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ON SOME GENERALIZED EINSTEIN METRIC
CONDITIONS
SUMMARY

In this thesis, some family of generalized Einstein metric conditions on
semi-Riemannian manifolds are presented. It is proved that every Einstein
manifold of dimension > 4 satisfies some pseudosymmetry type curvature
conditions. Basing on this fact, we introduce a family of curvature conditions
holding on every semi-Riemannian manifold.

It is also proved that on any Einstein manifold the condition

R'C—C'RZWQ(%C) (1)

is satisfied. By using this fact, we investigate any non-Einstein, non-conformally
flat manifolds satisfying the condition

R-C—C-R=LQ(g,0C) (2)

and obtained that any manifold satisfying (2) is pseudosymmetric and in addition
C'- R = 0 on that manifold. Then we state two inverse theorems giving sufficient
conditions for (2).

Further, we investigate hypersurfaces immersed isometrically
in semi-Riemmannian space forms. Investigations of Cartan hypersurfaces
and Ricci-pseudosymmetric hypersurfaces lead to curvature identities holding
on every hypersurface M. Under some assumptions, we show that these
identities give rise to new generalized Einstein metric conditions holding on every
hypersurface M. We describe an example of a hypersurface having some of these
properties.



BAZI GENELLESTIRILMIS EINSTEIN METRIK
SARTLARI
OZET

Bu tezde semi-Riemannian manifoldlarda bazi genellegtirilmis Einstein metrik
sartlar1 sunuldu. Boyutu 4 ten biiyiik olan her Einstein manifoldunun bazi
psodosimetri tip egrilik sartlarimi sagladigi ispatlandi. Bu gercek kullanilarak
herhangi bir semi-Riemannian manifoldunda gerceklenen egrilik sartlar1 verildi.

Herhangi bir Einstein manifoldunda

R'C—O'R:mQ(gaC) (3)

egrilik sartinin saglandigr gosterildi. Bu ozellik kullanilarak
R-C—~C-R=LQ(y,C) (4)

egrilik sartin1 saglayan herhangi Einstein olmayan, konformal diiz olmayan
manifoldlar incelendi ve (2) gsartini saglayan bir manifoldun psédosimetrik oldugu
ve ayrica C' - R = 0 0zelliginin bu manifoldda saglandigi elde edildi. Daha sonra
(2) igin gerekli yeter sartlar1 veren iki karsit teorem sunuldu.

Ilave olarak, bir semi-Riemannian uzay formunda izometrik daldirilms
hiperyiizeyler incelendi. Cartan hiperytizeyleri ve Ricci-psodosimetrik
hiperytizeylerin incelenmesi herhangi bir hiperyiizeyde gecerli olan egrilik
ozelliklerinin ortaya cikmasina neden oldu. Bazi kabuller altinda bu egrilik
ozellikleri kullanilarak her hiperyiizeyde gerceklenen yeni genel Einstein metrik
sartlar1 gosterildi. Son olarak, bu ozellikleri saglayan bir hiperyiizey ornegi
sunuldu.

vi



1. INTRODUCTION

A semi-Riemannian manifold is said to be locally symmetric if the condition
VR = 0 is satisfied on that manifold. These manifolds are first studied and
classified by E. Cartan in the late twenties.

A semi-Riemannian manifold is said to semi-symmetric if the condition R-R = 0
is satisfied on that manifold. E. Cartan studied semi-symmetric spaces which is
a natural generalization of symmetric spaces. Z. Szabé classified semi-symmetric
spaces in 1980’s. Their semisymmetric or semiparallel submanifolds was studied
first by J. Deprez. He also classified those hypersurfaces and surfaces in Euclidean
spaces.

The study on totally umbilical submanifolds of semisymmetric manifolds and
study of geodesic mappings onto semisymmetric manifolds lead to the notion
of pseudosymmetric manifolds. A semi-Riemannian manifold is said to be
psudosymmetric if at every point of M the following condition is satisfied:

The tensors R - R and Q(g,R) are linearly dependent. This condition is
equivalent to the relation R - R = LrQ(g, R) where Lg is a function on the
set Up = {x € M|R — T G # Oat x}. Pseudosymmetric manifolds are a
generalization of semisymmetric manifolds.

Notion of pseudosymmetry give rise also to other curvature conditions called
conditions of pseudosymmetry type or generalized Einstein metric conditions.

In this thesis, we study generalized FEinstein metric conditions on
semi-Riemannian manifolds. This thesis is divided into 4 chapters:

Chapter 1, provides the necessary structure for this thesis. We cite
pseudosymmetrically related tensors, the basic definitions, some curvature
conditions and some results.

In Chapter 2, it is proved that every Einstein manifold satisfies some
pseudosymmetry type curvature conditions, and then by considering
non-Einstein and non-conformally flat manifolds satisfying that condition , we
introduce a family of curvature conditions holding on every semi-Riemannian
manifold.

Chapter 3 is concerned with hypersurfaces immersed isometrically in
semi-Riemmannian space forms. It is known that investigations of Cartan
hypersurfaces and Ricci-pseudosymmetric hypersurfaces lead to curvature
identities holding on every hypersurface M. Then by using these identities
we introduce new generalized Einstein metric conditions holding on every
hypersurface M. And finally we describe an example of a hypersurface having
some of these properties.

Finally, in Chapter 4, we give results and discussion.



2. PSEUDOSYMMETRIC MANIFOLDS

In this chapter we give the basic definitions, properties and results related with
the pseudosymmetric curvature conditions which will be used in the following

sections.

2.1. Pseudosymmetrically Related Tensors

Let (M,g), be an n-dimensional, n > 3, semi-Riemannian connected manifold
of class C* with Levi-Civita connection V. The Ricci operator S is denoted by
g(SX,Y) = S(X,Y), where X, Y € Z(M), Z(M) being the Lie algebra of vector
fields on M.

We define the endomorphisms X A4 Y , R(X,Y) and C(X,Y) of =(M) by

(X AAY)Z = A(Y,2)X — A(X, Z)Y, (2.1)
RX,Y)Z = [Vx,Vv]Z—VixyZ, (2.2)
CX,Y)Z = RX,Y)Z

1

K
—— (X Y XNY ——XN,Y)Z, (2
(XN, SY 48X\ Y = =X A, Y)Z, (23)

respectively, where X, Y, Z € Z(M), A is a symmetric (0,2)-tensor, £ the scalar

curvature and [X,Y] is the Lie bracket of vector fields X and Y. In particular
we have (X N\, Y) =X AY.

The Riemannian-Christoffel curvature tensor R, the Weyl conformal curvature

tensor C' and the (0,4)-tensor G of (M ,g) are defined by

R(X17X27X37X4) = Q(R(X1,X2)X3,X4)a
O(Xl,X2,X3,X4) = g(C(Xl,Xz)X37X4)7
G(Xl,XQ,Xg,X4> = g((Xl /\g X2)X37X4>, (24)

respectively. A tensor B of type (1,3) on M is said to be generalized curvature

tensor if



Y B(X1,X5)X3 = 0,
X1,X2,X3

B(X1, X) + B(Xy, X1) = 0,
B<X17X27X37X4) = B(X37X47X17X2)7 (25>

where B(XI,XQ,Xg,X4) = g(B(Xl,Xg)Xg,X4).

For symmetric (0, 2)-tensors £ and F' we define their Kulkarni-Nomizu product

E N F by

(ENAF) (X1, X2, X3, Xa) = BE(X1, X0)F(X2, X3) + E(Xa, X3)F(X1, X4)

— BE(X1,X3)F(Xs, Xy) — E(Xy, X4)F (X1, X3).

For a (0, k)-tensor field 7', k& > 1, a (0,2)-tensor field A and a generalized
curvature tensor B on (M,g) we define the tensors B - T and Q(A,T) by

(B-T)( X1, s X X,Y) = —T(B(X,Y)X1, Xo, .., X3)
S T(X, e X1, B(X,Y) X)), (2.6)
Q(AvT)<X17 """ 7Xk7X7Y> = _T<(X/\AY)X17X27-"7XI€)

— = T( Xy, o, X1, (X A4 Y)XR),(2.7)

respectively, where XY, Z X;, Xy,--- Xy € ZE(M). Putting in the above
formulas B=RorB=C,T=RorT=CorT =5, A=gor A= S we obtain
the tensors R-R, R-C, C-R, R-S,C-S, Q(g,R), Q(S, R), Q(g,C) and Q(g,S).

Let (M,g) be covered by a system of charts {W;z*}. We denote by
Gij, Rhijka Sij; Ghz’jk = 9nk9ij — 9njGik and

1
Chz'jk = ha’jk - m(ghksij - ghjsik + gijshk - gikShj)

o T O (2.8)

the local components of the metric tensor g, the Riemann-Christoffel curvature
tensor R, the Ricci tensor S, the tensor G and the Weyl tensor C| respectively.
Further, we denote by S;; = SZ-TS; and S,f = ¢’"S;, the local components of
the tensor S? defined by S*(X,Y) = S(S,Y), and of the Ricci operator S,

respectively.



2.2. Some curvature conditions

In this section, we present some considerations leading to the definition of a

pseudosymmetric manifold.

A semi-Riemannian manifold (M, g), n > 3, is said to be an Einstein manifold
if

K

S = p’ (2.9)

on M. Einstein manifolds form a natural subclass of the class of quasi-Finstein
manifolds.

A semi-Riemannian manifold (M, g), n > 3, is called a quasi-Einstein manifold

if at every point x € M its Ricci tensor S has the form
S =ag+ fww, (2.10)

where w € T*M and «a, f € R.

The semi-Riemannian manifold (M, g) satisfying the condition VR = 0 is said
to be locally symmetric [14]. Locally symmetric manifolds form a subclass of the

class of manifolds characterized by the condition
R-R=0. (2.11)

Semi-Riemannian manifolds fulfilling this condition are called semisymmetric
[15]. They are not locally symmetric in general. Here R- R is a (0, 6)-tensor with

components

(R R)nijkim = Vi ViRnije — ViV Ry
Reiji Ry + Birji i + Bhirk Ry, + Rhijr Ry (2.12)
A semi-Riemannian manifold is said to be Ricci-semisymmetric if on M we have

R-S = 0. A more general class of manifolds than the class of semisymmetric

manifolds is the class of pseudosymmetric manifolds [6].

A semi-Riemannian manifold (M, g) is said to be pseudosymmetric if at every

point of M the condition

R-R=LrQ(g,R) (2.13)



holds on the set Ur = {z € M| R— s G#0at x}, where L is some function
on Ug. There exist various examples of pseudosymmetric manifolds which are

non semisymmetric.

A semi-Riemannian manifold (M, g) is said to be Ricci-pseudosymmetric [7] if at

every point of M the condition
R-S=1LsQ(g,5) (2.14)

holds on the set Us = {z € M|S — £ g # 0 at 2}, where Lg is some function on
Us.

A semi-Riemannian manifold (M, g) is said to be Weyl-pseudosymmetric if at

every point of M the condition
R-C=LcQ(s.0) (2.15)
holds on the set Us = {xz € M|C # 0 at x}, where L¢ is some function on Ue.

(2.13), (2.14), (2.15) or other conditions of this kind are called curvature

conditions of pseudosymmetry type.

In this thesis, we present a family of curvature conditions of pseudosymmetry

type which was found recently:

The condition
R-C—C-R=LcQ(g,0) (2.16)
holds on the set U = {x € M| C # 0 at x}, where L¢ is some function on Uec.

The condition

R-C—C-R=LrQ(g,R) (2.17)
holds on the set Up = {x € M| R— 755 G # 0 at x}, where Lg is some function
on Ug.

The condition
R-C—-C-R=LQ(S R) (2.18)

holds on the set Uy = {x € M| Q(S, R) # 0 at x}, where L, is some function on
U.



The condition
R-C—-C-R=1LyQ(S,C) (2.19)

holds on the set Uy = {x € M| Q(S,C) # 0 at x}, where Ly is some function on
Us.

These conditions are curvature conditions of pseudosymmetry type and also
we note that curvature conditions of pseudosymmetry type (2.16)-(2.19) are

generalized Einstein metric conditions.

2.3. Basic Definitions on Hypersurfaces and Some Results

Let M, n = dim M > 3, be a connected hypersurface isometrically immersed
in a semi-Riemannian manifold (N, g). We denote by g the metric tensor of M,
induced from the metric tensor g. Further, we denote by V and V the Levi-Civita
connections corresponding to the metric tensors g and g, respectively. Let & be
a local unit normal vector field on M in N and let ¢ = §(¢, &) = £1. We
can present the Gauss formula and the Weingarten formula of M in N in the

following form:
VY = VxY +eH(X,Y)E, Vxé = —AX),

respectively, where X,Y are vector fields tangent to M, H is the second
fundamental tensor of M in N, A is the shape operator of M in N and
HYX,Y) = g(AX(X),Y), tr (H*) = tr (A¥), k > 1, H' = H and A' = A.
We denote by R and R the Riemann-Christoffel curvature tensors of M and N,
respectively. We denote by Uy the set consisting of all points x € M at which
the transformation A2 is not a linear combination of the shape operator A and
the identity transformation /d at x. Note that Uy C Us NUc [12]. The Gauss

equation of M in N has the form
R(X17X27X37X4> = R(X17X27X37X4) +8F<X17X27X37X4); (220)

where Xi,..., X, are vector fields tangent to M and H = %H AN H. Let
the equations 2" = z"(y") be the local parametric expression of M in (N, g),

where y” and z" are the local coordinates of M and N, respectively, and



hyi,j, k,l,m,p,q € {1,...,n} and r,s,t,u € {1,...,n+ 1}. Now we can write
(2.20) in the form

ox"

o (2.21)

Ryije = RosuBy B BB + ¢ Huig, By =

where Rmu, Ry, Fhijk = HppH;; — HpjHy, and Hyy, are the local components
of the tensors R, R, H and H, respectively. If M is a hypersurface in N1 (c),
n > 4, then (2.21) becomes

T

Rpiji = e(HpHij — HpjHyr) + m

Ghijk, (2.22)

where 7 is the scalar curvature of the ambient space and G, are the local

components of the tensor G. Contracting (2.22) with ¢¥ and ¢"*, respectively

we get
S = e(tr(H) Hig — H2) + =7 (2.23)
= e(tr — — :
hk hk Ly 1)ghk
and
k=c|(tr(H))? —tr(H?) | + (n=br (2.24)
n+1 "’ '
Ricci tensor and the scalar curvature, respectively, where tr(H) = ¢"*Hy,

tr(H*) = ¢g"*H?, and Sy are the local components of the Ricci tensor S

of M.

At the end of this section we present some results which will be used in the next

sections.

LEMMA 2.3.1 [11]. Let (M,g), n > 4, be a semi-Riemannian manifold. Let at

point z € Us N U the following two conditions be satisfied:

S = pg+pa®a,
> a(X)B(Y,Z) = 0,
X,Y,Z
for some nonzero covector a , where B = R — G, p, p, v € R. Then at x we

have :

R.R:LQ(%R):Q(S’R)_%

Y- Q(g.0), n=

3=

LEMMA 2.3.2 [8]. Let (M,g), n > 3, be a semi-Riemannian manifold. Let at

a point x € M be given a nonzero symmetric (0,2)-tensor A and a generalized



curvature tensor B such that at x the following condition is satisfied: Q(A,B)=0.
Moreover , let V be a vector at x such that the scalar p = a(V') is nonzero ,
where a is a covector defined by a(X) = A(X,V), X € T, M.

(i) If A= %a@ a then } vy, a(X),B(Y,Z) =0 at x, where X, Y, Z € T, M.
(ii) If A — %a ® a is nonzero, then B = AN A, v € R, at x. Moreover in both
cases , B - B = Q(Ric(B), B) at x.

LEMMA 2.3.3 [8]. Let (M, g), n > 3, be a semi-Riemannian manifold. Let at a
point z € M be given a symmetric (0,2)-tensor A and two generalized curvature
tensors B; and B, such that B; = %A AN A and By, = g A A, respectively. Then at

x we have
Q(A7 G) = _Q(ga BQ) a‘nd Q(Aa BQ) - _Q(Q; Bl)

THEOREM 2.3.1 [8]. Let (M, g), n > 3, be a semi-Riemannian manifold. If at

a point x € Us N U its curvature tensor R is of the form
Rz%S/\S%—ug/\S—I—nG, o, 1, n € R,
then at x we have

R-R=LzQ(g,R) = Q(S,R) + (L + g> Q(g,0),
where Lg = £((n —2)u — 1) —n(n — 2).

LEMMA 2.3.4 [5]. Let E be a symmetric (0,2)-tensor at a point x of a

semi-Riemannian manifold (M,g), n > 3. If
E=a9+pu®@u, o,fecRuel,M,
then at x we have
E?=aE+ B9, &, B€R.

LEMMA 2.3.5 [5]. Let (M,g), n > 3, be a semi-Riemannian manifold. Let
E be a nonzero symmetric (0,2)-tensor at a point x € M. If at x we have

QE—-ag,gNFE)=0,acR, then

E* = aE + fg,



where &“,B e R.

PROPOSITION 2.3.1 [13]. Let M be a hypersurface in N**!(c) , n > 4. The

following identities are satisfied on M

R-S = QH,tr(H)H? — H®) + ﬁ@(g, tr(H)H — H?), (2.25)
R-C — Q(S,R)—%g/\(Rﬂ)
(n—2)r T

PROPOSITION 2.3.2 [13]. Let M be a hypersurface in N™™(c) , n > 4, satisfying

the condition

Z <R'C)<X17X27X3aX4;X7Y) :0
(X1,X2),(X3,X4),(X,Y)

Then the following identities are satisfied on M

H® = tr(H)H? + \H — %g, (2.27)

RS = ot Qe.8) — QU H), (2:28)
B 1 B (n—2)7

(=37 Q(S,G), (2.29)

(n—2)n(n+1)

where A is some function on Uy and
p = tr(H)tr(H?) — tr(H?) + \r(H).

PROPOSITION 2.3.3 [12]. Let M be a hypersurface in N**!(c) , n > 4. Then
the following identity is satisfied on M

(n—2)7

R.R:Q(S’R)_n(n—l—l)

Q(g,0C), (2.30)

where 7 is the scalar curvature of V.



3. SOME FAMILY OF GENERALIZED EINSTEIN

METRIC CONDITIONS

In this chapter we prove that every Einstein manifold of dimension > 4
satisfies some pseudosymmetry type curvature conditions. Basing on this fact
we introduce a family of curvature conditions. We investigate non-Einstein

manifolds satisfying one of these conditions [10].

3.1. Einstein Manifolds Satisfying a Certain Curvature
Condition
In this part we obtain some basic identities which will be used in the next results.

Using the definition of the tensors R - C and C - R given in (2.4) we get

(R - O)nijiim = 9" (Criji Rshim + Chrjk Rsitm + Chirk Rsjim + Chijr Rskim),  (3.1)

(C - R)nijiim = 9" (RrijkCshim + RhrjkCsitm + RuirkCsjim + RnijrCsiim)-  (3.2)
Contracting the tensor Q(g, R) with ¢ and ¢"™, respectively, we get

97Q(9, R)nijiim = —9” gmnRuiji — 9mi9” Ruijk — 9mi9” Rhitk — k9" Rnji
+glhginmikj + gliginhmjk + gljginhimk + glkginhijm
= Q(9,S)nkim; (3.3)
9""Q(g, Rnijtim = "™ (= GmnRiiji. — GmiBnijk — Gmj Bhitk — Gk Rniji
+9in Rmikj + GuiRhmjk + 915 Rhimk + GiuRhijm)

= —(n— 1) Rijr, — 91k + guSiy, (3.4)
respectively. Contracting the tensor Q(g, C') with g%, we have

gijQ(% C)hijklm = _gmhgijClz’jk — Chimk — Chamire — gmkgijchijl + glhgijcmijk
+ 91697 Chijm + Chmie + Chimk + 9”7 gk Chijm
= 0. (3.5)

10



Contracting the tensor Q(g,C) with ¢" and Q(S,R) with ¢ and g¢"™,
respectively, we get
99, Onijkim = 9" (= 9mnCiijk — GmiChijr — Gm;iChitk — Gk Chiji

+9inCrmiji + 9iChmjr + 915 Chimk + 9ikChijm)

= —(n—1)Cluj, (3.6)
97Q(S, R)nijkim = Atkhm — Atk — Amicnt + Atk (3.7)
9" Q(S, Rnijkim = Aujk — Ak — Ajir — Apijt — 5 R
+SiSij — SjiSik, (3.8)
respectively , where
Apij = Sp Rsijk- (3.9)

Using (2.8) in (3.1) we obtain

(R COhijrim = 9" (CrijeRshim + ChrjrRsitm + Chirk Rsjim + Chijr Rskim)

= (R R)nijkim — ﬁ [thlmsij — RjnimSit + RjitmShi
— RpitmShj — RujimSik + RijimShk + RhiimSij — RikimShj
+3ij Sk Rshim + gnieS; Rsitm + gnieS; Rsjim + 9i5:S, Rskim
—9ik:S; Rshim — gnj Sy Bsitm — GikShRsjim — Gn; S;Rsklm:|

K

+(n—1)(n—2)[ hkimJij jhim3ik T LljitmYhk kilm3hj

+Rijim9nk — RrjimGix + RBrkim8ij — Riklmghj:|
1

n—2)

—Gik(Ajnim + Anjim) — Gnj(Akitm + Aiklm)} . (3.10)

= (R R)nijkim — |:gij (Akhim + Ankim) + gnk(Ajiim + Aijim)

Applying in the same way (2.8) in (3.2) we get

(C - R)pijkim = 9" (RrijkCshim + RurikCsitm + RhuirkCsjim + RhijrCskim)
= (R R)nijkim

1 K
~n =g Bhhagun + e
1

_m(ghlAmijk — 9 Atijk — GiaAmnjk + GimAinjk

Q(ga R)hijklm

+9i1Amkhi — GimAkhi — GriAmini + GremAijni)- (3.11)

11



Now combining (3.10) and (3.11) we obtain

K

m@(g, R) hrskim

- grs(Ahk‘lm + Akhlm) - ghk(Arslm + Asrlm) + Grk (Ahslm + Ashlm)

(n - 2) (R ¢ - C- R)hrsklm = Q(Sa R)hrsklm -

+ ghs(A'rklm + Akrlm) - gklAmshr - gsmAlkhr + ghlAmrsk

— ghmAlrsk: — grlAmhsk + grmAlhsk: + gslAmkhr + gkmAlshr- (312)

By contraction with ¢"* and making use of (3.3) and (3.7) yields,

(n—=2)g"(R-C — C R)prstim = 9" Q(S, R) hrskim — (n—imgrsQ(Q, R)hrskim
— 9" 9rs(Ankim + Arhim) — 97 gnie(Arsim + Asrim)
9" Gt (Ansim + Ashim) + 9" gns(Arkim + Akrim)
9" g Amrsk — 9" Ghm Arsk — 9" GriAmnsk + 9 Grm Ainst

+ gmgslAmkhr - grsgsmAlkhr - grsgklAmsh'r + grsgkmAlshr~
This, making use of (3.9), yields

(n—2)g"(R-C — C- R)rskim = Atkhm — Athmk — Amknt + Amnik
- %(thskm + gk1Shm — GhmSkt — GrmShi)
= (Ankim + Arnim) = 97 Gre(Arsim + Asrim) + 97 g Amerst
= 9" ghmArsk — 97 g1 Amshe + 97 Gem Aisir + 05 (Ansim + Asnim)
+ 0 (Arkim + Akrim) — 07 Amnsk + 0, Atnsk + 6] Ak — Op, Atk

= —(n - 2)(Ahklm + Akhlm) + gni (ank - ﬁ&gm)
K K
+ 9 (anh - —(n — 1)Shm) — Omk (th — —(n ) Sm)

K
—Y9hm (ka - m&d) .

If we define tensor D by

S — S (3.13)
we obtain

gij(R -C—-C- R)hijklm = GnDrm + 961 Dhm — GhmDii — GemDhi
—(Ankim + Akhim)- (3.14)

12



Contracting (3.12) with ¢"™ and using (3.4) and (3.8) we obtain

(n—2)¢""(R-C — C R)pijkim = SuSij — SiSik — nuijn — 2Auk
K K

+ gu(Eij — msij) — gi(Ei — — ]

+ gi(Ej — 5321) — gij(Ew — S5) + 2Aun + 2455 + 2Am

Sik)

+  (Auji + Akij + Ajri) + (Auge + Aijir + Airaj)-
Finally we get
K
(n—2)g""(R-C — C- R)pijrim = SuSij — SjSik + gu(Eij — mSzj)

K
— gi( B — —] ir) = 9ij(Bx — Siy) + gin(Ejn — S3)

— nAujr — 2405, + 2(Aujk + Ajik + Ariy), (3.15)
where the tensor F is defined by

Eij == STSRMJ‘S. (316)

By using the identity (3.12) we prove the following theorem

THEOREM 3.1.1. On any semi-Riemannian Einstein manifold (M, g), n > 4,

we have
R-C-C R—LQ( R)—LQ( )
(n—=1)n 9 (n—1)n 5
PROOF. Using (2.9) in (3.9) we get,
K K
Amijk = anRsijk = o gStgtmRsijk = i Rmijk:- (3.17)

Now if we use (3.17) in the identity (3.12) we obtain

K K
(n—=2)(R-C — C-R)ijim = - Q(9, R)hijkim — Y Q(9, R)hijkim

K
+ - I Lomijr — GrmBuijk — gaBmngr + GimLanjk + gji Bomkni

—  gimPBikni — g Rmini + GemBijni — 9ij(Rikim + Rihim)

—  9nke(Rijim + Rjitm) + Gir(Rujim + Rjnim) + 9nj(Rikim + Riitm) | -
Then we have

R~C—C-R:%Q(g,ﬁ’) (3.18)



and

C=R= o5 G (3.19)

Then we obtain Q(g,C) = Q(g, R). Applying this in (3.18) we get our assertion.

With respect to Theorem 2.1.1 in the next sections we restrict our considerations

to the subset U = Us N U of M.
3.2. Manifolds Satisfying R-C — C - R = LcQ(g,C)
Let us write R-C' — C - R = LcQ(g,C) in the form
(n—2)(R-C—C-R) = (n—2LoQg,C). (3.20)
Contracting with g%, in the view of (3.5) and (3.14), we obtain
Apkim + Aknim = g Dim + 91 Dhm — ghm Dt — Gem Dha- (3.21)

Contracting (3.21) with ¢"™ we get

9" A + 0" At = 6" 91 Dim + 9" gk1 D — 9™ Ghim Dia
~ 3" G D,
S Regim + Sty = Dig + gritr(D) — nDyy — Dy,

and therefore by using the definition of the tensor £ we get

—2 nkK
E _ 2
R L A Yy

S+ tr(D)g. (3.22)
Further, summing cyclically (3.21) in h,l, m we get
Ankim + Akmn + Amk = 0
This together with (3.21) yields
—nAuje — 2Au5 + 2(Auje + Ajirs + Arag) = —nAiirg — 2Au k.

Note that
A + A = 913 Dire + 955Dk — g Dij — gDy
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Hence

—nAuk; — 2Au; = —nAur; — 2(—Augk + 93Dk + 91Dk — gk Dij — ginDij)
= —nAup + 2Aum — 2Q(g, D)ujr
= —(n—2) Ak — 2Q(g, D)iiji
—(n=2)Au — 2Q(g, D)ujx = —nAue — 2Aun + 2(Auijr + Ajin + Apaj)-

(3.23)
Contracting (3.20) with ¢"™ and using (3.6) and (3.15) we have
g"™(n — 2)(R-C —C R)pijrim = 9" (n — 2)LeQ(g, C)nijrim
= SuSij — SjuSik
K K
+ G (Eij - m&j) — 951 (Eik - m&k)
— 9 (BEw — Si) + gin(Ej — S3)
— nAujr — 2405k + 2(Aujk + Ajak + Akiy)
= —(n — 1)C’h]k(n — 2)LC
K
—  SjiSik + SkiSij + gri (Eij - mSij)
— gl B — o Sir | — gi;(E _52)
3l 7 n—1 ik iJ kl ki
+ gin(Ej — S3) — (n— 2) Aiji — 2Q(g, D)iji
= —(TL — 1)(72 — 2)LCC’“jk
Using (3.13) and (3.22), we get
E—-S*+2D = —(n—-2)D+tr(D)g,
E- " _s419p = tr(D)g,
n—1
and using this relation we obtain
(n—2)Aujr = SuSiy — SjuSik
+ tr(D)(9gmgij — 9jtgin + Gingjt — 9ijgi)
K
- 2Q(g, D)iji — gij( Skt — 5131)
n—1
K
+ Qi (mSjl — S?l) + (Tl — 1)(n — 2)LCC’”jk
1
A = m(sklsij — S;Sik)
+9i; Dt — giDji + (n — 1) LeClyjig. (3.24)
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By using (2.8) and (3.13) in (3.24) we get,

1 _
(n - 1)LCClijk = Alijk - mslijk - gijDkl + giijl
T 1 Q

= Sl Rrijk - msliﬂc - gijDkl + giijl

S (Crige+ ——(g A S) " Griin)

- l rijk n—29 g rijk <n _ 1)(n — 2) rijk

1 —
— == Sujk — 9i;D ik D
2(n—2) lijk — 9ij Pkt + gi i

(n — 1)[40011']'].3 = S;C”]k (325)

(3.20) in virtue of (3.12) takes the form

LeQ(9, Onikim = (R.C — C.R)hijkim

1 K
e {Q(S, R) it — nTQ(g’ R)nijhim

n—2 1

+gik(Ahjlm + Ajhlm) + (ghlAmijk: - ghmAlijlc - gilAmhjlc
+Gim Atk + Gnj(Aikim + Akitm) — Gnk(Asjim + Ajitm)
+glemkhi - gijlkhi - gklAmjhi + gkmAljhi)

— i (Apgim + Akzhlm):| .

Applying (3.21) and (3.22) on the right hand side of the equation

K
(n — 2)LeQ(g, C)nijkim = —Q(S; R)nijrim + m@(ga R) hijkim

1
— 9n [n — 2<Smk5ij — SmjSik) + 9ijDmk — GikDmj + (n — 1)LCCmijk1

1
— Gmm [m(slksij — Si;Sik) + 9ij D — g Dij + (n — 1)LCClijk:|

1
- Ga [n — (SmkShj — SmjSnk) + GhjDmk — ghe Dy + (1 — 1)Lchhjk]

1
+  Gim [m(slkshj — S1iShk) + 9niDik — gniDij + (n — 1)LCClhjk:}

1
+ gu {n — (SmiSkh — SmnSki) + gknDmi — Gie D + (0 — 1)Lchkhi]

1
— Gjm [m(sliskh — SinSik) + 9en D — g Dip + (n — 1)LC’Clkhi:|

1
— Gk [n — 2<Smith — SmnSij) + 9inDmi — 9ij Dmn + (0 — 1)Lchjhi]

1
+  Gkm [H(Slisjh — SinSij) + 9in Dy — gijDin, + (n — 1)LCCljhi:|
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+ (90 Drm + 9t Drm — 9hm Dt — GemDni) + Gri(GiuDjm + gt Dim
—9imDji — gimDir) — Gir(gruDjm + 9j1Dnm — GmDji — GjmDhi)

—9in(Gi1Drm + gu1Dim — Jim Dt — Grem D).

Then we get

K

(n - 2)LCQ(9?0) = Q(Sa R) - N — 1Q<ng)

+5Q(9, %S A S)+ (n—1)LcQ(g,C).

Hence we obtain

K 1 _

_ 1Q(97 R) + m@(% S)+ LcQ(g,C) = 0.

Q(S7 R) - n

Applying now Lemma 2.3.3 we have the following

Qg 55 1 S) = ~Q(S,9 1 5),

and therefore we get

K

Q<S7R>_n_1

1
Qo R)~ —5Q(S,918) + LeQ(g.C) =0, (320)
Using the definitions of the tensors in (3.26) we get,

— SonRiijr — Smilnije — SmjRuie — SmkRhiji + SinRomiji + Sii Rhmgi

+  SiRuimk + S Rhijm
K

n—1 <_gmthz’jk - gmiRhljk - gijhilk - gmthijl + glhRmijk

+  GuiBhmjk + 9ij Rhimk + glthz'jm)

1
+ —Y (_ghksmhsij — GijSmh Stk + 91;SmnSik + Gik:Smn Sty — GhkSmiSi;

— G1j9miSij + 9njSmiSik + GueSmiShj — GhkSmjSi — GitSmiShk + GhiSmjSik

+  9itSmjiSni — GriSmkSij — GiiSmkSh + GnjSmeSi + GitSmkShj + GmkShSij

+  9ijSinSmk — GmjSinSik — GikSinSmj + GnkS1iSmj + GmjSiiSuk — GnjSii Smk
— Gk S1Shj + GniS1iSim + GimSiiShk — GhmS1jSik — Git S Shm + Grm Sk Sij
+ 9ijStShm — GnjSueSim — gimSlkShj)

+  LeQ(9, Cnijrim

0
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and we have

K K K
Chmjk(jgli - Sli) - Chimk(mglj - Slj) - Chijm(mglk - Slk)
K K K
+  Chi( — 1gmj — Smj) + Chijz(mgmk — Smk) — Cmijk(n — 1glh — Sin)
K K
+ Clijk(mgmh — Sn) + Chlk(mgmi — Smi)
+ LCQ(97 O)hijlm
= 0.
Finally we obtain
K
Q(S — (n - - - Lc) 3.C) = 0. (3.27)

We have the following

PROPOSITION 3.2.1. Let (M,g), n > 4, be a semi-Riemannian manifold
fulfilling the property (2.16). Then on the set U C M we have

Q(S—( “1—Lc>g,0>=o.

n —

According to earlier remark we restrict our consideration to the subset U. If
v € U then S — (-5 — L¢)g # 0 at x and applying Lemma 2.3.2 we have two

cases depending on the rank of the tensor S — (-£+ — L¢)g.

n—1

() S~ (5 — Lo)g = fa@a,

n—1

In local coordinates, we have

anCijrt + a;Cing + a;Chipg = 0, (3.28)
Q(Ric(C),C)=0 = C-C=0. (3.29)
(3.28) implies a,a” = 0. Now contracting
Sij = (35 — Le)gij + Baia; with g7 we get
K
Lo =———. 3.30
¢ n(n —1) (3:30)

Consequently we obtain in sequence:

K
S = 9 + Ba ® a,
2 R K , .

/{2 K
= 59t 255@ ®a).
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Using the above identity in (3.13)

1 K2 K K K
D = m(ﬁngQEﬁ(a@a)) — (n_1>(n_2)(ﬁg+ﬁa®a)
_ K K2
2
= LSy

So we get Q(g, D) =

LcQ(g,S) and using this with (3.21) we get

R-S=LcQg,S). (3.31)

Applying (2.8) in the identity

(C - Ohijkim =

Then we obtain

(C - O)hijkim

Using (3.25) we get

(C - S)nijin

grs<CrijkCShlm + Chrjkcsilm + Ohirkcsjlm + Chijrcsklm>
1

(C' - R)hijkim — p— {ghkz(c - S)ijim + 9i5(C - S) hgim

_ghj(c : S)iklm - gik(c : S)hjlm:|

1
n—2

{Ckhlmsij — CinmSik + CjitmSnk — ChritmShj

+CijimShk — ChjimSik + ChkimSij — CiklmShj:|

K

+(n—1)(n—2)[ khimYij himik T Clitmhk

—Clitm9nj + Cijimnk — Chjimix + Chiimij — z’klmghj:| :

1

(C - R)hijkim — n_9 (ghk<c - S)ijim + 955 (C - S)hkim

—gni(C - S)iktm — gir(C - S)hjzm> : (3.32)

|
Q

"(SriCsnjk + ShrClsiji) = S; Csnjr + SpClijk

n — 1) Le(Cingk + Chij)

I I
(a») —~

Using this identity with (3.29) we get

C-R=0.
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So R-C = LcQ(g,C) and using (3.31) we have also

R-R=LcQ(g, R).

(ii) rank(S — (%5 — Lo)g) > 1.
Let us put a = S — 5 — Lg and W = § — ag. According to Lemma 2.3.2, we

have C'= IW A W. Thus using (2.8) we get

<n—1in—2)G)'

Applying now Theorem 2.3.1 we obtain R+ R = LcQ(g, R). In the same manner

1 1
R:—S/\S+(——a’y)g/\5+(’ya2—
2 n—2

as in the case (i) we obtain C'- R = 0. Thus we have proved

THEOREM 3.2.1. Let (M,g), n > 4, be a semi-Riemannian manifold fulfilling
R-C—C-R=LcQ(g,C). Then on U € M we have R- R = LcQ(g, R) and
C-R=0.

COROLLARY 3.2.1. Let (M, g), n > 4, be a semi-Riemannian manifold fulfilling
R-C=C-R. ThenonlUd € M we have R- R=0and C - R=0.

We have the following inverse statements.

PROPOSITION 3.2.2. Let (M,g), n > 4, be a semi-Riemannian manifold

satisfying

S =g+ fa®a, (3.33)
> a(X)C(Y,2) =0. (3.34)

X,Y,Z
Then on the set U we have R - R = ﬁ Q(g,R), C - R =0 and consequently

K

R-C—-C-R=—— Q).
n(n_l)Q(g, )
PROOF. (3.33) implies that
1 K I}
—R— 20 — S
=R n—2(u n—1>G n_29/\(a®a)
and if we say
B=R-——(@u- " &
B n—2 a n—1

then (3.34) will be equivalent to

> a(X)B(Y.Z)=0

XY, Z
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because

> a(X) <g/\ (a®a)>(Y, Z) = 0.

X,Y,Z
Applying Lemma 2.3.1 we get R- R = ﬁ@(g, R). Using (3.33) and the fact
that a"a, = 0, we easily obtain C'- S = 0. On the other hand using (3.34) leads
to C'- C'= 0. So using (3.32) we get C'- R = 0.

PROPOSITION 3.2.3. Let (M,g), n > 4, be a semi-Riemannian manifold
satisfying the relation C' = IW A W, where W = S — ag. Then on the set
U C M we have C- R = 0 and R- R = LgQ(g, R), where Lp = "5 — a.
Consequently (2.16) holds on U.

PROOF. Contracting the tensor Chjr = v(WieWij — Wi Wii) with g% we get

Chijt = YWuWi; — WiiWig) (3.35)
97 Chie = 197 WrWij — Wi,;Wir)
0 = y(Whtr(W) — W)
W? = Wir(W)
c-w = g” <er(WsmWil — WaqWim) + Wi (W, Wy — Wlejm))

= Wi Wi = WiWiy + W5, Wy — Wil
= tr(W)(Wp;Wa — WiWip, + Wi, Wi; — WyW,,) =0

C-S = C-W+ag)=0 andalso C-C=0.

Using (3.32) we get C'- R = 0. The curvature tensor R in virtue of (3.35) can be

written in the form

K

<n—1><n—2>>G‘

R o= 2(6n8)~(1g —qa)gn8) + (an—

Using Theorem 2.3.1 we get R+ R = LrQ(g, R).
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4. SOME GENERALIZED EINSTEIN METRIC
CONDITIONS ON HYPERSURFACES IN SEMI

RIEMANNIAN SPACE FORMS

In this chapter we investigate curvature identities holding on every hypersurface

M isometrically immersed in a semi-Riemannian space form.

4.1. Some Einstein Metric Conditions on Hypersurfaces

Using the definition of Kulkarni-Nomizu product we prove the following Lemma

which will lead to two identities that will be used.

LEMMA 4.1.1. Let Fy, Ey and F be symmetric (0,2)-tensors at a point x of a

semi-Riemannian manifold (M,g), n > 3. Then at x we have
ErANQ(Ey, F) + Ex ANQ(E F) = —Q(F, By A Es).
If E=F, = E, then
EANQ(E,F)=—-Q(F,E). (4.1)
PROOF. Let E; = A and Es; = B for simplicity

EiNQ(Ey, F) + ExsNQ(ELF) = (ANQB, F)hijkim + (B A Q(A, F))hijkim
= AnQ(B, F)ijim + AyiQ(B, F)pjim — AnjQ(B, F)ikim
—AiQ(B, F)njim + BuQ(A, F)ijim + BijQ(A, F) hiim
—BniQ(A, F)ikim — BiQ(A, F)pjim
= Fon(ANA B)iijk + Fini(AN B)piji + Finj (AN B)
+Ek (AN B)niji — Fin(A N B) ik
—FLi(A N B) i — Fij (AN B)imk — Fie(A N B)pijm

= —Q(F, AN B)pijkim = —Q(F, E1 A\ E2) hijkim-
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Also using the definition of Kulkarni-Nomizu product

QE, E N F)pijkim

Fon(EijEy — EgEy) + Foi(EngEly — EgEny)
+Ej (BBl — EnEi) + Fok(EinEij — EiiEy;)
—Fn (B Bij — B Bir) — Fii( B Enk — EqkErj)
+E(EpiEnk — EpnEir) — Fi(EnpEij — EniEy)
FonEliji + FrniEnjk + FojEnag + FokEniji
—EnBoijr — FiBhmjk — Fij Enimk — FikEnijm

_Q(F7 E)hi_jklma

where E = %E A E so we get

Q(E,ENF)=—Q(F,E). (4.2)

As a consequence of (2.26) and (2.30) we get

EAQ(E,F)=Q(E,EAF). (4.3)

PROPOSITION 4.1.1. Let M be a hypersurface in N™*!(c),n > 4.
R-S=Q(AH)+ ﬁ@(g,S) on M.

(i)
(i)

On M,

where

1

Q(S,R)—mg/\Q(A,H)

T 1
TGRS (n_ 5@(8,G) — (n—2)Q(g,C)), (4.4)
A=H® —tr(H)H* + —=H. (4.5)

PROOF. Using (2.25) and (2.23)

R-

S

— QH, tr(H)H? — H*) + ﬁ@(g, tr(H)H — H?)

— QUELLT L H = )+ QS - i)

= i+ + Qs + 0000
= QUAH)+ Q0. ).
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Using (2.26) and (2.8)

T

R-C = Q(S,R)—%{QA(Q(A,H%L Q(gﬂ)ﬂ

n(n+1)
_(n—Z)T 1 B K
n(n+1)Q<g’C+n—29/\S (n—l)(n—Q)G)
_n(n + 1)Q(S’ )
1 T
= Q(S?R)_EQAQ(/LLH)_n(n+1)(n_2)g/\Q(g7S)
(n—2)7 T
+n(n +1)(n— 1)Q(g, @) - mQ(& @)
= Q(SvR)_ﬁg/\Q(fLH)
T 1
bt (55086 - (- 20,0 ).

THEOREM 4.1.1. On every hypersurface M in N™"*!(c),n > 4, the following
identities hold

R-C = Q(S,R)+$g/\Q(H,A)

7(n — 3) T(n — 2)
_n(n +1)(n—2) Q(S,G) — n(n+ 1) Q(g,R), (4.6)
= (n—3) . (”2—3n+3)7'
C-R = (n—2) Q(S,R) (T D=2 Q(g, R)

_ (n=3r
(n—2)n(n+1)

Q(S,G) + % HAQ(g,A), (4.7)

- 1 (n—l)T
R-C—-—C-R = Q(S’R)—i_(n_z)n(n—{—l)

n—2
L (A QUH, A) - H A Q(g, A)). (4.8)

n—2

Q(g, R)

PROOF. Applying the relations (2.8) and (4.2) in (4.4) we get

R-C = Q(S.F)~ g A QA H)

T 1
s [ es0 - 02060

= QS R)— s g AQIAH) + -

(n+1)(n —2)

Q(5,G)

7(n —2) 1 K
n(n+1) {Q@’R n—2gAS+(n—1)(n—2) G>]
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T

1
= QR = T g NQUA )+ o gy A5 )
7(n —2) T Tk
_HFIEQ@Ja+HEIEQ@&AS%_mn—nm+¢ﬁW%@

1 T g
= QR ~ 59N QA + Q.0 | =5 ~ m i T

Q(g,G).

T(n — 2) TK

“n(n+1) Qlg. B) — n(n—1)(n+1)

Using the fact that Q(g, G) = 0 we obtain (4.6).

Transvecting (2.22) with H] = ¢g""Hj, we have

H R, = e(H{yH; — H?[Hik) + (9iHr — g Hji)

-
n(n+1)
(R : H)iljk = gTS(Hisrijk + Hierljk)
= e(HpyHy; — H;Hy + Hi Hjj — H: Hy,)
R
n(n+1)
= eQ(H, H?)y1, +

(9ijHw — ginHj + g1 Hyi — g i)

-
m@(%H)ujk

which implies

From (2.22) we also get

1 K _ 1
_ — — eH-— —
R n—Z(QAS n—lG) € n—Qg/\S

* (n(nT—l— D) Tz 1)H(n _ 2)>G'

By making use of (2.23) and (1.1) , turns into

C = 6fl—ﬁg/\ (5(tr(H)H—H2)+T(n—:L1;g)

+(n<n+1> * <n—1><n—2>>G
— e+ ﬁg A (H? — tr(H)H)

Lt ( il T >G. (4.10)

n—2\n—-1 n+1

Let us define the tensor W = H? — tr(H)H for simplicity. Using (4.10)
(C-H)nije = 9HyiCspjr + 9" Hp Ciji
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£
= ¢ Hy {g(Hsthj = HyiHy) + — (95 Wi + 91 Wor = 955 Wit = 9us V')
b - — ) )| + 9" Hyr | e(HyHij — Hy;Hy,)
— s i — (g r g s i — si i
n—2\n—1 ny1) kI sidhk g Hhn ki ik
3
+m(gskWij + 9iiWsk — 95iWir. — 9 We;j)
n 1 K T ( )
n—2\n—1 n+1 9sk9ij — GsjGik
= n—9 ) hijk (n I 1)(77, — 2) g, hijk
< k(n —2)
—— |~ H}, — gri(—tr(H)HZ) — H,,

+9i Hiy, + g5 (—tr(H) Hiy) + g4 <5(nliﬁin21 Q)Hhk)

+gng iy — g (—tr(H)H) + gig (g(nﬁ_(q)_(f)_ 2) sz>

—giHy; — gin(—tr(H)H},) — gik( ~n—2) th)] :

e(n—1)(n—2)
Thus we get
(C-Hpije = &?(Z:?Q(H,H?)
T €
_(n+1)(n_2)Q(9’H)+ — Q. 4),  (411)
where
AZH‘Q’—W‘(H)HQJr(ngfl)H,

Using this we get

(C - R)nijkim = 9" (RrijkCshim + RurjkCsitm + RhuirkCsjim + RhijrCskim)

T

= ¢"°|(e(HwH;; — HyjHi) + mam’jk)cshlm
+(e(HpeHyj — HypjHyp) + mGhrjk)Osilm
+(e(HpeHyr — HyeHir,) + mGhirk)Csﬂm
+(e(HpHij — HyjHiy) + mGhijr)Csklm

= eHp(9" H,jCsitm + 9" HirCjim) + €H,j(9" Hre Cspim
+gTsHhrCsklm) - ‘C’:th (grerszilm
+grsHirCSklm) - 5Hik(grersthlm + grsHhrCsjlm)

(Grijkcshlm + Ghrjkcsilm + Ghirkcsjlm + GhijrCsklm)

T

Ty n(n+1)
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-
= (eHAN(C - H))nijkim + nln+1) (gijCkhlm = 9ikCinim + 9nkClitm — 9niCritm
+91:Cijim — 9ikChjim + GijChiim — ghjciklm)

= (eH AN (C - H))nijhim- (4.12)

(4.11) in view of (4.9) leads to,

(2n — 3)T
(n—2)n(n+1)

n—3 €
C'H—n_Q(R'H)erQ(g,A)—

Qg,H). (4.13)

Using (4.13) in (4.12) we get

B n—23 . € B (2n — 3)T
C-f = eln | -+ Qe A - ey @9 )
n—3 1
= ¢ _QH/\(R-H)+EH/\Q(9,A)
(2n — 3)eT

"= @ ).

Observe that

(HA(R-H))nigktm = Hue(R - H)ijim + Hij(R - H)pgim — Hpg (R - H)igim
—Hip(R - H)pjim
= 9" Rim(HpHyj — HyjHor) + 9" Rojim (Hpe Hyr — Hi Hp,y)
+9"° Ropim (Hij Hok — HikHyj) + 9"° Rspim (Hij Hpr — HpjHiy)
= ¢"(H,ijuRsnim + Hurjt Rsitm + Hpirk Rsjim + Hpijr Rsgim)

= (R H)pijrim-

Also
_ T
n(n+1)

Qg,R) = Q(gyé‘ﬁ)er

R-R = eR-H+ (R-G) = R-R=¢R-H,

Q(9,G) = Q(g9,R)=¢Q(g,H).

Using these relations(2.8),(4.3) and (2.30) we get

HAQ(g,H)

n—2

= 222w - Ym0 + L)
_ (2n=3)r Q9. R)

(n—2)n(n+1)
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By making use of (1.1) and (4.2) we get (4.7).
n—3 (n—2)7

1 K
C-R o= QR - n(n+1)Q(g’R_ U (n—2)(n—1)G)
1 (2n —3)7
~ (n—=3) (n®* —3n+3)7
(n—3)7 1
T eSO A AR A).
Further using (4.12) together with (4.4) yields
1 T
R-C-C-R = n—2Q<S’R> — n(n—l—l)Q(‘q’C)
F— (g A QU A) — H AQ(g, 4)
T (27’L — 3)7’
0= Ot G YW )
Applying (1.1) and (4.2) we get (4.8).
THEOREM 4.1.2. Let M be a hypersurface in N*"*(¢c), n > 4. If
A = <A+€—“)H+gg,
n—1
where
1 ER
0 = = (tr(A) - (/\ + — 1)757“(]'])) (4.14)

is satisfied on Uy C M then on this set we have

o (n—1)7
R-C—C - R = m@(saR)—i_(n_Q)n(n—kl

AR
+ﬁ <QQ(H, Q) — 5()\ + ngfl)Q(g, R))- (4.15)
PROOF. Using (4.14) and (4.1) in the relation (4.8) we get
(n—1)T
(n—2)n(n+1)

1 ER
— H(AN+—)H
+n_2(gAQ( ( +n_1> + 09)

1

Q(g, R)

—HAQ(g, <)\ + %)H + gg))

B 1 (n—1)7
B n—QQ(S’R)+ (n—2)n(n+1)
ER

+% (QQ(H> G) — ()\ +— 1)@(9,5(}2 . n(n7+ 1)G)).

Hence we proved the theorem.

Q(g, R)
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4.2. Hypersurfaces with A = \H + pg

PROPOSITION 4.2.1. Let (M,g), n > 4, be a semi-Riemannian manifold. The

following equalities are equivalent on M.

> (R-C)(X1, X0, X3, X4; X,Y) = 0, (4.16)
(X1,X2),(X3,X4),(X,Y)
> (R-C—C-R)(X1, X0, X3, X0; X,Y) = 0, (4.17)
(X1,X2),(X3,X4),(X,Y)
> (C-R) (X1, X0, X5, X; X,Y) = 0. (4.18)

(X1,X2),(X3,X4),(X,Y)

PROOF. First we will give well known Patterson and Walker identities [1] which

will be used

Q(E, B)hijkim + Q(E, B) jkimni + Q(E, B)impijr = 0, (4.19)
(R - R)nijkim + (R - R) jkimni + (R - R)imniji = 0. (4.20)

Using the identity (2.11) we get

1

(C- R)hijklm = (R- R)hijklm T3

Q(Sa R)hijklm
Qg R L Vi — Vi
(n _ 1)(n . 2) g, hijklm n_2 ghni mijk Ihm lijk

—9itVinnik + GimVingk + 9itVenkhi — 9imVikni — 961Vnjni + Gem Vijni),

where

Now symmetrizing with respect to the pairs (h,7), (j,k), (I,m) and using the
above identities

(C - R)imnijk + (C - R)jkimni + (C - R)hijkim

= (R R)nijkim + (R R) jkimni + (R - R)impijk

1

e (Q(& R) jkimni + Q(S, R)umniji + Q(S, R)hijklm>

K

+(n “D(n-2) (Q(ga R)nijrim + Qg R) jrimni + Q(9, R)lmhijk)

1
9 [ghl(vmijk + Vimir) — 9hm Viijre + Vijr) — 9a(Vinnjk + Vimir)

+Gim (Vinjre + Vaie) + 951 (Vikni + Viemni) — Gjm (Vikn + Viani)

— 9kt (Vikni + Vimni) + Gkm Vigni + Viine) + 9in(Vikim + Viitm)

—Gii Vaktm + Vieim) — 9en(Vijim + Viim) + 9i(Vajim + ‘/jhlm>:| = Prijkim-
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In the same way we get
(R - C)imnii + (R - C)jrimni + (R - C)nijrim = — Phijkim-
Using the last two relations we obtain

(R-C—=C" R)imniji + (R-C—C " R)jrimni
+ (R-C=C" R)pijkim = — Phijkim-

THEOREM 4.2.1. If on the subset Uy in a hypersurface M of N (c), n > 4,
one of the conditions (4.17) , (4.16) or (4.18) is satisfied then (4.14) holds on Uy.

PROOF. Using Proposition 2.3.2 and (4.5), we have

n—1

- /\H—Hg+( n )H
n n—1

A = H3—tr(H)H2+( n )H

- ()\ + ng_“l)H i1 (tr(H3> — tr(H)tr(H?) — W”(H))g

_ <A+ il )H—i—g(tr(A) Mltr(H)—/\tr(H))g.

n—1 n—
Thus we get (4.14).
Using (4.19), (4.20) and Proposition 3.2.1 we immediately get

COROLLARY 4.2.1. If on the subset Uy in a hypersurface M of N™"*1(c), n > 4,
one of the tensors R-C, C-R or R-C—C(C'-Ris a linear combination of R- R
and of a finite sum of tensors of the form Q(F, B) where F is a symmetric

(0,2)-tensor and B a generalized curvature tensor , then (4.14) holds on Upy.
Using the Theorem 3.2.1 and the Corollary 3.2.1 we prove

THEOREM 4.2.2. Let M be a hypersurface in N"(c), n > 4. If at every point

of M the following two tensors are linearly dependent:

i) R-C—C-R and Q(g,C), or
(i) R-C—C-R and Q(g,R), or
(i) R-C—C-R and Q(S,R), or
(iv) R-C—-C-R and Q(S,0C),
then (4.14) and (4.15) hold on Uy C M.
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PROOF. It is known that Uy C UsNUe so on Us NUe (i) and (ii) can be written
as

R-C=C-R=LcQg,C) and R-C—C-R=LsQg,R),

where Lo and Lg are functions defined on Us and Us, respectively. Then
using Corollary 3.2.1 we get (4.14).
Consider case (iii) and assume that Q(S, R) = 0 at * € Uy. Then using (2.30)

(n—2)7

R-R==05

Q(g,C).

Also using (3.7)

grsQ<Sa R)hrsklm - Alkhm - Alhmk - Amkhl + Amhlk
0 = Aihm + Athmk + Amnik + Ak

R-S = 0.
Thus using these in (3.10) we have

1

B (n—2)7
R-C = —WQ(Q,C’).

Applying Corollary 3.2.1 we get (4.14). Clearly if Q(S, R) is nonzero then
Corollary 3.2.1 implies (4.14).

Finally for the case (iv) Let us assume that Q(S, C') is nonzero at © € Uy. Then
it is obvious that Corollary 3.2.1 implies (4.14). Assume now Q(S,C) =0 at x.
Then we have R - R = -*5Q(g, R). This yields R- S = -5Q(g,5). Using (2.8)
and (4.3) we find

1

= QR - e Q)
= QR - @A)

K

= n— 1@(970)

In the view of Corollary 3.2.1 we obtain (4.14) on Uy. From Theorem 3.1.2 it
follows that (4.15) holds on Uy. This completes the proof.
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PROPOSITION 4.2.2. Let (M,g), n > 4, be a semi-Riemannian manifold. If at

a point x € Ug N U its curvature tensor R is of the form
R=0¢S+ugNS+nG, ¢, pu,neR, (4.22)

then at x we have

R-C-C-R = (l(u— 12)+ni1)Q(g,R)

+(B(M_ niz) —n)Q(S,G). (4.23)

PROOF. Contracting (4.22) with g¥ we get

Rpije = &(ShkSij — SnjSik) + 1(gnkSij + 9ijSnk — njSik — JikShj)
+0(gnkgi; — Gnjgik)s

S = O(Shrk — Sgk) + p(gnek + Spen — Spr — Shk) + 1(gren — gnk),

$ = (¢m+u(7;—2)—1)shk+(un+n;n—1)>ghk’

S? = @S+ g (4.24)

where

—9)—1 _ —

¢ ¢

Using the relation (4.24) in (4.21) we have

Vinijik = S" Rnijn
= ¢(Sh4Sij — SimjSik) + 1(SmkSi
+gij572nk — S Sik — gik‘S?nj) + n(Smkgij - Smjgik)

= ¢((asmk + Bgmk)sz] - (075'mj + ﬁgmj)szk)

+u (Smksik + Gij(@Smk + Bgmr) — SmiSik — Gir(WSm; + 59mj))
+1(Smrgi; — Sm;jgir)

= (¢pa + 1) (SmrSij — SmjSik) + (e + 1) (Smrgi; — SmjGik)
+¢B(Smkgz‘j — Smjir) + MBGmijk

«Q
= (a+ ,u)(SmkSij - Sijik) + (?,u + U)(Smkgij — Smjgik)

+B(9mrSij — GmjSir) + @szjk, (4.25)
¢
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where
a=¢k—1+(n—=2)u, B=ps+(n-1n
Using (4.25) we get

(R ' S)ngk - grs(STiRsmjk + Sersijk>
= SisRsmjk + anRsijk

= Vimjk + Vinijik

Res = w-n(b- 2 -n)ees. @)
Using (2.12) we get
(n—2)(R-C — C- R)nijkim = Q(S, R)hijkim — ﬁ@(% R)hijkim

+ 9 Vmijk — 9emViijk — 9t Vinhik + GimVinje + 951 Vinkhi — Gjm Vikni
—  GVimjni + 9em Vijni — 9ij (R - S)hkim — grie(R - S)ijim

+  Gik(R - )njim + gni (R - S)ikim

= Q(S.R) - ﬁ@(g, R) + (o + 1)Q(g. S)
~n=2) (5= ) 1) A Q)
o
—<? +n>Q(S, G). (4.27)

By using (4.22) we obtain

Qg: R) = ¢Q(g,5) +pQ(g,9 N S) +nQ(g, G),
2
QSR = —4Qg. B+ (n—)Q(S,6)
If we substitute all these relations into the (4.27) we get (4.23).

4.3. Hypersurfaces with H?® = tr(H)H?* — <% H.
n—1
We now present an example of a hypersurface satisfying the condition (4.14).

EXAMPLE 4.3.1.[4] Let M be a hypersurface in a Euclidean space E"™!,
n > 4, having three principal curvatures: 0, ,/7,—./7 with multiplicities

”Jg?p,% and 3P, respectively, where n —p = 3,6,12 or 24,p > 1, and

v is a positive function on M. The hypersurface M is a non-quasi-Einstein
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Ricci-semisymmetric manifold. Moreover, if n — p = 6,12 or 24 then M is a

non-semisymmetric manifold. It is easy to check that on M we have:

tr(H) = 0, S=-H? kK= —M,
H? = tr(H)H? +~H = Ry
2(n = p)
Now the relation H® = AH, where A = —%, yields (4.14).

THEOREM 4.3.1. Let M be a hypersurface in N*™!(c), n > 4. On Ug C M the
condition A = 0 is equivalent to

(n—1r1
(n—=2)n(n+1)

PROOF. Clearly , A =0 by (4.8) implies (4.28). Now assume that (4.28) holds
on Up. Then (4.8) reduces to

R-C—-C-R = ﬁQ(S,R)Jr Q(g,R). (4.28)

gNQ(H,A)— HANQ(g,A) =0.

In the virtue of (4.3) and (4.14), we get

ER

09 ANQ(H,g) — (Mrn_l

)H/\Q(Q,H)

= —ogANQ(g,H) + (A+%>HAQ(H,Q)

ER

— —oon QUi+ (A ) HAQU.g)

= 0.

n —

Thus we have

Q((A+ = )H—Qg,g/\H) = 0. (4.29)

n—1

We prove that

A= <A+ Eﬁl)HJrgg:o.

n —

ER
A -
(r+555)

Suppose not; then (4.29) can be written in the form Q(H — ag,g A H) = 0 ,

First we assert that

a € R. Applying Lemma 2.3.5 we have a contradiction because x € Uy so we

have

0Q(g,9 N H) = 0.
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Suppose that o # 0. Then using (4.1) , Q(H,G) = 0. Applying Lemma 2.3.2 we

get a contradiction. Therefore we have o = 0 and A = 0.

COROLLARY 4.3.1. Let M be a hypersurface in E*** n > 4. On Uy C M the

condition A = 0 is equivalent to

1
R-C-C-R = —5Q(5R).
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5. RESULTS AND DISCUSSION

Every semi-Riemannian Einstein manifold satisfies the condition R-C'—C- R =
ﬁ@(g,C). Any non-Einstein, non-conformally flat manifold satisfying the
condition R-C — C - R = LQ(g,C) is pseudosymmetric and in addition the
condition C'- R = 0 is satisfied on that manifold.

Using the curvature identities holding for any hypersurface immersed
isometrically in a semi-Riemannian space form, under some assumptions other

generalized Einstein metric conditions can be obtained.

In the future, we aim to investigate new curvature conditions on hypersurfaces

in semi-Riemannian space forms.

36



REFERENCES

[1] J. Deprez, R. Deszcz, L. Verstraelen, 1989. Examples of pseudosymmetric
conformally flat warped products, Chinese J. Math, 17, 51-65.

[2] R. Deszcz, 1989. On Ricci-pseudosymmetric warped products, Demonstratio
Math , 22, 1053-1065.

[3] R. Deszcz, 1992. On pseudosymmetric spaces, Bull. Soc. Math, 44, 1-34.

[4] R. Deszcz, M. Glogowska, 2002. Examples of non-semisymmetric Ricci-
semisymmetrichypersurfaces, Collog. Math, 94, 87-101.

[5] R. Deszcz, M. Glogowska, M. Hotlos , L. Verstraelen, 2003. On some family
of generalized Einstein metric conditions on hypersurfacesin semi-
Riemannian space forms, Collog. Math, 96 .

[6] R. Deszcz, W. Grycak, 1987. On some class of warped product manifold , Bull.
Inst. Math. Acad., 15, 311-322.

[7] R. Deszcz , M. Hotlos, 1989. Remarks on Riemannian manifolds satisfying a
certain curvature conditionimposed on the Ricci tensor, Prace. Nauk.
Pol. Szczec., 11, 23-34.

[8] R. Deszcz , M. Hotlos, 1998. On a certain subclass of pseudosymmetric
manifolds, Publ. Math. Debrecen ,53, 29-48.

[91 R. Deszcz , M. Hotlos, 1998. On a certain extension of the class of
semisymmetric manifolds, Publ. Inst. Math, 63(77), 115-130.

[10] R. Deszcz, M. Hotlos, Z. Sentiirk, 2001. On some family of generalized
Einstein metric conditions, Demonstr.Math, 34, 943-954.

[11] R. Deszcz, M. Hotlos, , Z. Sentiirk, 1999. On the equivalence of the Ricci-
pseudosymmetry andpseudosymmetry, Collog. Math, 79, 211-227.

[12] R. Deszcz , L. Verstraelen, 1991. Hypersurfaces of semi-Riemannian
conformally flat manifolds, Geometry and Topology of Submanifolds,
I, World Sci. Publishing, River Edge, NJ, 131-147.

37



[13] M. Glogowska, 2004. On a curvature characterization of Ricci-
pseudosymmetric hypersurfaces, Acta Math. Sci., 24 B, 361--375.

[14] B. O'Neill, 1983. Semi-Riemannian Geometry with Applications to Relativity,
Academic Press, New York-London,

[15] Z. 1. Szabo, 1982. Structure theorems on Riemannian spaces satisfying
R(X,Y) R=0, The local version, J. Diff. Geom., 17, 531-582.

38



CURRICULUM VITAE

Ilker TUNC was born in Samsun in 1977. He graduated from Middle East
Technical University in 2000. After he had worked as a computer programmer, he
completed his military obligation in 2002. He worked as a Mathematics teacher
in Kartal E.M.L in the period 2002-2005. Now, he is working as a Research
Assistant in Mathematics Department.

39





