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INVESTIGATING CONJUGATE HEAT TRANSFER IN A SQUARE
CYLINDER VIA LATTICE BOLTZMANN METHOD

SUMMARY

Conjugate heat transfer (CHT) is an approach that involves combination of heat
transfer in fluids and solids. Unlike general heat transfer phenomena, conjugate
heat transfer involves simultaneous analysis of fluid flow and thermal behavior.
In practical applications, the interaction between fluid flow and heat transfer is
common, necessitating conjugate approach for conducting analysis. Conventional
heat transfer analyses with constant thermal properties often do not consider the
influence of fluid flow on the temperature distribution. Conjugate heat transfer
studies become imperative when the effects of fluid motion on temperature variations
cannot be neglected. Conjugate heat transfer finds applications across various fields
that include aerospace engineering, automotive design, biomedical engineering and
industrial processes. Examples include thermal management in high-speed aircraft
engines, cooling systems for electronic devices and optimizing heat dissipation in
manufacturing processes etc. Beyond traditional engineering disciplines, conjugate
heat transfer is also relevant in biomedical sciences (e.g., thermal modeling for drug
delivery systems), geophysical studies (e.g., modeling heat transfer in earth sciences),
and chemical engineering (e.g., optimizing reactor designs).

Presently, numerical simulations using the Lattice Boltzmann Method (LBM) offer a
powerful and effective alternative to classical CFD methods for studying conjugate
heat transfer. This is because LBM is inherently parallelly programmable and does not
require a conjugate boundary condition for solving CHT problems. Advancements in
computational techniques particularly utilizing the parallel processing capabilities of
Graphics Processing Units (GPUs) have revolutionized the numerical solvers that are
parallelly programmable. High-performance computing centers enable researchers to
tackle complex problems efficiently by harnessing the computational power of GPUs.
This is particularly advantageous in problems such as conjugate heat transfer that
involves intricate thermal-fluid dynamics. Since, LBM is inherently adaptable to run
parallel computations, it is ideal for simulating CHT problems. Therefore, LBM with
its GPU-based parallel computing capabilities not only enables research and studies in
this field with unprecedented accuracy and computational efficiency but also eliminates
the need for conjugate boundary conditions, thereby reducing computational costs
significantly.

In this thesis, an in-house developed Lattice Boltzmann solver is employed to simulate
conjugate heat transfer. Non-isothermal viscous flow around a 2-D bluff body i.e.
a thermally conductive square cylinder confined in a duct is the primary focus of
analysis. The LBM solver is versatile and can be easily adapted to various other
geometric configurations and can also be extended to solve multi-phase flows by
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incorporating relevant phase equations in the numerical solver. The computational
setup of the LBM-CHT solver includes a flow solver and a heat solver integrated
together in a single framework of a CUDA file (.cu). The solver is implemented
using CUDA C++ programming model that is built to be executed on NVIDIA GPUs.
Chapter 1 introduces the basic GPU programming principles that were used to develop
the solver. Chapter 2 covers the theoretical aspect of Lattice Boltzmann method
giving insights into the early developments, schemes used for relaxation models and
different lattice arrangements in 1-D, 2-D and 3-D problems. Chapter 3 discusses the
developments in the field of conjugate heat transfer and its numerical implementation
using LBM. Numerical stability and boundary conditions are also discussed. Finally,
we start our numerical study in chapter 5. We begin with the validation of our flow and
heat solvers. The geometrical definition of our problem setup, boundary conditions,
flow and thermophysical properties used for CHT investigation are discussed. The
whole workflow of the numerical solver is provided in a flowchart followed by mesh
dependency test. Post-processed results given as contours of flow field and temperature
distribution are illustrated through a series of figures that are generated with .vtk
extension and visualised in PARAVIEW. Each figure is unique to user-defined input
for Prandtl number, solid to fluid conductivity ratio and Reynolds number. Chapter 5
is dedicated to discussion and analysing the key findings. The fluid flow in this study
pertains to unsteady time periodic regime that commences at a critical threshold of
Re > 50 for the square cylinder in the channel with blockage ratio H/D = 4. The
periodic nature of flow affects the temperature distribution and heat transfer in the
system. To summarise and parameterise all the findings of this study, time-averaged
Biot number of the cylinder is calculated to judge its performance. Finally, the
concluding remarks about this study are highlighted in chapter 6.

This study contributes to the understanding of conjugate heat transfer phenomena
through computational modeling and numerical simulations. The findings provide
valuable insights into the effect of fluid flow on heat transfer and temperature
distribution. This can help in paving the way for optimized design and performance of
thermal systems.
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LATTICE BOLTZMANN YAKLASIMIYLA KARE SILINDIRDE
BIRLESIK ISI TRANSFERININ INCELENMESI

OZET

Konjuge 1s1 transferi (CHT), hem kat1 hem de s1vidan olugan bir bolgede 1s1 transferini
analiz etmek i¢in kullanilan bir yaklagimdir. Bu yontemde, 1s1 transferi sivida
konveksiyon ve katida iletim ile yonetilir. Is1 degistiriciler, yanma odalar1, mikro-yakit
hiicreleri ve ¢ip iizerinde laboratuvar cihazlari gibi pratik sistemler, termal bilesenlerin
tasarimi, verimliligi ve optimizasyonu icin konjuge yaklasimi kullanir. Yastik plakals,
kanat ve boru, diiz borulu 1s1 degistiriciler, aero-motor kanatlarinin sogutulmasi, yanma
odasi kaplamalar1 ve elektrikli bilesenler gibi uygulamalar CHT kullanimin icerir.
Sivi-kat1 ara yiizeyinde 1s1 transferine yonelik deneysel calismalar mevcut olsa da,
Olcekleme zorluklari, hassas gercek zamanli Ol¢ciim zorluklari ve yiiksek maliyetler
nedeniyle genellikle daha kiiciik geometrilerle simirhidir.  Hesaplamali Akiskanlar
Dinamigi (CFD) ve diger sayisal simiilasyon yontemleri, CHT ¢aligmalarini yiirtitmek
icin giiclii bir alternatif sunar. Sonlu fark ve sonlu hacim yontemleri, CHT
problemlerini dogru bir sekilde ¢cozer ve pratik uygulamalarda yaygin olarak kullanilir.
Ancak, bu yontemler biiyiik olgekli geometriler ve diizensiz geometriler, Newton
olmayan akigkan dzellikleri gibi karmasik sivi-kati ara yiizleri ile basa ¢ikarken kaynak
ve zaman acisindan maliyetli olabilir. Bir CHT probleminde, sivi-kat1 ara yiizeyinde
151 transferini dogru bir sekilde modellemek esastir. Sabit duvar sicaklif1 veya sabit 1s1
akis1 gibi geleneksel sinir kosullarinin kullanilmasi yetersizdir ¢linkii bu, katidaki 1s1
iletim roliinii goz ard1 eder.

Sivi ve kati arasindaki ara yiizeye konjuge sinir denir ve 1s1 transfer mekanizmasini
modellemek ic¢in iki yonlii bir baglama kosulu gerektirir. Bu, yerel 1s1 akisini
saglamak ve siirekli sicaklik dagilimim saglamak i¢in ara yiizeyde enerji korunumu
ve termodinamik yasalarmi kullanarak elde edilebilir. Sivi-kati ara ylizeyindeki
sinir kosulu, Dirichlet ve Neumann sinir kosullarinin bir kombinasyonunu igeren
geleneksel olmayan bir yaklasimla formiile edilmistir. Bir CHT problemini verimli
bir sekilde ¢ozmek igin, istenen sonucglari makul bir hesaplama siiresi icinde elde
etmek, pratik uygulama i¢in gereklidir. Sivi ve kati denklemlerini monolitik bir
yaklasimla ¢6zmek, zaman alic1 bir ¢oziimleyici uygulamasina sahiptir ve hesaplama
acisindan maliyetlidir, ancak giiglii bir baglama ve kiiresel bir ¢oziim sunar. Ote
yandan, ayrilmis yaklagim, sivi ve kati i¢in ¢oziimleyicileri ayirarak ¢6ziim siirecini
basitlestirir, ancak yinelemeli baglama ve daha uzun hesaplama siiresi pahasina gelir.
Bu CFD yaklagimlarinin her ikisi de konjuge 1s1 transferi problemlerini ¢ozmek i¢in
popiilerdir, ancak genel olarak, uygulama, hesaplama kaynaklar1 ve zaman ag¢isindan
artirllmig yetenekler gerektirirler. Bu nedenle, alternatif bir sayisal teknik olan Lattice
Boltzmann yontemi, son on yillarda termo-akigkan problemlerini ¢6zmek icin giiclii
bir hesaplama araci haline gelmistir.
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Lattice Boltzmann yontemi (LBM), makroskopik durum degiskenlerini deger-
lendirmek i¢in sahte-parcacik dagilim fonksiyonunu kullanan parcacik tabanli bir
sayisal coziimleyicidir. Ilk olarak 1973 yilinda lattice gaz otomatalar1 (LGA)
olarak tamitilan LBM, akigskan akiglarini simiile etmek icin bir hesaplama teknigi
olarak gelistirilmigtir. ~ Arastirmacilar, cok fazli akislar, manyeto-hidrodinamik,
gozenekli medya akisi, tiirbiilansl akislar ve konjuge 1s1 transferi gibi ¢esitli fiziksel
fenomenlerde LBM’nin uygulamalarini gostermigstir. Bir¢ok calisma, farkli sinir
kosullarini ele almak ve LBM simiilasyonlarinin dogrulugunu ve verimliligini artirmak
icin daha yiiksek dereceli sinir diizenleri gelistirmeye odaklanmistir. Konjuge 1s1
transferi baglaminda, LBM, 1s1 transfer mekanizmasini yonetmek ic¢in sivi-kat1 ara
yiizeyinde acik bir sinir kosulu gerektirmez, bu da uygulanmasini kolaylastirir. Ayrica,
carpisma ve akig siireclerinin yapist nedeniyle LBM, paralel programlamaya dogal
olarak uygundur ve GPU’lar iizerinde olaganiistii hesaplama hiz1 saglar.

LBM’de parcacik dagilim fonksiyonu, uzay ve zamanda bir parcacik koleksiyon
birimini temsil eder. Dagilim fonksiyonlari, ilgi alanindaki belirli konumlarda, lattice
siteleri olarak bilinen yerlerde yerlestirilir. Genel olarak, Lattice Boltzmann yontemi,
birim bir kartesyen 1zgara kullanilarak uygulanir, ancak yapilandirilmamis 1zgaralarin
son uygulamalari umut verici sonuclar gostermistir. Konjuge 1s1 transferi problemleri
icin, dagilim fonksiyonu, dogas1 geregi sivi-kat1 ara yiizeyinde 1s1 akis1 ve sicaklik
dagiliminin siirekliligini saglar. Mezomik bir miktar olarak, sivi1 ve kati parcaciklar
arasindaki etkilesimleri hesaba katar, sivi-kati ara yiizeyini izleme gereksinimini
ortadan kaldirir. Bu ayirt edici 6zellik, LBM’yi CHT problemlerini ¢6zmek i¢in ideal
hale getirir. Ilk olarak LBM nin, s1vi-kat1 ara yiizeyinde acik bir islem gerektirmeden
ve diisiik Reynolds sayisi akis rejiminde diiz ara yiizeylerde iyi uygulanarak, CHT
problemlerini CFD c¢oziimleyicilerden daha 1yi ¢ozebilecegi gosterilmistir. LBM’deki
ilerlemeler, daha fazla CHT problemine uygulamalarmi genisletmistir. Ornegin,
arastirmacilar konjuge 1s1 transferi problemlerini keyfi ara yiizeyler i¢cin modellemis
ve egri ara ylizeylerle basa ¢ikmak icin bir gomiilii sinir semasi onermiglerdir. LBM
alanindaki devam eden arastirmalar goz Oniine alindiginda, cesitli akigkan akisi ve
151 transferi problemlerinde uygulamalarini kesfetmeye devam eden bircok calisma
bulunmaktadir.

Bu calismanin amaci, diisiik Reynolds sayilarinda meydana gelen zaman periyodik
akislar icin bir kanalda sikismis kati kare bir silindirin 1s1 transferi ozelliklerini
arastirmaktir. GPU’da calisabilen dogrulanmis bir icsel lattice Boltzmann ¢oziim-
leyicisi, CHT simiilasyonlarim1 gerceklestirmek i¢in kullanilmaktadir. Coziimleyici,
akigkanlarda sikistirllamaz viskoz akis ve konveksiyon denklemlerini ve kat1 bolgede
iletim denklemini sayisal simiilasyon icin uygular. Reynolds sayilari, Re > 50
oldugunda, kanaldaki 1s1 ve kiitle transferleri akis fiziginden etkilenir. Katidan
siviya termofiziksel ozellikleri (k,), Prandtl sayisi (Pr) ve Reynolds sayisini (Re)
sistematik olarak degistirerek parametrik bir ¢alisma yapariz. Bu sekilde, genel 1s1
transfer mekanizmasini, zaman ortalamali sicaklik degisimlerini ve sistemin genel
performansin belirleyebiliriz. Calisma, Re = 50,100, 150, ve 200; k, = 0.71,1,5, ve
10; ve Pr=10.71,1,5, ve 10 i¢in gerceklestirilmistir. Silindir-kanal sistemindeki 1s1
transferi ve sicaklik dagilimini incelemek i¢in farkli calisma kosullar: altinda kararsiz
kiitle ve 1s1 transferleri arastirilmistir.
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1. Boliim, ¢coziimleyiciyi gelistirmek i¢in kullanilan temel GPU programlama ilkelerini
tamtir. 2. Boliim, Lattice Boltzmann yOnteminin teorik yonlerini ele alir ve
erken gelismeler, rahatlama modelleri i¢in kullanilan semalar ve 1-D, 2-D ve 3-D
problemlerindeki farkli 1zgara diizenlemeleri hakkinda bilgi verir. 3. Boliim, konjuge
181 transferi alanindaki gelismeleri ve LBM kullanarak sayisal uygulamasini tartigir.
Sayisal stabilite ve sinir kogullar1 da tartisilmistir. Son olarak, sayisal ¢alismamiza 5.
boliimde bagliyoruz. Akis ve 1s1 ¢oziiciilerimizin dogrulanmasiyla bagliyoruz. Problem
kurulumumuzun geometrik tanimi, sinir kogullari, CHT arastirmasi i¢in kullanilan akig
ve termofiziksel ozellikler tartisilmaktadir. Sayisal ¢coziimleyicinin tiim is akisi, bir
akis semasinda saglanmis ve ardindan ag bagimlilig1 testi yapilmistir. Akis alani ve
sicaklik dagiliminin konturlart olarak verilen islenmis sonuglar, .vtk uzantili olarak
tiretilmis ve PARAVIEW’de gorsellestirilmis bir dizi sekil araciligiyla gosterilmistir.
Her sekil, kullanici tarafindan tanimlanan Prandtl sayisi, katidan siviya iletkenlik oram
ve Reynolds sayist girisi icin benzersizdir. 5. Boliim, tartisma ve ana bulgularin
analizine adanmistir. Bu ¢alismadaki akigskan akisi, Re > 50 kritik esiginde baglayan
zaman periyodik rejime aittir ve blokaj oran1 H /D = 4 olan kanaldaki kare silindir i¢in
gecerlidir. Akisin periyodik dogasi, sistemdeki sicaklik dagilimini ve 1s1 transferini
etkiler. Bu calismanin tiim bulgularim 6zetlemek ve parametrelemek icin silindirin
zaman ortalamali Biot numarasi hesaplanmis ve performansi degerlendirilmistir. Son
olarak, bu c¢alisma hakkindaki sonuglar 6. boliimde vurgulanmigtir.

Bu calisma, hesaplamali modelleme ve sayisal simiilasyonlar yoluyla konjuge 1s1
transferi fenomeninin anlagilmasina katkida bulunmaktadir. Bulgular, akigkan akisinin
151 transferi ve sicaklik dagilimi iizerindeki etkisine dair degerli bilgiler sunmaktadir.
Bu, termal sistemlerin optimize edilmis tasarimi ve performansi i¢in yol acabilir.
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1. OVERVIEW OF GPU PROGRAMMING

In this chapter, we introduce the fundamental concepts of GPU architecture, delve into
the structure of CUDA, explore the implementation and utilization of kernel functions,

and examine the principles of thread algebra essential for efficient parallel computing.

1.1 Introduction

Graphics Processor Unit, GPU has evolved into a robust source for accelerating
computations in addition to its original utilization for producing high-definition
3D graphics. In recent years, GPUs have been associated with CPUs to perform
heterogeneous computations [4]. A multi-core and multi-threaded processor with
a large memory bandwidth, GPU has emerged as a horsepower of data processing
specializing in highly parallel compute-intensive tasks [3]. From handy desktop and
laptop systems to clusters and super-computers, GPUs are employed in broad variety
of disciplines that involve technical computing. Figure 1.1 shows the evolution of the
number of floating-point operations per seconds carried out by the successive versions
of GPUs and CPUs. Due to more transistors dedicated to processing data in GPUs than
flow control and data caching, they outperform CPUs in highly parallel computational

tasks [4].

CUDA, an abbreviation for Compute Unified Device Architecture, is amongst
the powerful programming interfaces used for launching parallel compute engines
(kernels) in NVIDIA GPUs to solve computational problems. CUDA is accessed
through CUDA libraries and compiler directives that are offered in widely-used
programming languages including Python, C++, C and FORTRAN as illustrated in
Figure 1.2. CUDA programming model executes parallel computations by adding a set
of extension codes to the numerical program. This environment is heterogeneous that
is compiled on CPUs and complemented by GPUs. Beginning with CUDA 6 version
and higher, a Unified Memory was introduced by NVIDIA to help the user access both
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Figure 1.1 : Time history of floating point operations per second for GPU and
CPU [3].
CPU and GPU memory by employing a single pointer. The data seamlessly transitions
between the Host (CPU) and the Device (GPU) automatically. [4]. For this thesis study,
CUDA C++ enabled GPU programming was utilised for carrying out computations to

reap the benefits of parallelization [11].

1.2 CUDA Structure and Device Architecture

A CUDA program includes sequential code that executes on the CPU and is enhanced

by parallel code which runs on GPU. The code which is executed on host (CPU)

is programmed in standard C++ and the code which is executed on device (GPU)

GPU Computing Applications

Libraries and Middleware

CUFFT o

CUBLAS CULA Thrust S PhysX - MATLAB
CURAND MAGMA NPP ObenCurent OptiX Y Mathematica
CUSPARSE penturren

Programming Languages

X Directives
S o

Figure 1.2 : Accessibility to CUDA platform [4].
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Figure 1.3 : CUDA layer model [3].

is programmed in CUDA C++ [3]. The host code operates independently whereas
the device code, once executed, switches back the control to the host. A kernel
is a primary component in programming with CUDA. It is a block of code that
runs on the GPU (device). It is declared using the _ _global__ declaration
specifier. There are three distinct layers of control in a CUDA program to support
the parallelization of an algorithm, as shown in Figure 1.3. The most basic and
finest component is called a thread. The second layer is called a block. It is
comprised of threads bundled together and has a maximum limit of 1024 threads
per block. Finally, a grid of blocks when executed together is referred to as a
kernel [12]. The host and device explicitly handle their own memory known as host
memory and device memory (DRAM) respectively. The memory is allocated to GPU
variables using the CUDA command cudaMalloc (variable_name). The data
from host to device is copied using cudaMemcpyHostToDevice ([options])
and from device to host using cudaMemcpyDeviceToHost ([options]). The
re-allocation command cudaFree (variable_name) frees the variable memory
from the device [5]. The general flow of commands that take place in a CUDA program

is shown in Figure 1.4.
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Figure 1.4 : CUDA program structure [4].

The architecture of Graphics Processing Unit is centered on a cluster of Streaming
Multiprocessors (SM). Each SM supports parallel execution of threads. Thus, a single
GPU has multiple SMs that can execute thousands of threads concurrently. Launching
a kernel triggers a number of thread blocks to be divided amongst various SMs or it
may occur on a single SM depending on the availability of resources. In CUDA, a
wrap is a group of 32 threads that perform the same action at the same instant. Each
SM has an assigned partition of 32-thread wraps. This framework employed by CUDA
is called Single Instruction Multiple Thread (SIMT) [4]. The key components of an

SM are given below and illustrated in Figure 1.5.

CUDA cores

L1 cache or shared memory

Register file

Load or store units

Special function units

Warp scheduler

A block of threads in CUDA operates on a single SM. Until the execution of the kernel,

the thread block will remain scheduled on that particular SM. However, multiple thread



Figure 1.5 : GPU memory architecture [4].
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Figure 1.6 : GPU (device) software and hardware structure [4].

blocks can also be associated with an SM. The software and hardware illustration of the
CUDA key components is shown in Figure 1.6. Only the shared memory and registers
make it possible for the threads in a block to intercommunicate. The former is divided
among multiple thread blocks in a SM whereas the latter is partitioned among the
threads [5]. It is important to note that all the threads are not executed together in a

block. Threads work at different paces inside a thread block.

1.3 Kernel Functions

As previously introduced, a kernel function is a piece of code written in CUDA C/C++

that runs on the GPU and is executed by many parallel threads.

1.3.1 Launching a kernel

The code that runs on device (GPU) is implemented via kernel function. It defines the

procedure of computation that will take place for a single thread and its accessible data.
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Figure 1.7 : Layout of blocks and threads [5]

When a kernel is invoked, the CUDA threads parallelly perform the computations. In

CUDA, a kernel call is made from the host as shown:

kernel_name <<<grid, block>>>(argument list);

The identification numbers for threads in a block and for blocks in a grid is
pre-assigned and can be determined by thread algebra which is discussed in section
1.4. The identification of blocks and threads is similar to numbering elements in a

large matrix. This helps in configuring:

* The total thread count required for a kernel.

¢ The dimensions of the blocks to be used inside a kernel.

It is important to note that only the threads within a block can communicate with each
other and threads from different blocks are isolated [4]. Therefore, it is important to
organize the threads in a suitable manner. As an example, if 32 data elements are
needed for carrying out a computation, 4 blocks of 8 threads each can be deployed for

a kernel as shown:

kernel_name <<<4, 8>>>(argument list);

The layout of threads for this kernel call is shown in Figure 1.7. Since the data
is stored linearly in the global device memory, built-in variables blockIdx.x and

threadIdx. x are used to:

* Give the thread a unique global identity.

» Establish a mapping between threads and data elements.

Based on the requirement of data to be processed, a kernel can be launched in suitable

ways such as 32 elements in one block or 32 blocks with one element each as shown:



kernel_name <<<1, 32>>>(argument list);
OR
kernel_name <<<32, 1>>>(argument list);

Once a kernel is invoked, the control switches back immediately to the host irrespective
of whether the kernel was completely processed on all threads [5]. To force the host
to wait for kernel completion, the following function should be used after every kernel

call:

cudaDeviceSynchronize (void) ;

1.3.2 Writing a kernel

To declare a kernel in the host code, the __global___ declaration specifier followed

by kernel name is used. The kernel function must always have a void return type.

__global__ void kernel_name (arguments) ;

A CUDA kernel function is written in a way that the loop for executing the iterations
is not needed [3]. For example, adding the elements of two vectors each of size 32

parallelly on GPU, the kernel function is declared as:

__global__ void sumArrays (float B, float xA, float xC) {
int j = threadIdx.x;

Cl3] = A[3] + B3l

While the host C++ program for the same example would use a loop to iterate for each

element of the vectors as shown:

void sumArrays (float «B, float xA, float *C, const int M) ({
for (int 7 = 0; j < M; i++)

Cljl = A[3] + BIlJ];

}

To invoke the kernel from the host and perform the computation on the device without

returning to the host immediately, one should launch the kernel as:



sumArrays<<<l,35>>>(float B, float xA, float xC);
cudaDeviceSynchronize (void) ;

1.3.3 Function types in CUDA

The summary of different function types used in CUDA C++ is provided as:

e _global_

— It is implemented on the device (GPU).
— It can be invoked from both host and devices with compute capability of 3.

— Only void return type.

U device

— It is implemented on the device (GPU).

— It can be invoked from the device only.

e host___

— It is implemented on the host (CPU).

— It can be invoked from host only.

Despite the usefulness, CUDA kernels have certain restrictions that should be kept in

mind while using them:

They are likely to exhibit a non-synchronous behavior.

They have access only to the memory available on device.

They do not support function pointers.

They do not endorse a variable number of arguments.

They do not back static variables.



1.4 Thread Algebra

A crucial part of CUDA programming is knowing how to organize the threads.
Each thread is unique and can be distinguished from others due to two identification

coordinates which are:

* Index of block in a grid.

* Index of thread in a block.
The indexes are in-built and accessed by variables blockIdx and threadIdx in a

CUDA program [3]-[5]. Depending on the dimension of the block, the block indexes

iny, x and z are defined by:

blockIdx.y
blockIdx.x
blockIdx.z

Similarly, indices of thread in y, x and z directions are given as :

threadIdx.y
threadIdx.x
threadIdx.z

The grid and block dimensions are organized in three dimensions and are accessed by
variables gridDim and blockDim. For most of the matrix operations including our
2-D conjugate heat transfer problem, the general approach is to employ a 2D grid with
2D blocks as shown in Figure 1.8. For these types of operations, two primary indices

are needed:

e Block and local thread index

¢ Global thread index

A thread can be identified systematically in two steps. Firstly, it belongs inside a
certain block that has a specific block identification number which can be accessed by

blockIdx.x and blockIdx.y along x and y axis respectively. Inside the block, it

10
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Figure 1.8 : Local and global thread index [4].

has a specific thread identification number which is accessed by threadIdx.x and
threadIdx.y in x and y direction. The local indices of a thread inside block of

threads are computed as:

ix = blockIdx.x * blockDim.x+threadIdx.x

iy = blockIdx.y * blockDim.y +threadIdx.y

After calculating local indices, the global identity number (index) of threads in a grid

can be calculated as:

idx = iy * nx + ix

NOTE: The simulations for this thesis study were conducted using a system equipped
with an AMD Ryzen 7 CPU(5800H) @3.201 GHz featuring 8 cores and 16 logical
processors, along with an NVIDIA GeForce RTX 3050 GPU and CUDA V12.0
Toolkit.
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2. LATTICE BOLTZMANN METHOD

In this chapter, we introduce LBM and discuss its suitability for parallel programming
ands Conjugate Heat Transfer (CHT). We explore the origins of LBM from kinetic
theory, examine the distribution function, and delve into the Boltzmann transport
equation and its modeling for LBM. Additionally, we cover relaxation time models

and various lattice arrangements essential for accurate simulations.

2.1 Introduction

Lattice Boltzmann method (LBM) has become an efficient numerical technique for
simulating heat transfer and fluid flow problems. It is a particle based numerical solver
and works at mesoscopic scale where a unit of particle collection is represented by
a pseudo-particle distribution function [1,13]. LBM can be programmed parallelly
owing to streaming and collision processes that influence the inter-particle interactions
at mesoscopic scale [1,13]. The parallelized code utilizes the power of Graphics
Processing Units (GPUs) to accelerate computations [14]. The fundamental working
principle of LBM relies on Boltzmann transport equation that describes fluid behaviour
using a statistical approach. Instead of dealing with each particle, a unit of particle
collection in space and time is represented by a probability distribution function f.
The distribution functions are located at discrete locations in space called lattice
sites [1,6]. These lattice sites form a uniform grid on the domain of interest. The
macroscopic state variables are obtained based on the values of distribution functions
by computing the statistical moments of f [6]. This bridge between the macroscopic
and mesoscopic scale relies on a primary understanding of Kinetic Theory. To
comprehend and analyse LBM, the theoretical aspect of kinetic theory is crucial for
information which will be discussed in next subsection. Introduced by Hardy et
al. [15] as Lattice Gas Automata (LGA), LBM has evolved over time with several

modifications and developments. From handling different boundary conditions like
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adiabatic walls, no slip walls, zero pressure gradient etc. [16,17] to employing higher
order and complex boundary conditions [18], LBM has made significant progress in
solving problems such as turbulent flows [19], multi-phase flows [20], porous media
flow [21], magneto-hydrodynamics [22] and conjugate heat transfer [23]-[28]. It has
become popular due to its intrinsic advantages over conventional CFD solvers like
finite difference and finite volume methods. Firstly, LBM does not require additional
boundary treatments to model the transfer of heat and flux balance at fluid-solid
interfaces making its implementation straightforward for such problems. Secondly,
conventional solvers face challenges like time scaling, difficulty in handling large scale

geometries etc.

In this thesis study, we employ LBM for modeling and solving conjugate heat transfer
(CHT) for a two dimensional square shaped cylinder enclosed in a channel/duct. CHT
is a coupled heat transfer process that occurs in a heterogeneous domain composed
of solid and fluid regions [29]. Using LBM, the local thermodynamics and flux
conservation are naturally satisfied at the solid-fluid interfaces [1,13] in CHT problem:s.
Therefore, there is no need to trace the solid-fluid interfaces which eliminates the need
for a conjugate boundary condition [30]. These inherent benefits of LBM make it ideal

for solving CHT problems.

2.2 Kinetic Theory

Matter is known to be comprised of particles like atoms or molecules. They form the
building blocks of nearly all the entities that exist in the universe that have a finite mass.
Although, atoms/molecules are further composed of sub-atomic particles, the latter are
not stable to exist independently and they combine to form atoms/molecules. These
particles are always in random motion colliding with each other. For investigating
the dynamics of particles, they are assumed to be infinitesimally small rigid spherical
bodies whose motion is governed by classical laws such as Newton’s laws, mass
conservation, momentum and energy equations. As an example, if a molecule in space,
r moving with a velocity, ¢ at some time ¢ is acted upon by an external force F as shown

in Figure 2.1. From Newton’s second law, we can write,

_ d(me)
F= 7 2.1
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Figure 2.1 : A moving particle under external force [1]

If mass of particle is assumed constant, equation (2.1) becomes

d(c)
F=m——- 2.2
T (2.2)
The position and velocity of the particle after time ¢ + dt will change as follows:
r’=r+cdt 2.3)
dt
¢ =c+F— (2.4)
m

Due to the absence of an external force F (see equation 2.4), the particle will move
with same velocity c. This implies that the particle velocity changes due to an external
factor. For a system of particles, this increase in velocity of particles increases the total
internal energy of system. At macroscopic scale, this increase of kinetic energy (K.E)
of particles is manifested as an increase in pressure and temperature of the system [1,6].
Kinetic theory relates the pressure and temperature of a system to its kinetic energy
using fundamental physical and gas laws. This can be derived assuming an ideal gas
model. Consider a molecule in a container bombarding its walls as shown in Fig 2.2.
Pressure is the measure of the force exerted per unit area of the wall. Assuming elastic
collision between the wall and molecule, the magnitude of the impulse of force will be
given as:

FAt = mcy — (—mcy) = 2mcy (2.5)

Where Atis the duration of collision. The duration of collision Az will be equal to the
time taken between two consecutive hits on the same wall.

2L
==

At (2.6)
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Figure 2.2 : Elastic collision in a particle system [1].

Using equation (2.6) in (2.5) yields the magnitude of force as:

2.7

For N molecules in a cubic volume of side L, this result can be written in general
form. The molecules will have speed, ¢ = ¢2 + c§ + cg where ¢;, ¢, and ¢, are the
components of particle’s velocity in z, X, and y directions respectively. Equation (2.7)

then becomes:

m02

F=N— 2.
N3L (2.8)

If the area of wall is A, then pressure exerted on wall can be calculated as:

Nmc?  Nmc?

P= 2.9
3LA £1% 29)
Equation (2.9) can be rearranged as:
mc? 2 N
P=——-.— 2.10
2 3V (2.10)

2 . . .
where “7- is the measure of kinetic energy of a molecule. Let n = N//V be number of

molecules per unit volume. Then,

2
P= gnK.E (2.11)

Temperature and pressure of gas are related by an equation of state:
PV =mRT (2.12)

where m is total gaseous moles and R is the gas constant. Using equation (2.12) in

(2.11), the kinetic energy of particle and temperature are related as:

3
K.E=_KT
2
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where K is called Boltzmann’s constant and is equal to the ratio of gas constant to
Avogadro’s constant (K = R/N,). Thus, from equations (2.11) and (2.13), it can be
seen that both pressure and temperature are actually different scales of kinetic energy
of particles. Thus, kinetic theory attempts to reconcile the microscopic kinetic energy
of particles with the macroscopic state variables of pressure and temperature. However,
dealing with a large number of particles and formulating governing equations for
every particle individually is challenging and requires huge computational resources.
Instead, using a parameter to characterize the behavior of a bulk of particles will solve

this complication.

2.2.1 Distribution function

Maxwell (1831-1879) introduced the concept of distribution function arguing that
knowing the information about instantaneous velocity and location of the particles
is not significant. Rather, the probability of particles in a specific location having
a certain range of velocity at an instant of time is more crucial to depict the system’s
general behaviour. Maxwell-Boltzmann distribution function calculates the probability

distribution of particles as a function of absolute temperature [31] as:

§ m62
f(e) =4n (Zn";T> ? 2o Hkr (2.14)

where T is absolute temperature of system, K is Boltzmann’s constant and m is mass
of particles. This function increases from zero (corresponding to particles in rest) to
a maximum value (corresponding to particles moving at most probable speed) as a
quadratic curve and then decreases exponentially as function of ¢ as shown in Figure
2.3. Boltzmann generalised Maxwell’s distribution function to possible energy states
of system. He argued that equation (2.14) describes the distribution of an ideal gas
when it has reached equilibrium. Boltzmann proved that distribution at a particular

energy state (E) is proportional to e KT [32] and is given by Boltzmann distribution

as:
FIE) = Ae - (2.15)
KT
The Boltzmann distribution function is expressed as:
mo\: _md
fle)= <2nKT> e KT (2.16)
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Figure 2.3 : Maxwell’s distribution curve.

Boltzmann also showed that distribution function in equation (2.16) can be derived
from Maxwell’s distribution given in equation (2.14) from the integration of the latter
function over a sphere’s outer surface to account for all the possible velocity states of
particles [1,31,32]. This laid the foundation for Boltzmann transport equation that is

fundamental in the development of LBM.

2.2.2 Boltzmann transport equation

Boltzmann transport equation, BTE describes the particle dynamics of a system using
a statistical approach by employing probability distribution function (PDF). Instead of
solving for every particle in the system, distribution function (f) provides information
about a fraction of particles moving with some velocity in space and time. From Figure
2.4, when an external force F acts on a system of particles, the position vector r and
the velocity ¢ will change. It is shown in equations (2.3) and (2.4). As a result of
the external force, the PDF f of particles also changes. This differential change is
calculated by BTE by employing a non-linear integral operator  that is a function of
f- It is known as the collision operator and accounts for inter-particle collisions [13].
Mathematically, it is given as:

f(r,e,t) — f(r+cdt,c+Fdt,t +dt) = —Q(f)drdedt (2.17)
The differential form of f can be written in terms of r, ¢ and t as:
f af af

P)
df =5 -drt = -det ~ di (2.18)
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Figure 2.4 : Change in position and velocity under external force [1].

Time derivative of f can be calculated as:

df _df df de  Jf dr

-t tor m (2.19)

Since ¢ = % and % = i’;—f (see equations 2.3 and 2.4), equation (2.19) becomes:

df ¥ af  of of

Now, multiplying equation (2.17) by m, we get:

f(r+cdt,c+Fdt,t +dt) — f(r,c,t) = Q(f)dt (2.21)

Applying the limit on a small time instant dt, we get:

f(r,e,t) — f(r+cdt,c+Fdt,t +dt)

ltar—0 — I =Q(f) (2.22)
df
i Q(f) (2.23)

Since, equations (2.20) and (2.23) have the same term on the left side of equality sign,
the terms on the right side of equality are equated to derive the partial differential form

of BTE as:
— 4 =4 = =Q(f) (2.24)
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This equation is fundamental for understanding LBM. In the absence of an external

force, equation (2.24) becomes:

of  of _
¢+ 58— (2.25)

The final equation (2.25) is a first-order partial differential equation of BTE. Unlike
Navier-Stokes equation which has many state variables, the refined BTE has two
mesoscopic variables f and Q. Macroscopic variables of state are derived from
statistical moments of f. For application in fluid dynamics, macroscopic state variables
of density (p), velocity (V = ui 4 vj) and system’s internal energy (e) are calculated

using following:

p=m / fdc (2.26)
PV = m / cfde 2.27)
pe = %m / (¢ —u?) fde (2.28)

The three equations (2.26), (2.27), and (2.28) are equivalent forms of mass

conservation, momentum equation and energy equation in LBM respectively [33].

2.3 Relaxation Time Models

Solving equation (2.25) analytically is challenging as collision operator () is a
complex function. Q is a function of f and a complex integral [34]. Thus, for
numerically solving the PDE, computational scientists have to rely on approximation
models of Q. For accurate and robust modeling of €, various models have been put
forth. It began with a single relaxation time model (SRT) given in the 1980s followed
by multi-relaxation time (MRT) models which developed in the mid 1990s. Since the
2000s, various other models like the entropic LB model [35], the cumulant LB model
[36], and hybrid models [37] have emerged to improve the accuracy, convergence
and stability of LBM solvers especially for capturing fluid behavior under non-ideal
conditions. However, the SRT model pioneered by Bhatnagar, Gross and Krook
(BGK) remains the most widely used approximation scheme due to its computational

efficiency, linear form and reliable accuracy [38]. We will discuss the BGK model
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followed by an introduction to the multi-relaxation time model to get an insight about

the modeling of the collision operator.

2.3.1 Single relaxation time model

The model was proposed by L. Bhatnagar, P. Gross, and Max Krook. The BGK

approximation models the collision operator € as:

Q=0 1) =~ (f~ /) 2.29)

where @ is the frequency of collision, and its inverse 7 is a constant relaxation time
and £ is the distribution function at equilibrium. Introducing the BGK scheme for Q
in the force-free BTE (equation 2.25), we get,

af af 1.,
5 te o = (=1) (2.30)

Discretising the above equation in space (r) and time (¢) along a specific velocity

direction i, we get
At eq
fi(r—i_ciAtat—}_At):?[fi (l’,l‘)-fi(l‘,l)]-f-ﬁ(l’,l‘) (231)

The discretised expression in equation (2.31) is called as lattice Boltzmann equation
(LBE) and acts as an equivalent of the Navier-Stokes equations for solving fluid
dynamics problems. For understanding the physical relevance of equation (2.31), it is
considered as a combination of two mesoscopic processes. The processes of collision
and streaming occur successively on the distribution function f and they govern the
core of any LBM simulation. Collision updates the distribution functions f; to account
for the interaction between particles and are relaxed towards a state of equilibrium fieq.
The relaxation time is set by 7. The updated distribution functions f; are calculated
using the BGK approximation:

filr) = 9 e0) +

T

1= (2.32)

Subsequently, the updated distribution functions f; are propagated to neighboring
nodes (lattice sites) depending on the lattice velocity ¢;. This process is called

streaming and is mathematically given as:

fi(r+cjAt,t +Ar) = fi(r,1)
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Figure 2.5 illustrates processes of collision and streaming. The distribution functions
at the central node (shown in black color) and adjacent nodes (shown in grey color) are
updated. The discrete components of f; propagate to the adjacent lattice sites based
on their corresponding lattice velocities, ¢;. This occurs at all the lattice sites in the

computational domain simultaneously and continuously.

Figure 2.5 : Collision and Streaming [6].

2.3.2 Multi-relaxation time model

Multi-relaxation time model introduces different relaxation times for various modes
of the distribution function. This offers flexibility and stability to LBM in handling a
wider range of flow conditions especially at high Reynolds numbers. Unlike BGK-SRT
model which uses a linear model for the collision operator, MRT employs a collision

matrix [39]. The LBE is formulated as:

fi(r+ciAt, 1+ Ar) — fi(r,t) = —[Q](fi(r,t) — f{(x,1)) (2.34)
Transforming equation (2.34) to momentum space, we get:

fi(r+cAr,t 4 Ar) — fi(r,t) = —[M] 7 [S] (mi(x, 1) — m$ (x,1)) (2.35)

1

[S] denotes the matrix for relaxation time, [M] is the matrix of transformation and (m;)
is a vector where each of its element is a moment of the discrete components of f;. [S] is
a diagonal matrix and [M] is unique to each lattice arrangement. Lattice arrangements
or models are discussed in the forthcoming subsection 2.4. For most two-dimensional

problems in fluid flow and CHT, the D2Q9 lattice arrangement is the most popular and
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widely used model [38]. Its transformation matrix [M] is obtained [39] as:

11 1 1 1 1 1 1 1
4 -1 -1 -1 -1 2 2 2 2
4 2 -2 2 =2 1 1 1 1
0O 1 0 0 —1 0 —1 —1 1
M=|0 =2 0 0 2 0 —1 —1 1
o 0 1 1 0 -1 1 -1 -1
0 0 -2 -2 0 2 1 -1 —I
0 1 -1 -1 1 -1 0 0 0
(0 0 0 0 0 0 —1 1 —1]

The moment vector (m) is obtained from transformation matrix of (f) as:

(m) = [M](f) (2.37)
[S] is a 9 by 9 diagonal matrix with diagonal elements as:

2 2
S] = diag ( 1,1.4,1.4,1,1.2,1,1.2, — —~ 2.38
[ ] lag( Y b P e 71+6k71+6k) ( )

where k depends on the physical property of the domain that is under consideration.
For a fluid flow problem and a heat transfer problem, k is taken equal to the viscosity
of the fluid (v) and the thermal diffusivity () of the medium respectively [36].
Noticeably, the SRT model can be deduced from the MRT model when all diagonal

elements of [S] are taken equal to % which is a constant relaxation time.

2.4 Lattice Modelling

For LBM application, a proper lattice arrangement should be chosen for an accurate
description of the problem. Based on whether the problem is 1-D, 2-D or 3-D,
different lattice arrangements have been put forth. For each dimension, a discrete
set of velocities are chosen based on the specific requirement of the problem to be
simulated. These models are typically chosen to satisfy certain criteria like isotropy,
Galilean relativity or invariance and the ability to recover momentum equations
(Navier-Stokes) in the continuum limit. Lattice models or arrangements are depicted in
the form DnQm where 7 is the dimension of the domain and m is the velocity model.
Forthcoming subsections describe the various lattice models/arrangements used for

one-dimensional, two-dimensional and three-dimensional problems.
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2.4.1 1-D lattice arrangements

Typically, three models are widely popular for one-dimensional problems. These are

D1Q2, D1Q3 and D1QS5 lattice models. They are shown in Figure 2.6.

2 1 2 0 1 4 2 0 1 3
O——1——0 OO0 Oe—O——O——O—O
D1Q2 D1Q3 DI1Q5

Figure 2.6 : One-dimensional lattice models [1].

D1Q2 has two lattice velocities each towards the left and the right direction. D1Q3 has
an additional zero velocity while the higher order D1Q5 model has an additional zero
and double magnitude velocities in the left and the right direction.Each of the velocity
direction has an associated weighting factor. The lattice velocities ¢; and corresponding

weighting factors w; are given in Table 2.1.

Table 2.1 : Velocity vectors and weighting factors for 1-D models [1].

Direction DI1Q2 D1Q3 D1Q5

1 C; wi C; Wi C; wi

0 - - 0 46 0 6/12
1 1 12 1 16 1 2/12
2 -1 12 -1 16 -1 2/12
3 S VA 1)
4 - - -2 12

2.4.2 2-D lattice arrangements

In two-dimensional domains, D2Q4 and D2Q5 lattice models are used for problems
involving convection and conduction of heat. D2Q9 is the popular lattice arrangement
in 2-D due its advantage of conserving isotropy in all directions. This makes it ideal
in 2-D problems for fluid flows and conjugate heat transfer. We will employ the D2Q9

lattice arrangement in our study of conjugate heat transfer.

Figure 2.7 shows the different 2-D lattice arrangements. The components of lattice
velocity ¢; along x-y directions and corresponding weighting factors w; for 2-D lattice

arrangements are tabulated Table 2.2. Higher order lattice models like D2Q15 offer

24



deeper refinement of flow behavior but come with additional computational costs in

terms of memory and time.

) ) )
)¢ x
3 3
2
O »O <><—<>O—‘>c> '
4 4
v v
) ) ¥ 7Y 1)
o) ol . s
D2Q4 D2Q5 D2Q9

Figure 2.7 : Two-dimensional lattice models [1,7].

Table 2.2 : Velocity vectors and weighting factors for 2-D models [1].

Direction D2Q4 D2Q5 D2Q9

1 C; Wi C; wi C; wi

0 - - (0,00 26 (0,00 4/9
1 (1,00 14 (1,00 1/6 (1,00 1/9
2 0,1 14 (@©, 1) 1/6 (@O, 1) 1/9
3 (-1,0)0 114 (-1,0) 1/6 (-1,0) 1/9
4 0,-1) 14 (O,-1) 1/6 (0,-1) 1/9
5 - - - - (1,1) 1/36
6 - - - - (-1, 1) 1/36
7 ; - - - (-1,-1) 1/36
8 - - - - (1,-1) 1/36

2.4.3 3-D lattice arrangements

In three dimensional domains, D3Q15 and D3Q19 are the most employed lattice
models. Due to the nature of 3-D problems, low order lattice arrangements
are typically employed for initial evaluation.They are shown in Figure 2.8. The
components of lattice velocities along the x-y-z directions and the corresponding
weighting factors have been tabulated in Table 2.3. Rare higher order models such
as D3Q27 are used when enhanced precision and resolution are prioritised over

computational cost and time constraints.
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Figure 2.8 : Three-dimensional lattice models [2].

Direction D3Q15 D3Q19

1 C; wi C; wi

0 0,0,0) 16/72 (0,0,0) 12/36
1 (1,0,0) 8/72  (1,0,0) 2/36
2 0, 1,0) 8/72 (-1,0,0) 2/36
3 (-1,0,0) 8/72 (0,1,0) 2/36
4 0,-1,00 8/72 (0,-1,0) 2/36
5 0,0, 1) 8/72  (0,0,1) 2/36
6 0,0,-1) 8/72 (0,0,-1) 2/36
7 (1,1, 1) 1772 (1, 1,0) 1/36
8 (1,1,-1) 1772 (1,-1,0) 1/36
9 (1,-1,-1) /72 (1,0,1) 1/36
10 (1,-1, 1) /72 (1,0,-1) 1/36
11 -1,1,-1) 1/72  (-1,1,0) 1/36
12 -1,1,1) 1772 (-1,-1,0) 1/36
13 -1,-1, 1 1/72  (-1,0,1) 1/36
14 (-1,-1,-1) 1/72  (-1,0,-1) 1/36
15 - - ©,1,1) 1/36
16 - - 0, 1,-1) 1/36
17 - - O, -1,1) 1/36
18 - - O, -1,-1) 1/36
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Table 2.3 : Velocity vectors and weighting factors for 3-D models [1,2].



3. CONJUGATE HEAT TRANSFER

In this chapter, we introduce the concept of conjugate heat transfer (CHT) and discuss
the numerical method for CHT using the Lattice Boltzmann Method (LBM). We also
cover the implementation of stability and boundary conditions, which are crucial for

accurate and reliable simulations.

3.1 Introduction

Conjugate heat transfer (CHT) is an approach involving the combined transfer of
heat that occurs in a heterogeneous domain such a system composed of fluid and
solid sub-domains [29]. Heat transfer in the fluid is governed by convection and
in the solid by conduction. Practically, a number of real-life systems such as heat
exchangers [40]-[42], combustion chambers [43], aero-engine blades [44], electrical
equipment [45], micro and nano-systems like micro-fuel cells etc. [46] come under
the application of CHT amongst a wide range of fields [47]. In CHT, heat transfer
in the solid and the fluid occurs across the solid-fluid interface. Conventional CFD
solvers need an accurate boundary condition to describe and quantify the governing
mechanism for heat transfer at such boundaries. Employing traditional boundary
conditions such as constant heat flux and constant wall temperature are not adequate
in describing the overall transfer of heat in a system as it neglects the heat transfer
by conduction within the solid region [48]. Therefore, a combination of Dirichlet
and Neumann-like boundary condition is formulated to address the heat flux balance
and the continuous distribution of temperature across the fluid-solid interface [49].
These boundaries are known as conjugate boundaries and the boundary conditions
used are called conjugate boundary conditions [50]. Conjugate boundary condition
uphold the law of energy conservation and local thermodynamics at the interface [29].
However, for large-scale systems, complex interface boundaries etc., CFD solvers

become inefficient due to challenges like iterative coupling and proper time scaling
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between solid and fluid sub-domains. The monolithic approach provides a strong
coupling and a global solution at the expense of a high computational cost and on the
other hand, the partitioned approach provides flexibility and reduces computational

effort at the expense of a high computational time [30].

The application of lattice Boltzmann method to CHT problems has become popular in
recent times. LBM solves the conjugate heat transfer problems efficiently without the
need for a conjugate boundary condition at the fluid-solid interface. This potential
of LBM was first shown by Wang et al. [47]. They showed that LBM can solve
CHT problems more efficiently without needing a conjugate boundary condition. This
applies well to interface geometries that are straight and in the low Reynolds number
flow regime [29,47]. Further developments were made by Li et al. [S1] who modeled
conjugate heat problems for arbitrary interfaces and Hu et al. [52] who proposed
an immersed boundary-like scheme to deal with curved interfaces. In this study,
we will be dealing with straight interfaces and boundaries which allow us to fully
take advantage of LBM for parallel computing [29]. The advancements in the field
of parallel computing have accelerated time efficiency which makes LBM ideal for

large-scale problems as well.

3.2 Numerical Method for Conjugate Heat Transfer via LBM

In LBM, conjugate heat transfer is modeled using two discretised Boltzmann transport
equations separately. BTE (see equation 2.31) has to be modeled independently for
viscous flow and transfer of heat [53]. This method is popular for integrating the
energy equation with LBM. It involves introducing another equation that yields a
convection-conduction equation to govern heat transfer mechanism in both fluid and

solid sub-domains together [29,33,47].

3.2.1 Governing equations for viscous fluid flow and convection-conduction

The distribution functions f and g are employed to represent the fluid flow
and temperature distribution respectively. The two BTE equations are solved
simultaneously. A single computational framework is used for running both the flow

and heat solvers. The evolution of both equations for flow and transfer of heat is
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concurrent. There exists one way coupling between the two equations where BTE for
fluid flow is independent but BTE for heat transfer relies on the flow state variable
of velocity V for calculating the equilibrium distribution function, g*¢. This coupling
is essential for the fluid flow to influence the temperature distribution and transfer
of heat in CHT problems. The discretised Boltzmann transport equations governing
viscous flow and transfer of heat via convection-conduction are expressed using f and

g respectively as:

1 . At

filr+ciAt,t+At) = — f{(r,1) + (1 — =) fi(r,1) (3.1
Ty Ty
1 4 At

gi(r+ciAt,t +Ar) = =8 (r,t)+(1—T—)g,-(r,t) (3.2)
8 8

The step size for time (Ar ) and space (Ax,Ay ) in LBM is generally taken as equal
to 1 for simplicity and numerical stability. It allows for an easier interpretation of
results and ensures the time scale of lattice corresponds directly with the physical time
scale. For At = 1, the governing equations (3.1) and (3.2) are rewritten w.r.t collision

frequency o as:
filr+ciAr, 1+ At) = op f(r,1) + (1 — o) f;(r,1) (3.3)

gi(r+ciAr,t +Ar) = 0,87 (r,1) + (1 — ) gi(r,1) (3.4)
The frequency of collision for fluid flow @y is given by the inverse relation to fluid

viscosity [29,54] as:
1
W= ——
T 3v+05

As the D2Q9 lattice arrangement is chosen for our CHT study, macroscopic state

(3.5)

variables for fluid flow at a lattice site are computed using density (mass) and

momentum conservation by calculating zeroth and first-order moments of f [6] as:

8
p=Yf (3.6)
i=0
8
i=0

Similarly, the frequency of collision for the temperature distribution @, is inversely
related to the coefficient of diffusivity o of material as:

1 . . .
~———= in fluid region
a)g — {3aﬂm~d+0.5 ﬂ g (38)

3q 705 in solid region
SOl .

29



The magnitude of temperature is computed from the zeroth moment of g; [6,54] at a

lattice site as:

8
T=Ygs (3.9)
i=0
3.2.2 Equilibrium distribution function

It represents the theoretical distribution of particles at each lattice site under local
equilibrium conditions. It stems from Maxwell-Boltzmann distribution to characterise
fluid behaviour under flow and thermal equilibrium. As we know, macroscopic state
variables of velocity (V), temperature (7) and density (p) are computed from the
distribution functions by first and second order moments of respective distribution
functions. Under non-equilibrium conditions, the local distribution functions f and
g tend to move towards their equilibrium values f¢¢ and g°¢ respectively. The
collision process given in equation (2.32) aims to achieve this objective by evolving
the fluid towards equilibrium state locally. That is to say, equilibrium distribution
function acts as a reference for the local distribution functions to evolve to a
state of equilibrium distribution and the difference between them represents the

non-equilibrium component of flow and heat transfer.

In principle, the equilibrium distribution function imposes mass, momentum and
energy conservation laws on the distributions function to be fulfilled at a macroscopic
scale. [29,47]. This is achieved by Hermite series expansion. f,, upon expansion
retrieves the macroscopic laws [55]. In LBM simulations, equilibrium distribution
function ffq is evaluated along lattice velocity direction i at every node location. For

viscous flow, f;? [25,54] is computed as:

N V2 V.
V. (¢;V) VV> (.10

c
“Ur,t) =wip(r,t) [ 14+ = -
fz(a) wip (r,t) +C%+ ZC? 203
where w; is the corresponding weighting factor of lattice velocity ¢;; p and V are the
density and velocity of fluid at the node location respectively; and cy is the lattice

speed of sound. Similarly, for the LBE governing convection-conduction, the discrete

equilibrium distribution function g:? is calculated w.r.t T and V [54] as:

(3.11)

-V (¢;-V)? V-V)

(¢
ety =wT(r,t) 1+ = —
&i (r,0) =wiT(r,0) [ 1+ c% + 26§1 20%
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In the solid region of the domain, V = 0 for all of the lattice sites. Consequently, the
LBE for heat transfer in the solid region naturally governs heat conduction without
any additional considerations. The equilibrium distribution function gfq in the solid
becomes:

g1 (rt) = wiT (rt) (3.12)

As earlier described in chapter 2, ¢;, w; and ¢, are unique to every lattice arrangement.
The propagation speed of sound ¢y is crucial in determining the maximum speed at
which information propagates through the lattice grid influencing the stability and
accuracy of the LBM simulations. In LBM, ¢; is a constant that relates mesoscopic

density and pressure through an equation of state:

p=cip (3.13)

For D1Q2, D2Q4 and D3Q6 lattice arrangements [1,6]:

1
 — gl 3.14
‘ V2 ( )

For D1Q3, D2Q5, D2Q9, D3Q15 and D3Q19 lattice arrangements [1,6,29]:

1
v 4 3.15
6= (3.15)

3.2.3 Setting Mach and Reynolds number for numerical stability

Unlike other numerical solvers, in LBM, the computational stability of simulations
is non-trivial. Only at low Mach, LB equation can recover the Navier-Stokes
equation. When employing BGK approximation for , the numerical solver will
remain stable only if the parameters like maximum velocity component, relaxation
time (7), Reynolds number etc. do not breach the stability limits. Firstly, one
needs to match the relevant dimensionless parameters between the physical scale and
mesoscopic scale. Instability in LBM simulation arises usually when distribution
functions and state variables grow exponentially. This happens due to the wrong
choice of parameters. To stay within the stability limits, necessary conditions serve as
a guide to avoid the dreaded “Not a Number” (NaN) abyss and keeping the simulations
afloat. In LBM, the step size for space (Ax,Ay) and time (At) is generally set to 1 for
simplicity. The following stability conditions must be fulfilled for achieving stable

numerical solutions using LBM [6]:
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* fis ffq > 0 (must always initialise to non-zero values)

" x>

* Maximum velocity magnitude |uq,| should not exceed the speed limit in a lattice
model.
|Umax| < \/gﬁ—f for D1Q2, D1Q3, D2Q4, and D2Q5.
|tmax| < \/gﬁ—f for D2Q9, D3Q15, D3Q19, and D3Q27.

Stability behavior of velocity was illustrated by Kruger et al. [6] as shown in Figure

3.1.

The lattice sites (nodes) in x-direction along the length of cylinder (L) are given by

N = A% = L. We know that Reynolds number in physical scale is given by:

A
oy

Re (3.16)

where L is the characteristic length, U is free stream velocity and Vv is fluid viscosity.

For mesoscopic scale, Reynolds number is computed as:

Re = ULN (3.17)
vL
1 T T
unstable
0.8 F =
A5 0.6 .
S 04t ]
- stable
02 F -
0 | | |
0.5 0.75 ] 1.25 1.5
T/At

Figure 3.1 : Stable and unstable regions for 2-D and 3-D lattice models [6].
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The velocity Ug in lattice scale is usually in the magnitude range of 0.01-0.2 for a

stable solution. Based on Re and Uy, vy, can be calculated.

Mach number, M in LBM should be chosen as low as possible for incompressible

viscous flow. It is calculated as:

Ax Ar 1

The order of truncation error in LBM is M2 [1]. Thus, N and 7 are chosen to achieve

low Mach values.

3.3 Boundary Conditions in LBM

In LBM, applying boundary conditions employs a non-trivial approach unlike CFD
where conditions for state variables at the boundaries are implemented directly. In
LBM, instead of using state variables, unknown (incoming) distribution functions are
evaluated at the boundaries. Various approaches have been put forth for accurate
evaluation of unknowns at the lattice boundaries [25,56]-[60]. Researchers have
tested and refined techniques to correctly describe and quantify the physical boundary
condition for LBM applications. In our conjugate heat transfer simulations, two sets of
boundary conditions are needed. One for the flow solver to address state variables of
velocity and density (pressure) at the boundaries and the another for the heat transfer
solver pertaining to temperature at the boundaries. The popular approaches to tackle

the most commonly used boundary conditions in LBM are discussed ahead.

3.3.1 Boundary conditions for fluid flow

For implementing flow boundary conditions, unknown distribution function, f at the
boundaries is calculated in terms of the flow state variables. The various approaches to

implement flow boundary conditions are discussed in this sub-section.

3.3.1.1 Bounce back scheme

It is used for modeling a static or moving solid boundary in a flow domain.
Conventional CFD methods use no-slip condition at the boundaries where fluid is at

rest (V = 0) e.g. on channel walls, at the boundary where fluid encounters an obstacle
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etc. In LBM, to model no slip and free slip conditions [1,6], bounce back method is a
popular approach. In no-slip condition, the parallel and perpendicular components
of velocity at the wall are zero whereas in free-slip, the perpendicular component
of velocity at wall is only equal to zero. Condition of free-slip is mainly used to
model fluid flow in 3D problems like flow over a river bed etc. [60]. For implementing
no-slip at walls, bounce back ensures that outgoing distribution functions, f; near the
solid wall is reflected back into the flow domain. There are three popular variations
of implementing bounce back scheme in the literature with differing views about the

accuracy level of each one [16,61]-[63].

In bounce back scheme I, the location of the solid boundary or wall is halfway from the
nearest lattice sites. Figure 3.2 demonstrates that the wall lies at a distance Ay/2 from
the adjacent lattice node. From the definition of bounce back, the outgoing distribution
functions at the boundary, f4, f7 and fg are reversed and returned back into the fluid.
The unknown distribution functions (see dotted arrows), f>, f5 and fg are equated to

their opposite distribution functions as: f5 = f7, f> = f4 and fg = f3.

Figure 3.2 : Bounce back scheme I [1].

Bounce back scheme II places the wall or solid boundary midway between two
adjacent lattice sites. As can be seen in Figure 3.3, this variation of bounce back
takes place inside the wall as the domain is extended. With the same set of known and
unknown distribution functions as in bounce back I, it is formulated: fg = f3, f5 = f7
and f> = f4. Remarkably, in this scheme, the lattice site under consideration depends

on the reflected distribution functions from adjacent lattice sites in the wall.
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Figure 3.3 : Bounce back scheme II [1].

Bounce back scheme III takes the direct approach and overlaps the solid boundary
exactly on the lattice site as shown in Figure 3.4. Similar to previous schemes, f» = f4,
f6 = fs and f5 = f7. This scheme has simpler application in comparison to schemes I

and I1.

A
A 4

Flow

Figure 3.4 : Bounce back scheme III [1].

In order to ensure conservation of mass and momentum, bounce back schemes are

implemented after the distribution functions are streamed to neighbouring lattice sites.

3.3.1.2 Velocity boundary condition

When a Dirichlet boundary condition such as constant velocity or density is specified,
the unknown (incoming) distribution functions on boundary are calculated from a
system of equations. This method is formally known as non-equilibrium bounce
back (NEBB) method and popularly called as Zou-He method. It is independent
of relaxation parameter with accuracy level of third order [56,58]. To illustrate this
concept, we take a domain with north, south, east and west walls as depicted in Figure

3.5. The unknown distributions along boundaries are shown in dotted lines.
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Figure 3.5 : Distribution functions at the boundaries of domain [8].

a) West boundary: At the west boundary, if velocity is specified (say u = u,,, v =vy,),

we can expand equations (3.6) and (3.7) as follows:

p=fot+tfi+tL+fit+fatfs+fe+frit+fs (3.19)
puy = fi+fs+fs—Jfo—f3—f7 (3.20)
pPvw=hf+tfs+fe—fr1—fa—f8 (3.2D)

The number of unknowns at the west boundary i.e. p, fi, fs5, and f3 exceeds the
total number of equations. The NEBB method provides values for the unknowns by
enforcing an additional constraint. The non-equilibrium component of distribution

functions normal to the wall should satisfy:

=h=R"-5 (3.22)

where fi? and f37 can be calculated from equation (3.10). With 4 equations and 4

unknowns, the system of equations is solved and yields:

P = fo+ ot fa+2(fs+ fo+ 1)

" — (3.23)
2
fi=f+ 3Pt (3.24)
fs=fr—5(h— i)+ gt (3.25)
5=]7 5 2 4 6pwuw 2pwvw .
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1 1 1
fs=Jfo+ i(fz —fa)+ Pl = 5 Pww

(3.26)

In case density at the boundary is specified, we follow the same procedure and solve for

velocity at the wall by back substitution. On the rest of the boundaries of the domain,

the unknown quantities can be calculated using the same formulation.

b) North Boundary:

c) East Boundary:

d) South Boundary:

 Jot+ it 2ot fot fs)
N 14+v,

Pn

2
Ja=fr— 3PV

1

1 1
fi=/fs+ E(fl —f3)— PV = 5Pty

1 1 1
f8 —f6_ E(fl _fS) - gpnvn+ Epnun

o+t fat2(fi+fs+ 1)
Pe = 1+ u,

2
f=fi— §peue

1 1 1
fi=f+ z(fz —fa)— gPette = 5Peve

1 1 1
f6 —fS - E(fZ_f4) - gpeue+ Epeve

_ Sotfit i+2(fat it fy)

1—vy

Ps
2
f2=f4+§Psvs
fs= =5 (fi—13) = Pt
5=J]7 5 1 3 6psvs 2psus

1 1 1
fo=rs+ E(fl —f3)+ GPsVs = 5 Pstts

3.3.1.3 Open boundary condition

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

Open boundaries ensure that flow at the outlet remains uniform i.e. zero gradient

in the flow direction. Enforcing constant density or velocity at the outlet can cause

pressure waves to reflect back into the domain increasing computational time to reach

the desired solution. This is an inherent feature to LBM [6] which cannot be avoided.
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Various advanced strategies have been put forth and the research is ongoing because
there is still no single approach to tackle open-boundaries. The general method for

tackling open boundaries is [1] as follows:

Jin=2fin-1—fino2 (3.39)

This scheme is used when domain length in the direction of flow velocity is sufficient

to dampen the flow variations.

3.3.2 Boundary conditions for heat transfer

For implementing boundary conditions in heat solver, unknown distribution function,
g at the boundaries is calculated in terms of the temperature . The various approaches

to implement temperature boundary conditions are discussed in this sub-section.

3.3.2.1 Adiabatic wall

For adiabatic condition on a boundary, the temperature gradient 7 perpendicular

to the wall is taken as zero. For example, on the north and south walls of the

domain (see Figure 3.5), ‘% = 0 whereas on the west and east walls, ‘% = 0. The

unknown (incoming) distribution functions, for instance on the north boundary having

coordinates (x, Ny ), are computed from first order extrapolation [25] as:
gi<x>Ny) :gi(x>Ny_ 1) (3.40)

where i = 2, 5 and 6. Similarly, the unknown distribution functions can be calculated

on the other boundaries.

3.3.2.2 Temperature boundary condition

For a Dirichlet boundary condition such as constant temperature 7, specified on the
wall, a flux balance at the boundary is implemented [1,25]. For instance, at the west

boundary, we calculate the unknown distribution functions g, g5, and gg as:
g1=g"+8" —g (3.41)

gs =g +g"—g7 (3.42)
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g8 =8g +8¢ — 86 (3.43)

g3, g7 and g¢ are known and their equilibrium distribution functions are calculated

using equation (3.11). In case the fluid velocity is zero at the wall, the above equations

reduce to:
g1 =wi1l, +w3T, — g3 (3.44)
g5 = wsh, +wiT, — g7 (3.45)
g8 = wgl,, +weT,, — g6 (3.46)

3.3.3 Additional considerations

Here, we delve into some aspects of corner treatment and the fluid-solid interface
pertinent to conjugate heat transfer. These considerations are essential for ensuring

accurate numerical simulations.

3.3.3.1 Corner treatment

The solution of the flow and heat transfer solvers should be smooth at the boundary
corners. Although, corners account for a few lattice sites, their significance is
important. Each corner needs to be modeled properly so that it does not pollute the
numerical solution. Some approaches to deal with corners were put forth by Maier et
al. [59] and Zou and He [58] for 2D cases. At the corner lattice sites, conservation
of heat flux, mass and momentum should be ensured. Zou et al. [58] has shown that
the unknown distribution functions at corners can be derived by enforcing a constant
density p. As an example, the unknown distribution functions at the south-west corner

are calculated as follows:

fi=1 (3.47)
fo=1fa (3.48)
5= 171 (3.49)
fo=fs=5(~Got it ht St it it +p)  (G50)

For the heat transfer case, it is assumed that corners do not contribute any energy to

the wall nodes [59]. For instance, at the south-east corner, unknown distributions g1,
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g> and g5 are balanced using the bounce back scheme. The distribution couplet gg and

gg are assumed constant by averaging their values from the previous time step as:

1
861 =88; = 5(86,171 +88/-1) (3.51)

3.3.3.2 Fluid-solid interface

The interface between the fluid and solid body does not need any special treatment
in LBM. The values of p, V, and T in the fluid and only 7 in the solid body are
initialised and tracked for each iteration. This is sufficient for governing the heat

transfer mechanism at the fluid-solid interface [47].
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4. NUMERICAL STUDY AND POST-PROCESSING

In this chapter, we start our numerical study of conjugate heat transfer (CHT). First,
we validate our flow and heat solver independently. Then, we introduce the problem
definition of our CHT problem. The post-processing of results is conducted, providing
the outcomes from 64 runs, which were performed considering 4 Reynolds numbers, 4
solid to fluid conductivity ratios, and 4 Prandtl numbers. In Lattice Boltzmann Method
(LBM) studies, non-dimensional units are often used to simplify simulations and make
results more generalizable. This approach allows researchers to compare results across

different scales and conditions without converting to physical units.

4.1 Validation

To ensure the authenticity and credibility of our numerical solver, we validate the flow
solver and heat solver results independently. Due to the unavailability of a CHT study
for time periodic flows, it is essential that the validation process is carried out with

reference studies for flow field and heat transfer separately.

4.1.1 Flow solver validation

To validate the flow solver, we rely on numerical benchmarks provided in reference
studies. One notable benchmark is evaluating the distribution of pressure on solid
cylinder’s surface. This serves as a reliable reference for numerical validation of the
flow solver. L Zhou et al. [9] have previously investigated different cases of flow
control mechanisms for a 2-D square cylinder. They have provided valuable insights
and data about the distribution of pressure for various cases of flow control on the
surface of square cylinder. The case of a square cylinder without no flow control is
of particular interest and similar to our problem. While leveraging Zhou’s results as a
benchmark, necessary modifications in our problem setup are made to ensure that we

replicate the same conditions for conducting the simulation. We modify parameters

41



u=v=0
12D D H=8D
dP/dx=0
4D
u=v=0
L=50D

Figure 4.1 : Geometric details of Zhou’s setup [9].

such as Re and H /D (blockage ratio) to match the conditions for validation as shown
in Figure 4.1. The blockage ratio and Re are taken as 8 and 250 respectively with
a fully developed flow entering the channel with u,,,, = 0.1. This ensures that our
system is similar to Zhou’s 2D system. Validation of flow solver result is illustrated
in Figure 4.2. The simulation results of our flow solver aligns with the data from the

reference study and deviates by a maximum error of 1.89%.

1.5

B c ——Zhou (2005)
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Figure 4.2 : Validation of pressure coefficient for square cylinder.

4.1.2 Heat solver validation

For validation of the heat solver results, we assess their accuracy with the reference

study by Eswaran et al. [10]. They have conducted extensive and elaborate analyses
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Figure 4.3 : Geometric details of Eswaran’s setup [10].

for the transfer of heat for a two-dimensional square cylinder in steady and unsteady
laminar (time periodic) flow regimes. The cylinder at a fixed temperature was confined
in flow to observe the transfer of heat at the interfaces. The geometric details of setup
are shown in Figure 4.3. A uniform velocity profile of u.. = 0.1 enters at a temperature,
T.. = 0 while the cylinder is at a fixed temperature, 7;, = 1.To quantify the transfer of
heat taking place on solid-fluid interfaces, Eswaran et al. [10] calculated the Nusselt
number, (Nu) on the interfaces. It is a dimensionless number defined as ratio of the
transfer of heat via convection to the transfer of heat via conduction in the fluid.
Following their prescribed formulation, we calculate the nusselt numbers on square
faces using our LBM solver. For steady laminar flow, Nu over the cylinder’s face is
calculated as a surface-average of the local nusselt numbers Nu;. For time periodic

flow, Nu is also time averaged over a period of vortex shedding [64] as shown:

r
Nu:%/o (Nu)dt 4.1)

We compute the nusselt numbers for the square cylinder’s leading edge(front face),
trailing edge (rear face), bottom and top face together, and average of all the faces.
To validate our results accurately, Re are chosen discretely between the range 10-160,
and Pr = 0.7 for replicating the conditions of the reference study. Our results show

close similarity with the reference study as shown in Figure 4.4 and acceptable error
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margins. The maximum errors are 1.1% for the front face, 1.41% for the rear face,

1.79% for the top and bottom faces, and 1.2% for average of all the faces.

10 : : 3
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Figure 4.4 : Validation of Nusselt number for: a) front face b) rear face b) bottom and
top faces d) average of all the faces of the square cylinder with varying Re.

4.2 Problem Definition

For the study of conjugate heat transfer (CHT) using LBM, we have adapted a popular
benchmark problem in CFD i.e. a cylinder embedded in flow and enclosed in a channel.
The details about the geometric sizing of the system are illustrated in Figure 4.5.
A two-dimensional cylinder of a square shape of dimension D is enclosed inside a
channel. The channel’s dimensions are proportional to the cylinder’s dimension by a

linear scaling relationship. The channel’s length (L) and height (H) are defined as 20D

INLET (xe,ye)
v

OUTLET

475—»
T
S

4D |

L=20D

Figure 4.5 : Geometrical configuration of the problem.
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and 4D respectively. The location of the square cylinder is symmetric w.r.t channel
walls. The origin of the computational domain is located at the south-west corner of the
channel. The coordinates of the cylindrical center with respect to the origin is located
at: (x. = 9TD,yC = 2D). The blockage ratio, H/D is equal to 4. An incompressible
viscous fluid of p = 1 enters the channel with a uniform velocity and a relatively high
temperature. The solid cylinder embedded in the channel is thermally conductive. As
a result of flow over the cylinder, transfer of heat and temperature distribution occurs
in the system. We want to investigate the heat conduction inside the square cylinder in

addition to the convection of heat in the fluid which makes this study a CHT problem.

* Boundary conditions for flow:

The walls of the channel are modeled as no-slip surfaces (v = v = 0).

Uniform velocity at the inlet (4 = 0.1,y =0)

The channel outlet has constant density, p = 0.1.

The solid-fluid interfaces are modeled as no-slip walls (u = v = 0).

* Initial and boundary conditions for heat transfer:

Initial cylinder temperature, 7 = O.

The walls of the channel are modeled as adiabatic along y-axis (d—§ =0).

Constant temperature at the inlet (7 = 1.0).

The outlet is adiabatic in x-direction (‘é—i =0).

* Flow and thermophysical properties:

— Reynolds number, Re: 50, 100, 150 and 200.
— Prandtl number, Pr: 0.71, 1, 5 and 10.

— Solid to fluid conductivity ratio, k,: 1, 5, 10 and 50.

The numerical algorithm employed in our LBM solver for solving the conjugate heat

transfer problem is illustrated as a flowchart in Figure 4.6. The flowchart depicts
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the execution of sequential steps of the dual solver till desired simulation time. The
flow and heat transfer solvers are integrated into a single CUDA file for streamlined
execution. The flow solver calculates the macroscopic density and velocity of fluid
while the heat solver calculates the temperature.

User-defined parameters: Re, Pr, k,,
characteristic length D and run time

l

Initialisation of macroscopic state
variables: u, v, T and p

FLOW SOLVER HEAT SOLVER
Initialisation of flow distribution Initialisation of heat distribution
function: fi=w. p function: g=w, T
l STARTING TIME LOOP l
Computing equilibrium distribution Computing equilibrium distribution
functions: fe=fluy, p, c) < il > functions: gea=g(uy, T, c;)
Applying Collision and Streaming: Applying Collision and Streaming:
Sir+cant+ a0 =(1-o,) £,0.0+ 0,7 (r.0) g r+cAni+AN = (1-w,) g, (1) + 0,87 (1)
Implementation of Flow boundary Implementation of Thermal
conditions boundary conditions

Re-calculation of u, v and p Re-calculation of T

ENDING TIME LOOP

Figure 4.6 : Numerical algorithm of LBM for conjugate heat transfer.
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4.3 Mesh Study

Mesh study in CFD and CHT simulations refers to the process of systematically
varying the mesh or grid resolution to assess its impact on simulation results. It is
a crucial step to check the accuracy of simulations and a test for reliability of results
alongside validation. It allows us to evaluate the sensitivity of the simulation results
with the change in mesh resolution and ensures that the simulations are accurate. In
this study, conducting a mesh study is important as it directly influences credibility
and authenticity of the results of our LBM solver. The mesh resolution directly affects
the spatial discretisation of the domain. It determines the amount of finite nodes
(lattice sites) that form the computational domain. Generally, a finer mesh captures
more intricate flow features and temperature gradients but it comes with an increase in
computational cost and time. Conversely, a coarser mesh reduces computational cost
and time but it may lead to a loss of detail and accuracy in the results. Therefore, the
mesh size at which the results become independent is chosen for accuracy as well as

efficiency.

To systematically investigate the influence of changing the mesh resolution on the
results of the simulation, we adopted a structured approach. The study of mesh
resolution was carried out for Re = 150, k, = 1 and Pr = 1. The size of the cartesian
mesh is determined by the number of lattice sites per unit characteristic length (D) of
the cylinder. The domain’s height and length are linearly scaled. The length is taken
as 20D and the height as 4D as was already discussed in the problem definition. We
initialise the grid resolution from a coarser mesh where the number of lattice sites per
unit characteristic length D is 64. Subsequently, the mesh resolution is increased by
doubling the nodes per unit D for each mesh resolution. This progressive refinement
continues till the mesh resolution becomes finer. The mesh study is illustrated in
Figure 4.7 and the summary of results for each mesh resolution is shown in Table 4.1.
For each mesh resolution, the temperature distribution along the faces of the square
cylinder is plotted as shown in figure. We observe a decreasing trend in the local

temperature values with increase in the mesh resolution. The local temperature values
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Figure 4.7 : Variation of local temperature over the cylinder for different mesh
resolutions
gradually converge for D > 512 indicating independence. Based on the outcomes of
the mesh study, the mesh resolution of 512 lattice sites per unit D is chosen as the
optimal mesh size for achieving the desired balance between computational efficiency
and result accuracy. This optimal mesh resolution ensures that our simulations
produce reliable and consistent temperature distributions at a limited computational
cost. By conducting this mesh study and selecting an appropriate mesh resolution, the
credibility and robustness of our computational model are improved. This facilitates
accurate prediction of the thermal behavior of our conjugate system which is the

subject of discussion in the forthcoming sections and chapters.

Table 4.1 : Summary of mesh study.

Mesh size description  No. of lattice sites per D Total lattice sites % Deviation

Coarser 64 1280 x 256 1.07 x 1071
Coarse 128 2560 x 512 2.01x 1073
Medium 256 5120 x 1024 6.70 x 107
Fine 512 10240 x 2048 7.71 x 1077
Finer 1024 20480 x 4096 8.71 x 1077

4.4 Flow Solver Results

The post-processed results of velocity and vorticity are obtained in the form of
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instantaneous contours.We discuss each of them followed by illustration of time

periodic behaviour of flow in this section.

4.4.1 Velocity contours

The evolution of flow behavior with varying Reynolds number (Re) is clearly illustrated
in the velocity contours shown in Figure 4.8. The figure presents four instantaneous
contours, each corresponding to a different Reynolds number, demonstrating how the
flow characteristics change with Re. To understand the significance of the limiting
(critical) value of Re on the flow, it is important to observe that the onset of unsteady
periodic flow velocity occurs when Re > 50, marking the beginning of the unsteady
periodic flow regime. For Reynolds numbers exceeding this critical threshold (Re >
50), we observe the onset of unsteady flow phenomena characterized by oscillations
downstream of the cylinder within the channel, as depicted in Figure 4.8 (a). These
oscillations are indicative of the beginning of the vortex shedding phenomenon, where
vortices are alternately shed from the top and bottom of the trailing edge of the cylinder

into the adjacent fluid medium.

As the Reynolds number (Re) increases further, Figure 4.8 (b), (c), and (d) show a
significant intensification in the vortex shedding phenomenon. This increase is due
to the higher momentum of the incoming flow, which results in more vigorous vortex
formation and shedding. The frequency of shedding also rises with higher Reynolds
numbers, with more vortex cycles occurring in a given time interval. Notably, the flow
field remains consistent across all cases, regardless of changes in conductivity ratio
and Prandtl number. This consistency indicates that the fundamental flow behavior,
including vortex shedding and wake oscillations, is primarily influenced by variations
in Reynolds number rather than other parameters, as was previously shown by others
[64,65]. For steady flow, the findings for flow and heat transfer were discussed in the

preliminary findings [66].
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Figure 4.8 : Instantaneous contours of velocity for varying Re: a) 50 b) 100 ¢) 150 d) 200.



4.4.2 Vorticity contours

The distribution of vorticity levels in the domain is calculated from the flow velocity
using the equation, @ = V x V to study the behavior and interaction of shear layers.
These shear layers originate from the walls of the channel and the square cylinder.
Figure 4.9 demonstrates the instantaneous vorticity contours for the cylinder, revealing
distinct shear layers emerging from the square cylinder. These shear layers exhibit a
characteristic curling pattern, extending upward from the cylinder toward the channel
walls near their formation region. This upward extension of the shear layers indicates
the presence of intense vortical structures generated by the interaction between the

fluid and the square cylinder.

As the Reynolds number (Re) increases, we observe a notable strengthening of the
shear layers originating from the cylinder. This increase in the magnitude of the
shear layers is accompanied by a corresponding enhancement in their influence on
the adjacent channel walls. Consequently, the shear layers exert greater forces on the
channel walls, leading to pronounced curling and separation of the shear layers from
the wall surface. Variations in conductivity ratio (k,) and Prandtl number (Pr) do not

affect the distribution of vorticity within the computational domain.
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Figure 4.9 : Instantaneous contours of vorticity for varying Re: a) 50 b) 100 ¢) 150 d) 200.



4.4.3 Time periodicity of flow

The periodic nature of the flow was verified by examining the time histories of the
drag (Cy) and lift (C)) coefficients at Re = 100. The drag (D) and lift (L) forces acting
on the cylinder were computed by considering the pressure and viscous contributions
on each face of the cylinder. The net lift and drag coefficients were calculated
from the components of viscous and pressure distributions on the cylinder’s faces as
Cy = Cyp+Cyy and C; = Cy, +Cyy,. The variations in C;, Cy, and their components over
time followed a sinusoidal waveform, as illustrated in Figure 4.10. As expected, the
frequency of C; and its components matched the natural frequency of vortex shedding,
while the frequency of C; and its components was twice that of C;. Figure 4.10
also shows that viscous contributions were limited, and pressure contributions were

significant in both C; and C;.
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Figure 4.10 : Evolution of lift, drag coefficients and their pressure and viscous components with time.



4.5 Heat Solver Results

The temperature distribution contours are illustrated in Figures 4.11-4.26 for different
values of Pr and k, with varying Re. Unlike the flow field results, which vary only with
Re, the heat transfer and temperature distribution for the conjugate system changes

with Pr, k, and Re.
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Figure 4.11 : Instantaneous contours of temperature distribution at Pr = 0.71 and k, = 1 with varying Re: a) 50 b) 100 c) 150 d) 200.
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Figure 4.12 : Instantaneous contours of temperature distribution at Pr = 0.71 and k, = 5 with varying Re: a) 50 b) 100 ¢) 150 d) 200.
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Figure 4.13 : Instantaneous contours of temperature distribution at Pr = 0.71 and k, = 10 with varying Re: a) 50 b) 100 c) 150 d) 200.
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Figure 4.14 : Instantaneous contours of temperature distribution at Pr = 0.71 and k, = 50 with varying Re: a) 50 b) 100 c) 150 d) 200.
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Figure 4.15 : Instantaneous contours of temperature distribution at Pr = 1 and k, = 1 with varying Re: a) 50 b) 100 c) 150 d) 200.
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Figure 4.16 : Instantaneous contours of temperature distribution at Pr = 1 and k, = 5 with varying Re: a) 50 b) 100 c¢) 150 d) 200.
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Figure 4.17 : Instantaneous contours of temperature distribution at Pr = 1 and k, = 10 with varying Re: a) 50 b) 100 c) 150 d) 200.
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Figure 4.18 : Instantaneous contours of temperature distribution at Pr = 1 and k, = 50 with varying Re: a) 50 b) 100 c) 150 d) 200.
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Figure 4.19 : Instantaneous contours of temperature distribution at Pr = 5 and k, = 1 with varying Re: a) 50 b) 100 c¢) 150 d) 200.
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Figure 4.20 : Instantaneous contours of temperature distribution at Pr = 5 and k, = 5 with varying Re: a) 50 b) 100 c¢) 150 d) 200.
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Figure 4.21 : Instantaneous contours of temperature distribution at Pr = 5 and k, = 10 with varying Re: a) 50 b) 100 ¢) 150 d) 200.
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Figure 4.22 : Instantaneous contours of temperature distribution at Pr = 5 and k, = 50 with varying Re: a) 50 b) 100 c) 150 d) 200.
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Figure 4.23 : Instantaneous contours of temperature distribution at Pr = 10 and k, = 1 with varying Re: a) 50 b) 100 ¢) 150 d) 200.
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Figure 4.24 : Instantaneous contours of temperature distribution at Pr = 10 and k, = 5 with varying Re: a) 50 b) 100 c) 150 d) 200.
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Figure 4.25 : Instantaneous contours of temperature distribution at Pr = 10 and k, = 10 with varying Re: a) 50 b) 100 c) 150 d) 200.
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Figure 4.26 : Instantaneous contours of temperature distribution at Pr = 10 and k, = 50 with varying Re: a) 50 b) 100 c) 150 d) 200.






5. ANALYSES OF CHT RESULTS

In previous section, the temperature contours of a square cylinder involving conjugate
heat transfer were illustrated under varying Reynolds numbers (Re), conductivity ratios
(ky), and Prandtl numbers (Pr). In Chapter 5, we identify the most representative

results from these temperature contours to emphasize our primary findings.

5.1 Effect of Reynolds Number
From the observations and insights of the instantaneous temperature contours shown in
Figure 5.1, it is noticed that increasing Reynolds number (Re) has a consistent impact

Temperature

0. 0.9 1.0 1.1 1.2 1.3

o

Figure 5.1 : Temperature contours for varying Re: a) 50 b) 100 c¢) 150 d) 200 at
Pr=1and k, = 50.
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on the heat transfer and temperature distribution of the square cylinder, irrespective
of conductivity ratio (k,) and Prandtl number (Pr). As Re increases, the local
temperatures along the front face of the solid square rise. The local temperature at
the front face of the square cylinder consistently remains above the fluid temperature
due to direct exposure to the incoming flow, which leads to efficient heat transfer from
the fluid to the square surface. However, the top, bottom, and rear faces of the cylinder

remain at relatively lower temperatures.

From the vorticity contours in Figure 4.9, we observed that free shear layers extend
over the top and bottom surfaces of the cylinder, causing flow separation that intensifies
with an increase in Re. As the vorticity strength increases, the flow separates
immediately from the top and bottom faces at the front face corners. This creates
a recirculation zone around the top, bottom, and rear faces of the cylinder, reducing
effective heat transfer. This recirculation leads to the formation of low-temperature
zones near these faces, as observed in the figure. The vortex shedding facilitates
a cooling mechanism at the trailing edge, which was previously demonstrated by
others [10]. As Re increases, a temperature gradient is observed within the cylinder,
resulting in a non-uniform temperature field inside the cylinder. Even for the highest
conductivity ratio, the temperature field within the cylinder is non-uniform, indicating
that heat conduction inside the cylinder is influenced by flow physics. In contrast, at
lower Re (50-100), the temperature distribution in the cylinder is relatively uniform,

indicating efficient heat transfer from the fluid to the solid.

5.2 Effect of Conductivity Ratio

The conductivity ratio, given by the ratio of the thermal conductivity of the solid to
the thermal conductivity of the fluid (k, = %), exerts a profound control on the
conduction of heat inside the square cylinder confined in the channel. In this study,
the fluid’s conductivity is kept constant at k;,; = 1. By examining the instantaneous
temperature contours in Figure 5.2 for varying k, values of 50, 10, 5, and 1, we observe
that a decrease in the conductivity ratio leads to ineffective heat transfer within the

cylinder and a local buildup of heat along the front face.
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Figure 5.2 : Temperature contours for varying k,: a) 50 b) 10c) 5d) 1 at Pr =1 and
Re = 200.
As k, decreases, the temperature difference between the rear and front faces increases,
resulting in a non-uniform temperature distribution in the solid cylinder. In Figure 5.2
(a), where the cylinder is characterized by the highest conductivity ratio (k, = 50),
heat conduction inside the cylinder is most effective, leading to a uniform temperature
distribution. For Figures 5.2 (b), (c), and (d), as k, decreases, heat conduction in the
cylinder becomes increasingly limited, leading to a rise in local temperatures along the
front face. Consequently, heat is not transferred adequately to the cylinder’s rear face,

which maintains a relatively low temperature.

It is noticeable that although the cylinder is under the same effect of flow, the
temperature gradient between the fluid and the cylinder at the top and bottom faces
is significant for low k, values, indicating inefficient heat transfer. At the rear face,
however, the cylinder and the fluid are at the same temperature level for all k, values

due to the formation of a dead zone, which prevents the entry of hot fluid. Overall,
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when we compare Figures 5.2 and 5.3, we observe that decreasing k, causes greater
temperature non-uniformity inside the cylinder than increasing Re, as is evident from

the wider temperature range.

5.3 Effect of Prandtl Number

Prandtl number (Pr) influences the heat transfer at the fluid-solid interfaces. Unlike
Reynolds number (Re), which characterizes flow physics, Pr affects heat and mass
transfer characteristics within fluid. By definition, it is the ratio of viscosity to thermal
diffusivity of fluid. The variations in Pr impact the manner in which heat is transferred
at the interfaces because at these boundaries, the fluid interacts with solid surfaces.
The temperature contours of cylinder in channel for varying Pr are illustrated in Figure
5.3. Observations from the figure reveal that impact of Pr is effective in the flow field
compared to both Re and k,. Its influence extends way downstream of the cylinder
Temperature
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|

Figure 5.3 : Temperature contours for varying Pr: a) 0.71 b) 1 ¢) 5d) 10 at k, = 50
and Re = 200.
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which is evident from visible temperature gradients in the wake region. For high
Pr, dominant momentum diffusion along with periodic vortex shedding mechanism
allows fluid to enter the wake region, creating a high temperature gradient which is
correlated with vorticity contour at Re = 200. Additionally, we can observe from
the figure that despite cylinder’s high thermal conductivity, temperature distribution
inside the cylinder becomes non-uniform for high Pr. As momentum diffusivity of
flow is dominant, heat transfer becomes inefficent on top and bottom faces leading to
formation of low temperature regions in the cylinder’s vicinity. Overall, increasing Pr
results in greater non-uniformity in temperature distribution within the cylinder as well

as in the duct compared to the effects of &, and Re.

5.4 Effect of Time Periodicity on Conjugate Heat Transfer

Study of unsteady behaviour of heat transfer and temperature distribution is significant
for understanding the thermal transient processes. Unsteady temperature variations
provide crucial insights into the temporal behavior of heat exchange mechanisms
within the system. This reflects the dynamic response of the fluid-solid interfaces
to changing flow and thermophysical conditions. The periodicity induced by vortex
shedding in our system is a characteristic phenomenon of flow around bluff bodies.
We are interested to find how profoundly it influences the distribution of temperature

in the system and heat flow mechanisms.

5.4.1 Average cylinder temperature

The influence of time periodic nature of fluid flow and its effect on the instantaneous
evolution of mean temperature of cylinder is studied for Re = 100, k, = 1, and Pr = 1.
The magnitude of velocities at a distance of D perpendicular to the trailing edge were
tracked over multiple time periods. The normalised magnitudes of velocity and mean
temperature of cylinder were evaluated over time. Figure 5.4 reveals that periodic
velocity of fluid flow in the wake of cylinder and mean temperature of cylinder oscillate

at natural frequency of vortex shedding and have a marginal phase deviation of 2.32%.
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5.4.2 Heat transfer rate

The definition for the rate at which heat is transferred is calculated as Q = —k%.
We calculate it along each face of the cylinder and vary it with time for Re = 100,
k, = 50, and Pr = 1. Observations from Figure 5.5 reveal that the rate at which heat is
transferred on each face is periodic. For front face (AB) and rear face (CD), frequencies
of Qap and Qcp are twice that of shedding frequency. On the other hand, for top face
(BC) and bottom face (CD), Qpc and Qpy oscillate at vortex shedding frequency out
of phase. Only Qxp has positive magnitude where as Qcp, Qpc and Qp, have negative
and limited magnitudes. This implies that front face acts as a source absorbing heat

whereas rest faces of cylinder act as sinks by dissipating the heat.
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5.4.3 Surface temperature distribution

The temperature distribution over the faces of the cylinder reflects local transfer of heat
on various sides. This information is crucial for pointing out areas of interest, such as
regions prone to overheating and those where heat transfer is less effective. Due to the

periodic nature of flow, the local temperatures are averaged over a time period as:

1 I
T, = = Tdt 5.1
r/0 5.1)

The time-averaged values of temperature along the solid-fluid interfaces for different
values of k, at Pr = 1 are demonstrated in Figure 5.6. Each solid line represents
a distinct Re value. Observations from the plots show that for any Re and k,, the
temperature on front face is highest than rest faces of cylinder. For any k,, increasing
Re raises the front face temperature while slightly lowering temperatures on other faces
of cylinder. As k, increases, we observe that peak value of temperature on the front
face gets smaller whereas temperature on top, bottom and rear face rises. As a result,
temperature difference between front face and rest faces of cylinder decreases and
becomes minimum for k, = 50. The discontinuities at the front corners become distinct
for high k, values as front and rear face are at almost same temperature. Thus, for high
ks, a uniform temperature distribution on the cylinder’s surface is observed. These
results confirm our earlier findings about effect of Reynolds number and conductivity

ratio.
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5.5 Biot Number Study for Overall Performance

Biot number is an important parameter for quantifying the effective mechanism for
transfer of heat via convection and conduction in heat transfer problems. It plays a key
role in this regard and provides insights into the dominant heat transfer mechanisms at
play. It offers a perspective by considering both convective heat transfer at interfaces
and heat conduction in the solid material. By definition, it is calculated as ratio of
convective resistance at interface to conductive resistance inside the solid. A high Biot
number indicates that convective heat transfer is dominant at the interfaces and internal
conduction is limited where as a low Biot number suggests that conduction in the solid
dominates. For Bi < 1, no significant temperature gradients exist inside the solid and
it behaves like a lumped system [67]. On the other hand, when Bi >> 1, the solid
behaves as a thermally thick body with considerable temperature variations inside.
[67]. For problems related to conjugate heat transfer, understanding the significance
of Bi helps in determining the dominant mode of heat transfer. It allows engineers and
researchers to assess whether convection is the dominant mode of heat transfer on the
interfaces or if internal conduction within the solid material plays a more substantial
role. Unlike Nusselt number which neglects the influence of solid material properties,
Biot number encapsulates the heat transfer characteristics inside the solid as well as
on the fluid-solid interface. This approach is essential for designing efficient thermal

systems and understanding heat dissipation mechanisms.

Mathematically, Biot number is defined as Bij = h—kD where D is dimension of cylinder,
k is coefficient of conductivity for solid and & is coefficient of convection. We
performed calculations at lattice nodes on the fluid-solid interface for computing local
Biot number.Since flow is periodic in our case, we computed the surface averaged
biot number, Bi; on each face of cylinder and time averaged it over a vortex shedding
period. The final value of cylinder biot number was obtained by averaging Bij for all

faces as shown:

R U4 B
Blavzzl;l: /O Bidt (5.2)
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Figure 5.7 illustrates that the Biot number increases consistently with Reynolds number
(Re). Particularly for low Prandtl number (Pr) flows (Pr < 1) and a conductivity ratio
(kr) of 50, Re exhibits a linear influence on the average Biot number (Bi). As Pr
increases, it enhances the impact of Re, resulting in a higher Biot number. Conversely,
increasing k, leads to a reduction in the average Biot number’s magnitude. Thus,
the selection of flow and thermophysical properties (Re,k,, and Pr) fundamentally
determines the Biot number for the solid cylinder in this study. This analysis can be
generalized for any conjugate heat transfer (CHT) problem involving external flow over
a solid object. To achieve better heat conduction and a uniform temperature distribution
inside the solid (Bi < 1), one should minimize Re and Pr while maximizing k,. In this
study, this behavior is observed for Re < 100 and k, = 50 when Pr is 0.71 and 1. For
Pr > 5, heat conduction within the cylinder becomes less efficient, leading to increased

non-uniformity and temperature gradients (Bi >> 1).
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6. CONCLUSIONS

This study underscores the effect of time dependent flow behaviour on conjugate heat
transfer problems. It highlights the importance of flow and thermophysical properties
such as Reynolds number, conductivity ratio, and Prandtl number. The concluding

insights and results of this study are:

Heat transfer characteristics in the cylinder are most significantly influenced by

changes in Pr, followed by &, and Re.

e For Pr > 5, temperature distribution in the cylinder becomes significantly

non-uniform regardless of Re and ;..

* A uniform temperature distribution inside the cylinder can be achieved when Re <

100, k- > 50, and Pr < 1.

* Increasing Pr significantly alters the temperature distribution in the downstream

region of the duct.

* High Re induces stronger flow separation, re-circulation zones, and increased vortex
shedding around the cylinder, resulting in relatively low temperature zones near

fluid-solid interfaces.

* High k, promotes effective conduction within the cylinder, but the temperature

distribution is also influenced by flow physics and fluid properties.

In conclusion, by strategically adjusting Re, k. and Pr, we can effectively control
heat transfer and temperature distribution for the cylinder. This control is vital
for optimizing thermal performance in practical applications providing solutions to
enhance heat dissipation and fluid-solid interaction dynamics. Further research is
needed to explore transient effects and higher-dimensional flow configurations to

extend the applicability of these findings. Additionally, investigating the impact
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of turbulence modeling and validating our simulations with experimental data will
strengthen the reliability of our computational approach. Furthermore, integrating
optimization techniques and exploring novel materials for enhanced thermal properties
will contribute to advancing the field of conjugate heat transfer for diverse engineering
applications. Practical applications of this research include optimizing heat dissipation
strategies in engineering designs such as enhancing cooling efficiency for square

cylinder geometries.
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