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Mikroelaşfik Çubukların Eğilme Teorisi

Ben d ing Theory of Microelasfic Bars

E. S. ŞUHUBİ

Technical Universily of İstanbul, Turkey

Bu çalışmada özel bir mikroelastik malzeme olan moment geril­
mesi alan ortamların alan denklemleri kesit alanı üzerinde integre edi­
lerek mikroelastik düz. çubukların basit eğilme teorisinin ana denklem­
leri çıkarılmıştır. Elde edilen denklemler bir örneğe uygulanmıştır.

In this paper the fundamentaı eçuations of the theory of simple
bending of microelastic straight bars are derived by integrating the
field equations of media having couple stresses, which are a special
ciass of microelastic material, över the cross section area of the baı\
The resulting eguations are applied to a specific ezample

1. Introduction.
The theory of microelastic media has been developed in recent

years and is becoming to draw the nttention of researcher more and
tnore [1], [2], It can be shown that the theory of couple stress, v?hich
has been considered since the beginning of this century is but a special
ciass of the general materials which are called microelastic bodies [2],
In the present paper we try to develop a one-dimensional theory of
such a material by integrating the general equations över the cross

.section of a long, thin body. The iavestigation is confined only to tha 
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simple bending. To extend the theory is straightforward. The resul-
ting eguations are solved for rhe case of simply supported beam sub-
jected to uniform load.

2. Fundamental Equations.

As it is well-known the motion of a medium having couple stresses
is govemed by the following eguations in a cartesian system:

+ p/z — Paı

Pim + plim — P^lm tkl = Ski + Pkl (2.1)

where iki is the stress tensor, stl ıs the symmetric part of the stress
tensor, pt, is the antisymmetric part ot the stress tensor, f is the body
force per unit mass, a is the acceleration of a material point, p is the
density of the medium, mkhn is the couple stress tensor, ll:[ is the
bcdv moment per unit mass and â is the internal spin tensor. The

im

tensors m, 1 and c are antisymmetric with respect to the indices Z and
m. Dots represent differentiation with respect to time. In the media
having microisotropy the spin tensor is given by

^lm = Il>^lm (2.2)

where Io is a material constant and the antisymmetric tensor <pim
stands for the intrinsic rotation of the medium.

If we multiply Eq. (2,1)2 by e.lm , where eilm is the alternating
tensor, we obtain

mki.k ~\-pı pli — Piç cpz (2.3)

where m , p , 1 and cp, are defined as

W kl ^Imn^kmn , Pl-—€lmnpmn > —- &lmn ^mn ı ^Pl ----&lmn <pm„ (2.4) 

and conversely one can verify that
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1 1
^nlm ^kn , Pim ---- .y ^nlnı Pn >

,  1
*-lm ---- ^nlm Pn '■Çim ---- 2 (2.5^

By this transformation we establish a duality between the equations
(2.1)!  and (2.3). We shall cali henceforth the second order tensor mki

as the ccuple stress tensor. It is seen that the couple stress tensor is
affected only by the antisymmetric part of the stress tensor.

We shall now proceed to obtain the macroscopic epuatjons of
motion över the cross section of a straight bar whose axis is taken as
x3-axis and -axes a(=l, 2)are in the cross section, being perpendi-
cular to the axis of the bar.

The integration of the equations
;3a,3 + ^Pa.P +

and
ea0 x3 [(33,3 + ^yg.y + P/s—Py3İ— 0

över the cross section yields respectively

dx3 9a p et2

_ a2/a
8x3 e<zP + Ma —?

(2.6)

where the following notations are defin ed:

Qa — f 1-yj.dS, ^a.— /^a3 ^a. — eaf, f x^t3zdS ,
S S S

cla= J nf,ds + J pfa . ma — J eap *0 ;y3 nY ds + J eaP XP A

C S C S
(2.7)

4/a—yua</5, /a=eap / u3 dS.

In this expressions C represents the contour of the cross section, S
cross section area and n unit normal to C and eag is the two dimen- 
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Sio.nal permutation symbol. If we define as in the classical theory of
bai’E

^a = eap / xfi dS, Qa = f s.,„dS (2.8)
S S

and furthemıore

—2 / P3a.dS = eiia_ f ptdS = eAf, / p^dS (29)
5 S 5

we can easily verifv the xollowing relations:

Ma=Ma , Qa=Qa+ pa, Ka = Qa-±Pa. (2.10)

Then it is readily seenthat Eqs. (2.6i take the forms

dQ<z 1 dPa - _ tPUg
öx3 2 <?x3 ' P 0/2

(2.11)
8Ma ~ 1 _ d2/a

~ eap Qp + y M A’p + ma — P .

can be eliminated from Eqs. (2.11) to give

cWa dPf, Mfp 6’Ka _ 6ma
+ = e^p + p 8P^3 - M - âi? (2.12)

"We must add to the foregoing ecpıations the integral of the equation

m3i,3 + mj3a,p + Pa. + ?la. — Ta

över the cross section which is

-^-ea,P&+La=PI0^- (2.13)
vhere

^aa — / m3a dS , La = J m^a hp dS -|- [ pla dS , <t>a = f <pa dS (2.14)-
•* C S S
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It is obvious that field eguations (2.11) and (2,13) are not sufficient
to determine ali the involved guantitifis, Therefore the problem is
Jıyperstatic as it is. We thus have resoıt to microelastic stress-strain
reation in order to render problem determinate.

3. Microelastic Stress-Strain Relations Equations of Motion.
It has been shown that the lineer constitutive eguations of a micro-

‘Oİastic medium experiencing only couple stress as far as microstruc-
ture is concemed can be written as foilow [2]:

Ski — Ski -|- M («t.z H-u/.t)

Ptı = 2x (uk,ı — Uı,k) j = z [e,-M <P; — (uk,ı —uı.k) ] (3.1)

mid = — (a + (3 — o) cpw 4- a <pt.; — o qm,m Okl

vvhere 1 and ıı correspond to the classical Lame constants while x, a, fi
and f> are new microelastic constants. These constitutive eguations
■cleaıly show that the antisymmetric part of stress tensor is propor-
tional to the difference between the intrinsic rotationproduced by the
global deformation of the medium.

Let us now assume that there exists in the domain of the bar a
deformation field such as

“tt=™aU3), u3 = 0aUs)*a
(3.2)

fPa = Us) > <P3 = 0

■whence one obtains the stress field

s33 = ^33 = ^u3,3 ~ (L xa

53a = lJU3,a + uaı3):=M(0a + «>'a). sap = 0
(3.3)

/>3<x = — Pa3 = l'U'a — 9a ) + xea0 , Pap = 0

m3a == — U + 0 — fi)0'a
ma3 — “ P'a . "M = ^33 == Ö
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where primes denote differentiation with respect to the variable
The ınacroscopic field guantities corresponding to this stress field are
given by

Qa = M5(6a + “'a)

Pa = 2xS[w'a — 0a + eap ‘/’p ]
(3.4>

Ma = £t)'6 eap I XşdS — e^EI^ 0’ğ
5

M3a=-(«+P-8)50-a

and
(/o = Swtt, P,a = ep5/ap06> «><L=S<t>a (3-5)

where Zap represents the tensor of momente of inertia and. S is the area;
of cross section. If we substitute these expressions into Eqs. (2.11>
and (2.13) we obtain the foüowing system of eguations for the un-
knowns öp, wp and 0p after some manlpulations: .

(|1—x)8'a + (n + z)a/a-)-zeag</>'p -|- = p zua

B'a -^[(p-z)S'p + (H- *>’p ] - g- /ap eyfj9b'y +

(3-6>

+ a + P—5 eaP 0 — SB ) — a+P—o S₺a ~ (a-j-p-5)5 =

’L
a + p_5

where we made use of the identity (/-1)ap = eoXe31l/X11, Z being equai

to the determinant | Zap |

Equations (3.6) can be solved for 9'a and the result can be intro-
duced tc Eqs. (3.6) and the differentiated (3.6)3 to yield
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ıv . PS/a(3 •• 4|ixSZa3 , 2|ixpZa3 x
+ El (^+x)El + (n+x)BZ + p^-x e“P ^3

r ı ı p2 *• xp •• •
~ p [ E + p + % J + E(p+x) w«-E(g4--z) e«tfh —

^(f8 + M<) + ^j <3.7).

' cz + (M_Jt)(a+3_5)M“’0 (h-jc) (a+p_ö)*’“ + a+P-5^11

2xp •• _ 2x . L'a
- 7=^ M w3 - (7=^)5 e3« ?p + (<x+p-5)S

To neglect of the effect of shearing strains on the deformation
resul ts in the relation

ea = -^<-^xM ^3 (3'8)

Hence, using this in the ahove expression, we may put Eqs. (3.7) into.
simpler form:

lv I P^a3 ■■ 2lJX^2a(î " I J ' X , x
wa. + £y (y.-\-X)EI (^ w3 T~ e3r $ Y ) + jı-|-x a3*p

p f ' « ı x , , . - ■ .
~ ~E [”'« "H 7px e“P 3 = ~EÂ + eyl3 my 3’^

j l I 2xp rn ( .Zil P^o J _ ^*a
,Sa + (p-x)(a+p-5) [2ect3W3 “Pa J + a+p_s ^a —(ct+p_5)5

The macroscopic field guantities, in this case, can he written as
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< = İy8 + V> Y ]

= - EI^ EE ePv “’s - S
L (3-10)

M3a —— (a 4- 0 - 8)50 a

Pa = 2x5[2wâ + eap 0 (3 1

■The ahcve equations may be further simplified by choosing xa — axes
as the principal axes of the cross section.

The expressions (3.10) can be used in formulating the boundary
conditions on the ends of the bar.

It is seen that if a_ = 2ea3 that is, if the rötation takes the va-
lue given in the classical theory of elasticity, then Pa =0 and. ali the
results coincide with those given the classical theory of bars.

4. Simply Supported Beam Subjected to Uniform Load.
As a simpîe ez.ample to tiie theory which is developed above we

consider a simply supported beam with a span l subjected to â ürii-
iorm load g, acting in the principal directıon 2. Simply supported beam
will be defined by the boundary conditions.

w2 = Mı = A/31 = 0 âi x = ^l/2 (4.1)
cr

wî = ai2,= 0ı'—0 at x=^l/2 (4.2)

The differential equations of the problem in this case are

IV 2 ■ . . ■' -İ Ço
W2 ~ 2£ ~ 6 0" —“2 1 ~ El"

0' — k2 0ı + 2Z:2 to' —Ö
(4.3)

vvhere we introduce the notations
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s = —— , W2 = k2 —------- —------- (4 4)
lJ+'z E/u (p—x)(a + p — 3) ' ■ '

It may be easily seen that the classical theöry correspohds to the
case e*0, k-<-oo. if «e try to l.ook for the solution of the system ot
equations (4.3) with constant coefficients in the form evx where we
replaced x3 by x the characteristic equa.tion becomes

v'^-c2) —0 (4.5)
where

a2 = (l — 2e)A2 + 2eco2 (4.6)

Therefore the solution of Eqs. (4.3) satisfying the boundary conditions
(4.2) can be written as follöws:

al
T

-24^+59o l* \ k2
W1~ 384 EIn / a2

cosh ax
cosh

a2?
8 (4.7)

<£ı= k2 %l3
a2 12EIn

x3 „( 8 \x 24 sinh ax 1
aV)l a3l:ı ~^T' cosh — J

and il follows from Eqs. (3.10) that

qnl2\ k.2 E 4»21 , 8 ( k2 p — xV coshax
t ) +

(4.8)
_ (a+P-3)5 k2 ç0l2r X2 8 ( coshûx\l

^3ı- —1-4 jp 1 z I
L \ cosh 77 ' J

In the limiting case we haveA2/a2->l, a2->-oo anda+P—8->0 and we find
that the above expressions reduces to the classical results.



28 E. S. Şuhubi

ACKNOWLEDGMENT

This paper is a part of research project Nr. MAG-58 supported byScientific
and Teclmical Research Council of Turkey.

REFEREN'CES W

1. Eringen, A. C. and E. S. Şuhubi: Nonlineer Theory of Simpie Micro-elastic-
Solids I, Int. J. Engng. Sci. 2, 2, 189-203, 1964.

2. Şuhubi, E. S. and A. C. Eringen: Nonlineer Theory of Micro-elastic Solids II,.
Int. J. Engng. Sci., 2, 4, 389-404, 1964.

Manuscript received January 2, I96Z


