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Elastik bir yarım uzay üzerinde hareketli
pürüzlü blok

Moving rough punch on an elastic half-space

by

Erdoğan S. ŞUHUBÎ
Divısion of Theoretical Mechanics
Technical Unlversity of İstanbul

Bu çalışma bir rijit blokun bir elastik yarım uzayın yüzeyi üzerin­
de sürtünmeli düzgün hareketi ile ilgilidir. Çözüm için bir kompleks
fonksiyon tekniği kullanılmış ve problem düzlemde bir Hilbert problemine
indirgenmiştir. Bunun çözümü de Standard metodla elde edilmiştir. Ge­
nel çözüm düzlem ve dairesel tabanlı bloklara özelleştirilmiştir. Bazı
ana sabitler için tablolar verilmiş ve yüzey üzerindeki basınç dağılımı
gösterilmiştir.

*
**

This paper is concerned ınith the investigation of the uniform motion
of a rough rigid punch on the surfaceof an elastic half-space. A complex
function technigue is employed and the problem is reduced to a Hilbert
problem in the plane, the solution of ıchich is obtained by the Standard
method. The general solution is specialized to the cases of rectangular
and circular punches. Tables for some fundarnental constants are given
and pressure distributions are shown.

❖**
w

1. Introduction
It has been established that if the sources responsible for a plane

motion of an elastic medium move with a constant velocity, the number
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of independent variables may be reduced from three to two under the
assumption that a steady wave pattern exist relative to a frame rigidly
attached to the moving sources. This, in turn, enables us to develop a
complex function technique, similar to one used in anisotropic plane
elastostatics, to attack sueh problems provided that the magnitude of
the velocity is less than the shear wave velocity of the medium. This
paper deals with the application of this method to the study of a uniform
motion of a rough rigid punch över the surface of an elastic half-space.
This problem has been previously investigated by Galin [1], briefly
and in a somewhat limited framevvork employing a technique based on
the solution of Riemann-Hibert problem. Also it appears that there
are some computational errors in the evaluation of some fundamental
constants. We believe that a thorough and exhaustive treatment of
this technically important problem is presented here. Our analysis is
based on the solution of a Hilbert problem for a plane cut along a finite
straight line.

We derived the fundamental equations in Sec. 2 where we intro-
duced the complex potentials and discussed briefly some of their
properties. The problem of moving punch is formulated in Sec. 3 and
the complete solution for a general profile is furnished. Three cases
coresponding to the position of the corners of the punch relative to the
surface of the half-space are distinguished and studied separately. The
general solution is specialized to a rectangular punch in Sec. 4 and to
a circular punch of a large radius (in other words, a parabolic punch)
in Sec. 5. Tables for fundamental constants are provided for various
values of the punch velocity, coefficient of friction between the punch
and the half-space and Poisson’s ratio of the elastic medium, Pressure
distribution under the rectangular and cylindrical punches are also
shown. These graphs also represent the distribution of tangential stresses
under the punch within a scale factor.

2. Fundamental Eguations
It is a well-known fact that the plane motion of a lineary elastic

solid in the x, x2 - plane is governed by the following two scalar wave
equations:

1 82<P
e,2 8i2 (2.1)V2<P= 2 I 1

(2.2)
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are thc velocities of irrotational and equivoluminal vvaves, respectively,
X and p. are Lame’s constants and p is the density of the medium. In
terms of the potentials <p and the stress and displacement components
are given as follovvs:

(2.3)t22 = Xv^ + 2ıx ^-2(a^-
C/tAzioiv2

and
a^
3^2

a4<

a<p ,
Wi = t------- (-

d&2

a<p
14, = -----------

a x2

We define now the complex quantities

D = Uj+İU2
© —tll +122
O — 122—122 d" 2İt]2

. — 9 92t?

w;

t33=Xv2<p

t]3~ ^23 — 0

m a2^

W dX22]

(2.4)

(2.5)

In view of (2.3) and (2.4) these are expressible in the form

(
A A \

© = 2(X + p)v2tP (2.6)

<D = 2pıf-^-----~^ + 2i —)(<P—iıp) = 2pf——M—) D
8as22 da^dz?) * \a», dx2)

Let us now suppose that the elastic medium is set into motion by a
source moving with a constant velocity U in the direction of one
coordinate axis, say x, - axis. If the source has been moving for a
sufficiently İpng time then it might be reasonably assumed that a
steady vvave pattern with respect to an observer situated in a frame
rigidly attached to the moving source is formed in the medium. Hence
the field quantities may be thought as the function of only two indepen-
dent variables.
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^=8?, — Ut, Ş2 = «-i (2.7)
If the source travels in the opposite direction to xt axis, should be
taken as equal to xi + Ut. If we introduce (2.7) into (2.1) we have

where

(1 «1)^2 + 0

(1-M22)|^ +|p = o
esi OS2

(2.8)

^1 = — , (2.9)■c, c2
represent Mach numbers of the moving source. Since Cı>c2 then Mı<ll;
and we cali the case M2<1 as the subsonic case. It is clear that equations
(2.8) are both of elliptic type in this case. Henceforth we shall always
assume that we deal with elliptic equations. If we define now

The solution of (2.12), recalling that cp and ıp are real functions, can
be represented as

3] = ^+1(3^2, 22“51 “H*02?2 (2.10)
where

32=s/i-^22 (2.11)
we see that (2.8) reduce _to

^X=0,
-^4=0

(2.12)
381021 022a«2

<p=n1(«ı)+n1(â1).
_  _ (Z.İÖJ

ıp=i[fî2(22)—n2(z2)
where Iîı(3ı) and n2(«2) are, respevtively, function of complex variables
z, and z2 only. The choice for ıp is for convenience.

If we define
Z = Çt+İÇ2

we see that (2.6) becomes
D = 2X(<P—i<p)

dz
0 = 8(X + p.)(2.14)

dzdz
. <I> = 8p. L- (<P— tıp) =

az2 dz
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Noting that

d%a _  d&a _  1 4~ 3a 03a ._ dZg _  1 3a _ ■£
93 3® 2 ' dz 9Z 2

we evaluate (2.14), in view of (2.13), as

D = (1—3,)w1(z1)4- (1 + p/oo/Zj) + (1—32)w2(z2)—(1 + 32)w2(z2)

0=2p.(3?—3: ı[wı'(Zı) + w,'(z)] (2.16)

O = 2[1[(1—p,)2w/(Zı) + (1 + 3ı)W(Zı) + (1—p2)’w2'(z2)— (1 + &2)2“>2'(z2)]

where we defined

wI(Zı) = 12/(«ı), w/z2) = n2'(32) (2.17)

and employed the relation

x+ix=ii-ŞE|- (2.1Ö)

Primes denote differentiation with respect to the argument. Hence the
solution of the elastodynamic problem is reduced to the determination of
two complex potentials w,(zı) and w2(z2) with distinct arguments z>
and z2 defined by (2.10). The complex function theory was first applied
to the plane dynamic elasticity by Sneddon [2], We also refer the reader
to Radok [3], Teodorescu [4] and Gladwell [5| whose derivation we
followed here to some extent.

The stress and displaeements components are readily obtained from
(2.16) and (2.6):

«ı = (^(z,) +w1(z1)—32[t»2(z2) + w2(z2)]

m2 = »{3i[wi(«i)—Wi(«i)]—[a>2(z2)—w2(z2)]}

t11=n{(2p?-p?+l)[w1'(z1)+ w/(Zı)]-232[a>2'(z2) + ^/(Zj)]} (2.19)

f22 = — (i {(1 + 3?) [w/(Zı) + a>ı'(Zı)]—232[w2'(z2) + w2'(z2)]}

t12=ip{23ı[oı1 (Zj)—cu1'(zI)]—(l + 3?)[w2'(z2)—w2'(z2)]}
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Thus we have

and using (2.5)

(2.20)

ds

Let us now consider a curve AB in the plane (z,, a^) which is sta-
tionary relative to the source and evaluate the resultant F of the contact
forces exerted by the material in Rt on the material in R2 across this
curve (Fig. 1). This force is given by

A

In (2.20), 0 and <I> are given by (2.16) and are function of z,, z,, z2, z2
which are related to z and z by

B
F = — I [(tn + itl2)d^2—$(*22 —

A

B

F=^- f (

(Greek indices = 1, 2). We define a complex number F by

F=F2+iF2

and recall that the unit normal n to the curve AB has components

„ -

B
Fa= - ft

A
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with

Öne the can easily verify that

Sz dz

Therefore F depends on the path which connects the points A and B
and is different on two curves C\ and C2 (Fig. 1) even if there is no
singularity in the enclosed region. This result should, of course, be
expected since that region is not in the state of equilibrium. Thus, to study
the algebraic structure of complex potentials w, and o>2 becomes rather
difficult especially when the region is multiply-connected. Hence it
deems that the practical applicability of this othervvise extremely elegant
formulation is somewhat limited. However a number of problem have
been successfully attacked by this method and the possibility of the
full use of conformal mapping increases the merits of the technique. But
it is in order to indicate that the occurence of two complex variables z1
and z2 in the complex potentials requires two conformal mapping
functions and a boundary L in z - plane is mapped onto two boundaries
Lx and L2 in s1 - and z2 - planes.

We have to emphasize önce more that the method is strictly appli-
cable only for subsonic cases. However, with proper modifications, the
continuation to the the transonic and supersonic cases can be accom-
plished without too much difficulty.

Before concluding this section we investigate the singular parts of
complex potentials corresponding to a concentrated force in the origin
of z - plane in a simply - connected region and the behaviour of the
solution at infinity.

We write

(//

1 + 31 i—3ı— / ı^ı = “2 z + +

®2=^^(z + Y2»)

(2.21)
= 1Og ®ı + wı(zı)

oj,(z,) = log z2 + w2(z2)
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vvhere w i and w2 are holomorphic in the zt and z2 planes respectively and
ff, , H2 are complex constants. Hence we obtain from (2.16)

D [(1—31)^1 log »ı 4- (1 + [31)27, log z, + (1—p2)Zf2 log z2

—(i+32)H2 log s.j+"

Q = ^.|2~fe2J#l + ğl)+... (2.22)
U 31 /

<D = — 1(1—P,)2—+ (1—p2)2 ^ + (1 + P1)2 ^-(l + p2)2^+--
l zı z2 z, z2 |

vvhere dots stand for regular terms. It is clear now from (2.22), that
the displacement will be single - valued if and only if

(1-Pı)fî!-(1 + Pı'H, + (1- (32)772 + (1 + (32)Â2= 0 (2.23)

H-plane■j-plane

Next we evaluate (2.20) along elliptical paths shrinking tovvard the
origin in the z - plane. These paths correspond to circles with vanishing
radii centred at the origin of the Zı - and z2 - planes as shown is Fig. 2.
Considering the limiting case for e —> 0 and noting that 

lim
c->0

& ^ = 2™,

C„

lim
e-0

(IZg ■—2ıti.

we immediantely obtain

lim
E-0
i^ = 0
J Za

Ca

+(1++['ndV- P22) + (i+P.m.
P1 (

+ a+^(Y23H2_^) = -Ş (2.24)
P2

It follows then from (2.23) and (2.24) that
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H; = —(aj + a2)F—(a,—a2)F

Hı~~ [(aı + a^F + ıaj—a2)Fj (2.25)
ZH2

+ L(a1-a2)F + (a, + c^F]
Zp2

where
“1 = 2n(l + p^)(l-g22) ’ “2= 2p.(l—p21) (2‘26)

When the region extends to infinity the complex potentials must
admit the follovving representation for sufficiently large | z | if the stresses
are to remain bounded at infinity:

u^)=-2ir-g*+2^10g3ı+^- + +-
(2.27)

. \ ■A‘)~İ~İB-2 , ^2 ı ı -^2 ı -^2 ı
^=-^«2+^iogZ2+- + ^+--

where A. , B,, A2, B2 are real constants. Thus we have

,, , A2+iB2 „( 1 )2^ + Ot^J
(2.28)

. A2 + İB2 , / 1 \+o(-J
as | « | —> 00. We conclude from (2.28) that the stress tensor should be
eonstant at infinity. If we denote these components by f“ , and
t" we easily obtain

• 2(K-K) ’

t”
(2’29)

_ı_ l + (%’2__2p2 + 4(32(K-£’i

Evidently the homogeneous State of stress at infinity cannot determine
the eonstant B2. In order to understand the physical meaning of B2
let us consider the local rotation of the medium defined by
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W = — — 1 pu2_  dul\
2 dx2) 2 gçj

ı lap azn

2i \ dz dz /
which yields

1__ R2 _ _
w = —[w2'(sr2)—oj2'(^)] (2.30)

Hence it follovvs from (2.28) that

U" = W||xHw=-İ=<Bj . '

or

If the rotation vanishes at infinity we have to take S2 = 0. At any
rate, the constant B2 will not effect the stress distribution so that it
can be discarded altogether when we are mainly interested in deter-
mining the stress distribution

It is evident from (2.27) that stress singularities produce unbounded
displacements at infinity.

It is also clear that the solution of the problem of a concentrated
force moving with a subsonic velocity in the direction of the a?,-axis
in an infinite medium free from stresses at infinity is given by

Wı(«ı>=^logZI? “2fe2) = ^Iogz2 (2.32)

vvhere ffı and H2 are calculated in (2.25)
■ r

3. Moving Puch on the Half-Space

We consider a rigid punch moving vvith a uniform velocity U along
the boundary of the half-space o?2>0 namely, in the direction of positive
®t-axis. We assume that M2=U/c2<1. The profile of the punch is
given, i. e.,g=g(&*  (Fig. 3). We suppose that the profile of the punch
is symmetrical vvith respect to its axis. The coefficient of friction betvveen
the punch and the half-space is k. It vvill further be assumed that the

Henceforth we shall use Ç = Ç,, 7] = Ç2 • 



855 Erdoğan S. Şuhubi

punch will always be kept in vertical position while it moves. Clearly the
coordinate axes E, and p are rigidly attached to the punch. In the sequel
we shall reduce the solution of this problem to the solution of a Standard
Hilbert problem and be able to give explicit expressions for the complex
potentials, or more truly for their derivatives.

The contact area under the punch is the interval Zı=[u,b]. The
eomplement of /, on the real axis is denoted by I2. Obviously Z2=
(—oo, a) (J (b, Hence the boundary conditions on the surface -r, = 0
become

^12 = ?22=0, ^eZ2 (3 1)
t\2~^22 > ^2=f(^l> e fi

where /(%) =d—g<£). It is straightforvvard to see that the above condi­
tions can be replaced by the following ones:

t12 fci22 = 0 , t22 = 0 , ÇeZ2 (3 2)
i12—fct22=0, w2=/(Ç), ÇeZ,

If the punch moves in. the opposite direction ali one to do is to replace
fc by —k. In view of (2.19) we can express the boundary conditions as
follows

u/ ■ İ(201[W,'(Ç)-W1'(Ç)]—(l+0’)[w2'(Ç)—W2'(Ç)]

+ fc «1 + 01) [<(!;) + W,'(5)]-202[u2'(Ç) + w2'(Ç)]} = 0 (3.3)

(1 + 01) [< £) + <(!;)]—202[(,j2'(E)+ü2'(§)] = 0
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VeZ,
tOı'(Ç)]— (1 + Pl)[<o2'(Ç)—to2'(Ç)}

+ fc{(l + [3jl [u/CÇH- w/(Ç)]— 232[oj2'(Ç) + oj2'(Ç)]} = 0

3ı[wı'(Ç)—Wı'(?>]—[w2'(5)—w2'(5)] = »/'(?>

(3.4)

where primes denote differentiations with respect to Ş. The last
expression in (3.4) is the differentiated form of the displacement boun-
dary condition in (3.2). Our problem now is to determine the complex
functions oj/te,) and w>'(s2) satisfying the mixed boundary conditions
(3.3) and (3.4) and giving rise to vanishing stresses as |«j—> oo,
argge [0, it]. It follovvs from (3.3)ı and (3.4), that the function

İ{2[31[oj1'(Ç)- w,'(£)]— (1 + p2)[w2'(y—w2'(Ç)]}
+ fc{(l + fö[“ı'(S) + w,'(5)]-232[gj2'(Ç) + <«?(?)]}

vanishes for — oo <§<oo. This implies that there is a functional relation
such as

w2'(Ç)=Kw,'ft) (3.5)
where K is a complex constant. This substitution leads to

{23,i+ (1 + (3;)fc—Zf[(l + ppi + 2g2/c])w,'(Ç) 4- {—2(32i + (1 +
-K[—(l + P’)i + 232fc])w7(?) = 0

whence we obtain the complex factor K:

(l + &)fc + 2(M 2(l + PD(fc2P2 + P,)+ifc[4p1g2-(1+P1)2] „6
A 2p2fc + (l + 31)i (1 + 3?)2 + 47c2fö

To satisfy the remaining conditions we introduce (3.5) into (3.3) and
(3.4)

(1 + Pİ— 232K)<(l=H(l+$-2p2£)wIXO = 0, ŞeZ2
_ _

(Pj—(P1—K) w/©=-i/W. 5 e 7ı
We novv define a function -/(Ç) through

X(Ç)=(1 + 31—232K)w,'(Ş) (3.8)

in terms of which (3.7) becomes

X(Ç)4-X(Ç)=0 Çe/2
77  (3.9)

X(Ç) — X(£) = -iHy'(Ç), 5 e I,
H

where
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or
4P,p2-(1 + pp2

1+01-2|J2K
H- 3,-K (3.10)

(3.11)

= he“°

where
h= 4p,32—(1+PD» = 4&p2-(l+&)2

\/ 35(1—K)2 +fc2d+pf— 2p,32)* 31(1—^)

w = arctg k 2 , 0<w<-y (0<k<°°)
Pll±----H2' Z

(3.12)

(3.13)

We now consider the analytic continuation of the function y/s) defined
in the plane Imz>0 to the plane Imz<0 across the real axis;

X(g) = —X(«), Im z>0 (3.14)
Let us also define

X(») lz=5+i0 = X+(^,

X(z)|_ =-x(Ç)=x-(^)
z=ç—lO

which are values taken by the function x(«) when is approached the
real axis from the upper and lower planes, respectively, Hence (3.9) is
now transformed to

X+(Ç)—X~(5) = 0, Çe/2

X+(Ç) + e’'“X“(O=— iHf'lft, Ç e/,
or

where

X+(Ç)—X~(Ç)=O

X+(Ç)—ez X“U)=:—İH/'(Ş),
(3.15)

Here obviously
(3.16)
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(0<fc<oc)

On the other hand if the friction is absent 

for ali M2 <1.

Subbstituting 0 in (3.11) and (3.12) we find that

«4

If M2->0 (3.16) reduces to [6]

« 1,1- t , 1—2v0=-7v + — arctgfc--------- -2 ir 2(1— v)

H=he'''° 2' =—ihe™9

11 = ~(1ftt W' sin 710 = h° sin 11:0
Pl(4 P2)

(3.17)

The values of 0 and h for various k, M2 and Poisson’s ratio v are given
in Tables 1-10.

Equations (3.15) express the fact that x(») so defined is a sectionally
analytie function in the whole plane continuous across the line L2 (Fig. 4).
The right and left values of x(z) along the line Lt are related by (3.15)2.

Henceforth we shall assume that f'(5) satisfies a Hölder condition. The
determination of requires the solution of a special case of the
well-known Hilbert problem. For the investigation of this problem we
refer to Muskhelishvili [6] or Gakhov [7].
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A particular solution of the homogeneous Hilbert problem in (3.15)
is given by*

X0(z) = (z—a)~0(z-b)°-1 (3.18)

vvhereas the general homogeneous solution is expressible as

X(z) = X0(z)P0(z) (3.19)

where P0(z) is an arbitrary entire function.

Since concentrated forces are not present under the punch the order
of singularity should be less than unity. Although X0(z) is singular at
the points a and b it meets the requirement since 0<1. If we want X(z)
to remain bounded at the end points ali we have to do is to choose P0(z)
as (z—a)(z — b) which results in the fundamental function

X1(z)=(z—a)1-0 (s—₺)° (3.20)

vvhich bounded at both ends (actually zero!).

Having obtained the homogeneous solution of desired form we can
write the solution of non-homogeneous problem as follows:

b
X(z)=— ^X(s) ' ~X+(İhI-z) dt+x&p& (3.21)

a

where P(z) is again an entire function and X+(^) denotes the value taken
by X(z) as approached to L, from the plane Imz>0.

We distinguish now three cases according to the allowed stress
singularities under the punch.

i. Contact Area Under the Punch includes no Corner

In this case (Fig. 5) the tractions vanish at points ç = a and İj = b.
Hence the fundamental solution must be chosen as X,(z) given in (3.20).
Since the stresses must die out as | z | -» oo and since Xı (z) —> z as
I z | —> oo we have to put P(z) = 0 in (3.21). Therefore the corresponding
solution becomes

* The positive sens along is denoted in Fig. 4.
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v, , H ,1-0, ,,o f f'&di, „

a
where

X1+(^) = [(^-a)1_0(£-b)O]+=[(z-a)1-0(z-b)0 ]z=ç+;0 (3.23)

It is easily seen from Fig. 4 that

, ,1—0, T.,0 ı |1—9| K ı° ■(1-0)<P1+1O<P2(z—a) (z—b) =\z—a\ |z—b| e

Since %=(), (P2=tc as z->£+iO and (P1 = 2k, tP2=ır as z->£—İ0 when
we have

*ı+(5) = (Ç-a)1-0^-?)0 eiît0 £ e Z, (3 24)

X1-(5) = (?-a)1-0(b-Ç)8 e~M

Hence (3.22) should be written as

b
v, , , ,1—0, i.,0 f f ’&dt,X(z) = x—(z—a) (z—b) / --------- ft--—’ (3.25)

a

It should be noted that a and b are unknovvn beforehand and they could
be obtained by imposing additional conditions on (3.25). One obvious
condition is that x(z) ->0 as |z|—> oo. If we eonsider that £ in (3.25)
is finite and expand (3.25) in increasing powers of 1/z we obtain
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X(z) = -

h
ih f i^'ftdt,
2kJ (Ş—a)l-0(b-Ç)e

Hence we have
b

(Ç—a)1—0(l>—Ç)°
(3.26)

The other condition expresses the fact that the resultant of the normal
stresses under the punch should be equal to the force P pressing it
downward, i. e.,

b

P=- f t22UWS (3.27)

Equations (3.26) and (3.27) are sufficient to determine a and b, and
consequently the contact area. We novv try to give (3.27) a more explicit
form. It follovvs from (2.19)4 that

*22© =-lx[X(Ç)+X(!=)]=-p[X+®-X“O (3.28)
or from (3.25) 

t22(Ç) = 0, !;eL2
b

, „ iııh , ine —i~eızr .ı—e„ —0 ç f(u)duM£)=---- 5—(e —e )(Ç—a) (b—Ç) / ------- -------------- İT-----
2k J (u—a)1 0(₺—w)0 (w—Ç)

b
f'(u)du

Hence (3.27) yields

V-h sin ırO .1—0
=--------------(Ç—a) ıir J (m—a)1 0(b—w)0 (w—Ç)

a
(3.29)

b b __ n a
f r/'Mtg-a)1 (b-g) dudg -re P
’J (u-a^ib-u)6(u-Ç) sinire pfe' (3.30)

a a

We put now
w b

J —u
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This integral should be understood in the sense of Cauchy’s principal
value

Fig. 6

In order to evaluate this integral we consider the path shown in
Fig. 6 where CR is a circle with a large radius R. The function

, J-0, ,x0(z—a) (z—b)
z—u

in regular in region enclosed by that contour. Therefore one can write

lim -m =lim K)— lim m
£-►0 J e-+0 J R—j

~f—Cr. Cr Cr

on observing that the integrals över vanishingly small circles around
branch points a and b are zero.

On the other hand
b

lim I, (.-a)1-9^-^»8 ds=2. 8.nK0
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limite-a)1 (z—b) , .,r, .1-0. ,.e,+ , r. .1-0, ,,0,_.
um w----------------------- dz=m{[_(u—a) (u—V) ]T+[(w—a) (w—b) ] }
e-.O J z—u

C.
= 2m cos nO(ît—a)1 °(b—w)°

lim dz = 2m[u—(1—0)a—0b]
R-*-co  J Z—U

CR

Hence we have
b 0

/ ---------=--------- -—d^ =------ :—r- [u-(l-0)a-0b-cosn0(u-a) (b—u) ]J E,—u . sımw
a

and we find relation

b b
ff'(u)[u—(1—0)a—0b] n P

J (u-a^b-u)0 J
a a

If we also consider (3.26) we reduce the above expression to

b

— f----------------------- n- cos 7î0[/<₺)—/(a)]=(3.31)J (w—a)1 (b—u)
a

Employing a similar technigue we can show that

b
r______ jr_ ı r f'(z)__________________,

J a_a)ı-°(&_?)û 5 2isiri ? (.-a)1-0^
a

Thus the eguation (3.26) is transformed to

lim 4)--------- dz=O (3.32)
J (s—a)1 (z—b)
CR

After having determined /(s) completely the complex potentials are
obtained as

ZZ < _ '^(Zj) f . K X(^2) ZQ QQ.
ı+3?-202K ’ W2 (02)~ 1+3^-23^ ' (3-33)
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ii. Contact Area Includes one Corner.

If we increase the vertical force one of the corners of the punch
comes into contact with the surface of the half-space before the other
does the same because of the asymmetrical displacement of the surface
due to frictional forces. Physical considerations lead us to the conclusion
that the corner at the point E = <ı touches first to the surface of the half-
space (Fig. 7). Since a stress singularity will occur now at %=a we
have to modify the fundamental solution X,(z) of the preceding case.

_ û n
X2(2) = X0(2)(2—₺) = («—a) (z—b) (3.34)

It is easy to see that

X2+© = (5-a)-0(b-Ç)(! e™0
_ 0 0 —;ît0 S

(₺-?) e

Thus the solution of Hilbert problem becomes [cf. (3.21)]

6

<3-35)(z—a) ) J \ o—§ , ç—z
a

Since X2(z)->1 as | z | —> oo we again had to put P(z)=0 in (3.21).
To determine the contact area we have to find b. To this end we employ
(3.27). The normal stresses under the punch are

MS) == — [x[X+(Ç)—X-(Ç)] = \ıh
sin 7ü0 

7t Ş—a J J \b—w / u—ç
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By a contour integration similar to the one which is used in obtaining
(3.31) we get

b
— i —— V/'(w)dw+cosw0[/(b)—f(a)]=-^- (3.36)

! \ U—U / [X/t'

It is clear that x(z) —> 0 as | «|-» °o.

The complex potentiais are then written as in (3.33).

iii. Contact Area Includes both Corners.

If we further increase the foree P both corners of the punch begin
to touch to the surface of the half-space (Fig. 8). In this case both the
points ç=a and %=b have stress singularities and the appropriate
fundamental solution becomes [cf. (3.18)]

X0(2)=(z—a) °(2—b)° 1

It is straightforward to see that

Xo+(?)=—(5-a) ~° (b—Ç)° ~1 efK°
X0_(Ç) = —(Ç—a)—°(₺—Ç)1’-1©-1110

(3.37)

(3.38)

Therefore the solution for x(z) can be written at önce from (3.21):

A
(z—a)a (2—b)1-0

b
x(z)=-»---------

(z—a)0 (2—b)l-e J %—Z
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Since X„(z) —> 1/z as | z | -» oo we take P(z) = A in '(3.21) where A is a
complex constant. This constant will be so chosen that (3.9) ı will be
satisfied to guarantee the analytic continuation across L2. Thus

— A 4- A
X(Ç) + X© =-----------------=0> SeL,

(ij-a)(?-b)
Hence

A=-A (3.40)

Therefore A should be a püre imaginary number. Since a and b are now
knovvn beforehand we have to determine only A. For this purpose we
use (3.27). The normal stress under the punch is

b
. , İîtO —ZTcO 0 .1—0 ,,, .

t ftı= ..rv+ctı e —6 (u—a) (b-u) f (w)t22^)=-p[X+(^-X (Ç)j—— ——-------- ö--------- — ----------- ______—------du
2“ (ij-a)9 (Ç-b)1 («-?)

+

+

. , İTcO — ITîO. , - C, .0 „ ,1—0u.Afe —e ) pft sın nrfl [(u—a) (b—u)
(k-a)0(b-^ “ V (Ç-aAb-?)1"0/

2mA sin st9 
-------- 0----------i-0 >(Ç-a) (b-Ç)1

f'(u)du

(3.41)

Hence

rr (w—a)9 (b—w)1 0f '(u)
jj (Ç-a)0(b-Ç)1’_0(a-^)

b

dudZ, + 2î!j.tc A /---------t--------- -—ö
(k~a)°(b-^-ü

on the other ha.nd we can easily show that
b
/■dZ, _ TZ COS 7T0

- (Ç—a)9 (b—Ç)1 9(w—Ç) sin n0(w—a)° (b—w)1 9
a

b
f dİ=

(ü-a)9 (b-l1-9 sin 710
a

Thus

TZ _ ~ COS TZO ,
—-------y P =--- :----  - V-hsın ıx9 sın tc0 f'(u)dzı+ 2iy.zz2A

sin -n:9
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Since the profile of the punch is supposed to be symmetric with respect
to its axis, then

b

/'(w)dıı = 0

a
and

Hence (3.39) is written as

^(®)— 0 j_0
—a) (z—b)

(3.42)

İh r^-a)9^-^)1
2-rc(3-a)6 Ç—2

a (3.43)

The complex potentials (z>) and uı'lz?) are written then as in (3.33).
The normal stress under the punch is obtained from (3.41) by substitut-
ing (3.42):

P 
o ..

,alÇ) = -^-------- ,---------

b
h f (u—a)*  (b—u)1 6f'(u)

u—t,a

(3.44)

In the next two sections we shall consider Solutions for special punch
profiles.

4. Rectangular Punch.

In case of a rectangular punch we write (Fig. 9)

Flg. 9



Moving Rouglı Punch on an Elastic Half - Space 95

W = d, f'Gj)=O (4.1)

This obviously falls into the case (iii) discussed in Sec. 3. Introducing
(4.1) into (3.43), placing the -q - axis into the middle of the punch,
denoting the width of the punch by 2c with a=—c, b = c we obtain

X(z) =
_______ İP
2ıtn(»+c)® (z—e)1 0

(4.2)

and consequently we get from (3.33)

[2{327v+(l + pi)i] H (4.3)

(4.4)
sin ıt0 P

where

(4.5)^4
7C C

wı (®ı) — ' n ,_n
2ırp[43ı32-(H-(3y2](21 + c)u fe-c)1

[(l + &)fc + 2g,i]P
to2 (Zj) — a , _ o

2ırp.[4[3,32- (1 + PD2] (s2+ e) (Zj-c)1

The pressure under the punch is obtained from (3.44);

t ____ !İ£Zİ§ p
*22\Sz — _ n ,_n71 (ij + c/tc-?)1

_______ 1_______
(14-Ç)0(1—Ç)1-0

The minimum value of the pressure occurs at

Ç-20-1
The pressure distributions for M, = 0 (static case) and M2=0.5 are
shown in Fig. 10 for fc = 0.6, v = 0.3 and tabulated in Table 11. The stress
formula (4.4) for the former case coincides with the one given in |6|.

5. Circular Punch

We consider a circular punch with a large radius Ro. Therefore its
profile is approximately parabolic and the displaeement under it can be
represented by (Fig. 11)

(5,1)

Hence
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f'(O=- (5.2)Zto
We distinguish novv three cases studied in Sec. 3:

Case i. (Fig. 12a)

Flg. 12

We have to determine first a and b. Noting the position of the
coordinate axes we write (3.31) and (3.32) in the following form by
substituting (5.2):

i
1 f u2 , , cosufl , , P
ö /------- î=b---------»du~'—(a2—b’)=-T-RoJ (tt + a)1 ®(b—u)B 2R°

(5.3)

lim -------- rz?-------- jr-<te=O
^-+oo y (24- a)1 (g—₺)

Cr

The second of (5.3) yields immediately
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0₺—(1 —0)a = O

If we denote the total contact area by

a+b = 2Z
then we find

« = 20Z
&=2(1—0)Z (5.4)

Since 1/2^0<1, it is clear that a^b.

To evaluate the integral in (5.3), we eonsider

b
f 0(1_0)z2

•' (ç + a)1 °(b—i;)6 SIn

r z2dz  .(1—0)(2—0)a2—20(1—0)ab + 0(1 + 0)b2
— llm ®-------- î=e--------F=—2m----------------— ---------------------------

£—• °° J (z+a) (z—b)

whence on using (5.4)

. , <t da=-2i sin 7101 ——-S- =
(z + a) (z—b) d (Ş + a) (b—t;)

Thus (5.3), gives

+(20-D eos -o] Z2
2pJj. | sınn0

and

(5.5)^2pJi / I sın tcO

a and b are then determined by (5.4). Of course (5.5) can only be valid
if a<c, that is, if the contact area has not reached the corner of the
punch. This condition implies, in view of (5.4)

Employing this
W

in (5.6) we find that

PRo
p.c2h

1 [0(1—0)7t
20z I sın ~8 + (20—1) cos "0

or using (3.17)
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PP. ir r
»-e'+<2M>

sin 2~0
2ÎT“ (5.6)

It is also trivial to see that b satisfies the follovving ineguality:

1—9
0 (5.7)

Finally we can now obtain x(z) through (3.25):

ym_. ih . , .1-0, ..0 /' M»)- 2 n (z+a) (z—b) / r?ö ğ“------
J (5 +d)1 2 * U(b-Ç) (5~»)

— a
This integral can be evaluated by the technique described in Sec. 3.
Hovvever we must note now that the integral has a pole at the point
z so that the residue at that point should also be added. Thus one finds

b
r___________ _______________ = _K_r1_____________z_________ ı

. (E + a)1 0 (b—?)°(Ç—z) sin—Oj (a + a)1-0 (s—b)0 I

and consequently

X(»)=— □- [(«+a)1-°(«—b)9 — z] (5.8)
^/vqS1U7Cu

Then

. (1 + P2)fc + 2pıi r . 1— 0. ,. 0 . n.
^2 (?$) = (i—y) + (z2~b) — z2] (5.9)

\vhere we used (3.17).

The normal stress under the punch is found from (3.28)

İ22(?)=----- 5-(£ + a) (₺—Ş)
/Vq

or employing (5.5) and (5.7)

I --------------------- Tt(20 + ^1 0[2(l-0)-i;]O(5.1O)
2 + (20—1) cos Tt0 Zsın Tvö

—29<^< 2(1—8)
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where Ç=Ç/Z. The maximum pressure occurs at Ç=—2(20 —1).

The pressure distribution is' shown in Fig. 13 for fc = 0.6, v = 0.3,
Mı=0.5 and tabulated in Table 12.

Fig. .13

Case ii. (Fig. 12b)

We have to determine first b. We put «=— c Equation (3.36)
becomes

b
W 1 l'[u+c\® COS 7t0 2 2 P-5- I t-----  - udu + ——— (c2—b2) = ~- (5.11)R0J \b—u I 2R0 p.h

—c
It is now straightforvvard to see that 
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b

udu = ~—x- [6(1 + 0)b2 + 202bc—0(1 — 0)c2]z sın tco

and the relation

[0(1 + 0)(32 + 202[3-0(1-0)] + cos t:0(1-32) = -^ (5.12)
sın rcU pjıc

where $ = b/c, gives b as a function of P. Of course (5.12) is valid for

(3<1. In viewof (5.7) f) satisfies The solution of (5.12) yields

+a r0(1+0)_ «h2k0_i;,/2 _02
2k j pJı0c2 tz | 2tt

Z7C

(5.13)

where h0 was defined in (3.17). For (5.13) to be valid it is clear from
(5.12) that the following ineguality should be satisfied

PR0
y.h0c2 < 2k02 (5.14)

The function x(a) is then determined from (3.35) as

X(») = ih
2ıtR0

The integral in (5.15) is calculated as

(5.15)

b
ffe+c V 5 d?=^j[3+(b+c)9]-s (S-)9j

and (5.15) becomes

X(»)= — —r- [z + (b + c)0] —2 (5.16)277osınn:0( J\z + c)

The normal stress distribution under the punch is
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M^)=-4x+(U-x-(^)]

=^^+(b+c)0](fcr)°

•0'0 \ÇT& y
or

^>=-^[^+(1+3)0] -1<U3 (5.17)
«0 \l + <, j

where Ç=tj/c and [3 is given by (5.13). The stress distributions for fc = 0.6,
v=0.3, M, = 0.5 and PXo/|â7mS=1.6 and 1.95 are plotted in Fig. 14 and
tabulated in Table 13.

Fig. 14

With the
as follows:

knovvledge of ■/.(«) we can express the complex potentials

W
Wı'(«])= 2g2fc+(l + gz2H

222^(1-^) +(b + c)0] ı
\2ı + c/ $

<Jl2'(z2) = (l + ^)k+2'a,i
222^^1-35)

z2+(b+c)0] «J
\22’TC/ \

(5.18)
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Case iii. (Fig. 12c)

If P> 2~|j7ı062//2ıj [cf. (5.14)], then both corners of the punch come
into contact with the surface of the half-space and we have to take

a= — c, b = c
and (3.43) becomes

c

X(g) -- g 1_ I K_ „
2M« + c) (3-c)1 21I.R0(« + c)U(z-c)1 ç 2 ,

The integral in (5.19) can be evaluated as

/^(H 4" C) (C c) Ç .y I» r . .0 . , 1 — 0 ■ r>nz-« û\ 2/ —-------- =—■-----A-- „ [s(2 + c) (s—e) 4-20(1—0)c2J ç—3 . sın no
~c —(26— l)cz—z2]

and (5.20) takes the following form

X(z)=------------- ---------- - - th -- (5.20)
2np.(z4-c)° (z—c)1—° 2«osln”0

lz2-f-(20—l)c»-20(l— 9)c2 1

L (z4-c) (»—o). J
The stress distribution under the punch is now

i22(y = -^+(^)-X-(5)]

sin ıt6 P u.M24-(29—l)c^-20(l—0)c2
” ir , >0, eJ-0 + Rn /e , A hJ-0

(Ç4-c) (c—?) "o (?4-c) (e— Ç)
or

, P sin rcO 1
*22VS)— ~ ö ı__0

Kû (i+071-o1
-ı<i;<i)

k- [V -i-(20- 1)Ç-29(1-0)]< (5.21)
( PRo )

The stress distribution for fc = 0.6, v = 0.3, M2 = 0.5 and PZÜ0Xp7ıc2 = 4 is
shovvn in Fig. 15 and tabulated in Table 14.

The bounds for PKo/p/ioC2 for which three cases diseussed above
are applicable are shown .in Fig. 16.
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PRo

Fig. 16
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After having determined x(z) in (5.20) we can express the complex
potentialş._as follovvs:

„ r. [232fc + (l + P?)j]P
, 2ıt[x[431P2— (l + &)2](Zı + c) (2j—c)

202fc+(l + &H ^ + (20—1)024—20(1—6)c2 ]
2K.P.U-» [ ö,+<,)• (a,-e)1"1 "'I

'w--------------------IS+fflî+Sflp------ (5.22,
2-rcfi[4PıP2 — (l + fŞFK^ + c) (z2— c)1

(l + 32)k + 2P1i p22 + (20-l)c«2—20(1—02)c2 ]
+ 2K0Mi-^r [ (z2+c)%_c)ı-e S2J

ACKNOWLEDGEMENT

The author is indebted to Dr. T. Özbek for his help in the numerical
computations.

REFERENCES

[1] Galin, L. A. : Contact Problems in the Theory of Elasticity, (English trans-
lation), North Carolina State College, October 1961.

[2] Sneddon, I. N. : The stress produced by a pulse of pressure moving along the
surface of a semi-infinite solid, Rendiconti Circole Matematico di
Palermo, 2, 57-62 (1952).

[3] Radok, J. R. M. : On the solution of problems of dynamic plane elasticity,
Quart. Appl. Math., .14, 289-298 (1956).

L4] Teodorescu, P. P. : On the plane problem of elastodynamics, Rev. Mec. Appl.
Acad. Rep. Pop. Roıımaine, 1, 179-184 (1956).

|,5] Gladvvell, G. M. L. : On the solution of problems of dynamic plane elasticity,
Mathematika, 4, 166-168 (1957).

[6] Muskhelishvili, N. I. : Some Basic Problems of the Mathematical Theory of
Elasticity, Noordhoff Ltd., Groningen (1953).

[7] Gakhov, F. D. : Boundary Value Problems, Pergamon Press, London (1966).

Manuscrvpt received on M ardı 31, 1972



106 Erdoğan S. Şuhubi

TABLE- - 1 . 0 for vt-_0 . 1 5

X 0.0 0.1 0.2 0.3 0.4 0.5 0.7 0.9

0.0 0.50000 0.50000 0.50000 0.50000 0.5'0000 0 . 50000 0.50000 0.50000
0.1 O.513İO 0.51315 0.51332 0.51362 0.51407 0.51471 0.51699 0.52298
0.2 0.52615 0.52626 0.52660 0.52719 0.52808 0.52936 0.53389 0.54573
0.3 0.53912 0.53928 0.53978 0.54 06 6 0.54198 0.54 389 0.55059 0.56802
0.4 0.55196 0.55217 0.55233 0.55398 0.55572 0.55823 0.56702 0.58965
0.5 0.56463 0.56489 0.56570 0.56712 0.56926 0.57234 0.58310 0.61046
0.6 0.57710 0.57 74 1 0.57836 0.5SOO2 0.58255 0.58617 0,59875 0.63033
0.7 0.58933 0.58968 0.59077 0.59267 0.59555 0.59970 0.61393 0.6491 9
0.8 0.60129 0.60169 0.60290 0.60503 0.60823 0.61281 0.62858 0.66698
0.9 0.61297 0.61340 0.61473 0.61706 0.62056 0.62556 0.64268 0.68368
1.0 0.62433 0.62480 0.62624 0.62875 0.63253 0.63790 0.65620 0.69933

TABLE 2. h for v=0.15

\ı2
k \ 0.0 0 . 1 0.2 0.3 0.4 0.5 0.7 0.9

0.0 1.17647 1.16714 1.13877 1.0902 3 1.01939 0.92262 0.62148 0.01104
0.1 1.17547 1.16614 1.13777 1.08923 1.01840 0.92164 0.62060 0.01101
0.2 1.17250 1.16317 1.13480 1.08626 1.01543 0.91870 0.61796 0.01093
0.3 1.16760 1.15826 1.12989 1.08135 1.01054 0.91387 0.61365 0.01079
0.4 1.16083 1.15149 |1 . 12313 1.07459 1.00381 0.90723 0.60776 0.01061
0.5 1.15230 1.14296 1.11460 1.06608 0.99536 0.89890 0.60042 0.01038
0.6 1.14213 1.13279 1. 10444 1.05596 0.98531 0.88902 0.59181 0.01013
0.7 1.13045 1.12112 1.09278 1 . 04435 0.97381 0.87776 0.58210 0.00985
0.8 1 .11741 1.10808 1.07978 1.03142 0.96103 0.86529 0.57146 0.00956
0.9 1.10316 1.09385 1.06559 1.01734 0.94714 0.35177 0.56088 0.00925
1 . 0 1.08786 1.07857 1.05038 1.00226 0.93231 0.83739 0.54814 0.00895

0 for v =0.2 5TABLE 3.

0.0 0.1 0.2 0.3 0.4 0.5 0.7 0.9

: o.o 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000
0.1 0.51061 0.51066 0.51082 0.51112 0.5.1 1 5 5 0.51219 0.51445 0.52045
0.2 0.52119 0.52129 0.52162 0.52220 0.52307 0.52434 0.5288 3 0.54073
0.3 0.53173 0.53188 0.53237 0.53323 0.5 34 53 0.53642 0.54310 0.56068
0.4 0.542 19 0.54240 0.54305 0.54 4 .18 0.54591 0 . 5484 0 0.55720 0. 5801 6
0.5 0.55257 0.55283 0.55363 0.55503 0.56716 0.56024 0.57108 0.59905
0.6 0.56283 0.56314 0.56409 0.56575 0.56827 0.57191 0.58İ68 0.61724
0.7 0.57297 0.57332 0.57441 0.57632 0.57922 0.58339 0.59798 0.63467
0.8 0.58295 0.58335 0.58458 0.58672 0.58998 0.59465 0.61093 0.65127
0.9 0-5,92 7 7 0.59321 0.59457 0.59694 0.60053 0.60568 0.62351 0.66704
1.0 0.60242 0.60290 0.604 3 7 0.60695 0.61086 0.61644 0.63570 0.68194
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1ABLE 4 . h f or y = (J . 1b

TAB.LE 5 . 0 for v - 0.30

X 0.0 0 . 1 0.2 0.3 0.4 0.5 0.7 0.9

0.0 1.33333 1.32331 1.29285 1.24081 1.16499 1.06170 0.74251 0. 10635
0.1 1.33259 1.32257 1.292 1 0 1 .24005 1.16422 1.06092 0.74174 0.10613
0.2 1.33038 1 . 32035 1 .28987 1.23779 1.16193 1.05860 0.73946 0 . 10 3 4 8
0.3 1.32672 1.31667 1 . 28617 1.2 3405 1 .15814 1.05476 0.73571 0 . 10442
0.4 1.32164 1.31158 1.23104 1.22887 1.15289 1 .04 94 5 0.73055 0.10299
0.5 1.31519 1.30512 1.27454 1 . 222 31 1.14626 1.04274 0.72407 0.10124
0.6 1.30744 1 . 297 36 1 .2667 3 1.21443 1.13829 1.03472 O.7I63S 0.09921
0.7 1.29845 1 .28836 1.25768 1.2053 1 1.12910 1.02547 0.70761 0.09697
0.8 1.28831 1.27820 1.24748 1.19504 1.11875 1.01510 0.69787 0.09456
0.9 1.27710 1 . 2669 7 1 .2 362 1 1.18371 1.10737 1 .00372 0.68731 0.09204
1 . 0 1.26491 1.25477 1.22397 1. 1714 2 1.09505 0.99145 0.67605 0.08944

TABLE 6. for v = 0.30

\W2
0.0 0.1 0.2 0 . 3 0.4 0.5 0.7 0.9

0.0 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000
0 . 1 0.50909 0.50915 0.50931 0.50960 0.51005 0.51069 0.51298 0.51906
0.2 0.51817 0.51828 0.51861 0.51919 0.52008 0.52136 0.52593 0.53799
0.3 0.52722 0.52738 0.52787 0.52874 0.53007 0.53198 0.53878 0.55664
0.4 0.53622 0.53643 0.53709 0.53824 0.54000 0". 542 53 0.55151 0.57492
0.5 0.54517 0.54543 0.54624 0.54767 0.54985 0.5 5299 0.56408 0.59270
0.6 0.55404 0.55436 0.55532 0.55702 0.55960 0.56333 0.57644 0.60991
0.7 0.56283 0.56320 0.56431 0.56627 0.56925 0.57354 0.58858 0.62648
0.8 0.57153 0.57194 0.57320 0.57541 0.57877 0 . 58360 0.60046 0.64235
0.9 0.58012 0.58057 0.58197 0.58442 0.58814 0.59348 0.61205 0.65750
1.0 0.58859 0.58908 0.59062 0.59330 0.59136 0.60319 0.62335 0.67191

X 0.0 0.1 0.2 0.3 0.4 0.5 0.7 0.9

0.0 1.42857 1 . 4 1804 1.38604 1.33143 1.25198 1 . 14 398 0.81199 0.15835
0. 1 1.42 799 1.41745 1.38545 1.33082 1.25136 1.14334 0.81132 0. 1 5807
0.2 1.42624 1.41570 1.38368 1.32901 1.24949 1.14141 0.80930 0.15723
0.3 1.42335 1.41280 1.3807 3 1.32600 1.24640 1.13821 0.80597 0.15585
0.4 1.41933 1.40876 J .37664 1.32183 ] . ? 4 2 l l 1.13378 0.80138 0.15399
0.5 1.41421 1.40362 1.37144 1.31652 1.23666 1.12817 0 . 79560 0.15168
0.6 1.40803 1.39741 1 . 36516 1.31012 1.23010 1.12141 0 . 78869 0.14900
0.7 1 .40083 1.39018 1.35785 1.30267 i .22247 1.11359 0.78075 0.14601
0.8 1 . 39266 1.38198 1.34956 1.29424 1.21385 1.10476 0.77189 0.14278
0.9 1 . 33356 1.37285 1.34034 1.28487 1.20429 1.09500 0.76220 0.13936
1.0 1.37361 1.36286 1 . 33026 1.27464 1.19387 1.03439 0.75179 0.13581
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TABLE 7. 0 for v- 0.40

X 0.0 0 . 1 0.2 0.3 0.4 0.5 0.7 0.9

0.0 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000
0 . 1 0.50530 0.50536 0.50555 0.50587 0.50637 0.50708 0.50957 0.51601
0.2 0.51601 0.5107 3 0.51110 0.51174 0.51273 0.51415 0.51913 0.53194
0.3 0.51590 0.51608 0.51663 0.51761 0.51908 0.52120 0.52865 0.54771
0.4 0.52119 0.52143 0.522 16 0.52346 0.52541 0.52824 0.53812 0.56324
0.5 0.52646 0.52676 0.52768 0.52929 0.53173 0.53524 0.54753 0.57878
0.6 0.53173 0.53208 0.53318 0.53510 0.53802 0.54222 0.55685 0.59336
0.7 0.53697 0.537 38 0.53866 0.54089 0.54428 0.54915 0.56607 0.60783
0.8 0.54219 0.54266 0.54412 0.54666 0.55051 0.55604 0.57519 0.61185
0.9 0.54 7 39 0.54792 0.54955 0.55239 0.55670 0.56287 0.584] 7 0.63540
1 . 0 0.55257 0.55315 0.55495 0.55809 0.56284 0.56964 0.59303 0.64844

TABLE 8. h for v = 0.40

\t]?
k \ 0.0 0.1 0.2 0.3 0.4 0.5 0.7 0.9

0.0 1 .66666 1.65456 1.61785 1.55538 1 .464 97 1 . 34294 0.97397 0.27279
0.1 1 . 66644 1.65432 1.61760 1 .5551 2 1.46468 1.34260 0.97353 0.27244
0.2 1 .66574 1 .65 362 1 .61686 1.55432 1 .46380 1.34161 0.97221 0.27142
0.3 1 . 664 59 1 .6524 5 1.61564 I.55300 1.46234 1 .33996 0.97003 0.26973
0.4 1.66298 1.65081 1.61393 1.55116 1.46031 1 . 3 3766 0.96670 0.26742
0-. 5 1.66091 1 . 6487 1 1.61173 1.54880 1.45770 1.33471 0.96313 0 : 264 54
0.6 1.65840 1.64616 1.60907 1 . 54593 1 .454 54 1.33114 0.95848 0.26114
0. 7 1.65544 1.64316 1 .60593 1 . 542 56 1.45082 1.32696 0.95307 0.2 5729
0.8 1.65205 1 . 63972 1.60233 1 . 53870 1.44657 1.32218 0.94693 0.25304
0.9 1 . 64823 1.63584 1 . 59829 1 . 534 36 1.44180 1.31683 0.94012 0.24848
1.0 1 . 64399 1.63155 1.59380 1.52955 1 .4 3652 1.31092 0.93267 0.24366

TABLE 9. 6 for v= 0.5

X 0.0 0 . 1 0.2 0.3 0.4 0.5 0.7 0.9

0.0 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000 0.50000
0.1 0.50000 0.50008 0.50032 0.50075 0.50139 0.50229 0.50531 0.51250
0.2 0.50000 0.50016 0.50065 0.50150 0.50277 0.504 57 0.51061 0.52496 1
0.3 0.50000 0.50024 0.50097 0.50225 0.50416 0.50686 0.51591 0.53734 j
0.4 0.50000 0.50032 0.50130 0.50300 0.50555 0.50914 0.52120 0.54962 1
0.5 0.50000 0.50040 0.50162 0.50375 0.50693 0.51142 0.52648 0.56174
0.6 0.50000 0.50048 0.50195 0.504 50 0.50832 0.51370 0.53174 0.57 369
0.7 0.50000 0.50056 0.50227 0.50525 0.50970 0.51598 0.53699 0. 5854 3
0.8 0.50000 0.50064 0.50260 0.50600 0.51109 0.51826 0.54222 0.59693
0.9 0.50000 0.50072 0.50292 0.50675 0.51247 0.52054 0.54 742 0.60818
1 . 0 0.50000 0.50080 0 . 5032 5 0.50750 0.5 1. 3 8 6 0.52281 0.55260 0.61916
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TABLE 10. h for v= 0.5

TABLE 12. STRESS D I STR 1 BL'TION
UNDER A CÎRCULAR PUNCH CASE i

\m2
k X 0.0 0.1 0.2 0.3 0.4 0.5 0 . 7 0.9

0.0 2.00000 1 . 984 9 7 1.93959 1.86285 1 . 7 5288 1 . 6064 1 1.17647 0.404?7
0.1 2.00000 1.98497 1 .93959 1.86285 1.75286 1.60636 1.17631 0.40396
0.2 2.00000 1 . 98497 1 .93958 1.86283 1.75281 1.60624 1.17582 0.40303
0.3 2.00000 1 .9849? 1.93958 1.86281 1.75273 1 . 60603 1.17500 0.40149
0.4 2.00000 1 . 984 9 7 1.93957 1 .862 77 1.75261 1.60574 l.17386 0.39937
0.5 2.00000 1 . 9849 7 1 .93956 1 .862 72 1.75246 1.605 3 7 1.17240 0.39669
0.6 2.00000 1.98497 1.9395 5 1 .86267 1.75228 1.60492 1.17063 0.39349
0.7 2.00000 1 .9849 7 1 .93954 1 .86260 1 .7 5206 1 . 604 38 1.16854 0.38980
0.8 2.00000 1 . 98497 1.93952 1 . 862 52 1 . 75181 1.60376 1.16614 0.38567
0.9 2.00000 1.98406 1 .9395 1 1.86243 1.75153 1.60306 1.16344 0.38115
1 . 0 2.00000 1 . 98496 1 .93949 1 . 86234 1.75123 1.60228 i . 1 604 5 0.37627

TABLE 11. STRESS DISTRIBUTION
UNDER A RECTANGULAR PUNCH

4

-2t22c/P c. -2 C9?/P

M2= 0 M2= 0.5
-0.1127
-0.11 0.3 9465-0.95 2.44946 2.52050

-0.90 1.68779 1.72518 -0.10 0 . 7 5686
-0.80 1 . 1 7763 1.19539 -0.90 0.94615
-0.70 0.96497 0.97533 -0.80 1 .0 74 1 6
-0.60 0.84535 0.85166 -0.70 1 . 1 6584
-0.50 0.76885 0.77253 -0.60 1.23170
-0.40 0.71670 0.71844 -0.50 1.27726
-0.30 0.68014 0.68035 -0.40 1.30575
-0.20 0.654 59 / 0.65350 -0.30 1.31918
-0 . 10 0.63750 0.63523 -0.2 533 1.32065
0.00 0.62747 0.62406 -0.20 1.. 31 8 7 6 j
0.10 0.62 383 0.61928 -0.10 1.30519
0.1081 0.62381 0.00 1.27873
0.1237 - 0.61906 0.10 1.23924
0.20 0.62653 0.62078 0.20 1.18615
0.30 0.63612 0.62904 0. 30 1.11838
0.40 0.65398 0.64533 0.40 . 1.03406
0.50 0.68277 0.67217 0.50 0.93007
0.60 0.72772 0.71451 0.60 0.80086
0.70 0.80001 0.78295 0. 70 0.63504
0.80 0.92869 0.90499 0.80 0.40038
0.90
0.95

1.22775
1.64857 ;

1.18814
1.58476 |

0.8733 0
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TABLE 13. STRESS DTSTRI BUT1ON UNDER
A CIRCILAR PUNCU. CASE ii.

- c 12 , / P

PRo/uhc2=l.6 PR /yhc2»!.95
o

-0.98
-0.95
-0.90
-0.80
-0.70
-0.60
-0.50
-0.40
-0.30
-0.20
-0.10
0.00
0.10
0.20
0.30
0.40
0.50
0. bO
0.70
0.80
0.8877
0.90
0.9770

0 67148
0.53992
0.51835
0.54741
0.580o8
0.60703
0.62582
0.63753
0.64267
0.64160
0.63452
0.62151
0.60245
0.57 707
0.54487
0.50497
0.45599
0.39548
0.31854
0.2 1234

0

0.91469
0.66159
0.57498
0.55295
0.56123
0.57218
0 . 58080
0.58579
0.58678
0.58367
0.57639
0.56439
0.54903
0.52858
0.5032 1
0.47239
0.43531
0 . 39066
0.33623
O.2675L

0.17221
0

TABLE 14. STRESS
DİŞTİ'I BUT I o:: UNDER

/X CIRCILAR PL'NCH.CASE iii.

-Ct,,/P

- c t _ „ / P
- -

-0.95 0.96724
-0.9 0 0.72158
-0.80 0.57533
-0 . 70 0.52 308
-0.60 0.49678
-0.50 0.48075
-0.40 0.46935
-0.30 0.46009
-0.20 0.4 517.0
-0.10 0.44349
0.00 0.43503
0. 10 0.42607
0.20 0.41649
0.30 0.40624
0.40 0.39539
0.50 0.38419
0.60 0.37328
0.70 0. 364 29
0.80 0.362 10
0.90 0.38844
0.95 0.45537


