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QUANTUM CORRECTED CORRELATION FUNCTIONS AND
POWER SPECTRA OF SPECTATOR SCALAR AND INFLATON FIELDS
DURING INFLATION

SUMMARY

The inflationary cosmology not only explains apparently mysterious features of
the universe like the flatness, horizon, and relic particle abundance problems, but
also provides a natural mechanism to produce primordial density fluctuations that
eventually lead to the cosmic structure formation. The primordial density perturbations
are generated spontaneously from the quantum fluctuations of a scalar field, called
inflaton, that drives the inflation. The physical origin of quantum fluctuations is the
uncertainty principle that manifests itself as the virtual particle pair production out of
vacuum. The observed anisotropies in the cosmic microwave background (CMB) are
believed to be the amplified imprints of the fluctuations of an inflaton which later grow,
due to gravitational instability, to become galaxies and clusters of galaxies. Variation
of the amplitudes of fields with length scales is measured by the spectral index n.
Predictions of the inflation models for the spectral index and its variation with scale,
quantified the by running of the spectral index o, can be compared with observations
to discriminate between the alternative inflation models. It is, therefore, important to
study the correlation function and power spectrum A? of the quantum fluctuations to
understand the distribution and the origin of large scale structure in the universe.

During inflationary expansion, physical length scales grow much more rapidly than
the horizon size, therefore the scales continuously exit the horizon. After the end of
inflation though the horizon size grows more rapidly than the physical length scales,
hence the scales begin to reenter the horizon. The quantum fluctuation modes that
get caught up in the inflationary expansion are also stretched, with their wavelengths
increased in proportion to the scale factor a(z), across a wide range of length scales.
In the history of each fluctuation mode of cosmological interest with comoving
wavenumber k, there exists a comoving time #; at which the mode exits the horizon.
The fluctuation mode k is therefore a subhorizon [ultraviolet (UV)] mode when ¢t < #;,
but becomes a superhorizon [infrared (IR)] mode when ¢ >f;. After the time #, the
amplitude of the mode remains constant and the mode retains the same form—hence,
the fluctuation mode is converted to classical perturbation until it reenters the horizon
to induce structure formation in the universe. Different fluctuation modes go through
the horizon crossing at different times. In fact, the modes that exit latest reenter earliest.
The modes that exited the horizon at late times during inflation, reenter long before the
modes that exited at early times during inflation and hence play the key role in seeding
the structure formation. The modes which are reentering the horizon around the current
epoch that are observed via large-angle CMB anisotropies exited the horizon at late
times when the universe e-folded about fifty times. Since the UV modes are irrelevant
for the late time behaviour of scalar potential models, using the IR truncated fields and
the stochastic formalism, introduced by Starobinsky, gets the exact leading terms that
the Schwinger-Keldish formalism gives at each loop order.

xXxi



The outline of the thesis is as follows. In Sec. 1, we introduce the formalism we use
and define the physical quantities we compute throughout the thesis.

In Sec. 2, we consider an IR truncated spectator scalar field ¢ (z,%) with potential

V(¢):’”72¢2i%¢4 during a cosmological constant driven de Sitter inflation hence,
the expansion rate H is a constant. The model, not only provides us an opportunity to
predict observable cosmological characteristics of a yet hypothetical scalar which does
not participate in driving inflation but also mimics the behaviour of an inflaton which
drives the inflation so that one can draw qualitative conclusions about the quantum
dynamics and fluctuations of a self-interacting inflaton. We compute the quantum
corrected two-point correlation function of the IR truncated scalar at two-loop order.
The tree-order correlator is positive. For a fixed physical distance, in the massless limit,
it grows like Ina at late times. The growth is suppressed for massive scalars. As the
mass increases, so does the suppression. The one-loop correlator, on the other hand, is
negative. For a fixed physical distance, in the massless limit, it grows like —AIn>a at
late times. The growth, however, is suppressed for massive scalars. The suppression is
sensitive to increase in mass. (In fact, for m > % it asymptotes to zero.) In this section,
we propose a method to compute the stochastic contributions to the quantum corrected
A2, n and o. The results show that, the spectrum of fluctuations of a massive scalar
is red tilted at tree and one-loop order. As the mass decreases, so does the tilt. In the
massless limit, although the tilt vanishes at tree-order—hence the tree-order spectrum
is scale invariant—the one-loop correction still implies a red tilt. Physically, this means
that the amplitudes of fluctuations, in both massive and massless cases, grow toward
the larger scales. Then, we compare our numerical predictions for the ny and oy with
the measurements of Planck 2018 Collaboration obtained by analyzing the CMB data.
Finally, we compute the variance of the field variation at tree and one-loop order. The
result implies that the tree-order variance decreases when the quantum corrections are
included. Physically, this means that the difference between the actual effect perceived
by a local observer in the field strength and the average effect, as fluctuations happen,
is not as large as the tree-order variance implies.

In Sec. 3, we consider an IR truncated inflaton field ¢(z,X) with the same potential

V((p):m;(pzi% @* which drives the inflation, during a slow-roll inflation—hence the
H is necessarily time dependent—and study the quantum dynamics and fluctuations
of the field. We decompose the inflaton ¢(z,X) into an unperturbed (averaged)
background field ¢(7) which is a function of time only and a quantum fluctuation field
o¢(t,X) with a completely different time evaluation coupled to the background field
that evolves independently. As the classical restoring force pushes the ¢ () back down
to the configuration where the potential is minimum and therefore the inflaton rolls
downhill, the d¢(z,X) engenders eventually the density perturbations required for the
structure formation in the universe. We solve the equations of motion of the fields and
Einstein’s field equation and get the scale factor a(t), expansion rate H(z), slow-roll
parameter £(¢) and the background field ¢(¢) in terms of initial values H;y and g with
O(A) corrections that arise as a backreaction of interactions. We then obtain, in the
A —0 limit, the free field mode expansion for the tree-order fluctuation field o @y (7, %)
and express the full fluctuation field d¢(z,X) in terms of d¢y(¢,X). We compute the
quantum corrected two-point correlation function for the IR truncated fluctuation field.
The correlation function is evaluated at the full solution of the effective field equation.
Therefore, the tree-order and one-loop correlators respectively get O(A) and O(A?)
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corrections due to the backreaction of interactions on the dynamics of spacetime
geometry. The tree-order correlator in the A — 0 limit for a fixed physical distance
grows at early times and asymptotes to a constant at late times. The growth is reduced
as the g increases. For the + (—) sign choice in the interaction potential, the O(1)
correction at tree-order enhances (reduces) the growth whereas the O(1) correction at
one-loop order reduces (enhances) the growth. The figures given in this section imply
that the amplitudes of fluctuations do not grow forever during inflation—which would
lead to proliferation of ever newer regions of the universe. The inflaton, therefore,
cannot continue rolling up its potential but comes to a half eventually. At this stage,
the classical rolling of the inflaton down its potential, due to the push of the restoring
force, start to dominate the motion rather the random up and down jigglings of the
field, due to the quantum fluctuations. As the inflaton rolls downhill, in this regime,
the fluctuations engender the density perturbations, as pointed out earlier. Generalizing
the method we introduced in Sec. 2 to the case of inflaton driven inflation, where the
H is time dependent, we compute the stochastic contributions to the A(ZS o 1150 and Q54

of the fluctuation at tree and one-loop order. The O(A) correction to the spectrum of
inflaton fluctuations is enhanced significantly, due to the terms involving huge factors
of 81‘62 and 81'61 that are not present in the spectrum of the spectator scalar during
cosmological constant driven inflation considered in Sec. 2. (The O(A) correction
to the ngg, on the other hand, gets enhanced by the terms involving the factor 8;'61')
The A2 g in the A — 0 limit, is red tilted. The O(A) correction to the ngg enhances
(reduces) the red tilt for the + (—) sign choice in the self-interaction potential. Our
numerical predictions for the 755 and @4 of the inflaton fluctuations are in accordance
with the cosmological measurements by the Planck 2018 Collaboration. Comparing
the predictions for the n and o in Secs. 2 and 3 with the observed values, we conclude
that the data favor the inflaton model more.

Sec. 4 is on the problems that are left open in this thesis. The quantum corrected
power spectrum can be defined in two different ways: (i) as the Fourier transform
of quantum corrected two-point correlation function or (ii) as the norm square of
quantum corrected mode function. Although at tree-order these alternative definitions
give exactly the same result, they differ at loop orders. We implemented the first
alternative to define the stochastic power spectrum that we introduced to the literature.
Computing the fully renormalized quantum corrected power spectrum of fields using
the Schwinger-Keldish (SK) formalism is an extremely formidable task which has not
been done yet. The stochastic power spectrum is an approximation which only gets
the dominant leading terms at each loop order but it misses the suppressed subleading
terms. The deviation of the stochastic power spectrum from the exact result is an
open problem. To estimate the deviation, we considered the simplest model: massless
minimally coupled (MMC) scalar with a quartic self-interaction in de Sitter spacetime.
To compute the exact fully renormalized quantum corrected power spectrum, via
definition (i), we attempted to compute the one-loop two-point correlator using the
SK formalism. We managed to reduce the computation into the evaulation of four
integrals and even computed one of them. The result, however, is too long to give
in a paper. Thus, estimating the deviation of the stochastic power spectrum from the
exact result—even in a simplest possible model—is still an issue to be resolved. We,
however, compute the quantum corrected power spectrum for the scalar in the simplest
model considered in this section at one-loop order via the alternative definition (ii). We
summarize the conclusions in Sec. V.
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ENFLASYON SURECINDE iZLEYIiCI SKALER VE INFLATON ALANLARININ
KUANTUM DUZELTILI KORELASYON FONKSIYONLARI
VE GUC TAYFLARI

OZET

Sisme kozmolojisi, yalnizca diizliikk, ufuk, ve kalinti parcacik bollugu problemleri
gibi evrenin gizemli goriinen 6zelliklerini aciklamakla kalmaz, ayni zamanda sonug
da kozmik yap1 olusumuna yol acgan ilkel yogunluk pertiirbasyonlarini iireten dogal
bir mekanizma saglar. Ilkel yogunluk pertiirbasyonlari, evreni sisiren ve inflaton adi
verilen skaler alanin kuantum dalgalanmalarindan kendiliginden iretilir. Kuantum
dalgalanmalarinin fiziksel kaynagi, vakumdan sanal pargacik iiretimi olarak kendini
gosteren belirsizlik ilkesidir. Kozmik mikrodalga fonunda goézlemlenen anizotropilerin
bir inflaton alaninin, sonradan gravitasyonel kararsizlik vasitasiyla, galaksiler ve
galaksi kiimeleri haline gelecek olan, kuantum dalgalanmalarinin biiylimiis izleri
olduguna inamilmaktadir. Alanlarin genliklerinin uzunluk Olge8ine gore degisimi
tayf indeksi ile oOlciiliir. Sisme modellerinin tayf indeksi ve tayf indeksinin 6lgekle
degisimi olan tayfin indeksinin akis1 i¢in verdigi ongoriiler gozlemlerle kiyaslanabilir
ve farkli modeller arasinda ayiklama yapilabilir. Oyleyse kuantum dalgalanmalarmnin
korelasyon fonksiyonunu ve gii¢ tayfin1 A> calismak evrendeki biiyiik 6lgekli yapilarin
kokenini ve dagilimini anlamak i¢in 6nemlidir.

Siserek genisleme siirecinde, fiziksel uzunluk 6lgekleri ufuk boyundan ¢ok daha hizli
uzarlar, bu yiizden de olcekler, siirekli bir sekilde, ufkun disina cikarlar. Sisme
sona erdikten sonra, ufuk boyu fiziksel uzunluk Olceklerinden daha hizli uzar, ve
dolayisiyla olgekler ufuktan igeri yeniden girmeye baslarlar. Siserek genislemeye
yakalanan kuantum dalgalanma modlar1 da, dalga boylar1 6l¢ek faktorii a(z) ile orantili
bir sekilde, genis yelpazeli bir uzunluk 6l¢ek araliginda uzarlar. Kozmolojinin ilgi
alanina giren her bir k eshareketli dalgasayili dalgalanma modunun ge¢misinde, bu
modun ufkun digma ¢iktig1 bir eshareketli zaman #; vardir. Oyleyse, dalgalanma
modu k, ¢t < t; iken bir ufukalti [ultraviyole (UV)] moddur, ama ¢ > #; oldugunda
ufukiistii [kizil6tesi (KO)] bir mod haline gelir. # anindan sonra, modun genisligi
sabit kalir ve mod formunu aynen korur—yani dalgalanma modu evrende yap1
olusumunu indiiklemek icin tekrar ufuktan iceri girene kadar klasik pertiirbasyona
doniisiiriilmiis olur. Farkli dalgalanma modlar1 ufuk gecislerini, ge¢ c¢ikan once
girecek sekilde, farkli zamanlarda yaparlar. Bundan dolay1 sismenin ge¢ zamanlarinda
ufuktan ¢ikan modlar, sismenin erken zamanlarinda ufuktan ¢ikan modlardan ¢ok
daha once ufuktan iceri girerek, evrende yapi olusumunu tetiklemede anahtar rol
oynarlar. Evrenin biz gozlemcilerin yasamakta oldugu evresinde ufuktan giren ve
kozmik mikrodalga fonunda genis a¢i1 anizotropileri olarak gozlemlenen modlar,
evrenin yaklasik >° kat biiyiidiigii ge¢c zamanlarinda ufuktan ¢ikmis olan modlaridir.
UV modlari, skaler potansiyel modellerinin ge¢ zamanlardaki davraniglart acisindan
onemsiz olduklarindan, hesaplarda kuantum alanlarinin UV modlarn kesilip atilarak
yalnizca KO modlar tutulacak sekilde kullanilmalar1 (stokastik formiilasyon), her bir
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ilmek mertebesinde Schwinger-Keldish formiilasyonu ile elde edilen sonucun baskin
oncii terimini aynen elde etmek i¢in yeterli olmaktadir.

Ana hatlaniyla tezin iceri§i soyle Ozetlenebilir. ~ Boliim 1’de tezde kullanilan
formulasyon tanitilmakta ve hesaplanan fiziksel nicelikler tanimlanmaktadir.

Boliim 2°de, kozmolojik sabitin evreni sisirdigi dolayisiyla, H nin sabit oldugu bir de
Sitter sismesi siirecinde V (¢) = %2(])2:&4&!(])4 potansiyeline sahip, UV modlar kesilip
atilarak KO modlar tutulmug bir izleyici skaler alan incelenmektedir. Bu model
bize heniiz yalnizca varsayimsal olan bir skaler alanin gozlemlenebilir kozmolojik
karakteristiklerini 6ngdrme firsati saglamakla kalmaz ayn1 zamanda sismeyi saglayan
inflaton alani modeline benzer davrandigi i¢in, kendisiyle etkilesen bir inflaton
alaninin kuantum dinami8i ve dalgalanmalar1 hakkinda niteliksel ¢ikarimlarda
bulunabilmemizi saglar. Bu boliimde, 6nce ele alinan izleyici skaler alan i¢cin kuantum
diizeltili iki-nokta korelasyon fonksiyonu iki-ilmek mertebesinde hesaplanmaktadir.
Agac mertebesinde iki-nokta korelator pozitiftir. Sabit bir eshareketli uzaysal (yani
artan fiziksel) mesafe i¢cin bu korelator ge¢ zamanlarda kiitlesiz durumda bir sabite
yakinsarken, kiitle arttikca bu sabit sifira gider. Sabit bir fiziksel mesafe icin ise
bu korelatdr, ge¢ zamanlarda, kiitlesiz durumda Ina gibi biiyiirken, kiitle arttikca
bu biiyiime bastirilmaktadir. Bir-ilmek korelator ise negatiftir. Sabit bir eshareketli
uzaysal mesafe icin bu korelatér, gec zamanlarda, kiitlesiz durumda —2AIn’a gibi
biiytirken kiitleli durumda sifira yakinsar. Sabit bir fiziksel mesafe icin ise bu
korelator, ge¢ zamanlarda, kiitlesiz durumda —Aln’a gibi biiyiirken, kiitle arttik¢a
bu biiyiime siddetli bir sekilde bastirilmaktadir. (Hatta m > % icin sifira yakinsar.)
Yine bu boéliimde kuantum diizeltili A2, n ve « icin stokastik katkilar1 veren bir metot
onerilmekte ve bu nicelikler agac, bir- ve iki-ilmek mertebelerinde hesaplanmaktadir.
Sonuglar, skaler alanin dalgalanmalarinin aga¢ ve bir-ilmek mertebelerinde kizila
egildigini, kiitle azaldikca egikligin de azaldigim gostermektedir. Kiitlesiz limitte,
egiklik aga¢c mertebesinde sifira giderken, bir-ilmek mertebesinde kizila kaymaktadir.
Fiziksel olarak bu, skaler alan dalgalanmalarinin genliklerinin dalga boylar1 (6l¢cek)
biiytidiikce arttigi anlamina gelir. Daha sonra bu modelde hesaplanan n ve a’nin
sayisal degerleri kozmik mikrodalga fonu verileri analiz edilerek elde edilen Planck
2018 sonuclartyla kiyaslanmaktadir. Son olarak, skaler alandaki de8isimin varyansi
hesaplanmaktadir.  Bir-ilmek mertebesindeki varyans gostermektedir ki kuantum
diizeltiler agac mertebesindeki varyansi azaltmaktadir. Yani yerel bir gézlemcinin alan
dalgalandikc¢a algiladigr alan siddetindeki gercek etkinin ortalama etkiden farki, agac
mertebesindeki varyansin ima ettiginden azdir.

Bolim 3’te, V(@)= ’”72(p2j:%(p4 potansiyeline sahip bir ¢ inflaton alaninin
evreni sisirdigi—dolayisiyla H’ nin zamanla degistigi—bir yavas-yuvarlanma sismesi
sirecinde, bu ¢ alaninin kuantum dinamigi ve dalgalanmalar1 incelenmektedir.
Model caligilirken ¢ alani sadece zamanin fonksiyonu olan ortalama bir @(¢)
fon alam ile bu fon iizerindeki uzayzamanin fonksiyonu olan kiiciik d¢(z,X)
kuantum dalgalanmalarinin toplami olarak diisiiniilmektedir. Sisme siirecinde @(¢),
klasik geri cagiric1 kuvvetin etkisiyle potansiyelin minimumuna dogru inerken
0 ¢(t,X) dalgalanmalar ileride evrendeki yap1 olusumunu saglayacak olan yogunluk
perturbasyonlarinin kokenini tiretirler. @ ve d¢ alanlarinin hareket denklemleri
birbirlerinden farklidir. (¢’in hareket denklemi J¢’den bagimsiz olup, d¢’nin
denklemi @’ye baglidir.) Bu hareket denklemleri, Einstein’in alan denklemleriyle
birlikte ¢oziilerek modelde uzayin 6lgek faktorii a(t), genisleme oran1 H (t), inflatonun
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yavag-yuvarlanma parametresi €(¢) ve fon alan1 ¢(¢), A—mertebesindeki diizeltileriyle
birlikte H;jp ve & baslangic degerleri cinsinden elde edilmektedir. (Diizeltiler,
inflatonun kendisiyle etkilesiminin, uzayzaman geometrisinin dinamigine olan geri
tepkisinden dolayidir.) Sonra, A — O limitinde, §¢y kuantum dalgalanmalarinin
mod agilimi elde edilmektedir. Etkilesimlerin dahil edildigi durumda ise d¢ tam
alan1 0@ cinsinden ifade edilmekte ve UV-modlar1 atilarak, sisme siirecinde, d¢
tam alanmin kuantum diizeltili iki-nokta fonksiyonu elde edilmektedir. (Iki-nokta
fonksiyonu alan denklemlerinden elde edilen, a, H, € ve ¢ ¢oziimleri kullanilarak
hesaplandigindan aga¢ mertebesindeki korelator, inflatonun kendisiyle etkilesiminden
kaynakli, A—mertebesinde diizelti alirken, bir-ilmek korelator A2-mertebesinde diizelti
alir) Agac¢ mertebesindeki korelatér, A — O limitinde, sabit bir fiziksel mesafe igin
erken zamanlarda biiyliyerek ge¢ zamanlarda bir sabite yakinsar. Bu biiyiime &y
arttikca zayiflamaktadir. A’nin sifirdan farkli oldugu durumda, kendisiyle etkilesme
teriminde + (—) isaret secimi i¢in aga¢ korelator kaynakli A—mertebeli diizelti bu
biiyiimeyi giiglendirir (zayiflatir). Bir-ilmek korelator kaynakli A—mertebeli diizelti
ise bu biiylimeyi zayiflatir (gili¢lendirir). Verilen dort grafik, dalgalanma genliklerinin
stirekli artmadigini, bir sabite yakinsadgini gostermektedir. Bu yapr olusumu i¢in
onemlidir clinkii, dalgalanma genliklerinin siirekli artmasi, evrende dalgalanmalarin
yap1 olusumunu tetiklemek yerine siirekli biiyiiyen yeni yeni bolgeler dogurmasina
sebep olurdu. Modelde inflaton alaninin genligi sisme siirecinde vakumdan parcacik,
tiretilmesi (dalgalanmalar) dolayisiyla artar ancak bu artis sonsuza kadar siirmez
ve sonunda durur. Yani inflaton potansiyelinde yukar1 yuvarlanir ve durur. Daha
once de belirtildigi gibi, bu asamada klasik geri ¢agirict kuvvet baskin gelmeye
baglar ve inflaton, potansiyelin minimumuna dogru asag1 yuvarlanirken kiiciik genlikli
dalgalanmalarin yol actig1 yukari-asagi tedirginlikler, sonugta yapi olusumu icin
gerekli olan yogunluk pertiirbasyonlar1 dogururlar. Bu béliimde, daha sonra Boliim
2’de Onerilen metot, genisleme oran1 H’ nin zamana bagl oldugu, inflaton tarafindan
sisirilen uzayzamana genellestirilerek, dalgalanmalar icin A%, n ve & agac ve bir-ilmek
mertebelerinde hesaplanmaktadir. Sonuglar, inflaton dalgalanmalarinin gii¢ tayfina
gelen A—mertebesindeki kuantum katkisinin, Boliim 2’de incelenen izleyici skalerin
gii¢ tayfinda bulunmayan, ¢ok biiyiik 81-62 ve 81-61 faktorlerini iceren terimler sebebiyle
giiclendigini gostermektedir. Tayf indeksine gelen A—mertebesindeki kuantum katkisi
ise 81.6' faktoriinii igeren terimler sebebiyle biiyiimektedir. Giig tayfi, A — 0 limitinde,
kizila egiktir. Yani izleyici skaler alan modelinde oldugu gibi, burada da inflaton
dalgalanmalarinin genlikleri dalgalanmanin dalgaboyu (6l¢ek) biiytidiik¢e artmaktadir.
A’nin sifirdan farkli oldugu durumda, kendisiyle etkilesme teriminde + (—) isaret
sec¢imi i¢in, A mertebeli diizelti bu egikligi arttirmaktadir (azaltmaktadir). Hesaplanan
n ve o’nin Ongordiigi sayisal degerler Planck 2018 oOl¢iimleriyle uyumludur. Bu
Olctimler, izleyici skaler alan modelinden ziyade, inflaton alanin1 desteklemektedir.

Bolim 4, tezdeki caligmalarin isaret ettigi heniiz acikliga kavugmamis problemler
tizerinedir. Kuantum diizeltmeli gii¢ tayfi iki farkli sekilde tanimlanabilir: (i)
Kuantum diizeltili iki-nokta korelasyon fonksiyonunun Fourier doniisiimii veya
(i1) Kuantum diizeltili mod fonksiyonunun normun karesi olarak. Bu alternatif
tanimlar aga¢c mertebesinde tam olarak ayni sonucu vermelerine ragmen, ilmek
mertebelerinde farklilik gosterirler. Bu tezde, literatiire ilk defa sunulan stokastik giic
tayfin1 tanimlamak i¢in ilk tanim kullanilmaktadir. Kuantum alanlarinin, tamamiyla
renormalize edilmis kuantum diizeltili gii¢ tayfim SK formalizmini kullanarak
hesaplamak son derece zorlu, heniiz basarilmamis bir problemdir. Stokastik giic
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tayfi ise, her ilmek mertebesindeki baskin Oncii terimleri veren ancak bastirilmis
diger terimleri vermeyen bir yaklagimdir.  Stokastik gii¢ tayfinin tam sonuctan
sapmast hesaplanmamisg agik bir problemdir. Sapmay1 hesaplamak icin, bu boliimde,
basit bir model olan kiitlesiz, minimal bagl, kendisiyle dordiincii dereceden
etkilesim potansiyeline sahip skaler alan ele alinmistir. Tamamiyla renormalize
edilmis, kuantum diizeltili gii¢ tayfi icin tam sonu¢ tamim (i) vasitasiyla, SK
formiilasyonu kullanilarak hesaplanmaya baglanmis ve bir-ilmek korelator hesab1 dort
tane uzayzaman integralin alinmasi problemine indirgenmistir. Integrallerin birinin
hesab1 tamamlanmis ancak sonug bu tezde verilmeyecek kadar uzundur. Su asamada,
bu basit modelde bile stokastik gii¢ tayfinin tam sonugtan sapmasin1 hesaplamak hala
cOziilmesi gereken bir problem olarak durmaktadir. Bununla birlikte, bu boliimde,
ele alinan basit modelde skaler alanin gii¢ tayfi icin tam sonug tanim (ii) kullanilarak
bir-ilmek mertebesinde elde edilebilmistir. Bu tezde yapilan caligmalarin sonuglarini
Boliim 5’te 6zetlenmektedir.
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1. INTRODUCTION

Physicists typically imagine that the universe began with a big bang (an initial
singularity) followed by a brief period of inflation [1-20], when the universe was about
1073 sec. old, that lasted only about 1073* sec. during which the universe expanded by
at least a factor of ¢®? and the universe became spatially flat, almost homogeneous and
isotropic. The origin of the big bang, in the language of QFT was fluctuations [21-23]
in a primordial wave functional of probabilities and potentialities. Out of one of these
fluctuations, it is believed, that the primordial substance for the universe emerged as
an outcome reality. It is assumed that a field which has negative pressure—known as

scalar field in field theory—drives the expansion in this primordial substance.

At some stage in this earliest epoch, the inflationary scalar field ¢, called inflaton,
with potential V(¢) and density p = %(’pz—l—V((p) that evolves slowly and becomes
dominant while the density of other fields diminish rapidly during expansion. As the
inflaton rolls down its potential slowly, it drives the inflationary expansion with a huge
rate H < 1/V (@) that evolves slowly, hence at this stage, the inflaton behaves like a
cosmological constant in driving the expansion. The process of inflation can be eternal.
It can start at a highly energetic stage where the quantum fluctuations of the inflaton
dominate the classical rolling down motion of the inflaton in its potential. In such a
stage, inflaton can roll up its potential, where the expansion rate H o< y/V (@) is larger,
creating more space. Hence, the locations where inflaton fluctuates up remarkably, and
hence the energy is high, lead to endless profileration of ever newer regions (pocket
universes) in a multiverse. As the inflaton executes a drunkard’s walk due to the
fluctuations, the energy in the regions jitters up and down in response. Therefore,
by chance, the inflaton can find itself in a region of lower energy where the amplitude
of fluctuations is smaller and hence the classical rolling down of the inflaton in its
potential dominates the motion. In such a region, the same fluctuations that lead to
profileration of pocket universes in regions where the energy is high, engender, here,

the density perturbations, as the inflaton rolls down its potential, that ultimately evolve



and lead to the formation of large scale structure—clusters of galaxies, galaxies, stars,

planets animals that populate the present universe.

As pointed out in the preceding paragraph, fluctuations are responsible for (i) popping
up of the primordial universe into existence out of potentialities in a wave functional,
(i1) creating pocket universes and (iii) generating large scale structure in our universe
out of vacuum fluctuations of a scalar field. We study case (iii), adopting the natural

units where i=c =1, in this thesis.

The vacuum fluctuations correspond to the inflationary particle-antiparticle pair
production out of vacuum, persisting for a time Az and then annihilating. Persistance
time At obeys the Heisenberg’s uncertainty principle according to which the minimum
time to resolve an energy change AE satisfies AEAr > 1. Therefore, to not resolve
such an energy change, the persistence time should satisfy AE Ar < 1. Emergence of
a particle of mass m and comoving wavenumber k out of vacuum implies a change
in energy from zero to E = v/m2+k2. Hence, not to detect such a violation of
energy conservation, a virtual particle that emerges out of vacuum should annihilate
in Ar <1/ Vm2+k2. Thus, the lightest virtual particles with longest wavelengths
have the longest persistence time hence, they induce greatest field strength and cause
strongest quantum effects. In an expanding universe, energy of a particle is time
dependent: E(r,k) = \/m?>+k2/a?(t) where a(t) is the scale factor. Therefore, a
virtual particle of comoving wavenumber k£ which emerges out of vacuum at time ¢
can persist [24, 25] for a time At satisfying fﬁm m2+k?/a?(t')dt’ <1. Thus, the
expansion causes the virtual particles to persist longer and therefore enhances their
quantum effects. For massive fields, the integral grows with At and ultimately the
inequality is violated which implies that massive particles have finite persistence time.
As the mass decreases, the Ar increases. Just as in Minkowski spacetime, massless
virtual particles that pop up with sufficiently long wavelengths, can persist forever and
therefore have strongest quantum effects. This can be seen [25] easily by considering
the uncertainty principle for virtual particles during a de Sitter phase of inflation where

a(t)=e"" and H is constant:

1. t t k ! d/—k t l lld /— 1 1 1 1
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Therefore, the modes with k< Ha(t) at time ¢, the inequality is never violated, even for

At — oo, hence, they persist forever and exhibit strong quantum effects. The inequality
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k< Ha(t) implies Aa(t) = Aphys > 1/H at time ¢, where A is the comoving wavelength
and 1/H is the horizon size (Hubble length). During inflation, therefore, physical
length scales grow more rapidly than the horizon size. Hence, the physical wavelengths
are stretched and the modes with A,py <1/H (1) at time ¢ are continuously shifted to the
modes with Aypys>1/H (1) as time evolves. Therefore, in the history of each fluctuation
mode with comoving wavenumber k, there exits a comoving time #; at which the scale
exits the horizon [k = H (t;)a(t;)]. The mode k of the fluctuation field is, therefore,
a subhorizon [ultraviolet (UV)] mode [k > H(t)a(t;)] when t <t;,. But becomes a
superhorizon [infrared (IR)] mode [k < H (t)a(tx)] when t >t;. It is at time # that
inflationary perturbations are imprinted on the universe providing the inhomogeneties
that eventually engender the large scale structure formation. This is because, as soon
as a particular mode exits the horizon, the crest of the mode loses causal contact with
the through and hence, cannot propagate. Its amplitude remains constant and the mode
retains the same form—it does not behave like a wave at all. Thus the mode "freezes in"
after it exits the horizon and becomes superhorizon. The fluctuation mode is, therefore,
converted to classical perturbation. After the end of inflation, the horizon size grows
more rapidly than the physical length scales, and the modes that exited the horizon
during inflation start reentering the horizon with the same amplitudes as they were
when exited—except for a small factor that depends on the ratio of pressure to energy
density in the universe when they exit and reenter—and the crests and throughs of the
reentering mode regain causal contact and propagate; they start to behave like a wave.
The modes that exit the horizon latest during inflation reenter earliest, after the end of
inflation, long before the modes that exited at early times during inflation, and play the
key role in inducing the structure formation. In fact, the large-scale CMB anisotropies
which we observe on the sky are due to the fluctuation modes reentering in the present

era that exited the horizon when a(t;) = e>°.

It was Starobinsky [26,27] who realized that the UV modes are irrelevant for the late
time behaviour of scalar potential models during inflation and amputated them. An
IR truncated field comprised of the modes whose physical wavelengths, at a particular
time ¢, are longer than the horizon size at that time, can be obtained by introducing
a time dependent cutoff via a dynamical window function. Starobinsky introduced

the Heaviside step function ®@(Ha(t)—k) in the free field mode expansion of a scalar



field to obtain the IR truncated free scalar field and used it to compute stochastic
contributions to some observables in scalar potential models. Starobinsky’s stochastic
approach yields exactly the same leading secular terms [28-36] that the SK (in-in)

formalism [37,38] gives at each perturbative order.

There has been a recent revival of interest in IR dynamics of scalar potential models
with various approaches [39-55]. We use the Starobinsky’s approach in this thesis
to compute the quantum corrected two-point correlation function for an IR truncated
self-interacting spectator scalar [56] at two-loop order during a cosmological constant
driven inflation where the expansion rate H is constant and for the fluctuations of an IR
truncated self-interacting inflaton [57] during slow-roll inflation where the expansion
rate H is naturally time dependent. We then introduce [56, 57] a new method to
compute the stochastic contributions to the quantum corrected power spectrum A”

[58,59], spectral index n, and running of the spectral index « in these two cases.

Two-point correlation function (Q|¢ (¢,%) ¢ (', X")|Q) of a quantum field ¢ is an average
measure of how the amplitude of the field at one event (¢, X) is related to the amplitude
of the same field at another event (¢’,X’) as the field fluctuates randomly in spacetime.
The fluctuation spectrum contains wide range of fluctuations of different length scales
(wavelengths) at a particular time #. (The fluctuation generated at early times during
inflation are stretched to the scales much larger than our present observable universe
whereas the ones generated at late times during inflation are much smaller than
our present universe.) Spatial correlation between simultaneous values of the field
measured at two spatial points X and ¥’ and power spectrum P(z,k), which quantifies
information about the probability of how many random quantum fluctuations of each
size ought to contribute to the spectrum at a given time ¢, form a Fourier transform pair

of each other (Wiener-Khinchin theorem):

, dP 1k -
(@600 710 = [ GoperPo(r (12)

in D-dimensions. We call Eq. (1.2) as the first definition of the quantum corrected
power spectrum. At tree-order Py, (t,k) is the amplitude square of fluctuations, more

correctly the norm square of mode function, i.e.,

Py, (1,k) = |uo(, k)|, (1.3)



hence, the name power. (Recall that in quantum mechanics amplitude square is
interpreted as probability.) The second definition of the quantum corrected power

spectrum is given generalizing Eq. (1.3) to the case of interacting (full) fields,
Py (1K) = |u(t. k), (1.4)

where u(t,k) is the quantum corrected mode function. Note that the two alternative
definitions of quantum corrected power spectrum given in Eqgs. (1.2) and (1.4) agree

with each other at tree-order, but differ at loop orders.

It is, in general, physically more meaningful to define a normalized measure of power

D
A (t,k) = k:; %P(p(t,k) , (1.5)
so that
@000, 2)10)= [~ FE R 1.p), (16
where the measure % is logarithmic. The usual time-independent power spectrum
Aé (k) = limy> g, Aé (t,k) can be obtained as a time derivative of the coincident

correlation function evaulated at time #; of the first horizon crossing of the mode %,

as we show in this thesis.

If there are more fluctuations of long wavelengths in the spectrum, like the large waves
on the surface of a sea in a stormy day, the power is accumulated at long wavelengths
and the spectrum is said to be red tilted. If, on the other hand, there are more
fluctuations of short wavelengths in the spectrum, like the densely populated ripples on
the surface of a sea in a calm sunny day, the power is accumulated at short wavelengths
and the spectrum is said to be blue tilted. If there are equal number of fluctuations
at all length scales, the spectrum is said to be scale-invariant. (Harrison-Zeldovich

spectrum.)

The spectral index 7 is a measure of how the power (amplitude square) of fluctuations

varies with length scale, i.e., with wavenumber k. If the Aﬁ, (k) is assumed to have the

simple power-law form Aé (k) o< k™ then the spectral is the power of k, which can be

dinAG (k)

obtained as —j— for a constant n. If n depends on k, on the other hand, Taylor

expanding the ln(Aé (k)) around the In(k,), where k), is a pivotal wavenumber, yields

ky 1 k
In(A3 (k) =In(A3 (kp))+n(ky) In <E>+2—!Oc(kp)ln2<g>+--- . ()
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where the expansion coefficients

_ dIn(A*(k))
n( p>=W\Hp , (1.8)
and
_d’In(A%(k))|  dn(k)
*(kp) == in(n))2 ‘k_k,,_dln(k) ‘k_k,, ' (1.9)

Conventionally, the scale invariant Harrison-Zeldovich spectrum is defined for a n
inflaton field so that the corresponding expansion coefficient, the spectral index ng,
equals 1 rather than more logical 0, as in the case of graviton fluctuations. Thus ng is
defined as

2
ng(k)= +%§”g», (1.10)
which, indeed, equals 1 when the Aisk independent. In Ref. [56], however, we define
the spectral index ny of our spectator scalar field ¢ the same way as for the graviton:
2

ng (k)= %&()k)) (1.11)
In this thesis, on the other hand, to be able to compare our predictions for the ny with
the cosmological measurements provided by the Planck 2018 Collaboration [60], we

adopt definition (1.10) for our spectator scalar fluctuations. The tilt, mentioned earlier,

is, therefore, quantified for the spectator scalar in this thesis as ny—1. Thus, if the ny

dInAj (k) <0

is less than 1, then the spectrum is called red tilted because that implies —5—

hence, fluctuations with longer wavelengths are dominant in amplitude in the spectrum.
Conversely, if the ng is larger than 1, then the spectrum is called blue tilted, because
the shorter wavelength fluctuations are dominant in amplitude in the spectrum. We

quantify the tilt for our spectator scalar with the ny—the same way as for the graviton.

The second coefficient a(k,) defined in Eq. (1.9) is a measure of how the spectral
index varies with length scale, i.e., with wavenumber k. Hence, we define the running
of spectral index

ot (k) jﬁl(&)) :

(1.12)

The spectral index ng, and its running o, of inflaton fluctuations are the two physical

parameters that can be measured from the power spectrum of the CMB which provides
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the size distribution of temperature fluctuations, i.e., how many hot and cold spots
there are of each angular scale on the background. The exact values of the n and «
depend on the potential and the details of the inflaton model, hence they can be used
to discriminate between the models. We compute and estimate the quantum corrected
n and a in the models we consider in Secs. 2 and 3 and compare the results with the

measurements [60] in Secs. 2 and 3, respectively.

As a field fluctuates in spacetime, the magnitude of the field strength increases at some
locations, at others it decreases. The actual effect that a local observer perceives,
therefore, is not an average value measured by a VEV like the two-point correlation
function we compute [56,57] but either an increase or a decrease in the field strength.
This is the main reason why some cosmologists doubt about the implications of VEVs.
Some cosmologists, however, counterargue [61,62] claiming that, while there is spatial
and temporal variation in the actual effects, one can roughly trust the implications
of VEVs under certain conditions. We compute the quantum corrected variance for
the fluctuations in Sec. 2.7 and show that the tree-order variance decreases if the
quantum corrections are taken into account. Thus, the difference between the actual
effect perceived by a local observer and the averaged effect measured by a VEV, as the

field fluctuates, is not as large as the tree-order variance implies.

1.1 Purpose of the Thesis

As pointed out earlier, not only the origin of our observable universe was a quantum
fluctuation—with a large amplitude—of a scalar field, but also the origin of structure
formation in our universe was quantum fluctuations—with low amplitudes—of the
same field during inflation. Inflation enhances quantum effects which engender the
density perturbations that eventually lead to the structure formation in the universe,
as explained in the preceding section. Correlations of these quantum fluctuations are
therefore important to understand the distrubutions of large scale structure and the cold
dark matter in our present universe. The Fourier transform of the two-point correlation
function of the fluctuations, the power spectrum, is a measure of how the amplitude
square—at tree-order—of fluctuations vary with scale. The two charachteristics of the
power spectrum, the spectral index n and its running & can be measured from the power

spectrum of the CMB anisotropies which are the amplified imprints of the quantum



fluctuations of a scalar field. The predictions for the n and o in different inflation

models can, therefore, be used to discriminate between the alternative scenarios.

The purpose of this thesis is to compute the quantum corrected two-point correlation
function, power spectrum AZ, spectral index n and its running o for the quantum
fluctuations of self-interacting, massive, spectator scalar [56]—that exhibits intriguing
enhanced quantum effects in the massless limit—and inflaton [57] fields during
inflation. Motivated by the fact that inflation enhances quantum effects, we wanted
to find out how the quantum corrections during inflation alter these physical quantities.
Computing the fully renormalized quantum corrected correlation function, even at
one-loop order, is a very difficult endeavor which has not been accomplished yet. We,
however, recognized [56, 57] that Starobinsky’s stochastic formalism, which yields
only the leading secular terms at each perturbative order, simplifies the computation of
the quantum corrected two-point correlation function, and that the time derivative of
the coincident stochastic correlation function evaluated at time #; of the first horizon

crossing of a mode k yields the stochastic power spectrum, which motivated us further.

1.2 Literature Review

Observed homogeneity, isotropy, flatness and relic particle abundances were the
deficiencies of standard big bang cosmology. The idea of inflation [1-20] not
only explains such apparently puzzling aspects of our universe, but also introduces
an intrinsically quantum mechanical mechanism for the creation of our observed
pocket universe out of a vacuum fluctuation. The same mechanism, during inflation,
engenders [9-12] density perturbations—out of vacuum fluctuations—required for the

structure formation in our pocket universe.

Tyron [21] was the first to propose the origin of the universe with its matter content, as
a quantum fluctuation out of vacuum state in spacetime. Vilenkin [22] developed the
Tyron’s idea, suggesting that not only the matter but also the background spacetime
itself was created from absolute nothingness by a quantum tunneling. Hartle and
Hawking [23] further extended the idea speculating that the universe appeared as

’Objective reality’ out of a fluctuation in a wave functional of the universe.



The energy-time uncertainty relation in an expanding universe [24, 25] implies that
lighter virtual particles with sufficiently long wavelengths (IR modes of fluctuations)
can have longer persistence time hence can engender strong quantum effects. Inflation
continously shifts subhorizon modes to the superhorizon scales, streching their
wavelengths beyond the horizon size. Starobinsky [26] was the first to realize that
all that matters, for the late time behaviour of scalar potential models during inflation
are the IR modes of the field. He obtains [26] an IR truncated scalar field comprised
of the IR modes at any time ¢ by introducing a time dependent cutoff via Heaviside
®—function in the mode expansion of the free field and uses it to compute quantum
contributions to some observables in scalar potential models during de Sitter inflation.
Starobinsky conjectured that his stochastic formalism reproduces leading logarithmic
terms at each perturbative order. With Yokoyama [27] he utilized this conjecture
to nonperturbatively solve for the late time limit of a MMC scalar model endowing
a self-interaction potential. Starobinsky’s stochastic formalism gives exactly the
same leading terms [28-36] that the SK [37, 38] in-in formalism—an extension of
the Feynman’s formulation of QFT developed to produce expectation values rather
than in-out matrix elements—gives at each perturbative order. For example, the
coincidence limit of the two-point correlation function of a MMC scalar computed by
applying [28,29] the Schwinger-Keldish formalism and by applying [29] Starobinsky’s
formalism yield the same leading terms at one- and two-loop order. Other examples
indicating the exact agreement include scalars interacting with fermions [30,31], scalar

quantum electrodynamics [32,33] and scalar with derivative interactions [34—36].

To study the IR dynamics of scalar potential models, there have been various
approaches that include: employing stochastic spectral expansion [39], extending
the stochastic formalism [40], applying complementary and principal series analysis
[41, 42], computing effective actions [43—46], using Schwinger-Keldish formalism
[47], implementing Fokker-Planck equation and 6N formalism [48], employing
1/N expansion [49], adopting reduced density matrix method [50, 51], applying
renormalization group analysis [52] and computing effective potentials [53]. Influence
of fermions on scalar field fluctuations has been studied in Refs. [54,55]. We employed
Strobinsky’s approach in Refs [56, 57] which are the papers upon which this thesis

is based. In Ref. [56], we consider a spectator scalar field model with potential



V(p)= m72¢2+%¢4 during a cosmological constant driven (de Sitter) inflation where
the expansion rate H is constant. We compute the quantum corrected two-point
correlation function for the IR truncated scalar at two-loop order and introduce a
method to obtain stochastic contributions to the quantum corrected power spectrum
A2, spectral index ny and running of the spectral index . Note that alternative
definitions [58,59] of the quantum corrected Aé can be given via the Fourier transform
of quantum corrected two-point correlation function or via the quantum corrected
mode function squared. We adapt the first alternative in our method. In Ref. [57]
we consider an inflaton field model with the same potential which drives the inflation
hence the expansion rate H is naturally time dependent. Generalizing the method we
introduced in Ref. [56], we compute the same observables for the inflaton fluctuations.
We compare our predictions for the n and o obtained in Refs. [56, 57] with the

measurements [60] of Planck 2018 Collaboration obtained by analyzing the CMB data.

Some cosmologists argue that an expectation value, like the correlation function we
compute, is a measure of average effect and therefore can be misleading since the
actual effect perceived by any local observer, as the field fluctuates, is either an increase
or a decrease in the field strength. References [56,57], however, argue that while there
is spatial and temporal variation in the actual effects, under certain conditions, we can

roughly trust what the expectation values imply.

The model we consider is of interest because it predicts, in the massless limit,
intriguing enhanced quantum effects. The renormalized energy density and pressure
of the scalar field violate [63, 64] the weak energy condition (p+p > 0) on
cosmological scales at two-loop order. This implies that the expansion of the
universe is superaccelerated. As the fluctuations, i.e., inflationary particle production
out of vacuum amplifies the field strength, the scalar rises up its potential and
develops [28] a self-mass squared which, in turn, reduces the particle production
rate. Moreover, the classical restoring force pushes the scalar back down to the
configuration where the potential is minimum. The scalar, therefore, cannot continue
rolling up its potential forever; as Figs. 2.1-2 in this thesis imply, it eventually comes
to a halt. Thus, the model is stable [29]. In many QFT computations—involving
UV modes—in cosmology, quantum corrections have to involve changes in the initial

state. Without the initial state corrections, the effective field equations diverge on
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the initial value surface. The model, in the massless limit, also provides [65] a
nice example of how perturbative initial state corrections can absorb the initial value
divergences. Moreover, the scalar makes [66] a time-dependent contributions to
the amplitudes of curvature fluctuations at two-loop order. Using the Starobinsky’s
formalism, the two-loop corrected two-point correlation function of the scalar and the
variance of the fluctuations, in the massless limit, are computed first in Ref. [67].
The mode function for a massive noninteracting inflaton during a slow-roll regime
of chaotic inflation in a spatially flat Friedmann-Robertson-Walker spacetime is
computed in D=4 in Ref. [68]. We follow the method given in this paper to
obtain the tree-order mode function in our model in D—dimensions. The authors
study [68] the renormalized stress-energy tensor of the inflaton fluctuations and
obtain a scale invariant tree-order power spectrum for the fluctuations. They show
that the renormalized stress-energy tensor of the fluctuations grows at early times
during inflation but saturates to an almost constant value at late times which implies
inflationary particle production out of vacuum. The Feynmann rules for gravity in a
spatially flat Friedmann-Robertson-Walker background are derived in Ref. [69] where
the authors give explicit expressions for the propagators during inflation, radiation
domination and matter domination regimes of cosmic expansion. In our computation
of the tree-order correlator, in Sec. 4.3.1, for a MMC scalar, we benefited from the
results of the integrals that arise in the computation [69] of the propagators. The
authors also compute the quantum corrections to the Newtonian gravitational force
in the present matter dominated era and conclude that the corrections are negligible

except for the large scales.
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2. SPECTATOR SCALAR FIELD DURING DE SITTER INFLATION!

As is pointed out earlier, the structure in our universe is believed to be engendered by
quantum fluctuations during inflation driven by a scalar field called inflaton, which we
study in the next section. In this section, we consider [56] a massive self-interacting
spectator scalar field, which does not participate in driving the inflation, during de
Sitter phase of an inflation where the expansion rate H is constant. In this model,
the cosmological constant drives the inflation. Fluctuations of the spectator scalar
mimic the behaviour of inflaton fluctuations qualitatively. Hence, one can draw
conclusions about the quantum dynamics and statistics of a self-interacting inflaton
fluctuations. Furthermore, such a spectator scalar can still be present during an inflaton
driven inflation, therefore, computing its cosmological characteristics provides us the
opportunity to predict possible observable effects of a yet hypothetical scalar field. In
Sec. 2.1, we present the background spacetime and the Lagrangian of the model. In
Secs. 2.2-3, we analyze the model following the Starobinsky’s approach and applying
the standard techniques of perturbative QFT. In Sec. 2.4, we compute the two-point
correlation function of the IR truncated scalar field in our model at tree, one- and
two-loop order. Using the two-point correlation function, we compute the stochastic
contributions to the power spectrum AZ, spectral index ny and the running of the
spectral index o in Sec. 2.5. In Sec. 2.6, we compare our numerical predictions
for the ny and oty with the measurements [60] of the Planck 2018 Collaboration. We

study the statistics of fluctuations in Sec. 2.7.

2.1 The Model

We work in the de-Sitter spacetime and consider a self-interacting massive, minimally

coupled, spectator scalar field during inflation. Lagrangian density of the model

1 1
L=—2 QPP V=g—smp®'y/=g—V(®)V=g, 2.1

IThis chapter is based on the paper Karakaya, G. and Onemli, V. K. (2018). Quantum effects of
mass on scalar field correlations, power spectrum and fluctuations during inflation, Physical Review D,
97(12), 123531.
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where @ (x) and my represent the bare field and the bare mass, respectively. The V (®)
is specified as the quartic self-interaction potential. The g, are chosen as the metric
tensor components of a locally de Sitter spacetime. The g denotes the determinant of

the metric. Therefore, the invariant line element is
ds*=guydxtdx’ = —dt*+a*(t)dx - d¥ , (2.2)

where the scale factor with a constant expansion rate H is a(t) =e’. We work
in a D-dimensional spacetime and adopt the convention that a Greek index u =
0,1,...,(D—1), hence x* = (x°,%), xX*=¢ and J, = (00, V). The model is interesting
because it predicts, in the massless limit, intriguing enhanced quantum effects. The
renormalized energy density and pressure of the scalar field violate [63,64] the weak
energy condition on cosmological scales at two-loop order. This, implies that the
expansion of the universe is superaccelerated. As the fluctuations i.e., inflationary
particle production out of vacuum amplifies the field strength, the scalar rises up its
potential and develops [28] a self-mass squared which, in turn, reduces the particle
production rate. Moreover, the classical restoring force pushes the scalar back down
to the configuration where the potential is minimum. The scalar, therefore, cannot
continue rolling up its potential forever; as the Figs. 2.1-2 imply, it eventually comes

to a halt. Thus, the model is stable [29].

In this section, we first get the renormalized Lagrangian density of the model from
bare Lagrangian density (2.1) with a quartic self-interaction. The usual procedure
can be outlined as the follows. The renormalized field ¢ (x) is defined by the field
strength renormalization of the bare field as ¢(x)zﬁ<b(x). Then the bare mass
squared m(z) and bare coupling strength A are expressed in terms of the renormalized
parameters as m%Z =m2Z+8m? and 1pZ2 =21+, where Sm? and 8 denote the mass
renormalization and coupling strength renormalization counterterms, respectively.
Finally, defining Z=14-8Z, where 8Z is the field strength renormalization counterterm,

the renormalized Lagrangian density is obtained as
1
L=—2(1482)[9ud o9 8" +m?9? [V =gV (9) V=g 23)
where the renormalized potential

V(¢):%5m2¢2+%(l+51)¢4. (2.4)

14



Varying the Lagrangian with metric (2.2), density (2.3) and interaction potential (2.4),

yields the scalar field equation
2

¢5<t,f>+<D—1>H¢<r,f>—[; —m2]¢<t,z>:_w

1oz 25

where an overdot denotes derivative with respect to comoving time ¢ and prime denotes

derivative with respect to the argument. Therefore,

V() (t,X)=m*p+— (7L—|—57L)¢ (2.6)
The solution of Eq. (2.5) can be written as
¢ (1,%) = o (t,X) /dt’ b=1( )/dD ! ’G(r,f;r’,z’)%, (2.7)

where the free field ¢y(¢,X) in Eq. (2.7) obeys the homogeneous field equation and
agrees with the interacting (full) field at initial comoving time t =t;=0. The free field
can be expressed as a linear combination of Hankel functions of the first and second
kind which we use in Sec. 2.2. The Green’s function G(¢,X;¢,X’) in Eq. (2.7), on
the other hand, is any solution of the field equation with a Dirac-delta source term

8(t—1")8P~1(¥—X") which obeys the retarded boundary conditions. It can be given in

terms of the commutator function as

G(1,%t, X" ) =i®(t—1") [¢o(t,%), 9o (', X')] . (2.8)
We use Eq. (2.8) to compute the Green’s function and its IR limit in Sec. 2.3.
One can iterate Eq. (2.7) to obtain the full field in terms of the free field and the Green’s

function, perturbatively. The first iteration, for example, yields

1
0(1.%) = 0(0.9)~ 15 [ ar'a )/dDIX'G(t,f;t’,x”){sz[q)o(r’,f’)—m

t/
X/ dt”aD1(1,‘")/610lx”G(t/,)_c’/;t”,)_c’”) {5m2¢(t//,)_c’”)—|—l+652‘ (])3(1?//,)_5”)} —1—2‘_{—66)“
0

X [¢o(l‘/,f/) 1_'_62/ dl‘” D— 1( ”)/dD 1 //G( / —»/ // —»//) [Sm ¢( // _,,,) 14-651

3
><¢3(t",5c'”)]] } . (2.9)

Successive iterations give the higher order corrections in A and yield the full field as
an expansion. We obtain the free-field mode expansion of the scalar in Sec. 2.2 and

use it to study the interacting theory in Sec. 2.3.
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2.2 Free Theory

As pointed out in Sec. 2.1, we work on a conformal coordinate patch with a topology
TP~ xR. Since the manifold is spatially compact, the modes of fields are discrete.

Thus, the comoving wave vector and wave number are defined as
k=2nH7 and k= k|| =27H||7| , (2.10)

respectively. Here 7 denotes a (D—1)-dimensional vector with integer components. To
express the scalar ¢(¢,X) as a sum over its modes, we, therefore, expand it in a spatial

Fourier series.

The spatially Fourier transformed free field equation is obtained as
2

= - ~ - k ~ o

BoltF)+(D-DHS 1)+ 5+ | ey =o0. @)
The canonical quantization condition [@g(,X),IT(z,%')] = i6P~! (X —%'), where
o (¢,X") =aP~'(t)@o(t,X') is the conjugate momentum, implies

i85 i/

[50(f;%),$o(f,z/)]zwa (2.12)

in mode space. To express ao(t,z) satisfying Eq. (2.12), in terms of the amplitude for
each mode k of the field—the so called mode function and the mode coordinates, we
need to solve Eq. (2.13). In order to solve it, however, one needs to distinguish between

the case of zero mode and the case of nonzero modes.
Let us consider the case of zero mode first.
Equation (2.13) for k=0,
Go(1,0)+(D—1)Hy(t,0)+mdo(1,¥) =0 , 2.13)

has two linearly independent solutions,

w (1,0)=a""= V() and ur(t,0)= . a7 V1), (2.14)

where

D—1\? /m\2 m D-—1
= — ) (= ith —<—— 2.15
Y \/( 2) (H) Y E=T 2.13)

obeying the Wronskian normalization

(2.16)

ul(t,O)L’tz(t,O)—uz(t,O)ul(nO):a —
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In mode space, the zero mode of the free field is expressed in terms of the zero mode

functions u;(¢,0) and u>(z,0) and the self-adjoint zero mode coordinates Q and P as
d0(t,0)=H""2 [Quy (t,0)—iPuy(,0)] . (2.17)
Canonical commutation (2.12) and Wronskian normalization (2.16), together, imply

[0,P)=i. (2.18)

Therefore, the zero mode field in momentum space is

- _ D1 0 P
1,0)=H 7 | —5= - — . 2.19
#olt,0) L2V(Z) 2vHaz+V(t)] 19

The operators Q and P can be expressed in terms of the initial values of the spatial

Fourier transforms of the field and its first time derivative for k= 0,

O =H" [50(0,0)%<1+D2_vl)+¢g(v0;10)] , (2.20)
P = HDz‘[q?O(o,O) (DT_l—V)H—kaO(O,O)} . 2.21)

Let us now consider the case of nonzero modes. Two linearly independent solutions of
Eq. (2.11) for the nonzero modes (%7& 0) can be given in terms of the Hankel function
of the first kind 7—[9) and its complex conjugate. The solution obeying the Wronskian

normalization

uO(tak)ué(t7k)_u8(t7k)u0(t7k):m ) (2.22)
is known as the Bunch-Davies mode function
. i (1)( k )
tk)=i,| ———— . 2.23
uo(t,K) =1\ | 77gp=1 o \a (2.23)

which is the amplitude of the normal mode with wave number k. In momentum space,
a nonzero mode of the free field is represented in terms of the mode function u(t,k),

its complex conjugate, and mode coordinates A; and Aiﬁ as
Golr, K #£0)=H™"T (W) A+ (1, 0)AT ;) (2.24)

Canonical commutation relation (2.12) and Wronskian normalization (2.22) together

imply that the operators A; and A:i satisfy the commutation relation

[A;,,A;] — S (2.25)
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They can be expressed in terms of the initial values of the spatial Fourier transforms of

the field and its first time derivative,

Ay = —iH™ [u*(O,k)&o(O,%)—u*(O,k)(l)o(O,%)} ,

S
|

A

S|+
|

— " [u(o,k)&s'o(o, —R)—u(0,K) (0, —7%)] . (2.26)

Note that the state |Q) annihilated by all A;; is known as Bunch-Davies vacuum.
Next, we obtain the free field mode expansion of the scalar field.

Inverse Fourier transforming Egs. (2.19) and (2.24) back to position space and

combining the outcomes, we yield the expansion as

— D—1 Q p T N _,—v._,AT
0o (1, R)=H >4 —— . [uo(t,k)e’ Rtul (1, k) e % } (2.27)
a”T V(t) 2vHa"T V(1) ;0 p "

Free field mode expansion (2.27) includes arbitrarily large wave numbers. The physical
size, grows more rapidly than the horizon size during inflation. In fact, the scale
factor grows exponentially whereas the horizon size remains constant during de Sitter

inflation. Hence, at comoving time ¢ =t the scale with comoving wave number
k=H a(t,) =He, (2.28)

exits the horizon. In other words, the mode k is a subhorizon (UV) mode when <t
but becomes a superhorizon (IR) mode at r =1#;. During the later phases of expansion
after the end of inflation (radiation domination and matter domination) though, the
horizon size grows more rapidly than the physical size, as pointed out in Sec. 1 1, and
the superhorizon modes start reentering the horizon as the horizon size successively
reaches their wavelengths and engender the density perturbations required for the

structure formation in the early Universe.

To study the IR physics during inflation, one cuts out [27] the UV modes with wave
number k > Ha(t) in mode expansion Eq. (2.27) using a dynamical Heaviside step
function ® in Fourier space,
9o(1,)=H > Y ©(Ha(t)—k) uo(t,k)e* Azt ui (1, k)e AT L (229)
7i£0
The zero mode is neglected in Eq. (2.29) because it is just one mode as opposed to

ever increasing number of nonzero modes. Note also that the two zero mode solutions,
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1/ a’T v decay exponentially fast in time. Therefore, the zero mode cannot have any
significant effect in late time cosmology. In Eq. (2.29) one can further take the IR limit

of mode function (2.29) given in terms of the Hankel function

HY (@)= o (2)+i¥y (2) (2.30)
where z= #(1)’ Jv(z) is the Bessel function of order v and
Yv(z)=Jy(z)cot(vm)—J_y(z)csc(vr) , (2.31)

is the Neumann function of order v. The right side of Eq. (2.31) is replaced by its
limiting value if v is an integer or zero. Using the series expansion of the Bessel

function

o=@ oo @] . e

the reflection formula for the Gamma function wcsc(pr) =I'(1—p)I'(p) for p=v and

p= v+%, and the duplication identity I'(v)= 23@ : rlzsiv') > one gets the leading IR limit
3

of the mode function as

1 (0 | A

Here B=v if 1/(D-3)(D+1)<Z < LH(D—1)or B=1if 2 <1,/(D-3)(D+1)<
%(D— 1). Thus, inserting u(t,k) in Eq. (2.33) into Eq. (2.29), we finally obtain the IR

truncated massive free field as

Folt, ) =H" 5! [e’“ A pemiks ,ij (2.34)

710
Note that, in the massless limit, Eq. (2.34) gives the form obtained in Ref. [67]. The IR
truncated massive full field ¢ is given in terms of the IR truncated massive free field

o in the next section.

2.3 Interacting Theory

Recall that the full field ¢(7,%) in de Sitter background with an interaction potential
V(¢) satisfying equation of motion (2.11) is given in Eq. (2.7). Obtaining the
full field—even perturbatively—by iterating Eq. (2.7) for potential (2.4), Green’s
function (2.8), mode function (2.23) and free field (2.29) is a difficult task. Amputating
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the ultraviolet modes, however, to study the IR limit of the theory, simplifies the
computation. In this limit, the mode function and the free field are already obtained
in Egs. (2.33) and (2.34), respectively. To obtain the IR truncated full field ¢ (z,%), the
last ingredient we need is the IR limit of Green’s function (2.8) given in terms of the
commutator function

[90(1,5), 00(0' )] =P~ Y {uto (1, K)udy (1) i 1, K)o (1, ) e )

)
csc(vm) 7

_.T..p2 NG N ik (3%
—iZH WSO 1t/);b[Jv(z)Jv(z) Jv(2)Jy(z )}e (2.35)

We used Eqgs. (2.23) and (2.29)-(2.33) to obtain Eq. (2.34). Combining Egs. (2.8),
(2.32), (2.35) and HP~ 1y otk (%) — §D— 1(x—¥) yields the retarded Green’s function,

in leading order,

4l aZV a
G(l,)_C);l/,)_C)/)—> ®§;I‘f) [[a(t)(t)(t,) v+( ) ]6D 1(—» )—C»/) (236)

Substituting Eq. (2.36) into Eq. (2.7), we obtain the IR truncated full field as

0(1,%)=olt, x)_ﬁ tdl‘/[(s((:/>)>v_D21_ (Z((ttl)))v+

where the potential is given in Eq. (2.4). The latter term in the square brackets can

7| V(9)( )
14+-0Z

L (2.37)

be neglected next to the former which dominates throughout the range of integration.
Moreover, the counterterms in potential (2.4) cannot contribute [33] in the leading
order we consider. One can see this by comparing the powers of the fields and orders of
2 involved in various counterterms in the model: §A ~O(A?), m*>~O() and §Z ~
O(A?) [28]. Firstly, compare the contributions involving A¢* and the contributions
involving A ¢* terms. Powers of the fields are the same, so the former and the latter
have the same structure of leading terms. The latter, however, are suppressed by at least
one extra factor of A (with §A ~O(A?)), they can never be in leading order. Secondly,
compare the contributions involving A ¢* and the contributions involving §m?¢? terms.
Although the former and the latter are linear in A (with m? ~ O(A)), the former are
quartic in the field, whereas the latter are quadratic in the field. Therefore, at a given
order in A, the latter can never have as high order leading terms as the former. Finally,
the field strength counterterm 6Z appears in Eq. (2.37) in the form

V'I()('X) -
sz~ V(@) [1-6z+(62)" =], (2.38)
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with §Z ~ O(A?). Hence, exactly the same leading order contributions that Eq. (2.37)
would yield are obtained from its simplified version without the counterterms, i.e.,

from

B(1,%)= ot )~ —-a ~2(r) /dta2 {,3) (2.39)
where we define

0=D—1-2v. (2.40)

The infrared truncated full field ¢ (z,%) can be expressed in terms of the IR truncated
free field @y(z,X), at any order of A by iterating Eq. (2.39) successively. Iterating it

twice, for example, yields
8 A2 _s
2

@(f,f)zfﬁo(%f) covE® 2( /df )+ma
/df G /dt"a2 (") (", %) — 24(2v 3H3a “5(r) {/dl 9o (1"
X/()ldt”(]sg(t”,)_f)/ m 7( W)‘PO " R+ /dla ‘z ¢0(t 7)

2
x{ /0 dt”ag(t”)@g(t”,f)] }+O(/I4). (2.41)

In the next section, we use Eq. (2.41) to compute the quantum corrected two-point

0'1

(1)

correlation function of the IR truncated full field up to O(A3).

2.4 Two-Point Correlation Function
The two-point correlation function of the IR truncated full field for two distinct events
(Q[(1,3)9 (X)) =(Q[d (£, %) (', X") | Q) tree+ (R (1, %) & (+',X")|2)1-100p
+(QI$(1,)9 (. 3)|Q)2-100p +O(A7) (2.42)

with ' <t and X’#ZX, can be obtained for the field with a quartic self-interaction using

Eq. (2.41). At tree-order, the two-point correlator

(QI(1,X)0 (¢, X)[Q)tree = (QPo (2, %) Po (1, X)) . (2.43)

The one-loop quantum correction

<Q|¢(t x) (t X )|Q>1 —loop = 6(2%/)1‘[ [a g( 'Q|¢0 t x/dtag _3<f,f/)|g>
+a 3@l / dr'"a® (1")§3 (", %) ot 7)) (244)

21



is not hard to compute. The two-loop quantum correction

7L2
v lag( (Q| o(r x/dt(bo (7,% /dt

A OFR RN +a 0@ | a' @ " ()R DR )

(Q[ (£, 2)9 (¢, %) |Q)2-100p =

1 -5 N
+§[a(t)at/ 2 Q) / di" a3 ("G (¢ / Gl ORE | 24

where 0 <t <t" <r,0<7<7<t"and ¢’ <t, however, is not easy to compute because it
involves three VEVs each of which has a double time integral without a definite time
ordering in the integrand. Note that the two-point correlation function for equal time,
equal space and equal spacetime events can be obtained as the corresponding limits of
Eq. (2.42). Note also that perturbation theory breaks down when In(a(t))=Ht~1/v/A
[63]. Thus, for A < 1, the perturbation theory and hence Eq. (2.42) are accurate for
an arbitrarily long period of time. The correlation function, at tree, one- and two-loop

order is computed in Secs. 2.4.1, 2.4.2 and 2.4.3, respectively.

2.4.1 Tree-Order Correlator

We obtain the tree-order two-point correlation function of the IR truncated massive
scalar using Eqgs. (2.25), (2.34) and (2.40) as
r?(2v) HP2
1—*2(V+%) (4ﬂ)2v
/
% Z —HZTU’Z)Z@V(HG(Z' )—HZTU’Z) ei27rHﬁ~(5C'—f/) 7 (246)
10 n

where t'<t and X’ #X. The discrete sum over 7 in Eq. (2.46) can be approximated as a

(SIS

(QO (1, 3)0 (1, %) |Q)tree = (R 9o (2, %) o (', X)) =

la(t)a(t")]

(D—1)-dimensional integral in the continuum limit,

Z O(Ha(t)—H2mn) ®(Ha(t')—H27mn) Ji2nHit (i)
n2v

ﬁ7é0

27rH / D1 / —@) Ha(t)—k) O(Ha(t')—k) e*4xeos(0) — (2.47)

where Ax =|| A¥||=|| X—X’|| and 0 is the angle between the vectors 7 and AX.
Because 0<r' <t, we have Ha(t') < Ha(r) which implies ®(Ha(t)—k) ®(Ha(t')—k)=
O(Ha(t")—k). The right side of Eq. (2.47), after angular integrations and a change of
variable y = kAx, yields

L(5) v v 5 [Hal)Ax  sin(y)
2 p2v v 8 (A2 z/ d . 2.48
ro-1)- ” Ay b 25 (2.48)
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The remaining integral in Eq. (2.48) is

/ dysyllzlfys) =2y B (i)~ Es5(=i)] (2.49)

where Eg (z) is the exponential integral function defined in Eq. (A.1). Substituting
Eq. (2.49) into Eq. (2.48) yields a result for sum (2.47) and hence, for tree-order

correlator (2.46). However, using the identity
Eg(z)=2"""T(1-B.2), (2.50)

where I'(B,z) is the incomplete gamma function defined in Eq. (A.4), gives a more

useful result for sum (2.47) and hence for the tree-order correlator. We find

(Q|do(t,X)do(r',x")|Q) = Afy (1,1, Ax) , (2.51)

where the constant

Py r(E) m
1—‘2(v+%) [(D—1)p2vgs "’

A= (2.52)

and the spacetime and mass dependent function

[STS7)

fot.t!,Ax)==[—a(t) a(r)]

l\.)l'—‘

{F(—1+6, io(t")) —I(—1+8, iHAx)+(—1)7°

x [r(—1+5, —ia(t")) — T (=148, —iHAx)}} , (2.53)
with
o(t)=o(t,Ax)=a(t)HAx . (2.54)

Note that the tree-order correlator for a massless scalar can be obtained by taking the
m— 0 limit of Eq. (2.51); see Appendix A.2. Note also that Eq. (2.51) can also be used
to infer the behavior of the tree-order correlator for a fixed comoving separation at late
" when a(t") [hence a(r)] becomes large; see Appendix A.3. Asymptotic form (A.23)
of the tree-order correlator implies that it asymptotes to zero for the massive case

whereas to a nonzero constant [Eq. (A.24)] in the massless limit.

Using power series representation of the incomplete gamma function, Eq. (A.6) in

Eq. (2.53) we obtain
-2 i (HAX)Z” 2"+6(t )—1
o 2n+1 2n+0

Jo(t,',Ax) = [ } (2.55)
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Alternatively, summing up the infinite sum in Eq. (2.55) we find

) ag 2(4!
folt,t, Ax)=a(t ){ 5( )1]:2@ ; H—g'—af))

5 (HAx)?
I4+5i- )} , (2.56)

)
a 2

o

(')

°.
2

1]:2< %

4

where [JF, 1is the generalized hypergeometric function whose power series
representation is given in Eq. (A.8). Form (2.55) or (2.56) of f;, can be used to figure
out the behaviors of tree-order correlator (i) at a fixed comoving separation Ax at late
times—as in Eq. (A.23)— and (ii) for a fixed physical distance a(t’)Ax. In case (i), f;

asymptotes to

fo(t,t', Ax) —

-3 vED(G) 1 53 8 (HAY)?
{225F<¥)(HAX)5_§1 2<§,§,l+§,— ; ) L (2.57)

which implies, as pointed out earlier, that the tree-order correlator asymptotes to zero
as O((a(t)a(t ))—%) for a massive scalar. In the massless (8 — 0) limit though the
tree-order correlator asymptotes to a nonzero constant. To see this, it is useful to
rewrite Eq. (2.55) singling out n=0 term in the infinite sum

5 0o 2n 2n+5
)*(HAx) (-1
{ ; 2n—|—1 2n+6 } (2.58)

Wl

folt.t. &%) = |a()a(t')

The n=0 term in the curly brackets gives a 0/0 ambiguity in the 6— 0 limit. Expanding
the a® (1) = ¢%1(a(") in this term around & =0 and then taking the massless limit of
Eq. (2.58) we find

(HAX)Zn Zn( ) -1
2n—|—l 2n

Tim fo (2,1, Ax) = Z (2.59)
Summing up the terms in the infinite sum in Eq. (2.59), using Eq. (A.10), yields

lim fy (1,1, Ax) =ci(a (")) — sin(a (')

m—» Ot(l‘/)

sin(HAx)

—ci(HAx

(2.60)

where ci(z) is the cosine integral function defined in Eq. (A.9). Employing Eq. (A.11)

in the time dependent terms in Eq. (2.60) implies that ci(a(t')) — Sm((())) — 0+
(’)(06*2(/ )) Thus, the tree-order correlator, in the massless limit, asymptotes to a

nonzero constant:

— D-2 in
tim (Q16o(1,2)dolt ¥)j0) — o) { e
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Figure 2.1 : Plots of fy(¢,7,K), defined in Eq. (2.55) with separation (2.62), versus
a(t") for different values of mass, K=1/2 and a(t) = ¢*°. a(t') runs from 1 to a(t).
The solid, large-dashed, dashed, dot-dashed and dotted lines are for

m=0,H/8,H/4,H /2 and 3H /4, respectively.

In case (i1), choosing the comoving separation in Eq. (2.55) as

K

Ax=
Ha(t')’

(2.62)

to keep the physical distance a(7')Ax a constant fraction K of the Hubble length, yields
fo(t,¢,K) which grows logarithmically for a massless scalar. This growth, however,
is suppressed for massive scalars; see Fig. 2.1. To see the logarithmic growth and
the effect of mass analytically, consider massless form (2.59) of f, with a Ax given in
Eq. (2.62),

nKZn 1— a—2n(t)
2n—|—1 2n

hm fo(t,t ,K)=1In(a Z , (2.63)

and compare it with the corresponding massive form of f;, given in Eq. (2.58),

_s 5 ) n 2n 5 aon !
folt.1'K)=[a(r)a(t)] 2{ Z 2n+f ()2n+6 (t)}. 2.64)

Notice that the time dependent terms in the infinite sum in Eq. (2.63) decay rapidly, at
least as fast as O(a~2(¢')). The time independent part of the infinite sum in Eq. (2.63)
adds up to a constant,

i 1)K il )_sin(K)
= (2nt+1) 2n K

—In(K)—y+1, (2.65)

where 7 is the Euler-Mascheroni number. Hence, the tree-order correlator at a fixed
physical distance grows logarithmically with the scale factor a(¢") in the massless limit.
Physically, this is because more and more scalar particles are created out of vacuum,

the local field strength enhances. In the massive case, on the other hand, the time
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dependent terms that are also mass (or §) dependent in Eq. (2.64) imply that the mass

. . . .. S(t—1
suppresses the logarithmic growth in Eq. (2.63). This is because % <In(a(t")),

1)
where the equality holds in the massless limit and a®(r') < [a(t)a(r')]2 where the

equality holds in the equal time limit.

The simultaneous tree-order correlator is trivial to read off using either Eq. (2.53) or

Eq. (2.55). The latter, for example, gives

0o (_ 1)"(HAX)2n a2n+5 (l) -1

Q| @0 (1,%) Po(t,x")|Q) ~ Aa=% (¢ 2.66
(@0 D(r @) =Aa 0L 5 R 260
the required correlator as a power series expansion.
The equal space limit of Eq. (2.55) yields
_sad(t)—1
(@Il Dl 91Q) = Alalr) )] L 2.67)

The coincident tree-order correlator, can be obtained either from Eq. (2.66) or from
Eq. (2.67). Taking the equal space limit of Eq. (2.66) [or the equal time limit of
Eq. (2.67)] leads to

1—a=%(r) .

(@131, D)) = A

(2.68)

In the massless limit, Egs. (2.51)-(2.55) yield the tree-order correlator for a massless IR

truncated scalar in analytic function and power series forms; see Eqgs. (A.15)-(A.20).

The tree-order correlator is the basic entity in the computation of quantum
corrected correlation function in a self-interacting theory perturbatively. We employ
results (2.51), (2.52), (2.55), and (2.66)-(2.68) in Secs. 2.4.2-3 to compute one- and

two-loop correlator in the A $* theory.

2.4.2 One-Loop Correlator

The calculation of one-loop contribution (2.44) to two-point correlation (2.42) involves

evaluations of two VEVs. The first one is

8
2

QU613 [ dia (0 7.5 (2.69)

It can be expressed, in terms of topologically inequivalent field pairs, as

[ it (0)3-1(@1du(e.7) dol7. ) 10) QIF X)) 70
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Using Eqgs. (2.51), (2.52), (2.55) with 7 <t, and Eq. (2.68) in Eq. (2.70) yields

—1)"(HAY)*" [1-a®" " (7))

3 ’
pa 2(1) "o 5] v (
A5 3/0 dili-a (I)LEO @it 2ms @Y

Evaluating the integral in Eq. (2.70), the first VEV is obtained as

g Za_g > (_1)" 2n
Q"P‘)”/ i} () §3.3)]0) =% 5(”3Z<(zni)1>(72ﬁa>

0
1—a2”+5(t’) 1_a2n(t/) l—a

x[Inga(r))+ _ 50/)] 2.72)
2n+06 2n 1) ' '
The second VEV that contributes at one-loop order in Eq. (2.44) is
/dt” -l /I (P() // —»)¢0( )|Q>
t
Z/dt”az(t”)3-1<ﬂlfﬁo( ", %) o (', X)) (295 (1", )| , (2.73)
0

where we have 0 <t” <t and ¢ <t. The coincident tree-order correlator in the integrand
is as given in Eq. (2.68). To evaluate the remaining VEV in the integrand we need to
break up the integral into two as [{di” = [ di”+ ['di". In the first integral 1" <1,
whereas in the second ' <t”. Hence, appropriate use of Egs. (2.51), (2.52) and (2.55)
in Eq. (2.73), and evaluating the integrals give

(HAx)Z”
2n+1)!(2n40)

t s _ 2 =5 oo
@ flar'af D0 )=~ Y
1)

e —a2"<r'>[a5<t’>(1n<a<r>>—1n<a<r'>>+ 03]
B 1—g—9% (t) 1—g2nt+d (l‘/) 1—g2n (t/) }

T 274

Combining Egs. (2.72) and (2.74) in Eq. (2.44) yields the one-loop correlator for the

massive scalar as

A A2

Emfl (tat/7M> ) (275)

(Q[0 (1, %) (', X") Q) 1-100p~ —

where we define the spacetime and mass dependent function

;o la@a)) e (oA [ o [ s
ful ) =522 ,,Zo (M s { (t)|a <r>(1n<a<r>>
0 1 J 1—a=%(1)
~ In(a(t")}+ " )‘g]—lﬂ 1) ~In(a(r)+—=—
/ 2n o _a2n /
+ 5 (t B [ 2n—:5( - +1 n <t)} (276)
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Taking the m — 0 limit of Eq. (2.75) gives the one-loop correlator for the massless

scalar,

= A H?5 T(D-1)
. — ! =/ ~ . !/
ri%(ﬂ](])(l‘,x)(l)(t,x )|Q>1*100p— (D—l)ZzD_ZﬂJD Fz(%) nllli)l})f] (l’,t,A)C), (277)

where the massless limit of £}, defined in Eq. (2.76), is

n3 al(t © (1)1 2n
gg})ﬁ(r,rcmz}t{ln%a(t»ln(a(r’m%% nzl< )
X[ln2(a(t))_an(a(t/))+21n(Z(l/)) _niz}—lnz(a(l‘))—lnz(a(t/»_{_% } (278)

Using the coincidence limit of Eq. (2.75) yields the VEV of the field strength squared

<S)'|‘l32(l‘7)_é)|'Q‘>lfloop2

A A2a=3(r) [a5(t)—a5(t)

v Tl —21n(a(t))] . (279

A constraint on the coupling constant A can immediately be deduced here. Magnitude
of one-loop correction (2.79) ought to remain less than the magnitude of tree-order

correlator (2.51) for the perturbation theory to be valid. This implies that the inequality

3
A< %2v6

~1
14a9(1) _2ln(a(t))] (2.80)

5 ()1

must hold during inflation. Massless limit of Eq. (2.80) yields A < 3672 /In?(a(z)) in
D =4, in agreement with the note—stated in Sec. 2.4—that the perturbation theory
breaks down when In(a(r)) ~1/v/A.

We can examine the behaviors of one-loop correlator (i) at a fixed comoving separation
at late times and (i1) for a fixed physical distance using Egs. (2.75)-(2.76), as in the
tree-order computations in Sec. 2.4.1. In case (i), the asymptotic limit of Eq. (2.76) at
a fixed comoving separation Ax, is

8
fit 1 Ax)— (ls 2\3/__72 :&2) [a(r) au(t)] -8 {m <a(t)a(t')> s
2

—a=%(¢ _3 e —aS(
+1T(t>+cl} _ %52 [a(t)a(t’)} 2 {[ln<a(t)a(t’)> 1 5 () _1 5 ( )]
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where

Ax)? 3 5
C1(Ax ( l/f - 5 ) (2.82)
(&) = In(HAY) —ci(HAX) 5 {Sm(’m) 1} bhi
§ 83 & & (HA)* & (HAx)? 85, 8 (HA)®
2]:3<§7§’§=1+§71+§’ 1 ) 5(2+6)1f2<+2 > 2+2 2 ).(2.83)

The digamma function y/(z) is the logarithmic derivative of the gamma function,
v(z)=T"(z)/T(z). Equation (2.81) implies that the one-loop correlator of a massive
scalar for a fixed comoving separation asymptotes to zero during inflation. For the

massless scalar, Eq. (2.75) and the asymptotic limit of Eq. (2.78),

, 1 1 [sin(HAx)
lim 1—>Z[1n2(a(;))+1n2(a(t ))] {%—CI(HM)}FCO, (2.84)
where
1 1 2 HAx)?
Co(Ax) = 61n3(HAx)—§[l—y] lnz(HAx)—l—[l—}/+§—72r—4] In(HAx) — %
5 (HAx)?\ 5 1 1

imply that the one-loop correlator grows negatively and proportional to In? (a) during
inflation even for a Ax of order the horizon size 1/H because % — ci(HAx) > 0.

Thus, tree-order result (2.61) decreases when quantum corrections are included.

In case (i1), to obtain the one-loop correlator for a fixed physical distance, we choose
a(f')Ax as a constant fraction K of the Hubble length, as in the corresponding
tree-order computation given in Sec. 2.4.1. The function f,(¢,#,K), obtained by
employing Eq. (2.62) in Eq. (2.76), is positive definite and grows in time. [It grows
logarithmically with the scale factor in the massless limit; see Eq. (2.78).] Hence
one-loop correlator (2.75), at fixed physical distance, grows negatively during inflation.
This growth, however, is suppressed for massive scalars; see Fig. 2.2. As can be
seen in the plots of the function f;(t = 32,#,K=3) for m=0,H/8,H /4 and H/2,
the suppression is very sensitive to an increase in mass. In fact, for masses m > H /2

the one-loop correlator is effectively zero at late times. One can also infer the late

time behavior of one-loop correlator from the asymptotic form of fi(z,#/,K). For the
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Figure 2.2 : Plots of f;(z,7,K), defined in Eq. (2.76) with separation (2.62), versus
a(t"). The ranges of parameters K, a(t), a(t’), m and styles of the lines are chosen
same as in Fig. 2.1 except that here the m=3H /4 case is not plotted.

massive scalars,

alt’ % a8 a—é / 2
f1—>%[ﬂ} {%lln(a(t))—ln(a(t/))—i— & 50)]15@%”%_1{7)

a(r)
1 (8583 8§ &8 K N2 ,
+32.7:3 <575,§,1+§,1+5;—T>}— [a(t)c;(zt ) {— In(a(t))+31In(a(t"))
Ha (1) 14+a%()| | 17 sin(K) K?
+ 5 + 5 +01(K)—{1+3] ¥ —1 (K)—}/+1—36(2+6)
8§56 K
X152 <1+§§§72+§;—T>} . (2.86)

Asymptotic form (2.86) consists of two kinds of terms: (i) the ones with the overall
factor of [a(t) /a(t)]s/ % minus (ii) the ones with the overall factor of [a(t)a(’ )]78/ 2,
For large masses (%ﬁ%g%) in D=4) the both kinds are small; in fact, the latter
is entirely negligible next to the former, as the overall factors indicate. As the mass
decreases both (i) and (ii) grow rapidly. The latter, however, grows faster and becomes
comparable to the former so that the asymptotic form of f; agrees with the—almost
constant—yvalues that can be read off from Fig. 2.2 at late times. In the massless limit,

the asymptotic form,

n(a(t
lim 1—>%{lnz(a(t))ln(a(t’))—kw—i—[lnz(a(t))—lnz(a(t'))}[ci(K)
sin 2 2
_ IEK) _ln(K)—}H—l] — %3?4(1,1,1;2,2,2,%;—%) In(a(t'))
+’f—224f5(1,1,1,1;z,2,2,2,§;—’%} , (2.87)

implies a stronger—though logarithmic— growth compared to the massive case.
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In the next section, we compute the two-loop contribution to the correlation function

of the IR truncated scalar field in our model.

2.4.3 Two-Loop Correlator

Computation of two-loop contribution (2.45) in two-point correlation function (2.42)
involves evaluations of three VEVs each of which has a double time integral without
a definite time ordering in the integrand. Hence the computation is more intricate than
that of the one-loop correlator which required evaluations of two VEVs each of which
had a single time integral with a trivial time ordering in the integrand. Let us start to

calculate the first VEV in Eq. (2.45),

Ui, [ R et DR
- [ar[aat ) {2-3-1 (QUfole.D)(F,7) 21 7.5 ) .51 (IR .51 )
4311 Q1.9 (.5]0) QI .5)]0) (@I 7.5)]2)
321 (Qldolr. D C.3]Q) [<sz|<ﬁo(f,f'>éo<zz’>|Q>}2} . e
where we have 0 <7 <7<t and ' <r. This time ordering makes it easy to read off the
VEVs in the integrand from Eqs. (2.51), (2.52), (2.55), (2.67), and (2.68). Substituting

the outcomes into Eq. (2.88) turns the computation into the evaluations of three double

integrals,

Q|¢01x/df¢o~ /d??a%?w )
By lOn T s { [ 0-a®) [ E+a D))
—i—%/ot/df[l—a /dt 2"+5i) —a® (1) + —5(;)_1]

+ /0 ol /O di|a® (D)~ (1)) |a® (1) -1] 2} - (2.89)

The results of the double integrals in Eq. (2.89) are given in Appendix A.4.1. Using
Egs. (A.25)-(A.27) in Eq. (2.89) we obtain the first VEV in the two-loop correlator as

S WBa31) & (—1)(HAx)
(o x/dt% /dtag ()90 (7, % )IQ>:—ma 52(06,;0((2%)1)(!(2%)6)

X{ln (a(t’))_[l a(t') 2[1—a—5(z')} 6 3 1

4 n 2 "8 4n 2(2n+9)

In(a(t'))




1 _a2n+5 (l‘/)

* [%*2@15) +2(2nl—|—5)1 ot +[%‘2(25+5)] [l_i(ﬂ)}

N L) N R R B
0 4n 2n—48 26 4n 2(nt+0) 2(2n+9)

} ) (2.90)

Note that the n = 0 term in the infinite sum in Eq. (2.90) is finite—though it includes

5 | 1-a ()
26 26

terms proportional to n~! and n~?; see Eq. (A.28).

The second VEV that contributes at two-loop order in Eq. (2.45) is calculated similarly,
Ql/ dt//(]) // —»‘ / dt”/ > /// (po ///’ )—Cﬁ) ( / —’/) |Q>

- [ [ arati ’”>{2 31QIR D (. T)1) (@Il (", D1)
Ql‘l’o(”’ X)|Q) +1-3-1(Q[gg (", 2)|Q) (Qdo (", %) o (', X)) (Qd5 (", %) |2)
_ _ 2 _ 3
+3-2-1 |:<Q|¢O(l//72)¢0(t///7f)|Q> <‘Q'|¢O(t///7)_6)¢0( ! _’/)|Q>} ’ (291)
where 0 <¢” <t” <t and ' <t. Substituting Egs. (2.66), (2.67) and (2.68) into

Eq. (2.91), brings it to a simpler form which includes three-double integrals each of

which with a single VEV in the integrand:

Q’/dt//(po /dt/// & /// /// ) (/—»/)‘Q>

wles

_?_226{/041;// dt///ag(;///)<g|¢ (t” 55)¢0( )|Q> [a(l//)a(t”’)} - [a‘s(t"’)—l]

« [1_61—6 (t/// /dl‘" dl‘/” 2( ///)<.Q|¢) (t m —») o1 /! _’/)|Q>[ 6(),‘//)]

_ -6
[ima @]+ [ e ) @ D30 D e )]
0 0
X [a5 (/”)-1} 2} . (2.92)

" are unknown in the

Because the orderings between ¢’ and ¢’ and between ¢’ and ¢
double integrals, we cannot just read off the VEVs from Egs. (2.51), (2.52), and
(2.55). We can, however, decompose the double integrals so that a definite ordering

between the time parameters exists. That makes the evaluation of the integrals, using

Egs. (2.51), (2.52) and (2.55), possible; see Appendix A.4.2. Substituting Egs. (A.31),
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(A.34) and (A.36) into Eq. (2.92), we find

Q’/ dt//¢ 7z —»/ dt”’aZ ///)(po( ///, —»)q) (t/,)—c»/)|Q>

A a3 (1) o (1) (HA) [[1-a® o (1)
CH? &2 ngo(znﬂ)z(znw) 2

n(e(4) 1_—“2’”5(”] [9a-5<z>+i+4]

] n?(a(r))+a®"+o ()

X {ln(a(t))— >

]1n(a(t’))+

a2n /
In(a(r))+ [# [zcﬁ <r'>+;—+3} T

1 g2n+28 (t') ]

1 n 1 +2
2n+06 n+d O

s 40 ) 2| [1=a®()
x[a () 2n+6 +2n+5 0 0
a=d(t) [368 3a7%(") 1 [568 38 8| |1-a®9(r)
x[ 5 [E“’]_ I | 2n46 E“} a2’ 5
}.(2.93)

{ ) [3 21 1]+[1—a_5(t’)_ [a‘5(t’)l 31 4 1
Note that the n=0 term in the infinite sum in Eq. (2.93) is finite—though it includes

“|\2ns|2n "5 5 5 2 s s s

terms proportional to n~! and n~?; see Eq. (A.37).

Finally, the third VEV that contributes at two-loop order in Eq. (2.45) is
Q|/dl” 3 // ¢() // —»/dtaz e N ed —»/)‘Q>
—/dt”a2 ”/dmz {3 1.1(QIGo (", 7)o (7, 7)1Q) (QIF2 (", 3)|Q)

X (Q[g (1.X")12) +2-3-1(Q¢4 (1", %)[Q) (@ ¢ (", %) o (7, %) |2) (264 (7.X)|2)
+3-2-1 [(Q](ﬁo(t”,)_c’)(ﬁo(f,f’)\Q)}3} : (2.94)

where 0<t" <t, 0<7<{, and ¢ <t. The integrand on the right of Eq. (2.94) consists
of three terms that are added together. Notice that the second term is twice the first

term. Using Eqgs. (2.66), (2.67), and (2.68) in Eq. (2.94) we get

@I a3 ”*/dtaz (63 (7.5)/2)
—a—5<r">] ll—a—%]

_/dz”az ”/dmz { (@ (1", 7)o 7.5) | QA2 |
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+6 (@601, 7)do (7,7 >ra>}3} . (2.95)

At this stage, we break up the double integral into two parts: [/dt” [0 di = [ldt" ! di-+
ftf dt” fé/df, where in the first part we have 1" <7 whereas 7 <t” in the second. Then, we
employ Egs. (2.51), (2.52), and (2.55) to obtain

Q\/ di" a3 £ */dtaz b3 (£,2)|Q) = {%’;((z;i)lr;(ygixl?)
y [/Ot’df[l_aa(a] { Oil't” [1_(1—6(#/)} [a2n+5(t//)_1] 1 [a2n+6(t~)_1]
X/;dt’/[l—a5(t/’)ﬂ +6/0’/dfa [/dt” =3 () L;) zni)l)(féixlz)

n 2n i
<[ +/ ' [ ((Zn%l—)l)(l({ZAnx—Z& ["Ma@‘lu ]} {2.30)

The results of the four double integrals in Eq. (2.96) are given in Appendix A.4.3.
Substituting Egs. (A.38)-(A.40) and (A.42) into Eq. (2.96), we obtain

"5 3 "= / > 8 7307 2/ __'A_3 L . (_1)n(HAx)2n
@ f[ar"at ") [ et ORI = p9N 5 L i)
, 1—a2”+5(t')_1—a2”(t’)_l—a“s(t') B 1—a9(r)
x| In(a(r))In(a(t"))+ S o 5 In(a(r)) —5
l+a2"+8(t/) l—l—aQ"(t’) . 1_a2n+6(t/) a—S@) 2 l—azn(t/)
- 2n+é * 2n Infa(#)+ 2n+96 0 +2n+5 -
l+a %) 1 1 1-a® %) [1 1] 1=a= () | 1—a~%(z)
N5 Tat s |t 2nse {5 %F 5 5
1 S(t) 1—a2(q+6)(t’)
—= T, ,n(HAX)?
T 2n+5] 3;0;0,12 ar [ 5 [ 2(g+9)
_2p+6 (4 _ 2(g—p) _ 2q+0 (4
3 l—a (t) 3 l—a @) || 1-a (t){ 1 +l]
2p+6 | 2(g—p) 2g+0 2(¢+0) o
2P (¢ T _2(q=p)=0 (4
+3{1 a (t)} 1 +l}_3 l—a (") { 1 +1]
2p |[2p+6 6 2(q—p)=6 | |2(¢—p) &
1—a=9(¢') | 1—a=%(r) 1 3 3
— — 2.97
5 [ 5 T2(qr6) 2p18 2| | [ (97
where the 0-dependent coefficients I',, are defined in Eq. (A.41) which we copy here,
(=1)7

SR T 7R R e R e R Y e e ey e
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Note that the n = O term in the first infinite sum in Eq. (2.97) is finite—though the
sum includes terms proportional to n~! and n2; see Eq. (A.43). Note also that the
p=0and p=gq terms in the triple infinite sum in Eq. (2.97) are finite—though the sum

includes terms proportional to p*1 and (g— p)*l; see Egs. (A.44) and (A.45).

We have completed evaluating each of the three VEVs that yields an O(A?)
contribution to two-point correlation function (2.42). Hence, substitution of
VEVs (2.90), (2.93), and (2.97) into Eq. (2.45) yields the two-loop correlator which

can be expressed as

A A3
=0 Nl 2! ~ [l /
(Q|(p(t,x)(p(t X )|'Q‘>2—100p— (2‘/)2 H4f2(t>tan) . (298)
To save space we don’t write the explicit form of the function f, (7, Ax).

The reader can add up tree, one- and two-loop correlators (2.51), (2.75), and (2.98)
and obtain one- and two-loop corrected two-point correlation function (2.42) of the IR
truncated full field. Coincidence limit of the quantum corrected two-point correlation

function (2.42) of the IR truncated full field

@By =al 220 _A A [”5(,)_a_5(,)

5 "W 52 5 —21n(a(t))]

2 A34°9 ad(t)—
+(2;Lv)2% 530)“{%[ (;)2 1]—1112(610))—

l—a_5(t)] 5 [1—a—25 (1)

3+4a2(1)
T]ln(a(t))

4 2
S R R >

}+O(7L3) . (2.99)

We employed Egs. (2.68), (2.79), and the equal spacetime limit of Eq. (2.98) to get
Eq. (2.99) from which one can obtain the leading contributions to the induced self-mass
squared by the curvature of the potential, A(Q|@?(z,X)|Q)/2, at each order up to
O(A%). To estimate the induced self-mass squared, we choose D=4 and m=H /2

in Eq. (2.99) and find, up to O(A3),

A, imas i AP(2v)  H?

5 (Qlp (r,x>\9>—rz(v+%) vi2g2

" l—a*‘s_ AT22v)  a %) |a®(t)—a %(r)
) VFZ(V—I—%) 22""’27[252

—21n(a(t))]}, (2.100)

where v =+/2 and § =3—2v/2. The only dimensional parameter in Eq. (2.100) is
the Hubble parameter H. Inserting back the Planckian units H— (Htp)Mp = Hh/c?
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where the Planck time tp~ 5.4 x 10~**s and the Planck mass Mp~1.22x10"GeV /2.
An upper limit for the Hubble parameter during inflation is H~1033Hz. Thus, for the

scalar with m?> = H? /4, an upper bound for the effective mass is estimated by taking

the a=¢"? as
GeV H
2 13
megr~ (3.34+A40.43—-170.14) x 10 = (W) . (2.101)
Let us note that the massless limit of Eq. (2.99),
HP=2 T(D-1) A HPS T2(D-1)

,},iino<g|¢;2<t’i)|g>:2D—17rD/2 (o) ln(a(t))_(D_1>22D,237rD r2(D)

AZ H3D—10 1—‘3<D_1)
(D— 1)2 23D-35 73D/2 13 (%)

x In?(a(t)) + In°(a(t))+0O(A%),  (2.102)

reproduces the result found in Ref. [67]. Note also that, the renormalized
(Q|¢?(,%)|Q) for the massless full field ¢ (z,%) with a quartic self interaction in de
Sitter background was computed in Ref. [29] using the results calculated in Ref. [28]
applying the Schwinger-Keldish formalism. Limit (2.102) agrees with it in leading
logaritm order, as it should. Equation (2.102) can be used to estimate the self-mass

squared induced by the curvature of the potential for a massless scalar. For D =4,

A H? In? In*
lim 2(Q62(1,5)|Q) = A5 In(alr)) {1—1 32(32(72) +12 ;3(55(22 +O(7L3)}(2.103)

which implies an upper bound for the effective mass as,

GeV H;
Mett~ VA (52— 18.4) x 1013C—2 <m) : (2.104)

Next, we use Eq. (2.99) to compute the stochastic contributions to the power spectrum

at tree, one- and two-loop order.

2.5 Power Spectrum

Using the free-field mode expansion ¢y(¢,X) in Eq. (1.4) yields the tree-order power
spectrum as,

Gt

77:% m‘u()(t,kﬂz ) (2.105)

Ag, (1,k) =

where ug(t,k) is the tree-order mode function, which agrees with Eq. (1.5) at
tree-order. The quantum corrected field ¢ (z,X) is an interacting quantum field; hence,

it does not have a free-field expansion. Using the full field ¢(¢,X) in Eq. (1.6) and
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using [59] the full (quantum corrected) mode function u(¢,k) in Eq. (2.105) do not
give the same result exactly. One can, therefore, define [58] the quantum corrected
power spectrum Aé either (i) using the full field ¢ (¢,X) in Eq. (1.6) or (ii) using [54]
the quantum corrected mode function u(t,k) in Eq. (2.105). We use [56,57] definition
(1) to compute the loop corrections to the power spectrum. The equal space limit of

Eq. (1.6) implies for the coincident correlator

(Q[¢%(1,%)|Q) E/O cickA%(t k) . (2.106)

The stochastic contributions to the coincident correlator ought to involve the usual,

time-independent power spectrum Ag (k) = limys., A (1,k) where # is the time of first

horizon crossing defined by Eq. (2.28). Thus, we obtain [56]

a(t)
(QF0) Do = [ GO -0 830 = [ Eaw). @a0n)

Taking the derivative with respect to time, yields the power for the horizon-sized mode
k at time t =1t;:

1 d

A2
H dt

: (k=Ha(1)) =

<Q“¢ (,%)|€) stoch - (2.108)

One can, however, look at the power at and time ¢ and that time corresponds to a mode
k through the relation a(t) =k/H. Therefore, by considering in Eq. (2.108) at different
times one can access the power for different modes (k values). Using our quantum
corrected coincident correlator (2.99) in Eq. (2.108) we obtain the quantum corrected

power spectrum. In D=4, we find

I’(2v) H? _%)_& 2(2v) a9
1—‘2(\,_’_%) 22v+1g2 a VFZ(V—F%) N2v+ig2§

A (k=Ha(t))=

—q 9 ] 2 a® ad
i) 5+ e Ty s [1n2<a<r>> LA @]
x In(a(t))—4 1_“8—_:(” —%[1_%2% +O(A3)}. (2.109)

Here and in the rest of this section v=1/9/4—(m/H)?, §=3-2v and a(t)=k/H, i.e.

F2(2V) H? (k)*5
(Ptree FZ(V+ )22V+]7'L'2 H

As the comoving wave number k increases, i.e. as the scale decreases, the tree-order

t =t;. Power (2.109) is scale dependent. At tree-order, A2

power decreases. That means that the power increases as the scale increases and the

spectrum is said to be red-tilted. At one-loop order,

I 2 -5 _§
B g™ vr4(i2:)>z4vfzn45<§> [111(5)_%[1_(5) ]].
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As the scale decreases the one-loop power decreases (grows negatively) and hence
enhances the tree-order red-tilt. For a given mode, on the other hand, one-loop

correction implies that the power is less than the tree-order power implies.

The massless limit of Eq. (2.109) is

2

_ H n2(a(t)) . ,In*(a(t))
’}gbA%p(k:Ha(t)):H{l—l 232 +A2 g +O(A3)} . (2.110)

Thus, unlike the massive scalar, the power spectrum is scale invariant, and therefore,
. . . . . 2 _ H2 2 k
has zero tilt at tree-order in this limit. At one-loop order AZ o= A gg=rIn (%),

hence the spectrum is red-tilted. Like in the massive case, the power for a given mode

decreases when the loop corrections are included.

In the next section, we compute the quantum corrected spectral index for a massive

spectator scalar using the quantum corrected power spectrum.

2.5.1 Spectral Index ny of the Spectator Scalar

The spectral index ng which measures variation of power spectrum Aé (k) with scale,

for the spectator scalar in this thesis, is defined as that of the inflaton given in Eq. (1.10).

Hence,

d1n<Aé(k:Ha(t))) W) O (k=Ha(r))

dIn(k) A% (k=Ha(r)) da(t)

1+

(2.111)

ng(k=Ha(t))

Using Eq. (2.109) in Eq. (2.111), the quantum corrected spectral index for the massive
scalar in our model is obtained as

A T2 1 |lza
nq; (k:Ha(t)):l_(s_;rz(\(/—:;) 22\/—0—171-2[ S (t)]

A2 TH(2v) 3 1—a=2%(1)
v2 F4(V+%) 24v+3 4 § 52

a®(1)

—2=—<~In(a(r)) +0(A%), (2.112)

which implies a red-tilted (n5 <0) primordial spectrum in accordance with the above

discussion. Thus, the amplitudes of fluctuations grow toward the larger scales.

The massless limit of Eq. (2.112)

: In(a(r)) 10’ (a(r))
lim ng (k=Ha(t)) = 1-A—2—5 +A2 5737 7 +0O(A%), (2.113)

implies a scale invariant (np =0) tree-order primordial spectrum for the fluctuations of
the massless spectator scalar. Loop corrections, however, red-tilt the spectrum. Data
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obtained from CMB, galaxy power spectra and gravitational lensing survey correlation
function provides evidence for a primordial power spectrum with a red-tilt. In the next
section, we study the variaton of the ny with scale measured by the running of the

spectral index.

2.5.2 Running of the Spectral Index o of the Spectator Scalar

The running of the spectral index is defined in Eq. (1.12). Hence,

dnz(k=Ha onz(k=Ha
o5 (k=Hal(1)) = ¢(dln(k) D) _ o) ¢(aa(t) 0) 2.114)

Employing Eq. (2.112) in Eq. (2.114), the running of the massive scalar is obtained as

LA 22v) af(n) A% TH(2v) 3a7%()
vr‘z(v+%) 22v+lg2 © 42 F4(V+%) Av+2d§

o5 (k=Hal(t)) =

x lln(a(t))—l_aTa(t)] . (2.115)

The massless limit of Eq. (2.115)

A py ,In?(a(r))
2372 233714

lim o (k=Ha(1)) = —

m—0

+0(A3). (2.116)

Eqgs (2.115) and (2.116) imply that the spectral index increases as the scale changes
from the scale at which the index is measured to a larger scale for both the massive and
massless scalars. In the next section, we compare the measurements of the Planck 2018
Collaboration for the n and & with our predictions for the ny and ay of the spectator

scalar field fluctuations.

2.6 Comparison of Our Predictions for the 5, and o5, with Measurements

The cosmological measurements [60] for the n and o, obtained by analyzing three

data sets, are given in Table 2.1.  The ng and oy for the fluctuations of a spectator

Table 2.1 : Planck 2018 Collaboration constraints on the n and .

Planck Collaboration Constraints

Data Sets n o
TT, TE,EE4+lowEB-+Iensing 0.9647 +0.0044 —0.0085+0.0073
TT,TE,EE+lowE+lensing+BK15 0.9639 +0.0044 —0.0069 £ 0.0069

TT,TE,EE+lowE+lensing+BK15+BAO | 0.9658 £0.0040 —0.0066 +0.0070

scalar with potential (2.4) during de Sitter inflation are given in Eqs. (2.112) and
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(2.115), respectively. Since the H is constant, the slow-roll parameter € is not defined

. . . . . 2

in de Sitter spacetime. However, using the equality € = % (Eq. (3.11)), we may
2 . . . L

3’"? as a new parameter € in de Sitter, corresponding to the initial

value of the slow-roll parameter for the inflaton &, to make predictions for the ng

identify the ratio

and o5 and compare the results with the measured values in Table 2.1. Defining

v=1/9/4-3¢ and § =3—2v in Egs. (2.112) and (2.115), yield, for a(t;) = ¢,

m2

the predictions given in Table 2.2, up to O(A?). The values for 3z =€ are chosen

to yield the same measured mean values for the ng, given in Table 2.1. Notice

that the required €’s are about 5.5 times the €q’s of the inflaton in Table 3.1.

Table 2.2 : Predictions for the ny and oty of the spectator scalar.

Predictions
Parameter 3’"722 =g é OC¢;
0.017545 0.9647F10.3911 FA0.0028
0.017940 0.9639F1 0.3855 T2 0.0027
0.017002 0.9658TF A 0.3992 T2 0.0030

Recall that the Planck TT,TE,EE+lowEB+lensing data in Table 2.1 constrains the
spectral index as 0.9603 <ngg <0.9691. Using these limits in Eq. (2.112) implies
0.01537 < % =£€<0.01972. Employing these bounds on the € in Eq. (2.115) yields
—0.0036A < a5 < —0.0023A. Since A <107, this result is incompatible with the

measured constraint —0.0158 < a5 < —0.0012.

The Planck TT,TE,EE+lowE+lensing+BK15 data in Table 2.1, on the other hand,
constrains the spectral index as 0.9595 < ngg < 0.9683.  Using these limits in
Eq. (2.112) implies 0.015765 < 3’”722 =¢ < 0.02011. Employing these bounds on the €,
in Eq. (2.115) yields, —0.0034A4 < 05 < —0.00221, i.e., 0p ~ 0, as before. Such an o,
however, lies just at the upper bound of the measured constraint —0.0138 < 055 <0;
see Table 2.1. [Inclusion of BAO data to this data set somewhat improves the case,
slightly shifting the measured constraint on @54 to —0.0136 < 055 < 0.0004. The
measured constraint 0.9618 <ngg <0.9698 implies, via Eq. (2.112), 0.015023 < % =
£<0.018975 and hence, —0.0037A < 0t < —0.00251, i.e., o5 ~ 0 again, which is close
to the upper bound 0.0004 allowed by the data.] Thus, overall, the data sets seem to

favor more an inflaton driven inflation rather than a spectator scalar in a cosmological

constant driven de Sitter inflation.
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We pointed out in the Introduction that as a field fluctuates in spacetime, the magnitude
of the field strength increases at some locations while it decreases at others. Therefore,
the actual effect perceived by a local observer is not an average value measured by
a VEV like the correlation function but either an increase or a decrease in the field
strength. The mean squared deviation, i.e., variance, of the field variation from its
average provides information about the magnitude of the actual effect. In the next
section, we use our two-point correlation function (2.42) and its coincidence limit
(2.99) to compute the variance of fluctuations at tree and one-loop order and examine
how the tree-order contrast between the VEV and the actual effect changes when the

quantum corrections are included.

2.7 Statistics of Fluctuations in Spacetime

The variation field AQ of the IR truncated scalar ¢ is defined as the difference of fields

at two events,

AP (t,t %) =9(t,%)—0 (%) . (2.117)

Because the mean field (Q|@(z,X)|Q) is zero at any event, the VEV of variation A¢

vanishes. Therefore, the fluctuation field is
8o(t,t; 2,3 ) =A0(1,t;3,3)—(QAd (¢, %, %) |Q) =Ad (¢,/;%,%) . (2.118)
Thus, the mean squared fluctuations, or the variance, defined as,
o35(1,13%.3) = (Q](86)°|) = (@I (49)*|2)

= (Q[@%(1,.9)|Q)— (Q[§ (1, 1) (', x')|Q) — (QJ (', &) § (£,%) |Q)
+(Q|2 (¥ |Q) (2.119)

does not necessarily vanish. We obtain the tree-order variance as

Gz(ﬁtree(t’t,;f’f,):AgO(t7l/;fuz/) ) (2120)

where

[ A B Y /
go(t, 1 X,X") = 5 + 5 —I—Z[a(t)a(t )}
y oo (—1)”(HAX)2” 1_a2n+8(t/)

~=  (2nt1)! 2n+6
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and the one-loop variance as
X%, (2.122)

where

_ 2n
g1<r,t’;z,z'>=§{[a<r>a > (znflfgﬁ 5 {1n<a<r>>+1n<a<r'>>

1—a=%(z) 1—a_ J a %)) 1
1 A

1—a®'(") a=%(r) a®(t)—a=% (1)
AL )

a(t) —al(t') }}+(9(/12) (2.123)

_|_

In the next two sections, we consider equal time and equal space limits of the variance.

2.7.1 Statistics of Fluctuations in Space

The spatial variation of the IR truncated scalar is the difference of field strengts at equal
time events AQ(z,X,x') =@ (t,X)—@(r,x’). The field strength is positive at some places,
at others it is negative. Moreover, the inflationary particle production is a quantum
mechanical random process. At some places the field strength is positive, at others it is
negative. While the magnitude of the field strength increases at some places, at others
it decreases. Hence, the expectation value of the spatial variation A@(z,X,X’) vanishes,

but the spatial variance GK@ (,%,% ! ), which we compute next, does not.

2.7.1.1 Tree-Order Variance in Space
For a massive scalar, we employ the equal time limits of Egs. (2.42) and (2.99) in
Eq. (2.119) to get

O (1,55 = Ago (1,3,5) (2.124)

where

(_ l)n(HAx)Z" 1 _a2n+6 (t)
(2n+1)! 2n+0

(2.125)
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Figure 2.3 : Plots of go(z,K), defined in Eq. (2.125) with separation (2.62), versus
a(t") for different values of mass and K=1/2. a(t) runs from 1 to 50. Extending it to
>0 does not alter the plots significantly. The solid, large-dashed, dashed, dot-dashed

and dotted lines are for m=0,H /4,H /2,3H /4 and H, respectively.

In the late time limit, for a fixed comoving separation, Eq. (2.125) asymptotes to

(0,552 2
ST § | HAx | 3(2+9)

5
8§ 5 _ 8 (HAx)?
><1.7-"2(1+§,572+5;—( 4))]]. (2.126)

5(1) aé(t){sin(HAx) (HAx)?

For a massless scalar (8 =0), on the other hand, Eq. (2.125) asymptotes to

(2.127)

rigrr})go(t,%,i') — 2{1n(a(t))+ ci(HAx)— M} :

HAx
The growth in tree-order variance implied by Eqgs. (2.125)-(2.127) means that the
magnitude of spatial variation increases in time. This fact is a main argument of some
cosmologists against putting trust in results obtained from the VEVs. They argue that
the average effect measured by a VEV may be misleading because the actual effect
observed by any local observer is either a decrease or an increase in field strength
as fluctuations happen. As we show in Sec. 2.7.1.2, however, the dominant quantum
correction to the tree-order variance comes with a minus sign. Thus, the quantum

corrected variance does not grow as large as the tree-order result implies.

To interpret result (2.124) for a fixed physical distance we take comoving spatial
separation Ax=K/Ha(t) in Eq. (2.125) and obtain go(7,K). Figure 2.3 shows that

go(t,K) rapidly grows and asymptotes to a constant during inflation. One can see this
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behavior of go(, K) analytically by computing its asymptotic form,

sin sin(Ka~} 2
gO(I’K):%{l_a_g(t)_ IEK)W_S(I) 1(<I;1(t()t))_3(2K+5)

§5. 86 KX\ . §5. 6 K?
|:1J_"2(1+2 2 2+§,—T)—a ()1./_"2( 2,5,24—5,—%)] (2.128)

which is a constant.

Numerical values of go(z,K), for a given K and 8, can be obtained from Eq. (2.128) at
any time ¢ during inflation. Figure 2.3 shows that it rapidly grows and asymptotes
to a constant during inflation. This late time behaviour of go(f,K) can be shown
analytically by computing its asymptotic form:

2 [ sin(K)  K? 55 5 K?

which is a constant.

2.7.1.2 One-Loop Variance in Space

We obtain one-loop equal time variance of a massive scalar as,

2 — =/ Af Az — =/
Oy s (1T X ) = =5 a1 (LX) (2.130)
where
-6 2n
. a°(t) & (—1)"(HAx)
t ! =2

gl( )Xy X ) S ; 2l’l+1) (2n—|—6)
In(a(r))— - . 2.131
x{n<a< N-—2 il - o131
Hence, the one-loop spatial variance G2 (r,%,%') <0, contrary to the positive

A¢1 loop
tree-order spatial variance, as pointed out in Sec. 2.7.1.1. In the late time limit, for

a fixed comoving separation, g, (7,X,x’) asymptotes to

N0 {lln @ (t)>+1+a_5(t)”sin(HAx) |, (HAx)?

52 5 HAx  3(2+9)
0 5 . Ax)? 1+a5(t) .
X1F2 (1+2 % ,— 4 )] 5 —ci(HAx)
sin(HAx) 5 5 5 § . & (HAx)?
e 2+5 22]-“3 24255245 24 = (2.132)
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Figure 2.4 : Plots of g|(¢,K), defined in Eq. (2.131) with separation (2.62), versus
a(t). The ranges of parameters K, a(t), m and styles of the lines are chosen same as in
Fig. 2.1

In massless limit,

n

. - oo HAX 2n 2n 1— 2n
limg, (1,%,%) ; 2n+1 '22 {mz(a(t))—“—(t)ln(a(z))—#@}, (2.133)

on the other hand, g; (¢,X,x’) asymptotes to

lim e, )_c’,)_c”)—>§ln3(a(t))+{ci(HAx)—$} lnz(a(t))—%[ln(HAx)—ky—lr
—[1—7;—;] [1n(HAx)+y—1]—§ [;(3)—1] . (2.134)

Figure 2.4 shows that g;(7,K) grows logarithmically for the massless scalar and that
the growth is suppressed for massive scalars. As the mass increases, the suppression
gets stronger. To interpret one-loop equal time variance (2.130) for a fixed physical

distance we take Ax=K/Ha(t) in Eq. (2.131) and obtain

a?® —a~? in(Ka™! 2472
g1(1,K)=2 62(t){[1n(a(;))_1 5(” sin(Ka~'(1)) . K*a (1)

Ka~1(t) 3(2+9)
§5,. 6 —K? a®(t) | [ sin(k) K> §5. 8 K
2145325 000) - % { ¢ M | (13320 )
5,85, K . sin(K)
2+52F3( 5 +§ E ) } {K—)M} + {CI(K)— K
1|sin(K)  K? 55, 5 K? K
_ln(K)—g X + 3(249) 1.7:2( 5,5, 5 T) }— {K—> E} } (2.135)

Figure 2.4 shows that g;(7,K) grows logarithmically for the massless scalar and the

growth is suppressed for massive scalars. At the mass increases, the suppression gets
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stronger. This late time behaviour of from the asymptotic form of g;(¢,K) can be

shown analytically by comparing its asymptotic form in the massless limit

lim g,(1,K) —
m—0

K? 5 K? K? 5 K?

— 1,1,1;222, —; —— |1 - 1,1,1,1;22272 —;——— | ,(2.1
123~F4( s Ly s "’ 4) n<a(t)) 244‘F5( sy dyds "’ 4)7( 36)

which implies a logarithmic growth at late times, and its asymptotic form for a finite

mass,
21(t.K) — % {aa(t) ci(K) _w “In(K) —}/+1—% [S“}g() ~l (fj 5
R (155203 )| T (55205 )
L )| —e
Equation (2.137) shows suppression of some constant terms by the factor £ 62( ), which

becomes stronger as the mass increases.

2.7.2 Statistics of Fluctuations in Time

The temporal variation is the difference of fields at equal space events A (z,t,X) =

¢ (t,X)—¢(¢',X) whose VEV vanishes. The temporal variance
035 (t.1) = (Q|[Ag (1,7,7)— (QIAG (1,1, 7)|Q))*|)
=(QI[§(1,9) -/, 9)]°[) , (2.138)

can be obtained by taking the equal space limit of Eq. (2.119).

2.7.2.1 Tree-Order Variance in Time
Using Egs. (2.120) and (2.121), we obtain the tree-order temporal variance as

O, (1:1) = Ago (8,1, (2.139)
where

—a- % S g
go(t,1") = —= 4! 5(t>+2[a(t)a(t’)} 1T<t). (2.140)

Note that lim,/_,,g,(¢,¢') =0, hence 62~ (¢,t) vanishes, as it should. For # <¢, on the

Adiree
other hand, we have g, (t,t') >0, hence the tree-order temporal variance 6> ')>0.

Ao L
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Note also that the massless limit of the tree-order temporal variance

r(b—-1) HP?

limo?. (r,1)=
COZTE) ek

m—0 Aqstree

[In(a(r)) ~In(a(r)]

is positive and grows logarithmically. Next, we calculate the one-loop quantum
correction to the tree-order temporal variance.

2.7.2.2 One-Loop Variance in Time

Using Egs. (2.122) and (2.123) we find the one-loop temporal variance

A A?
GAzqslfloop (t’t/) :_ﬁmgl(t’t,) ’ (2141)

where

_|_

a(:)—m(t’)]} . (2.142)

At equal time, we have lim,_,,g,(¢,¢') =0, hence GZ (t,¢) vanishes. For t'<t,

431 —loop

however, g, (¢,#) >0, hence the one-loop temporal variance t,t') <0 contrary

2
GA(ZSI —loop (
to positive tree-order temporal variance (2.120). Thus, the temporal variation does not

grow as fast as the GX implies. Let us note finally that the massless limit of the

étree
one-loop variance yields

2 _ 2D—6 n3 a
r}lii%czq}liloop(t;t/) — (D)il) Frglzg)l) 25)_17#) |:21 (3 (t)) —lnz(a(t)) ln(a(t'))
+ln3(aT(ﬂ))] : (2.143)

which is the same result computed in Ref. [67] for a massless scalar. At this point, we
end our discussion on the self-interacting spectator scalar field during cosmological
constant driven de Sitter inflation where the expansion rate H is constant. In the
next section, we study self-interacting inflaton field which drives inflation, hence the

expansion rate H is necessarily time dependent.
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3. INFLATON FIELD DURING SLOW-ROLL INFLATION'

In this section, we extend the method we used to study a self-interacting spectator
scalar field during a cosmological constant driven inflation where the expansion rate H
is constant—hence the spacetime is a de Sitter spacetime—to study a self-interacting
inflaton field which drives the inflation where the expansion rate H is naturally
time dependent—hence the spacetime is a Friedman-Robertson-Walker spacetime.
We consider an inflaton ¢ with the same potential V(@)= %q)zi%(p“ where 0 <
A < 1. The +(—) sign in the quartic self-interaction implies a steeper (flattened)
feature. We first compute the quantum corrected two-point correlation function for
the inflaton fluctuations at tree and one-loop order, including also the O(A) correction
to the tree-order correlator that arise as a backreaction of the self-interactions on
the geometry—that is calculating the O(A) corrections to the a(z), H(t), €(t) and
using these corrected parameters in our computations—first time ever in the literature.
Applying the method we introduce [56] in Sec. 2 and using the coincidence limit of
the quantum corrected correlation function, we compute the quantum corrected A% 0
nse and 0, for the inflaton fluctuations. We show that the one-loop power spectrum
gets enhanced by the terms involving huge factors of 81.62 and 81.6' which do not exist in
the spectrum [56] of the spectator scalar in de Sitter spacetime. The one-loop spectral
index, on the other hand, gets enhanced by the terms involving the factor 8161. We
compare the numerical estimates of our predictions for the ng, and o5, with the
cosmological measurements [60] of Planck 2018 Collaboration and show that the data

favor the inflaton model rather than the spectator scalar model.

3.1 The Model

The renormalized Lagrangian density of the inflaton model

[ R 1+6Z
- 167G 2

dup e’ —V(p)| V=g, (3.1

I'This chapter is based on the paper Karakaya, G. and Onemli, V. K. Quantum Fluctuations of a
Self-interacting Inflaton, arXiv:1912.07963
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where the R represent the Ricci scalar. The renormalized potential

1+06Z
V(@)=——m ¢ +Vper(9) (32)

where the part of the potential that we treat perturbatively,

6m2 ) A+6)« 4
y PETLY

Voert (@) = (3.3)

Recall that the orders of A of the counterterms are §Z~ O(A2), dm*>~ O(A) and
8A~ O(A?). The components of metric tensor g,y are chosen as that of a spatially
flat Friedmann-Robertson-Walker spacetime with no metric perturbations which are
suppressed. Therefore the invariant line element, ds*>= —dt>+a*(t)dx - dx where the
scale factor a(t) is to be solved for in Sec. 3.1.2. The inflaton in this background obeys

the field equation,

V2 2} (x) = _M (3.4)

B +(D-DHO90)~ | 73 S

where the prime denotes derivative with respect to the argument, hence, Vpe. (@) =
Sm*@+4(A+81)@>. We consider the inflaton field ¢(x) as a sum of an unperturbed
(averaged) background field ¢(z) that depends only on time and a small perturbation

0 ¢(x) on this background,

P(x)=0(t)+50(x) . (3.5)

Thus, Eq. (3.4) yields the following equations for the homogenous part ¢(z) and for

the fluctuations 8 ¢(z,x) around it are

B0+ D-DHOB0) 100 = { ot p = 200 6o
2 Lt (00)(x
500+ (0-DH(0 300~ —]sp =100 )
where

Vi (89) =0m*50() 2% [562(1) 59 +30.(1) (500 (50(0))"] .~ 38)

Using two non-trivial Einstein’s field equations—corresponding to purely temporal

and purely spatial components we find

o2

¢2<r>:%s(r> : (3.9)
g2

v(¢):% [D—l—e(r)} , (3.10)
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where the slow-roll parameter

< 1. (3.11)

Substituting Egs. (3.2) and (3.3) into Eq. (3.10), yields

8nG

H = b1 e

P*+o(AY)] . (3.12)

A
2 2\ =2
[(m +8m”) @ j:—lz

The mass counterterm §m?, which is of O(A), is multiplied by ¢>. Hence, it is
suppressed by a factor of ¢> compared to the quartic self-interaction term which is
also of O(1). Because 4 < @ < 10° in Planckian units, the former cannot contribute

as significant as the latter. Therefore, we have

H= (D_;r%ng [&;—4 (%)2+(9(s)+<9(12) . 3.13)

Recall that the quartic self-interaction term %(])4 is treated perturbatively next to the

2
the mass term m72¢2. Hence, 1 > %% in Eq. (3.13).

To get the expansion rate H from Eq. (3.13), as a function of time and initial values
Hjy and g, we first need to solve field equation (3.6) for ¢(¢). In the slow-roll regime

where || < H|¢|, and at O(1), Eq. (3.6) implies

A

-3
0 (3.14)

(D—1)Hp+m*p~F

We neglected the other O(A) term—3&m? p—suppressed by a factor of ¢ on the right
side of Eq. (3.6), as we did in obtaining Eq. (3.13). Employing Eq. (3.13) in Eq. (3.14)
yields

(P__\/SnG D—1

The solution of Eq. (3.15), for the plus sign choice in the O(A )-term, can be given as

/8 A D=2 A @
(l’) ~ \/;mtan (— §m t—}—arctan(\/;%)) . (316)

For the minus sign choice in Eq. (3.15), taking A — —A and analytically continuing the

_ T,
m D Z[HZ_(’%

- )2+0(e)+0<12)] . (3.15)

Bs)l

tangent function in Eq. (3.16), yields the background field solution as

_ 8 A D=2 A @
QD(I) ~ \/;mtanh <— §m t—l—arctanh<\/;g>> . (317)
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Using the addition formulae for the tan(x) and tanh(x) functions in Egs. (3.16) and
(3.17) respectively and then expanding the results in series, up to O(4?), leads to

_ _ D-2 m A @ A D=2 )
‘P<’>—‘Pl{1— m[@ism]figm’}’ (3.18)

where @; is the initial value of ¢(¢) at r=t;=0. Note that §; = ¢;o where the subscript
0 denotes the result in the noninteracting (A — 0) limit. Note also that, in this limit,

one réecovers

the well known solution in the chaotic inflation. The fluctuation field d¢(x) in
Eq. (3.5), on the other hand, is obtained by solving Eq. (3.7) as

! _D— 1 D—1 / pen(5¢)( )
50(x) = 59y (x) /dt /d Gra() o= (3.20)

where V...(0¢) is given in Eq. (3.8) and the retarded Green’s function is computed in

pert
Eq. (3.62). In the rest of this section, we use background solution (3.18) to express the
H(t), a(t), (t) and @(t), with O(A) corrections, in terms of the initial values H;y and
€. The results are employed, in Sec. 3.3, to compute the quantum corrected two-point

correlation function for the IR truncated inflaton fluctuations 4 ¢(x).

3.1.1 The Expansion Rate H(¢) in Terms of Initial Values H;y and &

Employing Eq. (3.18) in Eq. (3.13) we obtain the expansion rate H(¢) in terms of the

initial values in the A — 0 limit,

8nG _ : m?
HiO_ mm(p, and HiO__— . (321)

Expressing the initial value of the background field, using the first equation in
Eq. (3.21), as

Pi=Pio=¢5"/Em, (3.22)

where €= — Ho —

"= ﬁ is the initial value of the £(¢) in the A — 0 limit and

D-2
(D—1)87GH2’

g

(3.23)
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is a dimensionless number, we obtain the expansion rate as

H(t)=Hi [1 ei0Hiot+ ’f €076 Hit+6 (Hiot €0 (Hiot)* |+ O(2 )} (3.24)
Among the O(A) terms in Eq. (3.24), the first two dominate for 0<8,~0<m[ 5/3—
1]. This means that for 0<g;<0.0025 they remain as leading terms during the first
60 e-foldings. For a larger g, the third term, 6 ( zol) , becomes of order the sum of
the first two ones during the last epochs of inflation. The forth term, &y (H,-Ot)3, is
suppressed during inflation for an €y <6/ (Hjot); thus, for €< 0.1, it can be neglected

during the first 60 e-foldings.

At this stage, using Eq. (3.24), we express time ¢ in terms of the scale factor a which
will provide us the change of variable essential for evaluating the integrals of one-loop
correlator in Sec. 3.3.2. Integrating Eq. (3.24)—neglecting the suppressed fourth

term—we find

(Hiot)*F e,o[lillé ](H,-ot) i—[liké —2]( Hiof)F == In(a) 20, (3.25)

TIE AE uj

which has three distinct real roots; see Appendix B.1. We define a new variable
qg=+/12¢pln(a) . (3.26)

and express the relevant root of polynomial (3.25) in terms of g in Eq. (B.5) which

implies that the comoving time

)
=gy = {1:&4—?82[1 2q}+(’)(l )] (3.27)

Substituting Eq. (3.27) into Eq. (3.24)—without neglecting the fourth term—yields the

expansion rate as
H(t)=Hj [qi 5810 [q - 1}—1—(’)(12)} (3.28)
Thus, Eq. (3.28) implies
Hy(t)=Hioqo(t) , (3.29)
where
q0=1/1-2¢jpIn(ao) . (3.30)

Hence, Hy = Hiogo = —€0H% = Hjo=const., in agreement with the definition of &.
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3.1.2 The Scale Factor a(z) in Terms of Initial Values H;y and &

The logarithm of the scale factor is obtained by integrating expansion rate (3.28) via

making change of variable (3.27) which implies

dt:—ﬁslol{li 582[1—§ }+O(/12)] : (3.31)

The result of the integral, upon exponentiation, yields

alt)=aot)exp (5 1l + 047

A
—anlt)| 1 e 1l +02)| (6.32)
where
: &
ap(t) =exp (Hioto [1 —%Hioto]) =exp (850 ! ?0> , (3.33)

is the scale factor in the A — 0 limit. Here, we define

Eo(t)=1—¢3 (1) =2&i0In(ap (1)) . (3.34)
The scale factor reaches its maximum value at r=#,= (eioHiO)_l. Inflation, however,
ends at fe 2t [1 — /€ | =tm— (v/€0Hio) ~'. Note that the condition a(z.) > ¢® and the
fact that g = +/1-2¢€;pln(a) >0 imply that &y < 0.0083. A more stringent constraint,

howeyver, is obtained as €y < 0.0041; see Sec. 3.5.1. Hence, the mass m=+/3€pH;p <
0.111H,y for D=4. Note also that using Eq. (3.32) in Eq. (3.28) yields

2 1
H(t)=Hj qoimé%z [q8+q%—l+q 1 4%] }+0(A ) (3.35)

Next, we similarly obtain the slow-roll parameter, which characterizes the flatness of

the potential that drives the inflation.

3.1.3 The Slow-Roll Parameter £(7) in Terms of Initial Values H;y and &

Using <4 T=—€0q IH% in Eq. (3.11) yields e= 541?1 ‘fl—Z. For the H(t) given in Eq. (3.28),
=g { zi 6810 g [2q3+q2+1H

=& >

1 [1-qo)*
do :‘: 5810 90 [2‘](3)+61%+1—6]01u}] , (3.36)

up to O(A?). With this result, we end our study on the dynamics of spacetime
geometry. In the next section, we obtain the solution of background field ¢(¢) in the

interacting theory.
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3.1.4 The Background Inflaton Field ¢(¢) in Terms of Initial Values H;, and &

Substituting Egs. (3.22) and (3.25) into Eq. (3.18), yields the background field in our

model as,
o AL
o(t) g(p,-o[l_e,-oﬂ,-ozchg [81.01(Hiot)—(Hiot)z}%—O(/lz)} . (3.37)
Using Eq. (3.27) in Eq. (3.37) gives
- - Ay 2 2
0(1) = ol aF 31 E€5° | 1-a*|+O(1?)

[1—qo]"
4

_ A, _
=@ ‘IO:Fzggioz [(C:O_QO1

}Jro(zz)] . (3.38)

Recall that the initial value @; is given in terms of g in Eq. (3.22). We study the

fluctuations d @ (x) of the self-interacting inflaton in the remainder of this section.

3.2 Inflaton Fluctuations

If the O ¢ is neglected, the evolution of the inflaton with potential (3.2) is trivial: The
homogeneous inflaton ¢(¢) rolls down its potential as the classical restoring force
pushes it down to the configuration ¢ =0, where the potential is minimum. Recall
that we treat the self-interaction term perturbatively next to the mass term; i.e., we

require %(%)2 <1 in our analysis. This implies an upper bound @« on the amplitude
|P| < Pmax = \/1/1z m. One can deduce the range of @n.x as follows. Planck 2018
data [60] imply H ~2.5-107> at the end of inflation and hence, an inflaton mass
scale m=+/3eH ~3-107°. The level of inhomogeneity %p ~ 1073 in the distribution
of matter implies 2 <10~!# for an inflaton with potential (3.2). The estimate for m
and the constraint for A together yields @max = 10?. An upper bound @pax <10°, on
the other hand, is required to make sure that the quantum gravity effects can safely be

disregarded. Thus, depending on the value of A, we can have 107 < Pax < 10°.

When the ¢ is taken into account, the particle production out of vacuum enhances
the field strength and causes the inflaton to undergo a random walk such that its
average distance from the minimum of the potential increases. The J ¢ can have severe
influences on the evolution of the inflaton as long as the amplitude |0 ¢| is larger than
the change AQ = @;— @(Ar) in the strength of the background field ¢ in a typical time

scale At=H~!(¢). This implies a certain value ¢, for the inflaton amplitude |¢| such
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that if |@| > @, then the ¢ is of large amplitude (|0 ¢| > Ap) which cause the || to
fluctuate remarkably, rolling the inflaton up its potential forever, and hence leading to
endless proliferation of ever newer regions in a multiverse. For %< |o|< @, however,
the 6 ¢ is of relatively low amplitude (|0 | <A@) and, as the inflaton rolls downhill,
the ¢ engenders the density inhomogeneities required for the structure formation in
the universe. In Secs. 3.2.1-2 we give the mode expansion for the d¢y and obtain
the 0¢. The two-point correlation function of the §¢ that we compute and plot
in Secs. 3.3.1-2 shows that the amplitude |§¢| does not grow without a bound; it
asymptotes to a constant at late-times. Thus, the inflaton cannot continue rolling up its
potential forever; it eventually comes to a halt and therefore, as it rolls downhill, the

0 @ can generate the inhomogeneteis.

3.2.1 Fluctuations of the Tree-Order Inflaton Field

Fluctuation field d¢(x) of the full inflaton satisfies Eq. (3.7) whose solution is given
in Eq. (3.20) in terms of the fluctuation field § @y (x) of the tree-order inflaton and the
retarded Green’s function Gre¢(x;x"). The mode expansion for the fluctuation field of

the tree-order inflaton

D—1
Sqo(x) = / én)—D’_‘l{5c1>0(x,%)A(%)M@g(x,%)A*(ié)} , (3.39)

where the mode function of the fluctuation field
5o (x, k) = o (1, k) | (3.40)

is the spatial plane wave solution of the linearized effective field equation evaluated at
the full solution of the background effective field equation. The tree-order amplitude

function ug(¢,k) obeys

b‘io(t,k)+(D—I)H(t)uo(t,k)Jr[z—qumz] uo(t,k)=0.. (3.41)

— —

The mode coordinates A(k) and A* (k) in Eq. (3.39) are functions of the spatial Fourier
transforms of the d¢p(x) and its first time derivative evaluated on the initial value
surface. Canonical quantization promotes the mode coordinates to the annihilation

and creation operators A (k) and A (k) satisfying the usual commutation relations

A

[A(%),A(%’ﬂ ~0, [AT(%),AT(M} ~0, [A(%),AT(%’)} = 2m)P 18P (k—F"), (3.42)
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and imposes the Wronskian normalization condition on the amplitude function,

uo(,k) a1, k) —ugp(t, k) uo(t,k):aD_1 ) (3.43)

Rescaling the amplitude function as a%(t)uo(t,k)zvo(t,k) reduces differential

equation (3.41) to the form of the harmonic oscillator equation with a time dependent

frequency

2 —
ot )+ | o+t - (2

To solve Eq. (3.44), following the approach by Finelli, Marozzi, Vacca, and Venturi

H(t)) 2} vo(1,k) =0 (3.44)

given in Ref. [68], we make the ansatz

volt k)= CHZ0(28) with = =pu(H), v=Vv(H), and g=x(H), (345)

and express the time derivative as derivatives with respect to § and H,

d d
at——H (1-¢)¢ é,4—8H . (3.46)

Employing Eq. (3.46) in Eq. (3.44), neglecting the terms of O(H) and O(&?), yields

0%7,

dZ
Cz agz -

¢

+E=2+ (X282 —v?)Z, =0, (3.47)
with parameters
€ 2 2
u:—§+0(£ ), x=1+&e+0(€%), (3.48)

and

T et O(eY). (3.49)

)
and hence
» (D-1 D—4
v _(—2 ) {1+2D—1 e+0(e?) (3.51)

The solution of Bessel’s equation (3.47) is given in terms of Hankel’s function of the

first kind and its complex conjugate

Zy(x§)=Cily) (x§)+CHP (1£) - (3.52)
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Thus, the solution of Eq. (3.41) can be given as

uo(t,k)=a~"7 42, (xC)

) o (e (), s

Wronskian normalization (3.43) constrains the constants C; and C;,

12— |G = 4H(1+e) (;a> [14—(9(82)]. (3.54)

A solution which corresponds to Bunch-Davies mode function in de Sitter spacetime

can be chosen, up to O(?), as

k

Clzl[
Ha

(1+8)<

Inserting Eq. (3.55) into Eq. (3.53) yields the amplitude of mode function (3.40) up to
O(£?),

el2
7 ) } and  C=0. (3.55)

1
. _DA[T 1o y(1+e)k
0 =i [ 2 (1)) (E2K). 356
wo(r, ) =ia"7 [ (o) Y (S (3.56
Recall that, at comoving time ¢ =1;, the mode with wave number

Hit t
x= 1l (3.57)

14-e(t)

exits the horizon, becomes a superhorizon (IR) mode and “freezes in.” At a given

time ¢, we take into account superhorizon modes k <ﬁ—f’6 for which the argument of

the Hankel function (1;8) < 1. Thus, using the power series expansion of the Hankel

function we obtain the IR limit of the amplitude function as
2Y7I0(v) f H \v—2 14+-€)k\ 2
uo(t,k) —> ) ( ) V140 (( +€) ) [1-1—0(82)} . (3.58)
ﬁa7 1+8 2Ha
Substituting Eq. (3.58) into Eq. (3.39) we obtain the IR truncated fluctuation field of

the tree-order inflaton as

6(5005)_6):
2" 'T(v) ( H \voi a7k (K1 e 2 ik
N (ie) /(27r)D e [ AE e A (B)]. 659

The ratio 1 + ¢ in the argument of the ®-function is monotonically increasing function
of time until £ 7y,[1 —31/ 4\/8_,0 |, which is slightly less than the 7,, time at which the
inflation ends, defined in Sec 3.1.2. Hence, we consider inflation during 0 <7 <t in
the model we consider. Mode expansion (3.58) is used to obtain the fluctuations of the

self-interacting inflaton, in the next section.
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3.2.2 Fluctuations of the Full Inflaton Field

Fluctuations §¢@(x) of an interacting inflaton is given in Eq. (3.20) in terms of the
fluctuations d@p(x) of tree-order inflaton (3.39) and the retarded Green’s function
G(x;x')=i®(t—1") [6¢po(x), 5@y (x')], where the commutator function

d?k

[590(x), 5po(x')] = / W{u(t,k)u*@’,k)—u*<t,k)u(t',k)}ef%'<f?> . (3.60)

The terms inside the curly brackets in the integrand

u(t, k)u*(t' k) —u*(t,k)u(t’ k)= g[aa’]_%l[%1 ;{[cot(vn)—cot(v/ﬂ?)}
Y )t (52 (2
—cse(va)J_y (%)J_vl(“;i?k)} . 3.61)

where Jy(z) is the Bessel’s function of order v and the primes indicate quantities
evaluated at #'. During slow-roll inflation, v = JDT_1+(’)(8) =V’ is just a constant,
up to O(¢€), in D-dimensions. (In D=4, v= %-l—(?(sz) =V'.) Therefore, we evaluate
integral (3.60) taking v constant and obtain the IR limit of Green’s function as

N 0B(-1) HH' T 114enP 146! Del/m —
Glex) = [<1+e><1+8/>] {[H—] —[ml 07 (F=¥) . 3.62)

The full inflaton fluctuation field ¢, in the IR limit, can be obtained mingling
Egs. (3.8) and (3.62) in Eq. (3.20): In leading order, the latter term in the curly brackets
in Eq. (3.62) can be neglected next to the former which dominates throughout the range

of integration. Hence,

D_ D WVpert(69) (1
2 1+€']2 55 (%)
5o (x)~8 / 'O (1 —1) 3.63
9(x) 2 0o(x) = L+£] { H } 1467 (3.63)
1 3Vpen(5<P) Vpert .
Consider the terms in 1757 —55 o where the —¢=* is given Eq. (3.8). 6Z and 64 can

be neglected since they are of O(A2). Comparmg the powers of ¢ and 6 ¢ in various
terms in Eq. (3.8) one can see that the term quadratic in @ is the dominant term. The
fact that |0@| < |@| does not necessarily imply that |d¢@| is small by itself, since the
|@| can be as large as 10°. Hence, we keep the term linear in @ that is also quadratic in

8¢ and the term cubic in 5@, but neglect the $m?§ ¢ term next to the dominant term.
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Thus

Nle]

A Hy
So(x) zéfpo(x)qié(D_l) {H&J

_1/0’dz’®(t_t/){1—;§ﬂ 3{3%(1/)5%0’,})
2 3
+300(1) [Sou(e' )+ [Son( ) }+o<xz) . (3.64)

We use Eq. (3.64) to compute the two-point correlation function of the inflaton

fluctuations at tree- and one-loop order in the next section.

3.3 Two-Point Correlation Function of the Fluctuations

The two-point correlation function of the IR truncated fluctuations of the full field

(Q[66(x)50(x')|)
=(QI8¢ ()8 ()| ree (RSP (x) 5P (') | Q)1 -100p +O(A7), (3.65)

with ¢/ <t and ¥'# X, can be obtained for the inflaton in our model using Eq. (3.64).

The tree-order correlator

(QI6P(x) 8P (x')|Q)tree = (R8P0 (x) 3 o () Q) . (3.66)

and the one-loop correlator

(Q60(x)6@(x)|2) 1 100p = ]F6(DA_1){{ Hé/} If—l/ol/df{lféo}

(@150 30030+ omE. 3]0+ [ ?‘I/O’dtu ey
< (0 [363 (") 300 (1" )+ 300" ) 5¢o<x’>|ﬂ>} ! (3.67)

are computed in Secs. 3.3.1 and 3.3.2, respectively.
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3.3.1 Tree-Order Correlator

The tree-order correlator of the IR truncated fluctuations is obtained using Eq. (3.59),
(QI6P(x)8P(x)|Q)ree = <Q\5¢o( )80 (x)|Q)

C , 1 D—1
()T e

a a
H'd ez% (xX=%)
X®<1+e'_ ) (:68)
For 0 <t <t, we have & 1+8, < fi“s Thus, defining Ax=||AX||=||X—X’|| and 6 as the

angle between the vectors k and A%, the integral on the right side of Eq. (3.68) yields
dOn. oo H/ / ikAxcos (0) N D ; ro
G, e () = )2yt [y S0) (369
@mP=lJo " TNI+e" ) -t g B r(p-) o Ty
where we made a change of variable y=kAx. The remaining integral

sin(y . _ ‘
/dyyzgg‘z/ - 1 [E2_5+T5’ (ly)_E2_6+T<$’ (—ly)} ; (3.70)
where the exponential integral function Eg (z) is defined in Eq. (A.1). The result is real

for y € R. Combining Egs. (3.69)-(3.70) in Eq. (3.68) yields the tree-order correlator,

(©]6Po(x) 500 (x')|)
-3 <H )13—1( H’ )é’—uvrav) ZVIF(,V/){a"WI[EZ_W(ia’)

82t (D—1) \1+€ 1+¢ o o
- LI . .
—Ez_g%y(—la)]—ai [E2_5+Tg/(lai)—E2_5+Ty(—lai)] RNEN2)
— HaAx H'd Ax

where we define o = which implies o' = and o;= Recalling the fact

= TIre 1+e 1+e

that v="2-140(¢), a simpler form of tree-order correlator, up to O(€), can be given:

(Q6Po(x) 500 (x)|2)
(D—1) HH' 2-1r ., sin(a)
)} [1(06 —

- [ sin( o)
20-1751(2) H(1+¢)(1+¢’ of

—ci(ay)+ . (3.72)

where the ci(z) is the cosine integral function defined in Eq. (A.9). Expansion (A.10)
provides a useful form for the tree-order correlator. In D=4, since v = %+(9(82), we

have, up to (9(82),
(Q[S0(x)5Po(x')|€2)

HH/ H/a/ 1+8/ 0 (—l)”[a’zn— OCIZ”}
- () (e )t
Ar?(1+¢€)(1+¢’) H; I+&/ = 2n(2n+1)!

] . (373
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The tree-order correlator is evaluated at the full solution of the background effective
field equation. Because the H, a and € in Eq. (3.73) have O(A) corrections, it can be

recast as
(860 (x) 50 (x')[€2)
= (Q[8¢0(x)8G0(x')|Q)oEA(Q]8Po(x)8Po(x')|Q2)2+O(A%). (3.74)

Employing Egs. (3.28) and (3.36) in Eq. (3.73) yields

(€600 (x)8Po(x') Q)0
_ HyH, [ (H(l)aé)—ln< 1—|—£6)+ > (1) oo
472 (1+&) (1+-€)) H; I+&o/ = 2n(2n+1)!

]] . (3.75)

Substituting Eq. (3.29) into Eq. (3.75) yields
2

(©1560(x) 30 ()| Q0=1 1% foo (1,1, (376
where
o= (q0qp)? & —ln( q6+€io ) = (—1) [0‘62"—0‘%"]] 377)
(g3+€0)(gi+en) | © 2 g (I+go)/ = 2n(2n+1)!
Here, o)=o0(1’ ):ag’ﬁ?}c:qgﬁﬁx exp <8i61%6>, which implies (X,'():ﬁ(_’—ég. Choosing

physical distance ag(¢')Ax a constant fraction K of Hubble length so that the comoving

separation
Ax=K [Ho(t")ao(t') , (3.78)

in Eq. (3.77) yields foo(z,,K). The plots of the function fyo(z,#,K) versus ag(t'), for

K=1/2 and four different values of the &= are given in Fig. 3.1. They show that

m2

ﬁ»
correlation (3.76) grows at early times and asymptotes to an almost constant value at
late times during inflation. This means that the amplitudes |8 @p| of fluctuations do not
grow forever; they asymptote to constants. Thus, the inflationary particle production
does not continue to drive the inflaton ¢ up its potential forever and the classical
restoring force, which gets bigger as the field rolls up its potential, can push it back
down. As the field rolls downhill, the 8 ¢y engenders the density inhomogeneities, as
pointed out earlier. Note also that the growth in the plots of Fig. 3.1 is sensitive to
the value of €. Even a slight increase in the gy causes a noticeable suppression in

the growth. This is because the production rate and lifetime of virtual inflatons—the

origin of fluctuations—are suppressed as the mass increases.
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Figure 3.1 : Plots of fy(¢,7,K), defined in Eq. (3.77) with separation (3.78), versus
ao(t') for different values of &, K=1/2 and a(t) = €>°. ao(t') runs from 1 to ay ().
The solid, large-dashed, dashed and dot-dashed lines are for
€i0=0.0025,0.00275,0.003 and 0.0035, respectively.

As for the O(A) correction in Eq. (3.74), employing Egs. (3.35) and (3.36) in Eq. (3.73)

H2
<Q|6¢0( ) ( )|Q‘> 24‘f01(tvtan) (3.79)

where &/4! ~ 700 in a GUT scale inflation for which Hjy ~ 103Mp; and the

dimensionless function

N [ 1 o[l=qo)t &0 1 2ll=q0
foxzsioz{{ a5+490—a, 1+q02[ 1 F_ —— (2g5+90+4, 1_%2[ 5 |

qytEio

T /\3
90— 490 }foo ( 0dy) {

+

462+q6—C1’0‘1—[8i51—46‘2] -
oo na/Zn 4 ’
L]
2]’1—1—1 14+€p
> (—1)”051%”
Xy —— . 3.80
ngb (2n+1)! (3-80)

For Ax (3.78) and K=1/2, plots of the function f, (,7’,K) versus ag(t') are given in

qO—i-é‘,o) (q +810>

€io [ = — 2 1 C]o
2q5+4q0tdy ' —q ]
q/2_|_ €0 0 0

Fig. 3.2 considering the values of € chosen in Fig 3.1. The plots show that O(A)
correction (3.79), for a given &, grows at early times and asymptotes to a constant
at late times during inflation. The asymptotic value is substantially suppressed as &y

increases even slightly.

The coincidence x’— x limit of two-point correlation function of the fluctuations

is needed to compute the power spectrum in Sec. 3.5. In this limit, the tree-order
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1x 1021 2x10%! 3x 102" 4x10? 5x 102"
Figure 3.2 : Plots of f, (7,¢',K), defined in Eq. (3.80) with separation (3.78), versus

ao(t"). The ranges of parameters K, ao(t), ao(t'), €o and styles of the lines are chosen
same as in Fig. 3.1.

correlator (3.71) is

%)
Hr(b-1)

()P 2R (97 s

) _
(@ISR (1) = = 5

4w
In D=4, yields

(@188 I) = st () (12

H2 0 o &; A, 2 E;
=0 L{g_lé_ln( s 10_>i568i62 [8i6150+1—21n<—q0+ 0 )}

AT (g3+en)? | 0 2 \g(1+en) a3 (14-€0)
2 1, oll—qo)t e [ 2 o [l—qol? 1 [1—q0)*
x|ga+qo—ay '+ - 2q3+qot+ay - |-
{QO q0—4qy TYqg 4 q%+€i0 q0m490T74qy —{qg 5 i0 4
48,'0
— . 3.82
14+& } ( )

Self-interactions of the inflaton yield quantum corrections to the tree-order correlator
that are too long to give in arbitrary D in this thesis. The results are simplified in D=4.

The one-loop correction at O(A) is, therefore, computed in D =4, next.

3.3.2 One-Loop Correlator

The one-loop correlator at O(4),
(QI86(1)80()| )1 100p=FA { Vgzsga+ Vgt } - (3.83)

where V¢§ 552 denotes the sum of the VEVs which are quadratic both in ¢y and 6 @y,
and Vg o denotes the sum of the VEVs which are quartic in §py. They are evaluated

in Secs. 3.3.2.1-2.
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3.3.2.1 The VEVs Quadratic in the Background and Fluctuation Fields

One-loop correlator (3.67) has two VEVs that are quadratic in ¢y and § py. In D=4,

A | H) 0 14872, . 3
4 = 0 =2 A =/
V¢§6¢3(6]0,QO,M)=¥6 {1+ 27 Q1303 i | ] ) 51 ¥
@[ “al [ LB G 5001 S
1+8 H// ) )
HY =«
~FA o3 Gz finagaey 1! (Ax). (3.84)
Here, we define
3.3 2
9040 38 1o
528G = En" —— 1+ In 12 11n? —&,
f17L<p35<p3 (q(z)+gio)(q62+8i0){lo 2 [ ‘1} (40 F)— €io [ (40) 0]

+ e85 In(gB)] 2 [In(er) —2+] -

0’ [2—a5—a6 €0’ [ln(q%)ﬂn(qu)ﬂ

x [ci(am—Sin(“"“}—[a?[%—d&} +eial[ln<q%>—1n<q62>}] ci(ag) - 2066

(0£)) o
—2In(g6)—q; +qo+A(Q6,AX)+O(8io)}, (3.85)
where
_°° (HipAx)>" 2n+2 nq n
= ek E_ —F 2n—1
e R G L MR ES O

x {%1 B ()1 ()] [g62n_2E2n<n§(§2)_E2n<£o>} ] } (3.86)

For comoving separation (3.78) and K=1/2, plots of the function f; 2GR (t,t,K)
versus ag(t’) are given in Fig. 3.3. The values of &y are chosen as in Figs. 3.1 and 3.2.
The plots imply that, for a given &, the one-loop O(A) correction Vq-)g 507 grows—and
asymptotes to a constant at late times during inflation. The growth is suppressed as the

€jp increases, though not as sensitively as in O(A) correction (3.79) plotted in Fig. 3.2.

To complete the computation of one-loop correlator (3.67), we ought to evaluate the

remaining VEVs that are quartic in the fluctuation field, in the next section.
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Figure 3.3 : Plots of f1/1¢g5(p§ (t,t',K), defined in Eq. (3.85) with separation (3.78),

versus ag(t’). The ranges of parameters K, ao(t), ap(t'), €o and styles of the lines are
chosen same as in Fig. 3.1.

3.3.2.2 The VEVs Quartic in the Fluctuation Field

The remaining VEVs that are quartic in the fluctuation field in one-loop

correlator (3.67), for D=4, are

A H _ 0 148120 4, .
V5¢g(610,6167AX)53FE{1_|_%6<Q|5<P0(x) [ o[22 53 0.5 1)
1+ o
// H// (p(?)’(l‘(l)/,x)(S(po(x/NQ)}.
H /
E:F 1927[4f115¢0(l‘,l',AX). (387)
Here, we define
3 .13
4040 —35 —2 1=y -1
f17L5§0§ (C[O+81())(C] +810){lo 6 [ ( ) 2} [ O
—4
2(,1 / qo__Q_o ) o] 2 1—q; a2
x [I0%(g)+7n(gh) +1] + 12— L o4 gl in(gff)| 5+ 20— —a[1—g; 7]

In®(eq(?) +1n2(e%2)

— 256—5—(/)2+ [l+q6_2—2q62] [ln(qf)z) —H’] +2y [lnz(qf)) —Hn(q@)} +

2 6 2

&n l—q’fz e2
+3&,° 2 +ey' & In(gp) — 20 +E)+1In%(q)) +In(gf )}m( 2)— %[E&LS{E]

-2
4’ db
0" +-2— —[g5+qi ] +1+1n*(go) + In*(gh)+In(qp)

+eg! [é’oln(qo)+561n(%)]+ ) )

" 1“%3)} [‘zi(“"())‘SinéZm)}*{gf 63— e [euintan)—Epimiap)] + 2
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=2
— 0 [g8—a8] +In*(g0)—In’ (g }+1n(q) —ln(q@)}{ci(aé)—

/
%)

sin(a(’))}

+B(Q6,M)+O(8io)}, (3.88)

where

/ = (—1)"(HjpAx)*" »
B(qO,AX)EZ< 2;>1(én£1)!) - {

n=1

2 2
n nqy 1 n 2n+2 nqy
{ "\e&io 10 "\ g (2n+1) "\&n 0 "\ &
2 12
0

n n nq 2042 nq, ” 1
[ () e (i
1-n €0 qo €0 ‘IO €0 (CIO) (n+1)2

2
X {2]-'2 <n+1 a1 ;n+2,n—|—2;—€£> ! 2"+22F2 (n—i—l n+-1;n42,n42;— 50 )}]
i0 i0

2 2

n nqo I’l 2n I’qu

" €io 10 " €io i 810 — o Elen €0
2 2
n nqg n 2n—2 nq
(n“f‘ ){ 1—n eiO —qo n €0 2— 81 —q 2—n €0

ngl? 1 n
—q62”E1_n( :0 )ln(q62)+n—2 2 <n,n;n+1,n—|—1; ——)

2
n ngg
E_ ( ) _ /2!’1+4E_ B ( >
n—1 € 90 n Eio

+ (2n+1)

i0 €io

na'2
— g T (n s 1 gqg)}]} (3.89)
1

Plots of the function f, 5¢3(t’t/’ K) versus ay(t'), for comoving separation (3.78),

K=1/2 and the four values of € that are used in the preceding figures, are given
in Fig. 3.4. They imply that, for a chosen &, the one loop O(A) correction V&-Dg
grows—positively or negatively, depending on the sign choice in the potential—and
asymptotes to an almost constant value at late times during inflation. The growth is

only marginally suppressed as the gy increases.

3.3.2.3 The Result

The one-loop correlator at O(A) is obtained mingling contributions (3.84) and (3.87)
in Eq (3.67), setting D=4, as

2
<Q'|6(p(t x) 6(p(l X )‘-Q'>l 100p—:f:)L 1927 4f1?L(t>t,7Ax)a (390)
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Figure 3.4 : Plots of fl)L(S(pg (1,¢/,K), defined in Eq. (3.88) with separation (3.78),

versus ag(t’). The ranges of parameters K, ao(t), ap(t'), €o and styles of the lines are
chosen same as in Fig. 3.1.

where
3713 ”
9040 U ~3&) ) % 2 “1n[1.2
I (e (areo) {GH%{% 5o [k n(ag) —ei "2 i at) ;)
l

+ g0~ 5" In(af))|[In(oh) —4+27|- [s,az[z—qé—q’&] —e5'|In(ad) +1n<q62>}]

) -0 [eiaz[q%—qzﬂ reg! [1n<q%>—1n<q'02>]] eitag) -5

B 3 8/3 _ 1—
~2In(¢) 4 2+q62+A(qg,Ax)}+s Uy e e in(ab) ~ "

i0 6
-2 n /=4
2 2 1-

— 4[1—q6_2} —2&)— %62 + [1+q6_2—2q'02] [ln(qf)z) + 7’] +2y [ln2 (95) +ln(q63)}

In3(eq?) 1n?(eq? ER 1—q;°
(6q0)+ (2q0 ) &'~ + € £0In(g0) ZO +E5+In*(g0)+In(q5)

-2 -2 /=2

& +
X ln(aizo) —{ ’2 [53—#562] +£i61 [Soln(qo)—kg(’)ln(qf))} + % — [C[%—qu)z]

£-2
+ 2’ [55—552]
qo>—aqy

5 ~[g—qf]+1n*(q0) —In*(gf) +1n(q3)

sin ( Qo )
o

+1+1n2(qo>+1n2<q6)+ln(q8>+1n<q63)} {ci(aio) -

+&5'[Solnlg0) ~EpIn(ah) |+

Sinéfco)]—kB(qf),Ax)—l—O(eio)} . (3.91)
0

- 1n<q'o3>} [oi(aé)—
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Coincidence limit of Eq. 3.91 yields the coincident one-loop correlator at O(1) as

2 6
H;, 4q0 { T
4 2 2
1927 [Q(Z)+£i0] GHiO

A0 s 162t -0

38 2
€ 7_81‘0 2[111(‘10)

<Q’5¢2(ta)-5)’Q>1—100p::F7L

+&o [1— >

&3 In
572 +£4285 (90 )+81613[ n(g3)+Eoqqy [1+ ¢ 5

lnz(qg) &o lnz(q%) 5&
i0 6 _|:1+ 3 }_?}

9 2o 3o o W(q) 9. 4 In(gg) 7 2.2
5 ()45 () + - 0 2 Eogy | 1- =00 28 [ 142 In(g)|
3

+§g§ [1+21n(qg)}—‘2—0]+(9(e,-0)}+0(12) . (3.92)

Next, we obtain the coincident correlation function of the fluctuations up to O(12).

3.4 Coincident Correlation Function of the Fluctuations

Coincident correlation function of the IR truncated fluctuation field, is obtained by

adding tree-order (3.82) and one-loop (3.92) correlators. In powers of & and &,

HYy 4t
) o a i0 —0 . e L
Q607 (1,%)| Q) stoch = P ] 3 { [1 80] {ln(ao) In <q8(1+8i0))

4

I R 7 5 1 37 9
T Je31-go—& [1—— ] —52[1 }——5

15 2 9 4 37 2

2 2 2
1— [1__ ]ln ~&l1—=g __[1__ }ln

q0 2 q0 <QO) ) 0{ 9 q0 9 37(]0 <QO)

I,
—E.
i0 qO 15

79 1 12 117, 29
&3 [1- T L@+ 1 ()

+e5'q,"3 [1—

5r 3 5. In%(q3) 19 9 o 95,

—g[l+§qo}ln(qo)+ 5 3% 1—3—4qo—[l+34qo]ln(%)+3—41n (90)

L1 20 757, 2 18 95 27
[H-—Clo}ln( )"‘mln( )} 50 [1—%1( 0)

12 50[ P TIINET
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+4q0 5
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12 147[

231 9 155
— = N+—qo|In(q}
5 11+ 3] n(%)] 50{ 15597 155

175 8 99 179 48
——In(q} l-——1In >
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1-1
2 n(qg)+

_E_g ll_i_lnzi(z)) _

&3 In%(q?
+[1—€0} {8103 0 £ 28021n(q0)]+81019 [ln(qo)—l—&) éqo)]

&
3

27 9 In®(qg3) | 27. _
(a2 —[l— } 1n2(g2)+ 2 \0) | =7 2
2 3 TS n(‘]o)+2 o [n (90)+ 9 |73 o4,

3

In(q3) 7 2 2 £
x{l—@—gc‘f {l—l—ﬁln(qg)} —|—§8§ [l—l—Zln(q%)}—?01—1—(9(&0)}—1—(9(12) . (3.93)

which is used to compute the power spectrum, in the following section.

3.5 Power Spectrum of the Fluctuations

Recall Eq. (2.107) that the stochastic contributions to the coincident correlator and the

power spectrum A% (P(k) are related as

2 o dk fie dk
(Q[a(pz(t,x)\mmhz/o k®<1+£ k)A%(p(k):/k b A . 394

— L

T4

Taking the time derivative of both sides yields

2 (o Hay [ ol 807 g s
AB( 1+> {H[l £] 1+g} dt<Q‘|5(P (t,%)|Q)stoch - (3.95)

One can, however, look at the power at any time ¢ and that time corresponds to a mode
k through the relation a = %(l +¢€). Thus, by considering Eq. (3.95) at different

times one can access the power for different modes with wave number k. Using % =

—eioq_lH %, the chain rule % _go_HE and coincident correlator (3.93) in Eq. (3.95)

yields

H(t)a(r) 0] go d
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4 7 24
+e,~023{53—583}+e,~016q04 [&m@%)—&% (12in(a3) + &3 (142 n(ad))

EEPTYARE NN z_hlz(cl(z)) VNN
%o <1+51n(%))} 184, [ln(CIo) 6 +50<1 31n(q0)+61n (610)>
7, 9 5 4/ 2 7 5,
2 &3 (1= (a0 () )+ 63 (L4 gnlad) 1 (ah))
7 3 2
+& (1_7ln(4(2))—71n2(4(2))>—58] +@(8i0)}~ (3.96)
Through the relations

i (1) = 1= Eo(t) = 1-2e0In (ao(n) ) (3.97)

and

ao(te) = — S[+e0(n)] (3.98)

Ho(t
one finds the power for any mode

k aolty)qp(t
o e -
which is a monotonically increasing function of ag. Note that Egs. (3.98) and (3.99)
reduce [56] to 1% =ap(tx) in de Sitter limit. In the noninteracting limit, A% 8 (k)=
%‘BO (k). The function Py (k), that can be read off from Eq. (3.96), is expanded in
g as Po(k) =2q%—1—&p 1+q52—i—1n(q(2))] +O(ez). The Po(k) is positive definite
during inflation and decreases monotonically as ay, i.e., k/H; increases. Thus, as k

decreases, the power A P 1ncreases The amplitude of fluctuations grow toward the

larger scales and the spectrum is red tilted.

‘B;L( ). The function

The O(A) correction to the power spectrum A% @(k) 576n4

P,, that can be read off from Eq. (3.96), is also positive definite and decreases
monotonically as ag or k/Hjy increases. As the scale increases, so does the J3;.
Thus, for the + (—) sign choice in potential (3.3), the O(A) correction A% s, reduces
(increases) the power in the noninteracting limit, AZ — . Note finally that A2 - 1S

I that are absent in

enhanced by the terms involving huge factors of 80 and &
the one-loop power spectrum of the spectator scalar during de Sitter inflation [56].
In Secs. 3.5.1-3.5.2, we compute the nsg and 54 for the inflaton fluctuations and

compare our predictions with the cosmological measurements [60].
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3.5.1 Spectral Index ng of the Inflaton Fluctuations

The spectral index of inflaton fluctuations is defined in Eq. (1.10). Hence, the tilt

. Ha _1zdln(A3$ (k= {2y (3.100)
0 \" " 1+e) T d1n(k) ‘
The logarithmic derivative
d d  drd : 17 'en d
I A PP &0 @ (3.101)
din(k) dk dkdt H [14-¢] q dq

”S‘P("‘ ﬁl?) 1:‘{““) H(r)Tl(Qst 2_0%1 (A‘*@(k:ﬁ(f;ég»)

— {q(1)0+38i0q8 [1— 250] 62 [1— ;150] 186343 [ i —950] +9¢d [1+ ‘920]

13 § \ 9l 12
27e5—M 1-—&(1 1
T4 } T 362 [12 ]{GH2 { 50 (1+ 30)+ 36 (1+ 7 0)
13 46 3¢5° [ 9 19 25 63 88
- 2g0—— 1
2050< 137 } 1250{ 59077 16"0> (o)~ 650[ 25077 125
261 296 664 41 119 1. 67
X (14=—qo ) In( & \1- 14 In(g3 A
(+352q")“ ] 8 2457735 ( 83‘]0) n(%)} 50[ 5170
520 . 177 2 40 49 17/ g 7 2
~357 (5g90) (e |38 1ot (1) a8 (l—ﬁm(%))ﬂ
a0 39,° 22
+O(g0) [+ 3q0[80 450+ Wes 50} e [1 750]1n(q0)+3€0 [l—i—?ln(qo)]
32 41 29 117 63 4 o1 7
S2e [ ()| e [ in()| 2 g [ain (q%>}+558[1+51n<q%>]]
+(9(8,-0)}, (3.102)
where
N( e-)—[“—sg.} 1+q°+38’°1n( i+ )26’“ (3.103)
q0,€i0) = |40 i0 —381% aOQ8(1+gi0) ) .
2ie
M(qo, £0) = [+ 3e0gi 21 bt +27€h | In (%) . (3.104)
0 1

Recall that go(;) and k are related via Eq. (3.99). In the noninteracting limit, the

spectral index

48,'()
1-2&,

nsg(K)=MNo(k)=1— +0(g}), (3.105)
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whose exact form can be read off from Eq. (3.102), is nonsingular for £y< 1/2 which
implies
- 1
0 41n(ag)

During an inflation which lasts 60 e-foldings, for example, Eq. (3.106) implies & <

(3.106)

0.0041. The dimensionless function 9y (k), for an g satisfying Eq. (3.106), is negative
definite and decreases monotonically as, ay, i.e., k/H, increases. Thus, the tree-order

tilt is red.

The O(A) correction to the spectral index

A

—MN, (k

ne, (k)=

where the 91 (k) is given in Eq. (3.102), is also nonsingular for an & < 1/41In(ap).
The N, is positive definite and increases monotonically as ag, hence k/Hjy, increases.
Thus, for the + (—) sign choice in potential (3.3), the O(A) correction ng, enhances

(reduces) the red tilt.

3.5.2 Running of the Spectral Index o/; of the Inflaton Fluctuations

Another physical quantity that can be computed and compared with measurements is

the running of the spectral index, defined in Eq. (1.12),
Ha dn5<P(k_ 1+e)
Osp | k= . 3.107
5"’( H—e) d1n(k) (3107
Substituting Eq. (3.102) into Eq. (3.107), we obtain the running of the inflaton

fluctuations, up to O(12), as

e (=501 ) = o0 e 8;0561”&?("—%“(5”)

e 4 3¢p]” g6+ B eod —1—15 g 4 15 3 5 27 477
= — qo lo qo 040 loqo 0610 )
[g+3e0)” | NP 2 T ey
8:0(]() 0"’&0 6 —2
382 [ 38,0q0—|—668 q0+19880‘]0"‘15380‘]0+27810} 4 ~a273
2 [95-3¢7)

x [q(])0+68i0q8+548i0q8+1808loq0 +189€8a3-+54¢3 |

A 1 T 537
Tom2 [1-2&)3 GHZC‘{0 6

24 255 32 1305 _,;. 736 183 80
ll_ﬁqo__go[ _5_1%}Jr 296 50[ " 1305 q"] 50[ 183 "0}

3 8 16

+70[1—§q0]+(9(€i0) -1—1—450-1—853—?53-1—0(8,0)} : (3.108)
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In the noninteracting limit, the running o(sg, (k) =20 (k), whose exact form is given in
Eq. (3.108), can be expanded in powers of & as

16e3,
(2q5-1)2

The dimensionless function 2y (k) is negative definite and decreases monotonically as

Ao (k) =— +0(e3) . (3.109)

ao, i.e., k/Hy, increases. The O(A ) correction to the running is

A

@Q[)L (k) ’

where the dimensionless function 2(, (k), which can be read off from Eq. (3.102), is
positive definite and increases monotonically as ag, hence k/Hjy, increases. Thus,
for the + (—) sign choice in potential (3.3), the O(4) correction tsg, (k) enhances

(reduces) the a5q,(k), the negative running in the noninteracting limit.

3.6 Comparison of Our Predictions for the ns, and o5, with Measurements

In this section, we compare the measurements for the n and o given by the Planck
2018 Collaboration presented in Table 2.1 of Sec. 2 with our predictions for the ng,,
and 05 of the inflaton fluctuations. We estimate the ngg and o5 for the inflaton using
Eqs. (3.102) and (3.108) for ag(t;) = ¢ and three different € given in Table 3.1.

The values for g, which are typical for slow-roll inflation, are chosen to yield the

Table 3.1 : Predictions for the ns,, and 05, of the inflaton.

Predictions
Parameter gy ns§e Osgp

0.003164 | 0.9647FA (13.762 - +2.013) —0.0012FA (0.701 s +0.125)
i0 i0

0.003189 0.9639¢x(13.9576—§12+2.049) —0.0013;1(0.730 24 +0.130>
i0

GH},
0.003128 0.9658:F)L(13.499 o +1.963> —0.0012¢1(0.661 = +0.119)

GH,

same measured mean values for the nsg given in Table 2.1. [Recall that A < 10714 ]
The predicted values for the 055 in Table 3.1, corresponding to the chosen &9 values,
are within the measured range provided by the Planck 2018 Collaboration, given in
the corresponding column of Table 2.1. Considering the fact that the values for &y
that would yield the measured lower and upper bounds of ngsg extend the range of
prediction for the 054 in each data set we safely conclude that the predictions for o5
are in accordance with the observations. [Consider the first data set which allows

an ng, € [0.9603,0.9691]. This constraint, when imposed in Eq. (3.102), implies
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gp € [0.00301,0.00329]. This range of €, when used in Eq. (3.108), predicts an
€ € [-0.00158,—0.00095]. The intersection of this predicted range with the observed
constraint on the @, is the nonempty set 055, € [-0.00158,—0.0012]. The subset
gio € [0.00301,0.00329] yields such an interval for the osg, via Eq. (3.108).] Thus,

compared to the spectator scalar model of Sec. 2, data favor the inflaton model.

The next section is on some unclarified issues that we have attempted to solve related
to the content of this thesis. Recall that, to compute the quantum corrected two-point
correlation function, we used Starobinsky’s formalism which gives the leading
dominant terms at each perturbative order, but misses the suppressed subdominant
terms. Estimating the deviation of our two-point correlation function—and hence, of
our power spectrum—from the yet unknown exact result is an open problem that we
address first, in the next section. We suggest to obtain the deviation in a simpler model,
considering a MMC scalar with a quartic self-interaction in de Sitter spacetime which,
however, as it turnes out, still to be hard enough to reach a conclusion. Hence, we
are unable to give the fully renormalized quantum corrected power spectrum using
the first definition (1.2) as a Fourier transform of the quantum corrected two-point
correlation function, even in this simpler model. We, however, in this model, compute
the fully renormalized one-loop corrected power spectrum using the second definition
(1.4) as the norm square of the one-loop corrected mode function, and compare it
with our stochastic power spectrum which is based, however, on the first—not the

second—definition.
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4. OPEN ISSUES RELATED TO THE CONTENT OF THE THESIS

Recall that, as pointed out in the Introduction, the quantum corrected power spectrum
can be defined in two different ways: either (i) via the Fourier transform the quantum
corrected two-point correlation function (Eq. (1.2)) or (ii) via the norm square of
the quantum corrected mode function (Eq. (1.4)). However, computing the fully
renormalized, quantum corrected, two-point correlation function or mode function
applying the SK formalism in the models we consider in Secs. 2 [56] and 3 [57]
are, yet unaccomplished, difficult problems. We, therefore, applied the Starobinsky’s
stochastic formalism to compute the quantum corrected two-point correlation function
and adapted definition (i) to get the stochastic contributions to the quantum corrected
power spectrum. Starobinsky’s formalism is an approximation which gives the leading
dominant terms but misses the suppressed subdominant terms, at each perturbative
order. To estimate deviations of the stochastic two-point correlation function and the
stochastic power spectrum from the exact results are open problems that we attempted
to solve. Because, the models we considered are complicated enough due to the
notorious mass term (and also due to the time dependent H in the inflaton model
in Sec. 3) we consider a simpler model: MMC scalar with a quartic self-interaction
during de Sitter inflation, in this section. To estimate deviation of the stochastic
two-point correlation function in this simpler model [67] from the exact result, we
attempt to compute the fully renormalized one-loop correlator using the SK formalism
in Sec. 4.2. We succeed in reducing the computation into the evaulation of four
integrals and evaulated one of them. The result however is too long to give in this
thesis. Actually, this example explicitly shows how hard it is to compute the exact fully
renormalized correlation function using the SK formalism and explains why nobody
has calculated it in the models we considered in this thesis. Another open issue, that we
address in Sec. 4.2 is an explicit computation which shows the difference between the
two alternative definitions of the quantum corrected power spectrum. As we pointed
out, it is too difficult to obtain the exact fully renormalized quantum corrected power

spectrum, even for a MMC scalar with a quartic self-interaction via the first definition
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which involves the fully renormalized two-point correlation function. We, however,
obtain the one-loop corrected power spectrum for the MMC using the second definition
which involves the norm square of the quantum corrected mode function and compare
it with the stochastic power spectrum [56] which is based, however, on the first—not

on the second—definition.

4.1 The Model

We consider a MMC scalar with a quartic self-interaction in a locally de Sitter
background. It is more convenient to work in conformal coordinates (1,X) for which
the components of the metric tensor gy (1,%)=a(1)Nuy Where a(n)= _1+n and 1y
denotes the components of Minkowski metric. Since a(n)=a(t) =e"’, the conformal
time 7 is related to comoving time ¢ as N = —%m, hence, t = w The bare

Lagrangian density of the model

&0 42

EZ——auCDoavcpog”v\/_ S PRV ——<I> Vg, @.1)

where @ is the bare field and R=D (D—1) H? is the Ricci scalar. The & denotes bare
conformal coupling constant which we force to vanish upon renormalization so that the
coupling of the scalar is minimal, and the Ay stands for the bare four-point coupling
constant. The renormalization procedure begins by expressing the bare field in terms

of the renormalized field as ®=+/Z¢. Inserting this into bare Lagrangian (4.1) gives

V4
c=Lawa0ev=s-"2erys Mg 4

Next, we enforce the condition that the renormalized scalar ¢ should have no
conformal coupling: ZEy=0+ 6. Note that even though the renormalized conformal
coupling is zero, a conformal counterterm 8¢ is required. We also define Z%Ag =
A+0A, where A is the renormalized four-point coupling and SA is the associated
counterterm and Z=1+06Z, where 0Z is the field strength counterterm. The
renormalized Lagrangian density is achieved when we express the £ in Eq. (4.2) in

terms of the renormalized parameters and counterterms:

1+5z S

e 7L+5/'L

oy g’/ —g — ¢ Ry/—g— ot/ —g. (4.3)

In the next section, we attempt to compute the fully renormalized one-loop corrected

correlation function using the SK formalism.
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4.2 Exact Quantum Corrected Power Spectrum via the Correlation Function

Recall that, the first definition of the quantum corrected power spectrum via the

quantum corrected correlation function is given in Eq. (1.2) which implies

s (1.6)= [ dxe"50)(019(n. )9 (n.0)/2). 4.4)

Therefore, to compute the power spectrum at one-loop order we need the one-loop

corrected two-point correlation function

(Qo(x) 9 (x)]2)
— <Q’¢ (X)(]) (x,) ’Q>tree+<9‘ ‘P (x)(]) (X/) ‘-Q> l—loop+O(7LZ)- (4-5)

We obtain the tree-order correlator in Sec. 4.2.1 and work out the one-loop correlator

in Sec. 4.2.2 applying the SK formalism.

4.2.1 Tree-Order Correlator

The tree-order correlator

<Q|¢ (x)(P (x/) |-Q>tree: <Q’¢0 (X) 0o (x/) ‘Q> ) (4.6)

is expressed, using the free field mode expansion (2.29) in Eq. (4.6), as

dD—l

QU ()0()19) = [ . Ryl B @7)

In D=4, upon azimuthal angular integration, Eq. (4.7) yields

1

(¢ (x) 9o (x)|Q) = /0 ) %kzuo(n,k)ug(n’,k) / ld(cose)eikmcos(9)7

©dk k3 sin(kAx)
= —_—— k k 4.8
A 5,20 k)u o(n’,k) A (4.8)
where the mode function in the massless limit is
o (M k):i(wikn)e—”‘". (4.9)
V248
Therefore,
(Q]go(x)¢ (X’)IQ>
H2

=1 Ax[nn / dke ™A gin (kAx)+ / (1+ik|An|)e * AT sin(kAx) |, (4.10)
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where A =1 —1n'and Ax = ||¥—X’||. The results of the integrals in Eq. (4.10) are
given in Ref. [69].

The first integral in Eq. (4.10) can be evaluated by replacing |An| — |An|—i€ to ensure

the convergence of the integral at k =co—due to the damping factor ¢ €¢

—and using
the Euler’s formula sin(kAx) = % [e%A¥ _¢~kAx] in the integrand. The result of the first

integral is

*° - - Ax
—ik(|AN|—i€) o _
/0 dke sin(kAx) G 4.11)
where [69]
(x—x")? = A¥®—(|An|—ie)>. (4.12)

The second integral in Eq. (4.10) can again be evaluated by replacing |[An| — |An|—ie
in the exponential and using the technique of integration by parts. Note that the IR
divergence coming from the lower limit of the integration k=0 is not physical. It
is due to the infinite size universe imposed by the continuous integral approximation
to the mode sum over discrete momenta we discussed in Sec. 2. The lower limit is,
therefore, regulated to kg in the integral approximation to the mode sum. The value of

ko can be taken as the curvature scale 1/R. The result of the second integral is
 dk . .
/ 5 (1+ik|An ) *IAM=#) gin (kAx)
k k
1
— Ax [1 -5 [Ei[iko(Ax—mny+ie)]+Ei[—ik0(Ax+|An|—is)]}] , (4.13)

where Ei(x) is the exponential integral function defined in Eq. (A.1). In obtaining
Eq. (4.13), we used

dk _;
_e—tk

. (|An|_i£)cos(kAx):% Ei[ik(Ax—|An|+is)]+Ei[—ik(Ax+yAn|—ie)]]. (4.14)

Employing the small argument limit (A.2) of the exponential integral function in

Eq. (4.13), we obtain the tree-order correlator, in this limit, as

(Q190(x)9o(+)|Q)
Y G . 1/ S T e
=1 [m—iln [ko (x—x") }—Y—l—l : (4.15)
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Employing large argument limit (A.3) of the exponential integral function, we obtain

the tree-order correlator, in this limit, as

(¢ (x) 90 (') 1©2)
:Hzl nn’ _l[sin(ko(Ax—|An|+i8)) sin(ko(Ax-+|An|—i€))
472 | (x—x")2 2L ko(Ax—|An|+ie) ko(Ax+|An|—ie)

__(COS(kO(Ax—|An|+i8))_cos(ko(Ax+|ATl|—i£)))]_|_1 . (4.16)

ko(Ax—|An|+ig) ko(Ax+|An|—ie)

Next, we compute the one-loop quantum correction to the tree-order correlator.

4.2.2 One-Loop Correlator

The one-loop correlator is depicted in the Feynman diagram given in Fig. 4.1.

X x + X —®— x
Figure 4.1 : One-loop two-point correlator. The ® stands for the conformal
counterterm vertex. For the + polarity it is FOE R, respectively.

In the SK formalism the end points of the lines in a Feynman diagram acquire either
a + or a — polarity hence, the Feynman propagator iA(x;x’) generalizes to four SK
propagators: A, (x;x"), iAy—(x;x"), iA_4 (x;x") and iA__(x;x"). Each propagator is
obtained from the Feynman propagator by replacing the de Sitter conformal coordinate

interval
AP (rx') = AR (e = | [F-¥' |~ (I 1| -i8)?, (4.17)
where 0 is a small real parameter, in the de Sitter length function
y(x;x") =ad H*Ax* (x;x"), (4.18)

in the propagator, where a =a(n) and a’ =a(n’), with the appropriate coordinate

interval

A (xx') = [[F-X|P~(n—n'+i8)* = (A2, (xix))",

AP (xx") = (A2 (xx)* (4.19)
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A vertex can either have a + or a — polarity. A + vertex is the usual one of the
Feynman formalism, whereas the — vertex is its conjugate. To apply the dimensional
regularization, we express the arbitrary dimension D of spacetime in term of its

deviation € from 4 hence, D=4—¢. The propagator [63, 64] for a MMC scalar can be

given as
r1—£ N-1+5
A= 4(-7'[2_52) (aZ)Bz—e : ’ 4.21)
_ HTE [ 2T(3—E) /) me\ T(3—¢) T (3—¢) /
b= (4%)2_% {_ € (Z) + t(?) re- %) + 1“(2_%) In(aa )} , (4.22)

_ HYE & IT(3—¢e+n) /y\» 1 1“(3_%) NG
s F By L

The ultimate source of the UV divergences is the powers of A(x;x’) term. The
B(x;x") term, on the other hand, is not UV divergent by itself: limg_,oB(x;x") =
—%ln(%‘;H 2Ax?). We must retain € # 0 whenever B(x;x’) multiplies at least two
powers of A(x;x"). The C(x;x’) term vanishes for € =0. We only need it when
it is multiplied by more than two powers of A(x;x’) which does not happen in
this computation since the maximum number of propagators we have in Fig. 4.1
is three. The one-loop correlator in the SK formalism can, therefore, be expressed
as a spacetime integral in terms of the propagators iA and the conformal counterterm
vertex 6& with appropriate polarities as,
(Q[6 (x)9 (') |2)1-100p
:/dDzaD(z) A, (x;2) [(Til‘)iAH(z;z) —i6§R} A (z:X)
CiA, (x2) [%m,(z;z) . i5§R] iA L (zX)

The coincidence limit of propagator (4.20) for any polarity is

2—¢
iAW) = lim iA(xx') = (4752@/2) r(g(j(sj)z))
The conformal counterterm is chosen as
5e— AH> ¢ I'(3—¢)
25-ex2-(€/2) T(2—(€/2))

to absorb the one-loop coincident UV divergence of the ”%iA(z,z) terms in the limit

(4.24)

{21n(a)+7rcot(%£)}. (4.25)

e
R 'meot(

7), (4.26)

€ — 0. Substituting Eq. (4.26) into Eq. (4.24), yields

<Q'| (P(x) QD()C/) ‘-Q'> 1—loop

L H¥E® I'(3—¢) AL (x2)iA L (7X7)
=—ik AP iTE%) /dDzaD(z) ln(a(z)){_iA+ (x;Zz) iAf(z;x’)} , (4.27)
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which can be recast, employing Eq. (4.20), as

H>® T(3—¢)
/ .
(Qo(x)p(xX)[Q) 1 100p=—12 TEERE ZI x;x') (4.28)
where,
(s x”) /dnz (n;)Ina(n;, /d 2Fy(x;x';2). (4.29)

The functions F,(x;x’;z) are defined as follows:
[*(1-%) (aa’) ™2
2471-443 a(nz)%e

1 1 1 1
4.
[sz Eln) A E(zx) A E(xz) szf(z;x’)}’ (4.30)
a

Fi(xx')=

—HT(1-5) a2 [In(p’Ad? (z))) In(u?Ax?, (z:x))
B(xx)= . . e - + , (431
AP IL 1™ aaiyes il L

—HT(1-£) o' [In(u2A2, (x;2)) In(u2Ad (x;2))
Fi(xx')= 2 ++ R S 4.32
S s L atd) At 1 O

4
Fisx') = g [ 11242 (3:0)) In(?A (5.0))
—In(p*Ax? (x;2)) In(u*A  (z:x))], (4.33)

where we define uz = ‘/TEHZ. In this section, we consider the integral I4(x;x’ ) in

one-loop correlator (4.27). The final result—even in the equal time limit—however, is

too long to give in this thesis.

Since Ax?, (z; ’):Ax2 (¥;z) and Ax?, (z;x') =Ax?

* (x';z), we have

L) =2 /dnz ‘) n(a(n) [ @[ AR (x:2) (AR (¥52))
~ In(u?Ad (x:2) ln(,LLzAxi(x’;z))] . (4.34)
Using the identity
In(x -+ ig) = In(|x]) + ix®(—x), 4.35)
we expand the logarithms in Eq. (4.34) as
In(u?Ax, (x:2)) =In(u?|(n—n.)* —[[¥—2|]*) +in®((n—n:) >~ [[¥—Z]]*), (4.36)
(A, (x12)) =In(u?| (0 —n.)> —[[¥' ~Z| ) +iz®((n'—n.)* ~ |7’ ~Z| ), (4.37)
In(u?Ax_(x;2))=In(u*|(n—n.)°—[|¥—2|*)) —iz®((n—n.)*—[|¥—Z]|*)

xsgn(n—m;), (4.38)
In(u*Ax?_(x';2)=In(u?|(n’'—n.)*—||¥'—2||*)—-in®((n'—n.)*—||¥'—Z||*)
xsgn(n'—n.), (4.39)
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where sgn(x) is the sign function. Substituting Egs. (4.36)—(4.39) into Eq. (4.34) yields

L) =50 / ana* (2)nal2)) [ dz[ixe((n .~}

xIn(u?|(n'—n2)2—|1¥' =ZI1*)) (1+sgn(n —n2))+ imO(n'—n.)*—[|¥' 2| )

xIn(u?|(n—n:)?—|[F—2]1*)) (1+sgn(n'—n.) - 72O ((n —n.)* —|[F—2] )
xO((n'—n.)*—||¥'~Z|*) (1-sgn(n—n2)sen(n’-1.)) . (4.40)

Recall that definition (4.4) of the quantum corrected power spectrum involves only
a simultaneous quantum corrected correlation function. We, therefore, consider the

equal time limit of I (x;x"),

. iHY 0, 3
La(x,x') =55 | dnea’(n)In(a(n:))®(N—n; /d

x| @((n =2~ |1F=21 ) In(| (1)~ ¥/~ Z|*1) + ©((n —me )2~ |1 21 )
xIn(u?) (=2~ |I#-21 ). (4.41)

which is simpler to evaulate. Let us start with the first spatial integral. Notice that the

second spatial integral is obtained from the first by simply replacing ¥ with ¥’ and X’

—
— ~

with X. Making a change of variable, *—7 = —Z implies ¥/ —7=—2— (Xx—X') and yields

/d3i®((n —0)2=|EP) (e [[E+GE=3)IP-(m-n2)?).  (442)

n_n

To evaluate the angular integrals we take the third axis (i.e., the "z"-axis) of Z coordinate
system parallel to ¥—X’ hence, the azimuthal integral becomes trivial. Defining ||Z||=r
and denoting the angle between the third axis of Z and ¥—%’ with the polar angle 6

gives
2 2_ 2 - 21,21 A2 2
2 [ drre®(n—n;) —r)/d@sm(@)ln(y |r"+Ax"+2rAxcos(0)—(Mn—m,)°|). (4.43)

The absolute value in the argument of the logarithm implies two cases for the polar

2 (r4-Ax?)

integration: (i) cos(0) > (n_m)mx = A and (ii) cos(6) <A. Hence, the polar

integral in Eq. (4.43) can be expressed as

/de sin(6)

+®<A—cos(6)>ln(—uz(r2+Ax2+2rAxcos(9)—(n—nz)z)) L (444

@(cos(e>_A) In(? (P +AP+2rAxcos(6) — (1—1.)%))
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In this thesis, we evaulate the first part in polar integral (4.44) and leave the second
part, which can be evaluated similarly, to the reader. Notice that if A < —1 = O,in =
0, Omax =7 and O(cos(6)—A) = 1. If, on the other hand, —1 <A <1 = Oy =0, Opax =
arccos(A) and @(cos(6)—A) = 1. If, however, A > 1 = O(cos(0)—A)=0. Although
we consider the cases separately, we remind the reader that they should be combined

via O functions.

If A< —1, then (r—Ax)? > (n—n,)?. Hence, the first part in polar integral (4.44), when

combined with the radial integration in Eq. (4.43), becomes

27

Nz —(N—12)
oax—2l-n) [ " ar? o (n-nyemn-n)-ay [ drr2]

T
X / dBsin(0) In(u* [*+Ax*+2rAxcos(8) — (n-n,)*]), (4.45)
0
where we used

O(In—n.|—r)O((r—Ax)*—(n—n.)*) =O(|n—"n:|—r)®(Ax—|n—1n|—7)
=0(Ax—2|n—n;|)O(|n —n;|—7)+O(Ax—|n—n,|)O(2|n — 1| —Ax)
X@(Ax—|n—nz|—r). (4.46)

The polar and radial integrations in Eq. (4.45) yield

~276(Ax—(1-11.))0(2(n 1)~ Ax) lgw—(n—nz)) a2 s —no)

x(n-n.) +§<n—nz>3 (15 2—% (Ax=(n-1))*In (4u2Ax(Ax—(n—nz)))}]

+270(Ax-2(1-1.) [@ 802 n?)+ 5 [a 2000y

xIn (%)%(n—m)ﬁn (uz((m)2—4<n—nz)2)>] L (447)

We obtained the temporal integration of this result, as required in Eq. (4.43). The result

however, is too long to give here.

If —1 <A <1, then the first part in polar integral (4.44), when combined with the radial
integration in Eq. (4.43) becomes
n-nz

O(ar—(n—1)0(2(n-n)~A0) [ - dr+((1-n)-ax)

27

n-n, ) arccos(A) ] 5o ) 5
x/( | drr / dOsin(0)In(u” [r*+Ax"+2rAxcos(0)—(n—n,)7]), (4.48)
n-n: —Ax 0
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where we used

O((n—n.)—r)O(n—mn.)>— (r—Ax)*)O((r+Ax)*—(n—n,))
=0O(Ax—(N—n.))O(2(n—n;) —Ax)O((n—1n) —7)O(r— (Ax—(n—1;)))
+O((n—n.)—A)O((n—n,)—r)O(r—((n—1,)—Ax)), (4.49)
and

arccos(A)
/ d6 sin(6) In[u? (P2 +A2+2rAxcos(8) —(n—1-)%)]
0

2
——aln[E(r+ax?—(n-n.?)|. (4.50)

The polar and radial integrations in Eq. (4.48) yield

—2n®<Ax—<n—nz>>[(zm—nz)—m(ijjmz O Ax(m—n)+g(n-1.°)

F2 -1 I2AR) 4 (Ae— (71 In (4% Ax(Ar— (1 -n.)

214( (n=7:) = Ax) (Ar+2(n —7.))°1 (uzAx(Aan ) )]
+27r®((n—nz)—Ax)[Ax<1f4Ax2+l—12 (n—nz) —n n:)°

1
57 (4N —10) —Ax) (Ax+2(n—n:))1 n (2Ax(Ax+2(n—n.))
1 3 4.2 2
—3(n=nz)"In (4u Ax*(n—1) ) : (4.51)
We also obtained the temporal integration of this result, as required in Eq. (4.43). As

for Eq. (4.41), the result is too long to give here. (Note that if A > 1, the integral

vanishes as we pointed out already.)

We have not yet evaulated the integrals /;, I and /5 in the one-loop correlator. The
computation of I4 that we outlined in this section shows how tedious and lengthy it
is to compute the one-loop correlator and hence, the power spectrum defined via the
correlation function (Eq. (4.4)) applying the SK formalism. The method we introduced
in Secs. 2 and 3 to obtain the stochastic contributions to the quantum corrected
correlation function and power spectrum is a shortcut which gives the leading terms at
each loop order, bypassing the difficulties of the exact computation. In the next section,
we compute the exact one-loop corrected power spectrum via the alternative definition

in terms of the norm square of the one-loop corrected mode function.
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4.3 Exact Quantum Corrected Power Spectrum via the Mode Function

As is pointed out in the Introduction, there is an alternative measure of quantum
corrected power spectrum as an amplitude (norm of the mode function) square of the
fluctuations. Recall that both definitions agree with each other at tree-order: they both
measure the dependence of amplitude square of fluctuations on the wavelengths of the
fluctuations. However, the alternative definitions yield different quantum corrections.
As we have shown in Sec. 4.2, the computation of exact quantum corrected power
spectrum—even in a simple model like MMC scalar with quartic self-interaction in
de Sitter spacetime—via the first definition, i.e., as a Fourier transform of quantum
corrected correlation function, is too difficult to obtain. The second definition of
quantum corrected power spectrum via the quantum corrected mode function given

in Eq. (1.4),
Py (t,k) = u(t,k)|* , (4.52)

therefore, provides an opportunity to compute the exact quantum corrected power
spectrum for the MMC scalar we consider in this section. Let us note here that
computing the power spectrum for the massive scalar fields we consider in Secs. 2
and 3 via the second definition is not an easy task since one needs to compute the

quantum corrected mode functions for the scalars.

The quantum corrected mode function for the MMC scalar [59] is the amplitude of the

spatial plane wave solution of the linearized effective field equation

0 =
I (v/—gg"¥ dydo(x)) = / dn’ / XM (2, ) o (x', k) (4.53)
of the form
o (v, f) =u(n,k)e* =Y A uy(n, k). (4.54)
=0

The self-mass squared in Eq. (4.53),

(o]

M?(x;x) = Y A MG (xx') (4.55)
(=0
where
M3 (x;x') =0, (4.56)
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and

2

7 n(a)5* () . 4.57)

2000 I\
Ml(X,X)—W

Substituting Egs. (4.53) and (4.54) into Eq. (4.55) yields
(.0 =

a2 (3R+2Hady+K)uy(n, k) =— Y / dn’ / B! M2 (vix Vg (' K)FET) | (4.58)
n=0"Mi

Converting Eq. (4.58) from conformal time to comoving time we find

a—2+3Hi+ﬁ}u ——ié / a I/ & M2 (s Y (' K)e ) (4.59)
or2 or a2l at = )y, 1 AT o

We give the tree-order mode function ug in Sec. 4.3.1 and obtain the one-loop mode

function u; in Sec. 4.3.2.

4.3.1 Tree-Order Mode Function

The tree-order mode function is the solution of Eq. (4.59) for /=0:
H ik 1 i

tk :—[1——} Ha 4.60

uo(t: k)= —== | 1= gal® (4.60)

which is the well known Bunch-Davies mode function given in Eq. (4.60).

4.3.2 One-Loop Mode Function

The one-loop mode function is the solution of Eq. (4.58) for /=1, that is

92 J K H? :
[m+3H§+a—2:|ul —_@MO(n>k)ln(a ) . (4'61)

A solution [59] of Eq. (4.61) can be given as

H2

M1(fak):—ﬁ

[} 6.5’ Kyntatn'). 4.62)

where the retarded Green’s function

O(t—1t')
W(t' k)

G(t,1' k)= [uo(t,k)uz;(z’,k)—ug;(z,k)uo(t’,k) . (4.63)

Here, the Wronskian

i

W(t' k) =uo(t' k)ig(t’ k) —ul(t’ k)ig(t' k) = ——5- (4.64)
a
Hence, the one-loop correction can be given as
iH? .
ui (tvk) = _m uo(t,k)}"(a,k)—uo(t,k)g(a,k) ) (4.65)
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where we define

e , K & 17 1 /k\2
f(a,k):/l da'ina’[a’ —|—m}—?[lna—§]+§+<ﬁ) alna—a+1], (4.66)
_ a ' 1_% 2 A2k,
g(a,k)_/l da'lna [a H] el (4.67)

oy [a{ma_g] a2 (5 1] | Lo [1_%‘+7(§>2]
Tutevamfs(2)-n(2) -l )]
() o) o(2) 5 )

(5)4 [23}"3 (1, 1,1;2,2,2; f—ﬁ) —3F3 (1, 1,1;2,2,2; %)] . (4.68)

4 [
3 H
Hence, the one-loop corrected mode function u(t,k) = ug(t,k)+ Auy (t,k) + O(A?)

implies
Py (t,k) = [u(t,k)|* = |uo(t, k) |*+A [uo(t,k)u*f(t,k)—kué(t,k)ul(t,k)} +0(A?). (4.69)

Using Egs. (4.60) and (4.65) in Eq. (4.69), we find

3

H *
Py (1K) = uo(tr, k) =2 5 5Im [uoz(z,k)g(a,k)} +O(A?). (4.70)

Thus, the one-loop corrected normalized power spectrum

2 K K 2
Aq)(tvk)zz_nzpd)(tak):2_7.L.2|u(tak)| ; (4.71)

is obtained as

1

2 _
Aé (t,k)= f? {1 +z2—$ lln(a)— §+% <7+a_1+(1 —a)a_zz_z) cos[2(1—a)Z]

a1
12

2

( 1_2Z ) cos[27]

—I—zsin[Zz]] llnzﬂ ~In(a) (ci(22) ~In(22) ~7) - %(ci(Zaz) —ci(22) ) ~2az

<7(l —)+4a a2 (1 —Z*Z)) sin[2(1—a)z]+

2

(g(2az) — g(ZZ)> — (h(2az) _h(2) >] ] — [( ! _2Z2> sin(2z) —zcos(2z)] lln(a)

a

X

a

x(5i(20) 45 ) 45 (si(2a2)—si(22)) 202 (f(zaz)—f (ZZ))

}+(9 (A%, @712
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where we define zz% and
e (D2t 11333 12)2
f(z)_ngo(znﬂﬁ (2n)!_2}—3<2’2’2’2’2’ (2) )

> 1 A g 1135333 /2\4
$@=X Guyay =525 Gy a) )
o0 1 Z4n—0—3 4 777\3 3
h - :_<_ 131719 3~
2) g(4n+4)3 (4n+3)1 " 3 8> 3F6< 2

%,2,2,2;(3)4) . (4.73)

Note that for the superhorizon modes kppys = § < H we have z< 1. Therefore, using the
small argument expansions of the ci(x) and si(x) functions given in Egs. (A.10) and
(A.12) in Eq. (4.72) yields the power spectrum of the superhorizon modes at late times
(large a), up to O(A?), as

s o | w0555 () () )3 ()

S0 Yon(G)- () s ()] 45 (R |- oo

Equation (4.72) is the exact one-loop corrected power spectrum, defined as the norm

X

square of one-loop corrected mode function, for the MMC scalar in our model. Since
we have not yet completed the computation of the one-loop corrected power spectrum
defined as the Fourier transform of the one-loop corrected two-point correlation
function in the same model, estimating the numerical difference between the two
definitions remains as an unsolved issue to be investigated further. The conclusions

we reached in this thesis are outlined in the following section.
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S. CONCLUSIONS

According to modern cosmology, the origin of structure (galaxies, stars, planets, us,
etc.) is the quantum fluctuations of a scalar field during an inflationary phase of cosmic
expansion when the universe was about 1039 —1073* sec. old. In such a brief time,
our observable universe expanded by at least ¢® folds. Meanwhile, the virtual particles
of the scalar field that emerged out of vacuum persisted longer and, therefore, caused
random fluctuations in the field strength in different regions of spacetime, displaying
enhanced quantum effects. The fluctuations in the field strength, and hence in energy
density, in different regions caused different local expansion rates and, therefore,
created wrinkles (potential wells) in the fabric of spacetime which later served as a
scaffolding for the structure formation in the universe. First, cold dark matter clumped
in the wrinkles and then, after recombination, pulled in baryons and CMB photons
by gravitational attraction to form structure in the universe. The observed large scale
CMB anisotropy on the sky is, in fact, the amplified imprint of the inflationary scalar
field fluctuations. Therefore, it is important to study the correlations and power
spectrum of the fluctuations—basically the origin of everything—to predict the cold
dark matter distribution and understand the large scale structure in the universe. In
this thesis, we computed the quantum corrected two-point correlation function and
power spectrum A? of self-interacting spectator scalar and inflaton fields. We also
calculated the spectral index n and the running of the spectral index o in the two
models and compared our numerical predictions with the cosmological measurements

of the Planck 2018 collaboration obtained by analyzing the CMB data.

In Sec. 2, we considered an IR truncated, massive, spectator scalar field (]3 (1,X)
with a quartic self-interaction %q)“ during a cosmological constant driven inflation
where the expansion rate H is a constant and the background is, therefore, de Sitter
spacetime. We were motivated by the fact that the model, on one hand, provides
an opportunity to predict the observational characterictics of a scalar that may have

existed during inflation without participating in driving the inflation and, on the other
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hand, it qualitatively mimics the behaviour of a self-interacting inflaton field that
actually drives the inflation. The tree-order correlator is positive. At a fixed comoving
separation, it asymptotes to a constant at late times, in the massless limit. As the
mass increases the constant limits to zero. For a fixed physical distance, it grows like
In(a) at late times, in the massless limit. This logarithmic growth is suppressed for the
massive scalars. As the mass increases, the suppression gets stronger; see Fig. 2.1.
Physically, this means that inflationary particle production, which is suppressed as the
mass increases, does not continue forever. It comes to a halt eventually, implying that
the fluctuations are not of large amplitude that would yield proliferation of ever newer
pocket universes. The fluctuations of small amplitude, as in this model, engender the
density perturbations, as the scalar rolls down its potential. The one-loop correlator
is negative. At a fixed comoving separation, it grows like —4 In?(a) at late times,
in the massless limit. As the mass increases it limits to zero. For a fixed physical
distance, on the other hand, it grows like —A In?(a)In(a’) at late times, in the massless
limit. This growth, however, is suppressed for massive scalars. The suppression is
very sensitive to an increase in mass; see Fig. 2.2. In fact, for m > %{, the one-loop
correlator asymptotes to zero. Coincidence limit (2.99) of quantum corrected two-point
correlation function of the IR truncated field is used to obtain the leading terms in
the induced self-mass squared by the curvature of the potential. We estimated upper
bounds for the effective mass mg for the bare masses m= % and m=0in Egs. (2.101)
and (2.104), respectively. We also used coincident correlator (2.99) to introduce a
method to compute the stochastic contributions to the quantum corrected A2, ng and
0. They imply that the spectrum of fluctuations is red tilted at tree and one-loop
order. The tilt decreases as the mass decreases. In the massless limit, although the
tilt vanishes at tree-order and hence, the spectrum is scale invariant, at this order,
the one-loop correction red tilts it. Physically, this means that the amplitudes of
fluctuations grow toward the larger scales in both the massive and massless cases.
We compared our numerical predictions for the ny and oy with the measurements
of Planck 2018 Collaboration in Sec. 2.6. The observations do not seem to favor
the spectator scalar model compared to the inflaton model we consider in Sec. 3.
Finally, in Sec. 2.7, we computed the variance of field variation. The tree-order spatial
variance, at a fixed comoving separation, grows logarirthmically in the massless limit

. . NI . a®
at late times whereas it grows like . 5— in the massive case. Because 1 s— <In(a),
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where the equality holds in the massless limit, the growth is suprressed in the massive
case. The larger the mass, the stronger the suppression. The positive growth implies
that the magnitude of the spatial variation increases with time. This fact is the main
reason for some cosmologists to doubt the implications of expectation values. They
argue that any local observer perceives either an increase or a decrease in the field
strength as fluctuations happen. An expectation value is only a measure of average
effect and, therefore, can be misleading. We showed that the tree-order variance of
the field variation decreases if the quantum corrections are taken into account. Thus,
the difference between the actual effect perceived by a local observer and the average
effect, as the field fluctuates, is not as large as the tree-order variance implies.

In Sec. 3, we considered an IR truncated, massive inflaton field ¢ (¢,X) =@ (z)+0 ¢ (7, %),
where ((7) is the background field and 0 ¢(z,X) is the fluctuation field, with a i%! o*
self-interaction which drives the inflation. The background spacetime is, therefore,
Friedmann-Robertson-Walker spacetime. We compute the parameters a(t), H(t),
€(r) and the background field ¢(z) in terms of initial values Hjy and &g with O(4)
corrections that arise as a backreaction of interactions. The correlation function is
evaluated at the full solution of the effective field equation, therefore, the tree-order
and one-loop correlators get O(A) and O(A?) corrections due to the O(A) corrections
to the parameters. The tree-order correlator in the A — 0 limit, for a fixed physical
distance, grows at early times and asymptotes to a constant at late times; see Fig. 3.1.
The growth is reduced as the g increases. For the + (—) sign choice in the
interaction potential, the O(A) correction at tree-order enhances (reduces) the growth
(Fig. 3.2) whereas the O(A) correction at one-loop order reduces (enhances) the
growth (Figs. 3-4). The amplitudes of fluctuations do not grow forever and the inflaton,
therefore, cannot continue rolling up its potential, which would lead to proliferation
of ever fewer pocket universes. The inflaton comes to a halt eventually and, as the
classical restoring force pushes it back down its potential, the fluctuations engender
the density inhomogeneties required for structure formation. Generalizing the method
we introduced in Sec. 2, we computed the stochastic contributions to the A% & (k) of the
inflaton fluctuations. In the A — 0 limit, the A% % is positive definite and decreases as
k increases. The O(A) correction to the spectrum of inflaton fluctuations, however, is

enhanced significantly due to the terms with the huge factors of 81.62 and 81'61 that are not
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present in the O(A) correction to the spectrum of the spectator scalar during de Sitter
inflation. We also computed the nsg and o4 for the inflaton fluctuations. The O(A)
correction the spectral index of inflaton fluctuations is enhanced by the terms involving
by the factor Sl.f)l. In the A — 0 limit, the tilt ns5—1 is negative definite and decreases
as k increases. Hence, the power spectrum is red tilted. The O(A) correction to the
nse enhances (reduces) the red tilt for the 4+ (—) sign choice in the self-interaction
potential. Our numerical predictions for the ngq, and o5, are in accordance with the

measurements of Planck 2018 Collaboration.

Sec. 4 is on the problems that are left open in this thesis. The Starobinsky’s stochastic
formalism that we applied to compute the quantum corrected two-point correlation
function and the method we introduced to obtain the stochastic contributions to the
quantum corrected power spectrum give the leading terms at each perturbative order.
To estimate the deviation of the stochastic formalism from the exact result due to
the missing subleading terms, we considered a simple model: a MMC scalar with
a quartic self-interaction in de Sitter spacetime, and attempted to compute the exact
fully renormalized one-loop corrected two-point correlation function applying the SK
formalism. We reduced the computation to the evaluations of four integrals and
succeeded in evaluating one of them. The evaluations of the remaining integrals
have not been completed and hence, we have not yet computed the deviation of the
stochastic correlation function from the exact result. The deviation of stochastic power
spectrum, which is defined using the stochastic correlation function, from the exact
power spectrum, which is defined as the Fourier transform of the exact correlation
function, is therefore an unresolved issue. We, however, succeeded in computing the
fully renormalized one-loop corrected power spectrum, in this simpler model, using
the alternative definition of the power spectrum as the norm square of the quantum

corrected mode function.
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APPENDIX A : The Case of Spectator Field

A.1 Special Functions

In this appendix, we describe various special functions that we use.

A.1.1 Exponential Integral Eg(z) and Incomplete Gamma I'(3,z) Functions

The exponential integral function is
=[Can e, (A1)
where 8 and z are c-numbers. The small argument limit of exponential function
Eilix] = Ci[x] - [g—Si[x]], (A2)

and the large argument of the exponential function

sin(x) +icos(x) .

Ei[ix] = (A.3)
X X
The incomplete gamma function is defined as
z/ ditP=le (A4)
Z

which satisfies the recurrence relation

I(B+1,2)=BT(B,2)+Pe%. (A.5)

We express the incomplete gamma function in terms of the ordinary gamma function

plus an alternating power series as

oo (_ 1 )nzﬁ “+n

L(B,2)=T(B)= ),
n;) n!(B+n)

The right side of Eq. (A.6) is replaced by its limiting value if 8 is a negative integer or

zero.

(A.6)

Asymptotic expansion of the I'(3,z), as |z| — oo, and for —3F < arg(z) < 2%, can be
represented as

L(B,z) — 2P le Z —Ptn). (A7)
- ﬁ)
A.1.2 Generalized Hypergeometric Function ,7,(c,...,0p;Bi,...,B4:2)

Generalized hypergeometric function is given as
pfq(ala"'aap;ﬁla'“ an§Z):
L(B1)---T(By) v T(autn)---T'(o+n) (i)
[(an) - T(ap) = T(Bi+n) - --T(Bgtn) \n!) "

where p and g are integers, o;, 3 j and z are c-numbers.

(A.8)
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A.1.3 Cosine Integral Function ci(z)

The cosine integral function is defined as
)=— / dtCOS —y+In(z / A= (A9)

where ¥y ~ 0.577 is the Euler-Mascheroni number. The following identity involving

ci(z) and sin(z) is useful
- sin) = (—1y
ci(z) =T 1+In(z Z TR (A.10)

The asymptotic expansion of the function ci(z)

> "F 2n—|—1) _ cos(z) i (—1)

, sm "T(2n+2)
ci( Z - s (A.11)
n=0

Y

for large argument, as |z| — oo, and for —3F <arg(z) < 3Z.

A.1.4 Sine Integral Function si(z)
The power series expansion of function si(x) can be found similarly. By definition

_/wdtsm / it sin(z /d sin(z _ E+/thsin(t) C(A12)
z 2 Jo t

The asymptotic form of function si(x) for large argument can be found similarly

_/”dtsint(t) __cos(z) sin(z 2/ it sin(z (A13)
X

Hence
. sin(z) 1 3! 51 7 cos(z) 2! 4! 6!
Z Z I Z Z Z Z Z Z
_oos(@) (A.14)
Z

A.2 Massless Limit of the Tree-Order Correlator

Massless limit of Eq. (2.51) gives

. 5 Gl I(D—1) HP—2
Jim (@I (1 )0 (1X)162) > gy oot Ax) - (A19)

where
r}ligbfo(t?t/?m)
1{r( Lio(t'))+I(— 1,—ioc(t/))—[F(—l,iHAx)-l—l“(—l,—iHAx)}} . (A.16)
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Recurrence relation (A.5) for B =—1 and z=+iy with y € R yields

(1, i)+ T(— 1, —iy) = —T(0, iy) — (0, —iy)—2 Sm) (A.17)
y
Using the identity
1
ci(z) =In(2)— 5 [1(0,i2)+ (0, —iz)+1n(iz) +In(iz) | . (A.18)
for purely real z=a(t’) and z=HAx in Eq. (A.17) we obtain
: oy iy Sin(a(t) sin(HAx)
r}zlg})f()(t’t ,Ax)=ci(a(t")) ) ci(HAx)+ F (A.19)

We obtain the power series representation of the tree-order correlator for the massless
scalar using Eq. (A.10) in Eq. (A.19) as

lim (Q|o(1,X) o (r',X")|Q)

_I(D-1) HP? i ) (HAx)*" a®™(t') —1
 T(2) op-1g7 = 2n+1 2n

(A.20)

This massless limit agrees with the massless limits of Egs. (2.52) and (2.59).

A.3 Asymptotic Form of the Tree-Order Correlator

Asymptotic form of tree-order correlator (2.51)-(2.54), for a fixed comoving
separation, can be calculated using Eq. (A.7) in the time dependent terms inside the
curly brackets of Eq. (2.53),

[S[e%)

[—a(r) a()] {F(—l+5,ia(r’))+(—l)5F(—1+5,—ia(t’))}

2 [a()]2 & (—1)"T(2n42—8) [cos(a(t'))
—>—F(2 5 { ) } ; a(t') [ a2 (t')
+(2n+2—5)%1 : (A2D

It asymptotes to zero for both massive and massless cases. (For a(t') < a(t), the larger
the mass, the faster it approaches to zero.) In fact, as m — 0, Eq. (A.21) limits to

sin(a ("))
o(t)

We used Eq. (A.11) in obtaining Eq. (A.22). Hence, at late times, tree-order
correlator (2.51),

z{ci(a(t’))— }—> 0+0 (a 2(1") . (A.22)

<Q‘¢_)O(t7f)¢_)0(t,’fl) |'Q‘>
{F(—l—i—S,iHAx)+(—1)_5F(—1+5,—iHAx)}. (A.23)
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Equation (A.23) asymptotes to zero for the massive case with an increasing rate as the
mass increases. In the massless case, however, it asymptotes to a nonzero constant,

I'(D—1) HP=2 [sin(HAx)
(D) o0-175| HAx

We used Eqgs. (A.17) and (A.18) in obtaining Eq. (A.24).

Tim (Q[go (1, %) go (1, %) | Q) — —ci(HAx)} (A24)

A4 Computing the Two-Loop Contribution to the Two-Point Correlation
Function (Q|¢(1,X)¢ (¢, x')|Q)

Two-loop contribution (2.45) to the two-point correlation function consists of three
terms each of which is proportional to a VEV. The VEVs are computed in Sec. 2.4.3.
We give the details of the computation in each of the VEVs in sections A.4.1, A.4.2
and A.4.3, respectively.

A4.1 The VEV (Q|do(1,5) fodf §37,%") fadTa® (133 (F.¥)|)

In Eq. (2.89) computation of the first VEV in two-loop correlator (2.45) is reduced to
the evaluations of three double integrals. The first double integral is given as

/0 " [ (@) -a~2(7)] /0 fdt:[a‘s (F)ra® (?)—2}

2n (4 —6 (4 2n 5
)@ ja0() 1 my L [1—a?n+ 171- a*"
——H {[ L2 In(a(t) + 5 2n+5 n{ }
1[1—a230)] 2 l—a_5(t’)- a2y
_El 2n—3 _Sl S 5 (8.25)

The second double integral in Eq. (2.89) is given as

2/dt1 a f)/a’t @3 (F)—a® )+ ()~ :_HT2{1n2

2 2n+5

2n+6

1—a
2n+5

_2[1—(,1—5(#) 1 1

5 27 2nre +

]ln(a(t'))+ rlz 2n+5]
X[l_;—im}%[%]*{; 4o 2;5“5} 5 ]

2 | 1—a=29(¢)

The third double integral in Eq. (2.89) is given as
=8 (4
2n( 7 e ) 1 /
/dm f)/dt (7)-a=3)][*®) 1} _H {[2 S| In(a(e))

2n+5(t/) B 2 1_a2n(t/) 1
2n+6 2n

1—a3()| 1|1—a25(r)
s [
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Employing Eqgs. (A.25), (A.26) and (A.27) in Eq. (2.89) yields the first VEV in
two-loop correlator (2.45), given in Eq. (2.90). Notice that the infinite sum in Eq. (2.90)
runs from n=0 and includes terms proportional to n~! and n=2. The n=0 term in the
summand of infinite sum,

5 ) g3 a3+ i) - 5 [70)-307300)
5 s, 21
3 25(r)+§] : (A.28)

however, is finite.

A.4.2 The VEV <Q|f6dl‘”¢30( " —»)fo dtm 7( ///)J)g (I/H,)_C))J)()( ! _”)|Q>

In Eq. (2.92) computation of this VEV is reduced to the evaluations of three double
integrals. Let us evaluate the first one. Because ¢/ <, we can break up the double
integral into two [to be able to use Eqgs. (2.51), (2.52) and (2.55)]:

/ dt” dt”’_ / dt” / dt”’+ dt” a’t”’ (A.29)

In the first double integral on the right we have 0 <t” <¢', whereas ¢’ <t <t in the
second. Thus, using Eqgs. (2.51), (2.52), (2.55) and (A.29) we express the first double
integral in Eq. (2.92) as

- 1) (HAX 2n " _—8 // 2n+6 // /// ///
" nzo (2n4+1)!(2n4-8) {/ dita "t ) /dt ]

X[l—a_(s(t”/)] n [a2n+8(t/) d"a=8 (1" /dlm ) ]
x [1—a6(t"')}} . (A.30)

Evaluating the integrals we obtain,

s o ( 1\n 2n — g S (4
—Acff(t/) (- 1)"(HAY) ){[1+2a5(t)] [—1 - (t)]m(a(t))

]

H? = (2n+1)!(2n+-6 0
) 1 2|, . 1 2a7%(0) a2@) || 1—a®t9(r)
H 5 Tpts|e OaO)H T et =5 T35 5
5 21[1-a*(1) 1 11| 1—-a®9(¢")
-+ {ﬁ—g}{ 5 1—[2n_5+%} —5 . (A.31)

Let us now evaluate the second double integral in Eq. (2.92). Breaking up the
integrals as

t Z// l,/ t// t [/ t t//
/ dl_// dt/// :/ dt/// dt///+ dt// dt///+ dt// dl_/// , (A32)
0 0 0 0 ¢ 0

t t
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and using Egs. (2.51), (2.52) and (2.55) the second double integral in Eq. (2.92) can

be written as

HAX 2n

A s
2¢ z(t)Z(Zn—l—l

'(2n+90)

-

(t//)}/tzh/// [a2n+6(t///) _azn (l///)
0

+a 6(///) 1} 4 dt”[l a t”)]/ dr" [a2n+8(t///)_a2n(t///)+a—6(tw)_1}
0

+ [am‘*(r’)—l] ﬂdt”[l—a‘s(r”)} /t dr”’[l

t//

Evaluating the integrals in Eq. (A.33), it is obtained as

(A.33)

—aia(t”/)} } )

s o ( 1\n 2n _a2n+5 /
—z—i““’%énﬂ)(féﬁa){ = (t)]1“2<a<f>)+a2”+5(t’>1n<a(r))
a2n+5 / i _a2n+6 / _a2n /
xln(a(t’))—%lnz(a(t’)ﬂ— L 5 () {a‘s(t)—l-zniJ—l 5 )
a2n+5 ! - a2n /
X{I—I—%Hln(a(t))—i— 5(” aﬁ(t)+2n‘16]— ;’)[H%] In(a(t'))
1 a2n+6(t/) _5(1?) —25(0 a_é(t)a_é(l') a_‘s(t/) a_25(t/)
L s 26 5§ 2o 25
) 1—a®(t") |a=%(1) a %) 1 1 1—-a®=9(¢) 1
(2n+8) 2n [ 5 6 21 2mgs 2n—8 2n
1—a=5(t') |a™® I l—a 2t
— (t)[ 5@_Z+2n+5 s (I)}. (A.34)

The third double integral in Eq. (2.92) is calculated similarly. Employing Egs. (2.51),
(2.52), (2.55) and (A.32) we express it as

[e5)

)

HAX 2n

Aa () Z (2n+

1)!(2n+9)

{/ dt” 76 ”/dl‘m —8 /// 2n+6(t///)_1}

X[ag(tm)—l] n dl‘//a_ I//dt”/ —6 /// 2"+6(l/”)—1] [as(tm)—l]z

+ [a2n+5(t/) ]

l/

dt/ —8( ) dtw 76(1‘/”)

t/

Evaluating the integrals in Eq. (A.35), it is obtained as

A s >

(=1)"(HAx)*"

e O

+ 2n+5( )

1+2a~

°(1) ;
5 ]ln(a(t ))—

2n+1)!(2n+96)

{ [1 _a2n+5(t/)] | !

1 _a2n+25 (t’) r

)
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[a5(t”’)—1] 2} . (A35)




Ca?() | 1=a®To() “5(1) 2 .2 1=a®() 2a7°()
2(n+96) 0 2n+8 6 26 2n+0
_1—a‘25(t’)+ ) l=a®(!) () 1.1 _a ()

26 2(n+98)(2n+96) 0 2n 8 2n
N S L2 +1—a2”_5(t’)+1—a_5(t’) 1o 2

n(2n+8) 8| 2n(2n—9) 0 2n  2(nt+d) 2n+d

1—a*25(t’)
+—5r (- (A.36)

Combining (A.31), (A.34) and (A.36) in Eq. (2.92) yields the second VEV in two-loop
correlator (2.45) as a power series expansion. The outcome is given in Eq. (2.93).
Notice that the infinite sum in Eq. (2.93) runs from n =0 and includes terms
proportional to n~! and n~2. However, the n=0 term in the summand in Eq. (2.93) is
finite. In fact, it is

1—-a® (') | In*(a(r))
i

. {1_(1; (t')
5

+§}ln(a(t’)) + 5

14+-a%(¢) 1-a%(t) 2

5 ] In(a(t))In(a(t"))+ 5 5

a—6 a—8 a6 /
. 5<f>]}1n<a(t)>+{1+6 0 [,[1+ <r>]

)
a°(r)
52
1-a=2%(/') 5
28 28

In*(a(t’))
2

14+a2(z)
)

5 3

14+a2%(r)

1
26 .

_|_

5 _ , a® (1)
OS] B

A.43 The VEV (Q|[ldt"a> (t")§3 (1", %) [ dF a? (F) B3 (7, %) |Q)

In Eq. (2.96) computation of this VEV is reduced to the evaluations of four double
integrals. The first double integral in Eq. (2.96) gives

/Ot;z’f[l—ag(f)]/ofdt” [1—6176(1‘”)} [a2n+5 (l‘”)—l] :_Hz{lnz(;(t/))
B ll_a;(ﬂ)“L%_znig 1n(a(r’))+l_(§2f;(;)—1_6122:0/) {%jt 2n—1|— 51

1-a®=%(") 1—-a %) [ 1 1 17 1-a2%(/)
T e T s {%_2n+5+51_ 252 - (A9

The second double integral in Eq. (2.96) gives

/0 t/df[l —a—‘s(f)} [a2"+5 (7)— 1} /t at" [1 —a—5<t”)] - —H_z{ln(a(t)) In(a(t'))

In*(a(r'))
2

1_a2n+5(t/) 1—g2n (t/) 1—a‘5(t’)

- ]hl(a(t )

2n+0 2n o
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2n+6(t/) 2”(1‘) a_5(l‘) a_5(t/) , 1— a2n+6() a_5(t)
mis o o 5 | <) +— 5 5
1 1-a® (") [ 14a%(t) 1| 1-a®%() 1-a=%(¢)
+2n+51_ o 5 2| T @=0)5 5
ad(t) 1—a=2%(t")
x—s >57 (A.39)

The third double integral in Eq. (2.96) gives

3
/ dia= () / di"a=0 (") Lzb énﬂ;gﬁxg) [az” S(t”)—l]]

1 1-a24H3(¢)  1—a=9(¢")
=—H" ZZZZF‘H’” (HAx)? { 2(g+9) ]

_|_
g=0p=0n=
1—a2p(z)+1—a*5(t') L3 [1—a2<w>5<t') 1—a5(z')]

B 3
2p+6

2g+6 o
2p 6 2(q—p)| 2(q—p)-6 6

1[1-a %) 1-a25(¢)
+5[ 5 = 5 4 (A.40)

where we define the coefficients

Lypn
(—1)4
2(q—p)+1]'[2(g—p)+6][2(p—n)+1]![2(p—n)+5][2n+1]![2n+ 5]

The fourth double integral in Eq. (2.96) gives

3
frofa B G |

.(AA41)

2q+6(t )

> L L 1—a?r(t') 1—a2(‘1_1’)_8(t’)
T, (HAx)> —3 3
LYYl { 2q+3 2w 2(g-p)-o

N 1—a=2%(¢) s 1—-a2@td) (1) B 1—-a?P+9 (1) 3 1—-a?a=P)(¢")
26 2(qg+9) 2p+6 2(g—p)

_ =0 (4
pre ) W]}. (A42)

Employing Egs. (A.38)-(A.40) and (A.42) in Eq. (2.96) yields the third VEV in
two-loop correlator (2.45), given in Eq. (2.97). Notice that the » =0 term in the
summand of the first infinite sum in Eq. (2.97) is finite. It is

H2
5

q=0p=0n=0

1 24a=%(r)

—ﬁ[a‘s(t')—a5(t')][ln(a(t))—|— 5 +§ln(a(t))ln(a(t’))

T [2a-5 (1) +ad () +a 3 (t") +2} In(a(’')) . (A.43)



1

Notice also that, for p =0 (which implies n =0) the terms proportional to p~" in the

summand of triple infinite sum in Eq. (2.97),

1—a? (Y[ 1 1 (—1)4(HAx)*?In(a(t"))
Fapn(HAX)M3 == {2p+5+3} S gr)grs) A

is finite as well. Let us note finally that for p =g, the terms proportional to (g—p)~!
in the summand of triple infinite sum,

5o |a3(1) 1—a2(‘1_”)(l’)_ 1-a?a=P)=%()y 1
qu"(HAx)q[ 5 O 2qp) O 2a-p-d 2gp)
_1—a*5(t’) 3
6  2(¢-p)

(~ 1A { a0 (0) [ 59 + a0 (1) +a 2 () n(a(e) }

— =3 82[2(q—n)+1]![2(g—n)+6][2n+1]![2n+8]

. (A.45)

are also finite. Combining all the three VEVs, computed in Secs. A.4.1-3, in Eq. (2.45)
gives the two-loop correlator.
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APPENDIX B : The Case of Inflaton Field

B.1 The Comoving Time 7 in Terms of ¢(¢), H;y and &

In this Appendix, we express the comoving time ¢ in the interacting theory in terms of
q(t) defined in Eq. (3.26) and the initial values H;y and €.

We integrate Eq. (3.24), neglecting the term linear in g among the O(A)-terms as a
zeroth order approximation in our iteration, and obtain

PHAP+BrC0, (B.1)
where we define
AE £’ &P g’
—Hyt, p=+22 AE—L[l 3 } =i [1 } CE—L[l— 2]. B.2
iol, P= 128107 2p +3p 1, D +2 2p q ( )

Let

B—A? AB— 27 2A3
QE39 R 4 C \/R+ T_\/ VD, (B.3)

where the discriminant D = Q3+ R?. The roots of the cubic polynomial are

A S+T A /3 S+T A 3

If the discriminant D >0, one root is real and two are complex conjugate of each other.
If D=0, all roots are real and at least two are equal. If D <0, as is the case for cubic
polynomial (B.1), all roots are real and unequal. The physically relevant root,

z=Hpt=¢ [1—q] [1-1-% [1—244'0(12)] , (B.5)

yields the comoving time given in Eq. (3.27).
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