





ISTANBUL TECHNICAL UNIVERSITY % GRADUATE SCHOOL OF SCIENCE
ENGINEERING AND TECHNOLOGY

NEW EFFICIENT 2-D LATTICE STRUCTURES
FOR GENERAL AUTOREGRESSIVE MODELING

Ph.D. THESIS

Erdogan CAMCIOGLU

Department of Electronics and Communications

Telecommunications Programme

MAY 2014






ISTANBUL TECHNICAL UNIVERSITY % GRADUATE SCHOOL OF SCIENCE
ENGINEERING AND TECHNOLOGY

NEW EFFICIENT 2-D LATTICE STRUCTURES
FOR GENERAL AUTOREGRESSIVE MODELING

Ph.D. THESIS

Erdogan CAMCIOGLU
(504902018)

Department of Electronics and Communications

Telecommunications Programme

Thesis Advisor: Prof. Dr. A. Hamdi KAYRAN

MAY 2014






ISTANBUL TEKNIK UNIVERSITESI % FEN BILIMLERI ENSTITUSU

GENEL OZBAGLANIMLI MODELLEME iCIN
YENI ETKIN 2-B KAFES YAPILARI

DOKTORA TEZI

Erdogan CAMCIOGLU
(504902018)

Elektronik ve Haberlesme Miihendisligi Anabilim Dah

Telekomiinikasyon Programi

Tez Damismani: Prof. Dr. A. Hamdi KAYRAN

MAYIS 2014






Erdogan CAMCIOC}LU, a Ph.D. student of ITU Graduate School of Science Engi-
neering and Technology 504902018 successfully defended the thesis entitled “NEW
EFFICIENT 2-D LATTICE STRUCTURES FOR GENERAL AUTOREGRES-
SIVE MODELING”, which he/she prepared after fulfilling the requirements specified
in the associated legislations, before the jury whose signatures are below.

Thesis Advisor : Prof. Dr. A. Hamdi KAYRAN ...
Istanbul Technical University

Jury Members : Prof. Dr. M. Ertugrul CELEBI ...
Istanbul Technical University

Prof. Dr. §. Serhat SEKER ...
Istanbul Technical University

Prof. Dr. Aysmn ERTUZUN ...
Bogazici University

Prof. Dr. Aydin AKAN
Istanbul University

Date of Submission : 12 March 2014
Date of Defense : 15 May 2014



Vi



vii

To my spouse and children,
Tuba, Atakan and Onur



viil



FOREWORD

After more than 10 years of interruption, it was not easy to complete this Ph.D. program
and be a full-time employee at the same time. Which made it even more difficult for
me was my yearning for my family. I would like to express my deep appreciation for
and thanks to my advisor Prof. Dr. Ahmet Hamdi Kayran, for his patience, assistance
and invaluable help throughout the thesis. I would not have finished it without his
guidance, his encouragement and his support. I was lucky to have the opportunity and
privilege to work with him.

I also would like to thank Prof. Dr. Aysin Ertiiziin for providing constructive comments
and help in improving the contents of this thesis.

May 2014 Erdogan CAMCIOGLU
M. Sc.

ix






TABLE OF CONTENTS

Page
FOREWORD . IX
TABLE OF CONTENTS . XI
ABBREVIATIONS v XV
LIST OF TABLES <. XVil
LIST OF FIGURES . . . . ee XXI
LIST OF SYMBOLS..... . XXXV
SUMMIARY ...ouiiiiiiinninnninsnisssncsssisssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssss Xxxvii
OZET XXXiX
1. INTRODUCTION ..... . . . . wo 1
1.1 Literature REVIEW .......coccueiiiiiiiiiiiiiiieiieeeceee et 2
1.2 PUIPOSE Of TRESIS .eeuvvieeniiieiiiiieiiieeiieeeiee ettt ettt ettt 6
1.3 Outline Of TRESIS ..ccuveeuiiiiieiieiieeee ettt 7

2. AUXILIARY HORIZONTAL AND VERTICAL PEFs FOR A
RECTANGULAR PSR w 9
2.1 PUIPOSE ..ttt 9
2.2 1-D Lattice Structure OVEIVIEW .......ccccueeeriiieriieiniiieniieenieeeieeesieeeireeseee e 9
2.3 Theory of the Proposed 2-D Lattice Structure ............cceevveeevveenieeenieenieeenne 12
2.3.1 Auxiliary vertical forward PEFS...........cccccoiiiiiiiiiiiieeeee e 16
2.3.2 Auxiliary vertical backward PEFS..........ccccccociiiiiiiininiiiceccee 17
2.3.3 Auxiliary horizontal forward PEFs ...........ccccoooiiiiiiiniiie, 18
2.3.4 Auxiliary horizontal backward PEFs............ccccccooiiiiiiinin, 19
2.4 Augmentation PrOCESS .......cccviiiiiiiiiiiiieiiceces et 20
2.5 Initial First Order Stage .........cooveeeuieeriieeiiieeiee ettt 22
2.6 Horizontal Augmentation of the PSR..........ccoccoiii 26
2.7 Vertical Augmentation of the PSR ... 33
2.8 Application of the Vertical and Horizontal Augmentation Methods.............. 40
2.8.1 Application of horizontal augmentation............ccceceeevveeniieeenieenieeennnen. 42
2.8.2 Application of vertical augmentation ..........c.cccecueevieeneeniersieeneeneeneenn 48
2.9 Summarize of Augmentation Method ..........cccceeeviieriiiiniiieeiiienee e 52
3. PROPOSED GENERAL 2-D LATTICE FILTERS. .... .. 55
BT PUIPOSE .ttt ettt ettt e s et e et e e e 55
3.2 Quarter-Plane MoOdelS.........uuveeieiiiiiiiiiiiiiieeeeeeeeeeeeeeee e 55
3.2.1 Quarter-Plane 2-D lattice models of the PSR S,(C’ll’o) ............................... 60
3.2.2 Quarter-Plane 2-D lattice models of the PSR S,(jl’z) ............................... 63
3.3 Asymmetric Half-Plane Models ..........c.ccooviiniiiiniiiniiiiiieceeeeeeeee 68
3.3.1 General case of ASHP models using vertical PEFs .........c..ccccooceeiee 69

xi



3.3.1.1 Type-1 ASHP mMOdels .....cccovviriiiiiniiiiieieccceeceee e 69

3.3.1.2 Type-2 ASHP models .........cccoovuiriiiiiiiiniiiiiiiiiiiciceceecee 72
3.3.2 General case of ASHP models using horizontal PEFs............cc........... 75
3.3.3 Application examples of the ASHP 2-D lattice models ...........c.cceune.e. 79

3.3.3.1 ASHP 2-D lattice models of the PSR S ...occcccrcvrcrsccsvrsrs 80

3.3.3.2 ASHP 2-D lattice models of the PSR S ..ccocecercrrceresorsrr 84

3.3.3.3 ASHP 2-D lattice models of the PSR S{ ;") ....ccccevrcrrcrrmsrrirnn 87

3.3.3.4 ASHP 2-D lattice models of the PSR S .........o...ovvvivierr 97

3.4 NonCausal Half-Plane Models............ccoccueenneennn. e 107
3.4.1 General case of noncausal half-plane models using vertical PEFs ........ 108
3.4.2 General case of noncausal half-plane models using horizontal PEFs.... 111
3.4.3 Application examples of the NC half-plane 2-D lattice models............. 114

3.43.1 NC half-plane 2-D lattice models of the PSR S{;%) ....ococcoovverec 114

3.4.3.2 NC half-plane 2-D lattice models of the PSR S{;”) ...ccc.ccovcvree 115

3.5 Unification of All Prediction Models ..........ccccoocieiiiviiiiiniininiiiniiienicice 121

3.6 Stability of All Prediction MOdelS.........cccueieiriiiiiiiiiieieiieeeiieeeeeee e 123

3.7 Complexity Comparisons of the Proposed Method..........ccc.ccoceeriieiiiniennins 124

4. RELATIONSHIP OF THE LATTICE MODEL PARAMETERS TO THE

TRANSFER FUNCTION.. . ceeesessnnesnenes 127

4.1 2-D Levinson Algorithm by using Matrices..........cocceevueenveneerieeneeneennennnenn 129
4.1.1 Coefficient matrices at the initial Stage..........cceevveerveeeriieeriieiniieeieeeee 131
4.1.2 Coefficient matrices of the horizontal augmentation after the initial

SEAZE .ttt 134

4.1.3 Determination of coefficient matrices for the further augmentations..... 140
4.1.3.1 Coefficient matrices of the PSR S,(Cll D after vertical augmentation . 140

4.1.3.2 Coefficient matrices of the PSR S,((zl’l) after horizontal augmen-

L2211 ) | RO O TP PO P P PRTPOROPPRRTP 144
4.1.3.3 Coefficient matrices of the PSR S](CZI,Z) after vertical augmentation . 146
4.2 Transfer Functions of the Proposed Lattice Prediction Models ..................... 149
4.2.1 Transfer functions of the QP prediction error fields............ccoceerneenne 149
4.2.2 Coefficient Matrices of ASHP Prediction Error Fields ............coccc...... 153
4.2.2.1 Coefficient matrices of type-1 ASHP models using horizontal
PEFS .. 154
4.2.2.2 Coefficient matrices of type-2 ASHP models using horizontal
PEFS ..o 156

4.2.2.3 Coefficient matrices of type-1 ASHP models using vertical PEFs.. 158
4.2.2.4 Coefficient matrices of type-2 ASHP models using vertical PEFs.. 160
4.2.3 Coefficient matrices of NC half-plane prediction error fields................. 161
4.2.3.1 Coefficient matrices of NC half-plane models using vertical PEFs 161
4.2.3.2 Coefficient matrices of NC half-plane models using horizontal

PEFS ..o 163

5. NUMERICAL EXAMPLES ......coinvininrnnnnissensansssissnssssssessssssssssssssssssssssssssssssns 167
5.1 Example 1: AR Data Field with the (4,4)th order..........ccceoeeeeinieeireeenns 168
5.1.1 Augmentation application sequences: Choice [ .........c.ccoovveeviiiinniennneen. 171

Xii



5.1.1.1 Horizontal augmentation applied: Obtained PSR S,(cll’o) .................. 171
5.1.1.2 Vertical augmentation applied: Obtained PSR S,(Cll’l) ....................... 171
5.1.1.3 Horizontal augmentation applied: Obtained PSR S,(Czl’]) .................. 177
5.1.1.4 Vertical augmentation applied: Obtained PSR S,(czl’z) ....................... 180
5.1.1.5 Horizontal augmentation applied: Obtained PSR S,(fl’z) .................. 182
5.1.1.6 Vertical augmentation applied: Obtained PSR S,(jl’s) ....................... 188
5.1.1.7 Horizontal augmentation applied: Obtained PSR S,(fl’3) from S,E3l’3) 193
5.1.1.8 Vertical augmentation applied: Obtained PSR S,(<31’4) from S,(fl’S) ..... 205
5.1.2 Augmentation application sequences: Choice II...........ccocvvevviennnnnnen. 213
5.1.2.1 Vertical augmentation applied: Obtained PSR S,(Col’l) ....................... 213
5.1.2.2 Horizontal augmentation applied: Obtained PSR S,(Cll’l) .................. 216
5.1.2.3 Vertical augmentation applied: Obtained PSR S,(Cll’z) ....................... 219
5.1.2.4 Horizontal augmentation applied: Obtained PSR S,(Czl’z) .................. 219
5.1.2.5 Vertical augmentation applied: Obtained PSR S](ff) ....................... 228
5.1.2.6 Horizontal augmentation applied: Obtained PSR S,(ff) .................. 234
5.1.2.7 Vertical augmentation applied: Obtained PSR Sz’? from S,({3l’3) ....... 236
5.1.2.8 Horizontal augmentation applied: Obtained PSR S,(<41’3) from S,(<3l’3) 249
5.1.3 Discussion of eXample 1.........ccocveeiiieiiiieniiieeieeriee e 257
5.2 Example 2: AR Data Field with the (4,4)th order..........cccoeceeeneerneennnene. 259
5.3 Example 3: AR Data Field with the (4,4)th order..........cccocevevineineneennne. 263
5.4 Example 4: AR Data Field with the (3,3)th order..........cccoceceeereerrieenennnen. 269
5.5 Example 5: Finding Real Sinusoidal Peaks............ccocceoiiiiniiiiniiniiineene 2717

5.5.1 Data field of size 65 x 65 consisting of two 2-D sinusoids in noise ...... 277
5.5.2 Data field of size 13 x 13 consisting of two 2-D sinusoids in noise ...... 281

5.5.3 Data field of size 7 x 7 consisting of two 2-D sinusoids in noise .......... 283
5.5.4 Discussion of eXample S.........covvuiiiiiiiiiiiiiniieieeiee e 283
5.6 Example 6: Finding Complex Sinusoidal Peaks ............cccceevvieriiieiiiiennnnnne. 289
5.7 Example 7: Finding Complex Sinusoidal Peaks ..........ccccccoceeiiininiininnns 292
5.8 Example 8: ARMA 2-D Models Simulations .............cceeeveevvieenieeiiieenieennne 296
5.8.1 ARMA 2-D models simulation 1 ...........cccceeviiiiiiiiiniiiniiieeeeniceee 296
5.8.2 ARMA 2-D models simulation 2 ............cccceeviiiiniiiinniienieeieeeeeeeen 298
5.8.3 ARMA 2-D models simulation 3 ...........cccceeviieiiinieniinienieceenecneeene 301
5.8.4 Discussion of eXample 8..........cccveeriiieiiieriiieeieesee e 303
5.9 Discussion of EXamPIes .........cccerviieiiiiiiniiiiieienccieeecseeeeeeesee e 304
6. GENERAL ORTHOGONAL 2-D BASES VECTORS AND ENTROPY
RELATIONS OF 2-D LATTICE FILTERS....... . ...305
6.1 General Orthogonal 2-D Bases VECIOIS........ccceevveriieiienienieeiieeeneceieeeeens 305
6.2 Entropy Relations of 2-D Lattice Filters ..........cccocverviiiniiiiniiienieecieeeee e 310
6.2.1 Entropy calculation examples for the proposed 2-D lattice filter-........... 313

6.2.1.1 Entropy calculation for S,(CIZ’O)

xiil



(0,1)

6.2.1.2 Entropy calculation for § K e s 318

6.2.1.3 Entropy calculation for S,(:l’l) ........................................................... 320
Entropy calculation for the first scanning way ..........ccccceeveeernieenneennne. 321

Entropy calculation for the second scanning way ........c.cccccceeeeervieenenee. 323

6.2.1.4 Numerical example for entropy calculation.............ccecceeevveeruneenee. 326

6.2.1.5 Discussion of eXample..........cccervieeniiiiiieinieciiieeiee e 328

7. CONCLUSIONS ...ccoutininnennnsnessssssessssssnssssssnssssssssssesssssssssassasssassasssassasssassssssassss 329
REFERENCES... . cesseesnessnesnessessasanee 333
APPENDICES ...cuuiiiiitintinnnnnnicsnensnssssnsssesssesssassssssssesssssssssssssssssssssssssssssssssasssses 339
CURRICULUM VITAE . . cesseesnesseesnesessassaee 364

Xiv



ABBREVIATIONS

1-D
2-D
AR
ARMA
ASHP
FFT
IR
ISAR
NC
PES
PEF
PSR
QP
SAR
SNR
VLSI

: One-Dimensional

: Two-Dimensional

: Autoregressive

: Autoregressive Moving Average
: Asymmetric Half Plane

: Fast Fourier Transform

: Infinite Impulse Response

: Inverse Synthetic Aperture Radar
: Noncausal

: Prediction Error Sequence

: Prediction Error Field

: Prediction Support Region

: Quarter Plane

: Synthetic Aperture Radar

: Signal to Noise Ratio

: Very Large Scale Integration

XV



XVi



LIST OF TABLES

Page
Table 3.1 : The choice of constant matrices II; ve ¥; for the 2-D

causal/noncausal prediction models using the vertical auxiliary

PEFs for a PSR S,((?;I’N). For horizontal auxiliary PEFs M wil be

replaced With V. ......oooiiiiii e 122
Table 3.2 : Complexity Comparisons for the QP Model 2-D Lattice Filters

with N2 + 2N Points in the PSR, 5}’ and for the ASHP Model

2-D Lattice Filter with 2(N? +N) points in the PSR, S ... 125
Table 4.1 : Augmentation and Shifting Operations for the Coefficient Matrix

C ) e 129
Table 5.1 : Reflection Coefficient Values and the Coefficient Matrices for the

initial first OTder SLAZE. ....cuveevvieiriiieeiie ettt e ens 170
Table 5.2 : Lattice Reflection Coefficients and the Coefficient Matrices for the

PSR S,(Cll’o) in Example 1, by Choice L. ......cccoooiiiiiniiiiiiiincceees 171
Table 5.3 : Lattice Reflection Coefficients and the Coefficient Matrices for the

PSR St/ in Example 1, by Choice L. .....oovecoeerscereeeesoees oo 173
Table 5.4 : Lattice Reﬂection Coefficients and the Coefficient Matrices for the

PSR Slgzl’l) in Example 1, by Choice L. ......ccccooviiiiiniiiiiiiiiceees 177
Table 5.5 : Lattice Reflection Coefficients and the Coefficient Matrices for the

PSR S;”) in Example 1, by ChOICe L wo.vcvrerrerservrrsnscrsnssrscn 181
Table 5.6 : Lattice Reflection Coefficients of the PSR S,(jl’z) in Example 1, by

CROICE L oot et 182
Table 5.7 : Coefficient Matrices of the Horizontal and Vertical PEFs of the

PSR S,(jl’z) in Example 1, by Choice L. ......ccccooiiiiiniiiiiiiiiiees 187
Table 5.8 : Lattice Reflection Coefficients of the PSR S,(jf) in Example 1, by

CROICE L ettt e aee e 188
Table 5.9 : Coefficient Matrices of the horizontal and vertical PEFs of the PSR

S](jl’3) in Example 1, by Choice L. ......coccoeiviiiiiiiiiiie 192
Table 5.10: Lattice Reflection Coefficients of the PSR S,(:f) in Example 1, by

@] 1 10) 1o S USRS 197
Table 5.11: Coefficient Matrices of the horizontal and vertical PEFs of the PSR

(43) .

Sk,l I EXampPle 1. oo 198
Table 5.12: Coefficient Matrices of the last vertical PEFs of the PSR S,(jl’3) in

Example 1, by Choice L.......ccccooiiiiiiiiiiiiiceeeceeee e 199
Table 5.13: Lattice Reflection Coefficients of the PSR 51(3174) in Example 1, by

CROICE L.t 205

Xvil



Table 5.14:

Table 5.15:

Table 5.16:

Table 5.17 :

Table 5.18:

Table 5.19:

Table 5.20:

Table 5.21:

Table 5.22:

Table 5.23:

Table 5.24 :

Table 5.25:

Table 5.26:

Table 5.27 :

Table 5.28 :

Table 5.29:

Table 5.30:

Table 5.31:

Table 5.32:
Table 5.33:

Table 5.34:

Table 5.35:

Table 5.36:

Coefficient Matrices of the horizontal and vertical PEFs of the PSR

Si7” in Example 1, by CHOICE L .ocvoevererscrscvsosnssorsessesscss 206
Coefficient Matrices of the last horizontal PEFs of the PSR S,(jl"‘)
in Example 1, by Choice L.......ccccoiviiiiiiiiiiiiiieeeeeee e 207
Lattice Reflection Coefficients and the Coefficient Matrices for the
PSR S\ in Example 1, by Choice T .....occcccccoeeverrsrovoeessroenn 214
Lattice Reflection Coefficients and the Coefficient Matrices for the
PSR S{ in Example 1, by Choice IT........ooocoooovoeeooeesoersnnoes 216
Lattice Reflection Coefficients and the Coefficient Matrices for the
PSR 5t in Example 1, by Choice IL......occcccccoervverrreroerssoeen 220
Lattice Reflection Coefficients and the Coefficient Matrices for the
PSR S\%?) in Example 1, by ChOice TL.....ooccoosecerseeesoeernersneee 223
Lattice Reflection Coefficients of the PSR 51(6721,3) in Example 1, by
ChoiCe IL....coiiiiieee e 228
Coefficient Matrices of the horizontal and vertical PEFs of the PSR
S,(jl’z) in Example 1, by Choice IT.......cccceeiiiiiiniiniiiiciceneceee 229
Lattice Reflection Coefficients of the PSR S,(jl’z') in Example 1, by
L3 10) 11N 1 DRSSPSR 234
Coefficient Matrices of the horizontal and vertical PEFs of the PSR
S,(jf) in Example 1, by Choice I.........cccooviiiiiiiiniiiiiieeeieeeeee 235
Lattice Reflection Coefficients of the PSR S,SZA) in Example 1, by
ChoiCe IL.....coiiiieee s 240
Coefficient Matrices of the horizontal and vertical PEFs of the PSR
Si7”) in Example 1, by ChOICE L. .vvvrerervrvrvscnsvnscsnsesnrn 241
Coefficient Matrices of the last horizontal PEFs of the PSR S](SZA)
in Example 1, by Choice IL. .......cccoociiiiiiiiiiiiieeeieeeeeeeee e 242
Lattice Reflection Coefficients of the PSR Sl(:lﬁ) in Example 1, by
ChoiCe IL.....ooiieieee s 249
Coefficient Matrices of the horizontal and vertical PEFs of the PSR
St5Y) in Example 1, by ChOICE I .vvevrerrervrevrevscnscnscsnsnsnsn 250
Coefficient Matrices of the last vertical PEFs of the PSR S,(jl’3) in
Example 1, by Choice IL. .......coovuiieiiiiiiiiieieeieeeee e 251
Comparison by Itakura’s LPC distance measures of the 2-D lattice
filters from the Choice I augmentation direction. .........cc.cccceeueerueennne 258
Comparison by Itakura’s LPC distance measures of the 2-D lattice
filters from the Choice II augmentation direction..............cccecveeeveennns 258
Comparison by Itakura’s LPC distance measures in Example 1......... 258
Coefficient Matrices of the filters from the vertical PEFs of the
PSR S 00 EXAMPIE 2. 261
Coefficient Matrices of the filters from the vertical PEFs of the
PSR St in BXAMPIC 2...vvvvvoeooveeeeeeeoeessee oo 261
Compafison by Itakura’s LPC distance measures of the 2-D lattice
filters in EXamPIe 2. ....coooviiiiiieiiieeieeeeeee e 263
Coefficient Matrices of the filters from the vertical PEFs of the
PSR S} i EXAMPIE 3ottt 267



Table 5.37:

Table 5.38:

Table 5.39:

Comparison by Itakura’s LPC distance measures of the 2-D lattice

filters in EXample 3. .....cooiiiiiiiiiiiieeeeeee e 267
Coefficient Matrices of the filters from the vertical PEFs of the
PSR S in EXAMPIE 4.....oooeocooeeeeoeeeeee oo 272

Comparison by Itakura’s LPC distance measures of the 2-D lattice
filters obtained from the vertical PEFs of the PSR S,(i"z) in Example 4.272

Table 5.40: Coefficient Matrices of the filters from the horizontal PEFs of the

PSR S in EXAMPIE ..ottt 273
Table 5.41: Comparison by Itakura’s LPC distance measures of the 2-D lattice

filters obtained from the horizontal PEFs of the PSR S](<’2173) in

EXAMPIE 4. ..ot e 275
Table 5.42: Comparison by Itakura’s LPC distance measures of (3,3)th order

stage filters in Example 4.........cccooviiiiiiiiiiiiiicee e 276
Table 5.43: Coefficient Matrices of the first-quadrant QP filters for two

sinusoids buried with white noise in Example S...........cccccoeviiennnee. 278
Table 6.1 : Input and backward prediction error entropies for the proposed

JattiCe SIIUCTUTES. ..eouveiuriiiieeireeieeteeeite ettt 327
Table A.1 : Some definitions for expected values. .........cccceeveercieeeiieenciieeieeeiee 341
Table A.2 : Some useful rules for derivations. ............coeceevienieniiienienieeeeeeee 341

Xix



XX



LIST OF FIGURES

Figure 2.1

Figure 2.2 :

Figure 2.3
Figure 2.4
Figure 2.5
Figure 2.6
Figure 2.7
Figure 2.8

Figure 2.9

Figure 2.10:
Figure 2.11:
Figure 2.12:
Figure 2.13:
Figure 2.14:

Figure 2.15:

Figure 2.16:
Figure 2.17:

Figure 2.18:

: Definition

Page
: The augmentation of the PSR 1-D lattice stages (a) nth order case;
(D) (4 1)th Order CaSe. .....c.evvrueuireeieirieieieie e 10
Single stage lattice filter from the (n)th order case to the (n+ 1)th
OTAET CASE. ..ttt ettt ettt ettt e s e e 12

: Definition of the auxiliary vertical forward/backward PEFs for

the rectangular PSR S(p D) e 13

: Definition of the auxﬂlary horizontal forward/backward PEFs for

the rectangular PSR S(p D) e

of the auxiliary vertical and horizontal
forward/backward PEFs for the rectangular PSR S (p L= 15

: Projections of the auxiliary vertical forward PEFs for the PSR

(p—1,4-1)
Sk,z

: Projections of the auxiliary vertical backward PEFs for the PSR

(p—1,q-1)
Sk,l

: Projections of the auxiliary horizontal forward PEFs for the PSR

(p.q)
Sk,l

: Projections of the auxiliary horizontal backward PEFs for the

PSR S et e 19
Definition of the row and column vector including new
observations demonstrated in black boxes by using the PSR notation. 20

The rectangular-shaped PSR augmentation for (2,2)-th stage order. 21
Augmentation on the PSR; a) Horizontal; b) Vertical. ...................... 21
[lustration of the auxiliary vertical and horizontal for-
ward/backward PEFs for the initial first-order stage. ..........ccccceeueeneee. 22
Simple illustration of auxiliary vertical and horizontal for-
ward/backward PEFs of initial Stage..........cccceevveeviieeiieeniieeieeeies 23
Two sets of 1-D lattice filter sections for the initial first-order
stage. The block is denoted as .7 (0,0)......c.ccevverireennecnneeneeenn 25
Definition of the horizontal line vector PSR S,EOl’q). ........................... 26
The horizontal augmentation of the PSR. Sl(ﬁ’q_l) =
Lg—1); | o(0,g—1) (P
p - USk ;]91 . ;H)(k ) and el(,i({)(k,l) are. the
new auxiliary vertical forward/backward PEFs, respectively.
S,(&i;]) = Span{y(k—p,l —i);0 <i< g} consists of the new
past observations for this Stage. .........cceeveeeriiiiriiiieriieiieeee e 27
Definition of the auxiliary horizontal forward/backward PEFs in
case of the horizontal augmentation. ...........cccoecveeevriiieeerniiiee e 28

xXxi



Figure 2.19:

Definition of the auxiliary vertical forward PEFs in case of the

horizontal AUZMENTALION. ..........eeriuiiiiiiiriieiiee e 30
Figure 2.20: Definition of the auxiliary vertical backward PEFs in case of the
horizontal AUZMENTAION. ..........eeviuiiiiiieeiieeriee et 30
Figure 2.21: Generation of the horizontally augmented auxiliary PEFs [], =
[0 --- 0 1] is the pointing vector, and e(P4) = [&(r:4) : e;’i’ql)]T ........... 33
Figure 2.22: Definition of the vertical line vector PSR S,(( f PO) e 34
Figure 2.23: The vertical augmentation of the PSR. S,(fl_m) =
p La=1) USkpl_1 o), réﬁ"f)(k,l) and 7 ( )(k l) are the new
aux111ary horlzontal forward/backward PEFS respectively.
S,(flilq’o) = Span{y(k—i,l —q);0 < i< p} consists of the new
past observations for this Stage. ........cccevvveercieeriieeniie e 34
Figure 2.24: Definition of the auxiliary vertical forward PEFs in case of the
vertical auZMENTAtION. .......oc.eevieriieiiieiienteeee et 35
Figure 2.25: Definition of the auxiliary vertical backward PEFs in case of the
vertical auZMENtAtioN. .......ccecveeeriieeiieerieeeiee e eee e ereeeseeesaee e 36
Figure 2.26: Definition of the auxiliary horizontal forward/backward PEFs in
case of the vertical augmentation...........c...cecveeveenienieeneeneeneenneeeen 37
Figure 2.27: Generation of the vertically augmented auxiliary PEFs [], =
[0 --- 0 1] is the pointing vector, and r(Pa) = [f'(f”’q) : r((ﬁ‘l’)]T ............ 40
Figure 2.28: The basic augmentation schemes for the 2-D PSR.................c...c...... 41
Figure 2.29: The basic example of obtaining QP, ASHP and NC half-plane
models from the 2-D PSR. ... 42
Figure 2.30: Auxiliary vertical and horizontal forward/backward PEFs of the
) R 43
Figure 2.31: Auxiliary vertical (a) forward and (b) backward PEFs of the PSR
UL e 43
k.l
Figure 2.32: Auxiliary horizontal (a) forward and (b) backward PEFs of the
) 46
Figure 2.33: Auxiliary vertical and horizontal forward/backward PEFs of the
PSR S e 48
Figure 2.34: Auxiliéry vertical (a) forward and (b) backward PEFs of the PSR
S e 49
k.l
Figure 2.35: Auxiliary horizontal (a) forward and (b) backward PEFs of the
) LR 50
Figure 3.1 : Generalized QP model 2-D filters for the PSR 5"/ ""~"............. 56
Figure 3.2 : The vertical PEFs for the first- and second-quadrant QP models
e ) 56
Figure 3.3 : The horizontal PEFs for the first- and second QP models of the
PSR ST T sttt 58
Figure 3.4 : The vertical PEFs of the PSR S,({}l’o). .................................................. 60

Xxii



Figure 3.5 : The auxiliary vertical and horizontal forward/backward PEFs of
the PSR S oo
Figure 3.6 : The construction of auxiliary vertical first-quadrant QP PEF
e(QS;,?)(k, [) by predicting the first auxiliary vertical PEF 653’3) (k,1)
from the remaining vertical PEFs, ) (k,1), e§3’3) (k,1), and
S ed (0 ) IO
Figure 3.7 : Generalized ASHP Type-1 and Type-2 model 2-D filters for the
(M—1,N—1)
PSR S, e,
Figure 3.8 : Type-1 ASHP model construction by using auxiliary vertical
PEFSs of the PSR S N1 e
Figure 3.9 : Type-2 ASHP model construction by using auxiliary vertical
PEFs of the PSR S ™M™ e
Figure 3.10: Type-1 ASHP model construction by using auxiliary horizontal
PEFs of the PSR S "™ e
Figure 3.11: Type-2 ASHP model construction by using auxiliary horizontal
PEFs of the PSR S "M ™1 e
Figure 3.12: Type-1 ASHP Ilattice model from the corresponding auxiliary
vertical PEFs of the PSR S,(czl’o). ..........................................................
Figure 3.13: The construction of type-1 ASHP PEF e/(fél[ljpl ,(k,1) by predicting
the second auxiliary vertical PEF egz’l) (k,I1) from the vertical PEF
(2,1)
€3 (K L)
Figure 3.14: Type-2 ASHP lattice model from the corresponding auxiliary
vertical PEFs of the PSR S _...oooooooooooeeeeeeeeeeeeeeee
Figure 3.15: Type-1 ASHP lattice model from the corresponding auxiliary
horizontal PEFs of the PSR S, ..........coocovvvommmiioeesssoeesseoeee
Figure 3.16: Type-2 ASHP lattice model from the corresponding auxiliary
horizontal PEFs of the PSR S,({Oiz) .......................................................
Figure 3.17: Type-1 ASHP lattice models of the PSR S,(Cll’4): %’Z)Pl 2(/’c, l) and
_(2.4)
rASHPLZ(k,l) .........................................................................................
Figure 3.18: Type-1 ASHP lattice models of the PSR S{;/¥: (%%, (k,) and
+(24)
FASHP 5 (K3 1)t
Figure 3.19: Type-1 ASHP lattice models of the PSR S,Ell’4): r%z)ﬂ , (k1) and
~(2,4) '
rASHPlA(k,l) .........................................................................................
Figure 3.20: Type-2 ASHP lattice models of the PSR S,(C]ZA): r%’;ll)l,“(k, [) and
24) "
FaSEPy (s D)o
Figure 3.21: Type-2 ASHP lattice models of the PSR S]£1174): r%’gpm (k,1) and
+(24) '
FASHP: () 1) e
Figure 3.22: Type-2 ASHP lattice models of the PSR S{;¥: (%%, (k) and
+(24)
rASHPM(k,l) .........................................................................................



(3,3)

Figure 3.23: Type-1 ASHP lattice models of the PSR S,(fl’z): CASHP, 2(k, l) and

5(3.3)

EASHPL, Ky D) ittt
Figure 3.24: Type-1 ASHP lattice models of the PSR Sy e{p, (k) and

-(3,3) ‘

CASHP, 5 () 1) e
Figure 3.25: Type-2 ASHP lattice models of the PSR S,(fl’z): e/(gli}Pz ,(k,) and

-(3,3) ’

CASHP, 5 (K3 L) et
Figure 3.26: Type-2 ASHP lattice models of the PSR Sy e\, (k1) and

~(3,3) ’

CaSHP (K3 L) e
Figure 3.27: Type-1 ASHP lattice models of the PSR Sl(<3l72>' f(x?iI)Pl ,(k,1) and

~(4,2)

FASHP, » (K3 1) et
Figure 3.28: Type-2 ASHP lattice models of the PSR S”: iy, (k1) and

A42) |

FASHP (K3 1) et
Figure 3.29: Generalized ASHP Type-1 and Type-2 model 2-D filters for the

(M—1.N—1)

PSR ST TN e
Figure 3.30: NC lattice filter model constructions by using auxiliary vertical

PEFs of the PSR St "™V for j =2, - M~ 1.
Figure 3.31: NC lattice filter model constructions by using auxiliary horizontal

PEFs of the PSR St "™V for j=2,--- [N = 1. oo
Figure 3.32: NC half-plane lattice model from the corresponding auxiliary

vertical PEFs of the PSR S,((ZI’O) ..........................................................
Figure 3.33: NC half-plane lattice models of the PSR S,(fl’z): e](\?gz) (k,1) and

~(3,3

(0
Figure 3.34: NC half-plane lattice models of the PSR S,(jl’z): e](\?é) (k,I) and

(3,3

(0 )
Figure 3.35: NC half-plane lattice models of the PSR S{;”: riv (k,I) and

(4,2

Nl (30 ) O
Figure 3.36: The models used for complexity comparisons. (a) QP model with

N2+ 2N points in the PSR, S\7"™), (b) ASHP model with 2(N2 +

N) points in the PSR, S,((]\ZI’ZN) e

Figure 4.1

Figure 4.2 :

Figure 4.3

Figure 4.4

: The first-quadrant QP lattice model and its z-transform demon-

stration of the PSR S,(:l’o) using the vertical PEFs. ...,
The forward vertical and horizontal auxiliary PEFs of the PSR

St

: The forward horizontal auxiliary PEFs of the PSR S,(flfl’qfl)
the type-1 ASHP Model.........cocoviiiiiiiiieeeeeee e

: The forward horizontal auxiliary PEFs of the PSR S,(fl_l’q_l) for
the type-2 ASHP Model..........ooouiiiiiiiiiiiiiieeeceeeee e

XX1v

98

98

102

102

111

114

124

149

152



Figure 4.5

: The forward vertical auxiliary PEFs of the PSR S,(fl_l’q_l) for the

type-1 ASHP Model......c.ccoooiiiiiiiiiiiiieeceeeeeeeeeeee e 158
Figure 4.6 : The forward horizontal auxiliary PEFs of the PSR S,g’l*l’q*l) for

the type-2 ASHP Model............ccocovvueveveererererserenne. e, 160
Figure 4.7 : The forward vertical auxiliary PEFs of the PSR S](Cpfl’qfl) for the

NC half-plane lattice model. ..........ccceeevieeriiriiiierieeieeee e 162
Figure 4.8 : The forward horizontal auxiliary PEFs of the PSR S,((_pl_l’q_l) for

the NC half-plane lattice model. .............ccccoeveveveenennnn e, 163
Figure 4.9 : NC half-plane lattice model from the corresponding auxiliary

horizontal PEFs of the PSR S,((Ol’z). ...................................................... 164
Figure 5.1 : (a) Amplitude; (b) Contour plots of the original spectrum of

ASEY S0 EXAMPIE 1. coooocoeeeeeeeeeeeeeeee oo 169
Figure 5.2 : The stability test of the original filter in Example 1........c..cc.cccc...... 170
Figure 5.3 : (a,c) Amplitude; (b,d) Contour plots of the spectrum of Agl’l)

and Agl’l), respectively, in Example 1, by Choice . .........ccoceeeennen. 172
Figure 5.4 : (a) Amplitude; (b) Contour plots of the spectrum of A(QII’,II) in

Example 1, by Choice L.......cccccooiiiiiiiiiiiiieeeceee 172
Figure 5.5 : The stability test of the first-quadrant QP, Agi,ll) in Example 1, by

CROICE L. 173
Figure 5.6 : (a,c,e,g) Amplitude; (b,d,e,h) Contour plots of the spectrum

of Agl’z) , Agl’z), Bgz’l), and Bgz’l), respectively, in Example 1, by

ChOoICe L. ..o 174
Figure 5.7 : (a) Amplitude; (b) Contour plots of the spectrum of A(QII’,Z]) in

Example 1, by Choice L.......cccccoiiiiiiiiiiiiiicec e 175
Figure 5.8 : The stability test of the first-quadrant QP, AS;,ZI) in Example 1, by

ChoiCe L. .. 175
Figure 5.9 : (a) Amplitude; (b) Contour plots of the spectrum of B(Qzlgll) in

Example 1, by Choice L.......c.cooviiiiniiiiiiieeeeeccceecee 176
Figure 5.10: The stability test of the first-quadrant QP, B(Qzlgll) in Example 1, by

CROICE L.t 176
Figure 5.11: (a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of

Agz’z), Agz,z), and Agz,z), respectively, in Example 1, by Choice

L et ettt e et e e st e e e 178
Figure 5.12: (a,c) Amplitude; (b,d) Contour plots of the spectrum of Bgs’l),

and Bg’l), respectively, in Example 1, by Choice L. .........ccoceeeennen. 179
Figure 5.13: (a) Amplitude; (b) Contour plots of the spectrum of A(QZILZI) in

Example 1, by Choice L.......ccccooiiiiiiiiiiiiieeeeee e 179
Figure 5.14: The stability test of the first-quadrant QP, A(QZI;ZI) in Example 1, by

CROICE L.t 180
Figure 5.15: (a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of

Agm), A§2’3), and A§2’3), respectively, in Example 1, by Choice

OO UPURPRRRTRRPR 183

XXV



Figure 5.16:

Figure 5.17:

Figure 5.18:

Figure 5.19:

Figure 5.20:

Figure 5.21:

Figure 5.22:

Figure 5.23:

Figure 5.24:

Figure 5.25:

Figure 5.26:

Figure 5.27:

Figure 5.28:

Figure 5.29:

Figure 5.30:

Figure 5.31:

Figure 5.32:

Figure 5.33:

Figure 5.34:

Figure 5.35:

Figure 5.36:

(a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of
B(13’2), B?’z), and Bg3’2), respectively, in Example 1, by Choice
L ettt st e e 184
(a) Amplitude; (b) Contour plots of the spectrum of Agﬁ? in
Example 1, by Choice L. ......ccooviiiiiiiiiiieeeeeeeeee e 185
The stability test of the first-quadrant QP, A(Qzlfl) in Example 1, by
ChoICe L. ..o 185
(a) Amplitude; (b) Contour plots of the spectrum of Bgi)zl) in
Example 1, by Choice L........cccoooiiiiiiiiiceceeee 185
The stability test of the first-quadrant QP, B(Q‘?’]’,zl) in Example 1, by
ChoiCe L. . 186
(a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
A(13’3), fe ,Af’3), respectively, in Example 1, by Choice I.................. 189
(a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of
B(14’2), B£4’2), and Bg4’2), respectively, in Example 1, by Choice
L ettt 190
(a) Amplitude; (b) Contour plots of the spectrum of A(Qslfl) in
Example 1, by Choice L......ccccceoiiiiiiiiiiiiiiiceceeeeeee e 191
The stability test of the first-quadrant QP, A(Q?’I’,sl) in Example 1, by
CROICE L oot 191
(a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of

A(13’4), S ,Af"‘), respectively, in Example 1, by Choice I.................. 194
(a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
B(14’3), e ,Bf’s), respectively, in Example 1, by Choice I................... 195
a) Amplitude; (b) Contour plots of the spectrum of A(3’4) in
(a) p p P oP1
Example 1, by Choice L......c.cccooiiiiiiiiiiiiccceccceee 196
The stability test of the first-quadrant QP, A(Q31;41) in Example 1, by
ChoiCe L. .. 196
a) Amplitude; (b) Contour plots of the spectrum of B(4’3) n
p p p oP1
Example 1, by Choice L.........ccooeeiiiiiiniiiiieeceeeeeeee 196
The stability test of the first-quadrant QP, B(Q4;’3l) in Example 1, by
CROICE L e e e e eee e 197
a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
P P P
A(14’4), S ,Ag4’4), respectively, in Example 1, by Choice I.................. 200
a) Amplitude; (b) Contour plots of the spectrum of A(4’4),
p p p 5
respectively, in Example 1, by Choice L........ccoceeviiiiinininiinnn 201
(a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
B®Y ... B> respectively, in Example 1, by Choice ................ 202
a) Amplitude; (b) Contour plots of the spectrum of A(4’4) in
p p P oP1
Example 1, by Choice L......cccccooiiiiiiiiiiiiiiieeeeec e 203
The stability test of the first-quadrant QP, A(Q417’41) in Example 1, by
CROICE L.t e e e e e aee e e 203
(a) Amplitude; (b) Contour plots of the spectrum of B(QSIL? in
Example 1, by Choice L........cccoovviiiiiiiiiieiieeeece e 203



Figure 5.37:

Figure 5.38:
Figure 5.39:
Figure 5.40:
Figure 5.41:

Figure 5.42:

Figure 5.43:
Figure 5.44:

Figure 5.45:

Figure 5.46:
Figure 5.47:
Figure 5.48:
Figure 5.49:
Figure 5.50:

Figure 5.51:

Figure 5.52:

Figure 5.53:

Figure 5.54:

Figure 5.55:

Figure 5.56:

Figure 5.57:

3)

The stability test of the first-quadrant QP, B(QS}’,1 in Example 1, by
ChoICE L. .. 204
(a) Amplitude; (b) Contour plots of the spectrum of AX;?}PI ,in
Example 1, by Choice L.......ccccoeiiiiiiiiiiiieeieeecceeeeecee e 204
(a) Amplitude; (b) Contour plots of the spectrum of AI(&?}PM in
Example 1, by Choice L.......c.cociiiiiniiiiiiieceeeeecceeeeeen 204
(a) Amplitude; (b) Contour plots of the spectrum of Aj(éé) in
Example 1, by Choice L.......ccccoiiiiiiiiiiiiiieeceee 205
(a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of

A§3’5), e ,Af’s), respectively, in Example 1, by Choice I.................. 208
(a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
Bgs’s), e ,355’3), respectively, in Example 1, by Choice I.................. 209
(a) Amplitude; (b) Contour plots of the spectrum of Bg4’4),
respectively, in Example 1, by Choice L.......ccocevveiiiiiiiiiiiiicee 210
(a) Amplitude; (b) Contour plots of the spectrum of 381341) in
Example 1, by Choice L.......ccccoiiiiiiiiiiiieieeeeeeeeee e 210
¢ stability test of the first-quadrant g ~, 1In Example 1,
The stability test of the first-quadrant QP, By, in Example 1, by
ChoiCe L. .. 210
(a) Amplitude; (b) Contour plots of the spectrum of AS;,SI) in
Example 1, by Choice L........cooviiiiiiiiiiiieeeee e, 211
The stability test of the first-quadrant QP, AS’;,SI) in Example 1, by
ChoiCe L. ..o 211
(a) Amplitude; (b) Contour plots of the spectrum of BXE?I)PI ,in
Example 1, by Choice L......cccccooiiiiiiiiiiiieeceee 212
(a) Amplitude; (b) Contour plots of the spectrum of B&??}PH in
Example 1, by ChOICE L......veeeeeeeeeeeeeeeeeeeeeeeeeeeveeeee e N 213
(a) Amplitude; (b) Contour plots of the spectrum of Bz(\?(}? in
Example 1, by Choice L.......ccccoiiiiiniiiiiiieiiceeeeeeeee e 213
a,c) Amplitude; (b,d) Contour plots of the spectrum of B(l’l)
P Y p 1
and Bgl’l), respectively, in Example 1, by Choice II..............cc.......... 214
(a) Amplitude; (b) Contour plots of the spectrum of B(Qllgll) in
Example 1, by Choice IL. ........ccooiiiiiiiiiiiieeeeeee e 215
The stability test of the first-quadrant QP, B(Qll’)ll) in Example 1, by
CRhOICE TL. ..t 215

(a,c,e,g) Amplitude; (b,d,e,h) Contour plots of the spectrum

of Agl’z), Agl’z), Bgz’l), and Bgz’l), respectively, in Example 1, by

ChOICE IL. ..o e e ee e e e eenes 217
a mplitude; ontour plots of the spectrum o b7 1N

(a) Amplitude; (b) C plots of the sp £ Byy) |

Example 1, by Choice IL. ......cccooviiniiiiiiiiicceeceeeeecee 218

The stability test of the first-quadrant QP, B(Qzlgll) in Example 1, by
CRhoOICE Tl ..t 218
(a) Amplitude; (b) Contour plots of the spectrum of A(QI;,ZI) in

Example 1, by Choice IL. ......cccooiiiiiiiiiieiieceeeeeeeee e 218

XXVil



Figure 5.58:

Figure 5.59:

Figure 5.60:

Figure 5.61:

Figure 5.62:

Figure 5.63:

Figure 5.64:

Figure 5.65:

Figure 5.66:

Figure 5.67:

Figure 5.68:

Figure 5.69:

Figure 5.70:

Figure 5.71:

Figure 5.72:

Figure 5.73:

Figure 5.74:

Figure 5.75:

Figure 5.76:

Figure 5.77:

Figure 5.78:

The stability test of the first-quadrant QP, A(Qll’,zl) in Example 1, by

ChoiCe IL.....cooiiiiiieieee e . 219
: 1,3
(a,c) Amplitude; (b,d) Contour plots of the spectrum of A} ™,

and Agl’a), respectively, in Example 1, by Choice II..............cc..cc..... 220
(a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of

B§2,2) ... .B*Y respectively, in Example 1, by Choice II................. 221

PR E ) s
(a) Amplitude; (b) Contour plots of the spectrum of B(Qzl’)zl) in
Example 1, by Choice IL. ......cccoooiiiiiiniiiieeeeceeeeeeee 221

The stability test of the first-quadrant QP, B(Qzl’)zl) in Example 1, by

CROICE I e et e e e e e e enann 222

(a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of

A(12’3), A§273) , and A§2’3) , respectively, in Example 1, by Choice

TLe s 225

(a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of
B(13’2), B?’Z), and Bg3’2), respectively, in Example 1, by Choice
L ettt st 226
(a) Amplitude; (b) Contour plots of the spectrum of B(Q?’;%) in
Example 1, by Choice IL. .......cccciiiiiiiiiiiiieeeeeeee e 227
The stability test of the first-quadrant QP, B(Q31;21) in Example 1, by
ChoiCe Lo 227
(a) Amplitude; (b) Contour plots of the spectrum of A(sz,sl) in
Example 1, by Choice IL. .......cocoooiiiiiiniiiieeeeceeeee 227
The stability test of the first-quadrant QP, A(szfl) in Example 1, by
CRhoICE Tl ..ot 228
(a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of
A(12’4), S ,Ag2’4), respectively, in Example 1, by Choice Il................. 231
(a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
B§4’2), e ,34(13’3), respectively, in Example 1, by Choice II................. 232
(a) Amplitude; (b) Contour plots of the spectrum of BS;?I) in
Example 1, by Choice IL. .......coocuiiiiiiiiiiiiiiieeeeeeeee e 233
The stability test of the first-quadrant QP, B(Q31;31) in Example 1, by
Choice TL......ooviiiiiiiiiiii 233
(a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
A§3’4), e ,A§3’4), respectively, in Example 1, by Choice IL................. 237
(a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
B(14’3), S 735,4’3)’ respectively, in Example 1, by Choice II................. 238
(a) Amplitude; (b) Contour plots of the spectrum of B(Q4;,31) in
Example 1, by Choice IL. .......cccoooiiiiiniiiceeeeeeeee 239
The stability test of the first-quadrant QP, B(Q?]) in Example 1, by
CRhOICE Tl ..t 239
(a) Amplitude; (b) Contour plots of the spectrum of A(QB'I’;;) in
Example 1, by Choice IL. ........coooiiiiiiiiiiiieeeeecee e 239
The stability test of the first-quadrant QP, A(Q?’I’,? in Example 1, by
CRhoICE Tl ..t 240

XXViil



Figure 5.79:

Figure 5.80:

Figure 5.81:
Figure 5.82:

Figure 5.83:

Figure 5.84:

Figure 5.85:

(a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
AES’S), e ,AS’S), respectively, in Example 1, by Choice II................. 243
(a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
355’3) yoe ,Bi5’3), respectively, in Example 1, by Choice II................. 244
(a) Amplitude; (b) Contour plots of the spectrum of Bg4’4),
respectively, in Example 1, by Choice II. ..........cccccoiininiinnnnnnne. 245
(a) Amplitude; (b) Contour plots of the spectrum of B(Qﬂ’;ﬁ) in
Example 1, by Choice IL. ........coooiiiiiiiiiiiiieeceee 245
The stability test of the first-quadrant QP, Bgﬁl) in Example 1, by
ChoiCe IL....coiiiiiiiiee e 245

(a) Amplitude; (b) Contour plots of the spectrum of A(Q31;51) in

Example 1, by Choice IL. ......cccoooiiniiiiiiiiiiceeeecccceeceee, 246
The stability test of the first-quadrant QP, A(Q3)1351) in Example 1, by

CRhOICE TL. .. et 246
Figure 5.86: (a) Amplitude; (b) Contour plots of the spectrum of B&?Z)Pl ,in
Example 1, by Choice IL. ......c.coooiiiiiiiiiiiiieeeee e 247
Figure 5.87: (a) Amplitude; (b) Contour plots of the spectrum of BX;?}PM in
Example 1, by Choice IL. .......cccccociiiiiiniiniiieiecceeeeee N 248
Figure 5.88: (a) Amplitude; (b) Contour plots of the spectrum of B](:,‘é) in
Example 1, by Choice IL. ........coooiiiiiiiiiiiiiceeceeee 248
Figure 5.89: (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
A LAY respectively, in Example 1, by Choice II................ 252
Figure 5.90: (a) Amplitude; (b) Contour plots of the spectrum of Ag4’4>,
respectively, in Example 1, by Choice II. ........cccoccoiiniiiiinniinnnne. 253
Figure 5.91: (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
BPY ... B> respectively, in Example 1, by Choice I............... 254
Figure 5.92: (a) Amplitude; (b) Contour plots of the spectrum of Agl’jl) in
Example 1, by Choice IL. ........ccoooiiiiiiiiiiiiiiieceeee e 255
Figure 5.93: The stability test of the first-quadrant QP, A(Qél;,? in Example 1, by
CRhOICE T ..t 255
Figure 5.94: (a) Amplitude; (b) Contour plots of the spectrum of BS;?I) in
Example 1, by Choice IL. ......ccccooiieiiiiiiieeiie e 255
Figure 5.95: The stability test of the first-quadrant QP, B\y, in Example 1, by
Choice TL.....coiiiiiiiiiiiic e 256
Figure 5.96: (a) Amplitude; (b) Contour plots of the spectrum of AE&QPI ,in
Example 1, by Choice IL. ........ccooiiiiiiiiiiiiiiciccceee N 256
Figure 5.97: (a) Amplitude; (b) Contour plots of the spectrum of A%}?Pn in
Example 1, by Choice IL. ......c.ccoovviiiiiiiniiiiieeee e N 256
Figure 5.98: (a) Amplitude; (b) Contour plots of the spectrum of Al(jé) in
Example 1, by Choice IL. ........ccoooiiiiiiiiiiiieeeece e 257
Figure 5.99: (a) Amplitude; (b) Contour plots of the original spectrum of
ASEY S0 EXAMPIE 2. oo 259
Figure 5.100 The stability test of the original filter in Example 2. ..........c...cc.c....... 260

XXiX



Figure 5.101 (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of

A(Q?’I’i) , A%ISL}Pl,z’ A%ﬁl)&z, and Az(\?cz) respectively, in Example 2. ....... 262

Figure 5.102 The stability test of the first-quadrant QP, A(Q‘?’;)Sl) in Example 2. ........ 263

Figure 5.103 (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of

Agl’fl), A%}?Pl . AXE?;)PZ 2 and Az(\élté)’ respectively, in Example 2. ....... 264

Figure 5.104 The stability test of the first-quadrant QP, AL in Example 2......... 265
Figure 5.105 (a) Amplitude; (b) Contour plots of the original spectrum of

Ag‘;;) N EXample 3. ..o 265
Figure 5.106 The stability test of the original filter in Example 3...........c..cccc.c.... 266
Figure 5.107 (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of

Agﬁ?’ A%ﬁpm, A%ﬁ}PM, and Al(\fé), respectively, in Example 3. ....... 268

Figure 5.108 The stability test of the first-quadrant QP, AS},‘? in Example 3......... 269

Figure 5.109 (a¢) Amplitude; (b) Contour plots of the original spectrum of

A((,3rg,3) 1IN EXample 4. ..o 270
Figure 5.110 The stability test of the original filter in Example 4. .............c.......... 270
Figure 5.111 (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of

A(Q3133]), A%?}PLZ, AE\%S:?‘I)Pz‘z’ and A](\?gz), respectively, obtained from

the PSTR S in EXaMPIE 4. ....ooooooeeeeoeee e 271

Figure 5.112 The stability test of the first-quadrant QP, A(QSI’SI) in Example 3......... 273

Figure 5.113 (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of

Bgﬁl), B%?}PLZ, Bz(43~5:13L}P2,2’ and B](\?éz), respectively, obtained from
the PSR S13) in EXAmPple 4. .ooccccoovoveovoeeeeesseeeessoees e 274

Figure 5.114 The stability test of the first-quadrant QP, B(Q‘?’;fl) in Example 4. ........ 275

Figure 5.115 (a) Amplitude; (b) Contour plots of the original spectrum of
two sinusoids buried with Gaussian noise N(i = 0,62 = 1) in

EXAMPIE 5. oottt 278
Figure 5.116 (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of
A(Qzlgzl) , A(Q3;)31) , A(Q3;,41) , and A(Q41’,41), respectively, in Example 5. ............... 279

Figure 5.117 Spectral estimates of a data of size 65 x 65 consisting
of two 2-D sinusoids in noise with frequencies (fi,f2) =
(—0.3,0.3),(0.2,0.1): (a,b), (c,d), (e,f), and (g,h) Harmonic

mean estimates for the PSR S(/f.le)’ S,(jl’z), Sgi?)) and S,(jl’3),

respectively, In Example 5. ..o 280
Figure 5.118 (a,c) Amplitude; (b,d) Contour plots of the harmonic mean

estimates of the PSR S,(<6l’4), and S,£91’4), respectively, in Example

T O OO PP SO U TP SO PP 281

Figure 5.119 (a,c) Amplitude; (b,d) Contour plots of the QP A(Qéj,sl) and the
ASHP filters AE&’?PI y of the PSR S](<6l’4), respectively, in Example 5. .282

Figure 5.120 (a) Amplitude; (b) Contour plots of the original spectrum of
two sinusoids buried with Gaussian noise N(u = 0,62 = 1) in
EXAMPIE 5. oot 282

XXX



Figure 5.121 Spectral estimates of a data of size 13 x 13 consisting
of two 2-D sinusoids in noise with frequencies (fi,f2) =
(—0.3,0.3),(0.2,0.1): (a,b), (c,d), (e, f), and (g,h) Harmonic

mean estimates for the rectangular PSR S,(C’zl’ 1), S,(jjz), S,(jf), and
S,(fl"‘), respectively, in Example 5. ......ooooviiiiiiiiiiiiieeeeeee 284
Figure 5.122 (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the QP filters
Aglgzl) , A(Q31;31), ASP41)’ and type-1 ASHP filter A,(ASH)P of the
rectangular PSR S,(CJ ), S,(jlz), S,(:f), and S,(d ), respectively, in
EXAMPIE 5. ooeoeeiieieeee e et 285

Figure 5.123 (a) Amplitude; (b) Contour plots of the original spectrum of

two sinusoids buried with Gaussian noise N(u = 0,62 = 1) with

SNR = 0.5115dB, in Example 5. ......ccoocevviiiiiiiiiiiieeeeeeeee 286
Figure 5.124 (a) Amplitude; (b) Contour plots of the original spectrum of

two sinusoids buried with Gaussian noise N(u = 0,62 = 1) with

SNR =3.0103 dB, in Example 5. ......ccccooiiniiniiniiiiinccceeeeeee, 286
Figure 5.125 (a) Amplitude; (b) Contour plots of the original spectrum of

two sinusoids buried with Gaussian noise N(u = 0,62 = 1) with

SNR = 6.0206 dB, in Example 5. ......ccccoooviiiiiiiieieieeeeiee e, 286
Figure 5.126 Spectral estimates of three different data with the SNR

0.5115 dB, 3.0103 dB, and 6.0206 dB, of size 7 X 7 consisting

of two 2-D sinusoids in noise with frequencies (fi,f2) =

(—0.3,0.3),(0.2,0.1): (a,b), (c,d), and (e, f) Harmonic mean

estimates for the rectangular PSR S,({.zl’l), respectively in Example 5..287
Figure 5.127 Spectral estimates of a data of size 11 x 11 consisting of

two 2-D complex sinusoids in noise with frequencies (f1,f2) =

(0.1,0.25),(0.16,0.25):  (a,b) Classical FFT-based estimate;

(c,d), (e,f), and (g,h) Harmonic mean estimates for the

rectangular PSR S,(:l’z), S,(jlb), and S,(jlj), respectively, in Example 6. 290
Figure 5.128 Spectral estimates of a data of size 11 x 11 consisting of

two 2-D complex sinusoids in noise with frequencies (f1, f2) =

(0.1,0.25),(0.16,0.25): (a,b) Harmonic mean estimates for the

rectangular PSR ${%7). in EXample 6...........cccc.ccoovoorrrricrerrrroeen 291
Figure 5.129 Spectral estimates of a data of size 13 x 13 consisting

of eight 2-D complex sinusoids in noise with frequencies

(f1,/f2) = (0.22,0.26),(0.28,0.20), (—0.25,0.10), (0.27,0.16),

(0.19,-0.39), (0.14,-0.32), (0.09,—0.22), and (0.03,—0.16):

(a,b) Classical FFT-based estimate; (c,d), (e, f), and (g,h)

Harmonic mean estimates for the rectangular PSR Sk | S,(C6l’3),

and S,Eé;4), respectively, in Example 7. .......ccccooviiiniiiniiiiiniieeieees 293
Figure 5.130 Continued of Figure 5.129: (a,b), (c,d), and (e, f) Harmonic
mean estimates for the rectangular PSR S,(C ! 3) S,(c8 ), nd S,(C / Y in

EXaMPIE 7. oo 295
Figure 5.131 (a) Amplitude; (b) Contour plots of the original spectrum of the
first ARMA simulation in Example 8. ........ccccocoveiiiiiiiiieniiecieeeies 296

XXX1



Figure 5.132 (a,c) Amplitude; (b,d) Contour plots of the spectrum of the A(Qli’,ll)

and ASI;IZ), respectively, in the first simulation of Example 8. ...........

Figure 5.133 (a) Amplitude; (b) Contour plots of the Harmonic mean

estimates of the QP filters A(Qll’)ll) and A(QII’,IZ) obtained from the

vertical PEFs, in the first simulation of Example 8. ............ccocceoee.

Figure 5.134 (a) Amplitude; (b) Contour plots of the original spectrum of the

second ARMA simulation in Example 8. ..........cccccoeiiiiniinniieininnns

Figure 5.135 (a,c) Amplitude; (b,d) Contour plots of the spectrum of the A(Q41331)

2)

and BSILI , respectively, in the second simulation of Example 8. ......

Figure 5.136 (a) Amplitude; (b) Contour plots of the original spectrum of the

third ARMA simulation in Example 8...........ccoccoiiiiiniiiiniininnen.

Figure 5.137 (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of

the QP filters AS;,? , AS;;) , B(Q61’,31), and B(Q61332)’ respectively, in the

third simulation of Example 8..........ccccoovvvviiiiiniiieeiieee e,

Figure 5.138 (a,c) Amplitude; (b,d) Contour plots of the Harmonic mean
estimates of the QP filters obtained from the vertical and horizontal

PEFs, respectively, in the third simulation of Example 8. .................

Figure 6.1 : Decomposition of the rectangular PSR, S,(fl’q). Ordering

arrangements of the PSR, S,(f?q), for p < ¢, and corresponding

mutually orthogonal backward horizontal and vertical auxiliary

PEFS. ..o

Figure 6.2 : Decomposition of the rectangular PSR, S,((pl’q). Ordering

arrangements of the PSR, S,({pl’q), for g < p, and corresponding

mutually orthogonal backward horizontal and vertical auxiliary

PEFS. (i

Figure 6.3 : Entropy Comparisons between the input data and the backward
prediction error vector entropies calculated for the vertical

AUZMENTALION CASE. 1..vvveeerreeireenirreerireenreeesreessseeessseessseeessseessseeessseenns

Figure 6.4 : Entropy Comparisons between the input data and the backward
prediction error vector entropies calculated for the horizontal

AUZMENTALION CASE. 1.vvvveerereernireeritieeiteenieeentteesteeenateesseeessseessseeesneenas

Figure A.1 : Simple illustration of auxiliary vertical and horizontal for-
0.1)

ward/backward PEFs of the PSR S,(c [

Figure A.2 : Simple illustration of auxiliary vertical and horizontal for-

ward/backward PEFs of the PSR S,Ell’l). .............................................

Figure A.3 : Simple illustration of auxiliary vertical and horizontal for-
ward/backward PEFs of the PSR ")

Figure A.4 : Simple illustration of auxiliary vertical and horizontal for-
(2,2)

ward/backward PEFs of the PSR S

Figure A.5 : Simple illustration of auxiliary vertical and horizontal for-

ward/backward PEFs of the PSR S,(fl’z)

XXXl

) BRI R A IR

.297

.298

.299

.300

.303

.306

.309

.327

.328

.350

.352

.353

.354

.355



Figure A.6 : Simple illustration of auxiliary vertical and horizontal for-

ward/backward PEFs of the PSR S,(€3l’3)
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NEW EFFICIENT 2-D LATTICE STRUCTURES
FOR GENERAL AUTOREGRESSIVE MODELING

SUMMARY

In the literature, the theory of 1-D lattice filters is well-known and widely used in the
various areas. The theory of two-dimensional lattice filter is developed as a natural
extension of 1-D filter theory. The basic fundamental approach to modeling of 2-D
fields by the reflection coefficients was made by Marzetta. Lots of researchers realized
their studies by using Marzetta’s approach.

Although plenty of studies about two-dimensional lattice structures exist in the
literature, there is no 2-D lattice structure method to obtain all possible causal and
noncausal 2-D models concurrently. In this thesis, a novel 2-D lattice filter structure
model is introduced. This method is quite simple and can be generalized as a 2-D
lattice structure for modeling of 2-D random fields. There is no complexity, when
calculating lattice reflection factors at each stage.

In the 1-D lattice modeling, augmentation can be done only in one direction by adding
one more past observation at each stage and there are only one forward and one
backward prediction error sequences (PESs). In the proposed 2-D lattice structure,
a rectangular prediction support region (PSR) is introduced. It is the same as the
projection base in the 1-D case. Additionally, a set of auxiliary horizontal and vertical
forward/backward prediction error fields (PEFs) are defined. In other words, with the
new proposed method, two forwards and two backwards PEFs are presented. Hence,
it is possible to apply the augmentation in either horizontal or vertical direction by
adding horizontal or vertical vector consisting of the past observations with respect
to the augmentation direction. The augmentation can be repeated until obtaining the
desired order filter. The lattice stage order is updated according to the augmentation
direction. In the proposed method the lattice stage order is represented as (p,q) where
p 1s used for the order stage of horizontal augmentation and ¢ is used for the order
stage of the vertical augmentation.

At the initial first-order stage, from the given data field, the forward and backward
prediction error fields are obtained as a set of two 1-D lattice sections. Unlike
1-D case, two auxiliary forward and two auxiliary backward PEFs are obtained.
At the zeroth-order stage, the PSR is an empty set and two auxiliary forward
and two auxiliary backward PEFs are initiated using the input 2-D data. After
the initial first-order stage, a set of the auxiliary vertical forward/backward, and
a set of horizontal forward/backward PEFs are obtained. Then, these first-order
four PEFs are combined linearly to calculate the auxiliary horizontal and vertical
PEFs of successively higher order stages. After initial first order stage, in order
to apply a horizontal augmentation, one past observation is added to the top of
the initial PSR. This horizontal augmentation causes the increase of the auxiliary
vertical forward/backward PEFs. All auxiliary horizontal and vertical existing and
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new initial PEFs are updated by calculating a linear combination of the first-order
stage auxiliary PEFs. At that point, in order to realize a vertical augmentation, two
additional past observations along the vertical direction are added to the left of the
PSR. The consequences of the vertical augmentation, a set of new auxiliary horizontal
forward/backward PEFs are introduced.

It is possible to repeat horizontal and vertical augmentation until the desired order stage
is reached. After any successive higher order stage, it is possible to define a QP or an
ASHP or an NC half-plane models. In other words, after reaching the desired size of
the rectangular PSR, all types of causal QP/ASHP and noncausal half-plane 2-D lattice
models are obtained by predicting the appropriate PEF from the remaining ones.

In the thesis, it is shown that the proposed auxiliary horizontal and vertical backward
prediction error filters inherently generates the mutually orthogonal realization vectors
and thus are optimum for all stages. Moreover, it is shown that the entropy nearly
preserved after each lattice stage. The information loss between the input data and the
backward prediction error vectors is very minimal. The given examples in the thesis
demonstrated how efficient the proposed method on modeling AR process, and finding
sinusoidal peaks in the given data. Hence, this method can be applied on ISAR/SAR
radar data. In addition, the 2-D spectrum estimation with the proposed method gives
very satisfactory results.
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GENEL OZBAGLANIMLI MODELLEME iCIN
YENI ETKIN 2-B KAFES YAPILARI

OZET

Yapilan calismalar sonucu, giiniimiizde bir-boyutlu kafes siizge¢ teorisi ¢ok iyi
bilinmekte ve yaygin olarak genis bir alanda uygulanmaktadir.  Iki-boyutlu
kafes silizge¢ teorisi bir-boyutlu kafes siizgec teorisinin dogal bir uzantisi olarak
gelistirilmistir. Iki-boyutlu alanlar1 modellemek icin yansima katsayilar1 kullanimi
yaklasimi ilk olarak Marzetta tarafindan one siiriilmiis ve bu yaklagim temel alinarak,
diger arastirmacilar tarafindan bir ¢ok ¢calisma gerceklestirilmistir.

Iki-boyutlu kafes siizge¢ yapilari icin bir siirii calisma bulunmasina ragmen, bunlarin
hicbiri nedensel ve nedensel olmayan iki-boyutlu kafes siizge¢ yapilarini ayn1 anda
modelleyebilmek i¢in genellestirilememistir. Bu calismada, yeni bir iki-boyutlu
kafes siizgec yapisi onerilmektedir. Onerilen bu metod gayet basit ve iki-boyutlu
rastlant1 alanlarim1 modellemek icin genellestirilmis bir yontemdir. Bu yoOntemle
hem nedensel hem de nedensel olmayan iki-boyutlu kafes siizge¢ yapilari ayn1 anda
modellenebilmektedir. Her evre i¢in kafes yansima katsayilari ileri ve geri yondeki
Ongoriilen hata alanlarinin toplaminin ortalama karesel hata yontemiyle minimize
edilmesi ile bulunmaktadir.

Bir-boyutlu kafes modellemede, projeksiyon tabanim biiylitmek "ekleme islemi"
sadece bir gecmis gozlem degerini mevcut projeksiyon tabanina eklemekle yapila-
bilmektedir. Her derece arttminda her zaman bir adet ileri yonde ve bir adet geri yonde
hata 6ngorii dizisi elde edilmektedir. Bizim 6nerdigimiz iki-boyutlu kafes yapisinda,
dikdortgensel bir 6ngorii destek bolgesi tanimlanmaktadir. Bu 6ngorii destek bolgesi
bir-boyutlu kafes yapilarindaki projeksiyon tabanina esdegerdir. Ek olarak da, bir set
yardimci yatay ve dikey ileri/geri yonde ongorii hata alan1 tammmlanmaktadir. Diger
bir deyisle, yeni onerilen yontem ile, iki tip ileri ve iki tip de geri yonde ongoril hata
alan One siiriilmektedir. Boylece, ekleme islemi, hem yatay hem de dikey yonde,
gecmis gozlem degerlerinden olusan bir satir ya da siitun vektoriinii mevcut ongorii
destek bolgesine eklemek ile gerceklestirilir. Eklenen satir veya siitun vektoriine
gore ekleme islemi adlandirilir. Ekleme islemi istenen derece evresine ulasana kadar
tekrar edilebilir ve kafes derece evresi ekleme isleminin yoniine gore giincellestirilir.
Onerilen yontemde, iki-boyutlu kafes derece evresi (p, q) ile gosterilir. Burada p yatay
yonde ekleme isleminin derece evresini, g de dikey yonde yapilan ekleme isleminin
derece evresini gostermektedir.

Baglangicta, birinci-derece evrede, ileri ve geri yondeki ongoriilen hata alanlart iki
adet bir-boyutlu kafes yapidan elde edilmekte, yani, iki-boyutlu kafes siizgeci, iki adet
bir-boyutlu kafes siizgecten olusmus gibi dikkate alinmaktadir. Bdylece, bir-boyutlu
durumdan farkl olarak, iki adet yardimc ileri ve iki adet yardimei geri yonde ongorii
hata alanlar1 elde edilmektedir. Sifirinct derece evresinde, Ongorii destek alani bos bir
kiimedir ve iki adet yardimci ileri ve iki adet yardimci geri yonde ongorii hata alanlari
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girdi olarak kullanilan iki-boyutlu veriye esitlenirler,

0,0
1 = y(k.0), (1)
= y(k,1), (2)
burada e ve r harfleri ileri yonde dikey ve yatay ongorii hata alanlarini, é ve 7 harfleri
de geri yonde dikey ve yatay Ongorii hata alanlarim1 gostermektedir. Ek olarak, iist

indis Ongorii hata alaninin derecesini ve alt indis de Ongorii hata alaninin nereden
hesaplandigin1 géstermektedir.

ego,o) _

(0,0 -
eg’) =7

Baslangi¢ evresinden sonra, bir set yardimc1 "dikey ileri/geri yonde", 65071) , 5(10’1),

ve bir set de "yatay ileri/geri yonde", ril’o), 751’0), Oongorii hata alanlar elde
edilmektedir. Elde edilen bu birinci derece dort adet ongorii hata alani, yardimei yatay
ve dikey Ongorii hata alanlarinin ardisil olarak gelen daha yiiksek derece evrelerini
hesaplayabilmek icin dogrusal olarak birlestirilir. Baglangigtaki birinci-derece evre

kafes boliimleri yaygin olarak bilinen formda asagidaki gibi verilir:

0,1 0,1)*
&Y (k1) 0V y(k,1—1)
1,0 1,0)*
A (k1) | y(k=1,1)
burada kg?’l) ve kgll 0) baglangic birinci-derece evre yansima katsayilaridir. Bu

yansima katsayilarini hesaplayabilmek icin, 6ngorii hata vektorleri (3a) ve (3b) ileri
ve geri yonde Ongorii hata alanlarinin toplamlarinin ortalama karesel hata yontemi ile
minimize edilmesiyle bulunur.

Baslangigtaki birinci-derece evreden sonra, bir yatay ekleme isleme yapmak i¢in, bir
adet gecmis gozlem degeri baslangictaki ongorii destek alaninin tepesine eklenir. Bu
yatay ekleme islemi yardimci dikey ileri/geri yondeki 6ngorii hata alanlarinin sayisinda
artisa neden olur. Biitiin yardimci yatay ve dikey 6nceden mevcut olan ve yeni ortaya
cikan Ongoril hata alanlar birinci-derece yardimci 6ngorii hata alanlarinin dogrusal
olarak birlesiminden hesaplanarak giincellenir.

Benzer sekilde bu asamada dikey ekleme yapmak icin, iki adet ge¢cmis gbzlem
noktasindan olugan siitun vektoriinii, ongorii destek bolgesinin soluna eklemek yeterli
olacaktir. Dikey ekleme isleminin bir sonucu olarak da yeni bir set yatay ileri/geri
yonde Ongorii hata alanlar1 ortaya ¢ikmaktadir.

(P:q)

Bir (p,q)-dereceli 6ngorii destek bolgesi Skfjlq durumunda, bir yatay ekleme islemi
yapmak i¢in, ¢ adet gecmis gozlem degerlerinden olusan bir yatay vektor bu ongorii
destek bolgesinin tepesine eklenir. Yatay olarak ekleme islemi su sekilde de ifade
edilebilir:

(P+1.9) _ o(p.a), | o(0.9)
Skf’l 4 _Skf’," usij?, 4)

burada Sl(c(i?—l,l gecmis gozlem degerlerinden olusan bir satir vektoriini ifade
etmektedir.

Yatay ekleme isleminin bir sonucu olarak ortaya ¢ikan yeni yardimci dikey ileri ve geri
yondeki 6ngoril hata alanlarin1 hesaplayabilmek i¢in, yeni iki adet yardimci ileri ve iki
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adet geri yonde ongorii hata alani tanimlamamiz gerekmektedir. Bu islem de asagidaki
gibi yapilir.

e(Pﬂ) (k,l) — eél’»‘]) (k— 1’1)

p+1
&) = &l kD). 5)

(p+ 1,q)-inci dereceden yatay ekleme iglemi yapilmig 6ngorii destek alant PSR

S,(f’lﬂ’q)’ln yardimci yatay Ongorii hata alanlar1 daha diisiik dereceli 6ngorii hata

alanlarinin dogrusal birlesimlerinden elde edilebilmektedir:

r(p+1,q71)(k, l) _ IP ) _Kgp-i-lﬂ—])h’ r(p-,qfl) (k, l) 6)
FPHLa= (k) _K£p+17q—1) I, £Pa=D(k—1,1)
T
burada K£p+1,q—1) _ [kgfwl,q—l) k£§+1,q—1) kgqu,q—l)
yansima  katsayr  matrisidir ve § = 1,2,---,q icin kﬁf’“""” =

T
[kﬁf’“"’*”(l) kEf’“"f*”(z) kﬁf’“"’*”(q)] olarak tanimlanir. Yansima katsayist,

yatay ileri/geri yondeki ongorii hata alanlarinin ortalama kareler toplaminin yansima
katsayis1 matrisine gore, ortalama karesel hata yontemiyle minimize edilmesiyle
bulunur.

Yeni olusan ve mevcut olan yardimci dikey ileri/geri yondeki 6ngorii hata alanlarini
ifade eden hata yayilim esitlikleri tek bir yapisal gosterim altinda birlestirilebilir,

elP=14) (k. 1)

oL 1)

N T
burada K = k&i7 D kgf,”q) ve kgﬁfl) sirastyla yansima katsay1 matrisini ve
(

vektoriinii gostermekte, i = 1,2, -, p+ 1 icin K9 = &PV (1) -+ &P ’q)(q)] olarak
tanimlanmaktadir.

Dikey yansima katsay1 matrisi K&” 9 ve vektorii kg‘;’ fl) dikey ileri/geri yonde ongorii

hata alanlarinin ortalama karesel hata yontemi kullanilarak minimize edilmesiyle
bulunur.

Benzer sekilde, dikey ekleme yapmak i¢in, p adet gegmis gézlem noktasindan olusan
siitun vektoriinii, ongorii destek alaninin, S,(fl’q), soluna eklemek yeterli olacaktir.
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Dikey ekleme islemi su sekilde ifade edilir:

st = sirdy g0 8)

burada S,E”,f’q_l gecmis gozlem degerlerinden olusan bir siitun vektoriidiir.

Dikey ekleme isleminin bir sonucu olarak olugsan yeni yatay ileri/geri yondeki ongorii
hata alanlarin1 hesaplayabilmek icin asagida ifade edildigi gibi yeni bir set yardimci
yatay ileri/geri yonde 6ngorii hata alan1 tanirmlamamiz gerekmektedir.

APy = i (k1)

A = APk, ©)

(p — 1,q+ 1)-inci dereceden dikey ©ngorii hata alanlari asagidaki denklemde de
gosterildigi gibi daha diisiik dereceli ongorii hata alanlarinin dogrusal birlesimlerinden
elde edilmektedir.

el?~ L4t (k1) I, _KP et P19 (k. 1)
[ eP=Lat) (k1) } B _Kgp—17q+l)T I, [ §r=19) (k1 —1) ] (10)
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T
[kgfj _l’qH)(l) kgfj _1’Q+1)(2) kgfj _l’qH)(p)] olarak tanimlanmaktadir. Bu

yansima katsayis1 da dikey ileri/geri yondeki 6ngorii hata alanlarinin ortalama karesel
hata yontemi dogrultusunda toplaminin minimize edilmesiyle hesaplanmaktadir.

Yardimc yatay ileri/geri yondeki 6ngorii hata alanlarini veren hata yayilim esitlikleri
de asagidaki gibi tek bir yapisal denklem altinda gosterilebilir.
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tanimlanmaktadir. Yatay yansima katsayr matrisi de yardimci yatay ileri/geri yonde
Ongorii hata alanlarinin ortalama karesel hata yontemi dogrultusunda toplamlarinin
minimize edilmesiyle bulunur.

Istenilen derece evresine varana kadar yatay ve dikey ekleme islemi tekrarlanabilir.
Herhangi bir yiiksek derece evresinde, bir nedensel ceyrek diizlem (Quarter Plain)
veya asimetrik yar1 diizlem (Asymmetric Half-Plane) ya da bir nedensel olmayan yari
diizlem (Noncausal Half-Plane) kafes modeli elde edilebilir. Diger bir deyisle, istenilen
biiyiikliikteki bir dikdortgensel ongorii destek bolgesine erisildiginde, nedensel
"Quarter Plane/Asymmetric Half-Plane" ve nedensel olmayan "Noncausal Half-Plane"
2-D kafes modellerinin her ¢esidini uygun 6ngorii hata alanini diger geri kalanlarindan
kestirerek elde etmek miimkiindiir.

Bu test calismasinda ayrica, Onerilen yardimci yatay ve dikey geri yonde Ongorii
hata stizgeclerinin dogal olarak karsilikli birbirine dik vektorler iirettigini gosterdik
ve bu nedenle de biitiin evrelerde bu 6ngorii hata alanlarinin optimum oldugunu
sOyleyebiliriz. Ek olarak, yapilan bu calismada her ardigil kafes evresinde entropinin
yaklagik olarak korundugunu yani girdi olarak verilen 2-D verisi ile geri yonde
Oongorii hata vektorleri arasindaki bilgi kaybinin minimum oldugunu gozlemledik.
Bu calismada verilen ornekler, Onerilen teoriyi destekleyici sonuglar vermigtir. AR
proses modellemede bagarili sonuglar elde edilmistir. Onerilen bu yontem ile yapilan
2-D spektrum kestirimi de tatmin edici sonuglar ortaya koymus ve sinusoidal tepe
noktalarinin bulunmasi uygulamalarinda klasik FFT yonteminden ¢ok daha basarili
oldugu gozlemlenmistir. Bu yOntemin ISAR/SAR radar goriintiileri iizerinde de
bagar1 ile uygulanabilecegini diistinmekteyiz. Bu konu ayr bir caligma olarak ele
alinacaktir. Onerilen bu yontemin ARMA proses modellemede de kullanabilinecegini
diisinmekteyiz. Ek olarak, bu yontem kullanarak istenilen siizgec¢ tipine gore
uygun yerlere sinusoidler yerlestirerek 2-D IIR siizgec tasarimi yapmak da olas1 gibi
gozitkmektedir. Bu konu da ayr bir ¢calisma olarak ele alinacaktir.
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1. INTRODUCTION

The topic of multidimensional signal processing has attracted considerable attention
since the beginning of the last quarter of the twentieth century. Nowadays, the interest
on this subject still increase rapidly due to being a fast growing and a very challenging
field. Specifically, the interest has been directed into the area of two-dimensional (2-D)

digital signal processing because of the following main reasons:

e High efficiency due to high speed computations (parallel processing

capability)
e Permitting better image processing and analysis
e Great application flexibility and adaptivity

e [ess software and hardware cost due to evolution of computers

The theoretical developments in this subject have been expedited by diverse
applications spanning areas such as image processing, robotics, target tracking, and

so on. The main important operations performed by 2-D digital processing are:

Two-dimensional digital filtering

Two-dimensional digital transformations

Local space processing

Data compression

Pattern recognition

Most of the researchers have shown particular interest in 2-D filters, both recursive and
non-recursive. There is a big concentration on developing a theory of 2-D lattice filters
in order to find an efficient method for modeling 2-D random fields. However, the

modeling of 2-D signals with the 2-D lattice filter is not sufficient yet; and until now,
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there is no general method to model all kinds of 2-D causal and noncausal filters. The
existing 2-D causal filters have either a quarter-plane (QP) or asymmetric half-plane

(ASHP) or a noncausal (NC) half-plane support.

In this thesis, the study has been done in the area of 2-D lattice filters and their usage

in modeling of 2-D autoregressive (AR) fields and in 2-D spectral estimation.

2-D lattice filter modeling is widely studied and a novel general method is proposed to
obtain all possible causal and noncausal filter models. The results are verified by using

the several nontrivial examples.

In the following section, a comprehensive survey of multidimensional signal
processing and 2-D lattice filters will be presented, and then the purpose of thesis
will be explained. Finally, the outline of the thesis will be given in the last section of

this chapter.

1.1 Literature Review

Digital signal processing, especially 2-D signal processing, has become a very practical
and convenient method for handling signals since digital computational capability
is growing at a tremendous rate, with concomitant increase in parallel processing

capability.

The application of multidimensional signal processing was initially performed in the
area of geophysics to process seismic, gravitational and magnetic data [1]. Later
on, studies continued and the multidimensional signal processing has been developed
rapidly and applied in various fields [2]. The studies on image processing and
parametric modeling of the signal are very widespread approach. Generally, studies
are concentrated on 2-D signal processing because of the development of integrated
computer technology and 2-D signal processing is widely used in areas such as
biomedical engineering and biomedicine, nuclear physics, space imagery, seismic data
processing, geophysics. In addition, 2-D digital systems are being used increasingly
to replace analogue systems in the important areas such as facsimile, television, sonar,
radar, biomedicine, remote sensing, underwater acoustics, moving object recognitions,

robotics, etc.



The theory of 1-D lattice filters is well developed and is widely used in the areas
such as spectral estimation, maximum entropy signal modeling for spectral analysis,
speech synthesis/analysis, system modeling, noise cancellation, channel equalization,
system identification [3—-10]. In particular, 1-D lattice filter has become a universal
method for analysis and synthesis of speech. The lattice-form algorithms are simple to
implement, exhibit excellent numerical behavior due to having possibility to estimate
coefficients by using a recursive technique. Furthermore, the lattice-form algorithms
are very attractive candidates for VLSI implementation owing to having a modular

structure.

The lattice approach mainly based on the property of orthogonality that allows the
filter to be updated in order, without recalculation of the previous lower order filter
coefficients. During the calculation of filter coefficients, due to the orthogonality,
only necessary and non-redundant part of information is taken into account for linear
prediction. Orthogonality leads to a nice physical structure: Increasing the order of
the filter requires adding only one extra module, leaving all other previous modules
unchanged. This similar structure of the lattice filter stages makes the filter suitable for
efficient hardware or software implementations. Briefly, it can be said the lattice owes

its robust numerical behavior to the property of orthogonality [4].

Because of successful application of 1-D lattice filters in varies areas, many researchers
tried to develop theories for 2-D lattice filters. The theories of 2-D lattice filters
are developed as a natural extension of 1-D lattice filter. However, all proposed
formulations are capable of implementing only a restricted class of transfer functions

and the modeling of 2-D signals with 2-D lattice filter is not efficient enough.

In the literature, the basic fundamental approach to the modeling of 2-D fields by
the reflection coefficients was made by Marzetta [11], who developed a class of 2-D
minimum phase digital filters involving a sequence of parameters called reflection
coefficients by extending some results of 1-D linear prediction to the 2-D case. A
half-plane support which is infinite in one of the two dimensions is proposed by
Marzetta. Although this approach maintains several of the nice characteristics of 1-D
lattices, such as correlation matching and produces a minimum phase filter, it leads to
very long delay filters [2]. Marzetta’s algorithm has been successfully applied to the

2-D recursive filter design [12] and to linear predictive coding of images [13].
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Therrien [14] proposed that there is a relation between the multichannel 1-D AR
model and the single-channel 2-D models with quadrant support. He showed that
simultaneous computation of parameters of all four quarter-plane filters is possible.
This method is generalized to multichannel 2-D models and applied to the problem of

estimation of the 2-D auto-spectral and cross-spectral components [15, 16].

Parker and Kayran [17] have introduce a new 2-D lattice filter notion which is known
as three-parameter lattice filter, as it introduces only three reflection coefficients at
each stage order. Therefore, this model is not suitable for modeling all classes of
autoregressive (AR) fields. Only a subset of AR filters of the same order can be
represented by using this model. The most important thing is that it lacks the property
of orthogonality which is an important characteristic of the lattice structures. Hence,
cascading stages may not lead to an optimum filter [2]. If the given data have a certain
statistic, a satisfactory result can be obtained only for the first order fields. However,
its simplicity makes it attractive and it has been applied to many fields such as spectral
estimation, coding, data compression. In the literature, some good results have been

reported by using this approach [18-30].

Soon after the three-parameter lattice filter definition, Parker er al. [31] have
generalized the three-parameter filter to the asymmetric half-plane case. This filter

introduces six reflection coefficients calculated from five prediction error fields.

Later, further improvements on extensions the lattice filter from the 2-D to 3-D have

been performed by Nam and O’Neill [27], and Kwan and Lui [23, 32].

Afterwards, Ertiiziin ef al. [33] have improved the three-parameter filter and obtained
two new structures by taking into account the quadratic growth of the data support.
Both of the new structures are quarter-plane filters and the improvement is introduced
after the first stage of the three-parameter filter by introducing auxiliary backward
prediction error fields. These new filters are called as the extended lattice filter of
diagonal form [34-36] and the extended lattice filter of perpendicular form [34,37,38].
Ertiiziin showed that these proposed methods approximate the maximum entropy more
closely compared to the three-parameter filter. It is shown that the increase in entropy
naturally leads to a more reliable and better modeling of AR data fields [34]. The

structure proposed by Ertiiziin can exactly model first and second order AR data



models, but if the order of the AR data fields increases, two additional backward
prediction error fields are not enough to introduce sufficient parameters to model all

the data points in the support region.

Meanwhile, Hsieh et al. [26] have extended the order update 2-D lattice filter model
proposed by Parker and Kayran [17] into order update and time update recursion for
more efficient computation. They have used 2-D lattice filtering method to extract
the prediction parameters of the 2-D linear predictor. It is shown that it is possible to

improve the visual quality of reconstructed images.

Kayran [39] has presented a complete and orthogonal 2-D lattice structure for the
AR modeling of random fields. The method offers a complete solution for the
Levinson type algorithm to compute the prediction error filter coefficients using lattice
parameters from the given 2-D augmented normal equation without requiring matrix
inversion. 2-D equivalent of Burg’s matrix formulation approach is used to derive the
Levinson type recursions. The method can be used for any shape and size of prediction

support region.

In order to eliminate the missing coefficient problem in case of increased order, Kayran
and Parker [40] have introduced a new lattice structure with a complete set of reflection
coefficients. In order to obtain growing number of 2-D reflection coefficients at the
successive stages, they introduce four auxiliary forward and four auxiliary backward
prediction errors after the first stage. Later, Kayran and Kiiciik [41] presented "2-D
Schur recursion" method and applied this method to the 2-D quarter-plane filters for
AR modeling. Their method is based on the quarter-plane lattice structure of Parker
and Kayran [17]. They presented a quarter-plane auxiliary gapped functions in order

to obtain the growing number of reflection coefficients at each stage.

Later on, Kayran and Erer [42] introduced a new lattice structure for asymmetric
half-plane 2-D AR modeling. They presented a novel half-plane auxiliary prediction
error filter to obtain the growing number of reflection coefficients of the proposed
ASHP lattice configuration. In order to obtain an orthogonal ASHP lattice structure,

four half-plane prediction error fields at each lattice stage are employed.

Similar to 1-D lattice models, the theory of 2-D lattice filters is used in the areas of

cascade filter synthesis for implementation in dedicated VLSI hardware [18, 19], 2-D



filter design [20,21,28], multidimensional spectral estimation [14-16,20,22,23,39,43],
image data compression [24,25,32], image processing [23-27,44], noise cancellation

[45], adaptive predictive image coding [23,26,27], and texture analysis [46—48].

In addition, other potential applications of 2-D lattice filters have been seen in areas
such as high-resolution ISAR radar imaging [42,49-51] and breast cancer detection

and classification [52, 53].

1.2 Purpose of Thesis

In the literature, existing 2-D lattice filter structures are complex and none of them is
a generalized structure for representing all possible causal and noncausal 2-D models.
Most of the existing 2-D lattice structures have been investigated for a QP support
[14,17-19, 35, 36, 39-41, 54-56]. On the other hand, ASHP lattice structures have
been proposed in a very few studies [11, 12,22,39,42,57]. It has been shown that
ASHP model yields a good power spectrum density compared to the QP models even
if it has an infinite region of support. Furthermore, it is shown that the harmonic
mean of a combined set of 2-D causal and noncausal prediction models improves the
spectral estimation accuracy and the shape of the spectrum [58]. Consequently, it is
clear that there is a need for 2-D lattice structures that generate causal and noncausal
models concurrently. Moreover, the information loss between the 2-D input data and

the backward prediction error vectors will be studied.

The main objective of this thesis is to propose a new and simple method to construct a
low complexity and a general purpose 2-D lattice structure for modeling random fields.
The proposed 2-D lattice filter has a rectangular shaped prediction support region and

it can be used to obtain all possible causal and noncausal 2-D models simultaneously.

In this thesis, a new efficient 2-D lattice filter structures for AR modeling of random
fields will be introduced, then a structural and mathematical explanations will be
given. It will be shown how such a solution can be obtained by employing the
auxiliary vertical and horizontal prediction error fields (PEFs). It is presented that these
auxiliary PEFs are obtained by properly ordering the elements of the 2-D prediction
support region (PSR). The procedure proposed, unlike all the other configurations

[5, 11, 17, 18, 34, 39, 40, 42, 59] , recursively computes all the auxiliary vertical



and horizontal PEFs. The forward and the backward auxiliary PEFs are used to
simultaneously obtain all possible causal QP/ASHP and NC half-plane 2-D models
for the rectangular-shaped PSR. Since we have an increased number of reflection
coefficients depending on the auxiliary PEFs at every stage, it is possible to model

all AR fields of higher order as one of the QP, ASHP or NC half-plane filter.

The determination of 2-D transfer function from the lattice coefficients will be
established and the stability of the synthesis lattice model will be examined. In

addition, spectrum estimation will be investigated on the synthesis lattice model.

The advantages and disadvantages of this new theory will be discussed. The proposed
theory will be applied to an 2-D AR fields and the lattice reflection coefficients will
be estimated. In numerical examples, 2-D AR field will be used an input signal, and it
will be modeled by using the proposed method. The relationships between the lattice
reflection parameters and the coefficients of the given 2-D AR data to be modeled will
be presented. In addition, this new proposed model will be used to find the sinusoid
peaks in the 2-D data generated by sampling some sinusoids buried in white Gaussian
noise. Moreover, this method will be used to find the correct spectrum where the
normal 2-D FFT failed, especially for the 2-D data field generated as the sum of 2-D
complex sinusoids corrupted by additive complex Gaussian noise. In order to confirm
the theory, some examples will be realized and simulation results will be given. Some

mathematical details will be introduced in the appendices.

1.3 Outline of Thesis

This thesis is organized as follows: A general introduction, literature overview and the

purpose of the thesis are given in Chapter 1.

A new 2-D lattice structure model theory is presented in Chapter 2. In this chapter,
auxiliary horizontal and vertical forward/backward PEFs are introduced. Structural
and mathematical explanations are given in this chapter. Generation methods of all
QP, ASHP, and NC half-plane lattice model types employing the auxiliary horizontal
and vertical PEFS are explained in Chapter 3. Then in Chapter 4, how to establish the
transfer functions from the lattice model parameters is given. Method of the calculation

of the transfer functions of all horizontal and vertical PEFs, and all QP, ASHP and NC



half-plane lattice models are explained. In Chapter 5, in order to show the validity
and the efficiency of the proposed method, some numerical examples are given. The
orthogonality feature of the proposed method is discussed in Chapter 6. In addition,
entropies of the input data and the backward prediction error vectors are investigated.

Finally, in Chapter 7, the conclusions and the concluding remarks are given.



2. AUXILIARY HORIZONTAL AND VERTICAL PEFs FOR A
RECTANGULAR PSR

2.1 Purpose

In this chapter, the novel proposed 2-D lattice structure for 2-D AR random fields
will be presented in detail. In the following section, a 1-D lattice structure will be
over-viewed and in the next section, some necessary definitions will be given. Herein,
the concept of PSR and auxiliary vertical/horizontal PEFs would be explained. Then,
a new 2-D lattice structure will be introduced and augmentation methods of the model
will be clearly explained. Finally, the method of for the calculation of reflection

coefficients will be explained.

2.2 1-D Lattice Structure Overview

The 1-D lattice structures have been developed since last quarter of the twentieth
century. The success of 1-D lattice structure modeling diverted the researchers to
find 2-D lattice models for random fields. The theory of 1-D lattice structure is
well-developed and widely used in numerous applications in system identification
and control, spectral estimation, frequency tracking and line enhancement, channel
equalization, noise cancellation, and speech analysis and synthesis [3—10]. However,
there have been some approaches to the 2-D lattice filtering and its use in 2-D spectral
estimation [11,17,31,34,36-38]. In spite of a small number of approaches to the 2-D
lattice structure, there exists number of applications of 2-D lattice filters which are

mentioned in the first chapter.

The topic of 1-D lattice structure will not be explained here in detail since the
properties of 1-D lattice model, various adaptive techniques for calculating the lattice
reflection coefficients, and the related synthesis model for reconstructing the signals are

well covered in the literature [5-10]. Hereafter, only a brief introduction the related



to the 1-D will be given. In the literature, the lattice structure is very preferable and

widely used because of the following reasons:

e It is the most efficient structure to generate simultaneously forward and

backward prediction errors by using orthogonality property.

e The lattice structure is modular since increasing the order of the lattice
filter requires adding just only one extra module and keeping all other modules

untouched.

e The similar structure of the lattice filter stages makes it very attractive and

suitable candidate for VLSI implementation.

n)
S k-1
y(k-n-1) y(k-n) y(k-2)  y(k-1) y(k)
[ ] [ ] [ ] [ ] [ ] [ ]
(a)
e (k—1) (n+1) e (k)
S k-1
) [t S](:; P
(b)
é(n+1)(k—1) e(n-i—l)(k)

Figure 2.1: The augmentation of the PSR 1-D Ilattice stages (a) nth order case; (b)
(n+ 1)th order case.

In the 1-D lattice modeling, it is possible to calculate forward and backward PESs for
the higher order models by recursively incrementing the PSR order. This PSR order
incrementation is realized by adding only one more past observation point at each stage
order. This recursive order incrementation of the PSR is demonstrated in Figure 2.1.
Assuming that we have data sequence {y(k —n),---,y(k— 1)} forming a projection
basis as S,@l = span{y(k—1),---,y(k—n)} that denotes the PSR for the nth order
forward and backward PESs, ¢ (k) and e (k — 1), respectively. This projection
basis is used to calculate forward prediction of y(k), and the backward prediction of
y(k—n—1) in the mean-square error sense by using the related forward and backward

PESs, e (k) and e (k — 1), respectively. For the (n+ 1)th order lattice model stage
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PESs can be obtained [60] from the nth order ones as follows:

e(n+l)<k> _ e(”)(k)+F(”+1)é(”)(k—l) (2.1a)
e~(n+1)<k) _ é(n)(k—1)+1:‘(”+l)e(")(k) (2.1b)

where "1 (k) and &"+1) (k) are the forward and backward prediction error fields at
the stage order (n+ 1) that are calculated from the nth order prediction error fields;
'+ and I'"*+1 are the forward and the backward lattice reflection coefficients,
respectively. It is also very important to determine that the initial conditions should be
defined as e() (k) = &0 (k) = y(k), for a 1-D lattice filter, where y(k) is the given input

data.

In order to calculate the lattice reflection coefficients at each stage, the equation (2.1)
can be derived by minimizing the forward and backward prediction errors with respect
to the lattice reflection coefficients in the mean-square sense. As a result, the following
equations are obtained:
E [e(”) (k)& (k — 1)}
o+ — ; (2.2a)
E[e™ (k—1)]
E [e(”) (k)& (k — 1)}

(n+1)
i E @] (2.2b)

where E[-] denotes the expected value.

We know that in order to formulate the forward and the backward PESs for the stage
order (n), the model order incrementation needs just only one more data of the past at
the stage order (n — 1). As illustrated in Figure 2.1, e(") (k) is directly predicted from
the projected data, and similarly e (k—1) can be predicted as well. At that moment,
in order to calculate the forward PES e*1 (k) of the (n+ 1)th order PSR S,((njl) ,
the backward PES of the orthogonal projection basis of the nth order PSR S,(:i)l is

used. As seen that the propagation on the given data is autoregressively realized using
only past values and the PSR of "+ (k) and &"+1 (k) is S,(anl) = LS’,(C”_)1 U{y(k —
n—1)}. Thus, in the 1-D lattice structure, there are only two PESs, -one forward
and one backward-, and recursive order incrementation of the PSR can be realized
only in one direction towards the past observations. Indeed, for the nth stage order,
the predictions of y(k) and y(k —n — 1) onto the same subspace S,(:’_)l produce the

forward and backward PESs, respectively. When stationary autocorrelation sequence

11



of the random process is assumed, the derivation of the Levinson algorithm can be

obtained [60].

Consequently, we can see that equation (2.1) and equation (2.2) are self-sufficient set
of equations for generating prediction error sequences and lattice reflection coefficients

iteratively. The Figure 2.2 shows a single-stage lattice filter.

e(n) (k) e(n+l)(k)

>

g™ (k) g™ (k)

>

Figure 2.2: Single stage lattice filter from the (n)th order case to the (n+ 1)th order
case.

It can be said that the essence of the lattice filter for 1-D is to structure an orthogonal
basis property so that the update of the reflection coefficients with the order increase is
just one addition to the previous calculation. Briefly, 1-D lattice structure is represented
by using 1-D prediction model by a linear combination of the past values, named
as a forward prediction, and future values, named as a backward prediction. The
lattice reflection coefficients can be calculated by using the minimum mean-square

error method.

2.3 Theory of the Proposed 2-D Lattice Structure

In the 1-D lattice structure, line-like PSR is used for linear prediction and recursive
order incrementation is possible only along one direction. In the proposed 2-D
lattice structure we define a rectangular PSR with a set of auxiliary horizontal and
vertical forward/backward PEFs. This newly defined rectangular PSR is used to make
prediction for obtaining all horizontal and vertical PEFs. Linear combinations of

these PEFs are used for obtaining new PEFs and updating the previous ones after any
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augmentation process on vertical or horizontal direction. The stage order of PSR is
represented as (p,q) where p is used for the stage order of horizontal augmentation
and g is used for the stage order of the vertical augmentation. Thus, for the (p,q)th

stage order, the rectangular PSR can be defined as
S74 = Span{y(k —i,l — j),0 <i < p,0 < j < g} 2.3)

In order to define auxiliary vertical and horizontal forward/backward PEFs, we will use
the 1-D lattice augmentation method for each direction separately. As seen that in the

Figure 2.1, in order to predict y(k), the PSR S,(Cn__ll) is used as an orthogonal projection

basis.
r’l
k
& (k1 1) e (k1)
[ ] [ e [ J [ J
yk—p+1,0l—q—1) yk—p+1,01—¢q) yk—p+1,1—1) y(k—p+1,1)
S(p_ 1 q— 1)
kl—1
ylk,l—q—1) y(k,l—q) y(k, I —1) y(k,1)
[ J [ J . e [ ] [ d
p\Y N\~
&P (k1 1) P19 1 1)

Figure 2.3: Definition of the auxiliary vertical forward/backward PEFs for the

rectangular PSR S,(Cpl_l’q_l).

Assume that we have a rectangular (p — 1,g — 1)th stage order PSR S,(fl_ 147 Similar
to the 1-D case, we will use the PSR S,((plill’q_l) as an orthogonal projection basis in
order to define auxiliary vertical forward/backward PEFs as illustrated in Figure 2.3.

The PSR S,?)l:ll’q_l) can be written as

SEY = span{y(k—i,l = j),0 < i< p—1,1< j< q}. 24
The prediction of the neighboring points on the right of the PSR S,(Cpl:]l’q_]), from

bottom to top, y(k,I),---,y(k — p+1,1) will give the auxiliary vertical forward

PEFs, egp 1) (k,0),--- ,eg,p 1) (k,1), respectively. Similarly, the prediction of the

neighboring p points on the left of the PSR S,%:ll’q_l) from top to bottom, y(k — p +

1,l—qg—1),---,y(k,] —q— 1) will be called as the auxiliary vertical backward PEFs,

namely, égpfl’q) (k,I—1),-- ,ég,pfl’q) (k,I — 1), respectively.
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Similarly, in order to define auxiliary horizontal forward/backward PEFs, the PSR

S,(fi 1 11,471) is used as an orthogonal projection basis as shown in Figure 2.4. The PSR
S,(fi 1 ll’q_l) can be given as
S LY = Span{y(k il — j),1 <i< p,0< j<q-1}. (25)
r?l
' yk=p—1,1-q+1) ylk—p—1,0)
. e .
AP k- 1,1) AP (k- 1,1)
° °
ylk=p,l—q+1) ylk=p,0)
k—1.1
yk—1,1—g+1) y(k—1,1)
[ [ J
(f"l ])(k l) r&p'qil)(lﬂl)
) . )
y(k,l—q+1) y(k,1)

Figure 2.4: Definition of the auxiliary horizontal forward/backward PEFs for the

rectangular PSR S(p La=1),

The prediction of the neighboring g points at the bottom of the PSR, from right to
left, y(k,1),---,y(k,l — g+ 1) will also give the auxiliary horizontal forward PEFs,
(pq 1)(k l),-- ,rgpﬂ_l)(k,l), respectively.

The corresponding auxiliary horizontal backward PEFs are defined as the prediction
of the neighboring points at the top of this rectangular PSR, from left to right, y(k —
p—1,1—q+1),--- ,y(k—p—1,1) will be called as the auxiliary horizontal backward
PEFs, F%p’q_l)(k— 1,0),--- ,Fép’q_l)(k— 1,1), respectively.

After defining the related auxiliary vertical and horizontal PEFs for the PSRs,

S](:l:ll,q—l) and S](cli—l}l,q—l)

, they can be given in the vector form as follows:
D) e k)
rea D) = WPk -l ()T (2.6)
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and the auxiliary backward PEFs are &(P~19) (k,1) and #4~1) (k, ) with the same sizes

of the corresponding forward ones.

Consequently, it is possible to define totally 2(p + ¢) auxiliary forward and backward
PEFs. These auxiliary vertical and horizontal PEFs are used during the augmentation
process. Each augmentation makes the PSR grow in opposite of the augmentation
direction. For example, in case of vertical augmentation, PSR grows on the horizontal
direction. Similarly, horizontal augmentation case, the PSR growth occurs on the

vertical direction.

I
! T T

&Pt (k- 1) P19 (k1)

<_ PY “ee ° _>
yk—p+1,l—g+1) yk—p+1,0)

( _17 _1)
S

y(k,l—g+1) y(k,1)

é§)p—1,¢1) (k,1—1) 65177]‘(1)(/(,1)

!

r((]]’-qfl)(ktl) oo ril’:q*])(k’l)

Figure 2.5: Definition of the auxiliary vertical and horizontal forward/backward PEFs
(p—1.g—1)

for the rectangular PSR Sk7 ;
In order to show the PSRs S,(Cf’lill’qfl) and S,(fi I}l’qfl), and corresponding horizontal
and vertical forward/backward PEFs on the PSR S,(C{’lfl’qfl), the illustration is given in
Figure 2.5. Actually this representation is the visual combination of the definition
of auxiliary vertical and horizontal forward/backward PEFs. The illustration of
the PSR and its auxiliary vertical and horizontal forward/backward PEFs will be
used in the following chapters because of its simplicity. In this representation,
backward PEFs are shown as calculated from the PSR S,(fl_] ’q_l), in order to produce
&(P=19)(k,1) and P4~ (k,I). This calculation method and orthogonal projection
of the auxiliary vertical and horizontal forward/backward PEFs are explained in the

following subsections in detail.
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2.3.1 Auxiliary vertical forward PEFs

The auxiliary vertical forward PEFs are calculated from the orthogonal projection P of
the points on the right side of the PSR S,(Cpl:]l’q_l) as shown in Figure 2.6. In order to
calculate auxiliary vertical forward PEFs, the PSR is shifted one step to the left.

(p 1#)(/< ) = y(k,l)—pS(pfl‘qfl)(y(k’l))

k-1

-1,
egp 9) (k,1) = y(k—1,I) _psl(cpl:ll-,qfl)()’(k_ 1,1))

-1
kD) = yk—p+1,0) =Py 1y (y(k—p+1,1))

Ski-1

We can rewrite these equations as follows:

) = k=it 1,1 =P g Wk — i+ 1,0))

Skl 1

fori=1,2,---,p, where P (L~ 1y (+) denotes the orthogonal projections on the PSR
kl 1

S,(Cl}:ll’qfl) that will be defined in the sequel.

These auxiliary vertical forward PEFs can be written in the vector form as follows:

(p 1"])(/{ l) _ [eEP—I,Q)(k’l) €§,p_1’q)(k,l)]T'

?l

k

° ° o e yk—r+i) = k)
o o o | e ki) =Mk
gp—la=1)
k-1
° ° o oo k) = Ik

(p—l,q—l).

Figure 2.6: Projections of the auxiliary vertical forward PEFs for the PSR S,
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2.3.2 Auxiliary vertical backward PEFs

The auxiliary vertical backward PEFs are calculated from the orthogonal projection of

the points on the left side of the PSR as shown in Figure 2.7.

~(p—1,
&k = yk—p+1,1—q)—Pyp g1 ((k—p+1,1-q))

k1

(p—1,
& kD) = yk=p+20=q) =Pk —pt21-9)

p—1,
eép q)<kal) = y(k7l_q)_I)S]({Pl—hq—l)(y(kal_CI))
We can rewrite these equations as follows:
~p—1, . :
el(P q) (k,))=y(k—p+il—q)— I)S]gpl,l.q,w (yk—p+il—q)) (2.7)

for i =1,2,---,p, where Ds(p,lﬁq,m denotes the orthogonal projections on the PSR
ki

Sk,l .

These auxiliary vertical backward PEFs can be written in the vector form as follows:

é(p"q)(k,l) _ [é&p’I’Q)(k,l) 55)17*141)(](71)]?

k:}l

&) = k-prli-g)ee—] ° °

&k = yk-pr2l-g)ee—] ® ° °
S}({z—l,q—l),

&0 = k-9 ee—| @ ° °

Figure 2.7: Projections of the auxiliary vertical backward PEFs for the PSR S,(Cpth*l).
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2.3.3 Auxiliary horizontal forward PEFs

The auxiliary horizontal forward PEFs are calculated from the orthogonal projection
of the points at the bottom of the PSR S,(fi 1 ll’q_]) as shown in Figure 2.8. To calculate

auxiliary horizontal forward PEFs, the PSR is shifted one step upwards.

rgpaqil)(k’l) = y(k’ l) _p (p—1,q—1) (y(k’l))

Skt

APIVE D) =y I—1)=P 1y (k- 1))

Skt

q—1
CRECURESREVERIES NEPRI IS A)
We can rewrite these equations as follows:

APV =yl =it 1) = Pypg (kL =i+ 1))

k—1,1

for i =1,2,---,q, where P (p-La-1) denotes the orthogonal projections on the PSR
k—1,1

(p—1,q-1)
Skfl,l .

These auxiliary horizontal forward PEFs can be written in the vector form as follows:

rPe (k) = (AP - Y D)

k
) o o
) o o
(p—1,g-1)
Se—1g
° e e e
R
ykl—g+1) y(k,1=1) y(k,1)
() APy AP (k1)

Figure 2.8: Projections of the auxiliary horizontal forward PEFs for the PSR Sl(fl"q).
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2.3.4 Auxiliary horizontal backward PEFs

The auxiliary horizontal backward PEFs are calculated from the orthogonal projection

of the points at the top of the PSR as shown in Figure 2.9.

~(p,g—1
rgp,q )(k,l) — y(k_pJ—q-l—l)—I’Sl(cplflqu)(y(k—p,l—q%‘1))

~(p.g—1
APl = yk—pl—q+2) =P 1y (k—p,l—q+2))

kI

%)

fép’q_l)(k,l) — y(k—p,l)—I)S]({pl_hq—l)(Y(k_p:l))

We can rewrite these equations as follows:

~(p,q—1 . .
APV = k= pd—q+i)=Pyyg (k= p,l—g+1))

kI

for i =1,2,---,q, where I’S(p,l,q,n denotes the orthogonal projections on the PSR
k|l
Sk,l .

These auxiliary horizontal backward PEFs can be written in the vector form as follows:

R U e U AN U

;Ep,q—l) (k,1) 7;;1111*1) (k,1) ~(l7><1*1)(k7 1)

! [ ] o [

A B B

o [ [ J

o o [ J
s

o [ J [ J

Figure 2.9: Projections of the auxiliary horizontal backward PEFs for the PSR
gp—La—1)
k.l
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2.4 Augmentation Process

In this thesis, we will use the augmentation term for order incrementation of the
lattice filter. Augmentation process will cause a growth on the PSR related to the
augmentation type. For example, vertical augmentation will cause a horizontal growth.
During the order incrementation process, new observation data is added to the initial
PSR as a row or column vector. The Figure 2.10 illustrates the definition of row and

column vector including new observations by using the PSR notation.

PSR definition PSR definition illustration

r r
k k H

S\, = span{y(k—1,1)}

illustration

S,EO,' ) = span{y(k,1)}

l 1
500 -1 lk_> B Sl(c]lO)l = {'
ki1 = span{y(k 1= 1)} :H: span{y(k,l —1),y(k—1,1—1)}

(0,1)
Sl =

span{y(k—1,1),y(k—1,1— 1)}

0,1) _
Spo24 =

span{y(k—2,1),y(k—2,1—1)}

! l
520) r (02) _ r
Stizs = span{y(k,l —2),y(k— k Sp_o = span{y(k—2,1),y(k— k

1,1-2),y(k—2,1-2)} 2,1-1),y(k—2,1-2)}

Figure 2.10: Definition of the row and column vector including new observations
demonstrated in black boxes by using the PSR notation.

By using the combination of the shifted prediction support regions given in Figure

2.10, for any (n,n)th degree of PSR can be written as

n

(0,i—1) (i,0)
U (s UsE) - 28)
Actually, shifted prediction support region represents the new observed data needed

for each order incrementation. If we write the statement (2.8) in the open form for

n = 2, then we have;

22 US USkl 1US USkl 2
so s1 52 s3 54
20
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(2,2)

This means S, ;™" is the combination of the initial stage and four augmentation
processes. If we assign a number for each order incrementation as in (2.9), we get

S](fl’z) =S0US1US2US3JS4, and then we can denotes the total PSR as follows:

S3

S1
S2

SO

Figure 2.11: The rectangular-shaped PSR augmentation for (2,2)-th stage order.

(0,i—1)

In the equation (2.8), S,EOI’O) denotes the initial point, Sk_l. ;| represents the vertical
growth means horizontal augmentation and S,(c P 9 denotes the horizontal growth means
vertical augmentation on the given PSR. As seen that we can obtain the desired
PSR by making some augmentation processes by adding a new observed data vector

horizontally and vertically.

(p Lg—1) (p.q)

For example, if we have S , then we can calculate §;’;" easily, just

by using horizontal and Vert1ca1 augmentation.  First S,(fl’qfl) is calculated from

S,(Cpfl’qfl) by adding a single row of new horizontal observations S,(c(lf);l); S](Cpl’q*l) =
p La- USkO;I7 ll . The S,(fl’q) is calculated from S(p a-1) by adding a column of
new vertical observations S,(C ; Z] S,(fl’q) = p a-1) USkl . Augmentation process on a
given PSR is depicted in the Figure 2.12.
(p.q)
Sk
A
N 4 A
(07(1_1)
S k—p,l
1,g—1 " Sl(ffq_]) Ej Sl(cp/q_l)
S,(fl_ a-1) e ’
J
a) b)

Figure 2.12: Augmentation on the PSR; a) Horizontal; b) Vertical.
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2.5 Initial First Order Stage

Initial first order stage is considered as 1-D lattice filter. In order to produce auxiliary
forward and backward PEFs, stage-order method will be used like 1-D case. At the
zero-th order stage, the PSR S,((Ol’o) is empty set and the first order auxiliary vertical and

horizontal forward/backward PEFs are initiated by the given 2-D observation data:

Ay = A"k, 1) = y(k, 1) (2.102)
5(10’0)(1@1) = fio’o)(k,l)zy(k,l) (2.10b)

where the letters e and r are used to denote the forward vertical and horizontal PEFs,
while the letters € and F denote the backward vertical and horizontal PEFs, respectively.
Furthermore, the superscript is considered to be the order of the PEF and the subscript

indicates where the PEF is initiated.

As seen that unlike 1-D case, we will have two auxiliary forward and two auxiliary
backward PEFs. These forward and backward PEFs are calculated as a set of two 1-D
lattice sections. In another words, we will have two sets of 1-D lattice section. At the

fad ((k—1,0} =,
k

(k1 - 1)} =%, A0k, 1)
%—» y(k,1) y(k,1)
Q7

e(lo‘l)(k,l)

é(l()‘l)(kil) y(k—1,1)
7 ' A (k1)
Yk 1-1) «—%

(k1)) =55 (k1)) =55

Figure 2.13: Illustration of the auxiliary vertical and horizontal forward/backward
PEFs for the initial first-order stage.

initial first order stage, PSR is defined as S]EOI’O) = {y(k,l)} and the first order PEFs

ego’l) (k,1) and rgl"o) (k,1) are calculated from the orthogonal projection of y(k,/ — 1)
and y(k — 1,1) onto the subspace S,Ef’,f)l = Span{y(k,l —1)} and S,(&(l))l = Span{y(k —

1,1)}, respectively. The equations for the auxiliary vertical and horizontal forward

22



PEFs can be written as follows:

A"V (k) = y(k,1) =P 00) (v(k,1)) (2.11a)

k-1

rgl’o)(k,l) = y(k,1) = P00 (v(k,1)) (2.11b)

k—1,1

where P denotes the orthogonal projection.

Similarly, the backward auxiliary horizontal and vertical PEFs, &\""(k,I) and

FEI’O) (k,1) are obtained by the orthogonal projection of y(k,[) onto the same subspace

S,(C?I’O) = Span{y(k,l)}. Hence, we can write the following equations for the auxiliary
vertical and horizontal backward PEFs:

VD) = ylk1—1) =P o0 (kD)) (2.12a)

K,

AOWD = k=10 =Py (kD) (2.12b)

kI

where P denotes the orthogonal projection.

[llustration of the calculation of the auxiliary vertical and horizontal forward/backward
PEFs by using orthogonal projection at the initial stage are depicted in Figure 2.13.
As seen that we have four auxiliary PEFs on the initial first order stage PSR. For

{}l

A0 (k1)

AV (kD) e ()

Y »

r%l"o) (k1)

Figure 2.14: Simple illustration of auxiliary vertical and horizontal forward/backward
PEFs of initial stage.

simplicity, we will demonstrate these four auxiliary PEFs on the one common PSR as
illustrated in Figure 2.14. This demonstration means we have a PSR with its auxiliary
vertical and horizontal forward/backward PEFs. In this illustration, auxiliary vertical

and horizontal forward PEFs are calculated for y(k,[).
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If the random process is stationary, it can be shown that the orthogonal projections can

be written as follows [40,42]

Pyoo (k1) = keyy(k=1) (2.132)
P oo (k1) = ki Vy(k—1,0) (2.13b)

where kg?’l) and kﬁf 9 are the first order stage reflection coefficients. For the

backward equations, P, (y(k,1)) = kg?’l)y(lgl ) is defined for the auxiliary vertical
&

and P ) (y(k,1)) = kg?’]) y(k,1) is defined for the auxiliary horizontal backward PEFs.
k,l
By using the equation (2.13), we can rewrite the auxiliary vertical and horizontal

forward/backward PEFs equations as follows:

V1) = ) kY y(k, 1 1) (2.142)
A0 = kD) — kS y(k—1,1) (2.14b)
VD) = kI —1) =KV y(k, 1) (2.140)
AP = y(k—1,0) — ki Oy (k1) (2.14d)

where k£?71)* and k£11 O are the first order stage reflection coefficients for forward PEFs,

and kg?’l) and kﬁ} 9 are the first order stage reflection coefficients for backward PEFs.

From (2.14), in order to predict the lattice coefficients, the initial first order lattice

sections as shown in Figure 2.15 can be structured in the following well-known form:

65071)(](71) _ 1 . 2(1)71)* |: y(k,l) :| (2.153)
(1,0) (1,0)*
rl (k,l) 1 _krl |: y<k7l) :|
= 2.15b
[ ZRCON I N A o

So as to calculate the auxiliary reflection coefficients kg?’l) and kﬁll ) at the initial

first-order stage, the prediction error vectors (2.15a) and (2.15b) should be minimized

in the mean-square sense by employing the sum of the forward and backward PEFs,
P = E eV el (60| +E 6"V k0™ k0] @216)
and
PO =E [ i 0| +E |7 A (kD) (2.17)
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Figure 2.15: Two sets of 1-D lattice filter sections for the initial first-order stage. The

block is denoted as .#(0,0).

respectively. The propagation equation (2.16) is minimized with respect to kg?’l)

Appendix A.1) and we have

(1.0 _ ED(kI=1)y*(k, )] + E [y(k, )y* (k.1 — 1)]
T ERK =1y (k= D]+ E [y(k, Dy (k1))
We can write the expected values as a correlation terms,
E[y(k,l—-1)y"(k,1)] = KR;(0,1)
Ely(k, D)y (k,1=1)] = F,(0,1)
Ely(k,l—1)y*(k,1—1)] = %R,(0,0)
Ely(k, D)y (k,1)] = %,(0,0).

(see

(2.18)

(2.19a)
(2.19b)
(2.19¢)
(2.19d)

By using the definitions (2.19) and (2.18), it is possible to rewrite the minimized

mean-square propagation equation as follows;

minP™Y = 2,(0,0) — KV [2(0, 1) + R,(0, 1)] kO

where 2%,(0,0) is considered as Pe(lo’o) which can be calculated as follows:

PO = E[e® el (0] +E [6" (06" (k1)
= ERkDy (kD] +E[y(k,D)y" (k1))
_ 2%,(0,0)
25
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(1,0)

Similarly, the propagation equation (2.17) is minimized with respect to k" and we

obtain
©01)  E[y(k—=1,0)y"(k,)] + E [y(k,1)y* (k—1,1)]
T Bk LDy (k= LD+ E Dy ()] (222
We know that
Ely(k— 1,0y (k)] = R:(1,0) (2.23a)
Ely(k,D)y* (k—1,1)] = FR,(1,0) (2.23b)
Ely(k—1,0)y*(k—1,1)] = %,(0,0). (2.23¢)

By substituting (2.19d), (2.23) and (2.22) in (2.17), it is possible to rewrite the

minimized mean-square propagation equation as follows;

minP"” = 2%,(0,0) — ki O [R:(1,0) + R, (1,0)] k7. (2.24)

2.6 Horizontal Augmentation of the PSR

Horizontal augmentation is to add an horizontal vector containing past observations
shown in Figure 2.16 to the top of the PSR to be augmented. In other words, in

order to realize horizontal augmentation on the PSR §; (p ba=1)

shown in Figure 2.5,
g additional past observations along the horizontal dlrectlon are added to the top of
this PSR as illustrated in Figure 2.17. The horizontally augmented PSR is S,(:l’q_l) =

p ha=1) US i ’?) l] , where S,(gi;]) contains the row of the past observations which
consists of the points from right to left as y(k — p,1),--- ,y(k—p,l —q+1).

! 0,
k;’ P S}({J‘])

y(k117Q) y(kvlfl) y(kvl)

Figure 2.16: Definition of the horizontal line vector PSR S\,

In Figure 2.17, all the auxiliary horizontal and vertical forward/backward PEFs of the
augmented PSR are illustrated. Hereafter, each PEFs calculation will be shown step

by step in detail.

The definition of the auxiliary horizontal forward and backward PEFs are represented

in the Figure 2.18. As seen that the auxiliary horizontal forward PEFs are calculated
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((/Hrl,qfl)(k 1) (lp+1,q71)(k l)

Figure 2.17: The horizontal augmentation of the PSR. S(p =1 p ha- USk 04~ 1 .

;iql) (k,1) and e;iql) (k,1) are the new auxiliary Vert1cal forward/backward
1)

PEFs, respectively. S,((;pl = Span{y(k—p,l —i);0 <i < g} consists
of the new past observations for this stage.

from the shifted PSR S,(fi"l’;l)(k,l) and the auxiliary horizontal backward PEFs are
computed from the PSR, S,(({’l’qfl)(k,l) by using orthogonal projection. Here, the
calculation of the auxiliary horizontal PEFs is just only the update of the previous
PEFs according to the new stage order. Similar to the multichannel lattice structure, the
auxiliary horizontal PEFs of the (p + 1,q) order horizontally augmented PSR can be
obtained by a linear combination of the lower order PEFs. Hence, the lattice structure
for the auxiliary horizontal PEFs can be defined as:

{ r(]?-i-l,q—l)(k,l) } [ I, _K£p+1,q—1)H ] { r(pa— ])(k )

f(rHLa=1) (k1) _K£p+1,q—1)T I, FPa—1) (k—1,1) ](2.25)

where K£p+1,q—l) _ [kgllnH.,q—l) KPrla=) e lptla=1)

T
b o ] is the reflection coeffi-

T
cient matrix with k™47 = [kﬁf’* LD (q) glrrtha gy L glpt 14‘1)(41)] , for
i:172;"'7q'
T
The r(Ptha-D(k,1) = H”“"f D0y P9V (1) - rf,f’“’q‘”(k,l)] and
T
f-(P-H,q—l)(k,l) — |:;§P+1a4*1)(k l) ~(p+1.q— )(k l) (P+1751 )(k,l):| are the

updated horizontal forward and backward PEFs vectors, respectively.

In order to calculate the horizontal reflection coefficient matrix, the sum of the

mean-square values of the auxiliary horizontal forward/backward PEFs will be
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iip-%—],q—l)(k’l) ng-H'q_l)(k,l) F‘(ip+l7qfl)(k’l)

P £ ¢ f

k yk=p.l—q+1) y(k—pl-q+2) y(k=p.1)
New PSR —» ° PY ° New PSR —» Py P e PY
[ e [ ] [ [ [ J e [
[ . ® [ [ [ J . [ ]

sy s

° e ° ° ° ° e °
ykI=g+1) - yki-1) y(k1I)

4 4 1

rf,”“‘"*])(k,l) rép+l.q—l)(k7 l) r(|p+1‘q—l) (k,l)

Figure 2.18: Definition of the auxiliary horizontal forward/backward PEFs in case of
the horizontal augmentation.

minimized in the mean-square sense, with respect to the reflection coefficient matrix

in (2.25). The results of this minimization are summarized in the following equation:

-1
K, (P+1a-1)  — [Zéf”qfl)jtxﬁﬁlq*l)} [Agmfl)JrA(p,qfl)T]‘ (2.26)

r T.r r.r

-1 -1 ) . -1) .
where Eépf’q ) and Zﬁ.ﬁlq ) are the covariance matrices. Aépr’q ) is the

cross-covariance matrix and they are defined as

Zlg?q—l) - E [r(l”q—l)(k,l)r(l’ﬂ_]w (k,l)} , (2.27a)
ZS{?q—l) - E [f.(p-,q—l)(k_ 1’l)f-(qu—1)T<k_ 171)} , (2.27b)

and
ALY — F [f-(qu_l)(k— 1, 1yepa=" (k,l)} . (2.28)

It is possible to derive a simple propagation equation for the mean-square the auxiliary
horizontal PEFs from (p,q — 1)th order to (p+ 1,q — 1)th order by recognizing that
the expected value of the sum of the auxiliary horizontal forward and backward

_ . -1 -1 q—1)*
prediction errors is Pr(p b tr [ngqu )+Z£’}q ) , where fr represents trace
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operator; Zg{’f_’q_l) and Zﬁfjr’q_l) are defined in (2.27), as follows.
prtla=l) _ plra-l) _ [K£p+17q—l) ( E -1) +Z£f’r’q_l)> K(p+17q—1)]

_ tr[<z§?q—1)+z(1)q 1)) (I—KSPH’q_l)K(pH’q 1) )} (2.29)

P

The more explanation of the calculation of the reflection coefficient matrices is given

in Appendix A.1.

During the calculation of the auxiliary horizontal forward PEFs, the new augmented

PSR is needed, thus it will be defined as

(pa—1) _ ¢p—1.q=1) (0,g—1)
Sk-14 Sk—1, USk il (2.30)
where S,(fi ;}l’qfl) represents the previous PSR and S,(gf);l) demonstrates the newly

added PSR that includes the past observations. For calculation of the auxiliary
horizontal backward PEFs, the PSR S,E’;_l’q_l) will be taken into account and the

augmented PSR will be defined as
(pg—1) _ p 1,g—1)
Sk USk p+1 I (2.31)

In the thesis, in case of augmentation we will use just only backward augmentation
notation shown in equation (2.31) for representing the general PSR augmentation.

Similar to calculation of the auxiliary horizontal forward PEFs, the left shifted PSR
S,(C{’lill’qfl) will be used for the auxiliary vertical forward PEFs. In this case we can

define the new augmented PSR as
(p,g—1) p 1,g—-1) (0,4—1)
Skl 1 kl 1 USk p—Hl 1 (2.32)

where S, represents previous PSR and S,(C a-1)

pili-1 demonstrates the newly

added PSR containing the past observations. For calculation of the auxiliary vertical
backward PEFs, the PSR S,(Cf’l_l =1 will be taken into account and the augmented PSR
will be defined as

s = s U s (2:33)

The Figure 2.19 and Figure 2.20 demonstrate the new states of the auxiliary vertical

forward and backward PEFs, respectively. It is clearly seen that the consequence of the

29



?l

k

NewPSR—=>1 o - @ o e ki-9g = gk
. .................... 0 . ...... —>e ykli-g+1) =D e (k1)
§(Pa—1)
ki1
° ° o |—>eo k-1 = e (k1)
° ° o |—e y(k,1) = P (k1)

Figure 2.19: Definition of the auxiliary vertical forward PEFs in case of the horizontal

augmentation.
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Figure 2.20: Definition of the auxiliary vertical backward PEFs in case of the
horizontal augmentation.

horizontal augmentation, a set of new auxiliary vertical forward and backward PEFs,

namely e;ﬁql) (k,l) and é;ﬁql) (k,1) are introduced, respectively. As a natural result of the

horizontal augmentation of the PSR, we can observe that the PSR S,(fl’q_l) has p+1

neighboring points to be predicted in the vertical direction. Therefore, we need to

initiate a set of new auxiliary vertical forward and backward PEFs as

D1y = P (k—1,1)

p+1
D) = A, 234

The e (k1) eV (k1) -+ el (k.1)] and [P (k1) & (k1) -+ &P (k1)

are the updated auxiliary vertical forward and backward PEFs according to the previous
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stage order, respectively. The error propagation equation of the (p,q) order auxiliary
vertical forward/backward PEFs including the newly initiated ones can be presented
with a single lattice structures as a recursion of the PEFs of the (p,q — 1) order PSR;

elP=14) (k1)
] B eﬁ,"*“’)(k—l,l)

I egp 17£1) (kJ)

r(Pa=1 (k, 1)

§pa-1)
VS S T (2.35)

(Pg=1) (k,1—1)

1}

. T
where Kﬁ” Q) [kg’f a . kg’q) and ki” fl) are the reflection coefficient matrix and

vectors, respectively, with kg’ - [kgf V(1) - k,gf.’ D), fori=1,2,---,p+1. It

is possible to write the (p,q)th order vertical reflection coefficient matrix as K(p )

[K(p @ g{pa” } The (P9 (k,1) and &P (k,I) include updated previous PEFs and

elH'l

newly initiated ones written as

k) = [Pkl - e D kD) 2 kD)
Py = [P e ar ey, (2:36)

The updated previous PEFs vector can be denoted as é74)(k,[) and it is defined as
follows:
&Pk 1) = elP- 1"1)(k )
-1,
[ egjp q) (k, l)]
&Pk = & lq)(k 0
ey e k) (2.37)

So as to calculate the vertical reflection coefficient matrix at the (p,q)th order stage,
the sum of the mean-square values of the auxiliary vertical forward/backward PEFs

should be minimized in the mean-square sense,

PP _ | [e(pﬂ)e(p,q)” 4 gra)gra)” (2.38)
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where E[-] denotes the expected value over the PEFs, fr means trace operator.
Substituting (2.35) into (2.38) results in an expression which can be minimized with
respect to lattice model reflection coefficient vectors. The results of this minimization

are summarized in the following equations for the updated PEFs and the newly initiated

ones.
A — —1)* -1 — —1)*
K — [215{}14 1)_|_2£{7r,q 1)} [Aéfje’q 1)+Ar1;q 1)} (2.39)
_ —1)* -1 — —1)*
KD = [2e Dz V] (Al Al (2.40)
where covariance matrix ZS{’r’q_l) and Zg’}’q_ ) are defined in (2.27) and
Aggq—l) — E -f-(qu_l)e(P_lﬂ)H ] (2.41)
A&vé,q—l) — g lppa-Dglr-1.0"] (2.42)
Aﬁ{’g;’fl) _ —r(p,qfl)egjl’*l"ﬁy_ (2.43)
,q—1 :~ —1)x 713 H:
Ag)é;] ) _ _r(m l)egp q) |- (2.44)

The error power propagation equations for the mean-square auxiliary vertical PEFs

and the new ones from stage to stage are obtained as follows

plra) — plr=1a) _,, [Kgpﬂ)h’ (2§pf,q )+z(pq n’ >Kgp7q)} (2.45)
— H
PP = P i) (2D x eV k). (2.46)

It is also possible to combine (2.39) and (2.40) into one equation as follows

T.e T,é r.ep

)

71 —1 *
Ke(p,q) _ zgl?q—l)+z§{7r,q—l)] {Agpvq—l)_FA(pﬂ—l) EA(m—l)Jrqu 1) }(2 47)

and the power propagation equation can be formed as

piPa) Ae(p—17q)+Pe(f—1ﬂ) iy [K(p )" <z§p,q—1)+zgﬂr7q—l)T> Kgpﬂ)] . (248

Iy
The calculation of the reflection coefficient matrices is explained in Appendix A.1.

The generation of the horizontally augmented auxiliary forward/backward PEFs is

depicted in Figure 2.21.
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Figure 2.21: Generation of the horizontally augmented auxiliary PEFs [], =

[0 --- 0 1] is the pointing vector, and e(?4) = [¢(r:4) : el(ﬁql)]T

2.7 Vertical Augmentation of the PSR

In order to realize the vertical augmentation, a vertical vector containing past

observations shown in Figure 2.22 is added to the left of the PSR. That means, for

(p_lvq_l)
SkJ

the vertical augmentation on the PSR shown in Figure 2.5, p additional past

observations along the vertical direction are added to the left of this PSR as illustrated

in Figure 2.23. The vertically augmented PSR is S,(CI;_l’q) = S,(Cpl_l’q_l)US,((pl:lq’O),
where S,((pli]q"o) contains the column of the past observations consisting of the points

from bottom to top as y(k,l —gq),--- ,y(k—p+ 1,1 —q).

All the auxiliary horizontal and vertical forward/backward PEFs of the vertically
augmented PSR are illustrated in Figure 2.23. The definition of the auxiliary vertical
forward and backward PEFs are illustrated in the Figure 2.24 and 2.25, respectively.
Similar to the horizontal augmentation, naturally, the left shifted PSR S,(Cf’lill’qfl) will

be used for the auxiliary vertical forward PEFs. Thus, the newly augmented PSR can
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Figure 2.22: Definition of the vertical line vector PSR S,(fz’o).
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WwD ) D)

Figure 2.23: The Vertical augmentation of the  PSR. S,(fl_l’q) =

p ha- USkpl ;O : réi’f) (k,l) and Féi"f) (k,1) are the new
aux111ary horizontal ~ forward/backward ~ PEFs, respectively.
S,(fli;’o) = Span{y(k—i,l —¢q);0 <i < p} consists of the new past

observations for this stage.

be defined as
S(P laq P l,g— US p—1,0) (2 49)
ki1 Ski—1 kil—q .
where S,(( I l’q b represents the previous PSR and S,(Cpl: q 9 shows the new vertically

added PSR containing the past observations. For the auxiliary vertical backward PEFs,
the PSR S,((Z_l’q_l) will be taken into account and the augmented PSR will be defined

as

(p—1, 1,g—1) 1,0)
st = s s (2.50)

Briefly, it can be stated that the auxiliary vertical forward PEFs are calculated from the

left-shifted PSR S,(fi 1 IZ’Q) (k,1) and the auxiliary vertical backward PEFs are computed
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Figure 2.24: Definition of the auxiliary vertical forward PEFs in case of the vertical
augmentation.

from the PSR, S,((’pl_l’q) (k,1). Actually, the calculation of the auxiliary vertical PEFs is
the update of the previous existing PEFs according to the new stage order. Therefore,
the auxiliary horizontal PEFs of the (p — 1,g) order vertically augmented PSR can be
obtained by a linear combination of the lower order PEFs and the lattice structure of
the auxiliary vertical forward/backward PEFs can be written as:

e(r—Lg+l1) (k1)
|t | =

I, _Kgp—l,qﬂ)ﬂ ] [ (P19 (k1)

_Kgp—l,q—H)T Ip é(pfl.,q) (k,l B 1) :|(2.51)

T
where KE” —latl) _ [kg’f —la+l) kgf “hatl) kg’;_l’q+l)] is the reflection coeffi-
T

, for

cient matrix with kgf’fl’qﬂ) = [kg’fl’qﬂ)(l) kgjil’qﬂ)(z) kgiLqH)(P)]

= 1727"' yP-
T
The e(pfl,q+l)(k’l) — [e(lp—lﬂ-H)(k?l) eép—lﬂ-i-l)(k’ l) . eép—lﬂ-i-l)(k’l)} and
T

er ey = e gen I ) e a T ] are the
updated auxiliary vertical forward and backward PEFs, respectively.

In order to calculate the vertical reflection coefficient matrix, the sum of the
mean-square values of the auxiliary vertical forward/backward PEFs will be minimized

in the mean-square sense, with respect to the reflection coefficient matrix in (2.51). The

results of this minimization are summarized in the following equation:

)T
(2.52)

€.e

7 —1
Ke(l’_]7Q+]) _ zg)é—lﬂ)_i_z((fe—l,cﬂ] [AEP—17Q)+A£{;—17‘]

35



k

r}l New PSR

k= k-ptli-g) e€—| ® i - e °

E;wrlq k= yk-p+2i-q) e€— @ g Py PY
k]

M VkdE yk-11-q) ede—| @ ° °

arttab g nd=a y(k,l—q) o—| o e ) °

Figure 2.25: Definition of the auxiliary vertical backward PEFs in case of the vertical
augmentation.

where chf;_l’q) and A)(C{’y—hq) are the covariance and the cross-covariance matrices,
respectively. And these are defined as follows (detailed explanations are given in

Appendix A.1.),

2&—1,61) — E [e(pfl,q) (k’l)e(pfl,q)”(k 1)} , (2.53a)
ze(:ﬁ;l,q) _ E[ (p— 1761)(;(1 1)é (r—1.9)" (k,l—l)}, (2.53b)

and
Ag’glvq) - E [é(l’—lm (k—1,1)elP~1)" (k,l)} : (2.54)

In order to derive a simple propagation equation for the mean-square the auxiliary
vertical PEFs from (p — 1,¢)th order to (p — 1,4 + 1)th order, the expected value of
the sum of the auxiliary vertical forward and backward prediction errors is

Pe(p R [Z(p 14) +2‘.(p L) ] where tr represents trace operator; Z(p 19 and

ng:l’ 9 are defined in (2.53), as follows.
plr=lath  _ plr=la) _ [Kgpflqu)H (2(13 1761)4_):(11J 1#)) K(pfl,qﬂ)}

_ tr[()l(p 1761)+z(p 1q)> (I_Kgp—l,q+1)K(p Lg+1) )] (2.55)

Similarly, for the calculation of the auxiliary horizontal forward PEFs, the new

augmented PSR will be defined as

(p—1lq) _ p 1,g—1) p—1,0)
Skl =S USk 11— q+1 (2.56)

36



(p—l,q—l)

where S;” | represents the previous PSR and S(p ~1.0)

k—1,1—g+1 is the new vertically

added PSR that includes the past observations. For the auxiliary horizontal backward
PEFs, the PSR S,(Cpfl’q*l) will be taken into account and the augmented PSR will be
defined as

(p—1.9) p 1,g—1) p—1,0)
Sk USkl q+l (2.57)

..gp-Hq 1) (kl §/)+1.q—1)(k71) fé[jjll,qfl)(k’l)

s g 1 7

k Wk=ptli—q) yk—p+li-g+1)  yk—p+10)
New PSR f f P f
° ° ° ° °
° ° ° ™ ° °
° ° ° ° ° °

) e [ [} [ J [ [ ]
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y(kvl*q) Ut y(klfl) y(kvl)
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1 — _
((ZI:: 4= )(k,l) r£p+1,q 1)(](1) r§p+l,q l)(kJ)

Figure 2.26: Definition of the auxiliary horizontal forward/backward PEFs in case of
the vertical augmentation.

The Figure 2.26 demonstrates the new states of the auxiliary horizontal forward and
backward PEFs, respectively. As a result of the vertical augmentation, a set of new
auxiliary horizontal forward and backward PEFs, namely r( )(k l) and r( )(k 1)

(p 1,q) has

are introduced, respectively. Consequently, we can observe that the PSR S
g+ 1 neighboring points to be predicted in the horizontal direction. Hence, we need to

initiate a set of new auxiliary horizontal forward and backward PEFs as

(Pq l)(k l) — I"L(]p’q_l)(k,l—l)

q+1
APy = 7PV (k). (2.58)
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The ,,Ep.,q)(k,l) rgp’q)(k,l) rc(,p’Q)(k,l)] and [;,gp,q)(k’l) fép’q)(k,l) ,;ép,q)(h”
are the update of existing auxiliary vertical forward and backward PEFs according

to the previous stage order, respectively.

The error propagation equation of the (p,q)th order auxiliary existing and the newly
initiated horizontal forward/backward PEFs can be combined into a single lattice

structures as a recursion of the PEFs of the (p — 1, ¢)th order PSR;
r(Pa=1 (k1)

RN I A (VS
POk | | # P Dk i—1)

A (k)

0 | qup _Kgp,q)”
(g+1)x2p | (p.q)* T
=k 0
_|_ ,,,,,, p-— - -l g+l _ _ _ _ P _ _
f((p q) O |
r qxp | O(q+1)><2p
|

w [T (2.59)

(P=19) (k—1,1)

o

T
where Kﬁp Q) _ {kﬁf’ a) kg 4| and kgfiql) are the reflection coefficient matrix and

vectors, respectively, with kﬁ{”‘” = [kgf’”)(l) kﬁf”q) (p)|, fori=1,2,--- g+ 1. It

is possible to write the (p,q)th order vertical reflection coefficient matrix as Kﬁl’ Q)

[Kgp,q) : k(p,q)*} ‘

Tp+1

The r?9) (k1) and #7% (k, 1) include the updated existing PEFs and the newly initiated

ones.

rP9 (k1) = [rgp"’)(k,l) ré”"’)(k,l) r(”’q)(k,l)]

q+1
Frok D) = AP0 - 7P ) | (2.60)

The updated previous PEFs vector can be denoted as #7%) (k,[) and it is defined as

follows:
£ (k1) = rPa D 1)
[rﬁf’"f*”(k,z) rgf’"f*”(k,zﬂ
f-(ﬁﬂ)(k’l) — f-(l’»q_l)(k,l)
[f»g"»q—l)(k, ) e 7P, 1)} | 261
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As we represented in section 2.6, the horizontal reflection coefficient matrix at the
(p,q)th order stage can be calculated by minimizing the sum of the mean-square values

of the auxiliary horizontal forward/backward PEFs in the mean-square sense,
PP — g [r(P,q)r(p,q)H 4+ §P2)§pa) (2.62)

where fr is trace operator and E [-] is the expected value over the PEFs. Substituting
(2.59) into (2.62) results in an expression which can be minimized with respect to
the lattice model reflection coefficient vectors. The results of this minimization are

summarized in the following equations for the updated PEFs and the newly initiated

ones.
K >:[ éé >+z§{1‘17q)*}_1 [A@ ”)+Ai >] (2.63)
K20 <[22 ] (Al Al ] (2.64)
where covariance matrix Z‘(fe ) and ZE P )are defined in (2.27) and
Agr—hq) — Elelp-1a)plpa—1)"] (2.65)
AS{LQ) - E :e(p La)g(p.a—1)" : (2.66)
AP [t fpa)] (2.67)
A9~ Ee 011" (2.68)

The propagation equations for the mean-square auxiliary horizontal previous PEFs and

the new ones from stage to stage can be stated as follows

pra) — plr=1a) _ [ng)H (Z(p La) | 2‘.(1’ L) )ngw)] (2.69)
_ H
Pr((i?) _ Pr(f La) _ . [kgﬁ) (2(1) La) 2‘,(” Lg)" )kgfiql)]- (2.70)

We can also combine (2.39) and (2.40) into one equation as follows

1
K, (74) — Z(p l,q)+z(p 174)} {A(p 17q)_|_A(p Lag)" - A‘(:prq1Q)+A(P 1.q) }(2 71)

er

and the propagation equation can be formed as

plra) — plp=La) Pr(;)—lﬂ) —tr [K£p7q)H <Z(p La) | 2-‘(1!7 l,q)T> Kgp,q)}_ (2.72)

The calculation of the reflection coefficient matrices is given in Appendix A.1.

The generation of the vertically augmented auxiliary forward/backward PEFs is

depicted in Figure 2.27.
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Figure 2.27: Generation of the vertically augmented auxiliary PEFs [T, = [0 --- 0 1]

: - 4 — [a(pq) : PanT
is the pointing vector, and r(P4) = [f(P9) : rei1 ]

2.8 Application of the Vertical and Horizontal Augmentation Methods

At the initial stage, we have the first order four PEFs in (2.15), and it is possible to
calculate the auxiliary vertical and horizontal PEFs of successively higher order stages
by combining linearly. This calculation is realized by using vertical and horizontal
augmentations. The basic augmentation schemes for the PSR are given in Figure
2.28. In this figure, .#(0,0) represents the initial stage, # (x,*) shows the vertical
augmentation and JZ (*,*) demonstrates the horizontal augmentation. If the PSR is
horizontally augmented, the PEFs are calculated by the method to be explained in
section 2.6. On the other hand, if the PSR is vertically augmented, the PEFs are

computed by the method to be explained in section 2.7.

After any successive higher order stage, it is possible to define a QP or an ASHP or an

NC asymmetric half-plane models as illustrated in Figure 2.29.

The most important thing is to take into account only the given data when calculating

the lattice coefficients and updating the auxiliary vertical/horizontal forward/backward
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Figure 2.28: The basic augmentation schemes for the 2-D PSR.

PEFs using Burg’s method [60]. That means we are not using any boundary conditions

for the calculation of correlation values in (2.73). After the computation of lattice

parameters, the PEFs for the new stage order are updated. As a result, the updated

PEFs support region will get smaller depending on the stage order. For the initial case,

if the support data size is M x N, then the size of auxiliary vertical forward/backward

PEFs will be M x (N — 1), and the size of auxiliary horizontal forward/backward PEFs

will be (M — 1) x N. Actually, this reduction is related to the order of the proposed

algorithm. For the (p,q)th order stage, the size of the forward/backward PEFs will
be (M — p) x (N —gq). It is clear that the orders of the predicted 2-D lattice filters
are bounded with the size of the observed data. In other words, the data in the PEFs
get smaller if the order p,q increases. For the given M x N data field, the correlation

between e\’ (k,1) and eﬁp @) (k,1) is calculated as follows:

Ro(if) = E [ )el (k=1 j)]

1 ) (P9)
_ eV (ke (k—i,1— j)* (2.73)
(M_P)(N_q)k:;rll:;rl e )

where E|[-] denotes the expected value over the field of dimension (M — p) x (N —g).

For example for the initial stage, if we have an M x N observed data, the calculated
PEF 6(10,1) (k,1) is valid for 0 <=k < M and 1 <=1 < N. The calculated data in case
of / = 0 will be zero because there is no data to calculate this value. In other words,

first column of the auxiliary vertical forward/backward PEFs will be zero. Similarly,
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Figure 2.29: The basic example of obtaining QP, ASHP and NC half-plane models
from the 2-D PSR.

first row of the auxiliary horizontal forward/backward of the PEFs will be zero for the
auxiliary PEFs rgl’o) (k,1) and égl’o) (k,1). In the Appendix A.2, a clear example will be

given to explain this reduction process.

2.8.1 Application of horizontal augmentation

The calculation of the first order stage PEFs is already explained in detail in the
Section 2.7. After the initial stage, it is possible to make an augmentation on the
vertical or horizontal direction. After each augmentation, we have two possibilities to
continue to scan the data. After the initial stage, we assume that an augmentation is
applied to the PSR S,((?l’o) by adding one point in the vertical direction as depicted in
Figure 2.30. This augmentation is called as Horizontal Augmentation. As seen that
the horizontal augmentation causes the increase of the number of auxiliary vertical
forward and backward PEFs. Due to the horizontally augmented PSR, S,(:l’o) has
two new neighboring points to be predicted in the vertical direction, a set of new
auxiliary vertical forward and backward PEFs ego’l) (k,1) = ( )(k [) and eg )(k )=

e”go’l) (k,I) must be predefined. The calculation of existing and the newly initiated

auxiliary vertical forward and backward PEFs are illustrated in Figure 2.31.

The update of existing auxiliary vertical forward PEF, egl’l)(k,l), is calculated by
spanning the points {y(k,l),y(k,l—1),y(k—1,1—1)} and the newly initiated one,
egl’l)(k,l) is computed by spanning the points {y(k — 1,1),y(k,l —1),y(k—1,1—1)}.
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Figure 2.31: Auxiliary vertical (a) forward and (b) backward PEFs of the PSR S,(Cll’o).

In other words, the update of existing auxiliary vertical forward PEF, e (k,1) and the

1
newly initiated one, egl’l) (k,1) are linearly predicted by using the previous stage order

PEFs, ego’l)(k,l), é&o’l)(k,l), rgl’o) (k,1), and 751’0) (k,I) which are already calculated
at the initial stage. For the updated auxiliary vertical forward PEF, we need the
projections from the point y(k,/) to y(k,I — 1), which equals to e\ (k,1), and from
the point y(k— 1,1 — 1) to y(k,l — 1), which equals to 751’0) (k,1 —1). The equation for

the updated auxiliary vertical forward PEF can be written as

) = (5D =K vk 1)

- Ef’l)* (y(k— 1,1-1) —kﬁf’o)y(k,l— 1)) . (2.74)
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We have already found at the initial stage

V1) = vyl — KO y(k1—1) (2.75)
A1) = yk—1,1) =k Ok, 1). (2.76)

If we realize a delay on [ axis for F%l’o) (k,1), we obtain

A 1-1) = yk—1,1—1) =k Ok, 1-1). 2.77)
So, we can rephrase the equation (2.75) as follows:

e (kD) = ™) (kD) kA k- 1), @78)

For the newly initiated auxiliary vertical forward PEF, the projections from the point
y(k—1,1) toy(k—1,1—1), which equals to OV (k—1,1), and from the point y(k,l—1)
to y(k— 1,1 — 1), which equals to rgl’o) (k,1 — 1), can be needed. The equation for the

newly initiated auxiliary vertical forward PEF can be formed as

SV = (k=10 —KY yk—1,0-1))

k5 (vl = 1) =Kk =11 1) @79)

After making necessary time delay on the initial stage PEFs, we can obtain

V1) = &MV k= 1,0 =ylk— 1,0~k yk=1,1-1)  (2.80)

A1) = A1) =y - 1)~k Y- 11-1) @281

and the equation (2.79) can be reformed as

0 (k1) = eV (k= 1,1) — K0 10 (- 1), (282)

In the same manner, the updated auxiliary vertical backward PEF and the newly
initiated one can be calculated from the defined PSR shown in Figure 2.31. The update
of existing auxiliary vertical backward PEF, 5(11’1)(k, [), and the newly initiated one,

e”gl’l) (k,1) can be defined as

"k = (y(k— 1,0—1) = k2 Dy(k — 1,1))

kY (k) = K (k= 1,0)) (2.83)
&t = (vl =1 =k (kD)
k5" (0= 1,0 =k (k) ) (2.84)
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By applying the necessary definitions, we can rewritten the equations (2.83) and (2.84)

as follows

E &0 k= 1,1) — KA (1) (285)
k) = " k) — kR k), (286)

The sum of the mean-square values of the auxiliary existing and newly initiated
vertical forward/backward PEFs can be minimized in the mean-square sense, with

respect to the reflection coefficient vectors kﬁ?’”

and kﬁ(}”, respectively. The following
equation (2.90) will be minimized for existing vertical forward/backward PEFs, after

substituting the following definitions

RO~ ], X
é(l’l)(k,l) _ [egl’l)(k;l)] , (2.88)
5(171)(1671) _ [égl,l)(k’l)] , (2.89)

Pél,l) — 1 [E [e(l’l)(k,l)e(l’l)H(k,l)} +E [é(l,l)(k,l)é(l,l)H(k,l)]} . (2.90)

The lattice reflection vector for existing auxiliary vertical forward,/backward PEFs is

found as

A * _1 *

R = 2 ml ) ALY A 291
where

20 = E[e000% 00" k1),

R Y

AS) = E[E09 - 1 (k).

Af};" = E [rMO %k, nel®) (k—l,l)]

For the newly initiated vertical forward/backward PEFs,
PV = B ened ) ten] +E [V k0l (k)] @92

The lattice reflection vector for the newly initiated auxiliary vertical forward,/backward

PEFs is calculated as

-1 .
k= [ERY s ALY Al (2.93)

E,
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where

AL = E[r190% - e k- 1,0)],

0,1 ~(1. (0,
ALY _ g [r“m (k, )&V (&, 1)] .
It is possible to show lattice reflection values in the one vector as
KD — {k(u) ;kgu)}
el . 2 )
and both vertical forward/backward PEFs can be combined as
T
1) _ [egm) : egl,l)}

T
é(l’l) — |:é'g171) égl,l):|

(2.94)

(2.95)

(2.96)

In case of horizontal augmentation, the new order auxiliary horizontal forward and

backward PEFs can be obtained by linear combination of the initial stage order PEFs.

Thus, it will be enough only to update of the initial stage order auxiliary horizontal

forward/backward PEFs. The necessary PSR and the projections for updating the

auxiliary horizontal forward/backward PEFs are illustrated in Figure 2.32.

?1

k y(k=2,1)

0 = Span{y(k - 1,1),y(k—2,1)}

7.

s\

%%

§(L0) _
y(k,1)

(@) ()

A2 (k1)

vl =Span{y(k,l),y(k—1,0)}

Figure 2.32: Auxiliary horizontal (a) forward and (b) backward PEFs of the PSR

(1,0)
Sk7l .

By using projections, we can write the equations for the update of existing

auxiliary horizontal forward and backward PEFs which are rgzp)
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respectively.

O = (3D =k k= 1.0)

k7 (ylk=2.0) = K (k= 1,0)) (2.97)
A0 = (vke=2,0 -k yk—1,0))

— k0 (y(k, 0 — k0 (k- 1,1)) . (2.98)

After making the necessary simplifications, these equations can be rewritten as

A0k = A — kO HO -1, 1 (2.99)
AOWD = R 10—k A k), (2.100)

(2,0)
1

For calculating lattice reflection value k;;”’, the sum of the mean-square values of the

auxiliary horizontal forward/backward PEFs are minimized in the mean-square sense,

with respect to the reflection coefficient vectors kgll ’0). If we define,

K, 20 — [kgfm}, (2.101)
P10 (k1) = [rglvo)(k,l)], (2.102)
f'(l’o)(k,l) _ [7%170)0(,1)]7 (2.103)

then we can write
PEO = e [ [r2O (ke (k)| + B [F20 (6, 0720 (k1) || 2:104)
and after the minimization with respect to the lattice reflection value,
F i T A

x7—1
KO = [0+ 2l (Al Al (2.105)

where Ag;o) =FE [f’(lao) (k—1,0)r1:0" (k,l)} :

At that point, a horizontal augmentation is applied and all the related lattice reflection
values are calculated and the update of existing of auxiliary vertical and horizontal, and

the newly initiated auxiliary vertical forward/backward PEFs equations are explained.
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2.8.2 Application of vertical augmentation

Now, after the horizontal augmentation, we have (1,1)th order auxiliary vertical
forward/backward PEFs, which are e(]’])(k,l), eg’])(k,l), é&l’])(k,l), and ég]’])(k,l);
and (2,0)th order auxiliary horizontal forward/backward PEFs, which are rgz,O) (k,1),
752’0) (k,1). From this point, it is possible to make a horizontal augmentation again
or a vertical augmentation causing a growth horizontally. In order to come to the
desired stage order, the augmentation sequence is not very important. In other words,

these augmentation steps can be repeated freely until the desired rectangular PSR is

obtained. At that point, we will choice the vertical augmentation to continue.

(k1)

;22,1
]

—-e ' (k)
—>e "7 (k1)

°
AVa AP

Figure 2.33: Auxiliary vertical and horizontal forward/backward PEFs of the PSR

(L1)
Sy -

In order to vertically augment the PSR, S,(Cll’o), two new points are added vertically
(1,1)
k,

in the horizontal direction as shown in Figure 2.33. The obtained square PSR, §

(1,1)
N

has four neighboring points. Due to the vertically augmented PSR, S, ;" has new

introduced auxiliary horizontal forward and backward PEFs to be predicted. Therefore,

similar to the horizontal augmentation, a set of new PEFs, r§2,0) (k,1) = rgz,o) (k1)

and Féz’o) (k,1) = fgz,o) (k,1) must be predefined. Projections of the update of existing
auxiliary vertical forward/backward and all the update of existing and the newly
initiated auxiliary horizontal forward/backward PEFs are illustrated in Figure 2.34 and

Figure 2.35, respectively.
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FM
S = Span {y(k, 1), y(k,1 = 1), y(k— 1,0),y(k— 1,1~ 1)}

8 (k, 1) &V (k, 1)
b
"".-"':i o [P0 (i-1,) yk—1,1—1)®
b
% o [—Ppeo ki yki-1) @
PR()) &Y (k1)
Sl(clll)l :Span{y(k,l—1),y(k—,l—2),y(k— 1=l_ 1),y(k—1,l—2)}

(a) ()
Figure 2.34: Auxiliary vertical (a) forward and (b) backward PEFs of the PSR S,(Cll’l).
Auxiliary vertical forward/backward PEFS are only updated by combining linearly
of the previous stage order auxiliary vertical forward/backward PEFs and the lattice

structure equations can be written as

e(172)(k,l) _ e(lvl)(k,l)—Ke(172)”'é(171)(k7l—1) (2.106)
1) = eD(k1—1)—K D D (k,1). (2.107)
where
~ 1T
k) = [k k)]
- \T
k) = [ k) k)]
- 1T
k) = [ef"Vikn V)]
- 1T
é(lvl)(k71> = _55171)(]{71) éél’])(]@l)_ )
Ke(lvz) — -k£}72) kg;’Z):|
_ [P0 20
67 @) kP )

In order to calculate the vertical reflection coefficient matrix at the (1,2)th order stage,
the sum of the mean-square values of the auxiliary vertical forward and backward PEFs

will be minimized in the mean-square sense,

Pe(1,2) — ¢ [E [e(l’z) (k,l)e(l’z)y(k,l)} +E [5(1,2) (k,l)é(le)H(k,l)” .(2.108)
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If we minimize the equation (2.108) with respect to the lattice model reflection

coefficient vectors, Ke( 1.2).

Ko = [0 5l ] (Al + all] (2.109)
where
zgél) _ E[e(lvl)(k,l)e(l’l)H(k,l)],
D = g [é“v”(k,z— D)™ (k1 — 1)] ,
AL = E [é(“)(k,l— l)e(l’l)H(k,l)} .
?1
si”l?,—szn{y(k—1,1),y(k—2,l),y(k—171—1),y(k—2,1—1)} yik=2=1) ylk=2.0)
? o GR() GR()
ﬁ % e

[ ]
“ A
() l l () 7 a2 o
.

S = Span {y(k,1), y(k, 1 = 1),y(k— 1,1),y(k— 1,1~ 1)}

V1= 1) y(k1)
(a) (b)
Figure 2.35: Auxiliary horizontal (a) forward and (b) backward PEFs of the PSR
(L1
kl

Similarly, the error propagation equations for the update of existing and the newly
initiated auxiliary horizontal forward and backward PEFs can be given as follows for
the update of existing ones
f200 ) = 293 —RPV & (k- 1,1) (2.110)
R0 = F2O%1—1)— RV eD (k1) 2.111)

and for newly initiated ones

2k = 20— 1)~k e (k- 1,1) (2112)

REVE D) = 57k —ky @D (k,D) (2.113)
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where

20w = [P,
20k 1) = 'fiz")(k,l)},
- T
r20%n = A% rf’o)(k,l)} :
- T
OO LR CUE R CU
R - T
ke = )= [0 dhe) |
2,1 [ T
kU = [k V) |

We know that I'\(,(rz’l) and kg D) are the reflection coefficient vectors. It is possible to

write the (2, 1)th order horizontal reflection coefficient matrix as

K20 _ {r&“ sk£§’”} | (2.114)

In addition, it is also possible to combine existing auxiliary horizontal for-

ward/backward vectors and the newly initiated ones into the one vector as follows

T

) = [0 k] @.115)
T

P (k1) = [f'(zvl)(k,l)Efgz’l)(k,l)} . (2.116)

The reflection coefficient vector for the update of existing auxiliary horizontal
forward/backward PEFs is calculated by minimizing the sum of the mean-square
values of the existing auxiliary horizontal forward/backward PEFs in the mean-square

sense,
21—y [E [f.(z,l)(kJ)f,(Z,l)H(k?l)} +E [;(271)(k’l)'f.(Z,l)H(k,l)]} .(2.117)

If the equation (2.117) is minimized with respect to the lattice model reflection
(2.1

coefficient vectors, K; 7 /;

K> = [):E‘:”Jrzge’” ] [AEZ’O) +A% } (2.118)

e,r

where

ARO) E[6(171)(1(_1,l)r(27°)H(k,l)},

e,r

AZY = B[ ni®0" (k- 1))

e.f
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The reflection coefficient vector for the newly initiated one can be calculated by
minimizing the sum of the mean-square values of the newly initiated auxiliary

horizontal forward/backward PEFs in the mean-square sense,

PV = ulE [réz’l)(kJ)réz’l)H (k,1)| +E [f&z’l)(k,l)ng’l)H (kD] @119

(2,1)

By minimizing with respect to the k;;" 7,

2 s

71 —1 *
kY = [zl + 200 (A + Al (2.120)

where

ARY E[é“’l)(k,l)fgz’o)H(k,l)].

2.9 Summarize of Augmentation Method

As seen in Section 2.8.1 and 2.8.2, after each augmentation, we have one set of
auxiliary vertical and one set of auxiliary horizontal forward/backward PEFs lattice
propagation equations for the update of existing auxiliary vertical and horizontal
forward/backward PEFs. Additionally, we have one set of newly initiated lattice
propagation equations for auxiliary vertical forward/backward PEFs in case of
horizontal augmentation. Similarly, at the vertical augmentation, a set of newly
initiated lattice propagation equations for auxiliary horizontal forward/backward PEFs

are introduced.

We can easily formulate the general lattice equations for existing and the newly
initiated ones of the both auxiliary vertical and horizontal forward/backward PEFs,
which are already defined in Section 2.7 and 2.7, respectively. We know that, at the
(p—1,q — 1)th order stage, the rectangular PSR, S,(fl_l’q_l) has p x g points. Hence,

two sets of auxiliary vertical and horizontal forward PEFs can be defined

T
e(l’*h‘])(kjl) — |:e§17*1"1)(k71> e;;pil’q)(k,l)} 7 (2.121)
T
R B e (N IR S (V] I (2.122)
The related backward versions of them are given &?~14) and ¥P4—1, If
an augmentation is applied on S,(Cpl_]’q_l) in the vertical direction which means
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horizontal augmentation, the augmented PSR will be stated as S,(fl’q_l) =

S(p— 1,g—1)

by US,(&ZU which is depicted in 2.12. Consequently, the recursion of the

PEFs for the (p,q — 1)th order stage PSR S,(Cpl’qfl) can be presented in the equations
(2.123) and (2.124) as a linear combination of (2(p + ¢q)) lower order PEFs. Detailed

explanations are already given in Section 2.6.

o>
P
N
=
—~
“W‘
~
~—

elP=19) (k1)

e N I S W
&9 (k. 1) | e N(k—1,))
AP (k1) &1 (k1)
[ ; O _K£P7CI)H
O(p+1)x24 : _k(iqu)* o7
I o ___r_ _Teprl Vg _ _
RP Oy
o7 _k(p,ql) : O(P-H)XZ(]
L q €p+
r(Pa— U(k )
£Pa=1 (k1)
i f«(l’-/l*”(k,l_ 1)
r(p+l,q71)(k7l) B Ip _Kgp—l—Lq—])H
frtlaD ey | _K(p+17q—1)T I,
r(Pa=1 (k1)
x{ < (pg—1 )(k—l,l)} (2.124)

The auxiliary vertical forward/backward PEFs vectors, e(”4) (k) and &79)(k,I), at
the (p,q)th order stage are represented with the combination of the update of existing

and the newly initiated auxiliary vertical forward/backward PEFs.

ePa) (k1)
P9 (k, 1) e("’q)(k 1)
B N A — |.oprL AT .
l &P (k, 1) ] &ra) (ki) (2123)
&4 (k1)
(p,g—1)

After the horizontal augmentation, the PSR S/, can be augmented in the horizontal

direction which means vertical augmentation, and the augmented PSR becomes

§P:a) _Spq 1)

k.l USk I q as shown in Figure 2.12. The propagation equations for

the update of existing and the newly initiated auxiliary horizontal, and the update of

existing auxiliary vertical forward/backward PEFs can be written as in equation (2.126)
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and (2.127), respectively. Detail explanations for the vertical augmentation are already

given in Section 2.7.

#P9) (k, 1) rPa=D (k1)
RV N I (N
£P4) (k1) tPa=U (k1 1)
~(p, -(p,g—1
PP (k, 1) AP k1)
[ | O _K£p7q)H
O(‘I+1)X2P : _k(ql;j‘f)* or
+ ,,,,(,,) o ___1_ _ gyt "p__
Krp’q OqXp : O(q+1)><2p
Lot

o | A D (2.126)

|:e(p—1,q+l)(kl :| [ Ip _Kgp l7q+1)H ]
alp—1g+1) - —1g+D)T
(Y] P q (k l) _K(p q+ ) Ip
(P=1.4) (k, 1)
€ )
X [ é(p_l"I)(k,l— 1) } (2.127)

The auxiliary horizontal forward/backward PEFs vectors, r(?9) (k,1) and #7% (k, 1), at
the (p,q)th order stage are represented with the combination of the update of existing

and the newly initiated auxiliary horizontal forward/backward PEFs.

(P9 (k, 1)

r(P9) (k, 1) ré‘i’?) (k1)
[Fain] - [hin @12

R (kD)
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3. PROPOSED GENERAL 2-D LATTICE FILTERS

3.1 Purpose

In this chapter, it will be explained how to obtain all types of 2-D lattice prediction
models, concurrently. After the calculation of all the auxiliary horizontal and vertical
PEFs introduced in Chapter 2, it is possible to obtain QP, ASHP, and NC half-plane
lattice prediction models by employing the calculated auxiliary vertical and horizontal
forward/backward PEFs. It will be shown that eight causal QP models, twotypes causal
AR models and one noncausal half-plane prediction model for each of the auxiliary
horizontal and vertical forward/backward PEFs can be structured. After explaining all
model extractions, it will be stated how to unify all of the proposed prediction models.
Then, stability of the predicted models will be studied and finally, the proposed method

will be compared with the existing 2-D lattice models.

3.2 Quarter-Plane Models

For a (M — 1,N — 1)th order rectangular, S,({A;I_l’N_l), eight QP AR models with

different recurse directions can be obtained by using the appropriate auxiliary PEFs

shown in Figure 3.1. In order to generate the first- and third-quadrant QP PEFs, a pair
of e(IM_]’N) (k,1) and égM_l’N) (k,1), or a pair of rgM’N_])(k,l) and ng’N_])(k,l) are
predicted by the linear combination of the other PEFs, in the same column or in the
same row, respectively.

For example, the (M — I,N — 1)th order rectangular PSR, S/EA;I_LN_U has

M x N points and its auxiliary vertical forward and backward PEFs can

be defined as in Figure 3.2.  The vertical first- and second quadrant QP

PEFs, e(QAIl,:l’N)(k,l) and e(QAf,;l’N)(k,l) are obtained by the linear prediction

of ™M1y from MM k1), W TNV (k1) and eV (k1) from

egM_l’N) (k,10),--- ,e%_ll’N) (k,1), respectively. The vertical third- and fourth-quadrant

QP models égf,fl’m (k,I) and e”(QA;[,;l’N) (k,1) considered as corresponding backward
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1 M,N—1
i (k1) A (¥)

o 37 R
S/({]’lgl—l,N—l) S/({{l;[—l,N—l) E
I\ \\\\ & —
(QA:IDZN Dk, 1) en or FS;I,;NJ)(](-,I)

Figure 3.1: Generalized QP model 2-D filters for the PSR S,(CAll LN=1),

versions of the vertical first- second quadrant QP models are generated by the

prediction of el(é/[ 1N)(k [) from e(lM 1N)(k ), e 1(‘3/1 11 N)(k,l) and ¢ (M 1N)(k,l)
from egM 1N)(k l),--,é 1(‘2/[ 1N)(k,l),1respectively.
?l
“l e e el
(M—1,N—1) :
Ski-1
. L (%))
° ° —}eEM 1N)(kl)
MNUD) ] o e
(M—1.N-1)
Sk
ﬁllm)(kvl) <« o - o
a k) «— o -

Figure 3.2: The vertical PEFs for the first- and second-quadrant QP models of the PSR

(M—1,N—1)
SkJ .

Therefore, the vertical first- and third-quadrant QP PEFs, e(QAf, L) (k,I) and

(QA;[) LN) (k,1), and the second- and fourth-quadrant QP PEFs, (M 1N)(kal) and

(QA;[a 1N) (k,1), can be written as

eI ey = MV (e gy kTN g 1) ()

€op €op,
ot My = @M (1) — kLT g gL (k) 3.1)
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and

DN ety = M) (e 1y — kM g 1N

QP eop,
Ny = N ) kU M) 32)

where the constant matrix ¥; is defined by removing the jth row of an identity

k(M*LN) (M—1,N)

matrix with an appropriate order. ke, and ke, " are the vertical first- and

second-quadrant QP lattice parameter reflection vectors, respectively. The reflection

vectors kgg,_]’N) and k%’;l’m can be calculated by minimizing the sum of the
mean-square values of eép LN) and & (M V) in (3.3), and e(QAj{,Z V) and & (M L¥) in

(3.4), respectively.

2
PN = EU on " D) ]+E{ eon " (k1) } (3.3)
2
PN = EU - IN)(k,l)‘ }JrEU SM— IN)(k,l)‘ } 3.4)
If these equations are minimized with respect to the k%{l’m and kgg};l’m,

respectively, the results of these minimizations are summarized in the following

equations:
1, I 1 1 -1
kg, = [ (20 2l ) |
><‘I‘1< ML) | g ML) )n{ (3.5)
(M-1N) (M—1N) | «(M—1N)* -1
Kg, = [ (BT 2w
><\PM(>:(M LN) gLy )n,@ (3.6)

where zé”e’ LV) and EW LN) are the sum of the covariance matrices of forward and

backward vertical auxiliary PEF vectors, respectively. The constant IT; is the jth row

vector of an identity matrix with an appropriate order.

Itis clear that IT; and ¥ are strongly related to the identity matrix with the appropriate

order. For the vertical first- and third-quadrant QP PEFs, these are defined as
I
L = l fpf } 3.7)
and for the vertical second- and fourth-quadrant QP PEFs, the definition will be
I _ | Pu
MXM - I-IM .
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The power propagation equations for the mean-square values of the vertical first- and

second-quadrant QP PEFs from stage to stage can be built up as follows

M717N) —

L) i) g (010 50 ) 1
Pl ™ = PAITIY a0y (Y 20 ik, Y 30)
where
ol ] o
and

PM-IN) _ g “eZ(WMI’N)(k,l)‘Z} VE Uégﬁ“’m(k,l)ﬂ .

Similarly, auxiliary horizontal forward and backward PEFs of the (M — 1,N — 1)th

(M—1,N-1) can be defined as in Figure 3.3. The horizontal first-

order rectangular PSR, §;;
and fourth-quadrant QP PEFs r(QA;;N_l)(k,l) and r(QAI/I,z’N_l)(k,l) are obtained by pre-
7r](vM,N71)(kjl)’

dicting the first auxiliary PEFs, r%M’Nfl)(k,l) from rgM’Nfl)(kJ), e
(M.,N—l)(k )

MND (k1) from ANV (1), A0

and the final auxiliary PEFs, ry

respectively. In the same manner, the horizontal third- and second-quadrant QP
PEFs F(QA;{,I’NA) (k,I) and F(Qﬂf,z’Nfl) (k,I1) considered as corresponding backward versions

of the horizontal first- and fourth-quadrant QP models are generated by the linear
(M, N—1) (M,N—1) ~(M,N—1)

prediction of 7\ (k1) from ANV k1), 7 (k,l) and 7\ (k1)
from fEM’N_I) (k1) F](\,Aﬁv_l) (k,1), respectively.
AN (1, 1)

k

N

! AN )
Fr— 1

) )
S(M—l,N—l) ¢ ... o
k=1, GM—1.N-1)
® ® k,l
e ® L I L4
I -
(MN=1) 1) rEM‘N—])(k’l)

Figure 3.3: The horizontal PEFs for the first- and second QP models of the PSR

S

k,l

(M—1,N—1)
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Consequently, the horizontal first- and third-quadrant QP PEFs, r(QA;[)]’N_l)(k,l)

and 7 (MN 1)(k,l) respectively, and the fourth- and second-quadrant QP PEFs,

PN 1) (k,1) and 7, FULN = 1)(k, 1), respectively, can be written as

"op, Top,

VD ey = AN gy BN g (N g

e Dty = AN n) kY N D (k) 3
and

PN () = A (k1) — KN D g N g )

OV Dy = AU () — kN g MV Dy @3a2)
where kgg,N D and kgg,’zN_l) are the horizontal first- and second-quadrant QP lattice

parameter reflection vectors, respectively, and can be calculated by minimizing the

sum of the mean-square values of r(QAf,{Nfl) and FSI/I,I’Nf in (3.13), and r (MN D and
(QA;[,N Yin (3.14), respectively.
MN—1 MN—1 2 (MN—1 2
POINY _ g Ur(Qpl )(k7l)‘ } +E { Fom ’(k,l)) } (3.13)
I I I 2
PN Y = E“ o D) }JFEU o (k)] } (3.14)
The minimization of the sum of the mean-square values of r(AI{I’N_l) d (QAI{N b
with respect to the horizontal lattice coefficient vector ngPN ]), and similarly, the
minimization of the mean-square values of rgf,N D and rg;[,N Y with respect to the
horizontal lattice coefficient vector ngP D yields the following equations:
-1
N YT
<P, ():WN 1)+>:W N-1y )n{ (3.15)
—1
MN—1 MN— M N—1 T
I
X Py ():(MN 2 +>:W N-1)? ) i, (3.16)
where E%N Y and EWN Y are the sum of the covariance matrices of forward and

backward horizontal auxiliary PEF vectors, respectively.

The power propagation equations for the mean-square values of the horizontal first-

and second-quadrant QP PEFs from stage to stage can be formed as follows

pMN-1) _ Pr(lM,Nfl) KMN— 1)\{,1 <E(MN 1)+2‘,WN 1)* )‘PTk(MN 1) (3.17)

Top| k; opP rop

pMN=1) _ p(MN-1) _k(M,N—l),PN <2%"N— )+z§j, —1)* )TNkMN 1) (3.18)

rQ p2 N rQ p2 rQ P-
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where

2 2
PNV = UriMW‘”(k,Z)‘ } +E { A (k)| }

and

Pr(lzvu,Nfl) _E Ur](\[M,Nl)(k’l)‘z} i “F](VM,NI)@,Z)’Z} ‘

3.2.1 Quarter-Plane 2-D lattice models of the PSR S,((ll’o)

For the PSR S,(C , it is possible to define four QP models by using the vertical

1,0)
N

auxiliary forward and backward PEFs. These are pair of the vertical first- and
third-quadrant QP PEFs e(Qlﬁ})(k,l) and é(Qll’,})(k,l), respectively, and the pair of the
vertical second- and fourth-quadrant QP PEFs e(Qll’)l) (k,l) and é(QlI;l)(k, 1), respectively.

As shown in Figure 3.4, the PSR S,Ell’o)

has two vertical forward and two vertical
backward PEFs. As seen that it is not possible to define any QP models from the

horizontal forward and backward PEFs.

{bl

7
5’/—» & (k.) " (k1) €—
/ ) S(L1)

)

){Hf_> € (k7l) € ' (kvl) <
(1,0) (1,0)
Sk,lfl Sk,l

Figure 3.4: The vertical PEFs of the PSR S,

The first- and third-quadrant QP PEFs, e(Ql;,}) (k,l) and 58;,}) (k,1) can be written as

egﬁf)(k,l) = (k1) kD e (k)

EQP1
T
o (k) = 2"V (kD) — ki w1 (k1) (3.19)

where the constant matrix W, is defined by deleting the first row of an identity matrix
Ipyo = { (1) (1) } So, itis equal to ¥y = [ 0 1 ]. If we put this value in the equation

(3.19), then we have

eon (1) = eV (k1) — k)8 (k1)

0]
e k1) = & k1) — kipyd Y (k,1). (3.20)
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The sum of the mean-square values of e(l’l)(k,l) and & ( )(k [) can be written as
Oh

follows

11 11 2
P = EUe(QPI)(k,l)’ ]+E{

2
éS;,P(k,l)’ 1 . (3.21)

If we minimize the equation (3.21) with respect to the vertical lattice coefficient vector
SRy

eor, » then we will have

I R S O

(1,1
€
[ [ kel (, l)} +E [e”gl’l)(k,l)égl’l)*(k,l)} ] . (322)

It is clearly seen that the reflection coefficient vector k%’,}l) is a scalar for this order.

In Section 3.2, we have already defined the vertical lattice coefficient vector kgM LN)

b

and we can write it for the (1, 1)th order stage as
erl

Ky = |%1(Z §}‘>+zﬁ~>>wﬂ_lwl (2t +2" )y 3.23)

Now, we can prove that the equation (3.23) is equal to the equation (3.22). We know
that ¥, =[0 1 ]and

El

zglél) _ E[e(l,l)(kJ)e(l,l)H]
1

3.24)

Hence, we can write that

g el = E[egl’”(k,l)egl’”* . (3.25)

In the same manner, for the backward covariance matrix, Z‘.Se ), it can be defined as

2 = B[k et
E " k,ne" | E (Y (&, nel 526
R O e A A GG '
and we can find that
e el = Bk ne | (3.27)



By using (3.25) and (3.27), we can define that

w, [z 1>+>:E~>}w{ - E[egl’“(k,z)egm*hg[< Dk, e } (3.28)

In addition, by using the definition the constant vector IIj = [ 1 0 | which is the Ist

row of the identity matrix I, .7, It can be written the following equation:

v 202l 0] = B ke | e[ ndt | 3.29)

If we substitute (3.28) and (3.29) into (3.23), then we have the equation (3.22).

Similarly, the second- and fourth-quadrant QP PEFs, e(Ql;)i) (k,1) and é(Ql}’,i)(k, [) can be

formed as

e (k1) = S (k1) — Kl Wae D (k, 1)

eQP

o (k1) = & (k1) —Kipn) WD (k, 1) (3.30)

The sum of the mean-square values of e( )(k l)and é ( )(k [) are defined as

Poy = E U on (k. ZM Ue(gpﬂk Ol } (3.31)

If we minimize (3.31) with respect to the lattice coefficient vector kg ors ), then we obtain
* -1 .

Kepn, = [‘1’2 (zgél) + 245" ) 24 } ¥, (Eﬁfe’” +20% ) nl. (332

By using he definitions ¥, = [ 1 0 } obtained from removing the second row of the

(1) (1) },and II,=[ 0 1 | formed by getting the second row
of Iy «2, we can rewrite the equation (3.30) and (3.32) as follows

identity matrix Io., = {

k) = Dk, 1)~ kLY e (k1)

Sk 1) = & k1)~ kip) e (k,1). (3.33)
and
* * * —1
Kow = [Eef"Vwne™ wn] +E [V kne k0] |

x [E [egl’”(k,z)eglv”*(k,zﬂ VE [Egl’l)(k,l)égl’l)*(k,l)]*] . (334)

1)
or; >

(1,1)

this lattice coefficient vector keQP

respectively. As the lattice coefficient vector kg

is also a scalar.

62



3.2.2 Quarter-Plane 2-D lattice models of the PSR S,(fl’z)

In this example, we will introduce all the possible vertical and horizontal QP PEFs
for the PSR S,(fl’z). It is possible to define four pairs of QP models by using the
vertical and horizontal auxiliary forward and backward PEFs. These are the pair of the

(Qslz,?)(k,l) and éSI;?)(k, 1), respectively, and

the pair of the vertical second- and fourth-quadrant QP PEFs egl’;) (k,1) and 58133) (k,1),
respectively, and similarly, the pair of the horizontal first- and third-quadrant rg 1;?) (k1)

and ?g 17’?) (k,1), respectively, and the pair of the horizontal second- and fourth-quadrant

QP PEFs rg‘,;f) (k,1) and Fgé) (k,1), respectively. The PSR S,(jl’z) has four vertical

forward/backward PEFs and three horizontal forward/backward PEFs as shown in

vertical first- and third-quadrant QP PEFs e

Figure 3.5.

/ S\ SN\
? 9 /\bw /\b\“‘
™ v )
k t ot

é(l3.3)

(33)

(k,]) «=— @ ) o P e (k)

$Fk1) «— . o | LYk

b}
k.l 33)

$Vk1) «— e e e | kI

&V k) «— ® . L e ()

Figure 3.5: The auxiliary vertical and horizontal forward/backward PEFs of the PSR

(3,2)
Skl -

From the definition given in the Section 3.2, we know that the vertical first-quadrant

QP PEFs, e(Qg’I’,?) (k,1) is linearly prediction of 62373) (k1) from 653’3) (k,1), egs’s) (k,1), and

e‘(ﬁﬁ)(k, [) as shown in the Figure 3.6. Naturally, the vertical third-quadrant QP PEFs

ES;,?)(k, l) considered as a backward of eS;,?) (k,1) is obtained by the linear prediction

of &3 (k, 1) from & (k, 1), &0 (k, 1), and &) (k. 1)
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> PEF PEF PEF PEF

v ¥ (k1) 3 (k1) 3 (k1) e (k1)
New PEF l
ebiy (k1) (k1)
Figure 3.6: The construction of auxiliary vertical first-quadrant QP PEF eg’ﬁ?) (k,1) by

predicting the first auxiliary vertical PEF e§3’3)(k,l) from the remaining

vertical PEFs, eg )(k 1), e ( )(k,l),and 64(‘3’3)(](,1).

The vertical first- and third quadrant QP model equations can be written as follows,

S k1) = &V (k1) — k) (1S (k1)

erl
ko (2)e5) (k1) — ki) (35 (k1)
eon (1) = &M (k) — kg (1) (k. 1)
ki) (@087 (k1) — k5 (3)87 (k). (3.35)

If we constitute IT; and ¥, from the identity matrix I4«4, then we have

m o= |

[S—
]

], (336)

T (3.37)

c oo
oo~

o—~o @
—oco <
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The vertical forward and backward PEFs can be represented as a vector based as,

eV (k,1)
(3,3)
k,l
e(373) — 6%373)( ) ; (3.38)
6%3 N (k7 l)
K2y (k. 1) i
F 4 -
§3 3§<k,z>
33 _ fg,s)(k’l) (3.39)
3 3)(k,l)
| & (k1) |
In addition we can state the vertical lattice coefficient vector as
33
. Kign, (1)
kipn = | k@) |- (3.40)
33
ki) (3)

By using (3.36) and (3.37) on the vertical forward and backward vectors, we can get

the following results:

(k1) = et (k1) (3.41)
[V (k,D) ]
SV | = e (kD) (3.42)
e kD) |
&k = meld (k1) (3.43)
- (33 _
2 (k1)
k) | = WiECI (kD). (3.44)
(3.3
L& k) |
Now, we can rewrite the equation (3.35) by using (3.40), (3.42), and (3.44) as follows,
33 33 3,3)
S k) = e (k1) — ki) W1eB (k,1)
T
kD) = & k1) ki) et (k). (3.45)
(3,3) (3.3) .
The sum of the mean-square values of e/, (k, /) and &5’ (k,[) are given as
33 33 2 (33 2
PG = E Ue(QPL)(k,l)‘ } VE { e(Qpl)(k,l)‘ } . (3.46)
The minimization of (3.46) with respect to the lattice coefficient vector k%sl) yields

* -1 *
Kon = % (287587 ) wl] e (20428 )] Gan)
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Likewise, the vertical second- and fourth quadrant QP PEFs can be formed as a pair of

QP model equations,

o (k1) = &V k1) — k) (el (k1)
k) (2)e5 ) (1) — k) (3)e ) k1)
o1y = & (k1) — k) (1) (k1)

k)25 (k) — k) (3)25 (k. 1) (3.48)
and it can be reformed as

o (k1) = (k1) kL) WaeC (k, 1)
;

o k1) = &3 (k1) — kG Wae (k1) (3.49)

33) _[,063 3.3 33 T
where K, = [ kggpz)(l) kéQPZ)(Z) ngPZ)(3)i| .

The sum of the mean-square values of eg’é) (k,1) and égl’,i) (k,1) are

2 2
Py = EUegg)(k,Z)) ]+E[)ég’;,j)(k,l)‘ } (3.50)
and the minimization of the equation (3.50) with respect to the vertical lattice
coefficient vector ke’QP) gives
* ~1 .
Ko = % (200 +207 )| (200 4280 @)

Similarly, the horizontal first- and third quadrant, QP PEFs equations can be written as

o) = AP D) — kg (DA (k1) - KD @) (k1)
o (1) = AP kD) — kgt (DAY (k1) — k$Qp><z>§ kD). (3.52)

Concurrently, the horizontal second- and fourth-quadrant QP PEFs equations can be

built up as

ron (ed) = 2 e 1) = kige) (DA™ (k) — kg (25" (k. 0)
~(4,2
)

o (k1) = B (k1) — kg (DAY (k,1) - kﬁQP)(z) (kD). (3.53)

In order to restructure the horizontal QP model equations, we need the identity

matrix I5.3 todeﬁnel’Ilz[l 0 0},‘1’1:{8 (1) ?},H3:[0 0 1},
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¥ = [ (1) (1) 8 } The horizontal lattice coefficient vectors for ngP) and kﬁgp)
defined as
(4.2)
(42)  _ kr oP (1>
Ko = )0 |7 (3.54)
ropy [ k%ﬁ) 2)
and
(4,2)
(452) _ erP (1) ]
Kron, = ) : (3.55)
oF, 42
2 [ kign (2)

It can easily be rewritten the horizontal QP model equations (3.52) and (3.53) by means
of the definitions of ngP ), kﬁ‘Q‘f ), IT, IT,, W3, and W3. The restructured equations are

shown in (3.56) and (3.57), respectively.

(QP])(k l) _ §4’2)<k,l) gQP) \.I_llr(4 2)(k l)
o) = A (k) — kD W E) (k). (3.56)

) = A ) — kD w2 (k1)

o d) = B (kD) — ke WaE ) (k,1). (3.57)
In order to calculate the horizontal lattice coefficient vectors ngP ), and kﬁQP ), the sum
of the mean-square values of r(Q}’,l)(k,l) nd r( )(k l), and r( )(k [) and r( )(k l)

can be defined as

3,3) (4,2)

_ o }
o = E |G wn| | +E |57 wn| |, (3.5
42 [

Py = E ‘r(sz)(k l)‘ +E é,,z)(k 1)] , (3.59)

respectively. After the minimization of each one of (3.58) and (3.59) with respect to
the related lattice coefficient vectors ngP) and ngP ), respectively, then the following

results are obtained:

K2 = [ (22 et (200 2 ) T

}’Q Pl

Kon = |% (2875l ) vl Ty, (% +28 )l o)
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3.3 Asymmetric Half-Plane Models

The proposed method can be used to obtain causal ASHP lattice modeling with eight
different recurse directions by using the vertical and horizontal forward/backward
PEFs of the PSR as shown in Figure 3.7. It is possible to define two types ASHP
models PEFs called as type-1 and type-2 ASHP model PEFs.

~(MN—1) L(MN—1

r/({SHPZ.j (k1) "/(xSHPI Aj) (k,1)

L] L] A
< <
== 2z
= = < T£
;_{q? o S]((All—lN—l) L] /;{ § L] S]((Af—LN—l) . 5;@

23 =2
L] \ L]
MN-1 MN-1
rz(ASHPZ ,j) (k1) rixsm’l ,j) (k1)

Figure 3.7: Generalized ASHP Type-1 and Type-2 model 2-D filters for the PSR

(M—1,N—1)
Sk7l .
If the predictions of eE-M*l’N) (k,I) and é&Mﬁl’N) (k,l) are generated from the linear

predictions el(M_l’N) (k,I) and él(M_l’N) (k,1) for i = j+1,--- ,M, respectively. They

are called as type-1 ASHP model PEFs, namely, e%}; ;1’1;]) (k,1) and é%; ;1’1\],[) (k,1) for

Jj=2,---,M—1, where j indicates the place where the ASHP model is initiated.

On the other hand, if eSMﬁl’N) (k,I) and éS-Mfl’N) (k,1) are predicted by the linear
EM_I’N) (k,1) and él(M_l’N) (k,1) for i = 1,---,j — 1, respectively.

Then, type-2 ASHP model PEFs can be obtained, namely, e%;;,;:') (k,I) and
(M—1,N) 7

CASHP; (k1) for j=2,--- ;M — 1. Thus, 4(M —2) different ASHP model causal 2-D

combinations of e

lattice filters can be generated by using the vertical auxiliary PEFs. The outputs of

their synthesis models can be computed column by column from top to bottom or vice

versa.
Moreover, the horizontal auxiliary forward/backward PEFs, rg-M’Nfl)(k, [) and
FE.M’N_I)(k,l), can also be employed to produce 4(N — 2) ASHP model lattice filters

and their recurse directions are row by row from left to right or vice versa.
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For both type-1 and type-2 ASHP lattice filter models, j is defined as starting from 2
to (M —1) or (N —1). Because, for j = 1, type-1 ASHP lattice model is equal to the
first-quadrant QP model, and for j = M, the type-1 ASHP lattice model is equal to the

Mth vertical forward PEFs itself for the auxiliary vertical forward PEFs.

3.3.1 General case of ASHP models using vertical PEFs

3.3.1.1 Type-1 ASHP models

Similar to the QP case, for a given (M — 1,N — 1)th order rectangular, S,((All LN= 1),

by using the auxiliary vertical forward/backward PEFs as shown in Figure 3.8, for

j=2,---,M—1, the type-1 ASHP model equations can be defined as,

M—1N M—1N M—1.N)" _
engHPlJ)(k’ l) = _5 )(k l) kgASHPLj) \P]77]e(M 17N) (k7l)
AM—1,N M—1N Mfl,N r ~(M—
Sysry (k1) = &M D) — kG e g (k) 361)
where kg ASHP] N is the vertical lattice coefficient vectors for the type-1 ASHP and the
constant matrix Wy .. ; = ‘I’ASHPLJ is defined by deleting the 1st, 2nd, ---, jth rows

of an identity matrix with an appropriate order. The general definition is given in the
Appendix A.3. For the (M — 1,N — 1)th order case, the size of the matrix ¥ ... ; is

M — 1 by M. Hence, we can write the following definitions:

T
L I e (3.62)
T
(M- ((M—1,N S(M—1N
I I I RO vl (3.63)
The vertical lattice coefficient vector kg ASH ; N is defined as
M—-1N M—1.N M—1.N ~ 17
kgASHPw) = [ kgASHP]’j)(l) kgASHPI’j)(M_J) ] . (3.64)

The sum of the mean-square values of e/({AgH 1]3 ) (k,1) and egﬂgH }1, ) (k,1) can be written

as

M—1N M—1N 2
PE(ASHPlgj '=E U IE\SHP )(k71>‘ ] +E [

B 2
sarr, (k1) } . (3.65)

The result of the minimization of (3.65) with respect to the vertical lattice coefficient

(M 17N)

vector K, ,, n is found as
(M—1N) _ oM 1N)gT -1 M—1,N)
keASHPl Ni (TI’ v] e,é 'Il L, 7]> lI'lv 7j¢e,é H./ (3‘66)
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(M—1N
e,ExSHPI'_/->(k ) o

YVYYVY
e o o

© o(M—1N-1) o , (M—1,N—1)
Ski-1 = S Sk

™ ™ >e o(—-— ° ™

Y Y —- .{—é—‘ ) [ ]

[ (] o(—-— o (]

e . e (%) e .

Figure 3.8: Type-1 ASHP model construction by using auxiliary vertical PEFs of the

PSR sy !N,
where
S Y (3.67)
and covariance matrices Z%il’m and Z%il’N) are already defined in Section 3.2.

If we rewrite the equation (3.65) from stage to stage, it can be stated as follows

(M—1,N) _ ,(M—1,N)
PeASHPl_j _Pej

KN gy UM NGT N (368

CASHP) ; Lo, jreasHp

where

Pe(j»w_]’N) _ E“e(.M—l,N))z] L E “égM—l,N)‘z]

J
— (MﬁlvN)
= I'de!'e’é IT;, 3.69)
forj=2,--- M—1.
. (M—1,N—1) . . . .
For a given PSR §; , it 1s possible to define Type-1 ASHP 2-D lattice

coefficient vectors of all possible type-1 ASHP lattice filters into a single matrix

defined as

KM=LN) _ [ (M=1N) | (M=1N) KM=LN) | (M—LN)
ASHP, | Keasnp,, CASHP 3 1T TCASHPyp o TCASHPy y (M—=2)x(M-2)

3.70)
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If we put all lattice vectors into the matrix, then it can be written as

(M717N) —
Kysup, ~ =
M—1,N 7]
kgASHPl_Z )(1) 0 o 0 0
M—1,N M—1,N
kgASHP] 2 )(2) kgASHPL3 )(1> e 0 0
: : : : : 3.71)
M—1,N M—1,N M—1,N
kgASHPLZ )(M - 3) kgASHPm )(M - 4) T kgASHPLM),z (1) 0
M—1,N M—1,N M—1,N M—1,N
i kf(fASHPl_z )(M - 2) kf(fASHrPL3 )(M - 3) kf(fASHPLM),z (2) gASHPIM),I ]
In the same manner, we can define all type-1 ASHP lattice models as
(M—1,N) [ (M-1N M—1.N) (M—1.N) T
easup, (k1) = [ ezgSHPITZ)(k?l) eIEXSHPm (k,0) - CASHP p_ (k,1) } (3.72)
and
~(M—1,N) [ AM—=1N) (M—1N) (M—1N) r
&lun (k) = [ VD) Sy ) o G )] 33)

Now, we define the following constant matrix and vectors derived from the identity

matrix I as follows

Iy
W o= | %l (3.74)
I,
hence,
Wiv = [O(Mfz)xl Iyt Op—o)xa |- 3.75)

And, for obtaining ¥ 5, identity matrix is defined as

Iy
Iy = m |, (3.76)
kW)
50,
Fio = [O(M—Z)xl P Oy« ¢+ Iu— |- 3.77)

By using (3.75) and (3.77), we can write the lattice filter equations as

— . —_ H —
eMn (k1) = WiV (k1) KON @ eIV (k)

_ _ T
eMn (k1) = Wia@ IV (k1) — KON W 6™ N (k1) (3.78)
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The sum of the mean-square values of 3.78 can be written as

M—1N M—1N M—1.N)H
Pe(ASHPl : = trk [e,(ASHP )<kal)e,gSHP ) (k l)}
ir E &5 (k1) Gl (k.1)] (3.79)

By minimizing (3.79) with respect to the lattice coefficient matrix Kg ASH;I N as follows

J (M—1.N) 0
A .\ 7
T
we get the following result
~1
K" = #1200 0| vl e, (3.80)

where Q%_I’N) is defined in (3.67).

3.3.1.2 Type-2 ASHP models

For type-2 ASHP models, opposite recurse directions according to the type-1 case
can be used. That means, the type-2 ASHP model PEFs will be generated from the
auxiliary vertical forward/backward PEFs that are not used for the type-1 case. For the

same PSR S,(CA;[ LN=1) , the construction of the type-2 ASHP model lattice filters are

demonstrated in Figure 3.9.

k ]
(M—I,N)(kJ) .(_,_ |

CASHP,

]
i1

D o(M—1,N-1) ] © o(M=1N-1)
Skt Pl Sk

i

o o ¢ ¢
e o ¢ ¢
Y'Y :r A 4
e o ¢ ¢
e o ¢ ¢

M—1.N
e/(‘\SHPl )(k 1)

Figure 3.9: Type-2 ASHP model construction by using auxiliary vertical PEFs of the

PSR sy N,

For j=2,--- ,M — 1, the type-2 ASHP model equations can be written as,

M—1,N M—1,N M—1,N)H _
g 1) = M 1) KGN eIV k1)
1 , —1,NT ~(M—
Sagur (1) = &M (1) — kG N @IV () (381)
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(M—1,N)

where kg, supy |

is the vertical lattice coefficient vectors for the type-2 ASHP and the
constant matrix W¥; ...y = ‘-I"ASHPZJ. is defined by deleting the rows, from jth to (M)th,
of an identity matrix with an appropriate order. The general definition is given in the

Appendix A.3. Thus, the employed auxiliary vertical forward/backward PEFs can be

stated as
¥ e Ny = [egM—hN) MY ]T (3.82)
W MMy = [égM‘l’N) MY ]T. (3.83)
The vertical lattice coefficient vector kg ASH PZ’N) is defined as
K = [ KA ) K-y ] (384

As aresult of the mean-square minimization of the ASHP PEFs in (3.81), the reflection
coefficient vector yields

71 _

eASHPZ ee

where <I>( LN 1s defined in (3.67).

e.e

The power of the error propagation equation from stage to stage can be written as

follows

—

pM-LN) _ Pe(j\/lfl,N) —k(Mfl’N)H‘Pj,._,MCD M-

CASHP, ; CASHP, ; ee

PNl RSN (3.86)

eASHP
where Pe(JMfl’N) is defined in (3.69).

Consequently, similar to the type-1 ASHP lattice model case, it is possible to define
Type-2 ASHP 2-D lattice coefficient vectors of all possible type-2 ASHP lattice filters

into a single matrix defined as
(M—1,N) (M—1,N) (M—1,N) (M—1,N) (M—1,N)
KASHP2 - keASHPZ’Z keASHP2’3 o keASHPZ’M,Z keASHPLM,1 (M=2)x (M=2) :

(3.87)

73



By writing all lattice vectors into the matrix, then we have

M—1N
KﬁxSsz =
[ (M—1N M—1,N M—1,N M—1.N ]
kgASHPm ) kgASHP2,3 )(1) T gASHPZ’M)iz (1) kgAszlu@M),1 (1)
M—1.N M—1.N M—1.N
0 kgASHP273 )(2) e kf(/’ASHPlM),Z (2) k«gASHPZM),l (2)
: : : : 3.88)
M—1N M—1N
0 o kg’AS}LnDz/M),2 (M - 3) kg/s.smﬂl,w),1 (M - 3)
_ o - 0 Kessnpn (M =2)
All type-2 ASHP lattice models can be defined as
M—1,N M—1N M—1N M—1N r
eﬁxSsz )(k’ l) = [ e£13HP272 : (k1) e,E\SHPm ) (k1) - eExSHPZM), | (k. 1) ] (3.89)
and
(M—1N (M—1N (M—1N (M—1N r
gm0 = | &l (kD) G ) o N kD | 3.90)
We have already defined W js in (3.75), now we need to define ¥ > as
Yy—1m
Iy = m, |, (3.91)
Iy,
S0,
Tyt = | Iy, ¢ Owr-2)x1 : Om-2)x1 |- (3.92)

By using (3.75) and (3.92), all lattice filter equations can be demonstrated with one

pair of lattice equation as

_ _ H
s (kl) = eV (e 1) — KGN W™ (k1)

_ _ T
M (1) = W@V (k1) — KON Wy 08N (k,1).(3.93)

The sum of the mean-square values of 3.93 can be written as

M—1,N M—1,N M—1N)"
Pl = o E [ e el ™ ()]
~(M—1N ~(M—1,N)H
+ 1 E [ e D )] (3.94)

where ¢r denotes trace operator.
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By minimizing (3.79) with respect to the lattice coefficient matrix Kg%;,}z’m as follows

d (M=1,N)
(M—1,N) " eASHP, 0,
aK@ASHPZ

we get the following result

-1
Ko = |Pum®le V| Puon®l L, 399)

CASHP,

3.3.2 General case of ASHP models using horizontal PEFs

Likewise the constructions of type-1 and type-2 ASHP lattice filters, it is also
possible to define type-1 and type-2 ASHP lattice filter by employing the auxiliary
horizontal forward/backward PEFs. Type-1 ASHP lattice construction from the
auxiliary forward/backward PEFs is illustrated in Figure 3.10. By getting the opposite
recurse directions used for the type-1 ASHP lattice filter case, we can generate type-2

ASHP lattice filter models from the shaded horizontal PEFs as shown in Figure 3.11.

[l aasameseececcececcccacas--
P e lf A

Figure 3.10: Type-1 ASHP model construction by using auxiliary horizontal PEFs of

the PSR st~

For j=2,--- N — 1, the type-1 ASHP model equations from the related auxiliary

horizontal forward/backward PEFs, which are shaded as shown in Figure 3.10, can be

defined as,
MN—1 MN—1 MN—-1)H _
”,ExSHP]J)(kJ) = 7’5- )(k,l)—kﬁASHPl‘j) ‘I“17...7jr(M’N 1)(k,l)
_ _ T B _
Fasip, (D) = AN () — kG ey N D) (3.96)
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(M.N—1) .

where k;, shpy

is the horizontal lattice coefficient vectors for the type-1 ASHP and
the constant matrix ¥ ... ; is defined in the Section 3.3.1. The auxiliary horizontal

forward/backward PEFs to be employed for type-1 ASHP lattice filter can be shown as

follows
T
Wi YD) = [ ] (3.97)
T
I AR e I (3.98)

The horizontal lattice coefficient vector of type-1 ASHP lattice filter from the related

auxiliary horizontal forward/backward PEFs, k%ﬁrl) is defined as

MN-1 MN—1 MN—-1 A7
k}(’ASHPl,j = [ ki(’ASHPLj )(1) e ki(”ASHPLj )(N =i - (3.99)
The sum of the mean-s lues of riigiyp, (k1) and gty 1) (k1) can be wri
quare values of rgp (k,1) an rASHP (k,I) can be written

as
MN-1 MN-1 2 (MN—1 2
Pl ) =E U rsin, )(k,l)‘ } VE “r/SSHPLj)(k,l)’ 1 (3.100)

The result of the minimization of (3.100) with respect to the vertical lattice coefficient

(M. N—1)

vector k’"ASHPl is found as
Kt = (%1l el ) RTINS (3.101)
where
@IV = N N (3.102)
and covariance matrices Z%’Nfl) and Z%’Nfl) are already defined in Section 3.2.

If we rewrite the equation (3.100) from stage to stage, we get

LN pMN=D) _ N1y  @MN-Dgl N1 (3403

TASHP, TASHP, | r.F rASHPl
where
PN g { r;.Mw—n)Z} iE { f;.Mw—n)Z}
= mel" ;. (3.104)
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Figure 3.11: Type-2 ASHP model construction by using auxiliary horizontal PEFs of

the PSR St~ 171,

Similarly, by using the corresponding auxiliary horizontal forward/backward PEFs as
shown in Figure 3.11, we can write the type-2 ASHP lattice model equations, for

j=2,---,N—1, as follows

(M’N_l)(kJ) = r(.M’N_l)(k,l)—k(M7N_1)H‘1"j7...7NI'(M’N_])(k,l)

TASHP, j TASHP,

~(MN-1 ~(M.N—1 MN-1)T - _

Fasitm, (D) = AN — kG Ve E YD) (3.108)
where k%}ﬁ;j}) is the vertical lattice coefficient vectors for the type-2 ASHP and

the constant matrix W; ... v is defined by deleting the rows, from jth to Nth, of an
identity matrix with an appropriate order. Thus, we can show the auxiliary horizontal

forward/backward PEFs to be taken into account as follows:

T

(N e (3.106)
T

(N B I L (3.107)

. . . (M\N—1) .
The vertical lattice coefficient vector k,ASHsz is defined as
MN—1 MN—1 MN—1 ~ 17
kE’ASHPz‘j) = k’('ASHPLj )<1) o kI(‘ASHPZ’j )(N_]> ] . (3.108)

As a result of the mean-square minimization of the type-2 ASHP PEFs in (3.105), the

reflection coefficient vector is computed as

-1
K, = (e n@rt ™ VW) el 309)

TASHP, ; Js
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where @MY i defined in (3.102).

r,i

The power of the error propagation equation from stage to stage can be written as

follows
MN—1 MN—1 MN—1)H MN—1 MN—1
P"(ASHPZ_I- = P”(j = kS"ASHPZﬁj ) ¥, '%Ncbf*,f' )\PT NkS'ASHP ) (3.110)
where P(MN F is defined in (3.104).

Compact representations and calculations of type-1 and type-2 ASHP 2-D lattice
models’ coefficient vectors obtained from the auxiliary horizontal forward/backward
PEFs are the same as for the type-1 and type-2 ASHP lattice models produced from
the auxiliary vertical PEFs. The lattice coefficient matrix for type-1 and type-2 ASHP

lattice filters are defined as

KUY = [0 N e e }(Nz)x(Nz)’
(3.111)
and
3.112)
respectively.

In the same manner, we can define all type-1 ASHP lattice models as

MN—1 MN-1 MN—1 MN r
E\SHPI )(k’l> = [ r/(ASlez)(k ) IE\SHPH)(k?l) rIE\SHPl N)1<k ) ]
_(M,N—1 MN—1 MN-1 M,N-1 T
r/(ASHPI )(k’l) = [ /(ASHPM)(]‘J) IE\SHPH)(kJ) rf(\SHPI : ( 1) ](37113)

and all type-2 ASHP lattice models as

M,N-1 MN—1 MN-1 MN r
e D) = | iy WD) Al D) e AGY (D) |
(M,N—1 MN—1 MN-1 MN-1 T
rE\SHPZ )(k,l) = [ ,gSHPzz)(kJ) f(xSHPM)(kvl) EASHPZ : ( 1) ](3~114)

We can write all lattice filter equations of type-1 and type-2 ASHP lattice models in

the one pair of lattice equations as

N (kD) = W e ™D (1) — KON D eV k)

LySHP, TASHP
i VD) = WM (k1) — KU D MV (6 1), (3.115)
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and

_1\H
r%H]\;zl)“ ) = ‘PLNY(M’N_I)(’CJ)—K%}ZZ Doy M ()
- _1\T
f'z(éxﬂglﬁzl)<kal) = ‘Pl,Nf(M’N_l)(k,l) —K&%ﬁz ) "I‘N71,Nf‘(M’N_1)(k,l)(3.116)
respectively.

By minimizing the sum of the mean-square values of (3.115) and (3.116) with respect

to the lattice coefficient matrices K%,Z Y and KgASHP;I), respectively. We can find
the following results as follows
Kt = [\111,2@%”‘”\11{2] w0 e (3.117)
and
Ky = [wN L >\11]TV_17N} Ty I Al ZPV G R T)
respectively.

3.3.3 Application examples of the ASHP 2-D lattice models

In this section, some examples of the type-1 and type-2 ASHP 2-D lattice models
obtained form vertical and horizontal forward/backward PEFs will be introduced. For

each cases, all possible type-1 and type-2 ASHP 2-D lattice models will be elaborated.

According to the proposed ASHP definition, it is not possible to define any ASHP
lattice model from the PSRs S,(C’IZ’O) and S,(f’)l’l). Moreover, the final PEFs for the type-1
and the first PEFs for the type-2 might be considered as a kind of ASHP lattice model
themselves. For example, in case of the PSR S,Sl’o), the final PEFs egl’]) and é (] 1
might be regarded as type-1 ASHP lattice model. Similarly, the first PEFs eg Y and
égl’l) might be taken into consideration as type-2 ASHP model. But, these kind of
ASHP lattice model definitions will not be taken into account in the thesis. That is to

say, only one PEF will not be considered as ASHP lattice model.

In order to define any ASHP model, the order of the PSR should be higher than (1,0)
and (0,1).
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3.3.3.1 ASHP 2-D lattice models of the PSR 5"

Natural structure of the PSR, only type-1 and type-2 ASHP lattice model using
auxiliary vertical forward/backward PEFs can be generated. It is clear that just only

one pair of type-1 and one pair of type-2 ASHP lattice filter can be produced. Here, M

is found as 3 from the PSR S,E?l’o). If we say the PSR is S,((pl’q), then the number vertical

forward PEFs, M, is equal to (p + 1), and the number of forward horizontal PEFs,
N, is equal to (¢+ 1). Since type-1 or type-2 ASHP lattice models are defined for

j=2,---,M—1,itis possible to construct type-1 ASHP models, namely, 61(42,11}1)] R (k1)
and é%}}ﬁ ,(k, ), and type-2 ASHP models, namely, ef}l{)],z ,(k,1) and éfs’}i)& (k. ).
In section 3.2.1, we illustrated auxiliary vertical forward and backward PEFs of Slgll’o)

0) 1,0)
N

in two PSRs, S,(:l’_l and S,(C , as shown in Figure 3.4. In this example and so on, all

auxiliary vertical/horizontal forward and backward PEFs will be demonstrated on the
one arbitrary PSR with the given order (M — I,N — 1), S,((A;[_LN_I) as defined in Figure
2.10.

?l

k

G IN(N) o | ec— ik

E;Z,])

ki) —e | o | ec— VK1

21
&V e | e siin,, (k)

Figure 3.12: Type-1 ASHP lattice model from the corresponding auxiliary vertical

PEFs of the PSR S{”).

Figure 3.12 shows the illustration of the type-1 ASHP lattice model construction of the

PSR S,((zl’o). The type-1 ASHP lattice model equations can be written as,

2,1 2,1 2,1)H

eIEXSI}P172(k7l> - eg )(kﬂl)_kgASH)Pl_rz\Pl,Ze(ZJ)(kal)
(2,1
€

~(2,1 2,07
Esitp, (ko) = o

Nk, 1)~ Koy, W128%D (k1) (3.119)

From the definition of the ¥ ... j, we can get ¥, =[ 0 0 1 | from removing the

first and second row of the identity matrix I3 43 that will be necessary for this order due
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PEF PEF

!
$ () ()

(k1) (k1)

New PEF l

2,1
B R(X) (k1)

Figure 3.13: The construction of type-1 ASHP PEF e%,ljp (k,1) by predicting the

second auxiliary vertical PEF eg )(k, [) from the vertical PEF egz’] ) (k,1).

to the number of the vertical forward/backward PEFs. Thus, we can find that

SR -

ey (k1
P2 (k1) = [0 0 1] PVk,)
V) |
(X)) (3.120)
G
W60 (k) = [0 0 1] ] &2k
| PV (k1) |
= &2V (k). (3.121)

By substituting (3.120) and (3.121) into (3.119), the type-1 ASHP lattice model

equations will get the following form:

e, (kD) = eV kD) =k eV (k1)
Siin, (D) = &V (k1) kG, &PV (kD). (3.122)

The Figure 3.13 demonstrates the calculation of the type-1 ASHP lattice model

egzsgplz(k [) by using eg )(k [) and egm)(k,l). Of course, for the backward case

efs}{) P (k,1), a similar figure can be delineated.
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The power of the error propagation equation from the lattice form equations (3.122)

can be written as
2.1 2.1 2.1 2
Pe(ASHllz =E “ ﬁsg)p (k,l)( }+E U gSH)Pm(k,z)\ } . (3.123)

As a result of the mean-square minimization of (3.123), the reflection coefficient vector

is calculated as

-1
kgélH)pl’z = (‘Pl,zq’gél) ‘1’sz> ‘1’1,2¢£,2é1)r12
@, 2 NERIPPINEI AN
- (E ‘e3’ (k,l)‘ +E |8, (k,z)(
(E [egw(k,z)égzvl)*(k,z) +E[ég2’1)(k,l)e(2 D" (x, )]) (3.124)

We can restructure the power of the error propagation equation from stage to stage by

using (3.124) in (3.123),

Poain, = P&V =k, W12@% kG,
= 0w, (e } v (| )i,
= P2V |k, [FR2Y (3.125)
where
Pe(f’”:EUef’”(k,l)‘ }+E{ 220 &, l)”
and

P2V —E Uegz’”(k,l)’z} +E Uégz’”(k,l)‘z} .

Similarly, type-2 ASHP PEFs lattice filter model construction can be demonstrated as

in Figure 3.14, and the type-2 ASHP lattice model equations can be formed as

2,1 2,1 2.1
Satte, (k) = &7V (k1) — kG, W 5e®V (kD)

it (k) = &1~k w58 (kD). (3.126)

Clearly the equations given in (3.126) can be rewritten as

, 2,1
egZSIl‘I)Pzz(k’l) = egzl)(k7l) kgASH)P g )(k l)
52,
€]

Stim, (1) = &V (k1) =k 87V (kD). (3.127)
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(2.1)
é(lz’l)(k7 ) /e (] eastp,, (k1)

FV ) —e | o | oc— Vi1
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S(2.1) 2D (k,1)

easmp,, (kD) > e

Figure 3.14: Type-2 ASHP lattice model from the corresponding auxiliary vertical
PEFs of the PSR 5{%°.

As explained for type-1 case, the power of the error propagation equation from the

equations given in (3.127) can be defined as

2.1 2.1 2 21 2
Py =E Uegs,},)n(k,m) } +E { it (D) } . (3.128)

The reflection coefficient vector is calculated by minimizing of (3.128) in the

mean-square sense:

-1
K, = (®003%1;) %05,

_ (E Uegzwk,w\ } [ ’ZD

(E [egz’”(k,Z) 2k, 1)} +E[ 20 (ke (k ,Z)D.(3.129)

The power of the error propagation equation from stage to stage by using (3.129) can

be stated as

2,1 2,1 2,1 2.1
€(AS,H23272 F 6(2 ) kgASb?P lP (I)( )‘P2 3k£ASH)P22
2.1 2.1 2.1 2.1 |2 2.1
Pe(z )_kgASH)PM (E { e( )‘ } +E [ 3 )) }) kgASH)Pz,Z
2
PV — kG | P (3.130)

where

2 2
PP —E Ue?’”(k,l)‘ } +E { &> )| } .
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3.3.3.2 ASHP 2-D lattice models of the PSR 5\

Naturally, only type-1 and type-2 ASHP lattice model using auxiliary horizontal
forward/backward PEFs can be generated from the PSR S,(((?)l’z). It is clearly seen that
just only one pair of type-1 and one pair of type-2 ASHP lattice filter can be produced
by utilizing the auxiliary horizontal forward/backward PEFs. Since type-1 or type-2
ASHP lattice models are defined for j =2,--- ,N — 1, from the PSR order N is found as
3 which is equal to number of the horizontal forward or backward PEFs, it is possible
to construct type-1 ASHP models, namely, r/gl ,121)1’1,2 (k,1) and Fzgléll?l,]‘z (k,1), and type-2

ASHP models, namely, rlgls’é)Pz ,(k,1) and 51(415’[2}132 L(k,1).

/ NN
; P A
NN
k SO
~(1.2) |
TASHP, , (k,1) \J’ 5
[ ] [ ]
(0,2)
° ® e |« Sk,l
([ ] .\
12
/l[\ T r/(\SH)Pl_Z(kJ)
5%, 3%
%ﬁ Q//

Figure 3.15: Type-1 ASHP lattice model from the corresponding auxiliary horizontal

PEFs of the PSR 57,

Figure 3.15 shows the illustration of the type-1 ASHP lattice model construction of the

PSR S,(Col’z) from the horizontal PEFs. The type-1 ASHP lattice model equations can be
given as,
12 12 1,2)7 ,
rIE\S/H)Ple (k1) = ré )(k’ 1) — kgASH)PLZ"Pl,Zr(LZ) (k1)
~(1,2 ~(1,2 1,2)T -
Fosip, (kD) = B kD)~ kﬁA;f}PLz‘Pl,zr“»” (k,1) (3.131)
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From the definition of the ¥ ... j, we can get W, = [ 0 01 ] . Hence, the following

definitions can be stated as

51,2)(](’1
Yior (k) = [0 0 1] Ak
i (k1

= A" (k1) (3.132)
A (k1
Yok = [0 0 1] Ak
A2 (k,1

= A (k,0). (3.133)

By substituting (3.132) and (3.133) into (3.131), the type-1 ASHP lattice model

equations will be obtained as

1,2 1,2 1,2

réSI‘I)PLZ (k7 l) = ré ) (k’ l) k'(AASH)I3 :(5 ) (k7 l)

1,2 (1,2 1,2

(60 = B2 0~k 12 k1), (3.134)

The power of the error propagation equation from the lattice model equations given in

(3.134) can be written as

2
Pimns = E || ] +£ [z o] (3135)

As aresult of the mean-square minimization of (3.135), the reflection coefficient vector

is calculated as

(1,2)
FASHP 5

g

-1
k lpl,zcbilf)\r{z) w02,

[y ] e[t wor])

E
( [ DA (&, )}+E [ré )(k,l)egl’z)*(k,l)})(3.136)

The power of the error propagation equation from stage to stage by using (3.136) can

be defined as

12 12 12 12
Pr(ASHi’ll Pr(2 ) kgASH)P zlP ¢( )\P g'ASI-I)Pl 2
1,2 1,2 1,2 1,2 1,2
= A (e [\rg >\}+E[ A2 )iz
2
= B -k, [ R (3.137)
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where

A (k, 1) ﬂ

2
Py =E Urél’z)(k,l)‘ } +E {
and

Py =E Urglv%,z)]z} +E Ufgl’z)(k,l)‘z} .

Similar to the type-1 ASHP case, type-2 ASHP PEFs lattice filter model construction
can be demonstrated as in Figure 3.16, and the type-2 ASHP lattice model equations

can be built up as

A, (kD) = A2 1) kG2 W 512 (k1)

TASHP, 5
12 (12 12
P (1) = A2 1) KD, 95702 (k,1). (3.138)

(1,2)

\i/ \Lﬂ rASHPzz(k )

° . O eS](COI’Z)

Figure 3.16: Type-2 ASHP lattice model from the corresponding auxiliary horizontal
PEFs of the PSR S\/%).

By using the definition of W5 3, the equations given in (3.138) can be rewritten as

2 2 2
e, (D) = P =k k)
Fusm,Uol) = B2 0D — kg, A5 (kD). (3.139)

The power of the error propagation equation from (3.139) can be defined as

i, = [ w0 (o] e
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By minimizing of (3.140) in the mean-square sense, the reflection coefficient vector is

calculated as

-1
K = <‘1’2,3‘1>£1f’2)‘1’§3> l1’2,34’(132)1'1

et

< (][4 )< DAY (k)] + [ (kDA (k)] ) 314D

The power of the error propagation equation from stage to stage by using (3.129) can

be defined as

12 12 12
F ”(ASH23272 = h r(z - k’('ASH)P ¥, 3q>1(~ )lPZ 3k’(’ASH)P2 2
1,2 12 1,2 12)|? 12
Pr(z/ )_k'("ASH)Pzz (E{ (L )’ }—}_E[ 3 )‘ :|)k’(AASH)P2_2
_ P rASHP ’ B (3.142)

where

2
P =E Urﬁl’z)(k,l)‘ } +E {

2
Al

3.3.3.3 ASHP 2-D lattice models of the PSR 5.

In this section, we will show how to obtain all possible type-1 and type-2 ASHP lattice
models by utilizing auxiliary horizontal forward/backward PEFs. The generation of the
whole type-1 ASHP lattice models is illustrated in Figure 3.17, 3.18, and 3.19. It is not
possible to produce any type-1 and type-2 ASHP lattice filter from the auxiliary vertical
forward/backward PEFs since there are only two pairs of forward/backward auxiliary
vertical PEFs. According to our definition, it is possible to define ASHP lattice model
for j=2,--- ;M — 1. In our example M is 2. Hence, there is no possibility to generate
any ASHP lattice model from the vertical PEFs. In order to build up any ASHP lattice

model, M — 1 must be equal or greater than 2.

The type-1 ASHP lattice models’ equations constructed from the horizontal

forward/backward PEFs of the PSR S,(Cll’4) can be written for j =2,3,4 as

i (D) = 00 K3 @k

ASHPy TASHP,
24 (2.4 24
f\szf)plz(k,l) = kD) - kﬁASH)P ¥, ¢4 (k, 1), (3.143)
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Figure 3.17: Type-1 ASHP lattice models of the PSR S{;": r{%h, (k) and

24
rzgSH)Pl 2(k ).

24 24 2,4)H
’gSH)PI 3 (k l) - I”é )(k7 l) o k’(’ASH)P1 3 ‘P11273r(274) <k7 l)

Fastin (kD) = (kD) - Ef;,?P W1 258 Y (k, 1), (3.144)

and

P29y = A kD W5 2P (k)

TASHPy 4 TASHP 4

P (kD) = YD) K0, W3 F Y (kD), (3.145)

where

k2O k2 0y | (3.146)

TASHP{ , TASHP) »

and

2.4 TASHP
k&s,)pm = k(274)1’3 o | (3.147)

and

K2H -~ [k(2’4)7 ] (3.148)

rASHP1‘4

respectively.
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Figure 3.18: Type-1 ASHP lattice models of the PSR S{;": r{%h, (k) and

~(2,4
rzgSI{)PL:; (k7 l) *

For this example, we need the identity matrix Is«s and from the definition of the

W¥.. j,wecangetfor j=2,.-- 4,

Wi, = Wasur,
0 0 1

= 00O
00O

W23 = YWasup;
B {0 00

(3.149)

S = O
(en)

0000 (3.150)

W34 = Wasur,
= [0000 1], (3.151)

H
—_ O
| I

respectively.
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Figure 3.19: Type-1 ASHP lattice models of the PSR S{;*: riii (k1) and
r Ig%sé)PM(k ).

By substituting (3.149), (3.150), and (3.151) into (3.143), (3.144), and (3.145),

respectively, the type-1 ASHP model equations will be as follows

s , 2,4)* 2.4
rsme, (6 = YD =k (DY (kD)
; 2,4)* 2,4
ki, Q) (1) — K (39 (kD)
2,4 , 2.4 (24
Fasnm,060) = 75V (k1) = kit (DAY (k1)
) -~ 9 9 ~274
~kiinn, QP 1) = ki, OV (D), (3.152)
, 2,4)* 2.4
s (D) = YD =k ()i k)

k2 (2)rY (k, 1)

rASHPl
2.4 (2.4
Faonm () = A 060 — K, (DA (k1)
k7(”ASH)P1 (2)’%2’4) (k,1), 3.153)
2,4 2.4 2.4
gSI‘I)P14(k l) = ré(l- )(k’l) _kgASPI)P g )(k7l)
P () = FV 00 — ki, 7Y (kD). (3.154)

The power of the error propagation equations from the lattice model equations given

in (3.152), (3.153), and (3.154) can be written as

P, = E ||t 0 |+ |

TASHP, ;

2
stte,, (kD) } , (3.155)
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for j =2,3,4.

As a result of the mean-square minimization of (3.155), the reflection coefficient

vectors are calculated for j = 2,3,4 as

-1
Koo = (‘Pl ,2‘1’8%4)‘1'{,2) ¥, ,zq’ffmnz

TASHP| 5
(2.4)"
krASHPl 2 (1)

K20y | (3.156)

rASHPl'z

K2 (3)

rASHP1_2

Ko = ('1‘1,2.,3<I>( )‘1’123> 'P123q>( Y,

rASHP173 r,r

2.4)*
Kz (1)

- (2.4)"

7 , (3.157)
k"ASHP]j (2)

and

K2 = <‘P1234¢( )‘1“1T,2,3,4> ‘P1234¢‘£ 1,

rASHP]A rr

[ K24 } , (3.158)

TASHP| 5

where

and
m =[01000]

m = [00100]
m = [00010]"

In order to show the results of the lattice coefficient vectors for each type-1 ASHP

lattice model, first we compute X, » and Zﬁj as

=2 = E[rCH %" &, 1)]
E[riri] E[nr;] E :rl r}‘ E[rry] E :rlr;‘:
E[rri] E[nr) E|nry| Elrnri] E|rrj)]
= E[r3rj]] E[rr;] E 7373 E[rr;] E s |, (3.159)
E[rari] E[rar3] E|rary| E[rarj] E |rars]
Elrsri] El[rsr3] E|rsry| El[rsry] E |rsr3)




M.
[\
N
I
o
B
N
B
—
=~
~
~—
B
N
N
x
—
=~
~
~—

E[RF] E[RF] E[RF] E[RF] E[FF)
E [f’zfﬂ E [7’27;] E _1727;_ E [}72}7:] E _}72}7;_
= E [737T] E [737?] E _737%‘_ E [73I7Z] E _7317;(_ ,  (3.160)
E [7’4?{] E [7’417;] E =17417;= E [17417:] E =I74I7>5k=
E[FsFi] E[fsiy] E|FsF3| E|[fsiy] E |Fsis)

»

where for the simplicity (k,/) and superscript representing stage order are omitted.

Now, for j = 2, we can calculate
(‘Pl ) [):( us el } \P{z)

Iy

0
00100 1o

= (oo o0 10|04z
00001 0

0

[ E rry| +E [Fgfﬂ E[rr;|+E [}747*] E|r3ri| +E [r5r3}
= E |ryry| +E 37 Elrary| +E[fafy]  E |rars| +E[Fs7] | (3.161)
| E [r5r§} +E [f3f§} E|rsry| +E [f 7t } E [rsr;‘} +E |Fs7s
and

0
2.4 2.4)* —0 0100 2.4 2.4)* !
(#2257 +23 L) = [0 001 0 [ER+23Y]] 0
(0000 1 0
0

[ E [I’3I’§] +FE [172@]
= E[rar3]+E[RF] |, (3.162)
| E[rsrj]+E [fzfg]

By substituting (3.161) and (3.162) into (3.156), we can rewrite the lattice coefficient

vector for j =2 as

" Elri] +E[RR] Bl +E[m] E[rr] +E[757] |7

krA./S’HPLz = E r4r3 + E [F37] E[r4r4]—|—E[ Pyl E |rars] +E [Fs7y)
' E |rsr3 +E[r3r5] 51 +E[ } E |rsrs +E[F5F75“}
E [1”31’2] +E [172 3]
X | E[nnr3)|+E[RR] |. (3.163)
E[rsr3|+E [727;‘}

It is possible to do same calculations for j = 3 and j = 4, and the following results can

be found as
* ~ =% -1
K24 _ Elrar] + E[47y]  E [rars] + E [Fs73]
TASHP, 3 Elrsr;] +E [r4r5} E |rsrs| +E [17517;‘}
r4r3] + E [7375] 3.164
8 [ E[rsry] +E[R7] |7 (3.164)
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and

Ko, = [Elsi]+E[FE] ] [ Elsi]+E[R3] ], (3165)

respectively.

Similarly, it is possible to obtain the type-2 ASHP lattice models generated from the
auxiliary horizontal forward/backward PEFs as illustrated in Figure 3.20, Figure 3.21,
and Figure 3.22. The type-2 ASHP lattice model equations, for j = 2,3,4, can be

written as

2.4 2.4 24)H
rzgSH)Pz,j(kJ) = rﬁ. )(kal)—kSASH)PZJ‘PASHPZJr(“)(k,l)

(2,4 (2,4 2.4)T o
Frstie, (k1) = P2 (1) Ky, asup, #24 (k,0) (3.166)

where for j =2,3,4,
2,4 2.4
k5ASH)p2,2 = [ kﬁASH)Pm, } : (3.167)

2,4
(2,4) k’("ASH)PZQ ( 1 )
VASHPz_S - k(274) (2) 9

rz“iSHPzgJ

(3.168)

and

K (1)

TASHP, 4

k(2.4) (2)

rASHP2‘4

Kb, (3)

TASHP, 4

24

TASHP, 4

, (3.169)

respectively.

For the type-2 ASHP case, we need the determination of the ¥; ... y = "PASHPZJ’ we

can write it for j = 2,3,4 as

¥r345 = Yasup,
—[10000], (3.170)
¥345 = Yasup;
(10000
010 0 0}’

W5 = Wasup,

3.171)

00 0|, (3.172)
1



¥ " ‘
k
[ Fasttey (k1)
IR
[ ] [ J (.14) [ J o
Skl
o [ J [ J [ ]
[ J [ [ ®
L I
¥ 39 3% %
5, 5,
Figure 3.20: Type-2 ASHP lattice models of the PSR S{;*): riii) (k1) and
A24)
r ASHP24<k l).

respectively.

By substituting (3.170), (3.171), and (3.172) into (3.166) for j = 2,3,4, respectively,

the type-2 ASHP lattice model equations will be as follows

rese, (D) = YD~k P k)
Fasm, (o) = Bk, 0) — kg, 72 (K1), (3.173)

rese () = A0~k (D )

TASHP, 5
i @) k1)

rASHP2‘3

FeY k) = YD) — k2 ()R (k1)

YASHP; 3 TASHP, 3
k’('ASH)P (2 )75274)(]571)7 3.174)
2.4 2.4 2.4)* 24
rlgSH)P“(k,l) = V1) — ki ()P (kD)
2.4 2.4)% 2.4
k’("ASH)P (2)1’& / )(kal) _k’(”ASH)PzA (3)r§ )<k:l)

2.4 , 24 (2,4
Fores (k1) = (K, z>—k$AS;P2,4<1>r§ (k1)
k2 (2)?&2’4)(&1)—kﬁfﬁl)},lzl(3)7§2’4)(k,l). (3.175)

rASHP

94



TASHP; 5

o [Vigiig
2.4 /P /P
eH g, KT |

3 . _ 3 (174) (274)
Figure 3.21: Type-2 ASHP lattice models of the PSR 8, /": rygyp .(k,[) and

(2,4
rzgSI{)PQ’:; (k7 l) *

The power of the error propagation equations from the lattice model equations given

in (3.152), (3.153), and (3.154) can be written as
2,4 24 2 (24 2
P, = E Urﬁxsf}pz,j (k.| } +E [\rﬁszﬁpz_j (k1) } , (3.176)
for j =2,3,4.

As a result of the mean-square minimization of (3.176), the reflection coefficient

vectors are computed for j =2,3,4 as

24 2,4 -1 2.4
kﬁA/SH)P; i (TASHPz, Pri )\PIZ;SHPZ j> ¥ asup, j<1>£7,~. n i (3.177)
and the minimum mean-square error equation, from stage to stage, can be written as
2.4 2.4 2.4)H 2.4 r
P’(Afﬂi’z ; P ’(j Y - kS’A.;I-I)PZ Pasup, ,‘1>£.~1 )‘PASHPz, ; K (24) (3.178)
7 J A TASHP,
where
2,4 2.4 2.4)*
R
and
24 24 2 (2,4 2
B )ZEUFE )(kJ)‘ }+E[r§~ )(k,l)‘ ] (3.179)
and

m = [01000],

m; = [00100],

I, = (000 10]".
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Figure 3.22: Type-2 ASHP lattice models of the PSR S{;": r{%1, (k) and

2.4
sty (6, D):

We know the calculation results of X, and Z~ ; from the type-1 ASHP lattice model
case given in (3.159) and (3.160).

Now, for j =4, let us calculate

(‘1'4,5 [):fr"‘) - 2‘.9’4)*} ‘1‘4 5

r i

100
(100 00 010
:01000[2 +227 1o 01
(00100 000
000
[ E[nri]+E[RF] Elnn)+E[RF] E ] +E[RF]
= | E[nril+E[RRB]  Elnr]+E[Ri;) E[[r2r3]]+E[rgf§] (3.180)
_E[mrﬂ—l—E[Fl?ﬂ E[r3r2]+E[r2r3] E +E[?37’3"}
and
0
2.4 2.4)* —1 0000 2.4 2.4)* 0
(s [2R0 425 ) = |0 10 0 0| [ERY4237 T 0
(00100 1
0
[ E[rir}] +E [F4F;
= | E[nr+ERFR |, (3.181)
| E[r3r}] +E [475]
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By substituting (3.180) and (3.181) into (3.177) for j = 4, we can rewrite the lattice

coefficient vector as

. E[nrf]+E[RF] E[nrl+ERF] E[nr]+ERR ]

kﬁASHPM = | Elnr|+E[RF] E[nn]+E[RR] E [k +ERE)
’ E[rgrﬂ%—E[flf;] E[r3r§]+E[f2f§] E |r3r}
E[rnry]+E[Fari]
x | E[nri]+E[RF] |. (3.182)
E[r3rj]+E [mg]

It can be done the same calculations for j = 3 and j = 2, and the following results can

be found as
* ~ o~k * ~ o~k —1
K2 _ [ Elnnl+ERR] Elnr]+E R
TASHP, 3 E [rzr’l"] +E [Flf;] E [rzr;] +E [172173]
E [rlrﬂ +E [737]
X * = =] | 3.183
[ E [rzrﬂ + E [7375] ( )
and
(274) * =~ =k -1 * ~ ~%
FASHP, 5 [Elnrl+E[RF] ] [ Elnrl+ERF] ], (3.184)
respectively.

3.3.3.4 ASHP 2-D lattice models of the PSR S,(fl’z)

In this section, all the possible type-1 and type-2 ASHP lattice models by utilizing

auxiliary horizontal and vertical forward/backward PEFs of the PSR S,(fl’z)

depicted
in Figure 3.5 will be shown. In Section 3.2.2, this PSR has been already utilized
for demonstrating how to obtain all possible QP lattice models. Now, all possible
type-1 and type-2 ASHP lattice filter models generated from the auxiliary vertical
forward/backward PEFs, and type-1 and type-2 ASHP lattice filter models produced

from the auxiliary horizontal forward/backward PEFs will be explained in detail,

respectively.

The generation of the whole type-1 ASHP Ilattice models by employing the
corresponding auxiliary vertical forward/backward PEFs is illustrated in Figure 3.23,
and 3.24. It is clearly seen that it is possible to obtain two pairs of type-1 and two
pairs of type-2 ASHP lattice models from the vertical forward/backward PEFs. In this
example, M is 4, and j is defined as j = 2, 3.

(3.3)

As shown in Figure 3.23, to obtain 65‘3’21)})1 ,(k,1), the vertical PEF e, (k, 1) is linearly

predicted from eg3’3)(k,l) and eg3’3)(k,l), and e%i,)f,”(k,l) is generated by linear
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Figure 3.23: Type-1 ASHP lattice models of the PSR S{;”: elyp (k1) and
~(3,3) (k. 1). '

CASHP, ,
?l

k
o o o | oLy
23 (kD) W o (k)
CASHP, 5\ S(3’2)
_(33) k.l (33)
Gk — e ° () [ ) easip (k1)
&7 (k) —>e ° ° )

Figure 3.24: Type-1 ASHP lattice models of the PSR S{;”: el (k1) and

(33
egs,gpm (k,1).
prediction of eg3’3)(k,l) from eg3’3)(k,l). The backward cases can be determined at

the same way. The type-1 ASHP lattice models equations of these constructed type-1

ASHP lattice models of the PSR S,(fl’z) can be written for j = 2,3 as

H
RE) (k1) = e§3’3)(k,l)—kgi’s?,’,)ﬁg‘}‘l,zewﬁ)(kal)

ASHP, »
T
e, (k1) = & (kD) — K, ¥1283Y (K1), (3.185)

and

G ) = V1) —kED W, 5eC3 (k1)

ASHPy 3 3 CASHP| 3 )
T
&iinp,, (k1) = ég3’3)(k,l)—kg’;,)f,lﬁ‘l‘],zgé@ﬁ)(k,l), (3.186)
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where

K, (1)
(3,3) CASHP, ,
k, = 33) ) (3.187)
Ko, (2)
and
33 33
Ko, = | Koy |- (3.188)
From the definition of the ‘I‘l,...J, we can get for j = 2,3,
Wi, = Wasur,
0010
- |: 00 0 1 :|7 (3.189)
W23 = Yasur,
= [ 0 001 ] (3.190)

By substituting (3.189), and (3.190) into (3.185), and (3.186), respectively, the type-1

ASHP model equations will be as follows

e (k) = S —kEa) (165 (k1)

ASHP, 2 eASHPLz

ki (2)eS (k1)

s, (1) = &V kD) =k, (1025 (k1)
k83 (26l (k1) (3.191)

eASHPl

33 33 3,3)" 33
eIE\SH)PLg (k7 l) - eg )(k7 l) B kgAst)Pm 64(1 : (ka l)
(

&isip (1) = & (k1) =k, (1087 (k1) (3.192)

The power of the error propagation equations from the lattice model equations given

in (3.191), and (3.192) can be written as

33 33 33 2
Pe(ASHz’Lj =E “eﬁxSI-I)PLj(kal)‘ } +E U 1(45H)p ’j(k,l)‘ } ) (3.193)
for j =2,3.

As a result of the mean-square minimization of (3.193), the reflection coefficient

vectors are calculated for j = 2,3 as

K33 _ (Tl’zq,séa)q,{’) v, ,e0 I (3.194)

CASHP| ee
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and

K, = (‘P172’3<I>e?é3)‘P1T’273>1‘1‘17273<I>Sé3)113, (3.195)
where
ofy) = =iV +zl,
and

II; = [00 1 0]

In order to find the results of the lattice coefficient vectors for each type-1 ASHP lattice

model, first we compute X, e and X7 ; as

2 = B[k e (k)
Eleie] Eleies] E[eie;] El[eie}]
Eleyei] Elexe;] E |erei| Elexe})
_ = , 3.196
Eeze]] Elesze;] E _@eﬂ E [eze}] ( )
Elese}] Elese;] E |ese;| Eese)]
2y = B[k netY (k1)
El¢\&}] E[e\é&] Eleéd] Eleé)]
E[&¢}] El[eé] E ézéﬂ E [6,&]]
= I g JeEa I 3.197
E[ese]] Eléé5] E|&585] Elé:é)] ( )
Elee}] Elesd) Eless] Elese])

where for the simplicity (k,/) and superscript representing stage order are omitted.

Now, for j = 2, let us calculate

(‘Pl,z [Eﬁif) + 29

00
(00 10 00
= looo 1“2 Lo
01
E [e3e}] +E [238;] Eese}] +E [6483]
= 3.198
E[[e4e’:§}]+E [638}]  E [ese;] + E [64€)] ( )
and
0
. 0010 Al
(‘1’12|:z£3e3)+2£?é3) :|H2> = 00 0 1:||:2‘(3é3)+2£33é3)1| 0
0
[ Elese3] + E [2285) }
= 3 3.199
| Elesel] +E [2,8]] (3.199)
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By substituting (3.198) and (3.199) into (3.194), we can rewrite the lattice coefficient

vector for j =2 as

K33 _ [Ek¢ﬂ+Ek¢ﬂ E[e3e}] + E [2485]

CASHP, 5 E |ese| +E[638;] E[ese}) +E [648}]
* 5. 5%
" [ E[e3e3] + E [6,8]

E [esél] + E [6:2]] (3:200)

It is possible to do same calculations for j = 3, and the following result can be found
as

33 . ol
kgASH)Pl,s = | Elesej] +E[es7}] |

x | E[ese;] +E[e33] | . (3.201)

Similarly, the type-2 ASHP lattice models are also generated from the auxiliary vertical
forward/backward PEFs as illustrated in Figure 3.25, and Figure 3.26. The type-2
ASHP lattice model, eﬁ&i}P (k,1) for j =2, is generated by predicted é§373)(k,l) from
g 3) , (k,1) and type-2 ASHP model, eE\SH)P (k,1) is produced by linear prediction of
g )(k [) from eg )(k l) and eg )(k,l). The type-2 ASHP lattice models equations

for these ASHP lattice models of the PSR S,(fl’z) can be written for j = 2,3 as

eﬁfbl?—l)Pz_-(k’l) = 53 3)(k l) giSH)P ‘PAS HP, ;€ ( 3)(/(,1)
5\3513}132]@ o= & k1) - kéf;ﬁ}P Wasup, &) (k1) (3.202)

where for j = 2,

33 33
K, = | Ko, |- (3.203)
for j =3,
(33)
K33 )
S B (3.204)
K, (2)

For the type-2 ASHP case, we need the determination of the ¥; ... yy—4 = Wasup, j»we

can write it for j = 2,3 as

Wr34 = Wasnp,
~[1000], (3.205)
W34 = Wasup,
1 0 00
= {0 1 0 0]. (3.206)
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Figure 3.25: Type-2 ASHP lattice models of the PSR S{;”: el (k) and

(3,3

&iie,, (k;1).
Ing
k

~(3,3
&V (k1) —_>e ° ° °

~(33)

k,l 33
&) —>e | ® y sitrs (k1)
~(3.3) Skvl (33)

eASHPz_z(k’l) [} ) ) 0&— o (k1)

gy o k)

Figure 3.26: Type-2 ASHP lattice models of the PSR S,(fiz): e%f}l,n(k,l) and

~(3,3
&isie,, (k;1).

By substituting (3.205) and (3.206) into (3.202) for j = 2, 3, the type-2 ASHP lattice

model equations will be as follows

33 33 3,3)* 33
61(4511)]32,2 (k’ l) - eé ) (k’ l) - kgASH)PZJ eg ) (k7 l)
~(3,3 ~(3,3 33 ~(3,3
e/gSH)PM k1) = &8V k1)— kgAS,)Pmeg )(k,1) (3.207)

oty (1) = D) =k, (D (k)

€ASH P CASHP, 3

kS (25 (k1)

eASHPZ.S

Sinin (1) = &V k) —kG5h, (D (k1)

ASHP, 3 CASHP, 3
—kgiﬁ])pz_g (2257 (k. 1). (3.208)
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The power of the error propagation equations from the lattice model equations given

in (3.207), and (3.208) can be written as
33 33 2 (33 2
PE(ASH)PZJ =E Ueﬁ\SH)Pzﬁj(k’l)‘ 1 +E “ez(ASH)PZJ(kJ)‘ } ’ (3'209)
for j =2,3.

As a result of the mean-square minimization of (3.209), the reflection coefficient

vectors are computed for j = 2,3 as

33 33 -1 33
kgA_’SH)PZJ = (q’ASsz,jq)g,é )IPZ;SHPZ_J-) \PASsz,j(D((e,é )Hj7 (3.210)
and the minimum mean-square error equation, from stage to stage, can be written as
. H 33 T
Pe(fs’f,lz : Pe(_,-3’3) - kgi’;,)}az Wasup, ,cbﬁé )‘PASHPL i K63 (3.211)
2] 5] ’ ’ eASHPZﬁj.’
where
3,3 33 3,3)"
o) = 28 +Eg
2 2
PPV~ Ue5-3’3)(k,l)‘ } VE { é§3’3)(k,l)‘ } , (3.212)
and

m = [0100],
m; = [00 1 0],

The calculation results of X . and Xg g are already given above in (3.196) and (3.197).

Now, for j = 3, let us calculate

_ [ Eleie})+E[61&]] Elere3] +E [5251‘]} (3.213)
| Elese}] +E[6185] Eleze3] +E[6285] | '
and
0
13 33 1000 33 331 | O
(e [200 + 20 ) = [} 00 O][zgeuzg’é)} 1
0

(3.214)




By substituting (3.213) and (3.214) into (3.210) for j = 3, we can rewrite the lattice

coefficient vector as

* S sx S sx -1
K33 _ | Elae]+E[@e]] Eleies] +E[8:8]]
CASHP) 3 E [ezeﬂ +E [éléz] E [6262] +F [ézéz]
E |e1e5| + E [é3¢]]
% { E ezeﬁ + E [638;] (3.215)

If we do the same calculations for j = 2, the following results can be found as

k33 = [Eleel]+E@e] | [ Elaei]+E[@e] ] (3.216)

eASHPz_z

At this point we have populated all possible type-1 and type-2 ASHP lattice models
of the PSR S,(jl’z) by employing the auxiliary vertical forward/backward PEFs. Since
the number of the pair of horizontal PEFs is 3, it is still possible to define one pair
type-1 and one pair type-2 ASHP lattice models obtained by linearly predicted from
the auxiliary horizontal forward/backward PEFs. The type-1 and type-2 ASHP lattice

models are represented in Figure 3.27 and Figure 3.28, respectively.

[
W\ W
; A
k Ny

(42)
rASHPlz (k,1)

0%3‘&
& %,

S e
W —>
& ‘(

©y —
0

»

X

A
%
y
X

Figure 3.27: Type-1 ASHP lattice models of the PSR S{;”: riiih (k1) and

4.2
Fustin, (. D):

As seen in Figure 3.27, type-1 ASHP lattice model rXE’iI)P (k,1) is obtained by

predicting ré )(k [) from rg 2) (k,1) and type-2 lattice model rf(xsi,)P (k,1) is generated
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Figure 3.28: Type-2 ASHP lattice models of the PSR §7™: rygyp (k,[) and
A42) ’
ASHPZZ(k ).

by linear prediction of r§4"2) (k,1) from r§4’2) (k,1). The type-1 ASHP lattice model
equations of these constructed type-1 ASHP lattice model of the PSR S,(fl’z) can be

written in an open form as

4,2 4,2 4,2
ristin, (D) = A D) kOGS AR k)
4,2 (4,2 4,2
IE\SH)Plz(k’l) = ré )(k,l) k’(”ASH)P g )(k l) (3.217)
T (4,2) (4,2) 2
As a result of the mean-square minimization of TASHP ;= E ‘rASHP”(k l)‘ +
2
E U FX;I?P] R (k,1 )‘ } , the reflection coefficient vector is calculated as
~1
K, = (P20l ¥,) ¥l m (3.218)
where
4,2 4,2 4,2
oy = mary
¥, = [00 1]
and



The computation of Xy and X ; are defined as

) = E[rl2 < Dr2 <k 0)

= E[rzrl] E[rpr ] E |ror} (3.219)
E[r3ri] E|[rsr;] E[r3r3}
£ = B[ 0)FY" (k1)
E[nF] ERF E[FF]
= | E[RF] E[RF] E[RA] |, (3.220)
E[Ri] E[i7) E (73]

where for the simplicity (k,/) and superscript representing stage order are omitted.

Now, we can write that

0
(‘Pl,z [):ﬁf‘;zngf,z)*} lplT’2> = [0 0 1] [Zs‘r@) +Z§f‘f’2)*] (1)
= [Elnn]+E[BE] ], (3.221)

and

0
(212 B+ 257 [ m) = [0 0 1] 242 |0

0
= [E[nr)+E[RF ] (3.222)

By substituting (3.221) and (3.222) into (3.218), we can rewrite the lattice coefficient

vector as

4,2 * ~ o~ -1 * ~ ~x
Kiiwr, = [E[nn]+E[RR] ] [Elsl+ERR] ] (3223)
Similarly, that what is calculated for type-1 ASHP lattice model can be done for the
type-2 ASHP lattice model as well. The Figure 3.28 shows the construction of the
type-2 ASHP lattice model from the auxiliary horizontal forward/backward PEFs. The
type-2 ASHP lattice model equations for these ASHP lattice model of the PSR 51(631,2)

can be written in an open form as

4.2 42 42

Feite, (kD) = 5D — kg A k1)

4,2 ~(4,2 42)

/(ASPI)Pn(kal) = 7 )(k,l)—kﬁASH)P2 A2 (k, 1) (3.224)
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As a result of the mean-square minimization of Pr(js’f,ln =E {

42 2
ISt D) ] +

2
E Uf%?&l (k,1 )‘ } , the reflection coefficient vector is computed as

42 42 -1 42
kgAéH)pﬂ = (‘I‘ASHPQ,Z‘I’E,% ) ‘I‘Z;SHPm) ‘PASHPz,zcbl(-,i: m, (3225

where Waspp, = [1 0 0]andL=[0 1 0],

The calculation results of X o and Xg g are already given above in (3.219) and (3.220).

Now, we can calculate

(a1 + 2 [ Whn) = (10 0] [z 2] [ o
0

= [EnA]+ERA] ] (3.226)
and
4.2 42)" 42 42)* 0
(‘PASHPQ,Z [ﬂ,r’ )+>3§.7f1 ) }I’Iz) = [10 0] [Zﬁi )-|-2‘,§7f’ ) ] 1
0
= [E[nn]+E[RF]]. (3.227)

By substituting (3.226) and (3.227) into (3.225), we can rewrite the lattice coefficient

vector as

k5f;?m — [Enr+ERE] ] [EnRl+ERE] ], (3.228)

3.4 NonCausal Half-Plane Models

In addition to developing computationally recursive either QP or ASHP models as
explained above sections, it is also possible to define 2(M — 2) noncausal half-plane
model filters by using the auxiliary vertical forward/backward PEFs for the PSR as
shown in Figure 3.29. Similarly, 2(N — 2) noncausal half-plane model filters can be

obtained by employing the auxiliary horizontal forward/backward PEFs.

In some applications noncausal half-plane models is preferable for the 2-D spectrum
estimation with superior resolution [58]. Our proposed method is also capable of
producing the necessary 2-D noncausal half-plane models without any additional

computational cost as shown in Figure 3.29.
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rASHPoj(k )
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r/(ASHPz 1) (k,1)

Figure 3.29: Generalized ASHP Type-1 and Type-2 model 2-D filters for the PSR

(M—1,N—1)
Sk .
(M—1N—-1) . . .
As seen in the Figure 3.29, for the PSR Skl , it 1s possible to generate

2(M + N —4) noncausal (NC) half-plane lattice models from all auxiliary vertical and

horizontal forward/backward PEFs. The noncausal half-plane lattice models e](\% LN)
and e](vﬁé LN) for j =2,--- .M — 1 are obtained as a linear combinations of the other

auxiliary PEFs in the same column in the shaded area Figure 3.29. Similarly, the
noncausal half-plane lattice models r](\,AéN D and r](\,ﬁé V) for j=2,---,N—1 are
generated as a linear combinations of the other auxiliary PEFs in the same row in

shaded area in Figure 3.29.

3.4.1 General case of noncausal half-plane models using vertical PEFs

The Figure 3.30 demonstrates the construction of the noncausal half-plane lattice

model from the auxiliary vertical forward/backward PEFs.

The noncausal half-plane lattice model equations from the auxiliary vertical

forward/backward PEFs can be written as follows,

eve, M) = oMV e n) kY et g 1)
dve kD) = dMV ) kN eI () (3.229)
T
where ki ) = kﬁﬁ‘@w)u) kgf,:;jM(M)] for j=2,-- ,M—1.
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Figure 3.30: NC lattice filter model constructions by using auxiliary vertical PEFs of

the PSR "NV for j=2 ... M —1.

As it has already explained in Sections 3.2 and 3.3, in order to find the lattice coefficient
vector of the lattice equations, we can write the minimum mean-square equation as

_ M—1N M—1.N)H ~(M—1,N ~(M—1,N)H
Pone, ™ = o [E el M (ke Y (0] +E [ MY (D Y ()]

_ 2 _ 2
- E Ue%j " (k)| }+E Ué](\,ﬂéj " (k)| } (3.230)

where ¢r means trace operator.

By minimizing the minimum mean-square equation (3.230) with respect to the lattice

) M—1,N
coefficient vector ngC‘ N) as shown below,
J

) _
wpxﬁj = o (3.231)
akech

and we can get the lattice coefficient vector as

KM-1N) (WP ¥)] -1 ¥ D, 11, (3.232)

€, .
NCJ

By using the equation 3.232 in the minimum mean-square equations, then we can write

the common mean-square equation from stage to stage as follows

P = P kY e e kY (3233)

where P, =E {

ejM—l,N)ﬂ L E [’éEM—l,N)lz].



As we defined for ASHP case, it is also possible to define a single matrix
including all NC half-plane lattice filter models generated from the auxiliary vertical

forward/backward PEFs as follows

(M=1N) _ [ | (M=1,N)  (M—1,N) (M=1,N) . (M—1,N)
Koo ™ =k K K VY }MX(M_z), (3.234)
where
T
ke, "V = [ Kk0e M) kb - | (3.235)
for j=2,--- ;M —1. In case of j is equal to the row number, a ”0” will be inserted as a

lattice coefficient value. In fact, this cell in the matrix where ”0” is inserted represents

the vertical PEF index where NC half-plane is initiated.

By putting all lattice vectors in the matrix as open form, then we can write the following

matrix:
M—1N
KENC )=
§ -1, -1, -1, -1, T
ko, (1) ke ) ke () ke, V()
°1, -1, -1,

0 ke, V(2) e ka2 ke, M)
ke, ™ (2) 0 SRR C o ) B C ol ©)
Mfl,N. Mfl,N. ' Mfl,N.

ngcz )(M - 2) ngc3 )(M - 2) ngcM,z )(M 2) 0
21, 1, ~1, —1,
R 07 B D P .7 S DERRRY vl (7 S D Al (VS VI
(3.236)

We can write all NC half-plane lattice models produced from the vertical PEFs as

T
e](vAé_LN)(k;l) = [ 3%2_171\[)(](,1) 6%3_1’1\])(](,[) eI(VA/CI'A_,]Ezlv)(kal) } (3.237)
and
T
é%—l,N)(k,l) = [ él(vﬁéz—l,N)(k,l) éj(vﬂé;]’m(kyl) éI(VAéA;EII])(k7Z) ] . (3.238)

By using already defined constant matrix ¥ 57, we can define one pair of lattice filter

equations including all possible NC half-plane lattice filter equations as

(M—1,N)

ee (kD) = W™V (k1)

_ K(M_lvN)He(Mfl,N) (k,l)

eNC

VN ey = gV (g ) - KYTIN G M-IV ) (3.239)

eNC



The sum of the mean-square values of 3.239 can be written as

pM=IN) g E[e}% V) (g, )e M1V (k,l)]

eNC
1 1
+rE [e}v"é N (e, 1)g MLV (k,l)} . (3.240)
By minimizing (3.240) with respect to the lattice coefficient matrix ng/[c_l’N) as
follows
J (M—1.N)
NC
we get the following result
_ _ ~1
Koo V= ol el e, (3.241)

3.4.2 General case of noncausal half-plane models using horizontal PEFs

The Figure 3.30 demonstrates the construction of the noncausal half-plane lattice

model from the auxiliary horizontal forward/backward PEFs.

ing e, k)
k

Figure 3.31: NC lattice filter model constructions by using auxiliary horizontal PEFs

of the PSR 8" """V for j=2,-- N 1.

The noncausal half-plane lattice model equations from the auxiliary horizontal

forward/backward PEFs can be written as follows,

_ _\H _
PN Dty = AN () — kD g N
AN s = AR -k D) (3.242)
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T
where kM- = k(M’N_l)(l) k(M’N_l)(M)] Jforj=2,--- N—1

VNC rNCj rNCj
Similar to the Section 3.4.1, we can write the minimum mean-square equation for

the noncausal half-plane latice filter models obtained from the auxiliary horizontal

forward/backward PEFs as follows

2
pMAN=D E[‘r%j“)(k,l)‘ ]+E[

J

pMN=D (g 1)‘ } (3.243)

By minimizing the minimum mean-square equation (3.243) with respect to the lattice
(M. N—1)

coefficient vector krNc as,
d (M,N—1)
———P =0 (3.244)
M,N—1)""NC
angC ) j
and we can get the lattice coefficient vector as
M,N—1 ~1
A 75 0 T 773 (3.245)

By using the result of (3.245), the mean-square equation from stage to stage can be

written as follows

pMN=1) P(MN D _ g MN- nA ¥, lpk(MN 1 (3.246)

NC; T NC; INC;

where P, = E “ (M.N -~ )‘2] +E [ f}M’N_])‘Z}.

Similarly, it can also be defined a single matrix including all NC half-plane lattice filter

models generated from the auxiliary horizontal forward/backward PEFs as follows

MN-1) _ [ ( (M,N—1) | (M,N—1) (M\N—1) | (M,N—1)
e [ v S ki K |y s G247
where
T
kive' V= [ ie ) e ke - | (3.248)
for j=2,---,N—1. In case of j is equal to the row number, a 0 will be inserted as a

lattice coefficient value. In fact, this cell in the matrix where O is inserted represents

the horizontal PEF index where NC half-plane is initiated.
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By putting all lattice vectors in the matrix as open form, then we can write the following

matrix:
M,N—1
Kgzvc )=
r MN—1 MN—1 MN—1 MN—1 7
k'(’ch )(1) k'('NC3 )(1> T k'('NCM_z )(1) kﬁNcM_, )(1)
M.N—1 MN—1 MN—1
0 ngc3 )(2> e k£1vch2 )(2) k'('NCM71 )(2)
MN—1 MN—1 MN—1
ngcz )(2) 0 ngCMJ )(3) k7('NCM71 )<3)
M,N—l. M,N—l. . M,N—l. .
kg/vcz )(M_ 2) ngc3 )(M_ 2) ngCM,z )(M_ 2) 0
M.N—1 MN—1 MN—1 M,N—1
L k£N02 )(M_ 1) ki(”NC3 )<M_ 1) ngcM,z )(M_ 1) kﬁzch,1 )(M_ 1) ]
(3.249)

We can write all NC half-plane lattice models generated from the horizontal PEFs as

_ N B 3 T
e = [ AN ) AR A D | 3250
and
B _ B -~ T
e D = | AE T AT e Wk | 328y

Similar to the NC half-plane lattice model obtained from vertical PEFs, we can also
define one pair of lattice filter equations including all possible NC half-plane lattice

filter equations as

SOOI IV RS S (%)

POV () = @y N0 (1) - KMV RN ) (3.252)

The sum of the mean-square values of 3.252 can be written as

P(M7N71) = trkE |:r(M7N71)(k7l)r](\%./Nil)H(k?l)}

'NC NC
H
+er[f~%N*”(k,1)f~%N*” (k,l)} (3.253)
where ¢r means trace operator.
By minimizing (3.253) with respect to the lattice coefficient matrix KgNMC’N_l) as
follows
d (M.N-1) 0
JKMN-1) "NE -
NC
we get the following result
M,N-1 MN-1)] " L mMN—1
K" = @™l el e, (3:254)



3.4.3 Application examples of the NC half-plane 2-D lattice models

In this section, some examples of the NC half-plane lattice models obtained form
vertical and horizontal forward/backward PEFs will be introduced. For each cases,

all NC half-plane lattice models will be elaborated.

According to our NC half-plane definition presented above, it is not possible to define
any NC half-plane lattice model from the PSRs S,(C}l’o) and S,(;)Z’U. In order to define
any NC half-plane lattice model, the order of the PSR should be higher than (1,0) and
(0,1).

3.4.3.1 NC half-plane 2-D lattice models of the PSR S,(CZI’O)

It is clearly seen that, only one pair of NC half-plane lattice model using auxiliary
vertical forward/backward PEFs can be generated. It is possible to construct NC
half-plane models, namely, ej(vc)(k l) and ez(vc)(k [) by predicting eg )(k l) and
eg )(k,l) from the rest of the vertical forward PEFs eg ’ )(k,l) and eg )(k,l), and

from the rest of the vertical backward PEFs égz’l) (k,1) and égz’l) (k,1), respectively.

(2,1)
#001) = e
® [ ] ®

2V (k1)
-

ﬂ. [} *~9 61(\/2&12)("71)
1

® [ ] ®
N 2
&2 (k1) )

(2,0)
Sk

Figure 3.32: NC half-plane lattice model from the corresponding auxiliary vertical
PEFs of the PSR 513,

Figure 3.32 shows the illustration of the NC half-plane lattice model construction of

the PSR S,Ezl’o). The lattice model equations for NC half-plane lattice models can be

written as,
da ) = eV (k1) — k) B (k1)
dpl k1) = &V (k1) — kgt WaED k1), (3.255)
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1 00
0 01
removing the second row of the identity matrix I5.3. Hence, we can write the lattice

From the definition of the constant matrix ¥, we can get ¥, = { } from

equation (3.255) in the open form as

2V ) = VD) = k2 (1) (k1)
2,1)* 2,
— k) @ (k)
a1y = & (k1) — k) (1)) (k1)

kit ()28 (k). (3.256)

The sum of the mean-square value of the lattice form equations (3.256) can be written

as

2
Pi) =E Ueﬁé?(hl)\ ] +E {

2
&) (k, 1)‘ } . (3.257)

As aresult of the mean-square minimization of (3.257), the reflection coefficient vector

is calculated as

—1
kive) = (‘Pﬂfél)‘l‘g ) ¥,0%"11,. (3.258)

e.e

We can restructure the power of the error propagation equation from stage to stage by

using (3.258) as

P D N O, Sl N (3.259)

eNCz - eNCz eNCZ )

where

2
P2V —E Uef’”(k,l)‘ ] +E [

2
égz”(k,Z)‘ } .

(3,2)

3.4.3.2 NC half-plane 2-D lattice models of the PSR S, ;

In this application, it will be demonstrated all the possible NC half-plane lattice models

(3.2)
N

by utilizing auxiliary horizontal and vertical forward/backward PEFs of the PSR §;

shown in Figure 3.5. In Sections 3.2.2 and 3.3.3.4, this PSR has been already utilized
for showing how to obtain all possible QP lattice models and all possible type-1 and
type-2 ASHP lattice models, respectively. Now, first, all possible NC half-plane

lattice filter models generated from the auxiliary vertical forward/backward PEFs,
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and then NC half-plane lattice filter models produced from the auxiliary horizontal

forward/backward PEFs will be elaborated.

The construction of the whole NC half-plane lattice models by employing the
corresponding auxiliary vertical forward/backward PEFs is illustrated in Figure 3.33,
and 3.34. It is clearly seen that it is possible to obtain two pairs of NC half-plane
lattice models from the vertical forward/backward PEFs. Here, M is 4, and j is defined

as j=12,3.

k
(3.3)
(3.3) e, (k1)
(k,1) -
Ne ° ° ° oK
(3.3)
e, (k1) ., il (k1)
A 3,2)
&) (k1) S,(C i (k1)
° ° ° ° ° <
5(3’3)(/( ) d \91(3&32)(/(,1)
3 ’
° ° ° ° o
33 (k1) A > e k1)

Figure 3.33: NC half-plane lattice models of the PSR S,(fl’z): 61(3632) (k,1) and 51(\3632) (k,1).

o S](<3l,2) A ()
éNéq k,l \ ’

) [ ] [ ] [ J [ J oW
_(33) A ™~ e (k1)

3 (kl)

[ ] [ ] [ ] [ ] o
~1(13 k1) 1 N 33 (k1)
(3,2). (33) (3.3)

Figure 3.34: NC half-plane lattice models of the PSR 5,/ ey (k, 1) and ey’ (k, ).

As shown in Figure 3.33 and Figure 3.34, to construct el(\?é) (k,1), the vertical
PEF 65373)(]{,1) is linearly predicted from 6(3’3)(k,l), egS’S)(k,l), and 623’3)(16,1) and

e](\?é) (k,1) is generated by linear prediction of e§373)(k, [) from 33 (k,1), e§3’3) (k,1),

116



and ef"s) (k,1), respectively. The backward cases can be determined at the same way.

The NC half-plane lattice models equations of these NC half-plane lattice models of

the PSR S,(fl’z) can be written for

33
eJ(VCZ) (k7 l) =
~(3,3
e/(VC2) (k7 l) =

j=2,3as

5 (k1) — k) Wae (&, 1)
&5 (k,1) — k32 e (k. 1),

and
e,(\?CS)(k n o= k1) - E,NC) wie(3) (k1)
dud k1) = &V (k1) — k3D w3 (k1)
where
- kéié;m
ki) = kéi’% 2 |
33
k) (3)
and
N k(1)
s 33
kbt = |82 |
33
ko) (3)

By substituting constant matrix ¥, =

| |
O O =
O = O

0
0
0
S

respectively, the NC half-plane model equations will be as follows

Gk = k1) kD (1 (k1)

ki) (2)e8V (k1) — k57 (3)el (k. 1)
o) (kD) = &V kD) —kG (D2 (k1)

kD @2 (k1) — k52 (3)8 (k. 1),
o) = D)~k (1) (k1)

kG ()5 (k) — kG (3l (k1)
dud k1) = & (k1) k3D (12 (k1)

k52 (k1) — k2 (3)25 (k. 1).
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(3.260)

(3.261)

(3.262)

(3.263)

0
0 | into (3.260), and (3.261),
1

(3.264)

(3.265)



The sum of the mean-square value of the lattice model equations given in (3.264), and

(3.265) can be written as

2
Pe(ﬁ’ci) =E Ueﬁé?(k,l)] }+E { e](VC>(k z)‘ } (3.266)
for j =2,3.

As a result of the mean-square minimization of (3.266), the reflection coefficient

vectors are calculated for j = 2,3 as

kb = (w0l >_1‘-I‘2<I>Sé3)r[2 (3.267)
and
Kb = (wele) >_1\P3q>§é3>n3, (3.268)
where
o — =iV 4+sl
and

1000 100
-~ o010 +):~~)}
|00 0 1 010
0 01
[ Eleiej] +E[e18]] E|eie}]| +E[e38]] Eleie}] +E [ésé}]
= [e3e1]+E[~ 3] Elese;] +E[638;] Elesej] +E [ese;] |(3.269)
Elesei] +E[€18]] E [esel| +E[638;] E |esel) +E 6485
and
33 3.3)* (1000 33 3.3)* (1)
(lpz [):,S,éu):g’é)}nz) — o010 [):&,gh):éév)] .
(000 1 0

3 [6163] +E [525?]
= E [6363] +E [ézéﬂ . 3.270)
| Elese;] +E 228
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By substituting (3.269) and (3.270) into (3.267), we can rewrite the lattice coefficient

vector for j =2 as

53) E [eleﬂ +FE [51 éT] E[[ele%] +F [535“ E [6162] +F [545ﬂ
Keye, E[eszej] +E [e]éﬂ E |ese;| +E [e3é§} Elese;] +E [6453}
Elese}] +E[€18]] E [esel| +E[638;] E |esel]) +E 6485
E[eie5] + E [8]]
X | E [6363] +E [ézéﬂ . 3.271)
Elese;] + E [28}]

It is possible to do same calculations for j = 3, and the following result can be found

as
63 Eleie]] +E[017]  Eleres) +E (28] Eleiej] +E[@e}] 17
ki, = | Elesej]l +E[e183] Elese5]| +E [6:83] E[esej] +E [é485)
Elesei] +E[218}] Eleses| +E[228)]  Elese] + E [24]]
E |e1e;| + E [é3¢]]
X | E|exe;| +E[ezes] | . (3.272)

E [ese| + E [23¢)]

Now we have illustrated to obtain all possible NC half-plane lattice models of the PSR
S](jl’z) by employing the auxiliary vertical forward/backward PEFs. Since the N is 3, it
is still possible to define one pair of NC half-plane lattice models, namely r](\?é) (k1)
and ?ﬁé) (k,1), obtained by linearly predicting r§4’2) (k,l) and F§4’2) (k,1) from the rest
of auxiliary horizontal forward and backward PEFs, respectively. The NC half-plane

lattice models are shown in Figure 3.35.

As seen in Figure 3.35, NC half-plane lattice model r](\fé)(k,l) is generated by

predicting r§4’2) (k,1) from r§4’2) (k,1) and r§4’2) (k,1), and fﬁé) (k,1) is produced by
linear prediction of 1754’2) (k,I) from f§4’2) (k,1) and fg4’2) (k,1). The NC half-plane lattice
(3.2)

model equations of these constructed lattice models of the PSR S, can be written in

an open form as

el = w200 -k (A kD)
- £ch) (2)r§472)(k l)
R (k1) = B (k1) — 2 A (k)
— ki @R (k). (3.273)
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Figure 3.35: NC half-plane lattice models of the PSR S,(fl’z): r](\?é) (k,1) and f’](\?é) (k,1)

L (4,2) (4,2) 2
As a result of the mean-square minimization of P =FE )rch (k,l)‘ +

rNC2
E { (42)

2
NG, (k,1 )‘ } , the reflection coefficient vector is calculated as

K2 = (wel?e) welm, (3.274)
where
o = i+,
and
T
t2 = [(1) 8 1] ’
and

m = [010]".
The computation of Xy and X ; are defined as

AL A UL (%]

E[rri] E[rnr;) E|rnr

J— % ES *

= E[rri] Ernr;y] E|rnr ,
Elrsri] Elrsr] E|rsr3]

120

(3.275)



5 = E[E 0 0E4 (k1)
E[nF] E[RF E[RF]

= | E[RF] ERF] E fzfé‘] : (3.276)
E[f”?,fﬂ E[f3l~”>2k] E 1737”%k

where (k,[) and superscript representing stage order are omitted for the simplicity.

Now, we can write that

1 0
(4,2) 42" @\ 1 00 (4,2) (4,2)*
(e |2+ 2 | WD) = {0 0 1“2” +5 ] oY
E[rri]+E[F7] ] 3277
- |l ie i | G210

and
w, [p42) L v@2 g _ 1 00 $(42) | $(42)° (1)
(s (2?2 | m) = [ 0 0| [0 em]

{ E[rr3] + E [277] 1 _ (3.278)

E [r3r}) + E [275)
By substituting (3.277) and (3.278) into (3.274), we can rewrite the lattice coefficient

vector as

k

42 _ { E[riri]|+E [F17]] }1{ E[rir3] + E[FF] ] (3.279)

G E [r3r3] +E [7373] E [r3r3] + E [727]

3.5 Unification of All Prediction Models

In the previous sections, we presented how to obtain all causal and noncausal 2-D
lattice prediction models by employing the vertical and horizontal auxiliary PEFs. It
is possible to write a single general lattice error propagation equation for all of the
proposed models. The unified prediction for the general modeling equation for the

auxiliary vertical forward/backward PEFs can be given by,

Mgy ] e kMY g, -0,
M) (g 1) e I, — kM

(M—1,N)
x { ¢ (k; 1) (3.280)

eM=LN)(k —1,1)
where the choice of constant matrices II, and ¥, for the 2-D causal/noncausal
prediction models is shown in Table 3.1. kg(v[_LN) is the reflection coefficient vector.

The minimum mean-square values of prediction model PEF (3.280) can be written as,
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Table 3.1: The choice of constant matrices II; ve ¥; for the 2-D causal/noncausal

(M.N)

prediction models using the vertical auxiliary PEFs for a PSR §;;" . For
horizontal auxiliary PEFs M wil be replaced with N. /
x | QP1 | QP2 | ASHP1,i | ASHP2,i | NC,i
IL, IT; Iy I1; IT; IT;
Y| Wi | Yu | Wi Wi m Y;
fori=2--- M—1
P = E[e(M L) (x, l)” { M=) (g 1)” (3.281)

The minimization of (3.281) with respect to the reflection coefficient vector k(M LN)

will yield
K (s g0 0gT) g o @.282)

and the minimum mean-square value equation can be written from stage to stage as

follows
PMIN) — g (M g g MINGT MY (3.83)
Similarly, by using the auxiliary horizontal forward/backward PEFs AN and
fﬁMﬁl’N), the general modeling equation can be given as
M Nen ] kMY e, -0,
F)(CM—l.,N)(k,l) —O;, I, kﬁi” 1L,N)T P,
(M—1,N) (k l)
’ 284
X |i f.(Mfl,N)(k_lyw } ’ (3 8 )
where k(M IN) is the reflection coefficient vector.

The minimum mean-square value of prediction model PEF (3.284) can be written as,

P = E{r)(CM_l’N)(k,l)‘ ]+E[

X

AM-LN) ﬂ . (3.285)

The minimization of (3.285) with respect to the reflection coefficient vector k(M L)

will give the following result

kM-I (\y s ””qg{) 7 ) v il (3.286)
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and the minimum mean-square value equation can be written from stage to stage as

follows

Pr(yfl,N) — .y M-LN)qT _ kgwflvN)H\pxz(M*lvN)\p){kgi”’l’N), (3.287)

X&r ¥ X It

3.6 Stability of All Prediction Models

Stability is not guaranteed in this procedure, there is no “stability-by-inspection” [11]
property for these proposed 2-D lattice filters. However, the synthesis models for the
auxiliary prediction error filters and the QP model filters as shown in Figure 2.21 and
Figure 3.1, respectively, are found to be almost always stable, as shown in Example 1
of the Chapter V. This is due to the fact that the 2-D lattice parameters factors are
calculated by Burg’s method [60] which definitely also leads the maximum entropy.
On the other hand, a few of the ASHP AR lattice filters in Figure 3.7 may have stable

inverse models.

The stability of a first-quadrant QP filter will be assured by using the stability check
rules determined by DeCarlo-Strintzis [61]. If the 2-D transfer function of the

first-quadrant QP is

1
H(z1,22) = ) 3.288
(@1,22) A(z1,22) ( )
then it is stable if only if
1) A(z1,1)#0 for |z;|>1 (3.289)
2) A(l,22) #0 for |z|>1 (3.290)
3) A(e/9 /) £0  forall @, ws. (3.291)

Similarly, ASHP filters are also tested by the rules determined in [62] and [63]. For
the type-1 ASHP filters obtained from the horizontal PEFs, the filter is stable in

bounded-input bounded-output (BIBO) sense, if the transfer function satisfies

1) A(z1,00) #£0 for |z1]>1 (3.292)

2) A(e/®,2)#0  for |z > 1, and for all o. (3.293)
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3.7 Complexity Comparisons of the Proposed Method

We compared the proposed method with the alternative structures [11, 14, 16-19, 29,
32,35, 36, 39,40, 42,55,57,59,64-67], both in terms of conceptual background and
in terms of complexity. Our initial motivation is to present a general 2-D lattice
modeling technique which is capable of simultaneously providing all possible causal
and noncausal models to obtain superior spectral estimation accuracy. Hence, this
new formulation for constructing orthogonal backward prediction error vectors is quite

different from the other attempts in [39], [40], and [66].

(=N,—N) (=N,—N) (=N,N)

[«] .

(0,—N) (0,—N)
(@) (b)

Figure 3.36: The models used for complexity comparisons. (a) QP model with N +

2N points in the PSR, S, (b) ASHP model with 2(N2+ N) points in

the PSR, 52",

The first-quadrant QP model shown in Figure 3.36(a), the complexity of the proposed
approach in this thesis is given in Table 3.2. For comparison, it is also given the
complexity of the orthogonal 2-D lattice filter [39], the four-field 2-D lattice filter
[40] and the multichannel 2-D lattice filter [14, 65]. As shown in Table 3.2, our 2-D
lattice filter requires the fewest number of lattice parameters for > 2. Furthermore, the

number of lattice sections for our 2D lattice filter is on the order of only 2.

Moreover, we consider an ASHP model shown in Figure 3.36(b). For this model, it is
presented the complexities for the orthogonal 2-D lattice filter [39, 57], the optimum
2-D lattice filter [42] and the proposed 2-D lattice filter in Table 3.2.

From the Table 3.2 which shows the complexities of the existing 2-D lattice filters and
the proposed one, it can deduced that the new introduced 2-D lattice filter is superior
in terms of the number of lattice parameter as well as the number of lattice sections.

It is interesting to note that our method computes all possible QP and ASHP models
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Table 3.2: Complexity Comparisons for the QP Model 2-D Lattice Filters with N +

and for the ASHP Model 2-D Lattice Filter
(N.2N)

2N Points in the PSR, S
with 2(N? 4 N) points in the PSR, S,

(N.N)
k.l

QP MODELS Number of Lattice Number of Lattice
Sections Parameters
Orthogonal [39] N3 4+2N>—-N 2N3 4+ 4N? +2N
Four-Field [40] 2N? 4N3 +2N
Multichannel [14, 65] N} +N?>+N—1 2N3 +2N? 42N -2
Proposed method 2N’ +3N -2 %N 34 %N 24 %N
ASHP MODELS
Orthogonal [39,57] 4N> +4N? +N 8N? +8N? +2N
Optimum [42] 2N?+4N —4 1 (4N*+5N*+N)
Proposed method 4N? +3N —1 % (7N3 +9N? + 11N)

simultaneously. However, all other approaches [11, 14,16-19,29,32,35,36,39,40,42,

55,57,59,64-67] computes only a single 2-D prediction model.
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4. RELATIONSHIP OF THE LATTICE MODEL PARAMETERS TO THE
TRANSFER FUNCTION

In the above sections, we introduced a new 2-D lattice filter modeling and presented
how to obtain QP, ASHP, and NC half-plane lattice prediction models. Now, an
algorithm will be developed for the construction of the prediction error transfer
functions from the 2-D lattice parameters calculated by using the proposed 2-D
lattice structure. For a (p — 1,q — 1)th PSR shown in Figure 2.10, we can write

the forward/backward vertical and horizontal auxiliary PEFs in terms of the 2-D

z-transform fori=1,--- ,pand j=1,--- ,q
E"@z) = AP @a)Y @) @D
B0y ) = AP ) 42
RE’pﬂil)(Zl,m) = ng’%l)(zhm)y(zbm) @.3)
RPV(z,) = BP V(@ 0)Y (,2) @4

J J

where Y (z1,z2) is the z-transform of the input data. The transfer functions of the
forward PEFs, Al(p —19) (z1,22) and ng ’qfl)(zl,m) can be represented in terms of the

(P=19) 4nd BV with the order of px(g+1)and (p+1)xgq,

coefficient matrices A; 7

respectively. Similarly, the transfer functions of the backward PEFs, A§” ~La) (z1,22)

and Egp ’q_l)(zl,m) can be written in terms of the coefficient matrices AI- and

glpa—1)

j , with the same order as defined for the forward PEFs. The transfer functions

of the forward PEFs can be given as,

AT ez = AP @AM @)
Bﬁp,qfl) (z1,22) = AP (21 )Bgmfl)A(q—l) (22) 4.5)
where the vectors A’ (z)=1[1 zb - ™ }T, for x = 1,2 defines the position

of the sample points used in the PSR. Owing to the prediction of the neighboring points
of the PSR S,((_pl_l’q_l) al? (i 1) = b&p’q_l)(l,j) = 1 and all other entries of the first

’ 1
l(pfl,q) and ngvqfl)
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column and the first row of A are zero, respectively. For example,



if we write a transfer function for i = 1, it will be that

A&pﬁl’q)(zl,zz): Lozl Zl—(p—l)}Agprq)[l 5! o Zz_q]T. 4.6)
where the coefficient matrix Agp L) (z1,22) is
1 ar1,2) aP (1,9 ]
R T N
AP — g Gt (3)9) a”"3,q) |- @.7)
K agp_l’q)(.p—lﬂ) agp_l’Q)<p—1,Q)_

The backward vertical and horizontal PEFs can be expressed in terms of the forward

ones, and it can be written as

Al(p—Lq)(thz) _ ZI—(P—I)ZZ—QAI(P—LQ)*(_*,_*)
SERY)

~ 7—1 — —(g—1 7_1* 1 1

Bre V() = 7750 B )(5’5)' (438)

Thus, the backward coefficient matrices Al(l’ —1a) and ]?5.” —1.a) for the backward PEFs

(p—1g) and B(p—l,q)

can be obtained by permuting the forward coefficient matrices A; j

respectively. Indeed,
-1 —1,9)*
p=la) _ JpA,(p ) Joii
= (p.g—1 g—1)*
B = By, 4.9)
where J, is the n X n exchange matrix. (4.9) indicates the row and column reversal of

the matrix.

Let us show how to get (4.9). First we need to find Al(p “la) (£,L). For that, from the

ISR

equation (4.5), we can determine

AP @,z = AP )AL A, (4.10)
71 22
By substituting (4.10) into (4.8), we get

(e —(p—1) — 1y, 11

A,(p l’q)(zhzz) = g (v I)quAz(p b (= =)

I EY)
_ Zl—(p—l)A(p1)T(Zl)Al(p—l,q)*Zz—qA(Q)(Zl)_ 4.11)

1 2

And with the following definitions,

(p— 1

5 1>A(p_l)T(z) = AP ()3,
_ 1
Z2QA(Q)(5) — Jq+1A(q)(Zz)
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Table 4.1: Augmentation and Shifting Operations for the Coefficient Matrix C

Augmentation Shifting
E
= M.N
8 C(MN): 7?1(777)7 (MaN): 7701TV;F1 B
= i,h o7 0,21 C(M,Nj
2 N+1 i
®
S| aMN MN MN (M
5 CE,V ):[CE7)‘0M+1] Cg,zz):[0M+le§’)]

(M.N)

we can write (4.11) as

AP () = APV @)A1, 0A9) (). 4.12)
It is clearly seen from (4.12),
Al(p—l,q) _ JpAEp_Lq)*J(ﬁ‘l' (4.13)

It is known that in order to calculate the coefficient vector of the (N + 1)th order

1-D lattice filter, a¥*!), the well-known Levinson algorithm [60] requires the

T

augmentation of the (N)th order forward coefficient vector, Al = [ a’ 0 }
T

and the delayed backward coefficient vector, 5§N) = [ 0 FOE } . But, for

the determination of the 2-D coefficient matrices defined in (4.5) and (4.9), we
must perform these “augmentation” and “shifting” operations for both vertical and

horizontal directions. Therefore, we can define four different augmented and shifted
(M.N)

matrices as depicted in Table 4.1, for the (M, N)th order coefficient matrix, C; . The

(M.N)
ish

horizontally augmented matrices C and C%’N) are obtained by adding one row
and column of zeros, respectively. On the other hand, the horizontally and vertically
shifted coefficient matrices C%’N) and CEZ’N) are obtained by shifting the whole

matrix one row and column as demonstrated in Table 4.1, respectively.

4.1 2-D Levinson Algorithm by using Matrices

The 2-D coefficient matrices of the transfer functions of the auxiliary PEFs can be

computed from the 2-D lattice coefficients using the following procedure:

1. Set (p,q) = (0,0).

ALY — RO — (1] and B = B"Y = [1).

Define the initial zeroth order stage coefficient matrices as
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2. At the first order stage, given the lattice parameters k¢,

p = 1, calculate the coefficient matrices

and

©

(0,1) . (0,0) (0,1)* (0,0)
Al - A],h _kel Al,Zl
. 0,1)*
= [1 : o}—kﬁl ) [0
. 0,1)*
- [n
(L,o) (0,0) (1,0)* 1 (0,0)
Bl - BLV _krl Bl,zg
[ 1 0
= || =K
0 1
B [
= __kgll’o)*

Determine Ago’l) and 351,0) using (4.9).

. Incrementing p by unity, from the last calculated A

1)

,forg=1,and k

']

(1,0

r

)

, for

4.14)

4.15)

(r—1q) plpg-1)
LY BY ) and the

J

reflection coefficient vectors, compute the horizontally augmented stage coefficient

matrices, using (2.22), (2.32) and Table 4.1 as fori=1,---

Determine A

(p—

Determine AEP 4 and ﬁgp +1,g-1)

([7+17(1*1)

B;
(ra) _ Alp—laq) _
Aipq — AIZ q

A(pvq) — A(P_lvq) _

p+1 P21

AlP—Latl) p 1Lg)
1

pra) _— glra-1) _

J Ly

e _— glra-1) _

q+] q,22

Zk (p+1,9—

KP9 (1B

M»Q

N
I
_

M-

€p+1

~
—_

D1~ NM%

~

k(pq)*(l)B

(pq 1)
1

(pq 1)
1

(p.g—1)
l,20

by column and row reversal as in (4.9).

,pand j=1,---

Zk p—l,g+1)*

KP9" (DA

I
_

rq+]

I
_

La+1) and B(p 9 using (4.9).
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k(l’#])* (Z)A

( 1L,q)

( 1,a)
Al

(p—19)
L,z1

pandjzla"'aq

4.16)

. Incrementing ¢ by unity, vertically augmented stage coefficient matrices, using

(2.47) and (2.55) are given as fori =1, - --

4.17)



5. The foregoing process is continued stage by stage depending on the selected

augmentation direction by going to Step 3 or Step 4.

After the calculation of the coefficient matrices of the transfer functions for the
auxiliary PEF filters, similarly the transfer functions for the QP, ASHP, and NC
prediction lattice models can be obtained by using (3.281) and (3.285). In the
following sections, how to determine the transfer functions for the QP, ASHP, and

NC half-plane prediction lattice models will be elaborated.

4.1.1 Coefficient matrices at the initial stage

Now, we will verify our proposed algorithm by giving an example. We have already
defined the coefficient matrices for the initial case given in (4.14) and (4.15). Let us
find the same result by using the error propagation equations. The vertical forward

PEFs equation is

et (k1) = el (k. 1) = ke (k1= 1) (4.18)

where ¢!*? (k,1) = y(k,1) at the initial stage. By getting z-transform, we have

El(o’l)(m,zz) = Y(Z],Zz)—kg?’l)*ZEIY(Zl,Zz)
= 1=k G @), (4.19)

——
A(IOJ)(Z] 722)

From (4.19), AEOJ)(Z] ,22) is written as

Ago’l)(m,zz) — [1_k§(l),1)*22_1}
x 1
= [ - HZI}ZAE‘)’”N”(@) (4.20)
NG 7 2
(0.1) N
A AW (z5)

where A (z;) = [1].

Coefficient matrix for the vertical forward PEFs is

A0D [1 _ o } (4.21)
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At the same way, we can find

_ 0,1
21,22) = ZzlY(Z1,Z2)—kgl )Y(Z1,Zz)

- [Zz_l _k(g?vl)*] Y(z1,22)

= [ —kY } { 11 1Y(21,Z2) (4.22)
—,_/\i/_/

From (4.22), it is clearly seen that

A(z1,22) = A§O71)A(1)(Z2)- (4.23)

Coefficient matrix for the vertical backward PEFs is

APV = [k . (4.24)

€]
By using (4.9), we can also determine Ago’l) from (4.14) as

Ago’l) _ JIAEO’I)*JZ

- w0 ][ ]

D (4.25)

As it 1s seen that, indeed, the forward coefficient matrix (4.14) is equal to (4.21) and

the backward coefficient matrix (4.25) is also equal to (4.24).

Similarly, we can calculate the coefficient matrices for the horizontal forward and

backward PEFs. For the horizontal forward PEFs, the z-transform can be defined as

R"(z1,2) = Y(z,22) — k" 'Y (21,22)
= 1=k Y@, 2) (4.26)

/

-~

B (z1,2)
-1 1
= Lt ]| o0 [YEh2)
—_———— | —

r

AT () jfo)_/
= A (2B Y (2, 2) 4.27)
B (z1.2)
where A (z5) = [1].
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Coefficient matrix for the horizontal forward PEFs is

1
B\ = [—k(l’o)*]' (4.28)

n
For the horizontal backward PEFs, the z-transform can be written as

_ 1,0
ZlaZZ) = Zl IY(ZhZZ) _k’(’l )Y(Z17Z2)

= [Zl_l - kﬁ}’o)] Y(z1,22)

] Y(z1,22). (4.29)

Coefficient matrix for the horizontal backward PEFs is

. . (1,0)
. [ kil ] (4.30)

By using (4.9), we can determine ﬁgl’o) from (4.15) as

Egl,o) _ J2B§17O)*J1
[0 1 1
= || 0 } [ k10 ] [1]

[ (10)
_ —kil ] 4.31)

As a consequence, the coefficient matrices we calculated from the z-transform of the
error propagation equations are equal to the ones computed by using the proposed

algorithm.

Now we can go one step further and calculate the coefficient matrices after applying a
horizontal augmentation to the initial stage. This augmentation case will be studied in

the next section.
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4.1.2 Coefficient matrices of the horizontal augmentation after the initial stage

In the above section, we found the coefficient matrices for the initial case. Herein,
we will find the coefficient matrices of all auxiliary PEFs in case of horizontal
augmentation. The coefficient matrices will be calculated by using our proposed
algorithm. In Step 3, the equations are given for updated horizontal and vertical, and

the newly initiated vertical PEFs.

We know that in case of horizontal augmentation the number of vertical
forward/backward PEFs increases one unity. In other words, at the initial stage, we
had one pair vertical forward/backward PEFs, after the horizontal augmentation, the
number of vertical forward/backward PEFs increases and we have two pairs of them.

But, there will be only one pair of horizontal forward/backward PEFs.

For the horizontal augmentation, by increasing p unitary from the initial stage, we
will have the following error propagation equation for the auxiliary horizontal forward

PEFs,

20 =" 1) — kY Y (- 1,1) (4.32)

and by getting z-transform of (4.32), we can write

REZ’O) (z1,22) = RELO) (z1,22) — kglz,o)*Zngl,O) (z1,22) (4.33)

If we substitute (4.26) and (4.29) into (4.33), then the equation will be

RO = (1R ) Y () k80 5 (o 40 Y ()

(=) =k (7 k) Y (a2
(10

[
- l1+<

r11, kglz,o)* B kgpy) ol kglz,O)*Zl_z} Y(z1,22). (4.34)
B<12’0> (z1,22)
Hence, we can write that
1
e A R Rt I USRI D
N - - k(2,0)*
A(2>(Zl) _n 1A<0)(z2)
B(lz,o)
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The coefficient matrix for the horizontal forward PEF, B(lz’o) is

1

BEY = | KR g | (436
2oy

After the horizontal augmentation, the error propagation equation for the auxiliary

horizontal backward PEFs will be as follows

fgz,O) (ko) = fgl,o) (k—1,1)— kglz,o) ril,o) (k—1,1) 4.37)
and the z-transform of (4.37) is
RPn) = 'R @0) -k VR @,2) (4.38)

If we substitute (4.29) and (4.26) into (4.38), then we can write

1§§270) (z1,22) = 2! <Z1_1 —kﬁll’o)) Y(z1,22) _k§1270) (1 —kgll’o)*zf) Y(z1,22)
= [t (& k) ) (1= ) Y @z). @39)

B (21,22
Thus, we can write that
D 20 — _ *
B (z1,22) = [0t g2 ]| a0 Lo 1] . (4.40)
A (z)) R 1 A0(z)
BEO
The coefficient matrix for the horizontal backward PEF, f}(lz’o) is
(2,0) _kglm)
B, = kﬁll-,O) k£12,0) —kﬁ}’o) . (4.41)
1

Similarly, by using z-transforms of the updated and newly initiated vertical
forward/backward PEFs, the coefficient matrices can be found easily. For the updated

vertical forward/backward PEFs, the lattice equations are given as

APV k1) = OV (k1) — kO (k1 - 1) (4.42)
AV 1y =&Y (k= 1,1 — KV AN (k1) (4.43)
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By getting z-transforms of (4.42) and (4.43), we can write

EM ) = EMV (@) -k 5 R (2,2 (4.44)

~(1,1 —1a(1,1 1,1) (1,0
El( )(zmz) = 7 1E1( )(zmz) —k,El )Rg )(21,22) (4.45)
If we substitute (4.19) and (4.29) into (4.44), then the equation will be

EM () = [(1 _kg?’l)*zz_]> — k! <Z1_1 _k£}70)>} Yz2)

_ [1+ (kg,l) kﬁll,o)_kg,o) >Z2—1 —kgf’l) Zl—lzz—l} Y (21,2,)4.46)

. /
-~

A (2 2)

From (4.46), we can write that

(1,1)*,(1,0) (1,0)*
1 ke, ke — ke 1
A () = [1 '] [ Lo ! ] [z_l 1}. (4.47)

— 0 kg’l) 2
AW (z) g

-~

AE“) A (z,)

The coefficient matrix for the first vertical forward PEFs Ag]’]) is

(LD, (1,00 _ ,(1,0)"
(1/1) _ 1 k€1 ki’] _ke1
A = « ) 4.48
! [ 0 K (4.48)

For finding coefficient matrix of the vertical backward PEFs, (4.22) and (4.26) are

substituted into (4.45), and the equation will be written as

Bz = [ (5! =) -k (-6 | Yaw)

= gt (R k) kY Y (2, 22).(449)

. /
-~

A"z 2)

And from (4.49), we can write that

AV @) = [1 4] s 0 { : 11 @30
1 1,42 1 k(l’l)k(LO)*—k(?J) Zz_] ‘ )

el ry e 1

A(l)(zl)
(1,1 A(l)
Qg ) (ZZ)

The coefficient matrix for the first vertical backward PEFs Agl’l) 18

AL _ [ 1" 0
1= (L0 _ 1)
1

4.51
ko Ukl O — i )
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Now, it is turn to find the coefficient matrices for the newly initiated vertical
forward/backward PEFs. For these newly initiated ones which are the second vertical

forward/backward PEFs, the error propagation equations are given as

Dy = "V ike—1,0) -,V 0 k1 - 1) (4.52)

( (
2 1
&V = &

Yk, 1) — kDA (k1) (4.53)
By getting z-transforms of (4.52) and (4.53), we can write
Eél’l)(a 22) = ZflEl(l’l)(Zl ,22) — kﬁl’”*zglREl’O) (z1,22) (4.54)
EV ) = B (o) -k VR (@Lz). (4.55)
If we substitute (4.19) and (4.26) into (4.54), then the equation will be

EM(2m) = [Zl—l <1 _kg?J)*Zz_l) R <1 _k51170)*zl_1>] Y (z1,22)
- [zl“—kﬁi")*z;%(k( RS )> Z Zil}Y(Zlv@)-

. /
-

A8 (21,2)
(4.56)

From (4.56), we can write that

(1,1)
17] 0 —ke 1
Agl’l)(zuzz) = [1 '] [ 1,1)* (1703*_,{(071)* ] {z{l 1]’ @57
€]

%/—/ 1 k£27 ) krl
AD(GZ) N ~ SR
AL AV (z)
2
The coefficient matrix for the second vertical forward PEFs Agl’l) is found as
0 —i
Al = e , (4.58)

For the coefficient matrix of the second vertical backward PEFs, (4.22) and (4.29) are

substituted into (4.55), and the equation will be written as

M = ([ 1)

_ [(kg? )k£1170)_kg(1)71)> iy -|-}Y(Z1,12). (4.59)

s

-~

A (212)

And from (4.59), we can write that

(L1), (1,0)* _ ,(0,1)
~ ke kr _ke 1 1
Agl’l)(m,zz) = [ 1 z_l ] [ 2 _lk(1 1) : ] [Z—l 1}- (4.60)

~ e) 0 2
) A - —
AV (z1)

A(lyl) A(l)(zz)
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The coefficient matrix for the first vertical backward PEFs Aél’l) 18

(1,1), (1,0) _ 2 (0,1)
X ke, ky, " — ke 1
Aglvl) — 2 _1 (1) 1 0 . (4.61)
ey

Until now, we have found all coefficient matrices of the updated horizontal and vertical
and the newly initiated vertical forward/backward PEFs by calculating directly from
the error propagation equations. From now on, we will show how to obtain same values

by using our proposed algorithm.

After finding the coefficient matrices at the initial stage, the values of p and g become
equal to 1. Hence, we can define the i and j as i = 1 and j = 1, as defined in Step
3. If we used the equations given in (4.16), we can find the coefficient matrix of the
horizontal forward and backward PEFs as

(p+1,q-1)
B;

0 (p.g—1)
B "

(p+1g=1)" '\ (pg—1)
; k (B

T

M-

N
I
_

B(lm,m) _ ﬁg k(1+1,171)*(1)]~3§1,171)

1

M
=<
—
L
~—
|
t1-

l

1
2,0 ~ (1,0 2,0)* = (1,0
BP0 = B -y k2 0B

_ | B | e 1) O
Cor | T B
T 0
= | =K | =k ) | il
0 1
[ 1
R T S (4.62)
e
By using (4.9), we can find B;(2,0) as
B 5P,
[0 0 1 1
— o 1 o || &Y K0
100 20
{20
= | K200 (10 | (4.63)
1

If we compare the coefficient matrices (4.62) and (4.63) with the ones (4.36) and (4.41),

respectively, we can see that they are identical.
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Similarly, we can calculate the coefficient matrix of the updated vertical forward and

backward PEFs as,

1
1,1 2 (0,1 L1 (1,0
IS VL W0

) = %2
_ | A(%l) _kg 1)*(1) [ 0, ‘ E(II,O) ]
oA el
_ (1) kﬁ}?l)*,igy&ké‘fu)* ] wsd

and

Agl’l) _ J2A(11,1)*J2
o8] 1 o)
0

110 0 _k£}>1) 1
D 0
= ¢, , (4.65)

respectively. It is seen that the coefficient matrices (4.64) and (4.65) for the
updated vertical forward and backward PEFs are equal to the ones (4.48) and (4.51),

respectively, calculated from the error propagation equations.

We can do the same calculations for the newly initiated vertical forward and the
backward PEFs. To find the coefficient matrix of new updated vertical forward PEF,

we use the last equation given in the Step 3.

Ang) _ A(O’l) . Zk{g’l)*(l)B(LO)

1.2 “ 1,20
[ of 1,1)*
= [ a0 | &m0, B |
L 1
[0 0 (1,1)* 0 !
ol U I
B (171)*
0 —ke,
_ R (4.66)
_1 kgz)k£1 )_kf(?l) ]
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and

A Al

B 'o1”0 — gD “01}
= 1,1), (1,0 0,1
LT O] kY Y 1o

T (LD (10) L (01)

ka0 — ke 1]

-~ iy : (4.67)
—kY 0

respectively. If we compare the results (4.66) and (4.67) with ones, (4.58) and (4.61),
calculated for the newly initiated vertical forward and backward PEFs, we can see that

they are the same.

Consequently, the coefficient matrices for each horizontal and vertical PEFs at the
initial stage and the succeeding horizontal augmentation process have been calculated
by using the z-transforms of the error propagation equations and the proposed
algorithm. The results have been compared and it is clearly seen that our algorithm
works correctly. In the following section, some more examples for the further

augmentation process will be given.

4.1.3 Determination of coefficient matrices for the further augmentations

The coefficient matrices of the auxiliary PEFs of the initial stage, the PSR S,((OI’O), and

(1,0)

the horizontally augmented case, the PSR Sk.ll’ have been determined in the above

2,0) (2,0
e

sections. After the horizontal augmentation, the coefficient matrices B for

the horizontal PEFs, A(ll’l), A(I]’]) for the first vertical PEFs, and Agl’l) , Aél’l) for the

second vertical PEFs which are the newly initiated ones have been obtained.

Now, first a vertical, then horizontal, and finally a vertical augmentation will be applied

and all coefficient matrices of the whole horizontal and vertical PEFs of the PSR S,(Cll’l)

’

S,(c_zl’l), and S}({ZI,Z) will be calculated, respectively, by using the proposed algorithm in
Section 4.1.

4.1.3.1 Coefficient matrices of the PSR S,(Cll’l) after vertical augmentation

We know that the PSR S,(cll’l) have two pairs of vertical forward/backward PEFs and
two pairs of horizontal forward/backward PEFs whose one pair of the horizontal
forward/backward PEFs is the newly initiated because of vertical augmentation. By

increasing ¢ unitary from the last horizontal augmentation, we proceed a vertical
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augmentation. That means the PSR S,({.ll’o) i1s going to one step higher order on

[-direction. Hence, from the equation (4.17) given in the Step 4, we can write the

coefficient matrices Agl’z) and Aél’z) for the vertical PEFs as forp=2,g=1,i=1,2,

and j = 1:

A§1,2) _

and

1,2)

Zka
ALY “” <1>A§i?—ké?”*(z)zi“’”

511 | 02 ] k(12) (1) [ 0, ‘ Agl,l) ]_kgll,z)*(z) [ 0, ‘ Agl.,l) }

(0,1)* (1,1)
1 ke , — ke 0 1,2)* 0 —k, 0
[ o ! — k() [ 1), (L0 (01) ]

—kel) o| 0 KO g 0D
1,0 0,1
E SR S S
! 0 —k{Y 0
B e o M o e
R I S ANy i D R Sl A
(1.2)"
—kiy <2>]
, (4.68)
ke (1)
A0 v 027z (LD
Ay’ = Y ke (DA
=1
~ (1,1 12 ~(1,1 12 ~(1,1
A§7v)_k£2 )(1) (1,12)_k£2 )(2)A522)
1,2)* " 12
Al Loy | =T ([ 0y A | =k )| 0y TARY |
0 *—kﬁ,;“* O] e gy [0 —kﬁ}*’l) 0
T e U e
e R Sy S
: 0 — kY 0
[ o T e
1 _k€27 krly)_km’ _k£27 (1)(](617 k£17 _kgly))_'_kez’ (2)k€27
_(12)
kﬁ 2)*(2) . (4.69)
_k€27 (1)
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A1(1,2) and A{(1,2) are determined using (4.9) as

Al JZAl(l,z)*J3

- 0 01
- (1) HAE“Z)* 010
- 1 00
_ —k%’z)(l)
| k()
1,1 1k( ’ k(iz)(12(2k£}71)*]i£1172)_k%?’;)*)+k%;1’2)(21)k82)* ;
k£’17 )k£1 or _kgl )+k£27 )(l)kgl’) _kgz’ )(2)(]{227 r k( o _kgl )) 1
4.70)
and
Agl,z) _ JzAg’z)*h
- 0 0 1
= (1) HAQW 010
- 1 00
_ —k%’?(l)
—k,”(2)
_kgz )k£1 )*—ké?’l)—kgz)( )(k( )*k§ O)—k( )*)+k(12)(2)kg’1)* 1
S e S e ey o |
4.71)
respectively.
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The coefficient matrices B(lz’l) and figz’l) of the updated horizontal PEFs are

2
2,1 ~ (2,0 2.1z (1,1
B = 820 - Y P ALl
=1
_ [Bgz,O) ‘ 0: }—kf’l)*(l) [ or ‘ Agl’l) ]_kglz,l)*m [ ol ‘ ~g1,1) ]
1 0 0 0
= | kPO Loy lo — K21 — kY 0
ki7" (D ELO _ 0y
0
k) | k! >kr1 !
—kY 0
1
= | R ke (k) =k @) - k)
2O D (1) GRS g0y g )
0
;" (2)
—KY (1)
n
(4.72)
and
Egz’l) _ J3B§2’1)*J2
[0 0 1
= o1 o0|BP {0 H
100
k(1)
= | )
0
2,0 2,1 1,1)*, (1,0 0,1)* 2,1 1,1
20) 513%? )_<1k él) )(2(521 )ﬁ’l)*)_k(gzll)) )+l(€1£11)3(%1>105)£3 | 0.1
kr17 k”1’ _kr17 +kr17 (1)k€17 _kﬁ? (2)(/(@27 kr17 _k617 )
1
(4.73)
respectively.
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For the newly initiated horizontal PEFs, the coefficient matrices Béz’l) and ﬁgz’l) are

calculated as follows

2
2,1 ~ (2,0 2,1)* 1,1
Bg ) — B§7V)_lzik£2 )<Z)A§7zl)
= [ 0; i BEZ,O) ]_kg%l) (1> [ Og i Agl,l) ]_k£]2,1) (2) [ Og i Agl,l) }
0 1 0 0
— | 01 kP00 L0727y | g D710 (0
0 —ki?) 0 —k{hY
0 0
1,1)* 10
s )k( >_kgl 2
0 1
= | W ke e ke (e,
() ’<1><k< VY @ O -k
(4.74)
and
Béz’l) = J3B§2’1)*J2
[0 0 1
— |01 0]|B? {(1’ (1)]
_1 0 0
) <1><k< by 1)(2)(k(§’1)*)k(11’0) KDY )
e r el r
= Dy EPORED 00 L Enpydln” )
L 1 0
(4.75)
respectively.

4.1.3.2 Coefficient matrices of the PSR S,EZZ’I) after horizontal augmentation

If a horizontal augmentation is applied to the PSR S,(cll’l), the new PSR S,((zl’l) is obtained.

This new PSR S,(fl’l) has three pairs of vertical PEFs whose one pair of them are newly

initiated, and rwo pairs of horizontal PEFs. Hereafter, for simplicity, the values which

are the result of the multiplication/addition of the coefficient values in the coefficient

matrices will not be written in open form, they will be represented with x or * or any

arbitrary symbol.
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First, let us write the coefficient matrices of the horizontal PEFs. B(ls’l) and ﬁ?’l) are
3,1 ~ (2,1 3. 5 (2.1 3,1)% a5 (2,1
B = BEY -V (B k5 (2)B5)
1 0
B X X 4
= X X , 4.76)
k@) k()
and
1’;?»” — J B§3:]) J
k501 kY@
= * * . 4.77)
X X
0 1
The coefficient matrices of the second pair of horizontal PEFs Bg’l) and ﬁ?’]) are
found as
3.1 ~ (2,1 3. 52,1 3,0 A (2,1
B = BEY k2 (B k5 (2)B5)
0 1
~ . . 47
= . . , (4.78)
5@ kY
and
f}f N J4B§3’1) ]
3,1 3,1
k() k5" @)
= X X 4.79)
X X
1 0

The coefficient matrices of the updated vertical PEFs Agz,z)’ Agz,z)’ Agz,z), and Agz,z)

are given as

AP = ALY kG BR) kY )8
1 x X
) [o . x 7 (4.80)
0 —kGP @) =k (1)
AP? = ALY 2P (BR8P
0 x X
) [1 : . 7 (4.81)
0 —k22(2) -k (1)



A(12,2) _ J3Ag272)*J3
(2.2)

k51 k@) 0
= X X 0|, (4.82)
X X 1
and
AgZ,Z) _ J3A§2,2)*J3
k3P k272 o
= X X 1], (4.83)
X X 0
respectively.

The coefficient matrices for the newly initiated vertical PEFs Agz,z)’ and Agz,z) are

defined as
22 1,2 2,2)* 2.1 2.2)* 2.1
Ag ) = Ag,zl) _k£3 ) (1)B(l,zg) _k£3 ) (2)B§,Z2)
0 -k (1) k3P (2)
= 0 x X ) (4.84)

1 X X

Ag2,2) _ J3Ag272)*J3

X X 1
= X X 01, (4.85)
2.2 2,2
k272 k1) o

respectively.

4.1.3.3 Coefficient matrices of the PSR S,izl’z) after vertical augmentation

Now, we apply a vertical augmentation to the PSR stz

P then the new PSR will be

S,E%l’z). This new PSR S,(czl’z) will have three pairs of vertical PEFs, and three pairs of
horizontal PEFs of which one pair are the newly initiated.

The coefficient matrices of the updated vertical PEFs Agz’z), Agz’z), Agm), A§2,2)

Agz,z), and Agz,z) can be calculated as

b

23 ~(22 23) o\ 7 (22 23) /a7 (2,2
AP = ARk (ARY k(Y ()AL
2.3)" oy 7 (2,2
ki (3)AL)
1 x x —kg’:s)*S)
= o xx =202 |, (4.86)
0 x x —kg’g’)*(l)



2 o éz 712
23)* 1y & (2.2
ke (3)AL)
0 x x —k&¥3)
= I x x —k£§’3) (2) |
0 x x —k> (1)
2,3 A (22 23)* 1y 5 (2.2 2,3)* 1y 1 (2.2
APY = APY iV (ARY ikl (A%
2,3 £ (2,2
—k£3 ) (3)Ag,z2)
0 x x —kg’3)*3)
= 0 x x —kg’3) 2) |
1 x x —k2Y(1)
ARY _ gAlYy,
k(1) x x 0
= | 4@ x x 0|,
k@) x x 1
A(2’3) _ J3A§2’3)*J4
—k5V(1) x x 0
= | Y2 x x 1|,
k57 () 0
and
A(2,3) _ JSAg273)*J4
K1) x x 1
= | =22 x x 0],
k5@ x x 0
respectively.
Now, let us write the coefficient matrices of the updated horizontal PEFs B,
Bgs.,z)’ and fiéS’z) as
32 5 (3,1 32)% 1y 1 (2.2 32)* /a5 (2,2
B = B kY (AR — kY )AL
32)* v & (2.2
_k£] )(3)Ag7z1)
0 0
o xox —kg?’z) (3)
ol x ox —kg?’z) 2) |’
32)*
X x —kgl’ ) (1)

(3,2)

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

(32)
s B2 ’

4.92)



32)

(4.93)

) 4.94)

(O8]

~—
O =® 8 =
—_ = = =

and

, (4.95)

|

T

=
DR
—~

\S]

N——

— = ® =

O =R R =

respectively.

The coefficient matrices for the newly initiated horizontal PEFs Bg3’2), and ﬁg3’2) are

defined as

B = B -k (DAY -k (ALY — kY ()AL
0 01
T xox 496)
B —kﬁf’2>*(2) x x|’ )
—kg’z)*(?)) X x
and
ﬁg3’2) _ J4Bg3’2)*,]3
X X —kg’i(l)
_ | xox —kg’z)@) , 4.97)
x x —ky7(1)
10 0
respectively.

By now, we introduced how to calculate coefficient matrices of the horizontal and

vertical PEFs. It is clearly seen that first column or first row of the coefficient matrices
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calculated for the forward PEFs contain Os except the point presented with 1 where
PEF is initiated. In addition the last row or the last column contains the computed

lattice coefficient vectors depending on the augmentation type.

4.2 Transfer Functions of the Proposed Lattice Prediction Models

In the above sections, we explained how to find coefficient matrices by using the
calculated lattice reflection vectors in case of horizontal and vertical directions, and
at that point, we defined the coefficient matrices of all horizontal and vertical PEFs.
Now, we will present how to obtain the coefficient matrices for the lattice prediction

models as QP, ASHP, and NC half-plane.

4.2.1 Transfer functions of the QP prediction error fields

In Section 3.2, we presented how to define a QP lattice model and to calculate the QP
lattice filter coefficient vector. Now, we will define a coefficient matrix equation by

using the coefficient matrices of the related PEFs.

k L) [ ]
Y(z1,22) —p Agk:)(zm) —>E(Q1;>,l)(11-,12)
o [
()
(a) (b)

Figure 4.1: The first-quadrant QP lattice model and its z-transform demonstration of

the PSR S,(C‘I’O) using the vertical PEFs.

For example, let us assume that we have a given PSR S,(Cll’o) and its z-transform

demonstration shown in Figure 4.1. From the Figure 4.1(b), we can write that

EQP]<1,1)(217Z2) = A(Qlj'a})(ayzz)Y(zhzz)- (4.98)

The transfer function A(QII’J:) (z1,22) can be defined as

1,1 _ 1 x 1
A(QP)(Zl’ZZ) = |1 le}{x x] {Zz_l]' @59
N——
A(ll)
91

We need to determine how to find the coefficient matrix A(Ql]’l). We know that the QP

PEFs equation is

eon (k1) = ek, 1)~ kipy) eV (k). (4.100)
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If we write the equation (4.100) in terms of coefficient matrices, then we can write it

as

L1y L x| ,an |0 »m
Aop = {O xz] keor {1 yzl

—_—— ————
A<11‘1> A(zl,l)
1 }’Ikggp)*

- k(“)* e | (4.101)
- eop -—-»n EQp1

The second vertical QP PEFs coefficient matrix can be given as

wy 1w 1Ly [ 0 x
- [on]e ]t ]
—— ———
Agl‘l) A(11,1)
gLyt (L
- cor, V17X fﬁ)* _ (4.102)
1 V2 xzke

The backward coefficient matrices A(QII’,P and AS;;) are found as

ALy = LAY T (4.103)
AL = 1AL . (4.104)

After this example, a general equation can be prepared for the QP PEFs produced
from the auxiliary vertical PEFs. We have already introduced in Section 3.2, for the
PSR S,(flfl’q*l), the first-quadrant QP model forward error propagation equation can

be written to predict the first one, e(lp ~La) (k,1), from the rest of the vertical PEFs as

el ) = T — kD e (), (4.108)

and we can write the second-quadrant forward error propagation equation as

e k) = e T (k1) — kgg;m e k1), (4.106)
where
POk = [Py e,(f’_lm(k,l)]T,
k%;lhq) _ ikgg;llaq) ké’Q’;ll"f)]T,
k%;zl,q) _ :kég;;m kggp—zl,q)]T
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We can define the equations (4.105) and (4.106) in terms of the coefficient matrices of
the related PEFs as

—_

p—

A(QPALQ) — P lvq eIQ)pqu llj_llaq)’ (4.107)
pP—
Ay, = AT - kﬁszl"’) (DAL, (4.108)

i=1

respectively. The backward coefficient matrices of (4.107) and (4.108) are given as

Az’gl’” = JA Q”Pllq Jg+1, (4.109)
A(Qppjm = JA Qppzlq Jgt1- (4.110)

Similarly, we can write the forward propagation equations of the first- and

second-quadrant QP PEFs as follows

Ay = AP )~k e Dk, @t
(k) = rﬁf’"’“)(k,l) K e Dk, @112)
where
r(pa— U(k ) = gpq—l)(hl) Igpq 1)(k,l)]T’
it = [ ]
it = [t ]

So far, we introduced the equations to find the coefficient matrices of the QP models

obtained using vertical and horizontal PEFs. Now we apply them on the PSR S,(fl’l) as

shown in Figure 4.2.

The error propagation equations for forward vertical PEFs e(Qg’}",?) and egé) can be
written as
3
3,2 3.2)% .
S (k1) = e (k1) — ZlngPL) (i) D (k, 1), 4.113)
3
o (k1) = &P (k1) = Y ki) (el (k1) 4.114)

i=1
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[ ] [ ]
f-/g// f/‘/y
%9 @Q

Figure 4.2: The forward vertical and horizontal auxiliary PEFs of the PSR S,(jl’l).

The coefficient matrices can be defined from the equations (4.113) and (4.114) as

follows
3
32 32
ASH (kD) = Al )(k,l)—;kEQPI)OAfH)(k I)
1 X x
(3.2
—keyn (1) x x
oP;
_ o, , (4.115)
kggg)*@) X X
ng’Pl) (3) x x
and

3
A(Q3i>§) _ A§3,2)_2k(3,2) ()AB?

i=1
—kégfz)*(l) X x
(3,2)
= | hep, (2) X ox (4.116)
—k%fz) (3) x x
1 X X
The backward of the coefficient matrices are defined as
ASY = LAGY I, @.117)
AGy = JAS T, (4.118)

In order to find coefficient matrices of the error propagation equations for forward
(4.1) (4.1)

horizontal PEFs rop, and rop, » We can write the following equations

o) = A0 — kg Y k1), 4.119)
o (1) = ik — ki) 5 (k). (4.120)
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And we can write the coefficient matrices from the equations (4.119) and (4.120) as

follows
41 _ p@l (4,1)" n(4,1)
BQPI —_— B] _erPI B2
1 O 0 1
X1 X2 Y1 »
4.1)"
= | x3 x4 —ngPl) Y3 4
X5 X6 Y5 Y6
X7 X8 Y7 Y8
—_—— —_——
B B
i 2
r 40" T
1 —kigp)
41) 41)
X1 k}(“Qpl) Y1 2 ki(’Qpl) Y2
_ 4,1)* 4,1)" 4.121
- X3 _erPI )’3 X4 _erPl )’4 ) ( . )
4,1)* 4,1)"
Xs ngpl) Y5 X6 kggp]) Y6
4,1)* 4,1)*
X7 ngPl) y7  Xg ngp) s |

B(4,1) . B(4,l)_k(4,l)*Bg4,1)

op, - 2 Topy
0 1 1 0
yr 2 X1 X2
4,1)*
= | ¥3 y4 —kﬁQPZ) X3 X4
Y5 Yo X5 Xg
Y7 8 X7 X8
Bl B4
(4,1) T
kg 1
4,1)* 4,1)*
V1 —k£QP2) X1 » ngPz) X2
4.1y 4.1)"
= Y3 kr('sz) X3 Y4 kr('QPZ) X4 . (4.122)
(4.1)* (4,1)"
Vs —krgp X5 Yo —krgp, X6
4,1)* 4.1)*
L Y7 kl(’sz) X7 Y8 k’(’QPZ) X8 |

The backward of the coefficient matrices of B(Q‘tj,:) and B(Q‘l;,i) are defined as
S(41) (4,1)*
BQP1 = J5BQP] Ja, (4.123)
5(41) (4,1)*
BQP2 = J5BQP2 Js. 4.124)

4.2.2 Coefficient Matrices of ASHP Prediction Error Fields

Herein, we will explain how to obtain coefficient matrices for type-1 and type-2 ASHP
models from the horizontal and vertical PEFs. In addition, some examples will be

given. First, the type-1 and type-2 ASHP models using the horizontal PEFs will be
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taken into account, and then the coefficient matrices of the type-1 and type-2 ASHP

models using the vertical PEFs will be determined.

4.2.2.1 Coefficient matrices of type-1 ASHP models using horizontal PEF's

k
[ ) [ ] [ ] [ ) [ ] [ ) [ ]
(p—1,4-1)

Sk.,l

[ ] [ ) [ ) [ ] [ ) [ ] [ ]
(] [ ) [ [ ] [ ]
R S I N
[ [ [ [ rASle (k l)
20 A G
& -9\// 9\/»90 /XQ’Q\O/X/Q\ s 9\

7 z 2 (7

%, 7 o "y 7y

Figure 4.3: The forward horizontal auxiliary PEFs of the PSR S (p 141 for the type-1
ASHP Model.

For the type-1 ASHP prediction error fields predicted at the jth horizontal PEFs of the
PSR S,(fl_l’q_l) shown in Figure 4.3, the forward error propagation equation can be

written as, for j =2,3,--- ,g—1

q—J

1 1) 1)* 1

s (1) = P = YRGS Ot V. @a12s)
i=1
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The coefficient matrix of type-1 ASHP can be determined from (4.125) as

(pg—-1) _ pq 1) pq 1)* pq 1)
BASHPIJ - Zl TASHPy ; j-H
Jj—1 ) q—]J
— ]
O --- 010 ---0
X X X X X
x ) x x x P x
Bip-qfl)
jHi
A~
0 - 010 - 0
q_Jj X - X X x - X
ZkrASHPl :
i—=1 .
X X X X X
"
j—1
/_/H _]
(pg—1)* (pg—1)* .
0 - 01 _kASHP] (1) - _kASHP1 (g—J)
_ >f< P >f< >f< >t< PR >{< (4.126)
* ko ok * * (p+1)><q
The backward coefficient matrix Bilpsfl Pl) can be calculated as
E(qu_l) _ J BPq 1) J (4 127)
ASHP,; — IpT1DASHP, ; .

In Section 3.3.3.2, we introduced how to find type-1 ASHP lattice model using
horizontal PEFs of the PSR Sl(c(,)iZ) as shown in Figure 3.15. If we want to find
the coefficient matrix of this type-1 ASHP lattice model, we can write the lattice
error propagation equations in terms of the coefficient matrices of the corresponding
horizontal PEFs. From the equation (3.131), we can define the forward error

propagation equation as

rhsam(6l) = 5200 kG A (kD). (4.128)
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From (4.128), the following coefficient matrix equation can be written as

(1,2) _ p(l2) (1,2)" p(1,2)
BASHPLQ - BZ _krASHP172B3
B 0O 1 O _k(l,z)* 0O 0 1
X X3 TASHPL |y ya 03
(1,2)
_ 0 ! _kASHP 12 (4.129)
kL2 L2y §(12)? °
WRasHP , 227 V2KasHp , X3 7 Y3KasHP 50 15,4
The backward coefficient matrix is found as
5(1,2) . (1,2)*
BASHPI,Z - J2BASHP1_2J3- (4.130)

4.2.2.2 Coefficient matrices of type-2 ASHP models using horizontal PEFs

;}l

k

[ ] [ ] [ ] [ ]
(p.g—1) K T /P /]\ /[\ /P
TASHP, (k,1) [ [ [ [
"/4, /7(? 0 Py ;;(,)
Ty TR, 0y
7 z (2
o Ty 7y <, 7

Figure 4.4: The forward horizontal auxiliary PEFs of the PSR S/ (p 147D for the type-2
ASHP Model.

So as to find the coefficient matrix for the type-2 ASHP prediction error fields predicted
at the jth horizontal PEFs of the PSR S (p 24=1 shown in Figure 4.4, the forward error

propagation equation can be written as, for j=2,-,qg—1
1 1) . 1)* 1
e (k1) = AP ): kit (P VD). @31

=1
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The coefficient matrix of type—2 ASHP can be determined from (4.131) as

(pvqfl) _ PC] 1 pq 1 P([ 1)
BASHPZJ - Z rASHPZ]
J—1 q—J
/_/\ J P A
0O ---010 ---0
X - X X X - x
X - X X X x
B;qu—n
j—1
=
0 - 010 - 0
) X X X X
ZkrASHPlj .
X X X X X
B(P\:;*U
q—Jj
] /_/A
(P.g—1) (1) k(p,q 1)( 110 0
ASHP, ASHP,
= ; " R a3
* * o (p+1)xq
The backward coefficient matrix B/({ SH Pl) can be determined as
s(pg—1) (p.g—1)*
Bisap,, = Jpt1Basup,, Jo (4.133)

In Section 3.3.3.2, the construction of the type-2 ASHP lattice model using horizontal
PEFs of the PSR S,(((’)l’z) as shown in Figure 3.16, is also introduced. In order to find
coefficient matrix of this type-2 ASHP lattice model, from the equation (3.139), we
can write the forward error propagation equation as

1,2 1,2 12 (12
i, (D) = P kD =k A (kD). (4.134)

From (4.134), the following coefficient matrix equation can be written as

(1,2) _ (2 (1,2)" n(1.2)
BASHPZ_Q - BZ _krASHPZ’ZB]
- 0 1 0] L aor 1 00
o X1 X2 X3 TASHP, n Hh B
(1,2)
—kasup, , 1 0
X —hkasup,, X2~ 102Kasup, , -3 ASHP12 253
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The backward coefficient matrix can be calculated as

i (1.2 1,2)*
Bﬁﬁs’f}pu = JzBig,}PZYZJy (4.136)
4.2.2.3 Coefficient matrices of type-1 ASHP models using vertical PEFs

?1

k

o - o | e

o i e | e« ﬁ,” 9 (k, 1)

p—1,
o | oc— k)

° o — ﬁillq(k 1)

(p—l,q—l)s

o 2 o | ec— M

1,
e,(ql;Hqu ) (k,1)

Figure 4.5: The forward vertical auxiliary PEFs of the PSR S,(cpl_l’q_]) for the type-1
ASHP Model.

Similar to the type-1 ASHP model obtained by using horizontal PEFs, we can also
determine the coefficient matrix for the type-1 ASHP prediction error fields predicted

at the jth vertical PEFs of the PSR S(p 1471 shown in Figure 4.5. The forward error

propagation equation can be written as, for j =2,3,---  p—1
(l’ 1) kl _ P 17‘] kP Lg)* P L) kl 4.137
ASHPl ( ) = Z CASHP, €jti ( ) 4. )
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The coefficient matrix of type-1 ASHP can be determined from (4.137) as

(r—la) _ p ) (p—1,9)* p 1,9)
AASHPLJ' - Z keASHp] j+l
'O---xx---x' 0 - X X - X
O che X X e X | X x X
— 1 e X X X Z kelA7SHP1qj 1 X X X
0 X X X X x X
| O X X x | L O X x x |
AP—14) AE‘[Z;W)
[ 0 % ok % |
0
1 cee k% e %
- * . (4.138)
-1,
gt
kASHP1 (p—1J) * ok * ] px(g1)
The backward coefficient matrix A/g SHP, ) can be calculated as
A _17 17
AX)S‘HPK 3 = I /(szqu ey (4.139)

As an example we can find the coefficient matrix of the PSR S,EZI’O) which is presented
in Section 3.3.3.1. The Figure 3.12 shows the type-1 ASHP lattice model construction

from the related vertical PEFs. The forward error propagation equation is given as
2,1 2,1 2,1 (1.2
eaip, (k1) = 5V (kD) — kﬁm),m2 e\ (k). (4.140)

We can write the forward error propagation equation (4.140) in terms of the coefficient

matrices of the corresponding vertical PEFs as

(2,1) _ (2,1) (2,1)* (2,1)
AASHPLQ - AZ _keASHP1,2A3
[0 x| 21y 0 i
= 1 X2 keASHPlz 0 )
i 0 x3 I y3
- 2,1)*
0 X1—y lk,ExSfl)Pl 2
— et T (4.141)
(2,1 (1,2)*
i kASHPu x3_y3kASHP1,2 32



The backward coefficient matrix is found as

(2,1 2,1)*

Agszl‘l)Pl 2 = J3 Agéfl)Pl 7sz : (4'142)
4.2.2.4 Coefficient matrices of type-2 ASHP models using vertical PEFs

?1

k

O
Qe
p—1
XSHPZ)(k )
) oL— eﬁ.” L) (k1)
|
° ;: o | o — ﬁp " (k, 1)
e
@y oL — (” 9 (k1)
ol o7 (k1)
e e R

Figure 4.6: The forward horizontal auxiliary PEFs of the PSR S (p 141 for the type-2
ASHP Model.

For the type-2 ASHP prediction error fields predicted at the jth vertical PEFs of the

PSR S,(fl_l’q_]) shown in Figure 4.6, the forward error propagation equation can be

written as, for j =2,--- ,p—1
(p—1.4) k1) = P 17‘] kp 1,q)* (p—1,9) k1 4143)
eASHPz (k1) = Z CASHP, e (k,1). 4.

The coefficient matrix of type-2 ASHP can be determined from (4.143) as

_17 ], 17 1>
A = AP0 Wy O
— l’ i
1,
B A 1q>( 1) ok ok e x 4.144
= ASHPy ; \J - (4149
1
0
L 0 I PSPy
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(

The backward coefficient matrix A A’;;I;,’Z

)

can be determined as
~ | 1 %
A%Hﬁz 3 = JPAX]?HIL;Z 2 Jgr1- (4.145)

Herein, we can also find the coefficient matrix of the PSR S,(Czl’o)

model which is presented in Section 3.3.3.1. The Figure 3.14 shows the type-2 ASHP

for type-2 ASHP lattice

lattice model construction from the related vertical PEFs. In the equation (3.126), the

forward error propagation equation is given as
2,1 2,1 2,17 (1,2
eim, (1) = eV (k1) —kigh, el (kD). (4.146)

The forward error propagation equation (4.146) can be written in terms of the

coefficient matrices of the corresponding vertical PEFs as

2,1 _ AL 207 4 (20)
AASHP2‘,2 - A2 _keASHPz’ZAl
[ 0 X1 1) 0 5]
= 1 x| — gA’SH)Pm 0 n
i 0 x3 , 1 1
[ (2,1)" 2,
kASHPM X1 —tkygup, ,
2,1)*
= I bk, | (4.147)
2
i 0 X3 l3kASHP2_,2 352

The backward coefficient matrix can be found as

(2,1 2,1)*
Afasz}pz_yz = JsA/SS,}Png. (4.148)

4.2.3 Coefficient matrices of NC half-plane prediction error fields

We know that it is possible to have NC half-plane lattice filters by using vertical or
horizontal forward/backward PEFs presented in Section 3.4.1 and 3.4.2, respectively.
In the following sections, we will introduce how to determine the coefficient matrices

for NC half-plane models.

4.2.3.1 Coefficient matrices of NC half-plane models using vertical PEFs

Similar to the other proposed QP and ASHP lattice models, it is also possible to
determine the coefficient matrix for the NC half-plane prediction error fields predicted

at the jth vertical PEFs of the PSR S,(Cpfl’qfl) shown in Figure 4.7. By using (3.230),
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Figure 4.7: The forward vertical auxiliary PEFs of the PSR S,(fl_l’q_l) for the NC
half-plane lattice model.

the forward error propagation equation can be written as, for j =2,3,--- ,p—1
1 1 (1 1,
1(\% q)(k,l) _ p q Z egc Q) p q)(k,l)
(p—1L.q)* p L.q)
Z ke, (k1) (4.149)
i=j+1

The coefficient matrix of NC half-plane lattice filter can be determined from (4.149)

as
j—1
-1, 1, L L, 1 L,
Az(\fcj a) _ p ) ezc Q) p ) Z keﬁc 4)" (p 9)
i=1 i=j+1
1,g)* T
_kgzcz q) ( ) ek ok eee %k
1 . . AR .
-1,
D e e
| kENC ( 1) * * * i p><(q+1)
The backward coefficient matrix A/(vc ) can be calculated as
~(p—1, 1,
AV = AL T (4.151)
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We can find the coefficient matrix of the PSR S,Ezl’o) which is presented in Section
3.4.3.1. The Figure 3.22 shows the NC half-plane lattice model construction from the
related vertical PEFs. In the equation (3.257), the forward error propagation equation

is given as
2.1 2.1 2,1)* 2.1 2,1)* 2,1
e (k1) = &V (k1) — ki) (1)l (k1) — ki) (20 (k1. (4.152)

We can write the forward error propagation equation (4.152) in terms of the coefficient

matrices of the related vertical PEFs as

2,1) _ A2 (2,1)" , (2,1) (2,1)" , (2,1)
ANC2 = A _kech Al _keNc2 A,
[0 x I . 0 n
= |1 |-k Mo yn|-kE)@]0n
0 x3 0 y3 1
D) k) (1) -k (@)
enc, - eNq) eng)
= 1 x2_y2k€1v07> ( ) eNC7> (2) . (4.153)
2,1)* 2,1)* 2.1)*
L ké‘ch) (2) y3k€ ) eNC (2> 3%2
The backward coefficient matrix is found as
~ (1,2 1,2)*
By = LB I (4.154)

4.2.3.2 Coefficient matrices of NC half-plane models using horizontal PEFs

?l
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Figure 4.8: The forward horizontal auxiliary PEFs of the PSR S{"¢") for the NC
half-plane lattice model. /

In order to determine the coefficient matrix for the NC half-plane prediction error

fields predicted at the jth horizontal PEFs of the PSR S,((pfl’qfl) shown in Figure 4.8,
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by using (3.243), the forward error propagation equation can be written as, for j =

2737"'761_1

J—
1 1) 1)* 1
e Ven = e ):kr’N’cq (i)ri" ™ (k1)
i=1
2 ki (0P (k1) (4.155)
i=j+1

The coefficient matrix of NC half-plane lattice filter can be determined from (4.155)

as

Jj—1
(pg—1) _ plpg-1) (p.a— 1) pq 1) (p.g—1)* (pq—l)
By ~ B —Z‘Tk Z k

l

rNC rNC
= i=j+1
1 1
k(1) —kﬁﬁf V-1 k£££ "(+1)
B * * * *
7_1 ¥
—k%ci ) (‘1)
i (4.156)
* px(q+1)
The backward coefficient matrix Az(vc 9) can be calculated as
~ (p.g—1 1
Bl = J,uBl (4.157)

-

/ \
% % G, U
= Sz
vty TR,

Figure 4.9: NC half-plane lattice model from the corresponding auxiliary horizontal
PEFs of the PSR 57,

Now, as an example, we can find the coefficient matrix of the PSR SIE()Z’Z) for the NC

half-plane lattice model generated from the horizontal PEFs as shown in Figure 4.9.
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From the equation (3.253), the forward error propagation equation can be written as
12 12 1,2)* 12 1,2)* 12
e ) = 50—k ()R (k1) — k2 () (k1) (4.158)

We can write the forward error propagation equation (4.152) in terms of the coefficient

matrices of the related vertical PEFs as

1,2 1,2 1,2)* (1,2 1,2)* (1,2
BJ(VCQ) = Bg )_kgzvcz) B(l )_kgzvcz) Bg )
- 0O 1 O L (12) 1 0 O L (12) 0 0 1
B [xl X2 X3 ] ki, (1) { Y oy2 ¥ } ki, (2) h b oB
1,2)*
- [ ke (1) !
= 1,2)* 1,2)* 1,2)* 1,2)*
X1 _ylkgzv?Cz) (1)_t1k£Nb2) (2) x2_y2k£ch) (1)_t2k£1vcz) (2)
K527 o
(12 2 (1.2)° - (4.159)
X3 —y3krNC2 (1) —l‘3krNC2 (2) 253
The backward coefficient matrix is found as
By, = LBy I (4.160)
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5. NUMERICAL EXAMPLES

Computer simulations using the proposed 2-D lattice filter structures introduced in the
previous sections are performed to verify the validity and effectiveness of the theory

of the new proposed method. Numerical examples will consist of three parts.

In the first part consisting of Example 1, 2, 3, and 4, the input data field will be a 2-D
AR random fields which is produced by passing the Gaussian noise generated by a
Matlab function. The AR data field obtained by using the Gaussian noise is used as an

input to the proposed lattice filter method described in the previous sections.

In the second part consisting of Example 5, the 2-D data will be obtained by sampling
some sinusoids buried in white Gaussian noise with a variance 62 to be defined in
the examples will be used for the proposed method. Our aim is to estimate the power
spectral density of the random field we generated. Spectrum estimation approaches
used in the examples are explained in Appendix 5. Generally, we will estimate the

locations of the sinusoids.

In the third part consisting of Example 6, and 7, the 2-D complex data will be generated
as the sum of 2-D complex sinusoids corrupted by additive complex Gaussian noise

and the proposed method will be applied on this data to find the location of the peaks.

In the fourth path consisting of Example 8, the data will be generated using ARMA
2-D model and will be modeled using the proposed 2-D AR lattice models. Three

simulations will be considered.

For each example, first initial order stage will be computed. Then, the vertical and
horizontal augmentation process, or vice versa, will be repeated until the desired stage
order are acquired. After each augmentation step, the lattice reflection coefficients
will be calculated and the coefficient matrix of each vertical and horizontal PEFs will
be determined. The magnitude and contour plots of the spectrum of them will be

demonstrated.
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In some examples, it will be shown that the start of the augmentation method makes
no difference at the desired stage order. That means, to obtain the desired stage order,

the free augmentation sequence can be used.

After calculating all lattice reflection coefficients and determining all coefficient
matrices, it will be shown how to establish the QP, ASHP and NC half-plane lattice
filters. The coefficient matrices, the magnitude and contour plots of all lattice filter

models will be shown in detail.

In the second and third part examples, the spectra of the harmonic mean estimate of
the all QP and NC half-plane lattice filters will be calculated and the results will be
illustrated. In order to improve the spectrum geometry and estimation accuracy, we
combined all 8 QP and 2(M + N —4) NC half-plane 2-D lattice filter models calculated

(M.N)

concurrently from a rectangular PSR §;";"" by computing their harmonic mean [58].

In some examples, Itakura’s LPC distance measure [68] which is used to find the
similarity of given two sets of AR model parameters will be calculated (Appendix
A.4). The distances for the filters are computed numerically by sampling the spectrum

with 7 /60 spacing.

In the first part of examples, the AR processes used in the study [34] and [41] are

exercised. Thus, we will be able to compare our results with those studies.

5.1 Example 1: AR Data Field with the (4,4)th order

In this example, we will show that the augmentation sequence is not important to reach
to the desired PSR when modeling a 2-D AR data field. In order to arrive to the same
stage order, two different augmentation sequences will be applied as Choice I and
Choice II. For all cases, the coefficient matrices will be estimated for the 2-D filters to

be generated.
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Figure 5.1: (a) Amplitude; (b) Contour plots of the original spectrum of Ag;) in
Example 1.

AR data field with the (4,4)th order stage with the size 85 — by — 85 is generated from

the following equation with Gaussian white noise N(u = 0,062 = 1).

Y1) = w(k,l)—0.03xy(k,l — 1) +0.015 % y(k,I — 2) +0.011 * y(k,I — 3)
—0.033 % y(k,l —4) +0.47 % y(k — 1,1) — 0.195 % y(k — 1,1 — 1)
—0.25%y(k—1,1—2) +0.11 % y(k— 1,1 —3) +0.085 % y(k — 1,1 — 4)
4035 y(k—2,0— 1) —0.003 % y(k — 2,1 —2) — 0.022 % y(k— 2,1 — 3)
40.0001 % y(k — 2,1 —4) — 0.0067 + y(k — 4,1 — 1) +0.002 % y(k — 4,1 — 2)
—0.0001 * y(k — 4,1 —4) (5.1)

where w(k, 1) is a Gaussian white noise N(u = 0,62 = 1). This AR data field is stable

as shown in Figure 5.2.

The coefficient matrix of the original AR data field is

I 003 —0015 —0.011 0.033
—047 0195 025 —0.11 —0.085
ALY = 0 —03 0003 0022 —00001|. (52
0 0 0 0 0
0 00067 —0.002 0  0.0001

The magnitude and contour plots of the original spectrum are shown in Figure 5.1.

The results of the stability test is shown in Figure 5.2.

By using the proposed method, it is possible to have A(Q‘tﬁ?) from the auxiliary vertical

PEFs of the PSR S,(jl’z') and B(Q‘t}’,?) from the auxiliary horizontal PEFs of the PSR S,(<3l’4).

By applying convenient augmentation steps, it is pretty easy to reach the desired PSR.

For example, if we have the PSR S,((3l’3), we can have the PSR S/(<4f3)

horizontal augmentation, or the PSR S,E3l’4)

by applying the
by applying the vertical augmentation.
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Figure 5.2: The stability test of the original filter in Example 1.

Table 5.1: Reflection Coefficient Values and the Coefficient Matrices for the initial
first order stage.

Reflection Coefficients Coefficient Matrix
KD = [ —0.1547 | APD =1 01547 ]
(10) _ (1.0) _ 1

ky,” =[0.5319 ] B = { 0.5319 ]

As a first step, the reflection coefficient values and the coefficient matrices are given
in Table 5.1. In the table, A; and B; represent the coefficient matrices calculated from
vertical and horizontal prediction error fields, e(k,l) and r;(k,[), respectively.

The amplitudes and equal magnitude contours of Ago’]) and B(ll’o) will not be shown

here since they are 1-D coefficient vectors.

After the initial first order stage, it is possible to go further by applying horizontal or
vertical augmentation. Here, we will show the result for both cases. Hence, as a first
choice we will apply a horizontal, and then vertical augmentation and we will repeat it
until we have the PSR S,(jlﬁ). In order to see the improvements, after each augmentation
the first-quadrant QP lattice filter coefficient matrix obtained from the auxiliary vertical
PEFs will be calculated and the amplitude and equal magnitude contour of this QP

model will be demonstrated in this example, as well. In addition, at the square PSR

cases, the other first-quadrant QP model from the horizontal PEFs will be generated.
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Table 5.2: Lattice Reflection Coefficients and the Coefficient Matrices for the PSR
S,((ll’o) in Example 1, by Choice 1.

Reflection Coefficients Coefficient Matrices
k! = [ —0.0086 ] Al = _(1) 8:(1)(5)2;
K = —0.1574 | Al = _(1) 8:(1)%3_
K = -0.0717 | B> — —0.;701
0.0717

In the second choice, we will apply first vertical, and then horizontal augmentation

until the desired stage order.

Moreover, at the desired order QP lattice model, Itakura’s LPC distance measure [68]

will be calculated (Appendix A.4).

5.1.1 Augmentation application sequences: Choice I

5.1.1.1 Horizontal augmentation applied: Obtained PSR S,(cll’o)

Lattice reflection coefficients and the coefficient matrices are shown in Table 5.2.

1,1)

The amplitudes and equal magnitude contours of Agl’l) and Ag are demonstrated in

Figure 5.3. Bgz,o) will not be shown because it is 1-D coefficient vector.

The coefficient matrix of the first-quadrant QP model, A(Ql;}l) is

ALD 1 0.0679
Pl "~ 1 —0.5221 —0.0284

and the amplitude and equal magnitude contours of A(Qlj,ll) are shown in Figure 5.4.

5.3)

The results of the stability test of A(Qllgll) are shown in Figure 5.5.

5.1.1.2 Vertical augmentation applied: Obtained PSR S,Ell’l)

Lattice reflection coefficients and the coefficient matrices are found in Table 5.3.

The amplitudes and equal magnitude contours of Agl’z), Agm), and Bgu), Bgz’l) are

demonstrated in Figure 5.6.

The coefficient matrix of the first-quadrant QP model, A(Ql,’,zl) is

AL2) 1 0.0823 0.0266
OP1 1 —0.4597 0.0266 0.3090
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Figure 5.3: (a,c) Amplitude; (b,d) Contour plots of the spectrum of A(ll’l) and Aél’l),
respectively, in Example 1, by Choice .
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Figure 5.4: (a) Amplitude; (b) Contour plots of the spectrum of ALY in Example 1,
OP1 p
by Choice I.

172



roots of z1; z2=1

1
8 05 b
o o
b by
© 0 O X 8
@ .@
E 05 E
-1 -05 0 05 1
Real Part
roots of z1
1
T 05 b
o o
> 2 Py
g 0 O g
.@ 'Q
E -0.5 £
_1 B
-1 -05 0 05 1
Real Part

Figure 5.5: The stability test of the first-qua
L.

roots of z2; z1=1

1
0.5
0 xXD
-0.5
-1 -05 0 05 1
Real Part
roots of z2
1
0.5
0 4
-0.5
-1
-1 -05 0 05 1
Real Part

drant QP, A} in Example 1, by Choice

Table 5.3: Lattice Reflection Coefficients and the Coefficient Matrices for the PSR

S,(cll’l) in Example 1, by Choice 1.

Reflection Coefficients

Coefficient Matrices

1 (12) _ | —0-4236 —0.2494 A2 _ [ 1 01524 —0.0189
€ 7| 0.0189 0.0990 1710 00692 04236 |
402 _ 0 0.1526 —0.0990 |
2 7|1 0.0928 0.2494
: . 1 0
2= | 0580 BV = | —05592 01947
- - | 0.0505 —0.3456
— . 0 1
ki) = :8'(1)(1)52 BPY = | 0.1119 —0.5518
- - 0.0096 0.0733
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Figure 5.6: (a,c,e,g) Amplitude; (b,d,e,h) Contour plots of the spectrum of All?

1 2
Agl’z), Bgz’l), and Bgz’l), respectively, in Example 1, by Choice 1.
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Figure 5.7: (a) Amplitude; (b) Contour plots of the spectrum of A

by Choice I.
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Figure 5.8: The stability test of the first-quadrant QP, A(Qli’,zl) in Example 1, by Choice

L

and the amplitudes and equal magnitude contours of A 0

(1,2)

The results of the stability test of A oP1

(11521) are shown in Figure 5.7.

is shown in Figure 5.8.

Similarly, the coefficient matrix of the first-quadrant QP model from the horizontal

52D

PEFs, Bjyp,

can also be obtained as

2,1) _
Bopr =

and the amplitude and equal magnitude contours of B

(2,1)

The results of the stability test of Bopi

—0.5544  0.1707
0.0509

1 0.0435
(5.5)

—0.3424

(2,1)

op1 are shown in Figure 5.9.

are shown in Figure 5.10.
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Figure 5.9: (a) Amplitude; (b) Contour plots of the spectrum of B, in Example 1,
by Choice L.
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Figure 5.10: The stability test of the first-quadrant QP, Bgi,l]) in Example 1, by Choice
L.
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Table 5.4: Lattice Reflection Coefficients and the Coefficient Matrices for the PSR
S,((zl’l) in Example 1, by Choice 1.

0.2656 —0.0685

Reflection Coefficients Coefficient Matrices
0.0622 —0.0111
k(22 — { —0.2047 - —0.4136 ] A _ 10 02556  0.2794

i
0
0 —0.2656 0.2047
0 0.0146 —0.0775 ]

AP =1 01355 0.0257
0 0.0685 04136 |
0 0.0043 —0.0204 ]
0
1

ket = [ _00(‘)3%13] AP =10 01479 —0.0870
' 0.0628  0.2464
1 0

kG — [ —0.0060 —0.0187 } e ~0.5599  0.1952
T T —0.0187  0.0376 I 7| 0.0413 —0.3468
| 0.0187  0.0060 |
- i

G1) | 01027 —0.5512

0.0339  0.0586
—0.0376  0.0187

5.1.1.3 Horizontal augmentation applied: Obtained PSR S,%’U

Lattice reflection coefficients and the coefficient matrices are given in Table 5.4.

The amplitudes and equal magnitude contours of A§2’2)7 e ,Agz,z) from the vertical

PEFs, and B(13’1) , and Bg’l) from the horizontal PEFs are demonstrated in Figure 5.11

and Figure 5.12, respectively.

The coefficient matrix of the first-quadrant QP model, A(in)zl) is
1 0.0553  0.0257
AZ2 — | 04806 0.1938 0.2651 (5.6)

oP1 =
0.0225 —-0.2964 0.0114

and the amplitude and equal magnitude contours of A(sz,lzl) are shown in Figure 5.13.

The results of the stability test of A(QZ;,ZI) are shown in Figure 5.14.
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Figure 5.11: (a,c,e) Amplitude; (b,d, f) Contour plots of the spectrum of A",

(2,2)

Agz,z)’ and Agz,z)’ respectively, in Example 1, by Choice I.
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Figure 5.12: (a,c) Amplitude; (b,d) Contour plots of the spectrum of B?’l), and
Bg”l), respectively, in Example 1, by Choice 1.
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Figure 5.13: (a) Amplitude; (») Contour plots of the spectrum of A(szbzl) in Example 1,
by Choice I.
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Figure 5.14: The stability test of the first-quadrant QP, A(QZI’)ZI) in Example 1, by Choice
L
5.1.1.4 Vertical augmentation applied: Obtained PSR S}({zl,z)

Lattice reflection coefficients and the coefficient matrices are given in Table 5.5.
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Table 5.6: Lattice Reflection Coefficients of the PSR S,(C?l’z) in Example 1, by Choice I.

Reflection Coefficients
0.0086  0.0391 0.1391

k.3 = | —0.0875 —0.2025 —0.4073
0.1184  0.2563 —0.0699
0.0386
K3 = | —0.0123
0.0133
0.0041 —0.0206 0.0029
k.42 = | —0.0183 0.0031  0.0053
0.0019  0.0052 —0.0209

The amplitudes and equal magnitude contours of A§2’3),--- ,A§273) obtained from

the vertical PEFs, and B?’z) Bgm) generated from the horizontal PEFs are

Y Y

demonstrated in Figure 5.15 and Figure 5.16, respectively.

The coefficient matrix of the first-quadrant QP model, A(Qzl’fl) is
1 0.0164 0.0117 0.0116
A% | 04781 0.1981 0.2577 —0.1140 (5.7)

oP1 —
0.0269 —0.2875 0.0135 0.0260

(

and the amplitude and equal magnitude contours of A Q2 P31

The results of the stability test of A(in,sl) are shown in Figure 5.18.

Similarly, a first-quadrant QP model from the horizontal PEFs, B(Qz»],le) is also determined

)

are shown in Figure 5.17.

and its coefficient matrix can be found as

1 0.0549  0.0264
32 | —0.4831 0.1944  0.2652
Borr = 0.0195 —0.3006 0.0115 (5.8)

0.0101  0.0078 —0.0004

and the amplitude and equal magnitude contours of B(Q31;21) are shown in Figure 5.19.

The results of the stability test of BS;?I) are shown in Figure 5.20.

5.1.1.5 Horizontal augmentation applied: Obtained PSR S,(jl’z)

Lattice reflection coefficients and the coefficient matrices are given in Table 5.6 and

Table 5.7, respectively.
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Figure 5.15: (a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of A;™",

(2,3)

A§2’3), and Agm), respectively, in Example 1, by Choice I.
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Figure 5.16: (a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of B;
(3,2) (3,2)

By, and By, respectively, in Example 1, by Choice I.
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Figure 5.17: (a) Amplitude; (») Contour plots of the spectrum of A(Qzl’,?’l) in Example 1,
by Choice L.
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Figure 5.18: The stability test of the first-quadrant QP, A(Qzlfl) in Example 1, by Choice
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Figure 5.19: (a) Amplitude; (b) Contour plots of the spectrum of B/, in Example 1,

by Choice I.
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Figure 5.20: The stability test of the first-quadrant QP, B(Q3}’,1
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Table 5.8: Lattice Reflection Coefficients of the PSR S,(C?l’3) in Example 1, by Choice I.

Reflection Coefficients

0.0274  0.0730  0.1265 0.0078

kG4 0.0578 0.0871 —0.0386 —0.0184
¢ - 0.0886 —0.0347 —-0.0150 0.0171

—0.0483 —0.0042 0.0291  0.0331

| 0.0065 0.0011 —0.0200

K.(43) _ —0.0087 —0.0015 0.0035
r | —0.0268 —0.0329 0.3377
| 0.1149  —-0.2698 —0.1949
0.0489
p43) _ 0.0004
Tnew —0.0002
0.0015
The amplitudes and equal magnitude contours of A§3’3), e ,Ag3’3) from the vertical
PEFs, and B§4’2) S ,Bg4’2) from the horizontal PEFs are demonstrated in Figure 5.21
and Figure 5.22, respectively.
The coefficient matrix of the first-quadrant QP model, A(Q‘Q’Ii) is
1 0.0161 0.0119 0.0117
AB3) _ —0.4799 0.1979 0.2559 —-0.1137 (5.9)
oPL 1 0.0224 —0.2882 0.0131 0.0221 )

0.0115  0.0073 0.0022 0.0063

and the amplitude and equal magnitude contours of A(Q3;,31)

The results of the stability test of A(Q31331) are shown in Figure 5.24.

are shown in Figure 5.23.

5.1.1.6 Vertical augmentation applied: Obtained PSR S,(<3l’3)

Lattice reflection coefficients and the coefficient matrices are given in Table 5.8 and

Table 5.9, respectively.
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Figure 5.21: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

145373)7 e Ag3’3), respectively, in Example 1, by Choice 1.
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Figure 5.22: (a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of B§4’2),
(4,2) (42)

B, "™, and By, respectively, in Example 1, by Choice I.
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Figure 5.23: (a) Amphtude, (b) Contour plots of the spectrum of Az, in Example 1,
by Choice I.
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Figure 5.24: The stability test of the first-quadrant QP, Agﬁl) in Example 1, by Choice
L.
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(3,4) (3,4)

The amplitudes and equal magnitude contours of A;™",--- A, calculated from
vertical PEFs, and B§4"3), e ,354’3) computed from horizontal PEFs are demonstrated

in Figure 5.25 and Figure 5.26, respectively.

The coefficient matrix of the first-quadrant QP model, A(QZ';)? is
1 0.0286 —0.0228 0.0119 0.0454
A(3’4) | —0.4731 0.1963  0.2493 —0.1227 —0.1050 (5.10)
opP1 0.0170 —0.2838 0.0199 0.0226 —0.0157 :

0.0124  0.0072  0.0032  0.0079  0.0048

and the amplitude and equal magnitude contours of A(Q3;? are shown in Figure 5.27.

The results of the stability test of A(QB;I’,? are shown in Figure 5.28.

Similarly, the first-quadrant QP model, B(Q41;31) can be produced from the horizontal

PEFs and its coefficient matrix can be determined as

1 0.0154 00123 0.0148
—0.4803 0.1987 02561 —0.1165
Bop = | 00173 —0.2887 0.0159  0.0238 (5.11)

0.0151 —0.0037 0.0005  0.0089
—0.0010 0.0168 —0.0005 —0.0063

and the amplitude and equal magnitude contours of Bglfl) are shown in Figure 5.29.

The results of the stability test of Bgﬁ? are shown in Figure 5.30.

For now, we applied the horizontal and vertical augmentation consecutively, and we
reach to the PSR Sl(jlﬁ)' At that point, if we want to generate the (4,3)th order
coefficient matrix from the vertical PEFs, we should apply a horizontal augmentation.
If we want to get the (3,4)th order coefficient matrix from the horizontal PEFs, a

vertical augmentation should be applied to this PSR. In the following subsection both

cases will be taken into account.

(4,3)

5.1.1.7 Horizontal augmentation applied: Obtained PSR S, ; (3,3)

from Sk‘ /

Lattice reflection coefficients and the coefficient matrices are given in Table 5.10 and

Table 5.11-5.12, respectively.
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Figure 5.25: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

Ag3’4), ... ,Ai3’4), respectively, in Example 1, by Choice 1.
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Figure 5.26: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

354’3), e Bg4’3), respectively, in Example 1, by Choice 1.
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Figure 5.27: (a) Amplitude; (») Contour plots of the spectrum of A
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Figure 5.29: (a) Amplitude; (») Contour plots of the spectrum of B(4’31) in Example 1,
by Choice I.
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Figure 5.30: The stability test of the first-quadrant QP, B(Qélﬁl) in Example 1, by Choice
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Table 5.10: Lattice Reflection Coefficients of the PSR S,(jl’3)
I.
Reflection Coefficients
0.0162  0.0276  0.0740  0.1282
K (44) 0.0083  0.0095 0.0385 0.1409
¢ | —0.0343 —0.0899 —0.2061 —0.4053
0.0332  0.1140 0.2521 —0.0670
0.0210
K44 —0.0222
Cnew 0.0058
—0.0037
[ 0.0024 0.0162 —0.0227 0.0219 |
k(53 0.0154 —0.0172 0.0153 0.0019
r | —0.0183 0.0132 —0.0049 0.0074
0.0166  0.0010 0.0058 0.0107
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Table 5.12: Coefficient Matrices of the last vertical PEFs of the PSR S](<41,3)
1, by Choice L.

Coefficient Matrix
0 —0.0210 0.0222 —0.0058 0.0037
0 —0.0251 —0.0149 —0.0183 —0.0278
AYY = | 0 —0.0090 —0.0123 —0.0178 —0.0148
0
1

in Example

0.1320 —-0.0972 —-0.0510 0.0183
0.0961  0.2410 —-0.0566 —0.0078

The amplitude and equal magnitude contours of A§4’4), e ,Ag4’4), and B§5’3), ‘e ,BE‘SS)
are demonstrated in Figure 5.31-5.32 and Figure 5.33, respectively.
The coefficient matrix of the first-quadrant QP model, Agﬁ? is
1 0.0286 —0.0229 0.0123  0.0456
—0.4732  0.1965 0.2493 —0.1228 —-0.1052
A(Q‘tl’,? = | 0.0105 —0.2838 0.0217 0.0244 —0.0160 (5.12)

0.0163 —0.0043 0.00006 0.0090  0.0076
0.0007  0.0193  0.0007 —0.0065 —0.0060

and the amplitude and equal magnitude contours of A(Q41;41> are shown in Figure 5.34.

The results of the stability test of Aglfl) are shown in Figure 5.35.

Now, we reached to the desired order PSR and we generated a first-quadrant QP filter
from the vertical PEFs, A(Q4,;4) as shown in Figure 5.34. As seen in the Figure 5.35, this
QP filter is stable.

We know that it is also possible to obtain a first-quadrant QP filter from the horizontal

PEFs as Bgﬁl). The coefficient matrix is

1 0.0132  0.0121  0.0157 ]
—0.4799 0.1997 0.2553 —0.1171
B3 _ 0.0169 —0.2880 0.0166  0.0239 (5.13)
orl 0.0076  0.0012  0.0009  0.0091 ’

0.0080  0.0009  0.0076 —0.0047
| —0.0169 0.0181 —0.0154 -0.0027 |

and the amplitude and equal magnitude contours of B(Qsl’fl)

are illustrated in Figure 5.36.

As seen in the Figure 5.37, this QP filter, BSI’,Z'I) 18 also stable.

Not only QP lattice filter, but the type-1 or type-2 ASHP and NC half-plane lattice
filters can also be generated from the horizontal and vertical PEFs of this PSR S,£4l73) .

Here, one example of each filter models will be produced from the vertical PEFs.
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Figure 5.31: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

Ag4’4), . ,Ai4’4), respectively, in Example 1, by Choice 1.
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Amplitude of AL Contour of AY¥

(a) b)

Figure 5.32: (a) Amplitude; (b) Contour plots of the spectrum of A_g-4’4), respectively,

in Example 1, by Choice 1.

The coefficient matrix of the type-1 ASHP lattice filter from the second vertical PEFs,

(4,4)
A ASHP; 5 can be found as

0  —00126 —0.0414 —0.0070 0.0173
1 0.0346 —0.0078 0.0060  0.0269
At = | —0.4744 01958 02535 —0.1106 —0.1052 (5.14)

0.0191 —-0.2844 0.0203  0.0238 —0.0157
0.0115 0.0080  0.0026  0.0054  0.0050

(4,4)

and the amplitude and equal magnitude contours of A, 21 p,, are illustrated in Figure

5.38.

If we generate the type-2 ASHP from the same vertical PEFs, the coefficient matrix,

AE;EZ)PZ’Z can be produced as

—0.4648 —0.0301 —-0.0246 —0.0193 —-0.0163

1 —0.0688 —0.1383 0.0585  0.0752
At = 0 02960 0.1775 —0.0968 —0.0596 (5.15)
| 0 —0.1293 0.1064 —0.0289 —0.0484
0 —0.098 0.0739 —0.0057 —0.0201

(4.4)

and the amplitude and equal magnitude contours of A Aég’il p,, are illustrated in Figure
5.39.

The type-1 ASHP filter AXEZ)PIZ and the type-2 ASHP filter AE?’?}PM were found

unstable.
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Figure 5.33: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

Bg5’3), e st), respectively, in Example 1, by Choice 1.
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Figure 5.34: (a) Amplitude; (») Contour plots of the spectrum of A

by Choice L.
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Figure 5.35: The stability test of the first-quadrant QP, A(Q41’,41) in Example 1, by Choice

L
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Figure 5.36: (a) Amplitude; (b) Contour plots of the spectrum of B/, in Example 1,

by Choice I.
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Figure 5.37: The stability test of the first-quadrant QP, B(QSI’J1 in Example 1, by Choice

L.

Figure 5.38: (a) Amplitude; (») Contour plots of the spectrum of A

(4.4)
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T -n ol
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1, by Choice I.
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(@)
Figure 5.39: (a) Amplitude; (») Contour plots of the spectrum of A
1, by Choice L.
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i (4.4) (4.4)
Amplitude of ANCz Contour of ANC2

(a) b)

Figure 5.40: (a) Amplitude; (b) Contour plots of the spectrum of A](\‘,l’ci) in Example 1,

by Choice I.
Table 5.13: Lattice Reflection Coefficients of the PSR S,((3l’4)
I

in Example 1, by Choice

Reflection Coefficients
0.0171  0.0128 —0.0190 0.0029
k.33 0.0079 —0.0187 0.0066 —0.0037
¢ | —0.0247 0.0081 0.0069 —0.0106
0.0081 —0.0056 —0.0098 0.0073
[ 0.0063 0.0068 0.0001 —0.0227 |
K (44) —0.0072 —0.0083 —0.0018 0.0025
r N 0.0130 —0.0279 —-0.0368 0.3363
0.0750  0.1156 —0.2686 —0.1928 |

—0.0244
P44 0.0271
v = | 0.0169
—0.0139

Similarly, an NC half-plane filter can be generated from the same vertical PEFs. The

coefficient matrix, Aﬁé) can be calculated as

—0.3859 —-0.0214 —-0.0250 —-0.0105 -—0.0035
1 —0.0476 —0.1026 0.0523 0.0626
AI(\‘I%? = | —0.3918 0.2695 0.1988 —0.0999 —0.0798 (5.16)
0.0093 —0.2308 0.0166 0.0160 —0.0158
0.0091 —0.0009 0.0019 0.0069 0.0064
(4.4)
(&)

and the amplitude and equal magnitude contours of Ay~ are illustrated in Figure 5.40.

3.4)

5.1.1.8 Vertical augmentation applied: Obtained PSR S,(( ; from si33)

k,l
Lattice reflection coefficients and the coefficient matrices are given in Table 5.13 and

Table 5.14-5.15, respectively.
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Table 5.15: Coefficient Matrices of the last horizontal PEFs of the PSR Sl(<3l74)

in
Example 1, by Choice I.
Coefficient Matrix
0 0 0 0 1
0.0244 —0.0479 —-0.0718 0.0988 —0.5504
B = | —0.0271 00039  0.0223  0.0039  0.0414
—0.0169 —0.0108 —0.0102 —0.0174 0.0147
0.0139  0.0027  0.0197 —0.0076 0.0009
The amplitudes and equal magnitude contours of A?’S) R ,Afﬁs), and B§4’4) yoe ,Bg4’4)
are demonstrated in Figure 5.41 and Figure 5.42-5.43, respectively.
The coefficient matrix of the first-quadrant QP model, B(Qé‘li) is
1 0.0284 —0.0225 0.0146  0.0457
—0.4755 0.1969  0.2491 —0.1255 —0.1066
Bgﬁ? = 0.0131 —-0.2848 0.0217 0.0261 —0.0161 (5.17)

0.0162 —0.0023 0.0001  0.0080  0.0080
0.0016  0.0188  0.0006 —0.0043 —0.0061

(4.4)

and the amplitude and equal magnitude contours of B, are shown in Figure 5.44.

The results of the stability test of B(Q41;41) are shown in Figure 5.45.

Now, we reached to the desired order PSR S,((3l’4) and the first-quadrant QP filter from

the horizontal PEFs, B(Q4;,41) was generated as shown in Figure 5.44. As seen in the

Figure 5.45, this QP filter is stable.

According to the proposed method, it is also possible to obtain a first-quadrant QP

filter from the vertical PEFs as A(Q31;51) whose coefficient matrix is

1 0.0266 —0.0254 0.0165 0.0519 —0.0107
AB:5) _ —0.4735 0.1993  0.2518 —0.1282 —-0.1055 0.0286 (5.18)
oP1 — 1 0.0157 —0.2830 0.0209 0.0193 —0.0186 —0.0168 )

0.0132  0.0012  0.0028  0.0090 0.0049 —0.0108

and the amplitude and equal magnitude contours of A(Q31’,51) are illustrated in Figure 5.46.

As seen in the Figure 5.47, this QP filter, ASI’,SI) is also stable.

Now, one example of each filter models, type-1, type-2 ASHP, and NC half-plane, will

be generated from the horizontal PEFs of this PSR S,(€3i4). The coefficient matrix of the

type-1 ASHP lattice filter from the second horizontal PEFs, B&??}P] , can be obtained
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Figure 5.41: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

A?’s), ... ,Af’s), respectively, in Example 1, by Choice 1.
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Bg ,-=,B, 7, respectively, in Example 1, by Choice 1.
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Figure 5.43: (a) Amplitude; (b) Contour plots of the spectrum of Bg4’4), respectively,
in Example 1, by Choice I.
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Figure 5.44: (a) Amphtude, (b) Contour plots of the spectrum of Bp; in Example 1,
by Choice I.
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Figure 5.45: The stability test of the first-quadrant QP, B(Q41;41) in Example 1, by Choice
L
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Figure 5.46: (a) Amplitude; (b) Contour plots of the spectrum of A
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L.
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Figure 5.48: (a) Amplitude; (») Contour plots of the spectrum of B/(:g’
1, by Choice L.

)

4) .
Hp,, 1N Example

as

0 1 0.0152  0.0132 0.0142
—0.0125 —0.4783 0.1997 0.2567 —0.1167
Bl = | —0.0031 00152 —0.2899 0.0199 0.0247 (5.19)

—0.0087 0.0135 —0.0059 0.0010 0.0085
—0.0062 0.0022  0.0091 0.0019 —0.0065

and the amplitude and equal magnitude contours of BXE?}P] , are illustrated in Figure

5.48.

If we generate the type-2 ASHP from the same vertical PEFs, the coefficient matrix,

(4.4)
By Py can be found as

0.0280 1 0 0 0
~0.0254 —0.4710 02145 0.2558 —0.1176
By, = | —0.0024 0.0071 —0.2895 0.0245 0.0276 (5.20)

—0.0077 0.0137 —0.0059 0.0013 0.0085
—0.0066 0.0024  0.0089 0.0018 —0.0070

(4,4)

and the amplitude and equal magnitude contours of B Aég;fl p,, are illustrated in Figure

5.49.

The type-1 ASHP filter BXE?}PIZ and the type-2 ASHP filter B%?{)Pzz were found

unstable.

Similarly, an NC half-plane filter can be generated from the same horizontal PEF. The

coefficient matrix, B](\?(}t) can be calculated as

0.0287 1 00146 00136 0.0155
—0.0261 —0.4722 0.2067 0.2529 —0.1197
Bye) = | —0.0027 0.0070 —0.2891 0.0206 0.0242 (5.21)

—0.0082 0.0134 —0.0059 0.0013 0.0088
—0.0061 0.0028 0.0091 0.0018 —0.0067
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! i
- 0 g
wl

(a) (b)
Figure 5.49: (a) Amplitude; (b) Contour plots of the spectrum of BE&;L])PZ , in Example
1, by Choice 1. '

. (44) (4.4)
Amplitude of BNC; Contour of BNCZ

(a) (b)
Figure 5.50: (a) Amplitude; (b) Contour plots of the spectrum of Bl(éé) in Example 1,
by Choice L.

are illustrated in Figure 5.50.

and the amplitude and equal magnitude contours of Bl(:,lé)

5.1.2 Augmentation application sequences: Choice I1

As a second selection, first a vertical then a horizontal augmentation will be applied
after the initial first order stage. The sequences will be repeated until the desired PSR

S}({()l,l) is reached.

5.1.2.1 Vertical augmentation applied: Obtained PSR S,EOI’I)

Lattice reflection coefficients and the coefficient matrices are shown in Table 5.16.

The amplitudes and equal magnitude contours of Bgl’l) and Bgl’l) are illustrated in

Figure 5.51. Ago,z) will not be shown because it is 1-D coefficient vector.
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Table 5.16: Lattice Reflection Coefficients and the Coefficient Matrices for the PSR
S,(Col’l) in Example 1, by Choice II.

Reflection Coefficients Coefficient Matrices

K02 — [ —0.1987 | A — 1 0.1854 0.1987 |

Ly (1,1) 1 0

7 = [ ~0:0063 | B =1 05310 0.0063 |

Ly (1,1 0 1

Koy = [ —0-1161 | By =1 01161 05140
(a) (b)

Amplitude of B(Z“’ Contour of B(21.1)

(© (d)
Figure 5.51: (a,c) Amplitude; (b,d) Contour plots of the spectrum of B(ll’l) and Bé )
respectively, in Example 1, by Choice II.

1,1)
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i (1.1) (1,1)
Amplitude of B,/ Contour of BQPl

(a) (b)
Figure 5.52: (a) Amplitude; (b) Contour plots of the spectrum of B(Ql,’,ll) in Example 1,

by Choice II.
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Figure 5.53: The stability test of the first-quadrant QP, B(QI;,II) in Example 1, by Choice

II.
The coefficient matrix of the first-quadrant QP model, B(Qli,ll) is
(1,1) 1 0.0681
Bort = | _0.5011 —0.0287 (5.22)

(1,1)

and the amplitude and equal magnitude contours of B, are shown in Figure 5.52.

The results of the stability test of B(QII’,II) are shown in Figure 5.53.
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Table 5.17: Lattice Reflection Coefficients and the Coefficient Matrices for the PSR
s in Example 1, by Choice II.

Reflection Coefficients Coefficient Matrices
K, (12) — { —0.4235 A2 _ [ 101527 —0.0182
—0.0689 1 0 0.0689 0.4235
(1) _ { —0.1536 w E [0 0.1536 —0.0992 ]
eev. | (.0992 2 7|1 0.0923 0.2506
1 0
kr(“):{ 0633582 _8'8(7)32] B™Y =] —0.5589 0.1957
e e 0.0502 —0.3456
[0 1
B®Y =1 0.1117 —0.5516
0.0094 0.0730

5.1.2.2 Horizontal augmentation applied: Obtained PSR S,(Cll’l)

Lattice reflection coefficients and the coefficient matrices are found in Table 5.17.

(1,2)

The amplitudes and equal magnitude contours of A, ™, Agl’z)

, and Bgz’l), Bgz’l) are

demonstrated in Figure 5.54.

(2,1)

The coefficient matrix of the first-quadrant QP model, BQP1 is
1 0.0435
Boy) = | —0.5541 0.01717 (5.23)

0.0506 —0.3425

and the amplitude and equal magnitude contours of B(QZI’,ll) are shown in Figure 5.55.

The results of the stability test of B(in,ll) are shown in Figure 5.56.

For making comparison with the choice I result, the coefficient matrix of the
first-quadrant QP model, A(Qlj,zl) is also given as

12) 1 0.0821 0.0274

(
Agpi = —0.4597 0.0264 0.3083 (5.24)

(

and the amplitude and equal magnitude contours of A Ql le

)

are shown in Figure 5.57.
The results of the stability test of A(Qllgzl) are shown in Figure 5.58.

The coefficient matrix (5.24) is closely the same as the coefficient matrix (5.4)

generated by using choice L.
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Figure 5.54: (a,c,e,g) Amplitude; (b,d, e, h) Contour plots of the spectrum of All2)

1
Agl’z), Bgz’l), and Bgz’l), respectively, in Example 1, by Choice II.
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Figure 5.55: (a) Amplitude; (») Contour plots of the spectrum of B(Z’ll) in Example 1,

by Choice II.
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Figure 5.56: The stability test of the first-quadrant QP, B(in,ll) in Example 1, by Choice

II.

(12)
Amplitude of Agsy

(a)
Figure 5.57: (a) Amplitude; (b) Contour plots of the spectrum of Al

by Choice II.

(1.2)
Contour of AQPi

(b)
2)

Q1131 in Example 1,
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Figure 5.58: The stability test of the first-quadrant QP, A(Qllgzl) in Example 1, by Choice
II.

5.1.2.3 Vertical augmentation applied: Obtained PSR st

1,2)
k|l

Lattice reflection coefficients and the coefficient matrices are given in Table 5.18.

The amplitudes and equal magnitude contours of A(I] ) and Agl ’3), and Bgz’z), e ,Bgz,z)
are demonstrated in Figure 5.59 and Figure 5.60, respectively.
The coefficient matrix of the first-quadrant QP model, Bgi,zl) is
1 0.0566  0.0275
B(Qzl,jzl) = | —0.4803 0.1938 0.2648 (5.25)

0.0233  —0.2967 0.0116
and the amplitude and equal magnitude contours of Bgl’}l) are shown in Figure 5.61.

The results of the stability test of B(in,zl) are shown in Figure 5.62.

5.1.2.4 Horizontal augmentation applied: Obtained PSR S,(f[z)

Lattice reflection coefficients and the coefficient matrices are given in Table 5.19.
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Table 5.18: Lattice Reflection Coefficients and the Coefficient Matrices for the PSR
S,(cll’z) in Example 1, by Choice II.

Reflection Coefficients Coefficient Matrices
l((173)_{0.1517 0.0599J 403 _ [ 1 0.0880 —0.0288° —0.0019
¢ 100019 0.0405 I 710 00718 04000 —0.1517 |
A13) _ 0 0.1181 —0.1071 —0.0405 |
2 7|1 0.0974 02353 —0.0599
1 0 0
k(22 = [ _8‘2233 0(')339823 ] B™Y = | —04790 0.2225 0.2690
e e | 0.0230  —0.2998 0.0295
[0 1 0
BPY =] 00172 05570 0.1943
| —0.0037 0.0512 —0.3382
[ 0 0 1
kﬁfj):{ 0(')033?0] B¢ = | —0.0800 0.1027 —0.5523
e 0.0210  0.0058 0.0444

Amplitude ofA:”’ Contour of A(lm)

(a) (b)

Amplitude of A" Contour of ALY

(©) (d)
Figure 5.59: (a,c) Amplitude; (b,d) Contour plots of the spectrum of A§1’3), and
Agm), respectively, in Example 1, by Choice II.
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Amplitude of B2 Contour of B2

o
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-n
o o .
wl
() (d)
Amplitude of BY?) Contour of %2

(e) ®
Figure 5.60: (a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum of
(2,2) (22)

B, --- By, respectively, in Example 1, by Choice II.

Amplitude of B%7) Contour of B2

[

(a) (b)
Figure 5.61: (a) Amplitude; (b) Contour plots of the spectrum of B(Qzlgzl) in Example 1,

by Choice II.
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Figure 5.62: The stability test of the first-quadrant QP, B(QZ}’,1

II.
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The amplitudes and equal magnitude contours of A(12’3), e ,Agz’s), and B(13’2), e ,B:(f’z)
are demonstrated in Figure 5.63 and Figure 5.64, respectively.
The coefficient matrix of the first-quadrant QP model, BS;,ZI) is
1 0.0164 0.0117 0.0116
Byy) = | 04781 0.1981 02577 —0.1140 (5.26)

0.0269 —0.2875 0.0135 0.0260

and the amplitude and equal magnitude contours of B(Q31;21) are shown in Figure 5.65.

The results of the stability test of BS}?I) are shown in Figure 5.66.

Again, to compare the result of the first-quadrant QP filter from the vertical PEFs given
in the equation (5.7) calculated by using the first choice, here, we generate the same

QP filter A(Qzl’fl). The coefficient matrix is

1 0.0162 0.0125 0.0117
Appy = | —0.4781 0.1975 0.2570 —0.1142 (5.27)
0.0269 —0.2869 0.0138 0.0261

and the amplitude and equal magnitude contours of A(QZI’,31) are shown in Figure 5.67.

The results of the stability test of A(QZ;,SI) are shown in Figure 5.68.

As seen that regardless of the augmentation directions, at the desired stage order the

coefficient matrices of the generated filters with the same order are closely the same.
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©

Amplitude of AL
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Figure 5.63: (a,c,e) Amplitude; (b,d, f) Contour plots of the spectrum of A\*?,

A§2’3), and Agm), respectively, in Example 1, by Choice II.
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(@) (b)

" (32) (3.2)
Amplitude of B Contour of B

(© (d)

Amplitude of B2 Contour of 88

(e) ®
Figure 5.64: (a,c,e) Amplitude; (b,d, f) Contour plots of the spectrum of B{>?,
(3.2) (3.2)

By, and By, respectively, in Example 1, by Choice II.
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Figure 5.65: (a) Amplitude; (») Contour plots of the spectrum of B(Q31321) in Example 1,
by Choice II.
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Figure 5.66: The stability test of the first-quadrant QP, B(Q317321) in Example 1, by Choice
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Figure 5.67: (a) Amplitude; (b) Contour plots of the spectrum of A(z’? in Example 1,
by Choice II.
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Figure 5.68: The stability test of the first-quadrant QP, AQP1 in Example 1, by Choice

II.

Table 5.20: Lattice Reflection Coefficients of the PSR S,£21’3) in Example 1, by Choice

11
Reflection Coefficients

0.0724  0.1268  0.0056

ke*? = | 00896 —0.0362 —0.0112

—0.0478  0.0003 —0.0339

—0.0062 —0.0012 —0.0074

k.C3) = | —0.0260 —0.0311 0.3383

0.1147 —0.2707 —0.1949

©0.0488 i
K39 = | —0.0101
0.0052

(2.3)

5.1.2.5 Vertical augmentation applied: Obtained PSR S,

Lattice reflection coefficients and the coefficient matrices are given in Table 5.20 and

Table 5.21, respectively.

228



6¢C

vE100  SSTO'0—  I110°0  2S00'0—
8EVO'0 69000 20100 10100 | _ o
61SS0— 08600 6£L00— 88¥0°0— (€'¢)
I 0 0 0
PLOO0  OVIO0  €S00°0—  €110°0 00— 1620 9600 1]
€8E€0—  9IE00 €000 96000 | _ ¢ 00— €L010— wpel0 0 | = v
: ‘0— : ‘0— |~ (g€ ~ (#7)
%wﬁ 0 @wmw 0 5% 0 vwmmo 0100~ 95100— SL200— 0 |
cl00'0-$000°0=  TTTO'0 - ¥0c0"0= [ 8971°0— L6ST°0— 090¥'0 76900 O |
[1€0°0 TIOE0— <TEI00 91000— | _ ¢ ; o o . _ oz
0L20 12220 008r0— 58000 | = €0 T9E00  $610°0— €LKO0O— OSII0 1 | =5V
0 0 | 0 | €000°0— £800°0— €SS0°0— S0TO'0— O |
9000 81000 8900°0  I10°0 [ $2L0°0— +8€0°0— 8S0T0 12ST0— O |
09200 18100 068C°0— STT00 | _ | o o . : o
IO €850 2020 1sibo— | — o 9680°0— 96T1'0— 90ETO  ELVFTO O | = )V
0 0 0 0 | 8L¥0'0 08000 6L¥0°0— 96100 I |
S AHd —&aﬁ@thQm .wc S AHdd —ﬂuﬁu@? .«Q mwom.:-wz aﬁ@mumﬂmcu

‘I1 9o10yD £Aq ‘1 ordwrexy ur AN\% §¥MSd Y} JO S [BO1I9A PUR [BIUOZLIOY dY) JO SAJLNBIA JUSOYJ0)) TS dqRL



The amplitudes and equal magnitude contours of A(12’4), e ,Ag2’4), and B(13’3), e ,Bf’s)
are demonstrated in Figure 5.69 and Figure 5.70, respectively.
The coefficient matrix of the first-quadrant QP model, BS}?I) is
1 0.0150 0.0132 0.0144
33 _ —0.4794 0.1990 0.2557 —-0.1160 (5.28)
oP1 " | 0.0227 —0.2886 0.0141 0.0226 )

0.0110  0.0070 0.0016 0.0065

and the amplitude and equal magnitude contours of B(Q31;31) are shown in Figure 5.71.

(3,3)

op1 are shown in Figure 5.72.

The results of the stability test of B
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(a,c,e) Amplitude; (b,d,f) Contour plots of the spectrum
A(12’4)

Figure 5.69:
S ,Ag2’4), respectively, in Example 1, by Choice II.
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Figure 5.70: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

Bg4,2), e st), respectively, in Example 1, by Choice II.
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Figure 5.71: (a) Amplitude; (b) Contour plots of the spectrum of B
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by Choice II.
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The stability test of the first-quadrant QP, BS;}I) in Example 1, by Choice

II.
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Table 5.22: Lattice Reflection Coefficients of the PSR 51(63173) in Example 1, by Choice

II.

Reflection Coefficients
0.0275 0.0733 0.1264
kG4 0.0098  0.0396  0.1409
¢ | —0.0899 —0.2051 —0.4057
0.1134  0.2517 —0.0675

0.0363
R34 0.0001
fnew = 10.0223

0.0332

0.0063  0.0015 —0.0199 0.0026
k,(43) — 0.0006 —0.0089 —0.0012 0.0089

—0.0167 —0.0002 0.0004 —0.0285
0.0016  0.0082 —0.0266 0.0015

5.1.2.6 Horizontal augmentation applied: Obtained PSR S,(C3l’3)

Lattice reflection coefficients and the coefficient matrices are given in Table 5.22 and

Table 5.23, respectively.
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The amplitudes and equal magnitude contours of A(13’4), e ,A§3’4), and B(14’3), e ,3514’3)
are shown in Figure 5.73 and Figure 5.74, respectively.
The coefficient matrix of the first-quadrant QP model, Bgﬁl) is
1 0.0154  0.0123  0.0148
—0.4793  0.1990 0.2562 —0.1162
BUn = | 00167 —0.2880 0.0158  0.0230 (5.29)

0.0156 —0.0044 0.0008  0.0088
—0.0015 0.0172 —0.0005 —0.0061

and the amplitude and equal magnitude contours of BS’;}I) are shown in Figure 5.75.
The results of the stability test of Bg;fl) are shown in Figure 5.76.
The coefficient matrix of the first-quadrant QP model, A(Qg’l’,? 18
1 0.0285 —0.0221 0.0118  0.0469
AB4) _ —0.4731 0.1958 0.2491 —0.1227 —-0.1066 (5.30)
oP1 | 0.0170 —0.2842 0.0202 0.0236 —0.0151 )

0.0124  0.0081  0.0028  0.0058  0.0049

and the amplitude and equal magnitude contours of A(QSI,’41) are shown in Figure 5.77.

The results of the stability test of A(QS;,? are shown in Figure 5.78.

For now, we applied the vertical and horizontal augmentation consecutively, and
reached to the PSR S,(jl’3). As the first choice, we show the results of the augmentations
applied on the both direction. To obtain the (4,3)th order coefficient matrix from the
vertical PEFs, a horizontal augmentation, or to obtain the (3,4)th order coefficient

matrix from the horizontal PEFs, a vertical augmentation should be applied to this

PSR. In the following subsection both cases will be elaborated.

5.1.2.7 Vertical augmentation applied: Obtained PSR Si’? from S,(€3l’3)

Lattice reflection coefficients and the coefficient matrices are given in Table 5.24 and

Table 5.25-5.26, respectively.
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Figure 5.73: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

145374)7 ... ,Ag3’4), respectively, in Example 1, by Choice II.
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Figure 5.74: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

Bg4’3), e B§4’3), respectively, in Example 1, by Choice II.
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Figure 5.75: (a) Amplitude; (») Contour plots of the spectrum of B(Q41’,31) in Example 1,

by Choice II.
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Figure 5.76: The stability test of the first-quadrant QP, B(Q41’,31) in Example 1, by Choice
IL.
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Figure 5.77: (a) Amplitude; (b) Contour plots of the spectrum of A(QSI;? in Example 1,
by Choice II.

239



Imaginary Part

Imaginary Part

Figure 5.78: The stability test of the first-quadrant QP, A(Q3}’)1
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Table 5.24: Lattice Reflection Coefficients of the PSR S,(SIA)
II.
Reflection Coefficients
0.0171  0.0128 —0.0190 0.0029
k(35 _ 0.0079 —0.0187 0.0066 —0.0037
¢ —0.0247 0.0081 0.0069 —0.0106
| 0.0081 —0.0056 —0.0098 0.0073 |
0.0063  0.0068  0.0002 —0.0227
Kk (44) _ —0.0072 —0.0083 —0.0018 0.0025
r 0.0130 —0.0280 —0.0368 0.3363
| 0.0750  0.1156 —0.2686 —0.1928 |
—0.0244
R34 0.0271
Tew 0.0169
—0.0138
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Table 5.26: Coefficient Matrices of the last horizontal PEFs of the PSR S,£3l’4) n

Example 1, by Choice II.

Coefficient Matrix
0 0 0 0 i
0.0244 —0.0477 —0.0731 0.0982 —0.5503
B = | —0.0271 00044 0.0210 0.0047  0.0405
—0.0169 —0.0119 —0.0115 —0.0194 0.0142
0.0138  0.0027 0.0217 —0.0065 0.0007

The amplitudes and equal magnitude contours of A?’S), e ,Af"s), and B(14’4), e ,B§4’4)
are demonstrated in Figure 5.79 and Figure 5.80-5.81, respectively.
The coefficient matrix of the first-quadrant QP model, B(Q41;41) 18
1 0.0284 —0.0225 0.0147  0.0457
—0.4746 0.1973  0.2490 —0.1251 —0.1066
BS;‘I) =1 0.0127 —-0.2841 0.0217 0.0253 —-0.0161 (5.31)

0.0167 —0.0031 0.0005  0.0078  0.0080
0.0011  0.0192  0.0006 —0.0040 —0.0061

and the amplitude and equal magnitude contours of B(Q4],;11) are shown in Figure 5.82.

The results of the stability test of B(Q4},)41) are shown in Figure 5.83.
At that point, we reached to the desired order PSR S,((3l74) and the first-quadrant QP filter

(4,4)
OP1

in the Figure 5.45, this QP filter is stable.

from the horizontal PEFs, B has been generated as shown in Figure 5.44. As seen

According to the proposed method, it is also possible to obtain a first-quadrant QP

filter from the vertical PEFs as A(Q31;51) whose coefficient matrix is

1 0.0265 —0.0247 0.0164 0.0532 —0.0107
AB5) _ —0.4734 0.1988  0.2515 —0.1283 —0.1071 0.0286 (5.32)
oPL — 1 0.0157 —0.2834 0.0212  0.0202 —0.0181 —0.0168 )

0.0132  0.0071  0.0024  0.0069  0.0050 —0.0108

and the amplitude and equal magnitude contours of A(Q31;51) are illustrated in Figure 5.84.

As seen in the Figure 5.85, this QP filter, A(QSI’)SI) is also stable.

Now, one example of each filter models, type-1, type-2 ASHP, and NC half-plane, will
be generated from the horizontal PEFs of this PSR 51(63174).
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Figure 5.79: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

AES’S), e ,Af’s), respectively, in Example 1, by Choice I1.
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Figure 5.80: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

(5,3)

25’3), -+, B, respectively, in Example 1, by Choice II.
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Figure 5.81: (a) Amplitude; (b) Contour plots of the spectrum of B

Contour of B(SM)

in Example 1, by Choice II.
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Figure 5.82: (a) Amplitude; (b) Contour plots of the spectrum of B(4’41) in Example 1,

by Choice II.
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Figure 5.83: The stability test of the first-quadrant QP, B(Q41’,1 in Example 1, by Choice

II.
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Figure 5.84: (a) Amplitude; (b) Contour plots of the spectrum of A
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Figure 5.86: (a) Amplitude; (») Contour plots of the spectrum of B, ¢
1, by Choice II.

(4.4)

4) .
Hpy, 1N Example

The coefficient matrix of the type-1 ASHP lattice filter from the second horizontal

PEFs, BXgil)Pl , can be obtained as

0 1 0.0152  0.0132  0.0142
—0.0122 —0.4787 0.1983 0.2574 —0.1168
Bl = | —0.0032 00151 —0.2892 0.0179 0.0246 (5.33)

—0.0106 0.0132 —0.0057 0.0016 0.0085
—0.0050 0.0025  0.0088 0.0017 —0.0065

and the amplitude and equal magnitude contours of B%}?Pl , are illustrated in Figure

5.86.

If we generate the type-2 ASHP from the same vertical PEFs, the coefficient matrix,

(4,4)
By Py can be found as

0.0280 1 0 0 0
~0.0251 —0.4714 02131 02565 —0.1177
By, = | —0.0026 0.0071 —0.2887 0.0225 0.0276 (5.34)

—0.0096 0.0135 —0.0056 0.0019 0.0085
—0.0055 0.0027  0.0085 0.0016 —0.0070

(4.4)

and the amplitude and equal magnitude contours of B Aég’?_l p,, are illustrated in Figure
5.87.

The type-1 ASHP filter BXEZ)PIZ and the type-2 ASHP filter 85:214)

HP, were found

unstable.
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Figure 5.87: (a) Amplitude; (») Contour plots of the spectrum of BXLZ?}PZ , in Example
1, by Choice II ’

. (4.4) (4.4)
Amplitude of BNC2 Contour of BNCZ

Figure 5.88: (a) Amplitude; (b) Contour plots of the spectrum of By,
by Choice II.

(a) (b)
(45;) in Example 1,

Similarly, an NC half-plane filter can be generated from the same horizontal PEF. The

coefficient matrix, B](\?é) can be calculated as

0.0287 1 00146 00136 0.0155
—0.0258 —0.4727 02053 02536 —0.1197
Bye) = | —0.0029 0.0069 —0.2883 0.0186 0.0242 (5.35)

—0.0102 0.0131 —0.0057 0.0018 0.0088
—0.0050 0.0031  0.0088 0.0016 —0.0067

and the amplitude and equal magnitude contours of By,

(464) are illustrated in Figure 5.88.
2
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Table 5.27: Lattice Reflection Coefficients of the PSR S,(<4l’3) in Example 1, by Choice

II.

Reflection Coefficients

0.0162 0.0276  0.0740  0.1282
K (44) 0.0083  0.0095 0.0385 0.1410
¢ | —0.0343 —0.0899 —0.2061 —0.4053
0.0332 0.1140 0.2521 —0.0670

0.0210

(44 —0.0222

Cnew 0.0058

—0.0037
0.0024  0.0162 —0.0227 0.0219
0.0154 —0.0172 0.0153 0.0019
—0.0183 0.0133 —0.0049 0.0074
0.0166  0.0010 0.0058 0.0107

k(53 =

5.1.2.8 Horizontal augmentation applied: Obtained PSR S,(<4l’3) from S,(jl’S)

Lattice reflection coefficients and the coefficient matrices are given in Table 5.27 and

Table 5.28-5.29, respectively.
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Table 5.29: Coefficient Matrices of the last vertical PEFs of the PSR S](<41,3)

1, by Choice 1II.

Coefficient Matrix
0 —0.0210 0.0222 —0.0058 0.0037
0 —0.0265 —0.0155 —0.0192 —0.0279
AYY = | 0 —0.0081 —0.0126 —0.0181 —0.0136
0
1

in Example

0.1325 —-0.0969 —-0.0510 0.0162
0.0957 0.2423 —0.0568 —0.0065

The amplitudes and equal magnitude contours of AE4’4), e ,Ag4’4), and 355’3), e ,B£5’3)

are demonstrated in Figure 5.89-5.90 and Figure 5.91, respectively.

The coefficient matrix of the first-quadrant QP model, A(Q41’341) is

1 0.0285 —0.0223 0.0123  0.0470
—0.4732  0.1960  0.2490 —0.1229 —0.1068
Ag =1 00105 —02841 0.0220 0.0254 —0.0154 (5.36)
0.0163 —0.0034 —0.0003 0.0069  0.0077
0.0007  0.0193  0.0007 —0.0065 —0.0060

and the amplitude and equal magnitude contours of A(Qﬁ) are shown in Figure 5.92.

The results of the stability test of ASI’)? are shown in Figure 5.93.

Now, we reached to the desired order PSR and we generated a first-quadrant QP filter
from the vertical PEFs, A(Q4[’,41) as shown in Figure 5.34. As seen in the Figure 5.93, this
QP filter is stable.

It is also possible to obtain a first-quadrant QP filter from the horizontal PEFs as B(Qslfl).

The coefficient matrix is

1 0.0132  0.0121  0.0157 ]
—0.4789 0.2001  0.2553 —-0.1167
g3 _ 0.0163 —0.2873 0.0165  0.0231 (5.37)
QPI 0.0083  0.0004 0.0013  0.0090 )
0.0075  0.0013  0.0076  —0.0046
| —0.0169 0.0181 —0.0154 —0.0027 |

and the amplitude and equal magnitude contours of B(Qsl’fl) are illustrated in Figure 5.94.

As seen in the Figure 5.95, this QP filter, BSI’,Z'I) is also stable.

The type-1 or type-2 ASHP and NC half-plane lattice filters can also be generated from
the horizontal and vertical PEFs of this PSR S,(<4l’3). Here, one example of each filter

models will be produced from the vertical PEFs.
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Figure 5.89: (a,c,e,g) Amplitude; (b,d,f,h) Contour plots of the spectrum of

Ag4’4), ... ,Ai4’4), respectively, in Example 1, by Choice II.
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Figure 5.90: (a) Amplitude; (b) Contour plots of the spectrum of A_g-4’4), respectively,

in Example 1, by Choice I1.

The coefficient matrix of the type-1 ASHP lattice filter from the second vertical PEFs,

(4,4)
A ASHP; 5 can be found as

0 —0.0122 —0.0413 —0.0069 0.0161
1 0.0347 —0.0071 0.0049  0.0272
At = | —0.4744 01945 02548 —0.1097 —0.1044 (5.38)

0.0191 —-0.2831 0.0196 0.0232 —0.0161
0.0115 0.0080  0.0026  0.0054  0.0050
(4,4)

and the amplitude and equal magnitude contours of A, 21 p,, are illustrated in Figure

5.96.

If we generate the type-2 ASHP from the same vertical PEFs, the coefficient matrix,

AE;EZ)PZ’Z can be produced as
—0.4648 —0.0296 —0.0249 —0.0195 —0.0174
1 —0.0684 —0.1380 0.0576  0.0756
At = 0 0.2955  0.1787 —0.0967 —0.0599 (5.39)
| 0  —0.1295 0.1059 —0.0286 —0.0489
0  —0.098 0.0739 —0.0057 —0.0201

(4.4)

and the amplitude and equal magnitude contours of A Aég’il p,, are illustrated in Figure

5.97.

(4,4)

The type-1 ASHP filter A,¢;/p (44)

and the type-2 ASHP filter A, Hp,, Were found

unstable.
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Figure 5.96: (a) Amplitude; (») Contour plots of the spectrum of A
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Figure 5.98: (a) Amplitude; (b) Contour plots of the spectrum of A](\‘,l’ci) in Example 1,
by Choice II.

Similarly, an NC half-plane filter can be generated from the same vertical PEFs. The
coefficient matrix, A](:,lé) can be calculated as

—0.3859 —-0.0210 —-0.0251 —-0.0104 —0.0050
1 —0.0473 —0.1019 0.0514  0.0635
A](\,C = | —0.3918 0.2686 0.1998 —0.0995 —-0.0794 (5.40)
0.0093 —0.2301 0.0161 0.0163 —0.0161
0.0091 —0.0009 0.0019 0.0069  0.0064

and the amplitude and equal magnitude contours of Al(:,lé) are illustrated in Figure 5.98.

5.1.3 Discussion of example 1

In this example, we applied augmentation order for both cases and we have seen that
regardless of the augmentation sequences, at the desired stage order PSR, the lattice

filters generated by using the proposed method are very close to each other.

The Itakura’s LPC distance measure of each filters obtained by using the augmentation
sequence Choice I and Choice II are calculated and the results are demonstrated in the
Table 5.30 and Table 5.31, respectively. If we compare both tables, we can see that the

distances calculated are very close to each other for the same filter models.

We also compared the Itakura’s LPC distance measures of the results found in the
study [34] with the results of the proposed method as shown in Table 5.32. As it
is seen the proposed method gives the best result at the (3,3)th order stage for the

first-quadrant QP lattice filter.

Example 1 shows us that augmentation direction is not important to reach to the certain

desired stage order PSR. Augmentation direction can be chosen freely to scan the 2-D
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Table 5.30: Comparison by Itakura’s LPC distance measures of the 2-D lattice filters
from the Choice I augmentation direction.

Filter Type Distance Filter Type Distance
ALY 0.1200 By 0.0051
AD) 0.0580 Aot 0.0023
By 0.0627 Alsti 0.0036
AD 0.0106 Al -0.0822
ALY 0.0044 BUSY 0.0014
BSY 0.0107 ALy 0.0017
AGp) 0.0044 N 0.0049
ALY 0.0012 Aliti 0.0043
By 0.0045 By 0.0043
Ay 0.0013

Table 5.31: Comparison by Itakura’s LPC distance measures of the 2-D lattice filters
from the Choice II augmentation direction.

Filter Type Distance Filter Type Distance
BL 0.1200 Bow) 0.0051
ALY 0.0580 Al 0.0022
By 0.0627 At 0.0036
B 0.0107 A -0.0823
Ay 0.0044 BU 0.0014
By 0.0107 ALy 0.0018
By 0.0045 Blip, 0.0049
Agy) 0.0013 At 0.0043
By 0.0045 By 0.0043
Ay 0.0013

Table 5.32: Comparison by Itakura’s LPC distance measures in Example 1.

Lattice Order Itakura’s LPC
Algorithm Stage Distance
Three-Parameter Lattice Filter [17] (3,3) 0.1053
Extended Lattice Filter Perpendicular [34] (3,3) 0.0087
Extended Lattice Filter Diagonal [34] (3,3) 0.0162
Proposed Lattice Filter (3,3) 0.0044
Proposed Lattice Filter (4,4) 0.0013
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Figure 5.99: (a) Amplitude; (b) Contour plots of the original spectrum of A((,i?) in
Example 2.
AR data field. In addition, with this example, it has been demonstrated that causal and
noncausal 2D lattice filters can be simultaneously generated by using the appropriate

forward/backward vertical and horizontal auxiliary PEFs from a given PSR.

5.2 Example 2: AR Data Field with the (4,4)th order

Here, we will use the proposed method to model a 2-D AR data field and generate the
QP, ASHP and NC half-plane lattice filters. In addition, we will find their spectrum
estimations. AR data field with the (4,4)th order stage with the size 85 — by — 85
is generated with Gaussian white noise N(u = 0,062 = 1) by using the following

coefficient matrix defined as

1 04  —002 0  —0.0001
0.2 0.1 0005 0 0.0l
A = | 0.0000006 —0.0001 0.0011 0  —0.0044 |. (5.41)
0 0 —0.0005 0.0001 0
—0.001 0 0 0.0005 —0.0005

The magnitude and contour plots of the original spectrum are shown in Figure 5.99.
The results of the stability test are shown in Figure 5.100.

By applying our proposed method on this AR field, we obtain the coefficient matrices

of the first-quadrant QP filter, type-1 ASHP, type-2 ASHP, and NC half-plane, namely,

AS;,?), A%I?ﬂ . A%?}Pz X and A](\?é) from the auxiliary vertical PEFs of the PSR S,(i’z).

The coefficient matrices of the filters obtained for the (3,3)th order stage are shown in

Table 5.33 and their amplitudes and equal magnitude contours are illustrated in Figure

5.101.
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Figure 5.100: The stability test of the original filter in Example 2.

The stability test results of A(Q31;31) are shown in Figure 5.102.

Similarly, we can go one step further and obtain the same filters from the vertical PEFs
of the PSR S,(c41’3). The coefficient matrices of the filters obtained, A(Qéll’,?), Af(\??f)ﬂz’
AX;Z)PM and Az(\?é) for the (4,4)th order stage are given in Table 5.34 and their
amplitudes and equal magnitude contours are demonstrated in Figure 5.103.

The stability test results of Agﬁ) are shown in Figure 5.104.

Itakura’s LPC distance measures of the (3,3) and (4,4)th order stage filters obtained

by using the proposed method are given in Table 5.35.

A visual comparison of the similarity between magnitude and contour plots of the
original and estimated spectra is very close and the (3,3)th order stage QP filter
obtained by proposed method gives the best Itakura’s LPC distance measure value.
According to the Table 5.35, the (4,4)th order stage ASHP filters give the best

measurement values.
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Table 5.33: Coefficient Matrices of the filters from the vertical PEFs of the PSR S,(c

in Example 2.

Coefficient Matrices

1 0.4078 —0.0232 0.0032
AB3) _ 0.2088 —0.0896 0.0200 0.0113
oA 1 0.0002 —0.0110 0.0295 0.0115
0.0020 0.0082  0.0107 0.0015
I 0 —0.0101 —0.0167 0.0018 |
AB3) 1 0.4057 —0.0247 0.0073
ASHPi» 1 0.2079 —0.0896 0.0201 0.0113
—0.0001 —-0.0133 0.0267 0.0103
0.2088 0.0759 —0.0192 0.0059
AB3) 1 0.3713 —0.0161 0.0092
ASHP — 0 —0.1692 0.0297 0.0120
0 0.0242  0.0235 0.0084
0.2001  0.0720 —0.0206 0.0024
AB3) _ 1 0.3708 —0.0196 0.0093
NG~ 1 0.1993 —0.0881 0.0252 0.0132
0.0003 —0.0111 0.0277 0.0102

Table 5.34: Coefficient Matrices of the filters from the vertical PEFs of the PSR § (

in Example 2.

Coefficient Matrices
1 0.4078 —0.0237 0.0064 0.0104
0.2085 —0.0893 0.0202 0.0160 0.0070
Ay =1 —0.00048 —0.0109 0.0297 0.0047 —0.0089
0.0046  0.0085 0.0079 0.0110 0.0156
| 00168 —0.0013 —0.0042 0.0092 —0.0028 |
0 —0.0097 —0.0163 0.0009 0.0001
1 0.4058 —0.0246 0.0087 0.0067
Ay =] 02084 —0.0895 0.0200 0.0165 0.0081
—0.0012 —0.0138  0.0292 0.0039 —0.0083
0.0004 0.0075 0.0107 0.0081 0.0170
(02086 0.0761 —0.0193 0.0090 0.0091 |
1 03714 —0.0164 0.0109 0.0067
A, =] 0 01693 00297 0.0154 0.0050
| 0 00236 0.0250 0.0033 —0.0057
|0 0.0003 0.0050 0.0097 0.0184
0.1998  0.0722 —0.0204 0.0021 0.0022
1 03711 —0.0195 0.0115 0.0078
Ay =1 01996 —0.0879 0.0251 0.0167 0.0060
—0.0002 —0.0115 0.0295 0.0059 —0.0049
0.0037  0.0069 0.0094 0.0096 0.0158
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Figure 5.101: (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of A(Q3;,3]),
AEES’?P] » A%il)Pz ,»and A](\?éi) , respectively, in Example 2.
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Figure 5.102: The stability test of the first-quadrant QP, A(Qg’l’i) in Example 2.

Table 5.35: Comparison by Itakura’s LPC distance measures of the 2-D lattice filters
in Example 2.

Filter Type Distance Filter Type Distance
ALy 0.00048 ALy 0.0011
At 0.00064 At 0.00092
At 0.00070 At 0.00091
A -0.0178 Ay -0.0175

5.3 Example 3: AR Data Field with the (4,4)th order

In this example, we will model a 2-D AR data field by using the proposed method
and generate the QP, ASHP and NC half-plane lattice filters. In addition, we will find
their spectrum estimations. AR data field with the (4,4)th order stage with the size
85 — by — 85 is generated with Gaussian white noise N(u = 0, o’ = 1) by using the

following coefficient matrix defined as

I —0.4400 0.0074  0.1600 —0.4000
—0.4400 0.2200 —0.0095 —0.0700 0.1700
AGd = | —0.1200 0.0690  0.0140  0.0200 —0.0480 |. (5.42)

—0.0520 0.0200 —0.0030 0.0015 0.0180
—0.0060 0.0027 0.000012 —-0.0032 0.0070

The magnitude and contour plots of the original spectrum are shown in Figure 5.105.
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Figure 5.103: (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of A(Q“;,ﬁ),
AX;Z)PI » AX;?}PZ ,»and A](:,lé) , respectively, in Example 2.
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Figure 5.104: The stability test of the first-quadrant QP, A(Q41341) in Example 2.
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Figure 5.105: (a) Amplitude; (b) Contour plots of the original spectrum of Agﬁ(’;) in
Example 3.

The results of the stability test is shown in Figure 5.106.

By applying our proposed method on this AR field, we obtain the coefficient matrices
of first-quadrant QP filter, type-1 ASHP, type-2 ASHP, and NC half-plane, namely,

A(Q‘t;,?), AE;;}?PLZ, A%Z)PM and Az(\?é?’ respectively, from the auxiliary vertical PEFs of
the PSR S,((4l’3). The coefficient matrices of the filters obtained for the (4,4)th order

stage are shown in Table 5.36 and their amplitudes and equal magnitude contours are
illustrated in Figure 5.107.

The stability test result of A(Q‘%) is shown in Figure 5.108.
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Figure 5.106: The stability test of the original filter in Example 3.

Itakura’s LPC distance measures of the (4,4)th order stage filters obtained by using

the proposed method are given in Table 5.37.

A visual comparison of the similarity between magnitude and contour plots of the
original and estimated spectra is very close and the first-quadrant QP filter gives the

lowest Itakura’s LPC distance measure value.
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Table 5.36: Coefficient Matrices of the filters from the vertical PEFs of the PSR S( '

in Example 3.

Coefficient Matrices

I —04591 00110 0.1597 —0.4098 |
~04343 02304 —0.0266 —0.0757 0.1911
A = | 00966 0.0563  0.0223  0.0222 —0.0467
~0.0453 0.0087 0.0033 0.0162 —0.0220
| —0.0153 0.0167 —0.0137 0.0010 0.0281 |
0  —0.0216 00066 —0.0024 0.0159
1 —04488 00070 0.1590 —0.4167
Al =] —0.4373 02346  —0.0267 —0.0746 0.1896
© ] —0.0950 0.0576 00183  0.0231 —0.0449
—0.0540 0.0167 —0.0034 0.0177 —0.0115
[ 05046 02179 —0.0114 —0.0746 02179 |
1 —04710 00174 0.1633 —0.4173
A = 0 00212 —0.0301 —0.0212 0.0493
| 0 00276 00072 0.0217 —0.0481
0 00021 00059 00439 —0.0798
—0.3648 0.1493  0.0016 —0.0602 0.1629
1 —04618 00156 0.1614 —0.4204
Ay =| 03328 0.1769 —0.0306 —0.0709 0.1766
~0.0634 0.0453 00142 0.0136 —0.0298
| —0.0398 0.0080 0.0021 0.0145 —0.0199 |

Table 5.37: Comparison by Itakura’s LPC distance measures of the 2-D lattice filters

in Example 3.

Filter Type Distance
ALy 0.0021
At 0.0023
At 0.0149
Ay -0.0722
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Figure 5.107: (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of A(Q“I’i),
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Figure 5.108: The stability test of the first-quadrant QP, A(Q41’,41) in Example 3.

5.4 Example 4: AR Data Field with the (3,3)th order

In this example, we used the AR data field with the (3,3)th order stage with the size
75 — by — 75 is generated with Gaussian white noise N(u = 0,62 = 1) by using the

following coefficient matrix defined as

1 -01 01 -0.1

44) _ -0.1 0.1 -0.1 0.1
Aorg 0.1 -0.1 0.1 -0.1 (543)

-0.1 0.1 -0.1 0.1

We will model this 2-D AR data field by using the proposed method and generate
the QP, ASHP and NC half-plane lattice filters. We will calculate their spectrum

estimations. We will compare the results with the other methods outcome by

calculating the Itakura’s distance measure.
The magnitude and contour plots of the original spectrum are shown in Figure 5.109.
The results of the stability test are shown in Figure 5.110.

This AR data field coefficient matrix has already been used in the study [41]. We will
just apply the proposed method and compare the results with the ones found in the

study [41]. Here, we will generate the all possible filters from the vertical PEFs of the
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Figure 5.109: (a) Amplitude; () Contour plots of the original spectrum of A’ in
Example 4.
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Figure 5.110: The stability test of the original filter in Example 4.

PSR S,(fl’z) and in addition, we will produce the all possible filters from the horizontal
PEFs of the PSR S,(Czl’S), as well. All Itakura’s LPC distance measures of the obtained
filters will be calculated. As a last one, we will compare the results found in the

study [41] with our results.

First, by applying our proposed method, we obtain the coefficient matrices of the
first-quadrant QP, type-1 ASHP, type-2 ASHP, and NC half-plane, namely, ABY

op >
A%z)ﬁ . A%Z)PZ . and A](\?gz), respectively, from the auxiliary vertical PEFs of the PSR

51(631,2). The coefficient matrices of the filters obtained for the (3,3)th order stage are
shown in Table 5.38 and their amplitudes and equal magnitude contours are illustrated

in Figure 5.111.
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Figure 5.111: (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of Appr s

(3,3)

A/(Eg’il)l,l » AS?’ZI)PM’ and Aﬁéi), respectively, obtained from the PSTR
S,(fl’z) in Example 4.
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Table 5.38: Coefficient Matrices of the filters from the vertical PEFs of the PSR § el

in Example 4.

(3,2)

Coefficient Matrices

1 —0.0928 0.0973 —0.0850
AB3) _ —0.1005 0.1074 —0.0969 0.1062
o | —0.0923 —0.1126 0.0891 —0.0954
—0.0862 0.1059 —0.1026 0.0923
0 0.0028 —0.0148 0.0009
AB3) 1 —0.0709 0.0847 —0.0811
ASHPi2 | —0.0748 0.0888 —0.0868 0.1043
0.0678 —0.0964 0.0775 —0.0895
[ —0.0904 0.0125 —0.0234 0.0094 |
AB3) 1 —0.0835 0.0940 —0.0911
ASHPyp — 0 0.0960 —0.0885 0.1063
0 —0.0960 0.0753 —0.0840
—0.1034 0.0124 —0.0247 0.0097
AG4) _ 1 —0.0813 0.0938 —0.0912
NG | —0.0836 0.0995 —0.0951 0.1131
0.0760 —0.1063 0.0873 —0.0981

Table 5.39: Comparison by Itakura’s LPC distance measures of the 2-D lattice filters

obtained from the vertical PEFs of the PSR Sl(<3l72) in Example 4.
Filter Type Distance
ALy 0.00020
Al 0.0138
(33)
Axsup, , 0.0149
AR 0.0100

(3,3)

The stability test results of AQ pi are shown in Figure 5.112.

Itakura’s LPC distance measures of the (3,3)th order stage filters obtained from the

(3,2)

vertical PEFs of the PSR §;”; are given in Table 5.39.

Now, it is turn to obtain the coefficient matrices of the first-quadrant QP, type-1

ASHP, type-2 ASHP, and NC half-plane, namely, B, Bisp . Bisnp, .. and By,

respectively, from the auxiliary horizontal PEFs of the PSR S,(C.zf). The coefficient
matrices of the filters obtained for the (3,3)th order stage are shown in Table 5.40 and
their amplitudes and equal magnitude contours are illustrated in Figure 5.113.

(3,3)

The stability test results of B,py are shown in Figure 5.114.
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Figure 5.112: The stability test of the first-quadrant QP, AS’;,? in Example 3.

Table 5.40: Coefficient Matrices of
S,(sz) in Example 4.

the filters from the horizontal PEFs of the PSR

Coefficient Matrices

1 —0.0908 0.0988 —0.0837
p3:3) _ —0.1018 0.1072 —0.0971 0.1063
o~ | 0.0938 —0.1120 0.0893 —0.0955
—0.0869 0.1055 —0.1025 0.0923
0 1 —0.0662 0.0748
g3 _ 0.0026 —0.0809 0.0886 —0.0796
ASHPi2 — | 0.0087 0.0806 —0.1002 0.0795
—0.0093 —0.0815 0.0976 —0.0980
[ —0.0802 1 0 0 |
g3 _ 0.0097 —0.0905 0.0933 —0.0780
ASHP» | 0.0005  0.0922 —0.1040 0.0749
—0.0023 —-0.0901 0.1012 —0.0920
—0.0934 1 —0.0749  0.0820
p44 _ 0.0120  —0.0903 0.0969 —0.0889
NG | —0.00017 0.0904 —0.1076 0.0877
—0.0011 —0.0907 0.1064 —0.1057
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Figure 5.114: The stability test of the first-quadrant QP, B(Qg’l’i) in Example 4.

Table 5.41: Comparison by Itakura’s LPC distance measures of the 2-D lattice filters

obtained from the horizontal PEFs of the PSR §

Filter Type

33
Bop!
fREx)

ASHP »
(33)

BASHPZQ
(3,3)

BNC2

,g?l’3) in Example 4.
Distance
0.00022
0.0138
0.0149
0.0099

Itakura’s LPC distance measures of the (3,3)th order stage filters obtained from the

horizontal PEFs of the PSR S,(czﬁ) are given in Table 5.41.

If we compare the obtained filters from vertical and horizontal PEFs and the values

of Itakura’s LPC distance measures, we can see that the first-quadrant QP filter is the

best for this example. A visual comparison of the similarity between magnitude and

contour plots of the original and estimated spectra of the first-quadrant QP filters are

very close to original one and they have the lowest Itakura’s LPC distance measure

value. It can be seen that the contours of the magnitude plot of the spectrum of the

proposed model clearly demonstrate of the locations and the shapes of all peaks and

the other characteristics of the original spectrum. In addition, the estimated QP filters

are also stable.
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Table 5.42: Comparison by Itakura’s LPC distance measures of (3,3)th order stage
filters in Example 4.

Algorithm Itakura’s LPC Distance
Three-Parameter Lattice Filter [17] 0.0193
Six-Parameter Lattice Filter [69] 0.0404
Improved Lattice Filter [35] 0.0088
Solution of the Normal Equation [4] 0.0011
Two-Dimensional Schur Algorithm [41] 0.00088
Proposed Lattice Filter (A(Q3f’,31)) 0.00020
Proposed Lattice Filter (B(Q‘E) ) 0.00022

Moreover, if we can compare the result of the first-quadrant QP filters obtained by
using the proposed method with the ones given in the study [41], it is clearly seen that
our results are the superior. The results found in the study [41] and calculated by using

the proposed method are demonstrated in Table 5.42.
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5.5 Example 5: Finding Real Sinusoidal Peaks

In this example, the 2-D data are obtained by sampling two sinusoids buried in white
Gaussian noise with variance 6> = 1. The AR coefficients of this 2-D data field
consisting sinusoids in noise are predicted with the proposed lattice filter and spectra
are obtained as explained in Appendix 5. First classical method which is FFT based
transform, second the power spectral density of the first-quadrant QP filter, and last the
harmonic mean estimate of all QP and non-causal half-plane filters are computed and

demonstrated.

Two sinusoids in different quadrants buried in noise are generated with the following

equation
y(k,1) = ajcos(—0.3w1k+0.3m1) +azcos(0. 10k +0.2w0) +w(k,l)  (5.44)

where w(k,[) is Gaussian white noise with zero mean and 2 = 1. Signal-to-noise
ratio will be computed wit the following equation

2 2
i=1%
o

SNR = (5.45)

where 62 is the noise power.

In order to show the usefulness our proposed method, first we will use it on a 65 —
by — 65 populated 2-D data. Secondly, we will use the short data of size 13 x 13 to find
the sinusoidal peaks, and lastly we will use the data of size 7 x 7 to show the effect of

SNR.

5.5.1 Data field of size 65 x 65 consisting of two 2-D sinusoids in noise

In this simulation example, the amplitudes of all signals are equal to a; = a; = 0.75,

an SNR is 0.5115 dB.

We know that classical method gives good results with the large dimensional data.

Here, we will show the proposed method also gives good result.

The amplitude of the classical FFT based estimation and equal magnitude contours of

the generated data by using the equation (5.44) are illustrated in Figure 5.115.
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Figure 5.115: (a) Amplitude; (b) Contour plots of the original spectrum of two
sinusoids buried with Gaussian noise N(u = 0,62 = 1) in Example 5.

Table 5.43: Coefficient Matrices of the first-quadrant QP filters for two sinusoids
buried with white noise in Example 5.

PSR Coefficient Matrices
I —0.0354 0.2340
sV | ASE =] 00715 —0.1174 0.1884
0.0831  0.1370 0.0145
[ —0.0179 0.1523 0.0014
§62) | 463 _ | —0.0491 —0.0375 0.1232 0.0895
X op, 0.0757  0.0898 0.0296 0.0014
—0.0693 0.1846 0.0541 0.1460
I 00181 0.1281 —0.0074 —0.0366
(33 | 4G4 _ | —0.0499 —0.0390 0.1031 00853 —0.1196
ki on T | 00661 0.0711 0.0251 0.0081  0.0021
—0.0735 0.1659 0.0480 —0.1231 —0.0649
[ 1 —00146 0.1220 —0.0115 0.0402 |
~0.0388 —0.0286 0.0904 0.0701 —0.1065
S| AS =1 00709 00658 0.0204 0.00026  0.0021
—0.0659 0.1529 0.0387 —0.1153 —0.0586
0.0491 —0.0021 0.0260 —0.0442 —0.0890

We applied the proposed method on this data field and in order to demonstrate the

improvement, we calculated the first-quadrant QP filters and harmonic mean estimates

(4.3)

of the PSR S,Ezl’l), 51(6.31,2)’ S,(ff), and S, ;. Table 5.43 shows the coefficient matrices of

the first-quadrant QP filters of the PSRs. The amplitudes and equal magnitude contours
are illustrated in Figure 5.116. All of these QP filters are stable.

(2,1)

The harmonic mean estimates for the PSR S (3,2)

(3,3)
> Sk

43)
Sl A

and S/(< are shown in

Figure 5.117. Itis seen that very good results are obtained in the higher orders. Indeed,

(9.4)
kI

if we increase the order, for example PSR S,((6l’4) and S, /, we can see the accuracy is

getting better as shown in Figure 5.118.
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Figure 5.116: (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of A(Qzl’,zl),

A(QS;,SI), A(QSI’,41) , and A(Q41’,41), respectively, in Example 5.
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Figure 5.117: Spectral estimates of a data of size 65 x 65 consisting of two 2-D
sinusoids in noise with frequencies (fi,f,) = (—0.3,0.3),(0.2,0.1):
(a,b), (c,d), (e, f), and (g,h) Harmonic mean estimates for the PSR
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Harmonic mean estimate of the 24 2-D filters Equal magnitude contours of Fig. (a)
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Figure 5.118: (a,c) Amplitude; (b,d) Contour plots of the harmonic mean estimates

of the PSR S,((6l74), and S,£91’4), respectively, in Example 5.

In addition, it is observed that some ASHP filters obtained by using the proposed
method give better results than QP filters. Amplitudes and equal magnitude contours

of one of QP and ASHP filters are shown in Figure 5.119.

5.5.2 Data field of size 13 x 13 consisting of two 2-D sinusoids in noise

In this simulation example, the amplitudes of all signals are equal to a; = a, = 0.75,
an SNR is 0.5115 dB. Here, we will show that the proposed method gives a good result

in short data of size 13 x 13, as well.

The amplitude of the classical FFT based estimation and equal magnitude contours of
the generated data by using the equation (5.44) are illustrated in Figure 5.120.

The harmonic mean estimates of the rectangular PSR S,(Czl’ D , S,(fl’z) , Sl(<41’3)’ and S,({6l’4> are

calculated by applying the proposed method. The spectral estimates of them are shown
in Figure 5.121. It is seen that very good result is obtained in the higher order although
the data size is small. In the short data size cases, the QP, ASHP, and NC half-plane

filters obtained in the higher order by using the proposed method may not reflect the

281



Amplitude of Ag‘,ﬁ) Contour of Ag"m)

(a) (b)
30
(© (@)
Figure 5.119: (a,c) Amplitude; (b,d) Contour plots of the QP A(Q6;)51) and the ASHP

filters A% of the PSR § (6’4), respectively, in Example 5.
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Figure 5.120: (a) Amplitude; (b) Contour plots of the original spectrum of two
sinusoids buried with Gaussian noise N(u = 0,62 = 1) in Example 5.
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correct amplitude and equal magnitude contours when comparing them visually. But
they still have the information in and the harmonic mean estimations of them give the

accurate results to us.

In order to give a notion, amplitudes and equal magnitude contours of the first-quadrant
QP filters of the rectangular PSR S,EZI’I), S,(fl’z) , S,((4l’3), and the type-1 ASHP filter at Sth

vertical PEF of the rectangular PSR S,((6l’4) are shown in Figure 5.122.

5.5.3 Data field of size 7 x 7 consisting of two 2-D sinusoids in noise

In this simulation example, we will increase the SNR by changing the amplitudes of
the sinusoids given in the equation (5.44). In case of low data size, the increase of SNR
yields a better result. We will generate different data fields of size 7 x 7 by changing

the amplitudes of the sinusoids given in the equation (5.44).

The amplitude of the classical FFT based estimation and its equal magnitude contours
of each generated data having the different SNR 0.5115 dB, 3.0103 dB, 6.0206 dB
by using the equation (5.44) are illustrated in Figure 5.123, 5.124, and 5.125. The
amplitudes of the sinusoids are defined as a; =a; =0.75,a; =a; =1,and a; = ap =
\/E for the SNR 0.5115 dB, 3.0103 dB, and 6.0206 dB, respectively.

(2,1)

The harmonic mean estimates of the rectangular PSR § k_zl’] are calculated by applying
the proposed method. The spectral estimates of them are shown in Figure 5.126. As
seen that even the SNR near zero, the proposed method gives a good result with respect

to the classical FFT based method.

5.5.4 Discussion of example 5

In the first simulation of Example 5, we showed the proposed method found the
sinusoidal peaks in the data of big size correctly as Fourier transform did. It is known
that Fourier transform can be used to locate the sinusoidal peaks in the data of big size.
Figure 5.115 shows the amplitude and equal magnitude contours of the classical 2-D

FFT-based estimates and one can easily see the peaks clearly.

We applied the proposed method and generated QP, ASHP and NC model 2-D filters.
QP filter started to locate the peaks clearly at (3, 3)th order as given in Figure 5.116. In

the higher orders, the lobes was getting narrower, and we observed that the ASHP 2-D
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Figure 5.121: Spectral estimates of a data of size 13 x 13 consisting of two 2-D
sinusoids in noise with frequencies (fi,f,) = (—0.3,0.3),(0.2,0.1):
(a,b), (c,d), (e,f), and (g,h) Harmonic mean estimates for the
rectangular PSR S, §;/7, S, 77, and §; |, respectively, in Example
5.
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Figure 5.123: (a) Amplitude; (b) Contour plots of the original spectrum of two
sinusoids buried with Gaussian noise N(u = 0,62 = 1) with SNR =

0.5115 dB, in Example 5.
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Figure 5.124: (a) Amplitude; (b) Contour plots of the original spectrum of two
sinusoids buried with Gaussian noise N(u = 0,62 = 1) with SNR =
3.0103 dB, in Example 5.
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Figure 5.125: (a) Amplitude; (b) Contour plots of the original spectrum of two
sinusoids buried with Gaussian noise N(u = 0,62 = 1) with SNR =
6.0206 dB, in Example 5.
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Figure 5.126: Spectral estimates of three different data with the SNR 0.5115 dB,
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lattice filter gave better results as demonstrated in Figure 5.119. However, geometric
shape of the spectrum was not satisfied. In order to improve the spectrum geometry
and estimation accuracy, we combined all possible obtained QP and NC half-plane 2-D
filter models by computing their harmonic mean [58]. In Figures 5.117(a) — 5.117(h),

we demonstrated the harmonic mean estimates of the PSR S,Ezl’l), S,(fl’z), S,(<3l’3), and

543

v > respectively. It was seen that the resolution capacities of the resulting 2-D filters

were getting better as long as the order increased. Indeed, at the higher order, we got
the result which was very close to Fourier transform. Figure 5.118(a,b)-5.118(c,d)

demonstrates the harmonic mean estimates for the PSR S,(€6l’4) and S,E91’4). The result of

9.4)
N

the PSR S,(( was the best.

In the second simulation of Example 5, we used the data of size 13 x 13 with same
SNR as the first simulation. Figure 5.120 shows the amplitude and equal magnitude
contours of the classical 2-D FFT-based estimates of the 13 x 13 size data generated.
Here, 4 lopes are seen clearly but lopes a bit wider than the ones we demonstrated in
the first simulation and there are more side lopes as well. We applied the proposed
method and computed the harmonic mean estimates of different order lattice stages
shown in Figure 5.121. As the first simulation, at the higher order lattice filters, we got

the best results.

In the third simulation of Example 5, we used the data of size 7 x 7 and we generated
data field with the different SNR values. Figures 5.123, 5.124, and 5.125 show the
amplitude and equal magnitude contours of the classical FFT-based estimates of the
generated data with the SNR 0.5115 dB, 3.0103 dB, and 6.0206 dB, respectively. As

seen that the higher SNR uses the better 2-D FFT-based estimates get.

Although the lobes are not seen clearly in 2-D FFT estimates of the data generated with
the SNR 0.5115 dB, the proposed method is capable of locating the peaks as shown in
Figures 5.126(a)-5.126(b).

FFT-based estimates of the generated data with the SNR 3.0103 4B have more side
lobes. Harmonic mean estimates computed for this data give more accurate result

without side lobes as illustrated in Figures 5.126(c)-5.126(d).
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Moreover, when applying the proposed method and calculating the harmonic mean
estimates of the last generated data with the SNR 6.0206 dB, we found better result
than the FFT-based estimates as demonstrated in Figures 5.126(a)-5.126(b).

5.6 Example 6: Finding Complex Sinusoidal Peaks

In this example the 2-D data field has been generated as the sum of 2-D complex
sinusoids corrupted by additive complex Gaussian noise. It is considered the
data file of size 11 x 11 consisting of two sinusoids with frequencies (f1,f2) =
(0.1,0.25),(0.16,0.25). The complex sinusoids all have equal amplitude a; = a; = 0.8
and the SNR is 1.0721 dB. We will locate these sinusoids by using the proposed

method.

Two 2-D complex sinusoids at the first-quadrant buried in 2-D complex Gaussian noise

are generated with the following equation

Y1) = arexp(=j* (1= 1)fi(1) x @1 )exp(—j(k = 1) f2(1) @)

+ajexp(—j(l = 1)fi(2)or)exp(—j(k—1)f2(2) @) + w(k, ) (5.46)
where w(k, 1) is 2-D complex Gaussian white noise with zero mean and 62 = 1.

The amplitude of the classical FFT based estimation and equal magnitude contours of
the generated data are illustrated in Figures 5.127(a) and 5.127(b), respectively, and
the spectra of the harmonic mean estimates of three different order lattice stages are

shown in Figures 5.127(¢)-5.127(h).

In Figures 5.127(a) and 5.127(b), the amplitude and equal magnitude contours of the
classical 2-D FFT-based estimates, respectively. Only one lobe is clearly seen. The
image has poor resolution. This is an expected result with Fourier transform for limited
data case. Figures 5.127(c¢)-5.127(h) show the spectra of the harmonic mean estimates
of three different order stages. The lowest order model with 6 observation points in
the PSR S,(:l’z) produces only 2 NC half-plane 2-D lattice filters along with the usual
8 QP filters. At this order, the 2-D lattice filters fail to estimate the locations of the
sinusoids as illustrated in Figures 5.127(c) and 5.127(d). When the order of the 2-D
auxiliary lattice filters is increased, we can obtain more NC half-plane models for the
computation of the harmonic mean spectral estimation. In addition, the order increase

will enhance the resolution capacities of lattice filters as seen in the Example 5. Indeed,
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Figure 5.127: Spectral estimates of a data of size 11 x 11 consisting of
two 2-D complex sinusoids in noise with frequencies (fi,f>)
(0.1,0.25),(0.16,0.25): (a,b) Classical FFT-based estimate; (c,d),

(e, f), and (g,h) Harmonic mean estimates for the rectangular PSR

(1.2) (4.6
Sed Sk

(2

, and S,(flj), respectively, in Example 6.
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Figure 5.128: Spectral estimates of a data of size 11 x 11 consisting of
two 2-D complex sinusoids in noise with frequencies (fi,f2) =
(0.1,0.25),(0.16,0.25):  (a,b) Harmonic mean estimates for the

rectangular PSR S,E%n , in Example 6.

the higher order 2-D lattice filters with the PSR S,(jl’@ having 35 points can be used to
construct 16 NC model 2-D filters. The spectra of the harmonic mean estimate for S,(jl’@
is shown in Figures 5.127(e) and 5.127(f). It is seen that the one lobe is starting to
bifurcate and the frequency locations of the sinusoids are coming into focus. We know
that if we carry on increasing the number of lattice stages, the resolution capacities
of the resulting 2-D lattice filters will be improved in the parallel manner. For this

example, the spectrum of the harmonic mean estimate of the PSR S,(<41"7)

gives a good
result and two complex sinusoids are clearly recovered as shown in Figures 5.127(g)
and 5.127(h). However, the spectrum of the harmonic mean estimate for the PSR S,(flj)
leads the best result and two complex sinusoids are also clearly seen and the side lobes

diminished as shown in Figures 5.128(a) and 5.128(b).
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5.7 Example 7: Finding Complex Sinusoidal Peaks

In this example, the 2-D data field has been generated as the sum of 2-D
complex sinusoids corrupted by additive complex Gaussian noise as it has been
done in Example 6. It is considered the data file of size 13 x 13 consisting of
eight sinusoids with frequencies (f1,f>) = (0.22,0.26),(0.28,0.20), (—0.25,0.10),
(0.27,0.16), (0.19,—0.39), (0.14,—0.32), (0.09,—0.22), and (0.03,—0.16). The
complex sinusoids all have equal amplitude a; = 0.8 for i = 1,---,8 and the SNR

1s 7.00927 dB. These sinusoids will be located by using the proposed method.

Eight 2-D complex sinusoids at the first-quadrant buried in 2-D complex Gaussian

noise are generated with the following equation
8
y(k,1) = Y aiexp(—j(I = 1) fi(D)@r)exp(—j(k— 1) (i) an) +w(k,[)  (5.47)
i=1

where w(k, 1) is 2-D complex Gaussian white noise with zero mean and 62 = 1.

The amplitude of the classical FFT based estimation and equal magnitude contours of
the generated data are illustrated in Figures 5.129(a) and 5.129(D), respectively, and
the spectra of the harmonic mean estimate of three different order lattice stages are

shown in Figures 5.129(¢)-5.129(h).

The amplitude and equal magnitude contours of the classical 2-D FFT-based estimates
are shown in Figures 5.129(a) and 5.129(b), respectively. The FFT spectrum has poor
resolution and has only nine lobes. Figures 5.129(c¢)-5.129(h) and 5.129(a)-5.129(f)
show the spectra of the harmonic mean estimates of six different order stages. At the
lowest order model with 8 observation points in the PSR S,(jl’l), the 2-D lattice filters
fail to estimate the locations of the sinusoids as illustrated in Figures 5.129(c) and
5.129(d). When the order of the 2-D lattice filters is increased, the lattice filters start to
estimate the locations of the sinusoids. As it is seen in Figures 5.129(e) and 5.129(f),
the spectral peaks in the second-quadrant are getting estimated but rest of the spectral
peaks in the first- and fourth-quadrant are not resolved yet. Just one unit increase of the
number of lattice stage, we get better solution as seen in Figures 5.129(g) and 5.129(h).

More or less, eight spectral peaks are resolved. If we carry on increasing the number

of lattice stages, the resolution capacities of the resulting 2-D lattice filters will be
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Figure 5.129: Spectral estimates of a data of size 13 x 13 consisting of

eight 2-D complex sinusoids in noise with frequencies (fi,f2) =
(0.22,0.26),(0.28,0.20), (—0.25,0.10), (0.27,0.16), (0.19,—0.39),
(0.14,—-0.32), (0.09,—0.22), and (0.03,—0.16): (a,b) Classical
FFT-based estimate; (c,d), (e, f), and (g,h) Harmonic mean estimates
for the rectangular PSR S,(fl’] ) , S,Eél’3) ,and S,(fl’zl) , respectively, in Example
7.
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improved in the parallel manner as seen in Figures 5.130(a)-5.130(f). The spectra of
the harmonic mean estimate for the PSR S,(<_91’4) yields the best result and eight complex

sinusoids are clearly recovered as shown in Figures 5.130(e) and 5.130(f).

Consequently, although FFT spectra has poor resolution, the frequency spectrum of
the harmonic mean of our 2-D lattice filters estimates all eight spectral peaks at their
actual locations with high accuracy as displayed in Figures 5.130(e) and 5.130(f).
The proposed auxiliary forward/backward prediction error filters have 50 observation
points in the PSR S,(C?IA) and we have employed 8 QP and 22 noncausal half-plane 2-D

lattice filters for the harmonic mean estimate.
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Figure 5.130: Continued of Figure 5.129: (a,b), (c,d), and (e, f) Harmonic mean

estimates for the rectangular PSR S,(fl’ in Example 7.
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Amplitude of ARMA Simulation 1 Contour of ARMA Simulation 1

(a) (b)
Figure 5.131: (a) Amplitude; (b) Contour plots of the original spectrum of the first
ARMA simulation in Example 8.

5.8 Example 8: ARMA 2-D Models Simulations

In this example, three different ARMA 2-D models will be considered. In order to
model 2-D ARMA data field by using the proposed 2-D AR lattice structures, the 2-D
ARMA data will be generated and the proposed method will be applied on it. The
ARMA spectrum of each generated 2-D data will be compared with the ones obtained

by using the proposed method. The ARMA model is defined as,

A(z1,22)

H(Z17Z2) = B(Zl ZQ)'

(5.48)

5.8.1 ARMA 2-D models simulation 1

In this simulation a stable ARMA model generated by using the following coefficient

matrices of A(z1,22) and B(z;,22) defined as

A = { 025 03 } (549)
and

B = { B } , (5.50)
respectively.

The amplitudes and equal magnitude contours are given in Figures 5.131(a)-5.131(b).

After applied the proposed method for the rectangular PSR S,(Cll’o)

, the amplitudes and
equal magnitude contours of the obtained vertical QP filters are shown in Figures
5.132(a)-5.132(b).

296



(L1)
Contour of AQP]

i a1
Amplitude of Ay

w2
o

-

(a) (b)

’ (1,1) (CEN)
Amplitude of Agpa Contour of Asz

() (d)
Figure 5.132: (a,c) Amplitude; (b,d) Contour plots of the spectrum of the A(Qllgll) and

A(QII’,IZ) , respectively, in the first simulation of Example 8.
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Harmonic mean estimate of the vertical QP filters Equal magnitude contours of the vertical QP filters

(a) (b)

Figure 5.133: (a) Amplitude; (b) Contour plots of the Harmonic mean estimates of
the QP filters AS;,II) and Agi,lz) obtained from the vertical PEFs, in the
first simulation of Example 8.

The coefficient matrices of the vertical QP filters, A(Qljall) and A(Ql[’,lz) are computed as

1,1) 1 —0.3205

( —

Agpi = {—0.4279 —0.2259]’ (5.51)
and

L1y —0.5734  0.2790

Agpr = { 1 —0.4226 |’ (5.52)
respectively.

The appearances of the QP filters obtained from the vertical PEFs are not exactly
the similar to the original one but if we calculate the harmonic mean of these first-
and second-quadrant QP filters, we obtain very sufficient results. The location of the
peak and its contours are very similar to the original one as demonstrated in Figures

5.133(a)-5.133(b).

5.8.2 ARMA 2-D models simulation 2

In this simulation another stable ARMA model generated by using the following

coefficient matrices of A(z;,z2) and B(z1,z;) defined as

1 015 0.09
A2 = | 01 -0.1 0.05 (5.53)
~0.05 0.13 0.075

and

1 02 023
B%®? =1 0.15 0.18 0.16 |, (5.54)
0.17 0.24 0.21
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Figure 5.134: (a) Amplitude; (b) Contour plots of the original spectrum of the second
ARMA simulation in Example 8.

respectively.

The amplitudes and equal magnitude contours are given in Figures 5.134(a)-5.134(b).

After applied the proposed method for the rectangular PSR S](fl’z), the amplitudes

and equal magnitude contours of the obtained firs-quadrant QP filters obtained from
vertical and horizontal PEFs are shown in Figures 5.135(a)-5.135(D).

The coefficient matrices of the QP filters, A(Q41’,31) and B(QSI’,ZI) are computed as

1 00539 0.1167 —0.0030
0.0654 0.2819  0.0725  0.0062

Agy) = | 02127 00759  0.1469 —0.0757 |, (5.55)
0.0043 0.0019 —0.0485 0.0112
0.0179 —0.0380 0.0078 —0.0373

and
[ 1 0.0597  0.1170 |
0.0678  0.2818  0.0895
(52) 0.2146  0.0880  0.1511
Bopi = 0.0033  0.0029 —0.0367 |’ (5.56)
0.0198 —0.0314 0.0128
| —0.0093 —0.0047 0.0097 |
respectively.

The appearances of the first-quadrant filters are very close to the original one. The

location of the peaks and their contours are quite similar.
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Figure 5.135: (a,c) Amplitude; (b,d) Contour plots of the spectrum of the A(Q41’,31) and

BS;,ZI), respectively, in the second simulation of Example 8.
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Amplitude of ARMA Simulation 3 Contour of ARMA Simulation 3

(@) (b)
Figure 5.136: (a) Amplitude; (») Contour plots of the original spectrum of the third
ARMA simulation in Example 8.

5.8.3 ARMA 2-D models simulation 3

In this simulation, we tried to model a stable circular symmetric filter generated by

using the following coefficient matrices of A(z1,z») and B(z1,z2) defined as

1 —1.494467 0.986784 —0.330467 0.041826
—1.239595 1.475852 —0.703064 0.136813 0

AZ2) — | 0.652381 —0.537711 0.131311 0 0 (5.57)
—0.172892  0.075504 0 0 0
0.018507 0 0 0 0

and

1 2.851480  4.708566 0.020212 —0.886100

3.963252  3.987310 —4.625246 4.268581 0

B2 — | 5992568 —6.055965 12.42206 0 0 (5.58)
2721233 4.374989 0 0 0
—0.995091 0 0 0 0

respectively.

The amplitudes and equal magnitude contours are given in Figures 5.136(a)-5.134(b).

After applied the proposed method for the rectangular PSR S,(ff) , the amplitudes and

equal magnitude contours of the QP filters obtained from vertical and horizontal PEFs

are shown in Figures 5.137(a)-5.137(h).

The appearances of the QP filters are not close to the original one as seen in Figures
5.137(a)-5.137(h). However, if we calculate the harmonic mean of these first- and

second-quadrant QP filters, the results are getting good. The location of the peak
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Figure 5.137: (a,c,e,g) Amplitude; (b,d, f,h) Contour plots of the spectrum of the

QP filters A(QS;;;), A(QSI’;;), B(Q61’,31), and B(Qé;%), respectively, in the third

simulation of Example 8.
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Figure 5.138: (a,c) Amplitude; (b,d) Contour plots of the Harmonic mean estimates
of the QP filters obtained from the vertical and horizontal PEFs,

respectively, in the third simulation of Example 8.

and its contours are quite similar to the original one as demonstrated in Figures

5.138(a)-5.138(d).

5.8.4 Discussion of example 8

Here, we produced the 2-D data using an ARMA 2-D model and applied the proposed
method. In other words, we tried to mode this generated 2-D data by using a 2-D AR

lattice model.

It is seen that at some stage orders, we are able to obtain very similar results. Moreover,
by getting harmonic mean of the obtained filters we are also able to get quite similar
results. These results lead that it is possible to model a 2-D ARMA model by using a
2-D AR model. It can be done either to get only any obtained 2-D filter, for example
to get one of QP filter, or any combination of the obtained 2-D filters, for example to

use first- and second-quadrant QP filters by cascading.
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It is also possible to design 2-D IIR filter by using the proposed method. To model 2-D
ARMA by 2-D AR and 2-D IIR filter design issues will be elaborated in a different

study since there is need to do some further investigations on this subject.

5.9 Discussion of Examples

Examples from 1 to 4 show that coefficient matrix can be very closely estimated and
high resolution characteristic of the model in the frequency domain are obtained. In
addition, the all QP model filters are found stable. Example 1 also shows augmentation

direction is not important to reach the desired stage order PSR.

In the Example 5, the proposed method is applied to find the sinusoids buried in white

noise. Low SNR and small data size give the good results

In the Example 6 and 7, the proposed method is applied to find the peaks in the 2-D data
field generated as the sum of 2-D complex sinusoids corrupted by additive complex
Gaussian noise. The results show that for short data records and low SNR, the new
method which depends on harmonic mean estimate has a better performance than the

classical FFT-base estimate.

In Example 8, we have seen that we are able to obtain very similar spectrum results if
we applied the proposed method on a 2-D ARMA model. The results lead that it can
be possible to model a 2-D ARMA filter by using the proposed 2-D AR structure by

using either one of QP filter or any combination of the obtained filters.
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6. GENERAL ORTHOGONAL 2-D BASES VECTORS AND ENTROPY
RELATIONS OF 2-D LATTICE FILTERS

In the first part of this chapter, the orthogonality feature of the proposed 2-D lattice
filter structure will be analyzed and then in the second part of the chapter, the
information loss between the input vector and the backward prediction error vector
constituted from the 2-D lattice filter is investigated by extending the method given

in [34].

6.1 General Orthogonal 2-D Bases Vectors

In this section, we will show that the information content of the PSR in Figure 2.10
can be equivalently represented in terms of the orthogonal 2-D bases realization
vectors by using the backward auxiliary vertical and horizontal PEFs. In Section
2.3, it is explained that the PSR S,(fl?q) can be obtained by augmenting the PSR

S,g’;_l’q_l) first horizontally and then vertically as shown in Figure 2.7. Therefore, the

rectangular shaped PSR S(p La=1)

, for p < g can be decomposed into shifted vertical
and horizontal 1-D subspaces depending upon the ordering arrangements as illustrated

in Figure 6.1. It can be expressed as

p . ) q
s = SO L (0 s )+ X st e
i= J=p+

The proposed general 2-D AR lattice structure generates the mutually orthogonal

realization subspaces spanned by vertical and horizontal auxiliary backward PEFs,
~(mn) S (m,n) kI):1<j< 6.2
)~ Span{&" (k1< j<nl, (6.2)
and

R,(:;’n) = Span{ o )(k 1);1<i< m}, (6.3)

respectively. This yields

(pg) 00 ii—1) p—1,i)
SkJ _ —1,l— 1®Z< k—1,01— lEBEk 1l 1)69 ZIE —1,- 1 (6.4)
i=p+
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Figure 6.1: Decomposition of the rectangular PSR, S,(CPI’Q). Ordering arrangements

of the PSR, S,((p/q) , for p < ¢, and corresponding mutually orthogonal
backward horizontal and vertical auxiliary PEFs.

where @ is used to indicate a direct sum, which means that each vector in S(p ) may be

k,l
written uniquely as the sum of vectors in the subspaces £ ,E'?") and R,((";’n). The initial
subspaces are defined as

£(00)  _ 500)  _ ((00)

k—1,1-1 _Rk—l,l—l _Sk,l : (6'5)

Let us consider to order the observation points of the PSR S,(fl’q) in Fig. 6.1 for p < ¢,

by defining the input vector in terms of vertical and horizontal building observation

blocks

YI(C{)ZH) — Y(O’O) Yh(l,o) Y‘(,Ll)T o Y}(lp’p_l)T Yl(ipuD)T
vy Yo" | ' (6.6)
where
Y = [ yk—si—1) - yk—s1)]"
and



In order to transform the input vector defined in (6.6) into an auxiliary backward

prediction error vector
Bt = [ @000kn) ¢ kD e (k)
PP D" (k1) &P (k1) e tD (kD)

T
é(P»CI)T(k7 ) ] , (6.7)

we premultiply the input vector by a lower block-triangular matrix L(749) with 1s along

the main diagonal,

B9 (k,1) = LY. (6.8)
where
i 111 0, o7 OqT_1 OqT OgH i
G(()do) L 0; o 05—1 Og 0§+1
1,1 1,1
L(Pa) — G(()o : Ggo ) L o Oaxg) 0244 Oax(gt)
(ra1) @) ) lpa D '
Go{éq ) Gllgzq ) Gliq _ Ggqi)x(ql) (1,,) Orstary
pPq pq pq pP-q pq
Goo GIO G G(p—])x(q—l) pr(q—l) Ip+1(6 9_)

In (6.9), the Gl(f ) consist of the elements of the coefficient matrices calculated for
each backward PEF and O is zero matrices. Since all diagonal block matrices are equal

to the identity matrices with the appropriate order, i.e, GI(,’;’C’)

= 1,41, the determinant
of L{P4) equals to the unity. Hence, the matrix L(”9) is nonsingular. Moreover, there
is a one-to-one correspondence between the input vector Y,(fl’q) and the backward
prediction error vector ﬂ(p ) (k,1). Therefore, one may be obtained from the other
without loss of information if the lower triangular matrix L("4) is derived from the

lattice model parameters explained in Section 3.

The most interesting structural property of the proposed 2-D general lattice realization
is that the auxiliary backward vertical and horizontal prediction error vectors are
orthogonal to each other. In order to show this remarkable property, we form the
matrix product $K§,p DL(P9" where ERép 9 _ | [Y,((Z’q)Y,(C{;’q)H} is the block-symmetric
correlation matrix of the input vector defined in (6.6). SKg/p ’q)L(pﬂ)H will be a lower
triangular matrix since the normal equation is satisfied by each prediction error filter.

H

We then multiply 9(,(,’7 DP9 from the left by L(P4) to get L(P"I)ﬂig,p Dy
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Since L(79) is by definition lower block triangular, and L(”’q)%gf’ D P = SKEP @)
is hermitian, where sx};’ 4 is the correlation matrix of the backward prediction error

vector in (6.7)

méﬂ-ﬁ]) - E [ﬁ(P»Q) (k,l)ﬁ(p’q)H (k,l)]

= Block diag. [ 00 20 glpamD slpa) ] (6.10)
where Zém’ " E[ (m.n)g(m, ")H} and Z(m n) E[ glm.n) g(m, ”)H] are the minimized

backward vertical and horizontal prediction error vector covariance matrices.

Now, since L(P%) is clearly nonsingular, one can express the inverse of the input

correlation matrix as follows

gt(Yp,q)71 _ L(p,q)ngpvq)ilL(P:‘I). (6.11)

Using (6.11), it is possible to find the inverse of a large size, i.e pg-by-pg, input
correlation matrix EKE,P @) by only taking the inverses of the backward covariance
matrices with small sizes as shown in (6.10). Indeed, for p < g, their sizes start from
1-by-1 and go up to p-by-p. This is an expected result of the proposed 2-D lattice
orthogonalization scheme.

Of course, it is also possible to decompose the rectangular shaped PSR Sl(cpl’q)

, for
q < p into shifted vertical and horizontal 1-D subspaces depending on the ordering
arrangements as depicted in Figure 6.2. It can be defined as

(7) S Ol l
"= +Z( k=il +Skl l)+ lek e (6.12)
j=a+

The proposed general 2-D AR lattice structure generates the mutually orthogonal
realization subspaces spanned by vertical and horizontal auxiliary backward PEFs for
q < p, and it can be written as
(rg) _ g hi—1) q—1)
Sl = k111@2<k111@Ek111>@ ZRklll (6.13)
i=q+1
The observation points of the PSR S,((pl’q) in Figure 6.2 for g < p, can be ordered by

defining the input vector in terms of vertical and horizontal building observation blocks

Y](fl’q) — [Y(O’O) Yh(l,o) Y‘()I’I)T Y‘(}%q)T Yé‘ﬁLlﬂ)T
qu+2,q)T Do Yglpvq)T T_ (6.14)
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Figure 6.2: Decomposition of the rectangular PSR, S Ordering arrangements

of the PSR, S,(fl’q), for g < p, and corresponding mutually orthogonal
backward horizontal and vertical auxiliary PEFs.

In order to transform the input vector defined in (6.14) into an auxiliary backward

prediction error vector

Bt = [ @000kn) ¢ FONkD e (k)
8@ (k1) ¢ Fatla" (k1) 1§29 (k1)

T
#ra) (k. 1) ] . (6.15)

In addition, it is also possible to decompose the rectangular shaped PSR S,((pl’q), for

g < p into shifted horizontal and vertical 1-D subspaces as

(pg) _ 1,0)
Skf)lq = +Z< kll i +Sk zl>+ lek e (6.16)
j=q+
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In this case, the mutually orthogonal realization subspaces spanned by vertical and
horizontal auxiliary backward PEFs for ¢ < p, can be written as

(pa) _  p0.0) (i—1,i) .q—1)
s = lll@Z(klll@Rklll>€B Zle111 (6.17)
i=q+

6.2 Entropy Relations of 2-D Lattice Filters

In this section, the information loss between the input vector and the backward
prediction error vector in 2-D lattice filtering will be analyzed. The entropy calculation

method given in [34] will be adapted to the proposed 2-D lattice filter method.

It is known that, in 1-D lattice filtering case, the input vector y(n), consisting of
elements y(n),y(n—1),---,y(n— p) and the corresponding backward prediction error
vector b(n), consisting of elements 5 (n),b()(n),--- ,bP)(n) are probabilistically
equivalent. Both contain exactly the same amount of information and one can
be regained from the knowledge of the other [4]. Extension of this probabilistic
relationship between the input and the backward prediction error vectors has already
been presented in [34] for the 2-D case where the input and the backward prediction
error vectors are lexicographic ordered vectors. Here, this extension will be adapted
for the proposed 2-D lattice filter method and it will be shown how to calculate the
entropies of these two random vectors. Contrary to the 2-D methods introduced in [34],
it will be shown that the information loss is less even for the higher ordered filters for

the proposed method.

It is known that the increase in the number of error fields decreases the information
loss [34]. In our proposed 2-D lattice method, number of error fields increases after
each augmentation process. Hence, the proposed filter models approximate the input
entropy more closely.

The amount of information loss is calculated for Gaussian distributed data. To compute

the entropy of the 2-D lattice filter, lexicographic ordered input vector Y,(Cpl’q)

can be
defined as (6.6) according to the augmentation sequence. If the augmentation processes
are applied as shown in Figure 6.1, i.e, after initial first order stage, first horizontal,

then vertical augmentation and repeat this sequence until the desired stage order, we
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can write the input data as for p = ¢

7 (6.18)

where

YO = [ yk—s,0—1) - yk—s,0)]"

and
Y8 = [yk—si—n) - slki=n) ]

and if the augmentation processes are applied as first vertically, then horizontally and

repeat this sequence until the desired stage order, we can write the input data as for

P=4q

(6.19)

h i

A lexicographic ordered backward prediction error vector B(p @) (k,I) can also be
defined as input vector. But, for the proposed 2-D lattice filter, the backward error
predictions to be taken into account will be determined according to the augmentation
direction. For example, after the initial stage order, if we apply first horizontal and then

vertical augmentation and repeat this sequence, the backward error vector ﬁ(p @) (k1)
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will be defined as for p =g

B(PaQ) (k1) = |------ JD* . (6.20)

In this backward error vector, each partition of the vector ﬁ(p @) (k,1) consists of the

backward PEFs obtained at the corresponding stage order.

As explained in the study [34], the entropy, the information content, of a random input

vector Y,(Cpl’Q) is defined by [70]
Hy == [ pr(¥)Inlpy (V)ay (621)

where py(Y) is the joint probability density function of the input vector Y,(CPZ’Q). The
integral in the equation (6.21) is a multiple integral and the variables of the integration

is the individual elements of the input vector Y,(Cpfq). For the special case where the

real valued random vector Y,(fl’q) is Gaussian distributed, with zero mean and with

T
correlation matrix %gp 9 | [Y,(cpl’q)Y,(C{)l’q) } , its joint probability density function can

be written as

1

py(Y) = {(27r)Lydez[9rt(Y”’q)]}_j exp (—%Y<P74>T92(Y”’q)lY,({{’;")) (6.22)

where Ly denotes the number of elements of the vector Y]((pl’q) which is (p+1) x (¢ +
1). By substituting (6.22) into (6.21) and simplifying, the following result is obtained

for the entropy Hy of the input vector as
! (p.a) !
Hy = 3In (det[iKY ' ]) + 5Ly In(27e). (6.23)
Similarly the entropy Hp of the backward prediction error vector can be given as
1 (pa)y) 4 L
Hyp = In (det[s)tﬁ ]) +3LgIn(27e). (6.24)

where Lg is the number of elements of the vector BV (k,1).
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For this proposed 2-D lattice filter method, the support data can vary as a rectangular
function of the filter order and concurrently the number of the backward prediction

error vector increases after applying any vertical or horizontal augmentation.

So far, only the entropy calculations for the proposed method are studied. Now, it will
be explained the calculation of entropy by giving some examples. In the examples,
(k,1) of the PEFs will be omitted for convenience and it will be explained as if it is
applied on a real data. That means, the left upper corner is the beginning point of the

data.

6.2.1 Entropy calculation examples for the proposed 2-D lattice filter

As explained in Section 2.3.2, at the zero-th order state, the PSR S,E()l70) is empty set and

the backward PEFs are all equal to the given 2-D observation data:
a1y = #O0) = (k1) (6.25)

Hence, it is clearly seen that the entropies of the input data and the backward prediction
error at the zero-th order stage are exactly equal. The entropy of the input data is

calculated as
1 (0,0) 1
Hy = 5 In (det <9‘Y ' )) + ELY In (277:6) (6.26)

where R\ = E[y(k,[)y(k,1)*] and Ly = 1.

Similarly the entropy of the backward PEF is calculated as

1 1
Hg = 5In (der (R”) ) + 3L In (27e) (6.27)
where ERE;O’O) =E [égom (k,l)égo’o)*(k,l)] and Lg = 1. Since 9(1(,0’0) = 9‘%0’0) and Ly =

Lpg, the calculated entropies Hy and Hp are equal to each other.

In our methods, we have vertical and horizontal backward PEFs and therefore, it is
possible to calculate entropy by either vertical or horizontal backward PEFs. Here,
we will calculate the entropy separately for each direction but just only one will be
taken into account according to the augmentation direction. For example, at the initial
stage order, we have two backward PEFs, é(lo’l) and fgl’o), we will show the entropy

calculation for each vertical and horizontal backward PEFs. But for the next stage

order entropy calculations, just only one of them will be considered. In other words, the
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backward PEFs at the applied augmentation direction will be taken into the backward

prediction error vector.

At the initial stage order, only the samples y(k, /) and y(k,/ — 1) are spanned for making

a prediction of vertical error fields. That means the input data Y,(Col’]) is

1) _ | k1)
Yk,l = [y(k,l— 1) ] (6.28)

and Ly = 2. 935,0’1) is computed as

T
%Ry (0,0) iﬁy(o,n}
= . 6.29
[%(0, ) %y (0,0) (6.29)
(0.0)

Now, the backward prediction error vector consists of &, " from the zero-th order and

550,1) from the initial first order stage. Hereafter, (k,/) will be omitted for PEFs. The

backward prediction error vector 8 0.1) 4

0.1) _ 550’0)
BUY =1 "l (6.30)

%0 = £[pOVBON]

B
B égo,o)é(lo,o)* B égo,O)égo,n* o3
- E 5(1071)€~§070)* E égo,l)égOJ)* : *
To constitute the matrix L(P9) we need the coefficient matrices of ég0,0) and 5(10,1)_ The
coefficient matrices of égo,O) and égo’l) are EEOD) =[1]and EEO’I) = [ a(()%’l) 1 ],
respectively. The matrix L)) can be built up as follows:
1 0
LoD =1 (6.32)
g 1

As seen that the determinant of the matrix L(79) is equal to 1. Thus, we expect the

input and backward prediction error entropy will be equal to each other.
Similarly, for the horizontal PEFs, only the samples y(k,/) and y(k — 1,1) are spanned.

The input data Y,(Cll’o) is

(1,0) _
Yk,l - l y(k_ 1,[) :| (6.33)



and Ly = 2.

9{1(/1,0) is computed as

R0 = £y
o 9{Y(Ovo) 9{Y(LO)
= [%(LO) Ry (0,0 |- (6-34)

The backward prediction error vector includes 55070) from the zero-th order and 751’0)

from the initial first order stage. The backward prediction error vector B(I’O) is
1,0 &0
g0 = [ o) ] (6.35)
r
and Lg = 2. The auto-covariance matrix SR;;’O) is calculated as

(0 — £[plUpIO]

B
E égo,o)égo,o)* E 550,0)751,0)* 636
- E 751,0)55070)* E ~§1,0) ~g170)* ) :
B (1,0)
The coefficient matrix of f&l’o) is found as Rgl’o) = bO(l) ] and the matrix L(1:0) can
be formed as
1 0
L=\ o . (6.37)
boo’ 1

At that point, we have two backward prediction vectors, (6.30) and (6.35). From this
point, according to the augmentation type, one of these backward prediction vectors
will be passed to the next stage order. If a horizontal augmentation is applied, (6.35)
will be taken into account to calculate the entropy at the new stage order. If a vertical
augmentation is realized, then (6.30) will be used in the entropy calculations. These

calculations will be shown in the following sub sections.

6.2.1.1 Entropy calculation for S,(cll’o)

We know that the PSR will be obtained if a horizontal augmentation is applied on the

0,0)
1

PSR S,(C . Naturally, number of samples spanned increased. Again we will show the

entropy calculation for both vertical and horizontal backward PEFs, separately.
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First, we calculate the entropy by adding the new vertical backward PEFs into the
backward prediction error vector. In that case the input data will be defined as
y(k, 1)
Y = y&(ﬁ,}’_”l) (6.38)
y(k,1—1)

(1,1)

and Ly = 4. The auto-covariance matrix R, "’ is computed as

ng/l.,l) _ [Y(I,I)YI(CI,I)H}

k.l N)
Ry (0,0) Ry(1,0) Ry(1,1) Ry(0,1)
_ Ry (1,0) Ry(0,0) Ry(0,1) Ry(1,1) (6.39)
Ry(1,1) Ry (0,1) Ry(0,0) Ry(1,0) '
9{Y(OJ) 9KY(lal) g{Y(LO) 9{Y(O,O)

Since a horizontal augmentation is applied, the backward prediction error field (6.35)

obtained at the initial first order stage is updated by adding two new backward PEFs,

551,1) and égl’l). The new backward prediction error vector ﬁ(l’l) will be
550,0)
(L1) #1,0)
B = ~](171) (6.40)
€
(1,1)
€

and Lﬁ = 4. The auto-covariance matrix 9(;31’1) is

() = [0 pUY]

B
& '520,0)550,0)*' E '550,0)f§1,0)* E '520,0)521,1)* E 'égo,o)ég,n*' 7
E Fgl,O)élQO)* E F§I7O)f§170)* E FELO)égl,l)* E 7%170)5871)*
- E 551,1)5(10,0)* E égl,l)Fgl,O)* E 531,1)531,1)* E 551,1)551,1)*
E égl,l)é(lo,o)* E égl,l)fgl,o)* E égl,l)é(ll,l)* E égl,l)égl,l)*
' ' ' (6.41)
. . (1,1) (1,1)
The coefficient matrices of €, and é can be defined as
(1,1)
gD = | oo O (6.42)
‘1110’ 1
and
(1,1)
A1) a2y, 1 (6.43)
2 [az%” ol



respectively. The matrix L(1:)) can be constituted as

1 0 00
by 1 00

LU= My (6.44)
alyy ” aly 10
a2tV a2l 0 1

Entropies of the input data (6.38) and the backward prediction error vector (6.40) at

this stage order can be calculated by using (6.26) and (6.27), respectively.

Secondarily, we can also calculate the entropy by adding the horizontal backward PEF

into the backward prediction error vector. In that case the input data will be written as

y(k,1)
Y = | y(k—1,1) (6.45)
(2.0)

and Ly = 3. The auto-covariance matrix R, is computed as

W = E[YEE

Ry (0,0) Ry(1,0) Ry(2,0)
= g{Y ( 1 ) O) SRY (O’ 0) 9{Y ( 1 ’ 0) (6'46)
9{Y(270) 9{Y<1a0> g{Y(Ov())

After a horizontal augmentation is applied to the PSR S,EOZ’O), the backward prediction

error field (6.35) obtained at the initial first order stage will be updated by adding the

horizontal backward PEF, 752’0). The new backward prediction error vector 8 (2.0) will

be
é§0,0)
ﬁ (2>0) — 751»0) (6.47)
~(2,0)
"

and Lﬁ — 3. The auto-covariance matrix 9(;32’0) 1S

H
%g’o) _ E[ﬁ(z,O)ﬁ(z,O)}

E 5(1070)550,0)* E ég0,0)fELO)* E égo,O)fgz,O)*
— | B[RO0 [H{PORLOT g 020" (6.48)
E ;52,0)55070)* E 752,0)75170)* E 752,0)75270)*
The coefficient matrix of ng’o) is given as
(2,0)
bl
720 _ | B
CU = 3| (6.49)

1
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The matrix L(29 can be formed as

1 0 0
L0 = | p00 1 0. (6.50)
b1 120

Entropies of the input data (6.45) and the backward prediction error vector (6.47) at

this stage order can be calculated by using (6.26) and (6.27), respectively.

Hereby, we showed how to calculate the entropies of the input data and the backward
prediction error vector from vertical and horizontal backward PEFs and we determined
two new prediction error vectors to be used in the new stage order after the

augmentation method.

6.2.1.2 Entropy calculation for S,EOZ’I)

(0,0)

11,0) is obtained if a vertical augmentation is applied on the PSR §; ;. The

The PSR S|
entropy calculation for both vertical and horizontal backward PEFs will be determined,

separately.

At the first step, we calculate the entropy by adding the new horizontal backward PEFs
into the backward prediction error vector (6.30). In that case the input data will be

defined as

y(k,1)
Ly _ | ykI=1)
Yk,l - y(k— l,l . 1) (6.51)
y(k_ lal)

and Ly = 4. The auto-covariance matrix EK;I’I) is computed as

T

Ry(0,0) Ry(0,1) Ry(1,1) Ry(1,0)
Ry(1,1) Ry(1,0) Ry(0,0) Ry(0,1) |- )
Ry(1,0) Ry(1,1) Ry(0,1) Ry(0,0)

After a vertical augmentation is applied, the backward prediction error field (6.30)
obtained at the initial first order stage is updated by adding two new horizontal

backward PEFs, f%l’l) and Fgl’l). The new backward prediction error vector B(l’l)
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will be

)
Ly _ | € )
BV =1l (6.53)
r
)

E :5(10,0)53070)*: E :é(IO,O)é(IO,I)* E :5(10,0)F51,1)*: E :5(10,0)7,&171)*:
e -égo,l)égo,())*- E -égo,l)é(lo,l)* E -550,1)’75171)*- £ -550,1)’7&171)--
£ -751,1)520,0) E 751,1)‘?50,1) E -’751,1)’751,1) - £ -fgl,l)fél,l) -
- E -~§171)e~§0,0)* E _élJ)égo’l)* E -’7&171)7%1,1)* E _7§171)}7§1’1)*_ -
(6.54)
. (1,1) (1.1)
The coefficient matrices of f%l’l) and Fgl’l) are defined as R(ll’l) = [ Cl%) Cl(il ] )
- (1,1) (1,1)
and Rgl’l) = [ 02010 02%1 ] , respectively. The matrix LD can be formed as
1 0 00
(0,1)
clyy ” clgy” 1.0
2l alth o 1

Entropies of the input data (6.51) and the backward prediction error vector (6.53) at

this stage order can be calculated by using (6.26) and (6.27), respectively.

At the second step, the entropy by adding the vertical backward PEF into the backward

prediction error vector (6.30) is calculated. In that case the input data will be written

as
y(k, 1)
Y = | k- 1) (6.56)
y(k7l - 2)
and Ly = 3. The auto-covariance matrix SK;O"Z) is computed as
0,2 0,2)+,(0,2)7
Sﬁg L= E |:Yl(<,l )Y1(<,1 ! }
Ry (0,0) Ry(0,1) Ry(0,2)
= | Ry(0,1) Ry (0,0) Ry (0,1) |. (6.57)
9{Y(O72) C~RY(05 1) ERY(Ovo)
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, the backward prediction

After a vertical augmentation is applied to the PSR S,(COI’O)

error field (6.30) obtained at the initial first order stage will be updated by adding the

vertical backward PEF, égo,z). The new backward prediction error vector B 0.2) will be

0
(0,2) ~2071)
B =1 & (6.58)
0
1

and LB = 3. The auto-covariance matrix 9(;30’2) is

%02 — £[pO2pO]

B
E 0050077 p[00500°] g [00)02)
= | B8OV g dOD00T g a0 E0.2) (6.59)
E égo,z)égo,o)* E é(lo,z)é(lo,l)* E égo,z)égo,z)*

The coefficient matrices of 5(10’2) is defined as Efo,z) = [ dl(l’l) dl(()ll’l) 1 ] . The

00
matrix L(%2) can be built up as
1 0 0
LOY=| 40V 1 o], (6.60)
a1 a0

By using (6.26) and (6.27), entropies of the input data (6.56) and the backward

prediction error vector (6.58) can be calculated, respectively.

In this section, the calculation of the entropies of the input data and the backward
prediction error vector from vertical and horizontal backward PEFs in case of vertical
augmentation have been shown and two new prediction error vectors to be used in the

new stage order after the augmentation method are determined

6.2.1.3 Entropy calculation for S,(Cll’l)

It is possible to reach the PSR S,(Jl’l) by two scanning ways. The first one is realized by
applying first horizontal augmentation and then vertical augmentation. In other words,
a horizontal augmentation is applied to the PSR S,((?l’o), and the PSR S,Sl’o) is obtained.
By applying a vertical augmentation on this PSR S,(lel’o), we can have the PSR S,(;l’l).

The second way is to apply a vertical augmentation first, and then a horizontal

augmentation. That is to say, a vertical augmentation is applied to the PSR S,(COI’O),
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then the PSR S,(col’l) is obtained. By applying a horizontal augmentation to this PSR

SO the new PSR will be S,

In fact, independent on the scanning direction, the entropy at the desired stage order

will be the same. That means, regardless how to reach the PSR S,(cll’l)

, the entropy
calculation of input data vector and the backward prediction error vector will be the
same for each one. Now, we will demonstrate how to calculate the entropies for both

scanning ways.

Entropy calculation for the first scanning way

Firstly, we think that we came to this stage order by applying first horizontal and then
vertical augmentation. Hence, we will use (6.38) and (6.40) to determine new input
data vector and the backward prediction error vector, respectively. We will calculate

the entropies separately by using both vertical and horizontal backward PEFs.

First, we calculate the entropy by using the vertical backward PEFs. The input data

vector will be defined as

y(k,1)
12 | y(k—1,1—-1)
Yk,l = y(k,1—1) (6.61)
y<k_l7l_2)
y(kvl_z)
and Ly = 6. The auto-covariance matrix 9(9’2) is computed as
R TR
-mY(()?O) 9{Y(lao> g{Y(Ll) 9{Y(O71) 9“’(172) 9{Y(Ovz)-
9{Y(LO) SRY<OJO) 9{Y(Ovl) 9{Y(lvl) gtY<072) 9{)/(1,2)
. 9’{Y(lvl) EKy(O,l) SKY(O70> 9KY(LO) EKY(Oul) 9’{17(171)(6 62)
N 9{)’(071) 9{)’(171> 9’{)’(170) SRY(O?O) 9{)’(1’1) 9’{Y(O?l) )
Ry(1,2) NRy(0,2) Ry(0,1) Ry(L,1) Ry(0,0) FRy(1,0)
_mY<072) 9{Y(1a2> g{Y(Ll) 9{Y(O71) 9{Y<170) 9{Y(Ovo)_
The new backward prediction error vector ﬁ( ) will be
- égo70) -
’751,0)
(12) gty
B 7= iy (6.63)
€
égl,z)
(1,2
L& ]




(1,2)

and LB = 6. The auto-covariance matrix R B can be obtained as

9‘};’2) _F [ﬁ<172)ﬁ<172)*’] _ (6.64)

The coefficient matrices of ég] 2) and éél 2) are defined as

To(12 12 7
E%l,z) _ dl%?zi dl%11 23 0 7 (6.65)
| dlyy” dl 1
T (12 12 7
1) _ dz%?z; dz%fzi Ll (6.66)
a2l @l o |
The matrix L2 can be written as
[ 1 0 0 0 0 0]
b 0 0 00
(L) (L)
1 al 1 0 00
L2 — alop 10 6.67
a2l 2tV o 100 (6.67)
aiyy? arly? a1l? a1y 10
ol ol wll o]

Entropies of the input data (6.61) and the backward prediction error vector (6.63) at

this stage order can be calculated by using (6.26) and (6.27), respectively.

Similarly, we can also calculate the entropy by using the horizontal backward PEFs.

For that case the input data vector will be written as

y(k,1)
y(k_ 17l>
(211)_ y(k_7l_l)
Yk,l = y(k,1—1) (6.68)
y(k—Z,l— 1)
L y(k_27l>

and Ly = 6. The auto-covariance matrix 9‘&2’1) is computed as

m;z,l) = E[Yl(jil)Yl(jil)}
[ 9'{Y(an) S)’{Y(lvo) SRY(lal) 9{Y(O71> 9{)/(2,1) 9{Y(Zao) |
Ry(1,0) Ry(0,0) Ry(0,1) Ry(1,1) Ry(1,1) Ry(1,0)
_ 9'{Y(lvl) EKY(()?l) SRY(O’0> 9{1{(1,0) SRY(LO) C‘RY(L1>(6 69)
gtY(Ovl) 9{Y(l?l) SRY(LO) SKY(Ovo) 9{1/(270) 9tl/(zal) )
Ry(2,1) Ry(1,1) Ry(1,0) Ry(2,0) Ry(0,0) Ry (0,1)
L 9'{Y(zao) 9’{Y(lv()) SKY(lal) 9{Y(271) 9{Y(Ovl) 9{Y<070) |




The new backward prediction error vector B(z’l) (k,1) will be defined as

- 52070) -
f§1,0)
2,1 gty
BV =1 (6.70)
€, ’
’7§2,1)
s
and Lﬁ — 6. The auto-covariance matrix 9{1(32,1) is
2,1 (2,1) p(2,1)H
RV = E [ﬁ B ] (6.71)
The coefficient matrices of ’7%2,1) and fgz’l) are defined as
r 2 2,1) ]
~(2 ]) fl(()dl) fl(()ll)
R =\ pGy pleh |, (6.72)
- O 1 -
2.1) 2,1) ]
5(2,1) fz(()o fz(()l :
RN | | G2
- 1 O -
The matrix L(1?) can be written as
[ 1 0 0 0 0 0]
bs” 1 0 0 00
(1,1) (1,1)
al al 1 0 00
L2 y (6.74)
a2y, a2z, 0 1 00
1,2 1,2 1,2 1,2
fl Sl S 110
2”26”22 o

Entropies of the input data (6.68) and the backward prediction error vector (6.70) at

this stage order can be calculated by using (6.26) and (6.27), respectively.

Entropy calculation for the second scanning way

Now, let us assume that we came to this stage order by applying first vertical and
then horizontal augmentation. Therefore, we will use (6.56) and (6.53) to determine
new input data vector and the backward prediction error vector, respectively. We will

calculate the entropies separately by using both vertical and horizontal backward PEFs.
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First, we calculate the entropy by using the vertical backward PEFs. The input data

vector will be defined as

y(k,1)
y(kal_ 1)
(12 | y(k—=1,1—1)
YkJ = yk—1,1) (6.75)
and Ly = 6. The auto-covariance matrix 9(;1’2) is computed as
1,2 1,2)~,(1,2)7
EKE/ )= E[Yl(c,l )Yl(c,l ! }
[ 9{Y(an) S)’{Y(Ovl) SRY(lal) 9{Y(LO) 9{)/(1,2) 9{Y(Oaz) |
g{Y(Oul) 9{)’(070) EK)’(170> S)’{}’(171) <),{Y(l?l) S{Y(()?l)
- Ry(1,1) Ry(1,0) Ry(0,0) Ry(0,1) Ry(0,1) ER)/(LI)(6 76)
- Ry (1,0) Ry(1,1) Ry(0,1) Ry(0,0) Ry(0,2) Ry(1,2)" [
g{Y(172) 9{Y(Ll) 9KY(Oal) g{Y(()?z) 9{Y(O,O) 9tY(lao)
L 9'{Y(Oaz) 9’{Y(Ovl) SKY(lal) 9{)/(1,2) 9{)/(1,0) 9{Y<070) |
The new backward prediction error vector 8 (1.2) (k,1) will be
— é((070) -
o)
ey’
(12) ALY
B =1}, (6.77)
AL
j] 2)
e’
(1,2)
| €> J
and Lg = 6. The auto-covariance matrix 9([3 can be obtained as
®(2 = £[pUPpUY"). (6.78)

The coefficient matrices of égl’z) and égl’z) are defined as

1(172) g1(172) 0 i

F(1.2) _ | 8loo 01
BT = 12 12 ; (6.79)
L glgo’ ) 31517 h |
and
[~ (12) (12) ]
02 _ | 8200 829 1 (6.80)
2 (1*2) 2(132) O ’ '
| 8210 821 |
respectively. The matrix L(1:2) can be written as
[ 1 0 0 0 0 0]
a1 0 0 00
(1,1) (L,1)
L02) _ clyy ' cly 1 0 00 6.81
= | oD 0D (6.81)
0o €2y 0 1 00
1,2 1,2 1,2 1,2
1(()02) gl((n; 815112) 81592) 10
17 17 b b
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Entropies of the input data (6.75) and the backward prediction error vector (6.77) at

this stage order can be calculated by using (6.26) and (6.27), respectively.

Similarly, the entropy by using the horizontal backward PEFs can also be calculated.

For that case the input data vector will be written as

y(k,1)
e | yk—1,1-1)
Yk,l - y(k_ 171) (6.82)
y<k_ 27l - 1)
| y(k_ 271)
and Ly = 6. The auto-covariance matrix 9(;2"1) is computed as
wp = e[V
[ Ry(0,0) Ry (0,1) Ry(1,1) Ry(1,0) Ry(2,1) Ry(2,0) ]|
Ry(0,1) Ry (0,0) Ry(1,0) Ry(1,1) Ry(2,0) Ry(2,1)
_ 9{Y(L 1) 9KY(LO) g{Y(()?O) 9{Y(O, 1) gtY(lao) 9{Y(L 1)(6 83)
B S)’{Y(lvo) SRY(la 1) 9{Y(O7 1) 9{)/(0,0) 9{Y(la 1) EKY(LO) )
Ry(2,1) Ry(2,0) Ry(1,0) Ry(1,1) Ry(0,0) Ry(0,1)
| Ry (2,0) Ry(2,1) Ry(1,1) Ry(1,0) Ry(0,1) KRy (0,0) |
The new backward prediction error vector [3(2 Y will be defined as
- ég070) -
~(0,1)
]
(2,1) Al
B = ~%1’1) (6.84)
b}
fgz,u
_(2,1)
L 72
and Lg = 6. The auto-covariance matrix 9(;32’1) is
Ry — E£[gOVBCV"] (6.85)
The coefficient matrices of ng’l) and 72" are defined as
g g
52,1
RPV =1 ) o |, (6.86)
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i (2,1) (2,1) 7
5(2,1) hz(()g 1) hz(()z1 1)
Ry = | 2y m2yy | (6.87)
1 0




respectively. The matrix L)) can be formed as

1 0 0 0
0,1)
(()(O“) (1“) 0 0 00
LD clyy ” clyy 1 0 00
(1,1) (1,1) (6.88)
2y 2y 0 1 00
mit mEY mEY Gy 1o
ol el el el 0

Entropies of the input data (6.82) and the backward prediction error vector (6.84) at

this stage order can be calculated by using (6.26) and (6.27), respectively.

Up to now, we showed how to calculate the entropies of the input data vector and
the backward prediction error vector from vertical and horizontal backward PEFs by
following the augmentation directions. The method explained here can be applied
easily for the higher stage order to calculate the information loss between input data
vector and the backward prediction error vector. To make it clear, the numerical

examples will be given in the following sections.

6.2.1.4 Numerical example for entropy calculation

Here, we will calculate the information loss between the input vector and the backward
prediction error vector for the AR process given in Example 3, in Section 5.3. The

method is applied to the AR data generated by using the following coefficient matrix.

1 —0.4400 0.0074  0.1600 —0.4000
—0.4400 0.2200 —0.0095 —0.0700 0.1700
A = | —0.1200 0.0690 0.0140  0.0200 —0.0480 | (6.89)

—0.0520 0.0200 —0.0030 0.0015  0.0180

—0.0060 0.0027 0.000012 —0.0032 0.0070
The input and the backward prediction error vector entropies are calculated for each
stage order by using vertical and horizontal backward PEFs. At each stage order, we
computed two input and two backward prediction error vector, but one pair of them is
taken into account when calculating the next stage order entropies as explained above
sections. Table 6.1 gives the input and the backward prediction error vector entropies

calculated at each stage order using the proposed method.

At each order state, the entropies calculated for both augmentation directions. The
entropies of the input data and the backward prediction error vector for the vertical

augmentation direction is illustrated in Figure 6.3 and the entropies of the input data
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Table 6.1: Input and backward prediction error entropies for the proposed lattice

structures.

Scan ;-]Ieorrtilzc:lﬁl Input Entropy | BPEE! Input Entropy | BPEE

Steps PEFs Order (vertical) (vertical) || (horizontal) (horizontal)
0 (0,0)-(0,0) 1.5978 1.5978 1.5978 1.5978
1 (0,1)-(1,0) 3.06447 3.06312 3.14463 3.14414
2 (1,1)-(2,0) 6.03495 6.03371 4.69138 4.68929
3 (1,2)-(2,1) 8.92434 8.92096 9.00501 9.00263
4 (2,2)-(3,1) 13.3169 13.3112 11.9750 11.9706
5 (2,3)-(3,2) 17.6284 17.4825 17.7089 17.5649
6 (3,3)-(4,2) 23.4422 23.2941 22.1005 21.9599
7 (3,4)-(4,3) 29.1736 28.7909 29.2551 28.8804
8 4,4)-(5,3) 36.4070 36.0326 35.0675 34.6944

' Backward Prediction Error Entropy

and the backward error vector for the horizontal augmentation direction is shown in

Figure 6.4. In our proposed method the entropy loss is very minimal due two reasons:

(1) the increase of the number of backward PEFs after each augmentation process, and

(i) the determinant of the matrix L("9) (6.9) being equal to 1.
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9

Figure 6.3: Entropy Comparisons between the input data and the backward prediction
error vector entropies calculated for the vertical augmentation case.
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Figure 6.4: Entropy Comparisons between the input data and the backward prediction
error vector entropies calculated for the horizontal augmentation case.

6.2.1.5 Discussion of example

This example shows how close the backward prediction error entropy is to the input
entropy. It can be said that the proposed method conveys the information into the
backward prediction errors conveniently. The increase in the number of error fields
after each augmentation causes the backward prediction error entropy to be close to
the input entropy. The proposed filter models approximate the input entropy more

closely since the determinant of the matrix L4 (6.9) is always equal to 1.
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7. CONCLUSIONS

In this thesis, we have presented a new efficient general 2-D AR lattice structure for
modeling of 2-D AR random fields. We have introduced the auxiliary vertical and
horizontal PEFs for an arbitrary rectangular PSR for the analysis and synthesis of 2-D
systems, and explained the augmentation concept to scan the given data. In contrast
with other existing 2-D lattice configurations [11, 14, 16-19, 29, 32, 34, 35, 39, 40, 42,
55,57,59, 64-67], the proposed structure generates all types of QP, ASHP and NC
half-plane 2-D lattice models concurrently. It is also possible to obtain any arbitrary
(M, N)th order stage 2-D AR filter models. On the other hand, it is interesting to note
that for a given limited data size, the order of the 2-D lattice filters are bounded with

the size of this observation.

For the proposed method, stability is not guaranteed but the QP model filters are
found by experimentation to be almost always stable due to the fact that the 2-D
lattice parameter factors are calculated by Burg’s method [60] which definitely leads
to the maximum entropy. We have compared the proposed method with the existing
structures. The comparison results show that the proposed structure requires few

numbers of lattice sections and lattice parameters.

We have shown that the information loss between the input data and backward
prediction error vector is minimum due to the increase in the number of backward
PEFs after each order increase. It can be said that the proposed method conveys
the information into the backward prediction errors conveniently. We know that the
increase in the number of error fields causes the information loss to decrease [34].
Since we have an increase in the number of error fields after each order incrementation,
the backward prediction error entropy is getting close to the input entropy. It can be
deduced that the input data and the backward prediction error vector contain nearly the

same amount of information and one may be regained from the other.
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The small difference between the input and backward prediction error entropies occurs
due to round-off errors and the mandatory initiation of auxiliary PEFs for the ones

newly created during the augmentation process.

In this thesis, the examples show that the proposed method gives good results for
modeling 2-D AR process. The model parameters estimated are close to the original
ones. It is seen that the dominant parameter values in the coefficient matrix are

estimated correctly. In addition, spectrum estimation gives very good accuracy.

In some applications, noncausal half-plane models are preferable for the 2-D spectrum
estimation with superior resolution [58]. The proposed method is also capable of
producing the necessary 2-D noncausal half-plane models without any additional
computational cost. In order to improve the spectrum geometry and estimation
accuracy, we have combined all QP and NC models by computing their harmonic
mean. Experimental results show the high resolution characteristics of the model in
the frequency domain. Application of these results to the ISAR/SAR imaging will be

presented subsequently.

In some examples, it has been shown that 2-D ARMA process can be modeled as a 2-D
AR process by using the proposed method, but further investigations are necessary to

prove this conjecture.

The comparison of the classical FFT transform and the results of the proposed method
for the short data record has shown that the proposed method is superior to the classical
FFT method. AR spectrum estimation calculated by the proposed method has better
frequency resolution and the distortion coming out of the side lobes which are seen in
the classical FFT method is not observed in AR spectrum estimation found by using

the proposed method.

Since the proposed structure inherently generates a set of orthogonal backward
prediction error vectors, linear adaptive algorithms can be applied to solve for 2-D
system parameters. We also believe that this orthogonality property can be used to

derive 2-D ARMA models and to solve the 2-D joint-process estimation problem.

We can list the following items as future work:

e A proof for the stability of each predicted 2-D lattice filter can be studied.
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e The proposed method can be applied on different ISAR/SAR images.

e 2-D ARMA process can be modeled as a 2-D AR process by using the

proposed method.

e A study can be done to derive 2-D ARMA models and to solve the 2-D

joint-process estimation problem by using the proposed method.

e A study can be carried on designing 2-D IIR filters.
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APPENDIX A.1: The Calculation of the Lattice Reflection Coefficient Matrices

In order to calculate lattice coefficients, we will take into account the sum of the mean
squared values of the horizontal/vertical forward and backward PEFs depending on
the augmentation type. For obtaining a general formula, we can write a set of PEFs
propagation equation as follows

f = f. — Kb, (A.1a)
b = b, — K'f, (A.1b)

where f and b are the newly predicted forward and backward PEFs, respectively.
Indices x and y represent the previous order PEF of the related forward and backward
ones. K represents the coefficient matrix to be calculated. For simplification, stage
order values are omitted during the construction of the formulas. Before applying
the mean-square method, we should make some definitions and introduce some rules
which are shown in the following tables.

Table A.1: Some definitions for expected values.

A; = E [byf7] Ty, = E [bybl]
N T (1

From the definition given in the Table (A.1), it is clearly seen the following equations

can be defined:
H __ T __ v*
Z};}' = Z_fy, X X
Zp, = Loy, p =Ip,

Table A.2: Some useful rules for derivations.

d _
§XTA =A
§ATX - A
KAX — AT

ali(Ksz K= (KHZby)T — Zby)TK*
T * *
2 K'L K =5, K

In order to find the coefficient matrix K, we can write the mean square propagation
equation by using the sum of the mean squared of the newly predicted forward and
backward PEFs given in (A.1),

P; + P, = EI[ff’] + E [bb"] (A.2)

where P and Py, represent the mean squared for f and b, respectively. If we substitute
f and b into (A.2), we have,

P; = E|[(f—K"b))(f,—K"b,)"]
E [(£,—K"by)(f] —b{'K)]
= E[ff]—E [fbIK]| — E [K"bf] + E [K"b,bI'K] (A.3)
341



P, = E[(b,—K'f))(b,—K'f))"]
= E([(b.—K'f)(bY —f/K")]
= E[bb,] —E [bfK] — E [K'f,bY] + E [K,£7K"] (A4)

In that step, we can use the definitions given in the table A.1, and the equations (A.3)
and (A.4) can be written as

P, = P, —A'K-K"A +K"x, K (A.5)

P, = P, —AYK'—K'A)+K'E K (A.6)

where P and P, are the mean square propagation values of the previous order of the
forward and backward PEFs.

Now, we can minimize the equation (A.2) with respect to the K,

il‘r(Pf +P,) = 0

JdK
AT+ K = A+ 2K = 0
K I K = AT+A
~1
K =[5 +3,] [a+a (A7)
If we apply a conjugation on (A.7),
—1
K = [zby + z;g} Ay +A}] (A.8)

After finding the equation (A.8), it is possible to derive a simple propagation equation
by substituting (A.8) into the equation. (A.5) and (A.6).

min tr [Pr+Py| = tr[Psy+Pp ]
—tr [AYK] —tr [K7A(] + [K7Z, K]
—tr [AYK*] —1r [KT Ay +1r [KTE, K] (A9)

By using the following definitions,

tr[A] =tr[AT] (A.10)
tr (KA ] =tr [ATKY] (A.11)
tr [KTAy] =tr [ATK] (A.12)

the equation (A.9) can be rewritten as follows:
mlél’l tr [Pf—l—Pb] = tr [Pfx +Pbx}
—tr [AYK] —tr [ATK*] + [K"%,, K]
—tr [AK*] —tr [AJK] +1r [K"Z; K*]

= 1r[Pr 4Py
—or (A +aF) K] —or [ (AT +aF) K]
+tr (KPS, K| +1r [K'2 K] (A.13)
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It is possible to write the following equations from the (A.8),
K [z, +3f | = (A 4] (A.14)
K" [z x| = [A7+af] (A.15)
and we substitute them into the equation (A.13), then we obtain
intr|Pr+P,| = tr|Pr+P
mintr [Py Py = 1r[Pr +P ]
—tr [K7 (5, + 3] ) K| —r [KT (55 42, ) K|
+tr K7L, K| +1r [KT2 K]
= tr [Pfx —I—Pbx}
—tr [KHZ};K} —tr [KTZZ),K*]

= [P P] - r KT (x4 3 ) K|
or
= tr[P;+P, | —tr [KH (22 +Zby) K} (A.16)

From the definition given in the Table (A.1), it is clearly seen the following equations
can be defined:

In some cases, fr = f, and b, = by can occur as in the equation (A.17), then the
calculation of the equation (A.5) can be computed as follows:

f = f, — Kb, (A.17a)
b = b, - K'f, (A.17b)

From the equation (A.17),

Ay =E [byt!]
Ay =E [£;b]]

and it is easily seen that Ay = Af.

If we calculate the K, we find that

K = [5,+Z5] 7' [aF +A7] (A.18)

The equation (A.8) can be used as a general form to calculate the lattice coefficients.
It can be used in initial and augmentation cases easily.
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Initial First Order Case

For the initial case, we should find two lattice coefficient values, kg?’l) and kﬁ} 0) that
will be calculated from vertical and horizontal forward/backward PEFs, respectively.
If we define

£ ="k,
b ="k
. = "Y%1)
by =" (k1-1)
f, = g (k1)
by, = & %k1-1)
K =k

and write the lattice structure equations given in (A.1) again, we get the first order
lattice structure equations in terms of vertical forward and backward PEFs.

V) = P01 — KO (1 -1) (A.192)
&V k,1) = @Ok —1) — K OV (k1) (A.19b)

Now we can easily write the following definitions:

g = B[ (k1 )éIO’O)H(k,Z—l)} (A.20a)
£00 = E O ke, 1)l (k, 1)} (A.20b)
A0 E O ke,1 - 1)l (&, z)] (A.20¢)
AP0 E O (e, 12\ (kl—l)] (A.20d)

We know that at the initial state, the vertical forward and backward PEFs are initialized
as

APk, 1y = 80 (k, 1) = y(k, 1)

and the definitions given by (A.20) can be reformed as

ZS}O) — E[y(k, 1= 1)y (k1= 1)] (A.21a)
zﬁfj’o) = E[y(k,))y" (k,1)] (A.21b)
A = E [y, 1= 1y (k,1)] (A.210)
AP = E [y, D)y (k,1—1)] . (A.21d)
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It is well-known that the expected value operation of a random variable can be stated

in terms of correlation values as follows;

Ry(0,0) = E [y(k,1—1)y" (k,1—1)]
R,(0,0) = E [y(k, )y (k,1)]

Ry (0,—1) = E[y(k,1—1)y"(k1)]
R,(0,1) = E[y(k,)y" (k,1—1)]

(0,1)
1

Now, we can calculate k,," ’ by using the equation (A.8),

KD = [9,(0,0) 4+ R,(0,0)] 7" [R,(0, — 1) + R, (0, 1)7]

and we know that R(0, —1) is equal to R(0, 1), then

KD = [%,(0,0) +R,(0,0)*] 7 [R,(0, )7 +R,(0,1)7].

Indeed, the result is accord to the equation (A.18).

The power of the auxiliary vertical PEFs can be indicated as
H H
P = E [V (ke (k)] +E 8 (k08" (k1)
If we substitute (A.24) into (A.25), then we can rephrase it as

POV = 2%,(0,0) — KOV (R,(0,0) + R, (0,0)7) kY
= 29,(0,0) (1- k")

(A.22a)
(A.22Db)
(A.22¢)
(A.22d)

(A.23)

(A.24)

(A.25)

(A.26)
(A.27)

Similarly, for the horizontal forward and backward PEFs, lattice structure can be

written as
A0 = A% — KO -1y
AV = ROk 10) — KAk
where
t =A%
b =Rk
. = r"%1)
by = A% k—1,1)
=" kD)
b, = A" %k—1,0)
K ="
The result for the kﬁ} ) by using the equation (A.8) can be found

KO = [%,(0,0) +R,(0,0)7] 7 [Ry(—1,0) + Ky (1,0)7]
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and with the equality of R(—1,0) = R(1,0)”, then we have

KOV = [,(0,0)+R,(0,0)7] " [R, (1,07 +R,(1,07]. (A30)

The power of the auxiliary horizontal PEFs can be rephrased as

PO = B[O DA ko)) +E 7 6 nA " )]
— 2%,(0,0) — k" (R,(0,0) + R, (0,0)7) & ¥ (A31)
= 2%,(0, 0)< e O)kﬁll’o)*>. (A.32)

Horizontal Augmentation Case

In case horizontal augmentation we have three propagation lattice structure equations:
one for updated horizontal PEFs, one for updated vertical forward/backward PEFs, and
one for the newly created vertical forward/backward PEFs. Now, the calculation of the
lattice coefficients for each one will be explained in detail.

If we write the lattice form for the horizontal forward/backward PEFs,

e D) = fPa Dk — Kerha D Eea (- 1.1) (A.33a)
Fra D) = #Pe (k- 1,0) — KD e e (k0 r) (A33b)

then the following equations can be defined,

Zé,:,qfl) _ E_ Pa—1)(r _1 )E (pg—1)" (k—l,l)] (A.34a)
2%7,(171) - E _ r(Pa— l(k,l) (k l)} (A.34b)
AP [fra D (- pyelra )" g, z)} (A.34¢)
AP = E [rPa=D (g, ygpa—1) (k—l,l)}. (A.34d)

Let us introduce a new notation for ¥ and A according to the vectors.

Zéf,qfl) _ Eg’f:qfl) (A.352)

Zg”q_l) =y (A.35b)

Agpg—l) _ A§f’f’_l) (A.35¢)

Aé”’q_l) _ Arf’g"_l) (A.35d)
It can be clear that Agp = i equal to A(lp ’q_l)H, then we can write

Aép,q—l) _ Aﬁf’r’"_l)ﬂ~ (A.36)

By using the definitions (A.35) and the equation (A.8), we can write

(p,q— 1)+A(P‘I 1) ) (A37)

1§y Tr

K, (PH1a-1) — Egqul)Jng?r,ql)*rl [A
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The sum of the minimum mean squared error propagation equation can be defined for
(A.33a),

plrtla=l) _ 4 [E [r(erl,qfl)(k l)"(pﬂ’qfl)H(k,l)]
n E[ (P+14=1) (k, )P+ 1a-1)" (k,z)H (A.38)

and we open the equation, it can be written as a simple form,

plrtha=t) _ plra-1)

KD (glpah) zﬁ{;‘rl)v K, (P+1a-1) (A.39)
_ tergﬁ:q*l)Jrzﬁf’;"’”T) (1 K, (e I)Kr(”“’q’l)HﬂAAO)

The lattice structure for the vertical forward/backward PEFs can be formed as follows,

P (k) = e (k) — KV pa-D 1) (A.41a)
gP 1Dk~ 1,1) — RO era=D (k). (A.41b)

oV
N
=
—
=~
~~
N—
|

The lattice coefficients are computed as

A~ _ 1y —1
K((:Pﬂ) — [ngﬂ 1)+Z£{?q 1)} [Aipeq 1)+A(Pq 1)} (A.42)

T, F
The power of the PEFs can be stated as

plra) _ pr-ta [K£p,q)H <Z§{}’q_l)+2£{7r’q_l)T) Kgp,q)]. (A.43)

The natural result of the horizontal augmentation, a new set of vertical PEFs is created.
For the newly created vertical PEFs, we can write the following order update lattice
structure.

DUty = e T (k—1.0) — KD PV 1-1)  (Adda)
§a+1)(k o= &Pk, —kﬁ”ff P9 (k,1). (A.44b)

By using this lattice structure, we can write the following equations for the lattice
coefficients k

€p+1°
_ _ * 71 _ _ *
D I N P L)

The power of the new PEFs can be indicated as

€p+1 €p €p+1 €p+1

PP = B [l (s xR (a6
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Vertical Augmentation Case

Similarly, the lattice structures, coefficients equations, and power of the PEFs can be
written for the vertical augmentation. We know that as the natural result of the vertical
augmentation, a set of new horizontal forward/backward PEFs is created.

The lattice structure for the vertical forward/backward PEFs is
e Lat) (k) = eP L (k 1) — Ke(pfl,qﬂ)”é(pfl,q)(k,l_ 1) (A.47a)
g bat) gy = P 1Dk 1—1) — Ke(p*Lqul)Te(p*l,q)(k’l)_ (A.47b)

The coefficients equation is

1
K,(P-1atl) — [Zg )+Z(p l,q)] [A(” 1"’)+A(” L)' } (A.48)

€ €.e
The power of PEFs is
Pe(P—LQ-H) — Pe(P—L‘I) _Ke(p—l,q—l-l)H (Zéljé—lﬂ) +Z£{7e—17Q)T> Ke(p_l’q+l()A.49)

_ tr[(Z(p 1,q)+2(p 1,q)T) <I_Ke(p71,q+l)K (p—1,9) )] (A.50)

For the horizontal forward/backward PEFs, the order update lattice form is

PPk ) = Pk ) — RP G011 1) (A.51a)
Pk = FPek1-1) — Kg”"I)Te(Pv‘/)(k,l). (A.51b)

The lattice coefficients IA(EP ) are

A * -1 - - *
K — [Z(” 1.q) JrE(p 1761)] [Ag’r La) | Ag;- 1q) ] (A.52)

The power of the PEFs can be stated as

plra) _ plra _,, [K@q) (Z&—lm+zg{;—1vq)r)f<£">q>]. (A.53)

For the newly created horizontal forward/backward PEFs, the order update lattice
equations is

é+1)(k ) = rép’q_l)(kyl—l) - kgpﬂ) eP~ 19 (k—1,1) (A.54a)
AP0k = mPI D) — kDD (k). (A.54b)

The following equations for the lattice coefficients ky, ,, can be written.

kP _ [Z(p 17q)+2(17 1@} I[Aﬁf’rzl7")+A(” lq)*] (A.55)

Tg+1 (N
The power of the new PEFs can be indicated as

ppa) _ plra=1) _ [k(m)” (Z(p 1.q) +Z(p L)' )k(m)]_ (A.56)

r,H_] rq rq+] rq+]
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APPENDIX A.2: Explanation of the Reduction of the Support Data

In the proposed method, only the given data is taken into account during the calculation
of the reflection coefficient matrices, and no calculation is done when computing any
updated value for the data which is out of the support region. Therefore, after each
stage order,updated PEFs support region will get smaller.

Actually, this reduction is corresponding with the stage order. In case of any (p, q) state
order, the size of the forward/backward PEFs can be defined as (M — p)x(N — q) for
the given (MxN) size initial support data. Depending on the order stage, uncalculated
values are nullified for the updating auxiliary PEFs. This means, p rows from the
beginning will be consisted of the zero vectors and similarly, ¢ columns from the
beginning will be zero vectors.

Let us assume that we have the data matrix of size 5 x 5 and demonstrate the data
reduction step by step. The data matrix of size 5 x 5 is denoted as

y(1,1) »(1,2) y(1,3) y(1,4) ¥(1,5)
y(2,1) ¥(2,2) y(2,3) y(2,4) ¥(2,5)
yk,1)= | y(3,1) ¥(3,2) ¥(3,3) y(3,4) ¥(3,5) (A.57)
y4, 1) y(4,2) y4,3) y(4,4) ¥(4,5)
y(5,1) ¥(5,2) y(5,3) y(5,4) ¥(5,5)

At the zero-th order state, the PSR S,((Ol’o) is empty set and the first order auxiliary

vertical and horizontal forward/backward PEFs are initiated by the given 2-D
observation data:

egop) (k1) = r§0,0) (k, 1) = y(k,1) (A.58a)
a0k = ROk D) =y(kD) (A.58D)

Lattice structure equations for the auxiliary vertical PEFs are given as:
G GRS S e (Y (A.5%)
&PV = &%k 1— 1) — k0l (k1 (A.59Db)

And, similarly,for the auxiliary horizontal PEFs, the lattice structure is
WO = A (k1) kO HO (k1,1 (A.602)
A% = A% —1,0 10 k1), (A.60b)

By using these lattice structure equations, we are able to calculate, ego’l)(k,l),

égo’l)(k,l), rgl’o) (k,1), and f%l’o) (k,1) after finding the lattice coefficient factors kg?’l)

and kﬁf 9 The calculated vertical and horizontal forward/backward PEFs for the initial

stage will be as follows:

[0 "V(1,2) PV(1,3) PV(1,4) PV(15) ]

0 V@22 "2,3) "V @2,4) V(2 5)
V=10 "32) 93,3 £9V3E4) VG5 | (A6

0 "V@,2) "V4,3) "V(44) Va5

0 "V(5,2) %V(5,3) £"V(5,4) £%V(55)




o~ o~ o~ o~ —~

IR R

< - T <

—~ o~ o~ o~ o~

—~ o~ o~ ~

—~ o~~~

— — — —
e e — —

[ O £

N N N /N

< - < <

— — — —
T

NN NN

—~ o~ o~~~

¢ NN on

— — — —
e e —

NN NI

~ o~ o~ o~

A A A A

— — —
N —

—
[ L L

A~ A~/
— e e

— - — — —_— - —
— ! e — — e e —
~ ~ ~ ~ BN I NN

]

—~ —~

~ ~

=~

~ ~—
— —
<. .
— —
— — ~— —

~ (3N

After the finding all PEFs related to the initial stage, we can try to make a growth on

the horizontal direction by realizing a vertical augmentation denoted in Fig. A.1. For

this PSR S,((Ol’l), we will have one vertical forward/backward PEF and two horizontal

forward/backward PEFs. We know that the error propagation equations for the existing

Figure A.1: Simple illustration of auxiliary vertical and horizontal forward/backward
PEFs of the PSR 5",

auxiliary vertical forward/backward PEFs are given as

(A.65a)
(A.65b)

027602 (k1 - 1)

0,1)( ) _ 02y

The calculated auxiliary PEFs will be as follows:

(A.66)
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After that point, if we realize a horizontal augmentation on the PSR S,(((.)l’ 1), the new

PSR will be S](Cll’l), shown in Fig. A.2. Natural result of the horizontal augmentation, a
new set of vertical forward/backward PEFs will be introduced.

1
| 752‘1) 7&24)

Figure A.2: Simple illustration of auxiliary vertical and horizontal forward/backward

PEFs of the PSR 5} ;).
r®Uk) = k) - K PV (k- 1,0) (A.74a)
P00k = # D (- 1,0) - KPOrD (k). (A.74b)

The auxiliary horizontal forward/backward PEFs are calculated by using (A.74) and
they are:

0 0 0 0 0
0 0 0 0 0
2= 0 A*VE2) 263 A6 VG | @ags)
0 r2V@2) A2z 2Vaa) 2Vas)
Lo A*V5,2) A2V5,3) APVs,4) APU(s5) |
i) 0 0 0 0
0 0 0 0 0
=0 V62 #2338 V6.4 1265 | @age
0 A2 7@ mPV@4) 7Vas)
Lo #20(s5,2) #20(5,3) #20(5,4) 72U(s,5) |

where i = 1,2.

Similarly, for the auxiliary vertical forward/backward PEFs are computed by using
(A.77) and the newly initiated auxiliary vertical forward/backward PEFs are calculated
by using (A.78).

1 00n) = (k1) — K EED 1 - 1) (A772)
A1) = @0 k- 1,0 ke k). (A77b)
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S0 = (k1) — kD D (k1 1) (A.782)
égl’z)(k,l) _ égo’z)(k,l)—kg’z)f‘(l’l)(k,l) (A.78b)
The auxiliary vertical forward/backward PEFs for the PSR S,E?l’z):
00 0 0 0 ]
12,3) 12,4) 1P(2,5)
P =10 0 '"P33) "P3,4) '35 (A.79)
00 &'"@43) "4 4,5
100 ¢"7(53) &"(5,4) €'7(5,5)
00 0 0 0 ]
0 0 551,2)(2,3) 551,2)(274) 551,2)(2’5)
g k=100 2'733) ¢G4 2705 (A.80)
0 0 551,2)(4,3) 551,2)(474) 51(1,2)(4,5)
_0 0 551,2)(573) 55172)(574) 551’2)(5,5)_
where i = 1,2.
(2.2)

Now we can apply horizontal and vertical augmentation sequentially on the PSR §,7*,

and then we will have S, 8% 532) and $3%) shown in Fig. A3, Fig. A4, Fig.

k!
A.5, and Fig. A.6, respectively. The PSR S,(€3l’3) is the last augmentation step for the

data matrix size 5 x 5.

)
; 7531) f(23‘1)

k

(2.2) 22)

(2.2)

et 0| o ol
22
7 et e ¢|

€3

22)

3,1 3,1
A3

Figure A.3: Simple illustration of auxiliary vertical and horizontal forward/backward
PEFs of the PSR S\5").

The updated vertical and horizontal forward/backward PEFs for the S,(czl’]):

00 0 0 0
0o 0 0 0
k=] 0 0 FV(3,3) V3,4) o2V(3,5) (A81)
0 0 ¢®?(43) eV (4,4) >V (4,5)
0 0 *7(5,3) e*V(5,4) *V(5,5) |
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where i = 1,2.
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Figure A.4: Simple illustration of auxiliary vertical and horizontal forward/backward

(2,2)

N

PEFs of the PSR §

N

(2,2).,

The updated vertical and horizontal forward/backward PEFs for the S

(A.85)
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Figure A.S: Simple illustration of auxiliary vertical and horizontal forward/backward
PEFs of the PSR S\

The updated vertical and horizontal forward/backward PEFs for the S (?1’2):
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where i = 1,2,3,4.
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Figure A.6: Simple illustration of auxiliary vertical and horizontal forward/backward
PEFs of the PSR S,

The updated vertical and horizontal forward/backward PEFs for the S,(<3l’3):
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&3 (k1) =

where i = 1,2,3,4.

Y (k1) =

A (k1) =

where i = 1,2,3,4.
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As seen that the prediction support data is getting smaller with respect to the stage

order. We look at the PEFs matrices for the S,(jf), it is seen that we have (3,4) stage
order for the auxiliary vertical forward/backward PEFs. If we apply the rule for the left
data (M — p) x (N — q), and then we can find (5 —3) x (5—4) =2 x 1 data. Indeed, if
we look at the auxiliary vertical PEFs, we can see just only two values exist vertically

in the related PEF data.
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APPENDIX A.3: Definitions of the Constant Matrix ¥ and Vector I1

When modeling the lattice filter we need definitions of constant matrix ¥ and constant
vector IT to simplify the equations. The constant matrix ¥y > .. ; is produced
by removing the lines given in the subscript from the identity matrix having the
appropriate order. The constant vector IT; is also produced by getting the line given in
the subscript.

For the PSR, S,((A;[_]’N_l), we can define the following equations for using to model

type-1 and type—? ASHP lattice filters from the auxiliary horizontal PEFs,

Wip..; = Wasup,
N [O(N—j>xj : IN—j} i) (A97)
and
Wjjt1,.n = Wasup,,
- [Ij—l 3 O(j—l)x(N+l—j)](j_l)X(N)7 (A.98)

respectively. For the type-1 and type-2 ASHP lattice model, only N changes to M.

It is possible to represent both constant matrix definitions of ¥ and the constant vector
IT in the one matrix form as follows

Wasup,,
Iy = | I
| Wasnp,
LT U O(j—1)x(N+1-)) .
= | D, : (A.99)
Ow-j)x; In- NN

For example, let us assume that N = 5 and now let us define constant matrices ¥y ... ; =
‘PASHPLJ. and¥; .. y_1 = ‘PASHPZJ, and constant vector IT; for j = 3.

First, let us write the identity matrix I5:

1 00 0O

01 00O
Is = 00100 (A.100)

00010

00001

From the above definitions, we can write
Yasup, = [ 0,3 ' b Lxs
0 0O0|1 O

- looolstl,, .

358



and

W asup, , [Iz © 0oyx3 Lxs
1 0/0 0 O
It is clearly seen that
m; = [00100],,. (A.103)
Now, if we want to show all these in the identity matrix, it will be as
1 0 0 00
01 00O
I5 00100
00010
| 00 0 01
| Wasur,,
I
WasHp
b Ong
,,,,,, I
IO L5 T © N
1 0|0 0 O
0 1]0 0 0
00100 . (A.104)
0 0O0|1 O
| 0 0 0/0 1 x5
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APPENDIX A.4: Itakura’s LPC Distance Measure

Itakura’s LPC distance measure [68] is used to find the similarity of given two sets of
AR model parameters. In this measure calculation, the estimated coefficient matrix,
denoted by A,y and the original coefficient matrix, denoted by A,,, are used as an
inputs. Itakura’s LPC distance measure provides an effective comparison between
the related spectra of both set of parameters. In other words, It is a measure of the
perceptual difference between the estimated and the original spectrum. It can be
defined for the 2-D case as follows,

d(Asts Aorg) = log [ / /

The distance will be zero, if the model parameters are the same. Increase the difference
between the spectra increases the distance. This method is not symmetric. That means,
if we change the place of the A,y and A, in the equation (A.105), we may not get the
same result.

(A.105)

org CO], ) dowy dm,
Aest(01,00) | 21 21
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APPENDIX A.5: Spectrum Estimation

In the study, we need to estimate the power spectral density of a random data field. In
the literature, the approaches to spectral estimation can be grouped as parametric and
non-parametric methods. Non-parametric methods are known as classical methods
using Fourier transform. The classical methods are based on periodogram and called
as periodogram spectrum estimation that can be calculated by using the following
equation

. 1
B(o, @) =5 Y (0, )| (A.106)

where N is the number of elements in the data field and Y (@, @,) is Fourier transform
of the data given as y(ky,k3).

Parametric methods use the coefficients of the model predicted from the data by using
the convenient process. For example, in this study we used our proposed method for
modeling the data as AR process. The predicted power spectral density ﬁx(a)l , @)
from the process x(n1,n,) can be expressed as

o2

Pwr, ) = v > (A107)

1+Yp XL alki ka)exp(— jonny )exp(—jons)

where p,q are the order of the AR model and a(k;,k;)s are the coefficient values of
the AR model. o2 is the variance of the white noise with zero mean.

In some application, the equation (A.107) is not enough to locate the sinusoidal peaks
in the data when using a QP or ASHP or NC half-plane model. Therefore, harmonic
mean estimates of the filters obtained by using the method give the satisfactory results.
The harmonic mean estimate method which is used in the study is explained in [58].
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