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TESTING SPATIAL CURVATURE AND ANISOTROPIC
EXPANSION OF THE UNIVERSE ON TOP OF THE ACDM MODEL

SUMMARY

In this thesis, we explore the possible advantages of extending the standard ACDM
model by more realistic backgrounds compared to its spatially flat Robertson-Walker
(RW) spacetime assumption, while preserving the underpinning physics; in particular,
by simultaneously allowing non-zero spatial curvature and anisotropic expansion on
top of ACDM, viz., the An-oACDM model. This is to test whether the latest
observational data still support spatial flatness and/or isotropic expansion in this
case, and, if not, to explore the roles of spatial curvature and expansion anisotropy
(due to its stiff fluid-like behavior) in addressing some of the current cosmological
tensions associated with ACDM. We first present the theoretical background and
explicit mathematical construction of An-oACDM. We replace, in the simplest manner,
the spatially flat RW spacetime assumption of the ACDM model with the simplest
more realistic background that simultaneously allows non-zero spatial curvature and
anisotropic expansion; namely, considered the simplest anisotropic generalizations of
the RW spacetime, viz., the Bianchi type I, V, and IX spacetimes (having the simplest
homogeneous and flat, open, and closed spatial sections, respectively) combined
in one Friedmann equation. Then we constrain the parameters of this model and
its particular cases, namely, An-ACDM (allowing anisotropic expansion), cACDM
(allowing non-zero spatial curvature), and ACDM, by using the latest data sets from
different observational probes, viz., Planck CMB(+Lens), BAO, Snla Pantheon, and
CC data, and discuss the results in detail. Ultimately, we conclude that, within the
setup under consideration, (i) the observational data confirm the spatial flatness and
isotropic expansion assumptions of ACDM, though a very small amount of expansion
anisotropy cannot be excluded, e.g., Qo < 1078 (95% C.L.) for An-ACDM from
CMB-+Lens data, (i1) the introduction of spatial curvature or anisotropic expansion, or
both, on top ACDM does not offer a possible relaxation to the Hy tension, and (iii) the
introduction of anisotropic expansion neither affects the closed space prediction from
the CMB(+Lens) data nor does it improve the drastically reduced value of Hy led by
the closed space.

XX1






ACDM MODELI UZERINE EVRENIN UZAYSAL EGRILIGININ
VE GENISLEME YONBAGIMLILIGININ SINANMASI

OZET

Bu tezde, Lambda-Soguk Karanlik Madde (ACDM) modeli olarak da bilinen standart
kozmolojik modelin yalnizca uzaysal geometrisinin genellestirilmesinin ayrintili bir
kuramsal ve gozlemsel incelemesi sunulmustur. ACDM modeli uzaysal olarak tiirdes
ve yonbagimsiz diiz Robertson-Walker (RW) uzayzaman metrigi {izerine kuruludur.
RW metriginin yalnmizca uzaysal yonbagimsizligir ve diizliigiiniin gevsetilmesiyle,
uzaysal olarak tiirdes ancak yonbagimli ve egri metrikler elde edilebilir ki, bu da
ACDM modelinin temelini olusturan genel gorelilik, standart parcacik fizigi gibi
yerlesik fizik yasalarim1 de8istirmeden daha gercek¢i evren modellerinin kurulmasina
olanak saglar. Buna gore, bu tez kapsaminda uzaysal olarak tiirdes ve yonbagimsiz
diiz RW metrigi, uzaysal olarak tiirdes ancak baska egrilik durumlarina sahip ve
yonbagimli Bianchi tip I, Bianchi tip V ve Bianchi tip IX uzayzaman metrikleriyle
degistirilmis ve bunlar tek bir Friedmann denklemi altinda toplanarak yonbagimli
ve bagka uzaysal egrilik durumlarina izin veren An-oACDM kozmolojik modeli
kurulmugtur. ~ An-oACDM modelinde ACDM modeline ek olarak yonbagimh
genigslemeden ve uzaysal egrilikten gelen iki yeni geometrik parametre kuramsal
ve gozlemsel olarak incelenmistir. Standart ACDM modelinin yalnizca geometrik
genellestirmesi olarak kurdugumuz ve An-oACDM adini verdigimiz bu modelin,
oncelikle, kuramsal olarak bazi1 giincel kozmojik problemlere yanit olabilecek
ozelliklere sahip olup olmadig1 kuramsal olarak ayrintili bir bi¢imde tartisilmis ve,
sonra, degerleri iyi bilinen bazi kozmolojik parametreler ve yiiksek duyarlikli en
son gozlemsel veriler dikkate alinarak kisitlanmistir; boylece giiniimiiz evrenini
anlatmakta RW metriginin yeterli olup olamadig1 da tartisilmistir.

Tezde oncelikle, Bolim 1°de, bilimsel arastirma konusu olarak standart ACDM
modelinin geometrik bir genellestirmesinin sec¢ilmesinin gerekgesi verilmistir. Bolim
2’de, yonbagimli ve bagka uzaysal egrilik durumlarina izin veren An-oACDM modeli
kurulmustur.  Oncelikle, uzaysal olarak tiirdes ancak yonbagimli ve bagka egrilik
durumlarina sahip Bianchi tip I, Bianchi tip V ve Bianchi tip IX uzayzaman metrikleri
incelenmistir. Burada Bianchi tip I metriginin 6zel durum olarak uzaysal olarak diiz
RW metrigini, Bianchi tip V metriginin 6zel durum olarak uzaysal olarak acik RW
metrigini ve Bianchi tip IX metriginin 6zel durum olarak uzaysal olarak kapali RW
metrigini icerdigi gosterilmistir. Bu metrikler cercevesinde evrenin fiziksel icerigi
miikemmel akiskan kabul edilerek ve bilindik baz1 fiziksel kaynaklar (toz, 1sinim,
vakum) kullanilarak Einstein alan denklemleri ¢6ziilmiistiir. Bianchi metrikleri uzayin
lic yonde ayr hizlarla evrimlesmesine izin verebildiginden RW metrigi ¢ercevesinde
tanimlanan bazi kozmolojik parametreler genellestirilerek bazi yeni biiyiikliikler
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tanimlanmustir: (i) Makaslama skaleri 62, uzaysal olarak yonbagimli modellerde
genigleme hizinin farkli yonlerde farkli olmasinin olgiistidiir. (i) Ortalama 6lgek
carpant s, bir¢ok denklemin daha kolayca yazilmasini saglayan bir parametredir.
Daha sonra, Bianchi tip I, Bianchi tip V ve Bianchi tip IX uzayzamanlar1 bir arada
kullanilarak tek bir genel Friedmann denklemi, H?(s) /Hg = Qo5 O+ Qs 4 +
Qs> + Quos 2 + Qao, yazilmistir. An-oACDM olarak adlandirdigimiz bu modelde
yonbagimliliktan kaynaklanan makaslama skalerine karsilik gelen bir yogunluk
parametresinin bugiinkii degeri, Qs0, ve uzaysal egrilige karsilik gelen bir yogunluk
parametresinin bugiinkii degeri, Qx9, ACDM modeline ait Friedmann denkleminin
tizerine yeni iki geometrik parametre olarak gelmistir. Burada Q4o eksili deger
almayan bir parametredir, £ ise sirasiyla uzaysal olarak diiz, agik ve kapali evrenlere
karsilik gelen Q0 =0, Qi > 0, ve Q0 < 0 degerlerini alabilir. Boliim 3’te, gozlemsel
coziimlemeleri gerceklestirmek icin kullanilan veri kiimeleri; kozmik kronometreler
(CC), tip Ia siipernovalar (Snla Pantheon 2018), baryon yankilanim salinimlar1 (BAO),
kozmik ardalan 1s1mim1 (CMB) ve kullanilan yontem ayrintili bir bigcimde anlatilmistir.
Gozlemsel kisitlama sonuclarina ayrilmis Bolim 4’te, An-oACDM modelinin ve
bu modelin 6zel durumlari olan An-ACDM (ACDM iizerine yalmzca yonbagiml
genislemeyi serbest birakan), oACDM (ACDM iizerine yalmizca uzaysal egriligi
serbest birakan) ve standart ACDM modelleri en giincel gozlemsel veri kiimeleri
kullanilarak kisitlanmis ve kozmolojik a¢idan 6nemli olan Hy, Qmo, Qo ve Qo0
parametreleri tizerine olan kisitlar dahil olmak iizere tiim modellerin parametrelerine
ait kisilara iliskin sonuglar 68% ve 95% giiven aralifinda verilmistir. Modellerin
parametreleri oncelikle diisiik kirmiziya kayma degerlerinden gelen CC veri kiimesi,
Pan veri kiimesi ve bilesik CC+Pan veri kiimesi kullanilarak ayr1 ayri kisitlanmistir. Bu
veri kiimelerine bakildiginda uzaysal egriligi iceren An-oACDM ve o ACDM modelleri
uzaysal olarak diiz olan bir evreni desteklemektedir. Bu veri kiimeleri i¢in modellerin
kestirdigi Hubble Sabiti (Hp) degerlerinde dikkate deger bir fark goriilmemistir;
ancak, CC veri kiimesi icin yonbagimli genislemenin eklenmesinin kestirilen Hy
degerini arttirdig1, Pan veri kiimesi i¢in ise azalttig1 goriilmiistiir. Diisiik kirmiziya
kayma degerlerinden gelen bu veri kiimelerine bakildiginda genigsleme yonbagimliligi
yogunluk parametresi iizerine yapilan en iyi kisitlama CC veri kiimesinden Qg <
10~223 olarak bulunmus ve bu degerin modelden bagimsiz SNIa 6l¢iimlerinden gelen
Qo0 < 1072 degerinden bir mertebe daha gevsek oldugu goriilmiistiir. ' Yonbagiml
genislemenin dahil edilmesinden bagimsiz olarak, CC veri kiimesinin Hy degeri
tizerindeki kisitlamasinin Qo degerine gore daha iyi oldugu, Pan veri kiimesine
bakildiginda ise Qo degeri lizerindeki kisitlamasinin Hy degerine gore daha iyi oldugu
goriilmiistiir. Daha sonra modellerin biitiin parametre uzayr BAO+Pan bilesik veri
kiimesi, CMB veri kiimesi ve CMB+Pan bilesik veri kiimesi kullanilarak kisitlanmustir.
BAO verisi ile Pan verisi birlikte ele alindiginda yonbagimli genislemenin yogunluk
parametresi iizerindeki kisitlama iyileserek Qg0 < 107! degerini aldig1 goriilmiistiir.
BAO+Pan bilesik veri kiimesinden Hy ve Qo degerleri arasinda eksili bir iligki
gozlemlenmistir; Qo aldig1 artili de8erlerde Hp degeri daha kiiciik olmaktadir.
CMB veri kiimesine bakildiginda, ACDM modelinin Hubble sabiti i¢in ongordiigii
deger ile yerel Olciimlerden elde edilen Hy degeri arasinda gerilim gozlemlenmistir.
ACDM modelinin Hubble sabiti i¢in 6ngordiigii deger Hy = 67.59 & 0.65 km s~!
Mpc~! iken SHOES verilerinin ongordiigii degere Hy = 73.04 +1.04 km s~! Mpc™!
bakildiginda bu gerilimin 50 degerine kadar ¢iktigr goriilmiistir. o ACDM modeline
bakildiginda uzaysal egriligin de eklenmesiyle birlikte bu gerilimin, kapali uzaysal
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egrilik yoniinde 30 seviyesinde, arttigi goriilmiistir. Pan veri kiimesinin CMB
veri kiimesine eklendiginde parametreler arasindaki baglilasimi kopararak parametre
degerleri iizerinde daha iyi kisitlamalar sagladig1 gozlemlenmistir. Bilesik CMB+Pan
veri kilmesinde An-ACDM ve ACDM modellerine uzaysal egriligin eklenmesi, Qo
degeri bu kiimede iyi kisitlandigindan ve bu kisitlama da uzaysal olarak diiz bir evreni
desteklediginden, dikkate deger bir degisiklik getirmemistir. Son olarak, modellerin
giinlimiiz yogunluk parametreleri, oncelikle yiiksek kirmiziya kayma degerlerinden
gelen CMB+Lens ve CMB+Lens+BAO bilesik veri kiimeleri kullanilarak, daha
sonra da bu bilesik veri kiimelerine diisiik kirmziya kayma degerlerinden gelen
astrofiziksel veri kiimeleri de eklenilerek CMB+Lens+Pan, CMB+Lens+BAO+Pan
ve CMB+Lens+BAO+Pan+CC bilesik veri kiimeleriyle kisitlanmigtir.  Yiiksek ve
disik kirmiziya kayma degerlerinden gelen gozlemsel verilere ve bunlarin cesitli
kombinasyonlarina bakildiginda ACDM ve oACDM modellerinin 6ngoriilen giiniimiiz
yogunluk parametrelerinin Planck 2018 sonuglariyla uyumlu oldugu ve yonbagiml
genigleme parametresi dahil edildiginde sonuglarin degismedigi gozlemlenmistir.
Biitiin veri kiimeleri i¢in Hy ve Qo degerleri arasinda artil1 bir iliski gozlemlenmistir;
Qo aldigr eksili degerlere bagh olarak Hy degerinin de kiiciilme egiliminde
oldugu goriilmiistiir. Genigleme yonbagimhili§inin giinlimiiz yogunluk parametresi
iizerine yapilan en iyi kisitlama CMB+Lens bilesik veri kiimesinden Qgo < 10718
olarak bulunmus ve baska veri kiimeleri icin bu {iist sinirda dikkate deger bir
degisim gozlemlenmemistir.  Yonbagimli genislemenin modele eklenmesinin bu
sonuclar degistirmedigi ve Hy degerinde dikkate deger bir degisime neden olmadigi
goriilmiistir. ACDM modeline ek geometrik parametreler olarak gelen genisleme
yonbagimlilig1 ve uzaysal egrilik literatiirde standart ACDM modelinde ortaya ¢ikan
Hubble Sabiti Problemi’ne ¢o6ziim saglayamadigi goriilmiistiir. Son olarak, boliim
5’te, bu tez kapsaminda yiiriitiilen bilimsel arastirmadan elde edilen dikkate deger
kuramsal ve gozlemsel sonuglar 6zetlenmistir: (i) Glincel gézemsel veri kiimelerinden
elde edilen sonuglar, ACDM modelinin uzayin diiz, tiirdes ve yOnbagimsiz bir
geometriye sahip oldugu 6ngoriisiinii desteklemektedir, ancak gec¢ evrende bir dl¢iide
yonbagimlihigim (Qgo < 107!3) olabilecegi yadsinamaz. (i) ACDM modeline ek
geometrik parametreler olarak gelen genisleme yonbagimlilig1 ve/veya uzaysal egrilik
literatiirde standart ACDM modelinde ortaya ¢ikan Hubble Sabiti Problemi’ne ¢oziim
saglayamamaktadir. (iii) ACDM modeline ek parametre olarak giren yonbagimli
genislemenin, CMB veri kiimesi ¢oziimlemelerinin evrenin kapali uzaysal egrilige
sahip oldugu ongoriisiinii etkilemedigi ve kapali uzaysal egriligin yol actig1, ongoriilen
Hy degerindeki diisiikliik i¢in bir iyilestirme saglamadig1 gézlemlenmigtir. Standart
ACDM modelinin yalnizca geometrik genellestirilmesi olarak kurulan An-oACDM
modeli, gozlemsel veriler karsisinda standart ACDM modelinden daha bagarili
olamamustir.
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1. INTRODUCTION

The work presented in this thesis is based on the joint work [1], in collaboration with

Ozgiir Akarsu, Eleonora Di Valentino, Suresh Kumar and Shivani Sharma.

In the past decades, the scenario assumed as the standard model in cosmology is
the so called Lambda cold dark matter (ACDM). This scenario fits a wide range of
observational data on different scales and epochs of the universe [2-6]. However,
some discrepancies and inconsistencies in the estimated values of some important
cosmological parameters have emerged in the last decade [7—12]. These tensions, even
if present with different statistical significance, and possibly due in part to systematic
errors in the experiments, demand an explanation. Among all the possibilities, the
necessity of physics beyond the well established fundamental theories that underpin,
and even extend ACDM, is making its own way. Alternatively, it would be interesting
to leave the physics completely untouched, and proceed by considering more realistic
spacetimes compared to the spatially flat Friedmann-Lemaitre-Robertson-Walker

(FLRW) spacetime on which ACDM is established.

Here we explore the possible advantages of a pure geometric generalization of the
standard ACDM model, in particular, allowing non-flat and anisotropic space. The
standard ACDM model, relying on canonical inflationary paradigm [13-16], assumes
a flat and, in accordance with the cosmological principle, maximally symmetric
(homogeneous and isotropic) space, i.e., the spatially flat Robertson-Walker (RW)
spacetime, for describing the geometry of the universe on the largest scales, and
general relativity (GR) with a positive cosmological constant for describing the
dynamics of the universe depending on its material content. It is important to
investigate whether these geometric assumptions would still be favored by the latest
observational data when the spatially flat RW spacetime is generalized to a more
realistic one. Sticking to the cosmological principle, the first step towards a more
realistic cosmological model is to allow spatial curvature on top of ACDM. It is

known that the Planck CMB data alone favors positive (closed space) spatial curvature,



which mimics a negative energy density that varies as o s~2, where s is the average
expansion scale factor [4]. Moreover, spatially closed models are in agreement
with not only the low CMB anisotropy quadrupole of Planck, but also the WMAP
CMB data [17, 18]. However, the drastic exacerbation of the Hy tension in this
case, and the favoring of spatial flatness with extremely high precision by the Planck
CMB data in combination with the baryon acoustic oscillations (BAO) data, and the
astrophysical data such as type Ia Supernovae (SNIa) and cosmic chronometers (CC),
have stimulated the debate on the spatial flatness assumption [4, 19-25]; particularly,
given that it is in line with the canonical inflationary paradigm—yet, note that
inflation is not necessarily in conflict with a non-flat space [17, 26-28], but spatially
closed inflationary models are significantly fine-tuned [17]. On the other hand,
the canonical inflationary paradigm—assumes a single canonical scalar field, with
suitable self-interaction potential, which is minimally coupled to gravity described by
GR—makes sense if the observable universe exhibits isotropic expansion (ignoring
the tilted models and the possibility of being broken by, for instance, anisotropic
dark energy in the late universe). Indeed, the mathematically tractable next step to
generalize ACDM geometrically is to allow anisotropic expansion, which then leads
to the generalized Friedmann equation bringing in average Hubble parameter along
with the shear scalar term (quantifying the anisotropic expansion) and the spatial
curvature term that deviates from o s~2 behavior if the anisotropic expansion is
accompanied by an anisotropic spatial curvature [29-32]. In the simplest anisotropic
generalizations, viz., when the spatial curvature itself is isotropic or has negligibly
small anisotropy, the spatial curvature mimics a source with a positive (open space)
or negative (closed space) energy density that varies as o s~2 and the shear scalar
mimics a stiff fluid [33, 34] (or a canonical scalar field with a negligible potential
energy compared to its kinetic energy) with a positive energy density varying as o< s~°,
which thus dilutes faster than any other physical source (for which the stiff fluid sets
the causality limit [32]) as the universe expands. The stiff fluid-like behavior of the
shear scalar is typical for general relativistic anisotropic universes with isotropic spatial
curvature filled only with isotropic perfect fluids with no peculiar velocities [32].
Hence, irrespective of the inflationary paradigm, it is not expected there to be an

anisotropic expansion at measurable levels in the observable universe. And, given



that inflation -(canonical) isotropizes the universe very efficiently, leaving almost no
anisotropy even in the very early universe (cosmic no-hair theorem [35, 36]), any
detection of a non-zero shear scalar today would have far reaching consequences on

the standard cosmology.!

For instance, it is possible to generate anisotropic expansion well after decoupling,
which also was suggested to address the low CMB anisotropy quadrupole [49-51],
though we ignore this possibility in this work, as it demands modifications beyond
pure geometry, namely, the introduction of anisotropic stresses, effective well after
decoupling, from some actual sources such as vector fields or extended theories of
gravity such as Brans-Dicke theory (see Refs. [42,43,52-78]). In tilted universes also,
it is possible to generate/retain anisotropic expansion at late times (see footnote 1),
which was suggested to address the discrepancies between the dipole amplitudes and
directions from the different cosmological observations (e.g., between the radio and
CMB dipoles) and even the Hy and Sy tensions, though we confine ourselves with
orthogonal universes in this work, as tilted ones may go as far as to stop looking for
corrections on top of ACDM and look for corrections on top of the Einstein-de Sitter
universe; tilted observers (typical observers in a galaxy like the Milky Way) within
the bulk flow can be misled into concluding that the universe is accelerating—it has
been suggested that the indications for cosmic acceleration found in the Snla data
disappear, if a bulk flow induced anisotropy is allowed in the Snla data, and thus, a bulk
flow dipole aligned with the local bulk flow is identified while any monopole (which
can be attributed to A) is consistent with zero [79—102] (see also Refs. [11, 12] for

recent reviews and Refs. [49-51] for hints of unexpected features in CMB and other

'In our discussion here, we ignore the possibility of inflationary models with anisotropic hair, as it
requires a departure from the canonical inflationary paradigm, which is part of the standard cosmological
model intended to be investigated with its pure geometric generalization in this study. For example,
non-scalar fields, in particular gauge fields, are ubiquitous in high-energy models of particle physics
related to inflationary energy scales, and they can turn on in the background during inflation (or
become relevant at the level of cosmic perturbations), and then lead to the violation of cosmic no-hair
theorem [37-39]. And, departures from GR, e.g., quadratic curvature corrections, scalar-tensor theories
of gravity such as Brans-Dicke theory with wgp ~ —1 (limit of the theory relevant to the string theories
and d-brane constructions) can generate (or retain) anisotropic expansion [40—43]. Also, there are tilted
spatially homogeneous cosmological models (with the fluid flow lines not orthogonal to the surfaces
of spatial homogeneity; the components of the fluid’s peculiar velocity enter as further variables) for
which the tilt does not vanish at late times (once the inflation ends, anisotropic modes again occur); to
an observer moving with the fluid, such models will not seem to isotropize, yet may appear isotropic in
another frame at late times [44—48] (see also Refs. [31, 32]).



independent cosmological data types). For such reasons, the interest in anisotropic

cosmologies has never ceased and, moreover, has recently begun to rise again.

Besides these more fundamental aspects we discussed above with regard to considering
the pure geometric generalization of ACDM by introducing spatial curvature
and/or anisotropic expansion, it is tempting to explore whether these geometric
generalizations by alone could be beneficial in addressing the tensions related to the
ACDM model. Indeed, it was recently reported in Ref. [103] that the non-tilted Bianchi
Type-I spacetime extension of ACDM, which simply allows different scale factors in
three orthogonal directions on top of the spatially flat RW spacetime, relaxes the H
tension; it predicts Hy ~ 70.0 km s~! Mpc~!, which agrees, within 2c, with both the
ACDM Planck 2018 prediction Hy = 67.27 +0.60 km s~! Mpc~! [4] and the Hubble
Space Telescope (HST) and the SHOES team local measurements, e.g., Hy = 73.04 &
1.04 km s~ ! Mpc’1 [104] (see also Refs. [105, 106]). This observation naturally
makes us wondering whether the shear scalar, which is non-negative by definition,
can compensate the negative energy density-like contribution of the positive (closed
space) spatial curvature to the Friedmann equation, and then avoid the drastically
reduced H value accompanying the closed space prediction of the CMB(+Lens) data.
Thus, here we will study the extension of ACDM allowing both non-zero spatial
curvature and anisotropic expansion for mainly two reasons: (i) To test whether the
latest observational data still support spatial flatness and/or isotropic expansion in this
case, and, if not, (ii) to explore the roles of spatial curvature and expansion anisotropy
(via its stiff fluid-like contribution to the Friedmann equation) in addressing some of

the current cosmological tensions associated with the ACDM model.

It is also pertinent to mention that the model-independent upper bounds on the
present-day expansion anisotropy in terms of its corresponding present-day density
parameter (Q40) are of the order of O( 10_3), e.g., from type Ia Supernovae [107-113].
This is consistent with the model-dependent constraints, Qso < 1073, obtained from
the H(z) and/or SNIa data (relevant to z < 2.4) by considering the stiff fluid-like
behavior of expansion anisotropy on top of ACDM [103, 114]. This amount of
expansion ansiotropy today, within the simplest anisotropic, i.e., the Bianchi type I
spacetime, generalization of ACDM, implies the domination of expansion anisotropy

at z ~ 10 and hence the spoilt of the successful description of the earlier (z = 10)



universe. Indeed, the model-dependent upper bounds are usually much tighter;
spanning a range from Qg0 < 107! to 10723 [31,32]. When the stiff fluid-like
behavior of expansion anisotropy is considered on top of ACDM, the constraint
Q50 < 103 from the combined H (z) and Snla Pantheon data set (relevant to z < 2.4)
is tightened to Qo < 10~ when the combined CMB+BAO data set (relevant to
z~ 1100) is also included, and it is further constrained to Q40 < 10723 not to spoil the
successes of the standard Big Bang Nucleosynthesis (BBN) (relevant to z ~ 10%) [103].
We have also the typical upper bound Qg0 < 10720 derived from the observed CMB
quadrupole temperature fluctuation AT /T ~ 107>, which provides an upper bound at
the same order of magnitude on the expansion anisotropy at the recombination era
(VQEE ~ 1073 at zree ~ 10%) [115-119]. The upper bounds obtained from CMB
reaches the level Qg0 < 10722 from the rigorous analyses of the full Planck CMB
temperature and polarization data [119-121]. The BBN light element abundances
also provide tight upper bounds, but at different levels depending on the presence of
spatial curvature anisotropy in addition to expansion anisotropy; namely, Qg0 < 10722
and Qg0 < 10721 for the Bianchi type I and type V spacetimes (the anisotropic
generalizations of the spatially flat and open RW spacetimes, respectively, and yield
isotropic spatial curvature), and these relax to Qg0 < 1013 for the Bianchi type IX and
type VIl spacetimes (the anisotropic generalizations of the spatially closed and open

RW spacetimes, respectively, and yield anisotropic spatial curvature) [118, 122, 123].

The thesis is structured as follows: In Section 2, we describe the basic equations of the
model; in Section 3, we present the data/methodology used; in Section 4, we discuss

the results; and in Section 5, we summarize our findings.






2. BASIC EQUATIONS AND THE MODEL

We study a two parameter extension of the ACDM model that allows both non-zero
spatial curvature and anisotropic expansion, both which are geometric corrections on
top of the base ACDM model. The fundamental idea here is to extend ACDM just by
relaxing its spatially flat RW metric assumption to a more realistic one. Accordingly,
we consider the generalized Friedmann equation which, compared to the usual one,
includes two new parameters, viz., the spatial curvature (pertaining to deviation from

flat space) and the shear scalar (pertaining to deviation from isotropic expansion);
2, 13 2
3H —1—5 R— o0 =8nGp, 2.1

where H is the average Hubble parameter defined as H = %@ (® = DHuy is the volume
expansion rate with D being the fully orthogonally projected covariant derivative
and uy is the four-velocity that satisfies uyu* = —1 and Vyutuy, = 0), 3R is the
3-Ricci scalar (the Ricci scalar of the spatial section of the spacetime metric), 62
is the shear scalar quantifying the anisotropic expansion (62 = %Gaﬁco‘ﬁ , where
Oup = %(uu;v ‘I’Mv;u)h%zh‘[/; — %ufluhaﬁ is the shear tensor with /1,y = gyv +uyuy being
the projection tensor into the instantaneous rest frame of comoving observers), G is
the Newton’s gravitational constant, and p is the energy density of the total physical
ingredient of the universe (see Refs. [29-32]). In this work, we limit our investigations
to the orthogonal (non-tilted) models—the fluid flow lines are orthogonal to the
surfaces of spatial homogeneity—, as the tilted ones—the fluid flow lines are not
orthogonal to the surfaces of spatial homogeneity—are significantly more complicated
and bringing in the components of the fluid’s peculiar velocity as additional variables
on top of the the fluid’s energy density and pressure; the spatial curvature and shear

scalar already introduce two new free parameters to be constrained on top of the

ACDM model (see Refs. [31,32]).

We use the Einstein field equations (EFE) of GR;

1
Guv = R’u_v _— EguvR — gnGT‘uv, (2.2)



where Gy is the Einstein tensor, Ry is the Ricci tensor, R is the Ricci scalar,
and g,y is the metric tensor. We suppose all types of matter distributions (viz.,
the usual cosmological sources such as radiation, baryons, etc.) are perfect fluids
with no peculiar velocities, described by the energy-momentum tensor (EMT) of the
form T;‘i = diag[—p, p, p,p], where p and p are the energy density and pressure,
respectively. EFE (2.2) satisfy T“\‘j = 0 (the conservation equation for the total
EMT representing all sources in the universe) via G* ;Vv = 0 as a consequence of the
twice-contracted Bianchi identity. This leads to the continuity equation for the total
EMT: p +3H(p + p) = 0, where the dot represents the derivative with respect to
the proper time . We consider the usual cosmological sources, namely, pressureless
fluid (CDM, baryons) described by the equation of state (EoS) pm/pm = 0, radiation
(photons 7, neutrinos v) described by the EoS p:/p: = % and DE mimicked by a
cosmological constant (viz., pp = % = const) described by the EoS pa/pa = —1.

We suppose these sources interact only gravitationally, so that the continuity equation

is satisfied separately by each source, and this leads to

P =prtPm+Pa=Pr0S "+ PmoSs "+ PA (2.3)

where s = v!/3 is the mean scale factor with v being the volume scale factor. The
present-day value of s is set as so = 1. Here and onward, a subscript O attached to
any quantity implies its value in the present-day universe. Note that the present-day
photon energy density pro is extremely well constrained by the absolute CMB
monopole temperature measured by FIRAS 7o = 2.72554+0.0006 K [124], and thereby
its present-day density parameter given by Q.9 = pro/ 3H§ = 2.469 x 105h2(1 +
0.2271Neg)—where h = Hy/100km s_lMpc’1 is the dimensionless reduced Hubble
constant and N.g = 3.046 is the standard number of effective neutrino species with

minimum allowed mass m, = 0.06 eV—is not subject to our observational analysis.

To fully determine the modified Friedmann equation (2.1), viz., H(s), however, it is
necessary to determine the evolution of the two remaining parameters, namely, the
functions 3R(s) and o?(s). In what follows, we first present explicit constructions
of different cases extending ACDM and then write a single H(s) function including
all these cases to be constrained with the observational data. To do so, we start
with the spatially maximally symmetric metric, the RW metric, for the purpose of

comparison with the three spatially homogeneous but not necessarily isotropic metrics,
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namely, the Bianchi type I, Bianchi type V, and Bianchi type IX metrics which are the
simplest anisotropic generalizations of the spatially flat, open, and closed RW metrics,

respectively.

2.1 Spatially Homogeneous And Isotropic Universe

We start with the RW metric; respecting the cosmological principle, it yields
maximally symmetric spatial section (not necessarily flat), and it can be written in
Cartesian coordinates as follows:

dx? + dy? 4 dz2
[T+ 50252+ 2)]Y

ds? = —dr? + 5° 2.4

where Kk < 0, Kk =0, and kK > 0 correspond to spatially open, flat, and closed universes,
respectively. EFE in (2.2) for the RW metric in (2.4) lead to the following set of

differential equations, viz., the usual Friedmann equations;

2
N K
. 0
B (2.6)
S S A

The shear scalar and 3-Ricci scalar for the RW metric in (2.4) read
02=0 and 3R=1Rys 2, (2.7)
where 3Ry = 6k.

In what follows, we will refer this well known generalization of the standard ACDM
model, which simply allows non-zero spatial curvature on top it, to as the oACDM

model, where "o" stands for "spatial curvature".

2.2 Spatially Homogeneous, Flat And Anisotropic Universe

We continue with the Bianchi type I metric, which simply allows different scale factors
in three orthogonal directions on top of the spatially flat (k = 0) RW metric, while

preserving isotropic spatial curvature;
ds? = —di? 4 a?dx® + b*dy? + >dZ?, (2.8)

where {a,b,c} = {a(t),b(t),c(t)} are the directional scale factors along the principal

axes {x,y,z} and are functions of # only. The corresponding average expansion scale

9



factor is s = (abc)% and from which the average Hubble parameter is defined as H =
$ = %(Hx+Hy +H;), where Hy, = ¢, H, = % and H, = ¢ are the directional Hubble

parameters defined along the x-, y-, and z-axes, respectively.

EFE in (2.2) for the Bianchi type I metric in (2.8) lead to the following set of

differential equations:

ab e T ac STOP 29
b ¢ be¢
2 oc 2.1
b ¢ be 87Gp, (2.10)
B Y e (2.11)
a C ac
i b ab
_______ - : 2.12
=55 = 876D (2.12)

The shear scalar, in terms of the directional Hubble parameters, reads

_ 2 — 2 — 2
52— (Hy—Hy)~+ (Hy 6Hz> + (H, — Hy) : (2.13)

We can rewrite equations (2.10)-(2.12) as follows;

H,— Hy,+3H(H,— Hy) =0, (2.14)
Hy,—H,+3H(Hy,—H;) =0, (2.15)
H,—H.+3H(H,—H,) =0, (2.16)

and then, using these along with the time derivative of 6% given in equation (2.13), we

reach the shear propagation equation
6+3Ho =0. (2.17)

Its integration yields

0> =03s°. (2.18)
The 3-Ricci scalar for the Bianchi type I metric in (2.8) is null;
SR=0, (2.19)
which corresponds to a flat space, likewise the spatially flat (x = 0) RW metric.

In what follows, we refer to the Bianchi type I extension of the standard ACDM model

as An-ACDM model, where "An" stands for "anisotropic".
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2.3 Spatially Homogeneous, Open And Anisotropic Universe

We next continue with the Bianchi type V metric, which simply allows different scale
factors in three orthogonal directions on top of the spatially open (k < 0) RW metric,

while preserving isotropic spatial curvature;
ds? = —df? + a?e 2 dx? + bze*zmzdy2 + 2dZ, (2.20)

where m # 0 is a non-zero real constant. It can be observed that Bianchi type V metric

in (2.20) reduces to the Bianchi type I metric in (2.8) when m = 0.

EFE in (2.2) for the Bianchi type V metric in (2.20) lead to the following set of

differential equations:

m (2% . g - g) = 0. (2.25)

In equation (2.25), we see the component GO3 =8nG T%, where we take T% =0as we
consider only perfect fluid distributions; i.e., 7% the energy flux density (which equals
the momentum density 7) is not allowed. As a result of this, solving equation (2.25),

it turns out that
1
c=cy(ab)2, (2.26)

where c¢; > 0 is the integration constant. As we set so = 1, the present-day values of

the directional scale factors, i.e., ag > 0, bg > 0, and co > 0, must satisfy apboco = 1,
3 . .

and therefore ¢; = (apbp) 2. Accordingly, we re-express the average expansion scale

factor as s = (aobo)_% (ab)%, which in turn implies ¢ = agbps. Using equation (2.26),

11



the set of field equations (2.21)-(2.24) reduces to

23% %Z—i+%i—j—3j—2:8n(}p, 2.27)
. .. .2 2 g 2
e e
.. o ) 12 .7 2
R R
_g_%_gng’;“—Z:s;sz. (2.30)

Also, the average Hubble parameter reduces to

1
H= E(HX+Hy)’ (2.31)
and the shear scalar in (2.13) reduces to
1
0’ = Z(Hx—Hy)z. (2.32)
Subtracting equation (2.30) from equation (2.28) [or equation (2.29)] we obtain
a b a* b
A S R 2.33
a b - a’ b2 ’ (2.33)

which, after using H in (2.31) and 62 in (2.32), leads to the shear propagation equation
in the form

6+3Ho =0. (2.34)
From its integration, we obtain

0’ =o03s°, (2.35)
as in the case of the Bianchi type I metric, see equation (2.18). The 3-Ricci scalar for

the Bianchi type V metric in (2.20) reads
3R =3Rys 2, (2.36)

which is negative definite, as here >Ry = —6com? < 0, corresponding to an open space;
e.g., to compare with the spatially open (kK < 0) RW metric, when we set a = b = ¢ (so

that ag = by = co = 1 as sop = 1), we find —m? = x < 0.

Note that the non-zero components of the 3-Ricci tensors for the Bianchi type V metric
are as follows:

2 2
3SR =3k = 3R, = - (2.37)

2 — _C_zv
It can be observed that 3-Ricci tensors are all identical meaning that the metric has an

isotropic spatial curvature.
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2.4 Spatially Homogeneous, Closed And Anisotropic Spacetime

Finally, we consider the Bianchi type IX metric, which allows a different scale factor
along only one [as, for simplicity sake, we consider the locally rotationally symmetric

(LRS) case] of the principal axes on top the spatially closed RW metric, described by
ds? = — dr? + a*dx® + b*dy?
(2.38)
+ (b2 sin” 2ny + a* cos? 2ny) dz? — 2a® cos 2ny dxdz,

where n # 0 is a non-zero real constant. It reduces to the LRS Bianchi type I
metric (i.e., the Bianchi type I metric in (2.8) with ¢ = b, leading to H, = H,) for
n = 0. We note that, unlike the Bianchi type I and type V metrics, this metric
yields anisotropic spatial curvature, which would alter the evolution 62 o< s~ of the

shear scalar. The corresponding average expansion scale factor and average Hubble

parameter respectively read as s = (abz)% and H = § (H,+2H,).

EFE in (2.2) for the Bianchi type IX metric in (2.38) lead to the following set of

differential equations:

Clb ]'92 2 4 2
220 Ty <ﬁ—ﬁ)=8nGp, (2.39)
bR L 4 &
L <ﬁ_3b_4) _ 81Gp, (2.40)
.. .7 2
L4 b _ab_ ha 6. (2.41)

The shear scalar, in terms of the directional Hubble parameters, reads
1
o’ = 3 (= Hy)*. (2.42)

Subtracting equation (2.41) from equation (2.40), we obtain

b v i ab (1 da
tiy T ot n (ﬁ—ﬁ>:0. (2.43)

Rewriting the first four terms here in terms of H and 67 given in equation (2.42), we

obtain the shear propagation equation as follows:

. 4n? (1 d®

The 3-Ricci scalar for the Bianchi type IX metric in (2.38) reads

4 2
3R = 22 <z7 _ Z—4) , (2.45)
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2
with the present day value, 3Ry = 2n? <% — %) .
0 0

Note that the non-zero components of the 3-Ricci tensors for the Bianchi type IX metric

are as follows:

2 2 2
3Rl = 2n2%, and 3R =1R, =2’ (ﬁ — %) : (2.46)

It can be observed that 3-Ricci tensors are not all identical which means that the metric

has an anisotropic spatial curvature.

To solve shear propagation equation (2.44) we need to obtain scale factors a and b in

terms of 62 and H. Using the definition of H we can rewrite H, in terms of Hy as
H,=3H —2H,. (2.47)
Substituting equation (2.47) into equation (2.42) we get
o =V3(H—H,). (2.48)

From equation (2.48) H, yields to

b c
—=H - —. 2.49
b V3 ( )

Integrating equation (2.49) and using s we obtain the scale factor b along the y- axis

and scale factor a along the x- axis in terms of H and 62 as follows

g 1
a= aos3e_2j(H_ﬁ)dt, (2.50)

1
b = bye! T~ 75 2.51)

Hence, H = f in equations (2.50) and (2.51) reduce to the following form

1
a=agse’! o, (2.52)
Y
b=bose ! Vo (2.53)
Using dr = — % where z is the cosmic redshift we define in terms of s as z =

H(1+4z)
-1+ %, we re-express equations (2.54) and (2.53) as

a=ag(1+2) e > A", (2.54)
1

b=ay’(1+2) e V", (2.55)
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As we set so = s(z =0) = 1, ag and by must satisfy aob% =1, and therefore we used
_1
by =aq, 2. Substituting equations (2.50) and (2.51) into equation (2.44) we obtain shear

propagation equation only in terms of 62 and s as

. S 1 o 9 2[Zdr a(z) )
G+3-0c=—=n?(by%s 2 V3" — g . 2.56
E ( ’ b =20
Equation (2.56) can be rewritten as a function of the cosmic redshift z as
d 3 1 _9f__0O
T = 22 (1 gge ) (2.57)
dz 1+z +3H

Integration of equation (2.57) gives the contribution of the expansion anisotropy as a

function of z however we could not obtain analytically an exact cosmological solution
of equation (2.57). Hence, we now suppose that the Universe, all the way to the

recombination, exhibits similar expansion histories along all the principal axes, i.e.,

a~b~s, (2.58)

so that ag ~ by ~ s, satisfying s3 = apb} = 1. This is in line with the observed CMB
quadrupole temperature fluctuation (AT /T ~ 1072) setting an upper limit at the same
order of magnitude on the expansion anisotropy at the recombination era (1/QE¢ ~
107 at zgee ~ 103), which transforms to the typical upper limit Qg ~ 10729 derived

2

from 62 o< s~ relation [115-119]. Accordingly, the shear propagation equation (2.44)

can approximately be written as follows:

6+3Ho ~0, (2.59)
from which the shear scalar approximately reads

0% ~ogs®. (2.60)
Similarly, the 3-Ricci scalar equation (2.45) can approximately be written as follows:

SR ~3Rys 2, (2.61)

which is positive definite, as here >Ry ~ 61 > 0, corresponding to a closed space; e.g.,
to compare with the spatially closed (x > 0) RW metric, when we set a = b = s (so that
ao=bo=1assy=1)we find n2 = k > 0. Thus, in the case, for small anisotropies, the
modified Friedmann equation (2.1) can approximately be written by using 6% = Ggs’6,
likewise in the cases of the Bianchi type I and type V metrics, and 3R = 3Rps 2 > 0,

likewise in the case of the spatially closed (xk > 0) RW metric.
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2.5 Spatially Homogeneous, But Not Necessarily Flat And Isotropic, Spacetime
Extension Of The ACDM Model

The generalized Friedmann equation for the spatially homogeneous, but not
necessarily flat and isotropic, spacetime metric and the non-tilted perfect fluids that

we will confront with the observational data, can be written as follows:
3H? = 87G(p + px+ Po ), (2.62)

where p is the energy density of the total physical ingredient of the universe given
in equation (2.3), while px and ps are the effective energy densities corresponding
to spatial curvature (viz., the 3-Ricci scalar) and expansion anisotropy (viz., the shear

scalar) through the following definitions, correspondingly,

—%3R 62
- d = . 2.63
Px 371G and pPg 871G ( )

Consequently, using p from equation (2.3) along with the 3-Ricci scalars and the
shear scalars obtained above, we reach the following single generalized Friedmann
equation, describing the spatially homogeneous, but not necessarily flat and isotropic,
and non-tilted extension of the ACDM model, to be confronted with the observational

data:
H(s)
2
Hy
where the present-day density parameters satisfy Qg0 + Q0 + Qmo + Qi + Qao =

= Q505 0+ Qos ™+ Qumos > + Qios 2 + Qao, (2.64)

1 and among which Q¢ and Q4o are geometric terms; namely, Q.o stands for the
spatial curvature, which can be Qo = 0, Qo > 0, and Q. < 0, corresponding to
the spatially flat, open, and closed universes, respectively, and Q59 > 0 stands for

expansion anisotropy (viz., the shear scalar), which is non-negative definite.

In what follows, we call this model, described by equation (2.64), An-oACDM
model. We note that the An-oACDM model is mathematically equivalent to adding
stiff/Zeldovich fluid [33, 34] on top of the oACDM model, though these two models
are physically different. Namely, the new term Q405 ° on top of the oACDM model
contributes to the Friedmann equation like a source called stiff fluid described by the
EoS of the form pg/ps = 1, but in the An-oACDM model, this term arises from the

anisotropic expansion.

16



In other words, here, H (s) is the average expansion rate and the expansion rates along
the different principal axes need not necessarily be the same. Yet, we can define an
average redshift as z = —1 + % from the average expansion scale factor s, and then
rewrite this equation in terms of z for observational analysis purposes at the background
level. The observational analysis relying on this approach will then reflect only the stiff
fluid-like effect of the expansion anisotropy on the average expansion rate, H(s), of the
An-oACDM model. This in turn implies that the constraints, that we will obtain in this
work, can be adopted for the cosmological models that contain a stiff “fluid” on top of

the ACDM and oACDM models.!

For the observational analysis of the models, we will use SNIa and cosmic
chronometers (CC) data relevant to the late universe (viz., z < 2.4), and BAO and
CMB data relevant to the universe since the recombination (viz., the drag redshift
z4 ~ 1060 and last scattering redshift z, ~ 1090 involved in BAO and CMB data
analyses, respectively). In order to quantify the amount/effects of expansion anisotropy
within the framework of the considered theoretical model described by equation (2.64)
using the observational data, we have two main options: (i) We can perform a full
likelihood treatment of the data, so that, for instance, using the late time observational
data, which incorporates the location of objects (e.g., SNIa) in the sky, and can in
principle be able to distinguish between anisotropic expansion and stiff fluid. (ii) We
may explore the observational constraints on the model at the background level. We

prefer to proceed with the second approach for the reasons explained in detail below.

A full likelihood treatment of the late time observational data, which incorporates
the location of objects (e.g., SNIa) in the sky, can in principle be able to distinguish
between anisotropic expansion and stiff fluid, as these likelihoods use the differing
z and H(z) values along different axes of line of sight and incorporate these in an
object-by-object differentiation of the cosmological distances entering the likelihoods.
Such an approach would inevitably be necessary, e.g., in tilted models, since in this

case determining the dipole amplitudes and directions from different cosmological

ICosmologies with a stiff fluid era stemming from different underpinning theories are ubiquitous, but
differ in details (in particular, their perturbations and hence their imprints on the CMB anisotropies
are different [125, 126]), see Ref. [127] for a general discussion (theoretical) on the ACDM+stiff fluid
cosmology, and Refs. [33,34,61,128-131, 131-145] for some particular models of this type that include
sources (actual or effective) that resemble stiff fluid (permanently or temporarily).
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observations would have far-reaching consequences that may be beyond seeking
corrections on top of ACDM, as discussed also in the introduction (Sec. 1). However,
in our case, assuming non-tilted perfect fluids as in the standard cosmological model,
this would work most efficiently if the shear scalar was not predicted to resemble
a stiff fluid (62 o« s7°) by GR, but a source that exhibits a much flatter average
expansion scale factor dependence. For example, suppose the shear scalar resembles
dust (6% o< s73) via an anisotropic dark energy or a modified theory of gravity
(see Refs. [42, 43, 52-78]). In this case, unless a full likelihood treatment of the
observational data is performed, the constraints on the present-day density parameters
of a dust-like shear scalar and actual dust components would degenerate. On the other
hand, in the case anisotropic expansion is allowed on top of ACDM or oACDM, the
stiff fluid approach is not less robust in determining constraints on the (¢ parameter,
although it cannot map the state of expansion anisotropy in the sky. In particular, when
using the data relevant to relatively late universe (e.g., SNIa), the model independent
constraints—which naturally consider full likelihoods—on Q4 and the ones from the
stiff fluid like behaviour of the shear scalar only provide us with upper bounds, and
these are at almost the same order of magnitude in the two different approaches, viz.,
Qs0 S 1073 [103,107-114]. Also, in the stiff fluid approach on top of ACDM, the
upper bounds obtained by using the compressed BAO and/or CMB data are already
much stronger, Qg0 < 1071°; leaving anisotropic expansion on top of ACDM only as
a correction (see [103] and references therein), at least all the way the recombination.
That is, even if the compressed BAO and/or CMB data are used instead of full data, it
does not matter for the determination of Q509 whether the full likelihoods of the data

relevant to late universe (e.g., SNIa, CC) are used or not.

It is also worth noting that introducing isotropic (or almost isotropic) spatial curvature,
viz., the QKOS*2 term, on top of ACDM is similar to introducing a source described
by the EoS of the form ps/pcs = —1/3, such as cosmic strings (which can also have
negative mass density [146]). Accordingly, the An-oACDM model, the pure geometric
generalization of ACDM discussed here, resembles a cosmological model with cosmic
strings (CS) and a stiff fluid with a positive energy density on top of ACDM. However,
strictly speaking, this should only be considered true at the background level; a spatial

curvature term in the background and a source with w = —1/3, and similarly, the
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shear scalar term and a source with w = 1, give identical contributions to H(s), the
volumetric expansion rate of the Universe, but are not similar in their contribution to
CMB anisotropies [125, 126, 147]. Not to mention that the perturbations, hence the
CMB anisotropies, will differ when anisotropic expansion is allowed on top of the RW
spacetime, moreover they also differ depending on the theoretical models (see footnote

1) that introduce a stiff fluid like contribution on top of ACDM [125,126, 147].

For these reasons, exploring the observational constraints on An-oACDM at the
background level would provide us the opportunity to interpret these results also as
constraints on a large family of cosmological models containing stiff fluid on top of
ACDM and oACDM, rather than a particular model (each of which may be a separate
research topic); compromising the details of the underpinning physics/theoretical
model (see footnote 1) giving rise to stiff fluid type contributions in the Friedmann
equation. These models can, of course, be further constrained when, for instance, the
full CMB data are used and they can then be distinguished from each other based
on their perturbation differences. Lastly, the strongest upper bounds on anisotropic
expansion are obtained from the CMB quadrupole (I = 2 corresponds to the angular
scale O = /2 on the sky) temperature fluctuation (ATpjanck =~ 10w K [148], relevant
to perturbations) and/or BBN, viz., Qg0 < 10721 — 10723 (see [103] and references
therein). Compromising these in our analysis, implying relatively weaker constraints,
may be seen as a drawback, but this is preferred on purpose in the current work; in this
case, we would be able to assess whether the presence of anisotropy, as a correction,
yet at a level beyond the one imposed by the full CMB and/or BBN data, on top of
ACDM and 0oACDM could have consequences on the Hy tension [9] and/or the spatial
curvature (2,o) tension [8], which, in fact, is the main motivation of the current work,
rather than finding new improved constraints on the expansion anisotropy and spatial

curvature, when introduced on top of the standard cosmological model.
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3. DATA AND LIKELIHOODS

In this section, we briefly describe the used data sets, and the adopted methodology to

perform the observational analyses.

3.1 Cosmic Chronometers

We consider the compilation of 31 cosmic chronometer (CC) measurements of H(z)
lying in the redshift range 0.07 < z < 1.965, as shown in Table I of [24], and the
references therein. The principle, underlying these measurements, was first proposed

in [149], relating the Hubble parameter H(z), redshift z, and cosmic time 7 as

1 dz

The chi-squared function for these measurements, denoted by x%c, is

31 Hobs Zi _ch Zi 2
rc =y ) ! (32)
i=1 GHobs(Zi)

where H(z;) is the observed value of the Hubble parameter with the standard

deviation o2

Fobs ;) 25 given in the aforementioned table, and H™(z;) is the theoretical

value obtained from the cosmological model under consideration.

3.2 Snla (Pantheon 2018)

The Pantheon 2018 (Pan) sample comprises a large type Ia supernovae sample of 1048
measurements from five subsamples PS1, SDSS, SNLS, low-z, and HST spanning in
the redshift range 0.01 < z < 2.3 [103,150, 151].

The chi-squared function of the Pan data is given by

Xlgan =Au Cl;ail A.uT ) (3.3)

where Ay = 2

h : b :
20— u™. The observed distance modulus (uP™®) [152] is evaluated as
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where U ; is the observed peak magnitude at maximum in the rest frame of the B band
for redshift z;, while the quantity M is the nuisance parameter. On the other hand, we

evaluate the theoretical distance modulus as

u™ = 5log,o D+ M, (3.5)
where
Zemb HOdZ
Dy =(1+ —, 3.6
L ( Zhel) 0 H(Z) ( )

with zhe1 and zemp being the heliocentric and CMB rest frame redshifts, respectively.

The covariance matrix is measured as [153],
Cpan = Csys + Dgtat, (3.7)

where Ciys is the systematic covariance matrix. Further, Dy, is the diagonal covariance

matrix of the statistical uncertainty, calculated as

2
Dstat,ii =0,

g (3'8)

The detailed description and the systematic covariance matrix together with g ;, oﬁB o

Zemb, and zpe for the ith Snla are mentioned in [150].

3.3 BAO

The completed experiments of the Sloan Digital Sky Survey (SDSS) recently presented
the BAO measurements using galaxies, Lyman-a (Lyo), and quasars [154]. These
experiments include the compilation of data from SDSS, BOSS, SDSS-II, and eBOSS,
offering independent BAO measurements of Hubble distances and angular-diameter
distances relative to the sound horizon from eight different samples as shown in

Table 3.1.

The comoving size of the sound horizon (rg) at the drag redshift (zq), i.e., rq, is
calculated as:
* ¢edz

ra =rs(zq) = i m (3.9)

We use the best fit values of z4 for the spatially flat and non-flat cases as obtained
in [155] for the ACDM and oACDM models, respectively, for the CMB and
CMB+Lens cases. For CMB, we use zg = 1059.971 in ACDM and An-ACDM
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Table 3.1 : Clustering measurements for the BAO samples.

Parameter MGS BOSS Galaxy | BOSS Galaxy | eBOSS LRG | eBOSS ELG | eBOSS Quasar | Lya-Lya | Lyo-Quasar
Zeff 0.15 0.38 0.51 0.70 0.85 1.48 2.33 2.33
Dy(z)/ra | 4.47+0.17 — — — 18337037 — — —
Dy(z)/ra — 10.23+£0.17 | 13.36+£0.21 | 17.86+£0.33 — 30.69+0.80 | 37.6+19 | 37.3+£1.7
Dy (z)/ra — 25.00+£0.76 | 22.33+£0.58 | 19.33+£0.53 — 13.26£0.55 | 8.93+0.28 | 9.08+£0.34

models, and zqg = 1060.390 in oACDM and An-oACDM models. For CMB+Lens,
we consider zg = 1059.971 in ACDM and An-ACDM models, and zg = 1060.123 in
oACDM and An-oACDM models. Further, the sound speed of the baryon-photon fluid
¢ where R = 4939"0

3(1+R) 0(142)
physical density of baryons [156] and Qo = 2.469 x 1012 being the present-day

reads ¢y = with Qpo = 0.022/~2 being the present-day

physical density of photons [157-161].

BAO measurements directly constrain the quantities Dy (z)/rq and Dy (z)/rq. The

Hubble distance at redshift z is measured as

D = 3.10
H(2) H(Z) (3.10)
The comoving angular diameter distance Dy;(z) is calculated as
¢ o (Dc(z)
D = —8| —F+- 3.11
m(z2) Ho k(C/HO), (3.11)
where the comoving distance of the line-of-sight is
c < H()
D =— [ df— 3.12
c(z) Ho/o e (3.12)
and
sin(v/—Qx)/v/—Q  for Q <0,
Sk(x) =< x for Q, =0, (3.13)
sinh(v/Qx)/v/Qx for Qi > 0.

Further, these measurements are summarized by a quantity Dy(z)/rq, with the

spherically averaged distance Dy (z) as

1/3

Dy (z) = [zDy(2) D (2)] (3.14)

We now define the chi-squared function corresponding to each distance considered

in Table 3.1. We denote d; for Dy (z)/rq, dy for Dy(z)/rq, and ds for Dy (z)/rg,
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respectively. The chi-squared function for each measurement is considered as

2
2 obs th
d§* (z1) — d <z->)
2 1 i 1 \Ki
XB = 9
1 t—Zl Gd?bs(zi)
2
6 dObS(Z ) o dth(Z )

2 2 J 2 \%J
XBZ_ ; O jobs /., . ’
J=1 d3™(z)

2
6 dObSZ' —dch‘
= Y= ) 3(1)> : (3.15)
=1 Oag™ z))

Here, d°® is the observed distance value as given in Table 3.1, while d™ is the
theoretical value calculated for the models under consideration. In the case of
Dy (z)/rq4, zi (i = 1,2) are respectively the effective redshifts for the two measurements
of samples, MGS and eBOSS ELG. While, in the case of Dy(z)/rq and Dy(z)/r4, z;
(j=1,2,3,4,5,6) are respectively the effective redshifts for the six measurements:
BOSS Galaxy, BOSS Galaxy, eBOSS Galaxy, eBOSS LRG, eBOSS Quasar,
Lya-Lya, and Lyo-Quasar.

Thus, the total chi-squared function for the BAO measurements, denoted by x% AO>

reads

XBAO = XB, + XB, + X5, (3.16)
34 CMB

In [162], various cosmological models are constrained using the compressed CMB
likelihood information. In this approach, CMB measurements are compressed to the
variables that govern the expansion history of the universe. The compressed form helps
in simplifying the computations, and allows to fit complex models. Here, we follow a
similar approach and use the compressed likelihood information of the CMB data from

Planck 2018 chains [155] as described in the following.

In the case of CMB data, we fix the photon-decoupling surface z, = 1089.920 for the
spatially flat models (ACDM and An-ACDM), and the chi-squared function denoted
by xél, reads as

x&, =ApiCi(Ap)T, Ap; = pi" — pen, (3.17)

where i = 1,2,3 with p; = @y, p2 = Ocgm, and p3 = 1008yc. p*" are the mean

1

values of the parameters from Planck 2018 chains, and Cj is the covariance matrix for
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(@, Wcgm, 1006yc), given by

2.18x10°% —1.16 x1077 1.60x10°8
~1.16x1077 1.85x10°® —1.41x107"
1.60x 1078 —141x1077 9.62x10°8

Further, we fix z, = 1089.411 for the spatially non-flat models (0ACDM and
An-oACDM), and the chi-squared function denoted by x%z, reads as

18, = AqiCy (Agi)", Agi =g — g™, (3.18)

mean

where i =1,2,3,4 with g1 = @y, g2 = Wedm, g3 = 1000yic and g4 = Q. Here g;"**" are
the mean values of the parameters from Planck 2018 chains, and C; is the covariance

matrix for (®y, Wedm, 1000pc, ), given by

288x 1078 —1.68x1077 253x10% —1.30x10°°
—1.68x 1077 2.18x10% —218x10"7 1.04x107°
253%x1078% —2.18x1077 1.05x1077 —1.60x10°°
—130x107°% 1.04x107° —1.60x107% 2.94x10~*

Similarly, we evaluate the chi-squared distribution for spatially flat and non-flat

models in the case of CMB+Lens data.

In order to constrain the parameters of the models under consideration with
different combinations of the aforementioned datasets, we use a Python interface for
Multinest [163-165], namely the Pymultinest code [166]. We further analyze
our models with the Bayesian inference tool, nested sampling [167] that helps in model
comparison by calculating Bayesian evidence. We define the total multivariate joint

Gaussian likelihood function as

—762
Liot o< €xp (%) ) (3.19)

where the total chi-square function of all the datasets reads

Xioy = X&c ++Xpan + XBao + Xems- (3.20)
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In our study, we choose uniform prior distribution for all the model parameters,
viz., 35 < Hy [kms 'Mpc™!] < 85, 0.1 < Quo < 0.7, —40 < log;((Qs0) < 0
[except the analysis for the data sets CC, Pan, and CC+Pan, for which we use

—4 < log;((Qs0) < 0], and —0.3 < Q4 < 0.3. !

Finally, note that we aim in this study to constrain the allowed amount of expansion
anisotropy, quantified by its stiff fluid-like contribution, ps o< (1 4 z)%, to the
Friedmann equation (2.64), from the observational data on top of the ACDM and
oACDM models, and assess its effects (see section 2.5 for more discussion). Notice
that Qg5 is the fastest growing term with decreasing s, i.e., increasing z, in the
Friedmann equation. Therefore, we expect to typically achieve constraints getting
tighter on Q4 as we use data from higher redshifts; as is reflected in the sequence
of our discussion in the next section. Also, as the deviations from the isotropic
models would be pronounced more and more with increasing redshift, for guaranteeing
expansion anisotropy to remain as a correction all the way to the largest redshifts
relevant to the CMB and BAO data used in our analyses, we fix the drag redshift z4
(involved in the BAO data analyses, see section 3.3) and the last scattering redshift z,
(involved in the CMB data analyses, see section 3.4) for An-oACDM and An-ACDM
by using respectively the values obtained for o ACDM and ACDM in the Planck 2018
release [155].

Tn the CMB and BAO data likelihoods, we have used some fixed high redshifts values, viz., the drag
redshift z4 and the last-scattering redshift z., and therefore a small amount of anisotropy is expected in
our results, as a correction on the top of standard ACDM. The redshift z ~ 1100 of recombination where
the Universe is supposed to be matter dominated, is physically closely related to z, and z4. Therefore,
using Qn (z ~ 1100) ~ 1 and say, Qs (z ~ 1100) < 102 into 3—“]’1 = g—;g(l +2)3, the upper bound for g—:]g
is found to be ~ 107!, The test runs of the code suggested that the prior range —40 < log;((Qs0) < 0
is good enough to extract the information about (.
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4. RESULTS AND DISCUSSIONS

In this section, we discuss the observational constraints on the cosmological parameters
of the models (viz., An-oACDM described in (2.64) and its particular cases
oACDM, An-ACDM, and ACDM) obtained by using the data sets from the different
observational probes (viz., CC, Snla Pantheon, BAO, and CMB) and their various
combinations, and the methods as discussed in Sec. 3. In Tables 4.1, 4.2, and 4.3, we
report the bounds at 68% and 95% Confidence Level (C.L.) for Hy, Qpno, Qx0, and
log;((2s0), while we show the corresponding one and two-dimensional marginalized

posteriors in the figures from Figure 4.1 to Figure 4.6.

Table 4.1 displays the constraints on the model parameters from the CC, Pan, and
CC+Pan data, which are relatively low redshifts (z < 2.4) data. The accompanying
Figure 4.1 compares the constraints of different models for a given data set while

Figure 4.2 compares the constraints from different data sets for a given model.

Table 4.1 : Constraints on the An-oACDM, oACDM, An-ACDM, and ACDM model
parameters from CC, Pan, and CC+Pan data. The upper bound of
log0(Qs0) is at 95% C.L. The parameter Hy is measured in units of km

s~ Mpc~1.
Parameter CC Pan CC+Pan
An-oACDM
+3.1+6.2 +8+10 +1.9+38
Ho 68.2_03055'5 15 7068(;6150 0.11 69.0701(-)9673-(?11
+0.081+-0. +0.065+-0. +0.067+0.
A v e
+0.204-0. +0.14-+0. +0.14+0.
Qxo 0.025576 023 —0.01%5 14 0% | —0.025514 0%
logo(260) < —-2.23 < —1.77 < —=2.22
oACDM
13.0+6.2 +9+10 +2.0+4.0
o 67.9703(')%75'0913 7169(;6120 0.10 69'17020%53‘0910
+0.081+0. +0.062+0. +0.062+0.
Qo 0.32870 072014 | 0-318Z0055 011 | 0-32150053 5011
+0.1640.28 +0.12+0.26 +0.134+0.27
Qo 0.00%y 16 023 —0.05%y 167024 | —0.05751970724
An-ACDM
1+3.016.1 +9+10 +1.843.6
Ho o8-l 530%4_5'(3 13 697018;1 lOo 056 68.85%)53_366045
+0.064+0.13 +0.03140. +0.023+0.
Qmo 0.31 150 064—0.13 0-28470.02570.059 0’292—0.02370.046
log;((Q60) < =222 < —1.80 <-=2.19
ACDM
+2.945.6 +9+10 +1.8435
Ho 67'8—2.9—56 710200 69'0—1.873.5
+0.052+0.12 40.022+0.044 +0.020+0.041
Qmo 0.330%0:065—0.11 | 9-29876:025 0041 | 9-30276 021" 0.039
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Figure 4.1 : One-dimensional and two-dimensional marginalized confidence regions
(68% and 95% C.L.) from CC (top-left), Pan (top-right), and CC+Pan
(bottom) data for An-oACDM, oACDM, An-ACDM, and ACDM model
parameters. The parameter H is measured in units of km s~' Mpc~!.

We notice that, regardless of whether or not anisotropic expansion is allowed, the CC
data set constrains Hy better than Q,(, while the Pan data set constrains Qq better
than Hy. The combination of CC and Pan data provides stronger constraints on the
parameters of the models in general, but constraints on the expansion anisotropy, viz.,
Qs0, are not affected significantly, see Figure 4.2. When we use only the CC data
or Pantheon 2018 data, or the combination of these two, the upper bounds on the
expansion anisotropy are allowed to be large; up to log;5(Qs0) < —1.77 at 95% C.L.
(An-oACDM with Pan). The tightest upper bound is log;(Q2s0) < —2.23 at 95% C.L.
(An-oACDM with CC) and it is slightly looser than those obtained from the model
independent constraints, e.g., from the Snla data, log;,(Q2s0) < —3 assuming LRS
Bianchi type I background [107-113]. We notice that the models with spatial curvature

are predicted to be well consistent with the spatially flat (29 = 0) models in all these
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Figure 4.2 : One-dimensional and two-dimensional marginalized confidence regions
(68% and 95% C.L.) of An-oACDM (top-left), oACDM (top-right),
An-ACDM (bottom-left), and ACDM (bottom-right) model parameters

from CC, Pan and CC+Pan data combinations. The parameter Hj is

measured in units of km s~! Mpc~!.

analyses. We find no significant difference among the predicted Hy values, yet, it might
be interesting to notice that the introduction of expansion anisotropy leads to a slight
increase in the predicted mean value of H for the CC data and to a slight decrease in
it for the Pan data. Also, for these cases, the introduction of spatial curvature does not
change the constraints of the parameters, because these models are predicted to be well

consistent with a spatially flat universe.

Table 4.2 displays the constraints from the BAO data combined with the Pantheon
2018 data and from the CMB data (alone and in combination with the Pantheon 2018
data). We see that including the BAO data from the measurements at redshifts up to

z = 2.33 (see Table 3.1)—but carry information from much higher redshifts via the
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Table 4.2 : Constraints on the An-oACDM, oACDM, An-ACDM, and ACDM model
parameters from BAO+Pan, CMB only, and CMB+Pan data. The upper
bound of log;(Qs0) is at 95% C.L. The parameter H is measured in units
of km s~! Mpc—.

Parameter BAO+Pan CMB CMB+Pan
An-oACDM
1297656 12917 122752
th il | Miass | SOTaias
+0. +0. +0. —-+0. +0. +0.
Go |02 | bl | LR,
+0.0744-0. +0.017+0. +0. +0.01
Qo 0.0137507, 013 | —0-046 0014 0.032 | —0-00327G 5030 0012
log;0(260) <—143 <—16.3 <—17.1
oACDM
30172 12647 125751
Ho 67.45%2577603054 54-307 (3).59876() 11 66.75%)'2537468047
+0.027+0. +0.058-+0. +0.023-+0.
o | omortTe | omaietiin | oottty
+0.076+4-0. +0. .03 +0. +0.01
Qo 0.010 5076 013 | —0-045" 0016 0,031 | —0-0032750056 0013
An-ACDM
12527 064113 1060112
o 67.75%)'54_206029 67.575%’(%5_ 60 67.755%'5)05 016
01440. ) 017 0078-+0.01
Qmo 0.297 ¢ 0120028 | 0-3125 50083 0,017 | 0-31027 00078 0015
10g10(Q00) <143 <179 <172
ACDM
13427 065113 064112
Ho 67.651)’1347 5029 67'596%88577 017 67.756%’(%[ 017
+0.014-+0. +0. +0. +0. +0.
Qmo 0.29775014-0.027 | 93122750087 0'017 | 0-3100Z5'0084 0015

drag redshift zqg ~ 1060 information—in our analyses with low-redshift data, viz., Pan,
improves the constraints on the expansion anisotropy term considerably, as expected;
see also the accompanying figures, viz., Figure 4.3 and Figure 4.4. Accordingly,
when the CMB data set is not in the picture, the most stringent upper bound on the
expansion anisotropy is obtained by the BAO+Pan data, which is log;,(Qs0) < —14.3
at 95% C.L. irrespective of the presence of spatial curvature, as the cases with spatial
curvature are predicted to be well consistent with a spatially flat universe. However we
notice that, for the models with spatial curvature, the data predict slightly lower mean
values for Hy accompanied by a slight tendency towards a spatially open universe,
which can be associated with the negative correlation between Hy and Q,, see the
top-left panel of Figure 4.3. As discussed above, we expect to achieve the tightest
constraints on the expansion anisotropy when the CMB information, the data relevant
to the highest redshifts (z ~ 1100) among the data sets we used, is included in our
analyses. We notice that the constraints, both for the ACDM and oACDM models, are
in exquisite agreement with those obtained by the Planck collaboration [4]. We find
that the Hy predicted by the ACDM model with the CMB data only is in tension with

the local measurements of Hy [104—106], and this tension reaches a level more than 5¢
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Figure 4.3 : One-dimensional and two-dimensi(n;nal marginalized confidence regions
(68% and 95% C.L.) from BAO+Pan (top-left), CMB (top-right) and
CMB+Pan (bottom) data for An-oACDM, oACDM, An-ACDM, and
ACDM model parameters. The parameter Hy is measured in units of km
s~ Mpc~ 1.
with the SHOES collaboration measurements, where the latest estimation reads Hy =
73.04+1.04kms™! Mpc*l [104]. Moreover, we notice that this tension is exacerbated
by the introduction of spatial curvature, i.e., in the oACDM model, see Table 4.2 and
the top-right panel of Figure 4.3. This gives evidence for a spatially closed universe
at more than 30 level while lowering the predicted Hubble constant value [19, 20].
The introduction of the expansion anisotropy, i.e., the An-oACDM and the An-ACDM
models, does not modify these findings, as can be seen from the top-right panel of
Figure 4.3. This happens because, as can be seen from the same panel, within 20, the
CMB data set by alone already predicts that the anisotropic models, An-oACDM and
An-ACDM, remain consistent with their isotropic (59 = 0) counterparts, oACDM

and ACDM. However, the introduction of spatial curvature relaxes the upper bound
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Figure 4.4 : One-dimensional and two-dimensional marginalized confidence regions
(68% and 95% C.L.) of An-oACDM (top-left), oACDM (top-right),
An-ACDM (bottom-left), and ACDM (bottom-right) model parameters
from BAO+Pan, CMB and CMB+Pan data combinations. The parameter

H is measured in units of km s~! Mpc~!.

on 40 obtained for the An-ACDM model; namely, the constraint on the expansion
anisotropy relaxes from log;((Qs0) < —17.9 (95% C.L.) of the An-ACDM model
to log;(Qs0) < —16.3 (95% C.L.) of the An-oACDM model (see also the top-right
panel of Figure 4.3). The inclusion of the Pantheon 2018 data in our CMB data only
analyses, improves the determination of the parameters by breaking their correlations;
in particular, in the models with spatial curvature (see top panels in Figure 4.4 and
also the bottom panel of Figure 4.3). The introduction of the spatial curvature on
top of ACDM or An-ACDM in this case (CMB+Pan) does not affect the results as
now Q. is well constrained and is in good agreement with a spatially flat (Qxo = 0)

universe, see bottom panel of Figure 4.3. Therefore, the upper bound on the expansion
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anisotropy remains almost unaltered, viz., log;((Qs0) < —17.1 for An-oACDM and

log;((Qs0) < —17.2 for An-ACDM, both at 95% C.L.

It is well known that the prediction of spatially closed background by oACDM with the
CMB only data is accompanied by substantially higher lensing amplitudes compared
to ACDM, and that combining the CMB data with the lensing reconstruction (which is
consistent with spatial flatness) pulls the parameters of o ACDM back into consistency
with a spatially flat background within 20 [4]. Also, whereas the addition of CMB
lensing with the CMB data weakly breaks the geometric degeneracy regarding spatial
curvature, the spatial flatness can be tested to high accuracy by adding the BAO
data. Therefore, in Table 4.3, we present first the constraints from the combined
data sets CMB+Lens and CMB+Lens+BAQO, and then from the data combinations
obtained by adding astrophysical data sets, namely, Pantheon 2018 and CC; see also

the accompanying figures, viz., Figure 4.5 and Figure 4.6.

Table 4.3 : Constraints on the An-oACDM, oACDM, An-ACDM, and ACDM
model parameters from CMB+Lens, CMB+Lens+BAO, CMB+Lens+Pan,
CMB+Lens+BAO+Pan, and CMB+Lens+BAO+Pan+CC data. The upper
bound of log;5(Qc0) is at 95% C.L. The parameter Hy is measured in units
of km s~! Mpc—!.

Parameter CMB-+Lens CMB+Lens+BAO CMB-+Lens+Pan CMB+Lens+BAO+Pan | CMB+Lens+BAO+Pan+CC
An-oACDM
+2.0+4.3 +0.66+1.3 +1.8+4.0 +0.65+1.3 +0.62+1.2
HO 63'8—2.2—4.2 67'71—0.66—].3 66'2—2.0—}6 67‘78—(1.65—1.3 67'85—0.62—I.2
+0.022+0.043 +0.0063+0.013 +0.017+0.034 +0.00614-0.012 +0.0059+0.012
Qmo 0'34770.02270.043 0'3093—0,0063—01)12 0'323—0.0]7—0.035 0'3086—()‘0061—0.0]2 0‘3082—0.0059—0,011
+0.0062+0.012 +0.0021-+0.0040 +0.0050+0.0097 +0.0020+4-0.0040 -+0.0019+0.0038
Qo =0.0107Zy06> 0’012 | ~0-0006Zq 0021 ~0.0040 | ~0-00457¢ 0050 0,010 | ~0-0005706020" 0’0040 =0.0002Z¢6019- 00037
log((2s0) <-17.17 <—175 < —17.6 <—174 < -—17.1
oACDM
+2.14+4.7 +0.65+1.3 +1.94+3.6 +0.66+1.3 +0.60+1.2
HO 63'9—2.4—4.2 67'69—0.65—].3 66'2—1.9—35 67‘8070.6671.2 67'867()‘6071‘2
+0.023+0.046 +0.0062+0.012 +0.017+0.034 +0.0062+0.012 +0.0058+0.011
Qmo 0'346—04023—0,045 0'3096—0,0062—0.012 0'32370.01770.032 0'3085—0.0062—04012 0.3081 —0.0058—-0.011
+0.00664-0.012 +0.00204-0.0039 +0.0050+4-0.0093 +0.00214-0.0040 -+0.0020+4-0.0038
Q’m —0.01 03—0.0066—0.0] 3 _0‘0005—0.0020—04()039 _0‘0043—0.0050—0,00‘)9 _0'0004—04002 1-0.0042 —0.0001 —0.0020—0.0038
An-ACDM
+0.58+1.2 +0.4340.83 +0.55+1.1 +0.42+0.83 +0.42+0.85
HO 67'67—0.58—1.1 67'85—0.43—0.80 67'78—0.55—].] 67'90—0.42—0‘81 67'92—0.42—0.79
+0.0076+-0.015 +0.0056+-0.010 +0.00724+-0.014 +0.00544-0.011 +0.0054+-0.010
Q‘“O 0.31 1070.007670.015 0'308770.005670.011 0'309670.007270014 0'30807()‘005470.010 0'307870.005470.0|0
logo(Qs0) <-179 <—178 <-17.17 <—17.1 <—174
ACDM
+0.58+1.1 +0.4340.83 +0.56+1.1 +0.43+0.84 -+0.43+0.82
HO 67‘63—0,58—1,1 67‘84—0,43—0.84 67‘77—0,56—1.1 67‘89—0.43—0.83 67'89—0‘43—0,83
+0.0075+0.015 +0.005540.011 +0.00734-0.015 +0.00554-0.011 +0.0055+0.011
Qo 0.311675 00750015 0.30877 00550010 0.309770 00730014 0.308174/0055-0.011 0.30817 0055-0:010

We find that the constraints obtained here for the ACDM and oACDM models are
in excellent agreement with those obtained by the Planck collaboration [4]. We
observe that the results in Table 4.3 confirm the aforementioned points regarding
ACDM and oACDM, and the introduction of the expansion anisotropy does not change
the picture; the inclusion of the Lens data to our CMB analyses (CMB+Lens) pulls

the parameters of both the An-oACDM and oACDM models back into consistency
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with their spatially flat counterparts (An-ACDM and ACDM) within 20, and that the

inclusion of the BAO data further tightens the constraints to bring the said consistency
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Figure 4.6 : One-dimensional and two-dimensional marginalized confidence re-
gions (68% and 95% C.L.) of An-oACDM (top-left), oACDM
(top-right), An-ACDM (bottom-left) and ACDM (bottom-right) model
parameters from CMB+Lens, CMB+Lens+BAO, CMB+Lens+Pan,

CMB+Lens+BAO+Pan, and CMB+Lens+BAO+Pan+CC data combina-

tions. The parameter H is measured in units of km s~! Mpc~!.

with spatial flatness even below 10 (see also the top panels of Figure 4.6). We
notice positive correlation between Hy and Qo for all of the combinations of the
data sets see also Figure 4.6); the mean values of Hy typically tend to smaller values
accompanied by the slightly negative mean values of Q,, and this situation is the
most pronounced in the cases of CMB+Lens and CMB+Lens+Pan. With the inclusion
of the BAO data—i.e., in the cases of CMB+Lens+BAO, CMB+Lens+BAO+Pan,
and CMB+Lens+BAO+Pan+CC—Q is predicted to be zero with a precision level
of ~ 2 x 1073, We notice that the introduction of the expansion anisotropy does
not change the results (see Figure 4.5); at 95% C.L., the upper bounds on the

present-day expansion anisotropy remain stable for the different combinations of data
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sets, namely, between log,,(Q2s0) < —17.9 (CMB+Lens) and log;,(Qs0) < —17.1
(CMB+Lens+BAO+Pan) for the An-ACDM model, and get slightly weakened when
non-zero spatial curvature is allowed, between log;o(Qs0) < —17.7 (CMB+Lens)
and log;((Qs0) < —17.1 (CMB+Lens+BAO+Pan+CC) for the An-oACDM model
(see Figure 4.6). We observe that the inclusion of the data sets BAO, Pan, CC or
their combinations in the analyses with the CMB+Lens data does not improve the
constraints on the expansion anisotropy rather it slightly relaxes the upper bounds on
it (see Figure 4.6). Also, irrespective of the introduction of the spatial curvature,
even the loosest upper bound on expansion anisotropy, Qo < 1077 at 95% C.L.
(CMB+Lens+BAO+Pan+CC), obtained in our analyses with the CMB+Lens data is
about two orders of magnitude tighter than Qg < 10~ 15, obtained in Ref. [103] for
the An-ACDM model by using the CMB information along with the H(z), BAO, and
Pantheon data. With regard to the Hy tension, it was reported in Ref. [103] that the
predicted mean values of Hy in the case of the An-ACDM model are systematically
larger compared to the ACDM model, though not significantly. However, with the
tighter constraints on the expansion anisotropy found in the current work, it has almost
no effect on the predicted Hy value compared to the ACDM model. Thus, we conclude
that the introduction of expansion anisotropy on top of the standard ACDM model, or
its extension allowing spatial curvature as well, does not offer a possible relaxation
to the so-called Hy tension; at least, through its stiff fluid-like contribution to the

Friedmann equation.!

Finally, in order to compare the goodness of the statistical fits of the models, we
calculate their Bayesian evidences. To compare a model M, with a reference model

My, we compute the ratio of the posterior probabilities of the models, given by

P(M,|D) P(M,)

— 4 — B ,—— 4.1
P(My|D) ~ " P(My) :
where B, is the Bayes’ factor given by
EDIM,) &,
Byp=—F——""7==—. 4.2
"= EDIM) T “2

"However, it is important to recall here that we have limited our investigations to orthogonal (non-tilted)
models; otherwise it is possible to arrive at completely different conclusions, see, e.g., Refs. [92-94] as
well as Sec. 1 for a discussion and further references on this matter.
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The Bayes’ factor provides the strength of evidence according to Jeffreys’ scale [168],
viz., it is weak or inconclusive for |InB,,| € [0, 1), definite or positive for |InBy,| €
[1,3), strong for |InBy| € [3,5), and very strong for |InB,,| > 5. Here, we choose
the oACDM and ACDM models as the reference models for the An-oACDM and
An-ACDM models, respectively. This is because we have used the compressed CMB
likelihood information from the Planck chains for the flat and non-flat ACDM models
separately in our observational analyses. In Table 4.4, we show Bayesian evidences as

well as chi-squared minimum differences, where

AInB,p = In&pcpm — InEan—oacpm,
2 2 2
AXoa = Xmin.oACDM — Xmin,An—oACDM>
AlnBap = InExcpm — InEan—acpMm,

2 > 2
AXAA = Xinin, ACDM — Xmin, An—ACDM-

Table 4.4 : Bayesian evidences and chi-squared minimum differences.  Here,
AlnB,n = In€pcom — InEan—orcoms  AX2y = %I%ﬁn,oACDM —
XinAn—oacDm: AINBax = In€xcpm — In€an-acom, and Axx, =

2 2
Xinin, ACDM ~ Xmin,An— ACDM"

AlnB,a | Ax2, | AlnBaa | Ax3a
CMB 0.72 -0.04 0.86 0.01
CMB+Pan 0.60 0.03 0.57 0.08
CC 0.86 -0.08 0.78 -0.02
Pan -0.02 0.41 0.72 0.35
CC+Pan 0.46 0.08 0.37 0.06
BAO+Pan 0.17 -0.09 0.33 0.00
CMB-+Lens 0.61 0.12 0.29 -0.02
CMB+Lens+BAO 0.57 0.13 0.54 0.05
CMB-+Lens+Pan 0.54 0.15 0.54 -0.04
CMB+Lens+BAO+Pan 0.52 -0.15 0.53 0.05
CC+CMB+Lens+BAO+Pan | (.74 0.20 0.52 -0.08

In all of the cases, we notice that the strength of evidence is weak or inconclusive. It is
also consistent with the chi-squared minimum differences. It implies that the amount
of anisotropic expansion obtained in our analyses is very much allowed on top of the

ACDM and oACDM models by the observational data under consideration.
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S. CONCLUSIONS

In this work, we have presented an exploration of the possible advantages of the pure
geometric extension of the ACDM model, which is strongly motivated by the fact
that (i) it implies using more realistic spatial backgrounds than that of the spatially
flat and maximally symmetric spacetime, and (ii) it is the only way to generalize the
ACDM model without touching the physics that underpins this model. Accordingly, to
begin with, we have replaced, in the simplest manner, the spatially flat RW spacetime
assumption of the ACDM model with the simplest more realistic background that
simultaneously allows non-zero spatial curvature and anisotropic expansion; namely,
considered the simplest anisotropic generalizations of the RW spacetime, viz., the
Bianchi types I, V, and IX spacetimes (having the simplest homogeneous and flat, open,
and closed spatial sections, respectively) combined in one Friedmann equation (2.64).
We have then aimed to investigate whether the observational data still support spatial
flatness and/or isotropic expansion in this case, and, if not, to explore the roles of spatial
curvature and expansion anisotropy (viz., the shear scalar due to its stiff fluid-like
behavior) in addressing some of the current cosmological tensions associated with
the ACDM model [7-11]. We have presented the theoretical background and explicit
mathematical construction of this model, dubbed An-oACDM, in Sec. 2. We have
carried out the analyses of the model, and its particular cases, namely, An-ACDM
(allowing anisotropic expansion), oACDM (allowing non-zero spatial curvature), and
ACDM, by using the latest data sets from the different observational probes, viz., CC,
Snla Pantheon 2018, BAO, and Planck CMB(+Lens); see Sec. 3 for the data sets and
the methodology used, and Sec. 4 for the results (summarized in Tables 4.1, 4.2, and 4.3

and the figures from Figure 4.1 to Figure 4.6) and discussions.

We have found some deviations from spatial flatness and only upper bounds on
anisotropic expansion, which also affect the predicted Hubble constant and present-day
density parameter of the pressureless fluid, at various significance levels depending

on the data set used. However, when the data sets relevant to the low- and
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high-redshifts are simultaneously employed, all the extended models are predicted to
be indistinguishable from the Planck 2018 ACDM model [4], though we emphasize
that when the spatial curvature is free to vary, some tensions appear between the
data [19, 20, 22]. In particular, with regard to the expansion anisotropy, from the
low redshift data, viz., the CC and/or Pan data, we have found Qg0 < 1072 (about
one order of magnitude looser than the model independent estimations [107-113]),
while it considerably tightens to Qo < 107! with the addition of the BAO data.
We have obtained the tightest constraints, Qo < 107!8, when the data set relevant to
the highest redshifts (z ~ 1100), viz., the CMB(+Lens) information is considered in
our analyses. Yet, a very small amount of expansion anisotropy in the late universe
cannot be excluded; we have not observed a correlation between Q4o and the other
cosmological parameters, and therefore the inclusion of expansion anisotropy does not
modify their constraints. These conclusions are well supported by the ¥ and model

comparison analysis (see Table 4.4).

The main lessons that we have learned from this study, which considers the simplest
extension of ACDM that simultaneously allows non-zero spatial curvature and

anisotropic expansion, are summarized as follows:

e The combination at the face value of the current observational data, forgetting about
their tension, confirm the spatial flatness and isotropic expansion assumptions of the
ACDM model, yet a very small amount of expansion anisotropy in the late universe
cannot be excluded.

e The introduction of the spatial curvature or the expansion anisotropy, or both, in the
simplest manner, on top the ACDM model does not offer a possible relaxation to
the Hj tension.

e The introduction of the anisotropic expansion in the simplest manner neither affects
the closed space prediction from the CMB data only analyses, nor does improve the
drastically reduced value of Hy which is known to be led by a closed universe (see

for example [4, 19,20]).

Finally, we emphasize that our conclusions (with Qg9 < 10~18), which favor the
standard ACDM model, are based on our observational analysis of the model at
the background level using the compressed CMB data. It is conceivable that these

will be more pronounced with the already existing stronger upper bounds on the
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expansion anisotropy (Qgo < 10721-1072%) from the full Planck CMB temperature
and polarization spectra measurements [119-121], and the BBN light element
abundances [103,118,122,123], because of the absence of correlation between Q¢ and
the other cosmological parameters. Therefore, we can conclude that the pure geometric
extension of the standard ACDM model is not helpful in dealing with the cosmological
tensions, and the solutions should be sought in possible systematic errors or new
physics. However, one should be careful while deriving conclusions from the current
work; our findings may also be suggesting further exploration of the role of anisotropic
expansion in reaching a successful alternative to ACDM. We have studied an extension
of ACDM obtained by considering only the simplest anisotropic generalizations of the
RW spacetime, viz., the Bianchi types I, V, and IX spacetimes (among the spatially
homogeneous but not necessarily isotropic spacetimes; the Bianchi spacetimes and
Kantowski-Sachs spacetime [31,32]) combined in one Friedmann equation (2.64) and
then treated the shear scalar as a stiff fluid like correction to the usual the FLRW
model, thereby, ignored the line of sight of the data in the sky in our analyses. On
the other hand, it was suggested in [95] that, even within the simplest anisotropic
extension of ACDM (using LRS Bianchi type I spacetime, which describes spatially
flat but ellipsoidal universe), the Hy tension can be addressed when the comoving
angular diameter distance is allowed to be direction dependent, and additionally, the
Sg tension can be addressed when producing large-scale CMB E-mode correlations via
anisotropic expansion is allowed. More importantly, we have limited our investigations
to orthogonal (non-tilted) models, yet it is possible to consider tilted models; it is
possible to arrive at completely different conclusions through this possibility such as
addressing the Hy tension, but, which could go as far as describing the universe we live
in by a tilt and anisotropy on top of Einstein-de Sitter (suggesting that the accelerated
late universe is a misinterpretation of the data) [79-102] (see also Refs. [11, 12] for
recent reviews). Having said that, such models bring in additional free parameters to
be constrained and require investigation by using the full likelihood of the data, as it is
important to determine the amplitudes and directions of the dipole anisotropy in such
models. Thus, despite the null results of anisotropy in the simplest pure geometric

extension of the ACDM model that simultaneously involves anisotropic expansion
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and spatial curvature, pure geometric generalizations of ACDM without touching the

underpinning physics deserve further investigations.
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APPENDIX A

We consider Robertson-Walker metric in the form,

dx? 4 dy? +dz?

ds> = —dr* + 5 . (A.1)
[+ 52 +y2+22)]
Non-zero components of Christoffel Symbols written as,
16ss $
0 _ 0 _ 10 _ 1 2 _ 3 _
1_‘ll - F22 - l_‘33 - [4+ K(x2+y2+z2)]2’ l_‘Ol - FOZ - l_‘03 - ;7
2Kx 2Kx
[3,=0r%,=rl=— rL=rl =
BRI (24242 BT TP T A k(2 )2+ 22)
(A2)
L =r3.=1r%=- 2Ky 2 =12 = 2Ky
12 23 22 4+K(x2+y2+z2)’ 11 33 4+K(x2—|—y2+z2)’
2Kz 2Kz
[, =05 =03 =— 3, =03, = .
13 23 33 44 K(x2+y2+zz) 11 22 4+ K(x2+y2+zz)
Non-zero components of Ricci tensor written as,
§
Rop = —3-, (A.3)
S
§s+ 257 + 2K
Ri1 =Ry =Rz = ” 3 (A4)
[1+ 52 +y2+22)]
Ricci scalar yields,
§ £ K
R=6(-t5+5]). (A.5)
s s S

Within the framework of the metric given by (A.1), Einstein field equations read as,

2

K
Goo = 35 +3— = 82GTip, (A.6)
S S
2§ %)
Gi=— 5T gromy, (A7)
14+ 502 +y2+22)]
25§ 2 4
Gp=— ST Gy, (A.8)
14+ 502 +y2+22)]
2§ 2 4
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APPENDIX B

We consider Bianchi type I metric in the form,

ds? = —di? 4 a?dx® + b*dy? + >dZ>.

Non-zero components of Christoffel Symbols written as,

Non-zero components of Ricci tensor written as,

Ricci scalar yields,

Y = aa, l“(1)1:?
a
b
rgZ_bb7 F%zzza
9 =ce, T3==.
C
i b
R ______
00 a b C7
ac  ab
Rllza(il"i‘—'i‘—),
c b
. be  ab
R22=b<b+—+—),
C a
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(B.1)

(B.2)
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Within the framework of the metric given by (B.1), Einstein field equations read as,

Goo = —— + —— + —— = 87GT,
00 ab+bc+a 00,
b ¢ be
G =—d* | —+-+--) =8rnGT
11 a (b - bc> oy,
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APPENDIX C
We consider Bianchi type V metric in the form,

ds? = —di* + a’e2"dx? + bPe 2" dy? + 2dZ2.

Non-zero components of Christoffel Symbols written as,

_ a

F(l)l = age™ 2", F(l)l =,
a

1—‘0 _bb —2mz 1—*2 b
22 = bbe ) 02— 3>
b

0 . 3 ¢
F33:CC, 1—‘0322,

3 _ 3 _ 1 _ 2 _
I =1=m, I'y=I3=-m

Non-zero components of Ricci tensor written as,

o i b
00 — b C7
. 2
 omg (. ac¢ ab 2m7a
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. be ab 2m*b
Ry =be ™ [ b4+ =4+ ——
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R33:C C+—+———— 5
b a c

Ricci scalar yields,
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(C.2)

(C.3)
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(C.6)

(C.7)
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Within the framework of the metric given by (C.1), Einstein field equations read as,
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APPENDIX D

We consider Bianchi type IX metric in the form,
ds? = — dr? 4+ a?dx? + b2dy?
+ (b2 sin’ 2ny + a’ cos? 2ny) dz? — 2a® cos 2nydxdz.

Non-zero components of Christoffel Symbols written as,

) = aa, I3, = bb,
. 2
Iy = o ;= —ﬁn sin2ny,
| b a .
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Non-zero components of Ricci tensor written as,
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Ricci scalar yields,
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b a*n* b? n? ab
R=2|2———r+—=+4—=+2— ). D.8
(b gt At ab) (D.8)

Within the framework of the metric given by (D.1), Einstein field equations read as,

ab b 1 1d®
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