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DARK ENERGY WITH AN OSCILLATING INERTIAL MASS DENSITY
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SUMMARY

The preponderance of observational evidence indicates that a vast portion of the
energy density of the Universe today comes in dark matter and enigmatic dark
energy (DE). The standard cosmological model, namely, the so-called Lambda Cold
Dark Matter model (ΛCDM), resting on this dark sector as well as a small fraction
of baryons has been remarkably successful in elucidating the bulk of Universe we
inhabit. Though, astronomical observations improving in precision over the course
of years are increasingly exposing that ΛCDM is significantly discrepant with various
datasets. The direct and local measurements of the present-day expansion rate yielding
H0 = 73.04±1.04 kms−1 Mpc−1 are at more than 5σ tension (the Hubble H0 tension)
with the one H0 = 67.36± 0.54 kms−1 Mpc−1 inferred within the ΛCDM based on
matter-baryon densities and the spacing between acoustic peaks of the CMB. The
H0 tension effectively propagates to the supernovae absolute magnitude MB through
the distance modulus µ(zi,H(z)) = mB,i −MB,i where mB,i is the measured apparent
magnitude of the supernovae observed at the redshift zi, and creates a 3.4σ tension
with the results calibrated by the CMB sound horizon scale. Another discrepancy
regarding the expansion rate H(z) within the best fit ΛCDM is the ∼ 1.5σ tension
between low (Galaxy BAO) and high redshift (Lyman-α at z ≈ 2.33) BAO data.
It first emerged as a preference for smaller H(z) and accompanying negative DE
densities for 1.7 ≲ z ≲ 2.34, being at 2.5σ tension with ΛCDM. In addition, ΛCDM
predicts a larger weighted amplitude of matter fluctuations S8 in comparison with
what the independent large scale structure dynamical low-redshift probes suggest,
thereby running into 2 to 3σ tension. Given the long-standing theoretical issues
such as the cosmological constant and coincidence problems related to the Λ, all
these enumerated challenges and more inevitably motivate many to seek for a more
complete framework either as modified theories of gravity or as minimal extensions
beyond ΛCDM in the context of General Relativity (GR). In this sense, an approach
that constitutes an example of the latter attempts focuses on inertial mass density
ϱ = ρ + p parametrizations. The graduated dark energy (gDE) model proposed in
Akarsu et al. [Phys. Rev. D 101, 063528 (2020)], whose inertial mass density ϱ
measures the minimum dynamical deviation ϱ ∝ ρλ from the assumption of null QFT
vacuum energy ϱΛ = 0 is one that exhibits nontrivial properties. It turns out that smaller
and smaller negative values of the parameter λ corresponds to a constant negative DE
density that changes its sign from negative to positive in the past. Such a dynamical
behavior would imply that H(z) suppressed by the presence of a negative source at
high redshifts results in an enhanced H(z) at lower redshifts as the comoving angular
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diameter distance DM(z) to the surface of last scattering DM(z∗) = c
∫ z∗

0 H−1(z)dz is
very stringently and almost model-independently constrained by the CMB for any
given pre-recombination physics and should be kept unaltered. This means that if
the redshift at which the sign-flip in the DE density occurs is slightly below the
anomalous Ly-α at effective redshift z ≈ 2.34, it is quite conceivable that a dynamical
DE possessing negative energy density mitigates both the H0 and Ly-α discrepancies.
The observational analysis of the gDE strongly favors a scenario in which the sign
change of the gDE density is so swift it is practically identical to the cosmological
constant phenomenologically flipping its sign much like the step function, except
that Λ < 0 in the past. It arises as a limiting case λ → −∞ of the gDE such that
ρgDE(a) → ρgDE,0sgn[ f (a)] where sgn is the signum function. This limit has been
comprehensively studied under the name of the ΛsCDM model in Akarsu et al. [Phys.
Rev. D 104, 123512 (2021)] where the late-time accelerated expansion is driven
by Λs ≡ Λs0sgn[z− z†] with z† being the switching redshift rather than the usual Λ.
The confrontation with the data sets encompassing CMB, Pantheon SNIa with and
without SH0ES MB priors and BAO, shows that ΛsCDM simultaneously ameliorates
six of the present significant tensions, namely H0, MB, S8, Ly-α , t0 and ωb tensions.
However, these simultaneous improvements in consistency with the high-precision
data are observed to be impeded by the Galaxy BAO data which act to push smaller
z† enabling better agreement up to higher values. So one plausible solution without
compromising on the achievements of the model would be the inclusion of a wiggly
type non-monotonicity at low redshifts on top of the sign-switch conjecture. In
actual, the necessity of these wiggles is underpinned by the notion that any smooth
deformation ψi(z) from the ΛCDM Hubble radius H−1(z) brought about by a viable
cosmological model that accords with the early and late Universe account of ΛCDM
must be given by admissible wavelets or in other words must have an oscillatory
form. Following this suggestion and notion, in this dissertation a new parametrization
ϱDE (a) = Q1 sin[Q2(a− 1) +ϕ] of the inertial mass density of vacuum energy has
been proposed with the aim of accommodating the supposed wiggles and bettering
the fit to the Galaxy BAO data in the late Universe. This is, in essence, equivalent
to Fourier expanding the inertial mass density to first order with respect to the scale
factor a. As a first step, the tools and physical features of the model containing
the new DE source ρDE(a) were derived from the principles of GR. The oscillating
nature of the parametrization of inertial mass density of vacuum manifested itself
in the form of the special cosine integral function Ci(a) in the DE density ρDE(a).
Ci(a) led to unique characteristics that play crucial roles in the expansion dynamics
of the Universe through the Friedmann equation. To explore it to a greater extent, a
preliminary investigation of the free parameters (Λ̄, Q2 and ϕ) and their influence on
this dynamics along with the model capabilities was carried out. In the investigation,
the early Universe description of ΛCDM is preserved. For the ranges 0.7 ≲ Λ̄ ≲ 1.3
and 13≲Q2 ≲ 15, it was found out that it is possible to obtain fits that agree excellently
with a number of data points such as the local TRGB, SH0ES H0 measurements and
full BAO set in the case of H(z/(1+ z) and c ln(1+ z)/DM. Subsequently, for certain
values of the model parameters Λ̄, Q2 and ϕ , the corresponding DE density ρDE(z)
is observed to demonstrate ever-decaying oscillations at low redshifts preceded by
the familiar sign-switching behavior at high redshifts. These wiggles are reflected
in the late expansion rate H(z) due to slowly dominating DE density and cause a
dip and a bump in H(z)/(1+ z) that respectively yield a much better fit to the Ly-α
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and Galaxy BAO data than both ΛCDM and ΛsCDM. As for the H0 values, although
the reconciliation of the most recent the SH0ES measurement demanded relatively
high-amplitude oscillations that slightly exacerbate the fit to the Galaxy BAO data in
c ln(1+ z)/DM, it appeared likely to attain a value that falls within the error margins
of both the SH0ES and BAO data at the same time. Furthermore, a sign-switch
phenomenon in the DE density ρDE(z) similar to that of the gDE or ΛsCDM models
emerged due to Ci(a). It differs from that of ΛsCDM in that ρDE(z)/ρcr,0 starts out
negative, albeit with no lower bound, in the remote past and dynamically switches its
sign at about redshifts typically much greater (e.g. z ∼ 40) than reasonable z† values
(e.g. z† ∼ 2) and then settles into ρDE(z)/ρcr,0 ∼ 0.64. Despite these differences, it
can be said that the sinusoidal parametrization of ϱDE fulfils the initial expectations.
Additionally, it has been realized that the DE equation of state parameter(EoS) wDE(z)
that inherits the wiggles from the inertial mass density displays a very similar pattern
found in model-independent reconstructions of dark energy EoS parameter. The same
situation holds for the deceleration parameter q(z), which lends extra confidence in
prospect of success of the parametrization. Finally the oscillatory DE source was
checked whether or not it is compatible with the notion of wavelets. Numerical
calculations at the end of the thesis validated that the sinusoidal parametrization of
ϱDE is indeed compatible with it. With all of these in mind, it can be deduced that
the oscillating DE arising from ϱDE (a) = Q1 sin[Q2(a− 1) +ϕ] seems to have the
potential to reproduce the successes of ΛsCDM and even improve its shortcomings
concerning the Galaxy BAO data.
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BAŞLICA KOZMOLOJİK GERİLİMLER İÇİN TEK BİR REÇETE:
SALINIMLI EYLEMSİZLİK KÜTLE YOĞUNLUĞUNA SAHİP

KARANLIK ENERJİ

ÖZET

Gözlemsel kanıtların büyük çoğunluğu günümüz evreninin enerji yoğunluğunun
yüksek oranda karanlık madde ve hala gizemini korumakta olan karanlık enerjiden
oluştuğuna işaret etmektedir. Evrenin bu karanlık kesimini ve görece az miktarda
baryonları temel alan Lambda-Soğuk Karanlık Madde (ΛCDM) modeli olarak
da bilinen standart kozmolojik model, içinde bulunduğumuz evreni açıklamakta
oldukça başarılı olduğu bilinen bir modeldir. Ne var ki, astronomik gözlemlerin
zaman içerisinde gelişen hassasiyeti, ΛCDM modelinin aslında birçok veri setiyle
önemli ölçüde uyumsuzluk gösterdiğini giderek artan bir şekilde ortaya koymaktadır.
Evrenin doğrudan ve yerel ölçümlerden elde edilen günümüz genişleme hızı H0 =

73.04±1.04 kms−1 Mpc−1, ΛCDM kapsamında, madde-baryon yoğunluğu ve kozmik
mikrodalga ardalan ışınımında (CMB) gözlemlenen ses tepelerinin arasındaki uzaklık
baz alınarak çıkarsanan genişleme hızı olan H0 = 67.36 ± 0.54 kms−1 Mpc−1 ile
5σ güven aralığında bir gerilim gösterir. Hubble gerilimi olarak da bilinen bu
problem uzaklık modülü µ(zi,H(z))=mB,i−MB,i aracılığıyla süpernova salt parlaklığı
MB’ye kadar uzanır ve CMB ses ufku kullanılarak ayarlanan MB değerleriyle 3.4σ

güven aralığında bir uyumsuzluk oluşturur; burada mB,i süpernovaların görünür
parlaklığın ve zi kırmızıya kaymasıdır. ΛCDM modeli çerçevesinde genişleme hızı
H(z)’ye ilişkin bir diğer problem ise düşük kırmızıya kayma (Gökada BAO verisi) ve
yüksek kırmızıya kayma (z ≈ 2.33’deki Ly-α verisi) değerlerinde yapılan Baryon Ses
Salınımları (BAO) ölçümlerinden elde edilen genişleme hızları arasındaki 1.5σ güven
aralığındaki gerilimdir. Bu gerilim, en başta daha düşük H(z) değerlerini ve 1.7 ≲
z ≲ 2.34 aralığında buna eşlik eden negatif karanlık enerji yoğunluklarını yeğleyen
ve ΛCDM’deki karanlık enerji yoğunluğu değeriyle 2.5σ güven aralığında bir
uyumsuzluk oluşturan gözlemsel veri olarak ortaya çıkmıştır. Ayrıca, küçük kırmızıya
kaymalarda büyük ölçekli yapıları gözlemleyen dinamik kozmolojik sondalara kıyasla,
ΛCDM modeli daha büyük bir ağırlıklı madde salınım genliği S8 öngörür ki bu da 2-3σ

güven aralığında bir uyumsuzluk oluşturur. Kozmolojik sabit Λ’ya ilişkin, kozmolojik
sabit problemi ve denk geliş problemleri gibi uzun süredir var olan kuramsal bazı
sorunlar da gözönünde bulundurulduğunda, bütün bu sayılan gerilimler kaçınılmaz
bir şekilde daha eksiksiz bir kuramsal model arayışının güdüsünü oluşturmuştur.
Bu arayış çoğu zaman ya değiştirilmiş genelçekim kuramları ya da genel görelilik
çerçevesinde ΛCDM modeline en az değişiklikle yapılan eklemeler şeklindedir. Bu
anlamda, bu eklemelerin bir örneğini teşkil eden bir yaklaşım da eylemsizlik kütle
yoğunluğu parametrizasyonları üzerine odaklanır. Eylemsizlik kütle yoğunluğu ϱ,
Kuantum Alan Teorisi (QFT) vakum enerjisinin sıfır eylemsizlik kütle yoğunluğuna
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sahip olması varsayımından olabilecek en küçük dinamik sapmayı ϱ ∝ ρλ dikkate
alan kademeli karanlık enerji (graduated dark energy, gDE), dikkate değer davranışlar
sergileyen bu parametrizasyonlardan biridir. λ parametresinin çok büyük negatif
değerlerinde, gDE, sabit bir eksi enerji yoğunluğuna sahip olan ve geçmişte işaretini
eksiden artıya çeviren bir kaynağa karşılık gelir. Böyle bir dinamik kaynak şu
anlama gelir; yüksek kırmızıya kayma değerlerinde negatif enerji varlığı tarafından
baskılanan Hubble parametresi H(z) düşük kırmızıya kaymalarda arttırılmış bir
genişleme hızına yol açar. Bunun nedeni son saçılma yüzeyine olan eşhareketli açısal
mesafenin DM(z∗) = c

∫ z∗
0 H−1(z)dz açısal akustik ölçek θ∗ aracılığıyla neredeyse

modelden bağımsız olarak CMB tarafından çok iyi derecede kısıtlanmış olması ve
bunun değişmesinin beklenmemesi gerektiğidir. Yani, gDE yoğunluğunun işaret
değişiminin gerçekleştiği kırmızıya kayma değeri Ly-α z = 2.34 değerinden bir miktar
küçükse, eksili enerjiye sahip dinamik bir kaynak olarak hem H0 hem de Ly-α
gerilimlerini ortadan kaldırabilmektedir. Gözlemsel incelemeler, yoğunluktaki bu
işaret değiştirmenin çok hızlı olması dolayısıyla, gDE’nin esasında fenomenolojik
olarak geçmişte eksili olup işaret değiştiren kozmolojik sabite eşdeğer olduğu durumu
çok güçlü bir şekilde yeğlemektedir. Bu durum gDE’nin λ →−∞ sınır durumundan
kaynaklanır ve adım fonksiyonu davranışı, yani ρgDE(a) → ρgDE,0sgn[ f (a)], ile
betimlenebilir. Bu sınır durum ise işaret değiştiren kozmolojik sabit modeli ΛsCDM
adı altında ayrıntılı olarak çalışılmıştır. Burada Λs ≡ Λs0sgn[z− z†] artılı kozmolojik
sabit Λ’nın yerini alır ve z†’da işaret değiştirir. CMB, Pantheon SNIa ve tam
BAO gibi veri kümelerini içeren daha geniş bir gözlemsel incelemede ΛsCDM’nin
aynı anda H0, MB, S8, Ly-α , t0 and ωb gibi başlıca altı tane gerilimi iyileştirdiği
görülmüştür. Bununla beraber, aynı anda gerçekleşen bu iyileşmelere bir engelin,
daha iyi sonuçlar veren küçük z† değerlerinin Gökada BAO verisi tarafından
daha yüksek değerler almaya zorlanması olduğu anlaşılmıştır. Halihazırdaki bu
kazanımlardan taviz vermeden atılabilecek bir sonraki adım ise, işaret değiştirme
fikrinin üzerine, küçük kırmızıya kayma değerlerinde genişleme hızında dalgalı
davranışa izin vermek olacaktır. Esasında, sözü geçen dalgalanmaların gerekliliği
şuradan da temellendirilebilir: ΛCDM’in Hubble yarıçapı H−1(z)’nin üzerine bir
kozmolojik model tarafından getirilen sürekli bir değişiklik ψi(z)’ler, eğer model
ΛCDM’in erken ve geç evren betimlemesiyle tutarlıysa, kabul edilebilir dalgacıklar
(admissible wavelets) olarak verilmek zorundadır, diğer bir deyişle, salınım yapan
bir biçime sahip olmalıdır. Bu tezde ise, geç evrende söz konusu dalgacıkları
elde etmek ve bu sayede Gökada BAO verilerini daha iyi temsil etmek amacıyla,
karanlık enerjinin ϱDE (a) = Q1 sin[Q2(a − 1) + ϕ] eylemsizlik kütle yoğunluğu
parametrizasyonu öne sürülmüştür. Bu parametrizasyon aynı zamanda eylemsiz kütle
yoğunluğunu ölçek faktörü a cinsinden birinci derecede Fourier serisine açmaya
karşılık gelir. Yani karanlık enerjinin, dolayısıyla da evrenin evrimini yerel olarak
belirli noktalar komşuluğunda yakınsamak yerine, bütün tarihini birinci dereceden
hassasiyetle anlatmaya olanak verir. Bu doğrultuda tezin ilk kısmında gerekli
araçlar ve yeni bir karanlık enerji kaynağını içeren modelin fiziksel özellikleri genel
görelilik çerçevesinde türetilmiştir. Süreklilik denkleminin çözülmesiyle, eylemsiz
kütle yoğunluğunun salınımlı doğasının kendisini enerji yoğunluğu ρDE(a)’da kosinüs
integral fonksiyonu Ci(Q2a) biçiminde ortaya çıkardığı, Ci(Q2a) fonksiyonunun
da Friedmann denklemi vasıtasıyla evrenin genişleme dinamiğinde çok önemli bir
rol oynayan özgün karakteristiklere yol açtığı görülmüştür. Sonrasında modelin
yeterliliklerinin yanı sıra, modelin serbest parametreleri olan Λ̄, Q2 ve ϕ ve bunların
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evrenin genişleme dinamiği üzerindeki etkilerinin bir önaraştırması yapılmıştır.
Önaraştırmada ΛCDM’in erken evreni iyi açıkladığı kabul edilip, bu erken evren
betimlemesine dokunulmamıştır. 0.7 ≲ Λ̄ ≲ 1.3 ve 13 ≲ Q2 ≲ 15 değer aralıklarında,
H(z/(1+z) ve c ln(1+z)/DM durumlarında, yerel TRGB, SH0ES H0 ölçümleri ve tam
BAO kümesini içeren veri noktalarıyla çok iyi uyum gösteren eğriler elde edilmesinin
mümkün olduğu görülmüştür. Devamında modelin serbest parametreleri Λ̄ ve ϕ’nin
bazı değerleri alması durumunda, karanlık enerjinin enerji yoğunluğu ρDE(z)’nin
düşük kırmızıya kaymalarda giderek sönümlenen salınımlar, bunun öncesinde, yani
büyük kırmızıya kaymalarda ise bir işaret değiştirme davranışı yaptığı gösterilmiştir.
Günümüze yaklaştıkça geç evrende karanlık enerjinin baskın hale gelmesiyle birlikte,
düşük kırmızıya kaymalardaki salınıcı davranış doğal olarak genişleme oranı H(z)’de
dalgalanmalar şeklinde belirmiş ve bu dalgalanmaların H(z)/(1+ z) grafiğinde Ly-α
değeri ile uyumlu bir çukur ve Gökada BAO verisiyle hem ΛCDM hem ΛsCDM’in
olduğundan çok daha uyumlu bir tepe oluşturduğu görülmüştür. Bu anlamda Gökada
BAO verileri diğer veri kümeleri için bir sorun olmaktan çıkar. H0 gerilimine
gelince, her ne kadar en güncel SH0ES ölçümlerinin modelle daha iyi uyuşması
yüksek genlikli salınımların varlığını gerektirip diğer yandan c ln(1+z)/DM grafiğinde
Gökada BAO verisiyle olan uyumu kötüleştirse de, veri noktalarının yanılgı payları
dahilinde her iki durumla da tutarlılık içerisinde olan parametre kombinasyonlarının
olası olduğu görülmüştür. Ek olarak, ortaya çıkan gDE’dekine benzer işaret değiştirme
davranışı enerji yoğunluğunda barındırılan Ci(Q2a) fonksiyonundan ileri gelmektedir.
Ancak aralarında birtakım farklılıklar vardır: Karanlık enerjinin yoğunluğu Ci(Q2a ≈
0.6165) = 0 noktasında eksiliye dönüp geçmişe gittikçe daha da eksilileşmektedir. Bu
da yoğunluğun alabileceği eksili değerler için gDE’nin aksine bir en küçük alt sınırın
olmadığı anlamına gelmektedir. Dahası, modelin verilerle uyumlu olarak gösterdiği
işaret değiştirmelerin kırmızıya kayma değerlerinin (z ∼ 40), ΛsCDM’de gözlemsel
analizden elde edilen tipik işaret değiştirme kırmızıya kaymalarından (z† ∼ 2) çok
daha büyük olduğu görülmektedir. Ne var ki, bu farklılıklara karşın, eylemsizlik kütle
yoğunluğunun sinüzoidal parametrizasyonunun ilk aşamada beklentileri karşıladığı
söylenebilir. Ayrıca yoğunluktaki salınımların bir sonucu olarak, karanlık enerji durum
denklemi wDE(z)’nin de azalan kırmızıya kayma değerleriyle frekansı giderek artan
salınımlar yaptığı ve bunların da herhangi bir modelden bağımsız şekilde gözlemlerden
hareketle oluşturulan karanlık enerji durum denklemi eğrileriyle 0 ≲ z ≲ 2 aralığında
kabaca örtüştüğü görülmüştür. Aynı durumun yavaşlama parametresi q(z) için de
geçerli olduğu görülmüştür; bu da parametrizasyonun başarılı olma ihtimali konusunda
daha da güven vermektedir. Tezin son kısmında ise modelin geç evrende neden olduğu
dalgalanmaların kozmoloji bağlamındaki dalgacık (wavelet) kavramıyla tutarlılık
içerisinde olup olmadığı test edilmiş ve yapılan sayısal hesaplamalarla karanlık
enerjinin eylemsizlik kütle yoğunluğunun sinuzoidal parametrizasyonunun dalgacıklar
için verilen koşullarla tutarlı olduğu doğrulanmıştır. Bütün bunlar göz önünde
bulundurulacak olursa, ϱDE (a) = Q1 sin[Q2(a− 1)+ϕ]’nin bir sonucu olarak ortaya
çıkan salınımlı karanlık enerji modelinin ΛsCDM’in başarılarını yenilemekle kalmayıp
onun Gökada BAO verisine ilişkin sorunlarını çözerek daha yüksek kozmolojik
gerilimleri çözebilen tek bir reçete sunmaya güçlü bir aday olduğunu söyleyebiliriz.
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1. INTRODUCTION

It has been revealed through Supernova Type Ia surveys [1, 2] of the last two decades

that the Universe has recently entered a stage of accelerated expansion, which, with

the advancement and diversification of our astronomical probes, was also verified in

the ensuing years by other independent observations such as the cosmic microwave

background (CMB) [3–5] and the baryon acoustic oscillations (BAO) [6–9]. The

simplest and arguably the most natural candidate driving this late-time acceleration is

the cosmological constant Λ [10–12] comprising an essential component of what has

come to be recognized today as the standard model of cosmology, namely, the Lambda

Cold Dark Matter (ΛCDM) model [13–15]. Predictions of the standard model agree

exquisitely well with the most of the observed properties of the Universe, ranging from

the abundances of light elements set in the first few minutes [16–21] to the formation

of large scale structures (LSS) [22] and their statistical distribution throughout space

based on the minute temperature fluctuations imprinted in the CMB [3–5]. Its success

and explanatory power notwithstanding, as the precision of data sets keeps increasing,

it is becoming more and more evident that the ΛCDM in fact suffers a number of

serious low and high redshift tensions that have been turned out be persistent in the

model in the past couple of years [23–31]. Among them is the most prominent the

Hubble constant H0 tension of more than about 5σ [32–35], which is the conspicuous

discrepancy between the value of H0 = 73.04±1.04 kms−1 Mpc−1 [36] obtained from

the local, model-independent measurements, namely, the Cepheid-calibrated distance

ladder method [37–39] that exploits the luminosity distance-redshift relation, and the

value H0 = 67.36±0.54 kms−1 Mpc−1 inferred from the stringent constraints placed

on the positions and relative heights of the acoustic peaks by the CMB-Planck satellite,

assuming the ΛCDM [5].

Other significant challenges plaguing the standard model in connection with the

Λ involve the infamous cosmological constant problem [14, 40–42] as well as the

coincidence problem [10–12,40,41,43] concerning the highly unlikely yet comparable
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present-day energy densities of dark energy ρDE,0 and matter ρm,0, or put it another

way, the problem of “why the observed acceleration is happening today out of

the virtually infinite possible time scales in the history of the Universe”. This is

particularly intriguing considering the fact that ρDE and ρm scale much differently

with the expansion of the Universe, that is ρDE = const and ρm ∝ a−3 with a

being the scale factor. A wealth of literature has been produced over the course

of years by many who are in search for viable alternative cosmological models or

minimal extensions of the standard model that could potentially provide satisfactory

resolutions to these issues and more without disrupting hitherto successful account

of the Universe [23, 31, 35]. Generically, the two most common approaches adopted

in this context entail either treating general relativity (GR) as the correct theory

of gravitation and introducing more general, brand-new dark fluids to the cosmic

inventory (occasionally with non-minimal interactions between them) rather than one

with constant equation of state (EoS) parameter w = −1 or contriving modifications

in the gravitational theory such as f (R) and scalar-tensor theories, Gauss-Bonnet

gravity, Braneworld models coming with extra set of degrees of freedom that can

generate the desired cosmological features [12, 44–46]. A renowned example of the

former is quintessence models described by a minimally coupled canonical scalar field

possessing an energy density that increases with the redshift [45,47,48]. Quintessence

has remained as a popular subject of study as a candidate for dark energy and the

solution to the current discrepancies for years. Unfortunately, it has been shown that

quintessence models with EoS −1 < w <−1/3 are incapable of resolving for instance

the H0 tension as a late time modification to the expansion rate H(z) since the required

expansionary behavior is slightly phantom w < −1 [49–52]. Surprisingly, even the

phantom models, made up of scalar fields with negative kinetic term and quintom

models accommodating both phantom and canonical fields, cannot fully resolve the

tension, but only yield limited alleviation [49–53]. Furthermore, the fact that Lyman-α

(Ly-α) BAO measurements at z∼ 2.34 first presented in the DR11 release by the BOSS

collaboration provide circumstantial evidence for nonmonotonic evolution of H(z) as

well as the preference for negative dark energy densities renders dynamical dark energy

models more appealing and promising than ever [54, 55]. For instance, as we will also

see in Chapter 2, this kind of dynamical behavior was discussed in Ref. [56] in the
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case of what is called graduated dark energy (gDE), stemming from the elevation of

the null inertial mass density ϱ of the usual vacuum energy of the quantum field theory

(QFT), i.e., ϱ ≡ ρ + p = 0 to a more general function of ϱ ≡ ρ + p ∝ ρλ quantifying

the minimal dynamical deviation from the constant Λ, where λ is the ratio of two odd

integers, along with its sign-switching cosmological constant (Λs) limit, which leads to

the ΛsCDM model [57]. Likewise, the authors conclude that the data analysis strongly

signals a nonmonotonicity at z ∼ 2.3 involving a clear detection of a sign-switching

phenomenon in the dark energy (DE) density, which ultimately addresses a broad range

of discrepancies such as H0, Ly-α , MB, S8 and so on. They also reported the necessity

of wiggles in the Hubble parameter H(z) as the Galaxy BAO data did not behave well

with the ΛsCDM model [56–59].

Another frequently espoused approach giving rise to interesting dynamical cosmo-

logical consequences is to abandon the assumption of the constant dark energy EoS,

wDE = const. In this regard, numerous phenomenological parametrizations of dark

energy have been investigated [60–73], mostly motivated by the aforementioned

observational signatures and the recent model-independent reconstructions that hint

at a time-varying dark energy wDE(a) rather than a (cosmological) constant with more

than 3σ [74–78]. One of the earliest and well-known parametrizations of this sort

is the so-called Chevallier-Polarski-Linder (CPL) parametrization where the EoS is

given by a relation linearly dependent on a (essentially first order Taylor expansion),

that is wDE(a) = w0 −wa(1− a) with w0 and wa being two real free parameters. It is

a sensitive-to-data (SNIa) and well-behaved form for the early universe, a ∼ 0 hence

wDE ≈ w0 −wa, and present time a ∼ 1 hence wDE ≈ w0 reducing to the same old

constant EoS [79, 80]. The CPL parametrization is often utilized for observational

analyses in the literature [49, 67, 81] for its choice of parametrization in a in contrast

to the earlier redshift z parametrizations, e.g., wDE(z) = w0 −w1z (first order Taylor

expansion in z), has the advantages that it does not lead to observational pathologies

unlike its redshift counterpart and covers most of the observationally accessible epochs

of the Universe [80,82]. Nevertheless, it blows up in the far future wDE → ∞ as a → ∞;

thus, various other parametric forms have been discussed with a view to avoiding

the divergence issue [71, 83–85]. It is also possible to include higher order terms of

expansion but at this point, downside of introducing more free parameters is that not
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only the model becomes more and more prone to the overfitting but also the parameters

become more degenerate [86]. Accordingly, more data/calibrators become necessary

to break the degeneracy and constrain the parameter space. Besides the polynomial

parametrizations, an idea worthy of investigation is the possible nonmonotonicity in

the evolution of wDE(a) that could cause the dark energy density to cross even below

the phantom divide [83, 87–89]. A particular family of functions that are able to pull

off the feat is the one displaying oscillatory properties or the ubiquitous sinusoidal

functions, which, as we will see, constitute the crux of our discussion in this thesis.

Such a behavior might have the prospect of providing solutions to some naturalness

and fine-tuning problems. As a matter of fact, dark energy models with an oscillating

dark energy EoS parameter, i.e., wDE ∝ cos(a,z, t) first proposed in the literature can

be attributed to the effort of solving the cosmic coincidence problem [90–93]. The gist

of the argument is that an oscillating form of dark energy would cause the Universe

to accelerate and decelerate successively, nullifying the purported specialness of the

present-day accelerated expansion period in the standard model. Aside from purely

phenomenological attempts, though being quite non-trivial to achieve, it is a theoretical

possibility to be able to attain oscillating EoS within the framework of the field theory

with an appropriate potential V (φ). For instance, the pseudo-Nambu-Goldstone Boson

(PNGB) field characterized by the Lagrangian L= 1
2gµν∂µφ∂νφ −M4[cos(φ/ f )+1],

where M is the explicit global symmetry breaking scale and f is the spontaneous global

symmetry breaking scale, can result in wiggles, hence a nonmonotonic evolution in

the EoS, depending on how deep the field rolls down the potential [94–96]. If the

field has not already rolled through the minimum potential, it yields a monotonically

evolving EoS parameter that can reduce to the CPL case [91]. Consequently, note that

an oscillating potential does not necessarily give rise to an oscillating EoS parameter.

While the idea of parametrizing dark energy directly through EoS offers diverse

cosmological scenarios, a deeper approach towards the nature of dark energy should be

centered around more fundamental physical quantities such as the DE energy density

ρDE and the inertial mass density defined as ϱDE ≡ ρDE+ pDE. Indeed there have been

some efforts to parametrize the dark energy density ρDE in this direction [97–102].

Nevertheless, arguably, the inertial mass density ϱDE can be viewed to be more

fundamental than both the energy density ρDE and wDE on the grounds that it enters
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energy and momentum conservation equations as the factor of proportionality as we

shall see in Chapter 3. Consequently, it determines the nature of matter and its

properties pertaining to energy and momentum. For instance, the condition that ϱ< 0

tells us the density of the fluid increases as the Universe expands. This also means

the fluid is forced to flow in the direction opposite to the pressure gradient exerted,

violating what is known as the weak energy condition (WEC) [103, 104]. So one

can maintain that the energy density or EoS alone does not impart information on the

behavior and nature of matter to the extent the inertial mass density does. Moreover,

while one can always find a corresponding wDE for any given dynamical ϱDE, simplest

parametrizations of ϱDE could give rise to very nontrivial and nonmonotonic behaviors

of wDE that are unlikely to be introduced by hand if wDE were to be parametrized

directly or to be obtained via some straightforward scalar field dynamics. It therefore

stands as a reasonable choice to parametrize the inertial mass density ϱDE.

All things considered, we are motivated to decide the functional form of the inertial

mass density to be ϱDE (a) ∝ sin(a) based on the following arguments: (1) First

and foremost ϱ is a very fundamental and comprehensive quantity characterizing the

energy-momentum content (not just the energy content) of a system, given the fact

that pressure gravitates in the theory of relativity. This becomes less obscure if one

thinks of ϱ as being enthalpy per unit volume. ϱ = ρ + p = H/V which also helps

us define the specific enthalpy, H/N = (ρ + p)/n, that is the enthalpy associated to

a single particle. (2) Recent model-independent reconstructions of dark energy wDE

and density ρDE point toward a dynamical dark energy with wiggly EoS wDE [76–78].

(3) As we just discussed it is reported that the Galaxy BAO data necessitate a wiggly

behavior in the expansion rate and suppress the amelioration of the other tensions in the

gDE and ΛsCDM models [57,59]. (4) It has the potential to alleviate or even solve the

significant tensions like H0, MB as well as S8 and so on simultaneously. (5) The recent

realization that deviations from the Hubble radius of the ΛCDM respecting the early

and late time physics of it must be given in the form of oscillatory functions [105]. (6)

The challenging reconciliation of the Ly-α BAO measurements of BOSS collaboration

with the ΛCDM expansion rate at z ≈ 2.3, suggesting a negative dark energy density

ρDE that is about 1.5σ different from the unity value of ΛCDM, which is in turn

implying a dynamical dark energy density that could even switch its sign from negative
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to positive [54, 106]. (7) Over suitable intervals, the average value of a sinusoidal

function is zero. In our case this corresponds to ⟨ϱDE⟩ ≈ 0, recovering the null inertial

mass density of usual vacuum energy of the QFT, ϱ = 0, representing considerably

non-trivial and drastic deviations from the ΛCDM in relatively short periods, but

recovering it in adequately prolonged time-scales. (8) Oscillating dark energy models

are able to lead to results consistent with observations. (9) Oscillating cosmological

models are apt candidates for the solution to coincidence problem. (10) Last but not

least, the parametrization is done with respect to the scale factor a because we prefer

to keep what presents cosmological interest to us finite in an interval [0,1] over which

a is well-defined. This amounts to shifting the oscillations tending to infinity to the

far future, which is vice-versa in the case of parametrizing in z (though the z case

appears interesting to investigate). Additionally, the scale factor a appearing in the

FRW solution of GR is arguably the most natural and fundamental variable affecting

the energy-momentum content of an expanding universe. Redshift z in this sense can

be thought of as being somewhat secondary to the scale factor a as it emerges as a

physical consequence of expansion encoded by a therefore serves to link the theory

with observations.

In this thesis, we will first give a summary of the well-studied parametrizations of

the inertial mass density as well as their detailed observational analyses in Chapter 2:

the simple-graduated dark energy and the graduated dark energy. Then we will keep

on with the particular limit of the graduated dark energy where it can be described

by what is named as the sign-switching cosmological constant. Subsequently we will

close Chapter 2 by a profound mathematical consequence regarding the requirement

of wiggles in the post-recombination Universe. In Chapter 3, we will introduce our

model in which we parametrize the inertial mass density by upgrading it to a sinusoidal

function and investigate the free parameters of the model in addition to its cosmological

implications. Lastly we will carry out a consistency-check with the conditions given

at the end of Chapter 3.
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2. INERTIAL MASS DENSITY PARAMETRIZATIONS IN LITERATURE

In this chapter, we briefly discuss implications of inertial mass density parametrizations

(as a summary of Refs. [56–59]) together with their accompanying observational

analyses.

2.1 Simple-Graduated Dark Energy

One of the simplest extensions of the base ΛCDM can be achieved through the

consideration of a more supple concept of inertial mass density ϱ that can assume

non-zero values unlike that of the usual vacuum energy of the QFT, which is null

ϱ = 0. For example, in the simplest case, if we consider ϱ given by a constant named

as the simple-gDE [58],

ϱci = const < 0 (2.1)

whose corresponding energy density (and its redshift dependency) is described by,

ρci = ρci0 +3 ϱci ln(1+ z), (2.2)

where ρci0 > 0 in accordance with the observational data. It satisfies the EoS parameter,

wci =−1+
1+wci0

1+3(1+wci0) ln(1+ z)
(2.3)

from which it can be noticed that the source approximates the Λ when z ≫ 0 and its

energy density ρci resembles usual phantom sources (w < −1), except that at some

point in the past ρci turns minus as the term 3 ϱci ln(1+ z) becomes more and more

negative and eventually dominates the energy density. This crossing takes place at the

redshift;

z∗ =−1+ e−ρci0/3ϱci. (2.4)

Furthermore, the base ΛCDM can be extended by the inclusion of the spatial curvature

(its corresponding density parameter is given by parameter Ωk) in the Friedmann

equation. Notably, the constant positive curvature Ωk,0 < 0 offers an interesting

case since together with the cosmological constant Λ it can be amalgamated into a
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composite effective source feff(z) ≡ ΩΛ +Ωk,0(1+ z)2. The Λ is compansated by the

curvature term with the increasing redshift thus the effective source behaves like a fluid

with the negative energy density and EoS parameter w=−1/3 beyond certain redshift.

As promising as it may seem to be a candidate for the possible need of a negative

energy density source, it has the drawback of being at odds with spatially flat Universe

Ωk,0 ≈ 0, given the BAO, SNIa and cosmic chronometers observations [107–109].

One can further elaborate the above scenario combining the source having constant

negative ϱ rather than the Λ with the spatial curvature Ωk. Now the energy density of

this effective source is then,

ρkci = ρci,0[1+3(1+wci,0) ln(1+ z)]+ρk0(1+ z)2 (2.5)

which likewise crosses below zero as well at different redshifts depending on the value

of wci,0. It is shown by the above equation that the for example if we take the redshift

z∗ = e−1 at which ρkci becomes negative, we require ρkci(z∗) = 0 giving the relation,

Ωk,0 =
2.1wci,0 +2.8
3wci,0 −3.39

. (2.6)

Equation (2.6) implies if the Universe is spatially flat Ωk,0 = 0, then wci,0 = −1.33.

If the Universe is currently assumed to be dominated by the Λ, that is wci,0 = −1,

then we have Ωk,0 = −0.11, both of which represent substantial departures from the

observational constraints on the wci,0 and Ωk,0. However, it is possible to circumvent

this problem by simultaneoulsy relaxing the values of wci,0 and Ωk,0, yet still remain

within the bounds of observations. That is to say, it is possible to have wci,0 =−1.1 and

Ωk,0 = −0.07. This trade-off between wci,0 and Ωk,0 can be shown better in Fig. 2.1

below [58] . Any two values lying on the red line satisfy Equation (2.6).

In the detailed observational analysis, the two models, i.e., the simple-gDE

arising from the constancy of the inertial mass density and the other containing

simple-gDE+the spatial curvature which are denoted by DE and oDE, are confronted

with the most recent data at the time and compared with the ΛCDM and its simplest

extension oΛCDM involving the curvature. The main datasets used in the analysis are

the Planck CMB data (PLK) [5], supernova type Ia (SN), Galaxy BAO consensus,

Lyman-α BAO from BOSS DR14, the SDSS Main Galaxy Sample (MGS) and

the Six-Degree Field Galaxy Survey (6dFGS) [110–115], and cosmic chronometers
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Figure 2.1 : The trade-off between Ωk,0 and wci,0 plotted for the redshift z∗ = e−1 ≈
1.7. The intersection point of the two dotted lines specifies the where the
ΛCDM lies. The figure is retrieved from Ref. [57]

(H) [116] as well as the BBN prior on the baryons [117]. The analysis is comprised

of two sections, the first of which presents the fact that when the entire joint dataset

BAO+SN+H+PLK is taken into account, no statistically meaningful evidence in favor

of the extended models (DE, oDE and oΛCDM) has been found, meaning that the

tensions prevalent in the ΛCDM persist. On the other hand, in the second part the

results change a great deal and the extensions exhibit interesting cosmological features

if the CMB data is excluded from the analysis.

Above all, subject to the BAO+SN+H set, the simple-gDE falls short of the initial

anticipations by giving poorer H0 = 67.06 ± 2.02 kms−1 Mpc−1 than the ΛCDM

value H0 = 68.27 ± 0.88 kms−1 Mpc−1 as the data suggests ϱci = (3.46 ± 4.76)×
10−31gcm−3 whose mean value is in contrast with the case of the original interest

ϱci < 0. This implies that wci0 lies in the quintessence region, i.e., −1 < wci,0 =

−0.937±0.0084<−1/3, which indeed yields lower H0 values. If the spatial curvature

is allowed on top of ϱci corresponding to oDE model, only a partial improvement in

H0, i.e., H0 = 68.84± 2.60 kms−1 Mpc−1, can be achieved since the effect of ϱci is

now offset by the positive spatial curvature even though the data prefers even higher

ϱci = (7.65± 5.72)× 10−31gcm−3 with wci0 = −0.872± 0.097 than the one in the

DE model. This intricate state of affairs is summarized in Fig. 2.2 [58]. In addition,

H(z)/(1+ z) of both extensions DE and oDE fit better to the Ly-α BAO at z ≈ 2.34
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merely because the Ly-α data point enters the bounds of the new, enlarged probability

distribution permitted by the dataset. Overall, of all the models, the oDE model agrees

the best with BAO+SN+H dataset but the Bayesian evidence provides a compelling

evidence for the ΛCDM in comparison with the extended models.
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Figure 2.2 : The relationship among ϱci, Ωk,0 and H0 with and without the Planck data.
High H0 values(represented by the blue dots) are scattered within a region
that corresponds to ϱci> 0, which is in contrast with Equation (2.1). The
figure is from Ref. [57]

.

When the CMB data is added to analysis, that is the case of BAO+SN+H+PLK, the

previous constraints(of BAO+SN+H) on the oΛCDM are not affected much, however,

surprisingly oDE model, which initially preferred a closed universe, now suggests a

spatially flat universe with Ωk,0 =−0.0001±0.0019 more precisely than the oΛCDM

model with Ωk,0 = 0.0012±0.0018 does. Consistently, the Bayesian evidence disfavor

oΛCDM and oDE that in fact fits better than the ΛCDM to the BAO+SN+H+PLK

dataset along with DE model. This significant suggestion of the spatial flatness or

the lack of positive spatial curvature kills the possibility of lifting H0 to the values

consistent with the local measurements even if the diminished ϱci = (2.85± 2.58)×
10−31gcm−3 (still positive though close to being null) tends to slightly increase it.

Last but not least, the effective energy densities of the models (oΛCDM and oDE)

containing spatial curvature cross below zero at redshifts which the data shows to be

too big to lead to augmented H0 values, even for the lowest constraints placed on z∗.
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To recapitulate, neither BAO+SN+H nor BAO+SN+H+PLK provides evidence that

these extended models are able to qualify as a replacement for the ΛCDM to resolve

or alleviate the H0 tension as well as the high-redshift challenges such as Ly-α BAO.

Both datasets favor non-phantom ϱ, i.e., ϱci > 0, which is the opposite of what was

expected to solve the H0 problem, suggest no significant departure from the expansion

history of the ΛCDM till the present time, yet based on the sign of ϱci, predicts a future

evolution a far cry from that of the standard model [58].
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2.2 Graduated Dark Energy and Sign-Switching Cosmological Constant

A slightly more complicated generalization of the inertial mass density ϱ of the usual

vacuum energy of QFT, which is dubbed graduated dark energy [56], is realized

by promoting it to a power function of the energy density ρ measuring the minimal

dynamical deviation from the constant Λ assumption.

ϱ= γρ0

(
ρ

ρ0

)λ

, (2.7)

where γ and λ are two real-valued parameters and ρ0 is the present day energy density,

which is ρ0 > 0 as suggested by the observations. It is straightforward to check that the

case γ = 0 reduces to the ΛCDM, λ = 1 generates a dark energy with w = const known

as the wCDM models and λ = 0 reduces to the simple-gDE that we have discussed in

the previous section. The energy density of the gDE is obtained from the continuity

equation, ∫
ρ
−λ dρ =−3γρ

1−λ

0

∫ da
a
, (2.8)

and finally the scale factor dependence of the gDE energy density is given by,

ρ(a) = ρ0[1+3γ(λ −1) lna]
1

1−λ (2.9)

satisfying the EoS parameter,

w =−1+
γ

1+3γ(λ −1) lna
. (2.10)

As a → 0 and a → ∞ that is in the distant past and future w ≈ −1. For a particular

combination of the free parameters γ and λ the energy density switches its sign at

some redshift z∗. This switching occurs at the future or past redshift depending on the

factor γ(λ −1),

z∗ = e1/3γ(λ−1)−1. (2.11)

If γ(λ − 1) > 0 then z∗ is some time in the past z > 0 and if γ(λ − 1) < 0 then it is

in the future −1 < z∗ < 0. If one proceeds with the former case, that is γ(λ − 1) > 0

with λ < 1 and γ < 0, it appears that for large negative values of λ , which is given

as the ratio of two odd integers, the DE density turns into a source that dynamically

flips its sign in the past. Note that as the λ gets larger and larger negative values, ρ(z)
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increasingly becomes like the step-function. In the limit of λ →−∞, the model can be

interpreted as the cosmological constant Λ phenomenologically changing its sign from

Λ < 0 into Λ > 0 at relatively recent times. We will give a more detailed description

of this limit in the next section.

To gain a better intuition about the way the model parameters operate, assume for

example z∗ = e−1 ≈ 1.7. From the above relation (2.11), we find that 3γ = 1/(λ −1).

If we take w0 = −1.03, i.e., the prediction by the Planck release [5], then from w0 =

γ −1 we have γ = −0.03, which yields λ = −10.11, meeting both λ ≪ 0 and γ < 0.

Taking γ =−0.03 and λ =−10.11 according to Ref. [56], the energy density evolves

as in Fig. 2.3,

Figure 2.3 : The evolution of ρgDE/ρcr,0 with respect to the redshift z with z∗ ≈ 1.7.
The figure is retrieved from Ref. [56].

where ρgDE(z)/ρcr,0 slowly increases as the Universe expands and about z∗ ≈ 1.7

makes a very sharp transition and settles to ρgDE,0/ρcr,0 which is the negative of the

initial value with which it has started out. Correspondingly, the effective w is singular

at the relevant redshift, possessing a pole in Fig. 2.4.

The gDE model has been confronted with the observational data encompassing the

Planck (PLK), which is considered as a “BAO experiment” at z∗ = 1090 that measures

the sound horizon angular scale [DM(z = 1090)/rd] in the early Universe (this

consideration ignores the distinction between r∗ and the BAO scale rd however it turns

out the approximation holds up to 0.1σ in the ΛCDM), high-precision Baryon Acoustic

Oscillations (BAO) [55], supernova Type Ia (SN) and cosmic chronometers (H) [116].

For −4 < λ ≤ 0, the model displays no statistically significant superiority over the

ΛCDM. Nonetheless, for λ ≤ −4, as λ gets larger and larger negative values and

13



Figure 2.4 : The gDE EoS parameter wgDE(z) vs z. At the time z∗ when the gDE
passes below zero, it has a vanishing energy density, causing a pole in its
EoS parameter. The figure is taken from Ref. [56].

when it is free, γ begins exhibiting a posterior probability distribution whose peak

(maximum) is decisively becoming more and more distinct and positioned away from

the one containing the ΛCDM model (γ = 0), resulting in a great betterment of the fit.

It has been observed in Fig. 2.5 that the peak persists in a very stable position in λ -Ψ

space corresponding to Ψ ≡ −3γ(λ − 1) = −0.86 [56]. Note that the quantity Ψ is

what determines when the event of sign-switching (or equivalently the pole in the EoS

parameter) occurs, which the data definitively suggests to be at z∗ ≈ 2.32.

In Fig. 2.6 [56] is given the probability distribution of the scaled gDE density

ρgDE(z)/ρcr,0. The pinkish regions, which are the areas of higher probability, show

that for 0 < z < z∗, the gDE best-fit value (black dashed line) can be described by a

positive Λ (solid black line) to a very good approximation. Likewise, the same thing is

also true for z > z∗, except that it converges to the negative cosmological constant −Λ.

This is because the transition timescale of the gDE energy density is controlled by the

parameter λ and when it is large negative-valued as preferred by the data or when it

is free, the switching happens very rapidly, which forces the gDE energy density to

evolve in a way that renders it increasingly difficult to demarcate it from the constant

Λ behavior for z > z∗ and z < z∗. It is therefore tempting to conclude that the limit of

λ → −∞ in which the gDE transforms into a simpler model where the sign of the Λ

makes a swift spontaneous change deserves a special attention, which we will discuss

in the next section.

In addition, the new dynamical nature of gDE helps ameliorate some significant

tensions. For instance the H0 values predicted by the gDE with the parameters that are
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Figure 2.5 : The distribution splits into two separate regions: at the left, the very
orderly and sharp distribution including the new stable peak at Ψ∼−0.86
is shown and at the right there is the wide, less stable patch that also
harbors the ΛCDM or Ψ ∼ 0, reflecting the bimodal characteristic of the
parameters. The figure is from Ref. [56].
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Figure 2.6 : The evolution of ρgDE(z)/ρcr,0 with z. The swift transition in the energy
density about z ∼ 2.34 enables one to describe its behavior by the
step-function. The figure is retrieved from Ref. [56].

favored by the stable peak position at Ψ ∼−0.86 agrees with the Tip of the Red Giant

Branch-calibrated (TRGB) supernovae measurements of H0 [118] much better than the

ΛCDM living at the position Ψ ∼ 0 does. This is well illustrated in the Fig 2.7 [56]

Besides the H0 tension, the gDE can assist HgDE(z > 2.32) in assuming smaller values

compared to the HΛCDM(z > 2.32) thanks to the sudden decline in its energy density.

As the expansion rate is directly related to the the total energy density of the Universe,
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Figure 2.7 : The red error bars of 1σ confidence level (CL) show the improvement in
H0 with respect to the ΛCDM model and other less stable combinations
of the free parameters λ and γ , that is Ψ < −0.86. The H0 values (red
error bars) are in excellent agreement with the local TRGB measurements
that gives H0 = 69.8± 0.8 kms−1 Mpc−1. (The fig. is taken from Ref.
[56])

HgDE(z> 2.32) correspondingly gets smaller values, allowing H(z) to pass through the

Ly-α BAO (z = 2.34) data point [8, 54] hence resolving the tension. How this decline

is reflected in H(z) can be seen in Fig. 2.8 very nicely.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

z

55

60

65

70

75

80

H
/(
z

+
1)

0σ

1σ

2σ

Figure 2.8 : H(z)/(1 + z) according the best fit gDE value (the dashed line). It
simultaneously resolves the Ly-α and H0 discrepancies. (The fig. taken
from Ref. [56])

All of these improvements in the fit and the data repeatedly favoring Ψ ∼ −0.86

for large enough negative values of λ constitute a significant observational piece of

evidence that the Universe might have spontaneously transitioned from AdS to dS

vacua at z∼ 2.32 or thereabouts. That this transition might hold intriguing implications

from the perspective of the string theory where dS vacua are difficult to come by [56].
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2.3 ΛsCDM: Sign-Switching Cosmological Constant

In the previous section we saw that as λ gets larger in negative values, namely in

the limit of λ → −∞, ρgDE(a) produces the behavior of the step function as nicely

indicated by the likelihood analysis in Fig. 2.6. Therefore guided by the observations,

the so-called minimum dynamical deviation can be described by the step function quite

accurately,
ρgDE(a)

ρcr,0
→ ΩgDE,0 sgn[1−Ψ lna], (2.12)

where sgn[x] is the familiar signum function that outputs -1, 0, 1 for x < 0, x = 0 and

x > 0, meaning that a∗ is the scale factor ρgDE(a) passes below zero at, then for a < a∗,

gDE(a) → −Λ and for a > a∗, ρgDE(a) → Λ, which, phenomenologically can be

thought of as being equivalent to a model where Λ spontaneously switches sign at some

a∗ and triggers the acceleration of the late-time expansion of the Universe. In fact, the

sign-switching cosmological constant represents a theoretically appealing regime for

it offers an important means of avoiding the physical constraints the gDE fails to obey.

To elaborate, the adiabatic sound speed c2
s = dp/dρ respects the condition 0 < c2

s < 1

whose upper limit marks the boundary between causal and non-causal behavior of

matter. Violation of the upper limit means that the fluid supports the propagation of

signals faster than the speed of light, contravening the chief tenet of the theory of

relativity. Take the gDE with c2
s =−1+γλ

(
ρ

ρ0

)λ−1
≫ 1 for 0 < ρ ≪ ρ0 much greater

than the upper limit. On the other hand, an effective source originating from geometric

considerations would not be subject to the aforementioned constraints [56]. For

instance the cosmological constant can also be interpreted as the curvature of empty

space; therefore, it is not only observationally plausible but also theoretically appealing

to view the gDE emerging as an effective source approximating the cosmological

constant that spontaneously flippes its sign. This limit of the gDE has been branded as

the sign-switching cosmological constant [57] and it is described by

Λs ≡ Λs0sgn[z− z†], (2.13)

where z† denotes the redshift of the so-called sign-switching and the model replaces

the Λ of ΛCDM with Λs to give birth to ΛsCDM.
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A comprehensive observational study involving datasets such as the full Planck

CMB data [5], the full BAO set [106] and Pantheon SNIa [119] reveals that the

sign-switching cosmological constant simultaneously relaxes, if not fully resolve, a

wide range of discrepancies majority of other alternative models out there cannot

without exacerbating at least one of them. These discrepancies encompass H0

and the associated MB tensions, Ly-α , S8, t0 and ωb tensions [57, 59]. To

exemplify, when the joint CMB+BAO dataset is considered, the model yields

H0 = 68.82 ± 0.55 kms−1 Mpc−1, which is in a good agreement with the TRGB

measurements [118]. What is more is that it has been argued that remedying the

H0 tension is in essence nearly the same as resolving the SNIa absolute magnitude

(MB) tension due to the equivalency between ΛsCDM and ΛCDM for z < z† and

the way they are incorporated into the methods of local H0 measurements and the

relevant cosmography. Greater H0 values attained by the ΛsCDM correspond to

smaller MB values. For example, for z† = 1.6, ΛsCDM yields MB ≈−19.25 mag. This

agrees very well with the MR20
B =−19.244±0.037 mag calibrated via Cepheids [120]

based on Pantheon SNIa data [119], which is in 3.4σ tension with the MPlanck2018
B =

−19.401 ± 0.027 mag calibrated via the sound horizon scale (based on parametric

free inverse distance ladder) [121]. One of the other discrepancies addressed by the

ΛsCDM is the growth tension, also known as the S8 tension [31]. It refers to the

mismatch between the growth rates suggested by the Planck/ΛCDM and dynamical

probes such as weak lensing [122, 123], cluster counts [124, 125] and redshift-space

distortion [126,127]. The combined growth parameter is defined as S8 ≡ σ8
√

Ωm/0.3

where σ8 is the amplitude of matter root-mean-square fluctuations enclosed within

the radius of 8h−1Mpc today. Planck/ΛCDM in the context of GR suggests S8 =

0.834±0.016 [5], on the other hand, for example the KiloDegree Survey(KiDS-1000)

finds S8 = 0.766+0.018
−0.015 (cosmic shear+galaxy-galaxy lensing) [128] being at about

3σ tension. Including only the CMB data in the analysis, ΛsCDM gives a relaxed

value of S8 = 0.8071 ± 0.0210 despite the increased σ8 = 0.8223 ± 0.0098 with

respect to σ8 = 0.8117 ± 0.0076 in the ΛCDM. This is because of the suppressed

Ωm,0 = 0.2900±0.0160 within the ΛsCDM compared to the ΛCDM value of Ωm,0 =

0.3162± 0.0084. Additionally, as we mentioned before, first noticed in the BOSS

DR11 as 2.5σ discrepancy in the ΛCDM, now being at a mild 1.5σ after the eBOSS
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SDSS-DR16, Ly-α measurement at z ≈ 2.33 has been troublesome to reconcile with

the theory as the data favors negative DE densities at that redshift [54, 106, 129]. In

this direction, it has been shown that the sign-switch conjecture of the gDE hence

ΛsCDM resolves the Ly-α tension at z ≈ 2.33 as well. On the other hand, in the

case of full BAO set containing the Galaxy BAO data at effective redshifts zeff =

0.15,0.38,0.51,0.70,0.85 [106], the fact that the Galaxy BAO data prefer higher z†

values precludes the ΛsCDM from efficiently mitigating the other discrepancies. This

can be seen from the Fig 2.9 [57].

Figure 2.9 : As z† gets values smaller than about 2.2, higher and higher tension with
the data points at zeff = 0.38,0.51 arises. This implies that the lower limit
for the sign-switching redshift z† is set by the Galaxy BAO data while
the upper limit zeff ≈ 2.33 is determined by the Ly-α data since if the
sign-switching takes place at higher redshifts, the reconciliation with the
data point is immediately lost. (The figure is retrieved from Ref. [58].)

That is to say, the MB ≈−19.25 obtained for z† = 1.6 is not allowed when the full BAO

is introduced to the analysis. As z† is forced to assume higher values than z† = 1.6,

the corresponding MB values decline, building up the so-called tension. Therefore

it seems to be case that the Galaxy BAO data tend to offset the relaxations of the

significant discrepancies achieved by the ΛsCDM model. As a result, it has been

argued in Refs. [57, 59] that for the model both to be in agreement with the full BAO

set [106] and to retain its success in bringing discrepant high-redshift values to more

compatible ranges at the same time, a wiggly behavior in the late-time evolution of

H(z) that would fit better to the Galaxy BAO might be necessary. In the next section

we will now see that there is actually much more to the idea of wiggles than just this.
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2.4 The Inevitable Manifestation of Wiggles in the Late Universe

In addition to the observational precursors, further conviction on the requirement of

wiggles in the late Universe has come from a deeper mathematical realization. It

has been shown that smooth deviations from the Hubble radius H−1(z) of the ΛCDM

respecting the early and late time physics of it must be given in the form of oscillatory

(but not necessarily periodic) functions [105]. To justify this assertion, let us start

giving the comoving angular diameter distance DM(z∗) to the surface of last scattering

DM(z∗) = c
∫ z∗

0

dz
H(z)

, (2.14)

where z∗ the redshift at decoupling. A well-known fact is that given the

pre-recombination physics (which is described by the ΛCDM in this case), the

constraint placed by the near model-independent determination of the angular acoustic

scale on DM(z∗) is very stringent [4, 5]. Therefore alternative models that claim to be

consistent with the pre-recombination physics of the ΛCDM at least at the background

level are expected to keep DM(z∗) unchanged. This translates to∫ z∗

0

dz
HΛCDM(z)

≈
∫ z∗

0

dz
H(z)

, (2.15)

where H(z) is the Hubble parameter of any given model whose departure ψ(z) from

the ΛCDM is quantified by its Hubble radius ψ(z) = H−1(z)−H−1
ΛCDM(z). Notice it is

immediate from the fact that the description of the early Universe (z ≥ z∗) is given by

the ΛCDM that ψ(z ≥ z∗) = 0 (1st condition) so that H(z) = HΛCDM(z). Altogether

Equation (2.15) implies,

DM(z∗) = c
∫ z∗

0

dz
H(z)

= c
∫ z∗

0

dz
HΛCDM(z)

+ c
∫ z∗

0
ψ(z)dz (2.16)

which then imposes the 2nd condition,

Ψ(z∗)≡
∫ z∗

0
ψ(z)dz = 0. (2.17)

If one further requires that the standard model explains the late Universe

successfully [5, 106, 123], imposing the 3rd condition

ψ(z = 0) = 0, (2.18)
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along with the 1st ψ(z ≥ z∗) = 0 and the 2nd condition (2.17), then these three

conditions are satisfied by a special group of oscillatory functions known as

wavelets [130, 131]. It is because, provided that ψ(z) ̸= 0 everywhere in the interval

(0,z∗), in order for the integral to vanish, for every negative value of ψ(z), there must

be the corresponding positive value, which suggests an oscillating type of behavior.

The condition (2.17) is known as the admissibility condition for wavelets [130].

Moreover another mathematical underpinning is provided by what is known as the

Rolle’s theorem, which, adapted to our case, states that if at the boundaries Ψ(z = 0) =

0, Ψ(z∗) = 0 and Ψ(z) is continuous on [0,z∗] and differentiable on (0,z∗), then at least

one redshift zp exists in the history of the Universe for which the following holds,

dΨ

dz

∣∣∣∣
z=zp

= ψ(zp) = 0, (2.19)

which unambiguously shows that the smooth deformations ψ(z) introduced by any

cosmological model on top of H−1
ΛCDM(z) must be in the form of functions of oscillatory

but not necessarily periodic kind, viz., wavelets, so long as the above conditions are

exactly or approximately met. Fig. 2.10 [105] exemplifies some typical wavelets with

their relevant parameters varied, such as the Haar wavelet given by,

ψH = ᾱψh

[
β̄ (z− z̄†)+

1
2

]
, (2.20)

and Hermitian wavelets, for example ψG3(z) described by,

ψG3(z) =−8β
2
[

β (z− z†)
3 − 3

2
(z− z†)

]
ψG0(z), (2.21)

which is generated by taking the n-th order derivative such that ψGn(z) =
dnψG0(z)

dzn

(where n = 3 hence G3 in this particular case) of a Gaussian distribution ψG0(z) of

the form of,

ψG0(z) =− α

2β
e−β (z−z†)

2
. (2.22)

For n = 4, it generates,

ψG4(z) = 16β
2
[

β
2(z− z†)

4 −3β (z− z†)
2 +

3
4

]
ψG0(z). (2.23)

It turns out that wavelets are very efficient in granting a model nonmonotonic behavior,

making the model far more flexible against the observational data. This becomes

the the most transparent when we look at the evolution of the Hubble parameter
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Figure 2.10 : Scaled wavelets vs z on the top of the Hubble radius. Notice the generic
property of having a vanishing integral over a finite interval as well
as the nonperiodic, localized oscillations. The figure is retrieved from
Ref. [104].

in the presence of wavelets in Fig. 2.11 [105]. It is conceivable that thanks to a

simplest non-periodic wiggle in the late-Universe, reconciliation of the entire BAO

data set [106] can be accomplished by a hypothetical model having a mechanism with

exactly or approximately similar to the wavelet-type behavior. At this spot, it is crucial

to recall that the supposed oscillations need not be perodic and localized or decay well

within some small redshift interval. Instead, they might have varying periods and can

be spreaded over much of the history of the Universe into the past or future.

Figure 2.11 : The influence of wavelet deformations in Fig. 2.10 on the expansion
rate vs z. The data points include the BOSS DR12 consensus Galaxy at
zeff = 0.38,0.51, eBOSS DR16 LRG at zeff = 0.70 with eBOSS DR16
Quasar, Ly-α-Ly-α , and Ly-α-Quasar at zeff = 1.48, 2.33 and 2.33
respectively.The figure is from Ref. [104].
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Furthermore, the oscillations present in the Hubble radius can have different origins

to descend from. That is to say it is possible to track their origins for example down

to the dark energy density ρDE(z) or to the gravitational coupling strength Geff(z). We

can justify the former possibility by defining the fractional deviation,

δ (z) =
HDE(z)−HΛCDM(z)

HΛCDM(z)
, (2.24)

which for small enough deviations |δ (z)| ≪ 1 can be written as,

δ (z)≈−ψ(z)HΛCDM(z). (2.25)

Neglecting the radiation, the Friedmann equation(in geometrized units)

3H2(z) = ρm,0(1+ z)3 +ρDE,0 f (z) (2.26)

allows us to write,

∆ρDE(z)≈ 6δ (z)H2
ΛCDM(z), (2.27)

where we have made the definition of the deviation from the effective energy density

of the cosmological constant

∆ρDE(z)≡ ρDE,0 f (z)−ρΛ. (2.28)

We see from Equation (2.27) that any oscillation present in HDE(z) might arise as a

direct outcome of the deviation from the constant energy density of the usual vacuum

energy, that is ∆ρDE(z) ∝ ψ(z).

All in all, one can conclude that the mathematical framework of wavelets in the

cosmological context, coupled with the observational signatures from the troublesome

anomaly between Galaxy BAO and Ly-α BAO data consolidates the idea of a wiggly,

or in other words sought-after nonmonotonic, behavior of H(z) stemming from the

DE energy density in the time period 0 < z < z∗ [55–57, 59, 106, 114]. This is

exactly what we are going to explore in the subsequent section since our oscillatory

parametrization indeed reflects the deviation from the null vacuum or constant EoS

wΛ =−1 assumption.
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3. OSCILLATORY DARK ENERGY

The simple-gDE is as its name suggests the simplest ever deviation from the null

inertial mass density of the usual vacuum [58]. It was described by a constant,

non-dynamical inertial mass density. The extensive observational analysis revealed

that even its co-operation with the spatial curvature could not lead to considerable

relaxation of the existent cosmological tensions. So the next step was to consider a

minimum dynamical deviation achieved by the gDE, which leads to the ΛsCDM model

as a limiting case [56,57,59]. In the observational test to which they have been put, they

performed very well, addressing an array of tensions of various degree of significance.

In spite of the remarkable achievements, their shortcoming was that they lacked the

required flexibility to conform to Galaxy and Ly-α BAO data simultaneously. This,

armed with the mathematical consequences just discussed [105], then implied that

wiggles in H(z) appear inevitable in order for the model to perform even better. In line

with this argument, the next step we take in this section is to attempt to implement a

cosmological scenario in which both sign-switch concept and non-monotonicity in the

form of oscillations (wiggles) in the energy density, of which the previous models are

bereft, legitimately co-exist.

3.1 Model: Oscillating Inertial Mass Density

We first start with the fact that the Universe, on sufficiently large scales, is well

described by the Robertson-Walker (RW) spacetime;

ds2 =−dt2 +a2(t)dΣ
2, (3.1)

where a(t) is the scale factor of the Universe with t being the cosmic time and

dΣ2 is the maximally symmetric metric of three-dimensional homogeneous and

isotropic spacelike slices (hypersurfaces) at each instant of cosmic time, which is in

reduced-circumference polar coordinates given by

dΣ
2 = γi j(x)dxidx j =

dr2

1− kr2 + r2dΩ
2. (3.2)
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Here dΩ2 = dθ 2 + sin2
θ dφ 2 and k = +1,0,−1 are the three possible constant (in

space) curvatures of the spatial metric dΣ2 corresponding to a spatially closed, flat

and open universes respectively [132, 133]. To the precision the most contemporary

observations are able to measure, the Universe appears to be devoid of spatial

curvature, i.e., Ωk,0 ≈ 0 [107–109]. Thus, in the rest of the dissertation we

will assume that we inhabit a spatially flat universe with k = 0 unless otherwise

specified, meaning that we at same time stay in concert with the canonical inflationary

scenarios [134–136]. We continue with writing the metric of spacetime gµν in terms

of its parallel and perpendicular components as follows,

gµν = hµν −uµuν (3.3)

where hµν is the projection tensor and the four-velocity uµ is the unique unit

timelike field that is tangent to the worldlines of comoving observers and satisfies

the relations uµuµ =−1 and ∇νuµuµ = 0. The general form of the energy momentum

tensor (EMT) describing the flow of a perfect fluid within the RW spacetime is then

Tµν = (ρ + p)uµuν + pgµν in which the energy density ρ with respect to uµ and

the isotropic pressure p of the fluid in the rest frame of observers comoving with

the fluid are given by ρ = Tµνuµuν and p = hµν(Tµν/3) respectively. It is well

known in classical general relativity (GR), via the field equations Gµν = −Tµν , that

the twice-contracted Bianchi identity guarantees that the EMT is divergence-free,

that is ∇µT µν = 0. Within the 1+3 covariant decomposition approach, one can

split spacetime into its parallel and orthogonal components relative to uµ and obtain

the corresponding energy (the continuity) and momentum (the Euler) conservation

equations from this divergence-free property of the EMT (See Appendix A):

ρ̇ +Θ(ρ + p) = 0 (3.4)

and

Dµ p+(ρ + p)u̇µ = 0, (3.5)

where Θ = Dµuµ is the scalar of volume expansion rate in the case of no cosmic shear

and vorticity, i.e., pure expansion and the projected spatial derivative Dµ is given by

Dνuµ = ∇νuµ + u̇µuν [103, 104, 132]. The overdot represents derivative with respect

to the proper time t measured by the clocks of the fundamental observers, that is,
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the comoving time. In Equation (3.5), the gradient of pressure Dµ p gives rise to the

four acceleration u̇µ in the same sense as in the Newton’s 2nd law. This implies that

inertial content of matter is not determined by energy density alone, but rather by a

combination of energy density and pressure, which we recognize as the inertial mass

density, ϱ≡ ρ + p. For the conventional vacuum energy (of QFT), or for the effective

energy density of a cosmological constant when it is absorbed into the EMT, the inertial

mass density is null, i.e., ρ + p = 0; and Equation (3.5) is often paid relatively little

attention. However, there appears a plethora of uncharted cosmological implications if

we give up on the notion of the null inertial mass density of the conventional vacuum

and promote it to a special function of the scale factor a of the Universe. Based on the

arguments given in the Introduction section, we introduce the inertial mass density ϱ

of the vacuum energy assigned to a periodic, oscillating function of the scale factor a

of the form of

ϱDE (a) = Q1 sin[Q2(a−1)+ϕ]. (3.6)

Note that this choice is also tantamount to Fourier-expanding ϱDE (a) to the first order,

enabling us to study its variations along the entire history of the Universe rather than in

the neighborhood of some specific point. Here Q1 and Q2 are real constants, ϕ = nπ is

the phase given in radians, and n is a real number that can take on values in the range

0≤ n≤ 2 for which the above parametrization is periodic. Q1 and Q2 serve to modulate

the amplitude and frequency of the oscillation respectively. As a → 1, provided that

one sets the phase shift ϕ = 0, the inertial mass density approximately becomes null

ϱDE ≡ ρDE + pDE = 0, so the cosmological constant behavior of the usual vacuum can

be recovered today, which can also be verified by checking dρDE(a)
da

∣∣∣
a=1

. Conversely,

one can get rid of ϕ, one of the free parameters of the model by stipulating/demanding

that the model, under investigation converges to the standard ΛCDM model at low

redshifts z ∼ 0; nevertheless, for the sake of not losing generality we proceed keeping

the phase shift. Assuming that each source is locally and individually conserved, i.e.,

there is no mutual non-minimal interaction between the components, we solve the

continuity equation to obtain the dark energy density ρDE;

ρ̇DE +3HQ1 sin[Q2(a−1)+ϕ] = 0, (3.7)
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where H = ȧ/a is the Hubble parameter. From the integration

ρDE =−
∫ 3Q1 sin[Q2(a′−1)+ϕ]

a′
da′, (3.8)

we arrive at a very particular and non-trivial source of an oscillating kind;

ρDE(a) = Λ̃−3Q1 [cos(ϕ −Q2)Si(Q2a)+ sin(ϕ −Q2)Ci(Q2a)] , (3.9)

where Ci(a) is the special cosine integral function with γ being the Euler-Mascheroni

constant and Si(a) is the special sine integral function,

Ci(a) = γ + lna+
∫ a

0

cosτ −1
τ

dτ, Si(a) =
∫ a

0

sinτ

τ
dτ. (3.10)

Here Λ̃ is an integration constant so that when there is no oscillation, Q1 = 0, the

2nd and 3rd terms in Equation (3.9) drop and then the dark energy density reduces

to a simple constant Λ̃. Any non-zero value of Q1 represents the deviation from the

constant nature of the vacuum energy such that ρDE(a) = Λ̃+ f (a) where f (a) can be

regarded as higher order corrections/extensions to the effective dark energy density.

On an important note, the integral functions Ci(x) and Si(x), in the way they are, are

difficult to intuit and deal with analytically. Therefore it is often more convenient to

invoke some series approximations suitable to particular cases. In the early Universe,

that is when the argument is small, x ∼ 0 (Q2a ∼ 0 for our source) one can exploit the

convergent series expansions,

Si(x) =
∞

∑
n=0

(−1)nx2n+1

(2n+1)(2n+1)!
= x− x3

3! ·3 +
x5

5! ·5 − x7

7! ·7 ±·· · (3.11)

and

Ci(x) = γ + lnx+
∞

∑
n=1

(−1)nx2n

2n(2n)!
= γ + lnx− x2

2! ·2 +
x4

4! ·4 ∓·· · , (3.12)

where γ is the same Euler-Mascheroni constant just introduced above. Though the

series may require more and more higher order terms depending on the amount of

precision needed. In the cases in which one is interested in the features of the distant

future of the Universe, that is when the argument is large x ≫ 1 (Q2a ≫ 1 for our

source) the following series, which are divergent and asymptotic, may be useful for

computational purposes,

Si(x)≈ π

2
− cosx

x

(
1− 2!

x2 +
4!
x4 −

6!
x6 · · ·

)
− sinx

x

(
1
x
− 3!

x3 +
5!
x5 −

7!
x7 · · ·

)
(3.13)
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and

Ci(x)≈ sinx
x

(
1− 2!

x2 +
4!
x4 −

6!
x6 · · ·

)
− cosx

x

(
1
x
− 3!

x3 +
5!
x5 −

7!
x7 · · ·

)
. (3.14)

For example, if we keep the terms up to the second order in (3.14),

Ci(x)≈ sinx
x

(
1− 2!

x2

)
− cosx

x
. (3.15)

At x = 2.2, the function (3.15) approximates Ci(x) with the relative error of 1.74% and

it rapidly diverges for values smaller than x ∼ 2.2.

Besides, we work with the scale factor a0 = 1 normalized to today and the subscript 0

represents the present day values of the associated physical quantities throughout the

dissertation. Accordingly, the present-day value of the energy density is,

ρ0 = Λ̃−3Q1 [cos(ϕ −Q2)Si(Q2)+ sin(ϕ −Q2)Ci(Q2)] , (3.16)

which enables us to write more compactly,

ρDE(a) = ρ0[Λ̄+ ξ̄1Si(Q2a)+ ξ̄2Ci(Q2a)] (3.17)

ξ̄1 and ξ̄2 are the new combined constants into which the free parameters Λ̄, Q2 and

some factor of the phase difference ϕ are packed in order to avoid the cumbersome way

of writing. Also the bars at their tops remind us of the normalization by the present-day

energy density as in Λ̄ = Λ̃/ρ0 and ξ̄1,2 = ξ1,2/ρ0. The caveat here is that Λ̃ is not

necessarily the positive cosmological constant in this way of renaming. Instead, the

dimensionless Λ̄ can be thought of as being composed of two parts Λ̄ = 1+C where

some arbitrary constant difference C from unity measures the deviation from the usual

cosmological constant Λ. ξ̄1 and ξ̄2 are given by,

ξ̄1 =
(1− Λ̄)cos(ϕ −Q2)

cos(ϕ −Q2)Si(Q2)+ sin(ϕ −Q2)Ci(Q2)
, (3.18)

and

ξ̄2 =
(1− Λ̄)sin(ϕ −Q2)

cos(ϕ −Q2)Si(Q2)+ sin(ϕ −Q2)Ci(Q2)
. (3.19)

We notice from Equations (3.15) and (3.17) that the oscillatory behavior of ϱDE

propagates to the dark energy density ρDE; however, the two types of oscillations

are quite different from each other by nature: the former has a constant amplitude

while the latter has a decaying one. Besides that, as we will see later, ρDE does
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not start oscillating up until some critical scale factor ac value from the past through

the present day. It is important to point out that the amplitudes of the oscillations

are determined by different constants. In ϱDE, the amplitude depends merely on Q1,

whereas in ρDE, the amplitudes ξ̄1 and ξ̄2, of the oscillation inherited from ϱDE are

joint effects of Λ̄, frequency Q2 and phase difference ϕ . In the latter case, Q1 does

not appear since it is embedded into Λ̃. Furthermore, if the material content of the

Universe is modeled by perfect fluids with barotropic EoS, viz., p(ρ), we can extract

the relevant time-dependent dark energy EoS parameter from,

dρDE

da
+

3
a
(1+wDE)ρDE = 0. (3.20)

And, for our oscillating dynamical dark energy, we find an evolving EoS dependent on

the scale factor a as follows;

wDE(a) =−1− ξ̄1 sin(Q2a)+ ξ̄2 cos(Q2a)
3[Λ̄+ ξ̄1Si(Q2a)+ ξ̄2Ci(Q2a)]

. (3.21)

When z ≫ 0, that is a ∼ 0, Si(Q2a)∼ 0, ρDE(a)≈ Λ̃+ξ2 lna, the oscillatory behavior

of the inertial mass density reduces to that of the simple-gDE [58] which is described

by some constant inertial mass density, ϱci = const, where ρDE(a) = ρci0−3 ϱci lna (so

ξ2 ≈ −3 ϱci) as we discussed in the previous section. In this regime where we get no

oscillation, the EoS parameter (3.21) simplifies to

wDE(a)≈−1+
1

3(Λ̄/ξ̄2 + lna)
. (3.22)

In the past, taking the limit of Equation (3.21) (or (3.22)) gives

lim
a→0

wDE(a) =−1. (3.23)

It means that irrespective of the model parameters, as we go back to the very distant

past, the oscillating dark energy becomes more and more indistinguishable from the

cosmological constant Λ.

The total energy budget of a spatially flat RW universe is given by the sum ρtot = ∑i ρi

containing pressureless matter ρm(z) ∝ (1 + z)3, radiation ρr(z) ∝ (1 + z)4 and our

novel oscillating dark energy ρDE(z). Altogether they set the expansion dynamics

governed by the Friedman equation,

ȧ2

a2 =
8πG

3 ∑
i

ρi, (3.24)
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which can be re-written in terms of the present-day density parameters by way of

the definition for the i-th fluid Ωi,0 = ρi,0/ρcr,0 where ρcr,0 = 3H2
0/8πG and in a flat

universe we have ∑i Ωi,0 = 1,

H2

H2
0
= Ωm,0(1+ z)3 +Ωr,0(1+ z)4 +ΩDE,0

[
Λ̄+ ξ̄1Si

(
Q2

1+ z

)
+ ξ̄2Ci

(
Q2

1+ z

)]
.

(3.25)

We here switched from the scale factor a to the cosmological redshift z dependence in

order for the equation to be observationally meaningful via the transformation 1+ z =
1
a . As usual energy densities of matter and radiation increase much faster than that of

the dynamical dark energy as we go to the past. During the sufficiently early epochs the

Universe is predominantly filled with matter and radiation; therefore, the wiggly nature

of dark energy does not influence the expansion rate H(z) which in turn approximates

the expansion of the ΛCDM. As a matter of fact, in what follows we will do a more

rigorous job by fixing the angular scale so as to elicit information on how the free

parameters affect the Hubble expansion and what values they can attain to paint a

picture compatible with the latest observations as well as the fresh realization that the

wiggles are inevitable on the provisos given at the end of the second section [105].

3.2 Preliminary Investigation

In this section we will estimate a number of free parameters of the model that could

yield improved fits to some anomalous data points, e.g., Ly-α BAO at z ≈ 2.34 and

Galaxy BAO measurements [112,114,115], and extract a value for the Hubble constant

H0 in better agreement with the direct, local methods [36, 118] while preserving

the accurate depiction of the early Universe at the background level. Consequently,

to retain the concordance with the already-existing data sets, it is plausible to

proceed with the presumption that the pre-recombination universe is described by

the ΛCDM, primarily based on its successful predictions pertaining to the Big Bang

Nucleosynthesis (BBN) [16–21] and the density/temperature fluctuations observed in

the CMB [3, 5]. Therefore, we assume no significant alteration is made to the early

expansion history of the standard model all the way from BBN epoch up to the time of

decoupling. Leaving the pre-recombination Universe untouched implies that the sound

horizon scale r∗, which depends solely on the pre-recombination physics, remains
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unaltered as well,

r∗ =
∫

∞

z∗

cs(z)
HΛCDM(z)

dz, (3.26)

where z∗ ∼ 1090 is the last scattering redshift for which the optical depth to Thomson

scattering reaches unity and cs(z) is the speed of sound in the photon-baryon plasma

determined by its baryon-to-photon ratio,

cs(z) =
c√

3
(

1+ ωb
ωγ

1
(1+z)

) , (3.27)

where we defined the dimensionless baryon and photon densities ωb ≡ Ωb,0h2 and

ωγ ≡ Ωγ,0h2 respectively using the definition of the reduced Hubble constant h =

H0/100 kms−1 Mpc−1. Some early-time resolutions to the Hubble tension such as

Early Dark Energy (EDE) [137–142] and dark radiation [143,144] attempt to increase

H0 by modifying the early expansion rate H(z), at z ∼ 3000, therefore they end

up altering the sound horizon, which is a very precisely calculated quantity within

the ΛCDM. For example as can be seen from Equation (3.26), EDE reduces r∗

through the insertion of an additionally postulated dark energy source that acts as a

cosmological constant in the very distant past and gets unfrozen/dynamical around the

matter-radiation equality. It slightly boosts the early expansion rate H(z > z∗) to yield

a higher H0 value and dilutes away fast enough right before the recombination so that

the post-recombination Universe stays unaffected. This sort of scenarios is known to

be realized, for instance, by slowly-rolling scalar fields and oscillating scalar fields

with an axion potential (PNGB) [139,145–147]. Nevertheless, the improvement in H0

comes at the expense of worsening the present tensions like the LSS and S8 [148–150]

and, or even worse creating a new tension with BAO data [151] as well as yielding

poorer fits to BBN than that of the ΛCDM [152]. In addition, EDE models typically

suffer from a particular kind of coincidence problem as there is no specific reason

why the purported leap in the fractional contribution of EDE to the total cosmic

energy budget should begin happening and come to a halt exactly in a relatively short

and designated period of time. Contrary to the early-time modifications [137–144],

our parametrization serves as a late-time modification fixing the comoving angular

distance DM(z∗) to last scattering surface. We perform the fixing by means of the

angular scale θ∗ that can be measured with a precision as small as 0.03% in a near

model-independent fashion from the location of the first acoustic peak present in the
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CMB anisotropy power spectra [4,5]. To elaborate, this robust measurement of angular

spacing θ∗ along with the calculated r∗ used as a standard ruler help to define the

comoving angular diameter distance DM(z∗) = r∗/θ∗, which is also the distance at

which a present day observer lies to the surface of last scattering,

DM(z∗) = c
∫ z∗

0

dz
H(z)

. (3.28)

We can rewrite the above expression as follows;

r∗
θ∗

=
∫ z∗

0

c dz√
ωm(1+ z)3 +ωr(1+ z)4 +(h2 −ωm −ωr) fDE(z)

, (3.29)

where we have defined fDE(z) as

fDE(z) = Λ̄+ ξ̄1Si
(

Q2

1+ z

)
+ ξ̄2Ci

(
Q2

1+ z

)
(3.30)

encoding the time-evolution of our oscillatory dark energy source. To ensure that

pre-recombination physics is the same as in the standard ΛCDM model, we pick its

two base parameters (θ∗, ωm) ωm = ωb +ωc = 0.1430± 0.0011, where ωb and ωc

are baryon and cold dark matter densities that can be very precisely determined by the

relative heights of the acoustic peaks, the angular spacing 100θ∗ = 1.04110±0.00031

and as a derived parameter the resultant sound horizon as r∗ = 144.43± 0.26 Mpc

from the Planck 2018-TT,TE,EE+lowE+lensing best fit mean values [5]. The density

of photons ργ is deduced by the measurement CMB monopole temperature determined

to be the precise TCMB,0 = 2.7255±0.0006 [153],

ργ =
π2

15
T 4

CMB. (3.31)

In accordance with the standard model of particle physics, we take the radiation

density ωr = 2.469×10−5(1+0.2271Neff) where Neff = 3.04 is the number of effective

neutrino species with minimum allowed mass ∑mν = 0.06 eV. Now given the set of

the parameters Λ̄ and Q2, the integral (3.29) can be solved numerically for H0 so that

the entire expansion history of the universe H(z) can be reconstructed for all redshifts.

First of all, we observe that the supposed wiggles due to ρDE(z) do not become

manifest in H(z) up until the frequency factor Q2 reaches values greater than Q2 ∼ 8.

In Fig. 3.1 we notice about Q2 ∼ 13 a bump conducive to a remarkable agreement
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Figure 3.1 : Plot of H(z)/(1 + z) versus z in which a set of parameter values with
better fits to the observational values H0 = 69.8± 0.8 kms−1 Mpc−1 of
the TRGB and H0 = 73.04 ± 1.04 kms−1 Mpc−1 from the SH0ES is
presented. The black dashed curve represents the standard ΛCDM, while
the green curve is the oscillating dark energy with Λ̄ = 0.777, Q2 = 13.8,
n= 0.88 and H0 = 70.57 kms−1 Mpc−1, the claret red is the one with Λ̄=

1.1437, Q2 = 14.5, n = 0.14 and H0 = 71.78 kms−1 Mpc−1 and lastly the
yellow is Λ̄ = 1.162, Q2 = 14.9, n = 0.27 and H0 = 69.41 kms−1 Mpc−1.

with the consensus Galaxy BAO data from the SDSS BOSS DR12 [112] at zeff =

0.38, 0.51, 0.61 emerges around 0.4 < z < 1.5. And the increase in Λ̄ acts to make

the amplitude of the wiggles more salient. For all the three Hubble functionals,

the nonmonotonicity due to wiggles in the dark energy density becomes more and

more discernible as the Universe expands. Their diminished values of H(1.25 ≲

z ≲ 3.5) fit better to the Ly-α BAO from the SDSS-eBOSS DR14 [114, 115] at

zeff = 2.34 (correlation), zeff = 2.35 (cross-correlation) than the base ΛCDM. This

deficit in H(z) is then compensated by the so-called subsequent bump at lower

redshifts 0.4 ≲ z ≲ 1.25, which again provides the needed wiggles hence a better

fitting behavior to the Galaxy BAO data [112] at the same time. By the same

mechanism, we attain an enhancement in H0, which can be seen in Fig. 3.1 and Fig. 3.2.

Despite the dip at z ∼ 0.3, that is in Fig. 3.1 green and yellow curves with H0 =

70.57 kms−1 Mpc−1 and H0 = 69.41 kms−1 Mpc−1 match the TRGB measurements

H0 = 69.8 ± 0.8 kms−1 Mpc−1 and the claret red with H0 = 71.78 kms−1 Mpc−1

match the SH0ES result H0 = 73.04±1.04 kms−1 Mpc−1 within its error margin.
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Figure 3.2 : The comoving angular diameter distance DM(z) scaled by c ln(1 +
z) vs z. The BAO data points are given at the effective redshifts
zeff = 0.38, 0.51, 0.61 (Galaxy/BAO), 1.48 (Quasar), 2.34 (Lyα-Lyα),
2.35 (Lyα-Quasar). The better the fit to the Galaxy BAO in Fig. 3.1, the
worse it gets in DM case yet compromise is possible e.g. the yellow curve.

While the agreement with the data in Fig. 3.1 is outstanding, it is also equally crucial

not to lose the coherence between the datasets. Namely, in Fig. 3.2, we see that all

cases show almost no difference from the ΛCDM for z > 2 so they fit equally well

to the Ly-α with no betterment. However, as the dust density diminishes faster than

the DE, the DE gradually dominates the Universe and DM begins exhibiting wiggles

for z ≲ 2, albeit less pronounced than in the case of H(z)/(1+ z). Although the green

curve with Λ̄ = 0.777, Q2 = 13.8, n = 0.88 and H0 = 70.57 kms−1 Mpc−1 fits better to

the Galaxy/BAO set in Fig. 3.1 than the the red and yellow curve, in the case of c ln(1+

z)/DM it yields the worst fit especially to the data point at z = 0.38. On the other hand,

the yellow curve with Λ̄ = 1.162, Q2 = 14.9, n = 0.27 and H0 = 69.41 kms−1 Mpc−1

still remains within the error margins in Fig. 3.2.

As a result at this point it is worth noting that wavy deformations emerging as a result

of the oscillating DE density during the late time expansion of the Universe brings

forth a rather effective way to reconcile various data sets that are otherwise difficult to

do so within the framework of the standard model and other competing models.

Moreover, if we take a closer look at the time-evolution of the DE energy density

in Fig. 3.3, we notice that the parameter combinations under investigation give rise

to negative DE densities beyond a certain redshift into the past. This is one of the
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outcomes of the unique behaviors of the special cosine integral function Ci[Q2/(1+

z)] present in fDE(z). As z → ∞, Si[Q2/(1+ z)] → 0 and Ci[Q2/(1+ z)] → −∞ so

ρDE(z) decreases indefinitely and monotonically, eventually becoming negative. In

order to see this more clearly, recall that for small arguments Ci[Q2/(1+ z)] can be

approximated by the convergent series expansions (3.11) and (3.12). Then the DE

density ρDE(z) can be written in terms of the series,

ρDE(z) = ρDE,0

(
Λ̄+ ξ̄1

[(
Q2

1+ z

)
− 1

3! ·3

(
Q2

1+ z

)3

+
1

5! ·5

(
Q2

1+ z

)5

− 1
7! ·7

(
Q2

1+ z

)7

±·· ·
]

+ ξ̄1

[
γ + ln

(
Q2

1+ z

)
+

1
2! ·2

(
Q2

1+ z

)2

+
1

4! ·4

(
Q2

1+ z

)4

∓·· ·
])

.

(3.32)

In the sufficiently remote past, that is Q2/(1 + z) ≪ 1, we can employ the small

argument approximation and omit the terms greater than the linear order to get,

ρDE(z)≈ ρDE,0

(
Λ̄+ ξ̄1

(
Q2

1+ z

)
+ ξ̄2

[
γ + ln

(
Q2

1+ z

)])
. (3.33)

With the increasing redshift, the terms Λ̄ and ξ̄1[Q2/(1 + z] in Equation (3.33) are

dynamically screened by the logarithmic term carrying over from Ci[Q2/(1+ z)] so

long as ξ̄2 > 0 and ρDE,0 > 0 and the DE density ρDE(z) attains negative values at

some critical redshift zc. Reversing the history, ρDE(z) starts out as negative ρDE(z)< 0

before the critical redshift z > zc, and changes its sign at ρDE(z = zc) = 0 to positive

ρDE(z)> 0 when z < zc. The critical redshift zc can be calculated by,

Λ̄+ ξ̄1Si
(

Q2

1+ zc

)
+ ξ̄2Ci

(
Q2

1+ zc

)
= 0. (3.34)

Equation (3.34) cannot be solved analytically because of the implicit special integral

functions. So the redshift at which this sign-flip takes place can be found by solving for

zc numerically, for which with the parameters we got we obtain zc,green = 36.6 (Λ̄ =

0.777, Q2 = 13.8, n = 0.88), zc,red = 37.15 (Λ̄ = 1.1437, Q2 = 14.5, n = 0.14) and

zc,yellow = 46.02 (Λ̄= 1.1162, Q2 = 14.9, n= 0.27) as can also be noticed from Fig. 3.3.

These redshift values are too high in contrast to the gDE sign switching redshift z ∼
2.32 [56] and to the range 1.6 ≲ z ≲ 3.5 in which the possible negative DE density

is favored/implied by the BAO data [54, 55]. Although when this crossing occurs in
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Figure 3.3 : The dashed line intersects the vertical axis at 0.7. In the limit of z → ∞,
Si[Q2/(1+ z)] → 0 and Ci[Q2/(1+ z)] → −∞. ξ̄2 > 0 the for all cases,
hence ρDE(z) → −∞ as z → ∞, yet ΩDE → 0. There are also some
combinations of the parameters giving non-negative energy densities, that
is when ξ̄2 < 0.

Fig. 3.3 hinges on all of the model parameters, principally it has to do with the behavior

of the cosine integral Ci(x). The higher the values of Q2, the larger the crossing redshift

gets. For instance, take Q2 = 10 and Q2 = 15. Because Ci(x ≈ 0.6165) = 0 we have

[10/(1+zc)]≈ 0.6165 and [15/(1+zc)]≈ 0.6165, which gives zc ∼ 15.2 and zc ∼ 23.3

respectively. It means that zc receives a push to higher redshift values from the increase

in Q2. Accordingly, notice the positive correlation between Q2 and zc for the green,

red, and yellow curves in Fig. 3.3. The higher the frequency of oscillations, the earlier

the DE density switches its sign. On the other hand, it is conceivable that there might

be unexplored regions of the parameter space where the amplitude of wiggles in DE

allows for the alleged negativity in the DE density at z ∼ 1.6 and beyond especially

considering the dip coinciding with the aforementioned range in Fig. 3.4.

Regardless, it is worthwhile to dwell on the fact that for the current choice of param-

eters a spontaneous sign-switching behavior of the DE density phenomenologically

emerges, which is a familiar concept from the the gDE except that it lacked wiggles

required by the Galaxy BAO data [56, 112]. Then in a sense, simply assigning a

sinusoidal function of the scale factor a to the inertial mass density of the usual vacuum

energy of QFT can be said to “complete” the gDE or ΛsCDM models by introducing
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Figure 3.4 : The DE density ρDE(z) normalized by the present-day critical density vs
z but this time plotted in linear at small redshifts. Again the dashed line
intersects the vertical axis at 0.7.

wiggles that fit much better with the Galaxy BAO on top of the sign-switch conjecture,

fortunately living up to our initial expectations.

Moreover, oscillations (see Fig. 3.3) in ρDE(z) begin at redshifts smaller than the

critical redshift z < zc but keeps on with ever-decaying amplitudes and ever-increasing

frequencies and then settles into ΩDE(z →−1) ≈ 0.64 passing through ΩDE,0 ≈ 0.70

today, which is in fact what we call the damped oscillation. In this regard, the scalar

field interpretation of the effective DE density appears to be tantilizing to consider

as a mechanism similar to the Hubble friction effect 3Hφ̇ ∝
√

ρm(z)+ρDE(z) might

be lying beneath the apparent damping. Though this scenario cannot be implemented

by single-field models since the dark energy EoS parameter passes well below the

phantom divide line wDE(z) = −1 during its evolution a couple of times as seen in

Fig. 3.5.

Notice also that unlike the gDE or ΛsCDM models, the oscillatory ρDE(z) is

unbounded from below as the term Ci[Q2/(1+ z)]→−∞; however, it turns out that it

grows in negative values much more slowly than dust and radiation energy densities

grow in positive values so it does not pose a problem for the early universe. On the

contrary, the presence of a negative energy source in the early universe might be a

necessity at the perturbative level such that it hastens the formation of LSS. This can
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be shown as long as we keep our faith in the Newtonian treatment, which is a very good

approximation of classical GR [133]. So the evolution of perturbations is governed by

the linear density constrast equation,

δ̈m +2Hδ̇m −4πGρ̄mδm = 0 (3.35)

where δm is the matter density contrast defined as δm = δρm/ρ̄m. Because 3H2 ∝

∑i ρi, a negative valued DE density causes a reduction in the total energy, hence a

repressed friction term 2H(t)δ̇m, amplifying the rate at which matter overdensities

grow [8]. Interestingly enough, one of the recent observations made by the famous

James Webb Space Telescope (JWST) unraveled that first galaxies formed at the dawn

of the Universe were more clustered and massive than expected within the context of

the ΛCDM, which lends partial support to the argument above [154–156].

One of the other key features of our oscillating dark energy model is the inertial mass

density of the vacuum energy is parametrized in such a manner that on average it is

identical to the usual cosmological constant/vacuum energy. This can be validated by

calculating the average values of some main cosmological functions such as the Hubble

parameter ⟨HDE(z)⟩ ≈ HΛCDM(z) for 0 < z < z∗. Take for instance the EoS parameter.

Despite its complicated appearance,

wDE(a) =−1− ξ̄1 sin(Q2a)+ ξ̄2 cos(Q2a)
3[Λ̄+ ξ̄1Si(Q2a)+ ξ̄2Ci(Q2a)]

, (3.36)

expectedly, we see in Fig. 3.5 that the dark energy EoS parameters indeed oscillate

around the pivot EoS wΛ = −1 point of the cosmological constant Λ with the cycles

spreaded along much of the history of the Universe. If the amplitude of oscillations

is big enough, it is even possible for the oscillating DE to mimic dust with w = 0 in

relatively short scale factor intervals for example at 0.65 ≲ a ≲ 0.69 for the red curve

in Fig. 3.5. However, when averaged over adequately long period of time, the dark

energy EoS is given by the cosmological constant EoS ⟨wDE(a)⟩ ≈ wΛ =−1 or put it

another way on average what we have at hand is actually nothing but the same usual

vacuum energy ⟨ϱDE⟩ ≈ 0. In this sense, the act of averaging can be said to smooth out

the wiggly, up-and-down but highly non-trivial details to that of the immutable Λ.

That being said, all the three cases possess poles at the scale factor values agreen =

0.0265, ared = 0.0262 and ayellow = 0.0212 for which the effective DE density vanishes
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or equivalently its sign flips. One however should not immediately be alarmed by the

existence of poles since the ρDE(a) and its corresponding EoS wDE(a) are effective as

we just mentioned. Such a singular behavior is ubiquitous also in other models in the

literature [8, 56, 57, 157, 158].

Figure 3.5 : The evolution of the dark energy EoS wDE with the scale factor a. The
curves complete about two cycles in almost the entire history of the
universe and quickly converge to w = −1 after the pole and behave like
the Λ for a ∼ 0.

What is more, plotting the EoS parameter in the redshift space around the late-Universe

gives us the chance to compare them with the model-independently reconstructed

redshift evolution of dynamical dark energy EoS based on the latest observations [76,

77]. It is quite striking that the EoS parameter wDE(z) curves in Fig. 3.6, especially the

yellow one, resulted from our preliminary investigation, demonstrate a very similar

pattern to that of the reconstructed one in Ref. [76] in Fig. 3.7 obtained from the

observational data. The dips and bumps overlap roughly for 0.2 ≲ z ≲ 2. To detail, the

curve constructed from the data oscillates, albeit a little bit displaced or phase-shifted

to larger redshifts with a varying amplitude, about w = −1 just like the case for the

yellow curve in Fig. 3.6. It favors a dip for 0.2 ≲ z ≲ 0.5 and very distinctive bump

0.5 ≲ z ≲ 1 followed by a clear preference for the phantom region beyond z ∼ 1.2

Whereas for larger redshifts z > 2, where the error in the measurement is possibly

greater, the coherence between the two curves disappears.
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Figure 3.6 : wDE(z) vs z plotted between z = 0 − 2.5 for comparison with the
reconstructed DE EoS parameter.

DESI++

ALL16

0 1 2
-2.0
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 ALL12, Zhao et al. (2012)

r e d s h i f t  z

w(
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 A L L 1 6 ,  ∆ l n E  ≈ 0

Figure 3.7 : The reconstructed dark energy EoS wDE(z) based on the CMB, SNIa,
and BAO data. Light blue band (ALL16) is the 68% confidence level
region favored by the data. The dark blue band (DESI++) within ALL16
represents the forecasted 68% CL uncertainty from DESI++ The red error
bars with 68% CL is w(z) preferred by the ALL12 reconstruction at z =
2. (The fig. is retrieved from Ref. [76].)
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We proceed with computing another commonly used function that will assist us in

comparing our model against the data. The deceleration parameter q(z) is a measure

of whether or not the Universe is in a state of accelerated expansion. To calculate it we

use its definition q ≡ −äa/ȧ2. Nonetheless, our expansion dynamics is quite difficult

to analyze in terms of the cosmic time t.

So it is possible to change variables through the following transformation

H(z) =− 1
(1+ z)

dz
dt

(3.37)

and re-express q(t) in terms of the redshift z as

q(z) =−1+(1+ z)
H ′(z)
H(z)

, (3.38)

where the prime ′ denotes differentiation with respect to the redshift z. Then plugging

in the Hubble functional of our model we obtain it in a slightly more complicated form,

q(z) =−1+
3ωm(1+ z)3 +4ωr(1+ z)4 +(h2 −ωm −ωr)(1+ z) f ′DE(z)

2 [ωm(1+ z)3 +ωr(1+ z)4 +(h2 −ωm −ωr) fDE(z)]
(3.39)

with f ′DE(z) being

f ′DE(z) =− 1
(1+ z)

[
ξ̄1 sin

(
Q2

1+ z

)
+ ξ̄2 cos

(
Q2

1+ z

)]
. (3.40)

Fig. 3.8 shows that the inherited oscillations in q(z) exhibit similar bumps and dips

around the best fit ΛCDM value as was the case with other functions. Superimposing

Fig. 3.8 and the evidence-weighted reconstruction of q(z) in Fig. 3.9 retrieved from

Ref. [77], we likewise notice a similar wiggly pattern oscillating about the ΛCDM in

both.

In the left panel (C), the dip with q(z) > 0 for 1 ≲ z ≲ 1.5, the successive bump

with q(z) > 0 for 0.35 ≲ z ≲ 0.70 and another dip with q(z) < 0 for 0.20 ≲ z ≲ 0.35

coincides quite well with the prediction of the model. On the other hand, the data pefer

a larger bump for z ∼ 0.1, which is not included in the plot. The larger bump appears

to be displaced a bit into the future z < 0.
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Figure 3.8 : q(z) vs z. For comparison see the Fig. 3.9.

Figure 3.9 : The reconstructed deceleration parameter q(z) vs z. The blue bands show
the best fit with 68% CL uncertainty in both panels. On the left panel the
reconstruction is performed for a range of variation of X in each bin set
by ∆X = 4 where Xi = X(ai), i = 1, ...,N, is the binned evolution function
given by X(a)≡ ρeff

DE(a)/ρeff
DE,0. On the right panel, generated with ∆X =

0.09 (black solid curve) and the evidence-weighted reconstruction. The
figure is retrieved from [77].
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Lastly, we see that although on average the oscillating DE is the same as the usual

cosmological constant/vacuum energy of the ΛCDM model, i.e., ⟨q(z)⟩ ≈ qΛCDM(z)

as expected, it suggests something dramatically different. In the ΛCDM model, when

the cosmological constant dominates the material content, the Universe embarks on

an accelerated expansion and gradually evolves to the de-Sitter phase with the Hubble

parameter converging to a constant. This implies that as the vacuum energy density

ρΛ associated with the Λ does not get diluted away by the expansion unlike any other

source, the Universe eventually enters an ever-accelerating stage. Whereas in the case

where the vacuum energy of the standard model is replaced by the oscillating DE,

the Universe swings back and forth between consecutive periods of acceleration and

deceleration forever in the DE dominated epoch because the Fig. 3.5 shows for the the

red curve that the dark energy EoS periodically passes above and below −1/3. In an

alternative case (the green curve for example), the Universe may undergo a couple of

cycles of deceleration and acceleration before shifting into an ever-accelerating stage.

This then provokes the idea that currently observed acceleration might be merely one

of the many others that could happen during the long history and future of the Universe

thus there is nothing special about today. However, on the other hand note that it does

not completely resolve the coincidence problem. As the model tracks the ΛCDM on

average, why the present day densities of matter and DE are comparable still remains

a mystery just as in the standard model.
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3.3 Consistency With the Inevitable Manifestation of Wiggles

In the 2nd chapter, we have outlined why the deformations ψ(z) imposed on the

Hubble radius of a universe consistent with the early and late-time description of the

ΛCDM cannot be of the arbitrary kind but be of the wiggly kind coming in the form of

wavelets [105]. It meant that their integrals over the boundaries [0,z∗] must vanish to

fulfil the admissibility condition [130, 131],

Ψ(z∗)≡
∫ z∗

0
ψ(z)dz = 0. (3.41)

Besides, we remind that these wavelets in the late Universe could be attributed to

various origins such as the dark energy density. That is to say, periodic or not, an

oscillation in the DE density passing on to the Hubble radius of the model under

consideration in actual qualifies to describe the required wiggly behavior, provided

the so-called conditions are satisfied. Then coupled with the fact that our method of

parameter estimation in the 3rd chapter involved fixing the comoving angular diameter

distance DM(z∗) to last scattering surface to that of the ΛCDM, oscillations displayed

for z< zc by the DE density ρDE(z) that is resulted from our choice of updating the null

inertial mass density of the usual vacuum to a sinusoidal function are anticipated to be

in accordance with the inevitable manifestation of wiggles in the late Universe. We

can verify this assertion numerically for our deformations ψi(z). If the Hubble radii

for each case are given by,

1
HDE,i(z)

=
1√

Ωm,0(1+ z)3 +Ωr,0(1+ z)4 +ΩDE,0 fDE,i(z)
(3.42)

where fDE,i(z) gives the DE dynamics for i = green, red, yellow curves in Fig. 3.1,

fDE,i(z) =
[

Λ̄i + ξ̄1,iSi
(

Q2,i

1+ z

)
+ ξ̄2,iCi

(
Q2,i

1+ z

)]
(3.43)

then we can define,

ψi(z) =
1

HDE,i(z)
− 1

HΛCDM(z)
. (3.44)

In chapter 2 we presented the exact or perfect version of the conditions and the theorem

but in all honesty they are too stringent for our purposes, so in our physical calculations

we demand that they approximately hold and expect that,

Ψi(z∗)≈ 0, (3.45)

45



in particular,

Ψgreen(z∗) =
∫ z∗=1089.92

0
ψgreen(z)dz = 4.9×10−7 [km−1 sMpc], (3.46)

Ψred(z∗) =
∫ z∗=1089.92

0
ψred(z)dz =−2.6×10−7 [km−1 sMpc], (3.47)

Ψyellow(z∗) =
∫ z∗=1089.92

0
ψyellow(z)dz =−5.5×10−7 [km−1 sMpc]. (3.48)

And, as expected, all Ψ(z∗)’s are very close to zero, i.e., Ψi(z∗) ∼
O(10−7) [km−1 sMpc], validating Equation (3.45). They deviate from the ΛCDM’s

Hubble radius 4.63 × 10−2 [km−1 sMpc] by a few parts in a hundred thousand,

or equivalently from the ΛCDM’s corresponding DM(z∗) = 13872.83 ± 25.31

Mpc (Planck 2018) [5] by cΨyellow(z∗) = 0.0165 Mpc, which is vanishingly small,

that is in line with Equation (2.15) such that,∫ z∗=1089.92

0

dz
HΛCDM(z)

≈
∫ z∗=1089.92

0

dz
HDE,,i(z)

≈ 4.63×10−2 km−1 sMpc. (3.49)

This numerical calculation clearly demonstrates that our parametrization indeed

satisfies that admissibility condition (the 2nd condition) Equation (2.17) in fact almost

exactly.

As for the other conditions, the 1st condition that ψi(z > z∗) = 0 was already implicitly

dictated by fixing DM(z∗) to the ΛCDM’s prediction. Even in the otherwise situation,

around z = z∗, ρDE(z) is negligible so the model converges to the ΛCDM anyway;

therefore, we expect the deformations due to the DE density to disappear as we go to

the past. And to see whether or not the last condition (3rd one) ψi(z = 0) = 0 is also

met, we should first remind that if this condition is exactly satisfied, then addressing

the Hubble tension is not possible since for ψi(z = 0) = 0 to hold, we must have

HDE,0,i = HΛCDM,0 as can be seen from,

ψi(z = 0) =
1

H0,i
− 1

HΛCDM,0
. (3.50)

For this reason, 1/H0 of a feasible model that promises to resolve the H0

tension should slightly deviate from the one inferred assuming the ΛCDM. Taking

HΛCDM,0 = 67.36 kms−1 Mpc−1 as well as H0,green = 70.57 kms−1 Mpc−1, H0,red =

71.78 kms−1 Mpc−1 and H0,yellow = 69.41 kms−1 Mpc−1 according to our preliminary

investigation, doing the calculations yields

ψgreen(z = 0) =−0.000693 km−1 sMpc, (3.51)
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ψred(z = 0) =−0.000932 km−1 sMpc, (3.52)

ψyellow(z = 0) =−0.000456 km−1 sMpc, (3.53)

which are all small enough ψi(z = 0)∼O(10−4) km−1 sMpc to satisfy the condition

ψi(z = 0) ≈ 0 approximately but big enough to yield H0 values in agreement

with the H0 = 73.04 ± 1.04 kms−1 Mpc−1 of the SH0ES [36] and H0 = 69.8 ±
0.8 kms−1 Mpc−1 of the TRGB measurements [118]. We have thus shown that the

numerical calculations above ascertains the legitimacy of our oscillating DE model

as a late-time modification on top of the ΛCDM according to the criteria given in

Ref. [105].

ψ(z) ∝ ∆ρDE(z) = ρDE,0

[
Λ̄+ ξ̄1Si

(
Q2

1+ z

)
+ ξ̄2Ci

(
Q2

1+ z

)]
−ρΛ (3.54)

Finally, in Fig. 3.10, we see the evolution of deformations ψi(z)

Figure 3.10 : ψ(z) = 1/H(z)− 1/HΛCDM(z) vs z. Oscillations begin with small
amplitudes and frequency then they grow over time. The distance
from the dashed line represents departure from the ΛCDM. A visual
demonstration that the areas below and above the dashed line roughly
cancel eachother out. Accordingly, it can be said that ΛCDM is the
averaged-out version of the oscillating DE.

47



pervading all the other functions with respect to the redshift z. It shows how much

the model is off the ΛCDM, which is in fact given by the fractional deviation of the

Hubble parameter in dimensionless quantities,

δ (z) =
(

HDE,i −HΛCDM

HΛCDM

)
∝ ψ(z). (3.55)

The generic feature observed in these deviations is that, as the future unfolds, the

frequency of the oscillatory deformations goes up, which is simply owing to the fact

that we parametrized the argument of sin in terms of the scale factor. So a → ∞ implies

that the number of cycles in these functions tends towards infinity (recall our choice of

parametrization in the Introduction). Nevertheless, on average they keep tracking the

ΛCDM while imparting some non-trivial influences on the expansion and its related

dynamics of the Universe. Therefore, substituting the Λ back for our dynamical DE

gives the same evolution in a coarse-grained fashion and misses the little details that

might be constituting rather non-trivial parts/reasons of/for today’s significant tensions

and problems prevailing in the standard cosmological model.
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4. CONCLUSIONS

In this dissertation, we have first discussed the significant challenges the standard

cosmological model has recently been facing [23–29, 31]. The major ones include

the H0 tension [32–35], Ly-α [54, 55] and Galaxy BAO tension [112, 114], growth

tension (S8) [122–127,155,159] and MB tension [119–121] as well as the long-standing

coincidence problem [90–93]. We have then made mention of several attempts aimed

at tackling these discrepancies in and out of context of GR and elaborated some

dynamical dark energy models and EoS parametrizations within GR [60–73,137–144].

One well-studied and unique example of this kind involves the parametrization of the

inertial mass density ϱ being a very fundamental physical quantity with regard to the

nature of matter [56–59]. In the case of dark energy, even the simplest deviations

from the null inertial mass density of the usual vacuum energy lead to interesting

cosmological consequences. We have presented in the light of observational analyses

that as the simplest possible deviation, the simple-gDE model with negative constant

inertial mass density, with or without the assistance of the spatial curvature, can

not resolve the discrepancies [58]. However, once it is permitted to be minimally

dynamical as in the gDE, then it begins displaying interesting properties that are

promising and worthy of closer attention such as sign-switch of energy density [56].

It turns out that observational data very strongly and persistently favor a scenario in

which the gDE energy density attains negative values in the past and turns positive

recently around z = 2.32 to accelerate the expansion. When the gDE is taken to the

limit where its parameter λ tends to arbitrarly large negative values, it gives rise to

what is called the sign-switching cosmological constant, which leads to the ΛsCDM

model that is capable of alleviating numerous leading tensions simultaneously [57,59].

It yields an excellent fit to the Ly-α BAO data [54, 114, 115] thanks to its negative

effective energy density in the past which in turn results in a boosted H0 values today

in remarkable consistency with the local H0 measurements. Since the ΛsCDM is

essentially identical to the ΛCDM for z < z†, the amelioration of the H0 tension can
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then be mapped into supernova absolute magnitude MB via the luminosity-distance

and can be utilized to mitigate the relevant MB tension as well. The model also

predicts smaller matter density Ωm,0 than the ΛCDM corresponding to a reduced S8

in better agreement with the independent cosmological probes [128]. However, the

data analyses indicate that all of these achievements of the ΛsCDM are held back

by the Galaxy BAO data which set the lower limit on the values switching-redshift

z† can assume [57, 59]. In other words, the Galaxy BAO dataset does not allow for

small z† that can realize greater enhancements in H0 and the associated MB tension

for the model to be in accordance with the SH0ES measurements without getting

into tension with the rest of the datasets. Accordingly, if a type of behavior that

somehow conforms to the Galaxy BAO better can be incorporated into the picture

on the top of ΛsCDM and its sign-switch conjecture, there might appear more rooms

for possible improvements in the fits with no compromise. This calls for a particular

wiggly behavior in the expansion rate of the late-Universe, which is also underpinned

by the inevitable manifestation of wiggles given in Chapter 3 [105].

In the hope of accomplishing this, we have then parametrized the inertial mass density

of the QFT vacuum energy ϱDE = Q1 sin[Q2(a − 1) + ϕ] as a first order Fourier

expansion, whereby we have made sure that the parametrization recovers the ΛCDM

model on average, i.e., ⟨ϱDE⟩ ≈ ρΛ + pΛ = 0. The basic properties characterizing

the oscillations in ϱDE hence ρDE are as usual the amplitude Λ̄, frequency Q2 and

phase ϕ that come up as free parameters of the model. In the preliminary investigation

of the parameters, we have fixed the pre-recombination physics of the model to that

of the ΛCDM model by means of the acoustic angular scale 100θ∗ = 1.04110 ±
0.00031, physical matter ωm = 0.1430±0.0011 and radiation ωr = 2.469×10−5(1+

0.2271Neff) densities [5] in order to establish a background-level consistency with the

CMB data. We have observed that in parameter ranges 0.7 ≲ Λ̄ ≲ 1.3, 13 ≲ Q2 ≲ 15

and for various phase values, it is possible to obtain fits in good agreement with the

BAO Ly-α-Ly-α (correlation) data at zeff = 2.34, Ly-α-Quasar (cross-correlation) data

at zeff = 2.35), Galaxy/BAO consensus at zeff = 0.38, 0.51, 0.61 [112,114,115], TRGB

and SH0ES measurements of H0 [36, 118] given in H(z)/(1+ z) and c ln(1+ z)/DM

at the same time. Besides, when the combined parameter ξ̄2 > 0, the oscillating

DE generates a similar sign-switch behavior prior to the beginning of oscillations
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to those of the simple-gDE and gDE as well as the ΛsCDM except that in contrast

to the gDE and ΛsCDM, the energy density of the oscillating DE is unbounded

from below and the sign-switching redshift zc (z† in the case of ΛsCDM) is much

greater zc > 36 (z† ∼ 2.3) due to the relatively high frequency Q2 ∼ 14 of the term

Ci(Q2a). Though, conceivably, a negative-crossing energy density ρDE in the low

redshift range 1.5 ≲ z ≲ 2.5 might be actualized due possibly to an oscillation with

increased amplitude, which would play nicely with the negative DE density suggestion

of the BOSS DR11 findings in that range [54].

We have carried on with comparing the results of preliminary investigation with the

model-independent reconstructions of the dark energy EoS parameter wDE(z) and the

deceleration parameter q(z). We have figured out that the oscillating dark energy EoS

and the reconstructed EoS (ALL16 and DESI++) [76] exhibit a very similar wiggly

pattern and agree well for 0.2 < z < 2. Likewise the prediction of the oscillating DE is

in line with the reconstructed deceleration parameter [77] for 0.20 < z < 1.50, albeit

slightly worse than the EoS. One implication of the high-amplitude oscillations (as is

the case with the red curve) in q(z) is that the Universe suffers from an acceleration

followed by deceleration periodically when the oscillating DE dominates, which

arguably makes the question of “why now?” a trivial one.

In the last chapter, we have done a consistency-check in reference to the manifestation

of wiggles. It has turned out that the smooth deformations ψi(z) induced by the

promotion of ϱΛ= 0 to ϱDE ∝ sin(a) on the Hubble radius H−1(z) of the ΛCDM

cause deviations of few parts in hundred thousand from the ΛCDM’s comoving

angular diameter distance DM(z∗) to last scattering surface, i.e., they have vanishing

integral Ψ(z∗) ≈ 0 over [0,z∗], satisfying the so-called admissibility condition. This

is practically consistent with wavelet description of the deviations from the ΛCDM’s

Hubble radius such that they must be oscillatory not arbitrary, given the conditions

ψi(z > z∗)≈ 0 and ψi(z = 0)≈ 0.

Ultimately, the sinusoidal parametrization of the inertial mass density of vacuum

energy with respect to the scale factor seems to have promising implications that

require further studies according to the results of the preliminary investigation done

in this dissertation. It yields better fits to the Galaxy BAO [112] than the other

inertial mass density parametrizations on top of the sign-switch phenomenon while
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simulatenously remaining in concert with other datasets [36,114,115,118]. Therefore,

it is quite possible that the oscillating DE will further improve the ΛsCDM model,

thanks to its novel wiggly behavior. Indeed a robust observational analysis is

needed for a much better exploration of the parameter space and more conclusive

resolutions to the existing tensions, which unfortunately we were unable to carry out

for computationally demanding reasons (since it would take the computer to calculate

a number of numerical integrations for every single prior value due to Ci(a) and Si(a)

so as to implement the MC algorithm) before the completion of this dissertation. Our

very next step will be to extend the scope of this work by performing observational

data analysis.
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APPENDIX A

In local enough regions, spacetime can be decomposed into its temporal and spatial
components relative to a congruence of timelike geodesics, which is naturally defined
by the fluid flow uα = dxα/dτ . This affinely parametrized family of congruence
satisfies that uα∇αuβ = 0 and uαuα =−1. One can define the tensor field Tαβ =∇β uα

satisfying

Tαβ uβ = uαTαβ = 0.

This means that only non-zero components of Tαβ are in the directions that are
transverse to uα . One can calculate its trace,

Θ = T α
α = gαβ (∇β uα)

= ∇β (g
αβ uα)

Θ = ∇β uβ ,

which gives the expansion of this timelike congruence. If we also define the new tensor

hαβ = gαβ +uαuβ ,

where hαβ is orthogonal to uα , that is uαhαβ = hαβ uβ = 0, it is straighforward to show
that hαβ acts to project the metric tensor in spatial directions orthogonal to uα through

hλβ gλα = gλβ gλα +uλ uβ gλα

hα

β
= δ

α

β
+uαuβ hα

β

hα

β
hβ

ρ = δ
α

β
hβ

ρ +uαuβ hβ

ρ

hα

β
hβ

ρ = hα
ρ .

Therefore along the directions of uα , hα

β
yields

hα

β
uβ = 0,

and on vectors ζ α that are directed orthogonal to uα , that is uαζ α = 0, it acts to give

hα

β
ζ

β = ζ
α .

We then call hα

β
the projection tensor that projects any arbitrary tensor field onto a

3D spatial hypersurface or plane orthogonal to the timelike vector field uα , i.e., spatial
orthogonal projection. Thus hα

β
can be interpreted as the metric of this 3D such that

hα
α = 3. Likewise we can introduce temporal orthogonal projection by defining another

projection tensor Uα

β
,

Uα

β
Uβ

γ =Uα
γ ,
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into the 1D tangent line Uα
α = 1 parallel to uα , meaning Uα

β
uβ = uα so that Uα

β
=

−uαuβ . Then altogether, component of a vector Xα parallel to uα is given by

Xα

∥ =Uα

β
Xβ

while the orthogonal component is given by

Xα

⊥ = hα

β
Xβ .

We can for example split the metric tensor gαβ into its parallel and perpendicular parts
gαβ = g∥αβ +g⊥αβ [104];

g∥αβ =U σ
α U ρ

β
gσρ =Uαβ ,

g⊥αβ = h σ
α h ρ

β
gσρ = hαβ ,

so we have

gαβ = hαβ +Uαβ = hαβ −uαuβ

in line with the way hαβ was introduced above. Additionally, based on this approach
we can also split the covariant derivative into its space and time components;

∇αuβ =−uα u̇β +Dαuβ ,

where Dα is the fully orthogonally projected covariant derivative, which for any
tensorial quantity is given by [103],

Dλ Xαβ

σρ = h σ ′
σ h ρ ′

ρ h α

α ′ h β

β ′ h λ ′
λ

∇λ ′Xα ′β ′

σ ′ρ ′.

The same procedure elaborated above can be applied to the divergence of the EMT to
obtain the energy (3.4) and momentum conservation (3.5) equations . First we project
∇µT µν = 0 parallel to uµ , where for a perfect fluid Tµν is given by

Tµν = ρuµuν + phµν .

Projecting temporally,

uν
∇

µTµν = uµuν(∇
µ

ρ)uν +ρuν(∇µuµ)uν +ρuµuν
∇

µuν +hµνuν
∇

µ p+ puν
∇

µhµν

=−uµ∇
µ

ρ −ρ∇
µuµ + puν

∇
µhµν = 0,

and using

∇
µhµν = uν∇

µuµ +uµ∇
µuν

we get

uν
∇

µTµν =−uµ∇
µ

ρ −ρ∇
µuµ − p∇

µuµ

=−uµ∇
µ

ρ − (ρ + p)gµν∇
µuν

=−uµ∇
µ

ρ − (ρ + p)(hµν∇
µuν −uµuν∇

µuν),
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so we have

uν
∇

µTµν =−uµ∇
µ

ρ − (ρ + p)(hµν∇
µuν).

We now project the covariant derivative Dµ = h ν
µ ∇ν and define the expansion of

the timelike congruence or alternatively the scalar of volume expansion rate as Θ =
Dµuµ = hµν∇νuµ ;

uν
∇

µTµν =−uµ∇
µ

ρ − (ρ + p)(hµν∇
µuν)

=−uµ∇
µ

ρ −Θ(ρ + p)

=−∂tρ −∇
i
ρui −Θ(ρ + p).

Finally we arrive at the continuity equation in the comoving frame as our first
conservation equation (3.4),

ρ̇ +Θ(ρ + p) = 0.

Now we can perform spatial orthogonal projection to obtain the other conservation
equation. To do that we first raise index of the projection tensor hν

σ = gνρhρσ , where
hν

σ is

hν
σ = δ

ν
σ +uνuσ ,

and calculate hν
σ ∇µTµν = 0

hν
σ ∇

µTµν = hν
σ uµuν∇

µ
ρ +ρhν

σ uν∇
µuµ +hν

σ hµν∇
µ p+ρuµhν

σ ∇
µuν + phν

σ ∇
µhµν .

It is better to work it out term by term. The first two terms vanish due to uνhν
σ = 0.

And, the 3rd term hν
σ hµν∇µ p = hµσ ∇µ p = Dσ p and for the rest the 4th term reads

ρuµhν
σ ∇

µuν = ρ(δ ν
σ +uνuσ )uµ∇

µuν

= ρuµ∇
µuσ +ρuσ uµuν

∇
µuν

= ρ u̇σ ,

and for the last term we have

phν
σ ∇

µhµν = phν
σ [∇

µ(gµν +uµuν)]

= phν
σ (uν∇

µuµ +uµ∇
µuν)

= phν
σ uν∇

µuµ + pδ
ν
σ uµ∇

µuν + puνuσ uµ∇
µuν

= puµ∇
µuσ

= pu̇σ ,

where we in the first line used the metric compatibility ∇µgµν = 0. Overall we end up
with the momentum conservation equation,

hν
σ ∇

µTµν = Dσ p+(ρ + p)u̇σ = 0,

which goes by the name of Euler equation (3.5)

Dµ p+(ρ + p)u̇µ = 0.
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