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"With four parameters I can fit an elephant,
and with five I can make him wiggle his trunk."

— John von Neumann

1o the things we can control,
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PHYSICS-INFORMED LEARNING OF
INTERPRETABLE SURROGATES
FOR MODELING AND CONTROL

SUMMARY

This thesis presents a physics-informed framework for learning interpretable surrogate
models of nonlinear dynamical systems from sparse trajectory data and for using
these learned models in controller synthesis. The main motivation of the study is
the long-standing trade-off between flexibility and interpretability in nonlinear system
identification. Classical identification methods provide structured models that are
suitable for analysis and control design, but they may become restrictive when the
system exhibits strong nonlinearities or state-dependent effects. In contrast, neural
network based models can represent complex dynamics with high flexibility, yet they
often lack a transparent structure that can be directly used for physical interpretation
or controller design.

To address this issue, the thesis proposes a structured learning framework based
on a second-order Quasi-LPV surrogate hypothesis. Instead of assuming a fixed
global parametric model, the unknown nonlinear system is locally approximated by
a second-order surrogate whose coefficients vary with the state. These coefficients
correspond to effective stiffness, damping, and input gain, which preserve the
semantics of classical second-order systems while allowing nonlinear behavior to
be represented through state dependence. In this way, the identification problem is
reformulated as the learning of a state-conditioned coefficient field rather than the
estimation of a single global parameter vector.

The proposed method employs a dual-network architecture. A Solution Network
is used to reconstruct smooth continuous-time trajectories from sparse measure-
ments, while a Parameter Network predicts the local surrogate coefficients along
the reconstructed trajectory.  These two components are coupled through a
physics-informed residual derived from the surrogate dynamics. In order to reduce
the optimization difficulties commonly observed in inverse physics-informed learning,
a curriculum-based training strategy is adopted. The training alternates between
trajectory reconstruction and parameter identification stages. In the parameter learning
stage, local ridge-regression based physics hints are used as weak supervision in order
to guide the optimization and reduce convergence to trivial or physically inconsistent
solutions.

The framework is evaluated on three benchmark systems with different nonlinear
characteristics: the Van der Pol oscillator, the Duffing oscillator, and a real two-tank
process. The performance analysis is carried out from two main identification
perspectives. First, the trajectory reconstruction ability of the framework is examined
in order to assess how accurately the measured system responses can be recovered
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under the second-order surrogate assumption. Second, the quality of the learned
surrogate model is evaluated through open-loop prediction and phase portrait analysis,
in order to determine how well the local coefficient field captures the underlying
nonlinear dynamics.

The results show that the proposed framework is able to reconstruct trajectories
accurately and to produce coherent local surrogate models that remain physically
interpretable. Compared with baseline inverse PINN formulations based on fixed
global parameters, the proposed state-dependent surrogate approach provides better
consistency in representing nonlinear dynamics and better open-loop predictive
behavior on the considered benchmark systems. These findings support the main
premise of the thesis, namely that nonlinear system identification can be formulated
in a way that preserves both data-driven flexibility and control-oriented structure.

In addition to identification, the thesis also considers the use of the learned surrogate
model in controller design. After the offline learning stage, the identified local
second-order model is used to construct a gain-scheduled state-feedback controller
through algebraic polynomial matching. By using the learned local stiffness, damping,
and input gain, the controller gains are updated according to the current operating
point. This provides a simple and interpretable way to connect the learned surrogate
model with real-time control. The closed-loop control study is conducted on the
Duffing oscillator as a case study. The results indicate that the learned surrogate
can support scheduled controller design and can be used not only for analysis and
prediction, but also for control-oriented applications.

Overall, the thesis proposes a unified perspective that connects nonlinear system
identification, interpretable surrogate modeling, and gain-scheduled control. Its main
contribution is to show that physics-informed learning can be used not only to fit
trajectories, but also to recover local dynamical structure that is meaningful from a
control point of view. The presented framework provides a basis for future studies
on higher-dimensional systems, uncertainty-aware surrogate modeling, and more
advanced control strategies built on learned local models.

Xxii



MODELLEME VE KONTROL ICIN
YORUMLANABILIR VEKIL DINAMIKLERIN
FiZiK BILGILI OGRENIMI

OZET

Sistem tanima, Olciilen deneysel veriler ile analiz edilebilen, simiile edilebilen
ve kontrolor tasariminda kullanilabilen matematiksel modeller arasindaki temel
kopriiyli olusturmaktadir. Pek ¢cok miihendislik uygulamasinda bu gorevin amacit
yalnizca dogru tahminler elde etmekle sinirli kalmayip; tanimlanan modelin ayni
zamanda fiziksel yorumlanabilirligi, kararlilik analizini ve kontrolér sentezini
desteklemesi beklenmektedir. Ancak bu gereksinim, dogrusal olmayan sistemlerin
modellenmesinde zorlu bir 6diinlesim yaratmaktadir. Klasik sistem tanima yontemleri
analiz ve kontrol tasarimina uygun yapisal modeller (durum uzay1, transfer fonksiyonu
vb.) sunsa da, sistem gii¢lii dogrusal olmayan dinamikler veya duruma bagl etkiler
sergilediginde bu yapilar fazlasiyla kisitlayici hale gelebilmektedir. Buna kargin,
modern yapay sinir ag1 tabanli modeller karmasik dinamikleri yiiksek bir esneklikle
temsil edebilmelerine ragmen, genellikle sistemin i¢sel durumlarin1 dogrudan fiziksel
analize veya kontrolor tasarimina uygun seffaf bir yapida sunmazlar. Bu durum,
yalnizca veri uydurma yetenegi yiiksek olan "kara kutu" (black-box) modeller ile
kontrol miihendisliginin ihtiya¢ duydugu analitik yapilar arasinda biiyiik bir bosluk
yaratmaktadir.

Bu tez, dogrusal olmayan dinamik sistemlerin seyrek deneysel veri kiimelerinden
yorumlanabilir vekil dinamik modellerini 6grenmek ve Ogrenilen bu modelleri
kontrolor tasariminda dogrudan kullanmak amaciyla fizik bilgili (physics-informed)
biitiinlesik bir cerceve sunmaktadir. Oncelikli hedef, bilinmeyen dogrusal olmayan
dinamiklerin tam sembolik diferansiyel denklemlerini bulmak degil, deneysel verilerle
tutarli olan ve aym zamanda klasik kontrol stratejileriyle uyumlu, fiziksel olarak
yorumlanabilir bir model elde etmektir. Bu sorunu ele almak amaciyla tez, "Ikinci
Dereceden Yar1 Dogrusal Parametresi Degisen (Q-LPV)" vekil model varsayimina
dayanan SOLIS (Second-Order Local Identification of Surrogates) adinda yapisal bir
0grenme cercevesi onermektedir.

Tezin metodolojisi, dogrusal olmayan sistemlerin zaman i¢indeki yerel geometrisinin,
duruma bagli olarak degisen ikinci dereceden bir yap: ile yakinsanabilecegi fikrine
dayanmaktadir. Sabit ve global bir parametrik model varsaymak yerine, bilinmeyen
sistem; katsayilart durum degiskenlerine bagl olarak siirekli degisen ikinci dereceden
bir vekil model ile ifade edilir. Ogrenilen bu katsayilar etkin direngenlik (yay
katsayisi, stiffness), etkin soniim (damping) ve etkin giris kazancina (input gain)
karsilik gelmektedir. Bu yaklasim, klasik ikinci dereceden sistemlerin fiziksel anlamin1
harfiyen korurken, dogrusal olmayan karmasik davraniglarin duruma bagh katsayi
alanlan iizerinden ifade edilmesine olanak tanir. Bdylece sistem tanima problemi,
optimizasyonu zor tek bir genel parametre vektoriiniin kestirimi olmaktan ¢ikip, tiim
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calisma uzayina yayilan, duruma bagh bir katsay1 alaninin 6grenilmesi problemi olarak
yeniden formiile edilmektedir.

Geleneksel Ters Fizik Bilgili Sinir Aglar1 (IPINN), modeli ve parametreleri tek bir
kayip fonksiyonu iizerinden eszamanli olarak egitmeye ¢alistig1 i¢in ¢ogunlukla zayif
kosullandirilmis optimizasyon sorunlariyla, celisen gradyanlarla ve fiziksel olarak
anlamsiz yerel minimumlara yakinsama problemleriyle karsilagsmaktadir. Onerilen
SOLIS mimarisi, bu sorunlari agmak i¢in ikili bir sinir ag1 mimarisi ve asamali,
miifredat tabanli bir egitim stratejisi kullanmaktadir. Mimari iki ana bilesenden
olusmaktadir. Ilk bilesen olan Coziim Ag1 (Solution Network), seyrek ve diizensiz
Olciimlerden siirekli zamanli, diizgiin sistem yanitlarin1 geri kazanmakla gorevlidir.
Farkli baglangi¢ kosullar1 ve giris sinyallerini birlestirebilmek icin Gegitli Yinelemeli
Birim (Gated Recurrent Unit, GRU) tabanli bir baglam kodlayicis1 kullanir ve bu
bilgiyi agin i¢ katmanlarma Ozellik Bazli Dogrusal Modiilasyon (Feature-wise Linear
Modulation, FiLM) ile aktarir. Tkinci bilesen olan Parametre Ag1 (Parameter Network)
ise, Coziim Ag1 tarafindan kestirilen bu durum evrimleri boyunca, sisteme ait yerel
vekil model katsayilarini (direngenlik, soniim, kazang) hesaplamaktadir.

Bu iki bilegen, vekil model dinamiklerinden tiiretilen fizige dayali bir hata terimi
iizerinden ortak bir yapida birbirine entegre edilmistir. Ancak, diferansiyel kisitlarin
hesaplanmas1 Parametre Agmnin iretecegi katsayilara, katsayilarin dogrulugu ise
Coziim Agmin iretecedi yoriingeye baghdir. Her iki agin en basindan itibaren
birlikte egitilmesi, bu karsilikli bagimlilik nedeniyle optimizasyon siirecini ¢ikmaza
sokabilmektedir. Mimari, bu kisir dongiiyli kirmak amaciyla miifredat tabanli bir
O0grenme stratejisi benimser. Egitim siireci, sistem yanitint olusturma ve parametre
tamima asamalar1 arasinda doniisiimlii olarak ilerler. Ilk asamada, Parametre Ag1
dondurularak yalnizca sistemin zaman bolgesindeki yaniti olan diferansiyel denklemin
¢cOziimiiniin 6grenilmesine odaklanilir. Bu sayede Coziim Agi, Oncelikle eldeki
Olciimlerden yola ¢ikarak sistemin geometrik ve zamansal yapisint dogru bir bigimde
oturtur. Ardindan gelen parametre 6grenme asamasinda ise Coziim Ag1 dondurulur ve
elde edilen bu sistem yamitini fiziksel olarak saglayacak tutarli katsay1 alan1 6grenilir.
Bu doniisiimlii yapi, dogrudan yoriinge uydurma ile parametre kestirimi arasindaki
rekabeti ve gradyan ¢cakigsmalarini engelleyerek egitim kararliligini artirir.

Parametre 0grenimi asamasinda karsilasilan bir diger biiyiik zorluk, fizige dayal
kayip fonksiyonunun dogasi1 geregi digbiikey olmamasi (non-convex) ve agin fiziksel
acidan tutarsiz, asikar coziimlere cok kolay yakinsayabilmesidir. Ornegin, sinir ag1
sadece diferansiyel hatay1 sifirlamak adina katsayilar1 tamamen sifira esitleme egilimi
gosterebilir.  Agin optimizasyonuna rehberlik etmek ve bu riskleri en aza indirmek
amactyla algoritmaya yerel "fiziksel ipuglar1” entegre edilmistir. Bu ipuglari, kestirilen
sistem yanit1 izerinde hareket eden kayan pencereler kullanilarak hesaplanan Ridge
regresyonu tabanli analitik tahminlerdir. Dogrudan yoriinge verisinden g¢ekilen bu
yerel regresyon tahminleri, agin parametre uzayinda kaybolmasini 6nleyen giivenilir
bir capa gorevi goriir. Elde edilen bu ipuclari, aga kati bir kural olarak dayatilmak
yerine "zayif gozetim" olarak modele eklenir. Boylelikle Parametre Agi, bir yandan
verideki yerel analitik bilgiden yonlendirici bir destek alirken, diger yandan dogrusal
olmayan kayip fonksiyonu iizerinden global katsayr alanini 6grenme esnekligini
kisitlanmadan siirdiirebilir.
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Tezin bir diger kritik adimi1, 68renilen bu fizik bilgili vekil modelin ger¢ek zamanh
kapali ¢cevrim kontrol uygulamalarina entegre edilmesidir. Sistem tanima c¢evrimdisi
olarak tamamlandiktan sonra, aglar tarafindan kestirilen yerel dinamik katsayilar,
cebirsel polinom eglestirme yoluyla kazang programlamali bir durum geri beslemeli
kontrolor tasarlamak i¢in kullanilir. Tasarim isterleri dogrultusunda belirlenen séniim
orani ve dogal frekansa ile belirlenen referans karakteristik polinom, 6grenilen yerel
modelin kapali ¢evrim polinomuyla eslestirilerek kontroloriin oransal ve tiirevsel
kazanglar1 dogrudan hesaplanir. Bu durum, modeldeki degisimlere anlik olarak uyum
saglayabilen, pratik kisitlamalari, doyum ve degisim hiz1 limitleri, gézeten ve makine
o0grenmesi modeliyle gercek zamanl kontrolii iligkilendiren son derece seffaf ve
yorumlanabilir bir yap1 sunmaktadir.

Onerilen cerceve, farkli dogrusal olmayan karakteristiklere sahip ii¢c referans sistem
tizerinde degerlendirilmistir: Duruma bagli soniim sergileyen Van der Pol osilatorii,
kiibik ve dogrusal olmayan direngenlik katsayisina sahip Duffing osilatorii ve 6l¢iim
giiriiltiileri ile modellenmemis karmasik dinamikler igeren gercek bir Cift Sivi Tanki
stireci. Performans analizleri, ¢ercevenin hem dinamik yanit olusturma yetenegi
hem de 6grenilen dinamiklerin fiziksel tutarhiligi iizerinden yapilmustir.  Ikinci
degerlendirme asamasinda, Ogrenilen yerel katsayr modelinin dogrusal olmayan
yapilar1 ne kadar 1yi yakaladigini kanitlamak amaciyla acik cevrim 6ngorii testleri ve
faz portresi analizleri gerceklestirilmis, kosiniis benzerligi haritalar1 ¢ikartilmistir.

Elde edilen sonuglar, SOLIS cercevenin seyrek ve giiriiltiilii verilerden durum egrilerini
miitkemmel bir dogrulukla geri kazanabildigini ve ayn1 zamanda fiziksel yorumlan-
abilirligini yitirmeyen tutarli yerel vekil dinamikler iiretebildigini gostermektedir.
Sistemin tiim ¢alisma uzayini sabit bir parametre vektoriiyle modellemeye calisan
standart Ters Fizik Bilgili Sinir Ag1 formiilasyonlariyla karsilastirildiginda, onerilen
duruma bagli vekil model yaklasiminin yapisal iistiinliigii agcik¢a ortaya ¢ikmustir.
Sabit parametreli temel modeller, sistemin farkli ¢alisma bolgelerindeki dogrusal
olmayan gecisleri ve yerel degisimleri yakalamakta yetersiz kalirken; 6nerilen SOLIS
mimarisi ele alinan ii¢ referans sistemde de faz portrelerinin aslina uygun sekilde
olusturulmasinda ve altta yatan vektor alanlarinin geometrisinin ¢ikarilmasinda en
yiiksek tutarliligi sergilemistir. Ayrica, modelin egitim verisi digsinda kalan zaman
dilimlerindeki davranisini test eden ileri yonlii acik ¢evrim Ongorii deneylerinde elde
edilen yiiksek dogruluk oranlari, agin yalmizca eldeki olctimleri ezberlemedigini,
aksine sistemi yoOneten gercek dogrusal olmayan fiziksel mekanizmalar1 bagariyla
kavradigini dogrulamaktadir.

Kapali ¢cevrim kontrol deneyleri ise, 6zellikle durum degiskenlerine baglh kiibik geri
cagirict kuvvetler barindiran ve bu yoniiyle klasik dogrusal kontrolciileri zorlayan
Duffing osilatorii iizerinde bir vaka analizi olarak gerceklestirilmistir. Sistem tanima
asamasinda c¢evrimdisi olarak Ogrenilen yerel katsayilar (direngenlik, soniim ve
kazang), cebirsel polinom eslestirme yontemiyle gercek zamanli bir kontrolciiye
entegre edilmigtir.  Tasarlanan bu kazan¢ programlamali durum geri beslemeli
kontrolor; ani gegisleri ve asimi 6lcen basamak, siirekli osilasyon gerektiren siniizoidal
ve degisken frekansl referans sinyallerini oldukga diisiik izleme hatalar1 ve optimize
edilmis bir kontrol eforu ile takip edebilmistir. Kontrolciiniin, sistemin o anki ¢alisma
durumuna gore oransal ve tiirevsel kazanglarimi anlik olarak giincelleyebilmesi,
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dogrusal olmayan etkilere kars1 giivenli bir adaptasyon saglamistir. Bu bagarili kapali
cevrim takip performansi, veri giidiimlii sistem tanima siirecinde sinir ag1 tarafindan
kestirilen katsayilarin yalnizca matematiksel birer egri uydurma parametresi veya
rastgele sayilar olmadigini; aksine, dogrudan modern kontrol sistemlerinin analizinde
ve sentezinde kullanilabilecek kesinlige ve fiziksel anlama sahip dinamik bilesenler
oldugunu net bir bicimde kanitlamaktadir.

Sonug¢ olarak tez, dogrusal olmayan karmagik sistem tanima, yorumlanabilir vekil
modelleme ve kazan¢ programlamali durum geri beslemeli kontrolii birbirine baglayan
biitiinlesik bir perspektif sunmaktadir. Arastirmanin literatiire en temel katkisi,
derin 6grenme temelli ve fizige dayali yontemlerin yalnizca veriye egri uydurmak
icin degil, kontrol perspektifinden dogrudan faydalanilabilecek yerel dinamik
yapilar1 geri kazanmak icin de giivenle kullanilabilecegini gostermesidir. Sunulan
cerceve; cok girisli-cok cikigli (MIMO) sistemlere genisletilme, model 6grenimindeki
belirsizliklerin Bayesci veya aralik temelli aglarla belirsizlik nicelendirilmesi ve
ogrenilen yorumlanabilir bu vekil modellerin Model Ongériilii Kontrol (MPC) gibi
daha gelismis algoritmalara entegre edilmesi yoniindeki gelecekteki caligmalar icin
son derece saglam bir temel olusturmaktadir.
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1. INTRODUCTION

System identification provides the link between measured data and mathematical
models that can be analyzed, simulated, and used for controller design [1]. In
many engineering applications, this task is no longer limited to obtaining accurate
predictions. The identified model is also expected to support interpretation, stability
analysis, and control synthesis. This requirement creates a difficulty in nonlinear
settings. Models with strong physical structure are often suitable for control design, yet
they may be too restrictive to represent complex nonlinear behavior. In contrast, highly
expressive learning-based models can fit complicated dynamics well, but they usually

do not provide a form that is easy to interpret or use in a control-oriented setting.

This thesis studies this gap between flexibility and interpretability. It focuses
on nonlinear systems for which the exact governing equations are not known in
advance and only sparse trajectory data are available. The main objective is
to develop a physics-informed learning framework that recovers an interpretable
surrogate model from data and then uses this model for direct controller synthesis.
The proposed framework, called SOLIS, learns a state-conditioned second-order
surrogate representation whose coefficients retain a clear physical meaning and can

be incorporated into a gain-scheduled control law.

1.1 Problem Definition and Motivation

A central difficulty in nonlinear system identification is the trade-off between model
structure and model expressiveness. Classical identification methods usually employ
transfer function, state-space, or grey-box representations with a fixed parametric form
[1]. These approaches are valuable because they produce compact and interpretable
models. Parameters such as stiffness, damping, gain, poles, and zeros can often be
related to physical behavior and used directly in analysis and control design. However,

this advantage comes at a cost. When the true dynamics contain strong nonlinearities,



state-dependent effects, or unmodeled phenomena, a rigid parametric structure may

fail to represent the system with sufficient accuracy.

Recent advances in deep learning have offered a different direction. Neural models
can approximate highly nonlinear input-output relations and dynamical behaviors
with considerable flexibility [2]. Recurrent architectures and continuous-time neural
models have shown strong prediction capability in system identification tasks. In
particular, Neural Ordinary Differential Equations (NODEs) provide a natural way
to learn continuous-time dynamics from irregularly sampled data [3]-[5]. Yet this
flexibility introduces another problem. The learned dynamics are typically represented
through latent states or generic neural vector fields, and such representations do not
readily reveal physical quantities or control-relevant structure. As a result, there is
often no direct path from accurate identification to transparent analysis or controller
synthesis. Related recent efforts have sought to preserve desirable structural properties
within learned models, for example through stable-by-design neural LPV state-space
models [6], but the general tension between flexibility and interpretability remains

open.

Physics-Informed Neural Networks (PINNs) offer a partial remedy by embedding
differential equation constraints into the learning objective [7,8]. In inverse settings,
PINNs can reconstruct trajectories and estimate unknown parameters from sparse
measurements without relying on explicit numerical integration. This idea is attractive
for system identification, especially when data are limited. However, standard inverse

PINN formulations remain inadequate for many nonlinear control problems.

First, they usually assume that the mathematical form of the governing dynamics is
already known and that only a small set of constant parameters must be estimated.
This assumption is restrictive when the actual system is only partially known or
when its effective parameters vary across the state space. Second, the simultaneous
estimation of trajectories and parameters produces a difficult optimization problem.
The data loss and the physics loss may induce conflicting gradients, and training
can become highly sensitive to weighting choices and initialization [9]. Third,

identifiability becomes problematic when sparse data are used to infer both latent



states and model parameters, particularly when the parameterization is not well aligned
with the actual system behavior [10]. In addition, recent studies have highlighted
the need to incorporate uncertainty awareness into learned dynamical models [11,12],
which further emphasizes that accurate prediction alone is not sufficient for reliable

control-oriented modeling.

These limitations motivate the main direction of this thesis. The aim is not to recover
the exact nonlinear governing equation in a fully symbolic sense. Instead, the goal is to
identify a surrogate model that is sufficiently expressive to capture nonlinear behavior
and sufficiently structured to preserve physical interpretation. Such a model should
also support direct controller synthesis. This motivates the search for a state-dependent
representation that behaves locally like a second-order dynamical system and remains

compatible with gain-scheduling ideas from control theory.

1.2 Literature Review

The development of system identification methods reflects a long-standing effort to
balance prediction accuracy with structural transparency [2]. Classical methods remain
the foundation of the field and include transfer function models, polynomial models,
and state-space formulations [1]. These methods are supported by a mature theory and
are tightly connected to control design. Their main limitation is that model quality
depends strongly on the selected structure. If the assumed form is too simple, the

identified model may not capture the essential nonlinear behavior of the system.

To address this limitation, neural network based identification methods have been
studied in many forms. Feedforward networks have been used for parametric
identification, while convolutional and recurrent architectures have been applied to
nonlinear dynamic estimation and sequence modeling [13]-[17]. These approaches
can achieve high approximation power, but they often embed the dynamics in a form
that is not directly interpretable. The internal states or weights of the model do not
usually correspond to physical quantities that can be used in analysis or controller
design. More recently, structured neural identification approaches have also been
considered, including neural LPV state-space models designed to preserve stability

by construction [6].



Continuous-time neural modeling has further extended this line of work. NODE-based
models learn a differential representation of the dynamics and are particularly attractive
for irregularly sampled trajectories and continuous-time prediction [3]-[5,18]. This is
an important step because many physical systems are naturally described in continuous
time. Nevertheless, a generic learned vector field still does not automatically provide
a structured representation suitable for extracting damping ratios, natural frequencies,

or state-dependent gains.

PINNs were introduced as a way to combine learning from data with prior knowledge
expressed through differential equations [7]. By penalizing violations of governing
equations at collocation points, they incorporate physical consistency into the training
objective. This principle has been extended to inverse problems, where unknown
coefficients are learned together with the solution itself [8]. For identification
problems with sparse measurements, this can be advantageous because the differential

constraints act as a regularizing mechanism.

Despite this promise, several studies have shown that PINN training can be unstable
and difficult to tune. Optimization pathologies, imbalance between competing
loss terms, and spectral bias may prevent convergence to physically meaningful
solutions [9]. In addition, identifiability issues arise when the available data do not
sufficiently constrain the unknown parameters or when the assumed parameterization
is incompatible with the true dynamics [10]. These difficulties become more
pronounced in inverse settings where both the trajectory and the parameters must be

learned simultaneously.

A related line of work seeks to retain physical structure while learning unknown parts
of the model. Hybrid and hidden-physics approaches aim to combine differential
constraints with flexible approximators for the unmodeled components. While such
methods improve expressiveness, they do not necessarily provide a control-oriented
representation of the learned dynamics. The resulting model may still be difficult
to interpret globally or to connect with classical controller synthesis procedures.
Other recent studies have also considered uncertainty-aware modeling perspectives,

including interval neural networks for system identification [11] and fuzzy ODE-based



formulations for dynamic modeling and uncertainty quantification [12]. These studies
show that interpretability is not the only structural requirement in modern identification
problems. Reliability and uncertainty representation are also becoming increasingly

important.

From the perspective of control, LPV and Quasi-LPV representations offer an
important conceptual framework [19]. In these models, nonlinear behavior is described
through linear dynamics whose coefficients depend on scheduling variables or system
states. This preserves much of the analytical convenience of linear systems while
extending the modeling capability to nonlinear regimes. However, obtaining a useful
LPV or Quasi-LPV representation from first principles is often difficult, especially
for systems with unknown or complicated nonlinearities. This suggests that machine
learning can play a constructive role if it is used not to produce an arbitrary black-box

model, but to discover a structured, state-dependent surrogate representation from data.

1.3 Purpose of Thesis

The purpose of this thesis is to develop a physics-informed identification framework
for nonlinear systems that yields an interpretable surrogate model and supports direct
controller design. The proposed method, SOLIS (Second-Order Local Identification of
Surrogates), is built on the idea that the local temporal behavior of a smooth nonlinear
system can be approximated by a second-order surrogate with state-dependent
coefficients. Instead of identifying a single global parameter vector or an unconstrained
neural vector field, the method learns a Quasi-LPV representation whose effective

stiffness, damping, and input gain vary with the state.

This viewpoint serves two purposes. First, it allows nonlinear dynamics to be
represented in a form that preserves classical second-order meaning. Second, it creates
a direct connection between identification and control, since the learned local model

can be used for scheduled state-feedback design.

The main contributions of the thesis can be summarized as follows.

1. A physics-informed formulation for nonlinear system identification based on a

state-conditioned second-order surrogate model. This formulation interprets the



identification task as learning a Quasi-LPV coefficient field rather than estimating

constant global parameters.

2. A dual-network architecture that separates trajectory reconstruction from parameter
identification. A solution network learns a smooth continuous-time approximation
of the measured trajectory, while a parameter network predicts local surrogate

coefficients along that trajectory.

3. A curriculum-based training strategy designed to reduce the optimization
difficulties of inverse PINN training. In this strategy, local ridge-regression
estimates are used as weak physical hints to guide the parameter network during

training and to reduce convergence to trivial solutions.

4. A gain-scheduled controller design procedure based on the learned surrogate model.
By using the estimated local coefficients in a second-order polynomial matching
framework, scheduled feedback gains can be computed in a form that is simple,

interpretable, and suitable for real-time implementation.

The thesis therefore addresses both identification and control. Its main claim is
that a properly structured physics-informed model can provide more than accurate
prediction. It can also produce a representation of nonlinear dynamics that is

transparent enough to support controller synthesis.

1.4 Thesis Structure
The remainder of the thesis is organized as follows.

Chapter 2 presents the theoretical background required for the study. It reviews the fun-
damentals of system identification, introduces LPV and Quasi-LPV representations,
summarizes the main ideas behind Physics-Informed Neural Networks, and outlines

the algebraic pole assignment concepts used later in the controller design stage.

Chapter 3 presents the proposed SOLIS framework. It introduces the second-order
surrogate hypothesis, describes the solution and parameter networks, and explains the

training strategy based on curriculum learning and local physics hints.



Chapter 4 develops the controller design method built on the learned surrogate model.
The chapter shows how the local coefficients produced by the parameter network
can be used to construct a scheduled state-feedback controller through algebraic

polynomial matching.

Chapter 5 provides the experimental evaluation. The identification and prediction
performance of the proposed approach are examined on simulated nonlinear
benchmarks and on a real laboratory dataset. The chapter also presents the closed-loop

results obtained with the scheduled controller.

Chapter 6 concludes the thesis by summarizing the main findings, discussing the scope
and limitations of the proposed approach, and outlining possible directions for future

work.






2. PRELIMINARIES

2.1 System Identification

System identification is concerned with constructing mathematical models of
dynamical systems from observed input-output data [1]. Its main purpose is to obtain
a representation that explains the measured behavior of a system and can be used for
prediction, analysis, and control design. In engineering practice, the identified model
is rarely an end in itself. Its value depends on whether it provides a reliable basis for
simulation and whether it captures the dynamical properties that are relevant to the

intended application.

A general continuous-time nonlinear system may be written as

(1) = fx(0),u(t), (1) = h(x(r),u)), 2.1

where x(7) € R" denotes the state, u(z) € R™ denotes the input, and y(7) € R” denotes
the measured output. The functions f(-) and A(-) are usually unknown or only
partially known. The goal of system identification is to infer an approximation of

these mappings, or an equivalent surrogate model, from measured trajectories.

Classical approaches to system identification typically rely on predetermined
model classes such as transfer functions, autoregressive models, and state-space
representations [1]. These methods are well established and closely connected to
control theory. Their main strength is that the resulting models are structured and
interpretable. Parameters often correspond to physically meaningful quantities, and
the model form is usually suitable for stability analysis, pole placement, or observer
design. However, this strength also imposes a limitation. If the chosen model structure

is too restrictive, then complex nonlinear effects may be poorly represented.

In contrast, modern machine learning approaches place greater emphasis on expressive

function approximation. Neural network based models can capture highly nonlinear



relationships and have shown strong predictive performance in system identification
tasks [2,13,15,18]. This flexibility is attractive when the underlying physics is
only partially known or when the system operates over a wide range of regimes.
Nevertheless, predictive accuracy alone is not sufficient in many control-oriented
applications. A black-box model may reproduce trajectories accurately while offering

little insight into local stability, effective damping, or control authority.

This observation motivates an important distinction between exact model recovery
and useful surrogate identification. In many practical settings, it is unrealistic to
expect recovery of the true governing equations from sparse and noisy data. A
more meaningful objective is to identify a surrogate model that is data-consistent,
dynamically coherent, and structurally suitable for subsequent analysis and controller
design. The framework developed in this thesis follows this second viewpoint. Rather
than seeking a fully symbolic representation of the unknown nonlinear dynamics, it
aims to learn a control-oriented surrogate that preserves interpretable second-order

structure.

Another relevant distinction is between global and local modeling. A global model
attempts to explain the entire operating range through a fixed representation, often
with a single parameter vector. Such models are convenient when the system behaves
approximately linearly or when nonlinear effects are weak. However, strongly
nonlinear systems often exhibit different local behaviors in different regions of the
state space. In those cases, a state-dependent local model can offer a more suitable
compromise between interpretability and expressiveness. This idea leads naturally to

LPV and Quasi-LPV formulations, which are discussed in the next section.

2.2 LPV and Quasi-LPV System Model

Linear Parameter-Varying (LPV) systems provide a structured framework for
describing nonlinear or time-varying dynamics through linear models whose
coefficients depend on a measurable scheduling variable [19]. This representation
preserves much of the analytical convenience of linear systems while extending the

modeling range to operating conditions where a single linear model is insufficient.
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A continuous-time LPV system can be written in the state-space form
(1) = A(6(2))x(t) + B(6(r))u(t), (2.2)

(1) = C(6(1))x(r) +D(6(r))ut), (2.3)
where 6(7) € RY is the scheduling variable. In standard LPV settings, 6(¢) is assumed
to be measurable in real time and external to the state-space description. The matrices

A(6),B(0),C(0), and D(0) vary as functions of this variable.

The practical value of the LPV framework lies in the fact that many nonlinear control
problems can be reformulated as control problems over a family of linear systems. This
allows the use of gain scheduling and other linear design tools while still accounting
for operating-point dependence. However, deriving an LPV description from first
principles may be difficult, especially when the system is poorly understood or when

the appropriate scheduling variable is not obvious.

A closely related concept is the Quasi-LPV representation. In Quasi-LPV systems, the
scheduling variable is not an external measured signal but a function of the system state
or output itself. Thus, the model retains an LPV-like form while embedding nonlinear
dependence through endogenous variables. A general Quasi-LPV form may be written

as
x(t) =A(0(x(1)))x(r) +B(O(x(1)))ult), (2.4)
y(t) =C(0(x(2)))x(t) +D(O(x()))ult). (2.5)
This structure is especially useful when the local behavior of a nonlinear system can

be approximated by a linear model whose coefficients vary smoothly across the state

space.

The thesis proposed in this work is based on a second-order Quasi-LPV surrogate.
For a scalar output y(¢) and its velocity v(f) = y(t), the local surrogate dynamics are

assumed to take the form
y(t) = v(t), (2.6)

V(1) = —k(x(1)) y(t) —d(x(r)) v(r) +g(x(2)) u(t), 2.7)

0(x) = [k(x) d(x) g(x)]" 2.8)



depends on the state. In this representation, k(x), d(x), and g(x) can be interpreted as
effective stiffness, effective damping, and effective input gain, respectively. This is not
assumed to be the true governing model of the system. Rather, it is a local surrogate

that approximates the observed trajectory geometry in an interpretable way.

The corresponding local state-space form is
(1) = Ax(2))x(2) +B(x(r) Ju(t), 2.9)

with
A(x):{_]?(x) _dl(x)], B(x):{g&)]. (2.10)

This form is particularly attractive because it preserves the familiar semantics of
classical second-order systems while allowing nonlinear behavior to be represented
through state dependence. As a result, quantities such as local natural frequency,
damping ratio, and input gain can be interpreted pointwise in the state space.
This makes the representation suitable not only for identification, but also for

gain-scheduled controller design.

The essential idea is therefore not to force the unknown nonlinear system into a single
global linear model, nor to replace it with an unstructured black-box network. Instead,
the aim is to learn a state-dependent local model whose varying coefficients capture

nonlinear effects while retaining a form compatible with classical control concepts.

2.3 Physics-Informed Neural Networks

Physics-Informed Neural Networks (PINNs) are neural models trained by combining
measurement fitting with constraints imposed by differential equations [7,8]. Their
main idea is to incorporate physical knowledge directly into the learning objective.
Instead of treating the problem as a purely data-driven regression task, PINNs enforce

consistency with the governing dynamics at selected collocation points in the domain.

For an ordinary differential equation of the form

x(t) = f (x(2), u(1)), (2.11)
a PINN approximates the unknown solution by a neural network

(1) = AN (W), (2.12)
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where W denotes the trainable parameters. Since £(¢) is represented by a differentiable
neural function, its time derivative can be computed through automatic differentiation.
This makes it possible to evaluate the residual of the governing equation directly on

the network output.

The training objective is typically written as a composite loss,
LW) = Laaa(W) + ApLohys(W), (2.13)

where L, penalizes mismatch with the available measurements and %}, s penalizes
the residual of the differential equation at collocation points. In this way, the learned
approximation is encouraged to satisfy both the observed data and the underlying

physics.

Figure 2.1 illustrates this basic PINN framework. The top part of the figure shows the
time domain together with two distinct sets of points: data points, where measurements
are available, and collocation points, where the governing equation is enforced. The
middle part represents the neural network surrogate that maps time to the approximate
solution. The lower part shows how the total loss is formed by combining the data
mismatch term with the physics residual term. This coupling between measurement

information and differential consistency is the defining characteristic of PINNs.

In forward problems, the differential equation is assumed to be known and the task is
to approximate its solution. This setting is especially useful when measurements are
sparse, because the governing equation acts as a regularizer and restricts the solution
space to functions that remain physically plausible. At the same time, PINNs avoid
the need to discretize the differential equation in the traditional numerical sense,
since the residual is computed directly through automatic differentiation on the neural

representation.

2.4 Inverse Physics-Informed Neural Networks

Inverse Physics-Informed Neural Networks extend the PINN framework to settings
where part of the physical model is unknown and must be identified from data. In

this case, the objective is no longer limited to approximating the solution of a known
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Figure 2.1: Schematic illustration of Physics Informed Neural Networks.

differential equation. Instead, the network must infer both the trajectory and the

unknown parameters that govern the dynamics.

Suppose the system is described by
i(t) = f(x(1),u(1):0), (2.14)

where 0 denotes unknown physical parameters. An inverse PINN seeks to identify

both the neural representation of the trajectory and the parameter vector 0 by solving
I‘}Vﬁggdata(w) —|—)»pc%hys(W, 9). (2.15)

The data term still enforces agreement with the available measurements, while the
physics term now depends on the unknown parameters as well. As a result, inverse
PINNs provide a natural framework for system identification, especially when direct
state measurements are incomplete or when numerical differentiation from noisy data

would be unreliable.
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This formulation is attractive because it allows trajectory reconstruction and parameter
estimation to be handled within a single optimization problem. In principle, the
network can recover latent continuous-time states and identify model coefficients
simultaneously, even from sparse or irregularly sampled data. For this reason, inverse

PINNs have become an appealing approach in nonlinear identification problems.

However, this joint formulation is also the source of major difficulties. The
optimization problem is often ill-conditioned because the trajectory and the unknown
parameters are tightly coupled. The data loss and the physics loss may induce
conflicting gradients, and this can slow convergence or lead to poor local minima [9].
Moreover, inverse problems are especially sensitive to identifiability limitations. If
the measured data do not sufficiently excite the dynamics, or if the assumed model
structure is too restrictive, then multiple parameter values may explain the same

observations with similar accuracy [10].

A further limitation is structural. Standard inverse PINNs typically assume that the
mathematical form of the governing equation is already known and that only a small
number of constant global parameters must be estimated. This assumption is too
restrictive for many nonlinear systems encountered in practice. In such systems, the
effective dynamics may vary across the state space, so representing them with a fixed

parameter vector may be inadequate even if the optimization converges successfully.

This limitation is directly relevant to the present thesis. The proposed methodology
does not use inverse PINNs in their standard constant-parameter form. Instead, it
retains the physics-informed principle while replacing the fixed parametric model
with a state-dependent second-order surrogate. In this way, the learning problem
is reformulated as the identification of an interpretable coefficient field rather than
the estimation of a single global parameter vector. The details of this formulation
are presented in Chapter 3. At the preliminary level, the important point is that
inverse PINNSs provide the conceptual starting point of the proposed approach, while
their structural and optimization limitations motivate the need for a more flexible and

control-oriented framework.
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3. PHYSICS-INFORMED LEARNING OF INTERPRETABLE
SURROGATES

This chapter presents the proposed methodology for identifying interpretable surrogate
models of nonlinear dynamical systems from sparse trajectory data. The central
objective is not to recover the exact governing equations of the unknown system,
but to construct a data-consistent and control-oriented surrogate representation that
explains the observed trajectories while preserving physical meaning. To this end,
the proposed framework, denoted by SOLIS, combines physics-informed learning
with a state-dependent second-order surrogate structure. The resulting model is
formulated as a Quasi-LPV representation whose local coefficients can later be used
for controller synthesis. The methodology consists of three main components: the
second-order surrogate hypothesis, a dual-network architecture for trajectory and

parameter learning, and a curriculum-based training strategy.

3.1 The Second-Order Surrogate Hypothesis

Consider an unknown nonlinear dynamical system evolving according to

xX(t) = f(x(1),u()), 3.1)

where x(7) € R" denotes the system state, u(¢) is a known exogenous input, and the
functional form of f(-) is unknown. In this setting, neither the exact system order nor a
global parametric structure is assumed a priori. The identification objective is therefore
not exact model recovery, but the construction of a physically meaningful surrogate
that is consistent with the observed trajectories and suitable for control-oriented

analysis.

Suppose that measurements are available from J trajectories. For each trajectory, the
available information consists of a known continuous-time input signal u(/) (1) over a

finite horizon and a set of output measurements

A = { (19 59) }Ny) | (32)

i=1
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The complete measurement set is denoted by
J .
D= 2. (3.3)
j=1
In addition, for each trajectory, a denser set of collocation points

_ Yy _ .
Z(]) — { ]EJ)}kZl , N((]) > Ng(lj)7 (34)

is used to enforce differential consistency through the physics-informed loss.

The main modeling assumption of this thesis is the following second-order surrogate

hypothesis:

The local temporal geometry of smooth nonlinear system trajectories can be

approximated by a second-order Quasi-LPV surrogate dynamics.

This hypothesis reflects the idea that, although the true nonlinear system may not
admit a simple global representation, its local behavior along observed trajectories
can be captured by a structured second-order model with state-dependent coefficients.

Accordingly, the surrogate state is defined as

x(t) = [ﬁgﬂ v =30), (3.5)

where y(¢) is the measured output and v(¢) is the associated velocity, which may be
latent and therefore must be reconstructed. The surrogate dynamics are postulated in

the affine form

y(t) = v(1), (3.6)
V() = —k(x(1)) y(t) — d(x(2)) v(t) + g(x(1)) u(?), (3.7)
where the coefficient field
k(x)
0(x) = |d(x) (3.8)
g(x)

depends on the state. In contrast to standard inverse PINN formulations, where the
unknown parameters are assumed constant, the present formulation treats them as

state-conditioned quantities. Thus, the identification problem becomes the learning
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of a coefficient field that makes the reconstructed trajectories dynamically consistent

under the surrogate model.

This representation has an important interpretability advantage. The coefficients
k(x), d(x), and g(x) admit the meanings of effective stiffness, effective damping,
and effective input gain, respectively. Hence, the surrogate preserves the semantics
of classical second-order systems while remaining expressive enough to represent
nonlinear behavior through state dependence. The corresponding local quantities can

be written as
W, (x) = \Vk(x), {(x) = ——, K(x) = e (3.9

These state-dependent quantities provide a direct bridge from data-driven identification

to control-oriented analysis.

3.2 Dual Network Architecture

The surrogate formulation above gives rise to an intrinsically coupled learning
problem, since the state-dependent coefficient field 0(x) determines the differential
constraints, while these constraints can only be evaluated along the system trajectory
itself. At the same time, the underlying continuous-time trajectory is not directly
available because the measurements are sparse and noisy. For this reason, trajectory
reconstruction and parameter identification cannot be handled as separate tasks.
Instead, the proposed SOLIS architecture decomposes the problem into two interacting
neural components, as illustrated in Figure 3.1. The Solution Network reconstructs
a smooth state trajectory from the available measurements, whereas the Parameter
Network uses the reconstructed states to estimate the local surrogate coefficients
along that trajectory. These two networks are coupled through the physics residual
induced by the surrogate dynamics, forming a closed learning loop in which improved
trajectory estimates support better coefficient prediction, and improved coefficients
in turn enforce more consistent dynamics. This decomposition is intentionally
asymmetric: the Solution Network is designed to capture trajectory-level temporal

structure across multiple experiments, while the Parameter Network is kept local and
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structurally simpler because its task is to infer pointwise surrogate coefficients rather

than to represent the full temporal evolution.
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Figure 3.1: Overview of the proposed SOLIS dual-network architecture, showing the
coupled trajectory reconstruction and local surrogate coefficient learning process.

3.2.1 Solution network

The solution network, denoted by Ny, approximates the continuous-time surrogate
state

(1) = Rgg} . (3.10)
Its primary role is to reconstruct a smooth trajectory from sparse measurements. Unlike
standard PINN settings that fit a single trajectory in isolation, the present framework
aims to learn a family of trajectories corresponding to different initial conditions

and input profiles using a shared model. For this reason, the solution network is

conditioned on the input signal.

This architectural choice is motivated by the multi-trajectory nature of the problem. A
single shared network must represent trajectories generated under different excitation
profiles, initial conditions, and local operating regimes. If the network were driven
only by time, it would have to explain all such variability through its weights alone,
which would make generalization across trajectories more difficult. Conditioning the
trajectory model on the input profile allows the temporal backbone to remain shared

while still adapting its representation to the specific experiment being reconstructed.
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In this sense, the Solution Network is not merely an interpolator in time, but a
context-conditioned continuous-time map from experiment information and time to

state.

For each trajectory, the sampled input sequence is first embedded into a compact

context vector through a Gated Recurrent Unit (GRU) [20],
c= GRU(”C;WCOI‘HCX[)7 (3.11)

where u. denotes the input values evaluated over the collocation grid. The GRU is used
only to summarize the input profile into a fixed-dimensional context representation. It
is not used as a sequential state propagator, so the continuous-time character of the

solution network is preserved.

The use of a GRU is motivated by the fact that the input is naturally given
as a sequence over the observation horizon. The role of the GRU is not to
propagate the physical state, but to compress the excitation history into a compact
representation that captures ordering and temporal variation in the input. This makes it
possible to summarize trajectory-specific forcing information without abandoning the

continuous-time character of the surrogate state representation.

The context vector then modulates the internal features of the solution network
through Feature-wise Linear Modulation (FiLM) [21]. For the /th hidden layer with

pre-activation z;, the modulated activation is written as

71 ="(c) Oz + Bilc), (3.12)

where () and fj(-) are learned affine transformations of the context vector.
This conditioning mechanism allows a single shared network to represent different

trajectory geometries while maintaining a common temporal coordinate system.

FiLM conditioning is used because it modulates the hidden representation of the
shared trajectory network in a simple and explicit manner. Compared with directly
concatenating the context vector to the time input, this mechanism allows the same
temporal backbone to produce different trajectory geometries through feature-wise

adaptation at intermediate layers. This is particularly useful in the present setting,
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where the time coordinate remains common across trajectories, but the effective shape

of the trajectory depends on the excitation profile.

When the underlying dynamics contain high-frequency oscillatory components, the
scalar time input may also be enriched using Random Fourier Features [22]. In that
case, the encoded input to the network becomes

o= [omzean]. a1

where B is a fixed frequency vector sampled prior to training. This optional encoding
improves the representation of rapidly varying temporal patterns without altering the

overall structure of the method.

In the present framework, this encoding is included to improve representation quality
when the trajectories exhibit oscillatory or higher-frequency content. Since benchmark
systems such as Van der Pol and Duffing can generate responses with nontrivial
temporal curvature, enriching the time representation in this way helps the network

approximate such behavior more efficiently.

3.2.2 Parameter network

The parameter network, denoted by Nparam, maps the reconstructed local state and input

to the surrogate coefficients,

a’f(t) :Npmam(y\(t)aﬁ(t>7u<t);wparam)- (314)
g

Its role is to identify the state-dependent coefficient field that makes the reconstructed
trajectory consistent with the second-order surrogate dynamics. Since the same
network is shared across all trajectories, the learned mapping represents a global

state-conditioned model rather than a separate local fit for each experiment.

In contrast to the Solution Network, the Parameter Network does not need to model
the full trajectory as a temporal object. Its task is local: given the reconstructed state
and current input, it must infer the surrogate coefficients that best explain the local
dynamics at that point. For this reason, a feed-forward structure is appropriate. It

provides sufficient flexibility for nonlinear regression while keeping the coefficient
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map pointwise, interpretable, and easier to regularize. This design also reflects the
intended role of the learned parameters, namely as local effective quantities rather than

latent dynamic states with their own temporal memory.

In the simplest implementation, Nparam 18 a standard feed-forward neural network. For
systems with stronger regime dependence, the architecture can be extended using a

Mixture-of-Experts formulation,

0o Q, JV

M
=) o(x,u) Ej(x,u), (3.15)
=

where E;(-) denotes the jth expert and c(-) are the corresponding Softmax
gating weights. This extension improves local expressiveness while preserving the

interpretation of the output coefficients.

To further facilitate the discovery of complex coefficient manifolds, the raw state
variables may be augmented with fixed nonlinear features such as polynomial terms,
absolute values, or interaction terms. This augmentation does not change the surrogate
structure itself. It only provides an additional inductive bias for learning coefficient
fields with more complicated geometry. In all cases, the output of the parameter
network remains the same three interpretable quantities: effective stiffness, effective

damping, and effective input gain.

3.3 Curriculum Learning

The surrogate formulation and the dual-network structure together create a strongly
coupled optimization problem. The parameter network defines the local differential
constraints, but these constraints must be evaluated along the trajectory reconstructed
by the solution network. At the same time, the quality of the reconstructed trajectory
depends on the current estimate of the surrogate coefficients. If both networks are
trained jointly from the beginning, the optimization may become ill-conditioned and
converge to trivial or physically inconsistent solutions. To reduce this difficulty, SOLIS
employs a curriculum-based training strategy that separates the learning problem into

stages and progressively increases the burden on the parameter network.
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The training procedure alternates between two phases. In the first phase, the emphasis
is on trajectory reconstruction. The parameter network is frozen and only the solution
network is updated. The objective in this stage is to recover a smooth continuous-time
trajectory that fits the sparse measurements while remaining compatible with the
current surrogate dynamics. In this way, the solution network first learns the geometric

structure of the trajectories before the parameter field is refined.

In the second phase, the solution network is frozen and the parameter network is
optimized. At this stage, the reconstructed trajectory is treated as a temporary
reference, and the goal becomes the identification of a coefficient field that explains the
observed motion through the second-order surrogate model. This separation reduces
the direct conflict between trajectory fitting and parameter estimation and makes the
optimization more stable than naive joint training. The overall training procedure is

summarized in Table 3.1.

A key component of the second phase is the use of Local Physics Hints. The
main purpose of these hints is to prevent the parameter network from collapsing to
uninformative coefficient fields during early optimization. Instead of relying only
on the non-convex physics residual, SOLIS constructs local analytical parameter
estimates from the reconstructed trajectory by means of sliding-window ridge
regression. These estimates are then used as weak supervision targets for the
parameter network. Since they are local and approximate, they do not replace the
physics-informed objective. Rather, they provide a stabilizing anchor that guides the

parameter network toward physically plausible regions of the parameter space.

To construct these hints, consider a local window centered around a collocation point ¢.
Within this window, the surrogate dynamics are approximated in the linear regression
form

Y ~ @8, (3.16)

where

Y =[] ey @=[9(0), (D) u(D)] - (3.17)
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Table 3.1: SOLIS training procedure.

Step Description

1 Input: Measurements Z,,, collocation points Z,, phase lengths K1, K>,
hint decay 7, ridge parameter A,

2 Initialize: Networks .45, and Aparam

3  Forepoch=1toE do

4 Sample minibatch & from %, and Z,

5 Compute &,X < A5 (B)

6 Compute 0« Nparam (X, 1)

7 Compute Zphys

8 Set k <— epoch mod (K; +K3)

9 If k£ < K; then

10 Freeze Aparam, unfreeze g

11 Compute Lyaa and Zc

12 Set zotal — Advgdata =+ A'ic'v%c =+ Apo%phys
13 Update .45

14 Else

15 Freeze s, unfreeze Aparam

16 Decay hint weight: A, < A,y

17 Construct local matrices @ and Y on the minibatch
18 Compute 64, via Eq. (3.18)

19 Compute %,y and reliability weights wy
20 Compute %o and L1y

21 Set Lot < ApLphys + AnLhint + Areg (ZLron +-L1v)
22 Update Aparam

23 End If

24  End For

25  Return: Trained networks .45 and Aparam

Here, %(W) denotes a local rolling window of length w. The corresponding ridge

estimate is given by

-1
r?dge(t) = <CI)TCI)+ A;J) CI)TY’ (3.18)

where A, > 0 is the ridge regularization parameter. In practice, the window length is
randomized during training so that the hints do not overfit a single temporal scale. This

improves robustness and encourages consistency across multiple local linearizations.

The curriculum therefore serves two related purposes. First, it decouples trajectory
learning from parameter identification in the early stages of training. Second,

it enriches parameter learning with analytical local guidance. Together, these
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mechanisms help the model avoid the optimization failures commonly encountered

in inverse physics-informed training.

3.4 Loss Functions and Optimization

The training objective of SOLIS combines data consistency, physics consistency, weak
local supervision, and regularization of the learned coefficient field. Since the training
proceeds in phases, not all loss terms are active at every stage. The total optimization
objective is assembled from a common set of components, each serving a distinct role

in the learning process.

The core coupling term is the physics residual induced by the second-order surrogate

dynamics. At a collocation point ¢, the residual is defined as
r(t) = 7 dt . (3.19)

The corresponding physics loss is
1

"%hys: EA

PREGIE (3.20)

te 7,

This term enforces consistency between the reconstructed trajectories and the learned
surrogate coefficients. Since the required derivatives are obtained by automatic
differentiation, the residual can be evaluated directly on the neural representation of

the trajectory.

The trajectory reconstruction objective is governed by a data fidelity term defined over
the available measurements,

1

gdata = @ (

Y, l9(n) —yill3- (3.21)

tivyl')egm
When the initial condition is known, an additional initial-condition penalty may be
included as

Lo = [1%(0) — xol[3 - (3.22)

These terms are especially important in the first phase of training, where the primary
goal is to recover a smooth and reliable continuous-time trajectory from sparse

observations.
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During the parameter-identification phase, the analytical ridge estimates introduced in

the previous section are used to define the hint loss

1
Lhint = 77 Z Wit

(3.23)
| 7] te;

A N 2
Q(I) - ridge(I)H27

where w; € [0, 1] is a local reliability weight. These weights are chosen to reduce the
influence of windows with weak excitation or poor conditioning. As a result, the hint
loss does not force the parameter network to copy the ridge solution blindly. It only

encourages agreement when the local regression estimate is informative.

To promote smooth coefficient fields and reduce abrupt variations across nearby states,
a regularization term is applied to the learned parameters. This is expressed through a

total variation type penalty on the coefficient field,

1 A
Lv =Y |[V:0(x(0))|],- (3.24)
|2| [ez

This regularization reflects the local Quasi-LPV assumption. If the surrogate is to
capture the local geometry of the trajectories in a meaningful way, then the coefficient

field should vary smoothly rather than fluctuate erratically from point to point.

An additional short-horizon rollout term may also be included to improve dynamical
consistency over time. Let H denote the rollout horizon. Then a generic rollout loss

can be written as

1. X 2
Zron =17 3. £ —R(t +h)H : (3.25)
h=1 2
where )Gtril}ll denotes the state obtained by forward integration of the local surrogate

over the short horizon. This term complements the pointwise physics residual by

encouraging consistent local evolution over multiple time steps.

With these components, the first phase of training focuses on the solution network and
uses the objective

gPl = A«dgdata + /’Licﬁc + /lp%hys; (3-26)

where A4, Aic, and lp are nonnegative loss weights. In the second phase, the solution

network is frozen and the parameter network is updated according to

Loy = ApLphys + AnLhine + Areg (L1v + Lot - (3.27)
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The weight of the hint term is typically decreased over training so that the optimization
gradually relies less on the local analytical proxy and more on the physics-informed

objective itself.

The final training procedure alternates between these two phases over the course of
optimization. In each cycle, the solution network improves the continuity and fidelity
of the reconstructed trajectories, and the parameter network refines the coefficient
field that explains those trajectories through the surrogate dynamics. This alternating
process constitutes the core of SOLIS and provides the trained surrogate model used

in the experimental and control chapters.
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4. GAIN-SCHEDULED CONTROLLER DESIGN VIA ALGEBRAIC
MATCHING

This chapter extends the second-order Quasi-LPV surrogate introduced in Chapter 3 to
a control setting. The main idea is to use the learned local model not only for analysis
and prediction, but also for state-feedback controller design. Since the surrogate
provides, at each state, an interpretable second-order approximation with effective
stiffness, damping, and input gain, it becomes possible to compute feedback gains
directly from the local model parameters. In this chapter, a simple gain-scheduled

state-feedback design based on algebraic polynomial matching is presented.

4.1 Control over Quasi-LPV Models

After offline training, the learned surrogate yields, for each state x(z), a local

second-order approximation of the form

(1) = Ax(r))x(2) + B(x(2) )u(r), 4.1

where

A0= | —do) 50 [at) 2

Here, k(x), d(x), and g(x) denote the state-dependent surrogate coefficients identified
by the parameter network. This representation can be interpreted as a local linear
second-order model whose parameters vary over the state space. As a result, it provides

a natural basis for gain-scheduled control.

For regulation, or equivalently for tracking in error coordinates, a state-feedback law

of the form
u(t) = —K(x(1))x() (4.3)
is considered, where

K(x) = [ki(x) ka(x)]. 4.4)
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Substituting this feedback law into the local surrogate model gives the closed-loop
dynamics

(1) = (A(x(r)) — B(x(2)) K (x(2))) x(2)- (4.5)

Since both the model and the controller depend on the state, the resulting system is

scheduled over the operating region through the learned coefficient field.

The purpose of this design is not to claim global optimality or formal robust stability
guarantees. Rather, the aim is to exploit the interpretable local structure learned by
the surrogate model and obtain a simple control law that adapts to local variations
in the dynamics. In this sense, the controller serves as a direct demonstration that the

identified surrogate is not only predictive, but also useful for control-oriented synthesis.

4.2 Gain Scheduling via Polynomial Matching

The closed-loop characteristic polynomial of the local model under the feedback law

above is obtained from

)

1
AR =BEKE = |t oot —d0)— st 4.6)

Therefore, the local closed-loop characteristic polynomial becomes
52+ (a?(x) +8(x)ka(x)) s+ (lAc(x) +8(x)k1(x)) = 0. 4.7)
This expression has the same structure as a standard second-order polynomial, which

makes algebraic pole matching particularly convenient.

To specify the desired local closed-loop behavior, the reference polynomial is chosen
as

s? +28.w.s + @ =0, (4.8)

where @, > 0 is the desired natural frequency and {. > 0 is the desired damping ratio.

Matching coefficients with the local closed-loop polynomial yields the scheduled gains

240 —dW)

ka (x) P (4.9)
- k(x)
ki(x) = o) (4.10)
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where g.g(x) denotes an effective input gain used in implementation. In the ideal
case, one may take Zer(x) = g(x). However, to avoid numerical difficulties and
excessively large gains when the estimated input gain becomes too small, a lower

bound is imposed:
Zetr(x) = max (&(x), gmin) , (4.11)

where gnin > 0 is a prescribed minimum gain threshold.

This construction defines a scheduled controller because the feedback gains depend
explicitly on the current local surrogate coefficients. If the identified model indicates
increased local damping, the scheduled derivative gain is reduced accordingly.
Likewise, if the local stiffness changes over the state space, the proportional gain
is adapted to maintain the desired second-order behavior. In this way, polynomial
matching provides a transparent connection between the learned surrogate parameters

and the control law.

The simplicity of this design is one of its main advantages. The controller is obtained in
closed form and does not require solving an optimization problem online. At the same
time, it remains sensitive to local changes in the learned model, which is precisely
the benefit of using a state-dependent surrogate representation instead of a single fixed

linear approximation.

4.3 Implementation Details

Although the algebraic matching rule is simple, its direct use in a real-time loop
requires several practical precautions. The first issue is that the scheduled gains are
computed from learned surrogate coefficients, and these coefficients may contain local
estimation errors or abrupt variations. For this reason, the implemented gains are

bounded within predefined intervals,

ki (X) € [kl,minykl,max]a k2<x) € [k27min7k2,max]a 4.12)

so that unrealistic or excessively aggressive control actions are avoided. In addition,
the gain updates may be rate-limited to prevent sharp changes in the controller caused

by local fluctuations of the learned parameter field.
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A second issue is the possibility of algebraic loops. In the proposed framework, the
parameter network may depend on the control input in addition to the state. If the
current control signal were used directly to compute the current surrogate coefficients,
an implicit algebraic dependence could arise between coefficient evaluation and control
computation. To avoid this problem, the surrogate coefficients are evaluated using the

previously applied input,
B() = Nyaram (x(t),u(t — Ar)), (4.13)

where At denotes the control sampling interval. This preserves causal implementation

and removes the algebraic loop in real-time execution.

A third consideration concerns robustness to surrogate mismatch. Since the learned
model is only an approximate local representation of the true nonlinear dynamics,
the scheduled controller should not rely on exact coefficient accuracy. One practical
way to improve safety is to blend the scheduled gain with a fixed baseline stabilizing

controller,
Kimpl (x) — a(x)Ksched<x) + (1 - (X(x)) Khpase, (4.14)

where Kgcheq(x) is the gain obtained from polynomial matching, Ky, is a fixed
stabilizing gain, and o(x) € [0, 1] is a blending factor. In the simplest implementation,
o/(x) may be chosen as a constant. More refined choices may depend on confidence in

the surrogate estimate.

Finally, actuator saturation must be taken into account in practical implementation.
After the control law is computed, the control input is clipped to the allowable actuator
range,

uimpl(t) = sat (—Kimpl(x(t))x(t)) . (4.15)

This prevents infeasible commands and keeps the controller within safe operating

limits.

The complete online implementation used in the closed-loop simulations is
summarized in Table 4.1. The procedure combines surrogate-based gain scheduling
with practical safety mechanisms such as gain clamping, rate limiting, and actuator

saturation.
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Table 4.1: Online closed-loop control procedure using the learned SOLIS surrogate.

Step Description

1

NN W

o0

9
10

11

12

13
14

15
16
17
18
19
20

21

22
23
24
25
26
27
28

Input: Initial state xo, reference functions r(z), i(t), ¥(t), design
parameters (., @., baseline gain Kj, blending factor &, minimum
effective gain gni,, gain limits, rate limits, actuator limits, time step At,
simulation horizon N
Initialize: x < xo, t < 1o, Uprey < 0, k1 K(l), ky < Kéz)
Forn=1toN do
Evaluate reference signals r(z), 7(t), #(¢)
Extract output and velocity from state: y <— x1, v < x
Compute tracking errors: e <y —r(t), é < v—F(t)
Infer local surrogate coefficients from the learned model using current
state and previous input
[lzad/\a §] ! < %aram(x; Mprev)
Compute effective gain: gegr < max(g, gmin)
Compute scheduled gains by polynomial matching
k2,raw — ZCcio—cd
8eff
®? —k

A

kl,raw —
8eff
Blend with baseline gain
kl,des < (1 - (X)K(gl) + akl,raw
k2,des — (1 - a)K(()Z) + OCkZ,raw
Apply gain saturation: kj ges < Sat(ki des),  k2.des < Sat(k2 des)
Apply gain rate limits and update gains
ki + k1 + Sat(kl,des — k])
ky <+ ko + sat(k;des — kz)
Compute feedback control term: ug, <— —(kje +kaé)

#(t)

A

8eff
Add optional probing excitation Au if enabled

Form raw control input: uay <— ugr + us, + Au
Apply actuator saturation: u <— sat(ur,y )
Propagate the ground-truth plant by one step using u
Store x, u, lAc, cf, g ki, ky,r, i, ¥
Update uprey <— U, X< x7, t41+A

End For

Compute optional feedforward term: ug <—

Overall, the proposed controller is intentionally simple. Its purpose is to demonstrate

that the learned Quasi-LPV surrogate can be used directly for state-feedback synthesis

in a transparent way. The controller does not attempt to provide a complete nonlinear

control theory framework. Instead, it shows that the interpretable surrogate model
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learned by SOLIS is sufficiently structured to support scheduled control design with

minimal additional machinery.
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5. PERFORMANCE ANALYSIS

This chapter evaluates the performance of the proposed framework from three
complementary perspectives. First, the solution learning capability of the Solution
Network is analyzed in order to assess how accurately the measured trajectories can
be reconstructed under the second-order Q-LPV surrogate hypothesis. Second, the
fidelity of the learned local surrogate model is examined by evaluating how well
it captures the underlying nonlinear dynamics, particularly in terms of open-loop
predictive behavior and phase portrait consistency. Third, the control-oriented value
of the learned surrogate is assessed in a closed-loop setting, where the identified local
model is used to synthesize scheduled state-feedback gains and the resulting tracking

performance is analyzed on the nonlinear system.

The first two parts of the evaluation are carried out on all benchmark systems
considered in this thesis. The closed-loop control study, however, is conducted only
on the Duffing oscillator. This benchmark is used as the main case study for controller
validation, since it provides a sufficiently rich nonlinear setting while still allowing the

effect of the proposed gain-scheduled controller to be examined clearly.

5.1 Experimental Setup and Datasets

In this study, the proposed framework is evaluated on three benchmark systems
representing different types of nonlinear behavior. These systems are selected to
examine identification accuracy and control relevance under different dynamical

characteristics.

The first benchmark is the Van der Pol oscillator, which is a classical nonlinear system
characterized by state-dependent damping and self-sustained oscillatory behavior. This
example is particularly useful for evaluating whether the proposed framework can

recover nonlinear dissipation effects through the learned surrogate coefficients.
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The second benchmark is the Duffing oscillator, which introduces nonlinear stiffness
through a cubic restoring term. This system is used to assess whether the proposed
surrogate can represent nonlinear restoring dynamics while preserving interpretable
second-order structure. In addition, the Duffing oscillator is used for the closed-loop

control experiments reported later in this chapter.

The third benchmark is the two-tank process, which represents a real laboratory-scale
system with coupled nonlinear flow dynamics and measurement noise. In contrast to
the simulated benchmarks, this example provides a more realistic setting in which the

learned model must cope with imperfections in the data and unmodeled effects.

For each system, trajectory data are generated or collected under known excitation
inputs. A subset of the available data is used for model training, while the
remaining trajectories are reserved for evaluation. The training process follows the
procedure described in Chapter 3, where the Solution Network reconstructs smooth
continuous-time trajectories and the Parameter Network identifies the local surrogate

coefficient field.

For the synthetic benchmarks, the measured outputs were corrupted with small additive
measurement noise in order to avoid an idealized noiseless identification setting. In
the experiments, noise was added to the observed output channel before training,
while the underlying system dynamics remained unchanged. The noise level was
kept intentionally modest so that the benchmark would remain identifiable while still
reflecting realistic imperfections in measurement. For the two-tank benchmark, no
artificial corruption was added; instead, the data contain intrinsic measurement noise
arising from real laboratory sensing and acquisition. This distinction is important when
interpreting the reconstruction and rollout results, since the proposed framework is

evaluated under both synthetic and naturally occurring noisy observations.

The proposed framework is evaluated against several baseline methods representing
both physics-informed neural identification and classical parametric modeling
approaches. These baselines are selected to reflect both physics-informed neural

identification and a classical control-oriented parametric alternative.

36



e [PINN: A baseline inverse physics-informed neural network based on a
fixed-parameter second-order model. In this approach, the system dynamics are
assumed to follow the same second-order structure used in the proposed framework,
but the coefficients k, d, and g are treated as single global trainable scalars
rather than state-dependent quantities. The solution is represented by a standard
feedforward neural network, and the trajectory and the fixed parameters are learned

jointly through the physics-informed loss.

e IPINN-M: A multi-trajectory inverse PINN baseline. This method uses the
same trajectory representation mechanism as the proposed Solution Network,
including input conditioning through recurrent context encoding and FiLM-based
modulation. However, the governing surrogate model still assumes constant global
coefficients. Therefore, this baseline isolates the contribution of the state-dependent
parameter field by keeping the trajectory architecture expressive while restricting

the dynamics to a fixed-parameter second-order form.

e TF: A low-order transfer function baseline estimated using MATLAB’s built-in
tfest function. This method identifies a parametric transfer function model
directly from input-output data and provides a classical linear benchmark against

which the proposed nonlinear surrogate can be compared.

In the present experiments, the TF baseline was obtained by fitting low-order
transfer function models with MATLAB’s t fest routine. According to the official
documentation, t fest estimates continuous-time or discrete-time transfer function
models from time-domain or frequency-domain data using a prescribed pole-zero
structure, with optional delay specification and configurable estimation options
[23,24]. In this thesis, t fest was used as a classical low-order linear identification
baseline. A small search over candidate model structures was performed by varying
the assumed transfer function order, and the model with the best fit under the adopted
evaluation criterion was retained for comparison. This makes the TF baseline more
informative than a single arbitrarily chosen transfer function structure, while still

keeping it within the class of classical parametric linear models.

37



The performance of the proposed framework is evaluated wusing both
reconstruction-based and dynamical metrics. For trajectory-level comparisons,
the predicted outputs are compared against the reference trajectories under noisy
measurements. For surrogate-model fidelity, the learned local dynamics are examined
through phase portrait comparisons and open-loop rollout performance on all
benchmark systems. For control experiments, closed-loop tracking behavior is
analyzed only for the Duffing oscillator under the gain-scheduled state-feedback law

described in Chapter 4.

For quantitative evaluation, the main performance measure reported in this thesis is the
accuracy metric derived from the normalized root mean square error (NRMSE). Given
the reference trajectory yyue and the predicted trajectory ypreq, the root mean square

error is defined as

1 ¥ 2
RMSE = \/N Z (ytrue,i _ypredj) ) (5.1)
i=1
and the normalized root mean square error is computed as
RMSE
NRMSE = (5.2)

max (y true ) —min (y true ) .

Using this quantity, the accuracy is defined as
Accuracy (%) = max (0, 1 —NRMSE) x 100. (5.3)

Accordingly, a higher accuracy value indicates better agreement between the predicted
and reference trajectories. This metric is used throughout the chapter for both

reconstruction and rollout evaluations.

5.2 Trajectory Reconstruction Results

This section analyzes the solution learning performance of the proposed framework.
The main question here is whether the Solution Network can reconstruct smooth and
accurate trajectories from sparse observations while remaining consistent with the

second-order surrogate structure.

The reconstruction results are first evaluated on the observed trajectories. Since the
Solution Network is optimized jointly with physics-based constraints, the objective is

not only to interpolate the measured data points but also to recover a continuous-time
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trajectory that remains dynamically meaningful. This is especially important when

measurements are sparse or when velocity information is not directly available.

Representative trajectory reconstructions for the benchmark systems are presented in
Figure 5.1. Figure 5.1(a) shows the results for the Van der Pol oscillator, Figure 5.1(b)
shows the Duffing oscillator, and Figure 5.1(c) shows the two-tank system. In all three
cases, the plots compare the reference trajectories with the trajectories reconstructed
by the proposed framework and the selected baseline methods. The results indicate
that SOLIS follows the measured dynamics more closely, particularly in regions with
pronounced oscillatory behavior, nonlinear transitions, or stronger local curvature,

where fixed-parameter baselines tend to accumulate mismatch.

The quantitative reconstruction results are summarized in Table 5.1. These results
show that the proposed framework achieves the highest reconstruction accuracy on
all benchmark systems. This supports the view that the second-order Quasi-LPV
surrogate, together with the proposed training strategy, provides an effective

representation of the trajectory geometry while remaining physically structured.

Table 5.1: Solution learning accuracy (1) on training trajectories.

System IPINN IPINN-M  SOLIS
Van der Pol ~ 95.94% 98.07% 98.89%
Duffing 95.43% 97.56% 99.01%

Two-Tank 88.64% 91.25% 98.62%

Overall, these results indicate how well the proposed framework captures the solution
manifold implied by the measured data. Strong reconstruction performance is
important not only as an identification result in itself, but also because the reconstructed

trajectories form the basis for learning the local surrogate coefficient field.

5.3 Surrogate Model Open-Loop Prediction Results

While trajectory reconstruction measures how well the observed data are fitted, it does
not by itself establish whether the learned surrogate model captures the actual system
dynamics in a meaningful way. For this reason, the local surrogate is evaluated in an

open-loop setting through phase portrait comparisons and forward rollout experiments.
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Figure 5.1: Representative trajectory reconstruction results for the benchmark
systems: (a) Van der Pol oscillator, (b) Duffing oscillator, and (c) two-tank system.
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A first qualitative assessment is obtained by comparing the vector field induced by the
learned surrogate with the reference phase portrait of the underlying nonlinear system.
Since the proposed framework identifies a state-dependent second-order local model,
this comparison provides insight into whether the learned coefficient field reproduces
the geometry of the true dynamics over the explored region of the state space. The
phase portrait comparisons for the Van der Pol and Duffing oscillators are presented in
Figure 5.2. In both cases, the learned surrogate reproduces the dominant flow structure
over the regions covered by the trajectories. The cosine similarity maps provide a
pointwise measure of agreement between the surrogate and the ground-truth vector
field, showing that the highest consistency is obtained in the regions that are most
relevant to the observed dynamics.
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Figure 5.2: Phase portrait comparison results for the learned surrogate models. The
top row corresponds to the Van der Pol oscillator and the bottom row corresponds to
the Duffing oscillator. (a) Van der Pol surrogate phase portrait, (b) Van der Pol
ground-truth phase portrait, (c) Van der Pol cosine similarity map, (d) Duffing
surrogate phase portrait, (e) Duffing ground-truth phase portrait, and (f) Duffing
cosine similarity map.
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The corresponding quantitative phase portrait results are summarized in Table 5.2.
The results show that SOLIS achieves the highest average cosine similarity on both
benchmark systems, which indicates a more faithful recovery of the local vector field

geometry than the fixed-parameter inverse PINN baselines.

Table 5.2: Phase portrait similarity (1) measured via average cosine similarity to the
ground-truth field.

System IPINN IPINN-M SOLIS
Van der Pol 0.70 0.67 0.86
Duffing 0.81 0.82 0.96

In addition to the phase portrait comparison, open-loop rollout experiments are used
to assess predictive consistency beyond the training samples. Starting from a given
initial condition, the learned surrogate dynamics are forward integrated and compared
against the reference system trajectories. These results are illustrated in Figure 5.3,
where representative rollouts are shown for the Van der Pol oscillator, the Duffing
oscillator, and the two-tank system. In all three cases, the proposed method produces
trajectories that remain closer to the reference response, whereas the baseline models

accumulate larger deviations over time.

The quantitative rollout results are reported in Table 5.3. These results show that
SOLIS attains the highest rollout accuracy on all benchmark systems. This is important
because open-loop performance reflects whether the learned surrogate behaves as a
coherent dynamical model rather than merely as a local interpolator. A model that fits
observed samples but cannot produce consistent forward evolution would have limited
value for analysis and control. In contrast, the results obtained here suggest that the
learned coefficient field captures the local nonlinear mechanisms of the underlying

systems in a physically meaningful way.

Table 5.3: Identification rollout accuracy (1) on test trajectories.

System IPINN IPINN-M TF SOLIS
Van der Pol  83.72% 81.84% 70.22%  90.54%
Duffing 76.60% 75.27% 74.60%  83.07%

Two-Tank 82.74% 82.90% 77.714%  84.29%
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Figure 5.3: Representative open-loop rollout results for the benchmark systems: (a)

Van der Pol oscillator, (b) Duffing oscillator, and (c) two-tank system.
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5.4 Closed-Loop Control Performance

The final stage of the evaluation examines the control-oriented value of the learned
surrogate model. After offline identification, the estimated local coefficients are
used online to construct scheduled state-feedback gains according to the controller
design described in Chapter 4. In the implemented simulation, the controller uses
scheduled gains obtained from the learned local parameters together with blending,
gain limiting, and input saturation. The simulation records the state trajectory, control
input, estimated surrogate coefficients, scheduled gains, and reference signals over

time.

The closed-loop experiments in this thesis are conducted on the Duffing oscillator
only. This choice is made in order to examine the proposed controller on a nonlinear
benchmark with state dependent restoring dynamics, while keeping the interpretation
of the results clear. Accordingly, the results reported in this section should be
understood as a case study demonstrating the control use of the learned surrogate,

rather than as a benchmark wide validation across all datasets.

In these experiments, the controller operates by updating the feedback gains according
to the current local surrogate coefficients. This creates an adaptive gain-scheduled
structure that reacts to changes in the local dynamics as the state evolves. The resulting
closed-loop response is compared against the desired reference behavior under several
reference profiles. In the simulations used in this study, the controller parameters are

chosen as shown in Table 5.4.

Table 5.4: Controller parameters used in the closed-loop simulations.

Parameter Value
Desired damping ratio, &, 0.9
Desired natural frequency, @, 6.0
Baseline gain, Ky (2.0, 1.5)
Blending factor, « 0.7
Minimum effective gain, gmin 1072
Minimum actuator input, i 5.0

Maximum actuator input, umax 5.0

44



These values define the desired second-order closed-loop behavior together with the

practical safety constraints used during online implementation.

Representative closed-loop tracking results for the Duffing oscillator are presented
in Figure 5.4. The figure compares the output trajectory with the desired reference
under different reference signals. Qualitatively, the scheduled controller is expected
to preserve good tracking performance while adapting its gains to the local surrogate
dynamics. This allows the controller to respond to changes in the operating region

without relying on a single fixed linear model.
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Figure 5.4: Closed-loop tracking performance on the Duffing oscillator under the
gain-scheduled controller.

Quantitative performance measures are summarized in Table 5.5. In this thesis, the
reported metrics are selected to reflect both tracking quality and control behavior. The
tracking performance is evaluated through the trajectory accuracy and RMSE with
respect to the reference signal. In addition, a control-effort measure is reported in

order to quantify the input magnitude required to achieve the tracking objective. For
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the step reference case, settling time and overshoot are also included to characterize
the transient response. These metrics are not reported for the sinusoidal and
chirp references, since they are not directly comparable to standard step-response
characteristics.  Since the scheduled controller is intended as a practical and
interpretable control law rather than a purely numerical tracking scheme, evaluating

both output performance and input usage is important.

The closed-loop analysis completes the main argument of the thesis. The contribution
of the proposed framework is not limited to trajectory fitting or surrogate identification.
Rather, the learned Quasi-LPV representation is shown to be directly usable for
controller synthesis in the Duffing case study. Successful closed-loop performance
therefore provides evidence that the identified surrogate captures control-relevant

structure in the underlying nonlinear dynamics.

Table 5.5: Closed-loop control performance on the Duffing oscillator.

Metric Sinusoidal Step Chirp
Accuracy (%) 98.26 81.25 99.17
RMSE 0.0523 0.1875 0.0166
Settling Time (s) - 0.9110 -
Overshoot (%) - 1.2140 -
Control Effort 1.2807 1.2568 2.3977
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6. CONCLUSION AND FUTURE WORK

This thesis presented a physics-informed framework for learning interpretable
surrogate models of nonlinear dynamical systems from sparse trajectory data and
for using these learned models in controller synthesis. The main objective was to
address a fundamental limitation in nonlinear system identification, namely the gap
between model flexibility and control-oriented interpretability. Classical identification
methods provide structured models that are suitable for analysis and controller design,
but they often become restrictive in the presence of strong nonlinearities. In contrast,
modern neural approaches can represent complex dynamics with high flexibility, yet
they usually do not produce models that are easily interpretable or directly usable for

control.

To address this issue, the thesis proposed a structured learning framework based
on a second-order Quasi-LPV surrogate hypothesis.  Instead of assuming a
fixed global parametric model, the unknown nonlinear dynamics were represented
through a state-dependent second-order surrogate with interpretable local coefficients
corresponding to effective stiffness, damping, and input gain. This formulation allowed
the identification problem to be recast as the learning of a coefficient field over the state

space rather than the estimation of a single global parameter vector.

A dual-network architecture was introduced in order to separate trajectory
reconstruction from parameter identification. Within this structure, the Solution
Network was used to recover smooth continuous-time trajectories from sparse
measurements, while the Parameter Network was used to identify the local surrogate
coefficients along those trajectories. To reduce the optimization difficulties typically
encountered in inverse physics-informed learning, a curriculum-based training strategy
was adopted. This strategy alternated between trajectory learning and parameter
learning, and local ridge-regression based physics hints were incorporated as weak

supervision in order to stabilize the identification of the coefficient field.
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The experimental results showed that the proposed framework can reconstruct system
trajectories accurately, recover meaningful local surrogate dynamics, and generate
coherent open-loop predictions across benchmark nonlinear systems. In particular,
the framework was able to produce state-dependent surrogate models that preserved
classical second-order interpretation while remaining expressive enough to capture
nonlinear behavior. These results support the main premise of the thesis: it is possible
to learn nonlinear surrogate models that are both data-consistent and structurally useful

for control-oriented analysis.

Beyond identification, the thesis also considered the use of the learned surrogate in
controller synthesis. By exploiting the local second-order structure of the identified
Quasi-LPV model, a gain-scheduled state-feedback controller was constructed through
algebraic polynomial matching. This controller used the estimated local stiffness,
damping, and input gain to compute feedback gains online in a simple and interpretable
manner. The closed-loop case study on the Duffing oscillator demonstrated that the
learned surrogate can support adaptive state-feedback design and can be used not only

for modeling, but also for control.

Although the results are encouraging, the present study also has several limitations.
First, the proposed framework has been validated only on low-dimensional benchmark
systems. While the Van der Pol oscillator, the Duffing oscillator, and the two-tank
process provide useful test cases for examining the basic identification and control
properties of the method, they do not yet establish how the framework behaves in
higher-dimensional nonlinear systems with stronger state coupling, richer actuation
structure, or partial observability. Second, the surrogate hypothesis was formulated for
second-order single-output dynamics, and the closed-loop control study was limited
to a single nonlinear benchmark. Third, while the learned coefficient fields were
shown to be useful in practice, no formal stability guarantees were derived for the
overall gain-scheduled closed-loop system. These limitations point directly to several

promising directions for future research.

A first natural extension is the generalization of the proposed framework to multi-input

multi-output systems and, more broadly, to higher-dimensional nonlinear dynamics.
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Extending the surrogate hypothesis from scalar second-order dynamics to coupled
vector-valued systems would substantially broaden the class of applications. Such an
extension would require more structured parameterizations of the local dynamics and
more careful treatment of coupling effects between channels. Representative future test
cases may include multi-link robotic manipulators, robotic arms with flexible joints,
aerial robotic systems with coupled translational and rotational dynamics, and larger
process-control benchmarks. These systems would provide a more demanding setting
in which the scalability and structural usefulness of the proposed surrogate formulation

could be evaluated.

A second important direction is the incorporation of uncertainty quantification into
the surrogate learning process. Since the learned model is obtained from finite and
possibly noisy data, it would be valuable to estimate confidence in the identified
coefficient field. This could be approached through Bayesian neural models,
ensemble-based methods, interval methods, or other uncertainty-aware learning
strategies. Uncertainty information would be especially useful for determining when
the learned surrogate can be trusted for control and when more conservative action is

needed.

A third direction concerns the control design itself. In this thesis, the controller was
intentionally kept simple and transparent by relying on algebraic pole matching. Future
work may explore more advanced control structures built on the learned surrogate,
including optimal control, robust gain scheduling, model predictive control, adaptive
control, or observer-based output feedback designs. These approaches could make

fuller use of the learned local model while improving performance and robustness.

Another important research direction is the analysis of closed-loop stability and
robustness. While the proposed controller was motivated by the local surrogate
structure, a more complete theoretical study is needed in order to understand the
interaction between model mismatch, scheduling variations, and closed-loop behavior.
Lyapunov-based analysis, LPV stability tools, or input-to-state stability arguments may

provide suitable starting points for such investigations.
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Finally, the overall framework may be extended to richer classes of nonlinear systems
and more realistic experimental settings. Applications to higher-dimensional systems,
systems with partial observability, systems with external disturbances, and systems
with stronger uncertainty would help clarify both the strengths and the limitations
of the approach. Such studies would also provide a better understanding of when
interpretable local surrogate learning offers a genuine advantage over purely black-box

neural models.

In summary, this thesis proposed a control-oriented physics-informed learning
framework that connects nonlinear system identification with interpretable surrogate
modeling and scheduled feedback design. The main contribution is not only a method
for fitting trajectories, but a structured perspective on how learned local dynamics can
be made useful for analysis and control. It is hoped that this work provides a useful
step toward data-driven modeling approaches that remain compatible with the needs

of control engineering.
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