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SUMMARY

Local weather over complex topography is greatly influenced by the
modification of flow by blocking and channeling. An understanding of these
mesoscale mechanisms, through both modeling and field studies, should lead to
greater forecasting skill in these regions. In addition, the dispersion of pollution
from industry sited in valleys is often hampered by meteorological conditions
resulting directly from orographically induced wind systems.

In this study, the results of the atmospheric flow modeling over complex
topography by using Schwarz-Christoffel transformation have been given.

In most of the meteorological models, non-orthogonal grid system is used
for the modeling of an atmospheric phenomenon over the complex topography. In
using this kind of non-orthogonal grid system, the errors especially in the
calculation of pressure gradient in the lower atmosphere increase where the slopes
of topography were not much less than 45 degrees. Furthermore, in a non-
orthogonal system, transformation equations that are used in the model include
extra terms according to an orthogonal system. Consequently, the computational
time increases.

We used here Schwarz-Christoffel transformation to eliminate the above
problems. This kind of transformations is used to generate the orthogonal grid
points over the topography that has any slopes and scales. The reason of using
widely non-orthogonal systems (for example, terrain-following height coordinate
system) by modelers is due to simplicity on writing the computer code.

In this thesis, the two-dimensional atmospheric flow model over complex
topography is developed. The model formulation is based on the shallow
convection system and meso-£ scale. The model includes the non-hydrostatic and
the buoyancy terms in addition to geostrophic and Coriolis terms. For the
turbulence model, Smagorinsky and Lilly's subgrid-scale mixing formulation is
used. The model does not include radiative processes and PBL (Planetary
Boundary Layer) parameterizations.

In order to test the model, a Gaussian-shaped mountain within a domain
having a width of 40 km and a height of 4 km. Domain has 50x21 grid-points. The
horizontal grid interval is 810 m, and time step is taken to be 2.5 sec.

According to model results, the flow field over the given topography has
been modeled realistically in global meaning.
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OZET

Kiigiik, bolgesel ve bilyiik 6lgekli meteorolojik modeller, atmosferik
olaylarin anlagilmasinda, atmosferik parametrelerin gelecekteki durumlarmin
belirlenmesinde ve hava kirliligi modelleri i¢in gerekli olan girig bilgilerini
saglamada yardimci olduklarindan meteorologlar igin vazgegilmez bir aragtir.
Giiniimiizde oldukga fazla sayida meteorolojik modellerin olmasi da modellerin
ve modellemenin 6nemini agikga gostermektedir

Bir meteorolojik modelin gelistirilmesinde, ilk planda kargilagilan en
bityiik zorluk, topografyamn etkisinin modele katilmasinda ortaya ¢ikmaktadr.
Biyiik 6lgekli modellerde topografya iizerindeki ayrintilar gok 6nemli degildir
ve topografya modele kaba bir tarifle dahil edilebilir. Bolgesel ve kiigiik 6lcekli
modellerde ise, topografya ve lizerindeki gekilller atmosferik akisa dogrudan
etki eden en 6nemli parametredirler ve model, topografyanin detayl bir tarifini
icermek zorundadrr. Bununla beraber, topografyanin tarifi aym zamanda
modelde kullanilan grid-araligima bagh olarak belirlenir.

Meteorolojik modellerde yaygin olarak kullamlan “diisey koordinat
doniigiimleri’” kiigiik ve bolgesel olgekli modeller i¢in belirli gartlar altinda
kullanilmaktadir. Bu koordinat déntgiimlerinin kullamminda, topografyadaki
egimlerin 45 dereceden ¢ok ¢ok kigiikk olmasi gerekmektedir. Bunun
saglanmamast durumunda yere yakin yerlerde gradyan hesaplarinda hatalar
onemli derecede artig gostermektedir. Bu ytizden, dik yamacgh daghk veya dik
inigi vadi olan bolgelerde bu koordinat doniigimlerini igeren modellerin
kullammi miimkin olmamaktadir.

Bu tez g¢ahigmasinda topografyamn olgeginden, topografyanin
egimlerinden ve tizerindeki sekillerden (binalar, kuleler v.b.) bagimsiz olarak
caligabilecek iki boyutlu bir model gelistirilmigtir.



Modelde topografyanin detayll olarak tammlanmasi i¢in Schwarz-
Christoffel olarak adlandirlan doniisim kullamlmigtir. Schwarz-Christoffel
doniigtimii, poligon seklinde tammlanmig olan topografyanin diiz bir sekle
(egimlerin sifir oldugu topografyaya) cevrilmesinde ve aym zamanda model
denklemlerin ¢oziimiiniin yapilacagi ortogonal grid noktalarmn tretilmesinde
kullamlnugtir.

Schwarz-Christoffel déniigiimiinde Davis (1979) tarafindan gelistirilen
“degigstirilmis orta-nokta trapezoid kuraly’mn kullammi ile birlikte, grid
iretme iglemleri swrasinda topografyanin keskin koselerinde ortaya ¢ikan
tekillikler giderilmekte ve iiretilen grid-aginn ortogonal olmast bakimmdan
atmosferik modellerde kullaum: igin biiyiik avantajlar saglamaktadir.

Schwarz-Christoffel ~doniigtimiininde topografyanin diiz bigime
cevrilmesi ve grid noktalarmin Uretimi, iteratif olarak yapilmaktadir.
Geleneksel meteorolik modellerde, kullanilan grid noktalarin en uygun bigimde
tretilmemesi ve yapilan kordinat dénistiimiiniin ortogonal olmamasina ragmen,
sadece kullammindaki kolayliktan dolayr ortogonal olmayan déhﬁsﬁnﬂer
(6rnegin, araziyi-izleyen kordinat sistemi) yaygin olarak kullamlmaktadir.

Modelde bir ortogonal grid-agmin kullamm, doniigiim denklemlerinde
ortogonal olmayan sistemdekine gore fazladan terimlerin atilmasim ve boylece
hesap zamanindan tasarruf edilmesini saglar. Ayrica ortogonal sistemde yere
yakin bolgelerdeki gradyan hesaplant daha dogru olarak yapilir. Boylece
model, topografik ozelliklerden miimkiin oldugunca bagimsiz hale getirilmis
olur.

Bu c¢aliymada, atmosferik akis modeli, 2-boyutlu (yatay-ve-diisey
eksenler) olarak dizayn edilmigtir. Model, si§ konveksiyon sistemi yaklagim, ve
meso- ve alt olgekleri igin formille edilmigtir. Buna gore modelin gegerli
oldugu uzaysal alan, diigeyde 4km olgegi ile sinirhdir.

Model, hidrostatik olmayan terim (non-hydrostatic), Buoyancy terimi,
jeostofik ve Coriolis terimlerini igermektedir. Model denklemlerinin
tammlanmasinda anelastik ve sikistirlamazlik kabulleri kullamlmugtir. Boylece

model sinoptik olgekteki etkileri de kismen igermektedir.
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Tiirbiilans modeli igin Smagorinsky ve Lilly tarafindan verilen alt-grid
Olgegi karigma formiilasyonu kullamlmigtir. Bu formiilasyonun bir avantaji 2-
veya 3-boyutlu modellerde tiirbilans terimlerinin dogrudan sonlu-farklar
semasinda yazilabilmesidir.

Model, radyatif modiiliinii ve simir tabaka parametrelestirme islevlerini
icermemektedir.

Model denklemlerinin ¢oziimii igin sonlu-farklar metodu kullamlmgtir.
Uzaysal tiirevler i¢in merkezi séma, zamansal tirevler icin baglangigta ileri
sema ve sonrast i¢in leapfrog semast kullamlmigtir. Advektif terimleri hesabinda
ise “upwind”’ semas:t kullandmugtir. Model denklemleri, matris formuna
getirilerek ¢ozilmiigtiir.

Geligtirilen model, émek bir topografya lizerinde g¢ahistirnlougtir. Bu
test i¢in 50x21 lik bir grid-ag kullanilmigtir. Grid aralig: yatayda 810 m ve
zaman adim ise kararlilik kriterine gére 2.5 saniye olarak alinmgtir.

Karmagik topografya tizerinde tiirbiilansh akigin yeterli bir tammlamasi
icin ilk planda atmosferdeki pertiirbasyon basingi biiyikligiiniin géz Oniine
alinmas: gereklidir. Modelde hesaplanan pertiirbasyon basing degerlerine gore
Ornek topografyanin riizgar alti tarafinda yiiksek pertiirbasyonlar ve rizgar
usti tarafinda ise dugik pertiirbasyonlar gortlmektedir. Bu durum, dagm
riizgar alan kisminda riizgarin dag yamacm tirmamirken akimin zorlanmas: ile
ifade edilebilir.

Tirbiilansh akig alanim kugatan topografyanin etkilerini gdsteren diger
onemli bir gosterge, gercek atmosferik basingtir. Gergek atmosferik basinct,
hesaplanan pertirbasyon basing degerlerinin baglangig basing degerlerine
eklenmesi ile bulunur. Elde edilen gergek atmosferik basing degerlerine gore
ornek topografyamn riizgar alti tarafinda yiiksek pertiirbasyondan dolay:
yiksek basing bolgesi ve riizgar alti tarafinda ise disiik pertiirbasyon
basincindan dolayr diigiik basing bolgesi goriilmektedir. Ayrica es basing
cizgileri (isobarik yiizeyler) dag tepesinde riizgar alti tarafina dogru bukiildigi
ve bu bukilme modelin ileri adunlaninda daha belirgin oldugu goriilmektedir.

Bu da, akim tizerinde dag etkilerini gosteren en belirgin gostergelerden biridir.
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_Ayrica elde edilen bu gergek basing degerlerinden elde edilen boyutsuz
siiriikleme (drag) katsayilari, Durran (1986) tarafindan yapilmig 3 boyutlu
model ¢ahgmasindaki siiriikkleme katsayilan ile karglagtmlmgtir. Bu
karsilagtirma sonucunda siiriikkleme katsayilarimin uygun oldugu gériilmektedir.
Ortaya gikan farklar, modelde kullamlan dag profilinin Durran’in modelindeki
dag profiline gore daha sivri olmas: ve modelin 2 boyutlu olmas: sebebiyledir.

Tiirbiilansh akimin modellenmesinde énemli olan diger bir parametre de
alt-grid kangim katsayilandir (X,,). Model igin kararli bir atmosfer sartlant
kabulii yapildigindan modelde elde edilen alt-grid karigim katsayilani 0.001 ile
2m?/s arasmda oldugu goriilmigtir. Hesaplanan alt-6lgek karisim katsayilan
degerlerine gore Ornek topografyanin izerinde bir yiiksek kangmm katsayist
bolgesi olugmaktadir. Bu bolge, modelin ilerleyen adimlarinda dagmn riizgar altx
tarafina dogru akimin etkisi ile kaymakta ve sonra akim aynlmasindan dolay1
tepenin hemen ardinda pargalara bolinmektedir. Akim ayrnlmas: aynca
hesaplanan riizgar alami degerlerine bakildiginda agikga goriilebilir. Riizgar
alani degerlerine gore, riizgar baglangicta topografyanin sekline gére kendini
ayarlamakta ve sonra topografyanin etkisinin riizgar izerindeki degisimi agik¢a
ortaya ¢ikmaktadir.

Model radyasyon modiilii igermediginden dolayi, sicaklik alam sadece
advektif terimler vasitasiyla etkilenmektedir. Turbiilansin modelde sadece
rizganin etkileri ile olugmasim saglamak igin baglangig sicaklik alam, diigiik
seviyelerde soguk hava ve yukarda sicak hava olacak gekilde (termik olarak
kararli bir atmosfer) segilmigtir. Bununla beraber, modelde radyasyon
moduliiniin etkisini, ve hem buoyancy hem de advektif terimlerinin etkilerini
gostermek igin baglangig sicaklik alamina siini bir pertirbasyon verilmigtir.
Pertiirbasyon degerleri yerde 1°C ve modelin iistiinde 0 °C olacak sekilde
yiukseklikle dogrusal bir degigsim almmustir. Model sonuglarina gore
pertiirtbasyon  sicaklik  degerlerinin  buyiikliginde o6nemli degisiklik
gorilmemektedir. Pertiirbasyon sicaklik alamnin baglangigta sicakhik alanina

eklenerek elde edilen gergek sicaklik degerleri incelendiginde de, sicaklik
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_alaminda da onemli degisiklikler olmadif:, fakat sadece adveksiyondan dolay:
sicaklik alanimin akim yoniinde hareket ettigi goriilmektedir.

Elde edilen bu sonuglara gére model global anlamda gergekei sonuglar
vermektedir. Model sonuglaninin hassasiyeti, modele rasyon modiiliiniin ve
siir tabaka parametrelestirmelerinin katilmastyla arttinlabilir. Ayrica modelde
kullanilan kabuller degistirilerek ve yeni formiilasyonlar ekleyerek asagida

verilen galigmalara genigletilebilir:

e Model s13 konveksiyon sisteminden derin konveksiyon sistemine gore
tekrar  diizenlenerek, yukan  atmosferdeki  gravite-dalgalarimin
modellenmesi i¢in kullanitabilir.

e Tagmim ve konsantrasyon denklemleri katilarak, kirleticilerin atmosferde
dagilim ve tagimmi modellenebilir.

e Radyasyon modiilii, 1s1 ve su bubarimn korunumu denklemleri eklenerek
topografik etkilerden dolay1 bulut ve sis olusumu modellenebilir.

e Radyasyon modiilii, 1s1 ve su buharimin korunumu denklemleri eklenerek
daglik bolgelerde gollerin etkileri ve kara-deniz etkilesimi ve meltemler
modellenebilir.

e Model, aynica Schwarz-Christoffel ile elde edilecek iki boyutlu grid
aglarimin y-ekseni yoniinde siralanmast ve sonra bunlarin ortogonal
olmayan araziyi-izleyen kordinat doniigiimii ile birlegtirilmesi sonucunda 3-

boyuta genigletilebilir.

xix



CHAPTER 1

INTRODUCTION

The capabilities of regional and mesoscale meteorological models make
them attractive to understand meteorological phenomena and to provide the
meteorological inputs, for example, required by air pollution models.

The complex topography plays an important role in influencing and forcing
atmospheric motion ranging from microscale to planetary system. The complex
topography should be taken into consideration in the numerical modeling (for
example, in the control of emissions into atmosphere, the dispersion and transport
of pollutants, the determination of wind-turbine locations, etc.,).

In numerical simulations of the atmospheric flow, most of the problems come
from irregular lower boundary conditions. Various coordinate systems can be used
to define the topography and to represent the vertical structure of the atmosphere.
Vertical coordinate systems are generally classified in means of the using any
variable which monotonously changes in the atmosphere.

In principle, two approaches are available in numerically simulation of the
flow above the topography. The first one is to retain the Cartesian framework and
apply special techniques for the lower boundary which is accepted as the surface
topography. The other is to use a coordinate transformation which transforms
the complicated lower boundary of domain into a simple one where the surface is
flat but the original and transformed systems are identical. The equations of the
simulated model can be solved numerically in the transformed coordinates, and
the results retransform into the Cartesian system for graphical displays.

In the Cartesian coordinates, the topography can be represented by a series
of blocks. Consequently physical boundaries coincide with cell boundaries,
avoiding the major difficulty associated with the flow over complex topography.
Approximating topography by a series of blocks is a zero-order approximation
to real topography (first term in Taylor expansion). Therefore, the shape of the
resultant topography is important in determining the flow properties (Orville
1965,1967,1968; Orville and Sloan, 1970; Hirt and Cook 1972; Vicelli 1971). Due



to the slopes of topographical, it sometimes requires a very small vertical grid-
interval. If this interval is much smaller than the requirement to resolve the
meteorological features, the simulation may be inefficient and expensive, perhaps
prohibitively so.

The use of the coordinate transformations for the meteorological applications
has been limited to the simplest types of transformations. In these types of
transformations, only vertical coordinate variable is transformed to coincide with
the lower boundary. A generalized transformation formulation of the Navier-
Stokes equations for a non-orthogonal coordinate system has been given by
Gal-Chen and Somerville, (1975b). The cost of this kind of numerical models
in non-orthogonal coordinates has an increased complexity of the governing
equations. Sharman et al, (1988) used a quasi-orthogonal grid mesh in the
numerical simulation of incompressible and anelastic flows over the complex
topography. They also showed the formulations of the orthogonal coordinate
transformation of the governing equations. Since the orthogonal system produces
fewer additional terms in the transformed governing equations, it has reduced the
required computer time. The differences between non-orthogonal and orthogonal
systems are discussed in Chapter 5.

In order to generate a well fitted two-dimensional grid-mesh which is most
suitable to represent the atmospheric domain with an irregular lower boundary
due to topography, the framework is transformed into one of the simplest
geometry (i.e., rectangular) on which the solution is known, since the conformal
mapping techniques have such a property with which it is possible to preserve
angles (so, preserves orthogonality) and invariance of stretching (Thompson et
al., 1976). Consequently, in this thesis we preferred the use of the Schwarz-
Christoffel transformation which is one of the well-known conformal mapping
techniques in order to generate orthogonal grid-points. The use of Schwarz-
Christoffel transformation in the atmospheric flow modeling is introduced by
Erdun et al., (1996). It is also formulated in Chapter 3.

It is essential that the boundary conditions must be represented accurately by
the finite-difference schemes for the numerical solution of the governing equations
in the immediate vicinity of the surfaces. The pressure and the other forces
on the surface are directly dependent on the large gradients that prevail in
the near surface, and accurate pressure and force coefficients require that these
large gradients must be represented accurately (Pielke, 1984). A main reason
occurring of large errors in the simulations appear in the calculation of gradients

near the surface when of using the non-orthogonal grid mesh. Therefore, for



mesoscale modeling, the orthogonality in the coordinate transformations should
be provided. Besides, the fine mesh, where the large gradients appear, must
be used. The Schwarz-Christoffel transformation can generate orthogonal fine
mesh on the near surface and orthogonal coarse mesh in the upper levels. Since
Schwarz-Christoffel transformation can remove the singularities in the vicinity
of very sharp edges of the topography in the process of mesh generation, it can
be used for any topography even if it has very sharp edges, for example, with
90° slopes. With these properties, the Schwarz-Christoffel transformation can
be used to get accurate results in the numerical simulation of atmospheric flows
over any complex topography and on any spatial scales. Therefore, in this thesis,
Schwarz-Christoffel transformation is preferred to be used as a grid generator.
'The model equations are designed for two-dimensional (only z- and z-directions)
flow simulations. The model has non-hydrostatic and buoyancy affects under the
assumptions of anelastic and incompressible. Therefore, the model may be valid
up to meso-3 scale.

In this thesis, the atmospheric flow model is designed as two-dimensional.
The model formulation is based on the shallow convection system and meso-3
scale. The model includes the non-hydrostatic and the buoyancy terms in addition
to geostrophic and Coriolis terms, under the anelastic and incompressibility
assumptions. For the turbulence model, Smagorinsky and Lilly’s subgrid scale
mixing formulations are used, since these are convenient to write directly by using
the finite difference schemes in 2-D and 3-D models. In the model, radiative
processes and PBL (Planetary Boundary Layer) parameterizations are not used.
In order to test the model, a modified form of "Witch of Agnesi” mountain
profile is used. This mountain is steeper than the original mountain profile and
is centered in a computational domain having a width of 40 km and a height of
4 km. The domain has 50 x 21 grid-points.



CHAPTER 2

MESOSCALE MODELING

Local weather over complex topography is greatly influenced by the
modification of synoptic flow by blocking and channeling. An understanding of
these mesoscale mechanisms, through both modeling and field studies, should lead
to greater forecasting skill in these regions. In addition, the dispersion of pollution
from industry sited in valleys is often hampered by meteorological conditions
resulting directly from orographically induced wind systems (for example, deep
and multiple temperature inversions and reversals of wind direction with height).

Complex topography plays an important role in influencing and forcing
atmospheric motion ranging over several spatial scales. A number of
meteorologists for whom there is a wide variety of problems of interest, have
devoted many efforts to the study of topographic effects on the general circulation
and synoptic processes. Mostly the problems, faced up for the solution of the
model equations of which fluid flow and thermodynamics properties are contained,
need to be solved on limited-area models. These models have generally irregular
lower boundary surfaces on small spatial scale. Mountain drag studies, air flow
over advection of pollutants and boundary layer parameterization studies where
the non-hydrostatic dynamics require explicit treatment, are frequent types of
these models.

There are two fundamental methods of simulating mesoscale atmospheric
flows: physical models and mathematical models. According to the first
technique, scale model replicas of observed ground surface characteristics (e.g.,
topographic relief, buildings) are constructed and inserted into a chamber such
as a wind tunnel or a water tank. The flow of air or other gases or liquids in this
chamber is adjusted so as to best represent the larger scale, observed atmospheric
conditions. Mathematical modeling, by contrast, utilizes such basic analysis
techniques as algebraic and calculus based for solving directly all or a subset
of meteorological equations. These equations can be solved exactly, including the

complete system of the equations, requiring the approximate solution technique



called numerical modeling.

Primitive equations are nonlinear, and they cannot be solved analytically in
their complete form. Therefore, numerical techniques must be used to obtain
their solutions. Although the atmosphere and the equations used to represent
the atmosphere are continuous, to solve these partial differential equations
numerically requires approximating the equations by rewriting them in discrete
or finite-difference form.

When the topography is simple or has regular blocks, rectangular grid mesh
is generated easily, and primitive equations are solved directly in their finite
differenced forms. Because the lower part of atmospheric domain is complexdue
to the topography, the structure of grid mesh becomes complex. In this case the
lower boundary conditions of atmospheric domain for primitive equations cannot
be given simply. To simplify lower boundary conditions, the complex structure
of grid mesh is converted to a rectangular grid mesh form and then primitive
equations are transformed to adapt a new grid mesh before the discretization
process.

The various coordinate systems are used to represent the vertical structure of
the atmosphere or to generate grid-mesh over the topography for the atmospheric
numerical flow modeling using primitive equations. The vertical coordinate
variable can be any monotonously changing variable. The choice determines
the exact form of the primitive equations.

Geometrical altitude was considered as a vertical coordinate after
Richardson’s study (1922). Despite of the conceptual simplicity of geometrical
height, it had never been used extensively in the modeling of atmosphere until
Kasahara and Washington (1967) who reformulated Richardson’s approach for
high-speed computers. The use of pressure as a vertical coordinate became very
popular during the 1950s. Most of the numerical models which use pressure
coordinates were successfully tested. Charney and Phillips (1953) used a quasi-
geostrophic model, Hinkelmann (1959) and Leith (1965) used primitive equation
models. In the 1970s, interest had been reviewed in the use of potential
temperature as a vertical coordinate for objective synoptic analysis (Shapiro and
Hastings, 1973) and for weather prediction with a quasi-geostrophic model (Bleck,
1973) and with primitive equation models (Eliassen and Raustein, 1968, 1970;
Shapiro, 1973). The use of potential temperature as a vertical coordinate seems
to be particularly suitable for resolving details of frontal structure. Kasahara
(1974) and Sundquist (1979) have discussed various types of vertical coordinates.

Kasahara (1974) derived the primitive equations using a generalized vertical



coordinate. He also showed the transformation of the equations. Gal-Chen
and Somerville, (1975a) showed the transformation equations of the height
coordinate system for the non-orthogonal system. After this study, the height
coordinate transformations were used widely in the mesoscale modeling (Clark,
1977; Mengelkamp, 1991; Boybeyi and Raman, 1992). The use of the orthogonal
coordinates in the atmospheric modeling was introduced by Sharman et al., (1988)
who is used a quasi-conformal transformation and Erdun et al., (1996) who is used

a full-conformal transformation.

2.1 Governing Equations

Pielke (1984) gives a wealth of information on the present status of skill and
summarizes most of the inherent problems.

The governing equations employed in this study based on conservation
principles and their derivation can be found in, for example, Pielke (1984). The
equations are shown in Einstein’s summation notation because all components of
the equations can be represented in just one term.

The instantaneous continuity, momentum and heat equations are,

respectively,
0 0
5—§ = —5;;(/9%') (2.1)
Ou; Ou; 10p ’ e
5= YT 5" g8is — 245w (2:2)
06 06

where the subscripts ¢, 7, and & = 1,2 and 3 correspond to coordinate directions
of the independent spatial variables, z; = (z1,22,23) = (z,y,2) (summation
is implied whenever an index repeats in the same term), u; = (uy,us, u3) =
(u,v,w) velocity components, (2, is a component of the earth’s angular velocity;
g gravitational acceleration, p atmospheric pressure, p density, § potential

temperature, Sy all sources and sinks.
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where the following device has been used: for 0, ¢ = j, ¢ =k, and j = k; for 1,
even permutations of ¢, 7, and k; for -1, odd permutations of ¢, 7, and k.

Since the mesoscale circulations have horizontal scales on the order of 10
to 100 km and a vertical size of up to approximately 10 km, it is necessary
to integrate the conservation equations over the specified spatial and temporal
scales. For a specific mesoscale system, the smaller these scales, the better the
resolution of the circulation.

In performing the integration of the equations (Eq. 2.1-2.3), it is convenient
to carry the Reynold decomposition. According to the Reynolds decomposition,

mean and turbulent components:

p=0+4¢",

where ¢ represent any one of the dependent variables, and ¢ can be defined as

- 1 t+At pr+Az pyt+Ay  pzt+Az
¢“ZEZEZJKE[ (é A L ¢ dz dy dz di. (2.4)

Here ¢ represents any the average of any dependent variable ¢ over the finite
time increment At and space intervals Az, Ay, and Az. The variable ¢” is the
deviation of ¢ from this average and is often called the subgrid scale perturbation.
In a numerical model, At is the time step, and Az, Ay, and Az represent the
model grid intervals.

Note that the validity of the Reynolds assumption requires the existence
of a spectral gap scale separation between resolvable motions and parameterized

subgrid processes (Pielke, 1984). In some observations such a separation generally



does not exist (Young, 1987; Courtney and Troen, 1990). This assumption is
questionable and therefore it should be applied carefully (Thunis and Bornstein,
1996).

As performed on ¢ in Eq. (2.4), one convenient decomposition is to define
the averaging volume such that the subgrid scale perturbation includes the non-
hydrostatic part of the solution and the resolvable scale is accurately represented
by the hydrostatic assumption. Thus the influence of the non-hydrostatic
component of a model would be parameterized and the hydrostatic portion would

be explicitly resolved.

™V 1 t+AL oAz pytAy  pztAz
- v . :
) AtAzAyAz /t /x /y /z ( )dzdydzd (2.5)

This operation is often called as grid-volume averaging since it is performed over
the spatial increments Az, Ay and Az.
In Eq. (2.4), ¢ can be written by assuming

$:¢o+¢,7

where

bo = Ll /HM /HAya dydz. (2.6)

«@

is called the layer-domain-averaged variable. The symbols L, and L, represent
the distances which are comparable large to the mesoscale system (¢, is assumed
to represent the synoptic scale atmospheric conditions). The variable ¢/, then,

represents the mesoscale deviations from this larger scale.

2.2 Scale Analysis

The method of scale analysis has been used to determine the relative importance
of the individual terms in the conservation equations. This technique involves
the estimation of their order of magnitude through the use of representative
values of the dependent variables and constants that make up these terms. Scale
analysis can be applied either to individual terms in the fundamental conservation

equations or to analytical solutions of a coupled set of the conservation equations.



The most rigorous analysis procedure is to evaluate specific solutions of the
conservation equations with and without particular terms to establish their
importance. An example of such an analysis, for the hydrostatic assumption,

is sea breeze simulations.
a) Scale analysis of conservation of mass equation

To determine an appropriate and consistent approximate form of mass
conservation equation, parts of the scale analysis of this equation by Dutton
and Fichtl (1969) are utilized in the following,.

Using the relationship between density and specific volume is given by

p=1/e,
Eq. (2.1) can be rewritten as

Oa oo %

ot ujgx—j +a8:17j

(2.7)

where «, is defined as a synoptic scale reference specific volume and ¢ is the
mesoscale perturbation, and assuming that o = a, + o/, then Eq. (2.7) can be

rewritten as

2 / nOu;
U, 8:nj(a° + o) + (a0 + @ )a—% (2.8)

0 N
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To simplify the scale analysis of this equation, it is assumed that

do,
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; (2.9)

b

so that Eq. (2.8) becomes
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For mesoscale atmospheric circulations, the adaptation of the assumptions given
in Eq. (2.9) requires that the synoptic state change much more slowly than the
mesoscale system and the horizontal synoptic gradients be much less than the

mesoscale gradients.

It is also assumed that

Oa O o Oa o, o(au Ov 6_w) (2.11)

ot e "y Ve Ve T \ee Ty T e

This requirement on the ratio of the mesoscale perturbation specific volume to the
synoptic scale reference value is reasonable when realistic values of temperature
and pressure are inserted into the ideal gas law (pa = RT).

The method of scale analysis is used to estimate the magnitude of the

remaining terms in Eq. (2.11), so that

ool|
ot to
da’ o do’ o oo’ o
u% UL—:C, ’l)a—y ~ VL—y, w$ ~ WL—Z,
Oa, Qo
w 92 WH—Q, (212)
I A U DO A I I
° Oz °L,’ * Oy Yo L’ %o 0z Yo L,’

where ¢! represents the characteristic frequency of variations in specific volume
on the mesoscale; U, V, and W are representative values of the components of
velocity; Ly, Ly, and L, are the spatial scales of the mesoscale disturbance; and
H,, the density-scaled height of the atmosphere, is defined as

_L@ao
o, 0z

H]' =
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" In the troposphere H, is approximately 8 km, as illustrated schematically in
Fig (2.1) (Pielke, 1984).

8 F {Deep continuity equation required)
Kk 1 8|
Zikm (64
( ) H,= ° L,
ao Oz
(Shallow continuity equation permitted)
0

Fig 2.1 Schematic illustration contrasting deep and shallow atmospheric

circulations. The depth L, corresponds to the vertical of the circulation. In
the earth’s atmosphere H, ~ 8 km.

i) Deep continuity equation

To examine the necessity for retaining individual terms in Eq. (2.11), it is
customary to examine their ratio relative to one of the terms that is expected to

remain. In the first case to be examined, the terms are divided by the order of
magnitude estimate for wda,/dz, resulting in

6% N Ha 0! / Oac| , o U Ha
ozotaW’ Yol Vs |” aoW L’
el LV He |00 000) o e
aW Ly’ 0z 0z | a, L,’
N Bu/ (90:0 UH 80/ 80:0 Kﬂz
° % By 0z WLy’
N (?w/ da, ~H_o,
(+] L .

Since |o//as| K 1, the terms uda’/Oz, vdc! /By, and wde! Bz are much
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less than a,0u/8z, a,dv/dy, and a,0w/dz and can be neglected in Eq. (2.11),
provided

. .o U Ha oo V Ha . Ha
(t) L, ~ Hy, (23 WL~ 1, (4%) W, 1, (iv) W 1. (2.13)
Then Eq. (2.11) can be written as
Oa, Ou Ov Ow
SN L) 14
e a(8m+8y+8z) 0 (2:14)

Since L, is approximately equal to H,, conditions (i) and (#4¢) in Eq. (2.13)
require that U/L, ~ W/L, and V/L,~ W/L,.

In accordance with the fact that L, is larger than L, as one or two orders
of magnitude, it is expected that the vertical velocity W should be one or two
orders of magnitude less than U and V (e.g., for L, ~ 80 km and L, ~ 8 km, then
W ~ 0.1U). This relation between velocities and the horizontal and vertical scales
of atmospheric circulations comes from the condition of |o//a,| <« 1. Because of
this constraint, velocities in a longer, horizontal leg of an atmospheric circulation
must be proportionately stronger to preserve mass continuity without creating
large fluctuations in specific volume.

The last requirement that needs to be justified in Eq. (2.13) is condition (iv).
The scaled variable ¢, represents a time period in which significant variations in

specific volume occur on the mesoscale and can be approximated by
ta ~ L/C, (2.15)

where L is the wavelength over which variations occur and C' the rate of movement
of these variations. If the changes are caused by advection, then U, V, or W is
used to represent C, whereas a characteristic group velocity C, is utilized if
wave propagation is dominant. The wavelength L is estimated as L, and L,
for horizontal motion and L, for vertical movement. When changes in specific
volume are assumed primarily to be caused by advection or when the wave group

velocity has approximately the same speed as the wind velocity, then

taW ~ LW/C ~

L,W/U ~ LW/V ~ H,,
LW/W ~ L, ~ H,,
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where conditions (i) — (i44) in Eq. (2.13) have been used. Therefore,

/

so that local variations in density can be neglected in the conservation of mass
relation if o/ /ao| < 1.

al

(0.2

oo/
ot
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Finally, if L, > L., mesoscale variations in the z direction are expected to
be dominant and the derivatives on y in Eq. (2.14) can be ignored. In this case,

the equation reduces to the two-dimensional form given by

0% _ oo (224.22) _ g
Yoz " %\oz ") T

Equation (2.14) is customarily written to include the terms uda,/dz and vda,/dy

and is given by

—a“(agluj) =0,

(933]-
or, returning to the use of density instead of specific volume,

0
Ju) =0, 2.
o (o) =0 (216)

where p, = 1/a.

Dutton and Fichtl (1969) refer to this relation as the deep convection
continuity equation because the vertical depth of the circulation is on the same
order as the density scale depth. As originally shown by Ogura and Phillips
(1962), and discussed by Lipps and Hemler (1982), the use of this form of
the conservation-of-mass relation eliminates sound waves as a possible solution,
which led Ogura and Phillips (1962) to refer to Eq. (2.16) as the anelastic,
or soundproof assumption. Because such waves are of no direct interest in
most applications of mesoscale meteorology, this equation is often employed to
represent mass conservation in mesoscale models in lieu of the more complete
prognostic conservation-of-mass equation given by Eq. (2.7). Moreover, the

elimination of sound waves permits more economical use of certain numerical
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solution techniques because their computational stability is dependent on having
a time step less than or equal to the time it takes a wave to travel between

grid points. Sound waves are the fastest non-electromagnetic waveform in the

atmosphere.
ii) Shallow continuity equation

A more restrictive mass-conservation relation is derived by dividing the scaled

terms in Eq. (2.12) by the scaled form of o,,0w/dz resulting in

Ot °8z| ot W' Oz °8z| a, W L,
dy °0z| a, WL, 0z °0z|
w%/aa_w,\,ﬁ aﬁﬁ/aa_wwg_k

0z ° 8z H,’ °dz ° 8z W L,'
o] o2 L L 1

°dy 0z WL,

As in the previous analysis, since |o'/ao| <« 1, udo//dz, vdc'/By, and
w0 [0z can be neglected in Eq. (2.11), provided

L,/Wty~1,  L/H,<1. (2.17)

Then Eq. (2.11) can be written as

ou Ov Ow
Q, (5; + 3_3/- -+ 5) = 0. (2.18)

It is easier to satisfy the first condition of Eq. (2.27) than the equivalent
requirement in Eq. (2.13) because of L, < H,. This requirement implies that

the neglect of specific volume variations in Eq. (2.18) is even less important than
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in Eq. (2.16). The second condition in Eq. (2.17) requires that the depth of
the circulation should be much less than the scale height of the atmosphere.
In accordance with Dutton and Fichtl (1969) referred to Eq. (2.18) as shallow

convection equation. Eq. (2.18) in tensor notation is given by

Z—Zj =0, (2.19)
and this relation is often referred to as incompressibility assumption. This
expression not only removes soundwaves, but also ignores the spatial variations
in density. For the case of homogeneous (constant density) fluid, this would be
the exact form of the conservation-of-mass equation.

Most of the mesoscale models utilize this expression to represent the
conservation of mass. There is a certain irony in its use, because although
air closely follows the ideal gas law, it is also accurately approximated by the
incompressible form of the mass-conservation equation when the atmospheric
circulations have a limited vertical extent. This apparent discrepancy is explained
by realizing that air is, generally, not physically constrained in its movement. For
example, air moves into one side of a parcel, the density can either increase by
compression or an equivalent mass of air can move out of the other side of the
parcel. As long as the atmospheric parcel is not restricted to a fixed volume, the
creation of a pressure gradient between the two sides of the parcel as a result of
the different velocities will force the air out of one side so that mass conservation
is closely approximated by the incompressible relation (Eq. 2.19)

In mesoscale models either the prognostic equation (time-dependent
equation) for density (Eq. 2.1), or the diagnostic equation (no time-tendency

term) Egs. (2.16) or (2.19) can be used to represent mass conservation.
b) Scale analysis of conservation of heat equation

In mesoscale meteorology, an equivalent rather exhaustive, scale analysis of
the conservation of heat relation Eq. (2.3) is not generally made. This is because
of the complex mathematical form of the source-sink term Sg. The conservation-
of-mass relation, in contrast, has no such source-sink term so that analysis is
relatively simple.

Eq. (2.3) is modified by making the simplifying assumptions regarding the
form of Sg. The development of simplified mathematical representations for any

of the source-sink terms is one type of parameterization. The most stringent
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assumption for the conservation of potential temperature is the requirement of

adiabatic for all motions in the atmosphere. Therefore, Sy = 0 and Eq. (2.3)

reduces to
06 06 ' . dé
i —ujb-w—j or equivalently, i 0. (2.20)

It is valid to use this assumption in representing the mesoscale atmospheric sys-

tems provided as;
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This condition is most closely fulfilled when the following are met:

(1) the atmosphere is dry,

(2) comparatively short time periods are involved, so that radiational heating

or cooling of the air is relatively small,

(3) the heating or cooling of the lowest levels of the atmosphere by the bottom

surface is comparatively small.

c) Scale analysis of conservation of motion equation

A wide range of assumptions have been utilized either to simplify or to alter
the form of the conservation of motion equation (Eq. 2.2). In performing scale
analysis on this equation it is convenient to decompose the equation into its
vertical and horizontal components since the gravitational acceleration is only

included in the vertical acceleration equation.
i) Vertical equation of motion

The vertical component of Eq. (2.2) can be written as

Ow Ow Jw Ow  10p
E—l—u%—l—v—a;—l-wg = ——p—a—z—g-]-%lucosgb. (2.21)
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or, equivalently,

dw 10p
I —;5; — g+ 2Q0u cos ¢. (2.22)

These terms can be estimated by the methods-of-scale analysis. The terms on
the left side of Eq. (2.21) can be estimated as
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where t,, is a time scale related to the period of required for the significant changes
in vertical velocity. W and U are characteristic vertical and horizontal velocities,
which, if |o//ao| < 1, and U/L, ~ W/L, and V/L, ~ W/L, to be used to relate
the magnitudes of the two velocities. Using the same justification for the vertical

velocity time scale ., as used for ¢4, then
tw ~ Lz/U,

so that the four terms on the left of Eq. (2.21), and, therefore, the total vertical

acceleration given on the left of Eq. (2.22), has a scale of:
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To estimate the vertical pressure gradient term in Eq. (2.22), it is convenient to

utilize the ideal gas law (pa = RyT,),

% _ 0T RToa
Y5z T "z a 02’

where the subscripts d and v have been removed from R and T for convenience.

To simplify the scale analysis it is assumed that the atmosphere is isothermal

(0T/0z = 0) and that

=H; so that QQE ~ R;T/H,.
0z
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The two remaining terms are given as |g| and |2Qu cos ¢| ~ 2QU.
The ratio of the orders of magnitude of the vertical acceleration to the vertical

pressure gradient is given by

/

when Eq. (2.14) was used as the continuity equation, L, ~ H, so that,

/

Eq. (2.24) implies that the vertical accelerations become more important

dw
dt

Op

Op H,L, U?
aaz

5w = B (2.23)

dw

dt

H22 U?
i A - 2.2
I2 RT f (2:24)

Op
Yoz

as the horizontal velocity increases, whereas higher temperatures and longer
horizontal wavelength decrease its importance.

According to scale analysis, to neglect the vertical acceleration term in
Eq. (2.22), R, must be less than unity. Unfortunately, however, this analysis is
not complete because we have shown only that the magnitude of the gravitational
and pressure gradient accelerations are separately much larger than the vertical
acceleration. The magnitude of the difference between these two terms has more
significance. To better examine this relationship, it is convenient to define a large-
scale averaged a,tmospﬁere that has an exact balance between the gravitational

and pressure gradient terms. This can be defined as

0po
az = —pPod,

where the zero subscript is used to indicate a large-scale average (such as layer-
domain average). If any dependent variable is defined to be equal to such an
average value plus a deviation from that average (i.e., ¢ = ¢, + qAb, where ¢ is any

one of the dependent variables), then Eq. (2.22) can also be written as

dw op &
= Ty + g;o- + 2Qu cos ¢, (2.25)

where |&|/a, < 1. In Eq. (2.25) the first two terms on the right-hand side

are much less in magnitude than the first two terms on the right-hand side of
Eq. (2.22).
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" The magnitude of the vertical pressure gradient perturbation can be

estimated from

§T 6T 6T
Ry-+Rp—+Ro

Op . ~0po aT
T.R5~+ RT==+ Rpo—-

19p
po 0z
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where for the purpose of this scale analysis the large-scale atmosphere is assumed
isothermal and the linearized ideal gas law of the form ép/p ~ —(6T/T)+(dp/p) ~
—8T/T has been used. For this analysis, if L, <« H,, the term with the vertical

gradient of the large-scale density p, can be neglected.

The ratio of the vertical acceleration to the pressure gradient perturbation

term is thus given as

4, - LAUC. HIUC.
~ I2RST ~ I2 RST

(when L, ~ H,). (2.26)

This relationship is more restrictive than R,, since 6T is in the denominator
rather than 7" (note that Rw does not increase without bound because UC}, results
from horizontal gradients in temperature, as 67" goes to zero in Eq. (2.26)). If
R, < 1, g& /&, must be of the same order of magnitude as the perturbation of the
vertical pressure gradient (since 2Qu cos ¢ is small relative to the first two terms
in Eq. (2.25) under all expected atmospheric conditions as discussed shortly).
To illustrate the magnitude of R,, for representative values on the mesoscale,
0T and U are set equal to 10.0°C and 10 m s™!, respectively (based on
observations), C, is set equal to U, and R is equal to 287 J K=! kg™'. This yields
R, = 0.03H2/L,?, where H, ~ 8 km (Wallace and Hobbs,1977). If the depth
of the circulation is less than the scale height (L, < H,), R, is proportionately
smaller (e.g., if L, = 0.1H,, and R, = 0.0003). Accordingly a conservative
estimation for neglecting vertical accelerations relative to the vertical pressure

gradient term in Eq. (2.22) is

H,/L,21. (2.27)

The remaining two terms are evaluated by g/|ladp/0z| ~ gH,/RT and
|2k cos @/ |adp/0z| ~ 2QUH,/RT, and if g ~ 10 m s=2, T=270 K, ) ~
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7 x 107857 = 2rday™!, U ~ 20 m s~!, H, ~ 8 km, and R=287 JK~'kg~!,
for example, then g/|adp/dz| ~ 1 and |2Qu cos ¢|/|adp/dz| ~ 3 x 1074,

Thus the influence of the rotation of the earth on the vertical acceleration
is inconsequential for any reasonable velocity and can be neglected in Eq. (2.22).
The gravitational acceleration cannot be neglected, however, relative to the ver-

tical pressure gradient.
If Eq. (2.27) is valid, Eq. (2.22) reduces to

op _
5. = —9/a=—pg (2.28)

and is called hydrostatic equation. In utilizing this relationship it must be
emphasized that the results of the scale analysis imply only that the magnitude of
the vertical acceleration is much less than the magnitude of the pressure gradient

force not that the magnitude of the vertical acceleration is identically zero (e.g.,
|dw/dt| K |adp/Dz| not that |dw/dt] = 0).

ii) Horizontal equation of motion

The horizontal components of Eq. (2.2) can be written as

Ou  Ou du Ou 10p .
T vay wo PR + 2vQsing — 2w cos ¢ (2.29)

and

ov v ov Ov 10p )
= Y v% —wa- = Y 2uQsing. (2.30)

To estimate the approximate magnitude of the pressure gradient term in
Egs. (2.29) and (2.30), two methods will be used here. First, it is useful to use
the vertically integrated form of Eq. (2.28), assuming the density p is a constant
p* so that

Z=Zp N N 2=2p N
Pz=o=/z prgdz = ,ogf_o dz = p*g z,
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where the pressure at heigth z, is assumed equal to zero. Thus if the magnitude
of the pressure gradient at z = 0 is representative of the pressure gradient at any

level in the troposphere, then

1dp
p Oz

lap
p Oy

5zp

02y
9.

Q—Ey“,

where L, and L, are the representative horizontal scales of the mesoscale system
and 6z, is the representative change of 2z, over L, and L,. The parameter
éz, represents the relation between horizontal pressure gradient and horizontal

gradients in the depth of a homogeneous atmosphere (i.e., dp/ L, ~ p*96z,/L,).

The second technique involves replacing pressure in Eq. (2.29) with the ideal

gas law yielding for the z derivative (for convenience subscripts d and v have been

dropped)
6p oT Op or
a = pRa_ + TRa— = poR%, (231)

where, to estimate the magnitude of the pressure gradient, the term T'0p/0z is
neglected and p, is used to approximate p.

Thus utilizing these two analysis,

19p
p Oz

R6T 52,,
L, 91,

13p
pdy|”

RJT 8z,

Ly NgLy,

where 67 is the representative magnitude of the horizontal temperature variations

across the mesoscale system form. Additionally dz, ~ (R/g)éT.

The advection terms are given by

[udu/dz| ~ U?[L,, |vOufdy|~UV/L,, |wdu/Bz|~WU/L,,
(2.32)
[udv/dz| ~ UV/L,, |vdv/dy|~ V?/L,, |wdv/dz|~WV/L,.

KU ~V and L, ~ L, (as would be expected in general) and since W/L,

~U /L, then these terms are of the same order. If L, >> L,, derivative terms
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on y in Eq. (2.32) can be neglected, and Eqgs. (2.29) and (2.30) reduced to their
two-dimensional forms. U?/L, can be used to represent the advective terms and
V and L, can be replaced by U and L, whenever they appear.

The local tendency terms in Eq. (2.29) and Eq. (2.30) are estimated by

|0u/0t] ~ Ufty ~ UC[Ly,  |0v/8t| ~ V/t, ~ UC/Ly,~ UC/Ly,

where, as for the vertical component of the conservation-of-motion equation, C =~
U for both advective and internal gravity wave changes in mesoscale systems can

often be assumed.

The remaining three terms in Eq. (2.29) and Eq. (2.30) can be represented as
|2uQsing| ~ | fu| ~ |f|U,
[20Qsing| ~ |fv] ~ |fIV ~ [f]U,
|2wQsing| ~ | fuw] ~ [fIW ~ |f(L./L)U,

where f = 2Qsin¢ and is called the Coriolis parameter and f = 2Q cos ¢.

Consequently;

(1) The local time tendency terms Ju/dt and dv/dt can be neglected if the
movement of the mesoscale system is much less than the advecting wind
speed (e.g., C ~ C; < U). Such a system is said to be steady state if
Cy = 0 or quasi-steady if C; # 0 but C; < U.

(2) The terms associated with the rotation of the Earth (fu, fv, and fw) can
be neglected if Ro > 1 (Ro = U/|f|L, is the Rosbby number). Since
Ro is inversely proportional to L, the larger the horizontal scale of the
mesoscale system, the more inappropriate it becomes to neglect those terms.
The magnitude of the fw term is dependent on the ratio of L,/L, (e.g., if
L, = 0.1Lg, it is expected to be about 10% of fu and fv).

(3) The ratio of the pressure gradient force and advective terms is inversely
proportional to the square of the wind speed and proportional to the hor-

izontal temperature gradient. Since the horizontal pressure gradient is ap-
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proximately a linear term (e.g.,

/
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Po

!
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since < 1),

whereas the advective terms are nonlinear, solutions to the conservation
relations are greatly simplified if the ratio is large and the nonlinear
contribution of advection to the equations can be ignored. Egs. (2.29) and

(2.30) are then linearized if p, = p is used in the pressure gradient term.

Representative values of Ro, z,, and dz, can be estimated for mesoscale
systems in the troposphere. For |f| ~ 107*s7!, U ~ 20 m s™%, p,—o ~ 1000 mb,
9=10m s7% p, =1.25 kg m~3, §T ~ 5°C, L,=100 km, and L, = z,, we may find
zp=8km~H, Ro=20, 6z,=143m, L,/L,=0.08.

Thus for this case it would be appropriate to neglect the term fw but not
fu and fv. Furthermore, because of the ratio of the magnitudes of the pressure
gradient force term to the advective terms is on the order of four, none of these
terms can be neglected in Eqgs. (2.29) and (2.30). The local tendency terms du/0t
and Gv/0t can also not be ignored if C' ~ U, since for this case their ratio to the
pressure gradient force term is approximately 0.3.

These scaled terms need to be reevaluated for each study of different
mesoscale systems to determine the appropriate form of Egs. (2.29) and (2.30)
to use. In the limiting case of Ro € 1, L, € L, U ~ C, and R6T > U? with
0z, ~ |f[UL;/g (which is the same as 6T ~ |f|UL,/R) Eqgs. (2.29) and (2.30)

reduce to

_Lop __L1op
Vg = fp 63}" Ug = fp 8y7 (2'33)

where v, and u, are called the geostrophic wind components. This is called the
geostrophic assumption. On the other hand, if Bo > 1, Coriolis terms can be
neglected relative to the advective terms. This assumption is used for the cumulus
and other smaller scale models.

Final analysis of the vertical and horizontal equations of motion is to examine
the magnitude of the molecular viscous forces to the terms in Eq. (2.2). Molecular
forces are insignificant on the mesoscale and are ignored in this equation. To
justify this assumption, the method of scale analysis is used in which the D

molecular dissipation of motion is approximated by

62u,~

- Dz — _Z
Vawjamj’

|D| ~ vS/L2, (2.34)
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where L represents L, L, or L, (for j=1, 2, or 3) and S represents U, V, or W
(for =1, 2, or 3), and kinematic viscosity v is about 1.5 x 107°m?2s~! for air. To
examine the significance of the viscous force, it is customary to compare it with
the advective terms, which have a magnitude of U%/L,, in the horizontal equation
and W?/L, in the vertical equation of motion. Assuming L, ~ L, ~ L, and
W ~ U ~ §; the ratio of the magnitude of the advective terms to the viscous

force is given by

S2/I  SI
vS/I? v Re,

where Re is Reynolds number. When Re >> 1 changes in motion by advection are
much more important than the dissipation of velocity by molecular interactions.
Under this condition the flow is turbulent and transfers of all properties of the
air (e.g., heat, moisture) are performed through the movement of air from one
point to another. By contrast, when Re <« 1, the molecular dissipation of
velocity dominates and the flow is said to be laminar. According to this condition
properties of the air are transferred to the molecular scale. When Re ~ 1 both
effects are important and initial and boundary conditions imposed on the flow
determine whether laminar or turbulent mixing predominates.

On the mesoscale the Reynolds number is very large and the flow is highly
turbulent. With S = W = 1.5 cms™! and L = L, =1 km, we may find Re = 108.
Molecular transfers become important only near the surface. For this situation,

microscale circulations with the value of L, ~ 0.1 mm and W ~ 1.5 cin s}

, give
the Reynolds number of 0.1. That means the movement of air is laminar.
Using the scale analysis, a more formal definition of mesoscale can be given.

The criteria are that:

(1) the horizontal scale should be sufficiently large so that the hydrostatic

equation can be applied.

(2) The horizontal scale should be sufficiently small so that the Coriolis term
is small (although it can still be significant) relative to the advective and

pressure gradient forces.

2.3 Approximations

Approximations in atmospheric models depend on the scaling assumptions. The

different flow depths of the various mesoscale flow types imply governing dynamics
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and thermodynamic equations that can be simplified via scaling assumptions.

It is clearly desirable to have a more explicit statement about the
acceptability or otherwise approximations that may be made to the suite of
equations that form the basis of modeling. The approximations are considered

as:

1) the omission of beta-effects,

2) the omission of Coriolis effects,

3) the use of the geostrophic approximation,
4) the use of the hydrostatic approximation,
5) the use of the Boussinesq approximation,

6) the use of the so-called anelastic approximation.

The last two approximations are closely related, and apply to the continuity
equation, which is the expression for the conservation of mass.

The crux of the Boussinesq approximation (Boussinesq, 1903) for a stratified,
incompressible fluid is the variations in density which are ignored except where
they are multiplied by the acceleration of gravity in the vertical component of the
equation of motion. The idea was extended in 1960 (Spiegel and Veronis 1960)
to apply to certain flows of compressible fluids, but this necessitated a restriction
to the vertical scale of the motion. This approximation, which substantially
simplifies the continuity equation, has been widely used in analyzing atmospheric
flows of only at most a few kilometers in depth. Such a statement allows for
both deep and shallow flows (Dutton and Fichtl 1969; Pielke 1984). According to
Businger (1982), further impose a condition that perturbation pressure influences
in the buoyancy term can be neglected, which restricts the approximation to
shallow flows. Mahrt (1986) and Stull (1988) point out that this extra condition
is limited to only nonneutral shallow flows.

The anelastic approximation was derived by Ogura and Phillips (1962). This
kind of approximation eliminates the “elastic” effects and hence the production
of sound waves in numerical models. It is finer tuning than the Boussinesq
approximation, restraining to zero only the local time derivative of the density
in the continuity equation. Its great value in numerical models is that it not
only eliminates sound waves but also allows much longer time steps than would

otherwise be possible.
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" An analysis by Pielke (1984) indicates the form of Eq. (2.28) of the vertical
motion equation. It is known as the hydrostatic assumption in numerical
modeling, and can be used when the horizontal length scale of the phenomenon
modeled is greater than the density-scaled height of the atmosphere. The smallest
resolvable feature, in terms of accuracy, in a numerical model is 4Az, it seems
that use of the hydrostatic assumption in numerical modeling is valid when the
horizontal grid length Az employed is about 2 km or greater. This is merely
a qualitative indication and does not mean that Eq. (2.28) cannot be used for
grid-lengths less than 2 km. It should be noted that in mountain wave modeling,
the square of the ratio of vertical to horizontal wavelength determines the validity
of the hydrostatic approximation.

A major disadvantage of the hydrostatic method is that it yields less realistic
results if Az is small. The advantages of the hydrostatic method are the fact that
it is easy coding, and that it requires much less computation time per time step.
However, it is important to note that the other advantage is partly (or even
entirely) counterbalanced by the necessity of taking a smaller time step for the
hydrostatic computation. The reason is the hydrostatic computation. The time
step is restricted by the necessity of avoiding numerical instability due to gravity
waves with a horizontal wave vector. If the non-hydrostatic method is used, this
kind of numerical instability does not occur, as is shown by a straightforward
numerical stability analysis.

The majority of the mesoscale models that have been adapted to study flow
over complex topography make use of the hydrostatic method to calculate the
pressure. These methods are easy to use since the pressure is calculated directly
from the density profile. If the horizontal grid distance Az of the interested
domain is as small as 2 km or so, the hydrostatic pressure calculation may lead
to less realistic results. As discussed in Pielke (1984) and Physick (1988), there
are two kinds of methods for non-hydrostatic pressure calculation: one is that use
the fully compressible continuity equation, and other is that employ the anelastic
continuity equation. The advantages and disadvantages of the fully compressible
method are discussed in Physick (1988). If the anelastic method is preferred, an
elliptic partial differential equation for the pressure p has to be solved for each
time step. This is discussed in Meesters (1992). Several efficient methods to solve
this equation are known. They include block cyclic reduction of the coefficient
matrix (Rosmond and Faulkner 1976), spectral analysis (Williams 1969), and a
combination of both (Wilhelmson and Ericksen 1977). However, the feasibility of

these methods is restricted to models with an equidistant grid; spectral analysis
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moreover requires periodicity of the boundary conditions. These situations cannot
usually be seen. In the case of complex topography in mesoscale models. Hence,
in this field it is usual (Physick, 1988) to find an approximate solution to the
anelastic pressure equation by some relaxation technique. An overview of such
techniques is given by Leslie and McAvaney (1973).

The accuracy of the Pielke and Orlanski schemes as a function of horizontal
length scale, large-scale stability, subgrid-scale heat diffusion, strength of surface
heating and friction have been evaluated by Song et al., (1985) using an exact
solution for the residual in the context of a linear analytic model. Martin
and Pielke (1983) also examined the adequacy of the hydrostatic assumption
for sea breezes using a nonlinear numerical model with simple turbulence
parameterizations. A general result from these studies seems to be that
hydrostatic assumption becomes less valid as the intensity of the surface heating
increase, and as the synoptic temperature lapse rate becomes less stable. The
hydrostatic approximation is especially compromised if an explicit approach to
condensation processes is adopted (Physick, 1988).

The quasi-nonhydrostatic technique of Song et al., (1985) has been adapted
to a nonlinear finite-element model by Fast and Takle (1988 a,b) and applied
successfully to neutral flow over gentle topography. It should be noted that the
typical grid spacing in this experiment, where the domain size is only 300 m, is
much smaller than used in the meso-83 scale models of this review.

In engineering terminology, the convection is used to describe vertical
or horizontal movements of mass or energy by either the mean or turbulent
component of thermally forced flow. In meteorology, convection needs to be
differentiated from both advection and diffusion. The smallest scale of the vertical
movement of energy, mass and/or momentum is random (disorganized) microscale
turbulent diffusion (with a zero-mean vertical velocity). The next largest scale of
such movement is organized (non-hydrostatic) mesoscale or microscale (thermal
or mechanical) convection, with vertical velocities large enough (same order of
magnitude as horizontal velocities) to significantly alter or produce the horizontal
flow component (mainly) by mass continuity. Finally, the largest scale of vertical
movement is the organized mesoscale (and larger) advective circulation cells, in
which advective vertical velocities are at least an order smaller than the horizontal
component and arise from horizontal convergence again via mass continuity. One
impact of such nomenclature is that motions such as sea-land breezes, mountain-
valley winds, and urban circulations would no longer be referred to as convective

but as advective. Another result of this classification is that hydrostatic mountain



28

waves are considered to be advective, while nonlinear lee waves are convective.
Note, this does not imply that all non-hydrostatic flows are convective, that
is, neutral-stability advective flows over surface discontinuities in which vertical
motions are limited by advection are also non-hydrostatic (Fig. 2.2). Besides
hydrostatic flows are thus advective, but not all advective flows are hydrostatic.

Non-hydrostatic models are being used in cloud modeling studies (Klemp and
Wilhelmson, 1978; Tripoli and Cotton, 1982) which use horizontal grid-lengths
of the order of a few hundred meters. In such models, pressure term cannot be
computed diagnostically in a simple manner from an equation such as hydrostatic
assumption (Eq. 2.28). Therefore, the equation of state (P = pRT) is used in
conjunction with the fully compressible continuity equation, Eq. (2.1). However,
use of the latter allows fast moving sound waves as solutions and thus imposes a
relatively small time step to ensure numerical stability. This inconvenience has
been minimized in the above studies by using small time step only for those terms
generating sound waves, and a larger time interval for those terms producing the
slower-moving gravity waves. Gadd (1978) has used a similar approach (the
split explicit method) in a hydrostatic model by using a longer time-step for the
advective terms than for those producing gravity-inertia oscillations. The non-
hydrostatic compressible British Meteorological Office mesoscale model (Tapp
and White, 1976; Carpenter, 1979) treats the acoustic terms implicitly, thus

allowing a larger time-step than for explicit finite-difference schemes.

Non-hydrostatic Hydrostatic
Convection Neutral Advection
Compressible Ext Compressible
. 1 1
vertical xbrem Boussinesq horizontal
. convection N
Motions Motions

Fig 2.2. Schematic of basic flow subclass and assumptions (after Thunis and
Bornstein, 1996).

Some of the non-hydrostatic models (Neumann and Mahrer, 1971; Clark,
1979) use the anelastic form of the continuity equation (2.16) which involves
solving a Poisson-type equation for pressure by a relaxation technique. This
is a time-consuming task, although Fulton et al., (1986) reports that multi-

grid methods are able to decrease considerably the time taken for the numerical
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solution of Poisson equations. Gross (1985) also used the anelastic equation in
a non-hydrostatic model, employing an iterative process involving pressure and
velocities until the continuity equation is satisfied to a specified error value. This
technique can be shown to be equivalent to solving a Poisson equation for pressure
(Cebeci, 1981).

It is concluded that a non-hydrostatic treatment allows a larger time step
than a hydrostatic treatment. As a consequence, the disadvantage of the non-
hydrostatic method that requires a larger computation time per time step is at
least partly canceled. In certain cases, the non-hydrostatic method even allows a

faster computation than the hydrostatic method.

Hydrostatic

| Geostrophic

100m 1km 10km 102 km 103 km 10%m
Ly

Fig 2.3. Limits of applicability of model approximations. The black areas
indicate over what horizontal scales the approximations are valid (after
Wipperman, 1981).

The results of the comparison of the six approximations in mesoscale
modeling are shown in Fig (2.3). It is clearly justifiable to ignore Coriolis and
beta effects in modeling systems with a typical horizontal length of less than
1000 km. The assumption of geostrophy is valid at scales above approximately
2500 km. The hydrostatic approximation is valid for systems with the horizontal
size of more than 10 km. The Boussinesq approximation is valid only for a length
scale less than 25 km. It is only the anelastic approximation which is valid across
the whole range of scales. Noting previously defined range for the meso-scale
as 1 to 100 km these results are important reminders that the Boussinesq and
hydrostatic approximations, widely used in so-called mesoscale modeling over the
past decades, must be employed with great care.

Additionally, there are many problems involved in incorporating other
physical processes as to better simulate the real atmosphere. Some of these

processes and effects have been satisfactorily included in large-scale models but
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meso-scale dynamics require different emphasis within the equations of motion
and, in turn, this requires careful incorporation of terms that can justifiably be
ignored on larger scales. For example, the early numerical models of the large-
scale atmosphere omitted the turbulent transfer terms in the equations of motion,
a procedure justified by the fact that the models were formulated for one level
only, at a height of about 5 km. In most meso-scale models, the turbulent transfer
terms cannot be ignored. Indeed their incorporation remains a major problem
of parameterization, which is the'inclusion of the effects of events smaller in
scale than are taken into account directly by the modeling process. Much of
the turbulence theories are as yet of little value to modelers of the real, rather
complicated flows found in the atmosphere. Hence, to those with a primary
interest in the nature of turbulence, its representation in atmospheric models will
appear to be rather primitive. The K-formulation is the most elementary and
most widely used of the ways of incorporating turbulent transfer and some 20-
30 forms of K (the eddy diffusivity) exist in the literature of the last 60 years.
Besides, the Monin-Obukhov theory applicable in the lowest 10-50 meters of the
atmosphere have proved exceedingly valuable over the past fifteen years, but it is
true to say that the representation of turbulent fluxes in models still leaves much
to be desired. The fluxes are particularly important in the lowest kilometers or
so of the atmosphere, the so-called Planetary Boundary Layer (PBL), and it is
here that much research effort is being concentrated. The planetary boundary
layer has a host of theoretical and observational problems of its own, and the
satisfactory inclusion of this layer into meso-scale models is proving to be very

difficult. It will remain a high priority problem throughout the decade.

2.4 Atmospheric Space Scales

Different opinions currently exist concerning definitions of the time and space
boundaries of the micro-, meso-, and macro-meteorological scales. The
standardization of the mid-1970s atmospheric scale classification schemes by
Orlanski (1975) contained eight horizontal space and time subdivisions (Table
2.1) because of the wide range of phenomena encompassed by the three basic
scales (micro, meso, and macro). Orlanski (1975) defined a mesoscale to cover
motions with a scale of 2-2000 km, with subdivisions of meso-c (200-2000 km),
meso-f (20-200 km) and meso-y (2-20 km). By using previous definition of the

mesoscale he quoted was intermediate states between macroscale (“space scales
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more that 1000 km and time scales of the order of a week”) and microscale (“space
scales of several meters and time scales on the order of minute”). His proposed
new upper bound (2000 km) was of the same order of magnitude as the old one,
but his new lower bound (2 km) significantly enlarged the range of microscale
phenomena. However, he pointed out that as it was not generally possible to
identify “a relationship between geophysical parameters and the intrinsic spatial
scale, ... all horizontal scale divisions are somewhat arbitrary and ill-defined.”

However, some mesoscale texts have proposed alternative definitions for
mesoscale phenomena. In terms of dynamics, Emanuel (1982) assigned the terms
mesoscale to atmospheric systems in which both ageostrophic advection and
Coriolis accelerations are important. Arya (1988) defines the micrometeorological
phenomena as limited to those that “originate in and are dominated by” the
PBL, excluding phenomena whose “dynamics are largely governed by mesoscale
and macroscale weather systems.” However, Pielke (1984) defined mesoscale
phenomena as having a horizontal length scale large enough to be hydrostatic
but small enough so that the Coriolis force is small relative to the advective and
pressure gradient forces. While Pielke mentions that this upper boundary is thus
latitude dependent, it is also true that his lower boundary would be PBL stability
dependent. His definition confines mesoscale to the Orlanski meso-g scale.

The mesoscale bounds of Pielke were consistent with phenomena that
contemporaneous mesomodels could simulate, that is, meso-8. Such models
generally used meso-a (and larger) values as external forcing and parameterized
subgrid/subscale non-hydrostatic (meso-y and smaller) effects. However, current
non-hydrostatic mesoscale models are capable of simulating motions on the
smaller meso-y and micro-a scales, while model nesting allows them to simulate
meso-c (and larger) flows. Stull (1988) places the lower limit of the mesoscale
at 3 km. He also reproduces part of the Orlanski’s table (meso-« to micro-y)
but with an additional micro-d scale extending from 2 m down to 2 mm. In
addition, he shows an overlap between the micro- and mesoscales that extends
downward from the middle of meso-y to the lower end of micro-o. Pielke (1984)
also defines the vertical bounds of mesoscale phenomena as extending “from tens
of meters (i.e. above the surface boundary layer) to the depth of troposphere.”
While shallow mesoscale motions (like sea breezes) are all or mostly contained
within the PBL, deep mesoscale motions (like thunderstorms) can extend well
above it.

The current variety of definitions for both mesoscale bounds given by Thunis

and Bornstein (1996) seeks to update Orlanski’s subdivisions. The new proposed
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scale boundaries include the following changes: addition of a micro-§ scale,
renaming meso-a to macro-y, and renaming micro-a to meso-§. These last two
changes shift mesoscale down one class toward smaller-scale flows. These changes
thus incorporate contributions from Stull (1988), except that his scheme showed
an overlap of the micro- and mesoscales covering the current meso-§ and half of
the current meso-+.

Both new mesoscale boundaries are thus dynamically based. Its upper
boundary corresponds to that proposed by Pielke (1984), in which atmospheric
motions have a horizontal extent small enough so that the Coriolis force is not
latitude dependent. By analogy, the new lower boundary includes all phenomena
in which Coriolis effects are strong enough to determine rotational direction. Note
that both new mesoscale bounds are stability dependent, because as stability
increases, motions become more horizontal and thus more influenced by Coriolis
forcing.

However only plume and urban effects differ from that in Orlanski (1975)
and Stull (1988); that is, plumes and urban effects are each moved up one scale.
Current mesomodels can simulate flows on all proposed meso subscales, including

non-hydrostatic meso-y and meso-§ phenomena.

2.5 Flow Classification

Separate graphical representations of the Boussinesq mesoscale flow subclasses
during stable and unstable conditions were constructed from the order of
magnitude estimates of the various length scales and flow-class separation criteria
(ignoring effects from condensation). Note that while these values are (for
convenience) representative of the Earth atmosphere in its midlatitudes, they
could be derived for other latitudes.

Boundaries between unstable condition flow subclasses described above are
defined in Fig 2.4 by the following limits: zones of unrealized atmospheric flows,
upper and lower limits on thermal convection, upper limit on the micro-g3 scale,
hydrostatic-nonhydrostatic transition, and shallow-deep flow limit. All flow-class
boundaries in this and the next figure represent best estimates consistent with
scale arguments. As each flow-class limit line really represents a transition zone,
more precise limits and slopes could be developed via numerical model simulation
of impacts resulting from the approximations discussed above. For example, on

its vertical axis, a daytime PBL depth of 1 km was assumed for the boundary
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between shallow and deep Boussinesq, while the 10 km height assumed for the
corresponding density scale-height H, was also taken as the deep Boussinesq limit.
The horizontal axis ranges over all currently defined mesoscale subclasses and
the micro-3 scale, whose vertical limit has been set equal to its 200 m horizontal
limit (assuming mainly isotrophic microscale motions). Note, the smallest large
scale (macro-d) is represented by horizontal and vertical extensions of the deep
end of the meso-f scale. The figure excludes flows with physically unreasonable
combinations of Ly (L, or L,) and L,, for example, flows with Ly of 200 m
and L, of 200 m, or with Ly of 200 m and L, of 10 km. The transition from
hydrostatic to non-hydrostatic has an approximate slope of unity, as the scale
analysis of Pielke (1984) indicated non-hydrostatic effects when L, became greater
than Lg. It has further been assumed that the smallest horizontal hydrostatic
length scale is about 5 km at a height of 200 m, the horizontal size at which non-
hydrostatic effects began in the vertical velocity field for island breeze simulations
by Thunis (1995). The hydrostatic-nonhydrostatic line, in combination with the
deep-shallow flow line, produces four flow regions. Note first the transition from
thermal advection to thermodynamic advection with increasing circulation depth
for hydrostatic flows. Also note that part of the deep convection is divided off
by criteria L, < rH, to produce a deep thermal convection, while part of the
shallow convection is likewise divided off by criteria r = 1 to produce shallow
thermal convection. Note, the r = 1 criteria denotes a transition between vertical
pressure gradient force and buoyancy-dominated non-hydrostatic flows, and not a
physical extension of the hydrostatic flow region. Note also, the dashed horizontal
line that denotes the internal division between the two thermal convection sub-
classes. Fig 2.5 shows that corresponding stable atmosphere representation with a
lower-density scale height, a lower boundary layer depth, and an assumed factor
of 2 reduction in the meso-B-scale upper limit. These changes result from the
reduction of vertical motion magnitude in stable atmospheres, while the latter
is a reasonable estimate of the known reduced horizontal extent of the thermal
circulations with such stability, for example, land versus sea-breeze circulations.
Numerical simulations could help better define these limits. Note also that both
exclusion zone limits have been moved, consistent with the larger horizontal to
vertical length-scale ratios in stable flows.

While the microscale limit is unchanged, the hydrostatic-nonhydrostatic
transition line is shifted toward smaller scales to reflect that circulations are more
likely hydrostatic in stable conditions (Martin and Pielke 1983). Thermodynamic

advection, thermal advection, and shallow convection still exist, but thermal
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convection flows (with r > 1) cannot exist in stable conditions. Vertical motions

in stable condition deep convection flows are thus forced by the vertical pressure

gradient force and/or advection but not by buoyancy. Thus, nighttime convective

motions have buoyancy acting as a restoring force and include gravity waves

associated with mountain-induced flows, frontal lifting, and jet streaks.

The equations of each subclass in Fig 2.4 and 2.5 are less likely to accurately

reproduce associated atmospheric phenomena as one moves upward and/or left-

ward within a subclass area.

Lz 4
Nonhydrostatic Hydrosta.
10 km m ;
Deep convection 5
{r>1) Thermo-dynamic; b
advection H P
(r=1) :
2 km T 3
P e 71+
J ' Thermal convection Thermal advection ,r”r(
) 1/ (7‘ > 1) (7‘ — 1) 1
(r~1) il
200 m
Shallow convection Shallow
(r<1)
I
20 m 200 m 2 km 20 km 200km [,
| microf | mesod | mesoy [ meso-f |

Fig 2.4 Schematic of flow subclass under stability conditions, where hatched
zones indicate nonphysical phenomena, dotted line indicates merging of
thermodynamic advection with macroscale, r represents scaled ratio of
buoyancy and vertical pressure gradient force perturbations, and the dashed
line represents division of thermal convection into its deep and shallow regimes

(after Thunis and Bornstein, 1996).
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Fig 2.5. As in Fig 2.4 except for stable stability conditions (after Thunis and
Bornstein, 1996).
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CHAPTER 3

GRID GENERATION TECHNIQUES USED
IN MESOSCALE MODELLING —
VERTICAL COORDINATES

3.1 Grid Generation Techniques

Fluid mechanics is understood in a descriptive way through experimental
observation, mathematical analysis, and numerical simulation. When the
understanding is required for flows with complex internal structure and with
complicated regional boundaries, insight is gained primarily from experiments and
simulations. Numerical simulations are motivated by the prospect of economically
obtaining a detailed flow-field description. In each instance, a governing system
of flow equations is analytically formulated over the region and is solved in an
approximate form on a computer.

Various numerical methods have been devised for such approximations, and
most depend upon some representation of the flow-field region by means of
finitely many points and the interconnections between them. When each regional
boundary is given by a sequence of connected points, the efficiency and accuracy
of the various methods are enhanced, since boundary conditions can be applied
without interpolation. Further enhancement comes when the connectivity pattern
is regular. The most regular and thus preferable patterns are those that result
from coordinate transformations.

Generally most of the useful coordinate transformations are nonorthogonal.
While many two-dimensional regions or surfaces can efficiently be given conformal
coordinates to match a variety of geometric configurations. Upon specification,
conformality with its simple metric structure is no longer available. The next best
structure comes from orthogonal coordinates: availability is also limited, but not

as severely as with conformal coordinates.
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" With a transformation, Cartesian coordinates on a rectangular region are
typically mapped into coordinates that cover the physical region and match
boundaries. When the transformation is applied to a discrete representation,
the connectivity pattern is preserved. In a rectangular region, regularity arises
naturally from uniform spacing in each Cartesian direction. The simplest pattern
occurs when the points are connected only along coordinate directions. It is
called as Cartesian grid. Under the mapping, the Cartesian grid goes into
a corresponding physical-space grid where boundaries are defined by discrete
coordinate curves. With the transformation, the flow-field computations can be
performed entirely on the fixed Cartesian grid, regardless of the geometry or
motion of the boundaries. The Cartesian grid then represents the rectangular
computational space.

The same computational space can be used to treat multiply connected
physical regions that rise when there are a number of solid bodies in the field.
The basic methods come from the identification of Cartesian-coordinate sections
with artificial or actual boundaries. Artificial boundaries are used to connect the
bodies with the physical boundary to essentially reduce the number of bodies.
These connections are transmissive boundaries for the fluid and are called branch
cuts, patches, or simply cuts. Actual boundaries are determined by the geometry
of the physical bodies. These are prescribed in correspondence with either internal
or boundary Cartesian sections. The internal sections are used alone as a slit or
in a combination to remove a local region. In physical space, the mapped result
is wrapped around the given body. With the local region, the boundary grid
inherits the Cartesian corners or edges even if they do not physically exist. In
the contrary sense, any Cartesian section may also map a physical boundary
with corners or edges. Barring irregularities in physical boundaries, Cartesian
identifications tend to produce further irregularities that appear as coordinate
singularities on the boundaries. While special numerical treatment can usually
be applied to singularities, the accuracy of a simulation can suffer, particularly
if significant properties of the fluid occur near the boundaries. The fundamental
reason for the singularities comes from the direct considerition on a multiply
connected physical region. The use of a single coordinate transformation and
the associated computational space is the primary cause for the placement of the
singularities directly on the boundaries.

To move the singularities off the boundaries and away from potentially large
flow variations, more than one coordinate system is required. The immediate

consequence is an assembly of computational spaces and identifications. This may
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appear as a general rectilinear region covered by a Cartesian grid. With junctures
between systems corresponding to the identifications, coordinate transformations
are then applied to produce grids for each system, which upon assembly cover
the physical region in a patchwise fashion.

On a local level, the physical-space grid retains the simple, regular
connectivity pattern of each coordinate grid. The only places where the pattern is
altered are those that correspond to the moved singularities and that consequently
represent only a minor part of the entire region. On a global level, the grid
connectivity is changed in a way that usually represents a higher degree of
conformity with the actual topology of the region. This occurs because solid
bodies in the field often get individual local coordinate grids wrapped around
them. The local grids essentially provide a good structure for the modeling of
nearby fluid-mechanical phenomena.

From a global perspective, the outer boundaries of the local systems are
considered to be a new collection of bodies that can be fewer in number if some
of them are joined together. The physical-space grid is typically constructed from
such collections with the introduction of further artificial transmissive boundaries,
which altogether determine its global topology.

With the selection of grid topology, certain families of coordinate curves of
s are selected for enhancement in a number on a purely local basis. The local
body-oriented grids provide an immediate example: the number of coordinate
curves or surfaces that wrap around each body can be adjusted separately. As a
consequence, the simulation process can be optimized in the vicinity of each body.
A similar optimization is not generally available for one global transformation,
since local requirements cause global changes that would be wasteful and possibly
conflicting. As in the case of a single transformation, the simulation process can
be done entirely with respect to a fixed computational space, even when the
physical grid is in motion. The movement is restricted only by the fixed choice
of grid topology, which is a possible problem when distinct bodies collapse upon
each other.

Once a grid has been generated to match the physical boundaries and to have
some conformity with the regional topology, simulation accuracy can be enhanced
through grid movement. While maintaining the simple, regular connectivity
pattern, points are pushed into positions that more accurately represent the
desired solution to the governing system of fluid equations. Although the
entire solution would theoretically be needed to drive the pointwise motion, the

intrinsic character is often quite accurately detected by a small number of salient
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quantities. Altogether, the collection of salient quantities efficiently summarizes
the solution data. On application, a feedback cycle is formed in which the solution
is advanced by some computational algorithm and the grid is moved in response.
Such cycles that couple movement with solution procedures are called adaptive
grid techniques (Fig 3.1). When the motion is supplemented or replaced by
arbitrary local changes in the number of points, the adaptive procedures lose the
logically regular ordering of grids and inherit a data-management problem.

Two primary categories for arbitrary coordinates generation have been

developed, which include both fixed and moving grids. These are

o algebraic methods,

e partial differential methods.

Fig 3.1 Results for the kinematic frontogenesis problem and the using grid
structures (Dietchmayer, 1992).

3.1.1 Algebraic grid generation

The physical region with coordinate transformations defined by algebraic formulas

can be given in a continuous description which it is often done in an explicit
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manner. With the application of such transformations, arbitrarily large grids can
be efficiently generated. This process is known as algebraic grid generation.
Classically, transformations have been globally defined by analytic functions
of a complex variable and by direct shearing. The analytic functions produce
conformal coordinates that are inherently non-singular and over which the fluid-
dynamic equations assume their simplest general form. In addition, potential-
flow solutions are readily available and are often quite useful. The fundamental
limitations, however, are a loss of control over boundary distributions and a

practical restriction to two-dimensions (Moretti, 1980; Ives, 1982).

Fig 3.2 Orthogonal curvilinear horizontal grid approximating the geometry of
the North Atlantic Ocean (10° — 60° N) (Adams et al., 1992).

The limitations of conformal coordinates are removed with the classical
shearing transformations. The price is nonorthogonality, which typically
adds complication to the fluid-dynamic equations. In a practical sense, the
complications have a minor impact and may not even appear in the discrete
form. As a consequence, the primary development starts with shearing
transformations. These and the closely related Hermit transformations are just
global interpolations in one direction. The first and most fundamental objective
is to insert the maximum possible amount of control over the grid in a given
direction. This is provided by the multisurface transformation (Fig 3.2) that
includes both shearing and Hermit transformations as special cases. The same

control is available in all directions by using Boolean sums of multisurface
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transformations. In the earlier shearing and Hermit cases, the transformations
were often called transfinite in view of the fact that a generally infinite number
of boundary points were interpolated when directions were combined. This is in
comparison with the finite use of only vertex data.

The automation required to systematically generate algebraic grids for a
wide variety of applications was established in two-dimensions with the software

system developed by Eiseman (1982).

3.1.2 Partial differential equations methods

The techniques for the generation of arbitrary curvilinear coordinates come from
either explicit or implicit definitions. Correspondingly, the coordinates are usually
given either algebraically or as the solution to differential equations. In the
latter category, a numerical solution procedure is required to find the grid-point
locations from the defining system and the associated boundary conditions that
must represent the physical geometry.

Hyperbolic Methods. When only one physical boundary is specified,
hyperbolic partial differential equations may be used to obtain a grid by spatially
marching from the given boundary. The remaining boundaries are determined
by the solution and are geometrically unimportant in cases such as the external
flow about a single object. With the requirement to prescribe only the object
and the spacing along it, the hyperbolic methods proceed in marching steps that
give the spacing in the outward direction. The inherent efficiency of the methods
is due to the use of a single sweep through physical space. In two dimensions,
orthogonal grids are obtained and are smooth, provided that the boundary is
free from slope discontinuities. A fundamental development was given by Stadius
(1977), and one which was well suited to body concavity was presented by Steger
and Sorenson (1980). The hyperbolic methods, however, are restricted in the
amount of control that can be applied.

Elliptic Methods. The element of control over the grid has been more fully
developed with the methods based upon elliptic partial differential equations.
We shall refer to these as elliptic methods. As in previous algebraic development,
conformal mapping can be done in two dimensions with specifications of only
boundary geometry. Typically, a pair of Laplace equations is solved subject
to Cauchy-Riemann boundary conditions. The basic departure from conformal

mapping comes with the specification of pointwise distributions along the
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boundaries. From this departure, some resolution requirement for the flow can
be inserted. In comparison, the boundary distributions conflict with conformal
conditions and produce nonorthogonal coordinates.

The earliest successful development was formally reported by Winslow
(1967), who started with a Laplace system. This system determines a conformal
mapping from the physical region into the space of curvilinear variables. Since
the grid had to be generated in the physical space, the system had to be
reformulated by an interchange of dependent and independent variables. Physical
boundaries with the formulation are then represented by pointwise (Dirichlet)
boundary conditions on the rectangular region of curvilinear variables. When the
basic Laplace system determines a nonsingular mapping, the inverse mapping is
biased toward conformal conditions. This tends to impose a global smoothness.
The conflicting Dirichlet data produce nonorthogonality, which is most intense
at the boundaries and gradually decays toward conformality as the interior is
approached. From the discrete viewpoint of grid mappings, conformality is
observed when small Cartesian squares are approximately mapped into squares
of varying size.

The next important step in the development of elliptic methods was given
by Thompson et al., 1974). They added periodic boundary conditions to
produce branch cuts for various topological configurations and also suggested
that control over the grid could be accomplished by altering the original Laplace
system. The alteration is to consider a pair of Poisson equations by including
specifications for the right-hand sides. These are called forcing terms and are
general functions of the curvilinear variables. The particular form to be used was
established later by Thompson et al., (1977). In higher dimensions or with forcing
functions, nonsingularity is not generally assured. However, in two dimensions,
the implication is that the basic system will reliably produce nonoverlapping
grids, and that departures therefrom can be balanced against a solidly established

reliability factor.

3.2 Vertical Coordinates Used in Mesoscale Modeling

Vertical coordinate systems in the modeling of atmosphere are generally classified

using any monotonously chancing variable:

® pressure,
® potential temperature,
¢ geometrical height.
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" In these coordinate systems, a special procedure is needed in order to take
into account the effect of the surface topography. The topography and grid-
points (mesh) which are generated over it, are represented by using a vertical
coordinate variable. Vertical coordinate systems are briefly reviewed in the

following subsections.

3.2.1 Pressure coordinate systems

Isobaric coordinate system — p

When the hydrostatic approximation is valid, there are advantages to
introduce pressure as the vertical coordinate, because it provides the availability
of the continuity equation, the pressure gradient force, the calculation of vertical
motion and some other dynamically terms in simple forms (Haltiner, 1971). On
the other hand, since the surface grid line of pressure does not represent the
topography exactly, which can intersect the topography, the pressure coordinate
system has certain computational disadvantages in the vicinity of the mountains.

It is therefore used over smooth topographies. The p-coordinate system is shown
in Fig 3.3.

Fig 3.3 Schematic representation of isobaric coordinate system.

In earlier baroclinic forecast models, the theoretical analysis of large-scale
motions and quasi-geostrophic models were built upon using the pressure p as
the vertical coordinate. For example, Meschoso et.al., (1982) and many others

designed their models using the pressure coordinate.
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" Sigma coordinate system — o

In Philip’s study (1957), a modified pressure coordinate was used to define
the independent vertical coordinate in order to eliminate the intersection problem
of coordinate lines with the surface. The sigma coordinate system is defined as
the pressure at the level of interest divided by the pressure at the model’s lower
boundary which is the earth’s surface. Haltiner (1971) also showed this system

which is to be formulated as follows:

(3.1)

Q
I
I

where P, is the surface pressure, and P the pressure at any level with condition
of P, > P > 0.

In Eq. (3.1) surface pressure is used to represent the topography. So it is
defined with only « and y coordinate variables, P, = P;(z,y). Since the surface
pressure is taken to be constant in time during the simulation (the surface pressure
is a function of time and space), the vertical o-coordinate values are simply seen
as a ratio of pressures, or a normalization of pressure in vertical.

In the sigma coordinate system the horizontal grid lines for o = 1 correspond
to the ground surface (P = P;). The top of the atmosphere is represented by
o = 0 where pressure-p is zero In order to define horizontal grid lines over the
surface, the pressure values are automatically transformed from 1 to 0 limits since

the pressure decreases upward (Fig 3.4).
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Fig 3.4 Schematic representation of the sigma coordinate system.

The main problem in the sigma coordinates is that the surface pressure does

not change in time. Since the surface pressure is only a function of z, y and
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time, it is needed to calculate during the simulation. When the surface pressure
is taken to be changeable in time, the represented topography is changed in
each time step during the simulation. This produces some errors. Some of
these problems become particularly apparent in models which are designed for

stratospheric simulations (Ji-Fan, 1986).
Terrain-following sigma coordinate system — o,

The terrain-following sigma coordinate system is the modified form of the
sigma coordinate system. In the terrain-following sigma coordinate o,-values are
calculated with the normalization of the pressure between top and ground levels,

and formulated as follows,

_P-P
P, — P,

Op (3.2)
where P, is the pressure on the top of interested atmospheric domain, P the
surface pressure, and P the pressure at any level given by P; > P > P,. In general,
P, and P; are used as the constants in time and space during the simulation,
although in some studies their temporal spatial variations are used on the top

coordinates (Mahrer and Pielke 1975). Terrain-following sigma o,-values change
from 1 at P = P; to 0 at P = P, level (Fig 3.5).

p Op 4

Pt Opy 0.0

A
/@\ 92 0.9
Ps P10 z

Fig 3.5 Schematic representation of the terrain-following sigma coordinate
system.

The main advantage of the terrain-following sigma system is that it allows
simplified treatment of the lower boundary conditions in models which include
topography. o,-coordinates do not intersect the topography while o-coordinates
do. In addition, the solving governing equations have simple formulation, which

bring about some advantages. However, in order to use this coordinate system,
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the slope of the topography in each horizontal grid interval must be much less than
45° (Pielke, 1984). Over steeply sloped topography, the calculation of the sigma-
coordinate pressure gradient force involves computing the difference between two
large terms of opposite signs which results in a large truncation error in the
governing equations (Smagorinsky et al, 1967; Kurihara, 1968; Corby et al.,
1972; Gary, 1973; Phillips, 1974; Sundqvist, 1975).

In some 2-D model studies, the lowest sigma-layer (i.e., 0 = 1) is not taken
as surface layer (Suarez and Arakawa, 1979; Deardorfl et al., 1984). The lowest
layer of these models comprises an assumed well-mixed layer of variable depth.
The mixed layer extends from the surface, where the pressure P is Py(z,t), to

the mixed-layer top height where P = Pg(z,t).

— Py
_— >P>
Ps—PB+1 for P,>P > Pg
op = (3.3)
P— P
> P>
o) for P> P> P

For the first part of the sigma coordinate levels (i.e., mixed-layer), sigma
coordinate values change between 2 > ¢, > 1, and for the second part between
1>0,20.

~

Logarithmic-pressure coordinate system — P

A logarithmic-pressure vertical coordinate system is used such that
P =Pt or i=-HIn(P/P,)=~Hlno, (3.4)

where H is the scale height, which is taken to be constant. In logarithmic-pressure
coordinates, P = P; at the surface level (z = 0), and P =P, ¢! at the top of
atmosphere (z = H). This coordinate system is especially useful in where the
coarse mesh (a few pressure coordinate lines) near the surface and the fine mesh
(many pressure coordinate lines) on upper part of domain are needed.

Zhang and Geller (1994) used this coordinate transformation to analyze for

Klevin and Rossby-gravity waves in a three-dimensional adiabatic model.
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" Step-mountain eta coordinate system — 7

In the sigma system using the hydrostatically consistent schemes, increasing
the steepness of the mountains or hills in the model topography and increasing
the vertical resolution may lead to a violation of the hydrostatic consistency of
the scheme (Tibaldi, 1985). Additionally, it has some numerical problems which
result from the lateral diffusion, analysis and required interpolations, whereas
they are not important (Sadourny et al, 1981; Simmons and Burridge, 1981;
Simmons and Striifing, 1981). In fact, all problems result from the slope of
sigma coordinate surfaces. However it is not possible to reduce the effects of and
the slopes of sigma surfaces by increasing the horizontal resolution. Therefore,
“hybrid” coordinate system which includes sigma coordinates, is needed.

For representation of the topography with steeper mountains, a hybrid
vertical coordinate system defined as a modified sigma-pressure or terrain-
following sigma pressure system in which height coordinates are used, can be
utilized. The hybrid sigma system and a blocking procedure to deal with steep
wall-type mountains have been proposed for lee cyclogenesis studies by Egger
(1972a; 1972b; and 1974). In these studies, the vertical walls were used to block
the flow in a given layer or layers and to simulate the barrier effect of steep
mountains.

Mesinger (1984) also suggested a new pressure coordinate system called “eta-
n” which is derived from Egger’s approach (1972a and b). In this system, 7-
coordinate surfaces remain at fixed elevations at the places where they define the

ground surface. It is formulated as follows,

Pref(zs) P
1= T Pul0)” M)
or (3-5)
. Pref(zs) — Pt . pP— _Pt
n_appref(o)_])t’ v Ps_Pt

where the subscripts ¢ and s stand for the top and the ground surface values of
the model atmosphere, respectively; z is geometrical height, and P is a suitably

defined reference pressure as a function of z. It can be given as follows,
Pret(2) = Pes(0) e~ ™2/ BT (3.6)

where Pre£(0) is the pressure on sea level.
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" The ground surface heights z, are taken only as a discrete set of values so
that mountains are formed of the three-dimensional grid boxes of the model.
Therefore it is also called step-mountain coordinate and symbolized with “n”.

A schematic representation of the mountains with this “step-mountain”
coordinate is shown in Fig 3.6. In this figure, u, T" and P, represent the z-
component of velocity, temperature and surface pressure, respectively, and N is

the maximum number of the n-layers.

r
H
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Fig 3.6 The vertical grid structure and indexing used in the eta coordinate
using step-like (or block) representation of mountains. The step-mountains
are indicated by shading. (After Mesinger, 1984).

The coordinate surfaces of the eta coordinate are quasi-horizontal as opposite
to the sigma coordinate. Furthermore, although the 7-coordinate surfaces
intersect the ground surface, it has still simple boundary conditions as well as
a simple continuity equation, the same as those of the hybrid coordinate sys-
tem of Simmons and Burridge (1981). In addition, a model computer code
using the eta coordinate can be also run in the sigma mode. Thus a direct
comparison between the two vertical coordinates can be made with an identical
model (Mesinger 1985, Mesinger and Janjié 1987; Mesinger et al., 1988). In sev-
eral parallel runs, the model run in the eta mode outperformed its sigma mode
counterpart. In an atmospheric model using the eta coordinate, three major prob-
lems can be anticipated: internal boundaries at the vertical sides of the mountain
walls, vectorization, and physical package. These problems are discussed in detail
by Mesinger (1984), Mesinger and Janji¢ (1987); Mesinger et al., (1988), Janjié
(1990).
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3.2.2 Potential temperature coordinate systems

Isentropic coordinate system — 6

In description of adiabatic motions, in which the potential temperature § of
an air parcel is conserved, the potential temperature can be used for a vertical

coordinate variable. Potential temperature is defined as

P ) —R/Cp

QZT(Pref

(3.7)

After the first successful integration of the hydrostatic equations using
an isentropic coordinate system (Eliassen and Raustein, 1968), potential
temperature is used increasingly as a vertical coordinate in analyzing and
forecasting atmospheric processes.

In many meteorological phenomena, particularly in the free atmosphere, air
motions may be assumed to be isentropic. In the case of the air parcel which
has the same potential temperature, it always remains on the same isentropic
(potential temperature) surface. Therefore it is useful for tracing the actual paths
of the travel of individual air parcels. Under these circumstances the pattern of
isentropic surfaces represents the vertical structure of the adiabatic atmosphere.
The isentropic coordinate system provides such an allowance with which it is
possible to produce much finer vertical resolution where the potential temperature
gradient is large. Through vertical clustering of grid points in regions of high
potential temperature gradients, the isentropic coordinate system is not only used
for adiabatic motions but also for the objective analysis (Shapiro and Hasting,
1973), solving of frontal structure details (Bleck and Shapiro, 1976) and weather
prediction models (Kasahara, 1974; Bleck, 1973, 1974, and 1978; Eliassen and
Raustein, 1968, and 1970; Shapiro, 1973; Trevisan, 1976).

In addition, the model formulation in isentropic coordinates is rather simple
because there is no need to calculate the vertical motion in an adiabatic
atmosphere.

Despite these advantages, isentropic coordinates have two disadvantages.
One of them, monotonic variation of potential temperature is not always
guaranteed whereas it is initially required for its use as a vertical coordinate.
The other one is coordinate surfaces that can intersect the surfaces in regions of
contrast horizontal temperature (Fig 3.7). Although the intersection of isentropic

lines with the surface does not seem to be a serious obstacle (Eliassen and
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Raustein, 1968, and 1970; Bleck, 1974; Shapiro, 1975; Trevisan, 1976), the
existence of superadiabatic and adiabatic layers, which occur most frequently
in the boundary layer, cannot be tolerated. It can cause folding of the isentropic
surfaces which can lead to instability when the strong diabatic heating near the
earth’s surface exists, whether the methods of incorporating orographic effects

appear to be sufficient.

—

—
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Fig 3.7 Schematic representation of isentropic coordinate system.

Terrain-following isentropic coordinate system — oy

The isentropic coordinate system has computational disadvantages which
are similar to those of the pressure coordinate system in the vicinity of the
mountains. The lower boundary conditions of the isentropic coordinate system
are not given easily since the surface potential temperature varies in space and
time. Therefore, to eliminate some of these difficulties, a new vertical coordinate
system should be used. Terrain-following isentropic system (oy) representation,
which is introduced by Brankovi¢ (1981), is the modified form of the isentropic
system. In this system og-coordinate values are calculated, with the normalization

of the potential temperature formulated as follows,

(3.8)

where 0; is a constant potential temperature at the top of the model, 0, a
variable potential temperature at the earth’s surface with 8, < 6; condition,
and 6 potential temperature as the vertical coordinate variable which increases
with height. With this formulation the potential temperature 8 values are
automatically transformed from 1 to 0 for upward vertical levels. We have oy = 1

at the surface which has § = 0;, and oy = 0 at the top of the upper level
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which has 6§ = 6, . In using the terrain-following isentropic system, the lower
boundary conditions become simpler than those of the #-isentropic coordinate
system. However, as long as surface potential gradients are holding relatively
smooth, the angle between # surface and oy surfaces is small and a loss of the
features mentioned above is not significant (Brankovié, 1981).

A schematic representation of the cross section of the frontal zone in the

terrain-following isentropic coordinate system is illustrated in Fig 3.8.
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Fig 3.8. The representation of frontal zone and # surfaces in normalized
potential temperature (og) coordinate. (after Bleck and Shapiro, 1976)

Hybrid theta—sigma pressure coordinate system — (6 — o)

Another use of the #-system is within the o,-coordinate domain, which is
called hybrid theta-sigma model, described in detail by Bleck,1978 and Uccellini
et al., (1979). The intersection of isentropes with the surface, the existence
of superadiabatic and adiabatic conditions, and the general lack of vertical
resolution near the earth’s surface in less stable regions inhibit incorporating
boundary layer dynamic and thermodynamic processes into isentropic models.
Without an adequate representation of the boundary layer, isentropic models
are limited in their application to subsynoptic- and synoptic-scale diagnostic and
forecasts. These deficiencies of isentropic coordinates are avoided by utilizing
sigma coordinates within the boundary layer which maintains a uniform grid
spacing throughout, avoiding the intersection between coordinate surfaces and
the ground, and thus providing a suitable framework for incorporating boundary-
layer processes into the model.

" The hybrid 6 — ¢, model combines an isentropic representation of the free
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atmosphere with a sigma-coordinate representation of the bottom 200 mb of the
troposphere. Four possible representations which have different ways of joining
op and § coordinate domains are shown in Fig 3.9.

In Fig 3.9 (a) The interface is held at a constant pressure P, (Friend et al.,
1977); (b) The interface is held at a fixed pressure interval above ground, i.e.,
P, — P, =constant (Uccellini et al., 1979); (c) The interface is initially defined to
coincide with a pressure surface, but is treated subsequently as a material surface
subject to vertical displacement (Deaven, 1976); (d) The interface is chosen to
coincide with an isentropic surface high enough in the atmosphere to clear the
ground in the geographical area covered by the horizontal mesh (310°K surface

is generally suitable for this purpose).

N ] e [ S ] N —
J\_%\ﬁ
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Fig 3.9 Four possible ways of joining o, and @ coordinate domains (Bleck,
1978).

However, the hybrid theta-sigma domain has some problems. The primary
problem with hybrid models is matching the boundary conditions across the inter-
face which provides for full interaction between the model domains in the presence
of diabatic heating and viscous forces, without introducing spurious sources of
mass, momentum or energy. The solution matches boundary conditions at the
interface using the flux form of the primitive equations {Uccellini et al., 1979;
Johnson and Uccellini, 1983). In addition to this solution, it is found that non-
hybrid model versions produce higher noise levels than the hybrid formulations

(Bleck, 1978).
Entropy coordinate system — §

The entropy coordinate model is based on the primitive equations expressed

in terms of a vertical coordinate

i= c, (5”-) . (3.9)
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Model levels are equally spaced in 3, giving slightly higher resolution in the
stratosphere than the mesosphere. The reference potential temperature 8, may
be set arbitrarily, and a value of 1 °K can be used (Manney et al., 1994). Entropy

coordinate lines can intersect the ground as isentropic coordinate lines.

3.2.3 Geometrical height coordinate system

Rectangular coordinate system — z

Since the rectangular coordinate system has a regular grid-mesh structure,
the primitive equations are solved directly from their finite-differenced forms. In
the rectangular coordinate system, the topography (Fig 3.10a) is in the shape of
step-mountain with constant grid spacing horizontally and vertically (Fig 3.10b).
The best representation of topography is made by decreasing horizontal and
vertical spacing in the grid structure (Fig 3.10c. However, this requires more
computer time. Some way of solving this difficulty is to use another topography
convenient grid mesh structure. Namely, a coordinate transformation which will
transform the complicated atmospheric domain into a rectangular one is used to
provide less computer time with a suitable number of the grid points as physically

as possible in solution of discretized primitive equations.

(2) (b) (c)

Fig 3.10 Schematic representation of the rectangular coordinate system.
Two-dimensional graded-cartesian grids using the box-method

The graded systems have a smooth transition into the large-scale system
with no additional computations being needed to merge the systems, whereas
the non-Cartesian-type grids often incur added computations (and perhaps

approximations) where the grids joint together. The box method has the desirable
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pro'perty that the momentum and mass of the system are preserved under
the finite-difference formulation to within time-differencing errors because the
equations are expected in flux form. The graded grids are shown in Fig 3.11.
Variable increment-space meshes have been used with some success in studies
of models possessing one horizontal space dimension (Koss,1971). For two
horizontal space-dimensioned models, the interest has been in the embedding of
a fine-resolution mesh in a relatively coarse grid to resolve interesting small-scale

features that are present in a large-scale environment.
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Fig 3.11 Graded mesh constructions for (a) single annulus, (b) double annulus,
and (c) triple annulus (after Walter, 1971).

The variable resolution grids are of two basic types: (1) a constant fine
mesh embedded in a constant coarse mesh and (2) a grid system that becomes
progressively coarser with distance from the central region. Both types are
members of a generalized family of grids, the construction and characteristics.

The basic construction element of the variable-resolution grids is a square

having the side length. Each graded grid has the following properties:

1) The area elements (boxes) of the grid structure are squares with side lengths

that are integral multiples of the basic side length.

2) The boxes increase in the area outward from the center in a systematic

manner.

3) The geometry of contiguous boxes having equal area is that of a “square

annulus” (except for the central region).
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" Simple height coordinate system — z

In the simple height coordinate system, horizontal and vertical grid spacing
are the same but the grid-mesh structure is not in rectangular form. This

coordinate system is formulated simply as follows
z="h(z)+i-Az (3.10)

where h(z) is the geometrical height of the topography, Az a vertical constant
grid spacing, and ¢ the index of levels (=0,...,n; where ¢ = 0 at the ground, and
i = n at the top of domain). The grid structure of the coordinate system is shown
in Fig 3.12.

— A —.

Fig 3.12 Schematic representation of the simple height coordinate system.

Here, there is an important problem about boundary conditions. Boundary
conditions for the top of atmospheric domain are not given directly. In general,
this coordinate system may be used if the top level of the model is too high
or height which the effects of topography is insignificant or where the boundary
condition is simple. In the United Kingdom Meteorological Office’s mesoscale
forecasting model which uses the simple-height coordinate system, the highest
level and also the top of the model is at 12 km which is normally in the
stratosphere (Golding, 1990).

Terrain-following S-coordinate system — o,

The S-coordinate system is commonly used in the atmospheric modeling,

and it is formulated as follows,

e [ Z_E_i;((% ] | (3.11)
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where z is the geometrical height above sea level, H is the height at which the
S-surfaces reduce to z surfaces (often H is set equal to the model’s top level), and
h(z) is the topography elevation. This system follows the topography at levels
below z = H. If the model extends above z = H, the vertical coordinate variable
typically reverts to z. S coordinate values for levels are transformed from 0 to 1
for h(z) to H (Fig 3.13)

The terrain-following S-coordinate system is the modified form of the S-

coordinate system. It is formulated as follows

o, =H [}ZL_%} (3.12)

where o,-coordinate values is from 0 to H between h(z) and H. o,-coordinate
value at surface level is equal to 0 since z = 0, and at top of atmosphere is equal to

H value since z = H. So o,-coordinates are transformed from 0 to H (Fig 3.13).

Z 34 S o-zr

H 11 H

Fig 3.13 Schematic representation of the S-coordinate system and the terrain-
following coordinate system.

The geometric height coordinate is the only coordinate where is the location
over the topography with respect to the coordinate surface does not change in
time during the calculation of primitive equations. So the blocking process in
the height coordinate is simpler than that of the pressure or isentropic system.
The primary advantage of the terrain-following S-coordinate systems is that they
allow simplified treatment of the lower boundary conditions in models which
contain topography. Therefore, the model levels do not intersect the earth’s
surface. Gal-Chen and Somerville, (1975a) gave the transformation derivatives
and transformed equations in terrain-following S-coordinate system, and Pielke

and Martin (1981) discussed the transformation.
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" Zeta coordinate system — (

The zeta coordinate system is introduced by Orlanski and Gross (1994). This

system is formulated as,
(=e%%, (3.13)

where S is the coordinate system variable given by Eq. (3.12), and larger values
of € place more model levels and higher resolution near the ground. An additional
advantage of employing such a physically based vertical coordinate is its ease of
use in more applied meteorological research applications, such as four-dimensional
data assimilation. In this case, a physical vertical coordinate is more compatible
with the newest atmospheric observing systems currently being deployed, such as
Doppler radar and VHF wind profilers that, in contrast to, rawinsondes, are not

based on a pressure coordinate.
Logarithmic height coordinate systems — zy, z,, s, £

The first logarithmic-height coordinate system which will be discussed here,
zr,, is commonly used in boundary-layer models. In the study of Paegle and David
(1983), this transformation has been used in the lowest 134 m. The coordinate

formulation is as follows,
21, = z,etE, or ¢=Lln(z1/z). (3.14)

where z, is the roughness height, L the scaling parameter.

The second coordinate system, z, is introduced by Beljaars et al., 1987 and
discussed by Dapeng and Taylor (1992). Beljaars et al., (1987) developed a linear
spectral finite difference model for the study of neutrally stratified atmospheric
surface flow over complex topography. For the vertical direction in spectral (z,)

space, a logarithmic coordinate transform,

btz %
"=l L )] T L (3.15)

is postulated by Beljaars et al.,, (1987). In this formula, /; is the inner-layer
thickness, and [, is the outer-layer thickness of boundary layer (Hunt and
Simpson, 1982).
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" Orlanski et al., (1974) tested two logarithmic-height coordinate systems

similar to the above,

_ In[(2 + 30.5)/30.5] oz T
* = a(Sh 1 305)/308) ¢ °F (1600) 179 ln( 5 ) (3.16)

to represent the vertical grids. In the first formulation S}, is the top of the model
(they used S,=20 km). With the left-hand expression for s, using 70 levels, the
grid resolution was 3 m near the ground and 1700 m near the top, whereas using
80 levels, the right-hand form varied more slowly from 3.7m near the surface to
approximately a constant of 175 m from 4000 m to the top (which was set at
10.16 km in that representation). Orlanski et al., (1974) rejected the left-hand
form for s because the extremely coarse resolution in the upper levels produced a
significant distortion of gravity waves, which propagated upward from the active
lower layers. This problem was much less apparent using the second coordinate
stretching, despite the lower top.

The last logarithmic-height coordinate system Z is also defined as the inverse
of the logarithmic-pressure coordinate transformation given by Eq. (3.4). The

formulation is defined as,
2 = —Hln(o), (3.17)

where o is sigma coordinate variable. In this coordinate system the coordinate
limits are 2 = 0 at P = P, or 0 = 1 (at the ground), and 2 = 2.3H at, for
example o = 0.1 (i.e. P=100 mb, and P,;=1000 mb).

Pseudo-height coordinate systems — z,

Hoskins and Bretherton (1972) designed a model of upper-level frontegenesis.
In this study the model is formulated in terms of the pressure-dependent pseudo-

height coordinate system,

P\ EB/Cp " o 0,
Zp = Zg [1 — <E) ] , where  z, = g (3.18)

is the pseudo-height at the top of atmosphere (P = 0) and §, and p, reference

values of potential temperature and pressure which are taken to be constant.
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Although Hoskins and Bretherton (1972) formulated the model in terms of
z-coordinates (pseudoheight coordinate system), it is solved in sigma-pressure
(o) coordinates. The model is formulated in the z-system to take advantage
of the analytical properties of this and to maintain notational continuity with
earlier theoretical studies beginning with Hoskins and Bretherton. In the study
of Hoskins and Bretherton (1972), the reason for solving the model equations in
the sigma-pressure system is because of the using of an available well-tested and

documented cross-sectional version of Penn State/NCAR mesoscale model.
Curve fitting approaches (Harmonic Analysis)

In some mesoscale studies, in order to represent the surface topography, it
can be used some functions which have inverse forms, for example, harmonic
functions.

The harmonic analysis method can be used to represent the topography in
wave-form. The representation of surface topography as a function of wavelength
can be used to determine the characteristic scales of the topography (Pielke
and Kennedy, 1980). A one-dimensional Fourier transformation, as shown by
Panofsky and Brier (1968), given by

I./2
zg(z;) =Zc + ) [an sin(2rnjAz/D;) + b, cos(27rnjA:c/Dx)} (3.19)
n=1
where
9 (=/2)
=T Z olz;)sin(2rnjAz/D,); ar,/2 =0, (3.20)
9 {Iz/2)-1
b, = T > zg(zy) cos(2mnjAz/D,); br,j2 = —zg(z;)/ I (3.21)
x n=1

In this expression [, is an even integer number of grid points of separation Az
used to represent the height of topography within the interval D,. The variable n
is referred to as the number the topography of the harmonic. The quantity (a2 +
b2)'/2 represents the contribution of each wavelength of size 2Az, 3Az, 4Ax, . . .,
up to I;Az/2 to the function 2{(z;). The domain-averaged topography height is

given by Zg, with zg; the variations from this value.
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Ideally one would prefer to use a two-dimensional Fourier transformation,
but such programs are not routinely available for large amounts of data. Thus
since only one-dimensional transforms are routinely available on most computer
systems, it is necessary, at present, to perform a series of cross sections through
the regions of the most rapidly varying topography. An application of Fourier

transformation in the representation of topography is shown in Fig 3.14.

Fig 3.14 Schematic representation of the applying harmonic analysis to the
topography.

Pielke and Kennedy (1980), and Young and Pielke (1983) have discussed the
analysis of topography irregularities in more detail. Salmon et al., (1981) have
discussed the implications of high wavenumber topography features in a model
and concluded that such features cause noisy solutions that tend to overemphasize
the real impact of these small-scale topography variations. Unfortunately, since
the horizontal gradient of a pressure perturbation is proportional to the horizontal
wavenumber as well as spatial scale of topography variations; the relative
contribution of short wavelength topography features to velocity accelerations
would be expected to be larger than implied from a decomposition of topography

variations alone (Walmsley et al., 1982).

3.2.4 Another grid mesh structures and coordinate systems

In literature, some special grid mesh structures or coordinate transformations for
conventional finite-difference models are rarely used by modelers. Some of these

are given below.
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" Geostrophic coordinate system

Eliassen (1962) first introduced a transformation of the geostrophic
momentum equations in a study of frontal dynamics. He called the absolute
momentum coordinate as the “transformed horizontal coordinate”. Hoskins and
Bretherton (1972) later defined a variant of the absolute momentum geostrophic
coordinate, which differs from it only by a constant factor f. They referred to the
whole set of horizontal and vertical coordinates as geostrophic coordinates. Two-
dimensional geostrophic coordinate transformation is given by Desroziers and
Lafore (1993). An extension to the three-dimensional space has been proposed
by Hoskins (1975).

An easy way to understand the impact of the geostrophic transformation
is to imagine that if geostrophic wind speed U, is a simple sinusoidal wave
in geostrophic space, then the return to physical space gives every particle a
displacement

T~z =—U,/f,
directly proportional to U,. As a result, cyclonic regions are contracted, whereas
anticyclonic ones are stretched. All these elements tend to generate sharp fronts.

The geostrophic coordinate system are formulated as follows,

Uy(2g,2, = 2)

5 (3.22)

Ty=a+

where I_f_; is the alongfront geostrophic wind, f the Coriolis parameter, (z,z)
cross-front physical space coordinates and (z,, z,) transformed coordinates. This
is a nonlinear equation that can be solved by an iterative method (such Newton
method).

Streamfunction as a vertical coordinate variable

To study the effect of curvature, a primitive equation model developed by
Houghton et al., (1981) and Van Tuyl and Young (1982) was adapted to account
for jet-streak curvature. The only change was to add the effect of curvature to the
initial ¢ (stream-function) field. The modification was made by Van Tuyl and
Young (1982) specification of %. In the model, once the streamfunction has been
specified for the two model levels (800 mb and 400 mb). The geopotential heights
are then linearly extrapolated to 1000 and 200 mb and interpolated to 600 mb.
Also this coordinate system is discussed by Moore and VanKnowe (1992).
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" Icosahedral and hexagonal grid meshes

Williamson (1968) and Sadourny et al., (1968) simultaneously introduced
a new approach to more isotropically and homogeneously discretize the sphere.
Their grids are constructed from spherical triangles that are nearly equal in area
and that are equilateral. The grid was inspired by Buckminster Fuller’s geodesic
dome and is called a spherical geodesic grid. While Williamson (1968) and
Sadourny et ;al., (1968) worked finite-difference models, Cullen (1974) developed

finite-element models based on spherical geodesic grids.
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Fig 3.15 (a) An icosahedron inscribed in a unit sphere, (b) Bisect of each
edge forming four new faces, (c¢) Projection of the new vertices onto the unit
sphere, (d) Rotation of the faces in Southern Hemisphere to form a twisted
icosahedron, (e,f) continuining the recursive subdivision of fig (d) (after Heikes

and Randall, 1995).

- T

Fig 3.16 (a,b) Voronoi grids constructed with a twisted icosahedron, and (c)
schematic showing the layout of the hexagonal grid (after Heikes and Randall,
1995).
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An example of a simple spherical geodesic grid is shown in Fig 3.15 (Heikes and
Randall, 1995; and Thuburn, 1993). Since the grid points are not regularly spaced
and do not lie in orthogonal rows and columns, specially designed finite-difference
schemes are needed (Masuda, 1969). Williamson (1968) and Sadourny (1968)
chose the nondivergent shallow-water equations on a plane using a triangular
mesh. Masuda and Ohnishi (1987) created an elegant geodesic grid model for the
shallow-water equations on the sphere. The design of his model is discussed by
Heikes and Randall (1995). Icosahedron grid structure are shown in Fig 3.15 and
3.16.

3.3 Schwarz-Christoffel Transformation as a Grid
Generator

In order to numerically solve the flow problems efficiently and accurately, it
is necessary that one find a suitable coordinate system in which to do the
computations. The problem of generating a proper coordinate system is difficult
since the coordinate system should be determined such that it minimizes errors
in the flow solver and at the same time does not reintroduce the errors through
the coordinate generator. Ultimately, the coordinate generator should be
interactive with the flow solver in order to properly handle the flow problem
under consideration with a minimum number of mesh points.

The difficulty of determining a good coordinate system mainly arises due
to the the complicated structure of separated flows and the severe scaling laws
which arise at and downstream of separation. Stewartson (1974) and others have
determined the asymptotic structure near separation for several problems and it
is a challenging numerical problem to develop coordinate generators which honor
the scalings indicated by the asymptotic theory. It is therefore important that
a coordinate generation technique be flexible enough to align coordinate lines
in arbitrary directions so that the scale laws can be accommodated in the most
convenient manner by stretching normal to the proper coordinate lines.

Many authors have been developed grid generators in physics and
engineering, especially in magnetic field, fluid flow field, and flow of electric
current studies. These methods are based on the numerical solution of partial
differential equations and therefore have some difficulty with outer boundary
conditions, determination of proper forcing functions for the right hand sides

of the differential equations, and numerical inaccuracy at corners and other
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discontinuities.

Some of the most flexible and accurate methods of potential flow solution are
based on the numerical solution of the integral equations resulting from source,
vortex and doublet distributions on the body surface (Hess and Smith, 1966;
and Bristow, 1977). These methods are attractive since they involve only the
solution of boundary integrals requiring no outer boundary conditions, and allow
for the removal of singularities from corners or lower order discontinuities. If the
solution in the interior of the flow field is desired, integration is required. In a
sense, mapping with Schwarz-Christoffel transformations (SCT) can be viewed
as a coordinate generation method which is done in the same spirit, i.e. it is a
boundary integral method therefore requiring no outer boundary conditions, and
singularities can easily be removed. After this initial mapping of the boundary
has been performed, coordinates interior to the flow field can be determined by
integration in arbitrary directions and therefore virtually any coordinate system
desired can be accurately determined.

A coordinate generation method for use in the atmospheric flow modeling is
given here which is much simpler, more accurate, and more flexible than currently
existing methods. This approach is based on numerical integration of Schwarz-
Christoffel transformation for general curved lines or surfaces. It is shown to
be second-order accurate in mesh size with extensions to higher-order accuracy
levels identified. In addition, this method directly provides the two dimensional
incompressible potential flow solution for flow past complex shapes including
flows with free streamlines. Mapping with Schwarz-Christoffel transformation
can be viewed as a coordinate (grid-points) generation. In the atmospheric flow
modeling, the usage of Shwarz-Christoffel transformation is introduced by Erdun
et al., (1996). ‘In this work SCT,is formulated and discussed in detail for atmo-
spheric flow and dispersion modeling.

Schwarz-Christoffel transformation for polygons is well known and can be
found in any standard text on complex variables (Carrier et al., 1966) Schwarz-
Christoffel transformation is named in honor of the two German mathematicians
H.A.Schwarz (1843-1921) and E.B.Christoffel (1829-1900) who discovered it
independently. The extension to curved surfaces is less known and is absent
from most texts. A very extensive treatment of the extension to curved surface
is contained in Woods (1961).

In Walker’s textbook (1964) which is the first book about Schwarz-
Christoffel transformation, its applications in engineering problems have been

given. Several authors have dealt with numerical integration of the Schwarz-
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Christoffel transformation for polygon, i.e. the case where the sides are made
up of straight lines. Trefethen (1979) has presented a method for handling this
case along with a review of other work in the area. The most closely related
work to the present is that of Anderson (1979) who has used straight elements
to do curved channel mappings. Almost no work has been done on numerical
integration of the transformation for curved surfaces.

The Schwarz-Christoffel Theorem is normally written in a form which is
applicable only to polygons or surfaces which consist of straight line segments
(Carrier et al., 1966). However, the theorem can be extended to general surfaces
which may be curved or made up of curved portions. One is referred to Woods
(1961) for the generalizations of the theorem.

The most familiar form of the Schwarz-Christoffel Theorem is the one which

is applicable to polygons and is given by

dy 2 aifm _ |
e Mil;[l(A — a;)%/™ = f()) (3-23)

where the geometry is shown in Fig 3.17. Integration of the above equation yields

A n
y=M /0 IO — ai)*mdx + A. (3.24)

=1

This formula represents a conformal mapping of the upper half of the A=plane
oL @ reglon luto vhe lucerior of thie polygon shown lu vhie y—plane (Fly 3.17T).
The quantity n relates to the number of corners, M and A are complex constants
to be determined, and the points a;’s are real constants (on the real axis in the
A—plane) also to be determined (i = 1,...,n). The o;’s are the outside angles of
the corners, defined positive for clockwise rotation when the curve is followed in
the direction of the enumeration of the corners, where the enumeration of the a;
in the A—plane is taken from left to right. It is possible to map to more shapes
if the sum of the «; is between —m and =.

In most cases it is quite impossible analytically to integrate Eq. (3.23).
Therefore, numerical integration is hardly necessary to handle the situation.
The discussion about Schwarz-Christoffel transformation solution of integration
of Eq. (3.23) are given following subsection.

In the application of a coordinate transformation the following properties
should be provided. A coordinate transformation should have the following

properties (Gal-Chen and Somerville, 1975a):
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The transformation should be reversible, that is a one-to-one relationship

should exist between the “old” coordinates and transformed coordinate.

In cases where the topography is flat, the transformation should become

the identity transformation, that is, the original Cartesian coordinates.

o The transformation should become the identity transformation at the upper

boundary

The transformation should be continuous up to second derivatives.

Schwarz-Christoffel transformation provide all these properties.

‘ Topography

y—plane A—plane

z WWWWW&
a1 az a3 G4 45 Gg Oy G

Fig 3.17 Schwarz-Christoffel transformation applied to a polygon (topography).

3.3.1 Application of the Schwarz-Christoffel transformation for
numerical grid generation over complex topography

In order to represent the topography can be used a function with horizontal

space coordinate variables (z, and y), or a polygon or a surface which has a
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finite number of line segments. If the topography is represented by a function, an
exact inverse of it should exist. Taking inverse of a function is often too hard or
impossible. In polygon representation, a suitable transformation should be used
if it has inverse transformation.

Sharman et al., (1988) used a grid mesh generation for atmospheric flow
simulation over complex topography in which is in polygon form. In their study,
the transformation was semi-conformal. Schwarz-Christoffel transformation is
most convenient for the representation of the topography in polygon form because
it generate full-conformal and orthogonal grids (Erdun et al., 1996).

A difficulty arises in applying the transformation y = f()A) because the
integral of Eq. 3.23 cannot, in general, be evaluated directly. While numerically
integrating such an Eq. (3.23), large errors occur about the corners of the polygon
as a result of nonanalytical behavior of the f()). Besides, the constants a; (the
location of the images of the corners on the £-axis) and M (a complex constant
which rotates and scales the mapping) are not known a priori. As it turns out,
only two of the a; may be set arbitrarily. Note that one of these may be chosen
to be a; = oo, in which case the influence of this corner in the transformation
vanishes. The rest of the a; and M have to be computed iteratively so that the
transformation maps the z-axis in the A—plane to the desired location with the
desired rotation and scaling in the y-plane. An algorithm to find the remaining
constants has been outlined by Davis (1979). Davis developed a second order
accurate integration formula by using a modified midpoint trapezoid rule for any
two adjacent corners of the polygon. He found that the integration formula (3.34)
works quite well for most applications. In the vicinity of very sharp corners for
which «; is less than —n/2, one must use some caution that the step size (AX)
used is sufficiently small for the algorithm to be accurate.

In order to integrate Eq. (3.23), it should be rewritten in expanded form,

% _ [(/\ _ al)ou/w(/\ _ az)azlﬂ”(/\ _ as)as/"' - ()\ - an)a”/"] R (3.25)

where

JiA)=(A - al)"l;",

Fat(0) = (A — ag_q)2-1/m.

and f,(A) is a well behaved function near either k or k& + 1 resulting from all of
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the other corners in the problem. Therefore, for near corners, writing left hand

side into discretized form,

near k,
Am41
_ — (A — ak)(o‘k/ﬂ-)'l'l
Ym+l — Ym = Mfzfs [ (ak/ﬂ') +1 . 3 (327)
near k+ 1,
Amt1
o (A= Qppy )(@rr1/7H _
Ym41 Ym = Mfl l: (ak+1/7") + 1 S f37 (3'28)

where m is an index which is used for midpoint integration (fig. 3.18), and f,f,,
and f, are values of fi, f2, and fs evaluated at (A + Amt1)/2 which is proper
for well behaved functions according to the midpoint rule. It can easily be shown
(as must be true) that away from each corner the functions which have been

integrated exactly reduce to the midpoint rule, i.e.

near k+ 1,
)‘m-l-l
p ay (ax/m)+1 _
near k,
Amt1
(A __ak+1)(ak+1/7f)+1 _
= fo(Ame1 — A et 3.30
(oggr/m) + 1 N FaPmar = Am) + (3.30)

corner k+1

corner k \’
j :

m m m+1
ki
A

) ]

i=k G=k+1 A
Element width

Fig 3.18 Composite 1ntegration scheme.
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) Denoting
AN = g1 — A (3.31)

We see that when we are away from the corners k£ and k + 1 both integral

expressions become

Ymt+l — Ym = 7172}?3 AV (3°32)

as they should.

It can be given now a composite integration formula which is valid everywhere
and contains the proper expressions to account for singularities at each corner.
The most convenient expression to use for our case is a multiplicative composite of
the type given by Van Dyke (1975). The composite is equivalent to multipliying
the right hand side of Eq. (3.27) by Eq. (3.28) and dividing by Eq. (3.32). This

results in

(A = appa)lorn/mHL Ame
(apg1/m) +1

73 ()\ = ak)(o‘k/ﬂ”)‘l'l il
Ymtt = Ym = AN (ap/m) + 1

(3.33)

Am

Now it can be seen that since f; may include nonanalytic terms at corners
other than k£ and k£ + 1 we must include exact integration formulas for these

effects. From the above expression (Eq. 3.33) the results is

3 M ()‘ —a )(a,/'/r)-}-l

2—1

(3.34)

m

In Eq. (3.34), a; and M are not known a priori. Therefore, these constants are

determined iteratively as follows:

(i) Recall Eq. (3.34) by changing indices (¢ to 7)

dy = M) = a;)" (3.35)

7=1
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Choose a; = —1 and a, = +1 (Fig 3.19). a; is selected as origin (ay = 0).

y—plane A—plane

A j(mid-point)

A;
A, A @ a; ay an
+1 ¢

Fig 3.19 Polygon mapping via numerical Schwarz-Christoffel transformation.

(ii) Give (guess) initial values for M (may be a complex value) and other a;.

M® =1.0+40.0

;M =[G - Vay + (J — j)a]/(J — 1) ji<J (3.36)

;) = [(n— f)as + (5 = Nanl/(n = J) ji>J (3.37)
a;(Vs are evenly spaced.

(iii) Eq. (3.35) is integrated as

(1) A e aj/x
y=M /1 [T — ;)%™ dx b + 4, (3.38)
SRRy

where A; is the integration constant. Thus
A = / “" { TI(A = a;)%/" d/\} + Ay (3.39)
—~1 =1

This gives us a set of values A;("), (k = 1,...,n), which are incorrect except

A;. The exact and guessed vertices are shown in Fig (3.20a).
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(iv) Notice that all turning angles are correct but the length of the straight

elements and the initial slope are wrong.

Now M is corrected to bring A, onto A, as

(An — A1)

A (3.40)

M® =

Then A;(") moves to (see, Fig 3.20b)

. M@
AP = (M(l)) (49 — A1) + 4,

Then a3 to a,—; in A-plane is changed to bring fig(l) to /i,(ll_)l closer to

correct values, i.e., change a; — ay in proportion to |A; — A,].

Thus

Aj = Aj_l
Aj(l) — Aj—l(l)

a;® — a;,® = £ (¢, — a;_, D) (3.41)

where K is a scaling parameter and the terms without superscript denote

the correct terms.

This retains a; and a, unchanged but redistributes all the other along the

E—axis.

(v) Now return to the step (iii) using the new values of M and a;, i.e., change
superscript (2) with (1), and iterate through this loop until convergency is

obtained.

Numerical integration in the A-plane is carried out by dividing the interval
—1 to 1 into m elements of length A),,. Then consider the element (A, Amt1)
and let the closest ¢; point be a; (Fig 3.20c).

Am+1l | 7 ./ /
Y1 = Y + M /A IT (A =a)™™ | (A—a)™™ dx (3.42)
m =1
J#l
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Aw AP AP

a1 a a1

m m-+1

Fig 3.20 (a) and (b) Vertex correction in Schwarz-Christoffel transforma-
tion. (c¢) Handling of singularity occurs in numerical integration by choosing

appropriate integral.
In attempting to numerically integrate Eq. (3.42) using a trapezoid rule, large
errors occur near corners due to the fact that the Kernel of the integral is not
analytic there. Therefore, Davis (1979) developed a modified midpoint rule for

complex integration which exactly integrates any nonanalytic term which occurs

at a corner.

Thus

Amt1

aj/’ll' (A _ al)al/ﬂ'-l-l

(A1 + A
%“=%+MH(_ﬂ_—w%) /7 + 1

i=1 2
il

(3.43)

Am
Eq. (3.43) is valid only near the corner (a;). If this equation is extended
to a composite integration which is valid everywhere and contains the proper

expressions to account for singularities at each corner :

A
Q'/?i'-l-l m41
—a;)™

(3.44)

Ym+1 = A)\m)n—lg a;/m+1 ,
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SCT Mesh-Plot v1.0 (c) H.Erdun ‘
Win. Coord: <-15,-4,13,11) 1994 ()

6rid File : s1r6.FZK
Mesh Size @ 45317 Info. @ H.Erdun

b) .
SCT Mesh-Plot v1.0 fc] H.Esdun
HWin. Coord: ¢-6,-3,7,3)

Grid File : sir6.FZK

Mesh Size : 45x17 Info. @

Fig 3.21 A mesh example generated by Schwarz-Christoffel transformation.
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!

|
I

]

b

]

b)

Fig 3.22 A mesh example generated by Schwarz-Christoffel transformation.
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b)

Fig 3.23 A mesh example generated by Schwarz-Christoffel transformation.
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SCT Mesh-Plot v1.0 (c] H.Erdun
Grid File : s4xrl.FZK HWin. Coord: ¢-235,-5,5.,23)> 19949 (c)

Mesh Size : 449x17 Info. 3 H.Erdun

H 1~
L

b)

SCT Mesh-Plot v1.0 {c) H.Erdun

Grid File : s4xrl.FZK Win. Coord: (-13,-1,-3.8> 1994 (o)
GRID PloT
Mesh Size © 44x%17? info. : H.Erdun

Fig 3.24 A mesh example generated by Schwarz-Christoffel transformation.
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SCT Mesh-Plot v1.0 {c) H.Erdun |
File : sS5r2.FZK Win. Coord: (-12,-5,12,10) 1994 (c)
D

b)

Fig 3.25 A mesh example generated by Schwarz-Christoffel transformation.
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SCT Mesh-Plot v1.8 {¢) H.Erdun
Grid File : s6r4.FZK Hin. Coord: (~10,-2,10,15) 1994 (o>
N ) GRID PloT
Mesh Size : 7LA? Info. : H . Erdun
1 ?
H P t

b)

SCT Mesh-Plot +1.0 (c) H.Erdun

Grid File : s6r4.FZK Win. Coord: €(—4,-1,5,7> 1994 (c>
: 7 L . GRID PloT
Mesh Size © 71x17 nfo. @ H.Erdun

7

|

I

|

Fig 3.26 A mesh example generated by Schwarz-Christoffel transformation.
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CHAPTER 4

MODEL EQUATIONS AND
PARAMETERIZATIONS

4.1 Anelastic Non-Hydrostatic Mesoscale Model

In this thesis, we used the following mean momentum, mean continuity and heat

equations of shallow convection system, respectively,

ou; _ 0w 1 0 1op, O o QLT
ot —Uggx—j iy ;%Tm a p—oa‘(szs + 909&3 fUgjeij3—2€:53804,(4.1)
0u;

oz; 0 (4.2)
oy’ _ {09 00, d oy

o= o %) oy (3 43

where ¢,j=1, and 3 for 2-D models. The main respect in which this set differs
from those used in synoptic scale modeling is in the inclusion of non-hydrostatic
and Boussinesq terms in the vertical equation of motion. These equations are
obtained by using the assumptions described in the following paragraphs.

In the model, sound waves are filtered from the system by neglecting the local
time derivative of density in the continuity equation, because they are of no direct
interest in most applications of mesoscale meteorology. Also spatial variations of

density are ignored since the model is designed for shallow convection.

Op
% =0, (4.4)
9 _y (4.5)

h 83&’3‘
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These are referred to as the anelastic (soundproof), and incompressibility
assumptions.
Since the model is designed for two-dimensional, the local derivatives in

y—direction are removed from the model equations as follows

0 0? 0? 0?

Therefore, only two components of Eq. 2.1-2.3 (z and 2z components) are used.
Wind speed in y—direction are also taken to be a constant in the model (v =
constant). In this thesis, although 2-D simulations are showed but the expressing
of the model for 3-D is straightforward.

The basic dynamical model equations (Eq. 2.1-2.3) can be solved on a finite
grid. However, there will be fluctuations on a (unresolved) subgrid-scale in
the real atmosphere being modeled which will contribute very strongly to the
velocity derivatives Eq. (2.1) and (2.2). Only then the differential equations
can be applied to finite differences. This filtering process will lead to additional
terms in the equations. These additional terms must be parameterized in terms
of mean variables in a consistent manner that it must maintain a realistic
smoothness of the filtered variables from one grid point to the next. That is, the
parameterization or closure assumption must be such as to simulate the transfer
(or removal) of variance cascaded from resolvable small scales of motion to the
unresolvable subgrid scale.

Anelastic framework requires that the dependent variables be cast into a
perturbation form, given as ¢ = ¢ + ¢” where ¢ represents mean part while ¢”
represents fluctuation part. In a 2-D modeling, ¢ given by Eq. (2.4) are rewritten

as follows,

. 1 t+At pz+Azx pztAz do de d 9D
¢—_M/t /9: /; ¢ dzdz dt (in 2-D). (4.6)

Thus ¢ represents the average of an instantaneous variable ¢ over the finite time
increment At and space intervals Az and Az. The fluctuation ¢” is the deviation
of ¢ from this average and can also be called as the subgrid scale perturbation. To
simplify this equation, it is convenient to assume that the variations of averaged
dependent variables is much more slowly in time and space than the deviations
from the average. This scale separation between the average and the perturbation

implies that & is resolvable part of the instantaneous value and approximately
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cor.lstant, while ¢” is unresolvable part of ¢ which must be parameterized in terms
of known quantities.

In 2-D modeling, another convenient decomposition is to define averaging
area such that the subgrid scale perturbation includes the non-hydrostatic part
of the solution and resolvable scale is accurately represented by the hydrostatic
assumption, ¢ = ¢, + ¢’ where Eq. (2.6) for representation of ¢, can be rewritten
for 2-D as follows,

do = L / T S da (in 2-D). (4.7)

Thus the influence of the non-hydrostatic component of a model would be
parameterized and the hydrostatic portion would be explicitly resolved.

Using these two decompositions (Eq. 4.6 and 4.7) and some simplifications by
scale analysis (defined in section 2.2) the basic equations (Eq. 2.1-2.3) (Batchelor,

1953) can be written in tensor notation for anelastic system as below:

Mean continuity equation :

8@{ au: _
o = 0, and Be, = 0, (4.8)

Mean momentum equation:

5 = —; 7z, — %&cj (P u ull) — 5% + gdi3 — 264550 (4.9)
Mean thermodynamic equation:
99 90 10 _

where ¢ and 7 is 1 and 3 in 2-D.
Some terms in these equations may be solved directly in finite difference

forms, some must be parameterized.
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4.1.1 Definitions and parameterization of mean momentum equation
terms

Advection term

First term on right-hand side of Eq. (4.9) describes advection of mean
momentum by the mean wind. This term can be represented and solved directly

in a finite difference form.
Coriolis term

The Coriolis term, last term on the right-hand side of Eq. (4.9), is an
acceleration of a air parcel moving in a (moving) relative coordinate system.
The total acceleration of the parcel, as measured in an inertial coordinate sys-
tem, may be expressed as the sum of the acceleration within the relative system,
the acceleration of the relative system itself, and the Coriolis acceleration. In the
case of earth, moving with angular velocity €2, a parcel moving relative to the
earth with velocity % has the Coriolis acceleration.

In meteorology the Coriolis force per unit mass arises solely from the earth’s
rotation. Thus the Coriolis force acts as a “deflecting force”, normal to the
velocity, to the right of motion in the northern hemisphere and to the left in
southern hemisphere. It cannot alter the speed of the particle. It is only a
function of latitude ¢.

In the Coriolis term, §; is the component of the Earth’s angular velocity

on given j** direction. These are towards east, north, and zenith (Fig 4.1),

respectively,
Ql = O:
Qy = |9 cos ¢, (4.11)
‘QB = I‘QI sin qﬁ:

where ¢ is the latitude, and || = 27/24 hour 2 7.2722 x 10~°rad/sec.
The components of the Coriolis force, C; = —2¢;;50,;U%, are showed as below,

respectively,

i

Cy 20|Q|sin ¢ — 2w|Qcosp = fo— fw,
Cy = —2u|Q|sin ¢ = —fu, (4.12)
Cs = 2u|Q|cos¢ = fu,
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where f = 2|Q)|sin is called the Coriolis parameter, and F =210 cos¢ =
f/tan ¢. Physically the quantity, f, may be interpreted as twice the angular
velocity of the tangent plane about the local vertical due to the rotation of the
earth. It should be noted that in the analysis of certain small-scale meteorological

phenomena, it is necessary to retain the terms involving w.

€] €]

W o, 23
¢

0, S s

(a) (b)
Fig 4.1 (a) Coordinate system on the earth (z; east, z north, and z3 zenith),

(b) the components of the angular velocity of the Earth as a function of |Q]
latitude ¢.

Pressure gradient and gravitational acceleration terms

Rewriting the thirth and fourth terms on the right-hand side of Eq. (4.9)
by using of second decomposition for pressure (p = po + p’) and specific volume

(@ = a, + ¢, and a = 1/p), we find following equation:

aﬁ _ ? a / .
6xi+g&3 = —(ao+a)8xi(po+p)+gf5,3

—a

o

i a/ 7
:ao(l.{_ﬁ)i_g_}_g_g__g
a, ] Oz a,

; , \ (4.13)

~ g |y L OPog | 0P 2N s (in 3

~ (87 [8$1 51,1 + 8(1,'2 5@2} Qo axg 523 + g (ao) 53 (1n 3 D)
9po op’ o .

~ —Q 611? 521 - aog(sﬁg + g (a—o) (51 (m 2~D).

where it has been assumed that the synoptic scale pressure field is hydrostatic,

- 0p, _
0z —9/e.




87

Eq- (4.13) includes hydrostatic and non-hydrostatic parts of pressure, and
Boussinesq term.

The Boussinesq term g(’/a) is the only expressed retained in Eq. (4.13) and
(4.20) that contains temporal variations in specific volume when |o/|/c, < 1.
Neglecting temporal variations of density (as given by ') except for g(a'/a,),
is called the Boussinesq approximation. In order to parameterize the Boussinesq
term for shallow system, it can also be rewritten by logarithmically differentiating

the ideal gas law so that

da dI' dp
=T (4.14)

When the changes of , T', and p are assumed to be much less than their absolute
magnitudes (e.g., |da| € a, [dT| € T, and |dp| < p), and if & ~ oo, T ~ T,
and p ~ p,, then Eq. (4.14) can be approximated by

L W (4.15)

Since |&'|/a, has already been assumed much less than unity, the requirement
that |7"]/T, < 1, and [p’|/po < 1 is implied from Eq. (4.15).
Finally, since § = T(1000/p)%/®_ then o//a, can also be approximated by

~
-~

12
S
|
SN
B

(4.16)

g%

which represent another form of the ideal gas law when |o’| < 1. Here the relation
Cp = Cy + R4 has been used to obtain the given form. This approximate form
for o'/a, can be simplified when the vertical scale of the circulation L, is much
smaller than the scale depth of the atmosphere H,.

Using the scale analysis procedure given in section 2.2,

pl
Ofo“a‘z— ~ aol|p’|/ L,

"and assuming that the vertical mesoscale pressure perturbation and the density
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pe}turbation terms are of the same order of magnitude, then

so that

RLW| ol Wl Lokl _ L le] _ Ll L e
Lo Yoo po  RTo a6 poco e D a, H,oa,

where the results from scale analysis that p, ~ pogD and D ~ H, have been
used. Thus if L, € H,,

le]

/ ' 9/
M < and I_Ol_l < ‘_'
Do Qo Qo 90

for shallow atmospheric circulation.
By taking consideration of these approximations and assumptions, the

Boussinesq term may be written for shallow system as follows,
= o~ (4.17)

where ¢ is calculated from prognostic equation (Eq. 4.45 in the following section)
In Eq. (4.13) the horizontal pressure gradient terms can be explained by

using geostrophic approximation as follows,
dps
& + %Z—& } = —fUgj€ijs; (4.18)
2

where Ug; = (u4,v,,0) is the geostrophic wind components which are taken to

be constant in the model. The components of the G; are defined as

Gl = —-f’l)g,
G2 = fug
- G3 = 0

(4.19)

K
.
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" With respect to these assumptions the equation of motion (Eq. 4.9) can be

rewritten as

ou; _ Ouy 1 0 19y g —
7%— = —uj5;; —}—;o—(,—??r—j?‘ij — {)—05;5{3 +5:g5i3 —ngjé‘ijg —26,~j39juk. (4.20)

In Eq. (4.13) and (4.24), the term Jp'/0z is mesoscale pressure perturbation
(nonhydrostatic part of pressure) gradient which can be solved from Poisson
partial differential equation (Eichhoin et al., 1988).

The Poisson partial differential equation is

82 pl
Ox?

= o}, (j=1, 3 in 2-D) (4.21)

where ¢ 1s a source term.

In the model, this source term o; is calculated by time-splitting procedures

as follows :

e The solution scheme is based on a splitting method (Patrinos and Kistler,
1977) by introducing an auxiliary velocity field v* resulting from the

omission of the perturbation part of the pressure gradient in Eq. (4.20).

ov*  0Ov 1o,
i {—;Vp } , (4.22)

or in tensor notation,

ou} . Ou; B 1 Qg’_
ot ot Po 8.’13]’ ’
and discretized in time
[v (40 0] = [yit+an) _ yO] — Ay {-in’} : (4.23)
Po

o The initial field is characterized by the equality v*(¢) = v(¢). Now, taking
the divergence of Eq. (4.23) and observing Eq. (2.1) one obtains a Poisson’s

equation for the pressure, perturbations

Po
- Vi =50 {v.vral =5 (4.24)
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"o The final velocity field results from substituting the solution of Eq. (4.24)
into Eq. (4.22).

Parameterization of the turbulence flux term

In the second term on the right hand side of Eq. (4.9), the subgrid scale

correlation térm, (p uf u!) represents the contributions of the smaller scales on

the resolvable grid scale. This results from fluctuating velocity components, and
has important role in all aspects of dynamical meteorology. This term is called the
turbulent velocity flux, must be parameterized in terms of averaged quantities.
The proper specification of this, and similar subgrid scale correlation term, as a
function of resolvable, averaged quantities, is referred to as the closure problem.

Closure assumptions are needed for evaluation of the generalized Reynolds
stresses and Reynolds fluxes; thus, the problem of turbulence has entered into
even the detailed numerical calculations. It is also to be expected, however, that
the sensitivity of the calculated results to the closure assumptions will be much
less than in 1-D models in which the assumption directly affects the total fluxes
of momentum and heat. In the 3-D model, the assumption directly affects only
the subgrid scale portion of flux, and this portion typically turns out to be only
15-20% of the total flux except with stable stratification. It is for this reason that
the expense of a 3-D model can be tolerated (Pielke, 1984).

The subgrid scale correlation term which is also called the Reynolds stress,

can be represented by

Tig = —p u;' u;’. (4.25)

We can also interpret 7;; as the force per unit area in the z;—direction acting on
the face of the air in a finite volume that is normal to the z;—direction.

The turbulent flux term on the right hand side of Eq. (4.9) can be rewritten
by using Eq. (4.25) as follows,

10— 10 -
_;53:—3(’) uf uf) = pazj%- (4.26)

" Using the concept of eddy viscosity as introduced by Boussinesq (1903), it is
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often assumed Reynolds stress may be approximated by

" oon .
—ujul = K. D;;,

where K, is the eddy viscosity or eddy exchange coeflicient for momentum and
D;; the mean rate of deformation tensor.

With these concepts the Reynolds stress tensor 7;; is defined as

75 = P KnDjj. (4.27)

The deformation tensor is

ou; 6@]' 2. Ou

/> TP R Wt R (Padins. 4.28
Y Oz, i dz; 3 Y0z’ (4.28)
or in matrix form,
2 L) [, o]
3| 0z 0Oy 0Oz Oy O 0z O
fu  Ov 2 om v Ow 0o Ow
vo=| |ntal i mte w| &%)
6_5_}_6_@ @_{,@] g _?5_6_5.4.26_@
z Oz 0z Oy 3L 0z Oy Oz ||

and summation is implied over 1, 7,k = 1, and 3 in 2-D.

Recognizing that the use of K-theory provides a means of simulating the
unresolved subgrid scales of Kulerian models, some have suggested that sub-
grid motion should somehow be linked to the resolved flow. Smagorinsky (1963)
postulated that velocity deformation is that critical link. Lilly (1965) later showed
that Smagorinsky’s formulation is consistent with the existence of an inertial
subrange in 3-D turbulence-assuming that the inertial subrange lies within the
subgrid motions.

The local Reynolds stresses which arise from the averaging process have
so far been simulated by about the crudest of methods: That involving an
edfiy coefficient with magnitude limited in someway by the size of the averaging

domain. When this domain is considered to be the grid volume of a detailed
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numerical integration, the eddy coefficient K becomes a “subgrid scale eddy
coefficient”.

Smagorinsky (1963) suggested a formulation of subgrid-scale mixing for use
in a general circulation model that depends on the magnitude of deformation
tensor and grid spacing. In tensor notation, Smagorinsky’s formulation for eddy

diffusivity can be represented as

e (L 0w | 0w (0w | O
Km =2 \I [2 (ij + Oz; ) \Oz; + Oz; )| (4.29)

where X is the characteristic turbulence length scale, and defined as

X = (cA), (4.30)

and c is the dimensionless constant of order unity, and A the representative grid

interval defined using as follows,

A = (Az Ay A2)Y? in 3-D,
(4.31)
A = (Az Az)V/? in 2-D.

This formulation is extended by Lilly (1962) to include the contribution of
convective available potential energy through the dependency on Richardson
number, Ri, and it has been widely used. This formulation allows K,, to be

variable in space and time, which is used in the model.

i ) v (4.32)

K, — 3 ( _
(:c,y,z,t) A |D6f! 1 Pr

where Pr is the eddy Prandtl number whose value is to be determined for

particular experiments. In the model, Pr is taken to be unity,
K,
Pr=—"—F=1 .
r X, , (4.33)

where K,, and Kj, are the subgrid-scale eddy mixing coeflicients for momentum
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and heat, respectively, taken to be equal (K,, = K3), and R: the local Richardson

number,
d
g$1n9
Ri=———. (4.34)
Def?

The sign of Ri is determined by the sign of the lapse rate of potential temperature,
and it represents the stability of the atmosphere. Therefore, K, is calculated with

following conditions as below,

(4.35)

K _ | En= X2 |Def| (1 — Ri/Pr)*? for Ri <1,
™K, for i > 1.

where K, is the background value which is taken to be 0.01 m? sn~. In some
studies it is taken as the molecular viscosity of air (¢ = 2.0 x 107°m? sec™)
(Drake et al., 1974). It also represents a value of {free-convection regime where z;

is boundary layer height (Fig 4.2).

z; + —_—

Height of boundary layer

Fig 4.2 Schematic of K, profiles in the boundary layer (after O’Brien, 1970).

The expressions given by Eq. (4.35) require that the subgrid scale fluxes be down-

gradient as long as the exchange coefficients are positive (O’Brien, 1970).
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" In Eq. (4.32) and Eq. (4.35), Def is computed directly from finite differences
between grid points and therefore is proportional to the two-point velocity
correlation. It is also proportional to the kinetic energy contained in scales of
motion smaller than the grid (Batchelor, 1954). In Eq. (4.22) Def the total

deformation is defined as follows,

L 1&S
Def? =§ZZDz‘j
v (4.36)

1
) [Dﬁ + D3y + Djs + 2D5, + 2Dj; + 29%3]

where the term Day is removed from Eq. (4.28) and (4.36) due to previous
assumptions for 2-D. Also the local derivatives of v wind component in z— and

z-directions are ignored from all terms of Eq. (4.36).

o0 _
Oz

ov

0, and 5; = 0.

v = constant,

The dimensionless constant ¢ should be estimated for the model. This
estimation can be done by theoretically or numerically (Deardorff, 1971). In
the model ¢ is taken to be 0.20.

4.1.2 Definitions and parameterization of mean thermodynamic
equation terms

Parameterization of the source-sink term

In Eq. (2.3) the source-sink term, Sy, can be divided two parts that are mean

and perturbed.
Sp = Sp + Sp. (4.37)
The mean term above can be represented as follows,

— 0 1 OR
- Gy =" = .
’ t pCyp 0z;’ (4.38)

rad

o5
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where OR/ Oz; is the grid-volume averaged gradient of observed irradiance (i.e.,
radiative energy per area per time) due to all wavelengths of electromagnetic
energy. Although it is important that R contains subgrid scale as well as
resolvable effects, the divergence of R is ignored because there is no radiation
processes in the model. Therefore, the turbulence occurs primarily due to

topographical effects rather than radiation in the model.

OR

5o, = 0. (4.39)

Thus, in the model, the source-sink term is assumed as
Sy = S5, (4.40)

and the perturbation source-sink term is defined as follows,

'—___1___8_ // //,_i . 00
% = Po 8% #) (A ax:)

With these assumptions Eq. 2.3 can be rewritten as

04 06 0 00

Calculation of potential temperature perturbation.

The potential temperature can be represented in the form of mean and

perturbation parts by using second decomposition.
0=6,+¢, (4.42)
where 8; is the initial temperature field, and assumed those

B _ 00, 00, 00, 0%,
93—93(2’), 6t ——0, Bx —O, 5:;——0, g——o
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" In the buoyancy term of Eq. (4.17) and (4.20), §, is the mean value of a level,
defined as,

1 &=
Oos) = 29(1,3) for j* level, (4.43)
-"" 1=1
where
0(i.5) = Os(i.) + 9.4y (4.44)

and N, is the number of grid points in horizontal of the solution domain, the
subscript parenthesis ( ) the represent the index number of grid-point.

With above assumptions and definitions, the final form of Eq. (2.3) can be
written as,

oy’ _ [0 06 0 o'
B = U <8zvj + —8;513) + 5 5z, (Kh 8%) (4.45)

where there is summation on j (j=1 and 3 in 2-D).




CHAPTER 5

TRANSFORMATION OF THE MODEL
EQUATIONS

First step in the numerical modeling of atmosphere is the selection of
coordinate system which depends on the interested phenomenon since it is
important in finding of model results accurately. In the mesoscale modeling the
various coordinate system are used (discussed in chapter 3). The use of coordinate
transformations for meteorological applications has been limited to the simplest
types of transformations in which only the vertical coordinate is transformed to
coincide with the lower boundary (i.e., the topography). All these systems have
some disadvantages as well as advantages for 2-D or 3-D models (Erdun et al.,
1996).

In this model a general coordinate transformation called the Schwarz-
Christoffel transformation is used to eliminate the disadvantages, due to resulting
from non-orthogonal grid mesh, of coordinate systems used in the numerical
atmospheric modeling.  Schwarz-Christoffel transformation can be used to
generate grid points on which can be performed for any topography in any size,
shapes, and slopes (even if equal to 90°). After the performing of Schwarz-
Christoffel transformation, the topography will be flat which is suitable for writing
in finite difference forms of the model equations.

In order to have the best representation of the topography and the most
suitable grid points for two-dimensional atmospheric flow modeling, following

properties should be provided:
o Generated grid mesh should be conformal (Fig 5.5),
o Generated grid mesh should be orthogonal (Fig 5.5),

o Fine grid mesh near the ground, and coarse mesh near the top should be
- provided (Fig 5.1a).
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Schwarz-Christoffel transformation provides all of these conditions.

In our model, one more coordinate transformation are used for convenience as
well as Schwarz-Christoflel transformation. First transformation is from physical
coordinate system which includes the coordinates of the defined topography, to
auxiliary coordinate system by using Schwarz-Christoffel transformation. The
grid mesh in the auxiliary coordinates is rectangular but not convenient to use
directly for finite differences because grid points are not equally spaced (small
grid intervals near the ground, “fine mesh”; large grid intervals near the top,
“coarse mesh”). The second transformation is from the auxiliary plane to the
computational plane which is required to provide equally spaced grid points. In
computational system the grid point intervals are the same, and it is ready to

write in finite difference schemes.

Physical Plane Auxiliary Plane Computational Plane

L]

TTTTiriiiiiririiiiiiiy T iyzfiiriiir

(z,z) coordinates (Z,%) coordinates (&,7m) coordinates
(a) (b) c)

Fig 5.1 Coordinate transformations used in the model.

5.1 Coordinate Transformation and Invariant Differential
Forms

The model equations given in chapter 4 are valid in physical coordinate system.
In order to use the equation in computational system, all model equations should
be transformed depending on £, and 7 instead of z, and z coordinate variables.
Derivatives in the equations (Eq. 2.1, 4.20, 4.45) are rewritten by using chain-rule
and Schwarz-Christoffel transformation.

Consider a transformation from Cartesian coordinates (z,z) to curvilinear
coordinates (Z,%) (Fig 5.1a-b), both taken to be right-handed systems:

z = z(Z,Z), and 2z = 2(%,Z). (5.1)
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Transformation formulas in the general case can be provided in literature
(Stratton (1940); Pielke (1984); Dutton (1976)). These formulas will be
reproduced in this section to make intelligible, and show the advantages of, the
methodology used in the grid generations. Since (Z,%) are not Cartesian, it is
necessary to distinguish between contravariant and covariant quantities. (Z and
z will be themselves taken as contravariant.)

The curvilinear coordinate lines of a three-dimensional system are space
curves formed by the intersection of surfaces on which one coordinate is constant.
One coordinate varies along a coordinate line while the other two are constant
there on. The tangents to the coordinate line and the normals to the coordinate

surface are the base vectors of the coordinate system.
Base vectors

Consider first a coordinate line along which only the coordinate Z varies

(Fig 5.2). Clearly a tangent vector to the coordinate line is given by

lim AT + dz) — 7(Z) _ or

dz—0 dz 8@ (52)

These tangent vectors to the three coordinate lines are the three covariant base

vectors of the curvilinear coordinate system, designed

or
0T;

a = (53)

where the three curvilinear coordinates are represented by Z;(i = 1,2, 3), and the
subscript ¢ indicates the base vector corresponding to the Z; coordinate, i.e., the
tangent to the coordinate line along which only Z; varies.

A normal vector to a coordinate surface on which the coordinate Z is constant
is given by V7 (Fig 5.3).

These normal vectors to the three coordinate surfaces are the three

contravariant base vectors of the curvilinear coordinate system, designed
a' = Vz;. (5.4)

Here the coordinate index i appears as a superscript on the base vector to

differentiate these contravariant base vectors from the covariant vectors. The
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two types of base vectors are illustrated in Fig 5.4, showing an element of volume

with six sides, each of which lies on some coordinate surface.

= constant

Fig 5.2 A tangent vec- Fig 5.3 A normal vec- Fig 5.4 Covariant and
tor to a coordinate for to a coordinate contravariant base
line. surface. vectors.

Metric tensors

The covariant metric tensor components:
Gii = Gji = R+ 3 (5.5)

Vg = \/detlg;| = J(,2) (5.6)

where coordinate subscripts denote differentiation and ,/g is the Jacobian of the

transformation with respect to (z,z).

An increment of arc length on a coordinate line along which Z; varies is given
by

ds; = |a;|dT; = \/gi; dT;, (5.7)

and also an increment of a area on a coordinate surface of constant Z;, and volume

element, respectively,

T dS; = |aj X akl dfjﬁk = \/9559kk — ggzk d@jdf}c. (5.8)
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dV = ai (a2 X a3) dfldﬁfzdfb‘—g = \/‘adfldfzdfg. (59)
The contravariant metric tensor are as follows
gl =g =a'-a’ (5.10)

and

1 1 1
_1_ 1 5.11
dotlgg] g (5:11)

det|g”| =
so that, in terms of the contravariant base vectors, the Jacobian is

Vg = (detlg]) ™" (5.12)
5.2 Two-Dimensional Forms

The covariant and contravariant base vectors are rewritten in 2-D as follows,

respectively,
a Qﬂii + 8zk
1 — 8—5 6._ ?
(5.13)
— Q{ + _8_zk
ags = a_Z_l 6? s
and
1 {0 Oz
al = g'a; +g"%a; = 7 (521 - gk)
(5.14)

1 0z, Oz
a’= ga; +g¥a, = i (—‘“1 + ’—k)

The covariant and contravariant metrics of transformation are given for 2-D

as follow, respectively,

= () (Z) ()4 (2
gu= oz 5z, g22= iz 97/
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Oxdx 020z

912’-:921:%% + P (5.15)

1/2 0z 0 0z 0z
VG = \/detlgii| = g9 — o] = (8_5-5—; - 5‘58_5—) = J(z,2), (5.16)

and

gt =gnlg, 9% =gulg, 92=9¢"=—g12/g (5.17)

From Egs. (5.13-16), it follows that

oz 1 0z g2 0z gg1 Oz

Oz —\7—5&_ g 0z g 0z

0z 10z 920z gndz
0z J90z g 0T g 0%

(5.18)
62 1 0z gi2 8$ an Qﬁﬁ

oz T Jgoz g0z g o7

0z 18w__g_1_2_% gﬂaz

8z — Jgor g ot g 07

In terms of the base vectors, the (contravariant) gradient operator, for

example applied to a scalar ¢, is

_ 109 204
Vo a5 +a 5

+ (5.19)

and the divergence of a vector F' is therefore

L

N

19

V.F= N

(‘%(\/5}7’ . al) + (VaF - az) (5.20)

Incompressible flow models, whether anelastic or not, require the solution of

an-elliptic equation in each time step. In a system using the primitive equation,
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the elliptic equation governs the pressure. The form of such an equation may be
seen by substituting V¢ for F in Eq. (5.20):

1 9’5 12305}

Vig= — [\/—9 +v99g

\/_
%g—; [\/— 216¢+\/—g226¢] (5.21)

5.3 Conformal Mapping and Orthogonal System

Suppose that under transformation Eq. (5.1) point (zo,z,) of the zz-plane
(Physical plane) is mapped into point (Z,,Z,) of the Tz-plane (here, transformed
plane is the Auxiliary plane; Fig 5.1) while curves C; and C, (intersecting at
(®o,2,)) are mapped respectively into curves C] and C} (intersecting (%, %))
both in magnitude and sense (Fig 5.5), the transformation or mapping is said to
be conformal at (z.,%,). A mapping which preserves the magnitudes of angles

but not necessarily the sense is called isogonal.

9(1‘0,20) = 92:—50,30)' (5.22)
Z 4
G
0'
—_— o
(T5, 7o)

- 7 —

Physical plane Transformed plane

Fig 5.5 Angles in the transformation between physical plane and transformed
plane.
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" In numerical solutions, concept of numerical orthogonality, i.e., that the off-
diagonal metric coeflicients vanish when evaluated numerically, is usually more
important than strict analytical orthogonality, especially when the equations to
be solved on the system are in the conservative law form. Orthogonal coordinate
system produce fewer additional terms in transformed partial differential
equations, and thus reduce the amount of computation required.

Using conformal mapping with the orthogonality condition, Eq. (5.22) is

rewritten as follows

O(zo,z0) = Oz, 5,) = 90°. (5.23)

In the orthogonal system, the magnitude of angles for both system would be
the same, and equal to 90°. Since the computational plane has rectangular grid
mesh, and both systems should be identical, this is very important.

Basically there are two types of orthogonal generation systems, based on the
construction of an orthogonal system from a non-orthogonal system, and involving
field solutions of partial differential equations. The first approach involves the
construction of orthogonal trajectories on a given non-orthogonal system.

In only an orthogonal coordinate system, there are the two types of base
vectors parallel, since for a non-orthogonal system, the normal to a coordinate
surface does not necessarily coincide with the tangent to a coordinate line crossing
that surface. Also for an orthogonal system the three base vectors of each type

are obviously mutually perpendicular.
Base vectors and metric tensors

An orthogonal system has the defining properties that the base vectors,

covariant and contravariant, are orthogonal:

a;-a; =0, a'-a’=0, (5.24)

whence

912 = g = 0, 2 =g"=0. (5.25)

@
I
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The convention is usually adopted to define scale factors h; as follows,

oz \? 9z\° oz\? 9z\?
2 —_— pammnt — —_— 2 g - —_— —
by = gu = (85) + (85) » hy=gm (57) + (62) ’

(5.26)
hihy = /9 = [g11922]""*
From Eq. (5.18), it is readily inferred that
e_ 1o 10: e 10 1
837_ hf@f_ h1h263 6z_ h%af— hlhzaf
(5.27)
or_ 1o 1o oz 10 1 s
83:_ h%@?ﬂ hlhzaf 8z—" h%af_ hlhgaf

5.4 Truncation Error Between Orthogonal and
Non-orthogonal Systems

In meteorological applications, the slope of topography must have an angle much
less than 45° (Pielke, 1984) due to using non-orthogonal grid mesh .

We will give here truncation error due to non-orthogonality by following
Thompson et al., (1985). In the model, the two-dimensional transformation of

the first derivative is given by

0f _ 1 (0z0f _0:0f
0z /g (azaf afaz) ' (5.28)

With two-point central difference representations for all derivatives the

leading term of the truncation error is

p_ L (020290 000:02\Of | 1 (0:0:) (8 9%\ &
T 2/g\0T0702* 0z 0z07°) 92 ' 2/g \0z 0z) \02 072 82?

1 [0:0: (0% 0%, 020:0% 020:0%5) 0
2,/9 |02 0z \ 0z 07" 0z 9T 07* 071 07z 07?| 0202

+[second order terms in the spacing]
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where the coordinate derivatives are to be understood here to represent central

difference expressions, e.g.,

Oz

5 = (Tiy1,; — Tim1,5)/2,
Oz

5% = (Tij41 — Tij-1)/2,
o%x

_xg = mi+1’j - 2:1:1’.7 + xi""lyj7
0z

37 = Tl T 2Tij + Tijor.

These contributions to the truncation error arise from the nonuniform
spacing. The familiar terms proportional to a power of the spacing occur in
addition to these terms as has been noted.

Sufficient conditions can now be stated for maintaining the order of the
difference representations, with a fixed number of points in each distribution.

First, as in the one-dimensional case, the ratios

0%z)07*  0%2[0%  0%)0F  OPz/0F

lau|? auf* lazf? |az]?

must be bounded as 0z/0%, 0z/0z, 0z/0F, 0z/0%Z approach zero. A second
condition must be imposed which limits the rate at which the Jacobian approaches
zero. This condition can be met by simply requiring that cot § remain bounded,
where 8 is the angle between the T and Z coordinate lines. The fact that this

bound on the nonorthogonality imposes the correct lower bound on the Jacobian
follows the fact that | cot 8] < m implies

92— la1[* - |as|® (5.30)

With these conditions on the ratios of second to first derivatives, and the limit
on the nonorthogonality satisfied, the order of the first derivative approximations
is maintained in the sense that the contributions to the truncation error arising
for the nonuniform spacing will be second-order terms in the grid spacing.

The truncation error terms for second derivatives that are introduced when

using a curvilinear coordinate system are very lengthy and involve both second
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and third derivatives of the function f. However, it can be shown that the same

sufficient conditions, together with the condition that

0%z/0T0F  0°2/070Z

|as] - |az] ’ lag] - |2z’

remain bounded, will insure that the order of the difference representations is
maintained.

It was noted above that a limit on the nonorthogonality, imposed by
Eq. (5.30), is required for maintaining the order of difference representations. The
degree to which nonorthogonality affects truncation error can be stated more pre-

cisely, as follows. The truncation error for a first derivative 8f/0z can be written

_1_(6Z8T 8z8T>
/]

570 9367 (31
where 0T /0T and 0T /0% are the truncation errors for the difference expressions
of 0f/0F and 0f/0Z. Now all coordinate derivatives can be expressed using

direction cosines of the angles lines. After some simplification, the truncation

error has the form

1
 sin(¢y — ¢z)

(sm ¢z cos ¢z gT//aa: — sin ¢z cos ¢z ZT//S_—) (5.32)

Therefore the truncation error, in general, varies inversely with the sine of the
angle between the coordinate lines. Note that there is also a dependence on the
direction of the coordinate lines. To further clarify the effect of nonorthogonality

spacing are considered.

Fig 5.6 The angle between coordinate lines.
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" The contribution from nonorthogonality can be isolated by considering the
case of skewed parallel lines with Jz/0%= 0%*z/07?= 0%z/07T0z= 0%2/0TOT=
0?2/070z=0 as diagrammed in Fig 5.6.

Here Eq. (5.29) reduces to

T __i@_@if_ 1(02/0% 82z82f__1 0z/0z\ 0%z O*f (5.33)
T 2072022 2 \0z/0T) 97° 822 2 \0z/0% ) 9z* D20z )
Since
0z/0T
cot § = 92/57" (5.34)
this may be written
18% 0*f 1 (0% 8*f 0% 0*f
o= T 2072 822 T 2 (3?2 92> 072 020z el (5:35)

This first term in Eq. (5.35) occurs even on an orthogonal system. The last two
terms arise from orthogonality. For § < 45°, these terms are no greater than
those from the nonuniform spacing. Reasonable departure from orthogonality is
therefore of little concern when the rate-of-change of grid spacing is reasonable.
Large departure from othogonality may be more of a problem at boundaries where
one-sided difference expressions are needed. Therefore grids should probably
be made as nearly orthogonal at the boundaries as is practical. Note that the

contribution from nonorthogonality vanishes on a skewed uniform grid.

5.5 First Order Transformation Derivatives

The coordinate variables for these systems (Fig 5.1) are showed respectively,

1) Physical Coordinate System : &, z coordinates (y—plane),
2) Auziliary Coordinate System : T, Z coordinates (g—plane),
3) Computational Coordinate System : £, n coordinates (A—plane).

Since the model equations are written initially for the physical coordinate
system, all model equations should be transformed to computational plane. The

transformations are performed on coordinate variables.
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" Transformations of derivatives between coordinate systems (Fig 5.1) are in

the following order:

@ @

y(z,y)-plane =  Y(Z,%)-plane =

Transformation from physical plane to auxiliary plane :

A€, m)-plane.

The first derivatives in the model equations for the first transformation are

defined using the chain-rule as follows,

o 00 070

9z 0207 | 9207

o9 o0zo 020

5:  9:07 | 9207

or in matrix form,

01 9z 971 10
Oz Oz Oz oz
9| (o= 97| |9
Oz 0z Oz 0z

(5.36)

(5.37)

(5.38)

where the first matrix on the right hand side of Eq. (5.42) can be rewritten as

follows,
Oz Oz 0% z 1 0z 0T
oz oz oz 0z V| 8a  0a
9z 0Oz 0z 0z oz o7
where
oz_ 10: 0z __1ba
oz Joz 0z Joz

(5.39)

(5.40)
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The Jacobian of the transformation J in Eq. (5.39) represents the ratio of

areas between coordinate systems, and defined as

z 0z
/ oz Oz
g= |02 |07 0| _ (0202 bz (5.41)
Oz, Z 9z Oz 00z 0zZ0T
9z 0z

The first derivatives of the first coordinate transformation are shown as

0 110208 0290

5: =7 [ 520 ’“af—a—z—] (5.42)
0 1 oz & Oz 0

8z J [ T omoT _65_83] (5:43)

fy=2z+i-zandy =T+ 7, where ¢ = 2(%, %), z = 2(T, %), and 7 = (z, 2),

Z = (z, z) are analytic in a region, and their partial derivatives are continuous,

dz — 0 _a_z —1 O
dy _de+i-dy oz 2 (5.44)
dy dz+i-dy 9 P .
dz =0 i Z
oz oz’
then we have following equations,
Oz 0z
= 3 (real parts),
(5.45)
0z Oz .
%= 5 (imaginary parts).

These equations are called the Cauchy-Riemann conditions.
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" Eq. (5.45) are calculated from Schwarz-Christoffel transformation [dy/dA],

and using Cauchy-Riemann conditions,

oz o
L R 4
oz 0z aX
and (5.46)
sl
J = 5% .

where Re[ ] and Im][ | are real and imaginary parts of the Schwarz-Christoffel
transformation, respectively.
Using Cauchy-Riemann conditions and Schwarz-Christoffel transformation

results, the metrics and Jacobian of the transformation (Eq. 5.26) are rewritten

as follows,

gi1 = g2 = /g = J(2,2) = (B1)* + (1), (5.47)
and

gt =g"=1//g=1/J =1/[(R:)* + (I)*], (5.48)

and then the coordinate system is characterized by only one metric coeflicient.
Transformation from auxiliary plane to computational plane :
In the Auxiliary coordinate system, horizontal grid spacing AT are equal,

but grid spacing AZ in vertical are not. Therefore, the second transformation is

only applied for vertical coordinates.

(5.49)
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where G is a local derivative that is the ratio of vertical grid spacing between

these two systems, and defined as,

(5.50)

i

G(z) =

This function should be determined for the generated grid mesh. For the given

Gaussian-shape topography we used the following functions,

n(z) = 2.469 70! 4 634.403z %% — 3995.217 1! 4 31799.17 ' +
(5.51)
-42154.3z 1% 4 16572z 17 — 2822.38% 2,

and

G(z) = 0.24697 79 + 507.5237 ~0% — 4394.747 * + 44518z %4 +
(5.52)
-63231.5z %5 4- 28173.32 %7 — 5644.76%.

When these two coordinate transformations are applied respectively, a set
of general transformation equations can be found from physical domain to

computational domain as follows,

0 1 0 0
21 [ nl-onl ] (5.53)
0 1 0 0
% =7 [ L 52 + GR1—87} ] (5.54)

5.6 Second Order Transformation Derivatives

In order to find the second order derivatives of transformation, we can derivate

once the first order transformation derivatives (Eqgs. 5.36 and 5.37).

0 (a)_8[L(0 0s0 o
Oz \0z) Oz |J 358§+8537 (5



9 (0)_8[i(o=d 0:0 (5.50
02 \0z) 0z |J | 0z0F 0z 07 ]
0 (0 0 |1|0z0 020

RE (a—) = 5 {Ti [ FF*??] } (5:57)

As in the first transformation, we can use the Cauchy-Riemann conditions
to find the terms in the second transformation derivatives. Taking the derivative

as to 7 of the equation given in Eq. (5.44),

2 2
dz —0 _8_323 —%- a—z,
d(dy\ 4 (de+i-dy\ oz 07 (5.58)
g \dy) dr+i-dg\dz+ti-dy) 0%z 0?2 .
#ob o Gt
and also taking the first derivatives of Cauchy-Riemann equations,
o (2 _ 0 o (o 0
oz | 0z 0z |’ oz | oz 07’ |’
(5.59)
9(0:_ s 2 (0:_ 0
oz |9z 0z )’ 9z | 9T Oz

Considering the results in Eq. (5.58) and Eq. (5.59), then we find the following

equations,

Pz Pz Pz Pyl
@ - R Zaa—az-Re[a“z]-R%

(5.60)
Pz 02 O O]
;2 o2 ozoz  |aa| T ™



114

where 0%y/0)? is the second order local derivative of the Schwarz-Christoffel

transformation. This is given as follows (Erdun et al., 1996),

0%y CI& Oy o«
= ;Z{a“,\ (A—)} (5:61)

=1

Finally, we find the second order transformation derivatives from physical

plane to computational plane.

_ |, [—RlRl(Rle +h L)+ R (LB — Rl)]

RiRy+ 1 Iy i}
‘ 7 o[t ] o
(5.62)
( 9|11 Bi(RiRe+h L) -1 I (11 Ro — I, Ry) + I Ry — Ry 1y G i—l-
! J3 J? n

RiR; | 82 2L | 8 Ry 52
U]@‘ ¥ [G' J?]W R el -y

© _ o (0
022 8z \ Oz

_ ( 9 —li Iy (RiRa+ 11 )+ Ry (I Ry — Ir Ry) " RiRo+ 1 Ip _fi_l_
- { J3 J? ¢
, (5.63)
9 [—11 Ri(RiRe+ 5L I) - RiRi(Ih Ry — I Ry) 4 It Ry — Rily G i-l—
| J3 J? on
(1, ) o » RiRy | &° Rl | 62
| ] sz Tt [ “rm la t |2 | s
& _ 2 (a\_9 (08
Ozdz ~ 8z \8z) 0z \ Oz
_ '2[—R111 (BaBot+h )+ L I (hBy— I R)| [LiRy— Rily _2_'_
- { J3 J? ¢
(5.64)
( —-RlRl(Rle-l-Il Iy )+I1 R1(11 By~ Iy Rl) RiRo+ 11 Iy a
2 + G+—+
{ J3 J? on
) (R, ) & , Rl ) 82 RiRi—NL1L, )| &
| ] ez T [ “C e v |5 Bean
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" These transformations provide the following equation

? 0? 1 [ 0% 0?
[@ + 5—] =7 [F + F} : (5.65)



CHAPTER 6

NUMERICAL MODELING

Sets of simultaneous, nonlinear, partial differential equations cannot be
solved using known analytic methods, but require numerical methods of
computation where the equations are discretized and solved on a lattice. This
lattice corresponds to the grid volume defined by Eq. (2.5).

There are several broad classes of solution techniques available to represent
terms involving the derivatives in spatial coordinates of these differential

equations including:

(1) Finite difference schemes, which utilize a form of truncated Taylor series

expansion;

(2) Spectral techniques in which dependent variables are transformed to

wavenumber space using a global basis function (e.g., a Fourier transform);

(3) Pseudospectral method which uses a truncated spectral series to

approximate derivatives;

(4) Finite element schemes, which seek to minimize the error between the

actual and approximate solutions using a local basis function; and

(5) Interpolation schemes in which polynomials are used to approximate the

dependent variables in one or more spatial directions.

In mesoscale models generally only finite difference, finite element, and
interpolation schemes have been used. The spectral technique has been shown
to be highly accurate (Fox and Deardorff, 1972; Machenhauer, 1979; Orszag,
1971) and eliminates the fictitious feedback of energy to the larger scale called

a,li;sing effects. However, the mathematical expressions that result from the
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Fourier transformation are cumbersome to handle and have required periodic
boundary conditions to make it work effectively. Thus, this scheme has not
found acceptable among mesoscale modelers. The pseudospectral technique has
been introduced by Fox and Orszag (1973) and has been contrasted with the
spectral technique and conventional finite difference methods by Christensen and
Prahm (1976). A brief review of the pseudospectral method is given in Merilees
and Orszag (1979). Eliassen (1980) has summarized the uses of these and other
representations in air pollution transport modeling. Although the pseudospectral
technique appears to be a viable tool for use in mesoscale models, it also has not
been adopted (However it is still investigating utility, Lee, 1981; Patrinos and
Leach, 1982). The major reason for the neglect of these spectral schemes up to
present may be the interest in finite element method and cubic spline interpolation
approach, as well as the difficulty in handling non-periodic boundary conditions
using either of the spectral techniques.

In the solution of the model we have used the finite-difference schemes due
to simplicity of their using. The various finite difference schemes are given in

Appendix-A.

6.1 Domain Structure of the Model

The selection of the domain size and grid increments in a mesoscale model are
dictated by the dimensionality of the forcing, the spatial scales of the physical
respouse to this forcing, and available computer resources.

In this model, because the model is designed for the shallow convection and
meso-J scale, the vertical size of the model domain can be 4 km, and the horizontal

size can be up to 200 km.

Ly < 4km L, < 200km

In order to test the model, an axisymmetric Gaussian hill shape (called

“Witch of Agnesi”) for the topography is used for run (Fig 6.1).

a? — 2?

h(m) = hom (61)

where a is the half width of the hill (4000m), and %, the height of the hill (300m).
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Az a

Fig 6.1 A Schematic representation of the structure of domain.

The height of the model L, is taken to be 4 km, and the length of the domain
L is 40 km (Fig 6.1). The mountain is centered in a computational domain. The
domain has 50 x 21 grid points. The horizontal grid interval Az is taken to be
810 m, and the vertical grid interval changes between 10 m and 400 m from the
ground to the top since fine-mesh on near the ground and coarse mesh on the

upper part of domain are used.

6.2 Initial Data

Local time 08:00 is chosen as the initial time of integration. In order to determine

initial wind component in z—direction, %’ the following formulations are used.

0 for (z < z,),
Uy log(z) z for (2, < 2 < 2),
log(zg) 25
Uiy = J (6.2)
( Ug }
———| log(= for (zs <z < zp),
o | oet2) ( 5
{ Ug for (2, <2< L),

where z, is the roughness height (0.20 m), 2, the surface layer height (100 m), 2,
the gradient wind level (1500 m), L, the top of the domain, and u, the geostrophic
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wind component in z—direction taken to be constant (2.5 m sec™!) for the model
(Fig 6.2).

Ug

Fig 6.2 Horizontal wind profile used in the model.

The wind component in y—direction is assumed to be zero in the simulation.

Vertical wind component w is calculated from continuity equation (Eq. 2.1).

0 (aﬂ %) = 0. (6.3)

9z \0z " 9=
After the coordinate transformations, this equation is solved in finite differences
by using central scheme in space, and boundary conditions are taken as zero
(Fig 6.3).

w=0

gl
Il
o
gl
I
o

gl
I
o

F ig 6.3 Boundary conditions for the calculation of initial vertical wind speed.
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" For initial temperature field, we are used a linear change with height. This

change is denoted by # in the equations.

05(2) = 05+ 72, (6.4)

where 0, is the potential temperature on the ground, and taken to be 298°K and
v = 0.5/100m. Also temperature distribution of domainis, < ; < b < --- <
0,1 < 6, (Fig 6.4).

As this equation cold air at lower levels in the approach flow is pushed up
the slope by the winds because the initial time is 08:00 local time (Banta, 1990).

6n-1
9n~2

Fig 6.4 Initial potential temperature profile.

For the potential temperature perturbation field a linear change are assumed
o' =0,(—2/L. +1.), (6.5)

where 8 is the potential temperature perturbation on the ground taken to be
1°C. At the top of domain, we assume § = 0, thus implying that horizontal

potential temperature structure does not change at the top of our model.
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-

Fig 6.5 Initial potential temperature perturbation profile.

Initial pressure perturbation field is assumed to be zero.

/to

P (x,z) = 0. (6.6)

Initial subgrid scale eddy mixing coefficient K,,(z,2) over the ground is
calculated from the initial wind field given by Eqs (6.2) and (6.3). The lower

boundary for K,, is zero.

6.3 Boundary Conditions

The only boundary for atmospheric models where physical boundary conditions
can be formulated is the surface. All other boundaries are artificial. The
formulation of these boundary conditions is dictated by the requirement that
the interior flow be only marginally influenced by the treatment and position of
these boundaries.

Boundary conditions for the horizontal component of wind speed is given
in Fig 6.6. Lower boundary for wind is zero due to kinematic condition. Top
boundary is taken as the value of geostrophic wind which is invariant with time.
Left lateral boundary is taken to be as in initial horizontal wind field, which is

also invariant with time. For the right lateral boundary, cyclic condition are used.
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i U= uy
T =g, @_0
oz
u=10

Fig 6.6 Boundary conditions for ¥ wind component in z—direction.

Boundary conditions for the vertical component of wind speed is given in Fig
6.7. Lower boundary for vertical wind is zero due to kinematic condition. Top and
right lateral boundaries are taken as cyclic conditions, i.e., normal derivatives are

zero. Left lateral boundary is taken to be as in initial vertical wind field, which

is invariant with time.

0z

S
I

= __ ==to
w = w(o’z)

N\

w=0

Fig 6.7 Boundary conditions for @ wind component in z—direction.

For the potential temperature perturbation, boundaries except top boundary
are taken as cyclic conditions (normal derivatives are zero). On top boundary
potential temperature perturbation is assumed zero because there is no effect on

the horizontal temperature structure at the top of our model (Fig 6.8).
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Fig 6.8 Boundary conditions for potential temperature perturbation.

In order to define boundary conditions for perturbation pressure are defined
by following assumptions.
The normal velocity components, i.e. w at ¢ = L, and w at z = L,, are

treated analogously

0%
5z = O
(6.7)
8*w
2

Outflow boundary conditions for the perturbation pressure are specified upon the

requirement that mass conservation is strictly observed, i.e.

in 3-D
Vf f f [@(Lz, y, 2) — (0, y, 2)]+[0(z, Ly, 2) —0(z, 0, 2)|+[@(z, y, L,) —@(z, v, 0)]} dV =0, (6.8)
and in 2-D it can be reduced to
/ f {[E(Lm z) = u(0,2)] + [@(z,L,) - m(a:,O)]} dS =0, (6.9)
s

where V' = (L;LyL.) and § = (LyL) is the volume and the area of the

atmospheric domain, respectively.
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In 2-D, the integral can be splited up to give

L | :Lz[ (La,2) —5(0,2)] dz + L / w(z, L) — @(z,0)] dz =0. (6.10)

where W(z,0) = 0 due to kinematic condition.

The horizontal velocity components at the outflow boundaries w(L,, z) and

w(z, L,), are eliminated by use of Eq. (4.23) which reads in component form

- 74 A At(‘?p

Y Po oz’
(6.11)
o At ap
wh =w+ — .
po Oz

Using these Eq. (6.11) and rearranging terms, one obtains from Eq. (6.10)

L. /;:Lz[ﬂ*(Lx,z) @(0,2)] dz + L, /x"L (2, L,)] do

L: &y Ls 9y
ROt é*’
Po 2=0 0%

dz + L, [ £ dx} (6.12)
z=L,

=0 8z
$=Lx

In order to evaluate the right hand side of Eq. (6.11) the following conditions for
the tangential velocities may be advantageously employed

6—,11—)*
Oz

_ 0w
Oz

5?*
0z

_Ou
T 0z

, and

(6.13)

=L, r=Ls z=L,

z=L,

Comparison of Eq. (6.13) and Eq. (6.11) implies that the perturbation pressure
gradients are constant on the corresponding outflow surfaces:

0 op'

0z Oz =0

_ a op
-—0, and 5;5:;

(6.14)

z=L,

=Ly
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Substituting Eq. (6.14) into Eq. (6.12) then gives
z——Lz e=L4
Ly / W (Ly,z) —u(0,2)] dz + Lz/ [w"(z, L,)] dz =

oy
Py (L L.) { zsz} (6.15)

In the case of homogeneity in one of the horizontal directions, one of the terms

op'
0z

ZZLx

on each side of Eq. (6.15) will vanish separately. Therefore, it seems appropriate
to decompose Eq. (6.15) as

oy “
W e [ -0 a
z-:.'O
(6.16)
op _ *
Bz AtL x_/o (2, L2)] de

For arbitrary oriented flow, there is no unique way to satisfy Eq. (6.15).
Since the flow is assumed to be homogeneous along the entire inflow boundaries,
however, Eq. (6.16), will approximately hold true in any case. Furthermore, this

formulation always ensures mass conservation.

az AtL . (= L)) 4
Lz
3})’_ _a_p_’_ Po S _
&; =0 9z At Lzz_o [’Lt (anz) —u(O,z)] dz
oy
e 0

i?ig 6.9 Boundary conditions for pressure perturbation.
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" Cyclic conditions are used for subgrid scale eddy mixing coefficients K on
lateral and top boundaries. Lower boundary is defined with zero mixing coeflicient

due to zero wind speed (Fig 6.10).

0K,
9z 0
0K, 0Ky
Oz =0 Oz =0
K,=0

Fig 6.10 Boundary conditions for subgrid scale eddy mixing coefficients K.

6.4 Finite Difference Schemes Used in Discritization of
the Model Equations

Different finite difference schemes are used in the solutions of the model equations.
For time terms of equations, forward scheme are used in initial, and leapfrog
scheme are used for the next time steps (see, Appendix-A).

In general, central scheme is used for space derivatives except those in
advection terms of momentum equation. In advection term, upwind differencing
scheme is used (see, Appendix-A).

In the solution of pressure perturbation gradient, centered space scheme with
second order in space is used.

Using these schemes the model equations are solved implicitly in matrix
system. In solving of the matrix system in the form of [A][X] = [B], Givens
algorithm which is one of general solution method for linear equations systems is
used (Kadioglu, 1996).

For wind components @, and W, matrix structure has the following 5-band

form :
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3-band matrix structure for pressure perturbation;

| |
0
[A] =
\

5-band matrix structure for potential perturbation;

6.5 Stability Criteria

Attempts to solve partial differential equations by finite-difference methods often
end in disaster. A finite-difference equation may have a rapidly growing and
oscillating solution that in no way resembles the solution expected from the
differential equation. In such a situation the difference equation is said to be

computational unstable.
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" In order to save the stability of computations in the model the following

criteria is used:

At

2B Nin(Ae, A7) < &

(6.17)

The time step is taken to be 2.5 sec to solve the model equations.



CHAPTER 7

RESULTS AND DISCUSSION

Conventionally, modeling of an atmospheric phenomenon over a complex
topography is achieved through usage of a non-orthogonal grid system. This
sterns mainly from the fact that a non-orthogonal system (for example, terrain-
following height coordinate system) instead of an orthogonal one is more suitable
for development of a computer code. However, the non-orthogonality leads
to considerable errors in especially the calculation of pressure gradient in the
lower atmosphere where the slopes of topography are not much less than 45
degrees. Furthermore, additional terms in transformed equations pave way to an
increase in computational time as compared to solution of original equations on
an orthogonal grid.

Herein, Schwarz-Christoffel transformation is used to eliminate the above
mentioned problems. This transformation allows generation of an orthogonal
grid over topography with any arbitrary slope and scale. The atmospheric flow
model is designed to be two-dimensional. Formulations are based on the shallow
convection system and the meso-beta scale. The model under the anelastic and
incompressibility assumptions includes the non-hydrostatic and the buoyancy
terms in addition to geostrophic and Coriolis terms. For turbulence model,
Smagorinsky and Lilly’s subgrid scale mixing formulations are conveniently
written by means of finite difference schemes in 2-D. Radiative processes and PBL
(Planetary Boundary Layer) parameterizations are not used. The perturbation
pressure field is calculated by using the diagnostic Poisson equation.

In order to test the model, a modified form of “Witch of Agnesi” mountain
profile is used (Fig 7.1). This mountain is steeper than the original profile, and it
is centered in a computational domain having a width of 40 km and a height of
4 km. The domain has 50x21 grid-points. The horizontal grid interval is 810 m,
and time step is taken to be 2.5 sec from Eq. (6.17). Model outputs for the
sample topography are presented in Fig 7.2-7.25.
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" A satisfactory description of turbulent airflow over mountains requires an
understanding of the magnitude of the perturbation pressure in the atmosphere.
The calculated perturbation pressure (P’) fields have been shown in Fig 7.2-
7.6. Following an initial field of zero perturbation pressure, a clear difference in
the perturbation pressure values for upwind and downwind sides of the mountain
occurs in later stages of the simulation. It appears that the perturbation pressure
values on upwind side of the mountain are always greater than those on the
downwind side (Meroney et al.,1978). This result can also be explained with
the impulse of the fluid flowing on the upwind side of mountain (Meroney et
al., 1978). In earlier steps of the simulation (Fig 7.2- 7.5), positive perturbation
pressure values on upwind side and negative perturbation pressure values on the
downwind side have been appeared. However, negative pressure values have been
disappeared as the flow evolves (Fig 7.6). This can be due to the fact that
the mountain height used in the model is not high enough in comparison with
the thickness of the approaching boundary layer (ﬁna,l, 1997). Nevertheless, the
perturbation pressure values on the upwind side always remain greater than those
on the downwind side. The range of calculated perturbation pressure is between
-15 mb and 25 mb.

Another important indicator of effects of a particular topography on
surrounding turbulent flow field is the actual atmospheric pressure. The actual
pressure fields which are found by adding the initial pressure field (P;) to the
calculated perturbation pressure fields ( P’) have been shown in Fig 7.7-7.11. Since
the initial perturbation pressure field is taken to be zero, initial isobaric surfaces
are parallel to the sea-level line (Fig 7.7). In later steps of simulation, evolving
perturbation pressure field lead to high and low pressures on the upwind and
downwind sides correspondingly (Fig 7.8-7.11). A downward bending of isobaric
surfaces appears on downwind side due to different perturbation regimes between
upwind and downwind side of the mountain (Fig 7.8-7.11). This bending and the
upwind tilt of the lines of constant phase (Fig 7.11) are amongst the fundamental
indicators of mountain effect (Durran, 1990). High and low surface pressure fields
on the upwind and downwind sides of a mountain generate a downwind drag
force on that mountain. The drag values of Durran’s (1990) three-dimensional
simulation for “Witch of Agnesi” mountain profile are compared as function of
nondimensional mountain height with those computed through the present model
for the modified form of Durran’s mountain profile (Fig 7.12). The present values
are larger probably due not only to the fact that the modified mountain is steeper

but also the present simulation is two-dimensional. However, the qualitative
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agreement is reasonable and thus points to the fact that the calculated surface
pressure distributions are at least globally realistic.

Subgrid-scale mixing coefficient K, is calculated by Smagorinsky (1963) and
Lilly (1965) formulation which includes atmospheric stability and wind-shears.
Calculated K, fields have been shown in Fig 7.13-7.17. The range of calculated
K,, in the model is 0.001 — 2m?/sec. These values indicate that the atmosphere
is stable. According to the given initial data, in the first step of the simulation a
maximum K, region appears on top of the mountain (Fig 7.13). In the following
steps this maximum region moves to downwind side by the effect of advection and
increasing total-deformation in the downwind side (Fig 7.14- 7.16). Eventually,
the maximum region is broken into pieces (Fig 7.17) due to flow separation
(see Fig 7.18-7.21) and variation in total deformation, and the magnitude of
the maximum increases due to increasing total deformation. According to wind
fields given in Fig 7.18-7.21 with mentioned above comments, wind fields have
been modeled well in global meaning for the given topography.

Since the model doesn’t include a radiation module, temperature field is
affected only by the advective terms. The temperature field is chosen to be cold
air at lower levels in thermic-stable atmosphere in order to assure that turbulence
is generated by only the wind influence in the model (Banta, 1990). However, an
artificial perturbation is added to initial temperature field as that in availability of
radiation module in order to see the effects of advective and buoyancy terms in the
model (Fig 7.22). In doing that, maximum perturbation temperature is chosen
to be 1°C on the ground. During the simulated flow development, there are no
important changes in the magnitude of perturbation potential temperature field,
and perturbation temperature field is moved in direction of the fluid flowing due
to advective terms (e.g. Fig 7.23). Of course, in absence of an initial perturbation
potential temperature field (i.e., zero perturbation), it is not possible to see the
combined effect of the advection and the buoyancy in the present model. This case
is also evident in actual potential temperature fields found by adding perturbation
potential temperature field to the initial potential temperature field (Fig 7.24
and 7.25). According to Fig 7.24 and 7.25, there is not a major turbulence
generation due only to temperature effect but some low order fluctuations. These
are expected to be important especially in influence of the buoyancy term when
radiation module is added to the model. Results show that the model gives
realistic results for the given sample topography.

In the future work, the model can be advanced to simulate other atmospheric

parameters by adding extra formulations and by changing the model assumptions
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as follows:

(1) It can be used to model the gravity waves in upper atmosphere by changing

the shallow system to the deep convection system.

(2) It can be used for the dispersion and transportation of pollutants by adding

the transport and concentration equations.

(3) Cloud and fog formations due to topographical effects can be modeled
by adding the conservation of water vapor equation, heat equation and

radiation processes.

(4) Land-sea breeze interaction and effects of lakes on mountainous regions can
be examined by adding the conservation of water vapor and heat equations,

and radiation processes.

(5) It can be used partly for site-selection of wind-turbine in the field of wind

energy.

(6) The model also can be advanced to 3-D by collecting the grid meshes
generated by Schwarz-Chistoffel transformation, ordering in y-direction,

and then jointing by terrain-following height coordinate transformation
(Fig 7.26).

-——-— "Witch of Agnesi” mountain profile

—Modified form of "Witch of Agnesi” mountain profile

Height (m)

8

/ //"/ /‘/ ' . 4//'
//é /'Z",ﬁf ff/ .
/V/ﬁ/?" #

Fig 7.1 The topography used in the model (thick line), and “Witch of Agnesi”
mountain profile (thin line).
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Fig 7.2 Perturbation pressure field at step=2.

Fig 7.3 Perturbation pressure field at step=120.



134

Fig 7.4 Perturbation pressure field at step=200.

Fig 7.5 Perturbation pressure field at step=400.
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Fig 7.6 Perturbation pressure field at step=1250.

Fig 7.7 Initial pressure field.
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Fig 7.8 Pressure field at step=120.

Fig 7.9 Pressure field at step=200.
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Fig 7.10 Pressure field at step=400.

Fig 7.11 Pressure field at step=1250. The dashed line shows the upstream tilt of the
lines of constant phase.
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Fig 7.11 Pressure drags as a function of nondimensional mountain height ¥4/, by
Durran’s (1986) mountain profile and the model. The drag is normalized by
mpNuhy’/4 where p, u,, and N are evaluated at the surface for stable atmosphere.

Fig 7.13 Subgrid-scale mixing coefficient field K, at step=2.
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Fig 7.14 Subgrid-scale mixing coefficient field K, at step=120.

Fig 7.15 Subgrid-scale mixing coefficient field Ky, at step=200.
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Fig 7.16 Subgrid-scale mixing coefficient field K, at step=400.

Fig 7.17 Subgrid-scale mixing coefficient field Kn, at step=1250.
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Fig 7.18 Wind field at step=10.
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Fig 7.19 Wind field at step=200.
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Fig 7.20 Wind field at step=400.

Fig 7.21 Wind field at step=1250.
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Fig 7.22 Perturbation potential temperature field at step=2.

Fig 7.23 Perturbation potential temperature field at step=1250.
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Fig 7.24 Potential temperature field at step=2.

B —
30— ———————
295 .................... .‘~.-v—~;- ....................

Fig 7.25 Potential temperature field at step=1250.
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Fig 7.26 A schematic representation of the enhancing of the model to 3-D.
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APPENDIX A

A.1 Finite Difference Schemes

Most mesoscale models are utilized the finite difference method because of its
comparative ease of coding onto a computer as well as its conceptual simplicity.
This technique simply involves approximating the differential terms, including

time, by one or more terms in a Taylor series expansion.

A.1.1 Finite difference space schemes

One of the first steps to be taken in establishing a finite-difference procedure for
solving a partial differential equation is to replace the continuous problem domain
by a finite-difference mesh or grid. As an example, suppose that we wish to solve
a partial differential equation for which u(z, z) is the dependent variable in the
rectangle domain 0 < z <1, 0 < z < 1. We establish a grid on the domain by
replacing u(z, z) by u(:Az,jAz). Points can be located according to values of
¢ and 7 so difference equations are usually written in terms of the general point

(¢,7) and its neighbors. This labeling is illustrated in Fig A.1

Thus, if we think of u; ; as u(z,, z,) then
Uir,; = u(zo + Az, z,) Ui1,; = u(To — Az, 2,)
Ui jp1 = (To, 20 + Az) U j—1 = U(Zo, 2o — A2)

Often in the treatment of marching problems, the variation of the marching
n+1
f

Many different finite-difference representations are possible for any given partial

coordinate is indicated by a superscript, such as 477", rather than a subscript.
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differential equation and it’s usually impossible to establish a “best” form on an
absolute basis. First of all, the accuracy of a difference scheme may depend on the
exact form of the equation and problem being solved and secondly, our selection
of a "best” scheme will be influenced by the aspect of the procedure which we

are trying to optimize, i.e., accuracy, economy, programming simplicity, etc.

Az

Fig A.1 A typical finite-difference grid.

The idea of a finite-difference representation for a derivative can be intro-
duced by recalling the definition of the derivative for the function u(z,z) at

T = Ty, Z = Zo-

Ou ~ im u(zo + Az, zo) — u{o, 2o)

6m Az—0 Az

(A1)

Here, if u is continuous, it is expected that [u(z, + Az, 2,) — u(zo, 2,)]/ Az
will be a “reasonable” approximation to Ou/dz for a “sufficiently” small but finite
Agz. In fact, the mean value theorem assures us that the difference representation
is exact for some point within the Az interval. The difference approximation can
be put on a more formal basis through the use of either a Taylor series expansion
or Taylor’s formula with a remainder. Developing a Taylor-series expansion for

u(zo + Az, 2,) about u(z,, z,) gives:

o
oz?

(As)?
2!

(A:B)" 1
RCEI

9"u| (Az)”

Az + (n)'

0

u(zo + Az, z,) = u(@o, 20) + —gﬁ

3x“‘
o
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for 2, < € < (o +Acz), and here, the last term can be identified as the remainder.

Thus, we can form the “forward” difference by rearranging Eq. (A.2).

Ou _u(@o + Az, 2,) — u(®o,2,)  O%u| (Az)? (A3)
Ox - Az dz%| 2! )
Switching now to the 1,7 notation for brevity, we consider
Oul _ Wirsi — Ui + Truncation error (A4)
oz| Az )
i\j

!

where (uiy1,; — ui;)/Az is obviously the finite-difference representation for
Ouf0z|;;. The truncation error is the difference between the partial derivative
and its finite-difference representation. We can characterize the limiting behavior

of the truncation error by using the order of O[] notation whereby we write,

Oul U1 — Uiy

5—3;“_ Az

2¥)

+ O[Az] (A.5)

where O[Az] has a precise mathematical meaning. Here, when the truncation
error is written as O[Az] we mean |truncation error| < K|Az| for Az — 0
(sufficiently small Az). K is a positive real constant. As a practical matter, the
order of the truncation error in this case is found to be Az raised to the largest
power which is common to all terms in the truncation error.

Note that O[Az] tells us nothing about the exact size of the truncation
error but rather how it behaves as Az tends toward zero. If another difference
expression had a Truncation error=0[(Az)?], we might expect or hope that the
truncation error of the second representation would be smaller than the first for
a convenient Az but we could only be sure that this would be true if we refined
the mesh “sufficiently”, and “sufficiently” is a quantity which is hard to estimate.

An infinite number of difference representations can be found for du/0z|; ;.

For example we could expand “backwards”

+ Y
oz?

G O )

Az 30

o

u(zo — Az, 2,) = u(zo,20) — =

Oz

[ o
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and obtain the “backwards” difference representation,

_6_u
Oz

Ui — Ui—1,5
_ %, : A.
Az + O[Az] (A.7)

1,3

We can subtract Eq. (A.6) from Eq. (A.2), rearrange, and obtain the “central”

difference
Oul  Uppij — Ui, 2
92| = BTy v + O[(Az)?] (A.8)

57 ]

We can also add Eq. (A.2) and Eq. (A.6) rearrange to obtain an approximation

to the second derivative

_ Ui, — 2 4 Ui

(Az)?

Li t O[(Az)?] (A.9)

It should be emphasized that these are only a few examples of the possible ways
in which first and second derivatives can be approximated.

Most of the partial differential equations arising in fluid mechanics and heat
transfer involve only first- and second-partial derivatives, and generally we strive
to represent these derivatives using values at only two or three grid points. Within
these restrictions, the most frequently used first-derivative approximations on a

grid for which Az=constant are

0u _ Uiy, — Ui,j !
oz| Ao + O[Az] (A.10)
z’J
Ou|  uij— Uiy + 0[Ad] (A1)
Oz| Az e )
z’J
i (A.12)
- Odr| 2Azx
irj
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Ou —3u;; + duiy1,; — Uiraj 2

dul ; , . A.

Oz | 2Az +0l(Az)] (A.13)
273

Ou 3u,~j — 4du;y g + Us—2,5 2

Oul _ 3u; , : 14

oz| 2Ax +0l(Az)] (A.14)
i\j

The most common three-point second-derivative approximations for a uni-

form grid, Az=constant, are

0%u Uij — 2Uip1; + Uita,j

62| =T (aep O (9
2,

0%u Ui — 2Ui1,; + Uisgj

7| = (An)? + O[Az] (A.16)
¥

0%u Uil — 20  + Uiy g 2

T i Gl (10
2%

Some difference approximations for derivatives which involve more than three
grid points are given in Table A.1. For completeness, a few common difference
representations for mixed partial derivatives are presented in Table A.2. The
mixed derivative approximations in Table A.2 can be verified by using the Taylor-

series expansion for two variables

] 0 1 d o\’
u(zo + Az, 20 + Az) = u{@o,20) + (Aza—x + Az—é;) u(Zo, 20) + o (A:cb; + Azg) U(Zo, 20) + -+

(A.18)
9

1 a\"
ot (Az$+ Aza—z) u(xo + 0Az, 2, + 6Az) for (0<8<1).
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Table A.1 Difference approximations using more than three points.

Ou —Uit2,j + Buipr; — Buiyj+ U2

oz g - 12Az *+0l(aa)] (419
% ) : —Uip2,j + 16uity,j Iz?OAu;’)J:"jL 1641, — Ui +0[(Az)Y (A.20)
Z_i?; ) _ 2uiy— 5“«‘—1,E' Zz‘)l;ii-z,j —%i-33 4 O[(Az)?] (A.21)
e | Tt o4 (a2)
% - bui; — 18ui-r; + 24;:;;):3— Muizsj #3014 | oAz (A.23)
g_ig y _ TSUita  + 14Ut ;(Zﬁzagzj + 18ujy1,5 — bus +0[(A2)?] (A.24)
g—:i: - Uipa,j — AUit1j +(fj:;§1— duj1+ Uiy +0[(Az)?] (A.26)
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Table A.2 Difference approximations for mixed partial derivatives.

O%u | 1 [wigrg— i1 Uig = Ui

0zbz| — Az [ Az - Az + O[Az, Az] (A.27)
3,7

el R FRCU PR SPELSY +O[Az, Az] (A.28)

dx8z| Az Az Az ’ )
2,7

Ou | 1 [wg—wijo1 i1 — iy

920z| ~ Az [ Az As +O[Az, Az] (A.29)
3

O%u = A B4 — Uiy _Wig1 — Ui + O[Az, Az] (A.30)

0zbz{ Az Az Az ’ ’
1)J

N | el RN A el AS TN (A.31)

f28z| Az 20z 2Az . ’
1)‘7

Ou | 1 Ui~ Wiio1 Bisigen = %io14o1 1 OlAs, (A2 (A.32)

828z Az 2Az 2Az ’ ’
z’J

0%y Vol 8ip1ja1 = %ig1,j-1  Uiml,j41 ~ Uim1j-1 2 2

dz0z| ~ 2Az [ 2Az B 2Az + O[(Az)?, (Az)*] (A.33)
z’J

Ou | 1 [tisngen —Wiry  Sioiign— Uiy, +O[(Az)?, Az (A.34)

028z  2Az Az Az ’ )
23‘7

8%y _ 1 [uigr; — wigr 51 e N A e W +O[(A:z:)2 Az (A.35)

828z  2Az Az Az ’ ’
z’J
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A.1.2 Finite difference time-schemes

Schemes used for the time derivatives terms within the primitive equations are
relatively simple, usually of the second and sometimes even only of the first order
of accuracy. There are several reasons for this. First, it is a general experience
that schemes constructed so as to have a high order of accuracy are mostly not
very successful when solving partial differential equations. This is in contrast to
the experience with ordinary differential equations, where very accurate schemes,
such as the Runge-Kutta method, are extremely rewarding. There is a basic
reason for this difference. With an ordinary differential equation, the equations
and a single initial condition is all that is required for an exact solution. Thus, the
error of the numerical solution is entirely due to the inadequacy of the scheme.
With a partial differential equation, the error of numerical solution is brought
about both by the inadequacy of the scheme and by insufficient information
about the initial conditions, since they are known only at discrete space points.
Thus, an increase in the accuracy of the scheme improves only one of these two
components, and the results are not too impressive.

Another reason for not requiring a scheme of high accuracy for approxima-
tions to the time derivative terms is that it is usually necessary to choose a time
step significantly smaller than that required for adequate accuracy. With the
time step usually chosen, other errors, for example in the space differencing, are
much greater than those due to the time differencing. Thus, computational effort
is better spent in reducing these other errors, and not in increasing the accuracy
of the time differencing. This does not mean that it is not necessary to consider
carefully the properties of various possible time differencing schemes. Accuracy,
is only one important consideration in choosing a scheme.

To define some schemes, we consider the equation

dU
E = f(U7t)7 U= U(t) (A36)

The independent variable ¢ is here called time. We divide the time axis into
segments of equal length A¢. We shall denote by U™ the approximate value of
U at time (nAt). We assume that we know at least the first of the values U™,
U1 .. and we want to construct a scheme for computation of an approximate

value U(**1) | There are many possibilities.
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A. Two level schemes

These are schemes that relate values of the dependent variable at two time
levels: n and n + 1. Only a two level scheme can be used to advance an
integration over the first time step, when just a single initial condition is

available. With such a scheme we want to approximate the exact formula
(n+1)At
e =y 4 | .y (A.37)
niAt

We shall first list several schemes which do not use an iterative procedure.

Euler (Forward) scheme.

This is the scheme

Ut = g 4 Ag. £,

where (A.38)

™ = f(U™, nAt).

The truncation error of this scheme is O[At]. Thus, this is a first order
accurate scheme. For the integrand in Eq. (A.37) we have here taken a
constant value equal to that at the lower boundary of the time interval.
Thus, f in Eq. (A.38) is not centered in time, and the scheme is said to be
uncentered. In general, uncentered schemes will be found to be of the first
order of accuracy, and simple centered schemes to be of the second order of

accuracy.

Backward scheme.

We can also take a constant value of f equal to that at the upper boundary

of the time interval. We then obtain
et = g™ 4 At . o), (A.39)

If, as here, a value of f depending on UtV appears in the difference equa-
tion, the scheme is called implicit. For an ordinary differential equation,
it may be simple to solve such a difference equation for the desired value
U+1)_ But, for partial differential equations, this will require solving a set

of simultaneous equations, with one equation for each of the grid points
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of the computation region. If a value of f depending on Ut does not

appear in the difference equation the scheme is called explicit.

The truncation error of Eq. (A.39) is also O[At].

Trapezoidal scheme.
If we approximate f in Eq. (A.37) by an average of the values at the begin-

ning and the end of the time interval, we obtain the trapezoidal scheme
yntl) — pj(») o % At - (f0) 4 flotD)y, (A.40)

This is also an implicit scheme. Its truncation error, however, is O[(At)?].

To increase the accuracy or for other reasons we can also construct iterative
schemes. Two schemes that we will now define are constructed in the same
way as Eq. (A.39) and Eq. (A.40), except that an iterative procedure is

used to make them explicit.

Matsuno (Euler-backward) scheme.

With this scheme a step is made first using the Euler scheme; the value of U
obtained for time level (n -+ 1) is then used for an approximation to f(»+1),

and this approximate value f®**1* is used to make a backward step. Thus,

it — r(n) + At- f(n),
Uit = gt 4 Ag. fortDx (A.41)

where
f(n+1)* = f(U(n+1)*, (71 + 1)At).
This is an explicit scheme, of the first order of accuracy.

Heun scheme.

Here, in much the same way, an approximation is constructed to the trape-

zoidal scheme. Thus,

UlntDx — 7 4 Ag. (),

1
g+ g o 5 At - (f) 4 flotixy, (A.42)

Thus, this is also an explicit scheme. It is of the second order of accuracy.
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B. Three level schemes

Except at the first step, one can store the value U1, and construct
schemes taking advantage of this additional information. These are three

level schemes. They may approximate the formula

(n+1)At
[t _ pr(n-1) +/ f(U, ) dt. (A.43)

(n—-1)At

or, they can use the additional value U1 to make a better approximation
to f in Eq. (A.37).

Leapfrog scheme.

The simplest way of making a centered evaluation of the integral in
Eq. (A.43) is to take for f a constant value equal to that at the middle
of the interval 2At¢. This gives the leapfrog scheme

Ut — -1 4 oap. f), (A.44)

Its truncation error is O[(A¢)?]. This is probably the scheme most widely
used at present in atmospheric models. It has been called the “mid-point

rule”, or “step-over” schemec.

Adams-Bashforth scheme.

The scheme that is usually called the Adams-Bashforth scheme in the at-
mospheric sciences is, in fact, a simplified version of the original Adams-
Bashforth scheme, which is of the fourth order of accuracy. The simplified
version is obtained when f in Eq. (A.37) is approximated by a value ob-

tained at the center of the interval At by a linear extrapolation using values
F=1 and f). This gives

3 1
(1) — ) 4 A (D) _ L pen)
Ut = (7m) 4 A <2f f ) (A.45)

This also is second order accurate scheme.

There are many other rather obvious possibilities. For example, one can ap-
proximate the integral in Eq. (A.43) using Simpson’s rule , that is, fitting a
parabola to the values f*=1), f(® and f(*+1), The implicit scheme obtained
in this way is called the Milne-Simpson scheme. To illustrate the wealth of
possible alternatives we note that in a paper by Young (1968) properties of
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13 different schemes have been studied. Furthermore, when we are solving
a more complicated partial differential equation, or a system of such equa-
tions, time (or space-time) differencing schemes can be constructed which
are more complex than those which can be defined using the simple equation

Eq. (A.36). Such schemes are widely used in atmospheric models.

A.1.3 Schemes with Uncentered Space Differencing

The space derivatives in the following equation can also be approximated using

uncentered differencing,.

ou ou

gl A.46

o~ oz (A.46)
Still using values at two points for this approximation it is attractive for physical
reasons to have one of these points as the central point and the second located
on the side from which the fluid is being advanced toward the centre. Therefore

we approximate the above equation by

il A
U;;+1 — g . Az v Y
=Y (A.4T)
U;L:ll - U;ZH , " <0
Az !
The simplest way to model the transport properties “better” is to use upwind
differencing (Fig A.2)

I
v
v
. o
upwin
torn P
-v .
—— %
rorjg

Fig A.2 Representation of upwind differencing schemes. The upper scheme is
stable when the advection constant v is negative; the lower scheme is stable
when the advection constant v is positive, also as shown.
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" Note that this scheme is only first-order, not second-order, accurate in the
calculation of the spatial derivatives. How can it be “better” ? The answer is one
that annoys the mathematicians: The goal of numerical simulations is not always
“accuracy” in a strictly mathematical sense, but sometimes “fidelity” to the un-
derlying in a sense that is looser and more pragmatic. In such contexts, some
kinds of error are much more tolerable than others. Upwind differencing gener-
ally adds fidelity to problems where the advected variables are liable to undergo

sudden changes of state, e.g., as they pass through shocks or other discontinuities.
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