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OZET

Eksenel simetrik plaklar arasinda radyal akim bir ¢ok arastirmaci tarafindan incelen-
migtir. Basit teori, hareket denklemlerinde atalet terimlerini ve hizin eksenel bilese-
nini ihmal etmektedir. Peube, incelemesinde atalet terimlerini ve eksenel hiza
gozdniinde tutarak paralel plaklar arasindaki akimi ele almigtir. Katsayilari, simir
sartlarim ve stireklilik denklemine gére belirlenen bir geometrik diziye dayali
kapsaml1 bir metod vermistir. Gans, deneylerde basinglarin basit analizin 6ngordiigii
degerlere gore, yaklasik iki kat daha biiyiik oldugunu gozlemlemis ve bu olay1
yatagin kii¢iik ortalama yiizey egimine baglamigtir. Peube'iin ¢aligmasinda, plak i¢bii-
keyliginin gozoniine alinmadigimi ve Gans'in eksenel hizi hesaba katmadigim burada
belirtmek ilging olacaktir. Eldeki tez, bu iki 6zelligi analize dahil etmeyi ve ilgili
sonuglan ¢ikarmayr amaglamaktadir. Tez galismasinda, igbiikeylige ilaveten eksenel
hiz da hareket denklemlerine dahil edildikten sonra fark alkmak suretiyle iteratif
yontem kullamlarak, bu eksenel hizin daimi radyal akim tizerindeki etkisi, radyal
hizlar ve basinglar hesaplanarak ortaya konmustur. sonugta, eksenel hizin basinglar
ortalama %43 arttirdif1 anlagilmig ve deneylerde, basit analize gore gozlenen iki kat
artigin sadece igbiikeylikten degil ve fakat ayni zamanda eksenel hizdan da ileri

geldigi belirlenmigtir.
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SUMMARY

RADIAL FLOW BETWEEN AXISYMMETRIC NONPARALLEL PLATES
OF SMALL SLOPE TAKING INTO ACCOUNT THE AXIAL VELOCITY

The radial flow between axisymmetric plates was investigated by several
authors. The simple theory neglects the axial component of the velocity and the
inertia terms in the motion equation. Peube, in his study took care of the axial
velocity and the inertia terms and considered the flow between the parallel plates. He
gave a comprehensive method based on geometric series whose coefficients are
determined according to the boundary conditions and the continuity equation. Gans
observed in the experiments that the pressures are approximately two times greater
than the values predicted by the conventional analysis and ascribed this fact to the
slight mean face slope of the bearing. Thus, it is interesting to note that the work of
Peube lacks the concavity of the plates and Gans omits the axial velocity. This thesis
attempts gathering these two particularities in the analysis and deducing the related

consequences.

The calculations are performed conforming to the Gans pattern, using an
iterative process. The pressures and the uplift forces are expressed in the form of a
series. Its first term that is achieved at the end of the first step of the iteration is

denoted as linear term ( Do) The second obtained at the following step is called the
nonlinear term ( pl). Added to the first one it leads to a better approximated result

and would be theoretically followed by other nonlinear correction terms constituting
the normal approach to the solution of a convergent series. Unfortunately, the
obtention even of the second term is confronted with mathematical difficulties and
only a numerical but not analytical solution was attainable. The effect of the vertical
component of the velocity is enormous. Disregarding it caused to Gans an incomplete
judgement, that is, the reason of the two times greater pressures observed in the
experiments compared to the results of the simplified analysis are due only to the
very slight mean face slope of the bearing, whereas in fact the axial velocity also

contributed to it in a great extent. A comparison with the Gans formula at the end of
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the iterations first step, showed an excess of forty percent regarding the pressures. In
the analysis it is dealt with a nondimensional representation. The inclusion of the
axial velocity, resulted in the differential equation of the motion in two
supplementary terms, which cause the resolution, being not mathematically practical
to attain. That’s why only the governing term was kept, the other being left
temporarily with the intention to evaluate its effect later. After getting in this way the
solution, it is recognized that it has the opposite sign to the first term and reduces it
approximately in the ratio of forty-three percent. As a result, the values given by the

analysis were assigned in the following the factor 0,574.

Peube, in his analysis expressed forcefully, the necessity to satisfy the three
conditions below in order to make his formulas valid:

- the radius of the disks must be large enough.

- the flow must be laminar

- the boundary conditions must be appropriately realized.

A .
The second condition implies that the fraction > be smaller than 22. This
r

constraint translated into our notation means that x> 0,754. When investigating the
compliance of the conclusions of our analysis with the technical literature and
especially with Peube’s work, which involves the vertical component of the velocity,
it is of prime importance to consider this lower limit for x. Thus , it becomes
possible to certify the parallelism between the curves for the pressures and the

velocity, drawn accordingly to the present analysis and those of Peube and Gans.

The distribution of the radial velocity along the vertical axis is exactly
parabolic when the axial component of the velocity is disregarded. This is the case in
the Gans analysis. Peube states that, due to the consideration of the axial velocity, the
distribution is not anymore parabolic. To have a distribution curve near the parabolic
shape it is necessary to the flow to be laminar. The turbulent flow makes this curve to
move away from the parabolic shape. The concavity of the upper plate also deforms

somewhat the symmetry of the parabola.
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Under these considerations, the results of the present analysis, illustrated with
tables, diagrams and curves are in conformity with those of Gans and Peube, except
understandable small differences due to the effects of the concavity and the axial

velocity.

It is thus proved, that the omission of the axial velocity is not admissible and
it should be included in the calculations, despite it makes them lengthy and difficult

to cope with.

On the subject of integration of the Navier-Stokes equations, it would be
pertinent to discuss some of their general properties. In our study we have restricted
ourselves to incompressible viscous fluids. Until the present time no general methods
have become available for the integration of these equations. Furthermore, solutions
which are valid for all values of viscosity are known only for some particular cases,
as Poiseuille or Couette flows. In order to simplify considerably the mathematical
problam, it was attacked by first tackling limiting cases concerning the viscosities.
However, the case of moderate viscosities cannot be interpolated between extreme
values. That's why, due to these great mathematical difficulties, the research into
viscous fluid motion proceeded to a large extent by experiment. In this connexion the
Navier-Stokes equations furnish very useful hints which point to a considerable
reduction in the quantity of experimental work required. We remind that the Gans
experiments were carried out in the wake of the observations concerning the
pressures in the radial flow between to discs. The Navier-Stokes equations become
further simplified in the case of incompressible fluids (p=constant) even if the
temperature is not constant. Since temperature variations are, generally speaking,
small, the viscosity may be taken constant (u=constant). This condition is more
nearly satisfied in gases than in fluids. The equation of state as well as the energy
equation become superfluous as far as the calculation of the field of flow is
concerned. The field of flow can be considered independently from the equations of
thermodynamics. The solutions of the mentioned equations become fully determined
physically when the boundary and initial conditions are specified. In the derivation of

the motion equations it is assumed that the normal and shearing stresses are linear



functions of the rate of deformation, which is evidently completely arbitrary and not
certain a priori, but confirmed later by experiments. The enormous mathematical
difficulties encountered when solving the Navier-Stokes equations have so far
prevented from obtaining a single analytical solution in which the convective terms
interact in a general way with the friction terms. In my thesis, I departed from the
simplified form of the motion equation, but added the axial component of the
velocity which led to a more realistic solution and made clear the explanation given
by Gans about his observation on the pressures, precising the respective parts of the
concavity and the axial velocity in the results obtained. It is necessary to remark that
also the dynamic properties, oscillations and stability of the system considered have
to be investigated, despite the casual observations made by Gans, suggest great
stability, which tentatively was ascribed by him to lift off at minimum pressure,rather
than at an excess over running one. Finally Gans noted that the behaviour of this
system is not particularly sensitive to the exact form of the concavity. This is in
marked contrast to the care that must be taken to insure parallelism when that is the
aim. Later, concerning this conclusion, Hayashi specified that for the purpose of
insuring parallelism of two plates, it is useful to measure the central pressure and /or
the lift off pressure by the system shown and compare them with the predicted
values. It should be recognized that the insensitivity of the central pressure or the lift
off pressure, i.e., the load carrying capacity, to the exact form of concavity, only
comes from the average effect. The pressure distribution will be remarkably
influenced by the exact form of the surface. From the view point of stability, it is
recommended that the bearing has no recess. In this case, in order to realize the small
lift off pressure, i.e., the large load carrying capacity, which is one of the main aims
of this bearing, it becomes necessary to increase the concavity of surface, i.e., to
increase the additional spacing at the center of the bearing. On the other hand, the
coefficient of damping may decrease and become negative at all as the additional
spacing increases. Therefore the form of concavity should be carefully chosen.
Moreover, the bearing performances may be sensitive to the imperfection of the outer
rim of plate, so its recommended giving some extent parallel region in the outer part

of bearing.
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BOLUM 1. GIRiS

Paralel diskler arasinda daimi radyal akim bir¢ok, aragtirmacinin ilgisini ¢ekmis ve

yayinlara konu teskil etmistir. Bu konuda yapilan bir dizi deneyden sonra Peube,

h - . .
_pq_2< < 1 sart1 gergeklesmedigi takdirde iz dagiliminin parabolik olmadigim ve

wr
artik atalet terimlerinin ihmal edilemeyecegini ve dolayist ile hizin sifirdan farkh bir
eksenel bileseninin ige girdigini belirtti [1]. Savage, paralel plaklar arasindaki radyal
akim analizinin prensiplerini verdi [2]. Lee ve Lin bunu devam ettirdiler [3].
Hayashi, stabilite bakimindan yatakta ¢ukur bulunmamasi gerektigini ve kiigiik
kaldirma basinci, yani biiyiik yiik tasima kapasitesi saglamak igin, ylizeyin
konkavligim arttirmak yani d ilave yiiksekligini buiyiitmek gerektigini ve fakat bunda
cok ileri gidilirse soniim katsayisinin kiigiilecegini ve hatta negatif olabilecegini
belirtti. Ayrica yatagin dig uglarinda paralel bir bolge tavsiye etti [4],[5]. Gans, kiigiik
egimli, paralel olmayan eksenel simetrik plaklar arasindaki radyal akimi etiid etti [6]
ve yaglayici(hava) nin kiitlesel debisi ve yatak yiikiiniin fonksiyonu olarak, boyle

hafif konkav eksenel simetrik basingh bir yatakta, ayrilma miktarim ve merkezi

basinc 6lgtii. Bunlara dayanarak, Gans, 1,610~ 3 gibi ¢ok kiigiik bir ortalama yiizey
egiminin, merkezi basinci iki kere kiigiilterek, asirt start basinci ihtiyacini ortadan
kaldirdigim belirtti ve sistemin davranigimi analitik yoldan etiid ederek, teori ve

deneyler arasinda uyum bulundugunu gosterdi.

Analiz, klasik, Siireklilik-Kiitle korunmasi ve Hareket-Momentum korunmas:
(Navier - Stokes) denklemlerine dayanmaktadir. Hareket denklemlerinin bitiin
terimlerini gézoniine alarak tam bir ¢ozlime gitmenin matematik gligliikler sebebi ile
saglanamadig1 bilinmektedir. Buna karsin bazi terimler ihmal edilerek pratikte
uygulanabilir ¢6ziimler elde edilegelmektedir. Hareket denklemlerini olugturan atalet
kuvvetleri, hacim kuvvetleri ve yiizey kuvvetlerinden genellikle hacim kuvvetleri
ihmal edilmektedir. Bazan atalet kuvvetleri de hesaba katilmamaktadir. Ornegin
Yuan [7], “Hydrodynamics of Bearing Lubrication” konusunda, Couette akiminin
hidrodinamik teorisini, iki boyutlu olarak ele aldiginda, hiz bilesenlerini

w=0,v<<u (1.1)



kabul ederek
2 2
it . [ Pu, 2] 0
ox oy
denkleminde, kayic1 blok boyu (1) ve blok ile yatak arasindaki yaglayici ile dolu

araligin kalinligim (h) ile géstermek tizere

u
a2 2 2
%om l7= — << 1 vedolayist ile
o‘u M1
5 2
o h
2 2
ou_ 6_3 (1.3)
ox oy
gene
o ,
gx ~ L il(h—zJ< <1 vedolaysi ile
gu 2 W
a2 K
ou 0%u
<< h s (1.4)

ve ¢ogunlukla yaglama problemlerinde %z 107 3 mertebesinde oldugundan, hareket

denklemindeki atalet kuvveti terimini emniyetle ihmal ederek, bu denklemi

2
@_ % (1.5)

Ox “ay2
basit sekline indirgemektedir.
Gans [6], puu, atalet terimini kullanmakta ve p basincimi, dolayisi ile F kaldirma

kuvvetini seriye agarak, R acimm ¢arpani olmak iizere

p:p0+Rpi+--- (1.6)



seklinde gostermektedir. Yazar, bu seride, sadece bastaki iki terimle yetinmekte ve
¢oziimde fark almak sureti ile iteratif yontem kullanmaktadir. Serinin yakinsaklik
hizi ve derecesi belirtilmemistir.Diferansiyel denklemin iterasyonla ¢6ziimii
sonucunda elde edilen degerlerin, Savage [2] tarafindan verilenler ile d -0 ig¢in
uyumlu oldugunu ifade etmektedir. Bu sonuglara gore, aym bir W yiikii icin basit
teorinin 6ngdrdigiinden iki defa daha kiiciik ¢ikan merkezi basinglari, araligin konik
olmasina baglamaktadir. p; ve izleyen terimler ile ifade edilen non lineer tesir,
evvelce Peube [1] ve Savage [2] tarafindan da etiid edilmistir. Gans, sifir olmayan bu
non lineer tesirleri ele almig ve fakat p; teriminden daha ileriye gidemeyerek non
lineer analizi tam degerlendirememistir. Yaptigi deneyler sadece lineer terim

po ifadesini dogrulamakta ve bdylece teori ancak lineer bolgede kontrol edilmis

olmaktadir.

Gans’dan bir adim daha ileriye giderek, Peube’iin isaret ettigi eksenel (v)
hizlarim1 da analize dahil etmek sureti ile, diferansiyel denklemi ¢dzmek ve Gans’a
gore olan farklar1 ortaya gikarmak, eldeki bu ¢aligmanin amacim tegkil etmektedir.
llerde goriilecegi tizere, bulunan py degerlerinin Gans tarafindan verilenlere orani,
b= 0 durumu, yani paralel plaklar i¢in, ortalama 1,4 civarindadir. Bu sonug¢ eksenel
hizin ihmal edilmesinin saghkli olmadigim gostermektedir. p = pg+R pi +...
serisinde, p; non lineer terimi,Gans 6rneginde oldugu gibi, negatif ve lineer p
terimine gére mutlak degerce ¢ok kiicik degildir. Artili eksili ve mutlak degerce
birbirinden ¢ok farkl terimlerden olusan yakinsak serilere 6rnek olarak cosx serisi
g(isterilebilif. |x| < o i¢in yakinsak olan bu seri, x= 1,5+ 2n= 7,783185307 radyan
i¢in agilirsa yavas yakinsadig: goriilebilir. 1k 13 terimle yetinilerek:

x2 x4 x6 x8 xlO x12 x14 x16 x18 x20 x22 x24

S PR o S AN S -+ + :
cosx A e s 100 121 14t 16 181 200 221 2a

Tam deger ise :

cos{(1,5+ 27) = 0,0707372 (1.7)

Seriye acilarak :



cos(l,S + 27:) =1-30,28898676 +152,9037865 — 308,7533844 + 333,9938276 —
—224,8074361+103,1695372 —34,33956864 + 8,6675895— 1,715898717 +

+0,273541229 — 0,035867041 + 3,936146217.107 = 0,071076572 (1.8)

Eldeki bu calismada (v) eksenel hizinin ise dahil edilmesi sebebi ile ifadeler

0
¢ok daha uzun ¢ikmaktadir. ug , pg , #; hesabindan sonra al i¢in bulunan uzun
Ox

parametrik ifadenin integrali gii¢ goriindiigiinden “Mathematica” program
kullanilmak istenmis, fakat netice vermemistir. Bunun {izerine niimerik integrasyona
bag vurmak zorunlugu dogmustur. Goriildiigii gibi non lineer terimleri ¢ogaltmak

matematik engellere takilmaktadir.

Gans’1in uyguladig fark almak sureti ile iterasyona asagidaki 6rnek verilebilir:

2x+ 3= x? denklemi verilmis olsun (kokleri 3 ve -1)

X= Xg+ XpF-eeee- yazalim
l.adim: x=0
3= x3 (1.9)
2xg+ 3= x2 (1.10)
(1.10)-(1.9): 2xg= x2— x3 = (xg+ x1)° — x5 = xP + 2xpx
buradan: x12 + 2xpx1— 2x9= 0

X1 = = X0+ X3 + 2xp = — 3+ 3+ 24/3 = 0381

2 adimla yetinerek:

2,54......... (3 yerine)
x= xg+ x1=i\/§+ 0,81= Y
—0,92.....(- 1 yerine)

Denklem direk iterasyon ile ¢6ziilseydi:



0 3 2,54 284 295 298 2994 2998 2999 299978

X

V3254 284 295 298 2994 2998 2,999 2,99978 2,9999

Xiv 1

Gans’1n kullandig: iteratif yontemin agiklanmasi:

Kismi diferansiyel denklem:

2
pull 2 _p, 0" (1.11)
ox Ox azz
U=ty + Ruy+ - (1.12)
p=po+Rp+... (1.13)
R= ’"hcz (1.14)
2npRy

olmak lizere R pi’ = pp ve Rui/ =y ile gosterelim.

1.adim: pug—u= 0 alalim ve bu ilk degerleri “0” indisi ile gosterelim.
x

(1.11) denklemi :

R 0%u
%: Rop"—2 (1.15)
x Oz

seklini alir.

2.admm: (1.15) den bulunan pu % degerini (1.11) denklemine tasiyalim:

Ouy Op 0%u
0 o Ru— 1.16
PUo—= "7 3 Ouazz (1.16)

(1.16)-(1.15) ......... sunu verir:

2
dug 0 8" (u— up)
P04 2 (p- po)= Rgu—m—n2L

po — -+ —(p= po) = Ron -

veya



(1.17)

Istenen yaklagiklik saglamincaya kadar iterasyon adimlarina devam edilebilir:

2
p(u0+ ul)%_’-—ul)_'_ _a£= R _6.71/[

ox ox Ouaz (1.18)
(1.18)-(1.17)-(1.15) :
plug + ul)é(%ul)— ) aaL;ﬂL %= Rolla;;2 (1.19)
bdylece devam edilerek:
olug+ u+ up) Ao +ab;l+ %), Z—i: Rop—z—;‘ (1.20)
(1.20)-(1.19)-(1.17)-(1.15):
plug+ 1+ up) 6(u0+6z2+ uz)- plug+ uy) a(uoa: u1)+ a;f = Rou(i;
(1.21)

Caligmanin analiz kisminda biitlin hesaplar (in extenso) verilecektir. Niimerik
uygulamalar, Comolet ve Gans deneyleri gézoniine alinarak, geometrik ve akiskan
karakteristikleri olarak asagidaki degerler ile yapilacaktir. Akigkan olarak hava

alinmagtir.

Ro= 0,10m ; h,= 0,00lm ; b= 0,2
N. 2 (m

= 43751003 25 . Lo 1751075 ML oo 138 (—=250] (1.22)
m m> m* 2/

x = 0 noktas: singular oldugundan hesaplarda gézoniine alinmayacaktir. Niimerik

entegrasyon “Matlab” programu ile yapilacaktir.



BOLUM 2. GOZLEMLER [6]

Eksenel simetrik ve basing altindaki bir yatagin merkezi basinci ve plaklarin

birbirinden ayrilmasi, yaglayicinin (hava) kiitlesel debisi ve yatak yiikiiniin

fonksiyonu olarak olgiilmiistiir. 1,610~ 3 ik bir ortalama ylizey egiminin, merkezi
basinci ikiden biiyiik bir katsayi ile kiigiilterek ve sistemi harekete ge¢irmek i¢in agir
basing ihtiyacimi ortadan kaldirarak, yatagin davramisinda g¢arpici bir fark meydana
getirdigi gézlenmistir. Sistemin davranigi analitik ve deneysel olarak etiid edilmistir.
Varilan sonuglar g6yledir :

- Bir havali tagtyici sistemde, hafifge igbiikey bir aralik, basing ihtiyacini 6nemli bir
oranda azaltmaktadir.

- Sistemin kalkis ayrilmasi, yaklagik olarak yiikiin toplam yiizey alanina béliinmesi
ile bulunan ¢ok diisiik basinglarda meydana gelmektedir.

- Diizensiz bir i¢biikeylik, basit bir koniklik yaklasimu ile temsil edilmektedir.

Dinamik 6zellikler, titresimler ve stabilite ilerde ele alinmak gerekir.



BOLUM 3. ANALIZ

Savage tarafindan verilen, paralel plaklar arasi radyal akim analiz prensipleri

izlenmistir.Problemin geometrisi Sekil 3.1 de gésterilmistir.

A

N

d |
jo7— Ro —»I
hy
........................................... v
= S
— :

o]
S

Sekil 3.1 Sistem Semasi

-Silindirik koordinatlar kullanilacaktir.
Boyutlu degerler (*) iist indisi ile,boyutsuz degerler diiz olarak yazilacaktir. Radyal

hiz (u) dan bagka eksenel (diigey) hiz (v) de hesaba katilacaktir. Akigkan viskoz ve

sikigtirllamaz kabul edilecektir. Akim daimidir.

Sekil 3.2 Silindirik koordinatlar ve hizlar

Hareket denklemleri, boyutlu degiskenler ile:

a# * % 2 %

% OU % OU 0, o“u
pu —5+ py —=-— p*+p. 5 3.1

or 0z or oz

% * * 2 *

* OV * OV g o“v
pu T+t Py —=-— p*+u 5 (3.2)

or 0z 0z oz"

x=r"/Ry yazarsak :



% % * 2 A&
0 ou 0 0“u
pu" =t pRov" =~ 2+ Ryp—s (3.3)
0z ox oz
* % * 2 %
ov 0, \
pu” Z—+ pR" =~ Ry Lt Rop— (3.4)
/4 0z oz
Akigkan sikistirilamaz oldugu igin:
* % *

L LA B (3.5)

or 0z r
veya

* *

u’ | o O + X -0 (3.6)

6x 8z x
(3.6) denkleminden:

Ed * s
R - " 3.7)
oz ox x

ve dolayisi ile

Rov = - _[ ——dz - lj w'ds = - ?g—*z*+_'. azui zdz - %J u dz

x X 0x0z
(3.8)
Debi
x m ®x k% * ok
q =—= T21tr udz = 21tR0xj1 u dz (3.9)
P 0
1 * % m
* 0 2Rgx” pmt
yazilarak
* . 2 *
Rp' =zt P L [ (3.11)
Ox 2mpRy x Ox0z

(3.11) ifadesi (3.3) ve (3.4) denklemlerine taginarak

«ou .« Ou au au Iaz « .« m 1 ou
pu ——— pz - : v =
Ox & " a oxdz 2nRy x* oz
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* 2 *
0
_P Ry (3.12)
& *2
0z
. O sou v v [P s o 1oV
pu ~. Z * * * V4 dZ - ——2— =
Cx Ox oz 0z " oxoz 2nRy x* 6z
op” 8"
~RyZ_+ Ryp . (3.13)
0z bz
Halbuki:
sou ou au*.[ %u"
pz 5+ p— T2z dz =
ox Bz 0z 0x0z
% * * * * * *
B pz* ou .au*+ pau*(z* ou [ ou s pau* aLdz* (3.14)
ox gz Oz L Ox Ox bz X
ou' [ou N ey . C ..
Bu son p—; 6_dZ terimi simdilik ihmal edilecek ve etkisi ilerde
Oz X
* *
s . ) ov [ou |« I . .
gosterilecektir. Aym sekilde p—5 | ——dz terimi de ihmal edilecektir. O halde
0z X
diferansiyel denklemler:
" ® . * * 2 *
x Oul m 1 ou op 0“u
u - = = - + R 3.15
p P 2TCRO 2 az* P 0“’67*2 (3 )
* N * * 2 *
0 1 o 0
ot LT = v*=—-R06p*+R0u "2 (3.16)
ox  2nRy x* oz 0z oz

(3.15) denkleminden (u) elde edildikten sonra (3.16) denklemine taginarak (v) elde
edilebilir. Amag () radyal hizi vasitas: ile (p) basinglarim ve (F) kaldirma

kuvvetlerini elde etmek oldugundan, sadece (3.15) denkleminin integrasyonu ile

vetinilecektir. Coziimde iteratif yontem kullarilacaktir.

Boyutsuz degiskenler kullanilmasi:

2 2 2
* N h h z
w= e P, e P

q m m h,




4 4 4
p=p = p" P poFT P (3.17)
pq m 2nRym
Tarif olarak: £= £= 1-bx ; b= 9 (3.18)
he he
Boyutsuz denklem:

2
g e 1 Ou Oufou,  Op Ropdu

- — / 3.19
Ox 2nRy x2 &z oz ox T 872 (3-19)

% .. h 1 .. geper I
?—Zif Lz terimi c 1 ou terimi yaninda simdilik ihmal edildiginden
0z ox 2nRy x2 Oz

ou A 6u__6_p+ Ron &

- ce—= 3.20
" 2nRyx> 0z Ox g2 (320)

Iteratif yontem kullamlarak, (3.20) denkleminden baglamak suretiyle,
asagidaki iki denklem takimi arka arkaya ¢oziiliir.

P _ hc a7”0 + Ry > 62uO

I. = - ; 2= 03 Cigin 15 =0 (3.21)
Ox 2nR0x2 24 Mmoo g2
Ry .
=2n—x| uydz ; x= igin pg= 0 (3.22)
h, A
2.2
R
Fy'= 210" j pox.dx (3.23)
(A

2
I u06u0+6p1= e -6u1+R0uaul'z=0'§igin uy=0
Ox & QmRux> 02 m g2 o ’

(3.24)
Ry .
0=2n—x| wdz ; x= igin p;j=0 (3.25)
h, 0
2.2
F'=2n RO": jplx- dx (3.26)
phe ¢

I've II takimlan arasindaki bagmiti:



u=1ug+ Ry

+eee

p=po+Rp+...
W=F +RF +..

Boyutlar:

bil= 22 5 [ 7]

3.1 Lineer Analiz

(3.21) denklemi:

12

62u0 I’i’lhc 1 6u0_ m 6p0 _

+ _

022 2nRg 1) x2
Sunlar1 koyalim:
mh,

o= ————F——
ZRgx2 %9

Po sadece x ile degi

0z  Ryp Ox
_ i
RO“ Ox
stiginden

(3.21) denklemi su sekli alir:

62u0
622
Buradan uy =
bulunur.
Kontrol edelim:
0
20 _ _Coe
0z

auo
+oa— pB=0
Oz b
Ce  “+ Ez+ D
o
_(XZ+E .
a 1

Cale” % - Cole @+ B— B= 0

Integral sabitleri:

z= 0 igin

ug = C+ D=0

..........

ve B sadece x in fonksiyonlaridir.

5 .
0 l;0= Cole
0z

D=-C

(3.28)

(3.30)



z=¢ igin  ug= Ce "%+ Ez;— C=0
[0

B
buradan C= a
1—e” o
O halde:
B (1'— e— (XZ)
ug=——=0C + =z
a4 (- «
Halbuki
€= 1-bx
B mh, B
2R px? )

B 1-g “MHORE 0 .2 0Py
ug=——(1->bx)- : +2n—x"—
0 T (1-5x) _th(1~bx) h, ox
1 e ZnRg},sz

veya
B mh,
1-e 2mRg s’
uy= o2 @ —bx)apo - _ ronfo,2%0
h, Ox _tinh,(1-bx) h, Ox
l-e 2mRG
Kontrol:

z= 0 igin ug=0

z= (= 1- bx igin ;

R 0 R 0
uy = — 2n—0x2(1— bx)ﬂ+ 2nh—0x2(1— bx)—p—0= 0

h, ox
(3.33) ifadesi (3.22) denklemine konulursa:

_ —az
2n &xjc %- e szz=
h, al 1o e

0

2'rc&xE S (z+ e +—Zi
h, «a l_e—“Ck o 2

. Ox

G
=1

0

(3.33)

(3.34)

(3.35)

(3.36)



R ¢ -e %) &\
27 hc x{l_e—_aq(— C+ —a———J+ T:I— (337)

Soyle gosterelim:

(3.39)

Secilen tipik 6rnek i¢in:

mh(1- bx) 4,3751073.0,001(1- 0,2x) 98(1- 0,2x)
- = 3.98——

2nRG W 2m.010° 175107 5 %2 x

Bu oranin en kii¢iik degeri x=1,0 i¢in meydana gelir:

3,98- 0,8

1,—02

= 3,183

— e 38 _ 096~ 1,0 kabul edilebilir.

O halde:

oo _ _ 1 1 (3.40)

0x ) 2ﬁ x3(1- bx)(yx2+bx— 1)
T 2
C

Sag taraf kismi kesirlere ayrilarak:

E
! _ A, B, L Db B, B (3.41)

x3(1—bx)(yx2+bx~1) ¥ x2 x l=bx x-x x-x

Burada:
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N

x]}___ ) (2y) |
S [/
L (2y))

(3.42)

4
A=—- ; B=-2b ; C=—y- 3b2 ; D=—b/y
3yb+ 463 + bs/y+ ('yz+ Z’ayb2 + b4)x1
Ey=-
Y(xz~ xl)
3yb+ 463 + bs/y+ (y2+ 3yb2+ b4)x2
Fy=

(xy— x1)

3.1.1 Basinc belirlenmesi

Kism1 kesirler entegre edilerek:

A A B B £
—dx=—-—%; | =dx=—-=; | —dx= Clogx
'[ x> 2x? '[ x2 x J- X
I— ib—dx= Dlog(1- bx) ; J i dx= Eylog(x~ xl)
1- bx o= 5

J Fy dx= Fylog(x— x2)
X— JC2

2uh
Do = LF[— i— £+ Clogx+ Dlog(1- bx)+ Eylog(x— x1)+ Fylog(x— x2)+ K:l
YT

2% x

x= igin pg= 0

2mJ 41-x* 1-x 1- bx X— X
= -— - B + Clogx+ Dlo + Eylo +
Po ynn’qk 2 42 x &x S T TR X
+ Fylog ad xzj
1- X2
4 1- x? 1- x 1- bx
I'og=—— - B + Clogx+ DI +
0 2 x2 X o X o8 1- b
Ey 10gx— al Fylog i (3.43)
1- X1 1- X2

dersek:
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2uh %
a C rO(Y:bax)z <
ynin 212 R}

To(y,b,x)

Po=

b=0 yani disklerin aralig1 sabit = 4, olmas1 durumunda

1- x2 X X=Xy X X— Xp

Iy = 5 vlogx— vy log Y log
2x Xp=xp l=xp xp-xp T le-x

1
halbuki x; =—-x, =—= oldugundan
Jr

2

1-x Y, X—X{ Y. X—X

I'y= — vlogx+ —log——+ ~lo =
0 2 T R T T %,

1
x11-—
1- x2 Yl xz(l_ xl)(l— xz)_ 1- x? Y 2( Yj
>~ 5log = 5~ —log———l
2x 277 (x=x)x-x) 22 2 2

Boyutlu deger:

1’ 2pth Zum[l— x2

Y
po*= -l = — —log
phé1 Y7L ynphgl 2x2 2 2 - 1
Y
Gans’in verdigi deger:
6urn
*= —logx
Po Tl:phg( g )
{-)
x| 1—-—
i P()*(S-C-)_ 1 Io Y _1—x2
po*(Gans) 6logx & 2 _ 1 yx2

Y

Tablo 3-1 b=0 i¢in (i) degerleri

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

x 0,01 0,0 0,11 0,12 0,13 0,14 0,15 0,16 0,17 0,18 0,19 0,20 0,22

i 720,22 14,63 12,65 11,09 9,84 8,83 7,99 7,28 6,68 6,17 5,73 5,35 4,71

x 0,24 0,26 0,28 0,30 0,40 0,50 0,60 0,70 0,80 0,90 0,999

i 421 3,81 348 3,21 2,34 1,90 1,65 1,50 1,40 1,35 1,33




Tipik 6rnekte:

A=

B=-04

Ey= 0,502615912
x1 = 1,225491429

17

Fy = 0,123222008
xy = — 1,62337878

Tablo 3-2 p, ve 0,574 p, degerleri

(Ileride goriilecegi tizere 0,574 indirgeme katsayisi kullanilarak, 5= 0,2 igin)

X po 0,574p0

0,1 | 2,800991026107* | 160,7768849.107°
02 | 7,760191425107° | 44,54349878.1075
03 | 3,753698844.107 | 21,54623136.107°
04 | 2,236832771107° | 12,83942011.107°
0,5 | ,465353012.107° | 8,411126289.107°
0,6 | 9,9585126.10° 5,716186232.107°
0,7 | 6,707294193.10° | 3,849986867.107°
0,8 | 4201824378.10° | 2,411847193.107%
0,9 | 2,06163917.10° | 1,183380884.107°
10| 0 0

D= —3,1830988610™ >
y= 0,502654824

C="-0,62265482

3.1.2 Kuvvet belirlenmesi

(3.44) denklemini (3.23) ifadesine tagiyalim: Boyut [FO*] =N

4pRZ Jl
03 Fox.dx=

* 2nR§n’12 j
'thc 0

Fo

pox.dx=
pne 0



A [ 1- x2

2 X

1- b

4uRGr
2hitom +DJ x.log Y

vph,

X—‘dex

+ij xlog

1- X

Integralleri ¢cozelim:

A4 [ 1= x? A x2
bl dr=— 3 logx— Z—
ZJ. - X E[ng 2}

X
B (1- x)dx= - {1_—)
J (= :
2
X 1
c| x1 .d=C4(l ——)
_[x ogx.dx 7 ogx >

18

;dx+ Eyj xlog

x? 1- bx
1— bx 2 8T,
D_[ x.log —dx= D
-5 3- 2bx— b2x?
+ 2
L 4b
[ 2
Sl
- X - X
Ey_[xlogx L= Ey !
I=x (x— x)
L 4
-, )
T e
— X
Fy_[ xlog 2 = F 22
-2 (x—x;)
4
2.
4Ry mp
ng 0 3 ¢O('Yabax)
Yph,

ile gosterirsek:

2

2

X— X

1- X1

- —l—zlog(l— bx)+
2b

A x2 { xj x2 1)
__4‘ -2 -Bt1-= _‘1 .
do 5 logx 2) +C ogx

dx— B_[ (1- x)dx+ cf x.logx.dx+

Ly

X
- L log(x— x1)— xi(x— x()-

1

222 22 Jog(x~ xp) - xp(x— 1)~

(3.49)

(3.50)
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2 _ _ _ 2.2
X jog it Ljog(1- p) 2 2B L
2 T 1-b 2p? 4p?

2 2 _ 2
E‘{x—log 2 x—llog(x— x1)— x1{x— x1)- (X—ﬂ—}+

2 Tl-x 2 4

x? . x- X5 x% (x- x2)2
' TIOg 1—'x2 - —2—log(x— X )= x5(x— Xp)— Ea— + K

x= 1,0 icin ¢ o = 0 kabulii ile:

doly,0,x)= - §(1+ 2log x— x2)+ g(l— X2+ %(H 2% log x— x2)—

2.2
—D{l bx -log 1- bx 1- x[2+b(1+x)]}

2b*

2 .2
+Ey i ;xl 1og)lc:;:1+x1(1—x)+k4—x(1—2x1+x)}+

2

) 2
+Fy| 2222 log)lc:;cz2 +x2(1“x)+1_:1_x(1“2x2+x)} (@s1)

x= 0 singiilar bir nokta oldugundan, alt limit olarak x; < < alalim:

4 whRG 4R}

For= 280l (40) _—(00),_, |- 2ER0(4) (352
Yph; : Yph: :

Segilen tipik 6rnek igin:
4umRE P

= —— = 4,686653973
YPhe TPk
(00}, - gy = — 1405326318

Fo* = 4,686653973- 1,405326318= 6,58627817 N

Gans s6yle vermektedir :

4 2 2 N
- x,~2+ 2 2x . 1 x 3
(7)) - 3y -6 1-by (1-p)% (1- bx)* | (3.53)
0 Gans ph3 1- )
c 2
= b)(l ; [3 1+ x;)— b1+ 4x;) + b2,
x;) J
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Tipik 6rnek ve x; = 0, igin:

3 Wik}
(') WKy 1550250937
Gans ph3

FO Fy ) 4 1,405326318

= 2,40
Fy () 3y 1550250937

3.2 Karsilastirma
(3.19) denklemindeki ihmal edilen /= — a—j ——dz terimi ile korunan
Ox

h
< ~l~a— terimi arasindaki oram etiid edelim :
ZTERO x2 aZ

rith, (1- bx)

2 2
Evvelce belirtildigi gibi — e 2RO T 1,0 oldugunu gézoniinde tutarak (3.36) ve

(3.40) denklemlerinden ve u serisinin sadece ilk lineer terimi ile yetinilerek:

[ -2z
R 2
u=2n=-2. ! ! —x2(1- bx) 1- e |+ %%z

he o2 ﬁ x3(1- bx)(yx2+ bx— 1)[
n

(3.54)
b~ 0 alindig takdirde (yx2 - 1) in ortalama degeri :

1.0
1 yx3

mj(wz* 1)ax= e

1,0
I | O AT AT o 0,1]: Y
o 09\3 3 2.7

Tipik Srnek igin ——— 1= 0,186— 1= — 0814~ — 1,0

Bu yaklagiklikla :

L 14e?™ 42 (3.55)
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-2
.?Z: — hc . _ieyxz +l
0z mRyx | yx?
-2z -2z
Y[R I 8
Ox TRo|\ x2 X 7Y 3
-2z
P il
=-— 1= z—[l— 4—22} >
nRyx ¥x
) 5 -2z -2z
0 h el 2
X b= - — NN LA & +izjzer dz
Ox nRyx 2 2 yx
Halbuki:
-2 o g\
2 2
_’-zeyx dr=— L 4 XX v
2 2
O halde :
5 5 -2z -2z
h Ay =
M e T 51 2 AR L & {z+ L Jeyx =
Ox nRyx 2 2 2
) ) -2z
h
=—-—F7 z— Z——[y—+ 2z)e L
TRyx 2
2 ( 22 2 2
0 h 2
=-Z %dz < 1- 2 PR (PR i LN
oz 7 ox ) R2x3L yi2 2 | 2
) ( -2z
J= he ou__ ke 1- 2 esz

-2z
22)6 yx?

(3.56)

(3.57)

(3.58)
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Oran:
2z
I ) 2 2
P ¥x ~
l—J— 2z2+z +(yx +4z)z (3.59)

3 24 2 , y2zf
2 2
fz‘dz= 22+ Z?- TX v 2Yx2{y—+ zjeyx =
0
0
. —2:/%
3 2
22+ %— yxz(iyxz + ZZ)e L
0
3 :2—C
3 2
—&%+ %+ 5y2x4 - yxz(gyxz + ZQJe L (3.60)

burada = 1- bx oldugunu hatirlayalim.

Tipik drnekte:
~26
3 2
yxz[ayxz + 2C)e T degeri gok kiigiiktiir:

x = 1,0 1¢I0 ..veeerrneee, -0,049
Bu terim ithmal edilerek:
1 ¢ 1 1 3
—j1 idz \dx = —j ~ (1= )% (2+ bx) + —yzx“]abc:
1,07 ° 1,0 3 2
o\ 0 0,
1
3.3 2 3.4
Lj - 2+ bx— bx + é}'2x4’ dx = L gx+ b _bx + O,3~/2x5 = — 0,426
1,001 3 3 2 1,0f 3 2 12 ol

Gortildtigh gibi, I teriminin etkisi, J teriminin ters yoniinde ve mutlak degerce

onun % 43 i kadardir. Halbuki J terimi, bu ¢alismanin, Gans degerlerine gére farkini

olusturmaktadir. Demek ki p, ve FO’k degerlerinde, Gans degerlerine nazaran,
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gozlenen 2,5 ve 2,4 kat fazlaliklarin 1-0,426=0,574 oraninda azaltilarak, yaklagik

ortalama bir fazlalik elde edilmesi diigtiniilebilir.

Boylece:
po icin........ 0,574-2,5=1,43

Fy" igin........0,574-2,4=1,38

3.3 Nonlineer Diizeltme Terimleri

3.3.1 Hiz diizeltmesi : (3.24) denklemi:

8u0 6p1 hc aul RO 93 621/11
Uy + = - + -

O & 2qRyx? Oz 022
Sinir sartlar1 : z= 0; § i¢in u;=0

(3.36) denklemi :

_ mh,  z
202
R 3 ., 2mRypux R F)
uo=—2n—£x2(1— bx) Py 1-e : +2n—0x2-——p0-z

h, Ox ik, (1-bx) h, Ox

1- e 2R x2
ik, (1-bx)
e .
— ¢ 2tRok x> 10 oldugu hatirlanarak ve > = mh; ige dahil edilerek
Y 2nR}n

2z

R %) ) )
ug = 21 =% — x2(1- bx) POl 1_ o V| g2 20, (3.61)

h, Ox Ox

2z 2z

) -2 o -2
el 2nR0 —2x(1—bx)ap0 l—e ¥ |+ o220 _ e 7 |-
o 7 ox o

2z 2z
&’p 2| 4z s o2
—Xz(l—bX)—é—xz—o(l—e L } +"’Y—X(1—bX)—&O“e LRSS
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Z4+ X
Ox o2

) 8%
2 0. 5, 20 P, z} (3.62)

2 e 2
—x? (]—bx)—a{(%;”—) }[l—e” }z+$x(]—bx)(———aa};") RIS
2 4 2 2
2x{§1—)9—J 220 ("”ﬂ) 2= 4n2 X0 gy (3.63)
ox 2 o\ ox h2
(3.24) denklemi :

2 ; p Z
Pu ik 1 owm 5”0)_ m__ (3.64)

v 0
022 2mRPp x2 @ Rop\ " ox) Rop ox

4T RE
Eskisi gibi gene : y= nn,g ve = 1- bx
h, —
T
mh 1 2 m 0
ofx)= o o S pa)= 2L
2nRyu x Yx Rop Ox
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s
4 2p 2
ve simdi ilaveten 6= T Rzom: = Y (3.65)
g Roh.
dersek :
62u] au]
— a8 F(z)- =0 (3.66)
Bz Oz
Z(z)= & F(z)+ P yazarsak (3.67)
& G
L a2l 7(2) (3.68)
Oz 0z

bulunur. Bu, 2. mertebeden, lineer ve sabit katsayili, sag tarafli (homogen olmayan)

bir diferansiyel denklemdir.
Homogenin genel ¢6ziim :

u =& 11
( 1)7\ - il

l"1=0

r}%+ ory = 0 {
rPn=-0a

u = Cle—az-i- C2

burada C; ve C, sabit olmayp (z) in fonksiyonlaridir ve tiirevleri su ifadelerle

bulunur:

Ce ¥+ CG=0
Clae™ % = Z(2)

Cy=— lf e“. Z(z)dz+ D
04
buradan :

C, = _[Z(z)dz+ E

R [=

Ve



Uy = — ¢ e .Z(z)dz+ De” *“ + é'f Z(z)dz+ E (3.62)

Kontrol:

oz
6;11 - E—.e Z(z)+ e “‘J. % Z(z)dz— Doe” *“ + l Z(z)
/4 o

- “z[j"‘z z)dz— Dol

6221 =e ¥.e%.Z(z)- azj % 7(z)dz+ Dole” % =
0z
Z(z)— ae” J % 7(2)dz+ Do’.e O'Z]
Bunlar (3.68) de yerine konulursa :
o e_aZ.J‘ ¢% .Z(z)dz— Dole % — O‘ZJ‘ % Z(z)dz+ Do’.e” % = Z(2)

Simdi I F(z)dz ve I e% .F(z)dz, (3.63) denklemindeki F(z) ifadesinden giderek

hesaplanmalidir.x fonksiyonu katsayilar ayrik tutularak su integraller bulunacaktir :

— 20 z

1)_[( _az dz _Hl 2¢ %4 & )dz— z+i_a2—e2a

) [ {1 o) d= [ (5 24 9 t= &2z

3) .. (1— e * z)z.dz= _[(z— ze & Z)dz= St SR ——

4) .. eaz(l— e ¢ Z)z.dz= I (zeo‘z— z)dz= - Z?+ iea z_ ¢



2 —
7) _[ 02,2 = L gz 2; e *Z 2e :Z
o o o
73
8) J.e_a 272 dr= 3

-z — 20 7
9) .[( e Z) 0z s dr=-2 ] 24 lj+ ¢ z+ ~1—)
o o 2a 20

2 -z
—o 2}~ ¢z _ e
10) J. az) Az ldz= 4 S
2 (0 az

K, ve K, integral sabitleri olmak {izere (3.69) denklemi:
—e az[ E_[ e’ F(z)dz+ Leaz + K1}+ Ej F(z)dz+ —B-z+ K, (3.70)
a” o o o

(3.63) denkleminden giderek F(z) ifadesi :

- (1= o T {2 ki
F(z)~(l.e ){2x§2(ax bx”. Pw +2C8x ™

3}70 aPo)z .,
ox
2x3g (2- 3bx + xz; 9 (‘9&\2 - 2(1_ e—az)e—uzxigz(__
x 2 “ox|\ Ox J Y
—~ oz 0 0 2] —az 410 2
z(l— e ) 3{( g;)) (4— 5bx)+ ngli[%) l@ 22.e x;({%) +
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2 )
2 31 opo _’_‘_5(9’7_0) |
o {{ axj - 2&{ o }} 3.71)

[ e F(z)az= »3¢(2- 31 {%]2+i 0 (@9)2 ATl
e Flajdz=xG ¥ Ox 2€6 Ox o ‘ o
a 51’0)2( - oz e—az]_
C{ e + =
oy apg | 22z 4 e®
aTes e} 2m-2)
ICARER xs{{aﬂ)a = of(mf M, 2 o, 2]
y \ Ox 3 Ox 2 ox\ ox o o? o3

et oo 2] 16 (2 | 20 2.
Cz( apOJZI: ¢ z+ %)+ 6—22:- z+ 2—10;)}—

—e —e T - —+
dpo [ 2|l 3

x3 { poj 4 x 0 (apoj Z_ (373)
ox 204\ ox 3
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Sunlar koyalim:

2
awr-velereae( 2] e 2l(2a) | o0k e

2
4 _,(0p, 4’ K’
HZCX)=—J€?§ (axj ’Y27'I12m HZ()

2 2 242
H3(x)=—x3{[%") (1453t~ [@’f) J}-—Y‘ﬁi S o)
4 4p*n?
H4(X)=X—C(2;) = 2};2 2H4()

Y Y
a3 e

(3.74)
H;(x)=x’ 2(%%)

(3.70) denklemi

4 5 oz — 0z 2 — Oz
u=-e % ;{Hﬁx{e—— 22— }+H2(x{z—+ Loy f 5 J+
o o 2 o o

2 oz 3
z¢ z e z
+ Hy(x) = —+ ~e¥ -~ — |+ Hy(x) —+
3 "2t azJ 4(x) 3
z* w_ 22 o 2% p
+ Hs(x) —e™— e T |l =%+ K,
o o o a
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Z l)+ i(z+ lﬂe“""+
3 o) g2 a

[3 yerine konarak ve

— 20z
Glx,z) = E{Hl(x{ z— l+ {z+ l—je_az+ ¢ }—
o o o 200

2
1 1 3 — Az — Az
—Hz(x[z—+ Zy —+ 7 z+ z—je ““jle “ +

3 2
z z 2z 2 | _,4
= Hylx] =+ —+ =+ %+
J o o a3
3 2
z z 2z 2
+ H5(x - —t———%
3 [0 a~ a3)

ile gostererek :

. 5 o
uy= Glx,z)+ L(z— l)ﬂ— K * + K5
oRg 1 o/ Ox

yazilabilir,

K, (x) ve K, (x) sabitlerini bulmak igin:

(3.75)

(3.76)

(3.77)
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K~ Ky = G(x,0)— —"— %P1
Kie %= Ky = G(x,Q+ —— ¢ lj%
OCR()}J, a/ Ox

Buradan
K= — | 6(x,0)- Glx,8)- lg%—] (3.78)
e T " aRop " ox '
K, = L %G(x0)- G(x.0+ — (1— ot~ e““‘i)ia-p—lJ (3.79)

1— ¢~ %6 o’ Ro Ox
bulunur.

C=1-bx ve b= hoi ' % oldugunu hatirlatalim.

(3.40) denklemi

0, 2ph, oI, 2
ox  ymm ox  ynm\g3 2 x l—bx x—x x— xo

T} ile gosterilerek :

(Gpojz - 4u°n;

ox - ,Y2n2r-n2

B

Tl—i+ B, Db By, Py (3.81)

x> x2 x 1-bx x-x x—x

2 2,2

0 4uh
%{( P 0) }: 2“ 5 02 (- 27y1,) ile gosterilerek:
x|\ Ox Yo

2
T = 3—é—+ 2%+ %+ Db >+ Ey 5+ il 3 (3.82)
x X x (1- bx) (x— xl) (x— xz)

A,B,C,D, Ey, Fy, x|, xp katsayilar1 (3.42) denkleminden alinmaktadir.
1; ve T, notasyonu kullanilarak (3.74) denklemi s6yle yazilhr:

Hi(x)= x’CH[(- 1+ 30Ty ~ T3]

4
H’2(x) = —x;Clez
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H3(x)= - X’ R[(~ 1+ 50 T - 2% |
Hy(x) = x%@Tﬁ

Hy(x)= x’T,(21; - x1)

(3.25) denklemi:

(3.83)

R
27t—(-)~xJc uy.dz= 0 x=1igin p; =0
he
0
R :
2n—°xJT G(x,z)+ L(z— l)a‘ﬂ— Kije~ * + szl.d =0 (3.84)
hc 0 (X.Rol,l. o/ Ox
2 oz - oz — 20z
[6le,2d= M py(x] oo 2228~ 4 = 77|,
a 2 « o a2 402
2 -0z -0z | — oz
Hy(x) 2+ ZINEY Ay £ 4
2 o g2 4da 252 ) «
3 2 — oz
z —az) 3
Hy(x) - Z—(1+ e_a“)-i- —(1— 2e a‘)— ¢ +
| 6 2o o’ o’
3 2 — oz
] 2422, 62, 8 )=
3 o g2 o3 «a
4 3 2
H(x) 2,222 (3.85)
12 30 o2 3
m 1 6p1 m 1 2 6p1
L R - W ——| 2L (3.86)
Ry 1 o/ Ox 20Rgp o/ Ox
K
j—Kle—"zdz= S0z, f Ky.dz= Ky.z (3.87)
a

(3.84) denklemi su sekli alir:
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+Ky .6 =0 (3.88)

o] S8 25 4 o)y L o)

2 o o a? 4o

e e, 6 2 it { 2)51’1
HS(x){lz 3o o2 a3]}+ CTTINTA S

5 +
o o a” Ry Ox
- — o= e~ %%
C.e ac G(x’())_ C_, G(x,C)+ m C. (1 (X.C e ) apl _ O
1- ¢ %% - e % o Ryp 1- e %6 o
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Buradan :
apl_(x'RO_ 1 3 H( C C ZQC_GC 4(1 eaC) (1 e—ZaC)
o C.E (i_§_1+e“°‘€) al "2 @ o« o? 4o”
o \la 2 1-e%
2 ad —af —20f
Hy(x) 2= 26¢ 3(1 e %)+ i 13(1 e‘zaﬁ)}
| 2o o? o 4a? 20
g & o - o
H3(x~ - 20‘(1+e 0‘C)+ —a—z(l— 2e 0‘C)+ , (1— e C)}
e 202679 6z % 8 _
H4(x— 3a az a3 '(X—4(1— e aQ) +
SRS 1o )
+H. (x)‘;(lz T3 3]J+G(x,0{a l—e_ag]
1 g
_G(X’C(a - - e—aC)} (3.90)
Sunlar1 yazalim:
(%0 = 2 22 G/(x,0)
TERO
(3.91)
(2.0 = 2222 G(x,0)
TR 0
Burada
! 4 7 ! 2 14 2
G'(x,0)= = Hj(x)- — (x) — H3 (x)- —5 H, (x)- —5 s (x)
o o o
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3 2 ) )
@S- %2

a o o

(3.92)

Buna gore :

o _ hcz . 1

o  mwlRX (1 ¢ 1+e-°‘¢) o o
a 2 I-e™%

2a o? o 4 200

Hé(xﬁ CZ_e‘ OLC+ 2Ce“°‘C _3—(1_ e_o‘C)+ ge‘ZaC_ 13 (1_ e_2a€)

40

J_

) H}(x{c;z_?_ L 2t ) € "e“’“g)}

(3.93)

. 0 . .
Buna gore izleyen sahifelerde goriilecegi tlizere _6121_ degerleri, (x) 0,1 ile 1,0 arasinda
x

onda bir araliklarla degistirilerek hesaplanmis ve egrisi ¢izilmistir. Bundan sonra

integral alinarak, (x) igin aymi araliklarla hesaplanan p; degerleri giktida gosterilmis

ve egrisi ¢izilmistir. py degerleri ile kargilastirmak {izere p; degerleri onda bir

aralhiklarla asagidaki tabloda verilmistir.
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Table 3-3 b=0,2 i¢in % degerleri
x

X op,/0x
0.1 0,00176729924750
0.2 0,00023396156546
0.3 0,00007449508481
0.4 0,00003441955717
0.5 0,00001977476104
0.6 0,00001318513246
0.7 0,00000962168582
0.8 0,00000699001155
0.9 0,00000401759532
1.0 -0,00000168280504

Tablo 3-4 b=0,2 i¢in p; ve 0,574 p; degerleri

4

0,574p1

0,1
0,2
0,3
0,4
0,5
0,6
0,7
0,8

0,9
1,0

-0,928224689. 0~
-2,532663778. 07
-1,196415579. 07
-0,688839462. 07
-0,42843306. 07>
-2,67509675. 076
-1,54904709. 07
-0,72060381. 07°

-0,16173793. 076
0

-53,28009715. 07°
-14,53749009. 07°
-6,867425423. 076
-3,953938512. 070
-2,459205764. 070
-1,535505535. 07°
-0,889153029. 070
-0,413626586. 07°

-0,092837571. 078
0




—1 ! |

1

0.2 0.3

0.4 0.5 0.6

Sekil 3-3 2PL eprisi.
. Ox

Tablo 3-5 b=0.2 igin p; degerleri

X P,
0.1 -0,00009282246890
0.2 -0,00002532663778
0.3 -0,00001196415579
0.4 -0,00000688839462
0.5 -0,00000428433060
0.6 -0,00000267509675
0.7 -0,00000154904709
0.8 -0,00000072060381
0.9 -0,00000016173793
1.0 -0,00000000000096

0.7

0.8

0.9
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x 10

P1

_10 | 1 1 | | I
0.1 0.2 0.3 0.4 0.5 0.6 0.7

Sekil 3-4 p; egrisi

3.3.2 Kuvvet diizeltmesi

.2 10
* 2 m
FI = 21'ERO ——4— pl.x.dx
phc 0,1

Hesaptan goriilecegi lizere :

1.0
I prx.dx= 2,096092106107 °

0,1

Secilen tipik 6rnekte :

2R} "= 9251084136
ph,

Fy' = 9251084136~ 2,09609210610§) = - 1,9391124 N

0.8

0.9
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BOLUM 4. LITERATUR iLE UYUM

Bulunan sonuglarin literatiir ile uyum derecesini arastirmak igin, Gans ve
Peube ¢aligmalarina gore degerlendirme yapilacaktir. Hipotezler bakimindan Gans ile
olan farkimiz, eksenel hzin gozbniine alinmasidir. Bu da boyutsuz (3.19)
diferansiyel denkleminde, J= — ——an(;xz . Z—: ve I=- % I %dz terimlerinin
ilave edilmesi ile ifadesini bulmaktadir. Yalniz J nin gézéniine alinmasi ile bulunan
sonuglarin, / nin etkisi de katilirsa yaklagik 0,574 katsayisi ile carpilmasi gerekecegi
evvelce belirtilmisti. Bu her iki J ve [ terimleri kaldirilirsa, (3.19) denklemi,
Gans’in kullandigy diferansiyel denklem ile aymi olacagindan, aymi sonuglarin
bulunacagi asikardir. Gans, eksenel hizi hesaba katmadigindan, asil belirleyici
karsilagtirmanin, bu hizi gézdniine alan Peube ile yapilmas: gerektigi anlasilmaktadir.
Peube, basinglarin, Gans’in yaptig1 gibi sadece radyal koordinatin (7 veya x) degil,

aynt zamanda, az fark vermesine ragmen diigey koordinatin(y veya z) da

fonksiyonu oldugunu belirtmistir. Yalmz Peube, siur sartlarinin ige soktugu integral

sabitini gdzoniine almak mecburiyetinden kurtulmak igin tiirev deger —f lizerine
r

pq _ 2m
uho phe

islem yapmakta ve 4= degerinin pozitif veya negatif olmasi1 durumlarin

2] . e e s
ayirdederek, Fp pozitif veya negatif i¢in bazi sonuglar ¢ikarmakta ve yalmz
r

ceperdeki basing degerlerini vermektedir. Basing dagilimindaki hipotez farki
yiiziinden, saglikli bir karsilastirmanin, basinglar tizerine degil ve fakat radyal hiz

ilizerine yapilmas: icabettigi gerektigi boylece anlasilmaktadir. Peube paralel diskler

d .
lizerinde calistigindan, bu karsilagtirmada b= W degerinin sifir alinmasi lazimdir.
C

Asagida plak boyunca 10 noktada her iki teoriye gore, tipik Ornek igin, orta
diizlemdeki (z = %) , karsilastirmali radyal hiz degerleri verilmektedir:

4.1 Kullanillacak Formiiller

b=0--L=1vez= %igin:
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0
(3.40) formiiliinden % ve (3.36) denkleminden u elde edilerek
2

1 (1 J
- _ ¢ - 4.1)
u0 nﬁ—fx@(yx2+ bx— 1)L )

2 3978873582

yxz x?

ve tipik 6rnege uygulanarak : y= 0,502654824 ; o=

T o 42)
2/ 100mx(yx’ -1) 1= 2

bulunur.

u( x,%j ise (33),(34),(35),(36) ve (37) ifadelerinden tipik Ornek ig¢in MatLab ile

1
—) ve z( x,%j= 0,574(ug+ u;) degerleri ve

hesaplanarak, u((x,—l—) R ul(x,
2 2

diyagramlar ilerleyen sahifelerdeki gibi gosterilmistir.

Peube : Notasyon doniiglimi yapilarak :

.
A=PL_ 2 5y08 =2 =220y 2 200x
uh  ph, h -

Buna gore :

( 1) 5,968310366.10~%
ul x,—| =
X

(1+a) (4.3)

Burdaki o diizeltme terimi, Peube tarafindan :

2
g — i}r 9106104 —2 i} (4.4)

1127 2 1672\ r?

olarak verilmektedir. Peube, verdigi ifadelerin, ancak, pratik olarak asagidaki ii¢ sart

gerceklestigi takdirde, gecerli olabilecegini belirtmektedir :



41

1, ¢ok biiyiik ; akim laminer ; sinur sartlar: uygun olarak saglaniyor.

Ayrica tiirbiilans limitini [%) =22 olarak vermektedir.

r+
_ 9
Dolayisi ile o< -22+ 9,106.10 47 (22)2 = 0,087643776
112n 1672
- 510°
Bu limitten sonra | X > 0 22 =0,754

- 0,035525656 N 8,109058871.10" 3

x2 xt

ile hesaplanacaktir.

Bu neticeler, agagidaki tablo ve diyagramda gésterilmistir.

Tablo 4-1 b=0 i¢in u; degerleri

X Ug

0,1 0,01599589846456
0,2 0,00812103015409
0,3 0,00555653655890
0,4 0,00432682588250
0,5 0,00363804164657
0,6 0,00321294733375
0,7 0,00291434797512
0,8 0,00268215370947
0,9 0,00251160528940
1,0 0,00243004316314
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Sekil 4-1 ug e@ﬂsi

Tablo 4-2 b=0 i¢in »; degerleri

X u

0,1 -0,00264025249737
0,2 -0,00130212153167
0,3 -0,00085262103670
0,4 -0,00063322067518
0,5 -0,00050946816744
0,6 -0,00040198713011
0,7 -0,00027600484498
0,8 -0,00015780292364
0,9 -0,00007465611190
1,0 -0,00003039716494




x10
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U

-0.5

™

0.2 0.4

0.6

Sekil 4-2 u; egrisi

Tablo 4-3 b=0 i¢in 0,574 (up+u;) degerleri

X 0,574 (uotwy)
0,1 0,00766614078517
0,2 0,00391404354927
0,3 0,00270004750974
0,4 0,00212012938900
0,5 0,00179580117702
0,6 0,00161349115689
0,7 0,00151440895670
0.8 0,00144897735107
0,9 0,00139880882789
1,0 0,00137739680297




0,574(uq +uy)
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1

0 0.2

0.4 0.6

Sekil 4-3 0,574(ug+u;) egrisi

Tablo 4-4 b=0 i¢in orta diizlemde u degerleri

S.C.
u(x,0.5)

Peube
u (x,O.S)

0,1
0,2
0,3
0.4
0,5
0,6
0,7
0,8
0,9

1,0

7,666140785.107
3,914053549.107
2,70004751.107

2,120129389.107
1,795801177.107
1,613491157.107>
1,514408957.107
1,448977351.107
1,398808828.10~
1,377396803.107

6,491395.1073
3,245697.1073
2,163798.107
1,622848.1073
1,298279.107°
1,081899.107>
0,927342.1073
0,80222.107

0,700426.107
0,62287.107
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Ortalama degerler aranirsa :

S.C.

S —lae= 22715604110 3
(10 0.1) j{x )

Peube

(,0— 01)I( )dx"

3 -3 ’
+[ 0,802222-10 +0,700426.10° +°_’6£ZZ;1£_j 0,1} =1,560515958.107

0,7
1,087643776log x|0l +

Fark :

_ 1,560515958.10” 3
2,2715604110 3

Basing dagilimindaki farkl kabullere, gesitli yaklagikliklara ragmen, ayn yontemler

= %31

uygulayan bu iki metodun ortalama hiz degerleri birbirine yakin ¢ikmaktadir.
3
x10
8

u(x,0.5)

2 S.C 1

-—-_‘“E——-—
1t \\‘\Hﬁ» ~__Peube

—_———

0 1 A L 1
“ 0 0.2 04 0.6 0.8 1

Sekil 4-4 Kargilagtirmali u egrisi
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4.2 z Diizleminde Radyal Hiz Dagilim
Akimin laminer olmasi igin x> 0,8
x = 1,0 kesiti esas alinarak ve tipik 6rnek uygulanarak:

uy:  (3.36) denklemi:

Uy = —21'c&x2 apo(c. 1= e—O(Z_ z
hC aXK 1— e_ac

(3.43) formiiliinden:
dpg 1 1

0x o R_Z% x3§(yx2 +bx— l)

C

o= 3,978873582 ; (= 1-bx=1-0,2-1,0= 0,80

5 y= 0502654824

3
Bunlara gore: %: ~2,1297046210° 5
X
uo = 0,0133813280,83461- ¢ ) ] (4.5)

up . (3.77) denklemi:

u, = G(x,z)+ l (z—lj P _ K,e™ +K,
aRyu o/ Ox

opL
ox

Ty = —4,2038684 ; T,= 5480039118; H;(1,0)= 34,53712355;

= — 1,68280504.10" % (tablodan)

H5(1,0)= —90,0053533;  H3%(1,0)=—89,8773108;  H4(1,0)= 112,5066916;
H5(1,0)= 58,38238 ;  H(1,0) = 2,566495569.107" ;. H{(1,0) = 8,863937457.107"°
H,(1,0)= —2,3099834.10™ %; H3(1,0) = — 2,3066972.10" °;
H,(1,0)=2,887479255107; Hs(1,0)=1,49838127310" °;

G'(1,0,0) = 6,189255858; '(1,0;0,80) = 8,080781635

G(1,0;0) = 6,366197724.107%; .G'(1,0;0) = 0,039402026

G(1,0;0,80) = 0,051443853; K;=—0,01168018; K, =—0,05134794;

8= 986960439;

G(1,0;2)...(3.76) denkleminden &/ = 248050212,9
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Tablo 4-5 b=0,2 i¢in z diizleminde radyal hiz dagilim

Sekil 4-5 Radyal hiz dagilim1 egrisi

z up(1,0;2) | G(1,0;2) u1(1,0;2) 0,574(ug+ uy)
0 0 0,039402026 0 0
0,1 2,327919184.107 3| 0,043260905 | -8,1013718.10”° | 1,289723738.10" 3
0,2 3,452411673.107 3| 0,045884966 | -1,38238188.10"4 1,902335581.10° 3
0,3 3,768517094.107 3| 0,047739416 | -1,19617102.10 94 2,094468595.10" 3
0,4 3,541598453.107 3| 0,049105265 | -2,1671982.107 5 | 2,020437795.107 3
0,5 2,949910085.107 3| 0,050109445 | 9,6100787.10"° | 1,748410241.107 3
0,6 2,113192143.107 3| 0,050797268 | 1,53782234.10~ 4| 1,301243292.10 3
0,7 1,1118786.10"3 | 0,051210019] 1,08535.10~ 4 7,005174064.10™
t= 08 0 0,051443853 0 0

=0.8 , ,

0.7| |

0.6l |

0.5]. |

04l )

0.3} ]

0.2} ]

0.1} ]

0 L L ] 1

0 05 1 15 2 25
Lou
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15} \ ]

\
0.5}
\QJ 7y
~
0 _hxﬂ_%“‘_—————& .
/\b&Q\ ; .
N
-0.5¢ -1
-1 L L g L
0 0.2 04 0.6 0.8 1

Sekil 4-6 Basing diyagrami S.Cy

4.3 Basmg Diyagrami (Gans)

x G 10gx(-1— b) P, 1 11 }
pPo= - - -
nph) I=bx  o(1-bx)® 21-b)> 1-bx 1-b
6 wh, 10gx(1— b) 11 1,1 }
b= 1~ - -
Uz I-bx 91— px)® 2(1-p)? 1-bx 1-b
1
- ! >+ ! 2—44:3blogx+1———+
g 27 2 x“(1- bx)*  (1- b) x
1= 770
140 nszghCZL%IO -b 2 2 b b
81 bx 1-bx 1-b 2(1- bx)2 2(1- b)2
- ! 5+ L 2—4[{3blogx+ 1- l+ W
) 27 h02 x*(1- bx)*  (1- b) x $
1= T
140 72R?2 saplg Tl 2 2 b b
L Sl bx 1-bx 1-b 2(1- bx)2 2(1- b)z |




Tipik 6rnege uygulayarak :

49

b=0,2

x(1- ) 1 1

1

1

po= 7,639437268.10" {— log - +

p1 = 1,954051399.10° 6

- +
1- bx 2(1_ bx)2 2(1_ b)2 1-bx 1-54

1 1

1
+ - 42{ 3blogx+ 1- —+
J 2(1- )% (1- b)? x

|

1- 5 2b 2b b b
+ 3blog + + 5 >
1—» bx 1-bx 1-b 2(1- bx)”  2(1- b) J
x 10°
5 T T T T T | T T
p
_20 1 | | I [ | 1
0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9

Sekil 4-7 Basing diyagrami (Gans)
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Tablo 4-6 b=0.2 i¢in pg, p; (Gans) basing degerleri

X

bPo

I3

0,1
0,2
0,3
0,4
0,5
0,6
0,7
0,8
0,9

1,0

2,288585462.107°
1,710323389.107
1,349731389.107°
1,076861886.107
8,508691818.107°
6,534476779.107°
4,747251778.107°
3,087025898.10~°

1,514029027.1076
0

-1,83764775.107
-4,18153916.107°
-1,64068058.10~
-7,87903667.107
-4,13447201.107
-2,23185899.107
-1,17894957.107
-5,68101988.107

-2,08044007.1077
0

4.4 Basing Karsilastirmasi

Tablo 4-7 b=0,2 i¢in Kargilastirmali basing degerleri

S.C.
0,574( po+ p1)

Gans

Py + P

0,1
0,2
0,3
0,4
0,5
0,6
0,7
0,8

0,9
1,0

10,74967878.107>
3,000600869.107
14,67880594.1076
8,885481598.107°
5,951920525.107
4,180680697.107
2,960833838.107
1,998220607.1075
1,09054331310° 6

0

-1,6087892.107*
2,47121577.107°
-2,9136669.107°
2,88958219.1075
4,374219808.107°
4,302617789.107°
3,568302208.107°
2,51892391.107°

1,30598502.107°
0
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1.5

-1.5

Gans(pot p1)

! 1 A1 | ]

0.1

0.2

0.3 0.4 0.5 0.6 0.7

Sekil 4-8 Karsilagtirmali basing diyagrami

0.8

0.9
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SONUCLAR

Eksenel simetrik ve hafifce konik iki plak arasindaki radyal akimin
incelenmesinde Gans tarafindan kullanilan hareket denklemlerinde hizin eksenel
bileseni ise dahil edilmemisti. Bu bilesen de gtz 6niine alinarak yapilan analizde, bu
ytizden ilave edilen iki terimden 6nemli olan birincisi hesaplarda kullanilmig, daha az
onemli olan ikincisinin ters yonde etkisi, matematik giicliikler sebebi ile ancak
hesaplarin sonunda yaklasik olarak degerlendirilebilmistir. Sonugta, izin eksenel
bileseninin de gdzoniine alinmasi, basinglarda, Gans degerlerine gore yaklasik yiizde
kirk kadar bir artig saglamistir. Boylelikle, bu bilesenin ihmal edilmesinin saglikli
olmadig1 anlasgilmistir. Deneylerde, basit hesaplara gore, Gans tarafindan gézlenen iki

kat basing artisinin, kendisinin iddia ettigi gibi sadece, ¢ok kiiclik ve adeta yiizey

toleranst mertebesindeki 1,6.1 07> lik bir egime baglanamayacag: ve hareket
denklemlerinde hizin eksenel bileseninin ihmal edilmesi yiiziinden, basit hesabin,

basinci kiigiik gosterdiginin diistintilmesi gerektigi ortaya ¢ikmustir.
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EK. A : VISKOZ SIKISTIRILABILIR AKISKANLARIN SILINDIRIiK
KOORDINATLARDA DENKLEMLERI [7]

A.l Silindirik koordinatlarda esas denklemler

A.1.1 Siireklilik denklemi

_~6p+ V-(pg)=0
ot ( )

op, dpv) 18pve) Apvs) pv,

+ + 0 (A.1)
ot or r 09 0z r
Sikismaz akiskan i¢in : p= s
0 ov,
Oy AP e v (A2)
or roo oz r
A.1.2 Hareket denklemleri
%
’

Sekil A.1 Silindirik Koordinatlar
Sekil A.l de goriilen 7, 6, z silindirik koordinatlarda, atalet ve yiizey kuvvet
terimleri incelenecektir. Sekil A.2 deki ivme vektorii bilesenleri, yiikksek mertebe

terimler ihmal edilerek gdyle yazilabilir:

D
Do_ [ D, @), (D0, &, D, (a3
Dt Dt dt Dt d/) =~ Dt

. . - . do
Burada v, ,vg, v, hizbilesenleri ve i,,ig,i, birim vektorlerdir.vg = r—g yazarak

[0 ot 111 {5 B B

r

(A.4)
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vz

Sekil A.2 Silindirik eleman iizerinde hizlar

Yiizey kuvvetlerinin bilegkesini yazmak i¢in bir silindirik hacim elemani alahm:

< ds‘Aréz
0, ArA 288 > \_{/}}-\‘ 2872
0,gAraz48
o oy
- O;¢ArAz OrgArdz
Sekil 15 - s6
2

_ (c)
Sekil A.3 Silindirik eleman lizerinde gerilmeler
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r— 6 diizleminde, cgg Ar Az normal kuvvetleri, » dogrultusunda o©gg Ar Az AO
kuvvet bilesenlerini ve o,5 Ar Az  kayma kuvvetleri 0 dogrultusunda bir
c,9 Ar Az AB kuvvet bileseni verirler (Sekil A.3b ve Sekil A.3c). Boylece yiizey

kuvvetleri bileseni :

Fy = z',.(”p, dd - jjj"rﬁrdrdzde) +ie(ﬂpe A+ jjj%rdrdzde) +

+i,([[p, -da) (45)

Gauss diverjans teoremi uygulanarak :

O Gy P | C ) P S T P

(A.6)
burada: Py = i,0,,+igC,9+ i,0,,

Do = [,Cg, + igOgg + [;0¢;
Pz = 1y + 1909+ 1,0,

Hacim kuvvetlerinin bileskesi
Fg= JH(Z;XFJr igXg+ i, X,)dr (A.7)

Silindirik koordinatlarda hareket denklemleri:
ov, A 1 0vg N ov, Zd

V-g= A.8
4 or roe o0z r (A.8)
oldugu hatirlanarak™
2
S r 7| r Z r (A.9)
= pX, + acsrr 156,9 06y,  Op— Cpp
or r 69 oz r
I{Dve N v, vej 6(r c,e 6099 a(r 092)}_ Crg _
Dt oz r (A.10)
0 0og,
= pX g+ 220, lacee+ Se: 598
or r 00 0z r
* 1 hyhy A hyh A hhy, A
MEgrisel koordinatlarda V- 4= 6( 23 l)+ A 31 2)+ il 12 3)j|
hl h2 h3 L 6x1 axz 6x3

Silindirik koordinatlar i¢in

h1=1; ]’l2= r, h3=l; dxl=dZ; de= de, dX3= dr
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A
SIS
I
©
B

4 l[ drczr)_'_ 6629_'_ 8(}’0‘22)]=
7

or 00 0z (A11)

00 4y + 100, 00;; Oy

= pX,+ + +
- or r 09 Oz r

burada
D 0 0 vg O 0

—=—tV,—+ ———+V,— A.l12
Dt ot o r e oz (A12)

Gerilmelerle birim boy degisimi oranlar1 arasindaki bagntilar koordinat

sistemlerinden bagimsiz oldugundan, silindirik koordinatlarda g6yle yazilabilir:
2
Cpp == P+ 21E)p — 3 nv-q
2
Cep=—p+2uEge~ THV-q
2
O, =—p+2UE,;— ‘?;HV'(] (A.13)

C,0= WYy ©Coz:= HYPz Oz = KUYz

Birim boy degisimi oranlar1, egrisel koordinatlarda s6yle verilir:

109x, dx, oy 9x; Oy
lexl S + -+
hl 8x1 h1h2 6x2 ]’l3h1 6x3

_ LaqXZ + qX3 ah2+ qxl ahz
*2%2 hz 8x2 h2h3 6X3 h1h2 6x1

1 04y, dx, Ohy 9dx, Ohy
Eynxa = T + +
343 h3 6x3 h3h1 axl h2h3 8x2

’Y =£2_ 6(43:2 +h_1 a(qxl (A14)
2T pyoxy By )y oxp Ty '

hy B (qx3j+ hy 0 (qsz

Y = T
*2%3 hz 6X2 h3 h3 6x3k h2
b o[ ax) hy ofdx
Yx3x1 =7 + =
hyoxs\ by ) byox\ B
burada: g, gy, Ve gy, swastile x, x; ve x3 dogrultusunda hiz

bilesenleridir.

Silindirik koordinatlarda:



ov, 10vg v, ov,
= € = - =
Crr or 0~ e Gzz 0z
10 1ov ov
Yro= oy rﬁ(_‘ﬁ]: P Yo,
r 00 or\ r r 06 r or
ov 0
Yo: = r%"—e} 1ov; _Ovo, 107 (A.15)
oz\ r r 00 0z r 00
_ Pz, O
Y= 5 " &

Sekil 16 daki dolu ¢izgili alan, — 6 diizlemindeki orijinal eleman1 ve kesik ¢izgili

alan deforme seklini gostermektedir.

Sekil A.4 Eleman ve deforme sekli

Kayma deformasyonu orani:

(av,. ) (av(%)
AD Ar
00 0
N ) veAG: 10v, N dvg vg (A.16)

rA© Ar rA6 r 08 or v,

Y=

Ilk iki terim karteziyen koordinatlardaki gibidir; iglincii terim vg min r
dogrultusundaki hiz deformasyonuna katkisidir. Diger bes deformasyon oram bileseni
de benzer sekilde yorumlanabilir. Simdi denklemlerdeki gerilme - deformasyon orani
ifadelerini ve deformasyon oram - hiz gradienti bagntilarini hareket denklemlerine
tasirsak, silindirik koordinatlarda sikigtinlabilir viskoz akigkanlarin  hareket

denklemleri elde edilir:
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2
v
- o4 oo 053]
Dt r or Or r 00 r 00 or 7
. éz[ ,(Wr N ?Lj}, Z_H(QVL_ Lovy _ v_r]
15) Oz or r\or r 00 r

(A17)
{23__9] X 10, _Mzave - 2y, qn
Dt ro0 ro r 00 r
{{l@v Ovg veﬂ ;[(lév ﬁveﬂ
r 00 ar r 00 1574
+¢( ov, Bvg _ v_ej
r\r 09 or r
(A.18)
ov..
{sz)z X7_gg+%{ )2 2 ,qﬂg%“lijv_e]}
Dt - 3 r o r o6 oz
Al by
oz or
(A.19)

Bazi 6zel durumlarda denklemler su sekli alir:

Sabit viskoziteli, viskoz sikistirilabilir akiskan

D v ovg 10
p[ o GJ pX, — Z—p+ ;{Vzvr— Yr_ i—e+ ——(V. q):l

Dt r 72 2 00 3or

D 2 ov 110
(200 1, [ 20 112 ]

(A.22)
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Burada:
2 2 2
0
v2_ o 1o 106 o (A23)
or? ror ;2092 32
Viskoz sikistinilamaz akiskan p= s’ n= s
2
D v 0
Doy Y| x %, {Vzvr— Tr_ iﬁ) (A.24)
Dt r or 2 2 00
D ov,
L A s - ) e
Dt r r 00 #2090 r
Dv,
p=z= pX, - Ly uvdy, (A.26)
Dt B z
Viskoz olmayan akiskan
2
D v
Yol oy P (A27)
Dt r or
D
{_VL, V_rvijz Xq— ~ (A.28)
Dt r r 00
Dv, 0
0 Yz _ X, — P (A.29)
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Biytiklik
Yarigap
Aralik
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Kiitlesel debi

Viskozite

Yogunluk
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—_

NTL !

NTL 2

NT2[ 4
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