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ZAMANA BAGLL SIKISTIRILAMAZ, UC BOYUTLU NAVIER-STOKES
DENKLEMLERININ YENI BiR KAPALI METODLA PARALEL COZUMU

OZET

Bilgisayar uygulamali metodlar, sayisal tekniklerin gelisimi ve bilgisayar
performansindaki artigla, endiistride ekonomik bir dizayn ve analiz araci haline
gelmistir. Akigi, tiirbiilans veya karmagik akiglar gibi, hassas olarak simiile
edebilmek igin bilgisayar kapasitesinin artmasina duyulan talep halen mevcuttur.
Giiniimiiz bilgisayarlariin smirh giicti, ekonomik analizlerin yapilmas: agisindan,
bilgisayar uygulamal1 algoritmalarin gelismesini gerektirmektedir. Bu talepler goz
Oniinde bulunduruldugunda, paralel hesaplama, giiniimiizde akigin etkin bir sekilde
coziimlenmesi ve hassas sunumunun elde edilmesinde 6nemli bir rol almaktadir.

Bu ¢alismanin amaci, laminer ve tiirbiilans akiglarin modellenmesinde temel arag
olan zamana bagl, sikistirilamaz, tic boyutlu Navier-Stokes denklemlerinin sayisal
¢6zimil igin yeni bir kapali metod kullanarak, etkin bir paralel algoritma kurmak ve
uygulamaktir. Incelenen problemlerin biiyiikliigii ve karmasikligi, paralel
hesaplamanin etkin kullanimini gerektirmektedir. Paralel programlama oncelikle
hesaplamalar1 hizlandirmak i¢in kullanilir, bir paralel algoritma miimkiin olan en iyi
sirali ¢oziimden bile olduk¢a hizli olabilir, bu sekilde hizli ¢éziimlere 6zellikle
ihtiya¢ duyulmaktadir. Paralel hesaplama uygulamalar: giin gegtik¢e artmaktadir. Bu
uygulama alanlarinda, giintimiizde veya gelecekte higbir klasik bilgisayarn
saglayamayacag1 kadar yiiksek hesaplama hizina ihtiya¢ duyulmaktadir. Paralel
hesaplama teknigi, giiniimiizde bu hesaplamalar1 miimkiin kilabilecek tek yaklagim
olarak Dbilinmektedir. Bu c¢alisma, paralel algoritmalarin gelisimine katkida
bulunmay1 amaglamigtir.

Hafiza gereksinimi ve hesaplama zamam dikkate alinmasi gereken 6nemli konular
oldugundan, denklemlerin ayriklagtirilmasinda kullanilacak sema yiiksek derecede
hassas, hizli ve verimli olmalidir. Genellikle ¢ok fazla nokta kullanilarak
¢oziimlenebilen karmagik akiglarda, agik semalar kararlilik sartlarindan dolay:
atilacak zaman adimu biiyiikligiine 6nemli kisitlamalar getirmektedir. Bu nedenle, bu
tarz akislarin incelenmesinde kapali ¢oziiciiler tercih edilmektedir. Kapali
algoritmalar, daha biiylik zaman adimlar kullanabilir. Céziime ulagmak igin atilacak
zaman adimlarindaki azalmadan dolayi, bloklar arasindaki aligverigin de azalmasi
sayesinde, bir kapali sema, paralel hesaplamalar s6z konusu oldugunda, agik semaya
gore daha avantajli hale gelebilir.

Bu c¢aligmada ilk adim, bazi algoritmalarin hassasiyet ve hesaplama zamam
agisindan, kapali sema kullanilan programu sirali olarak kosturarak test edilmesi ile
atildi. Paralel kapali sema kullanilacak olan programlamaya gegmeden 6nce, paralel
islemcilige en uygun olan algoritma seg¢ildi. Programin sirali olarak kosturulmasiyla
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test edilen d6rt yontem arasinda, direkt ¢éziimle yardimer potansiyel fonksiyonunu
elde eden formiilasyon sekli, gerek hesaplama zamani gerekse paralel programlama
uygulama kolaylig1 acisindan, en verimli metod olarak gézlenmistir. Kapali sema
kullanan program, basing alanina ulagmakta kullamilacak olan yardime: potansiyel
fonksiyonunu direkt ¢éztimle elde edecek sekilde yenilenmistir.

Bu tez yeni bir kapali metodu arastirmakta ve temel denklemlerin kapali ¢6ztimiinde
kullanilacak olan yeni bir paralel algoritmayr gelistirmektedir. Momentum
denkleminin zaman ayriklagtirmasinda yenilenmis kesirli zaman adimi metodu
kullamlirken, uzayda ayriklagtrma Galerkin Sonlu Elemanlar Metodu ile brik
elemanlar kullanilarak yapilmaktadir. Kullanilan sema zamanda ve uzayda ikinci
mertebedendir. Bu da akig alaninin, atilacak zaman adimu biiyiikliigiine bir sinirlama
getirmeden az sayida nokta kullanilarak ¢6éziimlenmesine izin vermekte, boylelikle
kapali semada kullanilan matrislerin boyutu da kiigiilmektedir. Diizgiin ve diizgiin
olmayan ag yapilari kullanilmigtir. Diiglim numaralandirmasi, 6zellikle en az yan
bant genisligini verecek ve boylelikle hafiza agisindan kazang saglayacak ve
hesaplama zamanini azaltacak sekilde diizenlenmigtir.

Her zaman adimimnda momentum denklemi, yar1 zaman adimi hiz alani elde etmek
i¢in paralel olarak ¢dziilmektedir. Yar1 zaman adim hiz alani kullanilarak, Poisson
denklemini saglayan yardimci potansiyel fonksiyonu paralel olarak hesaplanmakta
ve basing alanina ulasilmaktadir. Paralel performans degerlendirmesi igin, yardimci
potansiyel fonksiyonu yerine direkt basinci hesaplama yolu da test edilmis, fakat
yardimci potansiyel fonksiyonunu kullanan Poisson denkleminin paralel ¢oziimiiniin
direkt basing formiilasyonu kullanan paralel ¢éziime gore daha az hesaplama zaman
aldig1 gozlenmistir.

Bolgelere ayirma teknigine dayanan paralel hesaplamalar, biiyiik olgekli veya
karmagik akis problemlerinin  ¢Ozlimiini mimkiin  kilmaktadir. Matris
denklemlerimizin paralel kapali ¢6ziimiinde, yenilenmis Bolgelere Ayirma Metodu,
momentum ve Poisson denklemlerinin ortiismeyen fakat eslesen alt bélgeler
kullanilarak paralel ¢oziimil igin, etkin hale getirilmigtir. Coztim alami bir ¢ok alt
bolgelere, kdleler, ayrilir ve is istasyonlarma dagitilir. Kole iglemciler arakesit
verilerini baglangic ve sonuglandirma iglemlerinden sorumlu ana islemci ile
degistirirler. Hesaplamalar ilerledikce, koleler smnir bilgilerini de ana islemci ile
periyodik olarak degistirirler. Islemler sonrasinda global ¢oziim, islemcilerdeki
¢ozlimlerin bir araya getirilmesi ile ortaya konur. Arakesitlerde dogru Neuman
sartlan elde edilinceye kadar arakesit iterasyon déngiisti devam eder. Bu tezde gerek
yar1 zaman adimi hiz alani gerekse yardimer potansiyel fonksiyonu ic¢in en iyi
arakesit iterasyon kriterleri ¢ok sayida denemeler sonucu bulunmus, ve kararli ve
hassas ¢6ziim i¢in gereken en iyi kriterler sunulmustur. Bulunan dogru arakesit
sartlariyla beraber her bolgede denklemler birbirinden bagimsiz olarak ¢oziiliir ve
sonunda birlestirilerek global ¢dziim tamamlanmus olur. I¢ iterasyon déngiisii ve dig
zaman adinmu gelismelerini kapsayan hesaplamalar, her islemcide ana islemciyle
haberlesilerek paralel bir sekilde ¢ikarilmalidir.

Ik paralel ¢alismalar, birbirleriyle bir 100 Mbps TCP/IP ag yardimi ile bagl is
istasyonlarinin (DEC Alpha XL266) gerektiginde PVM 3.3 (Parallel Virtual
Machine) ile haberlesmesi ile Linux isletim sisteminde yapilmig, daha sonra ise bu
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calismalar, sekiz igletimcinin bulundugu yeni bir paralel Unix isletim sisteminde
(SGI 03000) devam ettirilmistir.

Yeni kapali paralel gema uygulamasi, kapagi cekilen kiip oyuk igerisindeki,
Reynolds sayisi1 400 ve 1000 alman akim problemi igin kalibre edilmistir.
Hesaplamalar, toplam hesap noktast (21x11x21), (25x13x25), (49x25x49) ve
(55x28x55) olan, 2, 4 ve 6 bélgeli ayrimlarda devam etmigtir. 0.1 gibi biyik bir
zaman adim ve en kiigiik 0.014 ag biiyiikliigii kullanilarak, 25 boyutsuz zamanda
yakinsama saglanmustir, Coziimler, referanslaria karsilastirilmustir.
Referanslardakilere gore ¢ok az sayida ¢6ziim noktast kullanilmasina ragmen, iyi bir
uygunluk saglanmistir. Ozellikle sonuglarmn referans degerlerine yakinlasmasinin
artmasinda, oyuk duvarlarina yakin bolgelerde siki ag kullanilmas: etkili olmaktadir.
Kapag ¢ekilen kiip oyuk igerisindeki ana ve ikincil akislar ve Reynolds sayisi
etkileri, degisik kesitler igin sunulmustur. Akisin simetrik karakteri, tim oyuk
geometrisi ele alinarak yapilan sayisal ¢oziimle gosterilmis ve bu tezde hesaplamalar
tiimiiyle simetrik yariy1 kapsamigtir.

DEC Alpha X266 is istasyonlarinda, esit sayida ¢6ziim noktas1 kullanilan 2, 4 ve 6
bolgeli ayriklagtirmalar {izerinde elde edilen ilk paralel sonuglar, bu is
istasyonlarinda yilkk dengelemesi yapilmasinin gerekliligini gostermistir. Burada
hizlanma yeterli derecede olmamugtir. Iki ayri paralel ¢oziim semas: uygulanmistir.
Hizlanmay1 arttirmak ig¢in yiikk dengelemesi yapilmigs ve ideal hizlanma elde
edilmigtir. Yiik dengelemesi, ana iglemcinin yavagligindan dolay: ugranilan hizlanma
kaybini onlemek tizere, neredeyse tiim paralel hesaplamalarin koleler tlizerinde
yapilmasi esasina dayandirilmugtir. Kapag: g¢ekilen kiip oyuk problemi igin paralel
¢oziim, 2 bolge kullanilarak 4105, 4 bolge ile 1719 ve 6 bodlge ile 1579 saniyede
(toplam hesaplama zamani), DEC Alpha XL266 is istasyonlar1 iizerinde, elde
edilmistir.

DEC Alpha is istasyonlarinda hizlanmay1 arttirmak igin gerekli olan bu
paralellestirme yapis1, SGI O3000 sisteminde ilk bagta uygulanan paralel yapiya gore
daha olumsuz sonug¢ vermistir. Paralel uygulamada kullanilan paralel iglemciler eger
birbirine nitelik, hiz, haberlesme hiz1 agisindan denk ise, iyi bir paralel performans
icin, problemi ¢6zmek i¢in gereken toplam hesaplamalar esit olarak iglemciler
arasinda paylastirilir. Tablo 7.6’da da goriilebilecegi gibi, biitlin arakesit datasin
isleyecek olan ana islemcinin, kolelerden daha hizli olmasi, paralel performansi
arttirmaktadur.

Bolim 9, Kisim 9.3° de agiklanan bolgelere ayriklastirma denklemlerinde yapilan
son yeniliklerle, 6zellikle ¢ok fazla miktarda olan yardimei potansiyel fonksiyonu
arakesit iterasyonlan yaklagik yiizde elli oraninda azaltilmistir. Arakesit Neumann
sinir sartlart, her zaman adimi basinda, sifir yerine, bir 6nceki zaman adimi arakesit
iterasyonlar1 sonucu yakinsamis degere esitlenmigtir. Bolgelere Ayirma Metodunun
baglangi¢ boliimiinde, her alt bolge, bir onceki zaman adiminda yakinsamis degere
esitlenmis Neumann sart1 ile beraber Poisson denklemini ¢bzer. Bolgelere Ayirma
Metodu, bu diisiinceye goére diizenlenmistir ve sonunda arakesit hesaplamalan daha
kolay yakinsamig ve iterasyon sayisi etkin bir gekilde azaltilmistir. Arakesit sayis:
arttik¢a iterasyon sayisi da arttifindan, iterasyon sayismin disliriilmesi, ayni
zamanda bas ve kole islemciler tarafindan yapilan paralel hesaplamalarn da
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azalmasim saglamugtir. Boylelikle hizlanma artmustir. Ustelik hesaplama zamam
azalmug ve siiper-lineer hizlanma basarilmigtir.

Bu son yeniliklerle, SGI Origin 3000 sisteminde, 2 bolgeli paralel ¢6ziim zamanina
(toplam hesap zamani) gore hesaplanmis hizlanma degeri, 2.30’dan 2.71°e 4 bolgeli
ayriklagmayla ve 2.40°dan 3.12°ye 6 bolgeli ayriklasmayla yiikselmistir. Hizlanma,
kolelerin CPU zamani kullanilarak hesaplandiginda, dort bolgede 3.31°e ve 6 bolgeli
hesaplamalarda 5.69°a kadar ¢ikmistir.
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PARALLEL SOLUTION OF UNSTEADY, INCOMPRESSIBLE
THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS
WITH A NEW IMPLICIT METHOD

SUMMARY

Computational methods became a cost-effective design and analysis tool for the
industry with the increasing performance of computers and developments in
numerical techniques,. Demand for increased computational effort for accurate
simulation of the flow, such as turbulence or complex flows, still exists. The limited
computational power of the day requires the development of computational
algorithms to perform cost effective analysis. Considering these demands, parallel
computation became an important task in recent years in order to get efficient
solutions and accurate representation of the flow.

The objective of this study is to construct and apply an efficient parallel algorithm
using a new implicit method for the solution of unsteady, incompressible three-
dimensional Navier-Stokes equations, which are the fundamental tool for modelling
laminar and turbulent flows. The size and complexity of the problems considered
necessitates the utilization of parallel computing. Parallel programming is used
primarily to speed up computations. A parallel algorithm can be significantly faster
than the best possible sequential solution. Such fast solutions are truly needed. There
is a growing number of applications of parallel computing. These fields require
computing speeds that can not be supplied by any current or future conventional
computer. Parallel computation is the only approach known today that would make
these computations feasible. This study aims to contribute towards the development
of parallel algorithms.

The scheme in discretizing the equations must be of high-order accuracy, fast and
efficient, since memory requirements and computing times are important subjects to
be considered. Because of the stability requirements, explicit schemes impose severe
restrictions on the time step size for complex flows, which are generally resolved
with sufficiently fine grids. Therefore, the implicit flow solvers are preferred in the
study of such flows. An implicit algorithm can use larger time steps. Because of the
reduced number of time-steps to reach the solution, an implicit solver may
outperform an explicit one in parallel computing by reducing the total amount of
inter-block communications.

Thus, in this study, the first step is realized by testing some algorithms by the
implicit sequential runs, considering the accuracy and computational time. The most
suitable one for parallel processing is chosen before starting the parallel
programming. Among the four methods tested by the sequential runs, the direct
auxiliary potential formulation has been observed to be more efficient in terms of
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computational time and easier programming. The implicit computational code has
been modified in such a way that the solution is obtained by the direct auxiliary
potential function formulation for the pressure.

This thesis investigates a new implicit method and develops a new parallel algorithm
for the implicit solution of the governing equations. The space is discretized with
brick elements by the Galerkin Finite Element Method, while modified version of the
two-step fractional method is used in time discretization of the momentum equation.
The scheme is second-order accurate in both time and space. This allows us to
resolve the flow field with less number of points while taking large time steps so that
the size of the matrix to be inverted in the implicit method becomes small. Both
uniform and nonuniform grids are used. The node numbering is specially arranged to
obtain the minimum half-bandwidth, to save from computer storage and to have an
advantage in terms of computational time.

At each time step, the momentum equation is solved by parallel computation to get
the half time-step velocity field. Auxiliary scalar potential which satisfies Poisson’s
equation is obtained using the half time-step velocity field and the pressure at each
time level is obtained. Direct pressure calculation instead of using auxiliary potential
function is also tested for the parallel performance, but it is observed that the parallel
solution of Poisson’s Equation with auxiliary potential function formulation takes
less computational time than that with the direct pressure formulation.

Domain decomposition-based parallel computing makes it possible to solve large
size or complex problems. For the parallel implicit solution of the matrix equations,
modified versions of the Domain Decomposition Method is utilized for parallel
solution of both the momentum and Poisson equations using non-overlapping
matching sub-domains. The computational domain is divided into several sub-
domains, or slaves, and distributed among the workstations for concurrent
processing. The slave processors exchange the interface data with the master
processor, which is responsible for pre- and post-processing. Slaves periodically
exchange boundary information with the master, as the computation progresses. The
global solution is then put together during post-processing. Interface iteration cycle
goes on until the correct interface Neumann boundary condition is found. In this
thesis the best interface iteration convergence criteria for both half-time level
velocity field and the auxiliary potential function is found with a lot of computational
experiments, and the best ones for the stable and accurate solution is presented. The
global solution is then assembled by solving the equations for each block separately
together with the correct interface conditions. The computations involving an inner
iterative cycle and outer time step advancements have to be performed in a parallel
manner on each processor communicating with the master processor.

The first results are obtained on a cluster of DEC Alpha X1.266 workstations running
Linux operating system, interconnected with a 100 Mbps TCP/IP network. Public
version of the PVM 3.3 is used as the communication library. But the latest studies
are developed on SGI Origin 3000 with 8 processor running Unix operating system.

The new implicit parallel implementation is calibrated for the lid-driven cubic cavity
problem with Reynolds number of 400 and 1000. Computations are carried on 2, 4
and 6-partitioning domains with total number of 21x11x21, 25x13x25, 49x25x49 and
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55x28x55 nodes. The steady state is reached in 25 dimensionless time, with a large
step-size of 0.1 and with a minimum grid size of 0.014. The results are compared
with the benchmark solutions. They give well agreement although coarser grids are
used compared to those used at the benchmark computations. The agreement with
the benchmark results is increased with fine grids, especially with fine stretched cells
along the walls of the cavity. The primary and secondary flows inside the lid-driven
cubic cavity and the effect of Reynolds number are presented for different cross-
sections. Full geometry solution of the lid-driven cubic cavity proved that the flow
inside the lid-driven cavity is symmetric so that the computation included only the
symmetric part.

The first parallelization results on 2, 4 and 6-domain partitioning, having equal
number of grid points, show that the parallel computation on DEC Alpha X1.266
workstations necessitates the load balancing. In this case, the speed-up is not good
enough. Two more paralellization schemes are tested. Load balancing is applied to
increase the speed-up on the cluster of workstations and an ideal value of speed-up is
obtained. The load balance is done in such a way that the slave processors handle
almost all of the domain decomposition calculations so that the decrease in parallel
efficiency, caused by the slow master processor, can be prevented. Parallel
computation for lid-driven cubic cavity problem takes 4105 seconds with 2-domain,
1719 seconds with 4-domain and 1579 seconds (elapsed time) with 6-domain
partitionings, on DEC Alpha X1.266 workstations.

The parallelization structure applied to increase the speed-up on DEC Alpha XL.266
workstations gives worse results on SGI 03000 system, compared to the parallel
structure applied at the beginning of the thesis. If all the processors used in the
parallel computations have the same quality, speed and communication speed, all of
the parallel work to solve the interested problem should be distributed equally to
each processor. As it can be seen in Table 7.6, in parallel computation the speed-up
increases efficiently if the speed of master processor, for pre- and post processing, is
higher than the speed of slave processors.

With the last modification of the domain decomposition equations explained in
Chapter 9 Section 9.3, the number of interface iterations, especially the high number
of auxiliary potential iterations, is decreased by approximately 50 percent. The
interface Neumann boundary conditions at the beginning of each time level are set
not equal to zero, but to the converged value which is found out at the end of the
interface iterations at the previous time level. At the initialization part of Domain
Decomposition Method, each sub-domain solves Poisson equation together with the
Neumann condition set equal to the converged value which is obtained at the end of
the old time level interface iterations. The domain decomposition equations are
modified with this idea, and finally, interface computations are seen to converge
more easily, the number of iterations being reduced efficiently. Since the iterations
increase with the increasing number of interface, the reduction of iterations also
reduce the parallel calculations done by the master and the slave processors.
Consequently, the speed-up increases. Moreover, the computational time is
decreased and super-linear speed-up is achieved.

With this latest modification, the speed-up based on the 2-domain computation time
(elapsed-time) is increased from 2.30 to 2.71 on 4-domain partitioning, and from
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240 to 3.12 on 6-domain partitioning, on SGI Origin 3000 system. Speed-up,
calculated using slave CPU time, is 3.31 on 4-domain and rises up to 5.69 on 6-
domain partitioning computations.
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1. INTRODUCTION

Although Computational Fluid Dynamics (CFD) has seen big growth in the past
three decades and has been applied to a wide variety of phenomena, ranging from
thunderstorms to blood circulation, it is still in development. This is mostly due to
the complex mathematical structure of the Euler and Navier-Stokes equations that

are used to describe fluid motion.

The most successful numerical schemes developed for CFD in the past have been
those based upon the flow physics. While this success is seen in one-dimensional
flows, there are still problems in higher dimensions. Not only do we seek a more
accurate method of discretizing the equations, but issues of code robustness and rate

of convergence are also important areas that need improvement.

Starting from mid 1960’s, computational techniques began to have a significant
effect on aerodynamic analysis and design. Today, with the increasing performance
of computers and developments in numerical techniques, computational methods
became a cost-effective design and analysis tool for the industry. Demand for
increased computational effort for accurate simulation of the flow, such as turbulence
or complex flows, still exists and the limited computational power of the day requires
the development of computational algorithms to perform cost effective analysis.
Considering these demands, parallel computation became an important task in recent

years in order to get the efficient solutions and accurate representation of the flow.

Navier-Stokes equations are the fundamental tool for modelling the laminar and
turbulent character of the flow. The equations are a system of second-order partial
differential equations of the evolution type and describe general fluid motion;
particularly the flow of viscous fluids, where the effects of viscosity, thermal
conduction, and mass diffusion are important. The governing equations are obtained

through conservation of momentum. The stress and rate of strain components are




defined by Stoke’s hypotheses; the viscous forces are expressed explicitly in terms of
the appropriate flow-field variables. The resulting equations are called the Navier-
Stokes equations, the most pivotal equations in all of theoretical fluid dynamics. The
convection terms in the Navier-Stokes equations are non-linear, and therefore, the
superposition principle and many classical analytical techniques can not be used.
Numerical methods must in general be used to solve this system of equations. So the
issues of accuracy, robustness and convergence time of the numerical methods
considered for the solution of this system are very important for the CFD world and

so very important for real-life applications, [1-4].

Incompressible flow modeling is an important area of general industrial interest.
Many industrial processes, devices and environmental problems involve
incompressible flow of viscous fluids. If this system can be well understood and
solved accurately and efficiently, the practical problems can be cleared out, such as
nuclear reactor insulation, ventilation of rooms, solar energy collection, pollutant
dispersal from buildings, the micro-climate around groups of buildings, flow around
automobiles, design of high-lift devices and of low speed aircrafts, flow in engine

and passenger compartments.

Also, three-dimensional incompressible flows are found in a wide range of practical
engineering problems, such as in curved ducts, diffusers, and intake and exhaust of
internal combustion engines, [5,6]. These problems can be attacked using analytical,
experimental or numerical methods. Analytical solutions exist only for physically or
geometrically simple problems. Experimental methods are expensive, the time
requirement and effort associated with the model preparation and operation avoid
extensive use. Computational fluid dynamics has recently become a third dimension
in aerodynamics, complimenting the previously existing dimensions of pure
experiment and pure theory. As the flow devices tend toward a more compact and
highly efficient design, computational methods become an economical and time
saving supplement to experiments for advanced analysis. Starting from mid 1960°s,
computational methods became a cost-effective design and analysis tool for the

industry, [7].




The numerical solution of the 3-D Navier-Stokes equations to study large-scale
problems has gained considerable attention in recent years. Discretization of the
incompressible Navier-Stokes equations is often accomplished via the Finite
Difference Method (FDM), The Finite Volume Method (FVM), The Residual
Distribution Method or The Finite Element Method (FEM), [8-12]. FEM is
considered to be more general and mathematically consistent approach, which can

provide alternative possibilities for accuracy and cost adjustment, [13-15].

Demand for more accurate representation of the flow requires increased
computational effort but it is unfortunately limited by the limited computational
power of the day. This problem gave impetus to the study of computational
algorithms to perform cost—effective analysis; the new idea is born, parallel
computing. The size and complexity of the problems considered, necessitates the

utilization of parallel computing, [16, 17].

Advances in both algorithms and computers have rapidly been absorbed by the CFD
community in its quest for more accurate simulations and reductions in the time
solution. Within this context, parallel computing has played an increasingly
important role. The belief that parallel computing is the only way forward has
remained undiminished. Moreover, the increasing reliability and acceptance of
parallel computers has seen many commercial companies now offering parallel

versions of their codes, [18].

Many problems in science and engineering are described by physical laws,
formulated by equations. Computer simulation uses a discretized form of these
equations. In CFD, the governing equations are nonlinear partial differential
equations, describing the conservation principles for fluids in both space and time. In
general, the domain of interest is very complex (irregular), e.g. it may be the outer
region of an aircraft or a car. In order to resolve the flow field, grids comprising
million points are needed when complex physical phenomena are encountered; for
example, if turbulent flow problems are simulated. Moreover, to produce flow
solutions that have design quality, certain accuracy has to be achieved, resulting in
very large computing times. The realization of a computer windtunnel, apart from the

difficulties in modeling the physical processes, can only be obtained by using the




most powerful massively parallel systems, [19,20]. Parallel processing is the present
challenge to attain high performance computing; the recent technological growth in
the hardware and software fields makes this challenge more realistic, by creating
many expectations in the scientific community. CFD represents one of the research
fields for which computing power requirements cannot be met by the present
generation of supercomputers; since the accuracy level of the numerical flow
simulation depends on the complexity of the mathematical model adopted and on the
degree of resolution required, a large use of CFD for aerospace industry applications
is strongly related to the development of new computing systems, parallel
algorithms,[21,22].

Among all the ideas spawned by computer science over the last 20 years, none has
transformed the field so profoundly as has parallel computation. In the late 1940s, a
group of researchers at Princeton University proposed the first design of modern
computer of today. This original design in which a computer consists essentially of a
single processing unit, or processor, that executes a single sequence of data. The
sequence of instructions is the program, which tells the processor how to solve a
certain problem. In a parallel computer, by contrast, there are several processors,
[16,17].

The advantage of parallel computers over classical vector supercomputers is
scalability. They also use standard chips and are therefore cheaper to produce. Given
a problem to be solved, it is broken into a number of subproblems. All of these
subproblems are solved simultaneously, each on a different processor. In doing so,
the processors may communicate with one another to exchange partial results.
Finally, the results are combined to produce an answer to the original problem. This
is a radical departure from the way the process of computation has been conducted
over the past half century. The effective use of highly parallel machines introduces

new aspects for algorithmic development.

Parallel computers are used primarily to speed up computations. A paralle] algorithm
can be significantly faster than the best possible sequential solution. Such fast
solutions are truly needed. There is a growing number of applications-for example, in

science, engineering, business and medicine-requiring computing speeds that can not




be delivered by any current or future conventional computer. These applications
involve processing huge amounts of data, or performing a large number of iterations,
or both, thus leading to inordinate running times. Parallel computation is the only

approach known today that would make these computations feasible.

A number of criteria are commonly used in evaluating the goodness of an algorithm.
The most important of these are the algorithm’s running time, how many processors
it uses, and the total number of steps it performs. A less widely used, but one of the

important criteria is the algorithm’s probability of success in completing the task.

A good parallel algorithm is the one, for which the ratio (speed-up) of the worst case
running time of the fastest known sequential algorithm for the problem to the worst
case running time of the parallel algorithm is large. For many computational
problems, the largest possible speedup is at most equal to the number of processors
used by the parallel computer, [16-17]. The efficiency of the algorithm must not
deteriorate as the number of processors utilized increases. Scalability of an algorithm
can be defined by considering its performance for either a fixed total problem size or
a fixed problem size per processor. With the first definition, the parallel speed-up is
limited by the inverse of the sequential portion of the algorithm. Thus, the parallel
efficiency will tend to zero as the number of processors increases. The second
definition is more relevant for distributed memory multiprocessors since the

available total memory increases with the number of processors, [23].

The total efficiency can be expressed as a product of three factors termed parallel,
numerical and load balancing efficiency. These factors describe: i. the increase in
the number of floating point operations per grid node required to reach solution of
the same accuracy when the number of subdomains is increased, ii. the increase of
elapsed time for a parallel computation due to communication between processors
during which computation can not take place, and iii. idle time of some processors

due to uneven load.

For a chosen algorithm and communication pattern, the parallel efficiency can be
predicted as a function of the computer parameters like latency time, communication
speed, calculation speed, grid size and number of processors used. The parallel

efficiency will increase substantially if the computation and communication can take
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place simultaneously and one of the major factors affecting the effectiveness of
parallelization is the numerical efficiency. The load balancing effects arise from the
fact that in complex geometries the subdomains may not have the same size or the
same boundary surface. Furthermore, complex boundary conditions may also cause
delays. While both parallel and load balancing efficiencies can be analyzed
theoretically as a function of the most important parameters, numerical efficiency

can only be determined by numerical experiments, [24,25].

In theory, it is possible to predict the execution time of any parallel system given
certain processor parameters, such as calculation speed and communication speed
and communication rate, but, unfortunately, the relation between parallel speed and
the number of processors is not a simple one. It is possible for a system to run slower
on a large number of processors than it does on a small number of processors. This
phenomenon is known as speeddown, [26]. Furthermore, on computers, which take
advantage of memory caching, it is possible to obtain superlinear speedups (i.e.
speedups greater than the number of processors). Thus, mathematical models of

parallel speed are quite complicated, and require much validation, [27-30].

The use of networked workstations provides an easily accessible and cost effective
alternative to supercomputers. In order to use this resource, methods based on
domain decomposition, which is modified and applied in this thesis, were developed
earlier, [31-38]. The computational domain is divided into several sub-domains and
distributed among the workstations for concurrent processing. The sub-domains
periodically exchange boundary information as the computation progresses. The
global solution is then put together during post-processing. While domain
decomposition-based parallel computing makes it possible to solve larger problems,
the increased network traffic, due to exchange of boundary information of
subdomains, presents a new problem. Parallelization of the code is based on dividing
the solution domain into several subdomains or blocks, [31]. The global solution is
then assembled by solving the equations for each block separately. The blocks are
interconnected by means of interfaces. These are composed of nodes and elements
that are shared by the two neighboring blocks. The numerical integration of
equations are carried out in a block solver. A block solver and its interface solver are

on the same processor. They are in fact, subroutines of the same program unit
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running on a processor. The distribution of subdomains among a given number of
processors can be optimized based on their computation and communication

requirements, [31-37].

During the last years an increasing effort has been dedicated to the parallelization of
scientific solvers, in the field of CFD, several parallel software packages solving
either the Euler or the full Navier-Stokes equations around complex geometries have
been developed and are currently used in production mode by aircraft or engine
manufacturers. Most of the available parallel flow solvers have been developed by
using the PVM (Parallel Virtual Machine) environment as message passing software;
it is accepted as the standard software for distributed computing. It allows to join a
set of heterogeneous hosts connected by a network, giving rise to a Virtual Machine:
it appears to the user as a single large parallel computer. So a PVM application can
be run across a set of different architectures at the same time. Besides, each PVM
code is easily portable from an architecture to another, or a code written for a system

can be compiled and executed on another one without modifications.

The later emergence is the MPI (Message Passing Interface) software. It is designed
with the aim of creating a standard system that each vendor can optimize for his own
architecture. It contains a set of point to point communication routines and a set of
collective routines. MPI applications guarantee better parallel performances, because
they use the native communication functions of each architecture, instead of the
standard network communication functions. The portability to different architectures
is preserved, but on the other side, the interoperability between MPI implementations
on heterogeneous hosts is not allowed. PVM performs better than MPI when the
communication time is much larger than the latency time and MPI performs better
when the number of processors is high, due to the better latency, [38-40]. These
software packages are available in public domain, which can be installed on cluster
of workstations (WS) to communicate with each other. By this development, for the
last ten years, the parallel computation has been applied in many areas successfully

also in Turkey.




1.1. Purpose and Structure of the Report

The numerical solution of the 3-D Navier-Stokes equations to study large-scale
problems has gained considerable attention in recent years. The purpose of this study
is to write a parallel CFD code which solves the 3-D incompressible Navier-Stokes
equations accurately and efficiently, using a new implicit method. It is also hoped to
contribute towards the development of parallel algorithms. The scheme in
discretizing the equations must be high-order accurate, fast and efficient, since
memory requirements and computing times are important subjects to be considered.
Explicit solution techniques are cheap per iteration and have simple algorithms, but
total computation time is expensive. Implicit method requires expensive memory, but
reduces the computation time efficiently. Because of the stability requirements,
explicit schemes impose severe restrictions on the time step size for complex flows,
which are generally resolved with sufficiently fine grids. Therefore, the implicit flow
solvers are preferred in the study of such flows. In solving the viscous
incompressible Navier-Stokes equations, the size of the problems necessitates the
parallel computation. Therefore the parallel implementation of the solution method is

an important task.

In implicit CFD methods, the governing differential equations are discretized in such
a way that values at a new time level depend on neighboring values at the same time
level. This technique is well known, and is described in detail, [27,41,42]. The end
result is the need to solve a large set of simultaneous equations, which may be

written in matrix form as:

Ap=B (1.1)

where A is a sparse coefficient matrix, @ is the solution vector, and B is the source
vector. A number of methods are available for solving equation (1.1), but it is not
obvious which will be the fastest on a parallel computer. Solvers using explicit time-
integration schemes have to use small time-steps for stability reasons. Typically a
steady-state solution is reached after a large number of time-steps, resulting in a

significant amount of time spent on interface communications. An implicit algorithm
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can use larger time steps and because of the reduced number of time-steps to reach
the solution, an implicit solver may outperform an explicit one in parallel computing

by reducing the total amount of inter-block communication, [31-37].

Thus, in this study, the first step is taken by testing some algorithms via the
sequential runs, considering the accuracy and computational time. This work and the
results are explained in Chapter 6 and the most suitable one for the parallel
processing is chosen before starting to write the parallel implicit CFD code. The
implicit computational code has been modified in such a way that the solution is
obtained with direct auxiliary potential function formulation for the pressure. Among
the four methods tested via the sequential runs, the direct solution of auxiliary
potential formulation has been observed to be more efficient in terms of

computational time and easier programming, [1,43].

This thesis investigates a new implicit algorithm and also develops the new parallel
algorithm for the implicit solution of the governing equations. Viscous
incompressible flows have been studied with accurate parallel solution to Navier-
Stokes equations in cluster of workstations operating in PVM environment. The
space is discretized with brick elements via Galerkin Finite Element Method, while
modified version of the two-step fractional method is used in time discretization of
the momentum equation. Matching and non-overlapping grids are used. The scheme
is second-order accurate in both time and space. This allows us to resolve the flow
field with a smaller number of points while taking large time steps and so the size of
the matrix to be inverted in the implicit method becomes small. At each time step,
the momentum equation is solved only once to get the half time-step velocity field.
The pressure at each time level is obtained via an auxiliary scalar potential which
satisfies the Poisson’s equation. Direct pressure calculation instead of using auxiliary

potential function is also tested for the parallel performance.

For the parallel implicit solution of the matrix equations, modified versions of the
Domain Decomposition Method is utilized for parallel solution of both the
momentum and the auxiliary potential equations using non-overlapping matching

sub domains. Direct inversion in each domain is performed. Both structured and




unstructured grids are used. The node numbering is specially arranged to obtain the
minimum bandwidth so to save from computer storage and to have an advantage in

terms of computational time.

The first results are obtained on a cluster of DEC Alpha X1.266 workstations running
Linux operating system, interconnected with a 100 Mbps TCP/IP network. Public
version of the PVM 3.3 is used as the communication library. But the latest studies

are developed on SGI Origin 3000 with 8 processor running Unix operating system.

In Chapter 2, the governing equations of the unsteady, incompressible viscous flow
are provided. Chapter 3 describes the numerical formulation of the new implicit
method and the direct solution for the half-time velocity and auxiliary potential

function for the pressure field is defined in Chapter 4.

First implementation of the domain decomposition method and parallel programming
is explained in Chapter 5. The four solution methods are tested in Chapter 6, to find
the most efficient one for the parallel computations. Among the four methods, the
direct auxiliary potential formulation is the best in terms of computational time.
Sequential run results are compared with the cubic lid-driven cavity flow with

Reynolds number 1000.

The new implicit, parallel implementation is calibrated with three-dimensional cubic
cavity problem with Reynolds number of 1000, in Chapter 7. The first parallelization
results on 2, 4 and 6-domain partitioning, having equal number of grid points, are
discussed in detail. Having obtained the first results; it is seen that the speed-up is not
good enough. Two more paralellization ways are tested by the runs on DEC Alpha
XL266 workstations and comparisons of the three modifications are presented. Load
balancing applied to increase the speed-up on the cluster of workstations is presented
in this chapter. Ideal value of speed-up is obtained. The velocity and pressure

profiles obtained accurately are presented also in the Chapter 7.

With this new development, the larger size cubic cavity problem is solved
accurately. The size of the code decreased successfully to be able to run on larger
size problems. As the stretching along the walls of the cavity is increased, more

accurate results are obtained.
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After having the benchmark solution data for three-dimensional lid-driven cavity
flow with Reynolds number 400, parallel studies are continued with this Reynolds
number at the end of Chapter 7, very good agreement with two benchmark solutions
is shown. This chapter results that the parallel code works accurately but still needs

development in terms of computational time and speed-up terms.

Chapter 8 lists the studies on SGI ORIGIN 3000 utilized with 8 processor running
Unix operating system. The results are compared with the results obtained on DEC-
Alpha cluster of workstations. Full geometry of the lid-driven cubic cavity is
investigated at the symmetry plane and the results are compared with the old
computations including only the symmetry part.

Chapter 9 continues the speed-up analysis. The direct pressure formulation is
introduced and parallel solutions for the lid-driven cubic cavity problem is compared

with the parallel results obtained via the auxiliary potential function formulation.

The domain decomposition equations are modified and with this new method, the
computational time decreased efficiently and super-linear speed-up is obtained. At
the end of Chapter 9, this method is introduced and compared with the previous

parallel results obtained in this study.

Finally, Chapter 10 closes the work done for this thesis, by summarizing the results

and by making conclusions.

Subroutines used for the direct solution of un-symmetric and symmetric systems are
presented in Appendix A and B, respectively, the flow chart of the parallel implicit

code (at one time-step) can be seen in Appendix C.
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2. DEVELOPMENT OF THE NUMERICAL METHOD

In this study, the first step is taken by implementation of a second order accurate
scheme (both in time and in space), which has been already developed, [44], for
parallel solution of the three-dimensional incompressible Navier-Stokes equations
involving high Reynolds number laminar flows about complex configurations. After
the modifications in the implicit CFD code and sequential runs, the best technique
suitable for the parallel solution is chosen and the three-dimensional parallel implicit
solver is written for the incompressible unsteady Navier-Stokes equations. The finite
element method (FEM) with an implicit scheme is used in the discretization of
governing equations. For the time discretization of the momentum equation, the two-
step fractional method, [45,46-50] is modified. At each time step, the momentum

equation is solved implicitly.

The implicit computational code has been arranged in such a way that the solution is
obtained with direct auxiliary potential function formulation for the pressure, instead
of the element-by-element (EBE) iteration technique as employed in [51,52].
Iterative solution for the pressure equation at each time step constitutes the major
difficulty in terms of parallel implementation. To overcome this burden, direct
auxiliary potential function formulation explained in the proceeding chapters is
implemented. The pressure at each time level is obtained via an auxiliary scalar

potential which satisfies the Poisson’s equation.

An iterative non-overlapping domain decomposition technique is implemented for
parallel solution of the momentum and pressure equations. Different parallelization
ways are tested, and lode balancing is applied, [53-55]. Poisson’s equation is written
both in terms of pressure and auxiliary potential and the parallel efficiency is
analysed for both case. Matching and non-overlapping grids are used for solution of

both the momentum and the auxiliary potential equations.
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Explicit schemes are relatively easy to parallelize, since all operations are performed
on data from preceding time steps. It is only necessary to exchange the data at the
interface regions between neighboring subdomains after each step is completed. The
sequence of operations and the results are identical on one and many processors. The
most difficult part of the problem is usually the solution of the elliptic Poisson

equation for the pressure, [1,45-55].

Implicit methods are more difficult to parallelize. While calculation of the coefficient
matrix and the source vector uses only ‘old’ data and can be efficiently performed in
parallel, solution of linear equation systems is not easy to parallelize. For example,
Gauss elimination, in which each computation requires the result of the previous one,

is very difficult to perform on parallel machines, [1].

The parallel 3D implicit solver is calibrated with the cubic lid-driven cavity flow
with different Reynolds numbers. The node numbering is first made in x direction
(along the direction of lid velocity in cavity problem) and then in y-direction
(symmetry). Finally, the numbering is continued along the z-direction of the cavity.
This kind of numbering of the nodes and elements enables us to save from computer
storage, because by doing so, we obtain the minimum bandwidth, which also gives

great advantage in terms of computational time.

One of the important properties of the parallel implicit code written in this study is
that the ability of taking large time step size and of computing the results in a very
short computational time, compared to the explicit results. The accuracy is

conserved.

During the first half part of this work, the scheme here is made to run on cluster of
workstations working in PVM environment. The cluster of workstations used is
shown. There are 6 DEC-AlphaX1.266, for number crunching and 2 DECAlphal66
WS for post and pre-processing. All communicates through a 10/100 Mbit Switching
Hub. The studies are carried on SGI Origin 3000 Unix system with eight processors

and the two systems are discussed.

Final studies are concentrated on the domain decomposition technique and this

technique is modified in order to obtain the most efficient parallel solution.
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2.1. Governing Equations

The Navier-Stokes equations are a system of second-order partial-differential
equations and describe general fluid motion. The convective term in the momentum
equation is non-linear, and therefore, numerical methods must in general be used to
solve this system of equations. Because the momentum equations are vector
equations, the contributions due to the viscosity (the diffusive terms) become a bit
more complex and their treatment needs to be considered in more detail. The
momentum equations also contain a contribution from the pressure. It may be
regarded either as a source term (as body force) or as a surface force, but due to the

close connection of the pressure and the continuity, it requires special attention.

Solution of the Navier-Stokes equations is complicated by the lack of an independent
equation for the pressure, whose gradient contributes to each of the three momentum
equations. Furthermore, the continuity equation does not have a dominant variable in
incompressible flows. Mass conservation is a kinematic constraint on the velocity

field rather than a dynamic equation, [1,44].

The major difference between the equations of compressible flow and those of
incompressible flow is their mathematical character. The compressible flow
equations are hyperbolic which means that they have real characteristics on which
signals travel at finite propagation speeds. By contrast, the incompressible equations
have a mixed parabolic-elliptic character. The difference in character can be traced to

the lack of a time derivative term in the incompressible continuity equation

Adding the three forces, the viscous force F

viscous >

the pressure force F and the

pressure

body force F,,,;, , and equating them to Newton’s law for fluids yields the equation

p%‘—+pu.Vu=—vp+ﬂV2u+Fbody @2.1)

where p, u=u(u, v, w) , t, p and u denote the density, the velocity vector, the time,

the pressure and the dynamic viscosity, respectively.
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As it must, the Navier-Stokes equations satisfy conservation of mass, momentum and
energy. Mass conservation is included implicitly through the continuity equation.

Conservation of momentum requires,

momentum . .
‘homentur _ [mass] -+ [pressure] + [body force] + [viscosity]
mass

The Navier-Stokes equations with no body force (i.e., F,z =0),

oM uVu= —le +vViu (2.2)
ot p

where v = u/p is the kinematic viscosity. Equation (2.2) can be put into dimensionless

form using the definitions

14 X ! y ! Z
X :—, =——’ Z :——,
AR AR
u'=l,p'=p"€0,t'—tU° and V' = LV. (2.4)
U, pU; L

Here, U, and L are a characteristic velocity and a characteristic length.

The equations used to model the flows considered within this project are the
equations governing the flow of an unsteady, incompressible viscous fluid.
Assuming constant, the non-dimensional form of the three dimensional, unsteady,

incompressible Navier-Stokes equations can be written as

Continuity equation:

Vu' =0 (2.5)

15




and the momentum (Navier-Stokes) equation

!

ou 1 _n
—+u' VU =-V'p'+—V'd'. 2.6
ot PTRe (2.6)

The equations are written in vector form (here on, boldface type symbols denote

vector or matrix quantities).

The non-dimensional parameter Re is the Reynolds number based on the
characteristic length L and velocity U,. Pressure is a parameter fixed by the observer,
so it follows that the only other force is inertia force. Furthermore, the relative

magnitudes of the pressure and inertial forces are described by the Re, defined as

Foa UL
neriia = [s) 2.7
= " 2.7)

viscous

Re =

For very small Reynolds numbers, the convective effects can be neglected and for
high Reynolds numbers, the viscous effects are confined to a smaller layer close to

the wall. Flow becomes turbulent at very high Reynolds numbers.

Hereafter, the superscript ! for non-dimensional quantities is omitted.
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3. TIME AND SPACE DISCRETIZATIONS

3.1. Formulation

The governing equations are solved by a new version of the fractional step method
proposed by Mizukami, [S6], which is essentially based on Chorin’s fractional step
method, [45]. In Chorin’s method, the essential boundary conditions for the normal
component of the velocity must be embodied into the continuity equation, which

leads to great difficulties.

In the present method, a potential function with a single degree of freedom at each
node is introduced and Poisson equation for the potential is directly discretized, in
which the essential boundary condition for the normal component of the velocity is
treated as the natural boundary condition for the potential which still preserves the

elliptic character of the physical problem.

For the time discretization of the governing equations, the following version of the

fractional step method is chosen which is quite simple in algorithmic structure.

The weak form of the momentum equation (2.6) over the space-time domain reads as

| ja—“Ndet = [[(uVu-Vp+ ivzu)Ndet, 3.1)
ot o Qt Re

where N is an arbitrary weighting function.

Three steps are defined for the time discretization; half-time, intermediate-time and

full-time steps.
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The time integration of both sides of equation (3.1) for half a time step, At/ 2, from

~old time level n to half-time level n +% gives

I(un+1/2 —u® INAQ = % J- (_un .Vun+1/2 _ Vpn+RLV2un+1/2).NdQ. (3.2)
O Q )

At the intermediate-time step, if the intermediate-time step velocity is defined by
u* , the time integration of equation (3.1), where the convective and viscous terms

are taken at n +% and pressure term at time level n, yields

[(* —u™)NAQ = At [(-u” Va2 _v pP4 —I—{l—Vzun”/z).NdQ. (3.3)
Q Q ¢

For the full time step, the averaged value of pressure at old time level n and new time
level nt+1 is taken and the time integration of both sides of equation (3.1) for full-

time step, At, is written as

n n+l
J™*! —u")NAQ = At [(u Va2 +_Rl_vzun+1/2 _V%_).ng, (3.4)
Q Q ©

Subtracting (3.3) from (3.4) results in

[~V (p™- p")NdQ. (3.5)
Q

@™ —u*)NdQ =

At
o) 2

If one takes the divergence of equation (3.5), using the continuity equation (2.5), the

following equation, which is discretized for the pressure, is obtained.

[Vu*NdQ = % [V2(p" - p™)NdQ. (3.6)
Q Q
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Subtracting (3.2) from (3.3) gives the intermediate-time step velocity,

u' =202 _yn, (3.7)

3.2. Numerical Formulation

Various methods of discretization have from time to time been proposed both by
engineers and mathematicians. All involve an approximation which, hopefully, is of
such a kind that it approaches, as closely as desired, the true continuum solution as
the number of discrete variables increases. The discretization of continuous problems

has been approached differently, e.g. finite differences, weighted residuals.

The Finite Element method in science and engineering is applied to the differential
equations with the aid of variational principles or the method of weighted residuals,
[57]. In fluid dynamics there are a number of differential equations which do not
have corresponding variational formulation or which have the wvariational

formulation under certain restrictions only, [58,59].

The four types of weighted residual methods, the collocation, Galerkin, subdomain
and least squares methods, are mostly preferred for finite element formulations since
they are applicable to every differential equation. Among these methods, Galerkin

and least squares methods are well adapted to finite element applications.

In this study, the Galerkin Finite Element method is used in order to evaluate the

finite element matrix equations.

The Galerkin method, [43,60], is an orthogonal projection of any residual to a set of
linearly independent complete functions (weighting functions). In order for any
function to be the exact solution of the given equation, it is necessary for the residual
to be zero, and this requirement, if the residual is considered to be continuous, is
equivalent to the requirement of the orthogonality of the expression of residual to all

the functions (weighting functions) of the system.
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Let R denote the residual and W; (i=1,m) the weighting functions, the Galerkin

integral can be written as:

JR.WidQ -0 (i=1,m) (3.8)
Q

The weighting functions are expressed in terms of a finite number of constants, Cy,,
so that we can satisfy only m number of conditions of orthogonality. The
determination of constants requires solving the constructed system of equations.
Substituting the constants into the family of functions mentioned above gives the
required approximate solution. The governing equations are transformed into finite
element equations governing all isolated elements and these elements are finally
collected together to form a global system of differential or algebraic equations with
proper boundary and initial conditions. The nodal values of the variable are

determined from this system of equations.

In this study, 8-node iso-parametric brick elements and trilinear interpolation (or so
called shape functions) functions are used at each node. Let N; (i=1,8) be the shape

functions and F any differential equation, Galerkin finite element formulation is

expressed as:

jNi.FdQ =0 (i=1,8) (3.9)
Q

where, dQ denotes the volume element of any finite element.

The weighting functions in Galerkin Method are the shape functions themselves. By
multiplying the shape functions with the residual of the differential equation and
integrating the product at the element level gives the orthogonal projection
mentioned above. Setting the integral equal to zero, the element matrix equations are

obtained.

20




To obtain the matrix equations for the governing equations, using the finite element

discretization technique, following steps are taken.

According to the fractional step defined in this chapter, the half-time step velocity

equation (3.2) can be written, using Galerkin Finite element technique, as:

Q Q 20 Re
- N @V 240+ JNi hadl) (3.10)
Q r

where, 4, is the given boundary data and, dI" is the boundary of dQ.

The velocity is interpolated as follows:

e e
a2 ZNi uj;+1/2 and u® = ZNi ul. (3.11)
=

i=1

Substituting the interpolated values of velocities and the pressure value at the
centroid of the element and integrating the equation over the element volume, the

following matrix equations are evaluated:

1 At 1 1
Mlju?+ 2 = Mlju?+ ?(Bou'*' pg C(ll—.I{_eAlju‘I]l-l- /2_ DE“?-‘-UZJ (3.12)

where the matrices are written as in the following:

M; = [NiNjda, (3.13a)
Q
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A=Aj= j(VNi.VNj)dQ, (3.13b)

Q
B, =By = J'Nihadr, (3.13¢)
T
. [Ny
Co =Cqi = I—diaa 2, (3.13d)
Q
D-DI- INi (VN)-(Nuh)da, (3.13¢)
Q

where o indicates the Cartesian coordinate components x, y and z, the indices i, j
and, k denote the element node number: the summation convention is employed on
repeated indices (in this case 1 to 8), index e denotes the element number. D is the

advection matrix, A is the stiffness matrix, C is the coefficient matrix for pressure,

B, is the matrix arising due to the boundary conditions.

The element matrix Mj; is the so-called mass matrix and simplified to the lumped

mass approximation by row-sum at the element level so that the mass matrix can

easily be inverted. The advection matrix D can be written as follows:
D= D% = llre1 'Eaij (3.14)
where E, is the matrix which arises due to incompressibility,

ON;
Eq = Eqj = J.Njaiuﬁ dQ, (3.15)
Q

and the element velocity is found out using

n 1 n
= N dQ . 3.16
U, vol(Q)g-! k Uk ( )
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Finally, the matrix form of the momentum equation at the half-time step can be

written as,

[%er%)ugﬂ/z B, +p,C, +%I_ug, (3.17)

The system (3.17) is solved using a direct solution with the subroutine UNSYM (see
Appendix A), which is oriented to systems with un-symmetric and banded

n+1/2

coefficient matrix. So, the half-time step u velocity is obtained.

Using the above expressions, and defining the auxiliary potential function as

¢ = ~At(p"* - p™), (3.18)

and choosing N as trilinear shape function, discretization of equation (3.6) reads as,

~%A(pn+l— PPAL = -;-Aq) = 2E ult2, (3.19)

Finally, the system to be solved for the auxiliary potential function (3.18), which

satisfies the Poisson equation, can be written as,

Adp=4E ul?2 (3.20)

where A is the symmetric and banded stiffness matrix.

The system (3.20) is solved using a direct solution with the subroutine SYM (see
Appendix B), which is oriented to systems with symmetric and banded coefficient

matrix. So, the auxiliary potential function, ¢, is obtained at each time step

implicitly.

The eclement stiffness matrix A is symmetric and constant at any time step.
Therefore, once the global equations are solved, the assembled stiffness matrix A is

factored and stored on disk.
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Subtracting equation (3.3) from equation (3.4) and introducing the auxiliary potential

function, ¢, one obtains the following equation for the full-time step velocity field,
Mut = Mu, + -;—Eq oAt = 2Mul 2 Mu® + %Ea 0. (3.21)
The element auxiliary potential ¢ is defined as

1
N: ¢;dQ., i=1,......... .8, 3.22
VOI(QC)QJ‘ i 0;dQ¢, i ( )
3

be =

The element pressure p, is obtained using equation,

1 ()
Iy pe“—j. (3.23)
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4. SOLUTION PROCEDURE

4.1. Direct Solution

The matrix systems for the half-time step velocity, auxiliary potential function and
the full-time step velocity are introduced in Chapter 3 with the equations (3.17),
(3.20) and (3.21), respectively. The solution of these systems of a large set of
algebraic equations, resulting from the finite element formulations developed in

Chapter 3, is important task, [43].

The equations (3.17) and (3.20) can be written as,

Ka=r, (4.1)

where K is a coefficient matrix, a is a vector of unknown, and r is a vector of
specified quantities. In this study, K associates with the un-symmetric coefficient
matrix of half-time velocity in equation (3.17) or with the symmetric stiffness matrix
in equation (3.20). a associates with the nodal half-time velocity in equation (3.17)
or with the nodal auxiliary potential function in equation (3.20), and r associates

with the load vector; the right-hand side of the equation (3.17) or the equation (3.20).

The coefficient matrix can be written as the product of a lower triangular matrix and

an upper triangular matrix, i.e.,

K=LU. (4.2)

This step is called the triangular decomposition of K. The algorithm for the

triangular decomposition of an n x n matrix can be deduced as in Figure 4.1.
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Figure 4.1 Triangular decomposition and reduction process

Triangular decomposition of the un-symmetric coefficient matrix of the half time
velocity is computed once at each time step, the forward reduction of the load vector
is done and the unknown half-time step velocity vector is solved by performing the

back substitution. These steps are computed with UNSYM subroutine (Appendix A).

When K is symmetric, (K = Kj;), as the stiffness matrix in equation (3.20), the
interchanges of rows and/or columns are unnecessary in order to solve the equations.
It is easy to verify in this case that

U;; = LUs;. (4.3)

For this problem, it is not necessary to store the entire coefficient array. It is
sufficient to store only those coefficients above (or below) the principle diagonal. In
this study, only the coefficients above the principle diagonal of the stiffness matrix

are kept. This reduces by almost half the required storage for the coefficient array.

Half bandwidth is the important factor to reduce the coefficient array. More attention
is paid for the element numbering of the computational domain, the most suitable

element numbering, which will give the least size of half bandwidth, is found out at
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the beginning of test problem computations. The storage method for symmetric

banded stiffness matrix is shown in Figure 4.2. The upper triangular portion of the

stiffness matrix is stored by columns. The columns are stored in single subscript
array. This is done by YERSYM subroutine (APPENDIX B) once at the first time

step. This method of storage is very easy to use vector dot product routines to effect

the triangular decomposition and forward reduction, [43, 61-63]. It can be possible to

reduce the required storage and computational effort still further by storing only the

terms within a non-zero band.
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Figure 4.2 Banded storage of array

Triangular decomposition, forward reduction and the back substitution steps are

computed at the SYM subroutine (Appendix B). The auxiliary potential function is

solved directly by performing these steps at the SYM.

4.2 Computation Steps at One Time-step Level

With the initial boundary conditions for u™ and p", the following steps are taken to

advance the solution one-time step:

i)

The equation (3.17) is solved to find the half-time step velocity field, the

parallel solution for the half-time step velocity field, u

n+l/2 s obtained via

the iterative domain decomposition method explained in Chapter 5.
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ii) Knowing the half-step velocity field, equation (3.20) is solved for the

auxiliary potential function, ¢, which satisfies the Poisson’s Equation. The

parallel solution for the auxiliary potential function is obtained via the

iterative domain decomposition method.

iii)  With the auxiliary potential function ¢, the full-time step velocity field,

u™*l , is computed implicitly, using the equation (3.21).

iv) The associated pressure field pn+1is determined implicitly, using the old

time level pressure field p™ and the auxiliary potential ¢ obtained in step ii.

The above procedure is repeated until the desired time level. In all computations,

lumped form of the mass matrix is used.

One of the most important characteristics of the scheme used in this thesis is that the
stability of the computations does not depend on the time-step size, At. This is the
basic advantage of implicit schemes to the explicit time stepping schemes. There is
no restriction on the time-step size. Ability of taking the large time-step sizes,
together with the parallel computation, perform very fast computational time for the
complex and large size problems, this method has definite advantage over an explicit

scheme.

4.3 Boundary and Initial Conditions

At a wall, the no-slip condition applies.

U guid = Wsolid (4.4)

For the auxiliary potential, ¢is set to zero at the top wall. In the parallel

computations, Neumann boundary conditions for velocity and auxiliary potential

function are satisfied at the interfaces of the sub-domains.
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5. FIRST PARALLEL IMPLEMENTATION

5.1. Introduction

The solution of large-scale CFD problems demands great computing resources.
Parallel computation satisfies this demand and the use of parallel computers provides
cost effective alternative to supercomputers. In order to use this resource, methods

based on domain decomposition were developed earlier, [31-33, 51, 53-55].

In this thesis, a parallel program is developed for the solution of the unsteady
incompressible 3D Navier-Stokes equations using the modified version of the

fractional-step method with implicit time-integration scheme.

Domain decomposition technique, [64-67], is applied for the efficient parallel
solution of the momentum equation (3.17) and the Poisson’s Equation for the
auxiliary potential function, equation (3.20). Because of the reduced number of time-
steps, the implicit algorithm outperforms an explicit one in parallel computing by
reducing the amount of communication. Direct solution of the momentum and
auxiliary potential function (see Chapter 4) simplifies the parallel implementation

and accelerates the computation.

5.2. Parallelization

During the half part of this study, parallel computations are processed on a cluster of
DEC Alpha XL266 workstations running Linux operating system, interconnected
with a 100 Mbps TCP/IP network. Public version of the PVM 3.3 is used as the
communication library, Figure 5.1a. But the latest studies are developed on SGI

Origin 3000 with 8 processor running Unix operating system, Figure 5.1b.
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The computational domain is divided equally into 2, 4 or 6 sub-domains (slaves) and

distributed among the workstations or processors for concurrent processing. Each

domain Q;has the data of its grid and element numbering. Each domain knows its

domain boundary 0€Q;nodes, its interface S;nodes and its neighboring domains.

Element and node numbering is done locally at each interface and the area of each

element at the interfaces is calculated. Matching and non-overlapping grid is used.

Master processor spawns the slaves, gives their task number and their neighboring

slaves task numbers at the beginning of the parallel program. Each slave knows the

master. Pre-/post processing is computed by the master. The communications are set
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up between the slaves and the master. The following steps of domain decomposition

algorithm, [65], are taken as the parallel computation progresses.

5.2.1. Domain decomposition for the momentum equation:

In order to advance the solution single time-step, the momentum equation is solved

implicitly and parallel using domain decomposition algorithm.

Initialization: Half-time step velocity equation (3.17) is solved with a direct solution

(Chapter 4) separately in each domain €); with boundary of 6Q;and interface S,

with vanishing Neumann boundary condition on the domain interfaces, Figure 5.2.

MASTER

Pre-/post processing

Domain 4

interface interface interface
S Sz S3

Figure 5.2. Parallel structure of 4-domain partitioning

Once the solution is obtained in each domain, each domain sends its interface nodal

values to the master processor and master initializes the interface values. Master

chooses an arbitrarily initial Neumann condition at the interfaces, (u°=0), and
computes the difference between the received nodal unknowns at each interface, g°,

and sends back these differences, w°, to the slaves. These procedures are shown in

equations set (5.1). Here, A = %+D +£— is the un-symmetric coefficient matrix
e

n+1/2
of the half-time step velocity in equation (3.17), and y; =u, . The right-hand

side of momentum equation (3.17) is represented by f;.
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Ay; = f; in Q, u® = 0 (arbitrarily chosen),

Yi =g on 8Q, g’ =p’ -5 -yD)S;, (5.1)
?-y—i=0 on S;, w’ =g,
on;

where subscripts i, and j denote the domain and interface numbers, respectively.
Subscript o stands for the initial level at each time step. Subscripts 1 and 2 indicate
the interface nodal value of the unknowns computed by the domains on the left and

on the right sides of the interface, respectively.

With the initialized interface values, an iterative cycle begins at both slave and
master processors. This cycle continues until the correct Neumann boundary

conditions are obtained at the interfaces.

Unit Problem: Inside the interface iteration cycle, each slave starts to solve the unit

problem using the direct solution, together with the initialized Neumann condition

received from the master at the end of the initialization step, (equation set (5.2)).

AxI'=0 in Q,
x'=0 on 0Q;, (5.2)
n .
.S (D)L on S;,

1

Each slave sends its new computed interface values to the master processor at the
end of the unit problem and master starts post-processing of the received data from

the slaves.
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The interface iteration cycle, n, starts up at the master processor. Master optimizes
the interface nodal values of the unknowns using the following ‘steepest descent’

procedure.

Steepest Descent: Master processor computes the difference of the nodal unit

problem values of the unknowns, x; and x,, obtained at the interface by the two
neighboring slaves. After the calculation of steepest descent coefficients, Band s,
master tries to find out the optimum values at the interface which will give the
correct interface solution for the original problem, (see equations set (5.3)). If the
convergence condition, equation (5.4), is not satisfied, master sends w conditions
(which is not converged) to the slaves and slaves start to solve the unit problem again

with the new w condition at its own interface. Interface iteration cycle goes on until

the correct Neumann conditions are obtained at the interfaces, u* .

aw”" = (x{’ - x5 )S | g’ = (yf - y‘z’)Sj
gn+1 - gn i Bn aw” wn+l - gn+1 +5" W
(5.3)
n 2 n+l 2
> [|g" ds >ile ds
n__J5j §" = I S;
Y [(aw™)w'ds T [(g")ds
JS; J S8
p4n+1 — un Bn Wn
where 7 denotes the interface iteration level.
Convergence check: prlopmce =—=> pl =k (5.4

33



Finalization: Having obtained the correct Neumann boundary condition for each
interface, the original problem is solved via the direct solution (Chapter 4) at each

domain, together with the correct interface conditions, equations set (5.5).

Kyi = fi in Qi
Yi = & on 8Q; (5.5)
9yi i1k
— =(-1 on S;
on. -1D"u ]

Solving equation (3.17) by parallel computation gives the velocity field at half-time
step level, which is used at the right hand sides of Poisson’s Equation (3.20) for

obtaining the auxiliary potential.

5.2.2 Domain decomposition for Poisson’s equation:

Using the velocity field at half-time level, the equation (3.20) is solved for the

auxiliary potential function ¢ (which satisfies the Poisson’s equation), in each

domain ; with boundary of 0Q;and at interface S j» with vanishing Neumann

boundary condition on the domain interfaces. The domain decomposition steps
indicated up to now for the momentum equation is repeated for the parallel solution
of the system (3.20), but now the coefficient matrix A is the symmetric stiffness

matrix A in equation (3.20), y; is the auxiliary potential function ¢ at each domain,

and f; is the right-hand side of the equation (3.20), the load vector. The solution of

the auxiliary potential is obtained with domain decomposition where an iterative
solution is also necessary at the interface. Therefore, the computations involving an
inner iterative cycle and outer time step advancements have to be performed in a

parallel manner on each processor communicating with the master processor.

Part of a flow chart concerning the master (parent) and slave (the child) processors

are shown in Figure 5.3.
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Figure 5.3. Flow chart of the first parallel implementation, concerning the parent and

child processors.
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6. TESTS ON THE IMPLICIT METHOD: SEQUENTIAL RUNS

6.1. Introduction

Before going on with the parallel programming, the first step is realized by some
modifications on the implicit code and testing them via the sequential runs,
considering the accuracy and computational time. The aim of this chapter is to check
the solution method explained in Chapter 4 by sequential runs and to test four
different algorithms and to find out the most suitable one for parallel programming,

in terms of efficient computational time, accuracy and least computational effort.

To calibrate the results, a well-known laminar lid-driven cavity test problem is
solved. The test case involves incompressible, laminar re-circulating flow and
represent an important class of industrially interesting flows. The computations are

carried on the DEC Alpha X1.266 workstation running Linux operating system.

6.2. Three-Dimensional Lid-Driven Cavity Flow

The lid-driven cavity flow has received much attention over the past three decades.
The incompressible flow in a cubic cavity whose top wall moves with a uniform
velocity in its own plane has served as a model problem for testing and evaluating
numerical techniques, in spite of the singularities at two of its corners. Interest in this
problem is both practical and academic. The simple domain and boundary conditions
leading to an enclosed shear-driven flow have made this an ideal benchmark system
for validation of numerical algorithms. Although, the geometry is simple the flow is
complex and rich enough to study fluid mechanics aspects. While the velocity and
pressure fields in the lid-driven cavity have been computed using several numerical

approaches, the flow stability in this system has yet to be thoroughly explored. The
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flow is highly unsteady and possesses significant secondary motion in the spanwise

direction and a complex three-dimensional pattern.

At the start of the upper wall motion, a primary recirculating flow exists due to the
shear motion, generating a pressure-driven secondary flow in planes parallel to the
end walls. The secondary flow establishes a spanwise circular pattern. Finally,
Taylor-Goértler vortices develop from the interaction between the primary flow and

the viscous end wall regions, [68].

Lid-driven flow is not only a benchmark problem in Fluid Dynamics, but also a
problem having great application in real world as in the following examples. Many
coating and lubrication processes have flow regimes similar to the lid-driven cavity
hydrodynamics. Another example is that, a cavity is brought about in the abdomen
of the F117 in the process of missile launching or bombing and vortices spawn in the
cavity. Hence, the lift and drag will be affected by the vortices induction. The flow
that subsequently develops in the cavity exhibits many features that are of interest to
the aeronautical engineer, e.g. fluctuating pressure levels, localized heating/cooling,

and recirculating flow regions.

A number of numerical reference solutions exist for the laminar lid-driven cavity test
case, though it is not easily reproducible experimentally, [69]. On the other hand,
most research has been focused on 2-D problems, [70]. Limited numbers of reliable

numerical results for 3-D cavity flows have been obtained in the past several years.

6.2.1. Computational Details

Lid-driven flow in a cubic cavity with a Reynolds number of 1000 is selected as a
test case. Cubic cavity has sides of length 1.0. The upper wall of the domain (z = 1)
is set to move at a constant speed of 1.0 in positive x-direction. The Reynolds
number is based on the lid length and the lid velocity. The geometry of a unit cubic
cavity is shown in Figure 6.1. In the y-direction, flow is assumed symmetric with

respect to the mid-plane (y = 0.5).

No-slip boundary conditions are employed on the solid walls of the cavity. The

initials conditions are zero velocity everywhere except the lid. The Drichilet
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boundary condition for the horizontal (positive x-direction) velocity, u, and auxiliary

=0,

potential function, ¢, is imposed at the lid nodes (z=1) asu =1, and ¢

respectively.

—_— u=1

N

solid walls

0.5

symmetry
plane

driven cavity problem

-D lid-

Figure 6.1. Definition of 3

For the tests on the implicit CFD program, the results are obtained with different

computational domains prepared with 21x11x21 and 25x13x25 nodes, as shown in

Figure 6.2 and Figure 6.3. Mesh is stretched near the walls of the cubic cavity.
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Figure 6.2. Domain with 21x11x21 nodes
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Figure 6.3. Domain with 25x13x25 nodes

The solution is advanced up to the dimensionless time level of 25, where the steady

state is reached, with time-step size of 0.1. Minimum grid size is 0.024 for 21x11x21
grid and 0.020 for 25x13x25. Half-bandwidth of the symmetric coefficient matrix is

equal to 244 and 340 for 21x11x21 and 25x13x25 nodes, respectively.

6.3. The Methods Tested by the Sequential Runs

The following 4 methods are compared by sequential computations in order to find

the most suitable one for the parallel implementations:

ial function formulation:

Direct auxiliary potent

METHOD 1

as described in Chapter 3 and

This is the original method implemented in this study,

Chapter 4. Before starting the parallel implementation, direct auxiliary potential

function formulation is tested in terms of accuracy, computational time and effort.
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The results obtained for the velocity vector field and for the pressure field are given

in Figure 6.4 for 25x13x25 nodes.
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Figure 6.4. The velocity & pressure field obtained with method 1, sequential run,
Re=1000, 25x13x25 nodes
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Velocity field and pressure contours can be seen in Figure 6.5a and 6.6a,

respectively, for 21x11x21 nodes.

The first result obtained for this method, which is chosen the most efficient one for
the parallel computations, is compared with the benchmark solution computed with
the pseudo-spectral method of Ku et. al., [71]. Horizontal velocity at vertical
centerline on symmetry plane is plotted for 21x11x21 domain, but this plot, Figure
6.7, shows that the fluid dynamics code was not working properly. Investigations

detected the following errors in the modified implicit CFD program using method 1:

i) After the first time step, the symmetric stiffness matrix A in equation (3.20)

was being zero instead of being constant.

ii) The boundary condition was imposed into the matrix A in a wrong way, so

the structure of A was being destroyed.

i)  Full-time step u"*l velocity calculation was wrong, 5 coefficient of the last

term on the right hand side of equation (3.21) was forgotten.

Following the corrections, the plot of horizontal velocity at vertical centerline of the
symmetry-plane, Figure 6.7, shows the method 1, working properly. Plots shown in
Figure 6.4 for 25x13x25 grid are drawn after the corrections.

METHOD 2: Iterative pressure formulation:

This is the method, which had been implemented already in reference [4,5].
Auxiliary potential function is calculated iteratively via the element-by-element
iteration technique at each time step. As mentioned in the references, ‘iterative
solution for the pressure equation at each time step constitutes the major difficulty in
terms of parallel implementation’. Iterations continue until the convergence criterion,

which is set to 10, is met.

Figure 6.5b and Figure 6.6b show the velocity field and pressure isolines,
respectively, obtained by this method with 21x11x21nodes.
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METHOD 3:The advection velocity is obtained at n+1/2 time step instead of n:

The only difference of this algorithm from the method 1 is explained by the
following equations. Change of advection velocity affects all the momentum and
auxiliary potential function equations. By taking the advection velocity at half-step
time level n+1/2 instead of old time level n, the equation (3.2), in Chapter 3,

becomes,

f@™2 _ " NGQ = % [ 2 g2 _y pny RLV2un+1/2).NdQ. 6.1)
Q Q ©

At the intermediate time step, equation (3.3) is re-written as,

fu" —u")NAQ = At [(u** 2 vutt12 _y piy Rivzun“’z).NdQ. (6.2)
Q Q =

For the full time step,
n n+l
[ —u?)NAQ = At [[-@Vu)* 2 + évzum“2 - Vp—Jrze-—].NdQ. (6.3)

Q Q

Subtracting equation (6.3) from equation (6.1) gives,

J™*! —u*)NdQ = % J-V(p"*- pNdQ, (6.4)
o) Q

where intermediate-time step velocity u* is inter-calculated explicitly:

u* =™+ At I(-lln+1/2 vutt2_vp? 4 Riv2 NGQ. (6.5)
e
Q

At

Taking the divergence of equation (6.4) gives Eau* = ——2—A( pn+1 -p™).
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If the auxiliary potential function is defined in terms of pressure

ash = —At(p™' ~ p"),and is set in to equation (6.6), the following auxiliary

potential function formulation can be obtained.
A¢=2E,u" 6.7)

Finally, the full-time step velocity field can be obtained using,
Mul+! = Mu +%Ea ¢ (6.8)

This method has also been tested with the 3-D cavity problem using 21x11x21 grid,
and the velocity vector field and the pressure iso-lines are presented in Figure 6.5¢

and Figure 6.6¢, respectively.

METHOD 4: [u®"/2 —y212| < ¢ where £=10"":

In this method, the finite element formulation is exactly same with the formulation

described in Chapter 3, the difference is, half-time step velocity, u+12

, is tried to
be found out more accurately by iteration at each time step. Iterations go on until the

arbitrarily chosen convergence criteria, &, is met.

n+1/2

where u, is the old iteration value of half-time step velocity, w2,

The results of this method for the cavity problem on the domain 21x11x21 are shown

in Figure 6.5d and Figure 6.6d, respectively.
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(c) METHOD 3

Figure 6.5. Velocity field plots for the tested methods on the symmetry-plane,
Re=1000, 21x11x21 nodes, sequential run.

The results are obtained on DEC Alpha XL.266 workstation, dimensionless time is 25

where At =0.1.



(¢) METHOD 3 (d) METHOD 4

Figure 6.6. Pressure contours for the tested methods on the symmetry-plane,
Re=1000, 21x11x21 nodes

The results are obtained on DEC Alpha X1.266 workstation, dimensionless time is 25
where At =0.1.
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6.4. Results and Discussion

As shown in Figure 6.5 and Figure 6.6, the moving lid drives a re-circulating flow in
the 3-D cavity, convection is dominant and the primary vortex is offset towards the

geometric center of the cavity.

Horizontal velocity at vertical centerline and vertical velocity at horizontal centerline
on symmetry-plane, at steady state, is plotted in Figure 6.7 and Figure 6.8,
respectively, and the methods are compared with the benchmark solution in reference
Ku et.al., [71]. The results show good agreement with the benchmark solution after

the corrections are made for method 1, as explained in this chapter.

Velocity field comparison results show that, all of the methods give good agreement
with the benchmark solution, although the grid 21x11x21 is coarse, and stretching is
much more loose than the one in reference Ku et.al., [71]. The results are obtained
with a large time-step size as At =0.1.In terms of computational time, the
computations for the four methods, (on DEC Alpha XL 266 workstation), give

different results as presented in Table 6.1.

Table 6.1. Comparison of CPU times of the four methods tested with sequential run

METHOD CPU time (s) ELAPSED time (s)
1 3733 3738
2 4431 4435
3 4135 4138
4 8521 8513

Table 6.1 shows that, method 1 (explained in detail in Chapter 3 and in Chapter 4)
converges in a shortest computational time and has least computational effort among
the other tested methods. These are the basic advantages of method 1 and make it the
most suitable one among the others, for the paraliel implementation (Chapter 5). The

test case parallel results are going to be presented in the following chapters.
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Figure 6.8. Vertical velocity at horizontal center line, comparison of the methods,
Re=1000, At = 0.1, 21x11x21nodes
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The horizontal u and vertical w velocities, along the centerlines of the symmetry-
plane, y = 0.5, are also plotted for 21x11x21 and 25x13x25 grids in Figure 6.9 and
compared with the benchmark solution of Ku et.al., [71]. The results show that, with
a finer grid and with a more stretched mesh near the walls, benchmark agreement can

be increased.
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Figure 6.9. Velocity distributions along horizontal and vertical center-lines on the
symmetry-plane of lid-driven cavity flow, method 1 result, sequential
run, 21x11x21 & 25x13x25 nodes, Re=1000, At =0.1.
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7. PARALLEL IMPLEMENTATION RESULTS & DISCUSSION

7.1. Three-dimensional Lid-driven Cavity at Re= 1000

Following the researches presented in Chapter 6, direct solution method described in
Chapter 3 and Chapter 4 is implemented for parallel computations and the first
domain decomposition implementation is done as described in Chapter 5 (see Figure
5.3). Three dimensional lid-driven cavity test problem defined in Chapter 6 is chosen
for calibration of the parallel implicit CFD program written in this study. Parallel
results are obtained successfully, first on the 2-domain partitioning with 2 x
(11x11x21) nodes, but for further parallel computations, cavity grid is prepared with
total number of 25 x 13 x 25, to be able to get 6-domain partitioning results. The
domain is divided into 2, 4 and 6 sub-domains. Node, element, interface and
boundary nodes data are prepared for each domain and distributed on DEC Alpha
X1.266 workstations (see Chapter 5). 2x(13x13x25) for 2 domains, 4 x (7x13x25) for
4 domains and finally 6 x (5x13x25) nodes for 6 domains exist as shown in Figure

7.2, Figure 7.3 and Figure 7.4, respectively.

Global node and element numbering is first made along the positive x direction
(along the lid), then in y-direction (symmetry) and finally along the z-direction of the
cavity, Figure 7.1.

This way of numbering of the nodes and elements enables us to save from computer
storage, because by doing so, we obtain the minimum bandwidth, which also gives
great advantage in terms of computational time. The half-bandwidths for 2-, 4- and
6- partitioning are 184, 100 and 72, respectively. Decrease of half-bandwidth from 2-
domain partitioning to 4-domain is much more than the decrease to 6-domain
partitioning. If eight processors could be available, the more efficient computational

time and speed-up results could be expected with 8-domain partitioning.
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Figure 7.1. Global node numbering of each domain, 4-domain partitioning

Number of test runs is done to find the best convergence check criteria €, and &,

for the velocity and auxiliary potential interface iterations, respectively. The
optimum results for 2-domain and 4-domain partitioning could be obtained

successfully with € =10* and 8¢=10'6 but not for 6-domain computation. To be

able to compare computational time of each parallel solution and to make speed-up
analysis, the same convergence criteria should be taken for 2, 4 and 6 sub-domain
computations. The best criteria for the domain decomposition method described in

Chapter 5 are found out as
£,=10" and £,=10",

and applied at all parallel runs. Although the interface iterations and so the
computational time decreases with looser convergence criteria, stability of the results
could be damaged, accuracy could get worse. Special care should be taken for the
interface u, v, w velocities and auxiliary potential function calculations, at each

parallel run.

The solution is advanced up to the dimensionless time level of 25, where the steady

state is reached, with time step of 0.1 and for minimum grid size of 0.019.
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Figure 7.2. Cavity grid,

domain partitioning, 2x(13x13x25) nodes
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Figure 7.3. Cavity grid,
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Figure 7.4. Cavity grid, 6-domain partitioning, 6x(5x13x25) nodes

7.2. First Parallelization Results and Discussion

The corrections made in the implicit code, noted in the previous chapter, have been
carried to the parallel code written in this thesis. The results have been obtained for
2, 4 and 6 sub-domains on DEC Alpha XI.266 workstations. The problem in running
the computational code for the cubic cavity problem on 6-domain partitioning is
solved after some difficulties; the reason of the error was the dimension opened for
the arrays in domain decomposition method. As it is seen in the flow chart of the
first parallel implementation in Chapter 5, the master processor collects the interface
velocity and auxiliary potential from each slave. When the interface number is
increased, the total number of transmitted unknowns is increased. Because the
dimension opened in the master processor was not big enough to collect the 6
interface values, they were not being collected properly, so causing the problem in 6-

domain partitioning case.
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Figure 7.5, Figure 7.6 and Figure 7.7 give the pressure contour plots on the
symmetry-plane at steady state, for 2, 4 and 6-domain partitioning, respectively.
Pressure values on different contours can be read from these figures. Pressure
distribution is not oscillatory inside the cavity. Near the lid, little oscillations are
observed, because the auxiliary potential function has to be fixed to zero along the

lid as a boundary condition, which is in fact not physical.

The velocity vector field at steady state on the symmetry plane for 2-domain
partitioning is presented in Figure 7.8, together with constant x plane plots on
different cross-sections of the cavity. Moving lid drives a re-circulating flow inside
the cubic cavity, convection is dominant and the primary vortex is offset towards the
geometric center of the cavity. At the lower corner, a second vortex on the symmetry
plane is visible. The velocity vector field for 4-domain partitioning run is represented
by Figure 7.9, together with the plots on different constant x planes, which are
perpendicular to the lid. Secondary flows along the top and bottom edges of the
cubic cavity can be observed. Figure 7.10 shows the plots of velocity vector field on

the symmetry-plane and on different constant z planes for 6-domain partitioning.

level P

151 0397
145 0379
138 0361
133 0342
127 0324
121 0306
115 0.288
1089 0.270
103 0.251
97 0233
91 0.215
85 0197
79 0179
73 0160
B7 0142
61 D124
55 0106
49  0.088
43 0.069
37 0051
3 0.033
25 0015
13 -0.003
13 -0.025
7 -0.037
1 -0.055

Figure 7.5. Symmetry plane pressure contours, first parallelization result with 2-
domain partitioning, 2 x (13x13x25), Re=1000, At=0.1.

53




Level P

145 0.397
138 0.379
133  0.381
127 D.342
121 0.324
115 0.306
109 0.289
103 0.270
97 0.251
9 0.230
85 0.214
M 019
73 0473
67 0151
51 0130
5 0112
49  0.091
43 0.069
3F 0.054
A 0.033
28 0015
19 -D.003
13 0022
7 -0.037
1 -0.085

Figure 7.6. Symmetry plane pressure contours, first parallelization result

domain partitioning, 4 x (7x13x25), Re=1000, At=0.1.

with 4~

Level P

127 0397
121 0379
118 0.362
109 0.3
103 0323
97  0.300
91 0.258
85 0.240
79 0.220
73 0,96
67 04178
B1 0.155
85 0134
49  0.408
43 0075
37 0.087
#H 0.040
25 0025
19  0.007
13 -0.010
7 -0.028
1 -0.043

051
Figure 7.7. Symmetry plane pressure contours, first parallelization result
domain partitioning, 6 x (5x13x25), Re=1000, At=0.1.
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Figure 7.8. Velocity vector field, first parallelization results,
y



e . L U L T
T e TSN N N T
-t~ /ﬁ///////,,. -

/‘"..-r".'-"...o.-_\\

A

;/c’v,-“'-ﬂ'u——‘\&
AN

Mt W e

&\\\kl.tl.t..l.)lf.&l[.o]l.»l..' g

PAAR NN N N

i T A A s e p—
I T I T I

A I

TS NNNNY

R
Jiil
/

/////,.i.#
Vg
SRR
NI
AV
TR
SV
LS
LSS
AR

0.25 (¢)

on 4-domain

- A Y \ t .

. 3 1 1 1
0%
d

P ]

PR T S N S S

EIR B B
TRy
J"\\\\‘IJ L]
LAY SR T I I

0.8

t=0.1.

0.5 (symmetry-plane) (b) x
A

b

..w,..l
P
e

1Y

0.6

PRFSEIDRE SU s T

(2)
(©

=1000
56

[ A A

3
first parallelization results,
Re

0.4

R SR I, 117

t1 .

TR

0.75 plane,

AN

0.2

0.5(x

partitioning, 4 x (7x13x25): (a) y

o5
(b)

X

L

1 T S R S

Figure 7.9. Velocity vector field,



zl N7 7 o = oy
L L N B S e T R g s
x!‘-'litff//'/f'.:—'..-ﬁ.-r'..—‘.,—a_m-_..ﬂ___\
:\I‘I\r;)’//f’fﬁ-.’»ﬂ.ﬁ_.\_\
111?1‘};;////.-‘-#_—_...\\ b
wffffff///.ﬂ,,__._‘\,‘ 5108
11??]‘?;})’//».—.,-_.,\&1 ]
|1?f?ffff///.«.—...‘\‘1
11?111111!/,:,..‘\‘1 i-UG
Attt vy ,,ﬁ‘&ii L..
1511)&1{1“.1 5 [ R T "‘f’{'! 11-
ﬂﬁxﬂ.\\\ Ny e, vy j ]
SUAANA N N N e L ,//,//{”1—0.4
AOAARA NN . e LI
AN
15\‘\\\\\\\‘\th/ /‘,,l
AN U U N N N Sy ///'/ 1]
N T e LS =02
Rl G A
.s\\\\‘\“x“‘h-\.*—..‘_,_’__,‘ﬂ,.{/,, et
R T S
||||||“|’|:|’:|~:| ::l:: r:l:l ::u’l |:|-| |.0
0 0.2 04 06 0.8 1
(a)
e — =R = = r——— s
lj—"-"-fv-"*-‘ 4 2 L " e = T
PRPIDFEPEE S Y H PR A
N L S S AU, | |
. T N O S G,
,::j,-\\\\\\\\...,_w_‘,“ B
ls\Li,\\\\\\\\HNM._q—aa—w 1
“s\\-.’f‘\\v\\&k‘?\:‘l—a&w\. 1
NN T N o S S
.\\\..__o-,m-x/f [ N N - ST S
P i ) L R N ot o TN S SR
R Wae Y Soni M Sl il St N ST Sl S e Sl SO Nl AR M 0
0 02 0.4 0.6 g8 1
(b)
' A —=—a—— < + - 058

,W&&H&-&—M%W—o—r,,.
” -oz5

IR
N BN I N T = S M S .
R et S S Mg W SRR el e S vl e U AT A TR S AR MM R B a S M N
a 0.2 0.4 0.8 0.8 1

(©

Figure 7.10. Velocity vector field, first parallelization results, on 6-domain
partitioning 6 x (5x13x25): (a) y = 0.5 (symmetry-plane) (b) z = 0.5 (c)
z = 0.25 plane, Re=1000, At=0.1.
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The plots show that interface solutions are successful and Neumann condition on the
interfaces is satisfied correctly with the domain decomposition algorithm in Chapter
5. Parallel solutions agree well with the sequential results, accuracy is not affected
with the parallelization. The advantage is gained in terms of computational time, and
working on large size problems becomes possible with parallel computation. The
solution is advanced up to the dimensionless time level of 25, where the steady state
is reached with a large time-step size of 0.1. This is one of the big advantages of the
parallel implicit code that, there is no restriction on time-step size as in the explicit

methods.

Horizontal velocity at vertical centerline and vertical velocity at horizontal
centerline, on the symmetry-plane at steady state, is plotted in Figure 7.11 for the
first parallelization. The results obtained with 2, 4 and 6 sub-domains are compared
with the benchmark solution in reference Ku et.al., [71]. They give reasonably well
agreement with the benchmark solutions, although the grid is much coarser than the

one used in the benchmark solution, and the stretching near the walls is very loose.
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Figure 7.11. Velocity distributions along the horizontal & vertical centerlines of
the symmetry-plane of lid-driven cubic cavity flow, 2, 4 and 6-domain
partitioning results, first parallelization, Re=1000, At=0.1.
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With the first parallelization run with 2-domain partitioning, the interface inner
iterations for the half-time step velocity at each time step stay generally at 7
iterations, and auxiliary potential interface iterations are reached up to 55 iterations.
Half-time step velocity interface iterations generally count 8 and 9 for 4-domain and
6-domain partitioning runs, respectively. Auxiliary potential interface iterations

reach up to 85 and 105 for 4-domain and 6-domain partitioning runs, respectively.

Although the velocity interface iterations number is very small, auxiliary potential
one is a lot. This means that, the program spends a long time to be able to find the
optimum condition for the auxiliary potential at the interfaces at each time-step.
Since the interface iteration number increases and the number of communications
between master and slaves increases, the computational time increases and speed-up
decreases. During this study, researches are also concentrated at this point and
numerical experiments are done to find a way to decrease the auxiliary potential

function interface iteration number.

As the number of interface increases, iteration number also increases, as expected.
Master makes scaling, based on the total number of interface nodes, while
calculating the difference between the old and new iteration level values of
unknowns. The master processor does this scaling, before making the convergence

check as explained in detail in Chapter 5.

The computational times for 1, 2, 4 and 6-domain partitioning obtained on DEC
Alpha XI1.266 workstations are compared in Table 7.1. These results show that there
is a problem with the first parallelization. Based on the 2-domain partitioning
solution, the 4-domain solution speed-up is 1.37 as opposed to its ideal value, 2, and

6-domain solution speed-up is 0.89.

Speed-up analysis is continued in the following sections in detail, and the problem
with the low speed-up value, obtained with the first parallelization, is overcome.
Especially, the master processor causes this problem, the computational time of the
master processor solution increases, as the number of sub-domains and of interface
increases. Load balance is going to be done in the following parallelization ways and
the speed-up is going to be increased on.

59



Table 7.1. Computational times of 1, 2, 4 and 6-domain partitioning, the first
parallelization results, on DEC Alpha XI.266 workstations.
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7.3. Second Parallelization Results and Discussion

After having the solutions on 2, 4 and 6 domains, the results showed us that there is a
problem in efficiency as the sub-domain and interface number increases. The elapsed
time for 6-domain solution is increased to 4979 seconds, which is bigger than the
value of elapsed time taken for 4 domain and even 2 domain solutions. The
efficiency is so poor. Although the CPU times for the slave processors are decreased
as shown in Table 3, there was a problem with master CPU time. Higher the

interface number, longer the master CPU time. The interface values to be collected
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and processed by the master for domain decomposition method are increased at each

interface iteration cycle as shown in the flow chart in Chapter 5 in Figure 5.3.

The computer used in this work as a master processor is not as fast as the other 6
slave processors. Master is responsible for post-processing, all interface values are
processed by the master as explained in Chapter 5 and the slaves cannot go on the
calculations without having the results from the master. So quality and speed of
master processor are important factors on efficiency of the parallel computations. At
each time-step, the slaves are waiting too much for the master to complete its work,

described in the flow chart (Figure 5.3), to be able to go on their calculations.

Behind these problems, the data to be processed by the master increase as the
interface number increases and this causes much more increase in computation time
of the master calculations. If the master processor is slow as in this study, overall
computational time increases too much, especially in 6-domain partitioning run. All

of these problems cause the poor efficiency in speed-up analysis.

So a new method of parallelization is investigated to make a load balance
(considering the low capacity of master processor) and to get more efficient parallel

results on DEC Alpha X1.266 workstations.

The principle of this second implementation is to give the master processor less work
and to decrease the amount of arrays to be transmitted, of communications between
the slave and master processors and of the data to be post-processed by the master, at
each inner interface iterative cycle of the domain decomposition method. In this
second implementation, the master processor only collects the interface arrays
obtained at slaves for the steepest descent part described in Chapter 5; it calculates
only the scalar coefficients defined at steepest descent part, sends them to the slaves

and decides the convergence at each inner iterative cycle.

On the other hand, communications between the slave processors exist in this
parallelization, opposite to the first parallelization method. Each slave communicates
with neighbouring one. The slave processors, which have the send interface
boundary, do the steepest descent calculations instead of master, at each inner
iterative cycle. The difference between the old and new iteration values of the
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velocities and the pressure at the interfaces is found at the slaves. Then each slave
sends the difference to the master for only convergence check at each cycle as
described in Chapter 5. The flow chart of second parallel implementation is shown

in Figure 7.12.

To load the most work of domain decomposition to the slave processors instead of
the master processor decreases the elapsed time for each 2, 4 and 6-domain
computations on DEC Alpha XI1.266 workstations, for the cubic lid-driven cavity
problem test case. The accuracy of the results is not changed, but still the efficiency
in parallel method needs to be improved. Master CPU time still increases as interface
number increases, so causing the increase in elapsed time. The analysis is shown in
Table 7.2 — 7.7 and in Figure 7.14. This brought us to further developments in
parallel computations on DEC Alpha X1.266 workstations, as follows.

7.4. Third Parallelization Results and Discussion

It is seen that if the master processor does the work at each interface inner iteration
cycle, communicates with all slaves and too much data is transported between the
machines, the elapsed time increases and so the efficiency is poor. This result
brought us to a new idea of parallelization way. The load balance is done in such a
way that, the slave processors handle almost all of the domain decomposition
calculations, so the decrease in parallel efficiency, caused by the slow master

processor, can be prevented.

The principle of the third parallel method is to set the master processor out of the
inner iteration cycle at each time step and to load all the domain decomposition
process on the slaves. In this method master only spawns the slaves and finishes its

task.

The slaves solve the initialization part described in Chapter S. Initial half-time step
velocity field and auxiliary potential function values are obtained at each interface.
Then the slave processors, which have the send interface boundary nodes, collect
these values from the neighboring one and calculate the differences at their interfaces

before starting the unit problem solution part and the steepest descent calculations,
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defined in Chapter 5. The arrays to be transported are decreased and most of the

communication is made between the neighboring slaves.

The last slave only sends its interface values and does not have to make the steepest
descent calculations. So the calculation of the scalar coefficients at the steepest
descent part defined in Chapter 5, and the convergence check for inner iteration
cycle at each time step tasks, are given to this last slave, which will play the role of
the slow master processor in this study. After finding the correct Neumann boundary
conditions on the domain interfaces, each slave, which has the send interface
boundary nodes, sends the converged interface values to the neighboring one and

finalization part starts at each sub-domain, as explained in Chapter 5.

The most efficient speed-up is obtained when the last slave is set on vim06 machine
(see Figure 5.1a), which was observed to be faster than the other machines used in
the parallel processing. Since it is fast, the other slaves do not wait too much for the
last slave to send the scalar coefficients at steepest descent part and convergence

check result at each inner interface iteration cycle.

The computational code modified again with this third parallel implementation
method is calibrated with the cubic lid-driven cavity problem with Reynolds number
of 1000. For 2-domain partitioning, 2x(13x13x25) nodes, for 4-domain partitioning
4x(7x13x25) nodes, and for 6-domain partitioning 6x(5x13x25) nodes are used as
shown in Figure 7.2-7.4. The steady state is reached with a large time-step size of

0.1, at 25 dimensionless-time.

Part of flow chart concerning the parent (master) and the child (slave) processes for
this latest parallel implementation is shown in Figure 7.13. Overall computational
time (elapsed time) for 2, 4 and 6-domain partitioning runs using the third
parallelization way on DEC Alpha XIL.266 workstations are written in Table 7.2 — 7.7
and in Figure 7.14. The comparison, in terms of computational time, speed-up, and
parallel efficiency, of the three methods of parallelization described up to now can be

followed from Table 7.2 — 7.7 and from Figure 7.14, too.
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Figure 7.12. Flow chart of the second parallel implementation, concerning the parent
and child processors.
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Figure 7.13. Flow chart of the third parallel implementation, concerning the parent
and child processors.
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As indicated in section 7.2, the speed-up of the 4-domain solution obtained with the
first parallelization, on Alpha XIL.266 workstations, is 1.37 as opposed to its ideal
value, 2. With this third improvement, the elapsed times for 2, 4, and 6-domain
partitioning solutions of the three dimensional lid-driven cavity problem are
decreased significantly. Load balance studies in the parallel program run on the
workstations removed the problem caused by the slow master processor and
improved the efficiency of the parallelization method. The speed-up concerning the
elapsed time is increased to 2.39 for 4-domain partitioning and to 2.60 for 6-domain
partitioning runs, where the normalization is done with respect to the elapsed time of

2-domain partitioning computation.

The amount of the decrease of elapsed time in 4-domain solution is much more than
that of 6-domain case; this is probably related to the size of half-bandwidth
difference between the partitioning cases. The larger the size of half-bandwidth, the
more amount of data to be processed and transported. As indicated before, the half-
bandwidths for 2-domain, 4-domain and 6-domain solutions are 184, 100 and 72,
respectively, where much more decrease of half-bandwidth is obtained in 4-domain

partitioning case compared to that of the 6-domain case.

Table 7.2. Comparison of elapsed time for the first, second and third parallelization
computations for cubic lid-driven cavity flow, Re=1000, At=0.1, DEC
Alpha X1.266 workstations.

25x13x25 total grid points CUBIC CAVITY (Re=1000, At=0.1)
ELAPSED TIME (s )
Number of domains 2 4 6
1% parallel implementation 4448 3229 4979
2™ parallel implementation 4402 3068 4046
3" parallel implementation 4105 1719 2190
3 parallel implementation 4105 1719 1579
(Last slave is on vm06)
Explicit Method, [51], 6.32 hour 2.92 hour
25x25x25 total grid points
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Table 7.3. Comparison of master (parent) processor CPU time for the first, second
and third parallelization computations for cubic lid-driven cavity flow,
Re=1000, At=0.1, DEC Alpha X1.266 workstations.

CUBIC CAVITY (Re=1000, At=0.1)
25x13x25 total grid points
MASTER CPU TIME (s)
Number of domains 2 4 6
1% parallel implementation 531 1755 3423
2™ parallel implementation 427 1312 1952
3" parallel implementation 0.576 0.498 0.322
3™ parallel implementation 0.576 0.498 0.322 5
(Last slave is on vm06)

Table 7.4. Comparison of slave (child) processors CPU time for the first, second and
third parallelization computations with 2-domain partitioning case,
Re=1000, At=0.1, DEC Alpha XL266 workstations.

CUBIC CAVITY, 2-DOMAIN (Re=1000, At=0.1)
25x13x25 total grid points
SLAVE CPU TIME (s )
Slave order - ond
1% parallel implementation 4000 3884
2™ parallel implementation 4182 4004
3" parallel implementation 3989 3981

Table 7.5. Comparison of slave (child) processors CPU time for the first, second and
third parallelization computations with 4-domain partitioning case,
Re=1000, At=0.1, DEC Alpha X1.266 workstations.

CUBIC CAVITY, 4-DOMAIN (Re=1000, At=0.1)
25x13x25 total grid points
SLAVE CPU TIME (s)
Slave order 15 ond 31 40
1% parallel implementation 1260 1500 1472 1107
2™ parallel implementation 1764 1943 1869 1096
3" parallel implementation 1511 1511 1509 1205
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Table 7.6. Comparison of slave (child) processors CPU time for the first, second and
third parallelization computations with 6-domain partitioning case,
Re=1000, At=0.1, DEC Alpha XL.266 workstations.

CUBIC CAVITY, 6-DOMAIN (Re=1000, At=0.1)

SLAVE CPU TIME (s )

nd rd 4th

th

Slave order 1% 9 3

1% parallel implementation | 813 | 1051 | 1063 | 648 | 1075 | 805

5

2" parallel implementation | 1453 | 1659 | 1602 | 752 | 1494 | 821

3 parallel implementation | 1482 | 1635 | 1599 732 1445 | 1783

3rd parallel implementation 1333 1293 1312 1329 1280 848

(Last slave is on vm06)

Speed-up values are shown in Table 7.7 for each of the parallelization methods.
When compared to the explicit result of 4-domain speed-up (elapsed) of 2.17,
obtained in reference [51] on the same DEC Alpha X1.266 workstations, our implicit
parallel solution speed-up (elapsed) reaches to 2.39 with 4-domain computation and
2.60 with 6-domain computation. In Reference [5], cubic cavity flow with Re=1000
is computed in 6.32 h. with 2-domain partitioning solution and in 2.92 h. for 4-
domain partitioning with 25x25x25 equally spaced grid points. The convergence is
obtained after 625 time steps up to the dimensionless time level of 25. The results
shown in this chapter are obtained in a shorter time than the explicit reference one,
[51]. The advantage is ability to take large time-step size of 0.1. Our results are
converged in 250 time steps up to dimensionless time level of 25 for 2, 4 and 6-
domain partitioning with 2x(13x13x25), 4x(7x13x25) and 6x(5x13x25) grid points,

respectively.

Figure 7.14 shows clearly the parallel efficiency of the third parallelization method,
relative slave CPU times are plotted for each slave at 2, 4, and 6-domain partitioning

runs for cubic lid-driven cavity problem.

Figure 7.15 compares the velocity distribution results, at horizontal and vertical
centerlines of the symmetry plane of the cavity, obtained with the third

parallelization method. 6-domain partitioning results are compared with the 6-
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domain results of the first parallelization method, accuracy is not affected with the
modifications in parallelization way. The number of interface iterations for half-time
velocity and auxiliary potential does not change, but significant improvement is

succeeded in terms of efficiency.

Table 7.7. Comparison of speed-up (elapsed time) results for the first, second and
third parallelization computations for cubic lid-driven cavity flow,
Re=1000, At=0.1, DEC Alpha XIL.266 workstations.

CUBIC CAVITY (Re=1000,At=0.1)

Number of domains 2 4 6

Speed-up (elapsed time) 1 1.37 0.89
First parallelization

Speed-up (elapsed time) 1 1.43 1.09

Second parallelization

Speed-up (elapsed time) 1 2.39 2.60
Third parallelization

Speed-up (elapsed time) 1 2.17

Explicit Method, [51]

Relative slave CPU time

domain number

Figure 7.14. Third parallelization result: relative CPU time of each processor, 2, 4
and 6-domain partitioning, Re=1000, At=0.1, DEC Alpha XL266
workstations.
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Figure 7.15. Comparison of first and thlrd parallelization, velocity distribution at
horizontal & vertical centerlines of the symmetry plane, 6-domain
partitioning case, 6 x (5x13x25) nodes, Re=1000, At=0.1, DEC Alpha
XL266 workstations

To obtain high parallel efficiency;

i) If all the processors used in the parallel computations have the same quality,
speed and communication speed, all the work to solve the interested problem should

be distributed equally to each processor,

i1) The speed of the master processor, which is responsible for the post-
processing of all the interface data, is the important factor on parallel computation
time and speed-up. Especially if the interface number is high; the more the interface,
the more the data to be processed and the more the communications between the

master and the slaves,

iii)  If the processors used in the parallel computation are not equal, load balance
should be done in such a way that, the most of the work is loaded to the fast
processors, processors should not have to wait for another one to continue their own

computations.
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7.5. Large Size Problem: lid-driven cubic cavity flow at Re= 1000

The parallel implementation problems are solved as discussed in the previous
chapters. Ideal speed-up is reached with the computations on DEC Alpha XL266
workstations, After the latest developments, it is aimed to run the latest parallel

implicit program (third parallelization) to compute a large size problem.

But there is a problem in running the code with the large size grid. The size of the
matrices to be inverted enlarges; therefore size of the code increases too much to run
on the processors used in this study. So the code required high memory. One of the
large size matrices is the assembled stiffness matrix A defined in Chapter 3 (equation
3.20). It is first being assembled, factored and finally stored on disk at the first time
step but not needed later on. So instead of keeping this matrix, it is decided to write
the factored one on a data file once and then read this data during computations
explicitly. So we could get rid of this huge size, number of nodes x half-bandwidth,

matrix.

The other large size matrix is the coefficient matrix of the half-time step velocity,

(% +D+ RAJ , at equation (3.17) in Chapter 3. As the assembled stiffness matrix,
e

it is also being factored and stored on the disk with a large dimension, number of
nodes x (2xhalf-bandwidth-1). It is needed at each time step, so cannot be removed.
But instead of keeping both the assembled form of this matrix and the vector form of
its upper and lower triangular matrices, it is decided to compute directly the
assembled symmetric arrays of that matrix, without constructing it. With these
eliminations, the size of code is reduced significantly and became ready to run on the

existing processors.

Large size lid-driven cubic cavity test domain is used to calibrate the parallel implicit
code. Reynolds number of 1000 is chosen. 6-domain partitioning computation data is
prepared with 6x(9x25x49) grid points. Both uniform and non-uniform grids shown

in Figure 7.16 and Figure 7.17, respectively, are used in the computations.

71



TAIIITITLLITIIT

I I AT I EITT

LI L L LT LTIl L IR E T E I AT

T I NI EEEE

TITTI L

T Iy P Y I I I IYIIFI LY

P T TIII I T T YT

P30 O 3 L

AT I

K 1

I T I AT I I T I T TTTT

grid, 6x(9x25x49) nodes

ioning

it

domain part

-

Figure 7.16. Uniform 6

e N e R A A L T R R L LR,
AR AR R R R R R AR 4
-

FAATAAVIITIA TS SRR R A R R WA TR TR R R AR AN WAV
43 AAITIIITTTE AL LS R R A A LA R AR L AR L LR R VLA
AV TR S L AT R RS LR R AL L L EAL AN
§ A AR R R AL L L AL LR T R R LR R AR UL TR

L e e L e e E s L L T o R e AN
e (1!

0.5

id, 6x(9x25x49) nodes

ioning

artit

Figure 7.17. Non-uniform 6-domain p

72



The steady state is reached after 500 dimensionless time, with a time-step size of
0.05. The finest grid spacings of 6x(9x25x49) uniform and non-uniform grids are
0.02(1:50) and 0.0142 (1:70), respectively.

The comparison of horizontal and vertical velocities at the centerlines of the
symmetry plane of the cubic cavity can be seen in Figure 7.18, including both
uniform and non-uniform grids. With the non-uniform grid with a 1:70 finest grid
spacing (stretched near the side walls), the results agree better, than the uniform grid
result, with those of benchmark solutions of Ku et al., [71], who uses pseudo-spectral
method in their computations with finer grids, on a Cray. So the results accuracy
could be improved more, especially with finer mesh near the sidewalls, as seen in
figures 7.20 —7.23. The pressure contours on the symmetry plane, for both uniform
and non-uniform grids, are shown in Figure 7.19. Pressure field obtained with
uniform grid is not as stable as the one obtained with the non-uniform grid. The non-

uniform grid result is much better than the uniform one.
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Figure 7.18. Comparison of uniform and non-uniform grid, velocity distributions
along the centerlines of the symmetry-plane, 6-domain partitioning,
third parallelization, Re=1000.
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Figure 7.19. Uniform (top figure) and non-uniform grid results, symmetry plane
pressure contours, third parallelization results, 6-domain partitioning
with 6 x (9x25x49) nodes, Re=1000, DEC Alpha XL.266 workstations.
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Elapsed time of third parallelization method computation with the non-uniform
6x(9x25x49) grid is found out as 38988 seconds on DEC Alpha X1.266 workstations.
On the other hand, it is found out as 49533 seconds, if the first parallelization way is

employed; it is about 10000 seconds longer.

To see the affect of fine grid on the accuracy of the results, especially the stretching
affect, the finer grid, with total number of 6 x (10x28x55) nodes and with finest grid
spacing of 1:77, is used in 6-domain partitioning run. Contour plot can be seen in
Figure 7.20 and the velocity vector fields on the symmetry plane and on different

cross-sections of the cavity are plotted in Figure 7.21.

Level P

131 0485
126 0464
121 0.444
116 0423
111 0403
106 0382
101  0.362
96 0337
91 0312
86 0282
81 0.271
76 0247
71 0.230
66 0210
B1 01945
56 0160
51 0.140
46 0115
41 0.095
36 0074
3 0.045
26 002
21 -0.005
16 -0.023
11 -0039
B -0.057
1 -0.078

Figure 7.20. 6-domain partitioning 6 x (10x28x55) result, third parallelization,
symmetry-plane pressure contours of the lid-driven cavity flow,
Re=1000, on DEC Alpha X1.266 workstations

The best convergence criteria for the interface inner iterations are found out as
€y =107 for half-time velocity field and € =107 for the auxiliary potential function.

The half-time velocity and auxiliary potential interface iterations reach 7 and 79
iterations, respectively, with the third parallelization computation for 6-domain

partitioning of total number of 6 x (10x28x55) nodes.
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Comparison of velocity distribution results along the centerlines of the symmetry
plane of the cavity, Figure 7.22, shows that, the best agreement with benchmark
solution up to now is obtained with the new 6-domain partitioning non-uniform grid
with total number of 6 x (10x28x55) nodes.

Velocity distribution, along the horizontal and vertical centerlines of the cubic
cavity, obtained with first parallelization, on 2-domain partitioning 2 x (11x11x21)
nodes, and with the third parallelization, on 6-domain partitioning are all compared
with the benchmark solution of Ku et al. in Figure 7.23. As it is seen, the best

agreement can be obtained as stretching near the sidewalls of the cavity is increased.

u
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Kuet.al, u . g
uniferm <9-G, u
nonuniform48-6, u
m} rienuniformS56, u
7 Ku et al., v

P uniform 98-8, w
nonuniformagg, w
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Figure 7.22. Comparison of uniform & non-uniform 6x(9x25x49) and 6x(10x28x55)
grids results, velocity distributions along the centerlines of the
symmetry-plane, third parallelization, Re=1000.

77



7 Kuet.al, u
wensemmsssnsssssssssss Z-domain, 2111121 u
1 [ 6 domain, GG 13x25) u
6 domain, Ss(B28:0) u s
B ju] B domain, G:(10x2555) ¥ BT
075
M 05
025
U_IIIIIIIIIIIIIIIIIIlllllllllllllllllll
-1 -075 -05 025 025 05 07 1
u
1= 7 K et.al., w
[ ......d 2-domain, 2211 2 w
r B G-domain, Gx{Sx13x25)w
0.75 = B-domain, Bx(Ex25x I w
F m] B domain, G 10x2855) w
05k
025 woEe
z 0
025 .
0s5F v
-0k
_1 L 1 1 1 I 1 1 [ L I L 1 1 L I L 1 1 5 "
0 0.25 05 075 1

Figure 7.23.

Comparison of different grid results for velocity distributions along
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7.6. Three-dimensional Lid-driven Cavity Flow at Re= 400

The parallel implicit code with the third parallelization algorithm is also calibrated
with the lid-driven cavity flow at Reynolds number of 400. 4-domain partitioning
computation is done using total number of 4 x (7x13x25) nodes. The solution is
converged after 250 time steps with step size of 0.1. The elapsed time of the
computation obtained on DEC Alpha XL.266 workstations, for Reynolds number of
400, is 2400 seconds. The convergence criteria for half-time velocity and auxiliary

potential interface iterations are same with the ones for Reynolds number of 1000.

The pressure contours on the symmetry plane are shown in Figure 7.24. The velocity
fields on the symmetry plane and on different cross-sections of the cubic cavity are
presented in Figure 7.25 and in Figure 7.26. For Reynolds values of the order of 400,
a large primary eddy occupies the core of the flow and two secondary eddies are

lodged in the downstream and upstream corners on the bottom surface.

Level P

127 0545
121 0515
115 0.485
108 0.450
103 0.420
97 0385
91 0.350
85 0320
79 0.278
73 0246
B7  0.206
B 047
55 0.141
49 0108
43 0078
37 0.048
31 0016
25 -0.008
19 0.047
13 -0.069
7 -0.099
1 0129

Figure 7.24. Re=400 symmetry-plane pressure contours for the lid-driven cubic
cavity flow, third parallelization result, 4-domain partitioning
4x(7x13x25),At=0.1, on DEC Alpha XI.266 workstations
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Figure 7.26. Re=400 velocity vector fields on different constant x and constant z
planes of the cavity, third parallelization, 4-domain result, At=0.1.
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Horizontal and vertical velocity vectors along the centerlines of the lid-driven cubic
cavity flow with Reynolds number of 400 are compared with two benchmark
solutions, Ku et al., [71], and Babu and Korpela, [72], in Figure 7.27. The reference
Ku et al., [71], results are obtained with pseudo-spectral method and Babu and
Korpela, [72], results are obtained with finite-difference calculations carried out on a

63 x 33 x 63 uniform grid, with a sequential computations on a Cray.

The velocities from our parallel implicit numerical code agree reasonably well with
those of Ku et al., and give better agreement than those of Babu and Korpela,
although the computations in this study for Reynolds number 400 is carried on much
more coarse grid, with 4-domain partitioning including total number of 25x 13 x 25

nodes.
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Figure 7.27. Re= 400 result, comparison of velocity distributions along the
centerlines of the symmetry-plane of the cubic cavity, third
parallelization, 4-domain partitioning 4 x (7x13x25), At=0.1.
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8. COMPUTATIONS ON SGI 03000 SYSTEM & SPEED-UP ANALYSIS

8.1. Introduction

All parallel studies were continued on a new parallel system after this point. The
computations on DEC-Alpha workstations were stopped, because the 2 DEC-Alpha
166 WS computers, which can be used as a master processor for post and pre-
processing, broke down. All the parallel data, results and the parallel code were
moved to a new system, SGI Origin 3000 system (see Figure 5.1b). Unfortunately,
about two months time has been lost to get the data left on the disturbed Alpha
stations, to transfer them to the new system, to become familiar to this system and to
make the necessary modifications to be able to run the parallel code. The new
system, PVM software and new directories were introduced to the parallel code

written in this study.

Finally, SGI Origin 3000 is utilized with 8 processor running Unix operating system.
The PVM is employed for parallel processing. The sequential code, the parallel code
with 2, 4 and 6-domain partitioning results are obtained on the new system
successfully and compared in terms of computation time with the solutions on DEC-
AlphaX1.266 cluster of workstations. These comparisons for lid-driven cubic cavity
flow with Reynolds number 1000 and with 6-domain partitioning can be seen in
Table 8.1 and Table 8.2.

8.1.1 Comparisons of parallel efficiencies of the first and third parallelization

The parallel results obtained on this new system prove the conclusions made in
section 7.4. The master processor speed is important and if all the processors are
same in quality and speed the work to solve a problem should be distributed equally

on each processor. If the communication speed is high between the master and slave
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processors, the first parallel implementation in this study, where the data transference
exists only between the master and the slave processors and no communication
between the neighboring slaves, is expected to be more efficient in parallelization, as
will be proved in the following results. The computational time results obtained on
SGI 03000 system are much shorter than the one obtained with DEC-AlphaX1.266
workstations; the optimizer of the new system is much better than the one used to get

the executable file for the computations done in the previous chapters.

Table 8.1. Comparison of CPU time results carried on SGI 03000 & DEC-Alpha
WS, first parallelization method carried on 6-domain partitioning.

1¥ parallel implementation | LID-DRIVEN CUBIC CAVITY (Re=1000, At=0.1)
CPU TIME (s )

Processors SGI ORIGIN 3000 DEC-AlphaX1.266 WS
Master 62 3423
1% slave 108 813
2™ slave 114 1051
39 glave 114 1063

4™ glave 114 648 (on vm06 processor)
5% glave 114 1075
6™ slave 108 805

The sequential implicit code is also run on SGI ORIGIN3000 for lid-driven cavity
with Reynolds number 1000 carried on 21x11x21 grid points, and the elapsed time is
found as 639 seconds, although the elapsed time is 3738 seconds on DEC-
AlphaX1.266 cluster of workstations. SGI ORIGIN3000 system is approximately 6
times faster than the cluster of workstations. The elapsed time of sequential

computation on 25x13x25 grid points is 1934 seconds on SGI 03000 system.

As a result of parallel studies on SGI ORIGIN 3000 system, the first parallel
implementation presented in Chapter 5 (flow chart in Figure 5.3) is found out to be
the fastest one among the second and third parallel implementations explained in
Chapter 7. The second and third parallel implementations are doing the load balance
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in order to decrease the work of the master processor and to decrease the efficiency
loss because of the slow master processor DEC-Alpha 166. This method increased

the speed-up obtained with DEC-Alpha cluster of workstations.

All the three methods are investigated again on SGI Origin 3000 and the first parallel
implementation, where the master processor is responsible for the pre- and post-
processing of the interface data in the domain decomposition method, is found out to
be the most efficient. All 8 processors are exactly equal, the load balancing is not
needed, the master and communication speed is high and the master does the steepest
descent calculations efficiently and so decreases the amount of work done by the
slaves and the slaves do not wait for the master processor. Finally, the overall
computational time decreases and speed-up increases with the first parallelization

method, compared to that of third parallelization, on this new system.

The computational time for 2, 4 and 6-domain partitioning solutions and
comparisons of first and third parallel implementations on SGI ORIGIN 3000 are
continued in Table 8.2 — Table 8.6, for lid-driven cavity flow with Reynolds number
1000 and with total number of 25x13x25 nodes.

Table 8.2. Comparison of elapsed time results carried on SGI 03000 & DEC-Alpha
WS, obtained with the first and third parallelization computations.

Total number of nodes LID-DRIVEN CUBIC CAVITY (Re=1000, At=0.1)

25x13x25 ELAPSED TIME (s)
Number of domains 2 4 6
1% parallel implementation
546 237 227
SGI ORIGIN 3000
1% parallel implementation
DEC-AlohaXI 266 4448 3229 4979
- p a
3" parallel implementation
561 262 258
SGI ORIGIN 3000
3" parallel implementation
DEC-AlohaXT 266 4105 1719 1579
-Alp
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Table 8.3. Comparison of master CPU time results, first and third parallelization, on

SGI ORIGIN 3000.
LID-DRIVEN CUBIC CAVITY (Re=1000, At=0.1)
SGI ORIGIN 3000 MASTER CPU TIME (s )
Number of domains 2 4 6
1* parallel implementation 7.929 31.780 62.270
3 parallel implementation 0.018 0.021 0.024

Table 8.4. Comparison of slave CPU time results obtained with first and third
parallelization on SGI ORIGIN 3000, with 2-domain partitioning

CUBIC CAVITY, 2-DOMAIN (Re=1000, At=0.1)

SGI ORIGIN 3000 SLAVE CPU TIME (s )
Slave order 1™ ond
1 parallel implementation 531.09 530.07
3™ parallel implementation 538.84 536.70

Table 8.5. Comparison of slave CPU time results obtained with first and third
parallelization, on SGI ORIGIN 3000, with 4-domain partitioning

CUBIC CAVITY, 4-DOMAIN (Re=1000, At=0.1)

SGI ORIGIN 3000 SLAVE CPU TIME (s )
Slave order 1% ond 3 4
1% parallel implementation 180.01 185.47 185.68 180.08
3rd parallel implementation 191.49 195.79 196.02 205.09

Table 8.6. Comparison of slave CPU time results obtained with first and third
parallelization on SGI ORIGIN 3000 with 6-domain partitioning

SGI ORIGIN 3000

CUBIC CAVITY, 6-DOMAIN (Re=1000, At=0.1)

SLAVE CPU TIME (s)
Slave order 1% o 3™ 4™ 5t 6"
I paralle] implementation | 108.18 | 114.13 | 114.07 | 114.75 | 114.25 | 108.65
39 parallel implementation | 120.89 | 127.20 | 12640 | 12627 | 126.24 | 155.80
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Speed-up (elapsed time) and speed-up (slave CPU time) values for the parallel
results, obtained on SGI ORIGIN 3000, are calculated with respect to the 2-domain
solution and presented in Table 8.7. When the processors are equal, parallel
processing necessitates the equal amount of work shared between each processor

including the master one.

If the CPU time is considered, the speed-up reaches up to 2.95 with 4-domain
computation and up to 4.91 with 6-domain computation. But the speed-up values
based on elapsed time is smaller, because of the lost time during the communications
between the processors; as the number of domains increases, interface values to be
transmitted and also the number of interface iterations increase, too. As explained in
Chapter 7, with 8-domain partitioning, speed-up could be more efficient than the 6-
domain case, because half-bandwidth decreases more and so the data to be processed

becomes less.

The third parallelization is not efficient on SGI ORIGIN 3000 system, because it
makes the load balancing suitable for the DEC-AlphaXI.266 system, it eliminates the
master processor and loads its work to the fastest one and communications are
mostly continued between the neighboring slaves and the fastest slave. But this kind
of loading increases the work of last slave on SGI ORIGIN 3000, which does not
differ in speed from the other slave processor. So the computation on this processor
takes longer. Related to this, the computations on the other processors delay. By the
first parallelization method, the master processor shares the domain decomposition
calculations with the slave processor, so the speed-up increases if the sub-domains

increase.

Table 8.8 compares the speed-up (elapsed time) values reached at SGI ORIGIN 3000
and those at DEC-AlphaX1.266 cluster of workstations. As explained in Chapter 7,
the speed-up increases successfully on DEC-AlphaX1.266, if the slow master
processor DEC-Alphal66 shares no work during the parallel calculations and
communications and if the last slave vm06 DEC-AlphaXL266 processor, which is
faster than the other processors used as a slave in the parallel computations, does the
task of calculating and sending the domain decomposition coefficients at each

interface iteration cycle.
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Table 8.7. Comparison of speed-up results obtained with first and third
parallelization on SGI ORIGIN 3000 for lid-driven cubic cavity flow

SGI ORIGIN 3000 CUBIC CAVITY (Re=1000,At=0.1)
Number of domains 2 4 6
Speed-up (slave CPU time)
1% parallel implementation 1 2.95 4.91
Speed-up (elapsed time)
1¥ parallel implementation 1 2.30 2.40
Speed-up (elapsed time)
34 parallel implementation 1 2.14 2.17
Speed-up (elapsed time)
Explicit Method, [51] 1 2.17

The reason of why the speed-up results obtained on SGI 03000 are smaller than
those on DEC-Alpha workstations can be explained as follows; if the processor,
which collects all the interface data and process them (as explained in domain
decomposition method presented in Chapter 5), is faster than the slave processors,

then the elapsed time decreases more and overall speed-up increases.

If the results are investigated well, it can be seen that, the speed-up is increased when
vm06 machine, which is faster than the other slaves, is loaded with the work of pre-
and post-processing. On SGI 03000 system, the speed of master processor does not
differ from the slave processors, so the speed-up is not as much as in DEC-Alpha
workstations. When the number of partitioning increases, the interface data
increases; then, especially the speed of master processor becomes very important

factor on speed-up.

All of the results up to now, shown in the tables of this chapter, are obtained on total
number of 25x13x25 grid points. The lid-driven cubic cavity result with total number
of 6 x (10x28x55) grid points with 6-domain partitioning is obtained successfully at
SGI ORIGIN3000 system. The elapsed time is 9774 seconds and slave CPU time is
8855, 8955, 8875, 8959, 8874 and 8941 seconds and 190 seconds for the master
processor. Reynolds number is 1000 and the step size is At=0.05.
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Relative CPU time of computations with first parallelization method, on SGI 03000
system, with 2, 4 and 6-domain partitioning (total number of 25x13x25 nodes) is

graphed in Figure 8.1.

Table 8.8. Comparison of speed-up results obtained on SGI ORIGIN 3000 & on
DEC-AlphaXL266 WS for lid-driven cubic cavity flow

CUBIC CAVITY (Re=1000,At=0.1)
Number of domains 2 4 6
Speed-up (elapsed time)
1¥ parallel implementation 1 2.30 2.40
SGI ORIGIN 3000
Speed-up (elapsed time)
1% parallel implementation 1 1.37 0.89
DEC-AlphaXL.266
Speed-up (elapsed time)
3" parallel implementation 1 2.39 2.60
DEC-AlphaXL.266

M 2-domain
4-domain
B 6-d0main7

relative slave CPU time

1 2 3 4 5 6

domain number

]

Figure 8.1. Relative CPU time of each slave processor computation carried on SGI
ORIGIN 3000, lid-driven cubic cavity flow, 2, 4 and 6-domain
partitioning, first parallelization, Re=1000, At=0.1.
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8.2 Full Geometry Solution: lid-driven cubic cavity flow

Lid-driven cubic cavity problem with Reynolds number 1000 is solved for full

geometry with total number of 25x25x25 grid points. Flow is symmetric in this test

case, all the solutions up to consider only the symmetric part and in this section, it is

aimed to show that the flow is symmetric and the symmetry solution is wanted to be

y= 0.5 plane is removed from the code,

check by the comparisons with the full geometry solution on the symmetry plane.

Symmetry boundary condition applied on

and no-slip boundary conditions are applied on the walls, including y= 1 plane wall.

The lid velocity is 1.0 and length of all the walls is 1. The domain is divided into 6

sub-domains and parallel computation with the first parallel implementation carried
on SGI ORIGIN3000 is completed successfully. The bandwidth of the coefficient

matrices is 132. Time step is taken as 0.1 and the solution is advanced up to the

dimensionless time level of 25. The grid and the pressure field at the center plane

0.5, are shown in Figure 8.2 and in Figure 8.3, respectively.
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Figure 8.2. Full geometry: lid-driven cubic cavity, 6x(7x25x25) grid points
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Velocity and pressure values at this plane are checked and found exactly the same as
the results found from the computations including only the symmetry part of this
problem. The velocity vector field on different constant y planes of the cubic cavity
is shown in Figure 8.3. Symmetry of the three dimensional lid-driven cubic cavity is
shown in Figure 8.4. Two stream-traces of the flow is drawn, starting coordinates of

them are very close to the walls as written under the figure.

Figure 8.4. Two stream-traces of the three dimensional lid-driven cavity flow:
initial points coordinates: (x, y, z) = (0.2, 0.02, 0,9) and (0.2, 0.98, 0.9)
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9. MODIFICATIONS IN DOMAIN DECOMPOSITION EQUATIONS &
IMPROVEMENT IN SPEED-UP

9.1. Introduction

Speed-up analysis up to this chapter shows that, the speed-up, based on the elapsed
time, is 2.30 with 4-domain, and 2.40 with 6-domain partitioning computations,
which are ideal values, but can be improved. As indicated in Chapter 7, although the
interface iterations for the half-time step velocity field mostly count 8 iterations, the
interface auxiliary potential iterations reach up to 100. There is no need to decrease
the velocity iterations, even decreasing them to less than 8 can cause accuracy
problems, but the auxiliary potential one counts to many, causing the problems in
speed-up. As the interface number increases, the interface data to be processed for
the parallel solution and the number of iterations increase and all the master and the
slave processors spent longer time for the interface calculations, also the time lost for

the communications increases.

It is believed that, if the number of interface auxiliary potential iterations can be
reduced, than the computational time can be decreased and speed-up improvement
can be achieved. For this purpose, the researches are started, from the beginning of
first parallel results, to find a way to reduce the auxiliary potential interface iteration.
One of the trials is to calculate the pressure with a direct solution at each sub-domain
and to find the pressure interface values by domain decomposition method, instead
of calculating the auxiliary potential function, which satisfies the Poisson’s equation
and defined in equation (3.18) in terms of the difference of the pressure at old and

new time levels. But this method could not achieve reducing the interface iterations.

With the latest modifications in domain decomposition equations, as will be
explained in section 9.3, the most important goal is achieved, the interface auxiliary
potential iterations are reduced sufficiently and super-linear speed up is obtained.
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9.2, Direct Pressure Formulation

As explained in Chapter 3 and Chapter 4, the parallel CFD code written in this thesis
uses the direct auxiliary potential function formulation. The pressure at each time
step is obtained via an auxiliary potential which satisfies the Poisson’s equation and
the domain decomposition technique is applied for the efficient parallel solution of
the momentum, equation (3.17) and Poisson’s equation for the auxiliary potential

function, equation (3.20).

So, it is decided to search whether the interface iterations can be reduced more using
the direct pressure formulation instead of using the auxiliary potential function

formulation. The code is modified, the solution steps are indicated below:

i. Equation (3.17) is solved to find the half-time step velocity field at new time
level n+1/2 with domain decomposition method (Chapter 5),

ii.  Discretized form of equation (3.6) together with equation (3.7) in Chapter 3
gives;

1
A pP- pM)AL = 2E ult 2, (9.1)
If the above equation is rearranged, Poisson’s equation for the pressure is obtained as

follows:
Ap"l=Apt- i—t4Eaug+I/2. 9.2)

Equation (9.2) is solved implicitly. The pressure at the new time level (n+1) is solved
using the old time level (n) pressure value and the half time step (n+1/2) velocity
field. Pressure is calculated directly by the subroutine SYM, that is oriented to
systems with symmetric and banded coefficient matrix. Domain decomposition
technique is employed for the efficient parallel solution of the Poisson’s equation for
the pressure equation, equation (9.2). At the initialization part of the domain
decomposition method (see Chapter 5), the following equations are solved for the

pressure,
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Initialization: Equation (9.2) is solved in each domain Q; with boundary of 0Q; and

interface S;, with vanishing Neumann boundary condition on the domain interfaces.

Ay; =1 in Q; Apl=f=0.

A pft = £ =Apik--§;4Eauk+”2 u°=0and g° =(y; -y3)S;
Yi =8i on 9Q; w’ =g°

—%=0 on SJ

where, A = Ais the stiffness matrix in equation (3.20) and y;= p; stands for the

nodal pressure, f; is the right hand side of the Poisson’s Equation, equation (9.2), and

subscripts 1 and k denote the sub-domain number and the time level, respectively.

After the initialization part is completed, unit problem and finalization parts are
completed as explained in Chapter 5, and so the nodal pressure is calculated in the

domains with the correct Neumann boundary conditions.

iii. The element pressure is computed using the nodal pressure as,

LN, pda,, i=T,ein 3.

Pe " S0l@y) a,

Via the pressure averaging, nodal pressure values are obtained at each sub-domain.

iv.  The discretized form of equation (3.9) gives the full time-step level velocity

field for the direct pressure formulation;

At
Mull = 2Mug+“2—Mug——2—Ea( P ph. (9.3)
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Initially, the direct pressure formulation is applied to the sequential implicit code for
lid-driven cubic cavity flow with Reynolds number 1000. Total number of grid
points is 21x11x21 and time step is 0.1. No significant difference is found out
between the results computed with the direct auxiliary potential formulation and the

direct pressure formulation. The results are shown in Table 9.1.

Table 9.1. Comparison of auxiliary potential function & direct pressure formulations
with lid-driven cubic cavity flow, sequential computation on SGI O3000.

21x21x11 grid points LID-DRIVEN CUBIC CAVITY (Re=1000, At=0.1)
SEQUENTIAL RUN

AUXILIARY PRESSURE
POTENTIAL FORM. FORM.

ELAPSED TIME (s ) 639.0 641.0

CPU TIME (s) 638.8 639.6

The parallel 2 and 4-domain partitioning solutions show that; domain decomposition
technique employed for the parallel solution of the Poisson’s Equation with auxiliary
potential function formulation takes less computational time than that with the direct
pressure formulation. No other difference is observed except the computational time.

Results are compared in Table 9.2. At the computations, the convergence check

criteria for the velocity and pressure iterations at the interfaces is taken as g, =10
and 8¢=1O'6, respectively, for the direct auxiliary potential formulation. For the

direct pressure formulation g, =1 0°and € » =10,

Table 9.2. Comparison of auxiliary potential function & direct pressure formulations
with lid-driven cubic cavity flow, first parallelization method, SGI

03000
Total 215)’;iljt’;25 gid | [[D.DRIVEN CUBIC CAVITY (Re=1000, At=0.1)
PARAIS UN ELAPSED TIME (s )
o AUXILIARY PRESSURE
Partitiontng POTENTIAL FORM. FORM.
2-DOMAIN SOLUTION 546 577
4-DOMAIN SOLUTION 237 261
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Interface iterations could not be reduced with the direct pressure formulation but

with the following studies, the goal is reached.

9.3. Modification of Domain Decomposition Equations and Improvement in
Speed-up

In this section, the direct auxiliary potential formulation is applied to solve Poisson’s
Equation, equation (3.20). But modifications are done in the domain decomposition
equations, explained in Chapter 5, to reduce interface auxiliary potential iterations.
The main idea is to set the interface Neumann boundary conditions at the beginning
of each time level, equal to the converged value which is found out at the end of the
interface iterations, but not zero as it is done in the domain decomposition equations

described in Chapter 5.

With this idea, it is expected that, interface computations can be converged more
easily, the number of iterations can be reduced and speed-up can be improved.
Related to this goal, equations are modified and the new form of the domain

decomposition steps are rewritten as follows:

Initialization: Poisson’s equation (3.20) is solved with a direct solution method,

separately in each domain €; with boundary of 6Q;and interface S ;, with vanishing

Neumann boundary condition on the domain interfaces,

Only, at the first time level: uk =0 and aw® =0 R

Ay; =1 in Q;, uo=p*
Yi =8 on 8Q;, g° = aw’ (v} -7 )S;
%:(—l)l_luk on S, w’ =g°
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where subscript £ denotes the interface iteration level at which convergence is
obtained, and subscript o stands for the initial interface iteration level at the each

time-step level of the computation.

Unit Problem: Inside the interface iteration cycle, each slave starts to solve the unit
problem using the direct solution, together with the initialized Neumann condition

received from the master at the end of the initialization step.

AxI =0 in Q;
x'=0 on dQ;
axn

Pl on S
on; ( /
Each slave sends its new computed interface values to the master processor at the
end of the unit problem and master starts post-processing of the received data from
the slaves. The interface iteration cycle starts up at the master processor. Master

optimizes the interface nodal values of the unknowns using the following ‘steepest

descent’ procedure.

Steepest Descent: Interface iteration cycle goes on until the master processor finds

correct Neumann conditions at the interfaces, uk , at the end of its post processing of

the interface data received from the slave processors.

aw" = (x{’— x5 )Sj

gn+1 - gn _Bn aw Wn+1 - gn+1 +5"
2 2
Z [1g" ds Z ) g”J'1 ds
n _ JSj §" = JSj
Y [(aw)w'ds Y [(g")?ds
7S JS;

Hn+1 — lln _ Bn W

where n denotes the interface iteration level.
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n+l _

Convergence check: If |u nl < 8¢=10-6 then aw” = aw

If the convergence is satisfied, interface iteration cycle stops and the converged

uk and aw® values are kept to be used in the following time level at the initial

interface iteration level. At the following time level, each slave processor solves

equation (3.20) together with the correct Neumann condition of the previous time

level, %—1— = (—l)i'luk on the interface, and the slave processor starts to solve unit
i
. e 1 s - ox? i
problem together with the initial interface Neumann condition of —L = (—1)! Lo ,

1

where w° = awk~(y‘2’—yf)Sj.

Finalization: Having obtained the correct Neumann boundary condition for each
interface, the Poisson equation (3.20) is solved via the direct solution method at each

sub-domain, together with the correct interface conditions,

Xyi = fi in Qi,
Vi =8 ondq);,
oy;

A -y r ons,.
on. (-D j

9.3.1 Results and Discussion

The modified domain decomposition method is calibrated with the three-dimensional
lid-driven cubic cavity flow, with Reynolds number of 1000. Computations are
carried on the existing 2, 4 and 6-domain partitioning grids with total number of
25x13x25 nodes and also on the 6-domain partitioning grid with total number of 6 x
(10x28x55) nodes. The results obtained on SGI 03000 are compared with the
previous results obtained with first parallelization method on SGI 03000 system and

with the benchmark solution of Ku et al., [71].
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The comparison of horizontal and vertical velocity distributions along the centerlines
of the cavity is shown in Figure 9.1 for the 6-domain partitioning case with 6x
(10x28x55) nodes. Elapsed time results are compared with the first parallelization
runs on SGI 03000 in Table 9.3.
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Figure 9.1.New modified domain decomposition result: comparison with the old
result obtained by first parallelization method, Re=1000, At=0.1.

Table 9.3. Comparison of elapsed time of the results, obtained by the new modified
domain decomposition computation, with the first parallelization method,
2, 4 and 6-domain partitionings, on SGI 03000 system

SGI ORIGIN 3000 CUBIC CAVITY, 6-DOMAIN (Re=1000, At=0.1)
Total 25x13x25 nodes ELAPSED TIME (s)
Domain partitioning 2 4 6
First parallelization run 546 237 227
New modification run 471 174 151
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Accuracy of the new results does not differ from the first parallelization
computations but computational time decreases significantly and speed-up is much
higher than that of the previous parallel computations in this study, super-linear

speed-up is achieved.

Table 9.4 compares CPU time results obtained with the modified domain
decomposition method, carried on total number of 25x13x25 nodes, with the

previous results obtained via the first parallelization method on SGI 03000 system.

Table 9.4. Comparison of slave CPU times of the results obtained by the new
modified domain decomposition computation with the first parallelization
method, 2, 4 and 6-domain partitionings, on SGI 03000 system

SGI ORIGIN 3000 CUBIC CAVITY, 2-DOMAIN (Re=1000, At=0.1)
2 x (13x13x25) SLAVE CPU TIME (s)
Slave order 1% 2™
First parallelization run 531 530
New modification run 460 460
SGI ORIGIN 3000 CUBIC CAVITY, 4-DOMAIN (Re=1000, At=0.1)
4 x (7x13x25) SLAVE CPU TIME (s)
Slave order = ond 3rd 4t
First parallelization run 180 185 185 180
New modification run 139 143 143 139
SGI ORIGIN 3000 CUBIC CAVITY, 6-DOMAIN (Re=1000, At=0.1)
6 x (5x13x25) SLAVE CPU TIME (s)
Slave order 1% o 3™ 40 5t 6"
First parallelization run 108 114 114 114 114 108
New modification run 81 85 85 85 85 81

The interface convergence criteria is same as before, g =10 and a¢=10'6. The
number of interface auxiliary potential iterations decreased approximately % 50.
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On the 2-domain partitioning, first parallelization interface inner iteration number for
auxiliary potential rises up to 55 iterations, but the modified domain decomposition
computation decreases the iteration number to mostly 25. On the 4-domain
computation, the iterations count up to 85 with the first parallelization computation
and up to 45 with the modified equations. On the 6-domain computation, the
interface iteration number counted at the first parallelization and at the modified
domain decomposition computations are 105 and 61, respectively. Half-time step

velocity interface iterations do not exceed 8.

The slave processors CPU times obtained on 6 x (10x28x55) nodes are also
compared with the previous first parallelization results obtained in Chapter 8, the

comparison is presented in Table 9.5.

Table 9.5. Comparison of slave CPU times of the results obtained by the new
modified domain decomposition computation with the first parallelization
method, 6-domain partitioning run, 6 x (10x28x55), on SGI 03000

system
SGI ORIGIN 3000 CUBIC CAVITY, 6-DOMAIN (Re=1000, At=0.05)
6 x (10x28x55) SLAVE CPU TIME (s)
t d d th th th
Slave order 1° 2" 3" 4 5 6

First paralielization run 8855 8955 8875 8959 8874 | 8941
New modification run 7221 | 7310 | 7222 | 7312 | 7218 | 7305

Since the interface auxiliary potential iterations are reduced sufficiently, the speed up
is improved as shown in Table 9.6. With the new algorithm, speed-up (elapsed time)
rises to 3.12 and speed-up (slave CPU time) up to 5.69, based on the 2-domain
partitioning computation time. Relative CPU times of the computations on each slave

processors are graphed for this latest improvement, in Figure 9.2.

The modified domain decomposition equations also work well with the direct
pressure formulation, which is explained at the beginning of this chapter; the
interface iterations decrease successfully, but this formulation still gives longer
computation time compared to the auxiliary potential formulation together with the

modified parallelization.
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Table 9.6. Comparison of speed-up values obtained by the new modified domain
decomposition computation and by the first parallelization method, on
SGI 03000 system

SGI ORIGIN 3000 LID-DRIVEN CUBIC CAVITY (Re=1000,At=0.1)

Number of domains 2 4 6

Speed-up (elapsed time) 1 2.30 2.40

First parallelization run

Speed-up (elapsed time) 1 2,71 3.12

New modification run

Speed-up (CPU time) 1 2.95 4.91

First parallelization run

Speed-up (CPU time) 1

3.31 5.69

New modification run

c

2-domain

i 4-domain

relative slave CPU ti

domain number

Figure 9.2.New modified domain decomposition equations: relative CPU time of
each slave processor computation, SGI ORIGIN3000, total number of
25x13%25 nodes, Re=1000, At=0.1.
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10. CONCLUSIONS

The numerical solution of the 3-D Navier-Stokes equations to study large-scale
problems has gained considerable attention in recent years. The large-scale problems
considered necessitate the utilization of parallel computing. In this study, new
parallel implicit method is introduced for the solution of 3-D Navier -Stokes
equations. It is hoped to contribute towards the development of mathematical models
of parallel performance. The Finite Element Method with a modified version of the
two-step fractional method is used for solution of momentum equations. The scheme
used is second-order accurate in both time and space. This allows us to resolve the
flow field with less number of points while taking large time steps. All the results are
obtained successfully with time-step size of 0.1 carried on the computational
domains with minimum grid size of 0.014. The domain decomposition is employed

for the parallel solution of both momentum and the auxiliary potential equations.

The implicit method is modified with direct auxiliary potential function formulation
and tested via the sequential runs, successfully. Among the four different solution
methods described in Chapter 6, the direct solution of auxiliary potential formulation
for the pressure gives the most efficient results considering the computational time
and easy programming for the parallel implementation in this study. This direct

method is employed in parallel programming.

The cubic lid-driven cavity problem is solved efficiently for Re=400, via the parallel
method, on 4 x (7x13x25) grid points. Velocity distributions on the symmetry plane
are compared with the solutions of reference Ku et. al., [71], and Babu and Korpela,
[72].The results agree reasonably well with those of Ku ef al.. The Reynolds number
400 results give reasonably better agreement than those of Babu and Korpela, when
compared to Ku et al. results. Although their computations are carried on fine grid
with 63 x 33 x 63 nodes, ours are on much more coarse grid, with 4-domain

partitioning including total number of 25x 13 x 25 nodes and with a large time-step
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size of 0.1. The primary flow direction is, being from left to right, longitudinal. For
Re=1000, the primary eddy at the center and longitudinal corner vortices where the
top and the side walls meet are observed. Similar vortices are at the junction of
bottom plate and the side walls. For Re values of the order of 400 a large primary
eddy occupies the core of the flow and two secondary eddies are lodged in the
downstream and upstream corners on the bottom surface. As Reynolds number
increases, convection becomes increasingly dominant. The primary vortex is offset

towards the geometric center of the cavity.

Three dimensional lid-driven cavity test problem with Reynolds number of 1000,
with 2, 4 and 6-domain partitioning is chosen initially for calibration of the written
parallel code. The results give reasonably well agreement with the benchmark
solution of Ku et al., [71], although the computations are carried on coarse grids with
total number of 21x11x21 and 25x13x25 nodes. But, the first results obtained with
the new implicit parallel method are unsuccessful in terms of the speed-up, on DEC
Alpha XI1.266 workstations. Based on the 2-domain partitioning solution, the 4-
domain solution speed-up is 1.37 as opposed to its ideal value, 2, and 6-domain
solution speed-up is 0.89. Since the processors used in the parallel computation on
DEC Alpha XL.266 workstations are not equal, load balancing is necessitated to
improve the speed-up. Most of the parallel work should be loaded on the fast
processors, and each processor does not have to wait for master or other slave

processors to continue its own computations.

Some parallelization methods are investigated and with the third improvement,
explained in Chapter 7, the new load balance modifications in the parallel code could
obtain the efficient results on the parallel workstations and the speed-up (elapsed) is
increased to 2.39 with 4-domain computation and 2.60 with 6-domain computation.
At all the computations in this study, the best interface iteration convergence criteria
is found 10° for half-time velocity and 10 for auxiliary potential function. The
results are ideal; the explicit computation result of 4-domain speed-up (elapsed time)
is 2.17 in reference [51], obtained on the same processors. The speed-up values
concerning the overall elapsed time is normalised with respect to the 2-domain
solution. The lid-driven cubic cavity flow (3-D) can be accurately computed in 4105

seconds with 2-domain, 1719 seconds with 4-domain and 1579 seconds with the 6-
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domain partitioning runs on DEC Alpha XL266 workstations, via the third

parallelization method.

As the domain number increases, the elapsed and CPU time decrease but the amount
of the decrease of elapsed time in 4-domain solution is much more than that of 6-
domain case; this is probably related to the size of half-bandwidth difference
between the partitioning cases. The larger the size of half-bandwidth, the more the
data to be processed and transported. Half-bandwidth in 2-domain, 4-domain and 6-
domain solutions is 184, 100 and 72, respectively, where much more decrease of
half-bandwidth is obtained in 4-domain partitioning case compared to that of the 6-
domain case. Parallel efficiency could be much more if 8 parallel processors could

exist.

Even the speed-up (CPU time) of 4.85 is obtained via the third paralellization
method in 6-domain solution for cubic cavity flow, the speed-up based on the
elapsed time is not as high as the CPU speed-up; this is due to the increasing number
of interface inner iterations, especially the auxiliary potential interface iterations. As
the interface number increases, the amount of interface data to be processed, to get
the correct Neumann conditions on the interface, increases. The increase in interface
iteration causes the time delay at the parallel solution on the interface. The slave
processors spends too much time before starting the computations in their sub-
domains with the correct conditions on their interface boundaries, and the master
processor spends too much time for post-processing of the interface data. On the
other hand, the time lost at the communications between the master and slave
processors increases, too. With the final work in this study, this problem is overcome
and interface iterations are decreased efficiently and super-linear speed-up is

obtained.

The memory requirement problem in our implicit code, for large-scale problem
solution, is solved successfully by getting rid of huge size matrices; the size of the
code is reduced as explained in Chapter 7. The velocity and pressure fields are
obtained accurately and efficiently with 2, 4 and 6-partitionings, with total number of
25x13x25 grid points, up to 55x28x55. The results could be obtained with large

time-step sizes as 0.1 or 0.05, even with minimum grid size of 0.0117. Especially
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with a fine stretching near the walls, the more accurate results are observed. They
agree well reasonably with the bencmark solutions. The accuracy could be even
more improved using finer grid elements near the walls. The primary and secondary
flows inside the three dimensional lid-driven cavity are observed in the plots of the

results on different cross-sections of the symmetry part of the cavity.

Solution for the full geometry of the cubic cavity is computed removing the
symmetry boundary conditions and the symmetry is checked on the symmetry plane
(y=0.5 plane). The results are exactly same as the results obtained from the
computations including only the symmetry part. Symmetric character of the flow is
shown by the results obtained in Chapter 8.

Because of the breakdown of the DEC-Alpha cluster of workstations, the studies
after Chapter 7 is continued on SGI Origin 3000 utilized with 8 processor running
Unix operating system. Parallel code written in this study is tested on this new
system and compared with the results obtained on DEC-Alpha cluster of
workstations. The speed-up (elapsed time) obtained on SGI Origin 3000 is calculated
2.30 for 4-domain and 2.40 for 6-domain partitioning runs, based on the 2-domain
result of the cubic lid-driven cavity flow with Reynolds number 1000. If the CPU
time is considered, the speed-up reaches up to 2.95 with 4-domain computation and

up to 4.91 with 6-domain computation.

The third parallelization method, where the load balancing is employed for the
computations on DEC-Alpha cluster of workstations, is found not efficient on SGI
Origin 3000 system as the first parallelization method, where the parallel work is
shared equally between the master and slave processors. The reason is that, the
processors are exactly equal on SGI Origin 3000 system and this necessitates equal

share of work between the slave processors, including the master.

As explained in detail in Chapter 9, in this work, some parallel solutions ways are
tested to decrease the interface auxiliary potential iterations. The parallel code is
modified to calculate the pressure directly instead of calculating the pressure via the
auxiliary potential function. The results agree well with the benchmark solutions, but

it is seen that the overall computation time is increased a bit more, if the domain
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decomposition technique is employed with the direct pressure formulation, instead

with direct auxiliary potential function formulation.

Speed-up analysis is continued and finally it is achieved to decrease the interface
iterations for the auxiliary potential, about 50 percent. The interface Neumann
boundary conditions at the beginning of each time level are set equal to the
converged value, which is found out at the end of the interface iterations at the
previous time level, but not zero. The domain decomposition equations, explained in
Chapter 5, are modified with this idea, and finally interface computations are
converged more easily, the number of iterations is reduced efficiently and super-

linear speed-up is obtained.

The computational time (elapsed) obtained with the modified domain decormnposition
equations, on 6-domain partitioning, with total number of 6 x (5x13x25) nodes,
reduces from 227 seconds to 151 with time-step size of 0.1, and with 6 x (10x28x55)
nodes, reduces from 9774 seconds to 7508 seconds, with time-step size 0.05 (run on
SGI Origin 3000).

With this latest modification, the speed-up (elapsed time), based on the 2-domain
partitioning parallel result, is increased from 2.30 (first parallelization) to 2.71 on 4-
domain partitioning, and from 2.40 to 3.12 on 6-domain partitioning, on SGI Origin
3000 system. Speed-up (CPU time) is 3.31 on 4-domain and rises up to 5.69 on 6-

domain partitioning computations.

In this study, the parallel, implicit code solves successfully the test problem on the
simple domain with a complex flow, but the complex flow on complex domains can
also be investigated. Number of domains can be increased by using different
machines connected to the network and parallel efficiency and speed-up can be
analyzed. Energy equation can be added to the parallel, implicit Navier-Stokes

solver and heat transfer calculations can be done by the parallel computations.
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APPENDIX A. DIRECT SOLUTION:
UN-SYMMETRIC ACTIVE COLUMN PROFILE SOLVER

C parameter nband: half-bandwidth, nnode: number of nodes
A(nnode x nband), C(nnode x nband), JDIAG(nnode)

C solve momentum equation at half-time step
afac=.true.
back=.true.

call unsym(a,cc,vnh,jdiag,neq,afac,back)
afac=.false.
back=.true.
call unsym(a,cc,unh,jdiag,neq,afac,back)
call unsym(a,cc,wnh,jdiag,neq,afac,back)

SUBROUTINE UNSYM(A,C,B,JDIAG,NEQ,AFAC,BACK)
LOGICAL AFAC, BACK
DIMENSION A(1),B(1),JDIAG(1),C(1)

UN-SYMMETRIC ACTIVE COLUMN PROFILE SOLVER

A(NAD) UPPER TRIANGULAR COLUMNS

B(NEQ) RIGHT-HANDSIDE

C(NAD) LOWER TRIANGULAR ROWS

IDIAG(NEQ) POINTER ARRAY TO DETERMINE IN A OR C OF
DIAGONAL PIVOTS

NEQ NUMBER OF EQUATIONS = nnode number of nodes

NAD LENGTH OF A OR C ARRAYS = JDIAG(NEQ)

AFAC: IF TRUE, TRIANGULAR DECOMPOSITION PERFORMED
BACK: IF TRUE, FORWARD REDUCTION AND

BACK SUBSTITUTION PERFORMED

FACTOR A

JR=0

DO 300 J=1,NEQ

JD=IDIAG(J)

JH=JD-JR

IF(JH.LE.1)GO TO 300

IS=J+1-JH

IE=J-1

IF(NOT.AFAC)GO TO 250

oRoNONoNONO RO NN N RO O RN
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K=JR+1
ID=0

REDUCE ALL EQUATIONS EXCEPT DIAGONAL

DO 200 I=IS,IE

IR=ID

D= IDIAG(I)

TH=MIN(ID-IR-1,I-IS)

IF(IELEQ.0) GO TO 150

A(K)=A(K)-DOT(A(K-IH),C(ID-IH),IH)

C(K)=C(K)-DOT(C(K-IH),A(ID-TH),IH)

IF(A(ID).NE.0.0) C(K)=C(K)/A(ID)
—K-+1

REDUCE DIAGONAL TERM
A(JD)=A(JD)-DOT(A(JR+1),C(JR+1),JH-1)
FORWARD REDUCE THE RHS

IF(BACK) B(J)=B(J)-DOT(C(JR+1),B(IS),JH-1)
JR=1D
IF(NOT.BACK)RETURN

BACK SUBSTITION
J=NEQ

JD=IDIAG())
IF(A(JD).NE.0.0)B(J)=B(J)/A(JD)
D=B(J)

J=J-1
IF(J.LE.O)RETURN
JR=JDIAG(J)
IF(JD-JR.LE.1) GO TO 700
I1S=J-JD+JR+2
K=JR-IS+1

DO 600 I=IS,J
B(D=B(I)-A(I+K)*D
JD=JR

GO TO 500

END

FUNCTION DOT(A,B,N)
DIMENSION A(n),B(n)
DOT=0.

DO I=1,N
DOT=DOT+A(I)*B(I)
ENDDO

RETURN

END
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APPENDIX B. DIRECT SOLUTION: SYMMETRIC PROFILE SOLVER

55

130

parameter nband: half-bandwidth, nnode: number of nodes
Al(nnode x nband), JDIAG(nnode)

solve auxiliary potential equation at half-time step
r : load vector, RHS of auxiliary potantial equation
ss : stiffness matrix

afac=.false.

IF(NCOUNT.EQ.1)THEN

afac=.true

call yersym(al,ss,neq,nband)

ENDIF

back=.true.

call sym(al,r,jdiag,neq,afac,back)

SUBROUTINE YERSYM(al,ss,neq,nband)
dimension al(1),ss(neq,1)
ll=nband

ne=1

1ii=0

ir=ne

jn=ne+tl
if(ne.gt.nband)ir=nband
if(ne.gt.1)jn=11+1

do 130 i=1,ir

ii=ii+1

in=ne-ir+i

jn=jn-1
if(in.gt.nband)jn=jn-1
al(ii)=ss(in,jn)
continue

jd(ne)=ii

ne=ne+1

if(ne.le.neq)go to 55
return

end
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oNoloReoNoRONONQ!

100

200
300

400

502

600

700

800

SUBROUTINE SYM(A,B,JDIAG,NEQ,AFAC,BACK)
LOGICAL AFAC, BACK
COMMON/ENGYS/AENGY

DIMENSION A(1),B(1),JDIAG(1)

SYMMETRIC ACTIVE COLUMN PROFILE SOLVER
AFAC: IF TRUE, TRIANGULAR DECOMPOSITION PERFORMED

BACK: IF TRUE, FORWARD REDUCTION AND
BACK SUBSTITUTION PERFORMED

AENGY=0.0

JR=0

DO 600 J=1,NEQ

JD=JDIAG())

JH=ID-JR

I1S=J-TH+2

IF(JH-2) 600,300,100
IF(NOT.AFAC) GO TO 502
IE=J-1

K=JR+2

ID=JDIAG(IS-1)

DO 200 I=IS,IE

IR=ID

ID=JDIAG(J)
TH=MIN(ID-IR-1,I-IS+1)
IF(IH.GT.0) A(K)=A(K)-DOT1(A(K-IH), A(ID-IH),IH)
K=K+1

IF(NOT.AFAC) GO TO 502
TR=JR+1

IE=ID-1

K=J-JD

DO 400 I=IR,IE

ID=IDIAG(K-+)

IF(A(ID).EQ.0.0) GO TO 400
D=A(l)

A(D=A(I)/A(ID)
A(JD)=A(JD)-D*A(D)

CONTINUE

IF(BACK) B(J)=B(J)-DOT1(A(JR+1),B(IS-1),JH-1)
JR=JD

IF(NOT.BACK)RETURN

DO 700 I=1,NEQ

ID=JDIAG(])

IF(A(ID).NE.0.0) B()=B(I)/A(ID)
AENGY=AENGY+B(I)*B(I)*A(ID)
J=NEQ

ID=JDIAG())
D=B(J)
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900
1000

=J-1
IF(J.LE.O)RETURN
JR=JDIAG(J)
IF(JD-JR.LE.1) GO TO 1000
IS=J-JD+JR+2
K=JR-IS+1

DO 900 I=IS,]
B(D=B()-A(I+K)*D
JD=JR

GO TO 800

END

FUNCTION DOT1(A,B,N)
DIMENSION A(n),B(n)
DOT1=0.0

DO I=1,N
DOT1=DOT1+A(D)*B(I)
ENDDO

RETURN
END
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APPENDIX C. FLOW CHART AT ONE TIME-STEP LEVEL

START

Read coordinates, initial conditions, half-bandwidth
Read assembled stiffness matrix A in vector form, diagonal matrix jdiag
Get task id, Re, nstep from master and start computation in the domain
Compute nonvariable metric coefficients
Initialize the global arrays
Boundarv conditions. interface and svmmetrv boundarv c.

NCOUNT=1
v

T do ii=1.nelem —
v

CALL SHAPE
Compute the shape functions and derivatives

v

CALL MASS

Compute the element mass matrices and lump
A 4

Assembly of mass matrix
v

CALL CALPHA
Compute coefficient matrix for pressure

—v—

Assembly coefficient matrix for pressure

7
\4 >

< do ii=1.nelem <+
v

CALL SHAPE
\ 4
CALL ADVECT
Compute the advection matrix D

v

CALL STIFF
Comnute the stiffness matrix A
v

Compute assembled arrays of un-symmetric matrix

at LHS of the momentum equation
v 2
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v

Impose the BC s for the system of equations

v

CALL UNSYM
Compute (n+1/2) velocities

v

Send & receive interface values (to neighbour)
Calculate initial coefficients

v

DO WHILE RES< &

Inner interface iteration cvcle for momentum

¢ A

v

Solve unit problem for momentum

v

Send & receive interface values (to neighbour)

v

DOMAIN DECOMPOSITION
Steepest descent calculations

v

(!

Send & receive converged interface values

v

FINIALIZIATION OF MOMENTUM

v

do ii=1l.nelem <

v

CALL SHAPE

L 4

CALL ADVECT

v

CALL LOADV
Compute the load vector for each element

v

Assembly of load vectors

v

N

Impose the BC s for the system of equations

!
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v

CALL SYM
Solve the system of equations for ¢

v

Send & receive interface values (to neighbour)
Calculate initial coefficients

v

DO WHILE RES< €
Inner interface iteration cycle for pressure

v

Solve unit problem for pressure

v

Send & receive interface values (to neighbour)

v

DOMAIN DECOMPOSITION
Steepest descent calculations

v

¥

Send & receive converged interface values

v

FINIALIZIATION FOR AUXILIARY POT.

v

do ii=1.nelem ¢

v

CALL SHAPE

v

CALL CONVEC
Compute the convection matrices

'

>

l

Compute element pressure

v

Compute (n+1) velocities

'
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!

do ii=1.nelem <

v

CALL SHAPE

v

CALL ELEMV
Compute the velocities at the centroid of elements

v

-

do ii=1.nelem <+

v

Compute the nodal pressures

v

]

WRITE OUTPUT
Print out the momentum and pressure solutions for
the present time step
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