to minimize the cost
function and find the optimized input for trajectory tracking. Equation 3.25 shows the
MPC cost function that is used in MATLAB code.

3.2. Position Controller

In this section, position controller design process has been given. Position controller
controls the U control input and finds the ¢ and 6 angles based on the speeds and the
U: control input. Those angles after used in MPC controller. There are Two controller

is tried for position controller. One is feedback linearization and the other is PID
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controller. In this thesis, PID controller is given because of it is more straightforward
method for a controller.

u=P+I1+D

P = kye(t)

I= kife(t—l)dt

Fundamental format of the PID controller is given in Equation 3.26 and 2.27. If
Equation 3.27 is implemented into the Equation 3.26 it is end up with the Equation
3.28.

u(t) = kye(t) +k; J e(t— 1dt + kgé(t) (3.28)
Equation 3.28 shows the total control input calculation equation for PID control. The
term “e” in the Equation 3.28 is represent to error of the given control surface.
e(t) = x4(t) — x(t) (3.29)
Where;
x,4(t): Desired state at " sample time

x(t): Measured (Calculated) state at t™ sample time

All the equations need design the position controller is derived. Now position

controller can be design.

Position controller controls the ¢ and 8 angles and the Uy (Thrust) of the quadrotor in
this thesis. For that purpose, there are three controller algorithms needed to measure

the control input and necessary angles.

Zm + mg

cos(¢) cos(8)

uy (6) = (3.29)

Equation 3.29 is derived from the Equation 2.32. It needs to find the Uy input of the
quadrotor. If PID controller is applied on the Equation 3.29, it is end like Equation
3.30. [32, 33]

. (3.30)



L — i [t es(t)—ez(t-1)
() = iy (e (®) + k[ ex(Ode + g 2222 4 mg )

Equation 3.30 is the controller algorithm of U1 control input. This is the first part of
the controller; second part of the controller is as mentioned before measuring the

desired ¢ and 6 angles. For that purpose, there are two more equations derived.

t
Ba(t) = k(x5 — x°) + k; f (% — x€)dt + k(55 — 1)
0
(3.31)
t
Bal®) = iy 8 = %) + i | (8 = y¥)de + koG = 5)
0

For measuring algorithm of the desired ¢ and 8 angles are given in the Equation 3.31.
[32, 33] In the Equation 3.31, the terms subscript “d” stands for the desired and the

[IP2)

superscript “e” stands for earth frame coordinates.

After the Equation 3.31 all the needed equations are derived for the quadrotor
controller. In the next section, simulation of the quadrotors trajectory tracking control

methods will be given.

In the MATLAB code for position controller feedback linearization method has been

used for simplicity.

(3.32)

In feedback linearization implemented same as the PID controller but only differences

the constant terms in Equation 3.32 is multiplied with the position errors.
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4. SIMULATION OF THE QUADROTOR CONTROL

This section is about how the simulation of the trajectory tracking of the quadrotor
handed. For the simulation quadrotor’s control, MATLAB has been used. Typically
controlling the quadrotor, there is one sensor dynamics, and some filters must be used
for the appropriate solution. In this thesis, no experiment is made in real life, so those
parts are not implemented in the system. But one extra part is implemented in the
system to simulate the results. That is the nonlinear dynamics calculator of the
quadrotor. All the essential equations are derived in Equation 2.33. In order to simulate
the guadrotor, the system needs to calculate all twelve equations given in Equation
2.33. But there is an issue for that purpose. All the equations in Equation 2.33 are
calculated with time derivatives. So that in the simulations, those terms are deviated
in order to find the solution those terms needed to be integrated. But it is not easy for
a computer to integrate a term. Likely there are some algorithms has been made to
calculate the integration approximately. In MATLAB, “ode23, ode113, ode89, ode45,
etc.” more methods have been developed. [7] In this thesis, the ode45 method has been
used.

41. 0Oded5

Ode45 is one of the unique methods based on the Runge-Kutta integration
methods. As mentioned before, it used the Dormand-Prince method as a special
Runge-Kutta method. [7] The Runge-Kutta method is a numerical method that
splits the given differential equation into parts and finds the numerical slope of
each point based on the previous point value. In that way, the integral is

calculated at a low cost. [7, 34]
h
Yn+1 =¥nt g(k1 + 2k; + 2k3 + ky)

(4.1)
ther =ty + R
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Where k values can be calculated as;

ki = f(tn Yn)

1 1
k, :f(tn +Eh»yn +§k1)

" " (4.2)
ks = f(ta + 5y +512)
ki = f(tn + by + ks)

Equation 4.1 and 4.2 is shows the Runge-Kutta method for integral calculation.
Dormand-Prince Methos is the similar method but more robust. [35, 36, 37]

35 500 125 2187 11

Ynt1 = Yn T 3grks ¥ rzke T 1o ke — g ks + g7 ke
(4.3)
tn+1=tn+h
Also, the k terms can be calculated as Equation 4.4.[35,36,37]
kl = fh(tnf yn)
1 1
k, = fh(t, +§h,yn +§k1)
k. = ht+3h +3k+9k
S_f (n 10 'yn 40 1 40 2)
(4.4)
k, = fh(t +4h +44k 56k +32k
4-_f (n 5 ’yn 45 1 15 2 9 3)
= et +8h +19372k 25360k +64448k 212k
5 = fh(tn 9T 61 1T 2187 2 T 6562 2T 729 +)
k= fhit + h +9017k 355 46732 N 49 5103 N
6 = fh(tn + 1 yn 3168 1 33 2 5247 "3 176 * 18656 s)

In MATLAB when the ode45 method has been called Equation 4.3 and 4.4 is
calculated if needed some other calculation has been made. [7]
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4.2.  Specifications of the Parrot Mambo Mini Drone

In the introduction part, it was mentioned that in the thesis, the parrot mambo mini
drone’s which given in Figure 4.1 specifications had been used. The main reason to
use a real commercial drone specifies that it is palled to test the controller in the Parrot

Mambo mini drone in the future. The feedback controller can be developed in different

ways.

Figure 4.1 Parrot Mambo Mini Drone [2]
In the Table 4.1 Parrot Mambo Mini Drone’s specifications has been given.

Table 4.1 Parrot Mambo Mini Drone Specifications [2]

Specification Variable Unit Value

Mass m kg 0.063

Rotor distance to the center of mass | | m 0.0624

Thrust coefficient d Ns? 0.0107

Drag coefficient b Nms? 0.78264x1073
Roll moment of inertia i kgms? 0.582857x10*
Pitch moment of inertia lyy kgms? 0.716914x10*
Yaw moment of inertia Iz kgms? 0.1x10°3
Motors moment of inertia Jp kgms? 0.1021x10°®

In the simulation MPC controller 30 prediction horizon and 3 control horizons has

been chosen.
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4.3.  Trajectory Generation

This thesis is about the trajectory tracking control of the quadrotor so that different
trajectories are essential to test the controller of the quadrotor. For that purpose, some
different kinds of trajectories have been used. However, some of these trajectories are
used in the literature. Each trajectory that is used in the literature is referenced. In this
section, one of the trajectories and the reference values that have been used for the

controller are given. For each trajectory, the calculation is given in their results part.

Table 4.2 Helix Trajectory X, y, z Calculation Table

Helix Trajectory
X = sin(0.1t)
y = cos(0.1t)
X = 0.6t

In Table 4.2 a show the helix trajectory calculation parameters and Figure 4.2 shows

the helix trajectory geometry. In the next chapter simulations results has been given.

60 —

40 « X e —

30 o

— — )
20 4 : ;{:: H‘ /

Figure 4.2 Helix Trajectory
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5. SIMULATIONS RESULTS

In this section, trajectory tracking control of the quadrotor’s results has been given.

5.1. Complex Helix Trajectory

This trajectory is generated with the x, y and the z equations that is given in the table
5.1. In Figure 5.1 is show the trajectory of the quadrotor and how the quadrotor follows
it. Also Figure 5.2 is show the X,y, z coordinates changing in time for the quadrotor,
Figure 5.3 linear velocity change in time, Figure 5.4 how the angles of the quadrotor
changes in time, Figure 5.5 shows the angular velocities respect to time and the Figure
5.6 and Figure 5.7 shows the U1, U2 and U3, U4 system inpusts change in time

respectively.

-
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Ee—__ —ccxpaninil SRS RS S

S e ———————

,,,,,,
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----------------------------

----------

e

e el

.......

—————— e e

Figure 5.1 Complex Helix Trajectory

Table 5.1 Complex Helix Trajectory Generation Table [38]
Complex Helix Trajectory

X = cos(0.5t) — cos3(0.5t)
= sin(0.5t) — sin3(0.5t)
zZ= 7
_— k t
test time
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Figure 5.2 Position of the Quadrotor (Complex Helix Trajectory)
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Figure 5.3 Linear Velocities of the Quadrotor (Complex Helix Trajectory)
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Figure 5.4 Angles of the Quadrotor (Complex Helix Trajectory)
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Figure 5.5 Angular Velocities of the Quadrotor (Complex Helix Trajectory)
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Figure 5.6 Inputs of the Quadrotor U1, U2 (Complex Helix Trajectory)
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Figure 5.7 Inputs of the Quadrotor U3, U4 (Complex Helix Trajectory)
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5.2. Broken Line Trajectory

Broken line trajectory is a two-line trajectory held together. The name is not on the

literature it is a made-up name. In Figure 5.1 is show

the trajectory of the quadrotor

and how the quadrotor follows it and in Table 5.2 shows the how it created.

Figure 5.8 Broken Line Trajectory

Also same as the previous trajectory tracking results

Figure 5.9 is show the x.y, z

coordinates changing in time for the quadrotor, Figure 5.10 linear velocity change in

time, Figure 5.11 how the angles of the quadrotor changes in time, Figure 5.12 shows

the angular velocities respect to time and the Figure 5.13 and Figure 5.14 shows the

U1, U2 and U3, U4 system inputs change in time respectively.

Table 5.2 Broken Line Trajectory Generation Table

Broken Line Trajectory
X = t
2 20 +1
2t test time
~ % +1, 0<t< T
Y= test time test time
T + 1, T
zZ = 7
— %t
test time
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Figure 5.10 Linear Velocities of the Quadrotor (Broken Line Trajectory)
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Figure 5.12 Angular Velocities of the Quadrotor (Broken Line Trajectory)
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Figure 5.14 Inputs of the Quadrotor U3, U4 (Broken Line Trajectory)
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6. CONCLUSION

In this works quadrotor’s trajectory tracking performance is tested with the LPV-MPC
controller. It seems that trajectory tracking performance is quite well after the
quadrotor catches the trajectory for the first time. However, it took some time to catch
the trajectory for the quadrotor. It may cause form the cost function of the MPC
controller. One other cause for this problem is the position controller performance.
Firstly, the PID controller is designed for the position controller, but for computational
simplicity, it switches to the feedback linearization controller. It is simpler. Also, a

slow rise time problem may cause that controller.

Model predictive control over all performance is quite good. It follows the trajectory
almost perfectly. The controller tested with different trajectories to ensure
performance, but almost all the trajectories had the same results. Also, the LPV method
has been improving performance. So even if it is not seen comparatively in this thesis,
it is tested. One problem for Theis thesis is that there is no real-time experiment made.
So it may perform well on the computer, but it may be computationally complex for
small embedded hardware on the quadrotor.

In future work, all the given controller pieces, like standard MPC, PID, and Feedback
linearization, are competitively planned to be shown in graphs. Also, All these

controllers will be experimentally validated to ensure performance.
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APPENDIX A: Helix Trajectory

Figure A.1 Helix Trajectory

Table A.1 Helix Trajectory Generation Table [38]

Helix Trajectory

X = sin(0.3t)

y = cos(0.3t)

7 = 7
S EEEE—— k t
test time
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APPENDIX B: Extending Helix Trajectory

Figure B.1 Extending Helix Trajectory

Table B.1 Extending Helix Trajectory Generation Table

Extending Helix Trajectory

x= (0.5t + 2) cos(0.3t)

y= (0.5t + 2) sin(0.3t)

zZ = # .t
test time
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APPENDIX C: Curly Line Trajectory

Figure C.1 Curly Line Trajectory

Table C.1 Curly Line Trajectory Generation Table

Curly Line Trajectory

X = cos(0.3t)

y = 2t

7 = 7
test time
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APPENDIX D: Circular Complex Movements Trajectory

Figure D.1 Circular Complex Movements Trajectory

Table D.1 Circular Complex Movements Trajectory Generation Table [38]

Circular Complex Movements Trajectory
x = 5cos (0.3t)
y = 5sin(0.3t)
= 350
z —— * sin(t)
test time
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