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ABBREVATIONS

GR
GUT
CMB
EEF

General Relativity

Grand Unified Theories
Cosmic Microwave Background
Einstein Field Equations
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Ww,v,p,x,A,... :  Spacetime indices
i,j,k,l,m... : Spatial indices

GHY : Einstein Field Tensor

v : Energy-Momentum Tensor
ut . Four velocity

PH : Four momentum

FHY . Electromagnetic Field Tensor
RY, u Riemanian Curvature Tensor
Ryv : Ricci Tensor

R : Ricci Scalar
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GEODESICS IN CYLINDRICAL SYMMETRIC SPACETIMES

SUMMARY

In general relativity a physical object or an observer follows timelike curve in the
space-time which is called the worldline of the particle. This curve runs from past
to the future in general, but in some space-times these curves intersect themselves
and form closed timelike curves. It means that the worldline of the particle is not
connected to earlier times and the causality principle is violated. According to
the causality principle, each event in spacetime is a consequence of its cause and
related to it directly in every rest frame. This contradiction can be disregarded in
some cases by transferring a great amount of energy to the system via an external
force allowing the existence of the closed timelike curves. If the trajectories of
the particles are geodesics that is, if the timelike curves are geodesics then the
external force to be applied will be null and one cannot get closed timelike curves
without violating causality principle.

In this work we study the geodesics of some cylindrical spacetimes and examine
the conditions for the geodesics to be timelike and null. After energy and
the angular momentum for the timelike and null geodesics are calculated in
Godel-cosmic string spacetime, conditions required for the existence of the closed
timelike curves are obtained. Furthermore, in the rotating cylindrical black hole
spacetime with cosmological constant the geodesic structure is obtained. In this
spacetime conditions necessary for the existence of the closed timelike curves are
also obtained.
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BAZI SILINDIRIK SIMETRIK UZAYLARDA JEODEZIKLER

OZET

Genel gorelilikte fiziksel bir nesne veya bir gozlemci parcacigin “diinyacizgisi”
olarak anilan, uzayzamandaki zamansal egriyi izler. Genel olarak egri,
gecmisten gelecege uzanirken bazi uzayzamanlarda bu egriler kesigir ve kapal
zamansal egriler olugturur. Bunun anlami, parcacigin diinyagizgisinin Onceki
zamanlara bagli olmamasidir ve nedensellik ihlal edilir. Nedensellik ilkesine
gore, uzayzamandaki her olay bir sebebin sonucudur ve her duragan cercevede
sebebe dogrudan baghdir. Bu celigki, bazi1 durumlarda, kapali zamansal egrilerin
varligini saglayan ¢ok biiyiik miktarda enerjinin bir dig kuvvet tarafindan sisteme
uygulanmasiyla dikkate alinmayabilir. Parcaciklarin yoriingelerinin jeodezikler
oldugu durumda, yani zamansal egrilerin jeodezik olmasi halinde uygulanmasi
gereken dig kuvvet sifirdir ve nedensellik ilkesi ihlal edilmeden kapali zamansal
egriler bulunamaz.

Bu calismada, bazi silindirik uzayzamanlarda jeodezikler ve bu jeodeziklerin
zamansal veya 1giksal egriler olmasi durumlari incelenmigtir. Gédel-Kozmik Sicim
uzayzamaninda zamansal ve sifir jeodezikler ic¢in enerji ve agisal momentum
hesaplanmis, kapali zamansal egrilerin olusumu i¢in gerekli sartlar elde edilmigtir.
Ikinei olarak, kozmolojik sabitli, dénen silindirik kara delik uzayzamaninda
jeodezik yapisi1 ¢aligilmig, bu uzayzaman icin kapali zamansal egrilerin bulunma
kosullar1 elde edilmigtir.

vii



1. INTRODUCTION

The gravitational field of the matter (any type) will affect the total geometry of
the spacetime and this effect can be given by EEF which relate the metric field
and curvature to the total matter field (energy) distribution. The nonlinearity
of the field equations, does not allow to present precise motion of the matter in
the background spacetime. In the absence of the gravitational field, i.e. in the
flat spacetime, particles and light rays follow straight lines. But, in the presence
of the gravitational field, the path of the particles and the radiation can not be
determined precisely and to be determined as a principle feature of the general

relativity.

After getting a solution of the Einstein field equations corresponding matter
(energy) distribution, it remains to determine the motion of the free-falling
particles in this field ( background spacetime). In general relativity, it is a
hypothesis that small freely moving bodies follow geodesic trajectories. That
is, the free-falling or inertial motion occurs along the timelike and null geodesics

of the spacetime parameterized by proper time T as

ds* = —m*dt?. 1.1)

In the case of a manifold with torsion-free and metric-compatible connection a
geodesic curve is also an autoparallel curve. That is geodesics are such curves
that, their tangent vectors are parallel transported.

In a coordinate system the tangent vector u to a curve ¥ in a coordinate frame

x* can be given as

dx*
A
=—. 1.2
W= (1.2)
Parallel transport equation of the tangent vector becomes
D dx*
— 7 0 1.3
W= drde (1.3)

where D/dt = (dx* /dt)V; , which is the covariant derivative along the curve x*.



Then, with the definition of covariant derivative, one can obtain

2 A ..V
A R (1.4)
and it is called geodesic equation. The norm of the tangent vector determine the
character of geodesic. If utu) = —1 then the geodesic is timelike and if wtu) =1
the geodesic is spacelike . If u*u; =0 the geodesic is called null geodesic. It
is important to note that u*u, as a constant of motion. In the meaning that,
once we obtain the value of utu; at a point on the geodesic it will be constant

along the geodesic curve. For example, a spacelike geodesic at one point cannot

be timelike at another point [1].

The idea of having closed timelike curves in a spacetime violates the cosmic
censorship conjecture. But in some cases the external forces act on the system
such that closed timelike curves may form. Extremely great amount of energy is
necessary for this external force. The best well known example of the spacetimes
having closed timelike curves are Godel type spaces. The existence and their
stability are examined widely in the literature|2]. Therefore, it will be interesting

to study other spacetimes having closed timelike curves on them.

In this thesis we study the timelike and /or lightlike geodesics of some cylindrical
spacetimes first and examine the existence of the closed timelike curves. In the
following chapter we give the information about geodesic mechanism. Section 3
is devoted to the geodesics of Gddel-cosmic string spacetime [3| and in chapter
4 we examine the trajectory of the timelike and null particles in the background

spacetime of rotating cylindrical black hole [4].



2. GEODESIC EQUATIONS : METHODS

Freely-moving particles or light rays in given spacetime follow trajectories given
by a set of second order differential equations; geodesic equation (1.4). This
equation can be calculated by different methods. In a standard metric space, a
geodesic on a Riemannian manifold M is defined as a curve y(7) minimizes the

length of the curve. Explicitly, we can write the length of any curve as

5= /y e(r,7)dt @.1)

where ¥ represents the derivative with respect to 7, and is a vector. —(4) sign
stands for timelike (spacelike) particles and it is equal to zero for radiation. Let

S be action than

0S8 = —mc5/ds = —mc/Sds =0 2.2)

J
8ds* = 8 (guvdxt'dx") = 2dsdds = dxﬂdxv%éx’L +2guvdx*ddx’  (2.3)
X

1dx* dx” dguy .. dx* d§x*
= 88 =— =25 — ds=0 2.4
mc/ (2 ds ds Jx* ¥ 8ua ds ds g 24)

T M n
S = _mc/ <1didi Suv s a4 (gMddis) 6%) ds=0 (2.5

2 ds ds dx* ds
(e TS E
= %u“u" aag;;v _ % (&m““) =0 2.7)
iu“uv%—2gulddif—2u“di—i120 (2.8)



:»u“uvaai”l —2gMd;‘ 2 ”%aai“j 2.9)
:u#uvziﬁv —2gux%—2uﬂuc%‘j —0 (2.10)
;»uﬂuvzgx‘jf —Zgul%—u“ua (aa‘gT“era&gx‘;f) ~0 2.11)
= g,m% +u”u<’% (aa?; aagx‘;f - 8;;‘;) —0 (2.12)
c—V
N g’)"gug% Jr»#‘uvégf”L (aég;‘f + 88?“1 - c?ag);v) —0 (2.13)
= % +Ihyutu’ =0 (2.14)

Having derived the geodesic equation, we should say some words about the
parametrization of a geodesic path. From the form of (2.13) , it is clear that
a transformation

s—T=as+b,

for some constants a and b, leaves the equation (2.1) invariant. Any parameter
related to the proper time in this way, is called an affine parameter, and is as

good as the proper time for parameterizing a geodesic.

The primary usefulness of geodesics in GR is that they are the paths followed by
unaccelerated particles. In fact, the geodesic equation can be thought of as the

generalization of Newton’s law f = ma for the case f = 0. It is also possible to



introduce forces by adding terms to the right hand side of (2.1). As an example,
we can write the equation of motion for a particle of mass m and charge ¢ in GR

as below [1]

> ddtdxY g dxP
m Pdrt

_—= 2.15
dt? MV dr dr (2.15)

where F );, is the electromagnetic tensor which is a function of coordinates. Indeed,
one can show that, this equation is equivalent to equation (2.1). To prove this

equivalence, we can rewrite the equation (2.15) as

A dx* dxY dx*
— = 2.16
PR A TIT: dt 2.16)

where a = a (x*). By making a change of parameter o = ¢ (7), we obtain

d/dt = (do/dt)(d/do). Then we can transform equation (2.16) as below

do d (dodx*\ _, (do\*dd* dx¥ _dod? 217
dtdo \ dt do WW\dt) do do ~dt do’ '
That is
d*c dx* do\* (d** _, dx'dx’ _adexp 2.18)
d*t do dt do? ""do do | Tdrdo’ '
Therefore we choose o (A4) such that
o oc( 2 (r)) do (2.19)
- = X _ .
d’t dt’
then
d*x* dxt dxY
— ——— =0 2.20
do? W s do (2:20)



Another relatively easy method which does not require to calculate Christoffell

symbols is as follows : Consider a curve parameterised by 7

=/ |guviHx| (2.21)

The total length from a to b along this curve can be calculated as below

ds

e

dx® dxv
Snv dt dt

b b b
d
5= / ds — / d—‘;drz / /| guvitiv|de (2.22)
a a a

\/ |guvxﬂxv‘ can be thought as the lagrangian of the system, and s as the action.
To simplify the calculations, one can choose the affine parametrization ds/dt =1,

so we have £ (x*, i) = g,,yx#xV. Then, the "action" becomes

b
s:/.f(x”,xﬂ)d‘c (2.23)

Minimizing this action, leads us to Euler-Lagrange equations as expected :

b
d [ Jf df
_ Mg —0= & (95 ) _ 9% _
5s—5/£(x ,X )dT—0:>dT<axu> oy 0 (2.24)

So, in the second method, we obtain the lagrangian from the metric and using
Euler- Lagrange equations, we find the equations of motion and the orbits. Since

we have ds?> = 0 for light, the lagrangian becomes

£=—m* = guy¥'z¥ (for timelike geodesics) (2.25)



£=0=guyx"x" (for null geodesics) (2.26)



3. GODEL-COSMIC STRING SOLUTION

In 1949, Godel discovered a solution of Einstein’s field equations which, unlike
the Friedmann-Lemaitre solutions of relativistic cosmology, is incompatible with
Weyl’s postulate and does not allow the possibility of defining a universal cosmic
time. Here, we consider Godel-cosmic string solution which is Gédel universe

including a cosmic string and calculate timelike geodesics of the spacetime [3].

Cosmic strings are one-dimensional topological defects that may have been formed
during phase transitions in the early universe. The spacetime metric associated

with a cosmic string is

ds® = —2dt* + dr* + r*d6* + b** sin 0d 9>, 3.1)

where b is a dimensionless constant parameter characteristic of the cosmic string

such that

b=1-4u. 3.2)

Here u, 0 < u < }t, is connected with the linear mass density p along the cosmic
string via g = Gp /c?.The idea that GUT-scale cosmic strings with dimensionless
parameter i ~ 107° can be the source of the primordial perturbations needed
for galaxy formation is excluded by recent measurements of the CMB anisotropy.
However, a mixture of topological defects and inflation is consistent with the
current CMB data. It is, therefore, interesting to investigate the nonlinear
superposition of cosmic strings with other gravitational fields in order to
determine the modifications in the standard physical consequences of general

relativity due to the presence of cosmic strings and other cosmological defects.

In this section, the geodesics in Godel-cosmic string solution is examined using

the Euler-Lagrange equations of motion.



3.1. The Spacetime
The Godel spacetime corresponds to a rigidly rotating infinitely long cylinder of

pressure-free matter (dust) with constant density p = Q?/4x and a cosmological

constant A = —QZ?. Einstein’s equations can be written as below

where Ty = puyuy. The corresponding metric is

ds? = —dx2 +dxd — V221402 — dx? — 272V dxgdx; (3.4)

With an appropriate choice of coordinate system, this metric can be written as

below

2 o Q
ds’ = ~di* +dr* +dz* — 5 sinh’ (—r) (sinh2 (—”) - 1) de*
4

sinh? <%> dodt (3.5)

where the following transformations are done

V221 — cosh (\/EQJ’) + cos @ sinh (ﬁQr) ,
V2Qx, = sin ¢ sinh <\/§Qr> )
1
tan <§ [Quxo+1 + (p]) = eﬂg’tang.
It is interesting to note that, in the above transformation, as Q — 0 , we recover

xX] =rcos@, x; =rsin@, as expected. We expect that the Godel-cosmic string

solution of Einstein’s field equations should have the metric



2b> 4b
ds* = —dt* +dr* +dz* — 55 (s* — 1) d¢* + Eszd(pdt (3.6)

Q2
where s = sinh <Qr/ \/§> This solution is obtained from (3.3) by the
transformation @ — b¢ . One can verify explicitly that (3.4) indeed satisfies the

Einstein field equations for a fluid with u* = (1,0,0,0) in cylindrical coordinates.

The vorticity vector of the fluid is given by

CO” - —S'LLVpGuvup;G, (37)

where €#VPY ig the totally anti-symmetric tensor. The Goédel-cosmic string

spacetime has constant vorticity only in the z-direction

0°=Q (3.8)

which indicates that as before, Q is the rotation frequency of the Gdédel-cosmic
string universe. Moreover, for Q — 0, we recover the metric including a cosmic
string in cylindrical coordinates; thus, we can conclude that the metric (3.4)

includes a cosmic string with string parameter b.

3.2. Euler-Lagrange Equations
Following the second method, lagrangian for Goédel-cosmic string metric can be

written as below:

: 2% o, 4b o, .
t=om’ =47+ = 58 (0= 1) ¢+ 57 (3.9)

where ¥* = dx* /d7. Then, Euler-Lagrange equations becomes

d 4b
fort:— (—Zi + §s2<p> -0 (3.10)

10



C2b
=i—-—s*¢0=E (3.11)

Q
d [ 4b* 4b 5.

for¢:— <—§s2 (s2—1)¢+§s2t> =0 (3.12)
b* 5 2 b
o5 (P =1)¢ —ﬁszi:L (3.13)

Solving equations (3.6) and (3.8) for # and ¢ , we obtain

b 5, 5 b , 2b ,
oz’ (s"—1)¢ o ( +5 <p> L (3.14)
4b> ,  4b? 5, 4b . 20?7,
st st —s"E— 5o = :
:>92s(p o2 (0} a° st(p L (3.15)
2b? Ap? 4b
<@s4— ES2) 0 :L+§s2E (3.16)
L’ +4bQs’E
T 2bs2(s2—1) G-17)

g bo LQ? +4bQs’E L LQ+4bs’E
B Q 2bs2(s2—1) ) (s2—1)
(s*—1)E+LQ+4bs’E  ((144b)s>—1)E+LQ
= (3.18)
(s2—1) (s2—1)
d . .
forz: —22))=0=z= (3.19)
dt
2=C171+C (3.20)

11



We can use the lagrangian to calculate 72

. 2b? 4b , .
’;.2 :tz—CI)z—mz—i—ﬁsz (Sz— 1) (PZ— ESZ(PZ'

(4402 1) E+L0)’
B (s*—1)
22 5, LO2 +4bQs2E\°
(-1
Tt (s )< 2bs? (s> —1) )
4b 5 (L2 +4bQSEN [ ((1+4b)s* —1)E+LQ
o’ \ 22 (s2—1) (s2—1)

) —®?—m? (3.21)

Collecting in the same denominator s*(s* — 1)?, and simplifying the numerator of

the first three expressions (A) on the right hand side of this equation

A= ((144b)s* —1)°PE> + Q%71 +2Q (1 +4b) > — 1) SPEL
Q* (s — 1) L2 + 16b*Q%s* (s* — 1) E* 4+ 8Q7bs* (s* — 1) EL
" 202
—8bs* ((1+4b)s* — 1) E* — 25°Q*L* — (8bs*Q +25*Q (1 +4b)s* — 1)) EL
(3.22)

= A= 207 ((1+4b)s* — 1) (s* +4bs* — | — 8bs?) + 16b°Q%s* (s* — 1)] E
+ [(2s2 +52—1 —4s2) 94} L?

+[((1+4b)s* — 1) (257 +45%) Q° +8Q7bs* (s* — 1) | EL (3.23)

= A = [20%57 (2 4bs” ~ 1) (52— 4bs” — 1) + 1652Q%° — 1607 | £
+ [— (s2—1— l) Qﬂ L?

+ [(s* +4bs* — 1) 65°Q° +8Qbs* — 8Q°bs*| EL  (3.24)

12



A= [29%6 _ 40255 — 30025250 +2025* + 1662020 — 16b292s4] E2_ 2042

+ [65* +245*b — 65 + 8bs* — 8bs*| Q’EL  (3.25)

= A= [s*(1—5%) = 8b%" (s> + 1) | 2Q*E* — 2Q*L?

+ [65* +245*h — 65> + 8bs* — 8bs*| Q’EL  (3.26)

= A=[(1-5") —8b°c*| 25" Q°E* — *Q*L* + [65* (s> — 1) +8bs” (45> — 1) | Q’EL
(3.27)

where ¢ = cosh (Qr/ \/E) . Then finally

) [(1 — sz) — 8b2c2} 2sYQ2E? — 2Q4 % + [6s2 (s2 — 1) + 8bs? (4s2 — 1)} Q3EL

i =
s2(s2— 1)

—®2—m? (3.28)

3.3. Closed Timelike Curves

The existence of the closed timelike curves can be expressed mathematically as

follows [2] : Let us denote ¥, a closed curve given in its parametric form by,

t=ty;, r=ro; z=2z0; ¢ =10,27] (3.29)

where fy,rg and zg are constants. When 7y is parametrized with an arbitrary

parameter o, we have a timelike curve if

13



dx* dxV

gquE < (3.30)

with the metric signature (—,+,4,4). In the Gédel-cosmic string spacetime [3],

this condition reduce to gge <0 i.e.,

— 5 (s —1)<0 (3.31)

14



4. CYLINDRICAL ROTATING BLACK HOLE

There are many solutions which contains cylindrical symmetry, like the solutions
of Levi- Civita, Chazy-Curzon and the stationary solution of Lewis. In this
section, we will analyze the geodesics around a cylindrical symmetric, rotating

blackhole which is found by Lemos in 1994 [4].

4.1. The Spacetime
Einstein Hilbert action in four dimension is given by

4
16”G/d xy/—g(R—2A) 4.1)

where g is the determinant of the metric and R the Ricci scalar. We assume
that the spacetime is cylindrically symmetric and time-independent, i.e, there
are three Killing vectors: d/dz which corresponds to the translational symmetry
along the z axis, d/d¢ which has closed periodic trajectories around the z axis
and d/dt corresponding to the invariance under time translations. The solution

which satisfies the equations of motion (4.1), can be written as below

2 2 wb 2
ds? = — K)ﬁ _ w—) o2r2 — bt } dr® — 2—d(pdt+ d—
a

a? ar b
or

2 2

O] bw
—|— |:(A,2 — E) I’2+ E:| d(p2+ Oczrzdzz (42)
—o <t <o, O0<r<o, 0<QP<2T —o0<7< 00,

Here r is the radial circumferential coordinate, o> = —A/3 >0, ® and A are
constant parameters corresponding to the angular momentum of the spacetime

and b is a constant which is related to the mass

15



1 8J2 02
= | —M+3M\ /1 -2
b 4< s 9M2)

4.3)

where M and J are the ADM mass and angular momentum respectively. Equation

(4.2) represents a rotating blackhole with an event horizon at ar = b'/3 Since the

Kretschmann scalar is given by R p.qR™¢ =240 (1 +b%/ 2a6r6) , there is a scalar

polynomial singularity at or = 0.

4.2. Geodesics, Euler-Lagrange Equations
The Lagrangian for this metric can be written as below

b
ar

2 2
[0) bw* ]| | )
Kaz 2)r2 5r] 02 + 222

To simplify the calculations, we define two new radial functions :

With these new functions, lagrangian becomes

. b . i . .
£:—1:—At2—2a3r(pt+ 5 B+ o’
o“r ~ur

FEuler-Lagrange equations become

16

4.4)

4.5)

(4.6)

4.7)



d 20b

S —24i-Zp ) =0
ds( Oc3r(p)

d 20b

— [ ——F+2Bp | =0
ds( o3r + (p)

d 2.2

— (20°r°2) =0= 7=
ds( rz) . o2r?

Then, we have
. wb
Ai+—@=E
* oir?
wb
——1+Bp=1L
a’r R

Solving equations (4.10) and (4.11) for 7 and ¢ , we obtain

Awbi+a)2b2‘— wb
acr T a2 T,
wb
—A—F+ABOp=1A
odr TABY
WbE wbL
o @EAL . EB- 9%
= (P - @2b? ’ I = w2h?
AB—{—W AB+ e

Then, the radial geodesic becomes

17

(4.8)

4.9)

(4.10)

@.11)

(4.12)

(4.13)

(4.14)

(4.15)



-2

i
b
a2 — b
2 2
bL bL bE bE
(EB—o)  op (EB-9t) (GE+ar) (sE4aL) o0
- 022 2+20{3r 02h? 2 —bB 02b2 2 (erz tm
(aB+22) (aB+2) (aB+28)
Then, # becomes
2 2 2wbEL
2 ((BE>—AL2)—2002L)  / p
2,2 b - 2p2 - az > +m (417)
((X = a) (% +AB) r

In order to calculate null geodesics (m = 0) lying on the z = const. plane, we write

7 as below

(@22 L) ((BE2 - AL2) - 204EL)

ar Or

(4.18)

Integrating this expression will give us the relation between r and the proper time

of the particle 7; T=1(r):

252
/ (g’T’;z +AB>
T =
(a2r2— 1) <(BE2 _AL2) - 2a)bEL>

dr (4.19)

o’

Simplifying this expression is a messy work. As a first step we calculate the

product AB
2 2

bA P
A=a? (12—%> rz—a—:Plrz——z (4.20)

r r

2 2

. 2 (0] 2 b(D - 2 Q2

B—(A —E)I’ —}-E—er +7 (421)



AB = <P|I’2 — &) (Q]i’z—i—%)
r r

P P P
PO+ 102 PO zgz
r r T
2\ 2 2 2 2 2 2,292
a2 O\ 4 of,2 O DO , 7 DA b oA
= (’“ —m) rra (’L —@)ﬁ”‘@ —m) o o
2 2 2,292
. ) N2 4 ) 2 bw bA b o~ A
=N’ —0?) r+r(Aa —a))<a5 5 ) " o6
Lo o 924, b 0o 5 oy o 2o 5 b*w?)?
:ﬁ(l o —0°)r +$(7L a’— o) (0°— A )r—w
(A2a% — w2)2 atr®+—b(A2a? - w2)2 ar’ —b*w?A?
= s (4.22)
obr
Then, the numerator becomes
®*b? (A20? — a)2)2 atr®—b(A2a? - a)Z)2 ar’ + o?b? (1-2%)
52 TAB= 6,2
or oOr
6 3
nir-+nar’ +n3
- 5.3 (4.23)
where
2\ 2
)
n = (XS (2’2__2)
o
n1b
o=
n3y = wzbz(l—lz).
Then the integral becomes
6 3
‘L':/ nir° +nar’ 4+ nj dr (4.24)
672 [(a2r2 _ b)) ((BE2 ALY — M)}

o3r

The denominator can be simplified as below
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b 20bEL
a%z{(azﬂ—— ((BEZ—ALQ)— w3 )]
ar a-r

(X6I’2
= (6 —b) (85— AL%) ' 200b5L)
— aZ |:<(X3r3 —b) ((Q1E2r2+ %Ez —P1L27'2—|— %LZ) a3r_2a)bEL>:|

_ (a5r3 — ba2> (01E20%F + 0y 03E? — PP 0 + Py L2 o)

—20bELO’r + 20bELbo?
= 01E*a® + 0,03E* P — P 2ol + B L2 o® P — 01 E* o’ b — Qb E?
+PL*bo’ P + P,L*bo — 20bELOC > + 20bELbot?
= (Q1E*a® — P L*a®) r®
+ <Q2a8E2 +PI2ad — 0E20°h + PLL2bad — 2wbELoc5> P
+PL2ba® — Qrb0’ E? 4+ 20bELbo?

=k + k) +ky (4.25)

where

2,2 2
ko= of (A O‘az ®?) (E2 - 0212) = o (A202 — 0?) (E — 02L2)
ky = bo’L? (a)2 (a2+a8—1)+/12(1—a8+a4))

ky = b? (7L2054L2 — w’E*+ 2a)oc2EL)

Finally we can write the integral as below

6 3
nr’+nar’ +n3
T= d 4.26

/\/k1r6+k2r3+k3 ' (420

It is not possible to evaluate this integral in this form. However, by choosing
ki = ky =0, we find AppellF'1 hypergeometric series as the result of the integral.
Let us take E = aL,then, k; = 0.And k, = 0 gives us the condition:

20



o> (ad—a*—1)
T @) 4.27)

Under the condition E = aL, k3 becomes:

ky=b*L* (A*at — 0o +20a)

Now, in order to find ¢ = @ (r), we will calculate ¢> /7. One can find ¢? as below

wbE a)bE E AL (wbE +AL>
o= - = (4.28)
ABTE B mA
wbE wbE PL

—— (WbE+P Lo’ —PLa’)  (4.29)

+AL=—— +P L —— =
o-r o-r

WbE
<a )(xr = (®bE +LPio*r — PLa?) o'r

=LPoa’r + <a)ba3E — P2Loc6> r

= La? (A0 - ) r* + (@ba’E ~bA’Lo® ) r = Fr* 4 Gr (430)
where

= Lo’ (A*o? — 0?)
G = (coboc3E — b/lzLa5>

Fr* +Gr
= 0= 4.31
¢ n1r6 —1—n2r3 +n3 ( )

21



Fr* +Gr 2
P’ = ( ) - (4.32)
(n17r% +nor3 +n3)

do 2 (p2 (Fr4+Gr)2 nir® +nord +n3
=\5) =2~ 2 %6 3
dr s (n1 75 +nar® +n3) kir®+kor’ 4+ k3
2 6 3
re{mr’ +mpr’ +m
- (11" mar” + ) (4.33)
(n1r0 +nyr3 +n3) (kyr® +kor3 +k3)
(Fr*+Gr)
d 4.34
¢= /\/ nré +nprd +n3) (kir® +kor3 + k3) " (4.34)
Again, choosing k; =k, = 0, one can obtain AppellF1 hypergeometric series.
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4.3. Closed Circular Orbits
If we consider z = const. (Q = 0) only, we get orbits of the particle in (r,0) plane.

Let us assume that 2 as effective potential (Veff) . To get circular orbits, we

should set V,rr =0 and Ve'ff = 8\37,« = 0 simultaneously. If we want the orbits’s

stableness, Ve’}f should be less than zero simultaneously.

((BE>—AL?) — 2002L)

Verr

2
= —m*=0 (4.35)
b m
(@2 =) (gﬁ’r’j +AB>
or
(BE? —Ar?) — Z9PEL) _ LILAY (4.36)
ar ) \abr? '
e/ff =0 gives
) 20°b? ) , 2wb
o r o r
and Vi, gives
6m*b? 4wbEL
m? ( A;B+2A,B,+AB, + —— | =B, E*—A,.L* —
oot o3r
2 ’ ,» 20b
= - (BE*—AL*-=—") (438
r2 ( oc3r) (4.38)

2 . .
where A, = % and A, = %—V‘Q‘.One can solve these three equations simultaneously

for E, L and r. For

1/3
b3 (0222 + 0 + /@A 4 202 (—20 + 1972) 07 + 0F)
ro — ]/3 (439)
1013 (o542 — a® w?)
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we found the values of E and L .(see appendix)

4.4. Closed Timelike Curves/Geodesics
Under the coordinate transformation » — —r, the line element is also a solution

of Einstein’s field equations:

2 2 2
[0} bA wb d
ds? = — K?& — —2) o’ + —] dt* +2——dedt + ;b
o or o’r o2r? + =
2 2
(0] bw
+ K?ﬁ — E) P — a—s} do®> + o’r’dz?  (4.40)
r

The existence of the closed timelike curves is examined as in the case of
Godel-cosmic string spacetime : Let us denote ¥, a closed curve given in its

parametric form by,

t=1ty, r=ro;, 2=20, Q= [0,275] (4.41)

where fy,rg and zo are constants. When 7y is parametrized with an arbitrary

parameter T, we have a timelike curve if

dx* dxV

— < 4.42
Euv dt drt ( )

with the metric signature (—,+,+,+). In the rotating black hole spacetime [4],

this condition reduce to gge <0 i.e.,

2 2
b
(/12 - %) R e <0 (4.43)
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b(l)z 1/3
S < ((06212 e a3> (4.44)

In order to find closed timelike geodesics, we must set a” = 0, the four-acceleration

vector in the radial direction, in other words,
ro__
Foe =0 (4.45)

b+ 03r3) (20128 + bw? — 203 r2 ®?
_( + rO) ( ro"; "o ) —0 (446)
2a6r0

We solve @ from this equation and substitute in the (4.43) we obtain

5/24 ,3/2
W= M (4.47)
\/ —b+20373
3bA%r}
Y (4.48)
b—20r
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5. CONCLUSION

In this work we study the geodesics of some cylindrical spacetimes and examine
the conditions for the geodesics to be timelike and null. After energy and
the angular momentum for the timelike and null geodesics are calculated in
Godel-cosmic string spacetime, conditions required for the existence of the closed
timelike curves are obtained. Furthermore, in the rotating cylindrical black hole
spacetime with cosmological constant the geodesic structure is obtained. In this
spacetime conditions necessary for the existence of the closed timelike curves are

also obtained.
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al=((A"2-w"2/a™2) a™2r"2-baA"2/ (ar))
a2=((A"2-w"2/a™2)r"2+bw”2/ (a™5r))
alr =D[al, r]

a2r =D[a2, r]

alrr =D[al, r, r]

a2r =D[a2, r, r]

b)\2 2

w
r2e? 2o
r o 0(2
b w? w?
+r2 |22 - —
ra® o?
b 22 w?
+2r 0 | X% - —
r2o o?
b w? ) w?
+2r1 |5 - —
r2 o5 o2
2b 22 w?
- +20% |22 - —
r3a o
2 b w? , w?
+2 | A —
r3a® o?

veff =Ful Il Sinmplify[

a2xee”2-alxlenr2-2xwxbxeexle/ (a”3xr) -mM2x (alxa2+w'2b"2/a"6/r"2)]
veffl=Full Sinmplify[m 2=« (alr xa2 +al*a2r -2+*w*2+xb"2/a”6%r"3) -

az2r xee2 +alr xler2-2xwxbxeexle/a”3xr"2]

bw(bnfw+2eeler o)

r2

~alle®+a2 (ee? -alnt) -

b

2br2w(bnfrw+eelead)

a2r (-ee®+alnf) +alr (| e? a2 nt) -

ob

Sol ve[veff =0, ee]

blerW¢:¢3-\/b2Ie2r2vv2¢x€'+a2b2rT?rZ\/\Foz‘5+ala2Iezr4¢7112+a1a22m?r“oz12

a2r2ab

ee

blerwa3f\/b2Iezrzmﬁa6+a2b2m°—r2\l\ﬁa6+a1a2Ie2r4a12+a1a22rr?r4a12

a2r2ob
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2 | lemoscircular.nb

Sinplify[Solve[veffl==0, le]]

Hlea

7J(7(2a2r b*nfr3w -4a2rb*nfrew +2a2b*nmfréw -4a2b*nfréw +3alr a2a2r b2nfr2w
o +rala2r’p2nfr2wob +2alr a22b2nfrow?ab +
4ala2a2r b2nfr5w?al +2alr a2?b2nmtr’w?of -2ala2a2r b2ntr’w?ab +
2ala2?b?ntréw?ad —alr?a2®nfr4a2alalr a2?a2r nfr4al? -
2\/(b2rri‘r2 (a2r +a2r3)ZV\F (bz\/\F+ala2r2a6) (b“r4 (172r2)2\/\f‘+b2 (a1r?® (2a2r -
2a2rr?+a2r3) +alr (a2r +2a2r3-2a2r®)) w o +alalr a2a2r rzalz)))/
(rza® (—a1r2a22r2016+(:11r2 (4 azr bzrwz+4a2b2r4wz—a1a2r2a6) +
2alr (2a2r b>w +2a2b’r3w +ala2a2r rzaﬁ))))},
{Iee\/(f(ZaZr b*nfr3w -4az2rb*nfrow +2a2b*nfréw -4a2b*nfréw -+
3alra2a2r b2nfr2w?o® +ala2r’b?nfr2w?ab +2alr a2?b2nmfrdw? of +
4ala2a2r b2nfr5w?al +2alr a2?b2nmtr’w?of -2ala2a2r b2nfr’w?ab +
2ala2?b?nfréw?a® —alr?a2®nfr4al2alalr a2?a2r nfr4al? -
2\/(b2rﬁ‘r2 (a2r +a2r3)2v\F (b*w +ala2r?o®) (b“r4 (172r2)2\/\f‘+b2 (alr® (2a2r -
2 azr r2+a2r3) +alr (a2r +2a2r372a2r5))wzo<6+a1alr a2 azr rzalz)))/
(rza® (—alrzazzr2016+a1r2 (4 azr bzr\/\F+4a2b2r4V\F—ala2r2a6) +
2alr (2a2r b?wW +2a2b?r3w +ala2a2r r2cx6>)))},
{Iee—J(—(ZaZr b*rmfr3w -4a2rb*nfr®w +2a2b*nfréw-4a2b*nfréw +

3alra2a2rb?nfr2wob +ala2r?b?nfr2w? o +2alr a22b2nfréwab +
4ala2a2r b2nfr5w?ab +2alr a2’b2mtr’w?of -2ala2a2r b2nfr’ w2 o +
2ala2?b?nfréw?a® -alr?a2®nfr4al2+alalr a2?a2r nfr4al? +

2\/(b2n1‘r2 (a2r +a2r3)2vxﬁ (b>wW +ala2r?o®) (b“r4 (172r2)2m/‘+b2 (alr® (2a2r -
2a2rr?+a2r3) +alr (a2r +2a2r®-2a2r°%)) wa +alalr a2 a2r rzalz)))/
(r2a® (7a1r2a22rzo(6+alr2 (4 azr b2r\/\/2+4a2b2r4wzfa1a2r2a6) +
2alr (2azr b2w +2a2b?r3w +ala2a2r rzae))))},
{IeeJ(—(ZaZr b*mPr3w -4a2rb*nfriw+2a2b*nfréw -4a2b*nfréw
3alra2a2r b2nfr2w?aob +ala2r®b?2nfr2w?af +2alr a2?b2nfr5wl o +
4ala2a2r b2nfr®w2 ol +2alr a2?b2nfr’wof -2ala2a2r b2nfr’ w2 ab +
2ala2’b?2nfr8w ol -alr?a2®nfr4al? +alalr a2 a2r ntr4 o2 +
2\/(b2rﬁ‘r2 (a2r +aZr3)2W2 (b>w? +ala2r?af) (b“r4 (1—2r2)ZV\/‘+b2 (a1r® (2a2r -
2a2rr?+a2r?) +alr (a2r +2a2r®-2a2r°)) wa® +alalr a2 a2r rzalz)))/
(r2a® (-alr?a2’r2a®+alr? (4a2r b2r w+4a2b?r4w -ala2r’a®) +

2alr (2a2r b?wW +2a2b?r3w +ala2a2r r2a6>>))}}

lel
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lemoscircular.nb | 3

Ie=—\/(—(2a2r b*mr3w -4a2rb*nfrew+2a2b*nfréw-4a2b*nfréw +

3alra2a2r b2nmtr2wab+ala2r’b2nfr2w? o +2alr a2’b2nfr5w ab +
4ala2a2r b>2mfrow ol +2alr a2 b2 nfr’wa®-2ala2a2r b2nmtr’ w?ab +
2ala2?p?2nfréw b -alr?a2® mfr4al?2 +alalr a22a2r nfr4al2 -

2\/(b2rﬁ"r2 (a2r +a2r3)2W2 (b>w +ala2r?a) (b“r4 (1—2r2)ZV\f‘+b2 (a1r? (2a2r -
2a2rr?+a2r3) +alr (a2r +2a2r®-2a2r°%)) wa®+alalr a2a2rr2a12)))/
(r?a® (-alr®a2’r2a®+alr? (4a2r b2r w+4a2b?r*w -ala2r?a®) +
2alr (2a2r bZ\AF+2a2b2r3V\F+a1a2a2rr2a6))));

Sinplify[ee]
1

a2r2qb

(brWa3\/(—(2a2r b*rmfri3w -4az2rb*nfr®w +2a2b*nfréw-4a2b*nfréw +3alr a2a2r b?nt

r2wtob +ala2rib?mtr2wtob + 2alr a2?b2nfréwof +4ala2a2r b2nfréw b +
2alr a2’b2mtr’w?of-2alaz2a2r b2nfr’w o +2ala2?b2nfréw of -

alr?a2®ntr®o!? +alalr a2 a2r n?r4a1272J(b2nf‘r2 (a2r +a2r3)*w?
(b*w +ala2r?o®) (b“r4 (1—2r2)2vxf‘+b2 (alr® (2a2r -2a2rr?+a2r?) +
alr (a2r +2a2r®-2a2r®)) wa +alalr a2 a2r rzalz)))/
(r2o® (-alr?a2’r?a®+alr? (4a2r b2r w+4a2b?r*w -ala2r’a®) «
2alr (2a2r b>w +2a2b’r3w +ala2a2r r2a6)))) +
\/(((bzwz+a1a2r2a6) (72a2r b*nfr3w+4a2rb*nfrow-2a2b*nfréw +

4a2b*nfréw +alr a2a2r b2nfr2wtob —ala2r’b2nfr2wof +2alr a22b2nfr5wab -
2alr a2?b?mtr’w?of +2ala2a2r b2nmfr’w?aob +2ala2?b?nfréw? of +

alalr azzaaZrrr?r“o<12—6112612a2r2n?r40(12+2\/(bzrﬁ‘r2 (a2r+a2r3)2v\/2
(bW +ala2r?o®) (b“r4 (172r2>2\/\f‘+b2 (alr® (2a2r -2a2rr2+a2r?) +
alr (a2r +2a2r®-2a2r®)) waf+alalr a2a2rr2a12))))/
(-alr?a2’r?a® +alr? (4a2r b2r w+4a2b?r*w -ala2r’a®) «
2alr (2azr bzwz+2a2b2r3v\/2+a1a2a2rrzae))))

| e2

le2 =
\/(—(2a2r b*mr3w-4a2rb*nfrowt+2a2b*nfréw-4a2b*nfré®w+3alr a2a2r b?>nmfr2wa® +

ala2r’p?nmfr2wab +2alr a2?b2nfr®w?a® +4ala2a2r b2 nfr5w of +
2alr a2?p2nmtr’wwab-2ala2a2r b2nfr’ w?ab +
2ala2?b?nmtréwab -alr?a2®nfr4al2+alalr a2?a2r nfr4al? -

2\/(b2n1‘r2 (a2r +a2r3)zw2 (b>w +ala2r?a) (b“r4 (1—2!’2)2W4+b2 (a1r3 (2a2r -2a2r
r2+a2r?) +alr (a2r +2a2r3-2a2r°)) wa® +alalr a2a2rr2a12)))/
(r?a® (-alr?a2’r2af+alr? (4a2r b?r w+4a2b?r*w -ala2r?o®) +
2alr (2azr bZ\AF+2a2b2r3wz+a1a2a2rrzaa))));
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Sinplify[ee]
1
a2r2gb
(brwoﬁ'\/(—(ZaZr b*rmfr3w -4a2rb*nfr3w +2a2b*nfréw-4a2b*nfréw +3alr a2a2r b?nt

r2w?ob +rala2r’b?nmtr2wl ol +2alr a2?b2nfr5wof +4ala2a2r b2nmfréw? of +
2alr a2’p2nmtr’w?of-2ala2a2r b2nmfr’wob® +2ala2?b?2nfréw of -

alr?a2®nfr®o'? +alalr a2 a2r n?r4a1272\/(b2rﬁ‘r2 (a2r +a2r3)*w?
(b>w? +ala2r?af) (b“r4 (1—2r2)ZV\i‘+b2 (alr® (2a2r -2a2rr?+a2r?) +
alr (a2r +2a2r3-2a2r®)) wo®+alalr a2a2r rzalz)))/
(r2o® (-alr?a2’r?a®+alr? (4a2r b2r w+4a2b?r*w -ala2r’a®) +
2alr (2a2r b>w +2a2b’r3w +ala2a2r rzae)))) +
\/(((bz\l\ﬁ+a1a2r2a6) (—2a2r b*rnfr3w+4a2rb*nfrow-2a2b*nfréw +

4a2b*nfréw +alra2a2r b2nfr2wrab -—ala2r’b2nfr2wof +2alr a22b2nfr5wab -
2alr a2?p2mtr’wof+2ala2a2r b2nfr’wof +2ala2?b2nfréw? ob +

alalr aZZaZrnizr“(xlz—alZaZaZrzn?r“o<12+2\/(bzrﬁ‘r2 (aZr+a2r3)2v\/2
(b?w? +ala2r?of) (b“r4 (172r2>2\/\/‘+b2 (alr® (2a2r -2a2rr?+a2r?) +
alr (a2r +2a2r®-2a2r®)) waf+alalr a2a2rr2a12))))/
(-alr?a2’r2a®+alr? (4a2r b2r w+4a2b?r*w -ala2r’a®) «
2alr (2azr bzwz+2a2b2r3w?+a1a2a2rrzaﬁ))))

| e3

Ie=-\/(—(2a2r b*mr3w-4a2rb*nfrew+2a2b*nfréw-4a2b*nfréw +

3alra2a2r b2nmfr2wab+ala2r’b2nfr2wa®+2alr a2?b2ntr5wab +
4ala2a2r b2nfré5w?ab+2alr a22b2nfr’waf-2ala2a2r b2mfr’ wab +
2ala2?b?nfréw b -alr?a2® mfr4al2 +alalr a2?a2r nfr4al2+

2\/(b2n‘f‘r2 (a2r +a2r3)2w2 (b>w +ala2r?a) (b“r4 (1—2r2)2vxf‘+b2 (a1r?® (2a2r -
2a2rr?+a2r?) +alr (a2r +2a2r®-2a2r°%)) wa®+alalr a2a2rr2a12)))/
(r?a® (-alr®a2’r2a®+alr? (4a2r b?r w+4a2b?r*w -ala2r?a®) +
2alr (2azr b2V\F+2a2b2r3\AF+a1a2a2rrzae))));
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Sinplify[ee]
1
a2r2gb
(brwoﬁ'\/(—(ZaZr b*rmfr3w -4a2rb*nfr3w +2a2b*nfréw-4a2b*nfréw +3alr a2a2r b?nt

r2w?ob +rala2r’b?nmtr2wl ol +2alr a2?b2nfr5wof +4ala2a2r b2nmfréw? of +
2alr a2’p2nmtr’w?of-2ala2a2r b2nmfr’wob® +2ala2?b?2nfréw of -

alr?a2®nfr®o'? +alalr a2 a2r mzr“alz+2\/(b2rﬁ‘r2 (a2r +a2r3)*w?
(b>w? +ala2r?af) (b“r4 (1—2r2)ZV\i‘+b2 (alr® (2a2r -2a2rr?+a2r?) +
alr (a2r +2a2r3-2a2r®)) wo®+alalr a2a2r rzalz)))/
(r2o® (-alr?a2’r?a®+alr? (4a2r b2r w+4a2b?r*w -ala2r’a®) +
2alr (2a2r b>w +2a2b’r3w +ala2a2r rzae)))) +
\/(((bz\l\ﬁ+a1a2r2a6) (2a2r bnfr3w-4a2rb*nfrow+2a2b*nfréw -
4a2b*nfr8wt—alr a2a2r b?nfr2w ol +ala2r?b?nfr2w o -2alr a2’ b2 nf r®w? ol +
2alr a2’b?nfr’waf-2ala2a2r b2nfr’w?a-2ala2?b2nfr8wal -
alalr a2 a2r m’-r“(xlz+a12612a2r2n?r4o<12+2\/(bzrﬁ‘r2 (a2r +a2r3)2W2
(b?w? +ala2r?of) (b“r4 (172r2>2\/\/‘+b2 (alr® (2a2r -2a2rr?+a2r?) +
alr (a2r +2a2r®-2a2r®)) waf +alalr a2 a2r rzalz))))/
(alr®a2®r2a® +alr? (-4a2r b2r w-4a2b?r*w +ala2r’a®) -
2alr (2a2r b>w +2a2b’r3w +ala2azr rzaﬁ))))

| ed
le=

\/(—(2a2r b*mr3w-4a2rb*nfriw+2a2b*nfréw-4a2b*nfré®w+3alr a2a2r b?>nfr2w a’ +

ala2r’p?nmfr2wab +2alr a22b2nmfr®w?a® +4ala2a2r b2 nfr5w b +
2alr a2’b2nfr’wab-2ala2a2r b2nfr’ w2 ab +
2al1a2?p?nfréwrab -alr?a2®nfréal2+alalr a2?a2r nfr4al? +

2\/(b2rrf‘r2 (a2r +:;12r3)2vv2 (b>wW +ala2r?a®) (b“r4 (1—2r2)ZV\/‘+b2 (alr® (2a2r -2a2r
ré+a2r3) +alr (a2r +2a2r®-2a2r°%)) wa® +alalr a2a2rr2a12)))/
(r?a® (-alr?a2’r2af+alr? (4a2r b?r w+4a2b?r*w -ala2r?o®) +
2alr (2azr bZV\F+2a2b2r3wz+a1a2a2rrzaﬁ))));
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Sinplify[ee]
1
a2r2qb

(brwa?’J(—(ZaZr b*rmfr3w -4a2rb*nfr®w+2a2b*nfréw-4a2b*nfréw +3alr a2 a2r b?
mr2w o +ala2r?b?nfr2w?ab +2alr a2?b2nmfrdw? of +
4ala2a2r b2nfr5w?ab +2alr a2?b2mtr’w?of-2ala2a2r b2nfr’ w2 o +
2ala2?b?ntréw?a® —alr?a2®nfr4al2 ralalr a2?a2r nfr4al? +
2\/(b2rﬁ‘r2 (a2r +a2r3)2v\F (b2wz+ala2r2a6) (b“r4 (172r2)2v\f‘+b2 (alr3 (2a2r -
2a2rr2+a2r3)+a1r (a2r+2a2r372a2r5))wza‘5+a1a1ra2a2rrzalz)))/
(r2a6 (—alr2a22r2a6+alr2(4a2r bZrV\F+4a2b2r4V\F—a1a2r2a6)+
2alr (2a2r bz\/\F+2a2b2r3wz+a1a2a2rrzaﬁ))))—
\/(((bzwz+ala2r2a6) (2a2r b*nfr3w -4a2rb*nfriw+2a2b*mfréw -4a2b*nfréw -
alr a2a2r b2nfr2wab +alaz2r’b2nfr2w of -2 alr a22b2nfr5w b +
2alr a2’b2nmtr’w?o®-2ala2a2r b2ntr’wao®-2ala2?b?nfréw? of -
alalr a22aZrmer“o<12+a12aza2r2m’-r4o<12+2\/(b2rﬁ‘r2(aZr+aZr3)2W2
(b*w? +ala2r?a®) (b"’r4 (1—2r2)2vxf‘+b2 (a1r® (2a2r -2a2rr?+a2r?) +
alr (a2r+2a2r3—2a2r5))V\Fa6+a1a1ra2a2rrzalz))))/
(alr?a2’r2a® +alr? (-4a2r b2r w -4a2b?r*w +ala2r’a®) -
2alr (2azr b2\l\F+2a2b2r3V\F+a1a2a2rrzoﬁ))))
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