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A REMEDY FOR MAJOR COSMOLOGICAL TENSIONS:
DARK ENERGY WITH AN OSCILLATING INERTIAL MASS DENSITY

SUMMARY

The preponderance of observational evidence indicates that a vast portion of the
energy density of the Universe today comes in dark matter and enigmatic dark
energy (DE). The standard cosmological model, namely, the so-called Lambda Cold
Dark Matter model (ACDM), resting on this dark sector as well as a small fraction
of baryons has been remarkably successful in elucidating the bulk of Universe we
inhabit. Though, astronomical observations improving in precision over the course
of years are increasingly exposing that ACDM is significantly discrepant with various
datasets. The direct and local measurements of the present-day expansion rate yielding

Hy=73.04+1.04 kms™! Mpc_1 are at more than 56 tension (the Hubble Hj tension)

with the one Hy = 67.36 +0.54 kms™! Mpcf1 inferred within the ACDM based on
matter-baryon densities and the spacing between acoustic peaks of the CMB. The
Hj tension effectively propagates to the supernovae absolute magnitude Mp through
the distance modulus (i (z;,H(z)) = mp; — Mp; where mp; is the measured apparent
magnitude of the supernovae observed at the redshift z;, and creates a 3.40 tension
with the results calibrated by the CMB sound horizon scale. Another discrepancy
regarding the expansion rate H(z) within the best fit ACDM is the ~ 1.50 tension
between low (Galaxy BAO) and high redshift (Lyman-o at z ~ 2.33) BAO data.
It first emerged as a preference for smaller H(z) and accompanying negative DE
densities for 1.7 < z < 2.34, being at 2.50 tension with ACDM. In addition, ACDM
predicts a larger weighted amplitude of matter fluctuations Sg in comparison with
what the independent large scale structure dynamical low-redshift probes suggest,
thereby running into 2 to 30 tension. Given the long-standing theoretical issues
such as the cosmological constant and coincidence problems related to the A, all
these enumerated challenges and more inevitably motivate many to seek for a more
complete framework either as modified theories of gravity or as minimal extensions
beyond ACDM in the context of General Relativity (GR). In this sense, an approach
that constitutes an example of the latter attempts focuses on inertial mass density
0 = p + p parametrizations. The graduated dark energy (gDE) model proposed in
Akarsu et al. [Phys. Rev. D 101, 063528 (2020)], whose inertial mass density o
measures the minimum dynamical deviation g o< p* from the assumption of null QFT
vacuum energy o = 0 is one that exhibits nontrivial properties. It turns out that smaller
and smaller negative values of the parameter A corresponds to a constant negative DE
density that changes its sign from negative to positive in the past. Such a dynamical
behavior would imply that H(z) suppressed by the presence of a negative source at
high redshifts results in an enhanced H(z) at lower redshifts as the comoving angular
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diameter distance Dy(z) to the surface of last scattering Dy(z.) = ¢ [ H!(z)dz is
very stringently and almost model-independently constrained by the CMB for any
given pre-recombination physics and should be kept unaltered. This means that if
the redshift at which the sign-flip in the DE density occurs is slightly below the
anomalous Ly-« at effective redshift z ~ 2.34, it is quite conceivable that a dynamical
DE possessing negative energy density mitigates both the Hy and Ly-o discrepancies.
The observational analysis of the gDE strongly favors a scenario in which the sign
change of the gDE density is so swift it is practically identical to the cosmological
constant phenomenologically flipping its sign much like the step function, except
that A < O in the past. It arises as a limiting case A — —oo of the gDE such that
PspE(a) — PopE0sgN[f(a)] where sgn is the signum function. This limit has been
comprehensively studied under the name of the A;CDM model in Akarsu et al. [Phys.
Rev. D 104, 123512 (2021)] where the late-time accelerated expansion is driven
by Ay = Agsgn|z — z;] with z; being the switching redshift rather than the usual A.
The confrontation with the data sets encompassing CMB, Pantheon SNIa with and
without SHOES Mp priors and BAO, shows that A,CDM simultaneously ameliorates
six of the present significant tensions, namely Hy, Mp, Sg, Ly-«, ty and )y, tensions.
However, these simultaneous improvements in consistency with the high-precision
data are observed to be impeded by the Galaxy BAO data which act to push smaller
z+ enabling better agreement up to higher values. So one plausible solution without
compromising on the achievements of the model would be the inclusion of a wiggly
type non-monotonicity at low redshifts on top of the sign-switch conjecture. In
actual, the necessity of these wiggles is underpinned by the notion that any smooth
deformation ;(z) from the ACDM Hubble radius H~!(z) brought about by a viable
cosmological model that accords with the early and late Universe account of ACDM
must be given by admissible wavelets or in other words must have an oscillatory
form. Following this suggestion and notion, in this dissertation a new parametrization
opg (a) = Qysin[Qa(a — 1) + @] of the inertial mass density of vacuum energy has
been proposed with the aim of accommodating the supposed wiggles and bettering
the fit to the Galaxy BAO data in the late Universe. This is, in essence, equivalent
to Fourier expanding the inertial mass density to first order with respect to the scale
factor a. As a first step, the tools and physical features of the model containing
the new DE source ppg(a) were derived from the principles of GR. The oscillating
nature of the parametrization of inertial mass density of vacuum manifested itself
in the form of the special cosine integral function Ci(a) in the DE density ppg(a).
Ci(a) led to unique characteristics that play crucial roles in the expansion dynamics
of the Universe through the Friedmann equation. To explore it to a greater extent, a
preliminary investigation of the free parameters (A, Q; and @) and their influence on
this dynamics along with the model capabilities was carried out. In the investigation,
the early Universe description of ACDM is preserved. For the ranges 0.7 <A < 1.3
and 13 < 0, < 15, it was found out that it is possible to obtain fits that agree excellently
with a number of data points such as the local TRGB, SHOES Hy measurements and
full BAO set in the case of H(z/(1+z) and cIn(1+ z)/Dy;. Subsequently, for certain
values of the model parameters A, Q> and ¢, the corresponding DE density ppg(z)
is observed to demonstrate ever-decaying oscillations at low redshifts preceded by
the familiar sign-switching behavior at high redshifts. These wiggles are reflected
in the late expansion rate H(z) due to slowly dominating DE density and cause a
dip and a bump in H(z)/(1+ z) that respectively yield a much better fit to the Ly-o
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and Galaxy BAO data than both ACDM and A;CDM. As for the Hy values, although
the reconciliation of the most recent the SHOES measurement demanded relatively
high-amplitude oscillations that slightly exacerbate the fit to the Galaxy BAO data in
cIn(1+z)/Dyy, it appeared likely to attain a value that falls within the error margins
of both the SHOES and BAO data at the same time. Furthermore, a sign-switch
phenomenon in the DE density ppg(z) similar to that of the gDE or ACDM models
emerged due to Ci(a). It differs from that of A;CDM in that ppg(z)/pcr,o Starts out
negative, albeit with no lower bound, in the remote past and dynamically switches its
sign at about redshifts typically much greater (e.g. z ~ 40) than reasonable z; values
(e.g. zy ~ 2) and then settles into ppg(z)/pero ~ 0.64. Despite these differences, it
can be said that the sinusoidal parametrization of opg fulfils the initial expectations.
Additionally, it has been realized that the DE equation of state parameter(EoS) wpg(z)
that inherits the wiggles from the inertial mass density displays a very similar pattern
found in model-independent reconstructions of dark energy EoS parameter. The same
situation holds for the deceleration parameter ¢(z), which lends extra confidence in
prospect of success of the parametrization. Finally the oscillatory DE source was
checked whether or not it is compatible with the notion of wavelets. Numerical
calculations at the end of the thesis validated that the sinusoidal parametrization of
opEg 1s indeed compatible with it. With all of these in mind, it can be deduced that
the oscillating DE arising from opg (@) = Q;sin[Q>(a — 1) + @] seems to have the
potential to reproduce the successes of A;CDM and even improve its shortcomings
concerning the Galaxy BAO data.
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BASLICA KOZMOLOJIK GERILIMLER IiCIN TEK BIR RECETE:
SALINIMLI EYLEMSIZLIK KUTLE YOGUNLUGUNA SAHIP
KARANLIK ENERJI

OZET

Gozlemsel kanitlarin biiyiik ¢ogunlugu giinlimiiz evreninin enerji yogunlugunun
yiiksek oranda karanlik madde ve hala gizemini korumakta olan karanlik enerjiden
olustuguna isaret etmektedir. Evrenin bu karanlik kesimini ve gorece az miktarda
baryonlar1 temel alan Lambda-Soguk Karanlik Madde (ACDM) modeli olarak
da bilinen standart kozmolojik model, icinde bulundugumuz evreni agiklamakta
oldukca basarili oldugu bilinen bir modeldir. Ne var ki, astronomik gozlemlerin
zaman igerisinde gelisen hassasiyeti, ACDM modelinin aslinda bircok veri setiyle
onemli ol¢iide uyumsuzluk gosterdigini giderek artan bir sekilde ortaya koymaktadir.
Evrenin dogrudan ve yerel Olciimlerden elde edilen giiniimiiz genisleme hiz1 Hy =
73.04+1.04 kms™! Mpc_l, ACDM kapsaminda, madde-baryon yogunlugu ve kozmik
mikrodalga ardalan 1siniminda (CMB) gozlemlenen ses tepelerinin arasindaki uzaklik

baz alinarak c¢ikarsanan genisleme hizi olan Hy = 67.36 £ 0.54 kmsflMpc_1 ile
50 giiven araliginda bir gerilim gosterir. Hubble gerilimi olarak da bilinen bu
problem uzaklik modiilii it (z;, H(z)) = mp ; — Mp ; araciligiyla siipernova salt parlaklig
Mp’ye kadar uzanir ve CMB ses ufku kullanilarak ayarlanan Mp degerleriyle 3.4c
giiven araliginda bir uyumsuzluk olusturur; burada mp; siipernovalarin goriiniir
parlakligin ve z; kirmiziya kaymasidir. ACDM modeli ¢ercevesinde genisleme hizi
H(z)’ye iligkin bir diger problem ise diisiikk kirmiziya kayma (Gokada BAO verisi) ve
yiiksek kirmiziya kayma (z ~ 2.33’deki Ly-o verisi) degerlerinde yapilan Baryon Ses
Salinimlar1 (BAO) 6l¢ciimlerinden elde edilen genisleme hizlari arasindaki 1.50 giiven
araligindaki gerilimdir. Bu gerilim, en bagta daha diisiikk H(z) degerlerini ve 1.7 <
z < 2.34 araliginda buna eslik eden negatif karanlik enerji yogunluklarini yegleyen
ve ACDM’deki karanlik enerji yogunlugu degeriyle 2.50 giiven aralifinda bir
uyumsuzluk olusturan gézlemsel veri olarak ortaya ¢ikmustir. Ayrica, kiiciik kirmiziya
kaymalarda biiyiik 6l¢ekli yapilart gozlemleyen dinamik kozmolojik sondalara kiyasla,
ACDM modeli daha biiyiik bir agirlikli madde salinim genligi Sg 6ngoriir ki bu da 2-3¢
giiven aralifinda bir uyumsuzluk olusturur. Kozmolojik sabit A’ya iligskin, kozmolojik
sabit problemi ve denk gelis problemleri gibi uzun siiredir var olan kuramsal bazi
sorunlar da gozoniinde bulunduruldugunda, biitiin bu sayilan gerilimler kaginilmaz
bir sekilde daha eksiksiz bir kuramsal model arayisinin giidiisiinii olusturmustur.
Bu arayis ¢cogu zaman ya degistirilmis genelcekim kuramlar1 ya da genel gorelilik
cercevesinde ACDM modeline en az degisiklikle yapilan eklemeler seklindedir. Bu
anlamda, bu eklemelerin bir 6rnegini tegkil eden bir yaklasim da eylemsizlik kiitle
yogunlugu parametrizasyonlar: iizerine odaklanir. Eylemsizlik kiitle yogunlugu p,
Kuantum Alan Teorisi (QFT) vakum enerjisinin sifir eylemsizlik kiitle yogunluguna
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sahip olmasi varsayimindan olabilecek en kiiciik dinamik sapmay1 g o< p7L dikkate
alan kademeli karanlik enerji (graduated dark energy, gDE), dikkate deger davraniglar
sergileyen bu parametrizasyonlardan biridir. A parametresinin ¢ok bilyiik negatif
degerlerinde, gDE, sabit bir eksi enerji yogunluguna sahip olan ve ge¢miste isaretini
eksiden artiya ceviren bir kaynaga karsilik gelir. Bdyle bir dinamik kaynak su
anlama gelir; yiiksek kirmiziya kayma degerlerinde negatif enerji varlig1 tarafindan
baskilanan Hubble parametresi H(z) diisiik kirmiziya kaymalarda arttirilmig bir
genisleme hizina yol acar. Bunun nedeni son sagilma yiizeyine olan eshareketli acisal
mesafenin Dy (z.) = ¢ [;* H '(z)dz acisal akustik dlgek 6, aracihigiyla neredeyse
modelden bagimsiz olarak CMB tarafindan ¢ok iyi derecede kisitlanmis olmasi ve
bunun degismesinin beklenmemesi gerektigidir. Yani, gDE yogunlugunun isaret
degisiminin gerceklestigi kirmiziya kayma degeri Ly-« z = 2.34 degerinden bir miktar
kiictikse, eksili enerjiye sahip dinamik bir kaynak olarak hem Hp hem de Ly-o
gerilimlerini ortadan kaldirabilmektedir. Gozlemsel incelemeler, yogunluktaki bu
isaret degistirmenin ¢ok hizli olmasi dolayisiyla, gDE’nin esasinda fenomenolojik
olarak ge¢cmiste eksili olup isaret degistiren kozmolojik sabite esdeger oldugu durumu
cok giiclii bir sekilde yeglemektedir. Bu durum gDE’nin A — —oo sinir durumundan
kaynaklanir ve adim fonksiyonu davramsi, yani popg(a) — Pepgosgn[f(a)], ile
betimlenebilir. Bu sinir durum ise isaret degistiren kozmolojik sabit modeli A,CDM
ad1 altinda ayrintili olarak ¢aligilmistir. Burada Ay = Agosgn(z — z4] artili kozmolojik
sabit A’min yerini alir ve z;’da isaret degistiri. CMB, Pantheon SNIa ve tam
BAO gibi veri kiimelerini iceren daha genis bir gozlemsel incelemede A;CDM’nin
ayn1 anda Hy, Mp, Ss, Ly-o, ty and @, gibi baslica alti tane gerilimi iyilestirdigi
goriilmiistiir. Bununla beraber, ayn1 anda gerceklesen bu iyilesmelere bir engelin,
daha iyi sonuclar veren kiiciik z+ degerlerinin Gokada BAO verisi tarafindan
daha yiiksek degerler almaya zorlanmasi oldugu anlagilmistir. Halihazirdaki bu
kazanimlardan taviz vermeden atilabilecek bir sonraki adim ise, isaret degistirme
fikrinin Uzerine, kiiglik kirmiziya kayma degerlerinde genisleme hizinda dalgali
davranisa izin vermek olacaktir. Esasinda, sozii gecen dalgalanmalarin gerekliligi
suradan da temellendirilebilir: ACDM’in Hubble yaricapt H~!(z)’nin iizerine bir
kozmolojik model tarafindan getirilen siirekli bir degisiklik y;(z)’ler, eger model
ACDM’in erken ve ge¢ evren betimlemesiyle tutarliysa, kabul edilebilir dalgaciklar
(admissible wavelets) olarak verilmek zorundadir, diger bir deyisle, salinim yapan
bir bicime sahip olmalidir. Bu tezde ise, ge¢ evrende soz konusu dalgaciklari
elde etmek ve bu sayede Gokada BAO verilerini daha iyi temsil etmek amaciyla,
karanlhik enerjinin opg (a) = Q;sin[Q2(a — 1) 4+ @] eylemsizlik kiitle yogunlugu
parametrizasyonu one siiriilmiistiir. Bu parametrizasyon ayni zamanda eylemsiz kiitle
yogunlugunu olgek faktorii a cinsinden birinci derecede Fourier serisine agmaya
karsilik gelir. Yani karanlik enerjinin, dolayisiyla da evrenin evrimini yerel olarak
belirli noktalar komgulugunda yakinsamak yerine, biitiin tarihini birinci dereceden
hassasiyetle anlatmaya olanak verir. Bu dogrultuda tezin ilk kisminda gerekli
araclar ve yeni bir karanlik enerji kaynagini iceren modelin fiziksel ozellikleri genel
gorelilik cercevesinde tiiretilmistir.  Siireklilik denkleminin c¢oziilmesiyle, eylemsiz
kiitle yogunlugunun salinimli dogasinin kendisini enerji yogunlugu ppg(a)’da kosiniis
integral fonksiyonu Ci(Q,a) biciminde ortaya ¢ikardigi, Ci(Q»a) fonksiyonunun
da Friedmann denklemi vasitasiyla evrenin genisleme dinamiginde cok onemli bir
rol oynayan Ozgiin karakteristiklere yol actifi gOriilmiistiir. Sonrasinda modelin
yeterliliklerinin yami sira, modelin serbest parametreleri olan A, Q> ve @ ve bunlarin
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evrenin genisleme dinamigi {iizerindeki etkilerinin bir Onarastirmasi yapilmistir.
Onarastirmada ACDM’in erken evreni iyi agikladig1 kabul edilip, bu erken evren
betimlemesine dokunulmamustir. 0.7 < A < 1.3 ve 13 < Q> < 15 deger araliklarinda,
H(z/(1+z) ve cIn(1+z) /Dy durumlarinda, yerel TRGB, SHOES Hy dl¢iimleri ve tam
BAO kiimesini iceren veri noktalariyla ¢ok iyi uyum gosteren egriler elde edilmesinin
miimkiin oldugu goriilmiistiir. Devaminda modelin serbest parametreleri A ve @’nin
bazi degerleri almasi durumunda, karanlik enerjinin enerji yogunlugu ppg(z)’nin
diisik kirmiziya kaymalarda giderek soniimlenen salinimlar, bunun dncesinde, yani
biiylik kirmiziya kaymalarda ise bir igaret degistirme davranigi yaptigr gosterilmistir.
Giintimiize yaklastik¢a ge¢ evrende karanlik enerjinin baskin hale gelmesiyle birlikte,
diigiik kirmiziya kaymalardaki salinic1 davranig dogal olarak genisleme oran1 H(z)’de
dalgalanmalar seklinde belirmis ve bu dalgalanmalarin H(z)/(1 + z) grafiginde Ly-a
degeri ile uyumlu bir cukur ve Gokada BAO verisiyle hem ACDM hem A;CDM’in
oldugundan ¢ok daha uyumlu bir tepe olusturdugu goriilmiistiir. Bu anlamda Gokada
BAO verileri diger veri kiimeleri i¢in bir sorun olmaktan cikar. Hy gerilimine
gelince, her ne kadar en giincel SHOES oOl¢iimlerinin modelle daha iyi uyusmasi
yiiksek genlikli salinimlarin varh@ini gerektirip diger yandan cIn(1+z)/Dy, grafiginde
Gokada BAO verisiyle olan uyumu kétiilestirse de, veri noktalarinin yanilgi paylari
dahilinde her iki durumla da tutarlilik icerisinde olan parametre kombinasyonlarinin
olas1 oldugu goriilmiistiir. Ek olarak, ortaya ¢ikan gDE’dekine benzer isaret de8istirme
davranigi enerji yogunlugunda barindirilan Ci(Q»a) fonksiyonundan ileri gelmektedir.
Ancak aralarinda birtakim farkliliklar vardir: Karanlik enerjinin yogunlugu Ci(Qsa ~
0.6165) = 0 noktasinda eksiliye doniip ge¢mise gittik¢e daha da eksililesmektedir. Bu
da yogunlugun alabilecegi eksili degerler i¢in gDE’nin aksine bir en kii¢iik alt sinirin
olmadig1 anlamina gelmektedir. Dahasi, modelin verilerle uyumlu olarak gosterdigi
isaret degistirmelerin kirmiziya kayma degerlerinin (z ~ 40), A;CDM’de gozlemsel
analizden elde edilen tipik isaret degistirme kirmiziya kaymalarindan (z+ ~ 2) ¢ok
daha biiyiik oldugu goriilmektedir. Ne var ki, bu farkliliklara karsin, eylemsizlik kiitle
yogunlugunun siniizoidal parametrizasyonunun ilk asamada beklentileri karsiladigi
sOylenebilir. Ayrica yogunluktaki salintmlarin bir sonucu olarak, karanlik enerji durum
denklemi wpg(z)’'nin de azalan kirmiziya kayma degerleriyle frekansi giderek artan
salinimlar yaptig1 ve bunlarin da herhangi bir modelden bagimsiz sekilde gbzlemlerden
hareketle olusturulan karanlik enerji durum denklemi egrileriyle 0 < z < 2 araliginda
kabaca ortiistiigii gortilmiigtiir. Ayni durumun yavaglama parametresi ¢(z) igin de
gecerli oldugu goriilmiistiir; bu da parametrizasyonun bagarili olma ihtimali konusunda
daha da giiven vermektedir. Tezin son kisminda ise modelin ge¢ evrende neden oldugu
dalgalanmalarin kozmoloji baglamindaki dalgacik (wavelet) kavramiyla tutarlhilik
icerisinde olup olmadig: test edilmis ve yapilan sayisal hesaplamalarla karanlik
enerjinin eylemsizlik kiitle yogunlugunun sinuzoidal parametrizasyonunun dalgaciklar
icin verilen kosullarla tutarli oldugu dogrulanmistir. Biitiin bunlar gdz Oniinde
bulundurulacak olursa, gpg (@) = Q;sin[Q2(a — 1) + @] nin bir sonucu olarak ortaya
cikan salinimli karanlik enerji modelinin AqCDM’in basarilarin1 yenilemekle kalmayip
onun Gokada BAO verisine iligkin sorunlarimi c¢ozerek daha yiiksek kozmolojik
gerilimleri ¢ozebilen tek bir regcete sunmaya giiclii bir aday oldugunu soyleyebiliriz.
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1. INTRODUCTION

It has been revealed through Supernova Type Ia surveys [1,2] of the last two decades
that the Universe has recently entered a stage of accelerated expansion, which, with
the advancement and diversification of our astronomical probes, was also verified in
the ensuing years by other independent observations such as the cosmic microwave
background (CMB) [3-5] and the baryon acoustic oscillations (BAO) [6-9]. The
simplest and arguably the most natural candidate driving this late-time acceleration is
the cosmological constant A [10—12] comprising an essential component of what has
come to be recognized today as the standard model of cosmology, namely, the Lambda
Cold Dark Matter (ACDM) model [13-15]. Predictions of the standard model agree
exquisitely well with the most of the observed properties of the Universe, ranging from
the abundances of light elements set in the first few minutes [16-21] to the formation
of large scale structures (LSS) [22] and their statistical distribution throughout space
based on the minute temperature fluctuations imprinted in the CMB [3-5]. Its success
and explanatory power notwithstanding, as the precision of data sets keeps increasing,
it is becoming more and more evident that the ACDM in fact suffers a number of
serious low and high redshift tensions that have been turned out be persistent in the
model in the past couple of years [23-31]. Among them is the most prominent the
Hubble constant Hy tension of more than about 5¢ [32-35], which is the conspicuous
discrepancy between the value of Hy = 73.0441.04 kms~! Mpc_1 [36] obtained from
the local, model-independent measurements, namely, the Cepheid-calibrated distance
ladder method [37-39] that exploits the luminosity distance-redshift relation, and the
value Hy = 67.36 +0.54 kms™~! Mpcf1 inferred from the stringent constraints placed
on the positions and relative heights of the acoustic peaks by the CMB-Planck satellite,
assuming the ACDM [5].

Other significant challenges plaguing the standard model in connection with the
A involve the infamous cosmological constant problem [14, 40-42] as well as the

coincidence problem [10-12,40,41,43] concerning the highly unlikely yet comparable



present-day energy densities of dark energy ppgo and matter py o, or put it another
way, the problem of “why the observed acceleration is happening today out of
the virtually infinite possible time scales in the history of the Universe”. This is
particularly intriguing considering the fact that ppg and pp, scale much differently

3 with a

with the expansion of the Universe, that is ppg = const and Py o< a—
being the scale factor. A wealth of literature has been produced over the course
of years by many who are in search for viable alternative cosmological models or
minimal extensions of the standard model that could potentially provide satisfactory
resolutions to these issues and more without disrupting hitherto successful account
of the Universe [23, 31, 35]. Generically, the two most common approaches adopted
in this context entail either treating general relativity (GR) as the correct theory
of gravitation and introducing more general, brand-new dark fluids to the cosmic
inventory (occasionally with non-minimal interactions between them) rather than one
with constant equation of state (EoS) parameter w = —1 or contriving modifications
in the gravitational theory such as f(R) and scalar-tensor theories, Gauss-Bonnet
gravity, Braneworld models coming with extra set of degrees of freedom that can
generate the desired cosmological features [12,44—46]. A renowned example of the
former is quintessence models described by a minimally coupled canonical scalar field
possessing an energy density that increases with the redshift [45,47,48]. Quintessence
has remained as a popular subject of study as a candidate for dark energy and the
solution to the current discrepancies for years. Unfortunately, it has been shown that
quintessence models with EoS —1 < w < —1/3 are incapable of resolving for instance
the Hy tension as a late time modification to the expansion rate H(z) since the required
expansionary behavior is slightly phantom w < —1 [49-52]. Surprisingly, even the
phantom models, made up of scalar fields with negative kinetic term and quintom
models accommodating both phantom and canonical fields, cannot fully resolve the
tension, but only yield limited alleviation [49-53]. Furthermore, the fact that Lyman-«
(Ly-o) BAO measurements at z ~ 2.34 first presented in the DR11 release by the BOSS
collaboration provide circumstantial evidence for nonmonotonic evolution of H(z) as
well as the preference for negative dark energy densities renders dynamical dark energy
models more appealing and promising than ever [54,55]. For instance, as we will also

see in Chapter 2, this kind of dynamical behavior was discussed in Ref. [56] in the



case of what is called graduated dark energy (gDE), stemming from the elevation of
the null inertial mass density p of the usual vacuum energy of the quantum field theory
(QFT), i.e., o = p + p = 0 to a more general function of 9 = p + p = p? quantifying
the minimal dynamical deviation from the constant A, where A is the ratio of two odd
integers, along with its sign-switching cosmological constant (Ag) limit, which leads to
the A;CDM model [57]. Likewise, the authors conclude that the data analysis strongly
signals a nonmonotonicity at z ~ 2.3 involving a clear detection of a sign-switching
phenomenon in the dark energy (DE) density, which ultimately addresses a broad range
of discrepancies such as Hy, Ly-o, Mp, Sg and so on. They also reported the necessity
of wiggles in the Hubble parameter H(z) as the Galaxy BAO data did not behave well
with the A;CDM model [56-59].

Another frequently espoused approach giving rise to interesting dynamical cosmo-
logical consequences is to abandon the assumption of the constant dark energy EoS,
wpg = const. In this regard, numerous phenomenological parametrizations of dark
energy have been investigated [60—73], mostly motivated by the aforementioned
observational signatures and the recent model-independent reconstructions that hint
at a time-varying dark energy wpg(a) rather than a (cosmological) constant with more
than 30 [74-78]. One of the earliest and well-known parametrizations of this sort
is the so-called Chevallier-Polarski-Linder (CPL) parametrization where the EoS is
given by a relation linearly dependent on a (essentially first order Taylor expansion),
that is wpg(a) = wo — w,(1 —a) with wy and w, being two real free parameters. It is
a sensitive-to-data (SNIa) and well-behaved form for the early universe, a ~ 0 hence
WDE ~ Wo — W, and present time a ~ 1 hence wpg ~ wy reducing to the same old
constant EoS [79, 80]. The CPL parametrization is often utilized for observational
analyses in the literature [49, 67, 81] for its choice of parametrization in a in contrast
to the earlier redshift z parametrizations, e.g., wpg(z) = wo — wiz (first order Taylor
expansion in z), has the advantages that it does not lead to observational pathologies
unlike its redshift counterpart and covers most of the observationally accessible epochs
of the Universe [80,82]. Nevertheless, it blows up in the far future wpg — o as a — oo;
thus, various other parametric forms have been discussed with a view to avoiding
the divergence issue [71, 83—85]. It is also possible to include higher order terms of

expansion but at this point, downside of introducing more free parameters is that not



only the model becomes more and more prone to the overfitting but also the parameters
become more degenerate [86]. Accordingly, more data/calibrators become necessary
to break the degeneracy and constrain the parameter space. Besides the polynomial
parametrizations, an idea worthy of investigation is the possible nonmonotonicity in
the evolution of wpg(a) that could cause the dark energy density to cross even below
the phantom divide [83, 87—89]. A particular family of functions that are able to pull
off the feat is the one displaying oscillatory properties or the ubiquitous sinusoidal
functions, which, as we will see, constitute the crux of our discussion in this thesis.
Such a behavior might have the prospect of providing solutions to some naturalness
and fine-tuning problems. As a matter of fact, dark energy models with an oscillating
dark energy EoS parameter, i.e., wpg o< cos(a,z,t) first proposed in the literature can
be attributed to the effort of solving the cosmic coincidence problem [90-93]. The gist
of the argument is that an oscillating form of dark energy would cause the Universe
to accelerate and decelerate successively, nullifying the purported specialness of the
present-day accelerated expansion period in the standard model. Aside from purely
phenomenological attempts, though being quite non-trivial to achieve, it is a theoretical
possibility to be able to attain oscillating EoS within the framework of the field theory
with an appropriate potential V (¢). For instance, the pseudo-Nambu-Goldstone Boson
(PNGB) field characterized by the Lagrangian £ = % gV o 9y o — M*cos(¢/f) + 1],
where M is the explicit global symmetry breaking scale and f is the spontaneous global
symmetry breaking scale, can result in wiggles, hence a nonmonotonic evolution in
the EoS, depending on how deep the field rolls down the potential [94-96]. If the
field has not already rolled through the minimum potential, it yields a monotonically
evolving EoS parameter that can reduce to the CPL case [91]. Consequently, note that

an oscillating potential does not necessarily give rise to an oscillating EoS parameter.

While the idea of parametrizing dark energy directly through EoS offers diverse
cosmological scenarios, a deeper approach towards the nature of dark energy should be
centered around more fundamental physical quantities such as the DE energy density
ppE and the inertial mass density defined as opg = ppg + ppe- Indeed there have been
some efforts to parametrize the dark energy density ppg in this direction [97-102].
Nevertheless, arguably, the inertial mass density gpg can be viewed to be more

fundamental than both the energy density ppg and wpg on the grounds that it enters



energy and momentum conservation equations as the factor of proportionality as we
shall see in Chapter 3. Consequently, it determines the nature of matter and its
properties pertaining to energy and momentum. For instance, the condition that o < 0
tells us the density of the fluid increases as the Universe expands. This also means
the fluid is forced to flow in the direction opposite to the pressure gradient exerted,
violating what is known as the weak energy condition (WEC) [103, 104]. So one
can maintain that the energy density or EoS alone does not impart information on the
behavior and nature of matter to the extent the inertial mass density does. Moreover,
while one can always find a corresponding wpg for any given dynamical opg, simplest
parametrizations of gpg could give rise to very nontrivial and nonmonotonic behaviors
of wpg that are unlikely to be introduced by hand if wpg were to be parametrized
directly or to be obtained via some straightforward scalar field dynamics. It therefore

stands as a reasonable choice to parametrize the inertial mass density gpg.

All things considered, we are motivated to decide the functional form of the inertial
mass density to be gpg (a) o sin(a) based on the following arguments: (1) First
and foremost p is a very fundamental and comprehensive quantity characterizing the
energy-momentum content (not just the energy content) of a system, given the fact
that pressure gravitates in the theory of relativity. This becomes less obscure if one
thinks of g as being enthalpy per unit volume. ¢ = p + p = H/V which also helps
us define the specific enthalpy, H/N = (p + p)/n, that is the enthalpy associated to
a single particle. (2) Recent model-independent reconstructions of dark energy wpg
and density ppg point toward a dynamical dark energy with wiggly EoS wpg [76-78].
(3) As we just discussed it is reported that the Galaxy BAO data necessitate a wiggly
behavior in the expansion rate and suppress the amelioration of the other tensions in the
gDE and A;CDM models [57,59]. (4) It has the potential to alleviate or even solve the
significant tensions like Hy, Mp as well as Sg and so on simultaneously. (5) The recent
realization that deviations from the Hubble radius of the ACDM respecting the early
and late time physics of it must be given in the form of oscillatory functions [105]. (6)
The challenging reconciliation of the Ly-oc BAO measurements of BOSS collaboration
with the ACDM expansion rate at z ~ 2.3, suggesting a negative dark energy density
PpE that is about 1.50 different from the unity value of ACDM, which is in turn

implying a dynamical dark energy density that could even switch its sign from negative



to positive [54, 106]. (7) Over suitable intervals, the average value of a sinusoidal
function is zero. In our case this corresponds to (opg) = 0, recovering the null inertial
mass density of usual vacuum energy of the QFT, o = 0, representing considerably
non-trivial and drastic deviations from the ACDM in relatively short periods, but
recovering it in adequately prolonged time-scales. (8) Oscillating dark energy models
are able to lead to results consistent with observations. (9) Oscillating cosmological
models are apt candidates for the solution to coincidence problem. (10) Last but not
least, the parametrization is done with respect to the scale factor a because we prefer
to keep what presents cosmological interest to us finite in an interval [0, 1] over which
a is well-defined. This amounts to shifting the oscillations tending to infinity to the
far future, which is vice-versa in the case of parametrizing in z (though the z case
appears interesting to investigate). Additionally, the scale factor a appearing in the
FRW solution of GR is arguably the most natural and fundamental variable affecting
the energy-momentum content of an expanding universe. Redshift z in this sense can
be thought of as being somewhat secondary to the scale factor a as it emerges as a
physical consequence of expansion encoded by a therefore serves to link the theory

with observations.

In this thesis, we will first give a summary of the well-studied parametrizations of
the inertial mass density as well as their detailed observational analyses in Chapter 2:
the simple-graduated dark energy and the graduated dark energy. Then we will keep
on with the particular limit of the graduated dark energy where it can be described
by what is named as the sign-switching cosmological constant. Subsequently we will
close Chapter 2 by a profound mathematical consequence regarding the requirement
of wiggles in the post-recombination Universe. In Chapter 3, we will introduce our
model in which we parametrize the inertial mass density by upgrading it to a sinusoidal
function and investigate the free parameters of the model in addition to its cosmological
implications. Lastly we will carry out a consistency-check with the conditions given

at the end of Chapter 3.



2. INERTIAL MASS DENSITY PARAMETRIZATIONS IN LITERATURE

In this chapter, we briefly discuss implications of inertial mass density parametrizations
(as a summary of Refs. [56-59]) together with their accompanying observational

analyses.

2.1 Simple-Graduated Dark Energy

One of the simplest extensions of the base ACDM can be achieved through the
consideration of a more supple concept of inertial mass density o that can assume
non-zero values unlike that of the usual vacuum energy of the QFT, which is null
o = 0. For example, in the simplest case, if we consider o given by a constant named
as the simple-gDE [58],

0¢i = const < 0 2.1

whose corresponding energy density (and its redshift dependency) is described by,

Pci = Peio + 3 oci In(1+2), (2.2)

where p.jo > 0 in accordance with the observational data. It satisfies the EoS parameter,

14+ weio
wei = —1+ 2.3
“ 1+3(1 +weip) In(1 +2) 2.3)

from which it can be noticed that the source approximates the A when z > 0 and its
energy density p.; resembles usual phantom sources (w < —1), except that at some
point in the past p.; turns minus as the term 3 g In(1 4 z) becomes more and more
negative and eventually dominates the energy density. This crossing takes place at the
redshift;

Ze = —1 e Pao/30i, (2.4)

Furthermore, the base ACDM can be extended by the inclusion of the spatial curvature
(its corresponding density parameter is given by parameter €2;) in the Friedmann
equation. Notably, the constant positive curvature £, < O offers an interesting

case since together with the cosmological constant A it can be amalgamated into a



composite effective source forr(z) = Qa + Qi 0(1 +2)*. The A is compansated by the
curvature term with the increasing redshift thus the effective source behaves like a fluid
with the negative energy density and EoS parameter w = —1 /3 beyond certain redshift.
As promising as it may seem to be a candidate for the possible need of a negative
energy density source, it has the drawback of being at odds with spatially flat Universe

Q0 ~ 0, given the BAO, SNIa and cosmic chronometers observations [107-109].

One can further elaborate the above scenario combining the source having constant
negative p rather than the A with the spatial curvature €2;. Now the energy density of

this effective source is then,
Pici = Peiol1 +3(1 4 wei0) In(1+2)] + pro(1 +2)? (2.5)

which likewise crosses below zero as well at different redshifts depending on the value
of we;j 0. It is shown by the above equation that the for example if we take the redshift
7« = e — | at which py.; becomes negative, we require pyi(z«) = 0 giving the relation,

_ 2. lwci,O +2.8

=0 2.6
3Wci,0 —3.39 ( )

k0

Equation (2.6) implies if the Universe is spatially flat € o = 0, then w¢j o = —1.33.
If the Universe is currently assumed to be dominated by the A, that is w¢ig = —1,
then we have € o = —0.11, both of which represent substantial departures from the
observational constraints on the w¢; o and Q; o. However, it is possible to circumvent
this problem by simultaneoulsy relaxing the values of we; ¢ and €2 o, yet still remain
within the bounds of observations. That is to say, it is possible to have w¢; o = —1.1 and
Q0= —0.07. This trade-off between w¢; o and € o can be shown better in Fig. 2.1

below [58] . Any two values lying on the red line satisfy Equation (2.6).

In the detailed observational analysis, the two models, i.e., the simple-gDE
arising from the constancy of the inertial mass density and the other containing
simple-gDE+the spatial curvature which are denoted by DE and oDE, are confronted
with the most recent data at the time and compared with the ACDM and its simplest
extension oACDM involving the curvature. The main datasets used in the analysis are
the Planck CMB data (PLK) [5], supernova type Ia (SN), Galaxy BAO consensus,
Lyman-o¢ BAO from BOSS DR14, the SDSS Main Galaxy Sample (MGS) and
the Six-Degree Field Galaxy Survey (6dFGS) [110-115], and cosmic chronometers

8



-0.05+

Qo

-0.10+

-0.157

_0.20_ T T T T T T T T T T T T T
-14 -13 -12 -11 -1 -09 -08
Wei0

Figure 2.1 : The trade-off between £ ¢ and wy; o plotted for the redshift z, = e —1 ~
1.7. The intersection point of the two dotted lines specifies the where the
ACDM lies. The figure is retrieved from Ref. [57]

(H) [116] as well as the BBN prior on the baryons [117]. The analysis is comprised
of two sections, the first of which presents the fact that when the entire joint dataset
BAO+SN+H+PLK is taken into account, no statistically meaningful evidence in favor
of the extended models (DE, oDE and oACDM) has been found, meaning that the
tensions prevalent in the ACDM persist. On the other hand, in the second part the
results change a great deal and the extensions exhibit interesting cosmological features

if the CMB data is excluded from the analysis.

Above all, subject to the BAO+SN+H set, the simple-gDE falls short of the initial
anticipations by giving poorer Hy = 67.06 +2.02 kms~!Mpc~! than the ACDM
value Hy = 68.27 +0.88 kms~!Mpc~! as the data suggests o, = (3.46 £4.76) x
10—3'gecm™ whose mean value is in contrast with the case of the original interest
oci < 0. This implies that wjp lies in the quintessence region, i.e., —1 < w¢jo =
—0.937+0.0084 < —1/3, which indeed yields lower Hy values. If the spatial curvature
is allowed on top of g.; corresponding to oDE model, only a partial improvement in
Hy, i.e., Hy = 68.84 +2.60 kms*IMpcfl, can be achieved since the effect of g is
now offset by the positive spatial curvature even though the data prefers even higher
0ci = (7.65+5.72) x 1073'gem ™3 with wgjo = —0.872 4 0.097 than the one in the
DE model. This intricate state of affairs is summarized in Fig. 2.2 [58]. In addition,

H(z)/(1+ z) of both extensions DE and oDE fit better to the Ly-oc BAO at z ~ 2.34



merely because the Ly-o data point enters the bounds of the new, enlarged probability
distribution permitted by the dataset. Overall, of all the models, the oDE model agrees
the best with BAO+SN+H dataset but the Bayesian evidence provides a compelling

evidence for the ACDM in comparison with the extended models.

7751 DE e
oDE . S
7501 e DE with PLK s . O
| oDE with PLK
& e 0.0
E .
'—l' 70.0 o ED
Lé) [en]
S 675 s . 02
()
€ 650 —-0.3
62.5 i
- —0.4
60.0

Q6 9 6 AL a® o
0ci X 103! [gcm_3]

Figure 2.2 : The relationship among o, £ o and Hy with and without the Planck data.
High Hj values(represented by the blue dots) are scattered within a region
that corresponds to g¢;> 0, which is in contrast with Equation (2.1). The
figure is from Ref. [57]

When the CMB data is added to analysis, that is the case of BAO+SN+H+PLK, the
previous constraints(of BAO+SN+H) on the oACDM are not affected much, however,
surprisingly oDE model, which initially preferred a closed universe, now suggests a
spatially flat universe with Q; o = —0.0001 £ 0.0019 more precisely than the o ACDM
model with Q; o = 0.0012£0.0018 does. Consistently, the Bayesian evidence disfavor
oACDM and oDE that in fact fits better than the ACDM to the BAO+SN+H+PLK
dataset along with DE model. This significant suggestion of the spatial flatness or
the lack of positive spatial curvature kills the possibility of lifting Hy to the values
consistent with the local measurements even if the diminished o,; = (2.85 £2.58) x
1073lgem ™3 (still positive though close to being null) tends to slightly increase it.
Last but not least, the effective energy densities of the models (0ACDM and oDE)
containing spatial curvature cross below zero at redshifts which the data shows to be

too big to lead to augmented H( values, even for the lowest constraints placed on z,.
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To recapitulate, neither BAO+SN+H nor BAO+SN+H+PLK provides evidence that
these extended models are able to qualify as a replacement for the ACDM to resolve
or alleviate the Hy tension as well as the high-redshift challenges such as Ly-o¢ BAO.
Both datasets favor non-phantom p, i.e., g.; > 0, which is the opposite of what was
expected to solve the Hy problem, suggest no significant departure from the expansion
history of the ACDM till the present time, yet based on the sign of g, predicts a future

evolution a far cry from that of the standard model [58].
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2.2 Graduated Dark Energy and Sign-Switching Cosmological Constant

A slightly more complicated generalization of the inertial mass density o of the usual
vacuum energy of QFT, which is dubbed graduated dark energy [56], is realized
by promoting it to a power function of the energy density p measuring the minimal
dynamical deviation from the constant A assumption.
A

0= 1o (pﬂo) , 2.7)
where 7 and A are two real-valued parameters and py is the present day energy density,
which is pg > 0 as suggested by the observations. It is straightforward to check that the
case ¥ = 0 reduces to the ACDM, A = 1 generates a dark energy with w = const known
as the wCDM models and A = 0 reduces to the simple-gDE that we have discussed in
the previous section. The energy density of the gDE is obtained from the continuity
equation,

d
/ prap=—3yp) * [ =, (2.8)

and finally the scale factor dependence of the gDE energy density is given by,

1

p(a) = po[l1+3y(A —1)lna]™=2 (2.9)

satisfying the EoS parameter,

Y

— 1 .
O B vy Y

(2.10)

As a — 0 and a — oo that is in the distant past and future w ~ —1. For a particular
combination of the free parameters ¥ and A the energy density switches its sign at
some redshift z,. This switching occurs at the future or past redshift depending on the
factor y(A — 1),

ze =€/ (2.11)

If y(A —1) > 0 then z, is some time in the past z > 0 and if y(A — 1) < O then it is
in the future —1 < z, < 0. If one proceeds with the former case, that is y(A —1) >0
with A < 1 and y < 0, it appears that for large negative values of A, which is given
as the ratio of two odd integers, the DE density turns into a source that dynamically

flips its sign in the past. Note that as the A gets larger and larger negative values, p(z)

12



increasingly becomes like the step-function. In the limit of A — —oo, the model can be
interpreted as the cosmological constant A phenomenologically changing its sign from
A < 0 into A > 0 at relatively recent times. We will give a more detailed description

of this limit in the next section.

To gain a better intuition about the way the model parameters operate, assume for
example z, = e — 1 ~ 1.7. From the above relation (2.11), we find that 3y =1/(A —1).
If we take wy = —1.03, i.e., the prediction by the Planck release [5], then from wy =
yY— 1 we have ¥y = —0.03, which yields A = —10.11, meeting both L < 0 and y < 0.
Taking ¥y = —0.03 and A = —10.11 according to Ref. [56], the energy density evolves
as in Fig. 2.3,

0.57

0]

p/pcO

-0.57

0 05 I 15 2 25 3 35
Figure 2.3 : The evolution of pgpg /Per,o With respect to the redshift z with z, ~ 1.7.
The figure is retrieved from Ref. [56].

where PgDE(Z) /Pero slowly increases as the Universe expands and about z, ~ 1.7
makes a very sharp transition and settles to pgpE,0 /Pcr,0 Which is the negative of the
initial value with which it has started out. Correspondingly, the effective w is singular

at the relevant redshift, possessing a pole in Fig. 2.4.

The gDE model has been confronted with the observational data encompassing the
Planck (PLK), which is considered as a “BAO experiment” at z, = 1090 that measures
the sound horizon angular scale [Dy(z = 1090)/r,4] in the early Universe (this
consideration ignores the distinction between r, and the BAO scale r; however it turns
out the approximation holds up to 0.10 in the ACDM), high-precision Baryon Acoustic
Oscillations (BAO) [55], supernova Type Ia (SN) and cosmic chronometers (H) [116].

For —4 < A <0, the model displays no statistically significant superiority over the

ACDM. Nonetheless, for A < —4, as A gets larger and larger negative values and
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Figure 2.4 : The gDE EoS parameter wgpg(z) vs z. At the time z, when the gDE
passes below zero, it has a vanishing energy density, causing a pole in its
EoS parameter. The figure is taken from Ref. [56].

when it is free, ¥ begins exhibiting a posterior probability distribution whose peak
(maximum) is decisively becoming more and more distinct and positioned away from
the one containing the ACDM model (y = 0), resulting in a great betterment of the fit.
It has been observed in Fig. 2.5 that the peak persists in a very stable position in A-¥
space corresponding to ¥ = —3y(A — 1) = —0.86 [56]. Note that the quantity ¥ is
what determines when the event of sign-switching (or equivalently the pole in the EoS

parameter) occurs, which the data definitively suggests to be at z, ~ 2.32.

In Fig. 2.6 [56] is given the probability distribution of the scaled gDE density
PsDE(2)/Per0- The pinkish regions, which are the areas of higher probability, show
that for 0 < z < z,, the gDE best-fit value (black dashed line) can be described by a
positive A (solid black line) to a very good approximation. Likewise, the same thing is
also true for z > z,, except that it converges to the negative cosmological constant —A.
This is because the transition timescale of the gDE energy density is controlled by the
parameter A and when it is large negative-valued as preferred by the data or when it
is free, the switching happens very rapidly, which forces the gDE energy density to
evolve in a way that renders it increasingly difficult to demarcate it from the constant
A behavior for z > z, and z < z,. It is therefore tempting to conclude that the limit of
A — —oo in which the gDE transforms into a simpler model where the sign of the A
makes a swift spontaneous change deserves a special attention, which we will discuss

in the next section.

In addition, the new dynamical nature of gDE helps ameliorate some significant

tensions. For instance the Hy values predicted by the gDE with the parameters that are
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Figure 2.5 :

Figure 2.6 :
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v

The distribution splits into two separate regions: at the left, the very
orderly and sharp distribution including the new stable peak at ¥ ~ —0.86
is shown and at the right there is the wide, less stable patch that also
harbors the ACDM or ¥ ~ 0, reflecting the bimodal characteristic of the
parameters. The figure is from Ref. [56].

1.00 .

0.75 1

0.50 1

0.251

0.001

p(2)/ peo

—0.251

—0.50 1

—0.751

—1.00
0.0 0.5 1.0 1.5

0o

z
The evolution of PepE(2)/Per,0 With z. The swift transition in the energy
density about z ~ 2.34 enables one to describe its behavior by the
step-function. The figure is retrieved from Ref. [56].

favored by the stable peak position at ¥ ~ —0.86 agrees with the Tip of the Red Giant

Branch-calibrated (TRGB) supernovae measurements of Hy [118] much better than the

ACDM living at the position W ~ 0 does. This is well illustrated in the Fig 2.7 [56]

Besides the Hj tension, the gDE can assist Hypg (2 > 2.32) in assuming smaller values

compared to the Hycpm(z > 2.32) thanks to the sudden decline in its energy density.

As the expansion rate is directly related to the the total energy density of the Universe,
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Figure 2.7 : The red error bars of 16 confidence level (CL) show the improvement in

Hy with respect to the ACDM model and other less stable combinations
of the free parameters A and 7, that is ¥ < —0.86. The Hj values (red
error bars) are in excellent agreement with the local TRGB measurements

that gives Hy = 69.8 0.8 kms™! Mpcfl. (The fig. is taken from Ref.
[561)

H,ypg(z > 2.32) correspondingly gets smaller values, allowing H(z) to pass through the

Ly-a BAO (z = 2.34) data point [8, 54] hence resolving the tension. How this decline

is reflected in H(z) can be seen in Fig. 2.8 very nicely.

80
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Figure 2.8 : H(z)/(1 4 z) according the best fit gDE value (the dashed line). It

simultaneously resolves the Ly-a and Hy discrepancies. (The fig. taken
from Ref. [56])

All of these improvements in the fit and the data repeatedly favoring ¥ ~ —0.86

for large enough negative values of A constitute a significant observational piece of

evidence that the Universe might have spontaneously transitioned from AdS to dS

vacua at z ~ 2.32 or thereabouts. That this transition might hold intriguing implications

from the perspective of the string theory where dS vacua are difficult to come by [56].
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2.3 A;CDM: Sign-Switching Cosmological Constant

In the previous section we saw that as A gets larger in negative values, namely in
the limit of A — —oo, pgpg(a) produces the behavior of the step function as nicely
indicated by the likelihood analysis in Fig. 2.6. Therefore guided by the observations,
the so-called minimum dynamical deviation can be described by the step function quite

accurately,
PepE(a)
Per,0

where sgn(x] is the familiar signum function that outputs -1, 0, 1 for x < 0, x = 0 and

— Qopg0sgn[l —¥lnal, (2.12)

x > 0, meaning that a, is the scale factor pgDE(a) passes below zero at, then for a < a,,
gDE(a) = —A and for a > a., pype(a) — A, which, phenomenologically can be
thought of as being equivalent to a model where A spontaneously switches sign at some
a, and triggers the acceleration of the late-time expansion of the Universe. In fact, the
sign-switching cosmological constant represents a theoretically appealing regime for
it offers an important means of avoiding the physical constraints the gDE fails to obey.
To elaborate, the adiabatic sound speed c? = dp/dp respects the condition 0 < cf <1
whose upper limit marks the boundary between causal and non-causal behavior of
matter. Violation of the upper limit means that the fluid supports the propagation of
signals faster than the speed of light, contravening the chief tenet of the theory of

relativity. Take the gDE with ¢2 = —1+ 4 (%) 1 > 1 for 0 < p < pp much greater
than the upper limit. On the other hand, an effective source originating from geometric
considerations would not be subject to the aforementioned constraints [56]. For
instance the cosmological constant can also be interpreted as the curvature of empty
space; therefore, it is not only observationally plausible but also theoretically appealing
to view the gDE emerging as an effective source approximating the cosmological

constant that spontaneously flippes its sign. This limit of the gDE has been branded as

the sign-switching cosmological constant [57] and it is described by
As = Agosgnlz — z¢], (2.13)

where z; denotes the redshift of the so-called sign-switching and the model replaces

the A of ACDM with Ag to give birth to A;CDM.
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A comprehensive observational study involving datasets such as the full Planck
CMB data [5], the full BAO set [106] and Pantheon SNIa [119] reveals that the
sign-switching cosmological constant simultaneously relaxes, if not fully resolve, a
wide range of discrepancies majority of other alternative models out there cannot
without exacerbating at least one of them. These discrepancies encompass H
and the associated Mp tensions, Ly-o, Sg, fop and @, tensions [57, 59]. To
exemplify, when the joint CMB+BAO dataset is considered, the model yields
Hy = 68.82+0.55 kms~! Mpc~!, which is in a good agreement with the TRGB
measurements [118]. What is more is that it has been argued that remedying the
Hj tension is in essence nearly the same as resolving the SNIa absolute magnitude
(Mp) tension due to the equivalency between A;CDM and ACDM for z < z; and
the way they are incorporated into the methods of local Hy measurements and the
relevant cosmography. Greater Hy values attained by the A;(CDM correspond to
smaller Mp values. For example, for z; = 1.6, A;CDM yields Mp ~ —19.25 mag. This
agrees very well with the Mgzo = —19.244 £ 0.037 mag calibrated via Cepheids [120]
based on Pantheon SNIa data [119], which is in 3.40 tension with the M5!anck2018 —
—19.401 £ 0.027 mag calibrated via the sound horizon scale (based on parametric
free inverse distance ladder) [121]. One of the other discrepancies addressed by the
AsCDM is the growth tension, also known as the Sg tension [31]. It refers to the
mismatch between the growth rates suggested by the Planck/ ACDM and dynamical
probes such as weak lensing [122, 123], cluster counts [124, 125] and redshift-space
distortion [126,127]. The combined growth parameter is defined as Sg = oy \/m
where oy is the amplitude of matter root-mean-square fluctuations enclosed within
the radius of 84~ 'Mpc today. Planck/ACDM in the context of GR suggests Sg =
0.8344-0.016 [5], on the other hand, for example the KiloDegree Survey(KiDS-1000)
finds Sg = 0.766f8:8%§ (cosmic shear+galaxy-galaxy lensing) [128] being at about
30 tension. Including only the CMB data in the analysis, A;CDM gives a relaxed
value of Sg = 0.8071 £ 0.0210 despite the increased og = 0.8223 4+ 0.0098 with
respect to og = 0.8117 £0.0076 in the ACDM. This is because of the suppressed
Qo = 0.29004+0.0160 within the A;,CDM compared to the ACDM value of Qy, o =
0.3162 +0.0084. Additionally, as we mentioned before, first noticed in the BOSS
DRI11 as 2.50 discrepancy in the ACDM, now being at a mild 1.5¢ after the eBOSS
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SDSS-DR16, Ly-o measurement at z ~ 2.33 has been troublesome to reconcile with
the theory as the data favors negative DE densities at that redshift [54, 106, 129]. In
this direction, it has been shown that the sign-switch conjecture of the gDE hence
AsCDM resolves the Ly-o tension at z ~ 2.33 as well. On the other hand, in the
case of full BAO set containing the Galaxy BAO data at effective redshifts zef =
0.15,0.38,0.51,0.70,0.85 [106], the fact that the Galaxy BAO data prefer higher z;
values precludes the A;CDM from efficiently mitigating the other discrepancies. This
can be seen from the Fig 2.9 [57].
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Figure 2.9 : As z; gets values smaller than about 2.2, higher and higher tension with
the data points at z.is = 0.38,0.51 arises. This implies that the lower limit
for the sign-switching redshift z; is set by the Galaxy BAO data while
the upper limit zefr ~ 2.33 is determined by the Ly-o data since if the
sign-switching takes place at higher redshifts, the reconciliation with the
data point is immediately lost. (The figure is retrieved from Ref. [58].)

That is to say, the Mp ~ —19.25 obtained for z; = 1.6 is not allowed when the full BAO
is introduced to the analysis. As z; is forced to assume higher values than z; = 1.6,
the corresponding Mp values decline, building up the so-called tension. Therefore
it seems to be case that the Galaxy BAO data tend to offset the relaxations of the
significant discrepancies achieved by the A(CDM model. As a result, it has been
argued in Refs. [57,59] that for the model both to be in agreement with the full BAO
set [106] and to retain its success in bringing discrepant high-redshift values to more
compatible ranges at the same time, a wiggly behavior in the late-time evolution of
H (z) that would fit better to the Galaxy BAO might be necessary. In the next section

we will now see that there is actually much more to the idea of wiggles than just this.
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2.4 The Inevitable Manifestation of Wiggles in the Late Universe

In addition to the observational precursors, further conviction on the requirement of
wiggles in the late Universe has come from a deeper mathematical realization. It
has been shown that smooth deviations from the Hubble radius H~!(z) of the ACDM
respecting the early and late time physics of it must be given in the form of oscillatory
(but not necessarily periodic) functions [105]. To justify this assertion, let us start

giving the comoving angular diameter distance Dy (z,) to the surface of last scattering

_o [T
DM(Z*) =cC 0 H(Z)’ (214)

where z, the redshift at decoupling. @ A well-known fact is that given the
pre-recombination physics (which is described by the ACDM in this case), the
constraint placed by the near model-independent determination of the angular acoustic
scale on Dy(z,) is very stringent [4, 5]. Therefore alternative models that claim to be
consistent with the pre-recombination physics of the ACDM at least at the background

level are expected to keep Dys(zs) unchanged. This translates to

Tx d Tk d
/ % [T & (2.15)
o Hacom(z) Jo H(z)

where H(z) is the Hubble parameter of any given model whose departure y(z) from
the ACDM is quantified by its Hubble radius y(z) = H~!(z) — Hy py(2)- Notice it is
immediate from the fact that the description of the early Universe (z > z) is given by
the ACDM that y(z > z,) = 0 (1st condition) so that H(z) = Hacpm(z). Altogether
Equation (2.15) implies,

Tk

dZ Zx dZ Zx
D %) = —_—= _— d 2.16
mz) =c 0o H(z) C/O Hacpm(2) +C/0 viz)dz (210

which then imposes the 2nd condition,

¥(z,) = /Oz* w(z)dz = 0. (2.17)

If one further requires that the standard model explains the late Universe

successfully [5, 106, 123], imposing the 3rd condition

w(z=0)=0, (2.18)



along with the 1st y(z > z,) = 0 and the 2nd condition (2.17), then these three
conditions are satisfied by a special group of oscillatory functions known as
wavelets [130, 131]. It is because, provided that y(z) # 0 everywhere in the interval
(0,z+), in order for the integral to vanish, for every negative value of y(z), there must
be the corresponding positive value, which suggests an oscillating type of behavior.
The condition (2.17) is known as the admissibility condition for wavelets [130].
Moreover another mathematical underpinning is provided by what is known as the
Rolle’s theorem, which, adapted to our case, states that if at the boundaries ¥(z =0) =
0, ¥(z+) = 0 and W(z) is continuous on [0, z] and differentiable on (0, z.), then at least
one redshift z,, exists in the history of the Universe for which the following holds,

d¥

el - =0 2.19
dZ - W(ZP> ) ( )

»
which unambiguously shows that the smooth deformations y/(z) introduced by any
cosmological model on top of HX&DM (z) must be in the form of functions of oscillatory
but not necessarily periodic kind, viz., wavelets, so long as the above conditions are
exactly or approximately met. Fig. 2.10 [105] exemplifies some typical wavelets with
their relevant parameters varied, such as the Haar wavelet given by,

_ 1
= BG4 5. .20

and Hermitian wavelets, for example yg3(z) described by,

3
Veale) = ~8B2 | Bz 21)* = 3 20)| (). @21
which is generated by taking the n-th order derivative such that yg,(z) = dn"ég,?(z)

(where n = 3 hence G3 in this particular case) of a Gaussian distribution Ygo(z) of

the form of,
Voo(z) = —5ge PE (222)
For n =4, it generates,
3
vea(z) = 16B8% | B2 (z—z1)* =3B (z —z¢)* + 7 | Yeo(2). (2.23)

It turns out that wavelets are very efficient in granting a model nonmonotonic behavior,
making the model far more flexible against the observational data. This becomes

the the most transparent when we look at the evolution of the Hubble parameter
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Figure 2.10 : Scaled wavelets vs z on the top of the Hubble radius. Notice the generic
property of having a vanishing integral over a finite interval as well
as the nonperiodic, localized oscillations. The figure is retrieved from
Ref. [104].

in the presence of wavelets in Fig. 2.11 [105]. It is conceivable that thanks to a
simplest non-periodic wiggle in the late-Universe, reconciliation of the entire BAO
data set [106] can be accomplished by a hypothetical model having a mechanism with
exactly or approximately similar to the wavelet-type behavior. At this spot, it is crucial
to recall that the supposed oscillations need not be perodic and localized or decay well
within some small redshift interval. Instead, they might have varying periods and can

be spreaded over much of the history of the Universe into the past or future.
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Figure 2.11 : The influence of wavelet deformations in Fig. 2.10 on the expansion
rate vs z. The data points include the BOSS DR12 consensus Galaxy at
Zeff = 0.38,0.51, eBOSS DR16 LRG at ze¢f = 0.70 with eBOSS DR16
Quasar, Ly-a-Ly-o, and Ly-a-Quasar at ze = 1.48, 2.33 and 2.33
respectively. The figure is from Ref. [104].
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Furthermore, the oscillations present in the Hubble radius can have different origins
to descend from. That is to say it is possible to track their origins for example down
to the dark energy density ppg(z) or to the gravitational coupling strength Geg(z). We

can justify the former possibility by defining the fractional deviation,

H —H
5(z) = pE(2) — Hacpm(2) (2.24)
Hacpm(2)
which for small enough deviations |5 (z)| < 1 can be written as,
8(z) = —y(z)Hacom(2). (2.25)
Neglecting the radiation, the Friedmann equation(in geometrized units)
3H2(2) = Pmo(1+2)° + poEof(2) (2.26)
allows us to write,
AppE(2) 68 (2) Hicpm (2); (2.27)

where we have made the definition of the deviation from the effective energy density

of the cosmological constant

Appg(z) = Ppe0f(2) — Pa- (2.28)

We see from Equation (2.27) that any oscillation present in Hpg(z) might arise as a
direct outcome of the deviation from the constant energy density of the usual vacuum

energy, that is Appg(z) o< ¥(z).

All in all, one can conclude that the mathematical framework of wavelets in the
cosmological context, coupled with the observational signatures from the troublesome
anomaly between Galaxy BAO and Ly-o BAO data consolidates the idea of a wiggly,
or in other words sought-after nonmonotonic, behavior of H(z) stemming from the
DE energy density in the time period 0 < z < z, [55-57, 59, 106, 114]. This is
exactly what we are going to explore in the subsequent section since our oscillatory
parametrization indeed reflects the deviation from the null vacuum or constant EoS

wp = —1 assumption.
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3. OSCILLATORY DARK ENERGY

The simple-gDE is as its name suggests the simplest ever deviation from the null
inertial mass density of the usual vacuum [58]. It was described by a constant,
non-dynamical inertial mass density. The extensive observational analysis revealed
that even its co-operation with the spatial curvature could not lead to considerable
relaxation of the existent cosmological tensions. So the next step was to consider a
minimum dynamical deviation achieved by the gDE, which leads to the A;CDM model
as a limiting case [56,57,59]. In the observational test to which they have been put, they
performed very well, addressing an array of tensions of various degree of significance.
In spite of the remarkable achievements, their shortcoming was that they lacked the
required flexibility to conform to Galaxy and Ly-a BAO data simultaneously. This,
armed with the mathematical consequences just discussed [105], then implied that
wiggles in H(z) appear inevitable in order for the model to perform even better. In line
with this argument, the next step we take in this section is to attempt to implement a
cosmological scenario in which both sign-switch concept and non-monotonicity in the
form of oscillations (wiggles) in the energy density, of which the previous models are

bereft, legitimately co-exist.

3.1 Model: Oscillating Inertial Mass Density

We first start with the fact that the Universe, on sufficiently large scales, is well

described by the Robertson-Walker (RW) spacetime;
ds? = —dr? +a*(r)dz?, (3.1)

where a(z) is the scale factor of the Universe with ¢ being the cosmic time and
dX? is the maximally symmetric metric of three-dimensional homogeneous and
isotropic spacelike slices (hypersurfaces) at each instant of cosmic time, which is in
reduced-circumference polar coordinates given by

dr?

k2

— +r2dQ2. (3.2)

dr? = %;(x)dx'dx’ =

25



Here dQ? = d62 +sin>0d¢? and k = +1,0,—1 are the three possible constant (in
space) curvatures of the spatial metric dX? corresponding to a spatially closed, flat
and open universes respectively [132, 133]. To the precision the most contemporary
observations are able to measure, the Universe appears to be devoid of spatial
curvature, i.e., Qi ~ 0 [107-109]. Thus, in the rest of the dissertation we
will assume that we inhabit a spatially flat universe with k = O unless otherwise
specified, meaning that we at same time stay in concert with the canonical inflationary
scenarios [134-136]. We continue with writing the metric of spacetime g,y in terms

of its parallel and perpendicular components as follows,

guv = hyy —uyuy 3.3)

where hyy is the projection tensor and the four-velocity uy is the unique unit
timelike field that is tangent to the worldlines of comoving observers and satisfies
the relations uyu* = —1 and Vyutu, = 0. The general form of the energy momentum
tensor (EMT) describing the flow of a perfect fluid within the RW spacetime is then
Tuv = (p + p)uguy + pguv in which the energy density p with respect to u, and
the isotropic pressure p of the fluid in the rest frame of observers comoving with
the fluid are given by p = Tyyu*u” and p = h*V(Tyy/3) respectively. It is well
known in classical general relativity (GR), via the field equations G,y = —Ty, that
the twice-contracted Bianchi identity guarantees that the EMT is divergence-free,
that is V,TH*Y = 0. Within the 143 covariant decomposition approach, one can
split spacetime into its parallel and orthogonal components relative to u;, and obtain
the corresponding energy (the continuity) and momentum (the Euler) conservation

equations from this divergence-free property of the EMT (See Appendix A):
p+0(p+p)=0 (3.4)
and
D*p+(p + p)i* =0, (3.5)

where ® = Dy, is the scalar of volume expansion rate in the case of no cosmic shear
and vorticity, i.e., pure expansion and the projected spatial derivative Dy, is given by
Dyuy = Vyuy +uyuy [103,104,132]. The overdot represents derivative with respect

to the proper time r measured by the clocks of the fundamental observers, that is,
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the comoving time. In Equation (3.5), the gradient of pressure D* p gives rise to the
four acceleration i, in the same sense as in the Newton’s 2nd law. This implies that
inertial content of matter is not determined by energy density alone, but rather by a
combination of energy density and pressure, which we recognize as the inertial mass
density, o = p + p. For the conventional vacuum energy (of QFT), or for the effective
energy density of a cosmological constant when it is absorbed into the EMT, the inertial
mass density is null, i.e., p + p = 0; and Equation (3.5) is often paid relatively little
attention. However, there appears a plethora of uncharted cosmological implications if
we give up on the notion of the null inertial mass density of the conventional vacuum
and promote it to a special function of the scale factor a of the Universe. Based on the
arguments given in the Introduction section, we introduce the inertial mass density p
of the vacuum energy assigned to a periodic, oscillating function of the scale factor a

of the form of
ODE (a) =0 sin[Qz(a — 1) + (p] 3.6)

Note that this choice is also tantamount to Fourier-expanding opg (a) to the first order,
enabling us to study its variations along the entire history of the Universe rather than in
the neighborhood of some specific point. Here Q| and Q, are real constants, ¢ = n7 is
the phase given in radians, and 7 is a real number that can take on values in the range
0 <n <2 for which the above parametrization is periodic. Q| and Q; serve to modulate
the amplitude and frequency of the oscillation respectively. As a — 1, provided that
one sets the phase shift ¢ = 0, the inertial mass density approximately becomes null
opE = PpE + ppE = 0, so the cosmological constant behavior of the usual vacuum can
be recovered today, which can also be verified by checking % J Conversely,
one can get rid of @, one of the free parameters of the model by stipula;ing/demanding
that the model, under investigation converges to the standard ACDM model at low
redshifts z ~ 0; nevertheless, for the sake of not losing generality we proceed keeping
the phase shift. Assuming that each source is locally and individually conserved, i.e.,

there is no mutual non-minimal interaction between the components, we solve the

continuity equation to obtain the dark energy density ppg;

PpE +3HQsin[Q2(a— 1)+ @] =0, (3.7)
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where H = d/a is the Hubble parameter. From the integration

poe = — [ 22 sinQs (@’ — 1) + 9]

a/

dd’, (3.8)

we arrive at a very particular and non-trivial source of an oscillating kind;

poE(a) = A =301 [cos(¢ — 02)Si(Q2a) +sin(¢ — 02)Ci(Qa2a)],  (3.9)

where Ci(a) is the special cosine integral function with 7y being the Euler-Mascheroni

constant and Si(a) is the special sine integral function,

Ci(a) = y+Ina + /0 %dr, Si(a) = /0 gdr. (3.10)
Here A is an integration constant so that when there is no oscillation, Q1 = 0, the
2nd and 3rd terms in Equation (3.9) drop and then the dark energy density reduces
to a simple constant A. Any non-zero value of Q; represents the deviation from the

constant nature of the vacuum energy such that ppg(a) = A+ f(a) where f(a) can be

regarded as higher order corrections/extensions to the effective dark energy density.

On an important note, the integral functions Ci(x) and Si(x), in the way they are, are
difficult to intuit and deal with analytically. Therefore it is often more convenient to
invoke some series approximations suitable to particular cases. In the early Universe,
that is when the argument is small, x ~ 0 (Q»a ~ 0 for our source) one can exploit the

convergent series expansions,

. oo (_1)nx2n+1 x3 xS x7
Si(x) = —x— S 3.11
i) an(Zn—i—l)(Zn—l—l)! 3355 7T G1D
and
‘ oo (_l)nx2n x2 )C4
Ci(x) = y+1 ASL Y VA P SR A 3.12
i) =7+ HHHZI Wy M T T T (3.12)

where 7 is the same Euler-Mascheroni constant just introduced above. Though the
series may require more and more higher order terms depending on the amount of
precision needed. In the cases in which one is interested in the features of the distant
future of the Universe, that is when the argument is large x > 1 (Qza > 1 for our
source) the following series, which are divergent and asymptotic, may be useful for
computational purposes,

! ! ! i ! ! !
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sinx 2! 4! 6! cosx (1 3! 5! 7!
Cix) —((l-54+—5——" | — |- —+—=—="" ). 3.14
itx) x ( x2xt X ) x (x B X ) (3.14)
For example, if we keep the terms up to the second order in (3.14),
i 2!
Ci(x) ~ 2122 (1 - —2> il (3.15)
X X X

At x = 2.2, the function (3.15) approximates Ci(x) with the relative error of 1.74% and

it rapidly diverges for values smaller than x ~ 2.2.

Besides, we work with the scale factor agp = 1 normalized to today and the subscript O
represents the present day values of the associated physical quantities throughout the

dissertation. Accordingly, the present-day value of the energy density is,

po = A =301 [cos(¢ — 02)Si(Q2) +sin(¢ — 02)Ci(Q2)] (3.16)

which enables us to write more compactly,

PoE(a) = po[A+&1Si(Qaa) + &:Ci(Qra)] (3.17)

51 and 6_2 are the new combined constants into which the free parameters A, Q> and
some factor of the phase difference ¢ are packed in order to avoid the cumbersome way
of writing. Also the bars at their tops remind us of the normalization by the present-day
energy density as in A = A/py and 5_172 = &12/po. The caveat here is that A is not
necessarily the positive cosmological constant in this way of renaming. Instead, the
dimensionless A can be thought of as being composed of two parts A = 1 4+ C where
some arbitrary constant difference C from unity measures the deviation from the usual
cosmological constant A. El and 52 are given by,

£ (1—A)cos(p—02)
' cos(@ — 02)Si(Q2) +sin(@ — 02)Ci(Q2)’

(3.18)

and
- (1 - A)sin(p — 0y)
cos(@ — 02)Si(Q2) +sin(¢p — 02)Ci(Q2)

(3.19)

We notice from Equations (3.15) and (3.17) that the oscillatory behavior of opg
propagates to the dark energy density ppg; however, the two types of oscillations
are quite different from each other by nature: the former has a constant amplitude

while the latter has a decaying one. Besides that, as we will see later, ppg does
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not start oscillating up until some critical scale factor a. value from the past through
the present day. It is important to point out that the amplitudes of the oscillations
are determined by different constants. In gpg, the amplitude depends merely on O,
whereas in ppg, the amplitudes El and 52, of the oscillation inherited from ppg are
joint effects of A, frequency Q> and phase difference ¢. In the latter case, Q; does
not appear since it is embedded into A. Furthermore, if the material content of the
Universe is modeled by perfect fluids with barotropic EoS, viz., p(p), we can extract

the relevant time-dependent dark energy EoS parameter from,

dope 3
SDE +2(1+ wpg)PpE = 0. (3.20)
a a

And, for our oscillating dynamical dark energy, we find an evolving EoS dependent on

the scale factor a as follows;

wor(a) = —1 — & sin(Qra) + & cos(Qra)
pE(a) = —1 ST E,5100a) + SCHGoa)] (3.21)

When z > 0, that is a ~ 0, Si(Q»a) ~ 0, ppg(a) ~ A+ & Ina, the oscillatory behavior

of the inertial mass density reduces to that of the simple-gDE [58] which is described
by some constant inertial mass density, o.; = const, where ppg(a) = pcio — 3 0ci Ina (so
&) ~ —3 o) as we discussed in the previous section. In this regime where we get no

oscillation, the EoS parameter (3.21) simplifies to

1
(@) 3(A/E+1na)
In the past, taking the limit of Equation (3.21) (or (3.22)) gives
limwpg(a) = —1. (3.23)
a—0

It means that irrespective of the model parameters, as we go back to the very distant
past, the oscillating dark energy becomes more and more indistinguishable from the

cosmological constant A.

The total energy budget of a spatially flat RW universe is given by the sum pyo; = ) ; pi
containing pressureless matter Py, (z) o< (1 +z)3, radiation p;(z) o (1 +z)* and our
novel oscillating dark energy ppg(z). Altogether they set the expansion dynamics

governed by the Friedman equation,

— =2 Pi (3.24)



which can be re-written in terms of the present-day density parameters by way of
the definition for the i-th fluid Q; ¢ = p;o/Per0 Where pero = 3H§ /87G and in a flat
universe we have ) ;Q; o =1,
PHi; = Quno(1+2)° +Q0(14+2)* + QpEo {]\ju & Si (1Q—+2Z) +&Ci <1Q—+2Z)} .
(3.25)
We here switched from the scale factor a to the cosmological redshift z dependence in
order for the equation to be observationally meaningful via the transformation 1 4z =
é. As usual energy densities of matter and radiation increase much faster than that of
the dynamical dark energy as we go to the past. During the sufficiently early epochs the
Universe is predominantly filled with matter and radiation; therefore, the wiggly nature
of dark energy does not influence the expansion rate H(z) which in turn approximates
the expansion of the ACDM. As a matter of fact, in what follows we will do a more
rigorous job by fixing the angular scale so as to elicit information on how the free
parameters affect the Hubble expansion and what values they can attain to paint a

picture compatible with the latest observations as well as the fresh realization that the

wiggles are inevitable on the provisos given at the end of the second section [105].

3.2 Preliminary Investigation

In this section we will estimate a number of free parameters of the model that could
yield improved fits to some anomalous data points, e.g., Ly-o¢ BAO at z ~ 2.34 and
Galaxy BAO measurements [112,114,115], and extract a value for the Hubble constant
Hy in better agreement with the direct, local methods [36, 118] while preserving
the accurate depiction of the early Universe at the background level. Consequently,
to retain the concordance with the already-existing data sets, it is plausible to
proceed with the presumption that the pre-recombination universe is described by
the ACDM, primarily based on its successful predictions pertaining to the Big Bang
Nucleosynthesis (BBN) [16-21] and the density/temperature fluctuations observed in
the CMB [3,5]. Therefore, we assume no significant alteration is made to the early
expansion history of the standard model all the way from BBN epoch up to the time of
decoupling. Leaving the pre-recombination Universe untouched implies that the sound

horizon scale r,, which depends solely on the pre-recombination physics, remains
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unaltered as well,

= Z, (3.26)
/ HACDM

where z, ~ 1090 is the last scattering redshift for Wthh the optical depth to Thomson
scattering reaches unity and c,(z) is the speed of sound in the photon-baryon plasma
determined by its baryon-to-photon ratio,

C

\/3 (1+275)

where we defined the dimensionless baryon and photon densities @, = prhz and

cs(z) = , (3.27)

Wy = Q%oh2 respectively using the definition of the reduced Hubble constant i =
Hy/100 kms~'Mpc~!. Some early-time resolutions to the Hubble tension such as
Early Dark Energy (EDE) [137-142] and dark radiation [143, 144] attempt to increase
Hy by modifying the early expansion rate H(z), at z ~ 3000, therefore they end
up altering the sound horizon, which is a very precisely calculated quantity within
the ACDM. For example as can be seen from Equation (3.26), EDE reduces r.
through the insertion of an additionally postulated dark energy source that acts as a
cosmological constant in the very distant past and gets unfrozen/dynamical around the
matter-radiation equality. It slightly boosts the early expansion rate H(z > z,) to yield
a higher Hj value and dilutes away fast enough right before the recombination so that
the post-recombination Universe stays unaffected. This sort of scenarios is known to
be realized, for instance, by slowly-rolling scalar fields and oscillating scalar fields
with an axion potential (PNGB) [139, 145-147]. Nevertheless, the improvement in H
comes at the expense of worsening the present tensions like the LSS and Sg [148—-150]
and, or even worse creating a new tension with BAO data [151] as well as yielding
poorer fits to BBN than that of the ACDM [152]. In addition, EDE models typically
suffer from a particular kind of coincidence problem as there is no specific reason
why the purported leap in the fractional contribution of EDE to the total cosmic
energy budget should begin happening and come to a halt exactly in a relatively short
and designated period of time. Contrary to the early-time modifications [137-144],
our parametrization serves as a late-time modification fixing the comoving angular
distance Dys(z,) to last scattering surface. We perform the fixing by means of the
angular scale 0, that can be measured with a precision as small as 0.03% in a near

model-independent fashion from the location of the first acoustic peak present in the
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CMB anisotropy power spectra [4,5]. To elaborate, this robust measurement of angular
spacing 0, along with the calculated r, used as a standard ruler help to define the
comoving angular diameter distance Dys(z.) = r./6., which is also the distance at

which a present day observer lies to the surface of last scattering,

[ 9
Du(z) =c | el (3.28)

We can rewrite the above expression as follows;

I« 2 cdz
= , 3.29
0. /0 VO (142)3 + o (1 +2)* + (B2 — On — @) foE(2) 529
where we have defined fpg(z) as
r 2 O : [ O
JoE(2) = A+&;Si <1—+Z) +&Ci (1_+z) (3.30)

encoding the time-evolution of our oscillatory dark energy source. To ensure that
pre-recombination physics is the same as in the standard ACDM model, we pick its
two base parameters (6, @Wn) On = O, + 0. = 0.1430 £ 0.0011, where @y, and
are baryon and cold dark matter densities that can be very precisely determined by the
relative heights of the acoustic peaks, the angular spacing 1000, = 1.0411040.00031
and as a derived parameter the resultant sound horizon as r, = 144.43 +0.26 Mpc
from the Planck 2018-TT,TE,EE+lowE+lensing best fit mean values [5]. The density
of photons py is deduced by the measurement CMB monopole temperature determined
to be the precise Tovp,0 = 2.7255£0.0006 [153],

py= T—;TC“MB. (3.31)
In accordance with the standard model of particle physics, we take the radiation
density @ = 2.469 x 1073(1+0.2271N,) where N.gs = 3.04 is the number of effective
neutrino species with minimum allowed mass } m, = 0.06 eV. Now given the set of
the parameters A and Q», the integral (3.29) can be solved numerically for Hy so that

the entire expansion history of the universe H(z) can be reconstructed for all redshifts.

First of all, we observe that the supposed wiggles due to ppg(z) do not become
manifest in H(z) up until the frequency factor Q; reaches values greater than Q, ~ 8.

In Fig. 3.1 we notice about O, ~ 13 a bump conducive to a remarkable agreement
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Figure 3.1 : Plot of H(z)/(1 4 z) versus z in which a set of parameter values with
better fits to the observational values Hy = 69.8 +£0.8 kms™! Mpc_1 of
the TRGB and Hy = 73.04 £ 1.04 kmsflMpc_1 from the SHOES is
presented. The black dashed curve represents the standard ACDM, while
the green curve is the oscillating dark energy with A = 0.777, Q> = 13.8,
n=0.88 and Hy = 70.57 kms~! Mpc_l, the claret red is the one with A =

1.1437, 0> = 14.5,n=0.14 and Hy = 71.78 kms ™! Mpcf1 and lastly the
yellow is A = 1.162, Q> = 14.9, n = 0.27 and Hy = 69.41 kms~! Mpc_l.

with the consensus Galaxy BAO data from the SDSS BOSS DRI12 [112] at zef =
0.38,0.51,0.61 emerges around 0.4 < z < 1.5. And the increase in A acts to make
the amplitude of the wiggles more salient. For all the three Hubble functionals,
the nonmonotonicity due to wiggles in the dark energy density becomes more and
more discernible as the Universe expands. Their diminished values of H(1.25 <
7z < 3.5) fit better to the Ly-o¢ BAO from the SDSS-eBOSS DR14 [114, 115] at
Zeff = 2.34 (correlation), zesrf = 2.35 (cross-correlation) than the base ACDM. This
deficit in H(z) is then compensated by the so-called subsequent bump at lower
redshifts 0.4 < z < 1.25, which again provides the needed wiggles hence a better
fitting behavior to the Galaxy BAO data [112] at the same time. By the same
mechanism, we attain an enhancement in Hy, which can be seen in Fig. 3.1 and Fig. 3.2.
Despite the dip at z ~ 0.3, that is in Fig. 3.1 green and yellow curves with Hy =
70.57 kms~! Mpc_1 and Hy = 69.41 kms™! Mpc_1 match the TRGB measurements
Ho = 69.8+0.8 kms~'Mpc ' and the claret red with Ho = 71.78 kms~!Mpc '
match the SHOES result Hy = 73.04 4 1.04 kms™! Mpc_1 within its error margin.
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Figure 3.2 : The comoving angular diameter distance Dy(z) scaled by cIn(1 +
z) vs z. The BAO data points are given at the effective redshifts
Zeff = 0.38, 0.51, 0.61 (Galaxy/BAO), 1.48 (Quasar), 2.34 (Lya-Lya),
2.35 (Lyx-Quasar). The better the fit to the Galaxy BAO in Fig. 3.1, the
worse it gets in Dy case yet compromise is possible e.g. the yellow curve.

While the agreement with the data in Fig. 3.1 is outstanding, it is also equally crucial
not to lose the coherence between the datasets. Namely, in Fig. 3.2, we see that all
cases show almost no difference from the ACDM for z > 2 so they fit equally well
to the Ly-a with no betterment. However, as the dust density diminishes faster than
the DE, the DE gradually dominates the Universe and Dy, begins exhibiting wiggles
for z < 2, albeit less pronounced than in the case of H(z)/(1+z). Although the green
curve with A =0.777, 0, = 13.8, n = 0.88 and Hy = 70.57 kms ™! Mpc_1 fits better to
the Galaxy/BAO set in Fig. 3.1 than the the red and yellow curve, in the case of ¢In(1+
z) /Dy it yields the worst fit especially to the data point at z = 0.38. On the other hand,
the yellow curve with A = 1.162, O, = 14.9, n = 0.27 and Hy = 69.41 kms~! Mpc_1

still remains within the error margins in Fig. 3.2.

As a result at this point it is worth noting that wavy deformations emerging as a result
of the oscillating DE density during the late time expansion of the Universe brings
forth a rather effective way to reconcile various data sets that are otherwise difficult to

do so within the framework of the standard model and other competing models.

Moreover, if we take a closer look at the time-evolution of the DE energy density
in Fig. 3.3, we notice that the parameter combinations under investigation give rise

to negative DE densities beyond a certain redshift into the past. This is one of the
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outcomes of the unique behaviors of the special cosine integral function Ci[Q»/(1+
z)| present in fpg(z). As z — oo, Si[Q2/(1+2z)] — 0 and Ci[Q2/(1 + )] — —oe s0O
ppe(z) decreases indefinitely and monotonically, eventually becoming negative. In
order to see this more clearly, recall that for small arguments Ci[Q,/(1 + z)] can be
approximated by the convergent series expansions (3.11) and (3.12). Then the DE

density ppg(z) can be written in terms of the series,
N 1 (oY
1+z 31:3\1+z
L (2N 1 (&)Y
() (2 ) £ 3.32
Jr5!-5<1+z) 7!-7(1+z -32)

0, L (0N 1 (0!
”+ln(1+z>+2!-2<1+z) +M(1_+z> jFD

In the sufficiently remote past, that is Q»/(1 +z) < 1, we can employ the small

PDE(Z) = PDEO (1_\+ &

+ &

argument approximation and omit the terms greater than the linear order to get,

PDE(Z) ~ PDE0 (1_\4- & (IQ—fZ) +& [}’+ln (IQ_Jrzzﬂ ) : (3.33)

With the increasing redshift, the terms A and & [Q,/(1 + 2] in Equation (3.33) are
dynamically screened by the logarithmic term carrying over from Ci[Q,/(1+ z)] so
long as 52 > 0 and ppgo > 0 and the DE density ppg(z) attains negative values at
some critical redshift z.. Reversing the history, ppg(z) starts out as negative ppg(z) <0
before the critical redshift z > z, and changes its sign at ppg(z = z.) = 0 to positive
ppEe(z) > 0 when z < z.. The critical redshift z. can be calculated by,

~ Eaf D e~ Q2 ) _
A+Esi <1+zc) +§2c1(1+ZC> —0. (3.34)

Equation (3.34) cannot be solved analytically because of the implicit special integral
functions. So the redshift at which this sign-flip takes place can be found by solving for
Zc numerically, for which with the parameters we got we obtain z¢ green = 36.6 (A=
0.777, Q2 = 13.8, n = 0.88), z¢crea = 37.15 (A = 1.1437, 0, = 14.5, n = 0.14) and
Ze yellow = 46.02 (A=1.1162, Q> = 14.9, n =0.27) as can also be noticed from Fig. 3.3.

These redshift values are too high in contrast to the gDE sign switching redshift z ~
2.32 [56] and to the range 1.6 < z < 3.5 in which the possible negative DE density
is favored/implied by the BAO data [54, 55]. Although when this crossing occurs in
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Figure 3.3 : The dashed line intersects the vertical axis at 0.7. In the limit of z — oo,
Si[Q2/(142z)] = 0 and Ci[Q2/(1 +2z)] — —oo. & > 0 the for all cases,
hence ppg(z) — —oo as z — oo, yet Qpg — 0. There are also some
combinations of the parameters giving non-negative energy densities, that
is when &, < 0.

Fig. 3.3 hinges on all of the model parameters, principally it has to do with the behavior
of the cosine integral Ci(x). The higher the values of Q,, the larger the crossing redshift
gets. For instance, take Q> = 10 and Q, = 15. Because Ci(x ~ 0.6165) = 0 we have
[10/(1+4zc)] = 0.6165 and [15/(1+z¢)] ~ 0.6165, which gives z. ~ 15.2 and z, ~23.3
respectively. It means that z. receives a push to higher redshift values from the increase
in Q. Accordingly, notice the positive correlation between Q> and z. for the green,
red, and yellow curves in Fig. 3.3. The higher the frequency of oscillations, the earlier
the DE density switches its sign. On the other hand, it is conceivable that there might
be unexplored regions of the parameter space where the amplitude of wiggles in DE
allows for the alleged negativity in the DE density at z ~ 1.6 and beyond especially

considering the dip coinciding with the aforementioned range in Fig. 3.4.

Regardless, it is worthwhile to dwell on the fact that for the current choice of param-
eters a spontaneous sign-switching behavior of the DE density phenomenologically
emerges, which is a familiar concept from the the gDE except that it lacked wiggles
required by the Galaxy BAO data [56, 112]. Then in a sense, simply assigning a
sinusoidal function of the scale factor a to the inertial mass density of the usual vacuum

energy of QFT can be said to “complete” the gDE or ACDM models by introducing
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Figure 3.4 : The DE density ppg(z) normalized by the present-day critical density vs
z but this time plotted in linear at small redshifts. Again the dashed line
intersects the vertical axis at 0.7.

wiggles that fit much better with the Galaxy BAO on top of the sign-switch conjecture,

fortunately living up to our initial expectations.

Moreover, oscillations (see Fig. 3.3) in ppg(z) begin at redshifts smaller than the
critical redshift z < z; but keeps on with ever-decaying amplitudes and ever-increasing
frequencies and then settles into Qpg(z — —1) ~ 0.64 passing through Qpg o ~ 0.70
today, which is in fact what we call the damped oscillation. In this regard, the scalar

field interpretation of the effective DE density appears to be tantilizing to consider

as a mechanism similar to the Hubble friction effect 3H¢ o< \/pm(z) + ppE(z) might
be lying beneath the apparent damping. Though this scenario cannot be implemented
by single-field models since the dark energy EoS parameter passes well below the

phantom divide line wpg(z) = —1 during its evolution a couple of times as seen in

Fig. 3.5.

Notice also that unlike the gDE or A;CDM models, the oscillatory ppg(z) is
unbounded from below as the term Ci[Q /(1 4 z)] — —oo; however, it turns out that it
grows in negative values much more slowly than dust and radiation energy densities
grow in positive values so it does not pose a problem for the early universe. On the
contrary, the presence of a negative energy source in the early universe might be a

necessity at the perturbative level such that it hastens the formation of LSS. This can
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be shown as long as we keep our faith in the Newtonian treatment, which is a very good
approximation of classical GR [133]. So the evolution of perturbations is governed by

the linear density constrast equation,
Om +2H 6y — 4GPmSm = 0 (3.35)

where 8, is the matter density contrast defined as 8, = §pm/Pm. Because 3H? o
Y.;pi, a negative valued DE density causes a reduction in the total energy, hence a
repressed friction term 2H (t)5m amplifying the rate at which matter overdensities
grow [8]. Interestingly enough, one of the recent observations made by the famous
James Webb Space Telescope (JWST) unraveled that first galaxies formed at the dawn

of the Universe were more clustered and massive than expected within the context of

the ACDM, which lends partial support to the argument above [154—156].

One of the other key features of our oscillating dark energy model is the inertial mass
density of the vacuum energy is parametrized in such a manner that on average it is
identical to the usual cosmological constant/vacuum energy. This can be validated by
calculating the average values of some main cosmological functions such as the Hubble
parameter (Hpg(z)) ~ Hacpm(z) for 0 < z < z,.. Take for instance the EoS parameter.
Despite its complicated appearance,

& Sir_l(Qza) +& C_OS(Qza)
3[A+E;Si(Qra) + &Ci(Qra)]

WDE(a) = —1— (3.36)

expectedly, we see in Fig. 3.5 that the dark energy EoS parameters indeed oscillate
around the pivot EoS wxy = —1 point of the cosmological constant A with the cycles
spreaded along much of the history of the Universe. If the amplitude of oscillations
is big enough, it is even possible for the oscillating DE to mimic dust with w = 0 in
relatively short scale factor intervals for example at 0.65 < a < 0.69 for the red curve
in Fig. 3.5. However, when averaged over adequately long period of time, the dark
energy EoS is given by the cosmological constant EoS (wpg(a)) &~ wx = —1 or put it
another way on average what we have at hand is actually nothing but the same usual
vacuum energy (opg) ~ 0. In this sense, the act of averaging can be said to smooth out

the wiggly, up-and-down but highly non-trivial details to that of the immutable A.

That being said, all the three cases possess poles at the scale factor values dagreen =

0.0265, areq = 0.0262 and ayepiow = 0.0212 for which the effective DE density vanishes
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or equivalently its sign flips. One however should not immediately be alarmed by the
existence of poles since the ppg(a) and its corresponding EoS wpg(a) are effective as
we just mentioned. Such a singular behavior is ubiquitous also in other models in the

literature [8,56,57,157,158].

0.5 T T T T T T T T T

wDE(a)

»25 1 1 1
1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0

a

Figure 3.5 : The evolution of the dark energy EoS wpg with the scale factor a. The
curves complete about two cycles in almost the entire history of the
universe and quickly converge to w = —1 after the pole and behave like
the A for a ~ 0.

What is more, plotting the EoS parameter in the redshift space around the late-Universe
gives us the chance to compare them with the model-independently reconstructed
redshift evolution of dynamical dark energy EoS based on the latest observations [76,
77]. Tt is quite striking that the EoS parameter wpg(z) curves in Fig. 3.6, especially the
yellow one, resulted from our preliminary investigation, demonstrate a very similar
pattern to that of the reconstructed one in Ref. [76] in Fig. 3.7 obtained from the
observational data. The dips and bumps overlap roughly for 0.2 < z < 2. To detail, the
curve constructed from the data oscillates, albeit a little bit displaced or phase-shifted
to larger redshifts with a varying amplitude, about w = —1 just like the case for the
yellow curve in Fig. 3.6. It favors a dip for 0.2 < z < 0.5 and very distinctive bump
0.5 < z < 1 followed by a clear preference for the phantom region beyond z ~ 1.2
Whereas for larger redshifts z > 2, where the error in the measurement is possibly

greater, the coherence between the two curves disappears.
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Figure 3.6 :

w(z)

Figure 3.7 :

’LUDE(Z)

wpg(z) vs z plotted between z = 0 — 2.5 for comparison with the

reconstructed DE EoS parameter.

0.0

-1.0

-1.5

The reconstructed dark energy EoS wpg(z) based on the CMB, SNIa,
and BAO data. Light blue band (ALL16) is the 68% confidence level
region favored by the data. The dark blue band (DESI++) within ALL16
represents the forecasted 68% CL uncertainty from DESI++ The red error
bars with 68% CL is w(z) preferred by the ALL12 reconstruction at z =

2 25

ALL16, AInNE =0

[—— ALL12, Zhao et al. (201
 mm ALL16

I DESI++

0 1

redshift z

2. (The fig. is retrieved from Ref. [76].)
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We proceed with computing another commonly used function that will assist us in
comparing our model against the data. The deceleration parameter g(z) is a measure
of whether or not the Universe is in a state of accelerated expansion. To calculate it we
use its definition g = —da/ a*. Nonetheless, our expansion dynamics is quite difficult

to analyze in terms of the cosmic time 7.

So it is possible to change variables through the following transformation

1 dz

H(z) =— — 3.37
@) (1+2z)dt (3-37)
and re-express ¢(t) in terms of the redshift z as
H/
g0 = 1+ (14270 (3.38)

H(z)’

where the prime ’ denotes differentiation with respect to the redshift z. Then plugging

in the Hubble functional of our model we obtain it in a slightly more complicated form,

B3om(1+2)° +40(1+2)* + (h* — on — o) (1+2) f)p(2)
2@ (142)3 + o (1 +2)* + (B2 — om — o) fpE(2)]

q(z) =—1+ (3.39)

with f},g(z) being

foe(z) = —ﬁ {E] sin (1Q—+2z) +&,cos (IQ_sz>] . (3.40)

Fig. 3.8 shows that the inherited oscillations in ¢(z) exhibit similar bumps and dips
around the best fit ACDM value as was the case with other functions. Superimposing
Fig. 3.8 and the evidence-weighted reconstruction of ¢(z) in Fig. 3.9 retrieved from
Ref. [77], we likewise notice a similar wiggly pattern oscillating about the ACDM in
both.

In the left panel (C), the dip with g(z) > 0 for 1 < z < 1.5, the successive bump
with ¢(z) > 0 for 0.35 < z < 0.70 and another dip with g(z) < 0 for 0.20 < z <0.35
coincides quite well with the prediction of the model. On the other hand, the data pefer
a larger bump for z ~ 0.1, which is not included in the plot. The larger bump appears

to be displaced a bit into the future z < 0.
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Figure 3.8 : ¢(z) vs z. For comparison see the Fig. 3.9.
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Figure 3.9 : The reconstructed deceleration parameter ¢(z) vs z. The blue bands show
the best fit with 68% CL uncertainty in both panels. On the left panel the
reconstruction is performed for a range of variation of X in each bin set

by Ax =4 where X; = X (a;), i = 1,.

given by X (a) = pgii(a)/ pﬁfgo.

..,N, is the binned evolution function
On the right panel, generated with Ay =

0.09 (black solid curve) and the evidence-weighted reconstruction. The

figure is retrieved from [77].
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Lastly, we see that although on average the oscillating DE is the same as the usual
cosmological constant/vacuum energy of the ACDM model, i.e., {(¢(z)) ~ gacpm(z)
as expected, it suggests something dramatically different. In the ACDM model, when
the cosmological constant dominates the material content, the Universe embarks on
an accelerated expansion and gradually evolves to the de-Sitter phase with the Hubble
parameter converging to a constant. This implies that as the vacuum energy density
pa associated with the A does not get diluted away by the expansion unlike any other
source, the Universe eventually enters an ever-accelerating stage. Whereas in the case
where the vacuum energy of the standard model is replaced by the oscillating DE,
the Universe swings back and forth between consecutive periods of acceleration and
deceleration forever in the DE dominated epoch because the Fig. 3.5 shows for the the
red curve that the dark energy EoS periodically passes above and below —1/3. In an
alternative case (the green curve for example), the Universe may undergo a couple of
cycles of deceleration and acceleration before shifting into an ever-accelerating stage.
This then provokes the idea that currently observed acceleration might be merely one
of the many others that could happen during the long history and future of the Universe
thus there is nothing special about today. However, on the other hand note that it does
not completely resolve the coincidence problem. As the model tracks the ACDM on
average, why the present day densities of matter and DE are comparable still remains

a mystery just as in the standard model.
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3.3 Consistency With the Inevitable Manifestation of Wiggles

In the 2nd chapter, we have outlined why the deformations y(z) imposed on the
Hubble radius of a universe consistent with the early and late-time description of the
ACDM cannot be of the arbitrary kind but be of the wiggly kind coming in the form of
wavelets [105]. It meant that their integrals over the boundaries [0,z.] must vanish to

fulfil the admissibility condition [130, 131],

Y(z) = /OZ* y(z)dz = 0. (3.41)

Besides, we remind that these wavelets in the late Universe could be attributed to
various origins such as the dark energy density. That is to say, periodic or not, an
oscillation in the DE density passing on to the Hubble radius of the model under
consideration in actual qualifies to describe the required wiggly behavior, provided
the so-called conditions are satisfied. Then coupled with the fact that our method of
parameter estimation in the 3rd chapter involved fixing the comoving angular diameter
distance Dy (z.) to last scattering surface to that of the ACDM, oscillations displayed
for z < z. by the DE density ppg(z) that is resulted from our choice of updating the null
inertial mass density of the usual vacuum to a sinusoidal function are anticipated to be
in accordance with the inevitable manifestation of wiggles in the late Universe. We
can verify this assertion numerically for our deformations y;(z). If the Hubble radii
for each case are given by,

1 1
Hpei(2)  \/Qmo(1+2)3 +Qro(1+2)* + QpE0/oE(2)

where fpg,;i(z) gives the DE dynamics for i = green, red, yellow curves in Fig. 3.1,

for.i(z) = {/‘w g, Si ( Qj" ) +&,Ci ( On )} (3.43)

1+z 1+z

(3.42)

then we can define,
1 1

Hpgi(z)  Hacom(z)
In chapter 2 we presented the exact or perfect version of the conditions and the theorem

Vi(2) (3.44)

but in all honesty they are too stringent for our purposes, so in our physical calculations

we demand that they approximately hold and expect that,
Wi(z) =0, (3.45)
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in particular,

2+=1089.92 7 1
‘Pgreen(z*) = /O l//green(z)dz =49x 107" [km " sMpc]|, (3.46)
2+=1089.92 7 )
Wied(z4) = /0 Vied(z)dz=—2.6 x 107" [km™ " sMpc], (3.47)
2+=1089.92 7 |
\Pyellow (Z*) = /O Wyellow(z)dz =-5.5x10" [km_ SMPC]- (3.48)

And, as expected, all W¥(z.)’s are very close to zero, ie., Wi(z.) ~
O(1077) [km~!sMpc], validating Equation (3.45). They deviate from the ACDM’s
Hubble radius 4.63 x 1072 [km~!'sMpc] by a few parts in a hundred thousand,
or equivalently from the ACDM’s corresponding Dys(z.) = 13872.83 £+ 25.31
Mpc (Planck 2018) [5] by c‘Pyeuow(z*) = 0.0165 Mpc, which is vanishingly small,

that is in line with Equation (2.15) such that,

L=1089.92 4 L =1089.92 ¢
/ 5 W / ¥ ~463%x102 km~'sMpc. (3.49)
0 Hxcpm(z)  Jo HpE, i(2)

This numerical calculation clearly demonstrates that our parametrization indeed
satisfies that admissibility condition (the 2nd condition) Equation (2.17) in fact almost

exactly.

As for the other conditions, the 1st condition that y;(z > z,) = 0 was already implicitly
dictated by fixing Dy(z.«) to the ACDM’s prediction. Even in the otherwise situation,
around z = z,, ppg(z) is negligible so the model converges to the ACDM anyway;
therefore, we expect the deformations due to the DE density to disappear as we go to
the past. And to see whether or not the last condition (3rd one) y;(z = 0) = 0 is also
met, we should first remind that if this condition is exactly satisfied, then addressing
the Hubble tension is not possible since for y;(z = 0) = 0 to hold, we must have

HDE,O.,i = HACDM,O as can be seen fI‘OH’l,

1 1
(z=0)= — . (3.50)
vil ) Hy; Hacpm,o

For this reason, 1/Hy of a feasible model that promises to resolve the Hy
tension should slightly deviate from the one inferred assuming the ACDM. Taking
Hpcpm,o = 67.36 kms™! Mpc_1 as well as Ho green = 70.57 kms™! Mpc_l, Hp red =
71.78 kms™! Mpc_1 and Ho yeliow = 69.41 kms™! Mpc_] according to our preliminary

investigation, doing the calculations yields

Wareen(z = 0) = —0.000693 km ™' sMpc, (3.51)
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Yrea(z = 0) = —0.000932 km~' sMpc, (3.52)

Wyellow (2 = 0) = —0.000456 km ™' sMpc, (3.53)

which are all small enough w;(z = 0) ~ O(10~#) km~!sMpc to satisfy the condition
yi(z = 0) ~ 0 approximately but big enough to yield Hy values in agreement
with the Hy = 73.04 £1.04 kms’lMpC_1 of the SHOES [36] and Hy = 69.8 +
0.8 kms™! Mpc*1 of the TRGB measurements [118]. We have thus shown that the
numerical calculations above ascertains the legitimacy of our oscillating DE model
as a late-time modification on top of the ACDM according to the criteria given in
Ref. [105].

W(2) = Appe(z) = PoBo {M £ si (1Q—jz> 1+ &Ci (IQ—jZ)] Con (354

Finally, in Fig. 3.10, we see the evolution of deformations ;(z)

0 0.5 1 1.5 2 2.5 3 3.5

Figure 3.10 : y(z) = 1/H(z) — 1/Hacpm(z) vs z.  Oscillations begin with small
amplitudes and frequency then they grow over time. The distance
from the dashed line represents departure from the ACDM. A visual
demonstration that the areas below and above the dashed line roughly
cancel eachother out. Accordingly, it can be said that ACDM is the
averaged-out version of the oscillating DE.
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pervading all the other functions with respect to the redshift z. It shows how much
the model is off the ACDM, which is in fact given by the fractional deviation of the
Hubble parameter in dimensionless quantities,

5(z) = (MoEd —Facom) oy (3.55)
Hxcpm

The generic feature observed in these deviations is that, as the future unfolds, the
frequency of the oscillatory deformations goes up, which is simply owing to the fact
that we parametrized the argument of sin in terms of the scale factor. So a — oo implies
that the number of cycles in these functions tends towards infinity (recall our choice of
parametrization in the Introduction). Nevertheless, on average they keep tracking the
ACDM while imparting some non-trivial influences on the expansion and its related
dynamics of the Universe. Therefore, substituting the A back for our dynamical DE
gives the same evolution in a coarse-grained fashion and misses the little details that
might be constituting rather non-trivial parts/reasons of/for today’s significant tensions

and problems prevailing in the standard cosmological model.
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4. CONCLUSIONS

In this dissertation, we have first discussed the significant challenges the standard
cosmological model has recently been facing [23-29,31]. The major ones include
the Hy tension [32-35], Ly-a [54,55] and Galaxy BAO tension [112, 114], growth
tension (Sg) [122—-127,155,159] and Mp tension [119—-121] as well as the long-standing
coincidence problem [90-93]. We have then made mention of several attempts aimed
at tackling these discrepancies in and out of context of GR and elaborated some
dynamical dark energy models and EoS parametrizations within GR [60-73,137-144].
One well-studied and unique example of this kind involves the parametrization of the
inertial mass density ¢ being a very fundamental physical quantity with regard to the
nature of matter [56-59]. In the case of dark energy, even the simplest deviations
from the null inertial mass density of the usual vacuum energy lead to interesting
cosmological consequences. We have presented in the light of observational analyses
that as the simplest possible deviation, the simple-gDE model with negative constant
inertial mass density, with or without the assistance of the spatial curvature, can
not resolve the discrepancies [58]. However, once it is permitted to be minimally
dynamical as in the gDE, then it begins displaying interesting properties that are
promising and worthy of closer attention such as sign-switch of energy density [56].
It turns out that observational data very strongly and persistently favor a scenario in
which the gDE energy density attains negative values in the past and turns positive
recently around z = 2.32 to accelerate the expansion. When the gDE is taken to the
limit where its parameter A tends to arbitrarly large negative values, it gives rise to
what is called the sign-switching cosmological constant, which leads to the A;CDM
model that is capable of alleviating numerous leading tensions simultaneously [57,59].
It yields an excellent fit to the Ly-oc BAO data [54, 114, 115] thanks to its negative
effective energy density in the past which in turn results in a boosted Hy values today
in remarkable consistency with the local Hy measurements. Since the A;CDM is

essentially identical to the ACDM for z < z;, the amelioration of the Hy tension can
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then be mapped into supernova absolute magnitude Mp via the luminosity-distance
and can be utilized to mitigate the relevant Mp tension as well. The model also
predicts smaller matter density Q¢ than the ACDM corresponding to a reduced Sg
in better agreement with the independent cosmological probes [128]. However, the
data analyses indicate that all of these achievements of the A;CDM are held back
by the Galaxy BAO data which set the lower limit on the values switching-redshift
z+ can assume [57,59]. In other words, the Galaxy BAO dataset does not allow for
small z; that can realize greater enhancements in Hy and the associated Mp tension
for the model to be in accordance with the SHOES measurements without getting
into tension with the rest of the datasets. Accordingly, if a type of behavior that
somehow conforms to the Galaxy BAO better can be incorporated into the picture
on the top of A;CDM and its sign-switch conjecture, there might appear more rooms
for possible improvements in the fits with no compromise. This calls for a particular
wiggly behavior in the expansion rate of the late-Universe, which is also underpinned

by the inevitable manifestation of wiggles given in Chapter 3 [105].

In the hope of accomplishing this, we have then parametrized the inertial mass density
of the QFT vacuum energy gopg = Qsin[Qz(a — 1) + ¢] as a first order Fourier
expansion, whereby we have made sure that the parametrization recovers the ACDM
model on average, i.e., (opg) =~ pa + pa = 0. The basic properties characterizing
the oscillations in gopg hence ppg are as usual the amplitude A, frequency O, and
phase ¢ that come up as free parameters of the model. In the preliminary investigation
of the parameters, we have fixed the pre-recombination physics of the model to that
of the ACDM model by means of the acoustic angular scale 1008, = 1.04110 £+
0.00031, physical matter @y, = 0.1430£0.0011 and radiation @, = 2.469 x 107>(1 +
0.2271N,g) densities [5] in order to establish a background-level consistency with the
CMB data. We have observed that in parameter ranges 0.7 <A <1.3, 13 <0, <15
and for various phase values, it is possible to obtain fits in good agreement with the
BAO Ly-o-Ly-a (correlation) data at zegr = 2.34, Ly-ot-Quasar (cross-correlation) data
at zefr = 2.35), Galaxy/BAO consensus at ze¢f = 0.38,0.51, 0.61 [112,114,115], TRGB
and SHOES measurements of Hy [36, 118] given in H(z)/(1+z) and cIn(1 +z)/Dy
at the same time. Besides, when the combined parameter & > 0, the oscillating

DE generates a similar sign-switch behavior prior to the beginning of oscillations
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to those of the simple-gDE and gDE as well as the A(CDM except that in contrast
to the gDE and A;CDM, the energy density of the oscillating DE is unbounded
from below and the sign-switching redshift z; (z;+ in the case of A;CDM) is much
greater z. > 36 (zy ~ 2.3) due to the relatively high frequency Q> ~ 14 of the term
Ci(Q2a). Though, conceivably, a negative-crossing energy density ppg in the low
redshift range 1.5 < z < 2.5 might be actualized due possibly to an oscillation with
increased amplitude, which would play nicely with the negative DE density suggestion

of the BOSS DRI11 findings in that range [54].

We have carried on with comparing the results of preliminary investigation with the
model-independent reconstructions of the dark energy EoS parameter wpg(z) and the
deceleration parameter ¢(z). We have figured out that the oscillating dark energy EoS
and the reconstructed EoS (ALL16 and DESI++) [76] exhibit a very similar wiggly
pattern and agree well for 0.2 < z < 2. Likewise the prediction of the oscillating DE is
in line with the reconstructed deceleration parameter [77] for 0.20 < z < 1.50, albeit
slightly worse than the EoS. One implication of the high-amplitude oscillations (as is
the case with the red curve) in ¢(z) is that the Universe suffers from an acceleration
followed by deceleration periodically when the oscillating DE dominates, which

arguably makes the question of “why now?” a trivial one.

In the last chapter, we have done a consistency-check in reference to the manifestation
of wiggles. It has turned out that the smooth deformations y;(z) induced by the
promotion of gy = 0 to gpge< sin(a) on the Hubble radius H~!(z) of the ACDM
cause deviations of few parts in hundred thousand from the ACDM’s comoving
angular diameter distance Dys(z,) to last scattering surface, i.e., they have vanishing
integral ¥(z.) ~ 0 over [0,z,], satisfying the so-called admissibility condition. This
is practically consistent with wavelet description of the deviations from the ACDM’s
Hubble radius such that they must be oscillatory not arbitrary, given the conditions
Vi(z > z+) 0 and y;(z = 0) ~ 0.

Ultimately, the sinusoidal parametrization of the inertial mass density of vacuum
energy with respect to the scale factor seems to have promising implications that
require further studies according to the results of the preliminary investigation done
in this dissertation. It yields better fits to the Galaxy BAO [112] than the other

inertial mass density parametrizations on top of the sign-switch phenomenon while
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simulatenously remaining in concert with other datasets [36,114,115,118]. Therefore,
it is quite possible that the oscillating DE will further improve the A;CDM model,
thanks to its novel wiggly behavior. Indeed a robust observational analysis is
needed for a much better exploration of the parameter space and more conclusive
resolutions to the existing tensions, which unfortunately we were unable to carry out
for computationally demanding reasons (since it would take the computer to calculate
a number of numerical integrations for every single prior value due to Ci(a) and Si(a)
so as to implement the MC algorithm) before the completion of this dissertation. Our
very next step will be to extend the scope of this work by performing observational

data analysis.
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APPENDIX A

In local enough regions, spacetime can be decomposed into its temporal and spatial
components relative to a congruence of timelike geodesics, which is naturally defined
by the fluid flow u® = dx*/dt. This affinely parametrized family of congruence
satisfies that u®V 4uP = 0 and u®uy = —1. One can define the tensor field Top = Vg
satisfying

Taﬁuﬁ = u%Typ = 0.

This means that only non-zero components of 7,4 are in the directions that are
transverse to u%. One can calculate its trace,

O=T¢= gaﬁ (Vﬁua)
=Vg (8 op Uo)
®=VguP,
which gives the expansion of this timelike congruence. If we also define the new tensor
hocB — g(xﬁ + I/lal/tB,

where hg is orthogonal to u”, thatis u%hgg = hepg uP =0, itis straighforward to show
that hy g acts to project the metric tensor in spatial directions orthogonal to u* through

hyps™® = g1pg*® +upupgt®
h% = 3[31 —l—uauﬁh";}
1y = 8¢, + u®ught,
aiB _a
neihy = ne.
Therefore along the directions of u%, h"b yields
h%uﬁ =0,
and on vectors (% that are directed orthogonal to u?, that is u,{% = 0, it acts to give
h%¢P =¢.

We then call h% the projection tensor that projects any arbitrary tensor field onto a

3D spatial hypersurface or plane orthogonal to the timelike vector field u%, i.e., spatial

orthogonal projection. Thus hok can be interpreted as the metric of this 3D such that

h%, =3. Likewise we can introduce temporal orthogonal projection by defining another
projection tensor U%,

oarB_ 7
UBUY_UY’
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into the 1D tangent line U% = 1 parallel to u®%, meaning U %uﬁ =u® so that U % =
—u%ug. Then altogether, component of a vector X* parallel to u® is given by

o __ oy p
X =UgX
while the orthogonal component is given by
x¢ =n%xP.

We can for example split the metric tensor g4 into its parallel and perpendicular parts
8ap = 8|lap +8Lap [104];

8llaB = UaGUﬁngp = Uqg,
8laB = hachﬁpgcp = haﬁ:
so we have
8ap = hap +Uap = hop —uaup

in line with the way hqg was introduced above. Additionally, based on this approach
we can also split the covariant derivative into its space and time components;

Vauﬁ = —Mauﬁ +Dauﬁ,

where Dy, is the fully orthogonally projected covariant derivative, which for any
tensorial quantity is given by [103],

DX = h® P hy P VX 7P

B/ p/'

The same procedure elaborated above can be applied to the divergence of the EMT to
obtain the energy (3.4) and momentum conservation (3.5) equations . First we project
V,THY = 0 parallel to u*, where for a perfect fluid 7}, is given by

Tuv = pu'uuv +phuv.
Projecting temporally,

u' VETy = upuy (VEp)u¥ + pu’ (VRuy )uy + puyu’VFuy + hyyuVE p+ pu’V8hy,
= —uy V*p — pV*uy + pu’V*hy, =0,

and using
V“huv = qu“u” +I/l‘uV'uuv
we get

u' VT = —uyV*p — pVFuy, — pVtuy,
= —uyV¥p — (p +p)guvVHu"
gV — (p-+ )y VP — e V),
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so we have
u' VT, = —uyVFp — (p + p) (huy VHu").

We now project the covariant derivative Dy, = hu"Vv and define the expansion of
the timelike congruence or alternatively the scalar of volume expansion rate as ® =

= —u,V'p —0(p +p)
= —dp —V'pui—0(p +p).

Finally we arrive at the continuity equation in the comoving frame as our first
conservation equation (3.4),

p+O(p+p)=0.

Now we can perform spatial orthogonal projection to obtain the other conservation
equation. To do that we first raise index of the projection tensor h'; = g"Phys, Where
hVs is

hy =8y +u'ug,
and calculate h¥;VH T, =0
"o VETy = hY gupuy VEp + ph¥uy VRuy + h¥shyy VR p+ puyh¥ s VRuy + ph' s VHhyy .

It is better to work it out term by term. The first two terms vanish due to uyh’s = 0.
And, the 3rd term hYshyy V* p = hy 6 V# p = D p and for the rest the 4th term reads

puuh’sVHuy = p(8y +u'ug)uy V¥uy
= pu“V“ug—kpuou“uVV“uv
= plg,

and for the last term we have

ph s VFhyy = ph¥o [V* (guv +uyuy))
= ph¥s(uyVFuy +uy V¥uy)
= ph'suyV*uy + poyuy V*uy + pu’usu, V:uy
= puyVtug

:puﬁa

where we in the first line used the metric compatibility V¥ g, = 0. Overall we end up
with the momentum conservation equation,

hVGV‘LTuv =Dsp+(p+p)itsc =0,
which goes by the name of Euler equation (3.5)

Dup+(p+p)iy =0.
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