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SEMI-HEURISTIC OPTIMIZATION TECHNIQUES PERFORMANCE
IN ROBUST CONTROL SYSTEMS DESIGN

SUMMARY

Designing a robust controller for systems with parameter uncertainties is a complex
and demanding task since they are prone to changes regardless of the external
impact forced upon these systems. This change might not only yield poor controller
performance, but it can also lead to instability based on the change magnitude.
Traditional deterministic control approaches may not provide a convenient solution
due to combined computational complexity, and probabilistic approaches may also
fall short in providing efficient and satisfactory solutions due to their time-intensive
behavior and not guarantee of convergence.

To address this challenge, we propose a semi-heuristic approach that works as
a mild algorithm, leveraging the advantages of both deterministic and heuristic
approaches and overcoming the drawbacks obtained from these two types of control
strategies. The proposed semi-heuristic approach exploits the Kharitonov theorem
to establish an initial stable controller using system nominal values. Then this
controller is used as a starting point for the gradient descent algorithm. The random
search technique propagates based on cost function/s implemented for the whole
of the uncertainty region. The iterative optimization process by gradient descent
incorporates user-defined performance criteria, our approach provides a robust
controller with respect to the presence of uncertainties for systems with interval
polynomial characteristic equations.

We further enhanced the semi-heuristic approach by utilizing a more effective
random optimization technique known as the Adaptive Moment Estimation (Adam)
optimizer. We applied this proposal to the rotary inverted pendulum system, which
is a well-known nonlinear and unstable system in control theory. We managed to
demonstrate the efficiency of the semi-heuristic approaches in stabilizing a linearized
rotary inverted pendulum model with a parametric approach used for uncertainty
representation.

Extensive numerical simulations done on the proposed semi-heuristic approaches and
the designed model validate the effectiveness of our proposed algorithms for both
of the systems considered during this thesis study. Consequently, the semi-heuristic
approaches emerge as a moderate solution to our initial problem introduced by the
deterministic and stochastic approaches. We further compared the controller results
with common control strategies in state-of-the-art and proved their superiority in
addressing robust control problems with uncertain parameters.
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DAYANIKLI KONTROL SİSTEMLERİ TASARIMINDA YARI-BULUŞSAL
OPTİMİZASYON TEKNİKLERİ PERFORMANSI

ÖZET

Parametre belirsizlikleri olan sistemler için sağlam bir denetleyici tasarlamak, bu
sistemlere uygulanan dış etkilerden bağımsız olarak değişikliklere eğilimli oldukları
için karmaşık ve zorlu bir görevdir. Bu değişiklik yalnızca zayıf denetleyici
performansına yol açmakla kalmayıp, aynı zamanda değişiklik büyüklüğüne bağlı
olarak istikrarsızlığa da yol açabilir. Geleneksel deterministik kontrol yaklaşımları,
birleşik hesaplama karmaşıklığı nedeniyle uygun bir çözüm sağlamayabilir ve
olasılıksal yaklaşımlar da zaman alıcı davranışları ve yakınsamayı garantilememeleri
nedeniyle verimli ve tatmin edici çözümler sağlamada yetersiz kalabilir. Parametre
belirsizliği içeren dinamik sistemlerde kararlı ve yüksek performanslı kontrolör
tasarımı, kontrol mühendisliğinde çözülmesi güç bir problem olarak karşımıza
çıkmaktadır. Sistem parametrelerinin dışsal etkenlere bağlı olmaksızın zamanla
değişmesi, klasik kontrolör yapılarını yetersiz kılmakta ve sistemin kararsızlığa
sürüklenmesine sebep olabilmektedir. Bu belirsizliklerin göz ardı edilmesi, sistem
yanıtında kararsız salınımlar, aşırı yükselmeler veya performans kayıpları gibi
istenmeyen durumlara yol açabilir. Bu nedenle, kontrol sistemlerinin tasarım
aşamasında bu belirsizliklerin dikkate alınması, hem kararlılık hem de performans
açısından büyük önem arz etmektedir.

Bu zorluğun üstesinden gelmek için, hem deterministik hem de sezgisel yaklaşımların
avantajlarından yararlanan ve bu iki tür kontrol stratejisinden elde edilen
dezavantajların üstesinden gelen hafif bir algoritma olarak çalışan yarı sezgisel
bir yaklaşım öneriyoruz. Önerilen yarı sezgisel yaklaşım, sistem nominal değerlerini
kullanarak başlangıçta kararlı bir denetleyici oluşturmak için Kharitonov teoremini
kullanır. Daha sonra bu denetleyici, gradyan iniş algoritması için bir başlangıç noktası
olarak kullanılır. Rastgele arama tekniği, belirsizlik bölgesinin tamamı için uygulanan
maliyet fonksiyonuna göre yayılır. Gradyan inişle yinelemeli optimizasyon süreci
kullanıcı tanımlı performans kriterlerini içerir; bu sayede önerilen yaklaşım, aralık
polinom karakteristik denklemlerine sahip sistemler için belirsizliklerin varlığına karşı
sağlam bir denetleyici sunar.

Uyarlanabilir Moment Tahmini (Adam) optimizasyonu olarak bilinen daha etkili bir
rastgele optimizasyon tekniği sunarak yarı sezgisel yaklaşımı daha da geliştirdik. Bu
öneriyi kontrol teorisinde iyi bilinen doğrusal olmayan ve kararsız bir sistem olan
dönel ters sarkaç sistemine uyguladık. Belirsizlik gösterimi için kullanılan parametrik
bir yaklaşımla doğrusal hale getirilmiş dönel ters sarkaç modelini sabitlemede yarı
sezgisel yaklaşımların verimliliğini göstermeyi başardık. Uygulanan bu yöntem,
geleneksel tekniklerle karşılaştırıldığında daha düşük hata, daha kısa yerleşme süresi
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ve daha istikrarlı bir kontrol davranışı sunmuştur.

Önerilen yarı sezgisel yaklaşımlar ve tasarlanan model üzerinde yapılan kapsamlı
sayısal simülasyonlar, bu tez çalışması sırasında ele alınan her iki sistem için
önerilen algoritmalarımızın etkinliğini doğrulamaktadır. Sonuç olarak, yarı sezgisel
yaklaşımlar, deterministik ve stokastik yaklaşımlar tarafından ortaya konulan
ilk problemimize orta düzeyde bir çözüm olarak ortaya çıkmaktadır. Kontrolör
sonuçlarını, son teknolojideki yaygın kontrol stratejileriyle karşılaştırdık ve belirsiz
parametrelere sahip sağlam kontrol problemlerini ele almadaki üstünlüklerini çeşitli
metriklerle ortaya koyduk. Bu karşılaştırmalar, önerilen yöntemin hem zamansal
hem de frekans alanındaki tepkiler açısından daha dengeli sonuçlar verdiğini
göstermektedir.

Bu tez çalışmasında, deterministik ve sezgisel kontrol yaklaşımlarının güçlü
yönlerini birleştiren yarı sezgisel bir kontrol yöntemi geliştirilmiştir. Geliştirilen
yöntem, sistemin nominal modeline dayalı olarak deterministik bir başlangıç noktası
elde etmekte, ardından bu başlangıç kontrolörü üzerinde rastgele arama temelli
optimizasyon algoritmaları ile kararlılığı ve performansı geliştirmeye yönelik bir
iyileştirme süreci yürütmektedir. Bu bağlamda, ilk aşamada Kharitonov Teoremi
kullanılarak sistemin aralıklı karakteristik polinom yapısı üzerinden kararlılık
sağlanmış, daha sonra bu yapı üzerinden gradyan inişi (Gradient Descent) ve
uyarlamalı moment tahmini (Adam) algoritmaları kullanılarak parametre belirsizliği
içeren geniş bir çalışma aralığında optimizasyon gerçekleştirilmiştir.

Tez kapsamında iki farklı kontrol problemine çözüm sunulmuştur. İlk uygulama,
5. dereceden bir aralıklı polinom sisteme uygulanmış olup PID kontrolör yapısı
temel alınarak gerçekleştirilmiştir. Bu uygulamada, Munro-Soylemez yöntemiyle
elde edilen kararlı kazanç aralıkları sayesinde başlangıç kontrolörünün hızlı bir
şekilde belirlenmesi sağlanmıştır. Bu başlangıç kazançları, daha sonra kullanıcı
tarafından tanımlanan maliyet fonksiyonlarına göre optimize edilmiş ve böylece
belirsizlik bölgesinin tamamı için tatmin edici bir kontrolör elde edilmiştir. Bu süreçte
kullanılan hata fonksiyonları (IAE, ISE, ITAE vb.) sistem yanıtının şekli üzerinde
önemli rol oynamış ve elde edilen sonuçlar klasik otomatik ayarlı PID kontrolörlerle
karşılaştırıldığında üstün performans göstermiştir.

İkinci uygulama ise kontrol teorisinde oldukça yaygın olarak kullanılan ve doğrusal
olmayan yapısıyla bilinen dönel ters sarkaç (rotary inverted pendulum) sistemi
üzerine gerçekleştirilmiştir. Bu sistemin doğrusal hale getirilmiş hali üzerinden
yapılan çalışmada, çift-PD kontrolör mimarisi uygulanmıştır. İlk aşamada nominal
sarkaç kütlesi ile kararlılık sağlanmış, ardından Adam algoritması kullanılarak
sistem parametrelerindeki belirsizlikler dikkate alınarak kontrolör kazançları optimize
edilmiştir. Bu yaklaşım, sistemin doğrusal olmayan yapısına rağmen, belirli bir
performans kriterini sağlama konusunda başarılı olmuş ve klasik yöntemlerle elde
edilemeyecek sonuçlar ortaya koymuştur. Ayrıca, optimizasyon sürecinde kullanılan
farklı maliyet fonksiyonları sayesinde sistem davranışı kullanıcı tercihine göre
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şekillendirilmiştir.

Yarı sezgisel yaklaşımın temel avantajı, deterministik yöntemlerin sağladığı kararlılık
garantisini, sezgisel algoritmaların esnekliği ve geniş arama yeteneği ile birleştiriyor
olmasıdır. Özellikle, klasik sezgisel yöntemlerde karşılaşılan yakınsamama, yerel
optimumlara takılma ve yüksek hesaplama yükü gibi sorunlar, deterministik başlangıç
noktası ve uygun maliyet fonksiyonları kullanılarak minimize edilmiştir. Ayrıca, bu
yaklaşımda algoritmaların birbirinden bağımsız çalışabilmesi ve kullanıcı tanımlı
performans seviyelerine göre adım adım gelişim sağlaması, hem teorik hem de
uygulamalı kontrol problemleri için büyük bir esneklik sağlamaktadır.

Tezde gerçekleştirilen sayısal simülasyonlar ve karşılaştırmalı analizler, önerilen yarı
sezgisel kontrolörlerin hem kararlılık hem de izleme performansı açısından etkili
olduğunu ortaya koymuştur. Özellikle, tasarlanan kontrolörlerin belirsizlik içeren
tüm parametre alanı üzerinde başarılı bir şekilde çalıştığı ve sistem davranışında
istikrarlı sonuçlar elde ettiği gözlemlenmiştir. Ayrıca, klasik yöntemlerle tasarlanmış
kontrolörler ile yapılan karşılaştırmalarda, önerilen yöntemlerin daha düşük hata
değerleri ve daha kısa yerleşme süresi gibi üstünlükleri olduğu gösterilmiştir. Bu
durum, önerilen yöntemin yalnızca teorik düzeyde değil, aynı zamanda pratik
uygulamalarda da etkili bir çözüm sunduğunu göstermektedir.

Sonuç olarak, bu tez çalışması, deterministik ve stokastik kontrol stratejilerinin
eksikliklerine karşı orta yol olarak değerlendirilebilecek yeni bir yaklaşım
sunmaktadır. Geliştirilen yarı sezgisel yöntemler, yalnızca kontrol mühendisliği
literatürüne değil, aynı zamanda optimizasyon problemlerine genel bir bakış açısı
kazandırma açısından da değerlidir. Elde edilen sonuçlar, bu yöntemin geniş bir
uygulama yelpazesinde geçerli ve etkili olduğunu kanıtlamakta ve gelecekte farklı
sistemlerde uygulanabilirliği konusunda umut vaat etmektedir. Bu kapsamda, önerilen
yöntemin daha karmaşık sistemlerde, çok değişkenli kontrol problemlerinde ve
donanım uygulamalarında test edilmesi, gelecek çalışmalara ışık tutacaktır.
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1. INTRODUCTION

This chapter introduces the subject of the semi-heuristic approach in robust control

design. It also provides the main objective and purpose of this thesis study. Then it

formulate the research questions which worked as motivation towards this study and

the contributions provided through the implementation of the proposed methodologies.

Finally, the chapter is concluded by outlining the thesis structure.

The traditional optimization methods often rely on deterministic algorithms

constrained by specific mathematical assumptions, such as differentiability and

convexity. These constraints limit their applicability to real-world, non-convex, and

multi-modal problems. Semi-heuristic optimization offers a promising alternative by

combining deterministic and probabilistic strategies to explore solution spaces more

effectively.

This thesis delves into semi-heuristic optimization techniques, exploring their potential

to improve system performance in challenging environments. By integrating concepts

from both deterministic and random search algorithms, we aim to establish a robust

framework capable of overcoming traditional limitations and delivering near-optimal

solutions across diverse applications.

1.1 Purpose Of The Study

Optimization is a cornerstone of modern science and engineering, underpinning

advancements in diverse fields such as operations research, artificial intelligence, and

industrial design. Real-world optimization problems often involve complex objectives,

high-dimensional search spaces, and intricate constraints, making them challenging

to solve efficiently. Addressing these challenges is crucial for improving system

performance and achieving optimal solutions in various applications. During this

thesis study, we demonstrated semi-heuristic techniques that utilized deterministic and

probabilistic approaches to define a better optimization methodology to approach a

user-defined level of performance.
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Traditional optimization techniques, including gradient-based methods and combi-

natorial search algorithms, are often limited by their reliance on strict mathematical

assumptions such as differentiability, convexity, and linearity. These limitations make

them unsuitable for non-convex, discontinuous, or multi-modal problem spaces, which

frequently arise in real-world scenarios. Furthermore, these methods can suffer from

local optima entrapment and computational inefficiency.

Semi-heuristic optimization methods have emerged as a promising alternative to

overcome the shortcomings of classical approaches. Combining the rigor of

mathematical optimization with the flexibility of heuristic strategies, semi-heuristic

methods leverage domain knowledge and adaptive mechanisms to explore complex

search spaces effectively. These methods strike a balance between exploration and

exploitation, enhancing their capability to find near-optimal solutions efficiently.

1.2 Problem Formulation

Objectives like system stability and model performance are essential elements during

controller design. It is according to the system and the nature of the problem that one

of the assets is leveraged upon the other. However, a trade-off point is often met by the

controller designer. Assuming that the system parameters are fixed and not varying, we

can obtain a rigid mathematical formulation for the system in either the frequency/time

domain, or both. Accordingly, the designed controller can have specific parameters

or gains depending on the controller topology. It can also be expected to derive a

system to stability using classical control approaches in the case of observability and

controllability.

Nevertheless, this straight forward modeling and controller design is not the usual case

in practice where we face changes in the system model from linearization, stochastic

behavior, noises, or even disturbances. These changes lead to system uncertainty

which it is required to be introduced in system modeling and taken into account while

designing our controller. Despite the fact that these uncertainties can be colored

and anticipated for some of the physical applications, it is not possible to do the

same for others. Knowing that we shall design a controller that covers all of these

uncertainties. This makes the trade-off between system stability and performance
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harder to maintain at a specific level. Many control theories provide deterministic

approaches to solve this issue, but it is often computationally expensive. Another

side of the state-of-the-art utilizes random optimization where we don’t require to

have a determined mathematical equation to describe the system concerned. These

contradictions raise the following interesting research problems:

• Can we introduce a hybrid control approach that leverages the benefits of

deterministic and stochastic approaches?

• Is it possible to constrain the random approaches in order to guarantee convergence?

• Can the physical system comply with this hybrid model?

1.3 Objectives Of The Thesis

The primary objective of this thesis is to investigate the principles and applications of

semi-heuristic optimization in control system design. In particular, the study focuses

on the methodologies introduced in two different random search algorithms. The

first algorithm lays the groundwork for semi-heuristic techniques, while the second

presents significant advancements in the field, considering a common control design

problem such as the rotary inverted pendulum. This thesis explores their theoretical

underpinnings, algorithmic frameworks, and practical implementations.

1.4 Overview Of Contributions

In this study, we designed two semi-heuristic approaches that are suitable for

stabilizing and enhancing the performance of two control problems. Each one of them

is resolved with a predefined user level of performance and guaranteed stability. The

academic contributions that can be inferred from this study are:

• A comprehensive review of existing optimization techniques and the evolution of

semi-heuristic methods that can be used for interval polynomial systems.

• An in-depth analysis of applying gradient descent to a random PID optimization

technique.
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• Development and validation of novel algorithms inspired by the principles of

semi-heuristic optimization to control an inverted pendulum model.

• Application of these algorithms to real-world problems, demonstrating their

efficiency and robustness.

1.5 Thesis Organization

The remainder of this thesis starts with addressing uncertainty modeling, random

optimization, and rotary inverted pendulum state-of-the-art in Chapter 2. Then

semi-heuristic justification is well addressed in Chapter 3 by discussing the major

drawbacks of deterministic and random search approaches. After this literature

being discussed, a thorough mathematical foundation is shown in Chapter 4, which

includes uncertainty control approaches, random search techniques’ topologies, cost

functions, and rotary inverted pendulum mathematical modeling. Chapter 5 introduces

the decoupled algorithms based on gradient descent and adaptive moment estimation

approaches, while Chapter 6 evaluates the proposed methods through experiments and

model testing. Finally, the thesis is concluded by addressing the findings, highlighting

strengths, limitations, and potential future research directions in Chapter 7.
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2. LITERATURE REVIEW

This chapter highlights parameter uncertainty impacts on control systems design and

how uncertainty can be taken into account during this modeling process. Then, random

optimization approaches state-of-the-art is presented in general, and their classification

based on propagation nature. The provided literature is used later in the next chapter to

introduce the semi-heuristic approach importance. Finally, the chapter is concluded by

summarizing the control algorithms used for rotary inverted pendulums in literature—a

benchmark problem in control theory due to its non-linear and unstable nature.

2.1 Systems With Parameter Uncertainty

System stability and performance are pivotal points during the design of a controller

for any system. While the stability of the system ensures that all signals converge to

zero in the absence of external effects, the performance dictates the design’s ability to

follow the input references despite of the applied disturbances [1]. Both metrics are

impacted with the appearance of uncertainties that can emerge from the system itself

or the surrounding environment. Regardless of the uncertainty root, further robustness

is required to ensure the system’s stability and performance are admissible under all

bounded circumstances. Therefore, the terminology of robust stability and robust

system performance is given for systems designed to maintain these characteristics

in spite of uncertainties [1].

2.1.1 Uncertainty sources

As we mentioned before, the uncertainty in system parameters can roughly be

separated into exogenous and endogenous uncertainties according to their causing

nature. We will briefly highlight some of the major causes of the system uncertainties

as shown below:

(a) Measurement noise

Measurement noise is an extrinsic system signal that often disturbs system’s
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stability. It can be caused by undistinguished sensors with low quality or

wear-and-tear effect. The impact introduced by the measurement noise variates

according to its frequency; the noise with very wide range usually called white

noise and modeled stochastically with Gaussian distribution, while the noise

with specific band of frequency known as colored noise and it can be modeled

stochastically or deterministically according to its nature [2]. Considering the

impact of measurement noise upon systems, we can classify it as one of the major

exogenous causes of the uncertainty.

(b) System linearization and nonlinearities

In many of the conventional control system design, the nominal operating point of

a system is taken into account then a linear time-invariant system is considered to

develop the stabilizing controller. Following that a generalized form is developed

to cover system nonlinearities. For example, during the linearization process of the

rotary inverted pendulum in Chapter 4 we assumed that sin(θ) ≈ θ for θ around

zero. However, whenever the value of θ differs a lot from zero, the linearized model

might not be valid for the new operating points and can cause the whole system to

lose stability and performance. Accordingly, a better representation of the system

shall include uncertainties obtained from system linearization.

(c) Stochastic parameters

Systems can sometimes contain signals with stochastic behaviors. In such a case,

the system modeling can be limited to stochastic approaches since these signals

cannot be deterministically described. An example of such systems is a mechanical

vibration system in which the stiffness of the material or structure varies randomly

over time due to factors such as material degradation, temperature fluctuations, or

microstructural changes [3]. In these systems, the stiffness parameter is modeled as

a random process, leading to stochastic differential equations that govern the system

dynamics. Because randomness is embedded within the inherent properties of the

system rather than coming from external disturbances, a purely deterministic model

would fail to accurately capture the behavior of the system. Therefore, stochastic

modeling becomes necessary to properly analyze and design control strategies for

such systems.
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(d) System order reduction

Mathematical models for dynamic systems are obtained to mimic the system

behavior at all operating frequencies. However, some of the systems have complex

mathematical representation with high model order, making them difficult to

control. One of the examples for that is the robotic model arms with rigid body

dynamics and flexible modes [4]. The flexible mode are ignored while designing

controller for the robotic arms since they are operating within high frequencies.

Although the nominal case might not be affected by this reduction, the uncertainties

in the intrinsic parameters of the model are clear in high frequencies.

(e) Network time delays

Network time delays are exogenous uncertainty parameters in networked control

systems (NCS). Its effect might be clear in industrial control systems design, where

a set of processes/plants are cascaded and critically dependent on accurate timing.

The delay is often mapped between the system and the actuator or the system and

the sensor. Regardless of the delay root, it generates uncertainty in the system, and

either a deterministic or stochastic representation for the delay shall be considered

to better represent NCS [5].

2.1.2 Uncertainty objectives and constraints

Prior to design a control system, several objectives are set to be accomplished. Major

design criteria for a system with unity feedback, plant disturbance, and measurement

noise can be listed as follows:

(1) The system should have minimal steady-state error when the input signals and

disturbances are steps and ramps of arbitrary and unknown magnitude and slope.

(2) The output signals follow reference input signals without excessive use of control

energy

(3) Design must ensure a reasonable trade-off between the sensitivity function and the

complementary sensitivity function. In other words, a built-in trade-off between

reference, disturbance, and noise errors [1].
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(4) The closed-loop system poles are located within the left half plane [6].

With the introduction of uncertainty in intrinsic and extrinsic system parameters, the

following changes can be applied to our control objectives:

(1) The system should have global minimal steady-state error for all of the uncertainty

region when the input signals and disturbances are steps and ramps of arbitrary and

unknown magnitude and slope.

(2) The output signals follow reference input signals without excessive use of control

energy, and the designed controller shall be valid for changing system parameters.

(3) Closed-loop pole spread is located within the left half plane for all uncertainty

region.

2.1.3 Uncertainty modeling

Given that we are aware of the root causes of the uncertainty parameters and how

they intervene with our control design objectives, we are supposed to model them

mathematically as a first step to design our control system. The approach that we are

eager to take during the modeling directly dictates the possible controlling methods.

As we mentioned before that the systems can sometimes contain signals with stochastic

behaviors, which leads to stochastic parametric uncertainty; the modeling of such

systems forces us to use stochastic mathematical models. Among the most used models

for systems with uncertain parameters, we shall cover the following:

2.1.3.1 The Parameter Modeling Approach

The parametric approach is one of the oldest models to be used for modeling systems

with uncertainty [1]. The model upholds the utilization of the transfer function

in the frequency domain and the state-space representation in the time domain. It

introduces a set of uncertain parameters -typically a one-dimensional array- modeled

as time-varying functions and constants in time and frequency domains, respectively

[6]. Each of the parameters is bounded with a one-dimensional array of values that

accumulate to define the parameter space. Any possible representation of the system
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corresponds to a single point within this parameter space.

During this thesis study we will utilize this approach of modeling uncertainty since it

is less complex and easier to obtain from conventional system representations.

2.1.3.2 The Linear Fractional Transformation (LFT) Approach

The Linear Fractional Transformation (LFT) approach is a powerful modeling

framework widely used in robust control theory to represent uncertain systems

systematically [7]. An LFT decomposes a system into two parts: a known nominal

system and a structured uncertainty block interconnected via feedback loops. The

nominal part is a deterministic transfer function, while the uncertainty block can

encapsulate both parametric and dynamic uncertainties, allowing a unified treatment

of multiple uncertainty sources.

The LFT framework offers several advantages:

• It enables a compact and flexible description of multi-variable uncertainty

structures.

• It facilitates the application of advanced robust analysis tools such as µ-analysis

and µ-synthesis.

• It can capture a wide range of uncertainties, including time delays, unmodeled

dynamics, and correlated parameter variations.

Despite these strengths, the LFT approach introduces considerable complexity in

modeling and computational burden in analysis. Consequently, for the purposes of this

thesis study — where the system uncertainty is simple and predominantly parametric

— the LFT model was not adopted.

2.1.3.3 The Unstructured Uncertainty Approach

The unstructured uncertainty modeling approach describes system variations without

relying on a specific known structure or parameterization [8]. Instead, it models

uncertainties as additive or multiplicative deviations around a nominal plant:
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• Additive Uncertainty: represents an unknown but bounded perturbation added to

the nominal transfer function.

• Multiplicative Uncertainty:modifies the nominal behavior proportionally across

frequencies.

Unstructured uncertainty is especially useful when:

• High-frequency unmodeled dynamics (such as sensor noise, actuator nonlinearities)

are significant.

• Detailed modeling of parameter dependencies is impractical.

However, this method tends to be conservative because it assumes the worst-case

uncertainty across the entire frequency range. For the relatively simple and structured

uncertainty of the rotary inverted pendulum considered in this thesis, unstructured

uncertainty modeling was not employed.

2.1.3.4 The Structured Uncertainty Approach

Structured uncertainty modeling extends parametric uncertainty concepts by consid-

ering specific relationships between uncertain elements [9]. Rather than treating

uncertainties independently, structured approaches model interdependencies and block

structures explicitly, leading to less conservative analysis.

In a structured uncertainty setting:

• Uncertainties are often grouped into block-diagonal matrices.

• Each block may represent parametric variation, dynamic uncertainty, or even time

delays.

Structured uncertainty models enable the use of powerful robustness analysis

techniques such as µ-analysis, which precisely quantifies the smallest destabilizing

perturbation. These models are crucial in multi-input multi-output (MIMO) systems

or when correlated parameter variations are present.
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Several specialized uncertainty modeling techniques offer alternative strategies to

improve robustness analysis:

• Kharitonov’s Theorem: A fundamental result that asserts that the stability of a

family of polynomials with interval uncertainties can be guaranteed by checking

only four special vertex polynomials [1].

• Edge Theorem: Provides conditions under which the stability of a convex polytope

of polynomials can be ensured by examining only the polynomials defined along the

edges of the polytope [10].

• Integral Quadratic Constraints (IQCs): A general framework that models

uncertainties and nonlinearities by satisfying certain quadratic inequalities. IQC

theory unifies robust analysis and control synthesis into a tractable convex

optimization problem [11].

Among these models, Kharitonov’s Theorem was utilized in this thesis. Its

simplicity and analytical strength align well with the problem scope and computational

constraints of this study.

2.2 Random Search Based Control Algorithms

Stochastic algorithms introduce randomness into optimization processes, enabling the

exploration of complex solution spaces and providing robust solutions for control

systems with inherent uncertainties. These methods are particularly effective in

addressing the challenges posed by non-linear and unstable systems, such as the rotary

inverted pendulum. Some of these stochastic approaches offer the benefit of exploring

intricate design spaces without relying on gradient information, making them suitable

for black-box and non-differentiable systems. Nonetheless, a growing body of research

also points out their fundamental limitations and the necessity for more advanced

hybrid techniques, as we are going to justify that in chapter 3.

In [12], Rajamäki classifies random search techniques into various categories,

including Pure Random Search (PRS), Pure Adaptive Search (PAS), and Annealing

Adaptive Search (AAS). Each method presents different degrees of exploitation
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and exploration. PRS functions by uniformly sampling the feasible space, which,

although straightforward, becomes ineffective in high-dimensional systems due to the

exponentially greater number of required samples. PAS enhances PRS by focusing

sampling on increasingly promising areas. AAS incorporates simulated annealing

concepts to balance exploration and convergence. The author notes that while these

strategies are solid alternatives to deterministic algorithms, they often experience slow

convergence rates and limited scalability.

The theoretical foundations and practical applications of random search techniques

can be expanded in control scenarios [13]. The author suggests that while approaches

like PRS provide simplicity and theoretical convergence assurances under minimal

conditions, their practicality is constrained in high-dimensional optimization due to

inefficiency. PAS and AAS are recognized for their adaptive features, with AAS being

especially suitable for control tasks involving uncertainty and noise.

Within control systems, randomized algorithms have been applied to robust controller

tuning, particularly in the presence of uncertain parameters. Many researchers suggest

that these techniques are utilized for probabilistic performance assessment, where

traditional worst-case evaluations would be computationally intense. Randomized

algorithms facilitate the estimation of controller performance amid uncertainty, making

them attractive for safety-critical applications that require high levels of assurance [14].

Nonetheless, random search methods are not without their critiques. Rajamäki

identifies the lack of reproducibility and sensitivity to algorithm parameters as

significant issues. The stochastic characteristics of these techniques imply that

outcomes can differ greatly across multiple runs, complicating benchmarking and

validation processes. Furthermore, improper tuning of hyperparameters such as

sampling distributions, population size, or cooling procedures can severely impair

performance.

Recent advancements aim to mitigate these shortcomings; meta-control strategies have

also been introduced, permitting dynamic adjustments of algorithm parameters based

on performance feedback, enhancing adaptability to evolving optimization landscapes.
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An additional notable area of progress involves the application of probabilistic models

to steer the search, as demonstrated in Bayesian optimization and surrogate-assisted

approaches [14]. These methods strive to enhance sample efficiency and convergence

rates, especially in evaluating costly objective functions, such as those encountered in

high-fidelity control simulations.

The literature presents a nuanced viewpoint on random search methods in control

systems. While they provide a strong alternative to deterministic techniques,

particularly under conditions of uncertainty and complexity, they also introduce

considerable challenges relating to efficiency, scalability, and reliability. For the

remainder of this section, we will cover major random optimization paths for control

system design.

2.2.1 Gradient propagation based optimization

Gradient propagation-based optimization encompasses a set of optimization tech-

niques that utilize gradient computations to iteratively refine parameters or decision

variables with the aim of optimizing an objective function. These methods are essential

to contemporary in control theory, especially in contexts where differentiability can be

applied to facilitate convergence.

Gradient-based techniques like Gradient Descent, Stochastic Gradient Descent (SGD),

and their variants have become prevalent due to their effectiveness in managing

high-dimensional optimization challenges [15,16]. These approaches take advantage

of the local curvature of the objective function landscape to consistently move towards

an optimal solution [17,18].

The notion of gradient propagation is further developed through adjoint sensitivity

methods and optimal control theory. These methods help ascertain how input variations

influence system outputs and cost functions over time, making them particularly

significant for applications such as trajectory optimization and system identification

[19].

The main advantage of gradient-based techniques is their rapid convergence when

faced with well-conditioned and smooth problems. Generally, they offer greater
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computational efficiency compared to gradient-free approaches, such as random search

or evolutionary algorithms, which often require substantial sampling. Nonetheless,

their effectiveness is influenced by the selection of step sizes (learning rates), and they

may settle into local optima within non-convex scenarios.

A notable drawback of gradient-based optimization is its dependence on the

differentiability of the objective function. In real-world control situations characterized

by discontinuities, black-box dynamics, or noise, gradient data may either be

inaccessible or unreliable. This shortcoming has prompted the creation of hybrid

approaches that blend gradient-based methods with heuristic or random search

strategies to achieve a balance between convergence speed and robustness [20].

Gradient propagation-based optimization continues to serve as a fundamental

component of contemporary optimization and control methodologies. Its theoretical

principles and practical efficacy are driving progress in diverse areas in the control

theory domain. However, its shortcomings in effectively addressing non-smooth or

non-differentiable systems underscore the ongoing need for hybrid, adaptive, and

domain-specific advancements.

2.2.2 Artificial intelligence based controllers

Artificial Intelligence (AI)-driven random controllers have become a key research

focus in control theory, offering effective strategies for managing intricate, uncertain,

and nonlinear systems. They can be identified as advanced propagation techniques

from but not limited to gradient-based optimization approach. The intersection

between AI and control theory has been available in the literature for a very long

time [21]. These strategies encompass reinforcement learning (RL), fuzzy logic control

(FLC), and neural networks (NNs), which integrate randomness and learning within

the control framework that can adapt to varying system dynamics and uncertainties.

Reinforcement Learning has attracted significant interest in control applications due to

its capability to learn optimal control strategies by interacting with its environment

[22]. Within RL, an agent learns to make decisions that enhance cumulative

rewards over time. Approaches such as Q-learning, Deep Q-Networks, and policy

14



gradient methods have been utilized across various control challenges, including

robotic motion planning, energy management, and autonomous driving. RL is

particularly effective when the system dynamics are either unknown or only partially

observable. Nevertheless, RL techniques often necessitate extensive exploration

and may experience instability during training, especially in high-dimensional or

continuous action contexts.

Fuzzy Logic Control presents another AI-oriented random control approach that

addresses uncertainty and imprecision through linguistic rules instead of mathematical

formulations [23]. Fuzzy logic controllers are particularly well-suited for systems

where accurate modeling is challenging or unnecessary. They employ "if-then"

rules to correlate inputs to control actions, facilitating resilient and interpretable

control solutions in fields like process control, consumer electronics, and automotive

engineering. Despite their effectiveness in managing vagueness, FLCs can face

challenges associated with rule explosion in high-dimensional contexts and often

require expert knowledge for the design and adjustment of rules.

In addition to the methods mentioned above, Neural Networks are extensively utilized

in control theory, serving both as function approximators and as direct controllers.

Their capability to approximate intricate nonlinear relationships makes them ideal

for modeling unknown dynamics, system identification, and executing control laws.

Within adaptive and learning-centered control frameworks, NNs can be trained in

real-time to modify control strategies based on observed results. Importantly, when

used in conjunction with RL (as in deep reinforcement learning), NNs have shown

enhanced efficacy in dynamic and partially structured environments. However, their

effectiveness hinges on proper training and data quality, and they can be susceptible to

overfitting and a lack of generalization if not managed carefully.

When comparing these AI-driven methods to traditional gradient-based control

techniques, several fundamental distinctions arise. Gradient-based methods depend

on analytical models and necessitate that the system be differentiable. They provide

strong theoretical assurances regarding convergence and stability but lack flexibility

when confronted with uncertainties or model inaccuracies. Conversely, AI-driven
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strategies offer increased adaptability and resilience in unpredictable or complex

scenarios but frequently do not have theoretical guarantees for convergence and

demand considerable computation or training data.

Additionally, gradient-based optimization tends to be more effective when a reliable

model exists, and gradients can be computed precisely. AI-driven techniques,

particularly RL and neural networks, shine in black-box environments but present

challenges related to the exploration-exploitation trade-off, interpretability, and

computational demands.

2.2.3 Population based optimization

This random optimization approach is the final approach to discuss in this section.

It shows essential differences compared to gradient-based optimization methods and

AI-driven controllers. Population-based optimization techniques encompass a wide

range of stochastic algorithms that utilize a group of candidate solutions to navigate

the search space in pursuit of optimal or near-optimal outcomes [24]. These methods

are particularly advantageous in control applications characterized by non-convex,

multi-modal, or gradient-less optimization landscapes. Notable population-based

strategies include Genetic Algorithms (GAs), Particle Swarm Optimization (PSO),

and Simulated Annealing (SA), each featuring unique mechanisms for exploration and

exploitation.

Genetic Algorithms, inspired by the principles of natural evolution, function by

evolving a set of solutions through selection, crossover, and mutation [25]. GAs

are recognized for their effectiveness in managing complex, discontinuous search

environments and have been applied to various control tasks, including PID

tuning, adaptive control, and system identification . GAs are proficient in global

exploration and can navigate around local minima due to their stochastic characteristics

[26]. However, GAs often necessitate meticulous parameter tuning and can be

resource-intensive, especially for larger problems.

One of the other common population-based optimization methods is the Particle

Swarm Optimization. It employs a group of particles that traverse the search space
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while being influenced by their own best-known positions and the global best found

by the swarm [27]. PSO has achieved success in numerous control applications due to

its straightforwardness and its capacity to quickly converge on effective solutions. It is

notably efficient in optimizing continuous parameters and has been extensively utilized

in the design of controllers and multi-objective optimization. Nonetheless, PSO can

experience premature convergence and stagnation if the swarm lacks diversity or if

control parameters, such as inertia weight and acceleration coefficients, are improperly

configured.

In addition to the previous algorithms, Simulated Annealing emerges as a

population-based optimization approach that is used in random optimization with

system control design. It imitates the annealing process used in metallurgy, where

a controlled cooling process allows particles to settle into a state of minimal energy

[28]. SA employs a probabilistic acceptance criterion to navigate the solution space,

permitting it to escape local minima and gradually concentrate on promising areas. In

control tasks, SA has been used to optimize cost functions with multiple local minima,

such as those encountered in tuning nonlinear controllers or creating robust control

systems. SA is capable of managing complex optimization challenges; however, SA

typically converges at a slower rate and necessitates a well-crafted cooling schedule

for optimal effectiveness.

In contrast to traditional gradient-based optimization methods, population-based

techniques offer a considerable benefit in addressing non-differentiable, noisy, or

black-box control issues. Gradient-based methods work efficiently when gradients

are accessible and the problem is convex or well-defined, but they often struggle with

discontinuities or nonlinearity. On the other hand, population-based strategies are less

reliant on the nature of the problem and can navigate intricate landscapes with greater

efficiency.

Nevertheless, these techniques have their drawbacks. They frequently involve many

hyperparameters that need empirical tuning and may require significant computational

resources due to their iterative nature. Additionally, their stochastic dynamics

can result in variability in outcomes and inconsistencies across different runs.
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Figure 2.1 : Rotary Inverted Pendulum Control Algorithms

Consequently, recent research has concentrated on developing hybrid approaches that

merge population-based global search with gradient-based local refinement to achieve

a balance between convergence speed and the quality of solutions.

2.3 Control Strategies For Inverted Pendulums

The inverted pendulum is a quintessential benchmark in control theory and robotics,

representing a class of underactuated systems with complex dynamics. Effective

stabilization and control of such systems necessitate sophisticated strategies beyond

conventional linear controllers. This section explores advanced control methodologies,

including intelligent control systems along with robust and adaptive approaches.

Figure 2.1 provides the classification of different algorithms used for inverted

pendulum control in the literature. At the end of this section, the practical applications

of the inverted pendulum application in briefly mentioned to highlight the importance

of this problem.
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2.3.1 Intelligent control systems

Intelligent control systems are mainly developed based on the AI-driven controller

design, which was discussed earlier in section 2.2.2. For this thesis study, we will

review the work done using encompassing fuzzy logic controllers, neural networks,

and hybrid models like Adaptive Neuro-Fuzzy Inference Systems (ANFIS). However,

a variety of examples can be obtained from the state-of-the-art for such a control

problem. These systems are adept at handling nonlinearities and uncertainties inherent

in dynamic systems. The selected algorithms in this thesis study covers the following

approaches:

(1) Fuzzy Logic Controllers

FLCs utilize linguistic rules to model human reasoning, making them suitable for

systems with uncertain dynamics, as shown in [29]. In the study, a gyroscopic

inverted pendulum utilizing a gyroscopic stabilizer is examined to create a control

technique aimed at minimizing the impact of roll motion on the system. The

gyroscopic inverted system was modeled using MATLAB/Simulink, and a fuzzy

logic-based control strategy was developed. The suggested control method was

executed and tested on the actual system. They can demonstrate improved stability

and response times compared to traditional PID controllers.

(2) Neural Network Controllers

Neural networks, with their learning capabilities, can approximate complex

non-linear functions. Artificial neural networks have been utilized over the

past several decades to execute tasks through a comparative learning process.

Some areas where ANNs are applied include fitting input-output models, system

identification, control, and pattern recognition. However, they can face difficulties

in situations involving uncertainty. The paraconsistent logics family presents

a robust approach to addressing uncertainty and contradictory information,

attracting researchers’ interest for its applications and implications in the field

of artificial intelligence. In [30], a new activation function based on the

paraconsistent annotated logic using two-value annotations (PAL2v) rules, a variant
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of paraconsistent logics, facilitating the development of a novel paraconsistent

neural net, which is utilized for model identification in control of a closed-loop

rotary inverted pendulum system.

(3) Adaptive Neuro-Fuzzy Inference Systems (ANFIS)

ANFIS combines the learning ability of neural networks with the interoperability

of fuzzy logic. In [31], the dynamic model of a linear inverted pendulum

system was developed using the Newton-Euler method, alongside the design

of a conventional PID controller, fuzzy logic control, and self-adaptive

fuzzy-proportional-integral-derivative (SAF-PID) control algorithms for system

regulation. The goal of these controllers is to maintain the vertical position of the

inverted pendulum arms on the moving cart and to stabilize the cart at a designated

equilibrium point.

2.3.2 Robust control approaches

This section covers the robust control approaches with deterministic behavior that are

common within the research community in stabilizing the inverted pendulum. The

robust control strategies are designed to maintain system performance in the presence

of uncertainties and external perturbations, which were discussed in the first section of

this chapter. We can mentioned the following controller topologies:

(1) Sliding Mode Control (SMC)

The research on the inverted pendulum system highlights a diverse array of

controllers available. One prominent type of optimal controller is the sliding

mode controller, which is recognized for its strong robustness traits, but it faces

challenges during the non-robust reachability phase. In [32], a hybrid controller is

introduced for robust management of the rotary inverted pendulum. This design

employs LQR as the foundational controller to achieve optimal performance while

utilizing a sliding mode controller to effectively handle matched uncertainties.

The effectiveness of the proposed controller is demonstrated through real-time

validation on a rotary inverted pendulum facing input disturbances. The results
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obtained from simulations and experiments indicate that the proposed controller

performs well and exhibits robustness in the presence of matched uncertainties.

(2) Model Predictive Control (MPC)

MPC involves solving an optimization problem at each control step, considering

future behavior to determine optimal control actions. In [33], a Model Predictive

Control (MPC) topology was used to control the rotary inverted pendulum. Due to

the unique design of this model, there are discrepancies in both the model and the

parameter identification. However, the findings indicate that the MPC controller

has superior performance in trajectory tracking and in maintaining stability close to

the desired set point.

(3) Linear Quadratic Regulator (LQR)

In [34], a control strategy for the rotary inverted pendulum using a Linear Quadratic

Regulator (LQR) controller was designed to stabilize the pendulum in the upright

position, known as the unstable equilibrium, and a Linear Quadratic Tracker (LQT)

controller was developed to follow a specified trajectory. Additionally, the stability

of the closed-loop system is examined to ensure the reliability of the created

controller. Simulations are performed within the MATLAB/Simulink environment,

and the proposed control strategies have been implemented on hardware that the

authors designed. The analysis and results obtained from the system showcase

the effectiveness of the control methods, including maintaining stability at the

unstable equilibrium point, following the desired trajectory, and demonstrating the

robustness and efficiency of the approaches.
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Table 2.1 : Comparison of Control Strategies for Inverted Pendulums.

Control Complexity Robustness Real-Time AdaptabilityStrategy Implementation
PID Low Low High Low
LQR Medium Medium High Low
SMC Medium High Medium Medium
MPC High High Medium High
FLC Medium Medium Medium High
NN High High Low High
ANFIS High High Medium High

2.3.3 Comparative analysis of control strategies

A comprehensive analysis of various control strategies provides insights into their

relative advantages and limitations. Table 2.1 summarizes key attributes of different

controllers applied to inverted pendulum systems.

The study of inverted pendulum systems continues to be a pivotal aspect of control

theory and robotics. The development and comparative analysis of various control

strategies, from traditional PID controllers to advanced intelligent systems, provide

valuable insights into managing complex, non-linear, and underactuated systems.

Ongoing research and technological advancements are expected to yield even more

sophisticated and efficient control methodologies, broadening the scope of applications

in modern engineering.

2.3.4 Applications in robotics and control theory

The principles derived from inverted pendulum studies have been instrumental in

advancing various applications in robotics and control theory. On top of these

applications, we have the Bipedal robot locomotion. The dynamics of bipedal

robots are analogous to inverted pendulums. Insights from inverted pendulum control

have facilitated the development of robust balance and mobility control systems in

humanoid robots, enabling more natural and stable walking patterns. Additional

Application is the self-balancing Segway devices and self-balancing scooters utilize

control strategies akin to those of inverted pendulums to maintain stability during

motion. These applications underscore the practical relevance of inverted pendulum

control methodologies in consumer technology [35]. Finally, we can also mention
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the underactuated robotic systems, where the inverted pendulum models serve as

foundational examples in the study of underactuated robotic systems, where the

number of actuators is less than the degrees of freedom. Understanding and controlling

such systems are crucial for the development of agile and efficient robots [36].

23



24



3. DETERMINISTIC AND STOCHASTIC APPROACHES LIMITATIONS

In the previous chapter, we introduced the state-of-the-art for uncertainty modeling

and its control approaches. We also summarized different control strategies applied

to the rotary inverted pendulum. We discussed briefly the deterministic approaches

and stochastic approaches advantages and disadvantages when used in control system.

However, the necessity of the semi-heuristic approaches has not been elaborated

yet. Therefore we decided to introduce this chapter, which will present the main

drawbacks obtained from using deterministic/stochastic control approaches with

supported mathematical equations. We will also see in the remaining study of this

thesis how the semi-heuristic approaches will overcome these drawbacks.

3.1 Deterministic Control Algorithms Complexity

The process of designing a suitable controller for a system is a complex and

challenging task that demands meticulous consideration of various factors. These

factors may include the inherent dynamics of the system, control objectives, and the

influence of external disturbances that can significantly impact the performance of the

system [37,38]. It can further be more complicated with the presence of uncertainties

in the system parameters, as it requires the selection of robust control parameters to

maintain stability with respect to all these uncertainties [2]. Therefore, robust control

theory emerged as a necessary field especially after the limitations faced while using

optimal control methods such as linear quadratic Gaussian optimal control [6] which

has drawn significant attention from the researchers after the introduction of H2 and

H∞ sensitivity concepts [39].

Systems with varying parameters can be represented with symbolic state space

matrices as follows: {
ẋ(t) = A(q)x(t)+B(q)u(t)
y(t) =C (q)x(t) (3.1)

where the system uncertain parameters are denoted by q∈Q, while x∈Rn, u∈Rm, and

y ∈ Rp correspond to system states, input and output signals, respectively. Assuming
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that we can stabilize the given system above by using a feed-forward controller K, we

can compute the updated space state representation as follows:{
ẋ(t) = [A(q)+B(q)KC(q)]x(t)+B(q)Kr (t)
y(t) =C (q)x(t) (3.2)

where r (t) is the closed-loop reference signal and the term [A(q)+B(q)KC(q)]

, also denoted as Ac is the closed-loop system state A matrix. Accordingly, a

suitable controller can be driven to ensure stability around the system’s nominal

values. However, a desired level of performance, such as settling time or steady-state

error, may still need to be achieved, which defers according to system’s nature

and usage conditions. This necessity upgrades our requirement from just finding a

stable controller to obtaining a robust controller KRS with a predetermined level of

performance (β ). It is important to note that the set of controllers KRS that satisfy

the needed level of performance are a subset of the stabilizing set of controllers K .

Moreover, the level of performance (β ) can be evaluated via a suitable cost function

like the Linear Quadratic Lyapunov inequality [40]:

AT
c (q)P+PAc(q)+CT (q)KT RKC(q)+Q ≤ 0 (3.3)

with Q and R are the given weighting matrices that penalize the state and input,

respectively. Where P is defined as a positive symmetric matrix that satisfy the

Lyapunov inequality. Furthermore, since we are trying to control a system with

uncertainties, the level of performance shall be determined by the worst performance

(the lowest Guaranteed Quadratic Cost) for the uncertain parameters combination.

Thus, we can define a controller K Quadratic Cost ρ(K) as described by the following

equation [41]:

ρ(K) = sup
q∈Q

J(q,K)≤ β (3.4)

where the cost function J can be calculated utilizing 4 different types of error functions:

Integral of Absolute Error (IAE), Integral of Squared Error (ISE), Integral of Time

multiplied Absolute Error (ITAE) and Integral of Time multiplied Squared Error

(ITSE). The error obtained within these functions is defined by:

e(t) = r(t)− y(t) (3.5)
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Combining the previous equations will create a condition such that for all q ∈Q, if the

inequalities hold, a solution will exist. These matrix inequalities can be expressed as

follows: AT
c (q)P+PAc(q)+CT (q)KT RKC(q)+Q ≤ 0

P = PT

ρ(K)≤ β

(3.6)

Solving the above inequalities may yields to a Bilinear Matrix Inequality (BMI)

problem where both P and K are independent variables. BMIs are well-known to be

a very difficult problem to solve. Therefore, heuristic approaches can be introduced

rather than solving the problem deterministically. Despite the convenient solution

that the deterministic approaches provide, it has drawbacks such as computation

complexity and inability to obtain a firm mathematical representation for some

systems’ behaviors where random approaches play an alternative.

Introducing uncertainty for a deterministic model can lead to controllers with varying

parameters, since each sampled value within the uncertainty range corresponds to a

different characteristic equation. There are two main approaches to follow in this case.

The first approach is to ensure the average error of sampled uncertainties converges

to a local minimum, while the second approach grantees that the worst-case scenario

error is bounded to a prespecified error value [1].

3.2 Random Search Control Approaches Drawbacks

Random search-based control techniques, including stochastic optimization methods,

have been widely studied in the field of control systems, as we discussed in the previous

chapter, particularly in complex or nonlinear applications where it is difficult to obtain

a firm mathematical representation. Approaches such as Genetic Algorithms (GA),

Particle Swarm Optimization (PSO), and Simulated Annealing (SA) utilize random

sampling from the solution space as opposed to relying on gradient-based techniques.

These algorithms are considered as population-based optimization approaches, which

have already been discussed in section 2.2.3. Although these methods are popular and

adaptable, they have significant limitations that can affect their performance in specific

control scenarios. Random search control methods are fundamentally stochastic and

are utilized in situations where the system model is either not defined, significantly
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nonlinear, or discontinuous. These techniques are especially beneficial for global

optimization challenges, where conventional gradient-based methods struggle.

As an illustration, in Genetic Algorithms, a group of potential solutions develops

through processes such as selection, crossover, and mutation. The general framework

of GA includes the assessment of a predefined fitness function [42]. The optimization

in this algorithm proceeds by selecting individuals that yield better performance and

applying stochastic operators to produce new offspring. Similarly, Particle Swarm

Optimization mimics social behavior in swarms using the following mathematical

model [43]:

v(t+1)
i = ωv(t)i + c1r1(pi − x(t)i )+ c2r2(g− x(t)i ), x(t+1)

i = x(t)i + v(t+1)
i (3.7)

where xi is the position of particle i, vi its velocity, pi the best known position of i, and

g the global best position found so far. Simulated Annealing, inspired by the annealing

process in metallurgy, explores the solution space by accepting worse solutions with a

probability that decreases over time [44]:

P(∆E) = exp
(
−∆E

T

)
(3.8)

where ∆E is the change in the objective function and T is the current temperature.

Despite their flexibility, random search-based control methods are associated with

several significant drawbacks. On top of them sits the computational inefficiency;

random optimization techniques frequently demand numerous function evaluations

to reach an optimal or near-optimal solution, particularly in high-dimensional

environments where significant numbers of algorithm parameters are utilized. In

addition to that, the absence of gradient data causes a loss of directional guidance in the

search process, resulting in ineffective exploration, which yields expected convergence

time ∝ O(n2). This inefficiency is particularly problematic in real-time control

scenarios or when evaluating the objective function is computationally expensive.

Another main drawback can be seen within the random optimization techniques is the

premature convergence. In techniques such as Genetic Algorithms (GA) or Particle

Swarm Optimization (PSO), there is a possibility of quickly settling into suboptimal
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solutions, especially when there is a decrease in diversity within the population [45]:

Diversity(t) =
1
n

n

∑
i=1

∥x(t)i − x̄(t)∥2 → 0 (3.9)

Without mechanisms to maintain or reintroduce diversity, the algorithm may get stuck

in local minima. Unlike gradient-based methods, where convergence happens under

certain conditions, random search methods often lack strict convergence guarantees.

Even when convergence is proven (as in SA under logarithmic cooling schedules), it

may require impractically long run times.

It is also necessary to mention that performance effectiveness for random search

techniques is greatly influenced by algorithmic parameters, including mutation

rate, crossover probability (GA), inertia weight (PSO), and cooling schedule (SA).

Incorrect tuning can significantly impair performance. Identifying the suitable

parameter combinations is typically specific to the problem at hand and necessitates

empirical tuning. This necessity in particular provides a pivotal drawback that cannot

be seen in the random search algorithms unless a physical system is used with it.

Another essential drawback is due to the stochastic nature, multiple executions of

the same algorithm on the same problem may result in different solutions. This

stochasticity complicates reproducibility and benchmarking. There are some efforts

to address these limitations by random stochastic hybridization with deterministic

techniques or the adoption of Bayesian or surrogate-based optimization [46]. These

directions may improve convergence efficiency and reproducibility.

Although the drawbacks mentioned in this section are defined mainly for non-gradient

optimization techniques, the gradient-based approaches suffer from similar constrains

such as premature convergence and sensitivity to hyperparameters. However, each

of them can be addressed correctly by introducing a predetermined performance

metric and adaptive algorithm parameters, as we will see in the algorithms proposed

in chapter 5. It is also necessary to elaborate that the computational complexity for

the random optimization is considerably manageable compared to the computational

inefficiency developed within the deterministic approaches.
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After we have discussed the major types of control approaches drawbacks in the

previous sections, we are ready to introduce semi-heuristic approaches. Semi-heuristic

optimization techniques combine deterministic principles with heuristic search

approaches in order to create moderate progress that merges some of the benefits of

each approach and resolves some of the drawbacks of each approach. They have

multiple applications in the realm of control system design based on the problem

that they are targeting. These techniques strive to fuse the resilience and flexibility

of heuristic algorithms with the efficiency in convergence and organization found in

classical optimization methods. By doing so, they provide a well-rounded strategy

for addressing complex control issues that are frequently nonlinear, high-dimensional,

or computationally intensive. Table 3.1 shows the comparison points between

deterministic, stochastic, and semi-heuristic control approaches.
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4. THEORETICAL FOUNDATION

With the state-of-the-art discussed in the previous chapter, we will set the necessary

theoretical foundations for this thesis study within this chapter. We shall start

by addressing the basics of controlling systems with parameter uncertainty, the

mathematical foundations for optimization algorithms to be utilized, and error

functions used to bound these optimization methods. Finally, the modeling and

linearization of the rotary inverted pendulum shall be visited. All the thoroughly

discussed concepts will be later used in Chapter 5 and Chapter 6.

4.1 Control of Systems with Parameter Uncertainty

This section initiates the basics of the control system design within the parametric

uncertainty presents considering the parametric approach for modeling uncertainty. At

the end of this section, we shall describe Kharitanov’s theorem, which will be utilized

in later chapters.

4.1.1 Parametric modeling approach

As mentioned earlier, the parametric approach is used in this thesis study to model

uncertainty. By modeling the uncertain parameters, we will be able to anticipate these

parameters impact into the conventional system representation. Let us consider the

following 4th-order system as an example:

G(s) =
s+2

s4 +290s3 +83s2 +10s+825
(4.1)

The system has an unstable nature with two complex poles in the right half plane and

two stable poles in the left half plane as represented in Figure.4.1(a). The same system

can be represented in the Controllable Canonical Form (CCF) state-space model as
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(a) Nominal System Parameter (b) 1-D Parametric Uncertainty

(c) 2-D Parametric Uncertainty (d) 3-D Parametric Uncertainty
Figure 4.1 : Pole-Spread for unstable system with different uncertainty space

dimensions

ẋ(t) =

 0 1 0 0
0 0 1 0
0 0 0 1

−825 −10 −83 −290

x(t)+

0
0
0
1

u(t),

y(t) = [2 1 0 0]x(t)

(4.2)

where the stability of the system can be measured by state-space representation A

matrix eigenvalues. In the case of parametric uncertainty, we assume that the matrices

in the state-space representation or the transfer function depend on a vector of real

uncertain parameters:

q ≜ [q1 · · · qn]
T (4.3)

The vector q, is interpreted as undefined n-Dimensional array of parameter. Each

of these parameter is bounded with physical limitations which accumulate to create

n-Dimensional uncertainty plane known as Q. Given the initial system transfer
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Figure 4.2 : Uncertainty Plane and its corresponding pole spread

function in equation (4.1), we can map the uncertainty in characteristic equation

coefficients as:

G(s) =
s+2

s4 +q1s3 +q2s2 +q3s+825
(4.4)

where the boundaries of the unknown uncertain parameters is limited by,

Q = {q ∈ IR,258 ≤ q1 ≤ 322,64 ≤ q2 ≤ 102,7 ≤ q3 ≤ 13}

similarly, the state-space representation of the system can be modeled as

ẋ(t) =

 0 1 0 0
0 0 1 0
0 0 0 1

−825 −q3 −q2 −q1

x(t)+

0
0
0
1

u(t),

y(t) = [2 1 0 0]x(t)

(4.5)

Although the state-space model matrices have uncertain parameters entered as constant

values, the parameters can be mapped as time-varying functions, which would be easier

to capture system’s uncertainty nature. The only added limitation is that all the outputs

of these functions are bounded by Q for t ≥ 0. However, when it comes to transfer

function representation we shall define them as unknown constants within Q range.

The impact of introducing uncertainty to the system model can be clearly seen within

Figure 4.2. Each points within the parameter box can lead to different system poles and

zeros. The wider the range is, the more fluctuating system behavior can be observed.

Therefore, uncertainty impact on system stability and performance can be directly
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affected with this uncertainty. In addition to the modeling change, the poles plot of

the systems is no longer represented with a single nominal location set rather they

are spreading within the frequency domain according to the corresponding uncertainty

parameter box. This representation is known as pole-spread. The pole-spread for 50

samples within Q for first, second, and third order of uncertainty is shown in Figure

4.1(b), 4.1(c) and 4.1(d), respectively.

The transfer function model with uncertainties can be expanded to include multiple

transfer functions within the transfer function matrix M as

C(s) = M(s,q)R(s) (4.6)

The given uncertainty parametric model in equation (4.4) shows that each q is

independent of other uncertain parameters, and all of them are nonzero unknown

constants. This type of characteristic equation is known as interval polynomial, which

will be later utilized in Kharitonov’s theorem.

4.1.2 Kharitonov theorem

Theorem 1. [1] Let P(s) be a real polynomial of degree n with interval coefficients

defined as:

P(s) = q0 +q1s+q2s2 + · · ·+qnsn,

where qi ∈ [q−i ,q
+
i ],∀i = 0, . . . ,n. Then the entire family of polynomials described by

P(s) is stable if and only if the following four Kharitonov polynomials are Hurwitz

stable:

P++(s) = q+0 +q+1 s+q−2 s2 +q−3 s3 +q+4 s4 +q+5 s5 + · · ·

P+−(s) = q+0 +q−1 s+q−2 s2 +q+3 s3 +q+4 s4 +q−5 s5 + · · ·

P−+(s) = q−0 +q+1 s+q+2 s2 +q−3 s3 +q−4 s4 +q+5 s5 + · · ·

P−−(s) = q−0 +q−1 s+q+2 s2 +q+3 s3 +q−4 s4 +q−5 s5 + · · ·

Kharitonov’s theorem provides a great opportunity to validate Hurwitz stability in

uncertainty presence. Instead of checking the stability within the whole region of
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Figure 4.3 : Parameter Box Vertices and Kharitonov Polynomials

uncertainty or increasing the sampling rate within the uncertain parameters box, testing

for the stability of Kharitonov polynomials is sufficient to prove system stability

for the whole uncertainty region. The visual representation of this theorem can

be interpreted by saying that the stability of a set of interval polynomials for any

polynomial coefficients in Q can be guaranteed if the polynomials created from the

extreme Kharitonov vertices in Q are stable. This visual representation can be seen in

Figure 4.3 for the uncertain system described in equation (4.4).

4.1.3 PID controller design for system with uncertainty

Whenever systems with uncertain parameters are concerned, multiple characteristic

polynomials must be considered while dealing with stability, as emphasized with the

parametric uncertainty modeling in the sections above. Kharitonov’s theorem provides

a great aid in limiting our polynomials of interest, but the greater picture is not clear

unless we implement it within a closed-loop system and define applicable controller

parameters. Therefore, we considered a PID controller in this section in order to

present the stability analysis for a system with parametric uncertainty and a commonly

used controller. In [47], Munro and Soylemez showed that it is possible to obtain the

stabilizing range of PID controller parameters by determining the stable proportional
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gain Kp range at first then grid to extract the integral gain Ki and the derivative gain

Kd .

Let’s consider a system G(s) = N(s)/D(s) and input u = s2, we can decompose the

system into even and odd parts as follows:

G(u) =
Ne(u)+No(u)
De(u)+Do(u)

(4.7)

then, we can define the following polynomials

X(u)≜ DoNe −DeNo (4.8)

Y (u)≜ DoNou+DeNe (4.9)

Z(u)≜ N2
e +N2

o u (4.10)

the positive real roots of X(u) can be denoted by u∗1,u
∗
2, . . . ,u

∗
γ . Assume u0 ≜ −∞,

uγ∗+1 ≜ 0, and uγ∗+2 ≜ ∞ we can define the points xi such that

xi(u∗i )≜
Y (u∗i )
Z(u∗i )

(4.11)

once xi(u∗i ) is obtained for i = 0,1, . . . ,(γ +2), the points can be relabeled as xi ≤ xi+1.

From here, the number of unstable closed-loop system poles for a given gain such as
−1
Kp

∈ [xi−1,xi] can be determined by:

Ui =U0 +
i−1

∑
t=1

rt (4.12)

where U0 is the number of unstable roots of D(s) and rt is calculated as follow:

rt ≜

(1− (−1)l)Sgn
(

X(u∗i )
(l)
)

for 0 < u∗i < ∞

Sgn(X0) for u∗i = 0
−Sgn(X1); for u∗i = ∞

(4.13)

where X(u∗i )
(l) represents the first nonzero derivative of X(u) for u = u∗i while X0 and

X1 are the first and last coefficients of X(u) respectively.

Using the methodology shown above will allow us to find the stabilizing interval of Kp

then grid it, in order to obtain Ki and Kd where for each grid we have 2D stabilizing

region. Solving for all sampled Kp gives us complete analysis of the stabilizing PID

controllers.
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One way to obtain Ki and Kd is by using decoupling at singular frequencies analysis

[48]. For the system G(s) that is mentioned before with PID controller in the

feed-forward path, the closed-loop characteristic polynomial can be given by:

Pc(s,Kp,Ki,Kd) = N(s)(Ki +Kps+Kds2)+ sD(s). (4.14)

Let s = jω and decompose Pc(s,Kp,Ki,Kd) to real and imaginary parts in a matrix

form as follow: [RP
IP

]
=

[
RN −RNω2

IN −INω2

][Ki
Kd

]
+
[−KpINω + IDω

KpRNω +RDω

]
(4.15)

it is obvious that for all ω the matrix multiplied with [Ki Kd]T is singular so that there

are only two possibilities that exist. Either Rp and Ip represent two separate parallel

lines (no solution exists) or these 2 lines are identical (a solution exists) that satisfies

RN

IN
=

−RNω2

−INω2 =
−KpINω + IDω

KpRNω +RDω
(4.16)

This equation can be rephrased as follows:

RN(KpRN +RD)+ IN(KpIN + ID) = 0 (4.17)

then for fixed Kp value we can find the singular frequencies ω∗ by solving equation

(4.15) for ω . Obtaining ω∗ will enable us to plot the boundaries of the stabilizing

region, which can be classified into the following three cases [47]:

(1) Real Root Boundary (RRB): Occurs when ω = 0.

(2) Complex Root Boundary (CRB): Occurs at a critical frequency denoted by ω∗,

where a pair of complex-conjugate roots cross the imaginary axis.

(3) Infinite Root Boundary (IRB): Describes the condition where roots cross the

imaginary axis through infinity. This can be analyzed by comparing the number of

zeros (z) and the number of poles (p) of the transfer function.

If p > (z+1), then the closed-loop coefficient of its highest order does not depend on

Ki and Kd . Hence, there are no IRB exist. All of the above methodology is specified

for numeric plants with no uncertainty. However, in the presence of parametric
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uncertainties, it is possible to apply this method for finding stabilizing controllers

that compensate all possible uncertainties. This can be done by utilizing Kharitonov’s

Polynomial Theorem described earlier in Theorem 1.

The expected outcome of applying Kharitonov’s Polynomial Theorem into Munro and

Soylemez’s proposed method is the formation of four stable Ki − Kd regions. The

overlapping area of these regions is identified as the robust stabilizing region that can

compensate for the uncertainties introduced into the system. To further increase the

efficiency of this approach and reduce computational complexity, Anderson et al. were

able to show that it is not necessary to test for all Kharitonov’s polynomials [49] using

the following theorem:

Theorem 2. For a given polynomial P(s) of order n, the minimum acceptable test set

of Kharitonov polynomials required to prove Hurwitz stability is:

{P++} for n = 3

{P++, P+−} for n = 4

{P++, P+−, P−+} for n = 5

{P++, P+−, P−+, P−−} for n > 5

Figure 4.4 demonstrates the utilization of Munro and Soylemez’s method with

Theorem 1 and Theorem 2 to find the stabilizing Integral Gain - Derivative Gain

region, which is shown in the gray shaded area. The region represents the intersection

of all three stabilizing regions founded by drawing root boundaries. It is also necessary

to mention that the given figure doesn’t include proportional gain values to ensure

stability; rather, it is given at the beginning of the analysis. This particular point

leaves room for improvement, where we need to utilize a method to obtain the best

proportional gain value since our objective is to find an optimum set of [Kp,Ki,Kd]. In

this case, a random search algorithm implementation can provide a good solution, as

we will elaborate in the following chapter.

4.2 Random Optimization Approaches

Semi-heuristic optimization methods are hybrid techniques that integrate deterministic

and heuristic strategies to achieve robust and efficient solutions in complex search
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Figure 4.4 : Stabilizing Integral Gain - Derivative Gain region for fifth-order
characteristic polynomial using Kharitonov Theorem

spaces as described in previous chapter. In this section we shall describe the

mathematical basis behind the random optimization approaches used later in chapter 5

to construct our proposed semi-heuristic approaches. Then the cost functions used to

bound these algorithms will be elaborated briefly.

4.2.1 Gradient descent algorithm

Batch based gradient descent is a random search algorithm that minimizes an objective

function f (x) iteratively:

xk+1 = xk −η∇ f (xk) (4.18)

where η is the learning rate and ∇ f (xk) is the gradient at iteration k [50]. The

learning rate dictates the speed of the algorithm while finding local minimums. A

high learning rate can decrease processing time effectively, but it might also lead

to divergence if the associated gradient is large enough around local minimums.

However, a suitable increase in learning rate and gradient is necessary to overcome

local minimums and settle within global minimums. Variants like stochastic gradient

descent and mini-batch gradient descent improve convergence and computational

efficiency. However, it will not be considered in this thesis study for simplicity.
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4.2.2 Adaptive moment estimation algorithm

The Adaptive Moment Estimation (Adam Optimizer) is a first-order gradient-based

optimization algorithm designed for stochastic objective functions. It combines the

advantages of two popular methods: adaptive gradient descent, which handles sparse

gradients well, and root mean square propagation, which works well in non-stationary

settings [51].

Adam maintains exponentially decaying averages of past gradients (mt) and squared

gradients (vt), which estimate the first and second moments respectively. In order to

correct the bias introduced during initialization, bias-corrected estimates (m̂t , v̂t) are

computed.
mt = β1mt−1 +(1−β1)∇ f (xt)

vt = β2vt−1 +(1−β2)(∇ f (xt))
2

m̂t =
mt

1−β t
1
, v̂t =

vt

1−β t
2

xt+1 = xt −
αm̂t√
v̂t + ε

(4.19)

These enhancements enable faster convergence by reducing computational timing. It

also upholds robustness in non-convex optimization problems.

4.2.3 Cost functions

Semi-heuristic approaches aim to leverage the mathematical rigor of deterministic

methods while incorporating the exploratory power of heuristics. In control system

design, performance evaluation often relies on error functions, which quantify the

deviation of system outputs from desired values. The following are the primary error

functions used in chapter 5:

• Integral of Absolute Error (IAE):

JIAE =
∫

∞

0
|e(t)|dt (4.20)

this function penalizes the magnitude of error over time, emphasizing consistent

performance.

• Integral of Squared Error (ISE):

JISE =
∫

∞

0
e(t)2dt (4.21)
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squaring the error highlights large deviations, making ISE suitable for systems

where significant errors are undesirable.

• Integral of Time-multiplied Absolute Error (ITAE):

JITAE =
∫

∞

0
t|e(t)|dt (4.22)

by weighting errors with time, ITAE prioritizes reducing steady-state errors.

• Integral of Time-multiplied Squared Error (ITSE):

JITSE =
∫

∞

0
te(t)2dt (4.23)

similar to ITAE, but with greater emphasis on reducing large errors over time.

These error metrics are widely used to define objective functions in optimization

problems, guiding the search for optimal controller parameters. The major advantages

and disadvantages for these four error functions are described in Table 4.1.

Table 4.1 : Comparison of Error-Based Cost Functions

Error Function Advantages Disadvantages
IAE captures total accumulated error

effectively
Less responsive to large or late
errors.

ISE Strongly penalizes large errors Sensitive to short-duration peaks
ITAE Improves steady-state accuracy

and prioritizes late-stage error
reduction.

Underweights early errors

ITSE Balances size and timing of
error and promotes long-term
accuracy.

May over-penalize small but
persistent errors.
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4.3 Inverted Pendulum Mathematical Modeling

This section describes the mathematical modeling of the rotary inverted pendulum

model shown in Figure 4.5, which includes equations of motion derivation (EOM),

system linearization, and uncertainty modeling using the parametric approach.

4.3.1 Nonlinear mathematical modeling

The kinematics of the rotary inverted pendulum system can be described by using the

Euler-Lagrange method:
d
dt

∂L
∂ q̇i

− ∂L
∂qi

= Qi −DP (4.24)

where Qi is the generalized force vector, ∂D j
∂ q̇i

is the dissipative energy from damping,

qi is the system angles and L, the Lagrangian can be defined as

L = T −V (4.25)

in which T represents the kinetic energy and V represents the potential energy. Both

are mathematically defined by equations 4.26 and 4.27, respectively.

Figure 4.5 : Rotary Inverted Pendulum
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T =
1
2

Jrθ̇
2 +

1
2

Jpα̇
2 +

1
2

mpL2
r θ̇

2 +
1
2

mpl2
pα̇

2 +
1
2

mpl2
pθ̇

2 sin2
α +mpLrlpθ̇ α̇ cosα

(4.26)

U =−mpglp cosα (4.27)

where all parameters of the above equation are described in Table 4.2. Using (4.24),

we can define 2 Euler-Lagrange equations according to the system-dependent variables

θ and α through the following equations

d
dt

∂L
∂ θ̇

− ∂L
∂θ

= Q1 −
∂Dr

∂ θ̇
(4.28)

d
dt

∂L
∂ α̇

− ∂L
∂α

= Q2 −
∂Dp

∂ α̇
(4.29)

using (4.26) and (4.27) we can derive the system equations of motion (EOM) as(
mpL2

r +
1
4

mpL2
p −

1
4

mpL2
p cos2(α)+ Jr

)
θ̈ −

(
1
2

mpLpLr cos(α)

)
α̈

+

(
1
2

mpL2
p sin(α)cos(α)

)
α̇θ̇ +

(
1
2

mpLpLr sin(α)

)
α̇

2

= τ −Brθ̇

(4.30)

(
Jp +

1
4

mpL2
p

)
α̈ −

(
1
2

mpLpLr cos(α)

)
θ̈ − 1

2
mpLpgsin(α)

−
(

1
4

mpL2
p cos(α)sin(α)

)
θ̇

2 =−Bpα̇

(4.31)

Table 4.2 : Rotary Inverted Pendulum System Parameter

Symbol Description
θ Rotary arm horizontal angle
α Pendulum vertical angle
mr Rotary arm mass
mp Pendulum mass
Lr Rotary arm length
Lp Pendulum link length
Jr Rotary arm moment of inertia
Jp Pendulum moment of inertia
g Earth gravity
τ Rotary arm motor torque
Br Rotary arm viscous damping coefficient
Bp Pendulum viscous damping coefficient

45



where τ , Br and Bp are defined in Table 4.2 as well. The generalized force vector Q1 is

replaced by driving motor torque τ while the generalized force vector Q2 is set to zero

since there are no driving forces in the vertical direction.

4.3.2 System linearization

Although (4.30) provides a detailed mathematical representation for one of the system

equations of motion, the torque component remains ambiguous. Since we utilized

Quanser QUBE-Servo 2 rotary inverted pendulum system for experimental purposes,

we can express the generated torque equation as shown below:

τ =
km(Vm − kmθ̇)

Rm
(4.32)

where km is the back-emf constant, Vm is the motor voltage input and Rm is the motor

terminal resister. Using this formula the first equation of motion can be reshaped as(
mpL2

r +
1
4

mpL2
p −

1
4

mpL2
p cos2(α)+ Jr

)
θ̈ −

(
1
2

mpLpLr cos(α)

)
α̈

+

(
1
2

mpL2
p sin(α)cos(α)

)
α̇θ̇ +

(
1
2

mpLpLr sin(α)

)
α̇

2 +

(
km

2

Rm
+Br

)
θ̇ =

km

Rm
Vm

(4.33)

Linearization for the rotary inverted pendulum can be done for selected α and θ values.

For our case, we preferred to set α to 180◦ and θ to 0◦. Therefore, the linearized EOM

can be written as

(
mpL2

r + Jr
)

θ̈ −
(

1
2

mpLpLr

)
α̈ +

(
km

2

Rm
+Br

)
θ̇ =

km

Rm
Vm (4.34)

(
Jp +

1
4

mpL2
p

)
α̈ −

(
1
2

mpLpLr

)
θ̈ −

(
1
2

mpLpg
)

α =−Bpα̇ (4.35)

4.3.3 Uncertainty modeling

Due to the nature of the rotary inverted pendulum system, various parameters can

lead to system instability. Therefore, during mathematical modeling, these parameters

shall either be considered as uncertain parameters or system disturbances in order to

study how the designed controller can mitigate their effects. One of the most changing

parameters that we considered as our only uncertain parameter is the pendulum mass

(mp). Pendulum mass covers both the pendulum link mass and the sphere object mass
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attached at the top of the pendulum link. It will be denoted by Q for the remain of this

thesis study. Considering this selection, we can have the system model represented in

the following subsections:

4.3.3.1 State-space representation

Given the linearized EOM in the previous subsection, we can select the system state

matrix x(t) as [θ(t) ˙θ(t) α(t) ˙α(t)]
T and output matrix y(t) as [θ(t) α(t)]T ,

which means the system state-space first equation can be obtained as:

ẋ(t) =



0 1 0 0

0 −

(
k2
m

Rm +Br

)
(Jp+

1
4 QL2

p)

∆

1
4 Q2L2

pLrg
∆

1
2 QLpLrBp

∆
0 0 0 1

0
1
2 QLpLrkm

Rm∆

− 1
2 QLpLr

(
k2
m

Rm +Br

)
∆

+
1
2 QLpg

Jp+
1
4 QL2

p

1
4 Q2L2

pL2
r Bp

∆
− Bp

Jp+
1
4 QL2

p

x(t)

+


0

km
Rm (Jp+

1
4 QL2

p)
∆
0

1
2 QLpLrkm

Rm∆

Vm(t) (4.36)

where,

∆ =
(
QL2

r + Jr
)(

Jp +
1
4

QL2
p

)
−
(

1
2

QLpLr

)2

Using Quanser QUBE-Servo 2 rotary inverted pendulum system parameters [52]

defined in Table 4.3, we can compute the final state-space representation as shown

below:

ẋ(t) =


0 1 0 0

0
346.23

Q+5.06×10−5
−0.94

Q+1.01×10−5
−0.27

Q+4.22×10−4

0 0 0 1

0
456.27Q+3.61

Q+0.03
−0.93

Q+5.06×10−5
−0.36Q−0.002

Q2 +0.03Q

x(t)

+


0

2.76
Q+0.03

0
2.73

Q+0.03

Vm(t), Y(t) =
[1 0 0 0
0 0 1 0

]
x(t)

(4.37)

4.3.3.2 Transfer function representation
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Table 4.3 : QUBE-Servo 2 System Parameters

Parameter Value
Km 0.042 V · s/rad
Rm 8.4 Ω

mr 0.095 Kg
Lr 0.085 m
Lp 0.129 m
Jr 5.7198×10−5 kg ·m2

Jp 0.0014Q kg ·m2

g 9.81 m/s2

Br 0.0015 N ·m · s/rad
Bp 0.0005 N ·m · s/rad

Assume that the initial states are zeros for the inverted pendulum system. The transfer

matrix representation of the system defined in (4.37) can be obtained concerning

state-space matrices as follows:

Y(s) =


0.3955s2 +

0.0356
Q

s−45.1092

(Q+0.0045)Γ
0.3909s2 −1.2243×10−9s

(Q+0.0045)Γ

Vm(s) (4.38)

where,

Γ= s4+
0.1868Q+4.0777×10−4

Q2 +0.0045Q
s3− 65.1827Q2 +0.516Q−0.0122

Q2 +0.0045Q
s2− 15.4273

Q+0.0045
s
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5. METHODOLOGY AND KEY DEVELOPMENTS

After completing the necessary mathematical and theoretical background for this thesis

study, we shall deep dive into the proposed methodologies, which will fabricate the

utilization of semi-heuristic approaches within uncertainty systems control design.

The first part of this chapter covers how a common controller topology, like a PID

controller, can be manipulated to include these approaches. Lately, a second part will

include the usage of an advanced optimization technique (Adam) in a real physical

system (rotary inverted pendulum).

5.1 Gradient Descent Based Semi-Heuristic Optimization

In chapter 2, we have introduced the deterministic approaches’ inability to solve

some complex control problems and the heuristic approaches’ drawbacks toward time

efficiency. In this section, we will introduce a semi-heuristic approach that utilizes the

PID designing approach for systems with parametric approach modeled uncertainty

shown in section 4.1.3 and batched gradient descent described in section 4.2.1.

The proposed gradient descent-based heuristic approach is divided into two main

sub-algorithms; Algorithm 1 starts with nominal system parameters and provides an

initial stable controller for predetermined levels of performance λ and γ . Algorithm

2 in the other hand, utilizes the provided initial controller as a gradient descent

starting point, then converges to a predetermined level of performance α for all

selected uncertainties. Following this process, we will repeatedly select different

kp values, hence different initial controllers, and utilize Algorithm 2 to obtain their

corresponding robust controllers. The outcome of our approach is determined by

identifying the robust controller that exhibits the best performance according to the

specified cost function. Figure 5.2 represents the interaction between those two

algorithms along with system characteristics and algorithm parameters.

49



Figure 5.1 : Gradient Descent Based Semi-Heuristic Optimization

Algorithm 1 (Initial PID Parameters)

1. Select the nominal uncertain parameters qni

2. Using the following equation that is derived from equation (4.17), find the

stable Kp range

Kp =
−IDIN +RDRN

R2
N + I2

N
(5.1)
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3. Select Kp value that corresponds to an error less than the determined level

of performance 1 (γ) using IAE as a cost function.

4. Using minimal Kharitonov’s Polynomials obtained from Theorem 1 and

Theorem 2, determine the stabilizing Ki −Kd surface.

5. By implementing a cost function from equation (4.20), (4.21), (4.22) or

(4.23), select a Ki−Kd pair that provides a determined level of performance

2 (β ).

6. The selected PID controller Kinit is the output of the algorithm.

Equation (5.1) provides a method to start our random search with a stable controller,

which will give us confidence while using Munro-Soylemaz method mentioned in

the previous chapter. Defined level of performance α , on the other hand, prevents

the algorithm from starting with Kp value that may lead to a set of controllers with

poor performance. Similarly, the level of performance β ensures that the selected

controller parameters have a good expected performance before starting the gradient

descent based searching algorithm. We can see clearly from the stable above that the

predetermined levels of performance play a crucial role in enhancing Kinit performance

gradually towards obtaining a robust controller.

Algorithm 2 (Gradient Descent)

1. Determine the range of parameter box Q

2. Grid the parameter box according to variation in the uncertain parameters

and determine the corresponding transfer function for each qi combination.

3. Determine the variation (grade) in each PID parameter using one of the cost

functions specified in equation (4.20), (4.21), (4.22) or (4.23) as well as the

gradient descent learning rate. This operation can be determined using the

equations below:

Kc+1 = Kc −a
J(Kc +∆)− J(Kc)

∆
(5.2)
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where J is the selected cost function, Kc is the PID controller parameters, a

is the learning rate and ∆ is the gradient length.

4. Update the PID controller parameters according to each grade value of the

parameter.

5. If the maximum number of iterations is reached or a predefined level of

performance 3 (α) is achieved, exit the algorithm.

6. Otherwise, define a new grade and start repeating the algorithm from step 2.

Following Algorithm 1, the initial identified controller parameters are used as a starting

point for Algorithm 2. However, prior to that, the parameter uncertainty plane should

be gridded into finite user-defined points. These points will be used to compute the

worst-case scenario for a global cost function selected in step 3. The selected cost

function is mapped in equation (5.2), which is directly obtained from equation (4.18)

after generalizing for all PID controller gains. The new defined level of performance α

on the other hand, is the ultimate target for system performance that is required by the

designer. Therefore, previously introduced levels of performance can be interpreted as

intermediate steps to this final level. Nevertheless, the final level of the performance

is computed for the whole (gridded) uncertainty region, while the previously defined

levels are only applicable for nominal system parameters.

Both of the proposed algorithms are coherently combined to merge the restricted

deterministic approach of Kharitonov’s theorem while bounding the nominal system

stabilizing range and the flexibility of the gradient descent when iterating into a robust

and suitable solution. The user-defined levels of performance effectively smooth the

intersection of the proposed semi-heuristic algorithm parts.
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5.2 Adam Based Semi-Heuristic Optimization

The optimization method described in the previous chapter can be useful in

designing a stable PID controller for a system with an interval polynomial and a

predetermined/designed level of performance. In this section, we will provide an

enhancement on the previously mentioned algorithm by selecting a better random

search technique and implementing it on the rotary inverted pendulum control.

The reason behind the selection of the rotary inverted pendulum is that the pendulum is

an essential benchmark in control theory and robotics, with its nonlinear and unstable

nature that was suitable to challenge this semi-heuristic approach. The newly proposed

approach shown in Figure 5.2 is decoupled by the following algorithms:

Figure 5.2 : Adam Based Semi-Heuristic Optimization
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Algorithm 3 (Nominal PD Controller)

1. Compute the nominal transfer function matrix T (S,Qi) using system nominal

uncertain parameters Qni

2. Using the Dual PD Controller structure shown in Figure 5.3, define arbitrary

stable controller coefficients for the system angles

3. Select one of the PD controllers to be optimized while fixing the other

controller to its initial values

4. Modify Kp and Kd values for the selected angle until a controller with ISE

error less than the initial controller error threshold (γ) is obtained.

5. The selected PD controller Kinit is the output of the algorithm.

The dual-PD controller provided in Figure (5.3) creates the basis of the system control

design. The stabilizing controllers selected in step 2 are user defined approaches where

a deterministic/stochastic approach can be used to define the controller gains. The

provided error threshold (γ) is similar to the predetermined levels of performance

defined in gradient descent based optimizer; it provides good initialization for the

search algorithm to obsolete controllers with poor performance.

Figure 5.3 : Dual-PD controller for rotary inverted pendulum
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Algorithm 4 (Adam Optimizer)

1. Determine the range of parameter box Q

2. Grid the parameter box according to variation in the uncertain parameters

and determine the corresponding transfer function for each qi combination.

3. Determine the variation (grade) in each PD parameter using the cost

function specified in equation (4.21) and the Adam optimizer defined in

equation (4.19).

4. Update the PD controller parameters according to each grade value of the

parameter.

5. If the maximum number of iterations is reached or an ISE error less than the

robust controller error threshold (β ) is achieved, terminate the search.

6. Otherwise, define a new grade and start repeating the algorithm from step 3.

Adam optimizer search algorithm provides a better search technique compared to the

gradient descent used in the previous section for the reasons specified in section 4.2.2,

which made it suitable for this semi-heuristic approach. Although Algorithm 3 selects

one controller per angle, the same semi-heuristic approach can be used to define robust

controller performance for each angle separately and compare the controllers’ final

performance, which will be clear during experimental result analysis in chapter 7.
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6. EXPERIMENTAL EVALUATION

In the previous chapter, we proposed two approaches for semi-heuristic optimization

based on mathematical foundations derived in chapter 4. In this chapter, we shall

thoroughly discuss all the simulation and experimental results obtained during this

thesis study. The chapter is divided into two main parts, similar to chapter 5; the first

part shows the experimental results obtained during stabilizing an interval polynomial

system using the gradient descent based optimization technique - described in section

5.1 - and the second part present experimental data accumulated by utilizing the Adam

based optimization approach - derived in section 5.2-.

6.1 Interval Polynomial Control

In chapter 4, we have already mentioned that the parametric approach will be the

modeling approach to be used for uncertainty design, and we also mentioned that the

proposed gradient descent based algorithm utilizes Theorem 1 which only applicable

for interval type polynomials -defined in section 4.1.1-. Hence, we can use the system

with the open-loop function defined in the following equation:

G(s) =
s+2

s4 +q3s3 +q2s2 +q1s+825
(6.1)

Since the proposed gradient descent-based optimization approach uses a PID controller

with unity feedback, the system closed-loop transfer function can be given by the

following equation:

Gcl(s) =
Kds3 +(2Kd +Kp)s2 +(Ki +2Kp)s+2Ki

s5 +q3s4 +(Kd +q2)s3 +(2Kd +Kp +q1)s2 +(Ki +2Kp +825)s+2Ki
(6.2)

given that the uncertain parameters vector is demonstrated by qi = [q1,q2,q3] where

q1 ∈ [258,322] , q2 ∈ [64,102] and q3 ∈ [7,13]. Uncertain parameters nominal values

are defined as qn = [290,83,10]. The pole spread of the system given in equation

6.1 can be shown in Figure 6.1. From the widely scattered poles location, we can

observe the impact of uncertainty presence in system modeling. Accordingly, a wide
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Figure 6.1 : Open-Loop system with interval polynomial characteristic equation pole
spread

variation of the controller performance can be expected when it comes to computing

error/cost functions. The following subsections represent Algorithm 1 and Algorithm

2 experimental results.

6.1.1 Initial controller design

Following the steps of Algorithm 1 defined in section 5.1, we can find the stable

initial controller. First, the open-loop system with nominal values can be obtained

from equation 6.1 by substituting nominal parameters as:

Gn(s) =
s+2

s4 +10s3 +83s2 +290s+825
(6.3)

Hence, the closed-loop transfer function can be given by:

Gcl(s) =
Kds3 +(2Kd +Kp)s2 +(Ki +2Kp)s+2Ki

s5 +10s4 +(Kd +83)s3 +(2Kd +Kp +290)s2 +(Ki +2Kp +825)s+2Ki
(6.4)

Using equation (5.1) we can find the stabilizing function for Kp(ω) as:

Kp(ω) =
(q3 −2)ω4 − (q1 −2q2)ω2 −1650

ω2 +4
(6.5)
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Figure 6.2 : Kp stabilizing region for positive frequencies

The function plot and the stabilizing Kp region against positive frequencies (ω) are

shown in Figure (6.2). From the figure, we can interpret the valid Kp range as the

positive numbers plane (Kp ∈ [0,∞)) since the function Kp(ω) doesn’t cross ω axis

twice.

The following step in Algorithm 1 requests the selection of a Kp gain that verifies

the first desired level of performance (γ). The algorithm specifies that the nominal

system parameters and the IAE error function should be used during the selection, but

it doesn’t determine the Ki −Kd range to be used for this process, which is left for the

user’s definition. Table 6.1 shows different Kp values associated with different Ki−Kd

ranges and their corresponding IAE error.

Table 6.1 : IAE for selective Kp and different Ki −Kd ranges

IAEmin IAEmin IAEmin
Kp 0 ≤ Ki ≤ 2000 0 ≤ Ki ≤ 2000 −1000 ≤ Ki ≤ 1000

0 ≤ Kd ≤ 100 −50 ≤ Kd ≤ 50 −50 ≤ Kd ≤ 50
Kp = 0 0.476374 0.530421 0.530421
Kp = 5 0.460064 0.511379 0.511379

Kp = 11 0.442059 0.491304 0.491304
Kp = 22 0.413008 0.461612 0.461612
Kp = 47 0.353352 0.425356 0.425356

Kp = 100 0.263460 0.297289 0.417499
Kp = 230 0.235114 0.317546 0.417688
Kp = 512 0.331913 0.8965 0.8965
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Assuming that γ = 0.9, Kp = 0 satisfies the 1st level of performance, and it can be

selected as our initial proportional gain.

Following the next step of the proposed algorithm, we shall specify or narrow the

valid Ki −Kd range using Munro-Soylemez method described in section 4.1.3. The

method is defining different root boundary polynomials that can be used to limit

Ki−Kd range. The complex root boundaries in particular depend on utilizing Theorem

1 to find dedicated singular frequencies ω∗. Table 6.2 shows different singular

frequencies for each Kp value available in Table 6.1 considering all set of Kharitonov

polynomials. Despite we are able to compute CRBs for all Kharitonov polynomials,

we can utilize Theorem 2 to minimize the required set of polynomials for robust

stability by neglecting P−− since the closed-loop characteristic polynomial is a 5th

order polynomial. Using the three CRBs obtained from the other polynomials and the

real root boundary polynomial we can obtain the stabilizing Ki −Kd region as shown

in Figure 6.3. The stable region is represented with the intersectional area in the first

quarter (positive-positive) plane which we can see from the figure that it decreases with

increase of selected Kp value.

Knowing the stable region we can move to the next step in the algorithm which is

selecting stabilizing Ki −Kd pair according to error functions defined in section 4.2.3.

Figure 6.4(a) , 6.4(b), 6.4(c), and 6.4(d) show IAE, ISE, ITAE and ITSE for fixed

Kp = 0, respectively. The area highlighted in red at the bottom of each figure represents

the stabilizing Ki −Kd region obtained in Figure 6.3(a).

As we agreed earlier to use Kp = 0 for initial controller we can find a stabilizing pair

assuming the 2nd level of performance (β ) is equal to 0.7 and IAE is used for error

Table 6.2 : Singular frequencies for selective Kp values

Kp ω∗ from P++ ω∗ from P+− ω∗ from P−+ ω∗ from P−−

Kp = 0 4.416732 6.780666 3.865945 5.784630
Kp = 5 4.461086 6.849722 3.910466 5.859121

Kp = 11 4.513986 6.931873 3.963721 5.947846
Kp = 22 4.610052 7.080501 4.060839 6.108619
Kp = 47 4.824013 7.409201 4.278822 6.464925

Kp = 100 5.258265 8.068344 4.726687 7.180041
Kp = 230 6.225408 9.512138 5.737257 8.736910
Kp = 512 7.977827 12.093670 7.570970 11.472543
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(a) Stable Ki −Kd range for Kp = 0 (b) Stable Ki −Kd range for Kp = 5

(c) Stable Ki −Kd range for Kp = 11 (d) Stable Ki −Kd range for Kp = 22

(e) Stable Ki −Kd range for Kp = 47 (f) Stable Ki −Kd range for Kp = 100

(g) Stable Ki −Kd range for Kp = 230 (h) Stable Ki −Kd range for Kp = 512
Figure 6.3 : Stabilizing Ki −Kd ranges for different Kp values
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(a) IAE (b) ISE

(c) ITAE (d) ITSE
Figure 6.4 : Error signals with respect to corresponding Ki −Kd pair for Kp = 0

measurement as follows:

Kinit = [0,1020.1,73.8] (6.6)

The selected controller corresponds to JIAE(Kinit ,qn) = 0.645. Since the controller

obtained in equation (6.6) is approved, we are ready to start with Algorithm 2 and

move from nominal system values to the whole uncertainty plane.

6.1.2 Robust controller design

Algorithm 2 provides the guidance to introduce the complete uncertainty range within

the control design process. At the initial steps, the designer shall specify the range

of the parameter box Q that encloses all uncertainty points. It is clear to us what the

extreme boundaries of the system are from the beginning of the section 6.1. However,

the exact number of samples to be used is not introduced in the algorithm, which makes

it flexible according to the gradient descent performance in later steps. For instance,

we used three different numbers of samples that correspond to the parameter boxes
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shown in Figure 6.5. Moving forward, the number of samples defined in the previous

step shapes the characteristic polynomial set required in step 2.

After preparing the system’s uncertain parameters, we are ready to move towards the

gradient descent parameters, where we need to define the learning rate and the gradient

length. The gradient length ∆ = 10−5 for the remainder of this thesis study, as it shows

a very small impact on results per algorithm definition. However, different learning

rates are used along with the proposed sample counts defined earlier. The results

snapshot shown in Table 6.3 includes various Kinit , learning rate (α) and total number

of samples (Qsamples) used during gradient descent propagation. The reason behind

using this approach is to understand the minimum number of samples required to have

acceptable results using gradient descent, and to find the most suitable learning rate.

From Table 6.3 we can see that the progress is determined with respect to the ISE

function defined in equation (4.20).

During this study, we considered all cost functions defined in section 4.2.3 in order to

view the total propagation of the proposed algorithm. The experimental data up to 50

iterations are shown in Appendix A. At each row group a different initial controller

Kinit obtained from Algorithm 2 is used to start the search. Figure 6.6 shows the

change in the PID controller parameters at each iteration starting from the same initial

controller defined in equation (6.6) while the same gradient descent parameters are

used. We can also observe that the use of different error functions led to considerable

changes in some of the PID parameters (Kp and Kd).

(a) 27 Sampling Points (b) 125 Sampling Points (c) 1000 Sampling Points
Figure 6.5 : Parameter box Q density according to the defined number of samples
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Table 6.4 : Algorithm 2 final output based on iteration size and global level of
performance

Parameters Error Functions Algorithm Output
Iterations γ IAE ISE ITAE ITSE Algorithm

1
Algorithm

2

19 0.6 0.459 0.2055 0.5925 0.0776
0 1696.4672

1020.1 1533.45
73.8 1453.858

23 0.5 0.4454 0.2035 0.4967 0.1101
5 1535.2096

893.16 1577.5
88.945 1125.9283

10 0.45 0.4599 0.2157 0.5084 0.1001
22 953.4517

1007.9 1244.142
201 643.7874

26 0.3 0.4248 0.2044 0.3000 0.087
100 321.6593
505 1351.7616

70.92 225.092

50 0.1 0.4047 0.1934 0.6188 0.0725
100 1996.258
505 2232.7872

70.92 2499.6158

The next step in Algorithm 2 defines the termination points for the gradient descent

process obtained from the previous step. This step can be completed by reaching

a third level of performance (global performance metric) or the maximum number

of iterations. Table 6.4 shows the expected output according to various levels of

performance and iteration sizes. It is necessary to clarify that the level of performance

defined in the second column refers to the desired ITAE error function, and the output

of Algorithm 1 is the initial controller used to obtain the robust controller. In other

words, the final output obtained from Algorithm 1. We can observe from the table that

the third and fifth results are obtained due to the iteration size limitation, while the

other results met the performance metrics.

6.1.3 Comparison with deterministic controller

In order to challenge the proposed gradient descent based optimization approach,

we compared our robust controller performance with a controller obtained from

Ziegler-Nichols method using system nominal values. We used again the four

error functions defined earlier in section 4.2.3 to measure the Auto-tuned (AT) PID

controller. Figure 6.7 highlights that the proposed controller performance overcame

the AT-PID controller for all used error measurement approaches.
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Figure 6.7 : Gradient descent based PID controller compared to AT-PID Controller

6.2 Rotary Inverted Polynomial Control

This section highlights the experimental data and simulation results obtained from

controlling the rotary inverted pendulum model with the proposed semi-heuristic

approaches. The model utilized for this test is linearized earlier in section 4.3.2.

Linearization for the rotary inverted pendulum is done for α around 180◦ and θ around

0◦. The control approach, on the other hand, is proposed in section 5.2, which consists

of decoupled Algorithm 3 and Algorithm 4.

The remainder of this section is structured similarly to the previous section, in which

we introduce a stable initial controller for the system’s nominal parameters. Then we

generalize the control strategy for the entire uncertainty region.

The uncertainty of the system is modeled at the end of chapter 4 using the parametric

approach modeling type as shown in equation (4.38). We considered the pendulum
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mass (mp) our only uncertain parameter. It is necessary to clarify that the pendulum

mass covers both the pendulum link mass and the sphere object mass attached at the

top of the pendulum link. The nominal mass taken into account is 24gm while the total

range of the parameter box can be visualized as a single line with ends at 18 and 30gm.

Accordingly, we can obtain the pole-spread as represented in Figure 6.8.

The system, as expected, has an unstable nature with one pole located on the right half

plane, which remains on this side for all of the uncertainty region. Additionally, we

have a pair of stable complex roots and a pole at the zero. While the complex pair

changed with the left half plane the pole at the zero remains in its location for different

values of pendulum mass.

6.2.1 Initial controller design

Similar to the previous section, Algorithm 3, which is associated with obtaining the

initial stable controller Kinit utilizes the system’s nominal parameters. Therefore, in

the first step of the algorithm, we should compute the nominal system Transfer function

matrix T (s,Q) that is represented as follows:

T (s,Qn) =

0.3955s2 +1.4240s−45.1092
0.0295(s4 +6.8563s3 −117.3132s2 −523.9797s)

0.3909s2 −1.2243×10−9s
0.0295(s4 +6.8563s3 −117.3132s2 −523.9797s)

(6.7)

Figure 6.8 : Rotary inverted pendulum pole-spread for 1-D parameter uncertainty
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Following the identification of the nominal system, we shall use the dual-PD controller

shown in Figure 5.3 to stabilize the nominal system. The following parameters can be

utilized for system nominal values:

Kpθ
=−2, Kdθ

=−2, Kpα
= 30, Kdα

= 2 (6.8)

Figure 6.9 shows the step response for the rotary inverted pendulum with the controller

parameters obtained in the previous step. The controller stabilize the given model;

however, there are considerable fluctuations in the system’s transient response, which

will impact our ISE calculation in later steps.

In the next step defined by Algorithm 3, only one of the PD controller pair can be

picked for future steps. For this thesis study, we selected the PD gains related to al pha

angle. The selected controller shall meet the predetermined level of performance γ ,

which is equal to 10 for our current cost function and system parameters. The ISE

error function for the system θ and α sub-transfer functions is shown in Figure 6.10(a)

and Figure 6.10(b), respectively. It is also necessary to mention that the range of

K p−Kd is selected around our stabilizing controller found in the previous step. It

is possible to utilize another deterministic method to narrow the search area however,

we can compensate for this with a good random search technique. Adding to that, the

nature of our system is stable for a small range of Kp −Kd values.

Figure 6.9 : Rotary inverted pendulum nominal system unit step response
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In Figure 6.10(a) and 6.10(b), we can observe tremendous error values for multiple

controller pairs in our targeted Kp−Kd range. These spikes can impact the propagation

of the search algorithm utilized in Algorithm 4 and lead to divergence, as we can see

in the next section. However, a minimal error is also available through different gains.

Since the initial controller error threshold (γ) is met for the controller in equation (6.8),

the current algorithm can be terminated, and we can start generalizing the search for

all of the uncertainty region.

6.2.2 Adam-based controller design

Adam optimizer is the main search technique used within Algorithm 4 in order to

reach a robust controller for all of the uncertainty region. Prior to start the algorithm,

we have to determine the total range of the uncertain parameters Q, which will be used

by our cost function (ISE) in order to converge towards robustness. Since we have

one uncertain parameter mp that spans for small range (0.018 - 0.03), we selected 25

samples within Q to be utilized for global cost calculation.

Figure 6.11 and Figure 6.12 represent the change in Kp and Kd , respectively, starting

from the initial controller developed in the previous section. Multiple learning rates

and gradient lengths have been used for obtaining the results shown in the figures.

The algorithm shows similar results while approaching the final robust controller

parameters, however, it needed to be guided when it encountered misleading spikes

shown in Figure 6.10. The cost function propagation for different initial controllers

is shown in Figure 6.13. We can see the impact of the misleading spikes on the

(a) ISE for θ sub-transfer function (b) ISE for α sub-transfer function
Figure 6.10 : ISE for rotary inverted pendulum nominal system
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algorithm propagation. However, the corrective steps taken during the study helped the

algorithm to reconsider its previous direction and apply different steps that can lead to

convergence. Despite these actions in some of the cases (Kα = 30, α = 0.75), the

algorithm error rate is still increasing. However, for other cases where the algorithm

parameters are initialized correctly a good results have been obtained as shown in

Table 6.5. With the robust controller error threshold defined as 8, we can terminate the

algorithm since the desired performance is reached.

Table 6.5 : Algorithm 4 progress for selected learning rate and gradient length

Parameters Iterations
α β

1 25 50
PD ISE PD ISE PD ISE

0.1 0.9 30 10 30.52 7.38 30.44 7.432.5 3.034 2.94
0.7 0.75 30 10 31.83 9.15 30.561 7.382.5 4.33 3.06
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7. DISCUSSION AND CONCLUSIONS

System stability and model performance are crucial components during the design

of controllers. Depending on the design problem, a moderate point between these

two objectives is reached by the designer. Assuming the system parameters remain

constant and do not fluctuate, we can derive a rigid mathematical model for the

system and the controller used to stabilize the system. We can even achieve this goal

using a common controller topology. Nonetheless, this straightforward modeling

and controller design is not the typical scenario in practice, where we encounter

variations in the system model due to several reasons as shown in section 2.1.1. These

variations introduce system uncertainty, which must be incorporated into system

modeling and considered during controller design via one of the uncertainty modeling

methodologies shown in section 2.1.3. The presence of uncertain parameters in the

system to be controlled further complicates the trade-off between maintaining system

stability and performance at a satisfactory level.

While many control theories offer deterministic solutions to address this challenge,

such approaches are frequently computationally intensive. Alternatively, a modern

approach employs random optimization, which does not necessitate a definitive

mathematical equation to describe the relevant system. Both of them have several

drawbacks that can block the controller designing process, which are shown explicitly

in chapter 3. The same chapter initiates the necessary ground to introduce the

semi-heuristic optimization approaches that can be considered as a moderate solution

for deterministic and stochastic control strategies.

In this thesis study we have proposed two semi-heuristic approaches that address

control problems in uncertainty presence. The uncertainty modeling for the systems

desired to be controlled is done using the parametric approach, as shown in chapter

4. Each model provided a total description of system parameters using a transfer
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function/transfer function matrix in the frequency domain. The proposed approaches

utilized a decoupled algorithm pair; the first algorithm in each finds the stabilizing

controller for nominal system parameters, while the second algorithm propagates

gradually towards a robust controller considering a sampled range of the uncertainty

region. Deterministic control topology is applied on the system’s nominal values

in the first algorithm within each approach to extract an initial stable controller,

then a random optimization technique is utilized by the second algorithm to obtain

robust controller parameters starting from where the first algorithm is concluded.

Predetermined levels of performance are used to smooth the transition between the

algorithms pair and to ensure that a global level of performance is met.

The gradient descent based optimization approach was tested on an interval polynomial

5th order system in section 6.1. Algorithm 1 of the proposed approach computed an

initial stable controller using IAE as cost function and the PID controller topology.

Within its step, Munro-Soylemez’s method is utilized with Kharitonov’s theorem to

obtain the stabilizing gain ranges, which speed the convergence process significantly.

Then Algorithm 2 utilized the derived initial controller to propagate towards a robust

solution using the gradient descent algorithm. A good result was obtained for all

error functions described in section 4.2.3 using various learning rates and gradient

lengths. In order to show the derived controller’s performance, we compared it with

the Auto-tuned PID controller and showed that the AT-PID controller provides poor

performance if generalized for all uncertainty regions, unlike our design controller.

Although the results obtained from the gradient descent-based approach are interesting

and the approach is easy to implement, there are a couple of limitations that can

constrain the overall picture. One of these limitations is Algorithm 1 exclusive

compatibility with systems with an interval polynomial characteristic equation. In

case of considering an affine linear or multi-linear characteristic polynomial system,

the algorithm may require different approaches to determine the stable Ki −Kd range,

such as the generalized Kharitonov theorem. Another limitation is the random search

technique itself. The gradient descent can get stuck on local critical points or diverge
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according to the selected learning rate. Therefore, enhanced adaptive gradient descent

can be used to improve the learning rate instead of using a fixed value, as well as

implementing a stochastic gradient descent.

The other introduced approach is implemented on the rotary inverted pendulum

problem in section 6.2. The first algorithm of this approach (Algorithm 3) used

a dual-PD controller to stabilize the rotary inverted pendulum system when the

nominal pendulum mass is considered. In spite of the considerable chances of driving

the system into instability -as shown in the Figure 6.10-, Algorithm 4 managed to

converge into a robust controller parameter that meets the desired level of performance

using Adam optimizer. The rotary inverted pendulum problem is known for its

unstable and non-linear behavior, making it suitable to challenge the performance of

semi-heuristic approaches in robust controller design. Despite we needed to perform

corrective actions for the second algorithm, a valid result is obtained at the end, as

shown in the previous chapter.

Finally, we would like to highlight that this thesis study proves the effectiveness and the

practicality of the semi-heuristic approaches tackling control problems with parameter

uncertainty, which introduces these approaches as a valid solution for the limitations

arising in deterministic and stochastic approaches.
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APPENDIX A : Gradient Descent based Optimization Experimental Results Tables

In this part of the thesis, extensive data obtained from a gradient descent-based
optimization approach for up to 50 iterations is shown. The tables are associated with
the error functions defined in section 4.2.3 as follows:

• Table A.1 - Table A.5: covers the IAE error based progress.

• Table A.6 - Table A.10: covers the ISE error based progress.

• Table A.11 - Table A.15: covers the ITAE error based progress.

• Table A.16 - Table A.20: covers the ITSE error based progress.

The initial controller kinit for each row group in this stable is the same since the
algorithm defined this controller (Algorithm 1) is only dependent on IAE error as
shown in Chapter 5.
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