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SUMMARY

In this thesis, we will be interested in how the wrinkledness of the
graph of a system showing spatio—temporal intermittency is distributed.
If the wrinkledness is not equally distributed, then the generalized di-
mensions of the graph, which are the scaling exponents of the moments
of the averaged graph length, will have a nonlinear dependence on the
moments, g. Moreover, if there is a Holder condition on the solutions
of the system, a relation between the generalized graph dimensions and
the ¢* order structure functions can be found. To understand how the
non—uniformity of the wrinkledness of the graph is distributed, the gen-
eralized dimensions of the support are introduced. These dimensions are
related with the generalized graph dimensions and the ¢** order structure
functions.

The systems we used to check the results are the coupled map lat-
tices, which may be thought as simple replacements for non-linear partial
differential equations. They are discrete in tme and space, and they are
capable of displaying spatio—temporal chaos.



ESLENMIS TASVIR ORGULERDE
GENELLESTIRILMIS FRAKTAL BOYUTLAR
VE KESIKLILIK

OZET

Cok serbestlik derecesine sahip, uzayda bir uzantis: olan sistemlerde,
hem diizenli hem de diizensiz bélgelerin birarada bulunduklarn ve zaman
iginde birlikte devindikleri bir bolge bulunur. Bu sekildeki davranmiga
uzay—zamansal kesiklilik adi verilir. Degisik uzay ve zaman bolgelerinde,
farkli karmagiklik derecelerine sahip bu davramig:1 tamimlayabilmek igin

sonsuz sayida ol¢eklenme lissiine ihtiyag vardir ve boylece uzay—zamansal
kesiklilik bir multifraktal dagilim olarak goriilebilir.

Uzay—zamansal kesiklilik, nonlineer bir doniistime gore hareket eden
ve deterministik kaos (diigiik boyutlu karmagik davranig) gosteren es-
lenmis elemanlara sahip bir sistem yardimiyla incelenebilir. Boyle bir
sisteme Ornek, eslenmis tasvir orgilerdir. Eglenmis tasvir orgiler ke-
sikli uzay ve kesikli zamanda tanimlanirlar ve nonlineer tasvirin parame-
treleri ile eglenme parametrelerine bagh olarak bir faz degigimi gosterirler.
Tam kritik bolgede, baz1 domenler diizgin davramrken, bazilar: kaotik
davranr; yani sistem kesiklilik gosterir.

Tam geligmis tiirbiilans da uzay-zamansal kesiklilige bir ornektir. Bu
konuda yapilan caligmalarda, hidrodinamik hiz alanlarimin yap: fonksi-
yonlarimn

lim( (& + 7) — T[T ~

seklinde okgeklendigi gdsterilmig ve Uglincii mertebe Slgeklenme tissi,
(3, 1/3 olarak bulunmustur. Bu denklemde, < --- > uzay ve zaman
uzerinden bir ortalamay: temsil etmektedir. Deneyler, bu tslerin, ar-
tan q degerleriyle birlikte, ongoriilen degerlerden ((; = 1/3) sapmaya
ugradiklarini ortaya koymustur. Bu sapmalar: aciklayabilmek icin bir
cok fraktal ve multifraktal model ileri sirilmig, ancak bunlarin hidro-
dinamik tiirbiilans: tanimlayan nonlineer kismi diferansiyel denklemlerle
(Navier-Stokes denklemleri) dogrudan bir iligkileri oldugu gosterileme-
migtir.

Hidrodinamik alanlarin grafikleri ve bu grafiklerin alanlarin yap: fonk-
siyonlarinin dlceklenme davramsglarini tanimlayan geometrileri tizerine de
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caligmalar yapilmigtir. Girdaplihk alanimin, W = V x @, geometrik ézel-
likleri incelenmigtir. Eg girdaplilik kiimelerinin boyutlar ve fraktal bir
tagiyict Uzerindeki girdaphlik konsantrasyonunun arasindaki iligki ortaya
konmugtur. Deneysel olarak, eg girdaplilik kiimelerinin fraktal bir yapiya
sahip olduklar: gosterilmis ve alanlarin grafiginin kirigikhihigimn bir él¢iist
olarak bir “grafik fraktal boyutu” tanimlanmistir.

Eger hidrodinamik tiirbilans: tamimlayan kismi diferansiyel denklem-
lerin ¢oztimleri izerinde-

Ge < {1 + lﬁ.,&*[z]l/z)ro ~ rh

seklinde bir Holder kogulu varsa ve A sonlu bir sabitse, alani belirleyen
kismi diferansiyel denklemlerden i Olgeklenme {isstinii bulabiliriz. Yu-
karidaki denklemde, G, grafigin uzunlugu, @ hiz alani ve rg, ortalamain
alindigi dlgektir. Ayrica, yap: fonksiyonu issi, (i, ve grafik boyutu olarak
tamimlanan h Olceklenme {issii arasinda bir iligki bulunabilir. Bu yolla,
kismi diferansiyel denklemlerle Slgeklenme teorisi arasinda bir baglant:

kurulabilir.

Bu ¢alismada, bir kismi diferansiyel denklemden degil, uzay-zamansal
kesiklilik gosteren bir eglenmis tasvir orgliden yola gikarak, bu sistemi
karakterize eden bir boyutlu alanlann grafiginin kirigiklihigim inceleyece-
g1z.

Kullandigimiz eglenmis tasvir rgli 1+ 1 boyutludur ve en yakin kom-
su etkilesmelerine sahiptir. Bu calismada yayinimsal bir eglenme ele
alinmagtir:

ziln+1) = (1 = )flz:(@)] + S{flsrs(m)] + floss(n)]}

Burada ¢ orgii noktalarimi ve n kesikli zamamn ifade eder. f(z) yerel
devinim kuralidir ve ¢, [0,1] araliginda tamml eglenme parametresidir.
Yerel devinim kurali olarak “degigtirilmis cadir tasviri” ve “lojistik tasvir”
ele alinmagtar.

Degistirilmis cadir tasviri,

rT fo <z <1/2
flz) = {r(l—:c) if1/2 <z L1
z fz>1

ile verilir. Burada r > 2 nonlineer tasvirin parametresidir. Eglenmemig
tasvirde, f(z), [0,1] araligindayken kaotik davramsg gosterir. Bu araligin
digina ¢iktigl zaman ise, sabit bir noktaya takihir ve orada kalir. Boylece,
her noktanin kaotik ve diizenli durumlan birbirinden kolaylikla ayrilabilir
ve laminer ile tiirbiilan bolgeler tamimlanabilir. Tasvirler eglendiginde
ise, laminer bolgedeki bir noktanin, yanindaki komgularimn tirbilan ol-
masina baglh olarak, tlirbiilan aralifa kayma olasihig ortaya qikar. Kul-
landigimiz eglenmisg tasvir drgiide, kritik bolge, ¢ eslenme parametresi ve
r parametresinin degerlerine baglhidir.
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Lojistik tasvir ise,

flz) = 2z(1 - z)

olarak tamimlanmir. Buarada z [0,1], A ise [0,4] araligindadir. Eglenmemis
tasvirin sabit noktalari, A > 3 igin, kararlilhiklarini kaybederler ve sistem
kaosa yol agan periyod ciftleme davramsgint gosterir. Tasvirler eglendigin-
de, baz1 bolgelerde, noktalar zaman icinde periyodik davranig gésterirken,
baz1 bolgelerde kaotik davramirlar. Bu galigmada, periyodik harekete
laminer, kaotik davranisa ise tiirbiilan adini verecegiz. Eglenmig tasvirde,
A > 3.63 igin, en biyik Lyapunov isteli, negatif ile pozitif degerler
arasida hizla degigir. Boylece, 3.63 < A < 4 araliginda, A’daki ufak bir
degigmenin sistemin laminer durumdan kaotik duruma atlamasina sebep
oldugu kritik bir bolge olugmaktadir.

Tek boyutlu alanlar olarak diisiinebilecegimiz z; degiskenlerindeki en
bliyiik olas: degigimleri tizerinde barindiran bir L 6lgegi bulundugundan,
bu saker alanlarin i’e gore grafiklerinin kendine afin olduklarim varsaya-
lim. Bu grafiklerin boyutlarini bulabilmek igin, L araliklarmni ¢ boyunda
araliklara bolelim (¢ < L). ¢ aralig icindeki k& ve (k + 1)’inci nokta-
larin arasindaki uzunluk bir dik iggenin hipotentisii olarak digtiniilirse,
£ araligy iginde kalan grafigin boyu

k=i—£/2

ile bulunabilir. Burada L/(r/2) faktorii, bu baytuklugi boyutsuzlandir-
mak i¢in gereklidir. 7, £ boyundaki araliklarin orta noktasidir. L aralig:
igindeki bir £ boyunda araliktaki ortalama grafik uzunlugu

(#30) ~ (1)

olarak dlceklenmektedir. Burada Ny = L/£, L arahgindaki £ boyundaki
araliklarm sayisidir. < --- > zaman ve bilitlin grafik iizerine yerlegmig
degisik L araliklar: tizerinden ortalamay: gostermektedir. Eger grafifin
multifraktal ozellikleri varsa, olgeklenme uslerinin araliktan araliga de-

gigmesi beklenir:
) ¥4 -
)~ ()

Buradaki tekillik tissii, v, £ boyundaki bir aralik i¢indeki kirigikhgiolg-
mektedir. Eger v btyiikse, grafik bu olgekte ¢ok kirigiktir. Kiigik v
degerleri iginse, grafik oldukca diizgindiir. + her aralikta degistigine
gore, ortalama grafik uzunlugunun, < G e>, momentleri alindiginda, degisik
~ degerleri secilecektir.

o - (52 e0) - (73(5) )

; —qB{q)
~ (1)
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Burada 3(q), genellesgtirilmis grafik boyutlaridir. ¢ arttirildiginda, biiytik
~ degerlerine sahip araliklardan toplama daha fazla katki gelecek ve
dolaysiyla, daha biytuk 3(¢) degerleri segilecektir. Kritik bolgede ni-
merik hesaplamalar yapildiginda gergekten de, ¢’ > ¢ i¢in, 8(q) < B(q¢')
bulunmustur. Ayrica 8(g)nun ¢ bagimhlig: nonlineerdir (Bkz. Tablo 2).

Kullandigimiz sistemin yap: fonksiyonlarim incelemek amaciyla, yu-
karida verilen denklemdeki ro — 0 limitini, kesikli uzayda ¢aligtigimizdan
dolayialamamarmiza ragmen, aralarinda ¢ kadar mesafe bulunan z; skaler
alanlarinin bir dlgeklenme davramg bulunup bulunmadi”gim aragtiralim.
Boylece yapi fonksiyonlarini, aralarinda £ (¢ < L) kadar mesafe bulunan
iki 6rgt noktasindaki alanlarn farkinin uzay ve zaman tizerinden ortala-
mas1 olarak tanimlayalim ve momentlerinin

1 & 2\ %
S = <EZl$i+£ - $i|q> ~ (Z)

H

olarak Olgeklendigini varsayalim. Yap: fonksiyonlar: ile genellegtirilmisg
grafik boyutlar: arasinda bir iligki kurabilmek i¢in, £ boyunda bir arahigin
tzerindeki grafik pargasinin, ¢/L boyunda d boyutlu ka¢ tane kutuyla

ortiilebilecegine bakalim. Bu sayinin I—zl(izﬁ/z)—”" olacag1 aciktir. L uzun-
lugundaki araligin {izerinde bulunan grafik pargasini ortmek i¢in gereken

kutu sayis:
= () losse = ad
£ (¢/L)

olur. Ortalama grafik uzunlugunun, grafigi értmek i¢in gereken ortalama
kutu sayisina esit veya bu sayidan daha bliyik olmas: gerekir. Ortalama

grafik uzunlugunun (£/L)~#() olarak Slceklendigi hatirlanirsa,

(%) R > (%) d+1(|$z‘+e — zi)
B

By <d+1-G

vV

oldugu goriliir. Buradan,

bulunur. Eger grafik uzay: dolduracak kadar kirigiksa, 3(1), d + 1’e

yaklagacak ve (i sifira gidecektir. Ote yandan, grafik oldukga diizgiinse,
B(1), d olacak ve dolaysiyla (1 = 0 olarak bulunacaktir. Yani, (i
Olceklenme iissii, alanin bir noktadan digerine ne kadar dlzgun veya
diizglin olmayan bir gekilde degistiginin bir dl¢iisiinii vermektedir.

Genellestirilmig grafik boyutlar ile ¢’uncu mertebeden yap: fonksi-
yonlarimn arasindaki iligkiyi bulmak i¢in de aym yontem kullamlabilir.
Ortalama grafik uzunlugunun momentleri, grafigi ortmek igin gereken
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ortalama d boyutlu kutu sayisinin momentlerine esit veya onlardan biyiik
olmalidir. Boylece,

(z) i @q(dﬂ)ﬂw ~ zl?)

? g(¢~d-1)
(z)

Blg) £d+1-¢

bulunur. Kullandigimiz sistemde d = 1 oldugundan,

/B(Q) <2 —Cq

v

ve

elde ederiz. Nimerik olarak (; ve S(g) icin bulunan degerler yerine
koyuldugunda, bu egitsizligin saglandigi, ancak highbir zaman esitlik o-
larak dogrulanmadig goriilmektedir.

Daha dnce, 3(q) degerlerinin ¢ ile nonlineer olarak degigmesine baka-
rak, grafikteki kingikligin diizglin olarak dagilmadig séylenmigti. Bu di-
zensizligin nasil dagildigini anlamak igin, korunan bir 6l¢ii tanimlayalim:

pi(l) = CCT;:(i)

Burada, Gto¢ L uzunlugundaki bir araliktaki toplam grafik uzunlugudur
ve >, pui = 1. Boliglim fonksiyonunu

xe(q) = (Z pi(0))

olarak tamimlayalim ve

xe(q) ~ (%) "

seklinde Slceklendigini varsayalim. Burada, genellestirilmig boyut, D(q),
7(q) = (g —1)D(q) ile verilir. ¢ = 0 icin, boligiim fonksiyonu £ boyun-

i aralign 6rtmek icin gereken kutu sayismna indirgenir, yani D(q = 0),
grafigin desteginin boyutudur. Enformasyon boyutu, D(1), u olgisiinun
cogunlukla {izerine yagadig kilmenin boyutunu verir:

D(1) = <21:e/h;#>

Eger biitiin kutularda ayn1 6l¢it bulunuyorsa, D(1), D(0)’a esit olacaktir.
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Eger kirigikhgin goklu dl¢eklenme (multiscaling) 6zelligi varsa, genel-
lestirilmig boyutlar bir araliktan digerine degigecektir. Bir tekillik tissi,

o, tanimlayalim:
AN
wit) = (1)

a tekillik {issil, daha once tanimlanan v tekillik {issiine benzemektedir.

Buradan,
@ig
wle) = L) = 3(7)

7

2 {¢g—1)D(q)
~(z)

oldugu gériilebilir. ¢ arttildiginda, toplama, daha kii¢lik o degerlerine
sahip araliklardan daha fazla katk: gelecek ve daha kiiciik D(q) degerleri
elde edilecektir. ¢ < 0 igin ise, grafifin daha diizgiin olan kisimlarina
karsilik gelen biiyiik « degerleri toplama daha fazla katkida bulunacak
ve D(q) degerleri artacaktir. Nilmerik hesaplamalarda, kritik bdlgede,
D(q) degerlerinin ¢ > 0 i¢in azaldigy, ¢ < 0 iginse arttif1 gozlenmistir
(Bkz. Tablo 3). Tamamiyle tiirblilan bolgede y(q¢) igin bir Slceklenme
sozkonusu olmadigindan, D(¢) tammlanamamaktadir. Laminer bolgede
D(¢) = D(0) = 1 bulunmustur.

Tekillik dslerinin dagilimi, dogrudan genellegtirilmis boyutlardan he-
saplanabilir. Eger, N, (£), dl¢tintin « tekillik tslerine sahip oldugu aralik-
larin sayis: ise, bu S, alt kiimesiyle bir f(a) boyutunu iligkilendirebiliriz.

—fle)
Ny(8) ~ (é—)

>, 43(2) toplami, bir aym o tekilligini tagiyan bitiin kutular, (Sg),
uzerinden alt toplamlara boliniirse,

xe(q) = ; %(%)aq = Z(%)QQNQ(Z)

@

e ag—fla) V4 ag—f(a)
-3z ~JE) e
= L L

olarak bulunabilir. Kiiciik (£/L) degerleri icin, integralde fislerin en
kugiigii baskin olacag: igin, bir eyer noktas: yaklasimi yapilabilir ve

m(q) = qalq) — f(a(q))
of(a)
fa ?

a;((f) a(q)

i
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bulunur. Bu, 7(¢) fonksiyonundan f(«) boyutlarina bir Legendre donii-
gumudir. Bu dontgtm kullanilarak, genellestirilmis boyutlardan f(a)
degerleri kolaylikla bulunabilir.

L aralig: igindeki toplam grafik uzunlugu, Gioq,

Giot = (%)d@z) = (%)Y%) —w _ (%)“d—ﬂ(l)

olarak bulunur. Burada d, uzaymn boyutudur. Bdylece, korunan odlg¢ii

wlt) ) d+8(1)
(e/L)~™ I3 -
(¢/p)~*PW s ( )

L
olarak yazilabilir. Genellestirilmig boyutlar: yeniden yazarsak,

(%) (¢—1)D(q) < <Z: ug(£)> _ <Z (%) q[d+,6(l)—%']>

k3
buluruz. (£/ L)W bityiikliigi ortalamanin digina alinirsa,

/ {g—1)D(q) - ? qld+3(1)] Z _é_ g—"i
L = \L —~\ L

2

pi(f) <

VAN

¢ gld+3(1)]—[d+¢B(g)]
(z)

bulunur. Buradan,
D(g) < —218(1) = Ba)] + d

elde edilir. Kullandigimiz sistemde d = 1 oldugundan, bu esitsizlik
D) < Z51B(1) - Hla)] + 1

halini alir. B(q) ve D(q) igin bulunan degerler bu denkleme yerlestirildi-
ginde, egitsizligin gerceklendigi goriilmektedir.

Yukaridaki denkleme, genellestirilmis grafik boyutlar ile yap: fonksi-
yonlar arasinda bulunmug olan esitsizlik yerlegtirilirse,

D(g) £ —25lG — G} + 1

esitsizligi elde edilir. Yine bu denklemde ¢, ve D(q) i¢in bulunan degerler
yerine yerlestirilirse, esitsizligin saglandig1, ancak, beklenilecegi gibi, esit-
lik olarak dogrulanmadig: gortiilmektedir (Bkz. Tablo 2,3).
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CHAPTER 1. INTRODUCTION

Many structures in nature, such as mountains, rivers, clouds, light-
ning, etc., are highly irregular and fragmented. Many of these structures
can be shown to be scale-invariant, or in other words, their irregularity
is identical on all scales. These kind of structures are named fractals
[1]. Fractals can be characterized by a scaling index called the fractal

dimension.

1.1. Fractal and Multifractal Measures

One of the parameters to characterize a structure geometrically is the
dimension. The dimension can be defined in many ways, but generally,
they all give the same result. To characterize irregular structures, the
box dimension can be used [1]. Let us take a set S and divide it into

e—sized boxes. The box dimension, then, is given by,

. InN(e)
Dp = lim 3 75 (1.1)

where N(e) is the minimum number of d-dimensional boxes of size ¢,

needed to cover all the points of the set S. For most cases of interest, the
box dimension is equal to the Hausdorff dimension [2]. If we again cover
a set S by d-dimensional boxes of sizes {¢;}, the Hausdorff dimension,
Dy, is defined as the critical dimension for which the Hausdorff measure,

H,(e), takes a finite value:

0, ifd> Dy
Hy(e) = lim iansf — {ﬁnite, ifd=Dpg (1.2)
=05 0o, ifd<Dy



i,

where the infimum is taken over all possible coverings with the constraint
€; < . The set is called a fractal if its Hausdorff dimension exceeds its
topological dimension (the number of linearly independent directions in
which one an move around a given point of the set S). In this study, we

are going to take the fractal dimension Dy = Dp.

Some fractal measures may require an infinite set of scaling indices,
and are called multifractal measures. For multifractals, the ¢ moment
of the measure scales with an exponent that has a nonlinear dependence
on q. Multifractals have been shown to exist in dynamical systems [3-6],
in fully developed turbulence [7], in the statistical mechanics of disordered

systems [7]. Multifractals scale as,
xelg) = Y_pi(e) ~ €79 (1.3)

where x¢(q) is the partition function; p;(¢) is the multifractal measure
(3=, mi(€) = 1), and € is the size of the d-dimensional boxes needed to
cover the set S. The sum runs over the different boxes of size ¢ on which

the measure y lies.

o mcar e

1.2. Spatio—Temporal Intermittency

In spatially extended systems with many degrees of freedom, there ex-
ists a regime where both regular and chaotic domains coexist, and evolve
in space—time. This behavior is called spatio—temporal intermittency. To
characterize this behavior with different degrees of complexity over dif-
ferent spatial and temporal domains requires an infinite set of exponents,
and thus multifractality arises naturally in the concept of spatio-temporal

intermittency.

Fully developed turbulence (FDT) is one of the most significant ex-
amples of spatio-temporal chaos. The property of FDT that attracted
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most attention is the scaling behavior of the velocity field. The scaling
behavior was first pointed out by Richardson [8], and later worked out
by Kolmogorov [9] and Obukhov [10]. They proposed a set of hypothe-
sis about the nature of high-Reynolds number turbulence, and predicted
that the fluid velocity field should be self-similar over a wide range of
scales, such that

([@(F +7) — @(F)[7) ~ rs (14)

They have found the third order scaling exponent, (3 to be 1/3. However,
even though this value is compatible with experimental results, higher or-
der structure functions deviate from Kolmogorov’s prediction ({; = 1/3)
experimentally [11]. This deviation has given rise to a large number of
models based on fractal or multifractal models. Kolmogorov [8] assumes
that the energy dissipation is smoothly distributed in space and the av-
erage dissipation is conserved at every step of the cascade. Mandelbrot
[12] preserves the same cascade model. but in his hypothesis (called the
B-model or absolute curdling) the energy is conserved at each step, but
does not fill all the space. Benzi et al. [13] argue in their multifractal
model (called random S-model or weighted curdling) that the dissipation
is distributed with a probability density. so that eddies with different dis-
sipation rates are created. But there has not been found a connection

between these models and the equations of hydrodynamics.

1.3. The Geometric Characterization of Turbulence

and the Graph Dimension

Some other studies have been made on the graphs of the hydrody-
namic field and the geometries of these graphs that determine the scaling
behavior of the structure functions of the fields [14-17]. The geometrical
properties of the field of vorticity magnitude, @ = V x . which increases

rapidly in some regions, have been studied. The connection between the
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dimension of the level sets and the concentration of vorticity on a fractal
carrier can be demonstrated [18]. Since the dimension of the level sets
and the dimension of the graph of the field are related via Euler relation,
this approach promised to be a route to connecting the fractal properties

of the flow field to the differential equations of hydrodynamics.

We have already mentioned that the level sets in FDT may have
fractal properties and a “graph fractal dimension® can be defined as a
measure of wrinkledness of the graph of the field. Sreenivasan [19] has
shown in his experiments, where he used a dye as a passive scaler in a

turbulent jet, that the level sets are fractal.

If there is a Holder condition on the solutions of the partial differential
equation,

Ge < <[1 + V- ﬁ|2]1/2> ~ O (1.5)

where Gy is the length of the graph in an ¢-sized interval, and % a finite
constant, then we can estimate the exponent s from the partial differen-
tial equation governing the field. We can also find a relation between the
structure function exponent (; and the scaling exponent 2 [20], which
will be defined as the graph dimension. This is one way in which a di-
rect connection between the partial differential equations and the scaling

theory can be established.

1.4. Coupled Map Lattices

The coupled map lattices can be viewed as a simplified replacement
for the partial differential equations arising in hydrodynamics and similar
fields [21]. A CML is a system that is made up of a coupled array of ele-
ments which evolve according to a nonlinear transformation and are capa-
ble of displaying determiﬁistic chaos (low dimensional chaotic behavior)

[22-24]. A CML is, thus, a dynamical system with discrete time, discrete
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space and continuous state, and it displays spatio—temporal chaos. The
studies on CMLs indicate phase transitions similar to those in statistical
physics. The transitions are dependent on the coupling parameter and
the other parameters of the nonlinear map [25-27]. In the critical region,
while some domains remain regular, some show chaotic behavior, and
these domains change in the course of time in an irregular manner, that
is, the system exhibits intermittency. The chaotic domains, seen in the
d + 1 dimensional space, form a fractal set at the critical parameters of
the phase transition [26]. Numerical and analytical studies have shown
that, at the critical region, scaling functions and critical exponents (that

are dependent on the critical parameters) can be defined [24-26].

1.5. Outline of the Thesis

In Chapter 2, we have investigated if the wrinkledness of the graph of a
CML has fractal properties. We have numerically computed the scaling
exponent 3 (the graph dimension). Since the system is intermittent,
we have assumed that the wrinkledness is not equally distributed, and

defined the generalized graph dimensions, 3(q), as

¢ 48(q)
(G7) ~ (f) (1.6)

where G is the length of the graph over an ¢-sized interval, and L is the
typical length over which the maximum possible variations in the field are
registered. If there is an inhomogeneous distribution, 3(q) will depend

on q. We have seen that this asumption is true.

In Chapter 3, we have worked out a relation between the generalized
graph dimensions and the ¢** order structure functions, which generalizes
the relation that has been given for ¢ = 1 [20]. When the numerical
results are placed in the relation, we see that the inequality is satisfied,

but not saturated.
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In Chapter 4, to understand how the non—uniformity of the wrinkled-
ness is distributed, we defined a conserved measure and computed the
scaling exponents, D(q), the generalized dimensions of the support of the
graph. We have found that the information dimension, D(1), the fractal
dimension of the subset on which the bulk of the wrinkledness lives, is
less than the fractal dimension of the substrate, D(0). We have worked
out a relation between 8(¢) and D(g), and saw that it is numerically
verified. By applying a Legendre transform, we have also computed the
dimensions, f(a(g)), of the sets on which the parts of the graph with

different singularity exponents, a(g), are concentrated.

In Chapter 5, we summarize our results.



CHAPTER 2. GENERALIZED FRACTAL
DIMENSIONS ON COUPLED MAP LATTICES

2.1. The Coupled Map Lattice

As defined in Chapter 1, coupled map lattices (CML) are one of the
ways to investigate spatio—temporal chaos. They are discrete in time and
space, and they possess nearest-neighbor interactions. Although there
are various kinds of couplings between nearby lattice points that can be
used in a CML, in this study, we are going to use a CML with diffusive

coupling:

zi(n+1) = (1 = &) floa(n)] + 5 { fleaa ()] + Az} (21)

where 7 denotes the lattice site, and n shows the discrete time. The space
dimension is 1. f(z) is the local evolution rule and ¢ is the coupling
parameter in the range [0,1]. We have taken two maps as examples for

the local evolution rule: the modified tent map and the logistic map.

2.1.1. Modified Tent Map

The modified tent map is given by

rT, ifo0 <z <1/2
flz) =<4r(l-2), if1/2< 2z <1 (2.2)
T ifze>1

with r > 2.
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When we consider the uncoupled map, it is easily seen that. for large
enough r, f(z) shows chaotic behavior as long as the function is in the
interval [0,1]. For » > 2, points within this interval eventually ecape
into (1,r/2]. When the variable = is in (1,r/2], the iterations lock at a
fixed point and remain there (Fig (2.1)). The regular and chaotic states
of each point can be easily distinguished, and laminar and turbulent
domains can be defined [25]. When the maps are coupled, however, there
appears a possibility that a site in the laminar domain can end in the

turbulent interval at the next iteration, depending upon its neighbors
being turbulent.

fx) A

Vg Jmm e e e e e
H
i
L PSR A N W
/,',

(R Y
B T &
N

o
¥
=

% x

Fig. 2.1 The modified tent map.

In the CML we have used, the critical region depends on the values
of both the parameter r and the coupling parameter ¢. For different r
values, there exist different critical coupling parameters, ¢, [25], as shown
in Table (2.1). As r — 2, the probability of a turbulent site escaping to
the laminar region goes to zero. Also, when r is fixed, and ¢ is increased.

the number of turbulent sites increase
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Table 2.1. Critical coupling parameters for different r values [25].

r Ee
2.539 0.1

3 0.3593
3.735 0.7

3 0.9083

2.1.2. Logistic Map

The logistic map is given by

flz) = de(l—=x) (2.3)

with z in the interval [0,1], and 0 < A < 4 (Fig. (2.2)). The fixed
points of the uncoupled map lose their stability for A > 3, and the
system exhibits the period—doubling route to chaos. When the maps
are coupled, there appears domains in some of which the points show a
period-doubling behavior in time, and in some of which the evolution
is chaotic [21] (Fig. (2.3). In this system, we are going to denote the
periodic behavior as laminar, and the regions that behave chaotically as

turbulent.

Recall that for A > 3.59, the logistic map shows a transition to chaos.
For the coupled map, it was found [28] that, around A ~ 3.63, the largest
Lyapunov exponent from being negative to positive. For A > 3.63, the
largest Lyapunov exponent shows very erratic behavior, changing rapidly
between negative and positive values. Thus the whole region 3.63 < A < 4

seems to be a critical region where a small change in A drives the system
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from being laminar to turbulent.

!
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0.80

Q.60

g.40

2.20

Fig. 2.2 The logistic map.
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Fig. 2.3 Different time snapshots drawn together for the logistic

map. One can easily see that the ponits have a periodic behavior in some

regions, while in others they evolve chaotically.

map. Une can easily see that the points have a periodic behavior in some

regions, while in others they evolve chaotically.
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2.2. The Generalized Dimensions of the Graph

‘We expect the graph of r; vs ¢ to be self-affine, that is, there ex-
ists a typical scale L, on which the largest possible variations in z, are
registered, and therefore the scaling behavior in the horizontal and the

vertical directions are different (Figs. (2.4-3)).

1.68-
.20 1
: FEW
;
;
@.80
0. 40
e-aa IVlllllll]lITIIlIllrml"ljfll[!lIll_r]'_ll[lllllllil]lliill'l_l_l_]
2.00 100.00 200.00 308.90 400.00 500.00 600. 20

Fig. 2.4. The graph of the coupled modified tent map drawn at

different time snaphots.

To find the dimension of the graph of z, vs n on a lattice of NV sites
with periodic boundary conditions at any time step (after the transients
die out), we have calculated the length of the graph. dividing the typical

-Sca.le L into £~sized intervals (¢ < L).” If we consider the length of the
graph between the k.t" and (k -+-1)* sites to be the hypothenuse of a right
triangle, then the length of this part is given by:

24 1/2
b (kg1 — ivk)] } (2.4)

Ak) = {1 + [{ﬁé—)
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where the scaling factor ﬁ is needed to make this quantity dimension-

less. The length of the graph over an L-sized interval is,

it+2/2

Gi) = > Alk) (2.5)

k=1-2/2

where ¢ is the position of the midpoint of the interval of size £. Then the

length of the graph that can be fit into an ¢-sized interval is

Ny
> Gald) (2.6)
i=1

where Ny, = L/f. Averaging over different snapshots and different L

placements, one finds

1 oy e\ P ,
(% ;G“”> - (z) <

Here, < --- > denotes averaging both over time and space with respect

W]
-1
—

to the Lebesgue measure. If the graph has multiscaling properties, we
expect the scaling exponents to vary from one interval to another. So,

we define a singularity exponent, v, as

Guli) ~ (—Le—) , (2.8)

The singularity exponent is a measure of the wrinkledness over an
L-sized interval. If + is big, the graph will be highly wrinkled at all
scales, and if v is small, it will be quite smooth. As ( is narrowed down,
the number of balls needed to cover the graph grow drastically for v > 0
~and large. Since v differs from interval to interval, when moments of the

average graph length, <Gg>, are taken. different v values will be chosen.

1 &
(1) = (3 et

=1 (2.9)

1 Ne [\ e 1 —g8(q)
“(wx(z) )~ ()

1=



Here, < --- > has the same meaning as before. When ¢ is increased, the
parts that have a big value of v will contribute more to the expectation

value of the graph length. so bigger 3(¢) values will be obtained.

a) 1.00
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oze VAT TIT I T T T e P T T P v e T r ey vy it

Q.20 100 00 200.08 300.00 400.00 5@8 7%
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8.60
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9.00 100.00 200.990 300.00 402.00 500 o8

Fig. 2.5 The graph of the coupled logistic map taken at one time
step for different A values: a)A = 3.76, b)A = 3.81, d)A = 3.94.
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Fig. 2.5 The graph of the coupled logistic map taken at one time step

for different A values: a)A = 3.76, b)A = 3.81, d)A = 3.94 (continued).

2.3. Computation

To show the scaling behavior of the expectation value of the graph
length, we have computed the generalized graph dimensions for different
values of r and e, (Figs. (2.6)-(2.7)), and we have seen that 3 ¢) Increases
as q increases. Moreover this dependence on ¢ is nonlinear. The results
are given in Table (2.2) for the modified tent map, and in Table (2.3) for
the logistic map. The ¢ dependence of 3(g) is shown in Fig. (2.8) and
(2.9). '



Table 2.2. 5(q) values for different <, and » parameters in the mod-

ified tent map.

3(q) ge =.1 e = .3591 € =.T e = .9083
r = 2.539 r=3 r=23.735 r=3
B(0) | 1.12+.03 1.13+.04 1.09+.04 1.19=.06
A1) | 1.21%.07 1.18+.07 1.12+.08 1.26=.09
B(2) 1.3%.1 1241 1.14+.07 1.4=.1
B(3) 14+.1 1.3+.1 1.16+.09 1.4=.1
3(4) 1.5+.1 1.4+.2 1.2+.1 1.3=.1
3(5) 1.59+.08 141 1.2+.1 1.6=.1

Table 2.3. 8(q) values for different A values in the logistic map.

B(g) A=371 | A =376 A =381 | =394
B(0) | 1.42+£.08 1.524+.08 1.51£.08 1.57+.7
B(1) | 1.43+£.08 1.53+.08 1.52+.08 | 1.584.08
B(2) | 1.44£.09 1.54.1 1.53+.08 | 1.584.09
8(3) 1.44.1 1.5+.1 1.5+.1 1.6%.1
8(4) 1.4+.1 1.5+.2 1.54.1 1.64.1
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Fig. 2.6. The scaling behavior of the moments of the averaged graph
length, < G >, for different r and g, parameters in the modified tent
map: a)r = 2.539, ¢, = 0.1, bjr = 3, ec = 0.3593, c)r = 3.735,
ge = 0.7, d)r = 3, s, = 0.0983.
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Fig. 2.8. The scaling behavior of the moments of the averaged graph
length, < G} >, for different r and ¢, parameters in the modified tent
map: a)r = 2.539, &. = 0.1, b)r = 3, ¢, = 0.35893, c)r = 3.735,
g = 0.7, d)r = 3, e, = 0.0983 (continued).
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Fig. 2.7 The scaling behavior of the moments of the averaged graph
length, < G¥ >, for different A values: a)A = 3.71, b)A = 3.76, c)A =
3.81, d)A = 3.94 (continued). '
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CHAPTER 3. THE STRUCTURE FUNCTIONS

3.1. The Structure Function

The structure functions of the fields are given by,
S r) = <[t?(a'c' + r9) — u(a) |"> (3.1)
and they are believed to scale as
SUr) = lim (|7(& + 7) — @@)|?) ~ 1o (3.2)

where @(Z) is the field at point Z, and the average is taken over time and

all space.

Although, in the system we use, space is discrete, and the limit r — 0
cannot be taken, we investigate if there is a scaling behavior for some
discrete £ values (ro « ¢ <« L, where L is the scale on which the
possible variations in z, are registered). The set of dynamical variables
T, can be considered as a one—dimensional field over a discrete space, so
the structure functions of the CML can be defined as the differences, Se,
of the fields at two lattice points separated by a distance £ (¢ <« L), the

lattice spacing being taken as unity:

S = <%§lxi+e - w|> (3.3)

where N, is the number of intervals sized ¢ within the region L, and
< --- > represents averaging over different time snapshots and different

L placements. We expect the first order structure function to scale as

C Cl
Se ~ (f) , (34)
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3.2. The Relation Between (1) and (3

Let us consider an interval of size £ and look at the piece of graph
above it. By taking d-dimensional boxes with linear size (£/ L) above
the interval, it is seen that the piece of graph above the interval can
be covered by |zit1 — ;i |/(¢/L) boxes of size (¢/L) (Fig (3.1)). The

number of boxes necessary to cover the interval L is,then,

IN? |zige — i

with d being the dimension of the space.

—B(1)

The average graph length scales as (¢/L) as given in Eq. (2.7),

and this quantity should be equal to or greater than the average number

of boxes necessary to cover the graph.

(7" () e 0

where < --- > has the same meaning as before. Using Eq. (3.3), we get,
AR IAN -
) =) &0

For this inequality to be true
—8(1) 2 (1 —d-1 (3.8)

or

B(l) <d+1-G (3.9)

This result is a well-known inequality [20]. In our system, d =1, so

B <2-G (3.10)

It is seen that if the graph tends to be space-filling, 3(1) will go to
2, and ¢(; — 0. On the other hand, if the graph is smooth, §(1) will be
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1, and therefore (; = 0. So, the structure function exponent, (i, shows

how smoothly or roughly the field varies from point to point.

3.3. ¢'* Order Structure Functions and Their

Relation with Generalized Graph Dimensions

Having computed the first order structure function and its relation
with the fractal dimension of the graph, one may wonder if there exists
such a relation between the ¢** order structure functions and the gen-

eralized graph dimensions. The ¢** order structure functions are given

by
1 N, ¢ 9¢q
g _ [ = NPT B U )
SZ <N—Z ; |zt ;| > (L) (3.11)
where < -+ > has the same meaning as before and N, = L/4.

The ¢* moment of the average graph length scales as (£/L)~%(9 (Eq.
(2.9)), and this quantity should be equal to or greater than the moments
of the average number of boxes of size (¢/L) needed to cover the part of
the graph over an ¢- sized interval. (We are going to follow the argument

used in Section 3.2.)

—q8(q) q(d+1)
(%> 2 <%) (leire — @:l7) (3.12)

Using Eq. (3.11),

Y, ~-q6(q) L g(Gq—d—1)
— > | = 3.13
(z)  =(%) (19

Again for this inequality to be true,

—gB(q) = q(¢g—d—1) (3.14)

or

Blg) < d+1—-¢, (3.15)
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In our one-dimensional system, the inequality becomes

Bla) < 2-¢, (3.16)

The ¢, values we have found for the coupled modified logistic map are
shown in Table (3.1), and the scaling of the structure functions are given
in Fig (3.1) for different ¢, and r values. In the coupled logistic map,
there exists a scaling behavior like for the tent map for some A values,
while there is none for others. This scaling behavior and the breakdown of
scaling is shown in Fig. (3.2). When the results in Table (2.2) and Table
(3.1) are placed in Eq. (3.14), we see that, even though this inequality is

satisfied, it is not saturated.

Table 3.1. ((q) values for different =, and r values in the modified
tent map. :

Cq e =.1 ge = .3591 e =.T . = .9083
r = 2.539 r=3 r=3.735 r =8
C1 13£.05 114.04 13+.05 15+.06
2 09+.05 08+£.07 08+£.05 0.9+..06
C3 05£.04 061.05 04+..03 054.04
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CHAPTER 4. GENERALIZED DIMENSIONS OF

THE GRAPH

4.1. Generalized Dimensions

In Chapter 2, it has been shown that the generalized graph dimen-
sions, B(q), have a nonlinear dependence on the moments, ¢, and therefore
the wrinkledness of the graph of the CML is not uniformly distributed.
We would now like to investigate how this nonlinearity is distributed, so

we define a conserved measure.

Gi(#
wi€) = Gt(ot) (4.1)

where G, is the length of the graph in an L- sized interval (L is the typ-
ical scale over which the largest possible variations in z, are registered),

and Y, u; = 1. The partition function, then, is defined by

xe(q) = <§j ,u,?(f)> (4.2)

where < --- > denotes averaging over different times and different L

placements. We expect the partition function to scale as

xe(q) ~ (%) " (4.3)

where 7(q) = (¢—1)D(q), and D(q) is the generalized dimension [2,4,5.6].
For ¢ = 0, the partition function reduces to the number of boxes of size

¢ necessary to cover the L— sized interval, so D(q = 0) is the fractal
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dimension of the support of the graph. The information dimension, D(1),
is the fractal dimension of the set, on which most of the measure p lives

[29], and is given by

' 1 <Zz ﬂg(’€)>
D) = lim o~z (4.4)

where < -+ > denotes averaging over different snapshots and different L
placements throughout the whole system size N. When the limit in Eq.
(4.4) is taken, we find

- )

(4.5)

If all the boxes have the same measure, then the information dimension

will be equal to the fractal dimension of the support, D(0).

If the wrinkledness has multiscaling properties, then the scaling ex-
ponents of the measure will differ from one interval to another. So, we

define a singularity exponent, «, as

w®) = (z) (4.6)

The singularity exponent, «, is very much like the singularity expo-
nent v defined in Chapter 2, Section 2.2, with the difference that small o
values belong to the intervals over which the measure is very singularly
distributed. One can easily see that

e =20 - 3(z)

’ (4.7)

YV (¢—1)D(q)
~(z)

So, when ¢ is increased, the interval with smaller « values will contribute

more to the summation in Eq. (4.7), and smaller D(¢) will be obtained.
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As for ¢ < 0, the contribution will come mostly from bigger a values,
which correspond to the more uniform parts of the graph, so D(g) will

Increase.

We can compute the distribution of the singularity exponents directly
from the generalized dimensions. If N4 (£) is the number of boxes in which

the measure has the singularity exponent «, we can associate a dimension

f(a) with this subset S,
o\ ~F(@
v~ (£) as
Then, the partition function can be written in terms of « and f(a) by
dividing the summation ), #;(¢) into a summation over o and a sum-
mation over all the subsets S, that carry such a singularity:

o = Dut0 = (z)

i

->3(5) = 2(3) wo (49)

o S, o

Z ( ; ag—f(a) Y ga—f(a)
= _— ~ bl da
) /G

For small (£/L), the integral will be dominated by the minimum of the

exponents, so if a saddle point approximation is made, using Eq. (4.3),

we get
m(q) = qa(q) — fla(g)), (4.10.a)
?i(aa%)—)— = gq, (4.10.0)
9r(g) _ .

This is a Legendre transformation from the function 7(g) to f(a). If we
know the generalized dimensions. D(g). we can find the f(«) spectrum

by performing this Legendre transformation.
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The numerical results for D(g¢) values for parameters are given in
Table (4.1), and the scaling of x(q) for different parameters are shown
in Figs. (4.1) and (4.2) for the modified tent map and the logistic map,
respectively. We have seen that, for the tent map, in the turbulent region,
x¢(g) has no scaling behavior (Fig. (4.3.a)). On the other hand, in the
laminar region D(¢) = D(0) = 1 (Fig. (4.3.b)). The graphs of D(q)
vs g and the f(«a) spectra are shown in Figs. (4.4)—-(4.5) and (4.6)—(4.7),
respectively (The first figures belong to the modified tent map, the latter
to the logistic map).

4.2. The Relation Between D(g) and 3(g)

In Chapter 2. the moments of the average graph length, <Ge> has
been given by Eq. (2.8). Taking ¢ = 1 in this equation, we can find the

total graph length in an interval of size L, Giot,

d o\ —B(1)
d (%) (%) (4.11)
/ —~d—3(1)
-

where d is the dimension of the space. So, the conserved measure p;(¢)

can be rewritten as
G;(£) (/L)
. — K < 3
/J,z(g) Gtot - (E/L)_d—ﬁfl)

o B (4.12)
< [ =
= (2)
If we rewrite the generalized dimensions,
Y, (g—1)D(q) ‘
(2)  ~(3uo)
’ (4.13)

N ¢ [d+8(1)~~ilg
<(X(z) )
o

(2



The quantity (£/L)*+8M14 can be taken out of the average, so Eq. (4.13)

can be written as

Y, {g—=1)D(q) ¢ [d+8(1)]g ;, Ne ANt
() =@ @) ) wew
=1

2

Remembering Eq. (2.9), we see that

(@)™
( > d()(:qm (4.15)
(5

If we put Eq. (4.15) into Eq.(4.14), we find

¢\ (4~ DDt o\ [dF9(lg—ld+g3(g)]
Ol
So.
1
D(g) < —={ld + B(Llg - [d + ¢8(g)]}
q . (4.17)
< ——[B(1) = Bl + 4
ar— i
Since, in our system, d = 1, we find
Dlg) < = [601) = la)] + 1 (4.18)

When we put the results shown in Tables (2.2) and (4.1) into this
inequality for the coupled modified tent map, we see that the inequality
is numerically verified. The results of the coupled logistic map (Tables

(2.3) and (4.2)) also satisfy this relation.

If we replace Eq. (3.14) in Eq. (4.18), we see that

Dlg) £ 25 (G — )+ 1 (4:19)
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When we put the numerical results of Tables (3.1) and (4.1) into Eq.

(4.19), it is seen that this inequality is satisfied, but not saturated.

Table 4.1. D(g) values for different :. and r values in the modified

tent map.
D(q) ge=.1 ge = .3591 So=.T €. = .0083
r=2.539 r=3 r=3.735 r=3
D(—~4) 1.3+.1 1.13+.09 1.03%.02 1.2+.1
D(-3) 1.2+.1 1.09+.06 1.02+.03 1.1+£.06
D(~2) | 1.12+.07 1.054.04 1.02+.02 1.09+.06
D(—1) | 1.05+.03 1.03£.02 | 1.01£.01 1.04£.02
D(0) 1 1 I 1 1
D(1) 95:+.03 08+.02 ‘ 09007 97+.02
D(2) 89%+.07 97+.03 98+.02 93404
D(3) 8+.1 91+.06 9T+.02 89£.07
D(4) ER) 8741 96+.03 86.09
D(3) T+2 8+.1 95+.05 8+.1
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Table 4.2 D(q) values for different \ parameters in the logistic map.

D(q) A =3.71 A =376 A = 3.81 A = 3.94
D(—4) | 1.14+.09 | 1.12+£.09 | 1.164.09 1.2+.1
D(-3) | 1.11£.07 | 1.07£06 | 1.12+.07 | 1.15+.09
D(—=2) | 1.08£.00 | 1.05+.04 | 1.08+.05 | 1.08+.05
D(=1) | 1.04%.04 | 1.02+£.03 | 1.04+.02 | 1.04+.02
D(0) 1 1 1 1
D(1) 96+.02 97+.03 96+.02 95+.05
D(2) 93+.04 94+.05 93+.04 924+.05
D(3) 94.06 914.06 89+.06 884.00
D(4) 87+.08 88+.09 87+.07 841
D(5) 85+.08 8+1 | .84%.08 8+.1
a) 2.@@:
1.507
1.0
8.5@-|lll[ﬁll[[[lflllll|llllllll||llllIIIIIIIlllIlll[]lle]1Tr[|lllllllll]
1.28 1.4 1.60 1.80@ 08 2.20 2.40 2.60

Fig. 4.1. The scaling of the moments of the partition function. x.(q),
= 2.5839, z, = 0'17 b)’l’
= 3, ¢. = 0.9983.

for the coupled modified tent map: a)r

ge = 0.3593, ¢)r = 3.735, ¢, = 0.7, d)r

3,
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CHAPTER 5. RESULTS

In this study, we have investigated the distribution of wrinkledness of
the graph of the CML by means of the generalized graph dimensions and
the generalized dimensions of the support of the graph.

We have found from our simulations that the graph length indeed
exhibits scaling behavior, as can be seen from the quality of the fits in
Figs. (2.6-T). Moreover, we see experimentally that the wrinkledness

is not equally distributed. The generalized graph dimensions, J(q) were

defined as
e —qB(q) 1 Ny ‘
(5) ~{(xXew) (5.1)

¢
where Ny = L/ is the number of ¢-sized intervals in the typical scale
L (the scale over which the largest possible variation in z, live), G;(¢)
is the length of the graph in the ¢** {-sized interval, and the average
is taken over time and different L placements in space. We have seen
that B8(¢) depends nonlinearly on ¢. The numerical results for 8(q) are
given in Table (2.2) for the modified tent map, and in Table (2.3) for the
logistic map. For the modified tent map, the 8(¢) values increase with
increasing ¢, except for one critical coupling parameter, e, = 0.9083.

For this parameter, the scaling indices are found to be nearly the same.

We have defined the ¢** order structure functions as the differences

of the variables z,(¢) separated by a distance £:

(% S riee - alr) ~ (%)g (52)



32 —

L

and worked out a relation between the ¢** order structure functions and

the generalized graph dimensions:

Bla) £2- 4 (5:3)

The numerical results for (, values are given in Table (3.1) for the
modified tent map, and in Table (3.2) for the logistic map. For the
modified tent map, the scaling exponents tend to zero as ¢ increases.
But for the logistic map, we see that although for some values of the
parameter A, there exists a scalin behavior of the structure functions, for
other values this scaling breaks down. This shows that the evolution of
the system is strongly sensible to the parameters and the graph changes
its characteristics at different A values. When we put the values given in
Tables (2.2) and (3.1) in Eq. (5.3), we see that this inequality is satisfled,

but not saturated.

To understand how the nonuniformity of the wrinkledness is dis-

tributed, we have defined a conserved measure,

te) = 29 (5.4)

where Gy is the length of the graph in an L- sized interval. We have

defined the generalized dimensions of the support of the graph, D(g), as

(g—1)D(q)
(Swsto) ~ (7) (55)

The numerical results for D(gq) are shown in Table (4.1) for the modified
tent map, and in Table (4.2) for the logistic map. We have found that the
fractal dimension of the support, D(0)}, is bigger than the dimension of
the set over which most of the measure lives, D(1) [29]. We have also seen
that, although in the critical region. there exists a scaling behavior of the
¢** moments of the measure, there is no such scaling in the pure turbulent

region. On the other hand. in the laminar region, D(g) = D(0) = 1.
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In Tables (4.1) and (4.2), we see that, although within the error bars,
D(q) values look the same, they tend to decrease with increasing ¢ for
g > 0, and to increase for ¢ < 0. For the modified tent map, it is
interesting to see that the D(g) show a slight change for the critical
coupling parameter ¢, = 0.9083. At this value parameter, both the
averaged graph length, < G} >, and the partition function scale better
than they do for the other parameters. This critical parameter is an
extremum point on the phase transition line, and we believe it deserves

more attention.

Since the graph is intermittent, the scaling exponents should vary

from one interval to another, so by using a Legendre transform, we obtain

fla(q)) = ag — (¢ —1)D(q) (5.6)

The spectrum of f(«) is shown in Figs. (4.6-7). Here, « is the singularity
exponent, and f(«) is the dimension of the sets with the singularity
exponent «. The slope of the tangent at &min and amqr points should
in fact be infinite, but while the graphs in Figs. (4.6-7) seemm to go
linearly wih a finite slope for large |g|. On the other hand, error bars are

also mch larger for large |g|.

We have also found a relation between the generalized graph dimen-
sions and the generalized dimensions of the support:

D) = £ [3(1) - Hla)) + 1 (57)

With the results in Tables (2.2) and (4.1), one can easily see that this

relation is numerically satisfied.

Using Eq. (5.3). we can also find a relation between the q** order

structure functions and the generalized dimensions of the support:

D(g) £ ——=((g — 1) +d . (5.8)
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Using the results in Tables (3.1) and (4.1), this equation is seen to be

saisfled, but not saturated, as expected.

In summary, we have intrioduced to generalized dimensions, 5(g) and
D(q) for the graph of a scalar function defined over space-time. In place
of continous and spatially extended systems, we have taken their discrete
time—discrete space analogues, or coupled map lattices. For two different
VML, we have demostrated the utility of this generalization, by showing
that in the presence of spatio-temporal intermittency, 3(¢) and D(q)
behave nonlinearly with q (although within the error bars, we cannot
rule out a nonlinear dependence. Most importantly, we have shown that
D(1) may indeed be smaller than D(0), so that the dimension of the set
over which the bulk of the “wrinkling” of the graph lives, is smaller than

that of the support [13].
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