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SUMMARY

The predicted neutrino fluxes from the Sun according to the Standard Solar
Models do not agree with the fluxes detected at the Earth. This disagrement is
called the “solar neutrino problem”. In this work, we will study a possible
solution of this problem in terms of the resonance flavour conversion (MSW ef-
fect). According to the MSW effect, during the propagation one neutrino state
transforms to another state. We will see how the MSW effect can describe the

experimental data for a large range of parameters.

In the first chapter, we will present the experimental data corresponding to the
Standard Solar Model predictions and then formulate the solar neutrino problem.

In the second chapter, we will describe the neutrino oscillation and resonance

conversion.

The comparison of the solar neutrino spectrum with experimental data will
be given in the last chapter: we will find the allowed region for the parameters
of the theory: Am?, sin®26y. Moreover, we will study how the allowed regions

are changed when the original Boron neutrino flux is changed.
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OZET

Solar Notrino Problemi

Diinyada nétrinolar dogal radyoaktivite, nikleer reaksiyonlar ve ylksek ener-
jili hizlandiricilar tarafindan dretilir. Gineste ise niikleer fiizyon sirasinda mey-
dana gelen zayif etkilesmelerle dretilir. Zayif, elektromanyetik ve gravitasyonel
kuvvetlerde yer alan fakat kuvvetli etkilegmelerde yer almayan bir kiitleli leptonla
birlegmis li¢ ¢esit notrino bilinmektedir. Bilinen leptonlar elektronlar, muonlar

ve taulardir. Demek oluyor ki v,, v, ve v, nétrinolan vardir.

Giineste niikleer reaksiyonlar tarafindan {iretilen ndtrinolar "solar nétrinolar”

diye adlandirilir. Biz bu nétrinolar tzerinde ¢aligacagiz.

Solar notrinolarn {ireten dnemli iki reaksiyon ailesi vardir. Bunlar pp-zinciri
ve CNO-ddntigimi diye adlandirilmaktadir.

pp-zincirinde en dnemli ndtrino-lireten reaksiyonlar agagida agik bir sekilde

verilen pp, pep, hep, "Be ve ®B reaksiyonlandir.

p+p — H+et+v, (g<0.420MeV)
p+e +p — *H4v, (¢g=1442 MeV)
3He +p — *He+v. (g<18.773 MeV)
"Be+e~ — Li+v, (g=0862 MeV, %89.7;
¢ =0.384 MeV, %10.3)
8B — Be*+eT+v. (¢< 15 MeV)

(¢ nodtrino enerjisidir.)

pp, hep ve ®B kaynaklarinin her birinden elde edilen nétrinolar sirekli bir spek-
truma sahiptirler. pep ve "Be notrinolar: ise iyi tanimlanmis enerjilere sahip-
tirler ve spektrumlar1 bir ¢izgi halindedir. pp reaksiyonu solar parlakhigin
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yaklagik olarak tamamim saglayan zinciri baglattigindan dolay: bu reaksiyon-
dan elde edilen nétrinolar bir akima en temeldir. pp nétrinolan diigiik enerjilere
sahiplerdir ve bu yizden onlar1 gozlemek zordur. Gozlenmesi en kolay nétrinolar

hep ve 8B reaksiyonlarindan dretilen epeyce yliksek enerjili nétrinolardir.

CNO-ddntigiimiindeki temel reaksiyonlar ise agagida sirasiyla verilen 3N,
150, YF reaksiyonlandir.

By & ¥ tet+v, (¢<1.99 MeV)
0 — BN+et+v. (¢<1.732 MeV)
P o "4et+v. (¢<1.740 MeV)

Fakat CNO ndtrino kaynaklarimin ne hesaplanmig akilarn ne de karakteristik

enerjilerin bliyiik olmamasindan dolay: gozlenmelerinin zor olmasi beklenilir.

Solar nétrinolardaki mevecut data dort deneyden elde edilir. Bu deneyler
Homestake, Kamiokande, SAGE, GALLEX olmaktadir. Bu deneylere gore
elde edilen oranlar ile Standard Model’e gore tahmin edilen oran gbzlenen oran-
dan daha biiyik ya da ¢ok daha biyiktir. Kisaca, tahmin edilen nétrino akilar:

b

ile ol¢lilen ndtrino akilar: arasindaki bu ayrihiga ” solar notrino problemi ”

ad: verilir.

Calismamuz, rezonans flavor ‘dontigimuine dayanarak solar nétrino problemi-
nin mimkidn bir ¢ézimi {zerinde olacaktir. Agikga, problemimiz solar nétrino
titresimine ve rezonans dondgimine gore notrino parametreleri i¢in izin verilen
bolgeyi bulmaktur.

Standard Modelde ndtrino kiitlesizdir. Teoriksel olarak bu yeterli derecede
memnun edici degildir. Biz kiitleli bir ndtrino farzedecegiz. En azindan bir
notrino 6zdurumu sifirdan farkli bir kiitleye sahip ise ve zayif etkilesim bozun-
malarinda yaratilan nétrino durumlar: serbest Hamiltoniyenin kararli durumlar:
olmayan taniml kitle durumlarn degillerse nétrino durumlar: arasinda titresim
meydana gelebilir. Ozel yikld leptonlarla zayif-etkilesim bozunmalarinda dretilen
notrino durumlart |ve), |v,), |Veew) flavor ya da akim durumlar: olarak ad-
landirilir. Flavor 6zdurumlar: serbest hamiltoniyeni diagonal yapan kiitle dzdu-
rumlarimin lineer birlesimidir. Yani, flavor ézdurumlari, |vy), iki boyutlu {niter
matris (S(0v)*S(0v) = I) yardimuyla kiitle 5zdurumlarina dayanarak ifade edile-
bilir,

v = sonsen = ( 3l )

1X



Burada,

o= (1))

9=(13)

ve fy vakum karigim agisini ifade eder.

Solar maddelerdeki notrinolarin dretimi bu maddede yer alan ndtrinolar ve
elektronlar arasindaki etkilesmeler tarafindan tespit edilir. Notrino titregimini
vakumda ve maddede inceleyecegiz. Schrodinger denklemine benzer olan hareket
denklemi ile Hainiltoniyenden hareket ederek kiitlenin karesini ve bir flavor 6zduru-
munun baska bir flavor 6zdurumuna gegis ya da bir flavor ézdurumunun ayni fla-
vor dzdurumunda kalma olasihigini inceleyecegiz. Bu olasiik vakumda sin® 28y,
ndtrino kitlesinin karesi fark: olarak bilinen Am? = |m? —m2| ve nerjiye baglidur.
Madde i¢inde ise bu olasilik aym1 zamanda elektron yogunluguna bagl:i olacaktur.
Ayrica madde iginde vakum karigim agis1 ve yogunluga bagh olan yeni bir karigim
acis1 tammlanir. Madde iginde yogunluk sabit ise bu karigim agisida sabit ola-
caktir. Yogunluk degisiyorsa bu karigim agisida degisecektir. Bizim icin 6nemli
olan MSW etkisine gore hesapladi§imiz ortalama hayatta kalma olasihgidir. Bu
olasilik tabii ki Am?, sin®20y ve enerjiye bagh olarak degigmektedir. Dikkat
etmemiz gereken degerler minimum ve maksimum olasilik degerleri, rezonans du-
rumundaki enerji degeri ve adiabatik durumdaki enerji degeridir. Adiabatik du-
rumda maddedeki kanigim agisinin tiirevi ihmal edilebilecek kadar kiiguktir. Yani,
bir kiitle 6zdurumu bagka bir kiitle dzdurumuna gegmemekte, atlamamaktadir.
Eger enerji adiabatik durumundaki enerjiden daha biyiik ise bir kiitle 6zdurumu
bagka bir kiitle 6zdurumuna gegig vapmaktadir. Bizim igin rezonans ve adiabatik
kogullar1 ¢ok onemlidir. Ciinkid ndtrino titresiminin en yogun oldugu bdlgeler

"bunlardir.

Notrino parametrelerindeki simirlar tahmin edilmig akilara ozellikle Boron
notrino akisina (¢pg) baghdir. Bu aki biyiik belirsizliklere sahiptir. Bundan
dolay1 yeni bir fp parametresi tanimlamir. Bu parametre orijinal boron akis ile
Standard Solar Model’e gore tahmin edilmis akinin oranidir. Ilk kademede biz
fB'yi bire esit alacagiz. Yani, Standard Solar Model’e gore tahmin edilen akinin
orijinal Boron akisina tamamen egit oldugunu diiginecegiz. Buna gbre Am?,
sinZ 20y parametrelerinde simirlar bulacagiz. Eger tahmin edilmig boron ndtrino
akisim deneylerden elde edilen ile karsilastirirsak deneysel datalarin en elverigli

durumunu veren {i¢ kogul gézleyebiliriz.
X



1) Boron notrino akisi enerji 7 Mev'den biyik oldogunda yaklagik olarak
0.41 x ¢$°M olmalidir ve burada Standard Solar Model’e gore tahmin edilmig ak:
($3°M) 5.64 10° cm~2s7! esittir.

2) Standard Solar Model tahminleriyle ilgili olarak kuvvetli bir sekilde bastirilan
”Be, pep, 1N ve ®*0 ndtrinolarinin akilar ihmal edilebilir.

3) pp ndtrino akisimin bastirma faktori gok zayiftir.

Ik iki kogul Homestake ve Kamiokande sonuglarindan elde edilebilir. Eger
Boron ndtrino akisi igin katkilarin degerini azaltacak olursak, ? Be n6trino akisinin
katkilar: artacaktir. Fakat bu Kamiokande sonucu (R.,) ile aym degildir. Ugiincit
kogul GALLEX deneyinden gelmektedir. Son iki kogul ve rezonans enerjiden

E;,az < Erez < EBe

kosulunu yazabiliriz. Bu kosul ve agagida verilen rezonans enerji bagintisindan

Am? cos 20y

Erez =" R
2\/§Gpng"““’

(nl***® glinegin merkez yogunlugudur.)
Am? deki genel sinirlar bulabiliriz:

E;';‘w2\/§Gpng < Am? < EBBQ\/-Q-GFTZB
\/1 —sin? 26y \/1 — sin? 26y

Eger sin® 20y birden ¢ok daha kiigiik ise, cos 20y yaklagik olarak bire esit olacaktir

ve rezonans enerji agagidaki forma sahip olacaktir:

Bu durumda, Am? deki simirlar

6.49 1076 < Am? < 1.33 107° eV?
ile verilir.

sin? 28y deki sinirlar1 bulurken iki durum ele alacagiz. Bunlar kiigiik karigim
durumunda cos 20y yaklagik olarak bire esit olacaktir. Bu durumda bastirma
faktorli sadece Boron nétrino akisindan gelir. Ortalama hayatta kalma olasiligx

(P) yaklagik olarak Landau-Zener formild ile tanimlanabilir. Deneysel datalar-

dan bu olasiligin 0.3 ve 0.5 arasinda oldugu gorilir. Am? ve sin® 26y arasindaki
xi



analitik iligki ise

InP E
.2 _~
sin® 20y = At L
dir. Burada,
d -1
ln = l'd—:;lnne

olarak tamimlanir. Bu analitik iligki ve Am? deki genel sinirlarla kigik kangim

durumunda izin verilen bir bolge bulacagiz.

Biiyiik karigim durumu igin, bastirma faktori 7 Be ve 8B akilarmdan gelir. Bu
durumda ortalama hayatta kalma olasiligi yaklagik olarak enerjiden bagimsiz ve
sin? §y ye esittir. Bu yaklagimda, Kamiodande sinyali agagidaki formu alir:

R, =fs (sin2 Oy + r(1 —sin® HV))
Bu formil kullamilarak, sin® 26y deki sinirlan
0.82 < sin® 26y < 0.99

olarak bulabiliriz. Olasilik enerjiye baglhi olmadigindan dolay: Homestake sinyalin-

den
Qar = f8PrQ5M

(Pgr Homestake sinyalinde etki bastirma faktoridir. )
yazabiliriz. Buradan kolayca sin® 26y deki sirlar

0.80 < sin? 26y < 0.92

olarak elde edebiliriz. Homestake sinyalinden elde edilen sinirlardaki dst limit
Kamiokande sinyalinden elde edilen sinirlardakinden daha kuvvetlidir. Eger Home-
stake sinyalinden elde edilen sinirlar1 Am? parametresindeki genel sinirlarla bir-

likte alirsak, bu durum igin verilen bélgeyi bulabiliriz.

fB parametresini bir kabul ederek her iki durum igin izin verilen bolgeleri elde
ettik. Ama Gncede belirttigimiz gibi Standard Solar Mcdel’e gore tahmin edilmig
boron akist orijinal boron akisina egit olmayabilic. Bu durumlarda fg parame-
tresi birden farkli olacaktir. fp parametresi azaldikga kii¢iik karigim durumdaki
izin verilen bdlge daha kiigiik sin®2fy degerlerine kayar. Bunun tam tersi fg
parametresi arttikga blyik kangimdaki bolge kiigik vakum a.<;1la.r1na.-ka,ya.r.

X1l



CHAPTER 1

EXPERIMENTAL DATA AND SOLAR NEUTRINO
PROBLEM

In the first section, we will discuss the solar neutrino spectrum predicted
by the Standard Solar Model (SSM) [1]. The content of the second section is
the description of the present data from Homestake, Kamiokande, SAGE and
GALLEX experiments. In last section, we will compare the predicted flux with

the experimental one.

1.1 Solar Neutrino Spectrum

The principal reactions of the pp chain are:

(pp) p+p Loy +et+v. (g<0420MeV)
(rep) p+e +p — *H+ve (g=1.442 MeV)
(hep) 2He+p — *He+v, (g<18.773 MeV)
("Be) "Be+e~ — Li+v. (g=0.862 MeV, 89.7%;
0.384¢ MeV, 10.3%)
(®B) ®B — "Be"+et+v, (¢<15 MeV)

(¢ is the neutrino energy).

The pp, hep and 3B reactions produce neutrinos with all energies from zero

up to maximal energy that is shown in each case in parentheses; the neutrinos



Table 1.1: Calculated solar neutrino fluxes.

Source pp | pep | hep | "Be | 3B | BN | %O | VF

Flux 6.02 | 1.42 | 1.24 | 4.57 | 5.64 | 5.78 4.90. 4.83
(em=2s71) || 10 | x10% | x10% | x10% | x106 | x10® | x10% | x108

from each of these sources has a different continuos spectrum. The pep and

"Be neutrinos have well-defined energy lines.

The neutrinos from the pp reaction are in some sense the “most fundamental”,
since this reaction initiates the chain that supplies nearly all (about 99%) of the
solar luminosity. The pp neutrinos have low energies and therefore it is difficult

to detect them.

The easiest neutrinos to detect are the relatively high-energy neutrinos from
the hep and 3B reactions. Unfortunately, neutrinos from both of these sources are

scarce, the hep neutrinos being much fewer in number than the rare 8B neutrinos.

The principal reactions in CNO cycle are

By o ¥ret4u, (¢<1.99 MeV)
0 — BN4et+v, (¢<1.732 MeV)
F o O +et 4y, (¢<1.740 MeV)

But the CNO neutrino sources are expected to be difficult to detect because

neither the calculated fluxes nor the characteristic energies are large.
The best estimates for each of neutrino fluxes are given in the Table 1.1 [2].

The flux of the neutrinos from the proton-proton reaction is known more

-accurately than for any other sources; the estimated uncertainty in the pp flux is
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Figure 1.1: Solar neutrino spectrum. This shows the energy spectrum of neutrinos

that is predicted by the standard solar model.

only 2%.

Each energy spectrum from a specified solar neutrino source has a character-
istic Be-line shape that is pratically independent of the conditions in the solar
interior. The pp flux rises slowly with energy and peaks at about 0.31 MeV, then
cuts off strongly. The ®B spectrum, on the other hand, is more nearly symmetric,
with a peak at 6.4 MeV and somewhat extended tail. The >V spectrum, like the
pp spectrum, rises slowly and cuts off sharply; the ®N peak is at 0.76 MeV. The

solar neutrino spectrum is given in the Figure (1.1).

1.2 Experimental Data

The present data on solar neutrinos come from four experiments : Homestake,

Kamiokande, SAGE and GALLEX.
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The Homestake signal is about 2.5 SNU'. The main part of this signal corre-
sponds to Boron neutrino flux. In this experiment is used a radiochemical chlorine

detector to observe electron neutrinos by the reaction:
Ve +37Cl — e +%7 Ar ‘ (1.1)
The threshold energy is 0.814 MeV. The experimental Ar production-rate is [3]:

P — 9.55 + 0.17(stat) £ 0.18(syst) SNU (1.2)

Boron neutrinos are detected in the Kamiokande experiment, for which the de-
tection threshold is about 7.5 MeV. In the Kamiokande experiment, the electrons
are detected by the Cerenkov light that they produce while moving through the

water. The signal from this experiment is given in the units ¢35 = 5.64 10° cm
57! being the prediction in SSM [4]:

3372-"

= 0.51 & 0.04(stat.) £ 0.06(syst.) (1.3)

R”e - ¢SSM

There is no direct contradiction between the Homestake and Kamiokande
signals. The Boron neutrino flux measured by Kamiokande and that extracted

Homestake signal agree within error bars.

The low energy part of the neutrino spectrum is detected by SAGE and
GALLEX experiments. In fact, the threshold energy is 0.233 MeV. The Gal-
lium experiments make use of neutrino absorption by gallium: v

Ve +rGa — e” +"Ge (1.4)

The average Ge production-rate measured by SAGE and GALLEX experiments
are correspondingly [5, 6]:

SAGE — 69 + 11(stat.) £ 6(syst.) SNU (1.5)

GAL — 79 4 10(stat.) & T(syst.) SNU (1.6)

We collect all experimental data in the Table (1.2)

11 SNU corresponds to 1 atom produced in 1 sec in 103 target atoms.



Table 1.2: The solar neutrino data used in the analysis.

Experiment Parameter Result (10)

Homestake 4, SNU || 2.55£0.17(stat.)£0.18(syst.)

ezp

Kamiokande I+II R,,QE%%M 0.510.04(stat.)£0.06(syst.)

GALLEX I+ GAL SNU 79410(stat)+7(syst.)

SAGE Q%F, SNU 6911(stat)£6(syst.)

1.3 Solar Neutrino Problem

The solar neutrino problem can be expressed in the following way. The contri-
butions to the calculated rates in the Homestake experiment is given Table (1.3).

Thus the total predicted value of the production-rate is
SSM —8.0+£3.0 SNU (1.7)

where indicated uncertainty represent the total theoretical range including 3 stan-

dard deviation (30).

For Gallium experiment the total predicted rate is the following:

SSM — 1315t SNU (1.8)

where the individual contributions from different fluxes are given in the Table

(1.3).

The predicted rates are larger or much larger than observed rates (Q%7, R,,,

QZAGE | QGAL) which we described in previous section (see Table (1.2)). This

?

disagrement between the predicted and the observed rates constitutes the solar

neutrino problem.



Table 1.3: Individual neutrino contributions to the calculated event rates in the
chlorine and gallium solar neutrino experiments.

Neutrino source || Cl (SNU) || Ga (SNU)
P 0.0 70.8
pep 0.2 3.1
"Be 1.2 35.8
8B 6.2 13.8
13y 0.1 3.0
%0 0.3 4.9
Total 8.04£3.0 || 131.57%

The discrepancy between calculation and observation is confirmed by Kamiokande

II-II1 signal (see Table (1.2)).

There is no generally accepted solution to the problem although a number of

solutions is proposed.

The central question for solar neutrino research can be formulated as follows:
Is the solar neutrino problem caused by lack of understanding of the interior of the
Sun or it is due to neutrino properties which are not described by the Standard

Model?

We would like to explore the properties of neutrinos beyond electroweak stan-
dard model. We will assume that neutrino has non zero mass and this gives rise
to the neutrino oscillation. In the next chapter, we will discuss this important

phenomenon.



CHAPTER 2

NEUTRINO OSCILLATON AND RESONANT CONVERSION

In the Standard Model, neutrino is massles. From a theoretical point of view,
this is not satisfactory, because this does not follow from fundamental symme-
tries. We will assume a massiveness of neutrino. Oscillation between neutrino
states can occur if at least one neutrino eigenstate has a non zero mass and if
the neutrino states that are created in weak interaction decays are not states of
definite mass, that is, not stationary states of the free Hamiltonian. The neu-
trino states, |ve), |vu), [v-), that are produced in the weak-interaction decays in
association with particular charged leptons are called flavor or current eigen-
states. The flavor eigenstates are linear combinations of the mass eigenstates,

the states that do diagonalize the free Hamiltonian.

The solar neutrinos are produced in the center of the Sun by nuclear reac-
tions. The propagation of the neutrinos in the solar matter is determined by the
interaction between the neutrinos and electrons presents in this matter [10]. The

result of this interaction has at some conditions the form of resonance (MSW)

effect [7].

Now, let us discuss neutrino oscillation in vacuum and in matter.



8

2.1 Neutrino Oscillation In Vacuum
2.1.1 Neutrino Eigenstates

The flavor eigenstates (ve,V,,V,) can be expressed as linear combinations of

the mass eigenstates (1, 12, v3).

The most important aspects of neutrino oscillations can be understood by
studying the explicit solution for two neutrino species. For this two-flavor prob-
lem, the flavor eigenstates, |v¢), are expressed in terms of the mass eigenstates,

|v), with the aid of two-dimensional unitary matrix (S(fv)* S(0v) = I),
lvs) = 5(6v)[v) (2.1)

where
_ cosfy sinfy
S(bv) = < —sinfy cosly )

|ve) )
vVe) =
I f) ( |1/,‘)
_( |n)
lv) = ( |v2)

Here, 6y denotes the vacuum mixing angle. If the energy of the neutrino is
large (E > mj, m3), then the amplitudes of the |v;) and |v,) waves are fixed by
the coefficients in equation(2.1). For |v.), they are cos 8y and sin fy, respectively.
Moreover, the |v;) and |v;) waves are in phase (Ap = 0). In the |v,) state,

the waves |v1) and |v;) have amplitudes sinfy and cosfy and opposite phases:

Ay = 7 (minus sign in front of |14). )

So mixed |v,) and |v,) are distinguished by a) amplitudes of |v;) and |»,) and

b) phase differences between |v1) and |v;) waves.

In the case of maximal mixing (v = 45°) admixtures of [r1) and |v;) are

equal to |v.) and |v,) are distinguished by phase difference only. Without loss of
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enerality we can choose 0 < 0y < £ so that |v.) is “mostly” |u1).
g 1 y

2.1.2 Evolution Equation And Its Solution

The time development of the flavor eigenstates in vacuum is described by an

equation that is analogous to the Schrodinger equation:

d
2@!%‘) = Hlvy)

M2
H 2 o (2.2)

where H is the Hamiltonian for ultrarelativistic neutrino, ¥ is the energy of neu-
trino, M? is the vacuum mass matrix squared. This equation is called “evolution

equation”.

Let us now write evolution equation for mass eigenstates’.

.d
zalv) = H|v) (2.3)

Hdia.g —_ S(ev)-l-HS(aV) = ( Igl _[32 )

where H; = 23]_52.:.- are the eigenvalues of the Hamiltonian. By using equation (2.1),

we obtain M? as the following,

Am? ( —~cos 20y  sin 20y )

2 P —_—
M=+ 4AFE sin20y  cos 20y

where Am? = |m? — m2| is the neutrino mass squared difference. The plus sign

applies if ms > m; and the minus sign in the opposite case.

The solution of evolution equation or the time evolution of an electron-neutrino

state is expressed as

[Ve)e = cos By el=H18| 1) + sin By el~iHat)|,) (2.4)

1Mass eigenstates are orthogonal:{v;|v;) = &;;
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The probability amplitude for an electron neutrino remaining an electron neu-

trino after traveling for a time ¢ is
(Ve|Ve): = cos? Byel =) L gin? gy e(~iH2!) (2.5)

which gives a probability of a v, remaining a v,

H, —Hlt)

|{Ve|ve)s|* = 1 — sin® 20y sin® ( 5

(2.6)

The two mass eigenstates are assumed to have the same momentum, which
implies that they have slightly different energies if they have finite masses. The

energy difference for relativistic neutrinos is:

mi—m? _ | Am? .

H - Hy = —or oF

The survival probability for electron neutrino may be written therefore in the

following form

[{(velve):s]* =1 — sin? 26y sin® (%) (2.8)

where R is the distance traveled in a time ¢t and Ly is the vacuum oscillation
lenght, the distance over which the neutrino returns to the initial state (condition:

Ayp(Ly) = 2r). This quantity can be written in the form
4vE

LV = Am2, (2.9)
The probability? to observe the muon flavor, |v,), is
|(vulve)s]? = sin’® 20y sin® (Z—R) (2.10)
v

Also the probability of a |v,) neutrino to be observed as an electron neutrino is

the same as the reverse process

|[(velvu)el* = |(valve).|? (2.11)

2The total probability is normalized: |{ve|ve):|? + [{vulve):|2 = 1
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The magnitude of vacuum mixing described by sin® 26y, is expected to be

small because the possibly analogous quark mixing angles are small.

To observe variations of flux flavor with distance or time due to neutrino
oscillations, a neutrino source must be localized within a region that is much
smaller than Ly. Therefore, by the uncertainty principle, the neutrino wave

function has a spread of momenta, A > %

Let us discuss neutrino oscillation in matter. Mixing angle, H; and H, will

depend on the density.

2.2 Neutrino Oscillation In Matter
2.2.1 Evolution Equation

The evolution equation for the flavor eigenstates in matter is [9):

.d
i=lvs) = Hlvy)

M2
H = ﬁ-i-v

lvy) = (I%) (2.12)

where V describes matter (refraction) effect, was derived first by Wolfenstein

(1978, 1979) [7]. In the Standard Model, V is diagonal and can be written as

_ \/iGFneO
v= (Vi o),

where G is the Fermi constant and n. is the electron number density. The value

of the V' is determined by the neutrino-electron scattering.

Mixing angle (f,,) and neutrino eigenstates |v;) (¢ = 1,2) in matter are the
generalizations of v and |»;) (2 = 1,2). Eigenstates |v;m) are determined as the

states which diagonalize the Hamiltonian (2.12):

lvs) = S(0m)lvm)
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S(6n) = ( cos O, sm0m>

—sinb,, cosé,

HE = §(0m)t HS(6:) (2.13)

By using equation (2.13) and some trigonometric relations, the first equation

(2.12) can be written as

.d Ap [ —cos 20, sin?20,,
zﬂlyﬁ - iT ( sin20,, cos20,, ) lvs) (2.14)
The explicit form for A, is
Apm = [(£ Ay cos 20y — V2Grn,)? + (Ay sin 20y)%] (2.15)
Am?
Av = g

The plus sign applies for m; > my and the minus sign for m; > ma.

Since H is the function of 8y, &, and n., the mixing angle in matter will

also depend on these quantities as determined explicitly by the relation

. sin 26y
sin26,, = D
1
2\ 2
D, = (1 —2115‘: cos 20y + (i") ) (2.16)

where L, is the neutrino-electron refraction length that is defined by

_ Vi

Grne

This is independent of energy, unlike the oscillation lengths in vacuum or in

L. (2.17)

matter.

By using the equations (2.13) and (2.12), we can obtain the evolution equation

for the eigenstates:

i% ( }Z::i ) = (H%as _is(am)+%5(em)) ( :::3 ) (2.18)

Explicitly the equation (2.18) can be written as

wll) = (i ) ()

b =

(2.19)
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The solution of the evolution equation in matter is expressed:
|Ve): = cos O;e'ifH‘"'dtIvlm) + sin 0;e"ifH2’"dt|z/2m) (2.20)

where 62, is the mixing angle in the production point. The probability amplitude
for an electron neutrino remaining an electron neutrino after tra,veling for a time
t is:

(Velve): = 08 02, cos O™ J Himdt | sin 6° sin 6,6~ [ Homdi (2.21)

Here 0,, = 0, (1)

2.2.2 Resonance Condition

The resonant character of matter oscillations can be seen from (2.16) for sin 26,,.

If my > my, then sin 26,, is maximal (sin 260,, = 1) at

(i—v) = cos 20y (2.22)

which is often referred to as the resonance condition.

There is no resonance for electron neutrinos if ms < mq. (In this case there

would be a resonance for 7,). We assume mg > m;.

At the resonant density, the two diagonal elements of Hamiltonian (2.12) are

equal.

By subsituting Ly and L. from equations (2.9) and (2.17) the MSW reso-

nance density can be written as

Am?2 cos 20y

eres — T = 2.23
e 2\/§GFEres ( )

For small mixing in vacuum sin® 28, is of order of unit in narrow region around

Neres- Beyond this region sin? 20,, becomes small (sin?26,, < 1). The interval
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Figure 2.1: The dependence of sin® 26,, on effective density of matter (sin?26y =
0.1, Am? = 107* eV?, E,., = 4.533 MeV).
of densities Angres in which sin? 26,, > % is called the width of resonant layer.

From equation (2.16) one obtains

A N res = TNeres ban 20y (2.24)

The 0,, angle depends on n.. In terms of n, ,s it can be represented as follows
(see Figure (2.1)):
t
$in 20,, = an 20y i (2.25)
2 z
((1 - —"e—) + tan? 29V>

Ne,res

T
5 T > Neyres
—_ r —_
em - 1 Mg = Ne,res
6V Ne K Teres

When the density decreases from large values n. > n.res to zero the mixing

angle in matter changes from % to 8, = fy. The eigenstates in matter rotate

with respect to the eigenstates of weak interaction on the angle 7. This means
that if at ne 3> neres some eigenstate |V, ) coincides with |v.) then at ne € neres

it will approach to |v,).
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Figure 2.2: The survival probability after crossing the layer of medium with
constant density (sin?28y = 0.1, Am? = 10™* ¢V?, distance traveled R = 107

km).

2.2.3 Oscillations In Matter With Constant Density

In this case density n. = const, 8,, = const, 0., = 0 and as in vacuum case
the equations for the eigenstates |v1,,) and |van) are splitted. The |v;n) evolve
independently; there are no |vim) ¢ |vam) transitions, and both flavors and

admixtures of |v;,) are determined by &,,.

The difference between the energy eigenvalues for the two mass eigenstates is

where Ay and D,, are defined in section 2.2.1.

The probability that an electron neutrino remains an electron neutrino has

the same algebraic form as for vacuum oscillations, (see Figure(2.2)), that is

[{ve|ve)i|® = 1 — sin® 26, sin’ (Z%) (2.27)
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The probability of being observed as a neutrino of a different flavor is

{vu|ve)s|* = sin® 20, sin® (%) (2.28)

where L, (E) = Ly /Dy,

At the resonance density, (Lff) res = COS 20y, (D )res = sin 20y and (sin 20, )res =

lor 0pm=7%.
At very high electron densities, the matter mixing angle approaches 7.

We saw that the solution is the same as in vacuum: the propagation has
a character of oscillations. The only difference is that now the parameters of
oscillations (depth, length) are determined by the matter mixing angle (6,,) and
by the difference of the eigenvalues in matter, H; — H;. Since these values depend
on the density and the neutrino energy and differ from the vacuum values, the
oscillation parameters will differ from those in vacuum. These oscillations may

be realized for neutrinos propagation inside the Earth.

2.2.4 Oscillation In Matter With Varying Density

The mixing angle 6, changes along the neutrino trajectory and this change

has two crucial consequences [8]:

i) As 8,, determines the flavor composition of the neutrino eigenstates ac-
cording to equation (2.13), the change of 8,, means the change of flavor of the

eigenstates.

At small density, the electron neutrino almost coincides, for small vacuum
mixing angles, with the lower mass eigenstate |v1,,) and the second flavor |v,)
eigenstate approximately coincides with the mass eigenstate |vgm). The mass of
the lowest mass eigenstates increases monotonically with ambient electron density

and becomes asymptotically proportional to the electron density. If my; > my,
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Figure 2.3: The dependence of eigenvalues on density.

then at large electron densities the heavier mass eigenstate, |v2,,), becomes close
to |v.) and the lowest mass eigenstate, |v1n), remains essentially unchanged as
a function of electron density. An electron neutrino that is created in the solar

interior moves from high densities to lower densities (see Figure (2.3)).

ii) 8, is not zero; the equations for the eigenstates are not splitted, there are

transitions between the eigenstates (|v1m) «— |[vam))-

If the electron density changes at a sufficiently slow rate so that
10| < [Hy — Ho (2.29)

then in the first approximation we can neglect ,, in the evolution equation (2.19)
[10]. The condition (2.29) is called the adiabaticity condition. In the adiabatic
approximation the transitions |v1,,) «— |vom) are neglected, and as in the cases
of vacuum and uniform matter density the eigenstates propagate independently.
Suppose the electron neutrino is produced at some density n?, then the neutrino

state in arbitrary moment ¢ can be written as
V) = cos O, 1 () |vim) + sin 05, v2(t) |vam) (2.30)

where ©;(t) = exp (—i fttf Him(t')dt') = el=#%)(§ = 1,2); are the solutions of the
evolution equation, 8¢, is the mixing angle in the production point. In constrast

m

with vacuum and uniform matter cases, now the flavor compositions of eigenstates
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Figure 2.4: The average survival probability in varying density (sin?28y = 0.04,
Am? =107 eV?).

change according to density change.

The amplitude of probability to find the electron neutrino in some other point
is:

(ve|v): = cos O, cos 07, + sin 0., sin 87, exp(—i(p2 — ¢1)) (2.31)

The average survival probability (see Figure (2.4)) is as

P = |(ve|ve)s]* = %(1 + cos 20,, cos 26;,) (2.32)

The adiabaticity condition has a very simple form at resonance (moreover it is

at resonance this condition is the most crucial):

2A7'res Z Lm,res

dne| ™
o A Neres = lptan 20y (2.33)

ATres

-1
where [, = li]i‘r—”ﬁ , Ar.e, is the spatial half width of the resonant layer and

Lo res s the matter oscillation length at resonance. According to (2.33) at least

one oscillation length should be obtained in the resonant layer. Condition (2.33)
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permits the introduction of the adiabaticity parameter:

Arres  lnsin® 20y
Lo res " Ly cos 20y

Kres =

(2.34)

which determines the degree of adiabaticity violation. At x > 1 oscillations occur
in the adiabatic regime. The adiabaticity condition determines the energy E,,
which can be obtained from & > % as

_ lysin® 20y A m?

cos20y

En. (2.35)

So that at £ > E,, the adiabaticity condition is broken. If the adiabaticity
condition is broken in some region then the transitions |v1,,) «— |vom) become
essential. Now, 0,, is not zero. The adiabaticity violation will take place in
resonance layer. In this case, before resonance and after resonance we do not have
adiabaticity violation but around resonance we have. The neutrino éigenstates
after crossing the resonance can be written as a superposition of |v1); and |vs):

eigenstates [11]:

.. per N gel ) ;[T Nae'\ =i [ Hym(2)dt
[ve)t = cos by (al cosﬂme’ft Him(t)dt —~a§sm0me’ft Hz"‘(t)dt) e ] Him(®) [1)4

TES

. . . rtr Nt . [ty N 2at _; ftf !
+sin GV (GI sin amezft Hzn.;(t )dit + ag cos emczj; Hym(t )dt> o zftr Hom(t')d IVZ)t

TES

The average survival probability can be then obtained as
D 2 1 1 o
P = [{ve|ve)e]* = 5 + (5 - Px) cos 20,, cos 20y, (2.36)

where P, = |a3|? is the probability of transition from |ve); to |11): during reso-
nance crossing. To calculate the probability P, we can make the approximation
that the density of electrons varies lineraly in the transition region. That is, a
Taylor-series expansion is made about the resonance position and the second and
higher derivative terms are discarded:

dn

dt (t=2)

tr

ne(t) = ne(t,) +

In this approximation the probability of transition between |v1); and |v,); can be

calculated by using the Landau-Zener formula [11]. This is achieved by solving
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the Schrodinger equation exactly in this limit. Application of the Landau-Zener

result to the current situation gives
P, = Pz = (- %) (2.37)

where E,, is defined in (2.35)

Adiabaticity violation usually weakens the flavor conversion so that for very

strong violation the flavor is not changed.



CHAPTER 3

BOUNDS ON THE NEUTRINO PARAMETERS

In this chapter, we are going to confront the predictions of the MSW theory
with experimental results. We will find the constraints on Am? and sin®26y.
The parameter fg will be introduced which takes in account the rather large
uncertainties in predictions of the original Boron neutrino flux, ¢g. The treatment
will be different for small or large mixing. First, we will get three conditions from
experimental quantities (R,,, @57, Q21°E, QEAL) defined in the first chapter.

Then, we will discuss the small and large mixing cases.

@

3.1 Bounds On Neutrino Fluxes From Experi-
mental Data

The bounds on neutrino parameters depend on the predicted fluxes, especially
on the original Boron neutrino flux, ¢p. As we told above, this flux has large
uncertainties, mainly due to poorly known nuclear cross section at low energies,
as well as to astrophysical uncertainties which influence the temperature of the
Sun. For this reason, we will discuss the MSW effect without referring to the

SSM Boron neutrino flux.

The best fit of experimental data gives the following values of neutrino fluxes

[2, 13]:

"i) The Boron neutrino flux should be ~ 0.41¢3°™ at £ > 7 MeV, where

¢3°M =5.64 105 cm~2 57! is the SSM value.
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ii) The fluxes of the "Be, pep, *N and °O neutrinos are strongly suppressed

with respect to the SSM predictions and can be neglected
iii) The suppression of the pp neutrino flux is very weak.

The first two conditions can be extracted from Homestake and Kamiokande
results: if we will decrease the value of the contribution for the Boron neutrino
flux, the contribution of the “Be neutrino flux will increase. But this does not
agree with Kamiokande result, R,, [7]. The third condition follows from the

GALLEX experiment in which the Ge production-rate can be written as

Qce = Qéant +041QZY ~ 77T SNU (3.1)

Ge,pp

where Q&M = 71 SNU and Q&% = 14 SNU.

Ge,pp

The original Boron neutrino flux can be written as
5 = fadg ~ (3.2)

where fp is the parameter mentioned above.

It 1s usefull to introduce the effective suppression factors for B-neutrinos

_[dE¢FMaiP
P, = [dEsT 5, (:=H,K) (3.3)
for Homestake (Py) and for Kamiokande (Px). In the formula (3.3), P is the
survival probability which we calculated in second chapter, equation (2.36), E is

the neutrino energy and o; are the cross sections,

og =oca(E) , o= /dTeW(Te)&"—EZ(l—i’—Te—)

where T, is the energy of the recoil electrons and W(Tg) describes the efficiency of
the recoil-electron registration in Kamiokande, as well as the energy resolution of
the detector. Since the survival probability depends on the neutrino parameters,

also the suppression factors, P;, strongly depend on these parameters. Table

(3.1) shows the suppression factors for different sin® 26y and fixed Am?. From
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Table 3.1: The effective survival probabilities for Boron neutrinos in Homes-
take Py and the Kamiokande Px experiments for different values of sin®28 and
Am? =610"%V? [2]..

sin®?fy |1 1.251073 121073 | 51073 | 71073 | 107% [ 21072 | 31072

Py 0.824 0.734 | 0.465 | 0.345 | 0.222 | 0.0564 | 0.0220

Py 0.834 0.749 | 0.487 | 0.366 | 0.240 | 0.0630 | 0.0220

Py /Py 0.988 0.980 | 0.955 | 0.943 | 0.925 | 0.895 | 0.914

this table we can also see that the ratio }—];% is close to 1 and changes with sin® 20y

rather weakly.

We can write the signals of the solar neutrino experiments in terms of fz
and P;. The Homestake experiment gives the 3" Ar production-rate which can be

written as
Qar = fBPaQ5 8 + Q5* (3.4)

where

SSM / dE$EM gy = 6.2 SNU (3.5)

- is the SSM contribution of Boron neutrinos and Q%" is the contribution of all the
other fluxes. We can introduce the ratio between the real 3” Ar production-rate

and the predicted one from SSM:

oth
Rar = ngrM = fgPykp + —F— SSM’ (36)
Ar Ar

SSM
where Q5™ = 8.0 SNU and kg = %’5%;% = 0.775 is the part of the Boron
Ar

neutrinos in the total signal according to the SSM.
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In the Kamiokande experiment we have the contribution from neutral current
v,(v,)—e scattering. Due to this effect, the signal in Kamiokande can be expressed
as

R, = fo(Px +r(1— Px)) (3.7)

where the ratio of the v,(v;) — e and v, — e cross sections, is r & 0.16.

Let us introduce double ratio of suppresion factors from the equations (3.6)

and (3.7): o oo
RAT fB H#&B + aa%%

R = = 3.8
"= R, = FolPr (1 - P &9

From existing experimental data Table (1.2) one finds:
Ri/x = 0.625 +0.11(10) (3.9)

3.2 General Constraint On Am?

The second and third conditions from section 3.1 give rise to a constraint on
the mass difference, Am?, which is valid for large range of the parameter sin® 26y.
In the frame work of MSW theory, these two conditions can be expressed as the

following:

ET% < Eyoy < Epe (3.10)

where E2** = 0.42MeV is the maximal value of pp neutrinos, Ege = 0.86MeV
is the "Be energy line and E.,e, is the energy of the adiabatic edge which is

determined by resonance condition in the center of the Sun:

Am? cos 20y

Epeg = —2 227
“ = o aCnmes

(3.11)

where n™*® is the central density of the Sun. The condition (3.10) and the
equation (3.11) give:
EZ?;“?\/-Z‘GFne < Amz < EBeQ\/iGFne

V11— sin? 26y \/1 — sin? 20y

(3.12)
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Figure 3.1: General constraint on Am?.

and it is shown in Figure 3.1.

If sin? 20y < 1, we can put cos20y = 1 and the resonant energy have in the

following form:

Am?

Vo = 3.13
2\/§Gpn2n“z ( )

In this case, the bound on Am? is given by
6.49 107° < Am? < 1.33 107° eV? (3.14)

3.3 Small Mixing Solution

For small mixing angle (8v), cos 28y ~ 1, so the survival probability, P (equa-
tion (2.36)) will be described by the Landau-Zener formula (see equation (2.37))
[12], with Ey,:

Ere = Am?l, sin? 20y, (3.15)
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In this approximation, we can find the following analitic relation between neutrino

parameters: .
Eln P(E)

Amal, (3.16)

sin? 20y ~

The weaking of suppression (P — 1), for fixed Am?, correspond to a decrease
of sin?20y. From condition (i) at sect. 3.1, we can estimate that the survival
probability (P) should be

0.3 3P 205 (3.17)

for fg = 1. From this interval of P and from the previous formula we can find a

bound for sin? 26y and Am?2.

To do this, we need a value of the parameter [,. By using the following

approximation for the electron density, valid in the most region of the Sun [14]:

ne(z) = ne(0)e™™ (3.18)
it is easy to find
d -1
L, = = Inn. =g (3.19)

and with a good approximation, rg is equal to 0.1 Rg (Re = 6.96 10° km).
In formula (3.16), we choose the energy which correspond to the maximum of the

products

Moy —10.0 MeV , ¢35 Mox — 105 MeV . (3.20)

which appear in effective suppression factors Py, Px (3.3). In this way, we can
find the region which is shown in Figure (3.2). The overlapping of this region with
the general bound of section 3.2 will give us the “allowed region” for neutrino

parameters.

Consider now the case fg # 1. According to the condition ii) from section
3.1, we can neglect Q%" in the formula (3.6) for the 3 Ar production-rate . In

this case, we can write:

R4 = fPrks (3.21)
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where R4, is fixed by experiments. Thus

1

the smaller fg weakes the suppression of Boron neutrino flux due to MSW

effect. By using this and equation (3.13) we can find the following relation

In fp ]

In PSSMm

sin’ 20y = sin® 205°™ {1 - (3.23)

where P5SM 5 0.4 correspond to the SSM description (fg = 1). From the formula
(3.23) we can see that if fz decrease the allowed region shift to smaller sin? 26y .

Also the contribution of v, to Kamiokande experiment diminishes with fg:

A R, (v,) = far (1 - ?;) (3.24)

This is true if Px is not too small and fg > R,,. From the formula (3.24), we
can deduce AR, (v,) — 0 if fg — R,, ~ 0.41 +0.51. In this limit the double
ratio (3.8) will be

Rujx = kp =~ 0.775 (3.25)

This number should be compared with experimental value (3.9). 0.4 0.5. More-
over, Q%" increase for small fz and this increases the double ratio: Rpg/x =

kg + %’%}. This makes worse the fit, and gives the lower bound on fp = 0.4-+0.5.

The maximal value of fg can be found in the fdllowing way. By using the

Homestake signal (3.6), we can rewrite the Kamiokande signal as

“ERa, (3.26)
H

where we neglect the contributions from the “other fluxes”. From this relation,
we can estimate the maximum value of fg. We will choose the minimum value of
the ratio 1—;21 = 0.895 from the Table 3.1. The maximum fg** = 2.15 correspond

to 95% C.L.. Thus in the small mixing case, we have:

0.4 < fz <2.15 (3.27)
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Figure 3.2: The allowed region for small mixing case (fg=1).

In the Figure (4.1,4.2) are shown the alowed regions of parameters for fg =
1.5,1.0,0.75,0.5. |

3.4 Large Mixing Solution

In the case of the large mixing solution, the high energy part of Boron neutrino
flux is in the region in which the survival probability is independent on E. The
survival probability has the asymtotic value corresponding to high energy limit
of (2.32), and:

P~ Py m~ Px ~sin? gy (3.28)

In this approximation the Kamiokande signal becomes
R,, = fp (sin* 0y + r(1 — sin? b)) (3.29)
By using this formula and fixing fg = 1, we can find the bound on sin2 20y as

0.82 < sin® 26y < 0.99 (3.30)

From Homestake signal we can write

Qar = faPuQ5 (3.31)
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Figure 3.3: The allowed region for large mixing case (fz=1).

which is right because the probability does not depend on energy. For fg =1, .

we can easily deduce the bound on sin% 28y as

0.80 < sin® 20y < 0.92 (3.32)

The upper in (3.32) is more strong than that in (3.30).

The maximal value of fp is fixed by the increasing contribution to R,, from
v, neutrinos. When fp increases, the suppresion factor P; decrease (see the
equation (3.31)) and Q%" diminishes. In the same time the contribution of the
v, to Kamiokande signal increase. From the experimental bound on the double

ratio we can deduce the minimum for sin? §,=0.02 and f2% = 3.4.

Taking in account the region of the neutrino parameters which we found in
the independent way in section 3.2, and using the bound for sin? 26y in (3.32),

we will find the allowed region for Am? and sin® 26y.

From Figure (4.1,4.2) we can see that when fp increases, the allowed region

shifts to smaller mixing angles.



CHAPTER 4

CONCLUSION

The description of the existing data in terms of MSW theory gives the

constraints on the neutrino parameters (Am“’, sin? Gv).

e In the small mixing case the allowed region for the parameters can be
estimated by using simultaneously the condition (3.10) and the relation (3.16),

which comes from the Landau-Zener formula. The present experimental data

give the following bounds (fg = 1):

Am? ~ 6.5107%+1.3107% eV?

sin?fy ~ (1.4+5.1)107°

o In the large mixing case we use the general condition (3.12) (from E7** <
E..s < Ep.) and the formulas (3.29,3.31) for the Kamiokande signal and the

Homestake signal. We obtain from Homestake experiment for fp = 1:

Am? ~ (1.45+4.70) 1075 eV?

sin?0y ~ 0.80+0.92

e With diminishing fp the region of small mixing solutions is shifted to

smaller sin? 26y. On the contrary the region of large mixing solution is shifted to

small §y when fg increases. (see Figure (4.1.4.2))
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Figure 4.1: Allowed regions for large mixing case: fg = 1,1.5 and for small
mixing solution: fg = 1,1.5 (PART I).
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Figure 4.2: Allowed regions for large mixing case: fz = 2,2.5 and for small
mixing solution: fg = 0.75,0.5 (PART II).
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