





ISTANBUL TECHNICAL UNIVERSITY % GRADUATE SCHOOL OF SCIENCE
ENGINEERING AND TECHNOLOGY

CONFORMAL MAPPINGS
PRESERVING THE EINSTEIN TENSOR
OF WEYL SPACES

M.Sc. THESIS

Merve GURLEK

Department of Mathematics

Mathematics Engineering Programme

JUNE 2013






ISTANBUL TECHNICAL UNIVERSITY % GRADUATE SCHOOL OF SCIENCE
ENGINEERING AND TECHNOLOGY

CONFORMAL MAPPINGS
PRESERVING THE EINSTEIN TENSOR
OF WEYL SPACES

M.Sc. THESIS

Merve GURLEK
(509111077)

Department of Mathematics

Mathematics Engineering Programme

Thesis Advisor: Doc. Dr. Giilcin CIVI

JUNE 2013






ISTANBUL TEKNIK UNIVERSITESI % FEN BILIMLERI ENSTITUSU

WEYL UZAYLARINDA
EINSTEIN TENSORUNU KORUYAN
KONFORM DONUSUMLER

YUKSEK LISANS TEZI

Merve GURLEK
(509111077)

Matematik Anabilim Dali

Matematik Miihendisligi Programi

Tez Damismani: Dog. Dr. Giilcin CIVI

HAZIRAN 2013






Merve GURLEK, a M.Sc. student of ITU Graduate School of Science Engineer-
ing and Technology 509111077 successfully defended the thesis entitled “CONFOR-
MAL MAPPINGS PRESERVING THE EINSTEIN TENSOR OF WEYL SPACES”,
which she prepared after fulfilling the requirements specified in the associated legisla-
tions, before the jury whose signatures are below.

Thesis Advisor :  Doc. Dr. Giilgin CIVI ...
Istanbul Technical University

Jury Members : Prof. Dr. Aynur UYSAL .
Dogus University

Doc. Dr. Giiler GURPINAR ARSAN  .........c.ccocooevvnnne.
Istanbul Technical University

Doc. Dr. Giilein CIVI
Istanbul Technical University

Date of Submission : 3 May 2013
Date of Defense : 6 June 2013



Vi



vii

To my grandparents,



viil



FOREWORD

I would like to extend my sincere gratitude to my thesis supervisor Assoc. Prof. Giil¢in
Civi, who has been a great supporter regarding any issue throughout this work, assisted
and evaluated with utmost care and provided me the opportunity to present my studies
on an international platform.

Endless thanks to all my friends who have supported me, my mother who has shown
understanding and patient, and A. Serdar Bilgili who has always been on my side.

June 2013 Merve GURLEK

iX






TABLE OF CONTENTS

Page
FOREWORD . IX
TABLE OF CONTENTS . XI
LIST OF SYMBOLS..... .. Xiii
SUMMARY .. XV
OZET ......... ssssmssamsssamssssaasssaasesaes e XIX
1. INTRODUCTION ..... w 1
2. CONFORMAL MAPPINGS OF WEYL SPACES........
2.1 Conformal MappPINgS.......c.coceereeriieenieenienieereesee ettt sre e e e eneeneens 7
2.2 Conformal INVATIANCE ........covueeruiirieiieiiierieeeeee ettt 15
3. CONFORMAL MAPPINGS PRESERVING THE EINSTEIN TENSOR
OF WEYL SPACES . 23
3.1 Conformal Invariance of the Einstein Tensor of Weyl Manifolds.................. 23
3.2 Invariants Under the Conformal Mappings Preserving the Einstein Tensor.. 26
3.3 Isotropic Weyl Manifolds ..........ccoceevieiiiniiiiiiinieniceieeecnee e 35
4. CONCLUSIONS AND RECOMMENDATIONS w 39
REFERENCES.... . 41
CURRICULUM VITAE . . . 43

xi



Xii



LIST OF SYMBOLS

gij . Metric tensor

gY : Anti-metric tensor

T; :  Components of the covariant vector field of the Weyl space
A Satellite of the metric tensor

\4 : Symmetric connection

\% Prolonged covariant derivative

Fi?jk : Connection coefficients of the symmetric connection V
R?jk Mixed curvature tensor of the Weyl manifold

Ryiji : Covariant curvature tensor of the Weyl manifold

R;; : Ricci tensor of the Weyl manifold

R : Scalar curvature tensor of the Weyl manifold

E;; :  Einstein tensor of the Weyl manifold

Clhjk :  Conformal curvature tensor of the Weyl manifold

Zf‘j " Concircular curvature tensor of the Weyl manifold

Wl’; " Projective curvature tensor of the Weyl manifold

P : Covariant vector field field of the conformal mapping
Vf : Gradient of the scalar function f

Af : Laplacian of the scalar function f

IVfl : LengthoftheVf
K : Sectional curvature of the Weyl manifold

xiil



Xiv



CONFORMAL MAPPINGS
PRESERVING THE EINSTEIN TENSOR
OF WEYL SPACES

SUMMARY

This work contains four chapters. In Chapter 1, the fundamental definitions and
properties concerning the Weyl manifolds are given.

An n-dimensional differentiable manifold with a conformal metric g and a symmetric
connection V satisfying the compatibility condition

Vg 20T =0 (1)

or, in local coordinates

Vigij—2Tigij =0, 2)

is called a Weyl space, where T;(k = 1,2,...,n) are the components of the covariant
vector field of the Weyl space. Such a Weyl space will be denoted by W,,(g,T).

Under the renormalization
g=MAg 3)

of the metric tensor g, T is transformed by the rule
Tk: Tk+8k(lnl), (4)

0 . )
where d, = Ik and A is a scalar function.
X

If under the renormalization of the metric tensor g, the quantity A is changed according
to the rule

A=APA, Q)
then A is called the satellite of g of weight {p}.
The prolonged covariant derivative of A with respect to V is defined by
ViA =V A—pTiA. (6)
By expanding (1) it is found that

3kgij—ghjr?k—gi/1rifk—2Tkgij207 (7)
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where F;k are the connection coefficients of the form

{8 g ) ®)
In this chapter, moreover, the definitions and the basic properties of the mixed
curvature tensor and the definitions of the Ricci tensor, the scalar curvature tensor,
the Einstein tensor, the conformal curvature tensor, the concircular curvature tensor
and the projective curvature tensor (Weyl tensor) of the Weyl manifold W, (g,T) are
also given.

In chapter 2, firstly, the conformal mappings of Weyl Spaces are defined.

Let 7 be a conformal transformation from a Weyl manifold W,,(g, T') onto another Weyl
manifold W,,(g,T). At the corresponding points W,,(g,T) and W,,(g, T), it can be taken
as

§=§ ®)

The covariant vector field P with weight zero which is defined by

P=T-T (10)

is called the covector field of the conformal transformation.

Then, the relations between connection coefficients, the mixed curvature tensors,
the Ricci tensors, the scalar curvature tensors, the Einstein tensors, the concircular
curvature tensors and the projective curvature tensors of the Weyl manifolds W, (g, T)
and W,,(g,T) under the conformal mapping 7 are studied. Next, by using this relations
we obtain some results concerning with P, L;; and Z;; under 7. After that it is proved
that the covector field P is a gradient, under the conformal mapping preserving the
concircular curvature tensor or the projective curvature tensor of the Weyl manifold
W,(g,T). And it is also proved that, if the conformal flat Weyl manifold W, (g,T)
is a concircular flat Weyl manifold, then W,(g,T) is an Einstein-Weyl manifold by
considering the relation between the concircular curvature tensor and the conformal
curvature tensor.

After giving the definition and the some properties of the conformal curvature tensor,
we close this chapter by obtaining the new invariants under the conformal mapping 7.

In Chapter 3, the necessary and sufficient condition for a conformal mapping between
two Weyl manifolds to preserve the Einstein tensor is obtained. Then, it is proved that,
if a conformal transformation from a Weyl manifold W, (g, T') onto a flat Weyl manifold
W,(g,T) preserves the Einstein tensor, then both Weyl manifolds are Einstein-Weyl
manifolds.

In the second section of the Chapter 3, the conformal curvature tensor is expressed
for a conformal mapping preserving the Einstein tensor. Next, by using the relation
between the concircular curvature tensor and the conformal curvature tensor under
such a mapping, it is proved that, if a conformally flat Weyl manifold W, (g,T), is a
concircularly flat Weyl manifold W, (g, T'), then it is a Riemannian manifold. After that,
the concircular curvature tensor is expressed for a conformal mapping preserving the

XVi



Einstein tensor. Moreover, by considering the concircular curvature tensor under the
conformal mapping and using the conditions for which the Einstein tensor is preserved,
a new invariant tensor is obtained. Then, it is proved that, if the concircular curvature
tensor or the projective curvature tensor of the Weyl manifold W, (g, T) are preserved
for a conformal mapping preserving the Einstein tensor, then the covector field P is a
gradient. Conversely, it is shown that if P is a gradient, the concircular curvature tensor
or the projective curvature tensor are preserved under such a mapping.

In the last section of the Chapter 3, the isotropic Weyl manifols are examined.

For a Weyl manifold W,(g,T') with a point p and the tangent space 7,,(W,) of W,, the
scalar which is defined by

RijuX'Y/Xky!

KH — . . 9
(I (gixgj1 — gug jk)X Y IX*Y!

(1)

is called the sectional curvature of W,,(g,T) at p with respect to the plane spanned by
two linearly independent vectors X,Y € T,,(W,), where X' and Y* are respectively the
components of X and Y.

If, at each point, the sectional curvature K of W,,(g,7T) is independent of the 2-plane
chosen, then, W, (g, T') is named as an isotropic manifold.

In this chapter, it is stated that, an isotropic Weyl manifold is an Einstein-Weyl
manifold with zero scalar curvature. Furthermore by virtue of this fact, it is proved
that, if a Weyl manifold is locally conformal to an isotropic Weyl manifold under
the conformal mapping preserving the Einstein tensor, then both manifolds are
Einstein-Weyl manifolds.

In the fourth and the last chapter, the results we obtained in work are discussed.
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WEYL UZAYLARINDA
EINSTEIN TENSORUNU KORUYAN
KONFORM DONUSUMLER

OZET

Dort boliimden olusan bu ¢alismanin birinci boliimiinde bir Weyl manifoldu ile iligkili

temel tanim ve ozellikler verilmisgtir.

Simetrik bir V konneksiyonuna ve konform g metrik tensoriine sahip

Vg—2g®T =0

ya da lokal koordinatlarda

Vigij—2Tcgij =0,

12)

13)

uygunluk kosulunu saglayan npoyutlumanifoldabirWeyluzayBdenir.BuradaTy(k =
1,2,...,n), W,(g,T) Weyl uzayinin kovaryant vektor alanidir ve T’ vektor alanina Weyl

uzayinin komplementer vektor alani adi verilir. g¢ metrik tensoriiniin

g=21%g

ile verilen renormalizasyonu altinda 7 komplementer vektor alani
Ty = Ty + 0k(In ),

d
seklinde doniisiir. Burada dy = Ik dir ve A skaler bir fonksiyondur.
X

g metrik tensorii renormalizasyonu altinda, A biiyiikliigii

A=APA,
seklinde degisirse, A bityiikligiine g nin {p} agirlikli bir uydusu adi verilir.
A uydusunun V konneksiyonuna gére VA ile gosterilen kovaryant tiirevi
VkA = VkA - kaA
seklinde tanimlanmustir.
(13) esitliginin
Ok gij — 8nj T — gin T — 2T gij =0

Xix

(14)

15)

(16)

a7

(18)



seklinde acik formda yazihip i, j,k indislerinin devirsel degisimi ile elde edilen
denklemlerden I} ; katsayilari

. i . . .
ljk:{jk}—(5;Tk+5,§Tj—gjkg’hTh). (19)

olarak elde edilir.

Bu boliimde ayrica, karigik egrilik tensoriiniin tanimi ve temel 6zellikleri ile W, (g, T)
Weyl manifoldunun kovaryant egrilik tensorii, Ricci tensorii, skaler egrilik tensoril,
Einstein tensorii, konform egrilik tensorii, konsorkilir egrilik tensorii ve projektif
egrilik tensorii tanimlanmasgtir.

W,(g,T) Weyl manifoldu i¢in

Ry =0T — ok T}, + T T — T, T (20)
karigik egrilik tensori,
Riji = gin Ry, (21)
kovaryant egrilik tensorii,
h
Rij =R}, (22)
{0} agirlikli Ricci tensérii ve
R = g" Rip. (23)

{—2} agurlikli skaler egrilik tensorii gostermektedir.

R(;j), Ricci tensoriiniin simetrik kismini gostermek iizere

Eij=R(j ——8ij (24)

tensorit W, (g, 7)) Weyl manifoldunun Einstein tensoriinii tanimlar.
{0} agirlikls Cf’jk konform egrilik tensori
Cly = Ry + 8 Lij— 8] Lix+ g Ly — g L — 28/ Ly, (25)
ile tanmimlanir ve burada
Rij 2 Rgij

Lij=——5+ Rijj+

n—2 n(n-2) (26)

olarak alinmigtir.

R
Zl]k - Rz]k ) (515181'] - S;Zgik)a (27)

nin—1

XX
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1
(n—1)

2
@

2
h h h
Whe =R+ ———— 8" Rijy +

(n+1)

(87 Ry — 8] Rij) + 8¢ Ryij) — 8 Rju))

(28)

tensorleri W, (g,7) manifoldunun, sirasiyla konsorkilir egrilik ve projektif egrilik
tensorlerini tanimlar.

Ikinci boliimde, oncelikle Weyl uzaylarinda konform doniisiim tamimi ve temel
ozellikleri verilmistir.

Bir W, (g, T) Weyl manifoldundan bir diger W,,(g, T ) Weyl manifoldu iizerine, W, (g, T)
ve W, (g, T) nin belirli bir p noktasinda tanimlanan konform bir déniisiim icin

g§=38. (29)

olarak alinabilir.

Sifir agirlikli kovaryant vektor alam1 P

P=T-T 30)

seklinde tanimlanir ve konform doniisiimiin kovektor alant adin alir.

Bu boliimde, daha sonra, Weyl manifoldlar1 arasinda konform bir doniisiim altinda
konneksiyon katsayilari, karisik egrilik tensorleri, Ricci tensorleri, skaler egrilik
tensorleri, Einstein tensorleri, konsorkilir egrilik tensorleri ve projektif egrilik
tensorleri arasindaki iliskiler verilip, bu iligkiler kullanilarak Weyl manifoldlarinin
konform doniistimii altinda P;;, L;; ve Z;; tensorleri ile ilgili baz1 sonuglar elde edildi.
Sonrasinda, Weyl manifoldlar1 arasindaki konform bir doniisiim altinda konsokilir
egrilik tensorii ya da projektif egrilik tensorii korundugunda, P kovektor alaninin
gradiyent oldugu ispatlandi. Bunun ardindan, konsorkilir egrilik tensorii ile konform
edrilik tensorii arasindaki iliski kullamilarak, konform diiz bir W,(g,T) Weyl uzayi,
konsorkilir diiz olmasi i¢in Einstein-Weyl manifoldu olmasi gerektigi gosterildi.

Ikinci boliimiin sonunda, konform egrilik tensorii ve baz1 6zelliklerinin verilmesinin
ardindan, Weyl manifoldlarinin konform doéniisiimii altinda bazi invaryant tensorler
elde edildi.

Uciincii boliim ii¢ alt baglik altinda incelendi. Birinci kisimda, Weyl manifoldlari
arasindaki bir konform doniisiim altinda Einstein tensoriiniin korunmasi i¢in gerek ve
yeter kosul elde edildi. Sonrasinda, Einstein tensoriinii koruyan konform bir doniisiim
altinda, bir Weyl uzayinin diiz bir Weyl uzayina konform olmasi i¢in her iki uzayin da
Einstein-Weyl uzay1 olmasi gerektigi ispatlandi.

Ucgiincii boliimiin ikinci kisminda, Einstein tensériiniin korunumu kosulu yardimiyla
konform egrilik tensorii Cf’jk nin Einstein tensoriinii koruyan konform bir doniisiim

altindaki ifadesi C*?jk bulundu.  Sonrasinda, Einstein tensoriiniin korunmasi

durumunda konform egrilik tensérii C*., ile konsorkilir egrilik tensorii Z”, arasindaki
g ijk g ijk

iligki elde edildi. Ayrica, Einstein tensoriinii koruyan konform bir doniisiim altinda
konform olarak diiz bir Weyl manifoldunun konsorkilir diiz olmasi halinde Riemann

xXxi



manifolduna indirgendigi ispatlandi. Daha sonra, genel durumda gecerli olan,
konsorkilir egrilik tensorii Zf‘jk ile konform egrilik tensorii Cf’jk arasindaki iligkide C{ljk
yerine Einstein tensoriinii koruyan konform doniisiim altindaki ifadesi yazilip buradan
Zf’jk cekilerek, konsorkilir egrilik tensoriiniin Einstein tensoriinii koruyan konform

dniigiim altindaki ifadesi bulundu. Ayrica, konform déniisiim altinda ZJ', ile ZJ';
arasindaki iliskide, Einstein tensoriiniin korunmasi kosulu uygulanarak invaryant bir
tensOr elde edildi. Son olarak, bu kisimda "Einstein tensoriinii koruyan konform bir
doniisiim altinda konsorkilir egrilik tensorii ve projektif egrilik tensoriiniin korunmasi
icin gerek ve yeter kosul P kovektor alaninin gradyent olmasidir " seklinde ifadesi

verilen teorem ispatlandi.

Uciincii boliimiin son kisminda, izotropik Weyl manifoldlari ele alindi. Bir p noktasi
ve T,(W,) € W, tanjant uzayi ile tanimli bir W,(g,7) Weyl manifoldunda, X' ve "
sirastyla X ve Y nin bilesenleri olmak iizere

RijuX'YIX*y!
K = VIR (1)
(gixgj1 — g k) X'YIX*Y

ile tanimlanan skalere W,(g,T') nin p deki lineer bagimsiz X,Y € T,(W,) vektorleri
tarafindan gerilen ylizeyin kesitsel egriligi denir.

Eger W,(g,T) nin K kesitsel egriligi her noktada orayantasyondan bagimsiz ise,
W, (g,T) izotropik Weyl manifoldu adin1 alir.

Her izotropik Weyl manifoldunun sifir skaler egrilikli bir Einstein-Weyl manifoldu
oldugunu ifade eden yardimci teorem bu bdoliimde ispatlanmistir. Ayrica yardimci
teoremden faydalanarak bir Weyl manifoldu, Einstein tensoriinii koruyan konform
bir doniisiim altinda izotropik Weyl manifolduna yerel olarak konform ise her iki
manifoldun Einstein-Weyl manifoldu oldugu da bu boliimde ispatlandi. Son olarak,
konsorkilir ya da projektif egrilik tensorlerinin Einstein tensoriinii koruyan konform
bir doniisiim altinda korunmast durumunda, P kovektor alaninin saglamasi gereken
diferansiyel denklem elde edildi.

Dordiincii ve son boliimde ise elde edilen sonuclar tartisildi.
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1. INTRODUCTION

An n dimensional manifold having a conformal metric tensor g and a symmetric

connection V satisfying the compatibility condition

Vg—2g®T=0 (1.1)

or, in local coordinates

ngij_ZTkgij :0, (1.2)

is called a Weyl space, where T is a 1-form. Such a Weyl space will be denoted by
Wa(g, T). [11], [13]

Under the renormalization

g=2Ag (1.3)

of the metric tensor g, T is transformed by the rule

Tk =T+ 0k (ll’l}t), 1.4)

d
where d, = Ik and A is a scalar function defined on W, (g, T). [11], [13]
X

Writing (1.2) in local coordinates and expanding it we find that

Vigij = k8ij— 8nj Uik — gn T —2Thgij = 0 (1.5)

where Ff.‘k are the connection coefficients of the connection V given by

1



h
) = {ik} — (ST + 8T — g g™ T). (1.6)

It is well known that the pair (&, T) generates the same Weyl manifold. The process of

passing from (g,T) to (g,T) is called a gauge transformation.

Definition 1.1 An object A defined on W, (g,T) is called a satellite of weight {p} of
the tensor g;;, if it admits a transformation of the form
A=ATA (1.7)

under the renormalization (1.3) of the metric g;;.

Definition 1.2 The prolonged derivative of a satellite A of the tensor g;; with weight
{p} is defined by

KA = A — pTiA. (1.8)

By renormalization of the metric tensor we have

HhA = AP 9, A. (1.9)

Definition 1.3 The prolonged covariant derivative of a satellite A of the tensor g;; with
weight {p} is defined by

VA=V, A—pTiA. (1.10)

We note that the prolonged derivative and the prolonged covariant derivative preserve

the weight. [11]

ngij =Vigij— 2T gij (1.11)

2



On the other hand, if A is a covariant vector with components A" and of weight {p}

then, by (1.5), (1.11) can be expressed as

Vi A" = 9 AP+ T A (1.12)

We note that, (1.12) can be generalized for any satellite A of the metric tensor g;;. [22]

LetR(X,Y)Z=VxVyZ—-VyVxZ— V[X’Y} Z denotes the curvature tensor associated

with the connection V.
In local coordinates, the mixed curvature tensor Rl’.’jk defined by

(ViVi—=ViV; )V =ViR! (1.13)

ijk>

which implies that

Ry =0T} — o T}, + T | (1.14)

mj lk

with weight {0}. It can be easily seen that, the connection I, i 1S a gauge invariant.

From (1.3), (1.4) and (1.6).

The mixed curvature tensor defined by (1.14) satisfies the 1* and 2" Bianchi identities,

respectively, [3], [7], [17]

lek +Rjkl +RZij =0, (1.15)
The tensor defined by
Rijx1 = &in Rl}kl (1.17)

3



is called the covariant curvature tensor of W,(g,7T) and it satisfies the following

relations, [6]

Ruije = Rjimi = &im (T j — Tj) + &jm (Tei — Tik) + &k (Tni — Tipm)
+&im (Tij—Tji) + &ij (T — Teom) + 8it (Tjm — T, )
(1.18)
Rijii = —Rijik (1.19)
and
Riju+Rijik = 28ij (Tiy — Tik)- (1.20)

The Ricci tensor with weight {0} and the scalar curvature tensor {—2} are,

respectively, defined by

Rij =R}, (1.21)
and
R=g"Ry,. (1.22)
Definition 1.4 The tensor
R
Eij = Rij) = 8ij (1.23)

is defined as the Einstein tensor of W, (g, T), where R(;;) denotes the symmetric part of

the Ricci tensor.



Definition 1.5 A Weyl manifold is said to be an Einstein-Weyl manifold, if the

symmetric part of the Ricci tensor is proportional to the metric tensor. That is,

R(ij) = A«gijy (1.24)

R
where A = — is a scalar function. [10], [15], [17]
n

Let 7 be a conformal mapping from a Weyl manifold onto another Weyl manifold.

The tensor defined by

Cly =Ry + 8 Lij— 87 L+ gij L — g L} — 28! L. (1.25)

is an invariant under 7 and it is said to be the conformal curvature tensor of the Weyl

manifold W,(g,T), where L;; is a tensor defined by

Lij=~= nR_ijz * n(nz— 2) M F 20 —Rfi’zq ~2) (120
with weight {0} and L = g'" L.
Lemma 1.1 For the tensor L;; of W,(g,T) the following identities hold
i Lijg = ,l,Rv«j] = VT
ii. Vi Lij + VL + VL, =0,
where brackets denote the antisymmetric parts with respect to sub-indices. [6]
A conformal mapping is called a concircular mapping if it preserves the circles.
The tensor defined by

2l = Ry~ (8 21— 8 ). (1.27)
nin—1) J

is an invariant under a concircular mapping and it is said to be the concircular mapping

of the Weyl manifold W, (g, T). [14]



If we take h = k, we find

R
Zij=Rij——gij.

Also, it is well known that the projective curvature tensor Wl’}k defined as [9]

2 1
Wh = Riy+ )] 8/ Riju + =) (87 Rix— 8 Rij)
2 h h
+ (n2—1) (8 Ryij) — 67 Ry,

is an invariant with respect to the geodesic mapping of Weyl manifolds.

Contracting Wz?k with respect to 4 and k we get

h —w..
where Wl.jk—W,j.

(1.28)

(1.29)

(1.30)



2. CONFORMAL MAPPINGS OF WEYL SPACES

Conformal mappings of Riemannian manifolds were studied by many authors [5], [18],
[19], [20]. Weyl and Schouten studied conformal mappings of a Riemannian space
onto a flat space [18], [20]. In [8], Gribacheva obtained the necessary and sufficient
conditions for a conformal flat Weyl space to admit a conformal mapping onto a flat

Weyl space.

In this chapter, we consider a conformal mapping between two Weyl manifolds. Then,
we study the relations between some basic tensors under such a conformal mapping.
Next, by using this relations we obtain a necessary condition, for which the concircular
or the projective curvature tensors are preserved. Finally, in this chapter we investigate

the condition for a conformal flat Weyl manifold to be a concircular flat Weyl manifold.

2.1 Conformal Mappings

Let V,, and V,, be two spaces referred to the same coordinates x', corresponding points
being determined by the same values of the coordinates. If the components of the

fundamental tensors g;; and g;;, of the two spaces are connected by the relations

gii=Ugi, (2.1)

where U is any function of coordinates,the magnitudes of the elementary vectors with

components dx’,(i = 1,...,n) at corresponding points of V;, and V}, are

\/ 8ijdx'dx/ (2.2)

and

\/U?gijdx! dxi (2.3)

7



respectively, and these are in the ratio % Also the inclination of the vectors dx’ and
Sx!, at a point of V,, is the same as the inclination of the corresponding vectors at
the corresponding point of V,,. Because, if the vectors u and v have lengths |u| and
|v| respectively, ‘% and ﬁ are unit vectors having the directions of u and v. Their
inclinations 6 is therefore given by

lu| |v|cos® = u.v, 2.4)

so that

giju'v’!

—— —. (2.5)
V/ (gijulu) (gijuivi)

cosO =

If cos = 0, then the vectors are said to be orthogonal. Hence the condition of

orthogonality of two vectors u,v is

uv=>0 (2.6)

or its equivalent

gij uivj =0. (2'7)

Thus, corresponding infinitesmall figures are similar. Such correspondence is

conformal, and either space is said to be conformally represented on the other. [21]
Therefore, the transformation preserving the angles is called a conformal mapping.

Let 7 be a conformal transformation of W, (g,T) into W,(g,T). At corresponding

points of W,(g,T) and W, (g,T) we can make [13], [16]

§=§ (2.8)



The covariant vector field P defined by

P=T-T (2.9)

is called the covector field of the conformal transformation. It can be shown that P has

zero weight.

Let V and V be the Weyl connections of W,(g,T) and W,(g,T), and the connection
coefficients be denoted by Fflk and I f’k, respectively. From (1.6), (2.1) and (2.2) we can

write the relation between Ff‘k and fflk as,

F?k = {ik}_(sith‘f‘(S]?Ti_gikgh T)

= {Z} — (8 (Ti —P) + 8 (T; — P) — gix "™ (T,u — P))

T+ 8/ Po+ 8 P — gix ™™ P (2.10)

After some calculations and by substituting (2.10) into (1.13) we find the relation
between the the mixed curvature tensors of the Weyl manifold W, (g, T) and W, (g,T)

as

Rl = &jf“f-’k—akff‘ —f—f‘h

m_ Th T
ijk j —I krij

mjLik =L

= Rl +28'VPy
+51?(3jpi—r?}1’m—Pin+%gmlgijpmpr)
8 (AP Tl B PPt 58" 8P )
+gh1gij(akpl_Fﬁcpm_PlPk+%gmtglkPmPt)
_ghlgik(ajpl_Fy}Pm_PjPl‘f‘%gmtglemPt)
+8ij P (Vig") — gk P (V") + 8" P (Vigij) — 8" P (Vg

= R?jk"'z‘sihv[jpk] + 80P — 8! Pr+8" gij P — 8" g P, (2.11)

where P;; is defined as



L

1
Pij = 0; P =T} Pu—PiPj+ ¢ gij P P

(2.12)

Contraction on (2.10) with respect to & and k, yields the relation between the Ricci

tensor R;; of W, (g,T) and R;; of W,(g,T) given by

Rij = Rij+2V;Py+(n—=2)Pj+gi Py,

where P! = g/ P,;.

Transvecting (2.13) by gij and using (2.8) we get the relation

R=R+2(n-1)P",

which implies

(2.13)

(2.14)

(2.15)

On the other hand, from (2.13) it can be easily seen that antisymmetric and symmetric

parts of the Ricci tensor of W,,(g,T) and W, (g, T) are, respectively, related by

Rij) = Ryyj) +nV[; Py

and

Rij) = Riijy + (n =2) Pij) + 8ij g" Py,

By virtue of (2.15) and (2.16), (2.13) reduces to,

- 2 .
Rij :Rij‘f‘; (Rjijj —Rjij) + (n=2) Bij+ 50—

10

(2.16)

(2.17)

(2.18)



from which it follows that

1

Pij:m (n

_1)(Rij_Rij)+(Rji_Rji)_2<n—_1)gij(R_R) . (2.19)

By considering the symmetric part of the Ricci tensor of W,,(g,T) given by (2.17), we
obtain the relation between the Einstein tensors E;; and E;; of W, (§,T) and W, (g,T)

as below

_ R
i = Rajp—sij

i

8ij
= R(ij)+(n—2)P(ij)+giij?—7][2('1—2)P£'+R]
n—>2
= Eij+(n—2)P(ij)—%giij. (2.20)

From (2.11) and (2.14), we obtain that the concircular curvature tensor Zlhjk of W,(g,T)

and the concircular curvature tensor Zlhjk of W, (g,T) are related by

- - 1 -
h h h /
L = Rijk—mR(5kgij—5fgik)

= R?jk+25ihv[jpk]+6I?Pij_S?Pik‘i‘ghlgijplk_ghlgikplj

1 h h
Tatn=1) [R+2(n—1)PnT) (O gij — 6; gik
= Zihjk"i_zéihv[jpk}+6I?Pij_5jhpik+ghlgijplk_ghlgikplj
20 oh, 2ch ok
2 2
= Zf}k+25ihV[ij}+5/?(Pij—;gij1’$)—5f’(ﬂ — g b))

+8" 8ijPi—8" g P (2.21)
under the conformal mapping from W,(g,T) onto W,,(g,T).
If we contract (2.21) with respect to & and k we get

(n—2)

Zij=Zij+2V;Pj+(n—2)Pj— gi; Pl (2.22)

On the other hand, by using (2.13), (2.14) and (2.16), we obtain that L;; and Li j are
related by the equation

11



- 1 - 2 . 1 -
Lij = (—Rij+ R+ 2=1) gijR)

n—2

1
) [—Rij—zv[jpi]—(”—2)})ij—gijP;f']
12 | .
T nR 2 g R
_ Li-p, (2.23)

and by, (2.11), (2.13) and (2.16) we find that the projective curvature tensors wh i of
W,(g,T) and Wf]’k of W, (g, T) are related by

- ~ 2 - 1
wh = R+ ——8'Ry+——
ijk l]k+(n_|_1) i ]k+(l’l—1)

2 rans s
+ (n2—1) [5k Riij) — 51' R[ik]]

= uk+25 V[Pk]+5k ' j S;ZPik‘f‘ghlgijPlk_ghlgikPlj

ey il)S (Ryjiy +nViPp)
+ﬁ6]}?(Rik—|—2V[kPi]+(n—2)Pik+gikPn’:l>
_<n11)6k( ij+2ViPy+ (n—2) Pj+gij Py)
+ ﬁ & (Ryj +nV;Py)
- ﬁ 8" (Rg +nVPy)
= Whet gyt [ G Vo]
_ﬁ(sjf! [gk_m—il)v[kf’i]—gikpnrf]
+(ni1)5 Vi Py+8" gij P —g" g Pij. (2.24)

Theorem 2.1 Let 7 : W,(g,T) — W,(g,T) be a conformal mapping preserving the
concircular curvature tensor or the projective curvature tensor of the Weyl manifold

W,(g,T) then the covector field P is a gradient.

Proof: From (2.21) we have

Z =2 + Xy, (2.25)

12



where

Xy = 28 Pyj+ 8 Py~ 8} Py
—8ik 8" Pj+ 818" Pk
2
—;P/ﬁl (8f 8ij— 8 gix) = 0. (2.26)

Let Zf’jk = Zl.hjk. Then we have lej’.k = (. By contracting /# and i in (2.26) we get

0, (2.27)

which implies that P, is a gradient.

By similar calculations, and by using (2.24) we obtain

W/i}]l'k = ‘/Vi}]l'k + Pi},l'm (2.28)
where
2 1 2
ho_ h h|p,. .. ph
P+ G [P G ]
1 h 2 i
- e [ e
— gig" Pij+gi; 8" Pi. (2.29)

Suppose that Wf]’k = ij’k Then we have Pf;k = 0. Contraction on /& and i in (2.29)

gives that

(2.30)

or Py is a gradient.

13



Thus, the proof is completed.

Lemma 2.2 The concircular curvature tensor Zh Uk and the conformal curvature tensor

ch ijx of the Weyl manifold W, (g,T) is related by [1]

2
Cl/k - ij + n(n—2) (61? Z[ij] - thz[ik] +8hl gijZ[lk]
—g" g Zyy— (n—2)8]'Zy)
1
) (80 Zij— 8} Zue+&" gijZu— " s Z1;),  (2.31)

where Zj; ) denotes the antisymmetric part of the Z;; .

Proof: By using (1.28) we obtain that

I > I
Lij = oy (2ot i) = gy SR (2.32)

Solving (1.27) for R?jk and substituting Rf’jk and L;; into (1.25) we get

R 2
Cli = lek+ﬁ[6,fg,j 87 giu) — 5hZ[kj}
2 R
S Zii 4 2 Z - — Sl
+(n 2) ¢ (- it 2l 2n(n—1) k 8ij
L shz,+22 R
(n—2) & R R T () 8
e [~ Zut o Zyy — gy
1 2 R
e 2)8' Lgin[— le‘i'ZZ[lj]_mgh[gikglj, (2.33)
or
ch, = 7zt +L(6hz--—6’?z- +¢"giiZ
ijk ijk n(n—2) k £[ij] i Llik) T8 8ij £k
— 8" gy~ (1=2) 8 Z)
1
~ oy W= 8 Zut 8" g Zu— 6" e Zy). 2349

Thus, the proof is completed.
14



Theorem 2.3 Let W, (g, T) is a conformal flat Weyl manifold. If W, (g, T') is concircular
flat Weyl manifold, then W, (g,T) is an Einstein-Weyl manifold.

Proof: For a conformal flat Weyl manifold W, (g, T) the conformal curvature tensor

C@k of Wy,(g,T) is zero. Assume that the conformal flat Weyl manifold W,,(g,T) is a

1

concircular Weyl manifold, then the concirclar curvature tensor Zlhjk of W,(g,T) is also

zero. Hence by considering the relation, which is given in Lemma 2.2, we have

2
nn—2)
1
(n=2)

(8¢ Zuj) — 8 Ziuy + 8" 81 Zuy — 8" g Zyyj) — (n—2) 8! Zy )

(8¢2i;— 87 Z+ 8" gij Zi — 8" g Z1;) = 0. (2.35)

R
By contracting (2.35) with respect to 4 and k and by inserting Z;; = R;; — — gij we
n

obtain that

Zi; =0, (2.36)

which implies that Zj;; = Z(;;) = 0.

ij)
Therefore, according to Definition 1.5, W,,(g,T) is an Einstein-Weyl manifold, which

completes the proof.

2.2 Conformal Invariance

In this section, we will define the tensors which are invariants under the conformal

mapping of the Weyl manifolds W, (g, T) onto W,,(g, T) with weight {0}.

By substituting (2.16) and (2.19) into (2.11) we have

15



Ry = Rip+ = [Ruj— Ry

i

+m5/? {(n_ 1) (Rij—Rij)+ (Rji—Rji) — mglj (R—R)}

1
nn—2)

1
n(n—2)

1
n(n—2)

5]h [(n - 1) (Rik - Rik) + (R~ki - Rki) — mgik (R —R)}

+

" g {(”— 1) (Ri — Ri) + (Riy — Rur) — 8k (R—R)}

2(n—1)

gik (R— R)} :

(2.37)

" g {(n = 1) (Rix = Rit) + (Rii —Rui) — ﬁ

n~mn

Then, collecting the terms with "~" on the left side and the terms without on the

right side, we can write that

2
Rij— =8 Ry +

2 1 2 1
=Rije— 0 Ry + 70 {—Ru o R+ 50—y 8 R}

Then, by considering L;;, which is given in (1.26) we obtain

. 2 . o o o o
Rl — . 8! Ryj+ 68/ Lij— 8 L+ 8" gij Ly — 8" gix Lij

2
= thjk - 5ihR[kj} +8Lij— 5;1 Li+8" gijLi— ¢" g Lij, (2.39)

16



and putting

2
Cli = Ry — P 8" Ryj+ 8] Lij— 8 L+ 8" gij Lyt — 8" gix Lij (2.40)

we get

Cf’jk = c?jk, (2.41)

which denotes that the conformal curvature tensor is invariant under a conformal
mapping of Weyl manifold. [14], [16]

Lemma 2.4 For a Weyl manifold W, (g, T') the following identities hold [6].

i. Giju — Cuij =0,
ii. Gij +Ciji =0,
iii. Cjji; +Cjiry =0,

+C},

. h h
lV.C-jk—l-C kij

i jki =0,

v.Cly, =Cj.=Cp.=0.
Proof: Transvecting (1.25) with g, we get

Cnijk = Rmijk + 8iom Lij — 8 jm Lik + 8ij Lmk — ik Limj — 2&im L{jy- (2.42)
i. If we consider (1.18) and (1.26), it can be easily seen that

Cijt —Cuij = Rijii— Ruij
+ 28k Liiny + 281 Lijn) — 28ik Liji — 28 ju Lin) — 28ij Lia) — 28k Ly
= 0. (2.43)

ii. By using (1.19) we get

Cijii +Cijik = Rij + Rijik = 0. (2.44)
17



iii. Combining (2.43) and (2.44) we obtain
Cijki = Cuij = —Cuji = —Cjin,
which follows that
Cijii +Cji = 0.
iv. The first Bianchi identity implies that
Czhjk + leki + Cl}clij =0.

v. If take h = k, we get

2

Clin = Rij CRjj+(n=2) Ly +¢" gij.

Substituting (1.26) into (2.48) we obtain

1

h

From (1.15) and (1.19), it is clear that, Cjj, = 0 and Cy.;; = 0.

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

Theorem 2.5 Let 7 : W,(g,T) — W, (&,T) be a conformal mapping. The following

tensors with weight {0} are invariants under .

2 1
oo —wh - 2 ghgoo L
L Qijk_vvljk n(n+1) 51 R[kj] (n—l)(n—2)(
4 h h (n
iz 1) (O Riij) = 9 Riag) +

1
(n=2)

2
ss lrh Zh h !?

1

_|_

8¢ Rij— 87 Ry

2(n
hi hi
— 8" 8ij (nRyx —2Ryyy) — &" gix (nR;j —2Ry;j)).

R h n
m [3k 8ij — 5j 8ik | -

(8¢ gij— 6] gix) R

(2.50)

[5/? Lij— 8] Lu+ 8" gijLi—g" gikLlj]

(2.51)



Proof:

i. By substituting (2.14), (2.16) and (2.19) into (2.24) we get

A 8! (Ruj) — Ryj)

1 - 4
P X B gy

AR~ i 8 R

4 < n—1
b Ry i)+ 5

8t (Rij) — Ryij)

2(n=2) 8} gi(R—R)

+8" gij [n(Ri—Ru) —2(Ryg—Rpg) | — 8" gin [n(Rij—Ri;) —2(Ryj—Ryp)]

(2.52)

then, collecting the terms with "~ " on the left side and the terms without "~ " on the

right side, we have

yh 2 §hpo L shpshp
Vvijk n(n+1)5i R[kj] (n—l)(n—Z) (6le] Slek)
+L(5h1§.._5h1§.k)+u(5hg,._5hg.k)(1§_lg)
n(nZ_l) k i) J TN [ik] 2(11—2) k otj J ot
—g" gij(nRy—2Ryy) — " g (nRy; — 2Ry )
2 1
—Wwh _f ShRy o~ (§hR.._S"R:
W/ljk n<n+1) 6l R[k]] (n_l)(n_z) <6k le 6] le)
+L(5h1¢.._5hR.k)+u(5hg.._5hg.k)(R_R)
l’l(l’l2—1) k 1] " [ik] 2(71—2) k o1) j ot
—¢" gij (nRi—2Ryy) — &" g (nRij — 2Ry ). (2.53)
If we put
o =w' - 2 5~}’Rk-—;(6hR~—5}-’R~k)
k= ik T g ) R T =y (n—2) R TS
4 h h (n—=1) h
+ w2 1) (8 Ryij — 65 Ryig) + 2(n=2) (O 8ij — 07 gix) R
—g" gij(nRy—2Ryy) — " gix (nRi; — 2Ry ). (2.54)

Then, we obtain

19



h Ah
Qiik = Qijk- (2.55)
ii. Let us consider the relation between the concircular curvature tensors of the Weyl

manifolds W, (g, T) and W,,(g, T ) under the conformal mapping. By substituting (2.15),
(2.16) and (2.19) into (2.21) we obtain

~ 2 ~
Zip = Zig+ 8 (R —Rygy))
R 2 2
+(n_2)5k [(Rij—Rij)—Z(R[u} Riij) Zgij(R R)}
IR 2 2
)] 6; {(Rik —Ri) =~ (R = Riuy) — - g (R —R)]
- " gij (le—le)_g(le —Riiy)
(n—2) J Vil T R
g (R~ Rij)— > Ry~ Ry) (2.56)
(n—2) t J R iU
then, collecting the terms with "~ " on the left side and the terms without "~ " on the
right side, we get
~ 2 g~ 1 . 2 . 2
h h h
Zije— O Ry) + (n=2) O [—Rz’ﬁ;R[fj]ﬂL;gin}
U ool g 25 .2 &
BRCESR B e
+ n—2)% i R+ Ry
(. S 2
T o2)¥ s —Rij+ Ry
2 1 2
_ h h h
_Zijk_zsi R[k]] + (n—2) 5/{ |: le+7_lR[lJ]+ gl]R:|
1 s 2
_ (n_z) i le+ZR[ik]+ gl]R
1 2
MRTES L
[ 2 5 57
- (n_z)g 8it | —Rij+— Ryjp| - (2.57)

Considering (1.26) in (2.57) and setting

20



1

1 1y

(n—2)

+ [5/? 8ij— 67 g

R
nn—1)

we obtain that

h _ p7h
Uijk = Ujjy-

21

2
Ul =20 — p §'Ry; + —— [5;? Lij— 8] Ly+8" gij L — " g Li;

(2.58)

(2.59)
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3. CONFORMAL MAPPINGS PRESERVING THE EINSTEIN TENSOR OF
WEYL SPACES

In [5], the authors obtained the necessary and sufficient condition for a Riemannian
space V,, to admit a conformal mapping preserving the Einstein tensor onto some
Riemannian space V, and in [2], the authors studied geodesic mappings preserving

the Einstein tensor of Weyl spaces.

In this chapter, we consider a conformal mapping under which the Einstein tensor of
the Weyl manifold is preserved. Then, we investigate the necessary and sufficient
condition for a conformal mapping between two Weyl manifolds to preserve the
Einstein tensor. Next, we study the conformal mapping between a Weyl manifold
and a flat Weyl manifold and we obtain the relations between some basic tensors of
the Weyl manifolds which are in a conformal correspondence preserving the Einstein
tensor. Finally, we consider the isotropic Weyl manifolds and we obtain that if a Weyl
manifold and an isotropic Weyl manifold which are in a conformal correspondence

then both manifolds are Einstein-Weyl manifolds.

3.1 Conformal Invariance of the Einstein Tensor of Weyl Manifolds

Let 7: W,(g,T) — W,(g,T) be a conformal mapping preserving the Einstein tensor.

Thus, we have

E;j = Ejj, 3.1

Since every 2-dimensional Weyl manifold is an Einstein-Weyl manifold, the Einstein

tensor vanishes for such a Weyl manifold [16]. So, we assume that n > 2 in this work.
By considering (2.20) and (3.1) we get
8ij on

23



which implies that

_ 8ij ph

Conversely, suppose that the condition (3.3) is hold. By (2.20) it is clear that

Eij = Ejj. 3.4)

Thus, we proved that

Theorem 3.1 The conformal mapping of W;,(g,T) onto W, (g, T) (n > 2) preserves the

Einstein tensor, if and only if the condition

1 -
&R @3

P 2n(n—1)

holds.

From (2.19), the symmetric and the antisymmetric parts of F;; are follow

Pip) = G —ay Ran = Rap) = 30—y 1y 86 (R—R) (3.6)

and

1
=~ (Riij) = Ryij)), 3.7)

respectively.

Substituting (3.5) into (3.6) we can rewrite (3.6) as

i) = 57— Riij) —Rij))» (3.8)

for the mapping 7.
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Since P;j = P;;) + Py}, by using (3.8) and (3.7), F;j can be written as

~ 1 .
Fij= (Riijy = Rajy) + - (Rij) = Ryij)- (3.9)

Suppose that the Weyl space W, (g, T) and the flat Weyl space W, (g, T) are related by

a conformal mapping preserving the Einstein tensor. Then, we have

Ry =0, (3.10)
which implies that
Rij=0, R=0, E;=0. (3.11)
Since E;; = E,-j ,
Eij=0. (3.12)

Similarly, if the flat Weyl space W,,(g,T) transforms onto the Weyl space W,,(g,T) by

a conformal mapping preserving the Einstein tensor, E;; becomes zero.

Thus, we get that a Weyl manifold and a flat Weyl manifold, which are conformal
correspondence preserving the Einstein tensor are Einstein-Weyl manifold. So, we

proved that

Theorem 3.2 If the conformal mapping of the Weyl manifold W,(g,T) onto a flat
Weyl manifold W, (g,T) preserves the Einstein tensor, then both Weyl manifolds are

Einstein-Weyl manifolds.
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3.2 Invariants Under the Conformal Mappings Preserving the Einstein Tensor

In this section we investigate some basic invariants under the condition given by the
Theorem 3.1 in section 3.1 and we study in the necessary and sufficient condition for
which the conformal mapping preserving the Einstein tensor on the Weyl manifolds,

preserves the projective or the concircular curvature tensors.

Lemma 3.3 The conformal curvature tensor Cl.hjk of W,(g,T) is in the form

1

mn—1) (80 A — 5;1Aik +"gij A —g" gikAzj], (3.13)

2
h h
Ci =Rl — — O Rygj) —

for the conformal mapping preserving the Einstein tensor, where A;; = nR;;+ (n —
2)Rijj)-

Proof: By substituting (3.7) and (3.9) into (2.11) we get

Rly = Rig+=8"(Ryj—Ryy)
1 s
3= % R~ Rap) + 3 O (R = Ry
1 s 1oy
_2(n_1)6j (R(ik) — Reixy) — = 6 (Ryixg — Ryy)
1 W Low 5
+2(n_1) gij(R(lk)_R(lk))‘f’Zg 8ij (R — Ryx)
1 W (B U ow 5
T3 8i (Rj) = Raj) — — 8" gie (Ryj = Ryyp), - (3.14)
then collecting the terms with "™" on the left side and the terms without "~" on the right
side, we have the following equation
Ry - 28R L (8 (nRyj+ (n—2)Ryy) — 8 (nR 2R
ijk — 5 % Rikj) — m[k(” ij+(n—2)Rjjj)) — 6; (nRix + (n —2) Ryjpy)
+¢" gij (nRi+ (n—2) Ryy) — 8" gix (n Ry + (n—2) Ry )]
2 1
:R?jk_r_lsihR[kj] - m[&?(”Rij_"(”_z)R[ij])_6;"(”Rik+(n_2)R[ik})
+8" gij (nRi+ (n—2) Ryyy) — 8" g (nRyj + (n—2) Ry )]
3.15)
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and then putting A;; = nR;; + (n —2) R|;;; we can write

- 2 - 1 ~ ~ - -
h h h h hl hl
R — - 5i Ry — in—1) [0 Aij — 6] A+ 8" gijAi— &" gixAujl
1
h h h hi hi
Ry — 5 Ry j) — =1 [0 Aij— 6] Ai + 8" gijAi — &" ik Arj].-  (3.16)
Thus, setting
«h ho 2 1 h h hi hi
Cijk =Rijx — . &' Rij) — 1) [0 Aij— 6/ Ai+ 8" gijAu — & gixAujl, 3.17)
we obtain the invariant tensor
ch =" 3.18
ijk — ijk> ( . )

which express the conformal curvature tensor of W, (g,T) for the mapping 7,

where A;; is defined as

Ajj =nRij+(n—2) Ry (3.19)

Lemma 3.4 The concircular curvature tensor Z ik Of Wa (g,T) is in the form

Z*Uk_ i jk —§ u+5 By — 8" gijBu+¢" gu By, (3.20)

for the conformal mapping preserving the Einstein tensor, where

1 " R _|_§ iy
(n—2) [2(n—1) 7T 8]

B,'j:

Proof: By substituting C *f’jk obtained in Lemma 3.3 into (2.31), we obtain
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2, 1 ,

Rl — =~ 8! Ryjy — (n—1) [5k Aij— 8 A+ 8" gij A — " gix Ay ]}
2
— h h h

Zit =2 [6k Zjij — 9; Z[ik}}

2 hl hl h

1
) [51? Zij— 8! Zu+&" gijZu—&" ez, j] - (3.21)

By extracting Zf’jk from above equation, we get

sh _ ph _ sh 1 - 2 1
ZhoR = gt % )
h 1 . 2 L
+6] {271(11—1)Alk+n(n—2) [ik] ( —Z)Zlk
hi 1 1
. 1 . 2 1 |
+8" 8ik [Zn(n 1)Alj+ ( _2) Z[l]] —( _2>le:| (322)
and setting
1 2 1
Ay e ) R e
! 2 1 R
Zn(n—l) (l’lej‘i_(Vl—z)R[l]})+—n(n_2)R[U]—H(R”—;gu)
—1 n

R
= =2 |2 Rty i) (3.23)

we have

h
Z' =Rl — 81 Bij+ 87 Bu— ¢" gijBuc + ¢ g B (3.24)

The tensor obtained by (3.24) states the concircular curvature tensor of W, (g, T) in the
case of the conformal mapping between the Weyl manifolds W, (g,T) and W,(g,T)

preserves the Einstein tensor.

Now, we proceed to obtain the new invariants of the Weyl manifold W,,(g, T'), which is
related to a Weyl manifold W, (g,T) and W, (g, T) by a conformal mapping preserving

the Einstein tensor.
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Theorem 3.5 Let 7 : W,(g,7) — W,(g,T) be a conformal mapping preserving the

Einstein tensor. The following tensors with weight {0} are invariants under 7.

. h _ h h h h
1. Y‘jk = Z: _261' V[J'Tk} — 5k V[lT]] +5j V[iTk}a

ijk
. 2 2 1
i. Vi o= w —5l-thj+n 5£R[ij]—5j}‘lR[ik])—Zghl(gin[zk}—gikR[zj})~
3.25)

it 1) & R

Proof:

i. The relation obtained as (2.21) in Chapter 2 is between the concircular curvature
tensors Zf’jk and ZZk By substituting (3.5), (3.7) and (3.9) into (2.21) we obtain the

relation

1 - 1, -
+5" gij [2( 0 (Riry — Rwy) + - (R _R[lk])]
hi 1 ~ 1 ~
—8"8ik | 35,1y Rap ~Rup)+5 Rup =Ruy) |- (3.26)
between the concircular curvature tensors Z*f’jk and Zlhjk under the mapping 7. Then
collecting the terms with "™" on the left side and the terms without "~" on the right side
we find
o _Zehg oL (8Dt~ 8) Dy — " iy D+ &' i Dy
ijk = % [jk] 2n<n_1) ke L ji i ki ij ikl
2 1
_ h h hpy. _shpy . Jhl . B, 1y
=Zijk— . 6 Zjjn — nin—1) [51( Dji—6;/Dyi—g" 8ijDi+ g gllej] , (3.27)
and setting
2 1
h h h h h hl hi
Yije =Zije = 6 Zjjn — nn—1) 8 Dji— 8/ Dyi— 8" 8ijDix+ 8 gilej] ,(3.28)
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where

Dij = I’lR(l-j) —|—2(n — 1)R[ij}- 3.29)

we obtain

ijl.k — Y’?'k' (3.30)

1 1

Thus, we obtain an invariant tensor

2 1
h _ —~h h
Vi =Zi = 3 0 2~ 2=y

1

§!'Dji— 5,}-' Dyi— 8" gijDy+¢" g Dlj] (3.31)

with weight {0} for a conformal mapping preserving the Einstein tensor.

If we apply the equality Ry;;) = nV};T}; given by Lemma 1.1 , 1., we can rewrite ;) as

1

Pijj =~ (Rpij) = Rip) = (Vi Ty = ViTy). (3.32)

By using (3.5) and (3.8) in (3.26), Ylﬁlk can be written as,
Y =20 =28 VT — 8 ViTj + 8] Vi Ty (3.33)

in terms of Zf’jk and the complementary vector field 7.

ii. By considering the projective curvature tensor of W, (g, T') and by substituting (3.5),

(3.7) and (3.9) into (2.34), we get

. 2 N
Wl = z?k+m5ih(R[kj}_R[kj])
~ =1y % W) = Ruj) + a7y O (Riag) = Riwg)
1 - 1 ~
+ Zghl 8ij (Ruyg) = Ruw) — " gi (Ryj) —Ryjp) (3.39)
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n~n n~n

then collecting the terms wit on the left side and the terms without "™" on the right

side, we obtain

- 2 - 2 _ ~ 1 - -
h h h h hi
Vvijk_MSi Rkj+m(5k Rjjj—9; R[ik})_;g (8ij Ry —8ik Ry j)
2 2 1
- h h h h hl
_W/ijk_msi Rkj‘f’m(ak Rjjj—9; R[ik})_;g (8ij Ry — &k Rj1j))

(3.35)

and setting

2 2 1
h _yrh h h h W, ,
Vijk_vvijk_m 6; Rkﬁm (8 Rjjj—6; R[ik})_;g (8ij Ruy—gixRjij))
(3.36)
we find
Vi =Tl (3.37)

with weight {0} for a conformal mapping preserving the Einstein tensor.

h

Lemma 3.6 The conformal curvature tensor C*:

ijk and the concircular curvature tensor

Z.hjk of W, (g,T) are related by

1

2
h h h
Ciik = Zij — n 8 Zyj —

! h h hl nl
2n(n—1) O Fij — Oj Fix +8" 8ij Fir — 8 gikFlj] ,(3.38)

where Fij = nZ,-j— (I’l—Z)Z[lﬂ.

Proof: By considering the steps applied in Lemma 2.2, it can be easily seen that (3.38)

is satisfied.

Theorem 3.7 Let W, (g,T) be a conformally flat Weyl manifold, which is related to a
Weyl manifold W, (g, T) by the conformal mapping preserving the Einstein tensor. If
the Weyl manifold W, (g, T) is a concircularly flat Weyl manifold, then it reduces to a

Riemannian manifold.
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Proof: For a conformally flat Weyl manifold W,,(g, T'), the conformal curvature tensor

C*?jk of W,(g,T) is zero.

Suppose that W,(g,T) is a concircularly flat Weyl manifold. Then the concircularly

curvature tensor Zfljk of W,(g,T) is zero. Hence, from (3.38) we have

2, b
n ] 2n(n—1)
+¢" gij (nZy— (n—2) Zyy)

—&" g (nZ1j— (n=2)Zy)] = 0. (3.39)

(8 (nZij— (n—2)Zy;) — 8 (nZix — (n—2) Zjg)

By contracting (3.39) with respect to # and k we obtain

Zyj =Ry =nVyT; =0, (3.40)
from which it follows that
ViTj =V ;T = Tj =T T — 9 T+ Iy Ty = 0, (3.41)
or,
O T; = 0; Ty, (3.42)

which means 7 is a gradient, in this case the manifold W,(g,7) reduces to a

Riemannian manifold. Thus, theorem is proved.

Theorem 3.8 Let 7 : W,(g,7) — W,(&,T) be a conformal mapping preserving the
Einstein tensor. The concircular curvature tensor or the projective curvature tensor of

the Weyl manifold W,,(g, T) is preserved if and only if the covector field P is a gradient.

Proof: Assume that T be a conformal mapping preserving the Einstein tensor. In the
Theorem 2.1 we proved that, when the concircular curvature tensor or the projective

curvature tensor of the Weyl manifold W,,(g,T) preserved, then the covector field P is
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a gradient. But if the covector field P is a gradient, the concircular and the projective
curvature tensors can not be invariant for a conformal mapping in the general case. So,
in this section we consider a conformal mapping preserving the Einstein tensor. Then

we have

Pij) = M (3.43)

Under this condition Xi}}k and ng reduces to

h _ h h h
Xijx = 28 Pyjj+ 8 Pyj — 6/ Pug
—8ik 8" Pynj + 8i7 8™ Pinyg
2

— 8" P (3¢ 21— ] i) (3.44)
and
2 1
hoo_ h h h
Fie = G O B+ gy 19 il =9 P
—gig" Pyjy+gij 8" P (3.45)
respectively.

It can be easily seen that, the condition (3.43) implies that

Xi}J’-k =0 and PZ =0 (3.46)
or, we have
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Thus, concerning the invariance of the concircular or the projective curvature tensors
of W,(g,T) and combining the Theorem 2.1 and the Theorem 3.5 we can state the

following corollary.

Corollary 3.9 Let 7 : W,(g,T) — W,(&,T) be a conformal transformation preserving

the Einstein tensor. Then the following cases are equivalent:

i. The concircular curvature tensor is an invariant.
ii. The covector field of the mapping is a locally gradient.

iii. The projective curvature tensor is an invariant.

Theorem 3.10 Let 7 : W,(g,7) — W, (&,T), be a conformal mapping preserving the
Einstein tensor of the Weyl manifold W, (g,T). If the concircular or the projective
curvature tensors are preserved by 7 then the scalar curvatures R and R of the Weyl

manifolds W, (g, T) and W,,(g, T) are related by

R=R+2(n—1) Af+( )(|Vf|2 28(T, V)|, (n>2) (348

where f € C?(W,) and |V f| denotes the length of the V f and A f is the laplacian of f.

Proof: Suppose that Zlh]k = Zh U OF Wl’;k wh

k- From Corollary 3.9 we have

P=Vf 3.49)
for any scalar f € C2(W,,).
Transvection (2.12) with g/ gives
P8l =(V;P)g" — PP+ g"" PuPy. (3.50)

By using (3.43) and setting
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glJVjP,' = V]P]
= V,;P/4+2T;P
_ pl k
= P/+(2-n)T;P

= Vf-(n-2)g(T,Vf) (3.51)

we obtain

R—R (n—2)
2

IV £*—2g(T,V f)] (3.52)

and solving R we get

R=R+2(n—1) Af+@(|Vf|2—2g(T,Vf)), (n>2), (3.53)

where g/ P = P/, |V f| = g"/ P;P; and V; P/ denotes the length of P and the generalized

divergence of P/, respectively.

3.3 Isotropic Weyl Manifolds

Let p be any point of W, (g,T) and T,,(W,) be the tangent space of W,. The scalar
defined by [12]

RijuX'YXkY!
K(Im) = Ry (3.54)
(gikgj1 — gug jx) XY IXkY

is called the sectional curvature of W, (g,T) at p with respect to the plane spanned by
two linearly independent vectors X,Y € T,(W,,), where X' and Y’ are respectively the

components of X and Y. [4]

If, at each point, the sectional curvature K of W, (g,T) is independent of the 2-plane

chosen, then, W, (g, T) is named as an isotropic manifold.

Lemma 3.11 Suppose that S is any 4-covariant tensor and that X and Y are two

arbitrary linearly independent vectors. If, for all X and Y
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SinX'vIxy! = o, (3.55)

then

Sijki + Skiij + Sikj + Skji = 0, (3.56)

where X’ and Y/ are respectively the components of X and Y. [4], [15]

Lemma 3.12 An isotropic Weyl manifold is an Einstein-Weyl manifold with zero

scalar curvature.

Proof: Suppose that W,,(g,T) is an isotropic Weyl manifold, then S;j;; can be defined

as,

Sijit = Riju — R(gik& jx — &ir& jk)- (3.57)

By considering S; ks, Skiij» Sikj and Sy ji; and using Lemma 3.11, we get

Rijxi + Rusij + Rikj + Rijit — R(48ikg1j — 28i8 jx — 28ij8i) = 0. (3.58)

Transvecting (3.58) by g** and then using the property R; ikl = —R;jik of R;ji; we obtain

2(Rji+Ryj) —4(n—1)gR =0, (3.59)

which implies that

R(jl) =A 8l (360)

where A = (1 —n)R.

Hence the symmetric part of the Ricci tensor is proportional to the conformal metric

tensor g, W, (g, T) is an Einstein-Weyl manifold and by virtue of (3.60), we have
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R=0 (3.61)

which completes the proof.

From Lemma 3.12 it is clear that, for an isotropic Weyl manifold the Einstein tensor

E;j =0. (3.62)

Thus, we prove

Theorem 3.13 If the Weyl manifold W,(g,T) is locally conformal to the isotropic
Weyl manifold W, (g, T) under the mapping preserving the Einstein tensor, then both

manifolds are Einstein-Weyl manifolds.
Combining Theorem 3.10 and Theorem 3.13 we can state the following corollary.

Corollary 3.14 Let 7: W,(g,T) — W,(&,T), be a conformal mapping preserving the
Einstein tensor of the Weyl manifold W, (g,7). If the concircular or the projective
curvature tensors are preserved by T then the covector field P of the mapping satisfies

the following differential equation for any scalar function f € C2(W,,)

(n—2)

A
f+—

[V f]> =25(T,Vf)] =0. (3.63)

Proof: For the Einstein-Weyl manifolds

Ei;j=E;=0 (3.64)

and

R=R=0. (3.65)

Thus, from Theorem 3.10 the function f satisfies the differential equation.
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(n=2)
2

Af+ [V f]>=25(T,V )] =0. (3.66)
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4. CONCLUSIONS AND RECOMMENDATIONS

The purpose of the present thesis is to consider the conformal mappings preserving the
Einstein tensor of Weyl manifolds. In this manner, in the first chapter, we introduced

the Weyl manifolds and some fundamental tensors of the Weyl manifolds.

In the second chapter, we considered the conformal mappings of Weyl manifolds and
we found the relations between some basic tensors, under the conformal mapping
from a Weyl manifold W, (g,T) onto another Weyl manifold W,(g,T). By using this
relations we proved that if a conformal flat Weyl manifold W,,(g, T') is a concircular flat
Weyl manifold, then W, (g, T') is an Einstein-Weyl manifold. After that, we investigated
the invariance of the conformal curvature tensor, the concircular curvature tensor and
the projective curvature tensor under the conformal mapping of Weyl manifolds and
we proved that if the cocircular or the projective curvature tensors are preserved under

the conformal mapping of Weyl manifolds, the covector field P is a gradient.

In the third chapter, we obtained the necessary and sufficient condition for a conformal
mapping between two Weyl manifolds to preserve the Einstein tensor and we proved
that, if a conformal transformation from a Weyl manifold W,(g,7) onto a flat
Weyl manifold W, (g,T) preserves the Einstein tensor, then both Weyl manifolds are
Einstein-Weyl manifolds. Furthermore, we obtained the new invariants for a conformal
mapping preserving the Einstein tensor is preserved. However, we proved that, the a
conformal flat Weyl manifold W,,(g,T) which is related to a Weyl manifold W,,(g,T)
by the conformal mapping preserving the Einstein tensor, reduces to Riemannian
manifold, when the Weyl manifold W, (g,T) is a concircular flat Weyl manifold.
Also, we obtained the necessary and sufficient condition for the concircular or the
projective curvature tensors of W,,(g,T') to be preserved under the conformal mapping
preserving the Einstein tensor. Next, by considering isotropic Weyl manifolds, we
proved that, if the Weyl manifold W,(g,T) is locally conformal to the isotropic
Weyl manifold W, (g, T) under the mapping preserving the Einstein tensor, then both

manifolds are Einstein-Weyl manifolds. Finally, we obtained a differential equation
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of the covector field P is satisfied, when the concircular or the projective curvature
tensors are preserved under the conformal mapping preserving the Einstein tensor of

Weyl manifolds.

It will be interesting to study in the conformal mappings preserving the Einstein tensor
between conformally flat, conformally symmetric, concircularly flat, concircularly

symmetric, projectively flat or projectively symmetric Weyl manifolds.
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