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Department of Geomatics Engineering

Geomatics Engineering Programme

OCTOBER 2022





ISTANBUL TECHNICAL UNIVERSITY ⋆ GRADUATE SCHOOL

HIGH-RESOLUTION GRAVIMETRIC GEOID MODELING
IN THE ERA OF SATELLITE AND AIRBORNE GRAVIMETRY

Ph.D. THESIS

Mustafa Serkan IŞIK
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UYDU VE HAVA GRAVİMETRİSİ ÇAĞINDA
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Tez Danışmanı: Doç. Dr. Bihter EROL
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HIGH-RESOLUTION GRAVIMETRIC GEOID MODELING
IN THE ERA OF SATELLITE AND AIRBORNE GRAVIMETRY

SUMMARY

With the advances in positioning and inertial navigation systems, the accuracy
obtained from the airborne gravimetry technique has reached very important levels
that aid high-resolution gravity field modeling. The data obtained from the airborne
gravimetry is of great importance in complementing the deficiencies of terrestrial data
in mountainous areas and land-sea transitions in coastal areas where modeling the
geoid are most troublesome.

In this thesis, high-resolution regional gravimetric geoid modeling was investigated in
light of the recent advancements in the field of gravimetry, more specifically satellite
and airborne gravimetry. With recently developed GOCE-based global geopotential
models and advanced stochastic techniques to model the regional gravity field as
a solution of the geodetic boundary value problem, it is possible to achieve a
high-resolution geoid model which can alter the traditional vertical reference system
realization. In this regard, four studies are carried out in two test regions: Colorado,
the USA, and Turkey.

The first study focused on the contribution of airborne gravity measurements to
gravimetric geoid modeling in a high topography, Colorado, USA, via the least
squares modification of Stokes (LSMSA) and Hotine (LSMHA) integrals with additive
corrections techniques. The study included filtering the high-frequency airborne
gravimeter data with minimum loss of signal and downward continuing it to the
Earth’s surface by Least Squares Collocation method with a planar logarithmic
covariance model. The reduced data was optimally combined with the satellite
data from the global geopotential model and terrestrial gravity data to calculate a
high-accuracy gravimetric geoid model. In this combination, the error variance of
each data set was taken into account to stochastically determine the variance of input
gravity anomaly/disturbance data set for Stokes and Hotine integrals. To clarify the
importance of airborne gravity data to the study, three gravity data sets were created:
terrestrial-only, airborne-only, and combined. The computed gravimetric geoid models
were tested with highly accurate GPS/leveling benchmarks collected for the validation
of models along a profile passing through the rough topography of the Colorado
mountains. The results indicated the contribution of airborne gravity data over the
mountainous regions, clearly. In conclusion, we obtained two gravimetric geoid
models calculated using combined data set via LSMSA and LSMHA methodologies
whose absolute accuracies are 2.69 cm and 2.87 cm, respectively.

In the rest of the thesis, we focused on improving the accuracy of the gravimetric
geoid model in Turkey. The first study that concerns the geoid model of Turkey dealt
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with the downscaling of low-resolution gravity anomaly data set, which originally
has ∼ 9 km resolution, to a spatial resolution of ∼ 2 km. This task was achieved
via the proper modeling of the topographic attraction on gravity using planar and
spherical approaches for Bouguer gravity anomalies. While the planar approach
was implemented for the computation of complete Bouguer gravity anomalies using
classical terrain correction based on the mass-prism technique, the spherical approach
was applied using a global model for the topographic attraction that is SRTM2Gravity.
Based on these two approaches, the low-resolution complete Bouguer anomalies were
enriched to higher-resolution data set, and consequently, surface gravity anomalies
were calculated from planar and spherical complete Bouguer anomalies. Three
gravimetric geoid models were calculated via the LSMSA technique, a low-resolution
reference geoid with a planar approach, and two high-resolution geoids via planar
and spherical approaches. Based on the accuracy assessment at 100 homogeneously
distributed GPS/leveling benchmarks, the accuracy of the best-performing geoid was
found as 8.6 cm using spherical approximation. The performance of gravimetric
geoid models using the down-scaled surface gravity anomalies was significantly better
compared to the low-resolution solution, the spherical approach being slightly better
than the planar one. Hence, the success of the down-scaling was proven in terms of the
accuracy achieved by the high-resolution gravimetric geoid models.

Following the improvements brought by the 1-arcmin resolution gravity data set, we
conducted another study that investigates the performance of Hotine’s integral for
the gravimetric geoid modeling using gravity disturbances, in comparison to Stokes’
counterpart. Hotine’s integral, as opposed to Stokes’, uses gravity disturbances which
require no orthometric height information of the stations that must be obtained via
traditional geometric leveling. Hence, it provides a promising new strategy for
gravimetric geoid modeling studies in the era of GNSS technologies. In this context,
we computed a gravimetric geoid model of Turkey using LSMHA methodology and
tested both Hotine and Stokes geoid models using 100 GPS/leveling benchmarks over
Turkey and 301 local GPS/leveling stations located in the western part of Turkey. The
assessment of the geoid models was conducted in both absolute and relative manners
for country-wide and local tests. The results indicate the performance of Hotine’s
integral for gravimetric geoid modeling using gravity disturbances gives promising
results. The accuracy of the Hotine geoid was found as 8.8 cm while its Stokes
counterpart had 8.6 cm accuracy against 100 GPS/leveling data set, after the systematic
differences between the geoid surface and local vertical datum were modeled via a
7-parameter model. In the local assessment of the geoid models, both techniques
showed ∼ 4 cm agreement with 301 GPS/leveling data set. This study showed that
the availability of ellipsoidal height information for newly collected gravity data set in
Turkey, being collected within the scope of height system modernization efforts, will
facilitate the use of Hotine’s integral in the near future.

In the final part of this thesis, we investigated the contribution of long-wavelength
geoid signals by exploiting the global gravity field models computed with Gravity
Field and Steady-State Ocean Circulation Explorer (GOCE) satellite mission data.
Prior to the geoid modeling, we first analyzed the global model series calculated
with direct (DIR), time-wise (TIM), and space-wise (SPW) approaches, together with
the GOCO model series. We assessed the performance of all releases of the model
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series using the Spectral Enhancement Method (SEM). As a result, the sixth release
of DIR, TIM, and GOCO models with an expansion degree of 205 was found as the
optimum combination to retrieve long-wavelength signals of the gravity field. Out
of these three models, we enhanced the TIM-R6 model by combining its coefficients
with an ultra-high resolution model EGM2008 via linear blending technique to achieve
a model up to 360 degree and order. The blended model was used as a reference for
high-resolution gravimetric geoid modeling via the LSMHA technique. The evaluation
of the performance of the computed model at 100 GPS/leveling benchmarks revealed
∼ 23% improvement in the standard deviation over EGM2008 based gravimetric geoid
model. By showing a 7.8 cm agreement (after-fit) against the validation data set, this
model outperforms the former LSMSA and LSMHA geoid models computed with
XGM2019e global geopotential models. In conclusion, this study conclusively showed
how important the choice of global geopotential model and its degree of expansion for
the gravimetric geoid modeling studies.
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UYDU VE HAVA GRAVİMETRİSİ ÇAĞINDA
YÜKSEK ÇÖZÜNÜRLÜKLÜ GRAVİMETRİK GEOİT MODELLEME

ÖZET

Topoğrafik kütlelerin düzensiz yapısı gravite alanının modellenip geoidin yüksek
doğrulukta hesaplanması için gereken gravite ölçmelerinin yeterli doğruluğa ve
dağılıma sahip olmasını zorlaştırmaktadır. Dağlık alanlarda yersel verinin yeterli
sıklıkta elde edilmesi çok büyük bir maliyet ve zaman gerektirmektedir. Denizlerde
yapılan ölçmelerde ise özellikle açık denizler ve okyanuslarda istenilen homojenlikte
ölçmelerin elde edilmesi mümkün değildir. Bu kapsamda uydu gravimetre yöntemi
önemli bir veri kaynağıdır. Ancak yörünge yüksekliği sebebiyle uydudan elde edilen
gravite verileri uzun dalga boylu sinyalleri modellemeye yardımcı olmaktadır. Orta ve
kısa dalga boylu bileşenler denizlerde altimetre uydularından ve karalarda ise yersel
ölçmelerden sağlanmak zorundadır. Bununla birlikte, kıyılara yaklaştıkça altimetre
uydularının sinyallerinin geri saçılımlarındaki gürültü oranının artması, geoidin kıyı
kesimlerde doğruluğunun önemli ölçüde kötüleşmesine sebep olmaktadır.

Konum belirleme ve ataletsel navigasyon sistemlerindeki teknolojik gelişmeler ile
birlikte uçak/hava gravimetre yönteminden elde edilen doğruluk çok önemli seviyelere
gelmiştir. Bu yöntem, hem dağlık alanlarda yersel verideki eksiklikleri tamamlamada
hem de kıyı kesimlerde kara-deniz geçişlerindeki veri eksikliğinin kapatılmasında
önemli bir yere sahiptir. Ancak, hava gravimetre yöntemiyle elde edilen veriler,
türbülanslı fiziksel bir ortamda gürültülü GNSS konum vektörünün türevleri ile
gürültülü ataletsel sensör (ivmeölçer, dönüölçer) verileriyle elde edilebildiğinden
yüksek frekansli gürültüye sahiptir. Verinin uygun yöntemler kullanılarak filtrelenmesi
ve gürültüsünün azaltılması gerekmektedir. Bunun yanı sıra, uçuş yüksekliğinde elde
edilen bu verilerin geoit modellemede kullanılabilmesi için aşağı uzanım (downward
continuation) yöntemleri kullanılarak yeryüzüne veya geoit yüzeyine indirgenmesi
gerekmektedir.

Bu tez kapsamında, hava gravimetri yönteminden elde edilen gravite verilerinin
işlenmesi ve dağlık alanda geoit modeli doğruluğuna katkısının incelenmesi amacıyla
Amerika Birleşik Devletleri Colorado eyaletinde gravimetrik geoit modelleme
çalışması yapılmıştır. Colorado geoit deneyi, 2017 yılında Uluslararası Jeodezi
Birliği’nin (IAG) Ortak Çalışma Grubu (JWG) 2.2.2 (1 cm geoit deneyi) tarafından
ortak bir çalışma olarak başlatılarak organize edilmiş ve farklı kurum ve araştırma
grupları katkıda bulunmuştur. Yapılan ilk çalışmanın amacı, aynı girdi veri
seti ile hesaplanan farklı geoid belirleme yaklaşımlarından elde edilen gravite
potansiyellerinin Uluslararası Yükseklik Referans Sistemi (IHRS) kapsamında
tekrarlanabilirliğini görmek ve farklı yaklaşımlarda elde edilen gravimetrik geoitlerin
performanslarının kıyaslanmasıdır. Veri seti, Colorado, ABD’de yaklaşık 550 km×
730 km’lık bir dağlık alana ait yersel gravimetri ve hava gravimetri ölçmelerini, sayısal
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arazi modelini, XGM2016 global jeopotansiyel modelini ve model doğrulamaları için
GPS/nivelman verilerini içermektedir. Veri seti Ulusal Jeodezi Araştırması (NGS)
departmanı tarafından sağlanmıştır. Bu çerçevede, yapılan ilk çalışma, İstanbul
Teknik Üniversitesi - Gravite Araştırma Grubu (ITU-GRG) tarafından elde edilen
deneysel sonuçlar üzerinden Colorado geoidinin modellemesi üzerine bir karşılaştırma
sunmayı amaçlamaktadır. Bu çalışmada, Stokes ve Hotine integral formüllerinin en
küçük kareler modifikasyonları yöntemlerini ITU-GRG tarafından yazılan yazılımı
kullanarak Colorado geoidini modellemeye odaklanıldı. Her iki yöntem ile sadece
yersel gravite, sadece hava gravite ve bütünleşik gravite veri setlerine dayalı
gravimetrik geoit modeller hesaplandı. Daha sonra, hesaplanan deneysel geoit
modelleri, tarihsel ve yakın zamanda profil şeklinde ölçülen GPS/nivelman veri setleri
kullanılarak doğruluk analizi yapıldı ve ayrıca IAG JWG 2.2.2’nin "1 cm geoit deneyi"
için farklı kurumlar tarafından sunulan çözümlerle karşılaştırıldı. Tüm doğrulama
sonuçları için, Hotine ve Stokes integral formülleri, geoit doğruluğu açısından benzer
performanslar verdi. Bununla birlikte, bütünleşik veri seti kullanılarak hesaplanan
modeller, sadece yersel gravite ve sadece hava gravite tabanlı geoit çözümlerinden
daha iyi doğruluğa sahip olduğu tespit edildi. Bütünleşik verileri kullanan geoid model
çözümlerinin doğruluğu, GSVS17 (Geoid Slope Validation Survey 2017) profilinin
GPS/nivelman verileri kullanılarak yapılan test sonuçlarında Hotine yöntemi için
2.69 cm ve Stokes yöntemi için 2.87 cm olarak raporlanmıştır. Amerikan Düşey
Datumun Yeniden Tanımlanması için Gravite (GRAV-D) projesinden elde edilen
havadan gravimetri verileri, özellikle bölgenin dağlık kısımlarında geoit modelinin
geliştirilmesine önemli ölçüde katkıda bulunmuştur.

İkinci çalışma, Stokes integralinin en küçük kareler modifikasyonu ve ek düzelt-
meler (LSMSA) yöntemiyle sıklaştırılmış gravite anomalileri gridlerini kullanarak
Türkiye’deki gravimetrik geoit modelinin doğruluğunun iyileştirmesini araştırmak-
tadır. Geoit modellerinin LSMSA hesaplamalarında, topografik kitlelerin ileri
modellenmesiyle (forward modeling) tamamlanmış Bouguer anomali grid veri
setinden elde edilen yüzey gravite anomalileri kullanılmıştır. Hesaplamalarda orijinal
5′ yay dakikası (∼ 9 km) çözünürlükteki Bouguer anomali veri setine ek olarak,
1′ yay dakikası (∼ 2 km) çözünürlüğe artırılmış versiyonları da kullanılmıştır.
Gravite gridlerinin çözünürlüklerinin artırılmasında, hem düzlemsel (planar) hem
de küresel (spherical) yaklaşımda tamamlanmış Bouguer anomalileri kullanılmıştır.
Böylece gravite gridlemede hem gravite grid yoğunlaştırmasının hem de Bouguer
indirgeme işlemi için uygulanan yaklaşımın geoit model doğrulukları üzerindeki
etkileri incelenmiştir. Bouguer gravite indirgemeleri, düzlemsel yaklaşım için klasik
formüller kullanılarak gerçekleştirilirken, sayısal testlerde küresel yaklaşım için
yüksek çözünürlüklü SRTM2Gravity global modelinden elde edilen gravimetrik arazi
düzeltmeleri kullanılmıştır. Hesaplanan geoit modelleri, ülke genelinde homojen
olarak dağılmış 100 GPS/nivelman veri seti ile karşılaştırılarak doğrulanmıştır. Ayrıca,
modellerden elde edilen geoit yükseklikleri kıyı şeridi boyunca altı mareograf
istasyonlarında karşılaştırılmıştır. Böylece, modellerin kıyılardaki uyuşumunun
değerlendirilmesi için ek bir kontrol sağlanmıştır. Sonuç olarak, Türkiye’deki küresel
tamamlanmış Bouguer anomalilerinden hesaplanan 1′ yay dakikası çözünürlüklü
yüzey gravite anomalileri kullanılarak elde edilen geoit modeli çözümünün doğruluğu
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GPS/nivelman noktalarındaki geoit yüksekliği farklarının standart sapmasıyla 8.6 cm
olarak bulunmuştur.

Üçüncü çalışma, Türkiye’de Hotine integrali yönteminin en küçük kareler mod-
ifikasyonu ve ek düzeltmelerini (LSMHA) kullanarak bölgesel gravimetrik geoit
modelleme doğruluk performansını araştırmayı amaçlamaktadır. Gravimetrik geoit
modeli, tamamlanmış Bouguer anomali gridinden hesaplanan 1′ × 1′ çözünürlüklü
gravite bozuklukları kullanılarak hesaplanmıştır. Ülke genelinde 100 adet homojen
dağılımdaki GPS/nivelman veri seti ile yerel olarak homojen dağılıma sahip 301 adet
hassas GNSS/nivelman veri seti kullanılarak mutlak ve göreceli olarak geoit doğruluğu
belirlenmiştir. Gravimetrik geoit modeli ile bölgesel düşey datum arasındaki sistematik
farklılıkların kaldırılmasından önce (before-fit) ve sonra (after-fit) için doğruluk
istatistikleri ayrıca belirtilmiştir. LSMHA ile hesaplanan geoid modelinden elde edilen
doğruluk, yaygın olarak kullanılan Stokes integralinin en küçük kareler modifikasyonu
(LSMSA) yöntemi ile hesaplanan en uygun geoid modeli ile karşılaştırılmıştır.
Sonuçlar, Hotine çözümünün doğruluğunun, tüm ülkedeki Stokes muadilinden elde
edilen 8.6 cm mutlak doğruluğu ile karşılaştırıldığında, 8.8 cm olduğunu ortaya
koymaktadır. Türkiye’nin batısındaki yerel değerlendirmeye dayalı olarak, modeller
yerel 301 GPS/nivelman kriterlerinde ülke çapındaki doğrulama sonuçlarından çok
daha iyi uyum performansı göstermektedir. Hotine ve Stokes çözümlerinin yerel
GPS/nivelman veri setindeki doğrulukları sırasıyla 4.4 ve 4.3 cm’dir. Sonuç olarak,
gravite bozukluğu kullanarak bölgesel gravimetrik geoit modelleme yapan LSMHA
yönteminin LSMSA yöntemine yakın ve kıyaslanabilir bir sonuç verdiği ortaya
konmuştur.

Dördüncü çalışmanın amacı, Türkiye’de homojen olarak dağıtılmış 100 adet
GPS/nivelman istasyonları kulanılarak son yayınlanan GOCE tabanlı sadece uydu
verilerine dayalı hesaplanmış global jeopotansiyel modellerin performansını değer-
lendirmektir. Doğrudan (Direct, DIR), zamana dayalı (time-wise, TIM), mekana dayalı
(space-wise, SPW) ve GOCO model serileri, GPS/nivelman veri seti ile spektral olarak
karşılaştırılabilir hale getirmek için spektral iyileştirme yöntemi (spectral enhancement
method, SEM) kullanılarak doğrulukları analiz edilmiştir. Küresel harmonik açılımlar
kullanılarak GOCE modellerinden geoit yüksekliklerinin hesaplanmasında, gravite
alanı sinyalinin kısa dalga boylu bileşenleri, ultra yüksek çözünürlüklü global
jeopotansiyel model EGM2008 ve artık arazi etkisinden tamamlanmıştır. GOCE
modellerinin performansları, EGM2008 modelinin maksimum açınım derecesinde
elde edilen doğruluğuna göre değerlendirilmiştir. En iyi performansı gösteren
modeller, 9.3 cm standart sapma ile DIR, TIM ve GOCO modellerinin altıncı
sürümü olarak bulunmuştur. Stokes integralinin en küçük kareler modifikasyonu
ve ek düzeltmeleri yöntemi ile gravimetrik geoit modelinin hesaplanmasında 205
derece/mertebe açılıma kadar TIM-R6 modeli referans model olarak kullanılmıştır.
Gravimetrik geoit için referans model, lineer birleştirme (linear blending) tekniği
kullanılarak TIM-R6 ve EGM2008 modellerinin katsayılarının birleştirilmesiyle
oluşturulmuştur. Spektral olarak birleştirilen global jeopotansiyel model ile hesaplanan
gravimetrik geoit modeli EGM2008 modelinin 360 derece/mertebeye kadar açılımı ile
hesaplanan gravimetrik geoit modeline göre ∼%23 daha yüksek doğruluk sağlamıştır.
Bu çalışma ile GOCE uydusunun Türkiye’de gravite alanı spektrumunun orta dalga
boyundaki kısımlarına katkısı ortaya konmuştur.
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1. INTRODUCTION

Height system modernization to re-define the current vertical datum, which is

conventionally based on mean sea level, as a gravimetric geoid requires a highly

accurate geoid model to transform the ellipsoidal height into orthometric height.

This task needs a special attention in certain areas where the geoid modeling is

problematic, such as coastal and mountainous areas. In such topographies, the irregular

structure of the topographic masses makes it difficult for the gravity measurements to

have sufficient accuracy and distribution for modeling the geoid with high accuracy.

Obtaining terrestrial data with sufficient distribution in mountain areas requires a great

cost and time. In the measurements made in water bodies, it is not possible to obtain

the measurements with desired homogeneity, especially in open seas and oceans. In

this context, the satellite gravimeter method is an important data source. However, due

to the orbital height, the gravity data obtained from the satellite techniques is used to

model long wavelength signals properly. Medium and short wavelength components

can be obtained from altimeter satellites in seas and from terrestrial measurements

on land. Nonetheless, the increase in the noise of the radar backscatter of altimeter

satellites, as they approach the coasts, causes the accuracy of the geoid in coastal areas

deteriorate significantly.

Airborne gravimetry is a valuable method for fast data collection to cover large areas.

It is used to obtain gravity data, especially in areas where the terrain is rough, difficult

to access or dangerous, such as mountainous areas, coastal areas, etc. where the

gravity field modeling is relatively a difficult task. It has been reported by researchers

that airborne gravimetry data, which can complement the deficiencies of satellite

gravimetry, altimeter and terrestrial gravity data, provides significant improvements

in the modeling of the gravity field (Hwang et al., 2006; Zhao et al., 2018; Wu et al.,

2019; Isik et al., 2021; Wang et al., 2021).
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The data obtained from the airborne gravimeter has a high frequency signal structure.

This is caused by the turbulence during the flight, and noisy GNSS position, its first

(velocity) and second derivatives (acceleration), and also noisy inertial sensor data.

The data should be filtered using appropriate methods and its noise level should be

reduced via low-pass filters, such as Gaussian, Butterworth filters (Hwang et al., 2006;

Olesen, 2003). In order to filter the effect of noise with a minimum signal loss, the

parameters of the low-pass filter must be selected appropriately. Moreover, to be able to

combine the airborne gravity with the terrestrial gravimetry measurements, the gravity

values at flight height must be reduced to the Earth’s surface or geoid surface by using

appropriate ill-posed downward continuation methods.

The Colorado geoid experiment was initiated and organized as a joint study by the Joint

Working Group (JWG) 2.2.2 (1-cm geoid experiment) of the International Association

of Geodesy (IAG) in 2017, and different institutions and research groups contributed

to this study. To outline the contribution of airborne gravimetry to the accuracy of

regional geoid modeling, as ITU-GRG team, we conducted a research to investigate the

modeling of high accuracy gravimetric geoid model of Colorado using Least Squares

Modification of Stokes and Hotine Integrals with additive corrections (LSMSA) (Isik

et al., 2021). After the Joint Working Group successfully finalize the methodological

research for the assessment of different geoid modeling techniques and downward

continuation algorithms, the working group summarized the findings in an overview

paper that combines the solutions of each group (Wang et al., 2021). This working

group now left its place to another one named "JWG 2.2.1: Error assessment of

the 1 cm geoid experiment". In this working, each group focuses on the validation

of their own existing solution against extended Geoid Slope Validation Survey 2017

data provided by National Geodetic Survey (NGS), US to investigate the possible

error sources that may stem from data collection, data preparation and manipulation,

downward continuation and gravimetric geoid modeling.

In the first part of this thesis (Isik et al., 2021), we reported our contribution to the

1 cm Colorado Experiment conducted within the scope of JWG 2.2.2. The aim

of this experimentation was to clarify the repeatability of gravity potential values

as International Height Reference System (IHRS) coordinates from different geoid
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determination approaches carried out with the same input dataset. The dataset

included the terrestrial and airborne gravity observations, a digital terrain model, the

XGM2016 global geopotential model and GPS/leveling data for model validations

belonging to a mountainous area of approximately 550 km×730 km in Colorado, US.

The dataset was provided by National Geodetic Survey (NGS) department. In this

frame, this article aims providing a discussion on Colorado geoid modeling through

individual experimental results obtained by Istanbul Technical University-Gravity

Research Group (ITU-GRG). This contribution mainly focused on modeling the

Colorado geoid using the least squares modifications of Stokes and Hotine integral

formulas with additive corrections. The computations using each formula were carried

out using ITU-GRG software, including the solution variants based on terrestrial-only,

airborne-only and combined gravity datasets. Then, the calculated experimental

geoid models were validated using historical and recently measured profile-based

GPS/leveling datasets, and they were also compared with the official solutions

submitted by different institutions for the “1-cm geoid experiment” of IAG JWG

2.2.2. For all validation results, the Hotine and Stokes integral formulas yielded

similar performances in terms of geoid accuracy; however, the models computed

using the combined data had better accuracy than those using the terrestrial-only and

airborne-only solutions. The geoid model solutions using the combined data had an

accuracy of 2.69 cm for the Hotine method and 2.87 cm for the Stokes method in the

test results using GPS/leveling data of the GSVS17 (Geoid Slope Validation Survey

2017) profile. Airborne data from the Gravity for the Redefinition of the American

Vertical Datum (GRAV-D) project contributed significantly towards improving the

geoid model, especially in the mountainous parts of the area.

As challenging it is to model an accurate gravimetric geoid model in topographically

challenging area such as the case of Colorado with high quality gravity data set, it

is much more rival task to improve the performance of the geoid model in places

where the gravity data set has lower quality and resolution. The geoid modeling studies

in Turkey were initiated with the astro-geodetic geoid modeling and doppler derived

geoid heights (Ayan, 1976, 1978; Gürkan, 1978) has left their place to the gravimetric

geoid modeling studies with Turkey Geoid 1991 (TG-91), the first gravimetric geoid
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(Ayhan, 1993). The precise geoid modeling studies in Turkey were accelerated after

the establishment of the Turkish National Fundamental GPS Network in 1999, with

the requirement of a practical transformation model between the GNSS ellipsoidal

heights and the orthometric heights in regional vertical datum. Through these years,

significant amount of geoid studies have been conducted using modernized techniques

and improved solutions for long-wavelength gravity signal provided by state-of-art (by

the time being of course) global geopotential models (Kılıçoğlu et al., 2005; Ayhan

et al., 2002; Yıldız et al., 2006; Kılıçoğlu et al., 2011). Through these efforts to

improve the accuracy of geoid model via different approaches and global geopotential

models, one thing was certain, and it was the necessity to replace the existing gravity

measurement with more accurate ones.

In 2015, the height system modernization efforts were accelerated with the joint efforts

of the General Directorate of Mapping (GDM), the General Directorate of Mineral

Research and Exploration (GDMRE), the Turkish Petroleum Corporation (TPAO),

Marmara Research Center (MAM) and National Metrology Institute (UME). together

with the Scientific and Technological Research Council of Turkey (TÜBİTAK). Within

the context of this modernization project, the terrestrial gravity measurements were

collected with ∼ 9 km (5-arcmin) intervals, covering the entire country in a grid-wise

form. In topographically challenging areas, such as mountains and large water bodies,

it is planned to make airborne gravity surveys. Airborne surveys are still on-going and

will be extended to cover the coastlines, inland water bodies and regions not accessible

by land in Turkey.

With the CHAMP, GRACE and GOCE satellite gravity missions, significant

improvements have been achieved in the degrees of expansion (resolutions) and

accuracy of the global geopotential models. Specifically the contribution of GOCE

satellite to the static gravity field is significant in term of achieving 1-cm geoid

goal that can replace the traditional mean sea level based vertical datum. However,

satellite data alone is not sufficient to model the gravity field with the desired

accuracy. In this context, geoid can be modeled with high accuracy by combining

the global geopotential models obtained with satellite gravity data and other gravity

measurement techniques made at regional/local scale. This can be achieved efficiently
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with the stochastic modifications of Stokes/Hotine integrals by combining the global

geopotential model and surface gravity anomalies using their a-priori variance

information. This way, the drawback of the surface gravity anomalies can be

compensated in a certain level.

The second part of this thesis, which covers the chapters 3, 4, and 5, includes the efforts

to improve the accuracy of gravimetric geoid model of Turkey with the aid of recent

satellite gravimetry contribution made by GOCE, and stochastic kernel modification

of Stokes and Hotine integrals in a least squares sense. First, we attempted to increase

the spatial resolution of surface gravity anomaly grid from 5-arcmin (5′) resolution to

1-arcmin (1′)resolution by exploiting the forward modeling of short-scale topographic

signals on gravity. After successfully achieving this goal, we calculated the densified

gravity disturbance data set to model the gravimetric geoid via LSMHA technique

for the first time in Turkey and showed how accurate this approach can model the

geoid compared to its Sokes’ counterpart. Finally, we assessed the performance

of GOCE-based satellite only global geopotential models in Turkey to show the

improvements made by GOCE observations to the long-wavelength signals of gravity

spectrum. In this way, we clarified the best fitting global geopotential models as well as

their optimum degree of expansion. In the last step, the best fitting model was linearly

blended with Earth Gravity Model 2008 - EGM2008 (Pavlis et al., 2012) to achieve

more accurate spherical harmonic coefficients set. This linearly blended model was

used as a reference model for gravimetric geoid modeling, and the performance of the

output model was compared with the former experimental geoid models.

The second study (Isik et al., 2022b) investigated the accuracy improvement of the

gravimetric geoid model in Turkey using densified grids of the gravity anomalies

with the least-squares modification of the Stokes integral with additive corrections

(LSMSA) method. In LSMSA computations of the geoid models, the surface gravity

anomalies, which were derived from the complete Bouguer anomaly grid data set by

forward modeling the topographic masses, were used. In the computations, in addition

to the original 5’-resolution (∼ 9 km) Bouguer anomaly data set, its densified versions

to 1’-resolution (∼ 2 km) also were used. The densification of the gravity grids was

carried out using both planar-and spherical-type complete Bouguer anomalies. Thus,
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the effects of both gravity grid densification and the applied approximation for the

Bouguer reduction process in gravity gridding on the geoid model accuracies were

examined in order. The Bouguer gravity reductions were carried out using classical

formulas for the planar approximation, whereas the gravimetric terrain corrections

from the high-resolution SRTM2gravity global model were employed for the spherical

approximation in numerical tests. The calculated geoid models were validated at 100

homogeneously distributed GPS/leveling benchmarks over the country. In the tests, the

geoid undulations derived from the models also were compared with the observations

at six tide gauge stations along the coastlines. The latter provided an additional

check for the assessment of the models’compatibility at the coastal boundaries. In

conclusion, the accuracy of the best geoid model solution (8.6 cm by means of the

standard deviation of geoid undulation differences at GPS/leveling benchmarks) was

achieved using 1’-resolution gravity anomalies restored from the spherical complete

Bouguer anomalies in Turkey.

The third study (Isik et al., 2022a) aims to investigate the regional gravimetric geoid

modeling accuracy performance using least squares modification of Hotine’s integral

with additive corrections (LSMHA) method in Turkey. The gravimetric geoid model

is computed using 1′×1′ resolution gravity disturbances calculated from the complete

Bouguer anomaly grid. It is validated in absolute and relative manners using the

countrywide and locally distributed precise GNSS/leveling dataset having 100 and

301 benchmarks, respectively. The validation statistics are generated before and

after removing the systematic differences between the geoid model and the local

vertical datum. The obtained accuracy of the calculated geoid model with LSMHA

is compared with the best-fitting geoid model computed via commonly used least

squares modification of Stokes’s integral (LSMSA) method. The results reveal that

the accuracy of the Hotine’s solution is 8.8 cm, compared to the 8.6 cm achieved

from the Stokes counterpart in the whole country. Based on the local assessment in

the western part of Turkey, the models show much better fitting performance at the

local 301 GNSS/leveling benchmarks than the countrywide validation results. The

accuracies of the Hotine’s and Stokes’s solutions at the local GNSS/leveling dataset

are 4.4 and 4.3 cm, respectively. As a result, it is revealed that the LSMHA method
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using gravity disturbance gives a competitive result to the LSMSA method in regional

gravimetric geoid modeling.

The aim of the fourth, and final study (Isik et al., 2022c), is to evaluate the

performance of the recent GOCE-based satellite-only global geopotential models

using 100 homogeneously distributed GPS/leveling stations in Turkey. Direct (DIR),

time-wise (TIM), space-wise (SPW), and GOCO satellite-only model series were

validated using the spectral enhancement method in order to make the models

spectrally comparable with the GNSS/leveling data set. In the computation of geoid

heights from GOCE models using spherical harmonic expansions, the short wavelength

components of the gravity field signal were completed from ultra high-resolution

global geopotential model EGM2008 and residual terrain effect. The performances

of GOCE models were evaluated with respect to the accuracy of EGM2008 at the

maximum degree of expansion. The best performing models were found as the sixth

release of DIR, TIM, and GOCO models with 9.3 cm standard deviation. TIM-R6 up

to 205 degree/order expansion was used as a reference model for the computation of

gravimetric geoid model via least squares modification of Stokes integral with additive

corrections method. The reference model for the gravimetric geoid was created by

combining the coefficients of TIM-R6 and EGM2008 models using the linear blending

technique. The spectrally mixed global geopotential model improved the accuracy

of the gravimetric geoid model ∼23% with respect to the gravimetric geoid model

calculated with EGM2008 up to 360 degrees. The contribution of the GOCE satellite

in medium wavelength parts of the gravity field spectrum was clarified in Turkey.

After this introduction chapter, the chapters 2, 3, 4 and 5 of this thesis is organized

based on the four papers mentioned above. The last chapter (Chapter 6) finalizes the

thesis with conclusions and discussions of the papers. Some of the chapters of this

thesis are published/under review in journals indexed by SCI-Expanded as,

• Chapter 2 is published as a paper entitled "High-resolution geoid modeling using

least squares modification of Stokes and Hotine formulas in Colorado" in Journal

of Geodesy.
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• Chapter 3 is published as a paper entitled "Investigation of the Geoid Model

Accuracy Improvement in Turkey" in Journal of Surveying Engineering.

• Chapter 4 is published as a paper entitled "Geoid modeling with least squares

modification of Hotine’s integral using gravity disturbances in Turkey" in Earth

Science Informatics.

• Chapter 5 is submitted as a paper entitled "Improvement of GOCE-based Global

Geopotential Models for Gravimetric Geoid Modeling in Turkey" to Geosciences.
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2. HIGH-RESOLUTION GEOID MODELING USING LEAST SQUARES
MODIFICATION OF STOKES AND HOTINE FORMULAS IN COLORADO1

2.1 Introduction

The 1-cm Colorado geoid experiment was initiated and performed as a joint research

project by IAG JWG 2.2.2, and it plays an important role in international height system

realization (IHRS) studies. Calculating a high-accuracy geoid model is a key issue

for geoid-based vertical datum definition and regional datum unification to define a

global physical height system. The main goal of the 1-cm geoid experiment in the

Colorado region was to provide comparative results on the differences between the

geoid modeling approaches using terrestrial, airborne and combined gravity datasets

via precise validation results. In this manner, fourteen institutions from thirteen

countries contributed to the joint research project, in which they computed the height

anomalies, the geoid undulations, and the potential values in the area. Comprehensive

explanations and results for this experiment are given in Wang et al. (2021).

As an equipotential surface of Earth’s gravity field, the geoid is considered a datum

for defining physical height systems, and the data and formulas for its modeling

vary (Hofmann-Wellenhof and Moritz, 2006). In spherical approximation, the geoid

can be modeled by the integration of gravity-derived quantities, such as gravity

anomalies and/or gravity disturbances. The well-known Stokes (1849) formula

proposes an integration that requires global coverage of gravity anomalies, and the

Hotine (1969) integral formula uses gravity disturbances. Since globally distributed

gravity observations are unavailable, these integral formulas have to be computed in a

limited data coverage area with an introduced integration cap. However, this limitation

leads to a loss of the gravity signal because of the effect of masses lying outside of

the integration cap. Therefore, Molodensky et al. (1962) proposed a modification

1This chapter is based on : Isik, M. S., Erol, B., Erol, S., & Sakil, F. F. (2021). High-resolution
geoid modeling using least squares modification of Stokes and Hotine formulas in Colorado. Journal of
Geodesy, 95(5), 49. https://doi.org/10.1007/s00190-021-01501-z
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of the Stokes integral that enables the combination of available gravity anomaly data

collected around the target area and modeled gravity anomaly data obtained via global

geopotential model (GGM) coefficients. Additionally, a number of modifications of the

Stokes integral are presented in the literature, including deterministic modifications,

such as by Wong and Gore (1969), Meissl (1971), and Evans and Featherstone (2000);

and stochastic modifications, such as by Sjöberg (1980, 2003a) and Wenzel (1982).

Sjöberg (2003a) formulated a stochastic modification of the Stokes integral called the

least squares modification of the Stokes formula with additive corrections (LSMSA),

and it adopts a kernel modification to minimize the expected global mean square

error of the geoid model using stochastic information for the gravity data and global

geopotential model coefficients. Ellmann (2005a) developed a MATLAB program for

calculating the modification parameters for the Stokes integral in the least squares

sense. In this contribution, the suggested method uses surface gravity anomalies

instead of geoid surface anomalies as the input for the Stokes function. Downward

continuation, topographic, atmospheric, and ellipsoidal effects are restored onto the

geoid heights as additive corrections. Although modifications of the Stokes formula

are more common in the literature, Hotine modifications have also been performed by

Jekeli (1979, 1980) and Zelin and Yecai (1991). One advantage of using the Hotine

integral is the easy derivation of the input gravity disturbances using ellipsoidal height

information. Analogous to the LSMSA by Sjöberg (2003a) and Märdla et al. (2018)

proposed the least squares modification of the Hotine formula with additive corrections

(LSMHA).

As a participating group of the "1-cm Geoid Experiment in Colorado", we submitted

a geoid model for the study area calculated by the least squares modification of the

Stokes integral using terrestrial-airborne combined data. This model is presented

in Wang et al. (2021) along with fourteen models submitted by other participating

institutions. For the sake of clarity, the previously submitted model will be named the

“official solution” in this paper; moreover, six additional experimental geoid models

and their comparisons calculated by using the least squares modification of the Stokes

(S) and Hotine (H) integral formulas with additive corrections are presented. For each

method, the optimum combination of gravity observations with the global geopotential
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model (GGM) was investigated. Hence, terrestrial-only (T), airborne-only (A), and

combined (C) data solutions are presented separately in the article. Compared with

the official solution, the harmonic correction term was included in the residual terrain

correction during the downward continuation of the airborne gravity data. Thus, the

Stokes model with the combined gravity data (S.C) solution led to improved results

from the geoid model that it was previously submitted as the official solution in Wang

et al. (2021). The validation results of the so-called official and the new solutions

calculated in this study are given in detail in Sect. 2.4.

Airborne gravity measurements cannot be used directly in combination with terrestrial

gravity measurements in geoid calculations because they refer to gravity values at

different altitudes from the mean sea level and/or the geoid surface. Therefore,

downward continuation of airborne gravity observations to the Earth’s surface using an

appropriate strategy is necessary for employing these observed along with terrestrial

gravity data in geoid computations. In the literature, a number of methods are available

for the downward continuation process of gravity values (see Wang, 1988; Vaníček

et al., 1996; Tscherning et al., 1998; Huang et al., 2003; Alberts and Klees, 2004;

Hwang et al., 2007; Zhao et al., 2018), and the primary methods include the least

squares collocation (LSC) (see Tscherning et al., 1998; Alberts and Klees, 2004;

Hwang et al., 2007; Zhao et al., 2018), Poisson integral (see Wang, 1988; Vaníček

et al., 1996; Huang et al., 2003), and Fast Fourier Transform (FFT) (see Wang, 1988;

Hwang et al., 2007) techniques, and the cited works also include comparative results

of these techniques for geoid modeling applications. These studies showed that the

LSC method has superior performance and advantages compared to the other methods.

Therefore, in this study, we adopted and successfully applied the LSC approach

with the planar logarithmic covariance model of Forsberg (1987) in the downward

continuation of airborne gravity data to calculate geoid models with the combined

data.

In the validation of the calculated geoid models, two GPS/leveling datasets were

used that include historical data distributed over the Colorado area and the recently

released GSVS17 (Geoid Slope Validation Survey 2017) profile data (Wang et al.,

2021; van Westrum et al., 2021). Both datasets were provided by the NGS/NOAA
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(US National Geodetic Survey/National Oceanic and Atmospheric Administration).

Although the estimated accuracy of the historical dataset is not as high as that of the

GSVS17 profile data and may be considered insufficient because detailed inference

is observed for geoid model accuracies, these data provided an area-based evaluation

of the geoid model performance and an opportunity for comparative assessments of

the geoid solutions in the area (Wang et al., 2021). Moreover, the GSVS17 profile

(van Westrum et al., 2021) includes more accurate GPS/leveling data and was also

used to validate our geoid model solutions, including the official model, and calculated

statistics were considered in the assessments. In addition to the validations using the

GPS/leveling datasets, the models computed in this paper (Wang et al., 2021) were

also compared with the mean of the submitted models of the participating institutions

(including ours) at the GSVS17 benchmarks. In these comparisons, the validation

model was altered for each investigated experimental model; therefore, each model was

individually applied to derive the mean of the models. In addition to the comparisons

made for the GSVS17 locations, whole geoid grids (at a 1’ resolution) were compared

to the mean of all submitted models to assess the model performances over the entire

area. The results showed that the geoid model solutions derived using the Hotine and

Stokes integral formulas had almost the same accuracies. The airborne gravity data

made a significant contribution to improving the geoid model accuracy, especially for

rugged terrain. The accuracies of the geoid model solutions using the combined data

are 2.69 cm for the Hotine method and 2.87 cm for the Stokes method based on the

standard deviations of geoid height differences at the GPS/leveling benchmarks of the

GSVS17 profile. The combined geoid model solutions were compared with the mean

of the submitted geoid models by different institutions to the “1-cm geoid experiment”

of IAG JWG 2.2.2 (Wang et al., 2021), and the results had standard deviations of 1.09

cm for the Hotine method and 1.13 cm for the Stokes methods using the GSVS17

profile.

This paper consists of five sections. In Sect. 2.1, the background and objectives

of the study are given. In Sect. 2.2, the theory of the downward continuation of

airborne gravity data and the geoid modeling methodology using the least squares

modifications of the Stokes and Hotine integrals are presented. In Sect. 2.3, the gravity
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datasets utilized in this study are introduced. In Sect. 2.4, the numerical results of

the downward continuation of the gravity data, the combination of the terrestrial and

airborne gravity datasets, and the statistics of validation and comparisons of the geoid

model solutions derived using the Stokes and Hotine integrals are presented. In Sect.

2.5, the conclusions and a discussion of the findings are given.

2.2 Methodology

In this section, the methodology for the preparation of airborne gravity data as an input

for geoid computation followed by the geoid modeling methodology with least squares

modification of the Stokes and Hotine formulas is explained.

2.2.1 Downward continuation of airborne gravity data

With advancements in the field of GNSS positioning, especially kinematic positioning,

the accuracy of airborne gravimetry has been significantly enhanced. This technique

can be used in areas where gravity data are difficult to obtain, such as water bodies,

mountainous areas, or polar regions. The continuation of the geoid along coastal areas

can be achieved successfully by using airborne gravity measurements (Wu et al., 2019).

Some of the prominent methods used in the downward continuation of airborne gravity

data are least squares collocation (Forsberg, 1987; Alberts and Klees, 2004; Zhao et al.,

2018), Fast Fourier Transform (Hwang et al., 2006), and Poisson integral (Huang et al.,

2003).

In this study, we used the LSC method with a planar logarithmic covariance model

(Forsberg, 1987) based on a consideration of the reported superior performance of the

LSC technique. Tscherning et al. (1998) applied the LSC method to optimally combine

ground gravity data with airborne data in Greenland and concluded that the downward

continuation of gravity using the LSC method brought a number of advantages. Alberts

and Klees (2004) numerically compared the performance of the planar approximation

of LSC method using the attenuated planar logarithmic covariance model and the

Poisson integral formula in calculations with airborne gravity data and a synthetic

gravity field model, and they found that the LSC method was superior to the Poisson

integral formula. Hwang et al. (2007) carried out a study in Taiwan and used the FFT
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and LSC as two downward continuation methods in preparing airborne gravity data

for geoid modeling, and they concluded that the LSC method was superior. Zhao et al.

(2018) investigated the performance of downward continuation methods, including the

Poisson integral formula, the semiparametric method combined with regularization

(SPR), and LSC with the planar logarithmic covariance model using synthetic data

in the Tibetan Plateau, and they reported that the LSC approach generated the best

results in terms of the RMS of the downward continuation errors; moreover, based on

the outputs of the tests in the Tibetan Plateau, the LSC with a terrain correction was

applied for the downward continuation of airborne gravity data in Taiwan as well (see

Zhao et al., 2018).

Thus, these comparative studies provided us with insights into the performances of

commonly applied downward continuation approaches, and since the LSC with the

planar logarithmic covariance model (Alberts and Klees, 2004; Zhao et al., 2018)

was shown to achieve acceptable results in practice, we implemented this method for

computing the gravity anomalies and disturbances on Earth’s surface from airborne

observations. In this method, the gravity anomaly signal, represented by ŝ at sea level

(or the geoid), is estimated using a vector of observations containing surface gravity

(at sea level) and airborne gravity data (at flight level). The general formula of the least

squares collocation is given in Moritz (1980) as follows:

ŝ = Csx [Css +D]−1 x (2.1)

where ŝ is the signal to be predicted, x is the observation vector, Csx is the signal

cross-covariance matrix, Css is the signal autocovariance matrix, and D is the

noise-covariance matrix.

Auto-covariance Css and cross-covariance Csx matrices are calculated using an

analytical covariance model. As stated above, in this study, the planar logarithmic

covariance model proposed by Forsberg (1987) for airborne gravimetry was adopted.

Based on the model, the covariance between the two points P and Q is given as follows:

C (xP − xQ,yP − yQ,zP + zQ)

=
Ch

∑
3
i=0 αi log(2Di +4h)

3

∑
i=0

αi log
(

zi +
√

l2
i +D2

i

)
(2.2)
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where Ch represents the covariance of gravity anomalies at flight altitude h. The

remaining parameters are given as follows:

α0 = 1,α1 =−3,α2 = 3,α3 =−1

zi = zP + zQ +Di

Di = D+ iT

li =
√

(xP − xQ)
2 +(yP − yQ)

2

(2.3)

where x,y, and z are north, east and up planar coordinates, respectively, D is the

short-wavelength attenuation parameter, T is a long-wavelength attenuation parameter,

which is the compensation depth, and li is the planar distance between points P and

Q. Details on the theory of the least squares collocation method for the downward

continuation of airborne gravity data can be found in Forsberg (1987).

2.2.2 Geoid Modeling by the Least Squares Modification of Stokes and Hotine

Integrals

The geoid modeling methodologies adopted in this study (Sjöberg, 2003b; Märdla

et al., 2018) for the Stokes and Hotine integrals were based on the following

assumptions: there is a homogeneous distribution of gravity data over the whole

integration area, the integration area is a sphere, and there are no topographic masses

over the sphere of the integration. The first assumption is treated by introducing the

modification parameters, which enable us to limit the integration area in a spherical

cap. The latter is treated by restoring the direct and indirect effects of the masses

onto the geoid afterward. The estimated geoid model N̂ is computed by adding these

so-called additive corrections to the approximate geoid height as follows:

N̂ = Ñ +δNCOMB +δNDWC +δNATM +δNELL (2.4)

where Ñ is the approximate geoid height calculated using the modified integral

(near-zone contribution) and Laplace harmonics of the gravity anomalies (far-zone

contribution), δNCOMB is the combined topographic correction, δNDWC is the

combined downward continuation correction, δNATM is the combined atmospheric

correction and δNELL is the combined ellipsoidal correction.
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The approximate geoid height Ñ for the Stokes formula is computed as follows:

Ñ =
R

4πγ

∫∫
σ0

SL(ψ)∆g dσ +
R
2γ

M

∑
n=2

(
sn +QL

n
)

∆gGGM
n (2.5)

where σ0 is the spherical cap, SL(ψ) is the modified Stokes’ function of spherical

distance ψ between the computation point and the integration points, ∆g is the surface

gravity anomalies, sn is the modification parameter, QL
n is the truncation coefficient by

Paul (1973), ∆gGGM
n is the Laplace harmonics of degree n calculated from the global

geopotential model, M is the maximum expansion of the global geopotential model

and L is the degree of modification. sn is calculated in a least squares sense so that

the estimated global mean square error of the modification would be minimized and

unbiased modification parameters are used (Ellmann, 2005a,b).

The first term in Eq. 2.5 is the near zone component calculated using gravity

observations within the integration cap σ0. The second term constitutes the far zone

component of the geoid and presents a relatively lower frequency signal.

The modified Stokes’ function is given as follows:

SL(ψ) = S(ψ)−
L

∑
n=2

2n+1
2

snPn(cosψ) (2.6)

where the first term on the right-hand side of the equation is the closed form of the

original Stokes function in spectral form and Pn represents the unnormalized Legendre

polynomials.

The Laplace harmonics of the gravity anomaly of degree n can be calculated as follows

(Hofmann-Wellenhof and Moritz, 2006, Eq. 9-18):

∆gGGM
n =

GM
a2

(a
r

)n+2
(n−1)

M

∑
m=−n

CnmYnm(θ ,λ ) (2.7)

where a is the equatorial radius of the reference ellipsoid, r is the geocentric radius, Cnm

is the global geopotential model coefficient, Ynm(θ ,λ ) is the fully normalized surface

spherical harmonics, and θ and λ are the co-latitude and longitude, respectively.

The modification for the Hotine integral is performed analogously to Eq. 2.5 as follows

(Märdla et al., 2018):

Ñ =
R

4πγ

∫∫
σ0

HL(ψ)δg dσ +
R
2γ

M

∑
n=0

(
sn +QL

n
)

δgGGM
n (2.8)
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HL(ψ) = H(ψ)−
L

∑
n=0

2n+1
2

snPn(cosψ) (2.9)

δgGGM
n =

GM
a2

(a
r

)n+2
(n+1)

M

∑
m=−n

CnmYnm (2.10)

In Eq. 2.8, δg is the surface gravity disturbance, QL
n is the truncation coefficient by

Jekeli (1979), and δgGGM
n is the Laplace harmonics of the gravity disturbance of degree

M calculated from the global geopotential model, and these parameters are different

from that in Eq. 2.5. It should be noted that the degree of the modification of the kernel

L and the maximum expansion degree of the geopotential model M start from zero in

the Hotine integration. Additionally, the numerical values of sn also differ due to the

different parameters considered in the linear system of equation (Märdla et al., 2018,

Sec. 2.4).

2.2.2.1 Additive corrections

In this section, computational formulas for the additive corrections for the least

squares modified Stokes formula are given based on Sjöberg (2003a). For the Hotine

counterpart, computations are performed using the methodology proposed by Märdla

et al. (2018), although they are not explained in detail here because of space limitations.

Readers should refer to Märdla (2017) and Sakil (2018, Chapter 2.6.1) for additional

details.

Combined topographic correction

The combined topographic effect involves both direct and indirect topographic effects

and is computed as follows (Kiahmehr, 2006):

δNTopo
comb = δNdir +δNind ≈−2πGρ

γ

(
H̃2 +

2H̃3

3R

)
(2.11)

where the mean topographic mass density ρ is taken as 2670 kg/m3 and H̃ represents

the Laplace surface harmonics of the topographic heights (Hn). These harmonics are

calculated using fully normalized spherical harmonic coefficients (Hnm) of the heights

as follows (Sneeuw, 1994):

Hn(P) =
n

∑
m=−n

HnmYnm (2.12)
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Downward continuation correction

Downward continuation correction is applied for the analytical continuation of gravity

anomalies to the geoid. In classical geoid determination approaches, the downward

continuation correction is applied directly to the surface gravity anomalies. Sjöberg

(2003c) proposed a formula that computes the downward continuation effect over the

geoid as follows (see also Agren, 2004, Sec. 5.4.1 and Sec. 9.5.3):

δNDWC(P) = δN1
DWC(P)+δNL1,Far

DWC (P)+δNL2
DWC(P) (2.13)

where

δN1
DWC(P) =

∆g(P)
γ

HP +3
N0

P
rP

HP (2.14)

and

δNL1,Far
DWC (P) =

R
2γ

M

∑
n=2

(
s∗n +QL

n
)[( R

rP

)n+2

−1

]
∆gn(P) (2.15)

and

δNL2
DWC(P) =

R
4πγ

∫∫
σ0

SL(ψ)

(
∂∆g
∂ r

∣∣∣∣
P

)
(HP −HQ) (2.16)

where N0
P is the approximate geoid height and rP = R+HP. The vertical gradient

of the gravity anomaly at computation point P∂∆g
∂ r

∣∣∣
P

is calculated as follows

(Hofmann-Wellenhof and Moritz 2006, Eqs. 2-391):

∂∆g
∂ r

=
R2

2π

∫∫
σ

∆gQ −∆gP

l3
0

dσ0 −
2
R

∆gP (2.17)

where l0 is the spatial distance between computation point P and running point Q; this

distance is computed as follows:

l0 = 2Rsin
ψPQ

2
(2.18)

Atmospheric correction

The atmospheric mass outside of the surface of the geoid needs to be considered since

the determination of the geoid using Stokes’ formula requires that all masses outside

the geoid be removed. The effect of the atmospheric masses over the geoid to be

restored is computed as follows (Kiahmehr, 2006):

δNATM
comb (P) =− 2πRρ0

γ
Hn(P)

(
M

∑
n=2

2
n−1

− sn −QL
n

)
Hn(P)

−
∞

∑
n=M+1

(
2

n−1
− n+1

2n+1
QL

n

) (2.19)
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where ρ0 is the atmospheric density at sea level and Hn is the Laplace surface

harmonics of the topographic height.

Ellipsoidal correction

The ellipsoidal correction is applied for the spherical approximation of the geoid in

the computation of the Stokes integral. The formulation of ellipsoidal correction in the

LSMSA method is given in Sjöberg (2004b) as follows:

δNell =
R
2γ

∞

∑
n=2

(
2

n−1
− sn −QL

n

)(
a−R

R
∆gGGM

n (P)+
a
R
(δge)n

)
(2.20)

In the equation, (δge)n is formulated as follows:

(δge)n = GM
e2

2a2

n

∑
m=−n

{ [2− (n+2)Fnm]Cnm

− (n+1)GnmCn−2,m

− (n+7)EnmCn+2,mYnm

(2.21)

where Enm,Fnm and Gnm are the related coefficients for the ellipsoidal correction

(Sjöberg, 2004b, Appendix).

2.3 Data description

The datasets used in this study were provided by the US National Geodetic Survey

(NGS). These datasets include terrestrial gravity data from the US National Geospatial

Intelligence Agency (NGA) and NGS, GRAV-D airborne gravity data, digital elevation

model, and GPS/leveling data in an area of approximately 550 km by 730 km in

Colorado, US (between latitudes 35◦N to 40◦N and longitudes 110◦W to 102◦W).

The topography of the study area is rough, which makes it challenging to compute the

(quasi-) geoid accurately in the area. The geoid computations were carried out within

1◦ inside the data coverage area (between 36◦N− 39◦ N and 109◦W− 103◦W, see

Figure 2.1), which is consistent with the Colorado experiment (please see Wang et al.,

2021, Appendix I). In this section, the specifications of the dataset and preprocessing

are detailed.
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2.3.1 Terrestrial and airborne gravity data

The terrestrial gravity dataset includes 59,303 gravity observations from the National

Geospatial Intelligence Agency (NGA) and National Geodetic Survey (NGS)

databases. In Figure 2.1, the distribution of the terrestrial gravity measurements

is shown. The terrestrial gravity measurements are dense in the northern and

southwestern parts, whereas the data are sparsely distributed in the central and eastern

parts of the study area. The dataset was checked for duplicated points, and points with

the same location but different observation values were detected. If the points sharing

the same location had a height difference of more than 1 m or a gravity difference of

1mGal
(
1mGal = 10−5 m/s2), then they were both removed. Hence, 1092 points in

total were excluded from the dataset.

Figure 2.1 : Gravity datasets: Terrestrial gravity measurements (blue), duplicated
measurements (red) and airborne gravity measurements (orange), target geoid area
for terrestrial-only and combined solutions (solid black line), and target geoid area for

airborne-only solutions (dashed black line).

Originally, the airborne gravity dataset (MS05 block) included 2,440,466 gravity

measurements in the east-west direction. Additionally, 118,020 cross-track gravity

measurements along the north-south direction to perform a crossover error analysis.
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The spacing between the east and west tracks is 10 km, while that between the

north and south cross tracks is approximately 80 km. The mean flight altitude is

approximately 6200 m. The data were filtered 3 times with the Gaussian 6-sigma

filter (Wang et al., 2021). The GRAV-D Team (2018) reported that the data have a bias

between different tracks. To overcome this problem, the NGS provided another dataset,

which was debiased and downsampled to a 1 Hz frequency from 20 Hz (283,716

gravity measurements). However, since these data still contain a high-frequency signal,

they were filtered with a Gaussian low-pass filter. To ease the computation, the given

airborne dataset was downsampled to an approximately 1 km interval (25,624 gravity

points). This sampling interval was selected since it provided an areawise point density,

which was reasonable for computing a geoid model with 1′× 1′ grid spacing, which

was the required spatial resolution in the study (see Figure 2.1 for gravity dataset in

the study area).

Free-air gravity anomalies for the airborne dataset were calculated as follows:

∆g = gobs − γ0 +δFAC (2.22)

where ∆g is the free-air gravity anomaly at the flight level, gobs is the gravity

measurement at the flight level, γ0 is the normal gravity on the reference ellipsoid

calculated using the Somigliana-Pizzetti formula (Hofmann-Wellenhof and Moritz,

2006, Eq. 2-146) and δFAC is the free-air correction. The free-air correction term

was calculated with the 2nd order gravity gradient formula as follows:

δFAC =
2γe

a

(
1+

(a−b)
a

+
ω2a2b

GM
−2

(a−b)
a

sin2
φ

)
H − 3γe

a2 H2 (2.23)

where orthometric heights H are computed by subtracting the geoid heights (N)

calculated from the EGM2008 gravity field model (Pavlis et al., 2012) up to 2190

degree/ order from the ellipsoidal heights (h) of airborne gravity. To maintain

consistency with airborne data, free-air corrections for surface gravity anomalies

were also computed with the 2nd-order gravity gradient formula. Additionally, the

atmospheric gravity correction was computed according to Eq. 2.24 and added to the

surface gravity anomalies (Wenzel, 1985).

δAGC = 0.874−9.9×10−5H +3.5625×10−9H2 (2.24)
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The free-air gravity anomalies for both terrestrial and airborne gravity data are shown

in Figure 2.2. The terrestrial free-air anomalies at the terrain level vary between −114

and 210 mGal, whereas airborne free-air anomalies at flight altitudes change from −41

to 126 mGal (see Table 2.1).

2.3.2 Global geopotential model

In this study, the Experimental Gravity Field Model 2016 (XGM2016) (see Pail et al.

(2016, 2018) for details) as a combined model up to 719 degree/order was used to

model the low-frequency signal of gravity anomalies in the remove-restore procedure

before the downward continuation of airborne gravity. This geopotential model was

also used as a reference model for regional geoid model computations.

The XGM2016 model has been given in the zero tide system. To maintain consistency

with the basic agreements for the computations, which are given in Appendix I of

Wang et al. (2021), the model was converted to a tide-free permanent tide system as

follows (Rapp et al., 1991):

CT F
2,0 =CZT

2,0 +3.11080.10−8 × 0.3√
5

(2.25)

(a) (b)

Figure 2.2 : (a) Surface gravity anomalies and (b) airborne gravity anomalies at flight
level.

2.3.3 Digital elevation model

The SRTM v4.1 data (Jarvis et al., 2008) were provided to the contributing groups of

the "1-cm Geoid experiment" in a 3 arc-second (90 m) resolution model throughout
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the region (Wang et al. 2021, this issue). Consecutive cells that had a height difference

greater than 500 m were flagged and fixed for errors and voids (Ahlgren et al., 2018;

Li et al., 2019)(Ahlgren et al. 2018; Li et al. 2019). The topography of the study

area is shown in Figure 2.3. The provided digital elevation model was expanded by

1◦ for the forward modeling of gravity via residual terrain model computation. The

elevations have a mean of 1860 m and a standard deviation of 621 m in the study area.

The topographic heights vary between 636 and 4385 m.

2.3.4 GPS/leveling data

Two GPS/leveling datasets were used within the study area to validate the calculated

geoid models. In the first dataset, there were 509 historical GPS/leveling benchmarks:

467 were taken from the NGS Integrated Database and the remaining 42 benchmarks

were taken from the NGS OPUS-Share Tool (https://www.ngs.noaa.gov/OPUS/). The

orthometric heights of these GPS/leveling data are in the NAVD88 (North American

Vertical Datum of 1988) vertical datum, and the gravimetric corrections on topographic

heights were calculated according to the Helmert orthometric height hypothesis.

Although the accuracy of the historical GPS/leveling data is not exactly known, Wang

et al. (2021) (see in Sect. 4) estimated the accuracy of the dataset to be approximately

3−5 cm.

Additionally, the accuracy of the geoid models was evaluated using the GPS/leveling

data at 223 benchmarks of the GSVS17 profile. These benchmarks were collected by

the NGS along a 360 km line in the rugged terrain of southern Colorado (Figure 2.3)

that ranged in elevation from 1900 to 3300 m, with a station spacing of approximately

1.6 km (van Westrum et al., 2021). The reported GPS position and orthometric height

accuracies of the GSVS17 benchmarks are ∼ 1 cm (Wang et al., 2021; van Westrum

et al., 2021).

The distribution of the historical GPS/leveling and the GSVS17 points are shown in

Figure 2.3. Historical data have a sparse distribution throughout the study area because

of the rough topography. Only 194 of the 509 historical points are located inside the

geoid computation area, which is 1◦ inside the data coverage. Since the airborne-only

geoid solutions were limited to 36◦N/38◦N latitudes and 108.5◦W/103◦W longitudes
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due to the smaller coverage of the airborne data, 75 GPS/leveling points located inside

the target area were utilized for the validations.

Figure 2.3 : GPS/leveling benchmarks on the topography of SRTM v4.1 (3"
resolution) in the Colorado area. Black triangles indicate the historical GPS/leveling
data, and red triangles indicate the GSVS17 GPS/leveling data. Target geoid area for
the terrestrial-only and combined solutions (solid black line), and target geoid area for

the airborne-only solutions (dashed blue line).

2.4 Results

2.4.1 Downward continuation of airborne gravity

In the downward continuation of airborne gravity anomalies, the well-known

remove-restore schema was followed to reduce the computational errors (Forsberg,

1984; Forsberg and Tscherning, 1981). In the remove-restore method, the

low-frequency gravity information was modeled using a global geopotential model

(GGM) and then subtracted from the observed gravity values. Since the reference

gravity by the GGM was removed from the observed gravity, the remaining part of

the airborne gravity observations corresponds to discrete samples of the band-limited

gravity values only. This band limitation has a positive contribution towards

stabilizing the numerical evaluation of the downward continuation problem and hence
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achieving improved results (Novák and Heck, 2002). In the standard practice of

the remove-restore method, both the long-wavelength gravity component and the

topographic gravity effect were removed from the gravity observations to obtain

the residual gravity anomalies. The topographic gravity effect was attributed to the

short-wavelength component and evaluated using the attraction of the masses between

the actual height of the computation point and a mean surface; this reduction process

is called the "residual terrain model" (RTM) (Forsberg, 1984).

In this study, the residual gravity anomalies were calculated by subtracting the

long-wavelength signal computed from the XGM2016 global geopotential model up

to 719 degree/order and the short-wavelength signal, which was modeled by the RTM

according to Forsberg (1984). The RTM method is commonly applied for terrain

reduction in the downward continuation process and uses numerical integration of

mass prisms to remove the topographic mass above the reference surface and fill up

the mass deficit below the reference surface (Forsberg and Tscherning, 1981). The

reference surface was a mean elevation surface generated from the SRTM elevation

model by applying a moving average low-pass filter using the TCGRID module of

the GRAVSOFT package (Forsberg and Tscherning, 2008). The kernel size of the

low pass filter was chosen in accordance with the maximum degree of expansion of

the global geopotential model; therefore, the short-wavelength parts of the gravity

anomaly signal omitted by the spherical harmonic expansion could be modeled. Since

the maximum degree of expansion was chosen as 719, the resolution of the low-pass

filter was set to 27.75 km to represent the signals above the 720 degree/order of the

spectrum. It should be mentioned that the RTM correction for the airborne gravity

anomalies was smoothed by the Gaussian 6-sigma filter because it was applied to the

airborne gravity anomalies along track. The statistics of the remove steps for both the

airborne and terrestrial gravity datasets are given in Table 2.1. The distribution of the

residual gravity anomalies for terrestrial and airborne data is shown in Figure 2.4.

The covariance model parameters explained in Sect. 2.1 were computed by fitting the

logarithmic function to the empirical covariance model formed by variance Ch = 62.6

mGal2 of the residual gravity anomalies at flight altitude (see Figure 2.5). The

Bjerhammer sphere depth (D) and compensation depth (T ) were estimated from the
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Table 2.1 : Statistics of residual gravity anomalies [unit: mGal].

Min Max Mean STD
Terrestrial
∆gFA −113.446 209.729 4.688 37.828
∆gFA −∆gGGM −131.918 134.792 −6.898 22.369
∆gFA −∆gGGM −∆gRTM −74.020 89.256 −0.723 14.728
Airborne
∆gFA −41.084 126.321 8.946 29.020
∆gFA −∆gGGM −43.198 66.772 −2.872 7.907
∆gFA −∆gGGM −∆gRTM −43.042 52.254 −2.627 7.229

Figure 2.4 : (a) Terrestrial residual gravity anomalies and (b) airborne residual gravity
anomalies before downward continuation (∆gFA −∆gGGM −∆gRTM).

fitted model as 6 km and 16 km, respectively. A priori errors of the airborne and

terrestrial datasets were considered 2 mGal and 1 mGal, respectively. The LSC with

planar approximation was performed in Python 3 programming language. However,

the solution of collocation equations was carried out using Cholesky Decomposition

in the Linear Algebra Package (LAPACK) Fortran Library (LAPACK–Linear Algebra

Package, 2000). To reduce the computational load, downward continuation was

performed within 1◦×1◦ blocks with 0.5◦×0.5◦ overlaps. In each block, the airborne

gravity anomaly residuals continued downward to the terrain altitude.

Downward-continued residual gravity anomalies and the terrestrial residual gravity

anomalies (see Figure 2.6a) were gridded using the GEOGRID module of

the GRAVSOFT package (see Figure 2.6b) (Forsberg and Tscherning, 2008).

The long-wavelength and the short-wavelength components were restored to the

residual gravity anomaly grid to calculate the combined surface gravity anomalies
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Figure 2.5 : Covariance model and empirical covariance of the residual gravity
anomalies.

(Figure 2.7a). The merged dataset has a spatial resolution of approximately

2 km(1′×1′). The gravity disturbances (Figure 2.7b) were generated from gravity

anomalies using an existing geoid model (EGM2008 gravity field model up to

2190 d/o ) according to Eq. 2.26. Table 2.2 gives the statistics of the gravity anomaly

and disturbance datasets for the geoid computations.

δg−∆g =
2T
R

≈ 0.3086N (2.26)

Figure 2.6 : (a) Airborne (after downward continuation) and terrestrial residual gravity
anomalies on Earth’s surface and (b) gridded residual gravity anomalies in the contour

map.
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Figure 2.7 : Gridded and restored combined (airborne and terrestrial): (a) gravity
anomalies and (b) gravity disturbances.

Table 2.2 : Statistics of airborne and terrestrial combined gravity anomalies and
gravity disturbances [unit: mGal].

Min Max Mean STD
∆∆∆ggg −110.302 203.221 12.441 37.062
δδδggg −116.731 198.562 6.435 37.609

2.4.2 Comparison of the resulting geoid models

The geoid models were computed following the methodology described in Sect. 2.2.2.

In the computations, GRS80 has been adopted as a reference ellipsoid (Moritz, 2000),

the geoid models were computed in the tide-free system, and zero-degree term geoid

height N0 was included according to Sánchez and Sideris (2017).

N0 =
(GMGGM −GMGRSR0)

rP0γQ0

− W0 −U0

γQ0

(2.27)

In this equation, the first term on the right-hand side is the zero-degree term caused by

the difference between the Earth gravity constants of the geopotential model used in

the geoid computation and the reference ellipsoid and the second term represents the

difference between the conventional value of potential W0, adopted by IAG (Sánchez

et al., 2016), and the potential value on the reference ellipsoid (U0). The value of the

zero-degree term, considering the XGM2016 geopotential model and GRS80 reference

ellipsoid, is approximately −0.1781 m in the study area.

The modification parameters sn for Stokes (Eq. 2.5) and Hotine (Eq. 2.8) integrals

were estimated based on the unbiased solution of the least squares method using

singular value decomposition (SVD). The error degree variance of the gravity
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anomalies was constructed using a bandlimited white noise model, where the standard

deviation was taken as 3 mGal. In the Stokes integration, we tested 0.5◦ and 1◦

integration radii and expansion degrees between 360 and 719 (with 40 degree intervals)

for the global geopotential model. The integration radius ψ0 was chosen as 0.5◦, and

the maximum expansion degree of the XGM2016 model and the modification degree

of the kernel were set as 719 for both the Stokes and Hotine integration because this

value yielded the best standard deviation in the Stokes and Hotine kernels.

Based on the parameters given above, the statistics of the computed geoid models are

given in Table 2.3. Additionally, models that employ combined data (C) with the

Stokes (S.C) and Hotine (H.C) functions are presented in Figure 2.8a and Figure 2.6b,

respectively. The results indicated that the difference in the estimated geoid heights

Figure 2.8 : (a) Stokes combined (solution S.C) and (b) Hotine combined (solution
H.C) solutions. (c) Difference between the Stokes and Hotine combined solutions(

N̂Hotine − N̂Stokes
)
.

N̂ between the combined solutions (S.C) and (H.C) varies from −1.09 to 1.62 cm,

whereas the mean value and the standard deviation of the differences are 0.27 cm

and 0.67 cm, respectively (see Figure 2.8c). The numerical differences in the

additive corrections on geoid models are mainly caused by the combined downward
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continuation effect δNDWC , with a maximum value of −2 mm dominated by the

δN1
DWC component. Overall, the differences vary by ±2 cm.

As mentioned in Sect. 1, the residual terrain model parameters used in the downward

continuation of the airborne gravity data for the official solution were different from

those of the newly computed models. The harmonic correction was employed in the

newly computed models, whereas it was ignored in the official solution. Therefore,

although the geoid determination method and the datasets used were the same for the

official solution in Wang et al. (2021) and the S.C solution, the models yielded different

accuracies.

2.4.3 Validation using GPS/leveling data

External validation statistics using 75 historical GPS/leveling measurements indicated

that the accuracies of the estimated geoid models are between 6.5 and 7.0 cm for both

the Stokes and Hotine integrations. Table 2.4 gives the performances of the geoid

models in the area covered by all solutions (see Figure 2.3, blue dashed box). The

official (combined) solution submitted to the Colorado experiment (please see Wang

et al. (2021)) performed worse than the newly computed geoid models. However, it

should be noted that the estimated observational accuracy of the historical dataset was

3-5 cm (Wang et al., 2021).

Table 2.3 : Statistics of the final geoid models [unit: m].

Method Data Min Max Mean STD
Stokes (official) Combined −23.578 −13.294 −18.226 2.360
Stokes Terrestrial-only (S.T) −23.583 −13.928 −18.262 2.245

Airborne-only (S.A)* −23.584 −14.654 −18.531 2.003
Combined (S.C) −23.763 −13.366 −18.257 2.383

Hotine Terrestrial-only (H.T) −23.587 −13.163 −18.074 2.386
Airborne-only (H.A)* −23.589 −14.644 −18.528 2.008
Combined (H.C) −23.592 −13.178 −18.078 2.389

*Airborne-only solutions cover less area than the rest of the models

2.4.3.1 GSVS17 comparisons

A more rigorous assessment of the accuracies of the calculated geoid models was

provided in the validation results with the GSVS 17 profile dataset. Table 2.5 shows
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the statistics of the geoid height differences between the models and observations at

the 223 GPS/leveling benchmarks of the GSVS17 profile. Considering the statistics in

the table, the best performing model is the H.C solution, with a standard deviation of

2.69 cm. The graphic shown in Figure 2.9 visualizes the accuracies of the models

via the standard deviations; hence, it provides a better illustration of the model

accuracies. The geoid height differences (∆N = NModel −NGPS/lev ) at the benchmarks

along the 360 kmGSVS17 profile are shown in Figure 2.10a for the Stokes method

and Figure 2.10b for the Hotine method. In these figures, considering the geoid height

differences at the benchmarks on the high topography (please see the GSVS points with

IDs ranging from 1075-1100 and 1175-1200), we can recognize the improvements in

the combined models (blue line in the graphics) that include airborne gravity data. A

comparison of the official model (Wang et al., 2021) (yellow line graphics) with the

combined model calculated in this study (blue line graphics) shows that the latter fits

the GPS/leveling values better along the profile.

Figure 2.9 : Accuracies of the models according to the standard deviations of geoid
height differences at the GPS/leveling benchmarks of the GSVS17 profile [unit: cm].

The geoid models calculated in this research by the Stokes and Hotine integral

formulas using the terrestrial-only, airborne-only, and combined datasets were also

validated in relative manner at the GSVS17 profile using the mean of the fourteen geoid

models, which have already been submitted to the Colorado experiment. The mean
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Figure 2.10 : Geoid height differences
(
∆N = NModel −NGPS/lev

)
at the GPS/leveling

benchmarks of the GSVS17 profile: (a) Stokes integral and (b) Hotine integral.

validation model changed for each geoid solution since the individual models were

used to calculate the mean geoid. Table 2.6 shows that the geoid models computed by

the Stokes and Hotine integrals presented similar results for the same type of input data.

The final accuracy of the models computed with the Hotine integral is slightly better

than that computed with the Stokes integral. The highest standard deviations were

observed for the geoid models computed with terrestrial-only datasets. The models

computed with combined datasets showed better agreement with the mean validation

model. The lowest standard deviation of 1.09 cm was achieved with the Hotine integral

and the combined dataset. The new combined solutions showed better agreement with
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the mean geoid compared to the official solution, which had a standard deviation

of 2.08 cm. Figure 2.11 shows the geoid height differences between the presented

solutions and the mean validation model at the GSVS17 profile. The large deviations

in the terrestrial-only geoid model correspond to locations with high topography,

whereas the combined geoid models performed better in these areas, which showed

that including the airborne measurements improved the accuracy of the geoid models.

It is also worth mentioning that the mean accuracy of all submitted combined models

from all institutions was 1.93 cm (Wang et al., 2021).

Table 2.4 : External validation results of the models using historical GPS/leveling data(
∆N = NModel −NGPS/lev

)
[ unit: cm].

Method Data Min Max Mean Range STD
Stokes Official (combined) −23.46 14.75 1.97 38.21 7.19
Stokes Terrestrial-only (S.T) −19.38 20.86 4.08 40.24 6.92

Airborne-only (S.A) −18.17 19.91 3.52 38.08 6.80
Combined (S.C) −16.73 20.06 3.85 36.79 6.68

Hotine Terrestrial-only (H.T) −17.98 21.22 4.08 39.20 6.73
Airborne-only (H.A) −16.84 20.21 3.76 37.05 6.66
Combined (H.C) −15.37 20.39 4.12 35.76 6.53

Table 2.5 : External validation results of the models using the GPS/leveling data at the
GSVS17 profile (∆N = NModel −NGPS/lev) [unit: cm].

Method Data Min Max Mean Range STD
Stokes Official (combined) −6.80 9.90 3.89 16.70 3.67
Stokes Terrestrial-only (S.T) −17.24 7.66 1.77 24.90 4.24

Airborne-only (S.A) −7.22 9.41 3.25 16.63 3.39
Combined (S.C) −6.65 8.11 3.27 14.76 2.87

Hotine Terrestrial-only (H.T) −16.16 8.17 2.43 24.33 4.03
Airborne-only (H.A) −6.25 10.43 3.83 16.68 3.22
Combined (H.C) −5.61 8.32 3.89 13.93 2.69

2.4.4 Area comparison of geoid grids

The 1′ × 1′ grids of all the combined geoid solutions presented in this paper were

compared with the means of the models submitted to the Colorado experiment by

other institutions, and the statistics are presented in Table 2.7. The official solution

of the ITU-GRG, which is presented in Wang et al. (2021), has the worst standard

deviation and presents a range of the geoid height differences that exceeds 60 cm.
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The new solutions that are computed by both the Stokes and Hotine functions with

the combined dataset in this study show better agreement with the mean geoid grid.

The range of the differences is significantly low compared to the official solution.

The official geoid solution (Figure 2.12a) shows that the differences from the mean

model are highly correlated with the topography while the newly computed models

show significantly lower differences in mountainous regions (Figure 2.12b and

Figure 2.12c). An improvement in the accuracy of the newly computed models

compared to the official solution can be seen in Table 2.7, whereas the mean accuracy

of the area differences of all institutions is 3.1 cm.

Table 2.6 : Statistics of the geoid height differences between the ITU-GRG solutions
and the mean of all institutions (∆N = NModel −NMean) at the GSVS17 profile [unit:

cm ].

Method Solution Min Max Mean Range STD
Stokes (official) Combined −4.49 5.22 1.50 9.71 2.08
Stokes Terrestrial-only (S.T) −7.83 5.66 2.56 13.49 2.49

Airborne-only (S.A) −5.24 9.39 3.95 14.63 2.01
Combined (S.C) −0.34 6.35 3.96 6.69 1.13

Hotine Terrestrial-only (H.T) −6.83 6.57 3.18 13.40 2.33
Airborne-only (H.A) −4.35 10.14 4.49 14.49 1.96
Combined (H.C) −0.36 7.23 4.54 7.59 1.09

2.5 Conclusions and discussion

In this study, a geoid model of the Colorado region of the USA was calculated using

terrestrial and airborne gravity datasets provided by the NGS. The gravity anomalies

computed by the airborne gravity dataset were downward continued to Earth’s surface

using the planar approximation of the least squares collocation method. To reduce

the computational errors in the downward continuation, the remove-restore technique

was used. The analytical function, which is a planar logarithmic function, was fitted

to the empirical covariance of the residual gravity anomalies created by removing the

long-wavelength gravity signal by the GGM and the short-wavelength gravity signal

by the RTM to calculate the covariance model parameters. The downward continued

residual gravity anomalies were merged with the terrestrial residual gravity anomalies
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Figure 2.11 : Geoid differences between the presented solutions and mean of all
institutions (∆N = NModel −NMean) at the GSVS17 profile: (a) Stokes integral and (b)

Hotine integral.

using the LSC approach, and their accuracies were assumed to be 2 mGal and 1

mGal, respectively. geoid determination together with the terrestrial-only and geoid

determination together with the terrestrial-only and airborne-only solutions. The geoid

models were calculated and Hotine integral methods.

The accuracies of the models in terms of standard deviations of the geoid height

differences were assessed separately using 75 historical GPS/leveling benchmarks

distributed in the area and 223 GPS/leveling benchmarks of the GSVS17 profile

along the rugged terrain in the southern part of the area. Additionally, the computed
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Table 2.7 : Statistics of differences between the individual geoid models and the mean
geoid model in a 1′×1′-grid, [unit: cm].

Method Data Min Max Mean Range STD
Stokes (official) Combined −18.51 43.44 0.14 61.95 5.40
Stokes Combined −8.48 30.43 2.83 38.91 2.71
Hotine Combined −7.67 30.18 3.98 37.85 2.59

Figure 2.12 : Differences between the computed geoid models and the validation
model at a 1′× 1′-grid for the (a) official geoid solution, (b) Stokes combined (S.C)

solution, and (c) Hotine combined (H.C) solution.

models were compared with the mean value of the solutions submitted by the fourteen

institutions to the Colorado experiment. These comparisons with the mean validation

model were carried out at the benchmarks of the GSVS17 profile for all presented

geoid models as well as at the 1′× 1′ grid nodes of the geoid models that calculated

with combined data.

The following findings were derived based on the validation and comparison results:

• In the statistical validation using GPS/leveling data from the GSVS17 profile, the

best geoid model accuracy was obtained with the H.C solution and it is 2.69 cm.

This accuracy ranks 4th among all models submitted to the Colorado experiment of

IAG JWG 2.2.2.
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• The validation results using the GPS/leveling data from the GSVS17 profile showed

that the contribution of the airborne data improved the geoid solution accuracy

by 33% along the entire profile. Considering the validation statistics for the

benchmarks in the mountainous parts of the profile (elevations > 2300 m), the

improvement rate when including airborne data (terrestrial-only versus combined

solutions for both Stokes and Hotine formulas) in the solutions was 40%. However,

in the moderate parts of the profile (elevations < 2300 m ), the difference between

the accuracies of the terrestrial-only and combined models was insignificant.

• Regarding the validation results using GPS/leveling data from the GSVS17 profile,

the Stokes combined (S.C) and Hotine combined (H.C) solutions provided a 22%

and 27% improvement with respect to the official solution. This improvement was

mostly due to a consideration of the harmonic correction term in the residual terrain

correction during the downward continuation of the airborne gravity data in the

latter solutions. - The comparisons over the benchmarks of the GSVS17 profile

revealed that the newly computed models in this study showed better consistency

with the mean of the 14 institutions’ solutions (the so-called "mean validation

model" in the article) than our official solution.

• In these comparison results, the Stokes combined (solution S.C) and Hotine

combined (solution H.C) solutions presented a 46% and 48% better fit with the

mean validation model than the submitted official model, respectively.

• The validation statistics at the historical GPS/leveling benchmarks also indicated

the accuracy improvement of the newly computed models with respect to the official

model.

• In the grid comparisons of the newly calculated models with the mean validation

models at the 1′ resolution grid nodes, both the S.C and H.C solutions showed a

50% improvement compared to the submitted official solution.

In terms of the overall results, the Stokes and Hotine integration methods yielded

similar accuracies in the geoid model solutions. For both the Stokes and Hotine

integrals, the best geoid model accuracies were achieved when using the combined
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dataset. The airborne-only solutions were slightly better than the terrestrial-only

solutions. The results also indicated that including airborne gravity data together

with terrestrial gravity data significantly improved the accuracy of the geoid models,

especially in regions with high topography.

In this article, we provide investigation results for improving the accuracy of the

Colorado geoid model using the Stokes and Hotine integral formulas with terrestrial

data, airborne data and combined datasets. We also reported on improvements to the

new solutions compared to our official solution submitted in Wang et al. (2021). In

future studies, we plan to perform further analyses to quantify the remaining error

sources in the determination of geoids, including the effect of topographic reductions,

geoid-to-quasi-geoid transformations and different approaches for handling airborne

data, thereby furthering our contribution to the joint research in IAG JWG 2.2.2.
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3. INVESTIGATION OF THE GEOID MODEL ACCURACY
IMPROVEMENT IN TURKEY1

3.1 Introduction

The advancements in the field of global navigation satellite systems (GNSS) and

the increase in the number of GNSS constellations and satellites made it possible to

accurately determine three-dimensional (3D) point positions on or above the Earth’s

surface. The height information obtained from the GNSS positioning techniques refers

to an analytically defined reference ellipsoid, and these ellipsoidal heights are not

practically useful in most engineering and surveying applications because they do not

realize the physical reality of the Earth’s gravity field. However, the GNSS ellipsoidal

heights (h) are transformed to the physically meaningful orthometric heights (H),

which correspond to the distances from the geoid surface to the point on topography

along the plumb line. The transformation process relies on a simple formulation

(H = h−N) with the geoid undulation parameter N obtained from a precise geoid

model (Hofmann-Wellenhof and Moritz, 2006).

Geoid modeling studies in Turkey were initiated with the determination of the

astrogeodetic geoid models in 1976 (Ayan, 1978; Gürkan, 1978). The first gravimetric

geoid, Turkey Geoid 1991 (TG-91), was calculated by Ayhan (1993). Precise geoid

modeling studies in Turkey were accelerated after the establishment of the Turkish

National Fundamental global positioning system (GPS) Network in 1999, with the

requirement of a practical transformation model between the GNSS ellipsoidal heights

and the orthometric heights in regional vertical datum. Kılıçoğlu (2002) calculated the

Turkey Geoid 1999 (TG-99A) hybrid geoid model using the least-squares collocation

(LSC) method with fitting at GPS/leveling data benchmarks (Ayhan et al., 2002). With

the release of high-degree and order global geopotential models, Turkey Geoid 2003

1This chapter is based on : Işık, M. S., Erol, S., & Erol, B. (2022). Investigation of the Geoid Model
Accuracy Improvement in Turkey. Journal of Surveying Engineering, 148(3). https://doi.org/
10.1061/(ASCE)SU.1943-5428.0000397
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(TG03) was computed using the remove–compute–restore (RCR) method. Kılıçoğlu

et al. (2005) reported the accuracy of TG03 to be 10 cm. Turkey Geoid 2007 (TG07)

was calculated with the fast Fourier transform (FFT) technique using the EGM96 and

GGM02S geopotential models. The accuracy of TG07 was reported to be 9 cm (Yıldız

et al., 2006). After the release of Earth Gravitational Model 2008 (EGM2008), Turkey

Geoid 2009 (TG09) was computed using FFT with an accuracy of 8.4 cm (Kılıçoğlu

et al., 2011). The accuracy of these geoid models did not improve significantly

over the years. The advancements in the field of satellite gravimetry and improved

gravimetric geoid modeling techniques, although they can reduce the disadvantages

of low-quality terrestrial gravity data, are not enough to model the gravimetric geoid

with a required accuracy in the absence of the terrestrial measurements with the

required accuracy and spatial resolution. Failure to improve the geoid model accuracies

in Turkey further is due to the fact that the terrestrial gravity data in the national

database were obtained from different institutions and had heterogeneous accuracies,

as well as to the insufficiency of the control data used to validate the accuracy of

the calculated geoid models. The terrestrial gravity data used in computations of the

released models were measured essentially by three governmental institutions—the

General Directorate of Mapping (GDM), the General Directorate of Mineral Research

and Exploration (GDMRE), and the Turkish Petroleum Corporation—and detailed

information regarding the densities, distribution, and accuracies of these data sets

was provided by Erol et al. (2020b). The calculated geoid models were validated

at historical GPS/leveling benchmarks, the ellipsoidal coordinates of which were

determined with GPS measurements in International Terrestrial Reference Frame

(ITRF) datum, and collocated orthometric heights were derived from adjustment of

the leveling observations in national vertical datum (NVD). The control GPS/leveling

data used to validate the calculated geoid models in this study is also a part of this

historical data set. Thus, the validation results of this research are comparable to

the released accuracies of the official Turkey geoid models. However, unlike the

determination of the official Turkey geoid models, only the available 5’ gridded

version of gravity measurements conducted by GDMRE (Erol et al., 2020b) and a

part of GPS/leveling validation data were used in this research. Considering the data
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availability for the research, the purpose of this investigation was to examine the impact

of methodologic variations on geoid model determination accuracy rather than to aim

for a higher-accuracy geoid model determination for Turkey.

To switch from the classical vertical control network–based vertical datum realization

to a geoid model–based vertical datum in a country, the regional geoid model must

be determined with ∼ 1−2 cm accuracy. In the current situation, because the Turkey

geoid models have not been able to improve to the required accuracy level for the

geoid model–based vertical datum realization, a new stage with a project called the

Height System Modernization and Redefinition of the Vertical Datum in Turkey was

initiated in 2012 by the GDM and Scientific and Technological Research Council of

Turkey (TUBITAK). The aim of this collaborative project was to enrich the gravity

database with the new terrestrial gravity measurements throughout almost the entire

country, and airborne gravity measurements in limited areas such as high mountains,

lakes, and coastlines where terrestrial gravimetry is troublesome (Simav, 2020; Simav

et al., 2013, 2020). Relying on the preliminary results of this project, the Turkish Geoid

Model 2020 (TG-20) was calculated using a combination of historical and new gravity

measurements, and it was recently published by Yıldız et al. (2021). The validation

results of the new model with the historical GPS/leveling data set showed that the

TG-20 and the previously released TG-03 models have similar accuracies of about

9-10 cm. This result emphasized the necessity of quality GPS/leveling data for proper

validation of the computed geoid models in Turkey. Yıldız et al. (2021) also provided

the validation statistics of the TG-20 model at the newly collected limited number

of high-precision GPS/leveling benchmarks which were established and measured

along a number of profiles in the country, and reported standard deviations of geoid

undulations between 1 and 6 cm. These precise validation data sets are not in public

domain; therefore, we were unable to use them to validate the experimental geoid

models calculated in this research.

The methodological improvements in the geoid modeling are of great importance,

especially when the quality of the terrestrial gravity data is insufficient in an area. The

most commonly used technique, remove-compute-restore, has begun to be overtaken

by recently developed techniques such as the least-squares modification of the Stokes

41



integral with additive corrections (LSMSA) technique (Ågren et al., 2009). The

methodology developed by the Royal Institute of Technology (KTH) involves the

modification of the Stokes kernel in a least-squares sense to minimize the expected

global mean square error of geoid estimation by including the errors introduced by

the gravity data and the global geopotential model. The technique has been applied

successfully in areas with high-quality gravity data sets (Ågren and Sjöberg, 2014;

Ellmann et al., 2020; Isik et al., 2021; Sakil et al., 2021; Yıldız et al., 2012). The

LSMSA was applied in central Turkey by Abbak et al. (2012a,b), who showed the

advantages of the method over the RCR technique. The method was applied by Isik and

Erol (2016) to the whole of Turkey, and better agreement was found for the LSMSA

technique than for RCR.

This study investigated the effect of the gravity grid densification on the accuracy

of geoid model determination with the LSMSA method. The original data set

used in the study included 5′-resolution complete Bouguer anomalies, which have

been calculated by reducing and gridding the pointwise gravity observations with

densities varying between 1.5 and 3.5 km throughout the whole country. Erol et al.

(2020b) estimated the accuracy of the complete Bouguer anomalies as ∼ 5 mGal. In

the designed experiment, different geoid models were calculated using the free air

anomalies calculated from the original 5′-resolution data sets and its 1’-resolution

densified versions by restoring the gravitational effect of the topographical masses.

In densification of the gravity grids on the reference surface, both planar and spherical

complete Bouguer anomalies were considered, and two 1’-resolution dense grids were

generated for geoid computations. The classical formulas with digital terrain model

data were employed for calculating the Bouguer plate (Heiskanen and Moritz, 1967,

Eq. 3-15) and terrain corrections in planar approximation (Forsberg, 1984), whereas

the spherical complete Bouguer anomalies were calculated by directly using the

complete spherical topographical corrections from the high-resolution SRTM2gravity

global model (Hirt et al., 2019). Thus, with densification of the 5’-resolution original

grids to 1′ resolution, which approximately corresponds to the density of the pointwise

observations, the higher frequencies of the gravity field signal were involved in

quasi-geoid or geoid model computation using restored free air anomalies with the
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LSMSA method. Accordingly, the geoid model solutions using the free air anomalies

restored from the 5′-resolution (original data set, i.e., planar complete Bouguer

anomalies), 1′-resolution planar, and spherical complete Bouguer anomaly grids were

calculated. In addition to area-based (grid-to-grid) comparisons of the calculated

geoid models to assess their fit, the external accuracies of the models were estimated

using 100 homogeneously distributed GPS/leveling benchmarks in the country. The

consistencies of the models along the coastlines also were validated at six tide gauge

stations. The numerical test results showed the contribution of the grid densification to

the improvement of the geoid model accuracy with the LSMSA method. In addition,

the spherical approximation with the topographic corrections from the SRTM2gravity

model provided better performance in regridding and densification of the Bouguer

anomalies, and hence contributed to the accuracy improvement of the calculated

geoid model. In conclusion, the geoid model solution obtained using the free air

anomalies restored from 1′-resolution spherical complete Bouguer anomalies gave

the most improved accuracy, with 8.6 cm standard deviation of geoid undulation

differences at the GPS/leveling benchmarks. Regarding the validation statistics t the

benchmarks, the densification of the gravity grids improved the geoid model accuracy

by 25%. Employing the spherical Bouguer anomalies instead of the planar in the

process improved the geoid model accuracies by 2%. The results of the validations

carried out at the tide gauge (TG) stations supported and were consistent with the

validation results obtained at the GPS/leveling points.

The study area and the terrestrial gravity data used are described in the section “Study

Area and Data Used”. The preprocessing and preparation of the data sets for the

computations of the 5′− and two 1′-resolution geoid models also are described in detail

in the section “Study Area and Data Used”. Section “Geoid Modeling” briefly explains

the formulation of the LSMSA technique. The details of the geoid modeling procedure

and the validation results of the calculated geoid models at GPS/leveling and tide gauge

stations as well as their area-based (grid-to-grid) comparison results also are provided

in the section “Geoid Modeling”. The parameters adopted in modeling the gravimetric

geoids and their effects on the accuracy of the models also are given and interpreted.
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The paper concludes with a summary of the findings from the study in the section

“Conclusion and Discussions”.

3.2 Study Area and the Used Data

3.2.1 Gravity data and preliminary preparation

The study area for the geoid modeling covers the entire country between the latitudes

36o N − 42o N and longitudes 26o E − 45o E. The mean elevation in the study area

is approximately 1200 m. The topography is rather moderate in the northwest parts of

Turkey; however, it is, in general, is quite rugged and mountainous over the country.

The elevations in the Eastern part of the country reach over 5000 m. Three sides of

the country are surrounded by seas and through the coastlines, there are steep changes

in the elevation between the land and sea, especially in the Mediterranean coasts in

southern Turkey. The similar character of the topography causes steep changes of

heights in the Black Sea region in the northeastern coast of Turkey where is one of the

most problematic areas in Turkey by means of geoid modeling studies. As parallel with

the topographical changes, the geoid is expected to have a higher frequency pattern in

the eastern and southeastern parts of the country. The study area and the topography

can be seen in Figure 3.1.

The terrestrial gravity data used in this study has been collected by the GDMRE of

Turkey. The dataset originally refers to the Potsdam datum for gravity. It is available

as a complete Bouguer anomaly in a gridded form with 5′ (∼ 9 km) spatial resolution

(see Figure 3.2). In reduction of the gravity data by the GDMRE, the Bouguer plate

was estimated with 2.67 g/cm3 mass density of topography. The terrain correction was

applied to the gravity data using Hammer chart up to J zone, which corresponds to 6.65

km radius (Hammer, 1939). Contrary to the assumption in Bouguer plate, the terrain

correction was calculated assuming the mass density of topography is 2.40 g/cm3.

The normal gravity values for the latitude correction were calculated using GRS67

reference ellipsoid parameters (Arslan, 2016).

In preparation of the gravity dataset to use in numerical tests, the gravity values were

converted to International Gravity Standardization Net 1971 (IGSN71), which is the
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Figure 3.1 : Study area: distribution of GPS/leveling benchmarks (triangles)and tide
gauge stations (circles) on the SRTM topography of Turkey. (Data from Jarvis et al.,

2008).

Figure 3.2 : Complete Bouguer anomalies in Turkey (original 5′ resolution grid dataset
shifted to IGSN71 gravity datum) (minimum = -205.07 mGal, maximum = 74.94

mGal, mean = -69.00 mGal, standard deviation = 55.45 mGal).

adopted gravity datum in Turkey, by subtracting 14 mGal (Wollard, 1980). The normal

gravity components (γ) of the given gravity anomalies that they have been calculated

with respect to the GRS67 reference ellipsoid were converted to the GRS80 reference

ellipsoid by restoring the differences between the normal gravity values of the two

reference ellipsoids (GRS80 and GRS67), which were calculated using the given
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equation and the physical constants in Featherstone and Dentith (1997) (ibid. p.1065,

equation 5 and table 2, respectively).

In Figure 3.3, the data preparation and the geoid model computation procedures of

numerical tests are shown step-by-step. In this flowchart, there are three different

free-air gravity anomaly (denoted as ∆gFA) datasets, and corresponding three geoid

models calculated using these datasets. In the preparation of the gravity anomalies,

planar and spherical approximations are used to model the effect of topography. To be

able to distinguish the datasets prepared using different approximations, the notations

of the gravity anomalies have subscripts "P" and "S" for "planar" and “spherical”

approximations, respectively. This notation was used in order to express the type of the

Bouguer anomalies from which the free-air anomalies were calculated. In the figure,

the validation steps of the calculated geoid models were defined as well.

Figure 3.3 : Flowchart of the preparation of gravity anomaly datasets.

In the first section (see the upper-left corner of the flowchart) the complete Bouguer

anomaly grid dataset (the original 5’ resolution "complete planar-Bouguer anomalies";
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∆gCPB given by the map in Figure 3.2) was transformed into the free-air gravity

anomalies via considering the Bouguer plate (δgBP) and the terrain corrections (δgPTC,

which were calculated with the planar approximation, and using the parameters that

have been previously used in their reduction process by GDMRE (6.65 km of the

radius of computation, 2.67 g/cm3 and 2.40 g/cm3 of the constant mass density values

for the computation of Bouguer plate and terrain corrections, respectively) according

to Eq. 3.1.

∆gFA = ∆gCPB +δgBP −δgPTC (3.1)

In this equation, δgBP = 2πGρHP is the gravitational attraction of the planar Bouguer

plate of constant thickness HP and constant mass density of topography ρ , and δgPTC

is the gravimetric terrain correction with planar approximation. The terrain correction

values were calculated using 3′′ resolution SRTM v4.1 digital elevation model (Jarvis

et al., 2008) according to Eq. 3.2 as given in Forsberg (1984).

δgPTC = G
∫∫

σ

∫ z

HP

ρ(x,y,z)(z−HP)

ℓ3
(
xp − x,yp − y,z−Hp

)dzdσ (3.2)

where ρ(x,y,z) is the mass density of topography at the running point, ℓ is the distance

calculated between the computation point P (xP,yP,HP) and the running point that falls

within the computation radius in the elevation model, HP and z are the topographic

heights at the computation point P and the running point, respectively, σ is the

integration area. The distance kernel in Eq. 3.2 is given in Eq. 3.3 as,

ℓ=

√
(xP − x)2 +(yP − y)2 +(HP − z)2 (3.3)

The terrain correction values were calculated using the "TC" module of the

GRAVSOFT program package (Forsberg and Tscherning, 2008). The calculated

terrain corrections (δgPTC) for the country are shown in Figure 3.4. Since the effect

of topography was handled in planar approximation for complete Bouguer anomaly

in this step, the free-air anomaly in Eq. 3.1 includes the notation "P" for indicating

the planar approximation. This 5′ resolution free-air gravity anomaly was used in the

computation of the 5′ resolution geoid model (N5min
P ).

Thereafter, the 5′ resolution ∆gCPB data were densified to the 1′ resolution grid

(upper-right corner of the flowchart in Figure 3.3) to have a denser complete Bouguer
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Figure 3.4 : Planar terrain corrections (δgPTC) on gravity (unit: mGal) (minimum =
0.00 mGal, maximum = 168.82 mGal, mean = 2.34 mGal,standard deviation = 3.28

mGal.

anomaly grid with planar approximation. The densified ∆gCPB is transformed into 1′

resolution free air gravity anomalies ∆gFA using 1′ resolution planar Bouguer shell and

terrain correction to calculate the 1′ resolution geoid model (N1min
P ).

For the third dataset, the 5′ resolution free air gravity anomalies were transformed to

the 1′ resolution ∆gCSB at first (see the lower-left corner of the flowchart) and then

it densified to the 1′ resolution ∆gCPB grids using SRTM2Grav. Thus, the second

1′ resolution N1min
S geoid model was calculated using the free air gravity anomalies

derived from the 1′ resolution ∆gCPB grids as it is shown at the lower-right corner of

the schema. Contrary the planar Bouguer anomalies, the complete spherical Bouguer

anomalies were converted from the gravity disturbances (δg) using full-scale gravity

signal of the 3′′ resolution SRTM2gravity model (δgSRT M2Gravity) (see Figure 3.5, for

the complete spherical terrain corrections from the SRTM2gravity full signal model in

Turkey) (Hirt et al., 2019). The full-scale gravity signal of the SRTM2gravity model

represents the linear effect of the topography on gravity together with the gravity effect

of all irregularities of the topography relative to the Bouguer shell (Hirt et al., 2019).

Eq. 3.4 provides the relation between the gravity disturbance (δg) and the free air

anomaly (∆gFA
S ) depending on the height anomaly (ζ ), which has been obtained from

a high-resolution global geopotential model.

δg−∆gFA
S =

2T
R

≈ 0.3086ζ (3.4)
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In this equation, T is the disturbing potential and R is the mean radius of spheroid.

Using the gravity disturbances obtained from Eq. 3.4, the complete spherical Bouguer

anomalies (∆gCSB) were calculated using Eq. 3.5:

∆gCSB = δg−δgSRT M2Gravity (3.5)

where, δgSRT M2Gravity is the complete spherical terrain correction from the

SRTM2gravity model (see Figure 3.5).

Thus, 1′ resolution gravity grids for both the planar and spherical Bouguer anomalies

were generated via data interpolation using least squares collocation method with

GEOGRID module of the GRAVSOFT Program Package (Forsberg and Tscherning,

2008). The densified 1′ resolution ∆gCPB and ∆gCSB grid datasets were transformed

to the ∆gFA
P and ∆gFA

S values, respectively, through the inverse use of the above

given formulations for planar (Eqs. 3.1 and 3.2) and spherical (Eqs. 3.4, 3.5 and

SRTM2gravity full signal model) approximations in order to use in geoid model

calculations with LSMSA method.

Figure 3.5 : SRTM2gravity full signal model (δgSRT M2Gravity) (unit: mGal) (minimum
= 17.65 mGal, maximum = 448.81 mGal, mean = 155.76 mGal, standard deviation =

72.60 mGal) (Data from Hirt et al., 2019).

The study area for the geoid modelling is the same area covered by the original

gravity dataset, as well (as shown in the Fig. 3.2). However, in geoid model

computations, to avoid the edge effects at the borders of the study area, we extended

the region covered by the original dataset with the gravity anomalies computed from
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a high-resolution global geopotential model, which is the eXperimental Gravity field

Model (XGM2019e) (Zingerle et al., 2020).

The XGM2019e is a combined global geopotential model whose satellite data is

from GOCO06s satellite-only model and terrestrial data is from 15’ resolution grid

provided by NGS (Zingerle et al., 2020). The gravity anomalies outside the borders of

Turkey and the water bodies were filled with the gravity anomalies computed from the

XGM2019e model up to 2190 degree/order of expansion; (see Barthelmes, 2009, p.23,

Eq. 126) presented the calculation formula of the gravity anomaly using a spherical

harmonic expansion model. In addition, the height anomalies (ζ ) in Eq. 3.4 to convert

the gravity disturbances into free air gravity anomalies in the land part were also

calculated from XGM2019e model up to 2190 d/o with zero-degree term included

with respect to the GRS80 ellipsoid. The spherical harmonic expansion equation for

calculating the height anomaly is given by Barthelmes (2009) (ibid. p.22, Eq. 118).

Tide-free system was adopted in all computations and no spectral or spatial smoothing

was applied to the derived quantities.

The XGM2019e derived gravity anomalies for the extended land area, which includes

gravity signal up to 10 km resolution, were spectrally enhanced using Residual Terrain

Model (RTM) values obtained from the residual gravity product of the SRTM2gravity

project (Hirt et al., 2019). This enhancement increased the spectral resolution of the

gravity anomalies calculated from the model outside of the boundaries up to 90 m.

The residual gravity signal (RTM) from SRTM2gravity model for the study area can

be seen in Figure 3.6.

Figure 3.7a and Figure 3.7a show the 1′ resolution surface gravity anomaly datasets,

which were obtained from the planar and spherical Bouguer anomalies, respectively,

and used in gravimetric geoid modeling. Table 3.1 lists the statistics for the grid-nodes

inside of the country borders where the mean values and the standard deviations of the

two datasets slightly vary. The difference map of two 1′ resolution free air anomaly

grids shows a high correlation with the topography (see Figure 3.7c). These differences

are mainly due to the approximations adopted in the planar and spherical approaches

in computation.
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Figure 3.6 : Residual gravity signal from SRTM2gravity model (unit: mGal)
(minimum = -206.190 mGal, maximum = 109.010 mGal, mean = -1.847 mGal,

standard deviation = 14.675 mGal). (Data from Hirt et al., 2019).

Table 3.1 : Statistics of gravity anomaly datasets (only Turkey land area) [unit: mGal].

Data Min Max Mean Standard deviation
∆gFA,5min

P -79.25 295.63 57.42 43.55
∆gFA,1 min

P -88.06 344.23 56.58 43.55
∆gFA,1 min

S -84.99 299.89 56.56 42.96
∆gFA,1 min

P −∆gFA,1 min
S -50.73 49.17 0.03 3.02

3.2.2 Validation datasets

The two datasets were employed for the validation of the calculated geoid models

in the study. The first one includes homogeneously distributed 100 GPS/leveling

benchmarks that belong to the Turkish National Fundamental GPS Network (TUTGA)

(see Figure 3.1). The 3D coordinates of these stations are in the International

Terrestrial Reference Frame (ITRF96) datum at epoch 2005.0. The orthometric

heights of the benchmarks are referenced to the Turkey National Vertical Control

Network (TNVCN-TUDKA) datum defined at the Antalya tide-gauge station on the

Mediterranean coast of Turkey (Ayhan et al., 2002) and the estimated accuracy of the

GPS/leveling data at these benchmarks is ∼ 1−3 cm. The orthometric heights of the

benchmarks rise from the sea level up to ∼ 2000 meters and almost 20% of these points

are at the low altitudes between 2 m and 100 m. The dataset was used in this study to
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assess the performance of the geoid models in terms of the statistics of the ∆N geoid

height differences at the benchmarks (∆N = N(GravimetricGeoid)−N(GPS/levelling)).

The second validation dataset includes 6 tide-gauge (TG) stations around the coastlines

of Turkey (see Figure 3.1), which are part of the Turkish National Sea Level

Monitoring Network (TNSLM) (Simav et al., 2011; TUDES, 2021). The location

information of the tide gauge stations used in this study for validation of the calculated

geoid models at the coastline is given in Table 3.2.

Table 3.2 : Turkish National Sea Level Monitoring Network tide gauge stations.

Station name Latitude (N) Longitude (E) Coastline
Antalya 36◦50′09.6′′ 30◦36′46.8′′ Mediterranean (south)
Bodrum 37◦01′44.4′′ 27◦25′12.0′′ Aegean Sea (west)
İğneada 41◦53′24.0′′ 28◦01′33.6′′ Black Sea (northwest)
İstanbul 41◦10′26.4′′ 29◦05′16.8′′ Marmara Sea (northwest)
Taşucu 36◦16′30.0′′ 33◦49′08.4′′ Mediterranean (south)
Trabzon 41◦00′03.6′′ 39◦44′42.0′′ Black Sea (northeast)

Source: Data from TUDES (2021).

The mean sea level (MSL) at these stations was calculated based on the 15

minutes’ interval of the instantaneous sea level measurements. The high frequency

instantaneous sea level measurements were down-sampled first to the hourly arithmetic

mean values. Then the hourly time series were down-sampled to the daily time series

using a low-pass filter, and eventually, the series were down-sampled to the monthly

arithmetic mean values. Using least squares spectral analysis, harmonic analysis was

applied to find the unknowns in the time series in Eq. 3.6.

M(t) = M (t0)+ v(t − t0)+

[
2

∑
k=1

Ak cos(ωk (t − t0)−ϕk)

]
+ ε(t) (3.6)

In this equation, M(t) represents the monthly sea level time series, M(t0) is the mean

sea level (MSL) at epoch t0, v is the linear trend of the time series which represents the

rate of sea level change with respect to the epoch t0. The last term on the right-hand

side of the equation represents the annual (k = 1) and semi-annual (k = 2) signals

where Ak is the amplitude, ωk is the angular frequency and ϕ is the phase of the annual

and semi-annual signals of the time series. The term ε(t) is the remaining un-modeled

components of the time series. Similar to the used GPS/leveling benchmarks in the first
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(a)

(b)

(c)

Figure 3.7 : Free-air gravity anomalies using: (a) the planar approximation
∆g(FA,1min)

P , (b) the spherical approximation ∆g(FA,1min)
S , (c) The difference map of

gravity anomalies (∆g(FA,1min)
P −∆g(FA,1min)

S ).
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part of the validations, the calculated mean sea levels also refer to the TUDKA national

vertical datum (NVD). The estimated accuracy of the mean sea levels calculated as a

result of the spectral time series analysis is ∼ 1−2 cm.

For validations of the calculated geoid models at the tide gauge (TG) stations, the geoid

undulation at tide gauge stations (N(MSS/MSL)
T G ), obtained by using the altimetry derived

mean sea surface (MSS) values close to the coast (altimeter point (A) in Figure 3.8)

and the mean sea level values at the tide gauge stations which are referenced to the

national vertical datum (NVD - TUDKA), were compared with the geoid undulation at

tide gauge stations (NGG
T G ) derived from the calculated gravimetric geoid models. The

formulation of the validations carried out at the tide-gauge stations is given in Eq. 3.7

and the schema which explains this formulation is shown in Figure Figure 3.8.

∆N = NGG
T G −NMSS/MSL

T G = NGG
T G −

(
MSSDTU

A −MSLNV D
T G +δN

)
(3.7)

where the MSSDTU
A is the mean sea surface interpolated for the altimetry point (A)

close to the tide gauge station, MSLNV D
T G is the mean sea level at the tide gauge station

calculated from the spectral analysis of sea level time series (see M(t0) in Eq. 3.6), and

δN is the datum shift between the gravimetric geoid and the national vertical datum

at GPS/leveling benchmark (denoted as R in Figure 3.8) of tide gauge stations with an

accuracy of ∼ 1−3 cm. The MSS values in this study were calculated from the global

DTU13MSS model whose accuracy is approximated as ∼ 5 cm near coastlines in

Turkey (Andersen et al., 2016). Considering the law of error propagation, the accuracy

of the validation data (NMSS/MSL
T G ) is estimated as ∼ 6 cm.

3.3 Geoid Modelling

3.3.1 Least squares modification of Stokes integral with additive corrections

(LSMSA) method

Stokes integral requires gravity data all over the Earth to calculate the geoid height

at a particular point. However, in practice, this is not possible due to the limited

number of observations and data restrictions. This limits the integration area to a

smaller region, which results in a truncation error in the computation. Stokes kernel
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Figure 3.8 : Validation of geoid models at tide gauge stations.

needs to be modified to overcome this problem. There are many methods proposed

in the geodetic literature to modify the Stokes kernel, either deterministic or stochastic

(Featherstone et al., 1998; Meissl, 1971; Molodenskii et al., 1962; Sjöberg, 1980, 1981,

1984, 1991; Vaniček and Kleusberg, 1987; Vaniček and Sjöberg, 1991; Sjöberg, 2003b;

Wong and Gore, 1969). In this paper, we use a geoid determination method, developed

at the Royal Institute of Technology in Stockholm (KTH), which involves stochastic

modification of Stokes integral that minimize the expected global mean square error by

combining of global geopotential model and terrestrial gravity data in a least squares

sense (Sjöberg, 2003c). In this technique, the Stokes’ integral, truncated to a cap, is

applied to the uncorrected surface gravity anomalies (Ågren et al., 2009).

In this method, the approximate geoid height Ñ is composed of the near zone

component calculated using gravity observations within the integration cap σ0, and

the far zone component of the geoid signal calculated using the global geopotential

model as follows:

Ñ =
R

4πγ

∫∫ I

σ0

SL(ψ)∆gdσ +
R
2γ

M

∑
n=2

(
sn +QL

n
)

∆gGGM
n (3.8)

In this equation, σ0 is the spherical cap, SL(ψ) is the modified Stokes’ function of

spherical distance ψ between the computation point and the integration points, ∆g is

the surface gravity anomalies, sn are the modification parameters, QL
n are the truncation
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coefficients, ∆gGGM
n are the Laplace harmonics of degree n calculated from the global

geopotential model, M is the maximum expansion of the global geopotential model

and L is the degree of the modification. The symbol sn are calculated in a least

squares sense so that the estimated global mean squares error of the modification would

be minimized and the unbiased type of modification parameters are used (Ellmann,

2005a,b).

The modified Stokes’ function is given as

SL(ψ) =
∞

∑
n=2

2n+1
n−1

Pn(cosψ)−
L

∑
n=2

2n+1
2

Pn(cosψ) (3.9)

where the first term on the right-hand side of the equation is the closed form of

the original Stokes function in spectral form and Pn are the un-normalized Legendre

polynomials.

Laplace harmonics of gravity anomaly of degree n can be calculated as

(Hofmann-Wellenhof and Moritz, 2006, Eq. 9-18),

∆gEGM
n =

GM
a2

(a
r

)n+2
(n−1)

n

∑
m=−n

CnmYnm (3.10)

where G is Newton’s gravitational constant, M is the mass of the reference ellipsoid,

a is the equatorial radius of the reference ellipsoid, r is the geocentric radius, Cnm

are the fully normalized spherical harmonic coefficients from the global geopotential

model and Ynm are the fully normalized spherical harmonics (Hofmann-Wellenhof and

Moritz, 2006).

The truncation coefficients in Eq. 5.8 are given as,

QL
n = Qn −

L

∑
k=2

2k+1
2

skenk (3.11)

where Qn are the Molodensky truncation coefficients and enk are the Paul’s coefficients

by Paul (1973).

The estimated geoid model N̂ is computed by adding these so-called additive

corrections to the approximate geoid height as:

56



N̂ = Ñ +δNCOMB
TOPO +δNCOMB

DWC +δNCOMB
AT M +δNCOMB

ELL (3.12)

where Ñ is the approximate geoid heights, δNCOMB
TOPO is the combined topographic

correction which involves both direct and indirect effects of the topographic masses

(Kiahmehr, 2006), δNCOMB
DWC is the combined downward continuation correction which

accounts for the analytical continuation of gravity anomalies from Earth’s surface to

the geoid (Sjöberg, 2003c), δNCOMB
AT M is the combined atmospheric correction which

handles the atmospheric mass outside of the surface of the geoid (Kiahmehr, 2006), and

δNCOMB
ELL is the combined ellipsoidal correction applied for the spherical approximation

of geoid in the computation of Stokes integral (Sjöberg, 2004b).

3.3.2 Numerical test results

The geoid models were calculated with reference to the GRS80 ellipsoid. In

gravimetrically determined geoid models, the zero-degree term represents the geoid

height difference between the mean Earth ellipsoid of the global geopotential model

and the reference ellipsoid. The zero-degree term geoid height (N0) was calculated as

(Sánchez and Sideris, 2017).

N0 =
(GMGGM −GMGRS80)

rP0γQ0

− W0 −U0

γQ0

(3.13)

where GMGGM and GMGRS80 are the product of gravitational constant (G) and mass

of the Earth (M) for global geopotential model and GRS80 reference ellipsoid

respectively, rP0 is the geocentric radial distance, γQ0 is the normal gravity on the

reference ellipsoid, W0 is the conventional value of Earth’s potential, and U0 is the

potential on the reference ellipsoid. The zero term (N0) is computed as 0.936 m

for this study. In order to find the optimum values of the modification parameters,

we empirically determined the expansion degree of the geopotential model M and

integration radius ψ . Since (Erol et al., 2020b) estimated the standard deviation of

the dataset as 5 mGal, we constructed the error degree variance of the surface gravity

anomalies using the band-limited white noise model where the standard deviation of

the gravity anomalies was taken as 5 mGal. The long-wavelength components of

the geoid models were computed using the XGM2019e model as it was used in the
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pre-processing of the gravity dataset (see Sect. 3.2). The optimal expansion degree

and integration radius were decided as a result of a trial and error based process. In

the tests, the various values for the expansion degrees of the geopotential model M

from 240 d/o to 720 d/o with 60 d/o increments were tested. Similarly, five different

integration radii (ψ = 0.1o, ψ = 0.25o, ψ = 0.5o, ψ = 0.75o, and ψ = 1.0o) were tested

in geoid model solutions and trials for deciding the optimal parameters were repeated

using each terrestrial gravity dataset in the numerical tests.

In the first part of the geoid modeling, 5′ resolution free-air gravity anomalies

computed from the complete planar Bouguer anomalies (the original dataset) were

used. Figure 3.9a gives the statistics of the experiment results for determining the

optimum modification parameters of the 5′ resolution geoid model solutions. The

best standard deviation (12.4 cm) was achieved for the 360 degree/order of the global

model expansion degree (as well as the modification degree L(M = L)), and for the

integration radius of ψ = 0.75◦. Nevertheless, the model fails to supersede the geoid

model computed using XGM2019e global geopotential model.

In the second part of the geoid modeling, the 1′ resolution free air gravity anomalies

computed with densification of both the complete planar Bouguer anomalies and

the complete spherical Bouguer anomalies were used. Figure 3.9b and Figure 3.9c

show the geoid model accuracies due to the changing modification parameters for

planar (Figure 3.9b) and spherical (Figure 3.9c) approximated datasets. The expansion

degree of M = 360 and the integration radius ψ = 0.25◦ were found as the optimum

parameters for both approaches. Accordingly, the best geoid model accuracies

achieved with the 1′ resolution free air gravity anomalies computed from the planar

and spherical Bouguer anomalies are 10.3 cm and 10.1 cm, respectively. Both of the 1′

resolution geoid solutions show better performance (∼ 2 cm) than XGM2019e model.

The validation statistics of three geoid models that agree best with the GPS/leveling

data were provided in Table 3.3.

The distribution of the residual geoid heights at the GPS/Leveling benchmarks for

the 5′ resolution geoid model, which will be called as N5 min
P in the rest of the

article, is shown in Figure 3.10a. Similarly, Figure 3.10b and Figure 3.10c show
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Figure 3.9 : Standard deviation of the residual geoid heights at GPS/Levelling stations
for the varying computation (a) 5′ resolution planar approximation

(
∆N5

P min
)
; (b)

1′ resolution planar approximation parameters for:
(
∆N1 min

P
)
; (c) the 1′ resolution

spherical approximation
(
∆N1 min

S
)

(units: cm).
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Table 3.3 : The statistics of the residual geoid heights at GPS/leveling stations (cm).

Geoid Min Max Mean STD
N5min

P −25.8 41.0 8.3 12.4
N1min

P −23.8 30.3 1.2 10.3
N1min

S −23.9 29.4 1.1 10.1
NXGM2019e 27.8 57.4 4.6 11.7

the distribution of the geoidal height differences of the 1′ resolution geoid model

solutions computed with the terrestrial gravity data prepared with planar (called as the

N1min
P geoid model) and spherical (called as the N1min

S geoid model) approximations,

respectively, from the GPS/leveling observations at the benchmarks. The graphics

given in Figure 3.10d, Figure 3.10e, Figure 3.10f depict the distributions of the geoid

height residuals with respect to the vertical locations of the GPS/leveling benchmarks

in terms of their orthometric heights, for the N5 min
P ,N1 min

P and N1min
S geoid model

solutions, respectively.

Considering the validation statistics at GPS/leveling benchmarks, the 1′ resolution

geoid models outperform the 5′ resolution geoid model. When the graphics given in

Figure 3.10, Figure 3.10e, Figure 3.10f are compared, the 1′ resolution geoid models

(both the N1min
P and N1min

S models) have better performance than the N5min
P model at

the GPS/leveling stations at high altitudes (the benchmarks with topographical heights

> 500 m ). The GPS/leveling validations of the models showed that the N1min
S model

provided slightly better performance compared to the N1min
P model. The accuracies

of the N1min
S and the N1min

P models are 10.1 cm and 10.3 cm, respectively, and the

difference between their accuracies is insignificant. Although the adopted gravity

data reduction approximation (planar or spherical) for data gridding does not seem

to make a significant effect on the geoid model accuracies, the contribution of the

gravity grid densification to the geoid model accuracy improvement is considerable.

It should also be noted that the validation data is insufficient to assess the effect

of topographic reduction approaches on geoid modeling in terms of the benchmark

topographic heights. Because it is natural that the topographic reduction effect on

geoid models is most noticeable in high topographical regions. When the heights of

the GPS/leveling points are considered, 35% of them are located below 500 meters,
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and the rest of them reach up to 2000 meters. Thus, the effect of the adopted

topographic reduction approach on the geoid model is clearly visible in area based

(grid to grid) comparisons of the calculated 1′ resolution geoid models, though this

is barely recognized in the pointwise validation statistics. Using the gravity datasets

densified from 5′ to 1′ resolutions revealed ∼ 17% and 19% improvements in geoid

model accuracy from 12.4 cm for the N5min
P model to 10.3 cm for the N1min

P model and

10.1 cm for the N1min
S model, respectively.

In addition to the statistics given in Table 3.3, the geospatial distributions of the

geoid height differences at the GPS/leveling benchmarks for each model solution in

Figure 3.10a, Figure 3.10b, and Figure 3.10c are fairly helpful for an inspection of the

geoid model performances in an absolute manner throughout the country.
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However, to better interpret the obtained validation results, it is useful to have

information about the distribution of all 100 GPS/leveling points according to the

topographic heights. Accordingly, 15% of the benchmarks are located between 1500 m

and 2000 m from the sea level. Between the 1000 m−1500 m and 500 m−1000 m, we

have 24% and 26% of the benchmarks, respectively, and the 35% of these benchmarks

are on topographical areas between the sea level and 500 m. In Figure 3.10d,

Figure 3.10e, Figure 3.10f, the relations between the geoid height differences and

the vertical position of the validation benchmarks are depicted. Considering the

assessment of the 5′ resolution N5min
P model in Figure 3.10d, it is seen that there

are geoid height differences over ±20 cm at some of the benchmarks with an altitude

higher than 500 m. On the other hand, when the 1′ resolution N1min
P and N1min

S models

in Figure 3.10e and Figure 3.10f are considered, at these benchmarks with altitudes

higher than 500 m, the geoid height differences decrease whereas the discrepancies at

the benchmarks along the coastline, specifically in the eastern Black Sea, are even

bigger when compared with the 5′ resolution N5min
P model. This may indicate a

possible degrading in the gravity anomalies along the coastlines while interpolating

the grid values from 5 arc-minutes to 1 arc-minute resolution. The absence of marine

gravity anomalies in the gridding procedure of original complete Bouguer anomalies

in the first place, made by GDMRE, may affect the quality of gridding gravity

anomalies along the coastal areas. Additionally, the errors that propagate by combining

two datasets, terrestrial gravity data anomaly grid and gravity anomalies from the

XGM2019e global gravity field model, may cause these large discrepancies in the

GPS/leveling data set near the coastal areas. Considering that the XGM2019e model

includes DTU13 gravity field data, we illustrated the interpolation error associated with

the development of DTU13MSS model along the coastlines of Turkey in Figure 3.11.

It is clear to see the errors located near Black Sea and Marmara Sea coastline are

relatively bigger as the heights of the GPS/leveling points increase for the 1′ resolution

N1min
P and N1min

S models. Accordingly, the geoid height differences at the GPS/leveling

benchmarks, which have topographic heights between 1000–2000 meters, remain

∼±10 cm interval.
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Figure 3.11 : The interpolation error associated with the DTU13MSS model along the
coastlines of Turkey (unit: cm). The tide gauge stations are shown with white circles.

Because the GPS/leveling validation dataset does not include stations in the regions

with an altitude higher than 2000 m, these validation results do not provide information

regarding the absolute accuracies of the calculated models for the topographies higher

than 2000 m. However, the area based (grid to grid) comparison of the geoid model

solutions in equal resolutions (the N1min
S and the N1min

P models) provides an additional

measure in terms of their relative performances throughout the country. Figure 3.12a

shows the difference map between the two 1′ resolution geoid model solutions (the

N1min
S and N1min

P models). Similar to the free air anomaly difference map of the planar

and spherical approaches given in Figure 3.7c, the surface pattern of the geoid heights

difference map of two geoid model solutions in Figure 3.12a has a correlation with

the topography. The graphic given in Figure 3.12b depicts the correlation of the

discrepancies between the N1 min
S and N1 min

P models with the topographical heights.

Considering these two figures, it is seen that the differences between the N1min
S and

N1min
P models stay within ±10 cm up to 1500 m, within ±20 cm up to 3000 m.

However, the differences sharply increase after 3000 m and reach up to ∼ 60 cm in

the regions with heights between 4000 m and 5000 m. Both models agree fairly well

in lower elevations since Figure 3.7c and Figure 3.12a show no big differences. As it is

seen in Figure 3.12b, the differences between the two solutions obtained by spherical

and planar approaches are correlated with point heights. Thus, the effect of spherical

and planar approaches on geoid model determination has been clarified. Considering
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the elevation of GPS/leveling benchmarks, it is not possible to validate the performance

of two models beyond 2000 meters. Contrary to the GPS/leveling validations, the

area-based comparisons of the models make visible the differences between the two

approaches.

(a)

(b)

Figure 3.12 : (a) Differences between the two 1′ resolution geoid models, N1 min
P −

N1 min
S (minimum = -0.234 m, maximum = 0.593 m, mean = 0.003 m, standard

deviation = 0.018 m); and (b) distribution of these differences with respect to their
orthometric heights (unit: centimeters).
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In addition to the GPS/leveling benchmarks, the tide gauge stations also were used in

the validations of the calculated geoid models following the described strategy in the

section "Validation Data Sets". For this purpose, the observations of six tide-gauge

stations (listed in Table 3.2 with their coordinates) located at the surrounding seas

of Turkey were employed. The validations at the tide-gauge stations provided an

additional check for the geoid model consistencies at the coastlines where the geoid

models generally have reduced accuracies due to data gaps in sea-land transitions and

sudden changes in topography. Since Turkey is surrounded by the seas on three sides,

the coastal areas require special attention and to be concentrated in modeling Turkey

geoid. Accordingly, in the validation results, the geoid height differences at the tide

gauge stations were also provided in Figure 3.10(a-c) with the circle symbols colored

according to the magnitude of geoid height differences. Also here, the list of the geoid

height differences at the tide gauge stations for the calculated geoid model solutions

and the XGM2019e model is given in Table 3.4. Considering the values given in the

table, it can be said that the changes of the geoid height differences at the stations

are reasonable, and there is no abrupt change in the values. The geoid models agreed

reasonably at the tide gauge stations, and this result is supported by the validation

results at the GPS/leveling stations along the coastline.

Table 3.4 : The validation results of the models at the tide gauge (TG) stations.

Tide Gauge Geoid Model Solutions
Station Location NNN5min

P NNN1 min
P NNN1min

S NNNXGM2019e
Antalya Mediterranean (south) −16.3 −11.4 −13.3 −22.9
Bodrum Aegean Sea (west) 6.1 4.4 3.9 9.6
İğneada Black Sea (north-west) −4.8 −8.2 −8.3 −8.0
Istanbul Marmara Sea (north-west) −17.3 2.9 2.7 −5.0
Tasucu Mediterranean (south) 0.3 1.1 2.6 6.3
Trabzon Black Sea (north-east) 12.3 27.8 28.1 21.9

A more detailed inspection of the ∆N values given in Table 3.4 showed that the geoid

height differences at Antalya and Trabzon tide gauges exceed ±10 cm for all geoid

solutions. This result is primarily due to the rapid variations of the DTU13MSS model

values from deep seas to shallow-water areas. Additionally, employing the values from

different DTUMSS models revealed significant differences in the sea area close to the
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Trabzon tide gauge station. Besides, the 1′ resolution geoid models mostly provided

consistent results at all stations. However, specifically at Trabzon tide gauge, the 1′

resolution geoid models (the N1min
S and N1min

P models) provided worse performance

than the 5′ resolution geoid model (the N5 min
P model). This result is also consistent

with the GPS/leveling validation results obtained at the benchmarks in the coastline

area of the eastern Black Sea around the Trabzon tide gauge [Figure 3.10(a-c)]. In

conclusion, the poorer performances of the 1′ resolution models in comparison to the

5′ resolution model in the region in issue can be attributed to the steep change of

topography in the land to sea transition and relatively low accuracy of the gravity

field data at sea. Because, whereas the 1′ resolution high-frequency geoid models

revealed the ascribed negativities in the geoid signal, the 5′ resolution low-frequency

model tolerated and did not reveal these effects in results caused by the topographic

structure and measurement data around the Trabzon area. On the other hand, regarding

the GPS/leveling validations, the systematic differences because of the datum shift

between the geoid surface and the regional height reference surfaces in the validation

statistics are unavoidable (Fotopoulos, 2013). In order to minimize these systematic

effects in the validation results and to have comparable surfaces, the gravimetric geoid

models are fitted to the GPS/leveling surface at the benchmarks and the validation

statistics are once calculated after fitting with a mathematical surface equation. In this

study, the systematic differences between the calculated geoid model surfaces and the

local vertical datum (TUDKA) were modeled at the GPS/leveling benchmarks using

a seven-parameter transformation equation (Fotopoulos, 2013, Table 11.3), and the

accuracy of the calculated geoid models was also derived after fitting (see Table 3.5).

Accordingly, in the test results, the 1′ resolution N1 min
S geoid model has shown the

best performance. The accuracy of this model was calculated as 8.6 cm as a result of

the validations at GPS/leveling benchmarks.

As a result of all the work, Figure 3.13f is the map of the N1min
S geoid model of

Turkey without fitting, and its components calculated using the LSMSA algorithm

are presented in Figs.13(a–e), and Table 3.6 gives the statistics of the calculated

components and additive corrections of the N1min
S geoid model.
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Table 3.5 : The statistics of the residual geoid heights at GPS/leveling stations after
seven-parameter surface fitting (cm).

Geoid Min Max Mean STD

N5min
P −34.5 34.3 0.0 11.5

N1min
P −24.3 25.2 0.0 8.8

N1min
S −23.8 25.3 0.0 8.6

NXGM2019e −21.9 36.1 0.0 10.0

Table 3.6 : The statistics of the N1min
S geoid model components and additive

corrections in LSMSA algorithm.

Component Unit Min Max Mean STD

approximate geoid heights (Ñ) m 10.511 41.780 31.236 6.445

combined topo. correction
(
δNCOM

TOPB

)
m −2.721 0.000 −0.191 0.200

combined dwc. correction
(
δNCOM

ΓWMB

)
m −1.817 2.950 0.032 0.088

comb. atmospheric corr.
(
δNCOMB

AT M

)
mm −7.3 0.4 −1.7 1.0

comb. ellipsoidal corr.
(
δNCOMB

ELI.
)

mm −1.2 1.1 −0.3 0.2

final geoid model (N̂) m 8.808 41.768 30.794 6.784

3.4 Conclusion and Discussions

In this study, we computed the gravimetric geoid models in Turkey with three different

datasets using the least squares modification of Stokes integral (LSMSA) technique to

understand the effect of grid densification on the geoid model accuracy and usability

of the SRTM2gravity products in regional geoid modeling. In the first part of the

study, using complete Bouguer anomalies, which were available in 5′ resolution grid

format, we modeled the free-air anomalies at the surface by restoring back the terrain

corrections calculated following the planar approximation with the same parameters

used to pre-generation of the Bouguer anomaly dataset. The geoid model computed

with the original 5′ resolution dataset has the accuracy of 11.5 cm as a result of

validations at the 100 GPS/leveling benchmarks and 6 TG stations distributed as

homogeneous as possible throughout Turkey. The second part of the study was

carried out using densified gravity anomaly grids from the 5′ to the 1′ resolution with

preserving or enhancing the spectral content of the gravity signal. As the success

of this task depends highly on the forward modeling of the topographic masses,
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the computation of gravimetric terrain correction played an important role in this

experimentation. In this context, we used two terrain correction schemes: the planar

and spherical approximations. Besides using classical formulas in generating the

Bouguer anomalies according to the planar approximation for gravity grid densification

purpose, we also used the terrain corrections from SRTM2gravity global model that

is computed with the spherical approximation of Earth’s topographic mass using 3′′

SRTM topographic model.

Based on the findings of this study, we can conclude that the densification of the

terrestrial gravity grids from the 5′ (∼ 9 km) to 1′ (∼ 2 km) resolution with restoring

the high frequency content of the signal made a significant contribution to the

geoid modeling accuracy. The geoid model computed with the 5′ resolution free-air

anomalies has 11.5 cm accuracy. This model failed to exceed the accuracy of the

geoid model calculated from the XGM2019e global geopotential model using its

maximum degree of expansion, which is found as 10 cm after the seven-parameter

fitting. However, the geoid models calculated using densified 1′ resolution gravity

grids provided better accuracies. The 1′ resolution geoid models (the N1min
S and N1min

P

models) computed with the terrestrial gravity data, which were reduced and densified

relying on the spherical and planar approximation schemes, respectively, provided

almost similar accuracies. It should be noted that the residual geoid heights at the

GPS/leveling benchmarks near coastal areas, especially for the Black Sea region, are

relatively bigger for the 1′ resolution geoid models. The same result is observed in

the validation against the tide gauge stations. This problem may indicate a possible

interpolation error in the original gridded complete Bouguer anomalies of land since

there are no gravity measurements in the water bodies. The densification of the 5′

gravity anomaly grid can magnify the effect of interpolation error in the original

dataset. Another source of error in this problem is the inconsistency of sea and

land gravity data obtained from different sources in different accuracies (the land-sea

transition problem). The marine gravity anomalies are filled using the XGM2019e

model which includes DTU13 global gravity field data. On the other hand, the

validations at tide gauge stations include the use of DTU13 mean sea surface data.

There is an apparent increase in the errors of DTU13 models along the coastlines with
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maximum degrading near the Black Sea region. On the other hand, the densification

of the gravity anomalies provided a better topographical signal in the mountainous

parts which resulted in smaller residual geoid heights at GPS/leveling stations located

in higher elevations. With 8.6 cm accuracy, the N1min
S model provided the best

performance. From this result, it is concluded that either spherical or planar approach

can be used for obtaining the Bouguer anomalies to be used in the gravity data

gridding, and the SRTM2gravity global model (full-signal product) performed very

well in obtaining the Bouguer anomalies with the spherical approach. Thus, the

computational burden and given efforts in obtaining the terrestrial corrections as with

the classical formulas, in the calculation of the complete Bouguer anomalies from

gravity observations is reduced. Although the usability of the SRTM2Gravity model

has been clarified in the drawn conclusions of this study, further tests are required with

better quality gravity datasets in order to see the potential contribution of this global

product for determination higher (approximately ∼ 1−2 cm) accuracy geoid models.

Overall, a ∼25% improvement in geoid model accuracy was obtained through using

the densified version of the 5′ resolution original gravity grid dataset. Although the

accuracies of the N1min
S and N1min

P geoid models are similar as a result of GPS/leveling

validations, area-based (grid to grid) comparison of two models showed significant

differences at high mountains over 3000 m height. These differences could not be

detected in validations because the control dataset does not include benchmarks at

altitudes higher than 2000 m. Therefore, the adopted approximation in the computation

of the Bouguer anomalies for gridding indirectly affects the geoid model accuracies at

the places with rough topographical patterns. In order to criticize these discrepancies,

we need a high accurate control data set at high altitudes.
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(a)

(b)

(c)

Figure 3.13 : N1min
S geoid model: (a) approximate geoid heights ((Ñ); (b) combined

topographic correction
(
δNCOM

TOMB

)
; (c) combined downward continuation correction(

δNCOMB
DWC

)
; (d) combined atmospheric correction

(
δNCOMB

AT M

)
); (e) combined

ellipsoidal correction
(
δNCOMB

ELL
)
; and (f) final geoid model (N̂).
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(d)

(e)

(f)

Figure 3.13 : Components of the N1min
S geoid model: (a) approximate geoid

heights (Ñ); (b) combined topographic correction
(
δNCOM

TOMB

)
; (c) combined downward

continuation correction
(
δNCOMB

DWC

)
; (d) combined atmospheric (e) combined

ellipsoidal correction
(
δNCOMB

ELL
)
; (f) final geoid model (N̂). correction

(
δNCOMB

AT M

)
).

(cont.)
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4. GEOID MODELING WITH LEAST SQUARES MODIFICATION OF
HOTINE’S INTEGRAL USING GRAVITY DISTURBANCES IN TURKEY1

4.1 Introduction

The geodetic boundary value problem solutions require gravity field observations, and

the dominance in the utilization of Stokes’s equation in gravimetric geoid modeling

leads to the use of gravity anomalies. The fact that the height information of most

of the archived gravity measurements comes from the traditional leveling techniques

leads to the computation of gravity anomalies. In geoid modeling applications, the

GNSS technique and the gravity measurements provide an opportunity to compute

the gravity disturbances directly. Hotine’s integral enables calculating the gravimetric

geoid model using gravity disturbances instead of gravity anomalies (Hotine, 1969).

Hotine’s integral employs gravity disturbances calculated with the ellipsoidal height

information of gravity measurement, which is much easier to acquire than the leveling

based orthometric heights nowadays. However, Hotine’s integral, as also in the case

of Stokes’s integral, needs to be modified to reduce the truncation error, which stems

from the lack of gravity data in global coverage. The modification of Stokes’s integral,

first purposed by Molodenskii et al. (1962), has been studied in-depth in terms of

both deterministic and stochastic approaches (Wong and Gore, 1969; Sjöberg, 1980,

1981, 1984, 1991, 2003b; Vaniček and Kleusberg, 1987; Vaniček and Sjöberg, 1991;

Featherstone et al., 1998; Evans and Featherstone, 2000). However, compared with

Stokes, the modification of Hotine’s integral has been overshadowed in literature.

Despite that it is more common to see the modification of Stokes’s integral, there

are several studies on the modification of Hotine’s integral in the literature (Jekeli,

1979, 1980; Sjöberg, 1987; Zelin and Yecai, 1991; Sjöberg and Nord, 1992; Vanicek

et al., 1992; Zhang, 1998; Novák and Heck, 2002; Novák et al., 2003; Sjöberg and

1This chapter is based on : Isik, M. S., Erol, B., Çevikalp, M. R., & Erol, S. (2022). Geoid modeling
with least squares modification of Hotine’s integral using gravity disturbances in Turkey. Earth Science
Informatics. https://doi.org/10.1007/s12145-022-00843-2
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Eshagh, 2009; Featherstone, 2013). In these studies, besides explanations of the

theoretical aspects regarding the modification and the use of Hotine’s kernel, the

satellite altimetry (at sea/ocean) and airborne gravimetry applications draw special

attention since the computation of the gravity disturbances from these observations

becomes more practical with the availability of the ellipsoidal height information from

the GNSS technique (Zelin and Yecai, 1991; Zhang, 1998; Novák and Heck, 2002;

Novák et al., 2003).

Märdla (2017) proposed a stochastic modification of Hotine’s integral in the least

squares sense to minimize the expected mean square error of the geoid/quasi-geoid

estimator. The proposed modification is based on handling the absence of gravity

measurements outside the geoid modeling area and considering the errors introduced

by the gravity measurements and the global geopotential model, which is used as

a reference for the long-wavelength gravity signal. This methodology was first

implemented to Stokes’s integral by Sjöberg (1981, 1984, 1991, 2003b) and has been

successfully applied in areas with good quality dataset (Ågren et al., 2009; Yıldız et al.,

2012; Sakil et al., 2021; Isik et al., 2021). The least squares modification of Stokes’s

formula with additive corrections (LSMSA), exploits the gravity anomaly calculated

on the topography as an input for the modified Stokes’s integral, without downward

continuing it to the geoid surface, but rather correcting the so-called approximate

geoid with the additive corrections for the assumptions in the integration. The Hotine

counterpart so-called least squares modification of Hotine’s integral with additive

corrections (LSMHA), has been tested in the north of Sweeden by Märdla et al.

(2018) and later in the Colorado region of the US, where high quality terrestrial and

airborne gravity dataset is available, by Isik et al. (2021), and finally in Auvergne

region of France using gridded and non-gridded gravity dataset by Sakil et al. (2021).

A study conducted by Abbak et al. (2022) has recently demonstrated a case study using

Auvergne dataset, together with providing software for the LSMHA method written in

C programming language.

The accuracy of the gravimetric geoid models in Turkey has become more of an

issue with the establishment of the Turkish National Fundamental GPS Network

in 1999 (Ayhan et al., 2002). The increase in the use of GNSS technologies in
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engineering projects has created the demand for an accurate geoid model that can

be put into service to convert ellipsoidal height into orthometric height. However,

the geoid models of Turkey released up to now are not accurate enough to replace

the traditional geometric leveling (Ayhan, 1993; Kılıçoğlu, 2002; Kılıçoğlu et al.,

2005; Yıldız et al., 2006; Yildiz, 2021; Kılıçoğlu et al., 2011). Even though different

geoid modeling methodologies were applied using more accurate global geopotential

models, the accuracy of the models remained similar. The reason behind the unsuccess

in increasing the accuracy of these models stems from the low quality of historical

terrestrial gravity measurements. There are ongoing efforts to modernize the height

system by renewing the current gravity measurement database. In this modernization

effort, new terrestrial gravity measurements are being conducted in areas where the

point density of gravity measurement is low. Furthermore, the General Directorate of

Mapping is carrying out airborne gravity flight campaigns in lake regions of Turkey.

To investigate the advantage of kernel modification in the least squares sense, the

performance of the LSMSA technique over the classical remove-compute-restore

technique for the gravimetric geoid modeling in Turkey has been shown by Isik and

Erol (2015, 2016) and Isik (2016), and the results demonstrated the superiority of

the LSMSA technique. A similar study was conducted for a smaller area, Konya

Closed Basin, located in central Turkey, by Abbak et al. (2012a), and it was stated

that the LSMSA technique performed superior for the mountainous area with sparse

gravity measurements. Aside from the many studies that showed the performance of

the LSMSA technique, no study applied the LSMHA method in Turkey for modeling

gravimetric geoid.

In this study, we investigated the performance of the LMSHA technique in Turkey

as an alternative methodology to model the gravimetric geoid in a topographically

challenging area where the quality of terrestrial gravity measurements is relatively low.

Since the gravity anomaly dataset is already gridded and raw gravity measurements

are not available for research purposes in Turkey, the gravity disturbance grid

is computed from the gravity anomaly grid (1′ spatial resolution) by using an

existing geoid/quasi-geoid model. This conversion from gravity anomalies to gravity

disturbances does not constitute a disadvantage in order to fulfill the purpose of this
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study. The computed LSMHA geoid was tested at 100 GNSS/leveling benchmarks and

compared with the geoid model computed using the LSMSA method. Additional 301

GNSS/leveling stations located in the Aegean region of Turkey were also included as a

second validation dataset to analyze the geoid model’s local behavior. The validations

at the GNSS/leveling stations were presented in terms of both absolute and relative

accuracies of the model. Though the Hotine’s integral with the current archival gravity

dataset provided performance similar to the commonly applied Stokes counterpart

for geoid modeling in Turkey, the availability of ellipsoidal heights with the newly

measured gravity data will bring the Hotine’s integral method to the forefront in the

future geoid modeling studies.

This section is followed by "Method and material" section, where the method and

dataset used in this study are presented. "Method and material" section starts

with a brief explanation of the formulation of the LSMHA technique and continues

with the pre-processing and preparation of the gravity dataset for the gravimetric

geoid modeling. "Gravimetric geoid modeling" section explains the details of the

computation of the gravimetric geoid model and the validation results of the LSMHA

geoid model at the GNSS/leveling benchmarks. The validation results are discussed

in terms of the absolute and relative accuracy of the LSMHA geoid model and the

accuracy assessment of the Stokes geoid model calculated using the same parameters.

The paper is concluded with a summary of the findings from the study in "Conclusions"

section.

4.2 Method and Material

4.2.1 Least squares modification of Hotine’s integral with additive corrections

method

Hotine’s formula (Eq. 4.1) for the determination of geoid takes as input the gravity

disturbance, which is accurately determined by the ellipsoidal heights (Hotine, 1969).

N =
R

4πγ

∫∫
σ

H(ψ)δgdσ (4.1)
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In this equation, R represents the mean radius of Earth, γ is the normal gravity on the

reference ellipsoid, δg is the gravity disturbance, and dσ is the surface element of the

unit sphere.

Hotine’s function H(ψ) is given (Hotine 1969) as:

H (ψ) =
1

sin
(

ψ

2

) − ln

(
1+

1
sin
(

ψ

2

)) (4.2)

Similar to Stokes’s integral, applying the original Hotine’s formula over the whole

Earth is a necessity to determine the geoid height. In contrast, it is not possible to

obtain gravity data on a global scale. A spherical distance ψ around the computation

point should limit the integration area. Therefore, truncation error occurs at the borders

of the computation area, as well as missing gravity signal at low degrees of harmonics

which results in a far zone problem.

The least squares modification of Hotine’s formula is based on the minimization of

the expected global mean square error of the geoid estimator by spectrally weighting

the gravity disturbances calculated from the gravity measurements and the global

geopotential model based on their error estimates. Together with the additive

corrections applied to the approximate geoid heights for the assumptions in the

computation of Hotine’s formula, the final equation that gives the combined geoid

model can be written as

N = Ñ +δNTOPO +δNDWC +δNATM +δNELL (4.3)

where Ñ represents approximate geoid undulation, δNTOPO is combined topographic

effect, δNDWC is downward continuation effect, δNATM is combined atmospheric

correction, δNELL represents the combined ellipsoidal effect (Märdla, 2017).

Combining long-wavelength components from the global geopotential model (GGM)

and terrestrial gravity data is used to reduce the truncation error, so Eq. 4.1 is rewritten

as follows (Märdla, 2017):

Ñ =
R

4πγ

∫∫
σ0

HL (ψ)δgdσ +
R
2γ

M

∑
n=0

(
sn +QL

n
)

δgn (4.4)

where HL (ψ) is the modified Hotine’s function with L being an arbitrary upper limit

for the expansion degree, sn is the modification parameter. Qn
L are the modified
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truncation coefficients. δgn is the Laplace harmonics of gravity disturbance, and its

spherical harmonic representation is given in Heiskanen and Moritz (1967, Eq. 2–22)

as

δgn =
GM
a2

(a
r

)n+2
(n+1)

n

∑
m=0

{
Cnmcosmλ +Snmsinmλ

}
Pnm

(
sinφ

)
(4.5)

where Cnm and Snm are fully normalized spherical harmonic coefficients. Pnm are fully

normalized Legendre functions.

The modified Hotine’s function HL (ψ) and the modified truncation coefficientsQn
L are

given as follows (Märdla, 2017)

H(ψ)L = H(ψ)−∑
L
n=0

2n+1
2

snPn(cosψ) (4.6)

and

QL
n (ψ0) = Qn (ψ0)−

L

∑
k=0

2k+1
2

Rnksk (4.7)

where Qn (ψ0) are truncation coefficient calculated by the formula given by Jekeli

(1979) and Rnk are Paul’s coefficients (Paul, 1973).

Hotine’s formula, as is the case for Stokes’s formula, is based on the assumption that

there are no topographic masses outside the geoid. The combined topographic effect

is the sum of the direct and indirect topographical effects (Sjöberg, 2007) and can be

calculated as:

δNTOPO = Ndir +Nind ≈−2πGρ

γ

(
H2

P +
2
3

H3
P

rP

)
(4.8)

where ρ represents the mean topographic mass density and is taken as 2.67 g/cm3. H

is the orthometric height of the computation point.

The combined downward continuation effect (Märdla 2017) is given as:

δNDWC (P) = δN(1)
DWC (P)+δNL(1),far

DWC (P)+δNL(2)
DWC (P) (4.9)

where

δN(1)
DWC (P) =

δg(P)
γ

HP +
ζ 0

P
rP

HP −
1
2γ

∂δg
∂ r

∣∣∣∣
P
H2

P (4.10)

and

δNL(1),far
DWC (P) =

R
2γ

M

∑
n=0

(
sn +QL

n
)[( R

rP

)n+2

−1

]
δgGGM

n (P) (4.11)
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and

δNL(2)
DWC (P) =

R
4πγ

∫∫
σ0

HL (ψ)

(
∂δg
∂ r

∣∣∣∣
Q
(HP −HQ)

)
dσQ (4.12)

In these equations, rp = R + HP and is the local radius at the computation point,

σ0 represents spherical cap with radius ψ = ψ0 centered around P, and ζ 0
P is the

approximate height anomaly at P. Gravity gradient at the computation point is given

in Heiskanen and Moritz (1967, Eq. 2–22)(
∂δg
∂ r

| P
)
=

R2

2π

∫
σ0

δgQ −δgP

ℓ3
0

dσQ − 2
R

δg(P) (4.13)

where ℓ0 is the spatial distance between the computation point (P) and the running

point (Q) ℓ0 = 2Rsin ψpQ
2 .

The formulation of combined atmospheric correction (Ågren et al., 2009) is given as:

δNATM(P)≈ δζATM(P)

=−2πRGρA
γ

M
∑

n=0

( 2
n+1 − sn −QL

n
)

Hn (P)

−2πRGρA
γ

∞

∑
n=M+1

( 2
n+1 −

n+2
2n+1QL

n
)

Hn (P)

(4.14)

where ρA represents the atmospheric density at sea level and Hn is Laplace harmonics

of the topographic height.

The ellipsoidal correction is applied because of the spherical approximation of

Stokes’s/Hotine’s integral. The combined ellipsoidal effect (Sjöberg, 2004a) is given

as follows
δNELL(P)≈ δζELL(P) = R

2γ

∞

∑
n=0

( 2
n+1 − s∗n −QL

n
)

×
(a−R

R δgGGM
n (P)+ a

R(δge)n
) (4.15)

where
(δge)n =

e2

2a

n
∑

m=−n
{[3− (n−3)Fnm]Tnm

−(n+2)GnmTn−2,m
−(n+5)EnmTn+2,m

}
Ynm(P)

(4.16)

In this equation, Tnm are the harmonic coefficients for disturbing potential. Fnm, Gnm

and Enm, are the ellipsoidal coefficients Sjöberg (2004b).

A flowchart, which shows the followed steps for gravimetric geoid modeling using the

LSMHA method, is given in Figure 4.1. In the schema, the input data and parameters

for calculating the approximate geoid undulation and the additive corrections are
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Figure 4.1 : The computation steps of the least squares modification of Hotine’s
integral with additive corrections (LSMHA) method.

shown in an individual section, and the input flow among the related computation steps

is addressed with numbers.

4.2.2 Dataset and pre-processing

4.2.2.1 Terrestrial gravity data

The terrestrial gravity data collected by the General Directorate of Mineral Research

and Exploration (GDMRE, or MTA as the original abbreviation) were used in this

study. The dataset originally contains 64,469 gravity measurements collected for
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mineral research and geophysical explorations throughout the country with ∼ 3.5 km

spacing between stations (see Figure 4.2a). All gravity measurements were conducted

in the Potsdam gravity datum. The gravity data is distributed as a complete Bouguer

anomaly grid, not as point-wise data. Thus, it contains preliminary assumptions for

gravity reductions. The normal gravity values for the so-called latitude correction

were calculated with reference to the Geodetic Reference System 1967 (GRS67). The

Bouguer plate correction was applied using the density of the topographic masses

equivalent to 2.67 g/cm3 before the gridding process. The terrain correction was

estimated up to Hammer zone J (6.5 km) (Hammer, 1939) with 2.40 g/cm3 topographic

density (Arslan, 2016).

The dataset contains a gridded complete Bouguer anomaly with 1-arcminute spatial

resolution (see Figure 4.2b), and its accuracy is estimated about 5 mGal Erol et al.

(see 2020b). The free-air gravity anomalies (∆gFA
P ) were calculated from the complete

Bouguer anomalies (∆gBO) by restoring the Bouguer plate (δgBP) and removing the

terrain corrections (δgTC) as

∆gFA
P = ∆gBO +δgBP −δgTC (4.17)

In order to transform to International Gravity Standardization Net 1971 (IGSN 71)

datum, 14 mGal were subtracted from the gravity values (Wollard, 1980). The normal

gravity values based on the GRS67 ellipsoid were transformed to the GRS80 ellipsoid

restoring the difference between the two ellipsoids using Somigliana’s formula for the

normal gravity (Eq. 4.18).

γ = γe
1+ ksin2

ϕ√
1− e2sin2

ϕ

(4.18)

where k is computed as,

k =
bγp

aγe
−1 (4.19)

In this equation, γe and γp are the normal gravity at the equator and the pole,

respectively, ϕ is the geodetic latitude, and a and b are the semi-major and semi-minor

axes of the reference ellipsoid, respectively.

As mentioned in "Least squares modification of Hotine’s integral with additive

corrections method" section, the gravity disturbances are the input values for Hotine’s

81



(a)

(b)

Figure 4.2 : (a) The location of the gravity observation points by the General
Directorate of Mineral Research and Exploration with their complete Bouguer
anomaly values [unit: mGal]. Please note that the complete Bouguer anomaly values
at these locations were re-generated from the 1-arcminute grid given in (b) since the

original point-wise gravity measurements are not available for this study.

integral. On the other hand, the free-air gravity anomalies, shown in Figure 4.3a,

constitute an input for Stokesian geoid modeling approaches. Therefore, the free-air

gravity anomalies were converted into gravity disturbances (see Figure 4.3b) using a

simple relation that includes a geoid model (N) and the vertical gradient of normal

gravity
(

∂γ

∂h

)
via Eq. 4.20.

δg = ∆gFA − ∂γ

∂h
N (4.20)

In the realization of this equation, the vertical gradient of normal gravity is

approximated by −0.3086 mGal/m, and the geoid model is computed from a high
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(a) Min/Max/Mean/STD = -84.1/300.8/57.4/42.9 [unit: mGal]

(b) Min/Max/Mean/STD = -92.5/293.73/47.5/42.8 [unit: mGal]

Figure 4.3 : (a) Gravity anomaly and, (b) gravity disturbance grids in Turkey.

degree global geopotential model XGM2019e up to 2190 degree/order (Zingerle et al.,

2020). The success of this conversion from gravity anomalies to disturbances is

not affected by the change in the geoid model since its magnitude is reduced by

the multiplication of free-air correction (−0.3086 mGal/m), as long as the geoid

model provides accuracy in decimeter level (Kirby, 2003). For the accuracy of the

geoid model calculated using the XGM2019e geopotential model, please see Table 4.1

and Table 4.3 in Section 4.3: "Gravimetric Geoid Modeling". Furthermore, all

of the studies that employed LSMHA methodology in the literature calculated the

gravity disturbances from gravity anomalies using a geoid/quasi-geoid model since the
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ellipsoidal height information is not available (Märdla et al., 2018; Sakil et al., 2021;

Isik et al., 2021; Abbak et al., 2022). Additionally, the data gaps outside the borders of

Turkey, as well as the water bodies inside, were filled with the XGM2019e model using

the maximum degree of expansion. In these filled areas, the residual terrain effect on

gravity is used from the SRTM2Gravity project (Hirt et al., 2019), a global model of

gravimetric terrain corrections, to increase the spectral content of the gravity signal

beyond 2190 degrees.

4.2.2.2 GNSS/leveling data

In this study, two GNSS/leveling dataset are available to validate the calculated geoid

model. The first dataset consists of 100 GNSS/leveling benchmarks in the Turkish

National Fundamental GPS Network (TUTGA) (see Figure 4.4a). The coordinates

of the benchmarks are in the ITRF96 datum, and Helmert orthometric heights refer

to the Turkish National Vertical Control Network 1999 (TUDKA99). The positional

accuracy of GNSS/leveling points is reported as ∼ 1−3 cm in horizontal and vertical

components (Ayhan et al., 2002).

The second dataset consists of 301 GNSS/leveling benchmarks in Izmir province of

Turkey (indicated by the rectangular frame in Figure 4.4a). Izmir is located between

38◦00′ N ≤ φ ≤ 38◦36′ N latitudes and 26◦30′ E ≤ λ ≤ 27◦30′ E longitudes in the

western part of Turkey near the Aegean Sea. The GNSS/leveling benchmarks were

measured in the ˙Izmir Geodetic Reference System (IzJRS-2001) project in 2001

(Ayan et al., 2001), and there is one benchmark per 8 km2 area in the network (see

Figure 4.4b). The positional accuracy of the GNSS/leveling points is reported as

∼ 1−2 cm in horizontal and vertical components, respectively (Erol and Erol, 2021).

4.3 Gravimetric Geoid Modelling

The gravimetric geoid model covers an area between 36◦ N ≤ φ ≤ 42◦ N latitudes

and 26◦ E ≤ λ ≤ 45◦ E longitudes, and it has a grid spacing of 1-arcminute in both

latitude and longitude. The geoid model computations are referenced to the GRS80

ellipsoid considering the zero-degree term in computations, and the tide-free system

is adopted. XGM2019e is utilized as GGM for modeling the far zone contribution.
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(a)

(b)

Figure 4.4 : The distribution of: (a) 100 TUTGA GNSS/leveling benchmarks in
Turkey and, (b) 301 IzJRS GNSS/leveling benchmarks in Izmir province shown over

the topography of Turkey.
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As for the digital elevation model, 3′′ resolution SRTM was selected to acquire the

physical heights of the grid nodes (Jarvis et al., 2008). In order to be consistent with

the gravity data grid, the SRTM was down-sampled to 1-arcminute resolution.

The selection of modification parameters is based on the experimentation of Stokes’s

integral counterpart of the methodology, where the maximum degree of expansion

of the GGM is tested between 240 degree/order and 720 degree/order with a 60

degree/order increments while the integration radius is tested with varying degrees

between 0.1◦ − 1◦. Based on the standard deviation of Stokes’s solution of the

gravimetric geoid model (Isik et al., 2022b), the optimum parameters are determined

and adopted for the Hotine’s solution. Accordingly, the integration radius (ψ0) is taken

as 0.25◦. The maximum expansion degree/order of the model (M), as well as the

maximum modification degree (L), is used as 360. The error degree variance of the

gravity anomalies is constructed using a band-limited white noise model where the

standard deviation of the gravity disturbance grid is taken as 5 mGal. For detailed

information regarding the accuracy of the dataset, the readers are advised to see Erol

et al. (2020b). The unbiased solution of modification parameters sn are computed via

Singular Value Decomposition (SVD).

The approximate geoid height and additive corrections are calculated using a Python

programming language version of ITU-GRG software for the LSMHA solution (Sakil

et al., 2021), originally written in MATLAB language. The components of the geoid

model, as well as their combination, are presented in Figure 4.5.

In order to validate the calculated geoid model in absolute and relative manners, the

two GNSS/leveling dataset mentioned above for the countrywide and local area were

used. The differences between the geoid model and the local vertical datum were

modeled by applying 1-parameter and 7-parameter (Eq. 4.21) Helmert similarity

transformation to reduce the effect of random and systematic errors that may stem from

datum inconsistency, vertical datum distortions, and measurement errors introduced

by the GNSS/leveling dataset. 1-parameter model was used to remove the mean value

between gravimetric geoid models (Stokes and Hotine) and the local vertical datum

where the GNSS/leveling surface is referred to. 7-parameter model, on the other hand,
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was opted for modeling datum shift parameters. Though, there are other techniques

to fit the gravimetric geoid models to local vertical datum, such as 4-parameter,

5-parameter, and polynomial models, only these two parametric models (1-parameter

and 7-parameter) were employed in this study, as they are commonly applied models

for corrector surface fitting.

The residual geoid heights (∆N) are fitted to a parametric model as,

∆N = NGNSS/leveling −NModel = aT
i x+ ε (4.21)

(a) δNTOPO

(b) δNDWC

Figure 4.5 : N1min
S geoid model: (a) approximate geoid heights ((Ñ); (b) combined

topographic correction
(
δNCOM

TOMB

)
; (c) combined downward continuation correction(

δNCOMB
DWC

)
; (d) combined atmospheric correction

(
δNCOMB

AT M

)
); (e) combined

ellipsoidal correction
(
δNCOMB

ELL
)
; and (f) final geoid model (N̂).
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(c) δNAT M

(d) δNELL

(e) Min/Max/Mean/STD: 8.808/41.768/30.634/6.731 [unit: meters].

Figure 4.5 : The components of the LSMHA geoid model: (a) topographic correction
(δNTOPO), (b) downward continuation correction (δNDWC), (c) atmospheric correction
(δNAT M), (d) ellipsoidal correction (δNELL), and (e) combined geoid model (N).

(cont.)

where a is the matrix of known coefficients, x is the vector of unknowns of the

parametric model, and ε is the random noise value. The vector of known coefficients
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for the 1-parameter (mean removal) model is only aT
i = [1] and the vector of unknowns

x = [x1] corresponds to the systematic shift between the local vertical datum and

gravimetric geoid model. The formulation for the 7-parameter model is given as,

aT
i x = x1cossϕ icosλi + x2cosϕsinλ + x3sinϕ + x4

(
sinϕicosϕisinλi

W

)
+

x5

(
sinϕicosϕicosλi

W

)
+ x6

(
1− f 2sin2

ϕi
W

)
+ x7

(
sin2

ϕi
W

) (4.22)

where x = [x1 . . .x7] is the vector of 7 unknown coefficients (hence the name

7-parameter model), ϕi and λi represent the geodetic latitude and longitude of

GNSS/leveling station, W is formulated as
√

1− e2sin2
ϕi, e is the first eccentricity,

and f is the flattening of the reference ellipsoid (Fotopoulos, 2013).

Besides the absolute comparison of geoid models at GNSS/leveling benchmarks, the

performance of models in a relative manner is assessed by calculating the residual

geoid height differences at each baseline formed by the pairs of GNSS/leveling

benchmarks (Eq. 4.23).

δ∆N = ∆NGNSS/leveling −∆NModel (4.23)

In this equation, δ∆N is the misclosure value, ∆NGNSS/leveling is the geoid height

differences between two stations calculated from differences between ellipsoidal

heights and orthometric heights of the stations (∆NGNSS/leveling = ∆hGNSS−∆Nleveling),

and ∆NModel is the geoid height difference between the two stations interpolated from

the geoid model. For detailed information on the absolute and relative comparison of

the geoid models, please see Featherstone (2001).

For the countrywide assessment of the geoid models in an absolute manner, Table 4.1

shows detailed statistics of the residual geoid heights for the gravimetric geoid model

and the model fitted to the local vertical datum at 100 TUTGA GNSS/leveling stations.

Moreover, the statistics of the gravimetric geoid model calculated using the least

squares modification of Stokes’s integral in Turkey (Isik et al., 2022b) are included in

this table to compare numerically with the gravimetric geoid model based on Hotine’s

formulation.

Based on the absolute comparison of geoid models against TUTGA stations, the two

geoid model solutions reveal similar accuracy in terms of standard deviations (8.8 cm
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Table 4.1 : The statistics of the geoid height differences at 100 TUTGA GNSS/leveling
stations (N(GNSS/Leveling)−NModel) [unit: cm].

Min Max Range Mean STD
Hotine 1-parameter −28.6 21.3 49.9 0.0 10.4

7-parameter −27.3 20.2 47.5 0.0 8.8
Stokes 1-parameter −25.0 28.3 53.3 0.0 10.1

7-parameter −23.8 25.3 49.1 0.0 8.6
XGM2019e 1-parameter −32.4 52.8 85.2 0.0 11.7

for Hotine’s solution and 8.6 cm for Stokes’s solution). At the TUTGA GNSS/leveling

benchmarks, the highest residual geoid heights in an absolute manner for both Hotine’s

solution and Stokes’s solution are near the coastlines (see Figure 4.6a and Figure 4.6b).

The problem near coastlines is not an unexpected behavior. The recent study by

Yildiz (2021) shows similar discrepancies between Turkey Geoid 2020 (TG-20) and

GNSS/leveling benchmarks near the coastal areas. Statistics given in Table 4.1 also

show the validation results of the geoid model computed using the maximum expansion

degree of the XGM2019e global geopotential model. According to the table, the

XGM2019e geoid model has an accuracy of 10.0 cm. Thus, the Hotine and Stokes

geoid models show an improvement of about 15% on XGM2019e.

Aside from the absolute comparison, the relative comparison results based on the

geoid slopes calculated between each of the GNSS/leveling station pairs are presented.

In both Stokes’s and Hotine’s solutions, the change in the standard deviation of the

geoid models (mean removal and 7-parameter fitting) with respect to the change in the

baseline increment is shown in Figure 4.7a. The standard deviations of the models

after only 1-parameter fitting (removes only a shift) are between 8 cm – 10 cm through

the baselines, which are quite close to their accuracy in absolute comparison. In the

figure, the standard deviation of the models after 7-parameter fitting is better than 8

cm; evidently, the correlation between the relative accuracy of the models and the

baseline length seems to be less significant as it is supposed to be. Figure 4.7b and

Figure 4.7c indicate that 92% (for Stokes’s solution) and 91% (for Hotine’s solution)

of the misclosure values after 1-parameter fitting fall within the error tolerance of

the 3rd order leveling network (12mm
√

Skm). This percentage rises to 94% for both
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(a)

(b)

Figure 4.6 : Residual geoid heights (after 1-parameter fitting, which removes only
a shift) at 100 TUTGA GNSS/leveling stations for Hotine (a) and Stokes (b) geoid

solutions [unit: meters].

solutions after fitting the geoid models to the local vertical datum using 7-parameter

transformation.

To evaluate if the misclosure values are dependent on height differences between the

stations, the baselines that fall within the 500 m absolute height changes between 0

m - 2000 m are investigated separately, and the corresponding statistics are given

in Table 4.2. The standard deviation of misclosure values that fall within the height
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(a)

(b) (c)

Figure 4.7 : Relative accuracies and misclosures for Stokes and Hotine geoid
models according to 100 TUTGA GNSS/leveling benchmarks [unit: meters]: (a) the
change in the relative accuracy of Stokes and Hotine geoid models with respect to
increasing baseline length after 1-parameter and 7-parameter surface fitting; (b) and
(c) the misclosure values for Stokes’s and Hotine’s solutions, respectively, along the
baselines. The circular markers with the lighter tone of colors represent misclosures
after 1-parameter fitting. The cross markers with the darker tone of colors represent
misclosures after 7-parameter fitting. The black line represents the error tolerance limit

of the 3rd order leveling network for backward and forward leveling.

difference intervals shows the homogeneity of the accuracy of the gravimetric models,

which is calculated as 7–8 cm for all intervals.

The accuracy assessment of the geoid models in the Aegean region of Turkey is

carried out using 301 IzJRS GNSS/leveling benchmarks located in Izmir. The absolute

comparison of geoid heights, given in Table 4.3, shows that the performance of Hotine

and Stokes geoid models is higher in the western part of Turkey compared to the entire

country.

This is expected since the topography of the western part is relatively moderate. While

the orthometric height reaches above 5000 m in the eastern parts of the country,

the maximum elevation observed near the IzJRS GNSS/leveling network is around
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Table 4.2 : The statistics of the misclosure values for baselines of 100 TUTGA
GNSS/leveling benchmarks, which are categorized based on the orthometric height

difference for all baseline combinations [unit: cm].

Height No of
Solution Min Max Mean STD

Difference Baselines

0−500 2128
Hotine 0.0 47.5 10.1 7.7
Stokes 0.0 49.1 9.7 7.4

500−1000 1586
Hotine 0.0 41.2 9.9 7.5
Stokes 0.0 41.8 9.6 7.2

1000−1500 907
Hotine 0.0 40.2 10.2 7.5
Stokes 0.0 35.6 10.1 7.4

1500−2000 329
Hotine 0.0 31.0 9.4 7.3
Stokes 0.0 38.2 10.0 7.7

Table 4.3 : The statistics of the geoid height differences at 100 TUTGA GNSS/leveling
stations (N(GNSS/Leveling)−NModel) [unit: cm].

Min Max Range Mean STD

Hotine
1-parameter −15.2 21.4 36.6 0.0 7.1
7-parameter −9.7 14.5 24.2 0.0 4.4

Stokes
1-parameter −14.2 19.0 33.2 0.0 6.1
7-parameter −11.0 14.2 25.2 0.0 4.3

XGM2019e
1-parameter −21.9 26.7 48.6 0.0 8.2
7-parameter −11.5 19.8 31.3 0.0 5.5

1300 m (see Figure 4.4 for a detailed view of the topography in the study area).

Nevertheless, the residual geoid heights are larger in magnitude near the mountainous

parts of the area (Figure 4.8a and Figure 4.8b), and a correlation between the increase

in topographic heights of GNSS/leveling stations and the increase in the magnitude

of residual geoid heights is apparent (Figure 4.8c and Figure 4.8d). The accuracy

of Hotine’s and Stokes’s solutions after 7-parameter fitting are 4.4 and 4.3 cm,

respectively. Both solutions perform approximately 22% better than the XGM2019e

global geoid model, whose accuracy is found as 5.5 cm.

The relative accuracies of the models and the magnitude of the misclosures of the

baselines for the IzJRS network are shown in Figure 4.9. The models’ relative accuracy

after 7-parameter fitting is about 3.5 cm regardless of baseline length Figure 4.9a). It

was found that only 36% of the misclosure values satisfied the error tolerance of the 3rd

order leveling network. After the 7-parameter fitting, only half of the misclosure values
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(a) (b)

(c) (d)

Figure 4.8 : Residual geoid heights (after 1-parameter fitting) at 301 IzJRS
GNSS/leveling stations for Hotine (a) and Stokes (b) geoid solutions [unit: meters].
(c) and (d) show the distribution of the residual geoid heights w.r.t. the orthometric

heights of the benchmarks.

fall within limits (Figure 4.9b and Figure 4.9c). The shortness of the baselines resulted

in a strict error tolerance limit for the 3rd order leveling. Although, the absolute and

relative accuracies of the geoid model computed with Hotine’s integral, as well as

Stokes counterpart, are enough to be used in practice to convert ellipsoidal height to

orthometric height in the Izmir local area; when the minimum and maximum values

of geoid height residuals in absolute validations and the misclosure values in relative

validations are taken into account, it may be recommended to use precise leveling

measurements to obtain orthometric heights rather than utilizing the geoid models

in high precision engineering and surveying applications requiring sub-centimeter

accuracy of heights.
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(a)

(b) (c)

Figure 4.9 : Relative accuracies and misclosures for Stokes and Hotine geoid
models according to 301 IzJRS GNSS/leveling benchmarks [unit: meters]: (a) the
change in the relative accuracy of Stokes and Hotine geoid models with respect to
increasing baseline length after 1-parameter and 7-parameter surface fitting; (b) and
(c) the misclosure values for Stokes’s and Hotine’s solutions, respectively, along the
baselines. The circular markers with the lighter tone of colors represent misclosures
after 1-parameter fitting. The cross markers with the darker tone of colors represent
misclosures after 7-parameter fitting. The black line represents the error tolerance limit

of the 3rd order leveling network for backward and forward leveling.

Considering the misclosure statistics and relative accuracies of the 7-parameter fitted

geoid models with respect to the height difference between benchmarks given in

Table 4.4, it is seen that the relative accuracy decreases as the height difference between

the benchmarks increases.

4.4 Conclusions

In this study, a gravimetric geoid model for Turkey was computed using least squares

modification of Hotine’s integral with additive corrections method. The geoid model

was evaluated in an absolute and relative manner at 100 GNSS/leveling benchmarks

homogeneously scattered to the entire country. In the absolute comparison of the

geoid height differences, the standard deviation of the geoid model was found
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Table 4.4 : The statistics of the misclosure values for all baseline combinations of
301 IzJRS GNSS/leveling benchmarks categorized based on the orthometric height

difference [unit: cm].

Height No of
Solution Min Max Mean STD

Difference Baselines

0−200 2128
Hotine 0.0 22.3 4.5 3.3
Stokes 0.0 23.0 4.3 3.2

200−400 1586
Hotine 0.0 24.8 5.8 4.2
Stokes 0.0 25.0 5.5 3.9

400−600 907
Hotine 0.0 26.2 7.4 4.7
Stokes 0.0 25.1 7.2 4.4

600−800 329
Hotine 0.0 27.0 13.5 4.2
Stokes 0.0 27.1 13.0 4.2

as 8.8 cm after the difference between the local vertical datum was minimized

using 7-parameter surface fitting. The majority of the relative geoid differences

between GNSS/leveling stations were found within the tolerance limit of the 3rd

order leveling network. However, the accuracy of the geoid model is not enough to

transform ellipsoidal heights to orthometric heights yet in most engineering projects

that require high-accuracy height information countrywide. The performance of the

Hotine’s solution is almost the same as the gravimetric geoid model computed using

least squares modification of Stokes’s integral with additive corrections. Additional

validation in the western part of Turkey using 301 GNSS/leveling stations was

performed in a local area. Based on the absolute comparison of geoid height

differences, the accuracy of the geoid model using Hotine’s approach was found as

4.4 cm. Stokes’s approach had an almost equal performance with Hotine’s method in

the same area. The gravimetric geoid model solutions perform better in the western

side of the country since the errors introduced by the roughness of the topography are

less effective in the western part of Turkey.

The use of Hotine’s integral has shown comparable accuracy with Stokes’s integral for

modeling the regional gravimetric geoid in Turkey. The availability of the ellipsoidal

heights for the gravity measurements makes Hotine’s solution more desirable since the

gravity disturbance, which is the input for Hotine’s integral, is calculated using only

the ellipsoidal height of the station, as opposed to the gravity anomaly, which requires

the physical height of the station. Traditionally the ellipsoidal heights are not available
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for gravity measurements since most cases, they are historical datasets and acquired

along with the leveling network measurements without GNSS observations. The

recent efforts initiated by the General Directorate of Mapping (HGM) and Scientific

and Technological Research Council of Turkey (TUBITAK) for the modernization of

the height system in Turkey to re-define a geoid-based vertical datum included the

collection of terrestrial gravity measurements throughout the entire country not only

for the renewal of the existing gravity database but also for the verification of the

quality of the historical data. Furthermore, physically challenging areas where the

topography is not suitable for carrying out dense gravity measurements and the geoid

modeling is potentially problematic, such as lakes, coastal zones, and rough mountains,

were planned to be covered by airborne gravimetry campaigns. Hence, the renewed

gravity database of Turkey will include the ellipsoidal height information of the gravity

measurements, collected either on the topography or at flight height. The gravimetric

geoid modeling based on Hotine’s theory will be beneficial for achieving the desired

accuracy (about 1-3 cm) of a geoid model that can be used for the transformation of

GNSS-derived heights into physical heights for earth science engineering projects in

practice. To this end, this study constitutes a base for future geoid modeling studies to

be carried out with the new gravity measurements in Turkey.
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5. IMPROVEMENT OF GOCE-BASED GLOBAL GEOPOTENTIAL
MODELS FOR GRAVIMETRIC GEOID MODELING IN TURKEY1

5.1 Introduction

The modeling of gravity field using satellites with low Earth orbit has opened a new

era in the field of physical geodesy. From development of the first global gravity field

models in the early 1960s to today’s state-of-art global models that can represent the

gravity field and its temporal change with unprecedented accuracy, geosciences benefit

more and more from the information we can get about the Earth’s gravity field and its

interior mass significantly (Barthelmes, 2009). Earth’s gravity field can be modeled

with high accuracy using data from geodetic satellite missions that aims to contribute

to gravity field studies, namely CHallenging Minisatellite Payload (CHAMP), Gravity

Recovery and Climate Experiment (GRACE), and Gravity field and steady-state Ocean

Circulation Explorer (GOCE).

The contribution of global geopotential models from state-of-art gravity field satellite

missions and methodological improvements for gravimetric geoid modeling make

the computation of a precise geoid model that can replace the existing vertical

datum possible. Geoid based vertical datum facilitates obtaining orthometric heights

from ellipsoidal heights precisely using Global Navigation Satellite System (GNSS)

technologies, hence removing the need of a traditional geometric leveling to acquire

physical heights. Height system based on the vertical control network and leveling

measurements are gradually replaced with geoid based height systems in countries

where a precise regional geoid model is available. In this context, acquiring the

optimum data set for determination of precise geoid model is of great importance.

The performance of a global geopotential model over an area affects the quality of the

gravity field modeling and its parameters. Gravimetric geoid modeling methodologies

1This chapter is based on : Isik, M. S., Çevikalp, M. R., & Erol, B., Erol. S. (2022). Improvement
of GOCE-based Global Geopotential Models for Gravimetric Geoid Modeling in Turkey. Submitted to
Geosciences
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exploit the global geopotential models in terms of modeling the long wavelength

gravity signals to overcome the absence of these signals in the local gravity data sets.

Thus, the increase in the quality of signal content of these models can contribute to

accuracy of regional geoid models, as well. There are studies in the geodetic literature

that showed the local enhancements of the GOCE mission to the regional gravity

field modeling (Eshagh and Ebadi, 2013; Saari and Bilker-Koivula, 2018; Matsuo and

Kuroishi, 2020; Borghi et al., 2020; Barzaghi et al., 2021). Moreover, this increase in

the performance of global geopotential models contributed to the precise estimation

of zero-level geopotential value of local vertical datums W LV D
0 within the efforts of

height system unification studies (Gruber et al., 2012; Kotsakis et al., 2012; Vergos

et al., 2018; Zhang et al., 2022).

The assessment of the GOCE based global geopotential models were conducted with

both local and global data sets to report the progress made in the releases of GOCE

models, and to clarify the achievement made by GOCE satellite mission (Gruber et al.,

2011; Hirt et al., 2011; Pail et al., 2011; Rexer et al., 2014; Godah et al., 2018). These

studies showed the contribution of GOCE satellite data to the medium wavelengths

of gravity field in different regions. In Turkey, the performance of the third releases

of direct (DIR) and time-wise (TIM) models, second releases of space-wise (SPW)

and GOCO models, together with GRACE-only ITG2010S model, were presented in

Ince et al. (2014). Later, Erol et al. (2020a) presented the assessment of all releases of

DIR, TIM and SPW model series, GOCO05S and GOGRA04 models against the same

GPS/leveling data set used in Ince et al. (2014), over the entire country. Erol et al.

(2020a) expanded the validation with a closer look to the Marmara region (North-West

of Turkey) with 81 GPS/leveling stations. All studies conducted in Turkey clearly

showed the improvement in the medium wavelength components in the gravity field,

specifically in the western parts of Turkey where there are precise local GPS/leveling

networks. Nonetheless, the country-wide comparisons in these three studies failed to

enunciate the contribution of GOCE considering the limited number of stations. Aside

from the comparisons with GPS/leveling data, Simav and Yildiz (2019) presented the

evaluation of the fifth releases of DIR, TIM, SPW and GOCO models against the

densified network of relative gravity sites and 16 absolute gravity sites located in the
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south-west part of Turkey, and showed the improvements in the gravity signals between

120 and 190 degrees.

This study presents the evaluation of GOCE based global geopotential models in

Turkey using 100 GPS/leveling benchmarks distributed homogeneously throughout the

entire country. All releases of satellite-only models that are developed based on DIR

(R1 - R6), TIM (R1 - R6), SPW (R1 - R5), and GOCO (R1 - R6) model series were

tested in the assessment. In this evaluation, global geopotential models, that represent

only the part of the spectrum constrained by their maximum degree of expansion,

were enhanced spectrally to match their signal content with the observation data which

contains the full spectrum of the gravity signal. In this spectral enhancement method,

the spectrum beyond the expansion degree of model was completed by an ultra-high

resolution model EGM2008 (Pavlis et al., 2012) and residual terrain effect computed

from ERTM2160 model (Hirt et al., 2014). The global geopotential model that showed

the best agreement with the observation data has been used in the gravimetric geoid

modeling based on the least squares modification of Stokes integral with additive

corrections technique (LSMSA) (Sjöberg, 2003b). In geoid modeling, an additional

reference geopotential model was created by mixing the best performing GOCE model

and EGM2008. To ensure a smooth transition between the coefficients of two models,

linear blending technique (Gilardoni et al., 2013) was applied to two coefficient sets

near the optimum degree of the GOCE model. The contribution of the GOCE model to

the accuracy of the gravimetric geoid model was clarified as a result of its comparison

with the accuracy of gravimetric geoid model computed with EGM2008 model as the

reference model.

This paper consists of five sections. This section introduces the background and

objective of the study. Section 5.2 includes the theoretical background on the accuracy

assessment procedure of global geopotential models, as well as the formulation for

gravimetric geoid modeling. In Section 5.3, the tested global geopotential models

are given together with the data used for the spectral enhancement method. The

section follows with the explanation of the terrestrial gravity data and briefly describes

the pre-processing of gravity anomaly grid for the gravimetric geoid modeling. The

results and discussions on the GOCE based global geopotential model evaluations
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and the contribution of mixed global geopotential model to the performance of the

experimental gravimetric geoid models were presented in Section 5.4. The findings of

this paper are summarized in Section 5.5.

5.2 Methodology

5.2.1 Spectral enhancement method

The quasi-geoid heights (ζ ) can be calculated using coefficients of disturbing potential

via spherical harmonic expansions as,

ζGGM =
GM
rγ

nmax

∑
n=2

(a
r

)n n

∑
m=0

(
∆C̄nm cosmλ + S̄nm sinmλ

)
P̄nm(cosθ) (5.1)

where G is the gravitational constant, M is the mass of the Earth, a is the semi-major

radius and γ is the normal gravity of the reference ellipsoid, ∆C̄nm and S̄nm are the

spherical harmonic coefficients of disturbing potential at degree n and order m, P̄nm is

the fully normalized Legendre functions, and finally θ , λ and r are the coordinates of

the computation point which are co-latitude, longitude, and local radius, respectively.

Since the coefficients of global geopotential model represent the gravity potential

W , normal potential must be removed from the gravity potential to form disturbing

potential T where T =W −U . This is handled as,

∆C̄nm = C̄W
nm −C̄U

nm (5.2)

where C̄W
nm and C̄U

nm are the spherical harmonic coefficients of gravity potential W and

normal potential U , respectively. Because of rotational and equatorial symmetry of

normal potential, C̄U
nm contains only even zonal harmonics (Barthelmes, 2009).

In case the physical heights of the GPS/leveling stations are orthometric heights,

as opposed to normal heights, the quasi-geoid heights, calculated from global

geopotential model using Equation 5.1, must be converted to geoid heights using

geoid-to-quasigeoid separation term. This term can be approximated using the simple

Bouguer anomaly ∆gBA, the mean normal gravity γ , and the orthometric height H at

the computation point as (Hofmann-Wellenhof and Moritz, 2006, Eq. 8-113),

N −ζ =
∆gBA

γ
H (5.3)
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While evaluating the performance of GGMs using GPS/leveling data in an absolute

sense, the geoid heights from GGMs are compared with the geoid heights derived from

the GPS/leveling observations. These observations, in nature, contain the full spectrum

of the gravity signal, as opposed to the ones computed from global geopotential

models. The geoid heights computed from the spherical harmonic expansions, as

formulated in Equation 5.1, contain gravity signals up to a degree of expansion to

which the global geopotential model is opened up. This shortage in the contained

gravity signal is caused by the limitation of global geopotential model constrained by

its maximum degree of expansion. The absence of gravity signals above the maximum

degree in spherical harmonic expansion causes an error called omission error (Hirt

et al., 2011).

In order to make the global geopotential model and observation data spectrally

comparable and remove the effect of omission error as much as possible, the model

can be enhanced by using another model with higher expansion degree (possibly an

ultra-high resolution model) and residual terrain model to complete the short-scale

gravity signals. The evaluation of geoid heights calculated from GGMs based on

spectral enhancement method is as follow (Hirt et al., 2011),

Nres = NGPS/leveling −
(

N0 + NGOCE
∣∣∣n
2
+ NEGM2008

∣∣∣2159

n+1
+ NRT E∣∣∞

2160

)
(5.4)

where Nres is the residual geoid heights, NGPS/leveling is the geoid heights derived from

ellipsoidal height and orthometric heights at control station, N0 is the zero-degree term

geoid height, NGOCE
∣∣n
2 is the geoid height calculated from GOCE model in evaluation

using harmonic degrees from 2 to n, NEGM2008
∣∣2159
n+1 is the geoid height calculated from

a high resolution model such as EGM2008, and NRT E
∣∣∞
2160 is the geoid height that

represents the short wavelength signals beyond maximum degree of high resolution

model nmax = 2160.

In Equation 5.4, the spherical harmonic expansion starts from degree 2, omitting the

terms formed by zero-degree and first-degree. With the choice of coordinate system

that coincides with the geo-center of the Earth, the first degree terms can be easily

omitted. The zero-degree term is handled externally to account for different mass

estimates of the global geopotential model that represents the gravity potential W and
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the reference ellipsoid that represents the normal potential U in the computation of

disturbing potential. The zero-degree term geoid height, given in Equation 5.4, is

computed as follow (Sánchez and Sideris, 2017):

N0 =
(GMGGM −GMELL)

rP0γQ0

− W0 −U0

γQ0

(5.5)

where rP0 is the geocentric radial distance for the computation point, and γQ0 is

the normal gravity on reference ellipsoid. The first term on the right-hand side

of Equation 5.5 represents the component of zero-degree term caused by the mass

difference δM between the global geopotential model and the reference ellipsoid

(δM = MGGM − MELL). The second term, on the other hand, is the result of the

difference between the potential of the Earth W0, represented by the conventional value

adopted by International Association of Geodesy (Sánchez et al., 2016), and the normal

potential of the reference ellipsoid.

Residual Terrain Model (RTM) represents the forward modelling of gravity to achieve

the short-scale gravity signals occurred by the existence of topographic masses. The

residual terrain effect can be computed as,

NRT E = 2πGρ (H −Href)− c (5.6)

where ρ is the mass density of Earth in land areas which can be approximated as

2.67 g/cm3, H is the orthometric height of the computation point, Hre f is mean

reference surface from which the attraction is computed, and finally, c is the terrain

correction term (Forsberg, 1984).

5.2.2 Gravimetric geoid modeling

The Stokes integral enables the computation of geoid using gravity observations, as

the solution of geodetic boundary value problem. In this computation, there are

certain assumptions and requirements to be able to model the geoid surface. One

of which is the necessity of gravity data in the entire Earth since the integration is

done globally for each computation point. This is not possible in practice for many

reasons. The implementation of Stokes’ integral in small region causes a truncation

error. Furthermore, the absence of gravity observations outside the computation region,
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and the limitations of the spatial resolution of the terrestrial gravity data set result in

long-wavelength errors in the gravity field. These problems create the necessity to

modify the Stokes’ kernel. With the first study conducted by Molodenskii et al. (1962),

and many more that attempt to modify the Stokes kernel in a deterministic or stochastic

approach, the foundations of today’s precise techniques of gravimetric geoid modeling

is built. See Ellmann (2005a) for details of the prominent modification methods of

Stokes integral with a case study for geoid modeling in Baltic countries. Sjöberg

(2003b) proposes a new technique to determine gravimetric geoid by using spectrally

modified Stokes kernel that deals with the truncation error, as well as the spectral

weighting of satellite and terrestrial gravity data determined by their error information.

In this method, the least squares modification of Stokes’ formula is implemented

to minimize the expected global mean square error by optimally combining global

geopotential model and terrestrial gravity data. The main formula of this methodology

is given as,

N̂ = Ñ +δNTOPO
COMB +δNDWC

COMB +δNAT M
comb +δNELL

COMB (5.7)

where the first term on the right-hand side represents the approximate geoid heights,

and the rest of the terms represent the so-called additive corrections to calculate the

detailed geoid model.

The approximate geoid height Ñ,

Ñ =
R

4πγ

∫∫
σ0

SL(ψ)∆gdσ + c
M

∑
n=2

(sn +QL
n)∆gGGM

n (5.8)

where the first term in the right-hand side of Equation 5.8 is the near-zone component

calculated using the surface gravity anomalies ∆g within the integration cap σ0 via

modified Stokes’ kernel. The second term in this equation is the far-zone component

of the geoid signal calculated from global geopotential model via Laplace harmonics

of gravity anomalies ∆gGGM
n (Hofmann-Wellenhof and Moritz, 2006, Eq. 9-18).

Out of the corrections given in Equation 3.12, δNTOPO
COMB is the combined topographic

correction to deal with both direct and indirect topographic effects of the mass above

the geoid surface (Sjöberg, 2007). δNDWC
COMB is the combined downward continuation
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correction to take into account the use of surface gravity anomalies in modified

Stokes’ integral, as opposed to gravity anomalies on geoid surface. This gives an

advantage of not dealing with the downward continuation of gravity anomalies to the

geoid surface, which is an ill-posed problem, but rather computing its effect directly

on the geoid (Sjöberg, 2003c). δNAT M
comb is the combined atmospheric correction for

the atmospheric mass (Sjöberg and Nahavandchi, 2000), and finally, δNELL
COMB is the

combined ellipsoidal correction for the spherical approximation of Stokes’ integral in

the computation of geoid (Sjöberg, 2004b).

5.3 Study Area and Data Set

The validation of global geopotential models and gravimetric geoid modeling were

carried out in Turkey, between latitudes 36o ≤ ϕ ≤ 42o and longitudes 26o ≤ λ ≤ 45o.

In this section, we started by introducing GOCE-based global geopotential model that

were used in the assessment, and continue with residual terrain model used to enhance

these models spectrally. Following that, we presented the gravity data set used for the

gravimetric geoid modeling and briefly explained its pre-processing steps. Finally, we

described the GPS/leveling data set that was used to evaluate both global geopotential

models and calculated experimental gravimetric geoid models in this study.

5.3.1 Global geopotential models

From March 17th, 2009 to November 11th, 2013, GOCE continued to revolve in its

orbit with approximately 250 km altitude, providing an unprecedented detail of the

stationary gravity field of Earth. The mission flew in its unusually low orbital height

for four years, measuring the second derivative of the gravity potential using satellite

gravity gradiometer (SGG) while being its orbit was tracked via high-to-low satellite to

satellite tracking (hl-SST). The aim of the mission was to determine gravity anomalies

with an accuracy of 1 mGal and the geoid with 1−2 cm at 100 km spatial resolution,

corresponding to 200 degree/order harmonic expansion (Rummel, 2012).

So far, various gravity field solutions have been computed using GOCE satellite data.

Specifically, the solutions of High-Level Processing Facility (HPF) of GOCE are of

great importance for the processing GOCE data to produce gravity field solution using
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three different approaches, namely direct, time-wise, and space-wise. The first releases

of these model series include only 2 months of GOCE data. The second, third and the

forth releases were computed using 8 months, 18 months, and 33 months of GOCE

observations, respectively. The full mission data (48 months) is used for the fifth and

sixth releases.

DIR approach is based on the computation of spherical harmonic coefficients using

an iterative solution of SST and SGG normal equations together that are formed for

each batches of 24 hours (daily) arcs. The normal equations of daily arcs are then

stacked, and solved by using Cholesky decomposition. This approach requires a-priori

weights from a reference gravity field model (Pail et al., 2011). In the first release of

DIR models (DIR-R1), the a-priori gravity field information is taken from EIGEN5C

model up to degree/order 360. In the second release (DIR-R2), the reference model is

replaced by ITG-Grace2010s model up to 150 degree/order. The releases after DIR-R2

are used one release before as the a-priori model. In the TIM computation schema,

SST and SGG data measured along the satellite orbit are treated as a time series.

The gravity field models computed using TIM approach are pure GOCE solutions,

containing no other measurements from CHAMP, GRACE or a-priori model. This is

beneficial in terms of seeing how good of a solution can be achieved based on solely

GOCE observation. SPW approach, on the other hand, is based on the solution of least

squares collocation that uses spatial correlation of the gravity field with the distance

to form a signal covariance. The method deals with the SST and SGG measurements

in the spatial domain, as opposed to time/frequency domain, by gridding them via

least squares collocation, as well. As a prior model, the first release (SPW-R1) uses

EGM2008 in very low degrees and Quick-look gravity field model. From the second

release (SPW-R2) to the last (SPW-R5), aside from the use of EIGEN model series

for the signal covariance modeling and FES2004 tide model for ocean tide modeling,

no a-priori model is used, which makes these releases GOCE-only solutions. For

more details about the philosophy behind these methodologies and the computation

schema of these approaches are well discussed in (Pail et al., 2011). To exploit GOCE

satellite mission at best, the combination of the observations from other dedicated

missions provides a better representation of long-wavelength signals. In this context,
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the initiative called Gravity Observation Combination (GOCO) provides gravity field

solutions for satellite-only models by combining the data from CHAMP, GRACE,

GOCE and SLR (Pail et al., 2010b).

In this study, all releases of DIR (Bruinsma et al., 2010, 2013, 2014), TIM (Pail et al.,

2010a, 2011; Brockmann et al., 2014, 2019), SPW (Migliaccio et al., 2010, 2011; Gatti

et al., 2014, 2016) and GOCO (Pail et al., 2010b; Goiginger et al., 2011; Mayer-Gürr,

2012; Mayer-Guerr, 2015; Kvas et al., 2021) satellite-only models were included in

determination of the most suitable GOCE-based global geopotential model for Turkey.

The satellite data content and maximum degree of expansion of these models are given

in Table 5.1.

Table 5.1 : Tested global geopotential models and their data content.

Model Max degree Data
DIR R1 240 GOCE(2m)
DIR R2 240 GOCE(8m)
DIR R3 240 GOCE(18m), GRACE(6.5y), SLR(6.5y)
DIR R4 260 GOCE(33m), GRACE(9y), SLR(>10y)
DIR R5 300 GOCE(48m), GRACE(>10y), SLR(>10y)
DIR R6 300 GOCE(48m), GRACE(>10y), SLR(>10y)
TIM R1 224 GOCE(2m)
TIM R2 250 GOCE(8m)
TIM R3 250 GOCE(18m)
TIM R4 250 GOCE(33m)
TIM R5 250 GOCE(48m)
TIM R6 300 GOCE(48m)
SPW R1 210 GOCE(2m)
SPW R2 240 GOCE(8m)
SPW R4 280 GOCE(33m)
SPW R5 330 GOCE(48m)
GOCO0S R1 224 GOCE(2m), GRACE(7.5y)
GOCO0S R2 250 GOCE(8m), GRACE(7.5y), SLR(5y)
GOCO0S R3 250 GOCE(18m), GRACE(7.5y), SLR(5y)
GOCO0S R5 280 GOCE(48m), GRACE(10.5y), CHAMP(6y), SLR(>10y)
GOCO0S R6 300 GOCE(48m), GRACE(15.5y), CHAMP(6y), SLR(>10y)

*m: month, y: year
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5.3.2 Residual terrain model

Residual terrain models are used in many geodetic and geophysical applications that

require the high frequency, accordingly short wavelength, gravity signal information.

These models are mainly used in completion of gravity signals beyond the expansion

degree of a global geopotential model to augment its spectral content. Another frequent

use of RTM is seen in studies that deals with smoothing the gravity observations,

either terrestrial or airborne, before interpolating them to create a gridded data

(i.e remove-grid-restore), or to reduce the computational error of upward/downward

continuation. Additionally, it is one of the main steps of well-known geoid modeling

technique, remove-compute-restore.

In this study, our intent to use RTM is to enhance the global geopotential models

spectrally beyond 2159 degree/order. We used ERTM2160 computed from 7.5"

resolution SRTM topography that corresponds to the signal content between ∼ 10 km

to ∼ 250 m (Hirt et al., 2014). The model includes the high frequency gravity signals

for four gravity field parameters, namely quasigeoid/geoid, gravity disturbance, and

North-South and East-West components of vertical deflection according to Helmert’s

definition. Since we are only interested to validate the global geopotential models

against GPS/leveling data, we used only RTM effects on geoid. Figure 5.1 shows the

magnitude of residual terrain effects from ERTM2160 model on geoid in Turkey, along

with its statistics.

5.3.3 Gravity data

The gravity measurements, shown as blue scattered points in Figure 5.2, has been

collected by the General Directorate of Mineral Research and Exploration (GDMRE)

(Arslan, 2016). The data set originally contains 64,469 gravity measurements with

3.5 km spacing throughout the country. However, it must be noted that we only have

the gridded version of the gravity data as a complete Bouguer anomaly. The scattered

gravity data is not open for scientific use. This archival data set originally was tied to

the Potsdam datum for the gravity. We added −14 mGal to the grid values to convert
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it to International Gravity Standardization Net 1971 (IGSN71) datum. GDMRE

processed the reduction the gravity data by taking the mass density of Bouguer plate as

2.67 g/cm3 while assuming a mass density of topography as 2.40 g/cm3 in the terrain

correction. The effect of terrain on the gravity measurements was computed within

6.65 km radius for each gravity point, as the original data includes the terrain correction

up to J-zone in Hammer chart (Hammer, 1939). To comply with these pre-processing

parameters applied by GDMRE, we have employed the same parameters in the

conversion of complete Bouguer anomalies to free-air anomalies. Finally, the normal

gravity values that were originally calculated using GRS67 reference ellipsoid were

converted to GRS80 ellipsoid. The complete (or refined) Bouguer anomalies were

converted to free-air gravity anomalies to be used as an input for the gravimetric geoid

modeling. Please refer to Isik et al. (2022b) for details of the processing of GDMRE

complete Bouger anomaly grid for the computation of free-air anomalies shown in

Figure 5.3.

Figure 5.1 : Residual terrain effects on geoid from ERTM2160 model (Minimum =
−0.168 m, Maximum = 0.184 m, Mean = 0.000 m, SD = 0.025 m).

5.3.4 Validation data set

In this study, we used 100 GPS/leveling stations that are part of common benchmarks

of the Turkish National Fundamental GPS Network (TUTGA) and the Turkish

National Vertical Control Network 1999 (TUDKA99). The GPS measurements in

these benchmarks are at least 8 hours long, and the coordinates are in International

Terrestrial Reference Frame 1996 (ITRF96) datum. The physical heights, on the other
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Figure 5.2 : Location of gravity measurements (blue points) and GPS/leveling
benchmarks (red triangles) on topography of Turkey.

Figure 5.3 : Free-air anomaly grid used in this study (Min = −236.2 mGal, Max =
300.8 mGal, Mean = 35.1 mGal, ST D = 55.6 mGal).

hand, are Helmert orthometric heights measured according to the regulation for the

1st order leveling network requirements with forward and backward leveling. The

accuracy of these GPS/leveling data set is reported as ∼ 1−3 cm (Ayhan et al., 2002).

The distribution of the GPS/leveling stations above the topography of Turkey from

SRTM 3" resolution digital elevation model (Jarvis et al., 2008) is given in Figure 5.2.
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The geoid heights at GPS/leveling stations are computed as,

NGPS/leveling = h−H (5.9)

where h is the ellipsoidal height from GPS measurements and H is the Helmert

orthometric height from geometric leveling. In the validation of geoid models, either

gravimetric geoid or synthesized from global geopotential models, the geoid heights

refer to tide-free permanent tide system. By convention, the ellipsoidal heights are

computed in tide-free system. In order to make GPS/leveling derived geoid heights

comparable with the others, the permanent tide system of Helmert orthometric heights

at GPS/leveling stations were converted from mean-tide to tide-free system as,

H tide free = Hmean tide −0.68
(
0.099−0.296sin2

ϕ
)

(5.10)

where H tide free and H tide free are the tide-free (or non-tidal) mean-tide orthometric

heights, and ϕ is the latitude of the GPS/leveling station (Ekman, 1989).

5.4 Results and Discussions

5.4.1 Evaluation of global geopotential models

We applied spectral enhancement to all global geopotential models given in Section

5.3.1 to calculate geoid heights for each degree of expansion from n = 2 to n =

nmax with one degree/order increment. The zero-degree term geoid height N0 was

added to account for the systematic difference between the mean earth ellipsoid of

global geopotential model and GRS80 ellipsoid on which we adopted to reference

the computations. All computations of geoid heights were carried out in tide-free

permanent tide system.

The standard deviations of residual geoid heights for each spectrally enhanced GOCE

model are presented in Figure 5.4. The horizontal axis of the figures represents the

degree to which the tested GOCE model is opened up. The rest of the gravity signals

beyond this degree was filled from EGM2008 up to 2159 degree and residual terrain

effect from 2159 to 90,000. The black dashed line represents the standard deviation

achieved by expanding EGM2008 up to 2159 degree/order and enhancing with residual

terrain effect, which corresponds to 14.1 cm accuracy.
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In all four figures that represent performance of different model series, the contribution

of GOCE mission between ∼ 100 degree/order and ∼ 250 degree/order is visible. The

geoid heights from all releases of model series showed better agreement with the geoid

heights at GPS/leveling benchmarks compared to EGM2008 model in these spectral

bands. The results clearly show the improvement in the accuracy of models from first

releases to the last for all model groups. The increase in the amount of GOCE satellite

data led to a decrease in the standard deviations, as well as the spectral window of

bands that showed improvement over EGM2008 is wider in the latest releases.

(a) (b)

(c) (d)

Figure 5.4 : Standard deviations of spectrally enhanced GOCE models at each
expansion degree: (a) DIR models, (b) TIM models, (c) SPW models, and (d) GOCO

models.

For DIR, TIM, and GOCO model series, the fifth and sixth releases showed similar

improvements. Between ∼ 200 and ∼ 245 degree/order of the spectrum, the sixth

releases of TIM and GOCO exceeded the performance of the fifth releases. Their
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performances can be considered as equal outside of these spectral bands. For SPW

model series, the fourth and the fifth releases gave almost the same result up to the

degree/order ∼ 210. The fifth (and final) release became prominent after this degree,

and SPW-R5 showed 5 cm better agreement at the maximum degree of SPW-R4

(nmax = 280).

From the first to the last releases, we see over 10% improvements in standard

deviations of model series. With 9.3 cm accuracy around ∼ 205 degree/order

expansion, DIR-R6, TIM-R6, and GOCO06S models were found to be the best

performing models in Turkey. The overall view of the best performing degree of GGMs

are presented with their standard deviations and means in Figure 5.5.

Figure 5.5 : The standard deviation (colored bars) of spectrally enhanced GOCE
models at optimum expansion degree and their mean values (black bars).

5.4.2 Evaluation of gravimetric geoid models

We implemented the least squares modification of Stokes’ integral approach to model

the gravimetric geoid in Turkey based on EGM2008 and TIM-R6 global geopotential

models. As a combined model with ultra-high resolution, EGM2008 was used in many

regional geoid models, not only for former official Turkey Geoid models but also

for other countries as well. Additionally, it was computed before GOCE era which

makes this model valuable for showing the contribution of GOCE mission. As the

best global geopotential model with smallest standard deviation against GPS/leveling
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data set, TIM-R6 is the most suitable model to clearly show the improvements in the

gravimetric geoid model, considering it is a pure GOCE model.

The experimental geoid models were computed in tide-free system and zero-degree

term was calculated w.r.t. GRS80 reference ellipsoid. In the computation of the

least squares modification parameters sn and QL
n , the integration radius around the

computation points was taken as ψ0 = 0.25o in the Stokes’ integral. The error degree

variance of gravity anomalies were constructed using a band-limited white noise model

where standard deviation is taken as σ∆g = 5 mGal. The values of modification

parameters for the gravimetric geoid modeling were adopted from the experimentation

conducted by Isik et al. (2022b) to empirically determine the optimum values of

modification parameters (ψ0 = 0.25o, M = 360, and σ∆g = 5 mGal) for LSMSA

technique in Turkey.

As an expansion (M) and modification degree (L) where M = L, we first implemented a

modification degree M = 205 for gravimetric geoid models computed with EGM2008

(expGeoid-1) and TIM-R6 (expGeoid-2), since this expansion degree was found as the

optimum degree for the last releases of GOCE models. Later, the global geopotential

models were opened up to 360 degree to enhance the geoid accuracy. Though this

degree can be implemented for EGM2008 model (expGeoid-3), it is not possible

for TIM-R6 model because of its limited maximum degree (nT IM−R6
max = 300). To

improve the gravimetric modeling results, we combined the coefficients of EGM2008

with TIM-R6 model to make a mixed model up to 360 degree/order, as this degree

was found as the optimum for regional geoid in Turkey (Isik et al., 2022b). The

maximum combination degree of EGM2008 and GOCE model was determined based

on the assessment results of TIM-R6 model using spectral enhancement method. The

optimum combination degree was found to be 205 for GOCE model where the rest

of the gravity spectrum was filled with EGM2008 and RTM. From degree n = 2

to n = 205, TIM-R6 model coefficients were used. The gravity spectrum between

degree 215− 360 is filled with EGM2008 coefficients. The coefficients in spectral

band between 205 − 215, were determined by taking the mean of the coefficients

of two models based on weights determined by their error information in order to

blend the coefficients of two models linearly, as in the earlier studies that combined
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EGM2008 with GOCE model to improve the long-wavelength signal (Gilardoni et al.,

2013; Forsberg et al., 2014; Vu et al., 2019).

Tmn =

 T EGM2008
mn(

σ2
Tmn

)EGM2008 +
T T IM

mn(
σ2

Tmn

)T IM


 1(

σ2
Tmn

)EGM2008 +
1(

σ2
Tmn

)T IM


−1

(5.11)

where Tmn represents the new coefficients Cmn and Smn of disturbing potential

T , T EGM2008
mn and T T IM

mn represent the corresponding coefficients of EGM2008 and

TIM-R6 models, and
(
σ2

Tmn

)EGM2008 and
(
σ2

Tmn

)T IM are the degree variances of

T EGM2008
mn and T T IM

mn , respectively. For more details about the methodology, please

refer to Gilardoni et al. (2013).

The statistics of residual geoid heights computed from the gravimetric geoid models

at GPS/leveling stations are given in Table 5.2, together with the statistics of the

residual geoid heights after the geoid models were fitted to local vertical datum at

GPS/leveling stations using seven parameter Helmert similarity transform (Fotopoulos,

2013). The experimental geoid models computed with EGM2008 and TIM-R6 models

up to 205 degree/order expansion, namely expGeoid-1 and expGeoid-2, have shown

20 cm accuracy against GPS/leveling data set. Both models failed to supersede

the performance of EGM2008 global geopotential model up to 2159 degree/order.

The gravimetric geoid model computed with EGM2008 up to 360 degree/order

(expGeoid-3) has the standard deviation of 11.5 cm (10.3 cm after-fit). The gravimetric

geoid model computed with the mixed geopotential model (expGeoid-4) has shown

8.9 cm (7.7 cm after-fit) The results showed that the use of mixed geopotential model

as a long-wavelength source has led to an improvement of ∼ 30% in the accuracy of

gravimetric geoid model.

The distribution of geoid height differences for the gravimetric geoid models

computed using the EGM2008 (expGeoid-3) and the TIM-R6/EGM2008 mixed

global geopotential model (expGeoid-4) at GPS/leveling benchmarks were plotted in

Figure 5.6a and Figure 5.6b over topography of Turkey. The residual geoid heights for

expGeoid-4 model are significantly smaller compared to expGeoid-3. The contribution

of GOCE resulted in a decrease of 18.6 cm in the range of residual geoid heights, from

66.7 cm for expGeoid-3 to 48.1 cm for expGeoid-4. The varying behavior of these two

116



Table 5.2 : Statistics of gravimetric geoid model accuracy computed using TIM R6
and EGM2008 models. [unit: cm].

Geoid Model Reference GGM Min Max Mean STD

expGeoid-1 EGM2008 (M = 205)
Before fit -62.7 56.6 -1.2 20.5

After fit -50.5 59.7 0.0 19.3

expGeoid-2 TIM-R6 (M = 205)
Before fit -58.5 53.2 -0.2 20.1

After fit -50.0 42.0 0.0 18.4

expGeoid-3 EGM2008 (M = 360)
Before fit -37.0 29.7 -0.3 11.5

After fit -33.9 35.6 0.0 10.3

expGeoid-4 TIM-R6 + EGM2008
Before fit -24.6 23.5 0.7 8.9

(mixed model - M = 360) After fit -20.2 17.5 0.0 7.7

gravimetric geoid models, given as a difference grid in Figure 5.6c, can be attributed

to the large amplitudes of long-wavelength geoid differences between EGM2008 and

TIM-R6 model up to 205 degree/order expansion (Figure 5.6d). Since the expansion

degree of both models in Figure 5.6d is the same, the geoid height differences are not

affected by the omission errors of models. The large discrepancies between the residual

geoid heights of expGeoid-3 and expGeoid-4 at GPS/leveling heights are visible in

areas where the long-wavelength differences in Figure 5.6d are larger, specifically

along the northern coastlines. A closer look to the north-east part of Turkey shows

an abrupt change in the long-wavelength differences (from ∼ −70 cm to ∼ 50 cm)

between TIM-R6 and EGM2008 models.

The gravimetric geoid model, expGeoid-4, has shown the best performance

compared to other three experimental geoid models against 100 GPS/leveling stations.

Considering the accuracy of the geoid models reported by the previous studies that used

the same terrestrial gravity data set, this model has the lowest standard deviation (Erol

et al., 2020a). Most recently, the accuracy of the LSMSA geoid model computed using

XGM2019e global geopotential model up to 360 degree/order was stated as 10.1 cm

by Isik et al. (2022b), leading to ∼ 13.9% better performance than expGeoid-3 and

∼ 13.5% worse performance than expGeoid-4 at the same GPS/leveling benchmarks.

Moreover, expGeoid-4 outperforms the geoid model presented by Isik et al. (2022b) in

terms of the range of residual geoid heights by 5.2 cm. The models’ performance
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(a) (b)

(c) (d)

Figure 5.6 : Residual geoid heights of (a) gravimetric geoid model computed with
EGM2008 (expGeoid-3) at GPS/leveling stations and (b) gravimetric geoid model
computed with TIM-R6/EGM2008 mixed global geopotential model (expGeoid-4) at
GPS/leveling stations. The long wavelength geoid height differences computed using
TIM-R6 and EGM2008 GGMs at 205 degree/order are given in (c) where the statistics
are: Minimum = −49.8 cm, Maximum = 25.0 cm, Mean = −1.6 cm, SD = 9.3 cm.
Differences between expGeoid-3 and expGeoid-4 (NexpGeoid−4−NexpGeoid−3) are given
in (d) where the statistics are: Minimum =−67.0 cm, Maximum = 47.7 cm, Mean =

−1.0 cm, SD = 13.9 cm.

exceeds the accuracy of the gravimetric geoid model computed via least squares

modification of Hotine’s integral (LSMHA) method, which was reported as 10.4 cm

by Isik et al. (2022a).

The expGeoid-4, as the gravimetric geoid model with the best standard deviation, is

presented in Figure 5.7 together with its statistics. The accuracy of the geoid model

after fitted to the local vertical datum at the GPS/leveling benchmarks is 7.7 cm.

5.5 Conclusions

In this study, the performances of DIR, TIM, SPW and GOCO satellite-only models

were assessed based on their accuracy at 100 GPS/leveling benchmarks in Turkey.

All releases of models, from release 1 to release 6, were included in the assessment.

We applied the spectral enhancement method to the global geopotential models

to complete the high-frequency part of their gravity spectrum using an ultra-high
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Figure 5.7 : Experimental gravimetric geoid model calculated with mixed
global geopotential model as reference model (expGeoid-4; Minimum =

8.827 m, Maximum = 41.778 m, Mean = 30.793 m, SD = 6.781 m).

resolution geopotential model EGM2008 up to 2159 degree/order expansion and

a residual terrain model to increase the coverage of the spectrum beyond 2160

degree/order up to ∼ 90,000 degree/order. The results revealed the improvement from

first release of model series to the last one, clearly. We observed a decrease in standard

deviations of models as the amount of GOCE data increased. Since the time-span of the

GOCE data is the same for the fifth and the sixth releases, we found the performance of

these models quite close to each other in terms of optimum degree of expansions and

their standard deviations, though there are spectral windows that the last releases of the

model series showed superiority over the fifth, and by extension the earlier releases.

Based on the statistical results, GOCE models showed up to 34% improvements in

the standard deviation compared to the best accuracy achieved from EGM2008 model.

DIR-R6, TIM-R6, and GOCO06S models have shown the best performance as 9.3 cm

accuracy with their optimum expansion around 205 degree/order.

We produced a mixed global geopotential model by combining the coefficients of

TIM-R6 GOCE model up to 205 degree and EGM2008 model from 215 to 360

degree. The coefficients in between were calculated by linear blending of two

model’s coefficients based on their error variances. This mixed model, along with

the original version of TIM-R6 and EGM2008, were used in the computation of

1′ resolution gravimetric geoid model via LSMSA technique. The mixed model

has shown ∼ 23% improvement over EGM2008 at the same expansion degree and
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exceeded the best standard deviation achieved by expanding the EGM2008 model

up to 2159 degree/order. It also takes the place of the gravimetric geoid models,

reported in Isik et al. (2022a,b) recently, by showing approximately ∼ 12%− 15%

better performance at the same GPS/leveling stations.

We conclusively showed the contribution of GOCE based global geopotential model to

the gravimetric geoid modeling in Turkey. Currently, there are on-going initiatives to

modernize the national vertical datum based on vertical control network, and replace

it with a gravimetric geoid model with 1−3 cm accuracy in Turkey. Accordingly, the

terrestrial gravity database is being renewed and topographically challenging areas are

being covered via airborne gravity campaigns. In this context, the findings of this study

indicate a significant potential to increase the accuracy of regional geoid model and

modernize the local vertical datum by replacing it with 1−3 cm accuracy geoid model

with the newly collected gravity data set. As the future work, GOCE-based models will

be used as a base model for geoid modeling using the terrestrial and airborne gravity

measurements in Turkey.
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6. CONCLUSIONS

The Colorado geoid modeling studies for "the 1-cm geoid experiment", initiated under

the IAG Joint Working Group 2.2.2, is of great importance to analyze the contribution

of airborne gravity data geoid modeling in areas where gravity measurements are

troublesome or geoid modeling is challenging. Colorado region is the 3rd stage of the

geoid slope validation effort of NGS within the context of GRAV-D project (Smith,

2007). This study area has rough topography which makes the gravimetric geoid

modelling challenging. The terrestrial gravity measurements have the shortage of

spatial distribution in mountainous regions. Thus airborne gravity surveys provide

quite essential information in these regions to be able to model highly accurate geoid.

In this first study, we presented our contributions to the “1 cm Colorado geoid

experiment” initiated by IAG Joint Working Group 2.2.2 as Istanbul Technical

University, Gravity Research Group (ITU-GRG). This paper presented the new geoid

modeling solutions over Colorado using Stokes and Hotine Integrals, as well as the

solution submitted to the Colorado experiment which is summarized in the paper,

reported by Wang et al. (2021). In this study, we prepared three data set based on

terrestrial-only, airborne-only and combined gravity data sets. Each data set was used

to model the gravimetric geoid model of Colorado via least squares modification of

Stokes integral (LSMSA) and Hotine integral (LSMHA) approaches. The performance

of geoid models were tested at historical GPS/leveling data set and highly accurate

GSVS17 benchmarks. As a result, we found that the combination of both terrestrial and

airborne gravity data sets gave the best solutions for both methodologies. With 2.69 cm

accuracy for LSMSA and 2.87 cm accuracy for LSMHA solutions, high resolution

regional geoid model were successfully computed for Colorado experimentation. In

conclusion, the contribution of airborne gravity data in topographically challenging

region was shown.

121



Following the contribution brought by airborne gravimetry to the accuracy of

gravimetric geoid of Colorado, we conducted series of studies that focused on the

improvement of reginal geoid model of Turkey by exploiting the latest GOCE-based

global geopotential models and LSMSA and LSMHA which are proven to be

successful approaches to compute high-resolution gravimetric geoid model.

In the second study, we investigated the effect of the densification of the complete

Bouguer gravity anomaly grids obtained through planar and spherical approaches,

respectively, on geoid modeling accuracy in Turkey. As the geoid model calculation

method, the least squares modification of Stokes’ integral with additive corrections

method was used. We tested the calculated geoid models using homogeneously

distributed GPS/leveling benchmarks as well as the tide-gauge stations along the

surrounding coastlines. In conclusion, we obtained significant improvement in geoid

model accuracy with using the densified gravity grid from the 5′ to 1′ resolution and

restoring the attraction of the topographic masses through the appropriate schema.

Densification of the Bouguer gravity anomaly grids with restored topographical effect

has potential to improve geoid model accuracy using LSMSA method. Planar and

spherical approximations in calculating complete Bouguer anomalies provide close

results to each other.

In the third study, we investigated the use of gravity disturbances via Hotine’s integral

for gravimetric geoid modeling in Turkey. As the geoid model calculation method,

we used the least squares modification of Hotine’s integral with additive corrections

(LSMHA), a promising new technique that gained importance with the availability

of GNSS-derived heights for gravity measurements. We tested the calculated geoid

models in terms of absolute and relative accuracy using two sets of GPS/leveling

measurements. The first GPS/leveling dataset provides insight on the performance

of the geoid model countrywide while the second dataset shows the local assessment

results in the western part of Turkey where gravity measurements are of higher quality.

In conclusion, we have shown that the use of Hotine’s integral was shown promising

results for modeling the regional gravimetric geoid in Turkey.
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In the fourth study, we reported on the assessment of global geopotential models

computed by ESA High Processing Facility, together with the Gravity Observation

Combination (GOCO) model series over Turkey, and showed the contribution of

GOCE-based models to the gravimetric geoid modeling. We believe the findings

of this paper are significant for the re-definition of traditional vertical datums by

introducing an accurate gravimetric geoid model, considering the enhancements

in the long/medium wavelength signals of the gravity field achieved using GOCE

observations. We evaluated the performance of GOCE based global geopotential

models using Spectral Enhancement Method at GPS/leveling stations in Turkey to

show the level of improvement brought by GOCE satellite mission data to the medium

wavelength signals of Earth’s gravity field. We reported that the latest releases of

GOCE models exceed the performance of EGM2008 model by 34% around 205 degree

of expansion. To show how it affects the gravimetric geoid modelling, we combined

the sixth release of time-wise global geopotential model, which is a pure GOCE

model, with EGM2008 ultra high-resolution model at the optimum degree using linear

blending of two models’ coefficients to form a mixed model up to 360 degree/order,

and used it in the geoid modeling via least squares modification of Stokes’ integral

with additive corrections technique. We observed 23% improvement in the standard

deviation compared to the gravimetric geoid model computed using EGM2008 as a

reference model.

As a future work, it is aimed to combine the recently collected terrestrial gravity

measurements and airborne gravity surveys conducted in Turkey. Though the spatial

distribution of the new terrestrial gravity surveys is not high enough to model the

geoid signals affected by the rough topography of Turkey, airborne gravity surveys

are expected to close this gap. The new gravity database has the advantage of direct

computation of gravity disturbances which promotes the use of Hotine integral in the

gravimetric geoid modeling studies.
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Kılıçoğlu, A. (2011). Data Quality Control and Management System
of Turkish Sea Level Monitoring Network (In Turkish). Harita Dergisi,
(145).

Simav, M. and Yildiz, H. (2019). Evaluation of EGM2008 and latest GOCE-based
satellite only global gravity field models using densified gravity
network: a case study in south-western Turkey. Bollettino di Geofisica
Teorica ed Applicata, 60(1).

Simav, M., Yıldız, H., Direnç, A., and Türkezer, A. (2013). Terrestrial Gravity
Measurements towards Turkish Height System Modernization. EGU
General Assembly 2013, 15(iii):12260.

Sjöberg, L. E. (1980). Least squares combination of satellite harmonics and integral
formulas in physical geodesy. Gerlands Beiträge zur Geophysik,
89:371–377.

Sjöberg, L. E. (1981). Least squares combination of satellite and terrestrial data in
physical geodesy. In Annales de Geophysique, volume 37, pages 25–30.

Sjöberg, L. E. (1984). Least-Squares modification of Stokes’ and
Vening-Meinez’formula by accounting for truncation and potential
coefficients errors. Manusc. Geod., 9:209–229.

Sjöberg, L. E. (1987). The Modification of Stokes’ and Hotine’s Formulas: A
Comparison. In Figure and Dynamics of the Earth, Moon and Planets,
page 323.

Sjöberg, L. E. (1991). Refined least squares modification of Stokes’ formula.
Manuscripta geodaetica, 16(6):367–375.

Sjöberg, L. E. (2003a). A computational scheme to model the geoid by the modified
Stokes formula without gravity reductions. Journal of Geodesy,
77(7-8):423–432.

Sjöberg, L. E. (2003b). A general model for modifying Stokes’ formula and its
least-squares solution. Journal of Geodesy, 77(7-8):459–464.

Sjöberg, L. E. (2003c). A solution to the downward continuation effect on the geoid
determined by Stokes' formula. Journal of Geodesy, 77(1-2):94–100.

Sjöberg, L. E. (2004a). A spherical harmonic representation of the ellipsoidal
correction to the modified Stokes formula. Journal of Geodesy,
78(3):180–186.

Sjöberg, L. E. (2004b). The ellipsoidal corrections to the topographic geoid effects.
Journal of Geodesy, 77(12):804–808.

Sjöberg, L. E. (2007). The topographic bias by analytical continuation in physical
geodesy. Journal of Geodesy, 81(5):345–350.

134



Sjöberg, L. E. and Eshagh, M. (2009). A geoid solution for airborne gravity data.
Studia Geophysica et Geodaetica, 53(3):359–374.

Sjöberg, L. E. and Nahavandchi, H. (2000). The atmospheric geoid effects in Stokes’
formula. Geophysical Journal International, 140(1):95–100.

Sjöberg, L. E. and Nord, T. (1992). Geoidal undulation computation by modifying
Stokes’s kernel versus Hotine’s kernel from gravity anomalies. Manuscr
Geod, 17:135–140.

Smith, D. (2007). The grav-d project: gravity for the redefinition of the
american vertical datum. NOAA website: http://www. ngs. noaa.
gov/GRAV-D/pubs/GRAV-D_v2007_12_19. pdf, .

Sneeuw, N. (1994). Global spherical harmonic analysis by least-squares and
numerical quadrature methods in historical perspective. Geophysical
Journal International, 118(3):707–716.

Stokes, G. G. (1849). On the variation of gravity on the surface of the earth. Trans.
Camb. Phil. Soc., 8:672–695.

The GRAV-D Team (2018). Gravity for the redefinition of the amer-
ican vertical datum (grav-d) project, airborne gravity data -
block ms05. https://www.ngs.noaa.gov/GRAV-D/data_
products.shtml. accessed 21 sept 2020.

Tscherning, C. C., Rubek, F., and Forsberg, R. (1998). Combining Airborne and
Ground Gravity Using Collocation. In Forsberg, R., Feissel, M., and
Dietrich, R., editors, Geodesy on the move. International Association
of Geodesy Symposia, vol 119, pages 18–23. Springer, Berlin.

TUDES (2021). Turkish national sea level monitoring system - türkiye ulusal
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• Işık, M. S., Özbey, V., Erol, S., Tarı, E. (2021). GNSSpy: Python
Toolkit for GNSS Data, IEEE International Geoscience and Remote Sensing
Symposium IGARSS, 2021, pp. 8550-8553, https://doi.org/10.1109/
IGARSS47720.2021.9553880.
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I. A. (2018). Preliminary results of GOCE-based height system unification between
Greece and Turkey over marine and land areas, Acta Geodaetica et Geophysica,
53(1), 61-79. https://doi.org/10.1007/s40328-017-0204-x.
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