ISTANBUL TECHNICAL UNIVERSITY * INSTITUTE OF SCIENCE AND TECHNOLOGY

ANALYSIS OF MICRO FLOWS USING A FINITE
ELEMENT METHOD

Ph. D. Thesis by
Bayram CELIK, M.Sc.

Department : Space Sciences and Technology

Programme: Space Sciences and Technology

FEBRUARY 2006



ISTANBUL TECHNICAL UNIVERSITY * INSTITUTE OF SCIENCE AND TECHNOLOGY

ANALYSIS OF MICRO FLOWS USING A FINITE
ELEMENT METHOD

Ph. D. Thesis by
Bayram CELIK, M.Sc.

(511972052)

Date of submission : 16 September 2005

Date of defence examination: 20 February 2006

Supervisor (Chairman): Assoc. Prof. Dr. Firat Oguz EDIS %g’

Members of the Examining Committee Prof. Dr. Kadir KIRKKOPRU (ITU) M

Prof. Dr. M. Fevzi UNAL (iTI"J) W @1 %«&

Prof. Dr. Ulgen GULCAT ) v ¢ &~

Assistant Prof. Dr. Ali ECDER (BU)M 20&0

FEBRUARY 2006



ISTANBUL TEKNIK UNIiVERSITESI * FEN BiLIMLERI ENSTITUSU

MIKRO AKISLARIN SONLU ELEMANLAR
YONTEMIYLE ANALIZi

DOKTORA TEZi
Y. Miih. Bayram CELIiK

(511972052)

Tezin Enstitiiye Verildigi Tarih: 16 Eyliil 2005

Tezin Savunuldugu Tarih: 20 Subat 2006
Tez Damismani: Dog. Dr. Firat Oguz EDIS ﬂé?
Diger Jiiri Uyeleri Prof. Dr. Kadir KIRKKOPRU (iT0)

Prof. Dr. M. Fevzi UNAL (T0)/ /] Jovey Uty

Prof. Dr. Ulgen GULCAT (I0) V™~ ,\/;_/

Yrd. Dog. Dr. Ali ECDER (BU) ﬂﬁ)%

SUBAT 2006



ACKNOWLEDGMENTS

At the beginning of this study, a FEM solver that can be used for the solution of
incompressible viscous fluid flow problem was the only tool in hand. Modifying this
open source code and applying it to different fluid flow problems in literature was
the path in mind to be followed. When recent studies of CFD in literature were
scanned, to have an algorithm that can be applied both compressible and
incompressible flow problems became the main goal of the further studies. For this
aim a unified algorithm was constructed step by step over the solver in hand. At the
end of any modification done, a problem was selected as a test case and the obtained
results were compared to the other results in literature in terms of accuracy and
computational costs. Finally, the capability of the unified FEM algorithm was
extended as it can simulate to rarefied gas flow through the device in micro size.

I would like to express my gratitude to my supervisor Assoc. Prof. Dr. Firat Oguz
Edis for his valuable guidance and suggestions, constructive critiques, helps and
understanding during this study.

I would like to thank Prof. Dr. Ulgen Giilgat, Prof. Dr. M. Fevzi Unal, Prof. Dr. A.
Riistem Aslan and Assoc. Prof. Dr. Aydin Misirhioglu for sharing their experiences
on CFD during my education at Istanbul Technical University.

I am grateful to my family for great childhood memories and their supports and loves
through my long school years.

I would like to express my deep thanks to Didem Ozgiir Ozden.

September 2005 Bayram Celik

il



CONTENTS

ABBREVIATIONS
LIST OF TABLES
LIST OF FIGURES
LIST OF SYMBOLS
SUMMARY

OZET

1. INTRODUCTION
1.1. Motivation
1.2. FEM and Others
1.3. CBS History and Applications

1.3.1. pP2P1 Type Elements

1.3.2. ALE Description
1.4. MEMS

1.4.1. Micro Fluidic Devices

1.4.2. Micro Synthetic Jet
1.5. Fluid Modeling

1.5.1. Continuum Models
1.5.2. Molecular Models

1.5.3. Continuum Models with Modified Boundary Condition for Micro Flow

1.6. Thesis Overview

2. GOVERNING EQUATIONS
2.1. Non-Dimensional Form of the Governing Equations

3. CHARACTERISTIC BASED SPLIT ALGORITHM
3.1. Introduction
3.2. Discretization along the Characteristic and Split

4. SPATIAL DISCRETIZATION AND SOLUTION PROCEDURE
4.1. Galerkin Finite Element Formulation

4.1.1. Fractional Momentum Equation
4.1.2. Continuity Equation
4.1.3. Momentum Equation (Correction step)

4.1.4. Energy Equation
4.2. Pseudo Second Order Velocity Interpolation Elements
4.3. Matrix Form of the CBS Algorithm
4.4. Solution Procedure and Strategies

4.4.1. Incompressible and Slightly Compressible Flow

v

vi
vii
viii

xii
xvii

SO O 0 9 N O N BN

—_

12
14

17
17
17

22
22

23
23
24

24
24
25
28

29



4.4.2. Barotropic Flow 30

4.4.3. Perfect Gases 30

4.5. Moving Deforming Grid 31

5. MICRO FLOW ANALYSIS USING A CONTINUUM MODEL 32
5.1. Knudsen Number and Regimes 32
5.2. Slip-Velocity and Temperature-Jump Formulation 34

6. SYNTHETIC JET ACTUATOR AND JET FORMATION MECHANISM 38
6.1. Micro Synthetic Jet Actuator 38
6.2. Jet Formation Mechanism 40

7. RESULTS AND DISCUSSIONS 43
7.1. Introduction 43
7.2. Laminar Flow past Backward Facing Step 44
7.3. Laminar Viscous Flow over NACA0012 Airfoil 49
7.4. Flow in a Micro Channel 53
7.5. Micro Synthetic Jet 57
7.6. Separated Flow in Micro Backward Facing Step 66

8. CONCLUSION 76
REFERENCES 79
APPENDIX A. CHARACTERISTIC GALERKIN PROCESS 83
APPENDIX B. GREEN’S THEOREM 87

APPENDIX C. FIRST AND SECOND DERIVATIVES OF SHAPE
FUNCTIONS OF pP2P1 ELEMENTS 88

CURRICULUM VITAE 91



ABBREVIATIONS

ALE
CBS
CFD
DNS
DSMC
FDM
FEM
FVM
MD
MEMS
N-S
P1P1
pP2P1
SJA
SUPG
uSJA

: Arbitrary-Lagrangian-Eulerian approach

: Characteristic Based Split procedure

: Computational Fluid Dynamics

: Direct Numerical Simulation

: Direct Simulation Monte Carlo

: Finite Difference Method

: Finite Element Method

: Finite Volume Method

: Modern Molecular Dynamics Computer Simulation
: Micro-Electro-Mechanical-Systems

: Navier-Stokes

: Linear Velocity/Pressure Elements

: pseudo-Quadratic Velocity/Linear Pressure Elements
: Synthetic Jet Actuator

: Streamline-Upwind Petrov-Galerkin method

: Micro Synthetic Jet Actuator

Vi



LIST OF TABLES

Table 7.1

Table 7.2
Table 7.3

Comparison of reattachment lengths obtained by various

METROAS ...t
Efficiency of pP2P1 elements compared to P1P1 (Re=191).............. 48

Computed cases for the analysis of pSJA in quiescent
ENIVITONINICIE ..ttt ettt ettt ettt st e

vii



LIST OF FIGURES

Figure 1.1
Figure 6.1
Figure 6.2
Figure 6.3
Figure 7.1
Figure 7.2
Figure 7.3
Figure 7.4
Figure 7.5
Figure 7.6
Figure 7.7
Figure 7.8
Figure 7.9
Figure 7.10
Figure 7.11
Figure 7.12
Figure 7.13
Figure 7.14
Figure 7.15
Figure 7.16
Figure 7.17
Figure 7.18
Figure 7.19
Figure 7.20
Figure 7.21
Figure 7.22

Figure 7.23

Page No
TFIOW MO IS ... 8
:Schematics of synthetic jet with rectangular cavity.............cc........... 39
:Movement of the piezoelectric-driven-diaphragm in time................ 39
:Potential uSJ geometries [30]....cccueeieeiiiiiieeiiieeeiee e 40
:Geometry and boundary conditions for laminar flow past a
backward facing step EOMEtIY .......cccccvveireriiiieeeiiiiee e 44
:Grid for laminar flow a past backward step, 1161 nodes, and
2176 €lemEnts. ...c..eeiiiiiiiiiiiiieee e 44
:Pressure contours for laminar flow past a backward facing step
(Re=229) a) CBS formulation b)Petrov-Galerkin c¢) Galerkin.... ......46
:Pressure contours for laminar flow past a backward facing step
(Re=191) a) CBS formulation b)Petrov-Galerkin c¢) Galerkin...........46
:Velocity profiles obtained using P1P1 and pP2P1 elements
downstream of the step in comparison with data [51], Re=191 ......... 47
:Velocity profiles obtained using pP2P1 elements downstream
OF the Step, Re=229.....cccooiiiiiiiei ettt e 48
:Flow over NACAOO12 airfoil........coeoveeiiieiniieiiiieiiieeieeeieeesiee 50
:Detail of the mesh; airfoil close- Up........ccoovveeeeiciiiiiiiiiieecrie e, 50
:Pressure contours obtained using barotropic gas assumption............ 51
:Detail of Pressure contour near the stagnation point (barotropic
CASEC) e eeeunurrrreeeeesaaunssreeeeesaasssnrreeaesessssnssaseesessssnnsseaeeesssssansseaeeeesannnes 51
:Detail of velocity field near the stagnation point................ccccvveeeeee. 52
:Mach contour (barotropic Case) .........cccvurrerrrrreeeriiereeeenieeeeeeeeeee e 52
:Mach contour (Reference [53]) .cocovvveeeeeeeiiiiiiiiiie e, 53
:Velocity mesh of straight micro channel..............cccccoooiiiininnnne. 54
:Velocity distribution along the straight micro channel with slip-
velocity (lower) and no-slip boundary conditions (upper)................. 54
:Pressure distribution along the straight micro channel
centerline, Knp,/m=0.2, ITF2.28 .....ueeeiiiiiiiiiieeee e 55
:Density distribution along the straight micro channel centerline,
Koy =0.2, TTF2.28 .. 55
:Slip velocity variation along straight micro channel wall,
Koy =0.2, TTF2.28 ... 56
:Computation domain and the pressure mesh for the SJA with
rectangular cavity SEOMELTY. ....ccccuiereriieieieeiiie et 57
:Comparison of the normalized velocity profile at the orifice exit
WILh [31] et 58
:Details of the meshes for the pressure and velocity field near
the OTIFICE....eeiuiiiiiie e 59
:Numerical grids used for pressure and velocity field of the
LSTA CONFIGUIALION ...eeiiiiiiieeiiie ettt e e eebeee e 59
:Vorticity contours at the four stages of the diaphragm
OSCIIAtION CYCIE ..oiiiiiiie ettt 60



Figure 7.24
Figure 7.25
Figure 7.26
Figure 7.27

Figure 7.28
Figure 7.29

Figure 7.30

Figure 7.31
Figure 7.32

Figure 7.33

Figure 7.34

Figure 7.35
Figure 7.36

Figure 7.37
Figure 7.38

Figure 7.39
Figure C.1

:Effect of cavity width on orifice velocity distribution...................... 62

:Effect of cavity height on orifice velocity distribution. .................... 63
:Effect of diaphragm oscillation amplitude on orifice velocity
AISTIIDULION. ...t 64
:Effects of various geometrical parameters on normalized

mMaximum Orifice VElOCIEY.......cccvuvieeeiiiiieeiiieie et e 65
:Velocity mesh of Micro step duct........c..eeeeevieeeeciieeeniiiie e, 67
:Velocity vectors, temperature and local Kn variation through

the micro step duct, Kn,,=0.018, I1=2.32.....cccovvvvvieeiiieeiiieeeeeen. 68
:Comparison of normalized streamwise velocity with

Baysal&Aslan [55], Kr=0.018, IT=2.32...ccooeeeieieeieeeeee e 69
:Pressure variation along the channel, Kn,,~0.018, I1=2.32.............. 69
:Local Kn along the centerline of the step duct geometry,

Koy =0.018, TT22.32 1ot 70

:Variation of mass flow rate difference between the results
obtained using no-slip and slip-velocity boundary conditions,

with Knudsen NUmber. ........ccoociiiiiiiiiiee e 71
:Variation of inlet Mach number with Knudsen Number for the

same inlet/outlet PreSSUIeS. .......uvveeeviieeieiee et 71
:Inlet to outlet pressure ratios vs. Knudsen number.......................... 72
:Relative mass flow rate difference between the results with no-

slip and slip-velocity boundary conditions..........ccccccceeveeiiiieeeninennnns 73
:Relative reattachment length difference between the results

with no-slip and slip-velocity boundary conditions...............ccc..e...... 73
:Temperature-jump along the lower wall for cases with

Miu=0.405 (oo 74
:Slip velocity along the lower wall for cases with M;,=0.405............ 75
:Pseudo-quadratic velocity/linear pressure interpolation

elements in 2-D...c...oociiiiiiiiiiiiii 88

1X



LIST OF SYMBOLS

Ky SN B

: Speed of sound

: Maximum deflection amplitude of synthetic jet diaphragm
: Physical constant for barotropic gas assumption
: General slip coefficient

: Specific heat at constant pressure

: Specific heat at constant volume

: Orifice width of synthetic jet

: Total energy per unit mass

: Eckert Number

. Frequency of oscillation diaphragm of synthetic jet
: Gravity acceleration

: Height of the synthetic jet cavity

: Orifice height of synthetic jet

: Boltzmann constant

: Thermal conductivity

: Knudsen Number

: Characteristic length of the flow

: Ejected fluid column length during the expulsion phase of SJA
: Mach Number

: Number of molecules per unit volume

: Energy shape function

: 1’ th component of the normal vector

: Pressure shape function

: Temperature shape function

: Momentum shape function

: Prandtl Number

: Gas constant

: Reynolds Number

: Strouhal Number

: Temperature

: Guess temperature

: Mass flow fluxes

: Velocity component

: Grid velocity component

: Auxiliary momentum value

: Average expulsion velocity of SJA
: Weighting function

: Width of synthetic jet cavity

: Cartesian co-ordinate component

: Dynamic viscosity

: Gas molecule diameter

: Deviatoric stress component

: Inlet to outlet pressure ratio



ANS I ;HINDT

9

B ]

: Density

: Integration domain

: Integration domain boundary

: Kinematic viscosity

: Kronecker delta function

: Mean free path

: Mean molecular speed

: Scalar function

: Specific heat ratio

: Tangential-momentum-accommodation coefficient
: Thermal accommodation coefficient

: Upwinding Coefficient of Petrov-Galerkin FEM algorithm
: Time step size

X1



ANALYSIS OF MICRO FLOWS USING A FINITE ELEMENT METHOD
SUMMARY

The main objective of the thesis is to develop an algorithm and to apply it for the
solution of compressible micro flow problems with moving or stationary boundaries.
For this aim, Characteristic-Based-Split algorithm which can be used for the solution
of both compressible and incompressible flow problems is constructed and its
traditional no-slip/temperature-wall boundary conditions are modified to account for
slip-velocity/temperature-jump conditions encountered in micro-sized geometries at
standard conditions.

The set of the continuity, momentum and energy equations of compressible viscous
fluid flow are known as Navier-Stokes equations (N-S). These equations can be
written in Cartesian co-ordinates in conservative form as follows:

oV OF, 0G,

—+—14+—=14Q=0, i=123 1
o o T T )

V, F,, G, and Q shown in the Equation (1) are dependent variable, convection,

diffusion and source vectors, respectively. These vectors can be written explicitly as
follows:

R | 0 1T T o ]
P pug; +6,p -7 -pg,
V=|puy | =| pustt +0,p |, Gy = -n, Q=] -pg, )
P PUsU; + 05, p -7, -pg:
Lpe | |u(petp) | —(koT/ox,)—yu, —p(gu,+7)|

Relationship between stress and rate of strain is defined by Stokes hypothesis and the
stress components 7,; are given with following equation:

= uﬁ% ! aij -5, 3%} ()
ox; 0Ox 3 ox,

In the equations written above, u,, p, p, T, x, and ¢ denote velocity component,

pressure, density, temperature, Cartesian co-ordinate and time, respectively. &

denotes the thermal diffusion coefficient. Viscosity is denoted with x. It is a

function of temperature and this relationship is defined with the Sutherland law.

Source term and gravity force are denoted with » and g;, respectively. ¢; and 7; are

the Kronecker delta function and viscous stress component. e is total energy per unit
mass and it can be written explicitly as e = ¢, T +u,u, /2 where c, is the specific heat

at constant volume. For compressible fluid flow, in addition to the equations given
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above, pressure is related to temperature and density through the perfect gas equation
given with p = pRT where R is gas constant.

Fractional step method was proposed by Chorin for the solution of incompressible
fluid flow problems in finite difference context. Zienkiewicz and Codina extended
this method by the help of characteristic-Galerkin method, as it can be applied to
both compressible and incompressible flow problems. Resulting method appeared in
literature in 1999 as the Characteristic-Based-Split (CBS) algorithm.

With the exception of the pressure gradient term, the momentum equation of viscous
compressible fluid flow and scalar convection-diffusion equation have similar
structures. By using this similarity, the momentum equation can be discretized via
the characteristic-Galerkin method, if the pressure gradient term appearing in this
equation is considered as a source term. When the Chorin’s fractional step method is
applied to the resulting equations, totally self-adjoint equations are obtained for
pressure. Similarly, when the energy equation is also discretized in time by applying
characteristic-Galerkin method to it, auxiliary momentum, continuity, momentum
correction and energy equations of CBS method are obtained. These equations are
expressed explicitly as below:

AU, =U,-U;
g or; A o o ' (4)
=At| —— U | +—L+ N+ —u, —| —\u U. |- pg.
|: axj( J ly’ axj (pgl) 2 kaxk(axj( J 1) pglJ:l
1 n 8U" 841(7 a2pn azAp
Ap=|— | dp=—At| ——+60,——— A0 +0 5
v (azj v {&ci oo, {6xl_8xi o 0x, (5)
2 n
AUl- :UinJrl _Uin :AUZ- _AtQinH% _A_tuka& (6)
2 ox,
0 o (. or) @ G !
Ape) = —At| —(u,pe)———| k—— |+ ——(u,p)-——(r,u,
(e) { o (1, ¢) Gxi[ ax,.j o (u,p) o (fyuj)}
2 2 n (7)
At 0
U = u,\pe+
D)

In the equation given above, (7,., U/ and At denote auxiliary momentum,
momentum at time » and time step size, respectively. O, is the pressure gradient

term which is considered as a source term. ¢, and @, parameters take the values in
the range of 0 to 1 depending on the employed schemes such as implicit, explicit or
semi-implicit. Since the equations given above are self-adjoint for pressure, they can
be discretized in space using Galerkin approach. For different flow conditions
(compressible, incompressible or barotropic flow) these equations are solved using
different approaches. If the flow is incompressible, Ap term appearing on the left
hand side of the Equation (5) vanishes. Furthermore, the energy equation is solved
independently at the beginning or end of the every time step, in order to obtain
temperature values. If the flow is barotropic, pressure is related to density through

p = Ap’” . If the flow is compressible, pressure and density are related to temperature

Xiil



through the perfect gas equation ( p = pRT ) and required temperature values are

obtained by solving the energy equation simultaneously with momentum and
continuity equations.

If continuum approach is valid, the equations and solution procedures mentioned
above can be used for solution of flow problems. It is very important to know under
which conditions N-S equations are applicable and what kind of modifications carry
on the validity of it. Thus, new definitions and parameters are needed. For gases,
mean free path (1) is the exact corresponding for these definitions. It is defined as the
path traveled by a molecule between two consecutive collisions. Knudsen number is
a measure of rarefaction and defined as the ratio of mean free path to the
characteristic length of the flow (L):

Kn Vi (8)
According to value on Knudsen number, following flow regimes are defined. The
regime, where the Knudsen number is smaller than 0.001, is called continuum
regime. In this regime, fluid flow problems can be simulated using the models based
on continuum matter approach. The interval where the Kn is in the range of 0.001 to
0.1 is called slip regime. In this regime, continuum models such as N-S solver can be
used for simulation of fluid flow, if slip-velocity/temperature-jump boundary
conditions are employed instead of usual no-slip/no-jump (in temperature) boundary
conditions on solid wall. In transition regime, Knudsen number is in the range of 0.1
to10. The fluid flow problems in this regime can be modeled using higher order
continuum model such as Burnett equations or molecular based Direct Simulation
Monte Carlo method (DSMC). In Free molecular flow regime where the Knudsen
number is greater than 10, the interaction between the molecules is infrequent and
rarefied gas flow is considered. Boltzmann equation can be used in this regime.

At standard conditions (7=288°K and p=1.01325x10 Pa), mean free path for air
molecules is equal to 0.065 microns. Thus, for a device having characteristic length
of 1 micron, Knudsen number is calculated as 0.065. This value indicates that the
flow is in the slip regime. For the same device, if pressure decreases to ten percent
while the temperature remains constant, the flow is in transition regime. For the same
device again, Knudsen number is equal to 3x10* at altitude of 100 km and flow is in
free molecular regime.

In recent years, extremely small sized devices have been manufactured due to the
development in the production technologies. Some of these devices are used as
sensor for pressure, temperature and mass flow or used as actuator for linear or
angular movement. These devices are combinations of electrical and mechanical
devices. Their sizes are in the range of 1 mm to 1 micron and they are called Micro-
Electro-Mechanic-Systems (MEMS). Today, there is a wide range of applicability of
MEMS in many fields such as industry and medical. Some of these applications are
related directly or indirectly to fluid flow. Micro channels, micro synthetic jets are
just two of this kind of MEMS devices. It is known that most of these micro sized
devices work in slip regime under standard conditions. Thus, using appropriate
numerical models would help to increase the productivity of them and to reach a
better comprehension of their functions.
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To simulate a fluid flow problem in slip regime with a model based on continuum
approach (N-S solver), Beskok and Karniadakis proposed a second order slip-

velocity (u, ) and temperature-jump (7. ) boundary conditions as given below:

. . _2-0, Kn (au*j +i(}/—1)Kn2Re(aT*J

u, —u,

T g 1—bKn\on ) 2z y  Ec o ©

s .« 2-0,| 2y |Kn(oOT"

T, =Ty = D * (10)
o, |(y+1)]Prion .

Slip-velocity/temperature-jump values given in the equations above are in non-
dimensional form and Re, Ec, Pr denote the Reynolds, Eckert and Prandtl numbers,
respectively. 8/0n and 0/0s represent the gradients normal and tangential to the
wall. o, and or are the tangential momentum accommodation and the energy
accommodation coefficients. Using the Equation (9) and (10) instead of usual no-
slip/no-jump boundary condition employed on solid wall in continuum regime,
continuum models such as N-S can be used for the simulation of the flow in slip
regime.

In this study, various fluid flow problems are simulated using CBS FEM solver.
These problems are varying from incompressible to compressible flow, from laminar
viscous flow through backward facing step flow to flow of micro sized synthetic jet
which transfers momentum to main flow due to its oscillating diaphragm. In the
solution of the problems mentioned above, the continuity equation given with
Equation (5) is solved implicitly while the auxiliary momentum and momentum
equations given with Equation (4) and (6) are solved explicitly. In order to reduce the
size of implicit part of the algorithm, pseudo quadratic velocity/linear pressure type
elements (pP2P1) are used within the computations. Thus, the solution can be
considered to be obtained on two different grids, one for the velocity and other for
pressure solution. pP2P1 type elements are obtained by inserting mid nodes to the
linear pressure elements and interconnecting these to give 4 elements over which the
velocity interpolated linearly

If one or more boundaries of computation domain are moving in time as seen in the
synthetic jet problem, this movement should be modeled and coupled with solution
procedure. If the position of nodes on the moving boundary is known or can be
calculated in time ¢, the velocity of the nodes can also be calculated. It is obvious
that, elements next to the boundary would be deformed according to the movement
of the boundary. If amount of the maximum displacement of the boundary nodes is
high enough compared to length of the element next to the boundary, this causes
undesirable effect. Therefore, the mesh region surrounded by one or more moving
boundaries is updated in time using desired interpolation formulas. Thus, the nodes

in the updated region will have a grid velocity denoted with u*. When the Arbitrary-
Lagrangian-Eulerian (ALE) approach is used and grid velocity uf is taken in to

account, the auxiliary momentum equation given with Equation (4) takes the
following form:

XV



=At{—i(u/(U,. ~us)) +%+(pgi)} (11)

ij ‘ axj

. A{ﬂuk i(i (U, )- H

2 " ox, | Ox,

In this study, second order slip-velocity/temperature-jump boundary conditions of
Beskok and Karniadakis are used. Thus, the capability of CBS algorithm is extended
to cover flow problems in slip regime. Moving deforming mesh concept is modeled
using ALE approach and it is coupled with the modified algorithm. Using pP2P1
type elements within the CBS algorithm computations shows that there is a
significant gain in terms of computational time and memory requirements.

In order to asses the performance of the proposed algorithm and to verify the
implementations, various problems having different physical and numerical aspects
are solved. Results of these analyses are compared with other solvers’ and results
from literatures in terms of accuracy and computational costs.

To verify the slip-velocity boundary condition implementation, straight micro
channel is selected as a test case and obtained velocity and pressure distributions are
compared with analytical and available numerical results. These comparisons show
that the CBS algorithm yields accurate results for this test case.

Micro synthetic jet having a rectangular cavity is another micro flow problem
numerically investigated in this study. Effect of geometrical parameters of the cavity
on jet formation mechanism is numerically investigated. This analysis is one of the
first comprehensive micro synthetic jet analysis performed using a compressible
solver. For some of the numerically investigated cases, jet exit velocity reaches 140
m/s. It is obvious that compressibility effect cannot be neglected for these cases.

Another comprehensive analysis performed within the thesis is compressible fluid
flow through micro backward facing step geometry in slip regime. In this analysis,
results are obtained using CBS solver with both no-slip/no-jump and slip-
velocity/temperature-jump boundary conditions. Then, obtained results are compared
in terms of reattachment lengths, mass flow rate, inlet-outlet pressure difference.

The performed analyses, obtained results and comparisons show that the use of the
proposed CBS algorithm with pP2P1 type elements is promising for fluid flow
problems in both continuum and slip regime.
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MIKRO AKISLARIN SONLU ELEMANLAR YONTEMIYLE ANALIiZi
OZET

Tez calismasmin ana hedefi, bir algoritma gelistirerek hareketli veya duragan
sinirlara sahip mikro akis problemlerinin ¢6ziimiinde kullanmaktir. Bu amagla,
sikistirilabilir ve sikistirillamaz akig problemlerinin  ¢6ziimiinde kullanilabilen
Karakteristik Tabanli Ayirma algoritmast olusturulmus ve bu algoritmaya ait
alisilageldik kaymama/sicaklikta-sigramama sartlari, standart sartlarda mikro boyutlu
geometrilerde meydana gelen kayma-hizi/sicaklik-sigramasi sartlarin1 kapsayacak
sekilde degistirilmistir.

Viskoz sikistirilabilir akisa ait siireklilik, momentum ve enerji denklemleri takimu,

Navier-Stokes denklemleri (N-S) olarak adlandirilir. Bu denklemler kartezyen

koordinatlarda, korunumlu halde asagidaki gibi yazilabilir:

a—V-i-%-i-—aGi-i-Q:O, i=1,23 (1)
ot ox, Ox

Denklem (1)’de yeralan V, E,, G, ve Q sirastyla; bagimli degisken, tasinim, iletim

ve kaynak vektorleridir. Bu vektorler agik olarak asagidaki gibi yazilabilir:

P o opu ] I 0 | ) |
puy P, + 0, p -7, -pg,
V=l pu, |, K =| pusu; +6,p |, G, = Ty Q= -PE, (2)
Py pusit; + 65, p -7, -pg;
| pe | | u,(pe+p) | —(koT/ox,)—7,u, —p(gu,+7)|

Gerilme ile sekil degistirme hiz1 arasindaki iliski Stokes hipotezi ile tanimlanir ve 7,

gerilme bilesenleri asagidaki denklemle verilir:

7 =u{(%+%j—5ﬁ%} ©)
ox; 0Ox 3 ox,

Yukarida verilen denklemlerde, u;, p, p, T, x; ve t, sirasiyla hiz bileseni, basing,
yogunluk, sicaklik, kartezyen koordinat ve zamani temsil etmektedir. & 1s1l iletim
katsayisini, p viskoziteyi gostermektedir. Viskozite sicakligin bir fonksiyonudur ve
bu iliski Sutherland yasasi ile tanimlanmaktadir. Kaynak terimi ve yer cekimi
kuvveti sirastyla » ve g, ile gosterilmistir. ¢; ve 7;, Kronecker delta fonksiyonu ve
viskoz gerilmedir. e birim kiitle basina toplam enerji olup, ¢, sabit hacimdeki 6zgiil
1s1y1 gostermek lizere, e =c T +u,u, /2 seklinde yazilabilir. Sikistirilabilir akis icin,
yukarida verilen denklemlere ek olarak; basing, sicaklik ve yogunluk,
p = pRT seklinde verilen ve gaz sabitinin R ile temsil edildigi miikemmel gaz
denklemiyle iliskilendirilmektedir.
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Boliinmiis adimlar yontemi, Chorin tarafindan sikistirilamaz akis problemlerinin
sonlu farklarla ¢oziimii i¢in Onerilmistir. Zienkiewicz ve Codina bu yontemi,
Karakteristik-Galerkin yontemi yardimiyla, hem sikistirilabilir hem de sikistirilamaz
akis problemlerine uygulanabilecek sekilde gelistirmislerdir. Bu yoOntem
Karakteristik-Tabanli-Ayirma (KTA) yontemi olarak 1999 yilinda literatiirde yer
almistir.

Basing gradyeni terimi disinda, sikistirilabilir viskoz bir akisa ait momentum
denklemi ile skaler-taginim-iletim denklemi ayni yapidadir. Bu benzerlikten
hareketle, momentum denkleminde yer alan basing gradyeni terimi bir kaynak terimi
gibi ele alinirsa, bu denklem karakteristik-Galerkin yontemi kullanilarak
ayriklastirilabilir. Bu ayriklagtirma sonucunda elde edilen denklemlere Chorin’in
boliinmiis adimlar yontemi uygulandiginda, basing i¢in tamamiyla kendine es (self-
adjoint) denklemler elde edilir. Benzer sekilde, enerji denklemi de karakteristik-
Galerkin yaklasimi uygulanarak zamanda ayriklastirildiginda, KTA yontemine ait
yardimc1 momentum, siireklilik, tamamlayic1 momentum ve enerji denklemleri elde
edilir. Bu denklemlerin agik ifadeleri asagida verildigi gibidir:

AU, =U,-U!
0 or; A o o ' (4)
=A| ———\uU /) +—L+ N+ —u, —| —\u U, )- pe.
|: axj( J ly‘ axj (pgt) 2 kaxk(axj( J l) pgzj:l
1 n GU" 641(7 aan azAp
Ap=|— | dp=-A|——+0 L At +0 5
v (az) v {5)6,- ! Ox, l(ax,.ax,. zéxiﬁxi ®)
2 "
AU,- — Uin+l _U,-n — AU, _AtQinJr&z _A_tuk aQ[ (6)
2 ox,
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Yukaridaki denklemlerde yer alan U .» U ve At sirastyla, yardimer momentum, n
anindaki momentum ve zaman adimimi temsil etmektedir. Q;, kaynak terimi gibi
diisiiniilen basing gradyenidir. &, ve @, parametreleri, hesaplamada kullanilan
semanin acik, kapali veya yar1 kapali olmasia bagh olarak, sifir ile bir araliginda
degerler alirlar. Yukarida verilen denklemler basing i¢in kendine es oldugundan,
Galerkin yaklasimi uygulanarak uzayda ayriklastirilabilirler. Bu denklemler, farkli
akis sartlarinda (sikistirilabilir, sikistirilamaz veya barotropik) farkli yaklagimlar
uygulanarak ¢oziime kavusturulur. Akis sikistirilamaz ise, (5) numarali denklemin
sol tarafinda yer alan Ap terimi sifira gider. Daha da Onemlisi, enerji denklemi
bagimsiz olarak her zaman adiminin baginda veya sonunda sicaklik degerlerini elde
etmek icin ¢Oziilir. Eger akis barotropik ise, basing ve yogunluk, p= Ap”
bagintisinda verildigi sekilde iliskilidir. Sikistirilabilir bir akis s6z konusuysa, basing
ve yogunluk, miikemmel gaz denkleminde ( p = pRT ) verildigi sekilde sicaklikla
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iligkilidir ve enerji denklemi, momentum ve siireklilik denklemleri ile birlikte
coziilerek gereken sicaklik degerleri elde edilir.

Yukarida sozii edilen denklem ve ¢Oziim yoOntemleri, siirekli ortam yaklagimi
gecerliyse, akis problemlerinin ¢dzlimiinde kullanilabilirler. N-S denklemlerinin
hangi sartlarda gecerli oldugu ve ne gibi iyilestirmelerle gecerliligini korudugunu
bilmek olduk¢a oOnemlidir. Bu nedenle, yeni tanim ve parametrelere ihtiyag
duyulmaktadir. Gazlar i¢in ortalama serbest uzaklik (1), bu ihtiyaca cevap veren bir
tanimdir. Ortalama serbest uzaklik, bir gaz molekiiliiniin ardigik iki carpisma
arasinda kat ettigi mesafe seklinde tamimlanir. Knudsen sayisi seyrelmenin bir
Olciisiidiir ve ortalama serbest uzakligin karakteristik boya (L) orami seklinde
tanimlanir:

Kn== ®)
Knudsen sayisinin aldigi  degerlere bagli olarak asagidaki akis rejimleri
tanimlanmaktadir. Knudsen sayisinin 0.001 den kiiclik oldugu bolge, siirekli rejim
olarak isimlendirilmektedir. Bu rejimde yer alan akis problemleri, siirekli ortam
yaklagimina dayali modeller kullanilarak temsil edilebilmektedir. Knudsen sayisinin,
0.001-0.1 araliginda yer aldig1 rejim, kayma rejimi olarak adlandirilir. Bu rejimde,
N-S ¢oziiciiler gibi siirekli ortam yaklasimina dayali modeller, kati1 duvar iizerinde
kullanilagelen kaymama/sicaklikta-sigramama sartlar1 yerine kayma-hizi/sicaklik-
sigramasi  sinir  sartlart  ile uygulanirsa, akigkan hareketinin temsilinde
kullanilabilirler. Gegis rejiminde, Knudsen sayisi, 0.1 ile 10 arasinda degerler alir.
Bu rejimde yer alan akis problemleri, Burnett denklemleri gibi yiiksek mertebeli
siirekli ortam modelleri veya molekiiler yaklasima dayali Direct Simulation Monte
Carlo (DSMC) vyontemi kullanilarak modellenebilir. Serbest molekiiler akis
rejiminde, Knudsen sayist 10’dan biiyiik olup, molekiiller arasi etkilesim diigiiktiir ve
seyrelmis gaz akis1 s6z konusudur. Boltzmann denklemi bu rejimde kullanilabilir.

Standard sartlarda (7=288°K ve p=1.01x10° Pa) hava molekiilleri i¢in ortalama
serbest uzaklik 0.065 mikrondur. Dolayisiyla bu sartlarda, karakteristik boyu 1
mikron olan bir aygit i¢in Knudsen sayis1 0.065 olarak hesaplanir. Bu deger akisin
kayma rejiminde olduguna isaret eder. Aymi aygit icin, sicaklik degismezken basing
10°da birine diigerse, akis artik gecis rejimindedir. Yine aym aygit i¢in, 100 km
irtifada Knudsen sayist 3x10* olup akis serbest molekiiler akis rejimindedir.

Son yillarda, iiretim teknolojilerindeki gelismelere bagl olarak, ¢ok kiiciik boyutlu
aygitlar {iretilmistir. Bu aygitlarin bir kismi, basing, sicaklik, kiitle akisi vb. igin
algilayici, ya da dogrusal veya acisal hareket icin eyleyici olarak kullanilmaktadir.
Boyutlar1 Imm ile 1 mikron arasinda degisen, elektrik ve mekanik aygitlarm bir
bilesimi olan bu aygitlar, Mikro-Elektro-Mekanik-Sistemler (MEMS) olarak
adlandirilirlar. Giiniimiizde, endiistri ve tip gibi bir¢ok sahada cok cesitli MEMS
uygulamalar1 vardir. Bu uygulamalardan bir kismi, dogrudan ya da dolayli olarak
akigkan hareketi ile iliskilidir. Mikro-kanal ve mikro-sentetik-jet, bu tip MEMS
aygitlarindan sadece ikisidir. Bu mikro boyutlu aygitlarin bir¢ogunun, standart
sartlarda kayma rejiminde calistiklar1 bilinmektedir. Bu ylizden, uygun sayisal
modellerin kullanilmasi, bu aygitlarin ¢caligma verimlerinin arttirilmasi ve islevlerinin
daha iyi kavranmasina hizmet edecektir.

Beskok ve Karniadakis, kayma rejiminde yer alan bir akisin, stirekli ortam
yaklagimina dayal1 bir modelle (N-S coziiciiler gibi) temsil edilebilmesi i¢in, agagida
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acik ifadeleri verilmis olan ikinci mertebeden kayma-hizi (u:) ve sicaklik-sigramasi

(T,) stir sartlarini dnermistir.

.« 2-0, Kn (au*j N (}/—I)anRe{aT*j

u, —u =

C T T 1= bKn\on" , 2y Ec \ os )
s o« 2-0,| 2y |Kn[oT"
T, —Tyu = D * (10)
o (7/+1) Prion )

Yukaridaki denklemlerde yer alan kayma-hizi ve sicaklik-sigramasi degerleri
boyutsuz olup, Re, Ec ve Pr sirasiyla Reynolds, Eckert ve Prandtl sayilarini
gostermektedir. 0/0n ve 0/0s, swrastyla duvara dik ve duvar dogrultusundaki
gradyenleri temsil etmektedir. o, ve o,, duvara paralel momentum ve enerji

barindirma (accomodation) katsayilaridir. N-S ¢oziiciiler gibi siirekli ortam modelleri
(9) ve (10) numarali denklemlerin, kat1 yiizeylerde uygulanan akiskanin sicaklik ve
hizinin duvar degerlerine esit olmasi sart1 yerine kullanilmasiyla, kayma rejimindeki
akis1 temsil etmek i¢in kullanilabilirler.

Bu caligsmada cesitli akis problemleri, KTA SEY c¢oziiciisii kullanilarak incelenmistir.
Bu problemler, sikistirilamaz akistan sikistirilabilir akisa, ters basamak geometrisi
icindeki laminer viskoz akistan, hareketli diyaframi sayesinde ana akisa momentum
transferi gergeklestiren mikro boyuttaki sentetik jet akisina kadar cesitlilik
gostermektedir. Yukarida sozii edilen problemlerin ¢dziimiinde, Denklem (5) ile
verilen siireklilik denklemi kapali, Denklem (4) ve (6) ile verilen yardimci ve
tamamlayict momentum denklemleri agik birer sema kullanilarak ¢oziilmektedir.
Algoritmanin kapali kismmin boyutunu azaltmak i¢in, sanki ikinci dereceden
hiz/dogrusal basing (pP2P1) elemanlar1 kullamilmistir. Bu sayede, basing ve hiz
alanlan farkli aglar {izerinde ¢oziililyormusgasina sonuglar elde edilmistir. pP2P1 tipi
elemanlar, dogrusal basing elemanlarmin ortalarina yeni digim noktalar
yerlestirilmesi ve bu diiglim noktalarinin, hizin dogrusal olarak interpole edildigi 4
eleman olusacak sekilde birlestirilmesiyle elde edilir.

Sentetik jet probleminde oldugu gibi, hesaplamada kullanilan sayisal agn
sinirlarindan bir veya birkagi zamana bagl bir hareket yapiyorsa, bu hareketin de
modellenmesi ve ¢oziim yontemiyle birlestirilmesi gerekir. Smirda yer alan diigiim
noktalarinin herhangi bir ¢ anindaki konumlar1 biliniyor veya hesaplanabiliyorsa, bu
diigiim noktalarinin hizlarn da hesaplanabilir. Simira komsu olan elemanlarin,
sinirdaki harekete bagl olarak sekil degistirecegi acgiktir. Sinirdaki en biiyiik yer
degistirme miktar1, sinira komsu olan elemanin boyu ile kiyaslandiginda yeterince
biiytik ise, bu istenmeyen sonuglara yol agar. Bu ylizden bir veya daha fazla hareketli
sinirla ¢evrelenmis ag bolgesi, her zaman adiminda istenilen interpolasyon
formiilasyonu kullanilarak yenilenir. Boylece, her zaman adiminda yenilenen ag

bolgesindeki diigim noktalari, u* ile gosterilen ag hizina sahip olurlar. Keyfi-

1

Lagrangian-Euleri (KLE) formiilasyonu kullanilip ag hiz1 »f de dikkate alindiginda,
(4) numarali yardimc1 momentum denklemi asagidaki formu alir:
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Bu calismada, Beskok ve Karniadakis’in ikinci mertebeden kayma-hizi/sicaklik-
sigramasi sinir sartlari kullanilmigtir. Bu sayede, KTA algoritmasinin kapasitesi,
kayma rejimindeki akis problemlerini kapsayacak sekilde genisletilmistir. Hareketli
ve bozuntuya ugrayan ag kavrami, KLE yaklasimi kullanilarak modellenmis ve
gelistirilen algoritmayla birlestirilmistir. pP2P1 tipi elemanlarin KTA algoritmasiyla
yapilan hesaplamalarda kullanilmasi, hesaplama zamani ve gereken hafiza acisindan
ciddi bir kazang saglandigin1 ortaya koymustur.

Onerilen algoritmanin performansin1 dlgmek ve gerceklestirilen uyarlamalari
dogrulamak icin, farkli fiziksel ve sayisal Ozelliklere sahip cesitli problemler
¢Ozllmistiir. Bu analizlerden elde edilen sonugclar, literatiirdeki ve bagka ¢oziiciiler
kullanilarak elde edilenlerle, dogruluk ve hesaplama yiikii agisindan
karsilastirilmistir.

Diiz mikro kanal, kayma-hiz1 sinir sart1 uyarlamasmin dogrulugunu sinamak icin test
problemi olarak secilmis; elde edilen basing ve hiz dagilimlari, analitik sonug¢ ve
literatiirde yer alan sayisal sonuclarla karsilastinlmistir. Bu karsilagtirmalar, KTA
algoritmasinin bu problem i¢in hassas sonuglar verdigini gostermistir.

Dikdortgen hazneli mikro sentetik jet, bu ¢alismada sayisal olarak incelenen mikro
akis problemlerinden biridir. Hazneye ait geometrik parametrelerin jet olusum
mekanizmasina etkisi sayisal olarak incelenmistir. Yapilan bu analiz, literatiirde yer
alan ve sikistirilabilir ¢6ziicii kullanilarak gergeklestirilen kapsamli mikro sentetik jet
analizlerinden biridir. Yapilan analizlerde incelenen bazi durumlar i¢in, jet ¢ikis hizi
140 m/s ulagmaktadir. Bu durumlar i¢in sikigabilirlik etkisinin ihmal edilemeyecegi
aciktir.

Tez calismasi sirasinda gerceklestirilen bir bagka kapsamli analiz ise, ters basamak
geometrisi icindeki sikistirilabilir mikro akis problemidir. Bu analizde sonuglar, KTA
algoritmasinin hem kaymama/sicaklikta-sicramama hem de kayma-hizi/sicaklik-
sigramasi sinir sartlariyla kullanilmasi ile elde edilmistir. Daha sonra elde edilen bu
sonuglar, tekrar duvara yapisma mesafesi, debi ve giris ¢ikis basing farki acisindan
karsilagtirilmgtir.

Elde edilen sonuglar, yapilan analiz ve karsilastirmalar, 6nerilen KTA algoritmasinin
pP2P1 tipi elemanlarla kullanilmasinin, hem kayma rejimi hem de siirekli rejimde
yer alan akis problemleri i¢in yararli olacagini gostermektedir.

XX1



1. INTRODUCTION
1.1. Motivation

Characteristic Based Split algorithm has been introduced as a general (unified)
algorithm for compressible and incompressible flows. In the second half of the
1990’s, this Navier-Stokes solver was quite new and the preliminary research
concerning it was published in following years. Using this new Finite Element
algorithm for solution of different fluid flow problems, testing applicability and
efficiency of the algorithm and comparison of it with the alternative ones were the
subjects of many studies in those years. Even though wide varieties of fluid flow
problems are included in these studies, no micro flow problem was solved using this

algorithm.

Recent experiments show that fluid flow in or through a micro sized geometry differs
from the one having larger size. Furthermore, the results of experiments with micro
sized geometries could not be explained using a conventional model such as the
Navier-Stokes equations. For example, micro channel experiments show that there is
a significant increase in mass flow rate comparing with the results obtained via
Navier-Stokes solvers. Now, it is well known that the inconsistency between the
experimental and numerical results is due to the rarefaction effect which is

encountered in flows in micro or smaller sized geometries.

To understand varying properties of fluid flow in a micro geometry, consider air flow
in a long micro channel. At the channel inlet, pressure is atmospheric while the outlet
is near vacuum. As air flows along the channel, the flow regime may change from
incompressible to compressible and from continuum to rarefied. Therefore, a
numerical model that can be applied to compressible, incompressible, rarefied and
continuum flow problems at the same time is required for simulation of the micro
channel flow mentioned above. It is known that a N-S solver can be used for the
numerical simulation of slightly rarefied gas flow, if traditional no-slip/no-
temperature-jump boundary condition applied at solid wall is modified appropriately.

The reasons of this modification, its validity and details are given in following parts



of this thesis. It is also reported in the literature that N-S solver is the most efficient
model among the alternatives when it is applicable. Motivation of this thesis is to
investigate an efficient solver which is applicable to both compressible and

incompressible micro flow problems.

1.2. FEM and Others

The pioneering studies on computational fluid dynamics (CFD) started with the first
applications of digital computers. Starting from mid 1960’s, with the introduction of
panel method, computational techniques took an important role in aerodynamics
design and analysis [1]. There has been a phenomenal progress in the development
and application of the CFD algorithms for last two decades. This progress is
advancing from 1-D to 3-D calculations, from steady to unsteady flows, from
potential flow modeling to Reynolds averaged Navier-Stokes equations and Direct
Numerical Simulation (DNS), from single block structured grids to unstructured and
hybrid grids, and from pure CFD applications to a wide variety of multi disciplinary
applications[2]. This progress is directly related to the increasing performance of

computers during the last two decades.

Today, there are a number of software packages available that solve fluid flow
problems, many courses offered at universities and many researchers are active in the
field [3]. On the other hand, computational fluid dynamics is still in progress. This is
mostly due to the complex mathematical structure of the Euler, Navier-Stokes and

Burnett equations that are used to describe fluid motion.

The momentum equation of fluid flow is obtained by applying Newton’s second law
to a fluid particle under the body and surface forces. The stress and rate of strain
relation is defined by Stokes hypothesis; the viscous forces are expressed explicitly
in terms of appropriate flow variables. The resulting equations are called Navier-
Stokes equations in honor of M. Navier and G. Stokes who independently obtained
the equations in the first half of the nineteenth century [4]. Historically, only the
momentum equations were called the Navier-Stokes equations; however, today the
complete system of equations of viscous flow —the continuity, momentum and
energy- is frequently referred to in the modern literature as the “complete Navier-
Stokes equations”[4]. The Navier-Stokes equations (N-S) are second order partial

differential equations of evolution type. Since the convection term in the N-S



equations is nonlinear, there do exist exact analytical solutions of N-S equations for a

very few highly specialized flow problems [5].

The governing equations of fluid flow need to be discretized for performing a
computational analysis. N-S equations can be discretized via finite difference
(FDM), finite volume (FVM), boundary element (BEM) or finite element methods
(FEM). The FDM, which requires the use of a Cartesian or a curvilinear mesh,
directly approximates the differential operators appearing in the governing equations
[1]. Therefore, FDM can not be used to analyze of flow for arbitrarily complex
geometries. The FVM is evolved via the FDM in the early seventies [1]. In the FVM,
the discretizations are accomplished by dividing the domain of the flow into a large
number of small subdomains and applying the conservation laws in the integral
volume. The mesh that creates the control volume can be structured or unstructured.
In BEM, only the boundaries of computational domain are discretized by using
isoperimetric elements, but it is not easy to implement to non-homogenous domain.
FEM is one of the most popular tools for numerical solution of fluid flow problems.
There are also some hybrid methods like FVM-FDM or FEM-FVM in literature.
These methods aim to combine several methods according to the advantages of each

one in different areas.

The FEM was first constructed as a procedure for structural analysis [6]. The method
differs from FDM and FVM by inserting a local approximate solution into the exact
equations. Although FEM and FVM produce equivalent or nearly equivalent results
for many cases [7,8], the FEM considered to be more general and mathematically
consistent approach which can provide alternative possibilities for accuracy/cost
adjustment [6-9]. As mentioned before, the major difference between the finite
volume and finite element method is that, the solution is assumed to be known in the
FEM [7,8]. In FEM, solution domain is divided into finite numbers of elements for
which the differential equations are approximated by appropriate interpolation
functions [6,7]. Therefore, it can be used both on structured and unstructured grid

[10].

In the FEM, variational principle (Rayleigh-Ritz Method) or approximation methods
(weighted residual methods) can be used. Since it is not possible to find variational
principles in some cases, weighted residuals methods come out to be essential.

Collocation, Least Square, Subdomain and Galerkin are the four types of weighted



residuals methods [11]. In computational fluid dynamics problems, Galerkin’s

method is one of the commonly used weighted residuals method.

In this method, residuals are orthogonally projected onto a set of linearly independent
complete functions, which are called weighting functions. It is not required that these
functions are exact solution of the given equation. The only requirement is that the

residuals must be identically equal to zero.

1.3. CBS History and Applications

Recently, various compressible, high speed flow problems are solved numerically via
FEM. This is an expected result of the remarkable development of FEM procedures
for the solution of high speed flow problem in last decades. One of these new
procedures is the Taylor-Galerkin method [12,13]. This method is finite element
equivalent of the Lax-Wendroff method which is developed in the finite difference
context [14]. In Taylor-Galerkin process, temporal derivatives are written using
Taylor’s expansion, and then spatial discretization is done using standard Galerkin

approach.

Characteristic-Galerkin method is another FEM which is also applicable to high
speed compressible flow problems. The first study on this method was published in
1984 [15] and full description was published in the following years [10,16]. In this
method, the convection—diffusion equation is discretized along the characteristics.
Since, the resulting equation is self-adjoint in the moving coordinate, Galerkin spatial
discretization is optimal. But difficulties of mesh updating due to moving coordinates
are overcome using the approximate backward integration introduced by Lohner et al
[15,17] (see also Appendix A). Different type of approximations can be used for
average velocity along the characteristics, and they lead to different stabilizing term.
It is proved that Galerkin spatial discretization is justified when the characteristic-
Galerkin procedure is used [18,19]. Both of the FEM procedures mentioned above
yield an identical approximation when a single variable and characteristic speed

exist.

Fractional step algorithm was devised originally by Chorin [20,21] for the solution of
incompressible flow problems in finite difference context and it was developed and

has been used by many fluid dynamicist so far. In this method, a time steping process



is implemented for the momentum and continuity equation in which velocity and
pressure are the essential variables. Sometimes this method is interpreted as a
projection method since it starts obtaining an approximate (or auxiliary) velocity
field. This approximate velocity field is obtained from the momentum equation in
which the effect of pressure gradient is excluded. After the first step, unknown
pressure values are obtained using approximate velocity field in continuity equation.
Approximate velocity field is updated using computed pressure values in the final
stage, called the correction step. This process is also known as velocity correction

method.

In 1995, Zienkiewicz et al. introduced a unified algorithm designed to replace the
Taylor-Galerkin (or Lax-Wendroff) methods that have been used by them so far in
the solution of compressible flow problems [18]. Then, they have published several
papers concerning the basis and applications of the new algorithm that can be applied
to all fluid mechanics problems [22,23]. Finally they published a paper and the
algorithm was named as Characteristic-Based-Split (CBS) algorithm [24]. Thus,
fractional step process of Chorin is extended to solve the fluid dynamics equations of

both compressible and incompressible forms.

The main aspect of the CBS procedure is to split the equations into two parts. The
first part of the equations is a set of simple scalar convection-diffusion type
equations. So, the characteristic-Galerkin procedure is applied to these equations and
gives an optimal solution [18,19]. The second part of equations is self-adjoint.

Therefore, the equations are discretized by the Galerkin approach.

It is known that the original Chorin’s split could never be used in fully explicit code,
whereas the CBS provides a fully explicit algorithm in the incompressible case for
steady-state problems using artificial compressibility. The steady-state solution is not
affected by this artificial compressibility. The algorithm is also applicable for fully

compressible flows in both explicit and semi-implicit forms [19,22-23].

1.3.1. pP2P1 Type Elements

When semi-implicit form of the CBS algorithm is used, pressure field is obtained by
solving the continuity equation implicitly. Therefore any reduction on the size of the
continuity equation results in significant savings in the number of calculations and

storage requirements. This is possible when pseudo-quadratic velocity/linear pressure



elements (pP2P1) are used instead of linear velocity-pressure elements (P1P1)
[25,26]. These types of elements were first used for the solution of incompressible
fluid flow using Streamline-Upwind Petrov-Galerkin method (SUPG)[25] and it was
shown that using pP2P1 type element instead of P1P1 didn’t degrade the accuracy of
algorithm [26,27].

1.3.2. ALE Description

Arbitrary—Lagrangian-Eulerian (ALE) approach can be used for the solution of the
fluid flow problems which have moving boundaries. Due to the movement of the
boundary nodes, the elements next to the moving boundary are also deformed. If the
amount of this deformation is not small compared to the length of the element, this
deformation has to be diffused to surrounding elements in the computational grid
using basic interpolation formulas to prevent forming of spurious elements in the
domain. If the position of the moving boundary is known or can be computed at
every time step, the velocity and location of other nodes are calculated and mesh is
updated. Implementation of the CBS algorithm within ALE description is presented
in Chapter 4.

1.4. MEMS

It is known that extremely small machines have been fabricated using modern
manufacturing processes. These electrostatic, magnetic, electromagnetic, pneumatic
and thermal actuators, motors, valves, gears, cantilevers, diaphragms and tweezers
have characteristic lengths less than 0.1 mm. These machines have been used as
sensors for pressure, temperature, mass flow, velocity, sound and chemical
composition, as actuators for linear and angular motions, as simple components for

complex systems, micro-heat-engines and micro-heat-pumps [28,29].

Micro-electro-mechanical systems (MEMS) which are fabricated using integrated
circuit batch-processing technologies are combinations of electrical and mechanical
components and they have characteristic lengths in the range of 1 mm to 1 micron
[28,29]. To imagine the dimension of the MEMS, it can be said that a micro devices
can have a characteristic length smaller than the diameter of a human hair. Surface
and bulk silicon micromachining, lithography electrodeposition and plastic molding;

and electrodischarge machining are current manufacturing techniques for MEMS



[29]. Increasing application areas of MEMS include variety of industrial and medical
fields. Accelerometers for automobile airbags, keyless entry systems, dense arrays of
micromirrors for high-definition optical displays, scanning electron microscope tips
to image single atoms, micro-heat-exchangers for cooling of electronic circuits,
reactors for separating biological cells, blood analyzers and pressure sensors for
catheter tips are given in Reference [28] as a few of current usages examples of

MEMS.

1.4.1. Micro Fluidic Devices

Some of the MEMS devices include fluid flow. Microducts, micronozzles,
microturbines, and microvalves are a few examples of these type microfluidic
devices. Some MEMS devices are indirectly related to the fluid flow. Microsensors
and microactuators have potential to be used in flow control. In this study, some

micro flow problems are numerically investigated.

1.4.2. Micro Synthetic Jet

One of the MEMS technology products is micro synthetic jet actuator (uSJA) and it
is used for various applications including cooling of electronic packages, micro
mixing and aerodynamic flow control [28-33]. In an effort to expand the
understanding of flow fields generated by pSJA, a compherensive numerical study is
included in the thesis [34]. An introduction to synthetic jet flow and jet formation

mechanism is the subject of Chapter 6.

1.5. Fluid Modeling

Fluid flows can be modelled using molecular and continuum models. Continuum
models assume that fluid is a continuous matter and macroscopic properties of the
fluid such as pressure, density, velocity, and etc. can be defined at every point in
space and time. A set of nonlinear partial differential equations form the continuum
models. As seen in the Figure 1.1 adopted from Reference [28], Euler, N-S and

Burnett are the continuum models.

Molecular models assume that fluid is a collection of gas molecules and as seen in
the Figure 1.1, this type of models can be subdivided in to deterministic and

probabilistic ones. Boltzmann and Direct Simulation Monte Carlo Method (DSMC)



are statistical models while the modern molecular dynamic computer simulation
(MD) is deterministic. Details and validity of the models seen in the figure are given

in following part of the thesis.

*‘ Deterministic Models
—‘ Statistical Models

’ Fluid Modeling ‘

4‘ Molecular Models ’7
4‘ Continuum Models ’7

Boltzmann

Euler

Navier-Stokes

Burnett

Figure 1.1 : Flow Models
1.5.1. Continuum Models

One of the continuum models is the N-S equations and it can be used for the solution
of various problems of fluid mechanics. This continuum model ignores the molecular
nature of the gases as Euler and Burnett do. However N-S equations can be derived
from the Boltzmann equation which is a molecular model [28]. This is possible for

dilute gas flows near equilibrium.

Governing equations of compressible viscous fluid flow are continuity, momentum
and energy equations and are given in Chapter 2. In continuum models, local
properties of fluid such as density, pressure, velocities and etc. can be defined as an
average over a fluid element. If these element is large compared to the microscopic
structure of the fluid and small enough compared to the scale of macroscopic
phenomena, accurate prediction is obtained via continuum models. In addition to
this, the use of continuum model is valid if the flow is not far from thermodynamic

equilibrium.

As flow conditions deviate from thermodynamic equilibrium, first, traditional no-
slip/no-jump conditions which are valid for viscous fluid flow on solid-fluid
interface, break down. Then, the linear stress-strain rate and heat flux-temperature

gradient relations given within the N-S equations (see Chapter 2) become invalid.



Higher order Burnett equations or molecular-based models are alternatives where
linear relation given in the N-S equations breaks down for the fluid flow far from
thermodynamic equilibrium. As expected, using alternative methods results in
additional costs within the computation. For the cases in which no-slip/no-jump
boundary conditions break down, alternative boundary conditions are discussed in

this chapter and given in Chapter 5 with details.

1.5.2. Molecular Models

In molecular models, fluid is defined as a group of discrete particles. These particles
are molecules, atoms, ions and electrons as expected. Determining position, velocity

and state of all particles at any time is the main goal of the molecular models.

In deterministic molecular models, motion of the molecules is governed by the laws
of the classical mechanics. As reported in Reference [28], Alder and Wainwrigth
have done pioneering study of modern molecular dynamics computer simulation
(MD) then, the method has been reviewed by many others so far. To simulate a
reasonable flow field using MD simulation, huge computer resources are required.
Therefore, MD can be used for the simulation of dense gases and liquids. For dilute
gases in which the molecular interactions are frequent, the MD simulation is highly

inefficient.

Statistical approaches are alternative to deterministic MD model mentioned above.
The goal of these alternative methods is computing the probability of finding a
molecule at a particular position and state. Molecular based Boltzmann equation is
valid for all the flow cases mentioned here. But it is known that analytical solutions
of this equation for arbitrary geometries are too difficult. This difficulty is due to the
nonlinearity of the collision integral it has. Another statistical method is the direct
simulation Monte Carlo (DSMC) method. This method was developed by Bird and

details of the method can be found in Reference [35].

1.5.3. Continuum Models with Modified Boundary Condition for Micro Flow

Fluid flow through small devices such as MEMS differs from the larger ones. Fluid
flow through that kind of devices has dominant surface effects. Surface to volume
ratio for a machine which has characteristic length of 1 mis 1 m'l, while this ratio for

a MEMS device with characteristic length of 1 pm is 10° m™. The increase in the



surface-volume ratio due to the decreasing characteristic length affects transport of
mass, momentum energy through the surfaces. Furthermore, flow deviates from the
thermodynamic equilibrium and slip-flow, thermal creep, rarefaction, viscous
dissipation, compressibility, intermolecular forces and other unconventional effects
become important [28]. As mentioned before, first of all, the traditional no-slip/no-
jump (for velocity and temperature at solid wall) boundary condition breaks down. In
this case, continuum models such as N-S solvers can be used for the solution of fluid
flow problems using slip-velocity/temperature-jump boundary conditions. There are
the first and higher order slip-velocity/temperature-jump boundary conditions in the

literature and their validity and details are given in Chapter 5.

1.6. Thesis Overview

In Chapter 2, governing equations of compressible viscous fluid flow are given in
general and conservative form. Non-dimensional forms of the governing equations
are also given at the end of this chapter. The well known no-slip/no-jump boundary

conditions are also given for viscous fluid flow in this chapter.

In Chapter 3, implementation of the characteristic-Galerkin process to the continuity,
momentum and energy equations of compressible, viscous fluid flow in conservative
form are given with details. It is known that the characteristic-Galerkin process is
applicable to scalar convection diffusion equations and the details of this process are
given in Appendix A. Implementation of Chorin’s fractional step method which is
devised originally for the incompressible viscous flow problems is also given in this
chapter with details. Hence, the temporal discretization of the governing equations
using Characteristic-Based-Split procedure is defined and details are also given in

this chapter.

In Chapter 4, spatial discretizations of the resulting equation obtained using
characteristic-Galerkin process are given. Galerkin weak form of the algorithm and
the matrix form of the equations are also given in this chapter. Modifications on the
procedure due to the moving deforming grid concept and use of pseudo-quadratic
velocity/linear-pressure elements are given in this chapter. Solution strategies and
procedure of simplified equations due to the flow properties are other subtitles of this

chapter.
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The essential modifications on the boundary conditions due to the increasing effect
of the rarefaction are given in Chapter 5. The fluid flow regimes which are also
known as Knudsen regimes are defined and appropriate flow models in terms of
computational cost and efficiency for these regimes are also given in this chapter.
Use of continuum fluid models for a slightly rarefied gas flow with the second order
slip-velocity and temperature-jump boundary conditions of Beskok and Karniadakis

are given with details in this chapter.

One of comprehensive numerical studies done within this study is pSJA flow. Some
useful information about synthetic jets and jet formation mechanism is given in

Chapter 6 before giving the details of the numerical analysis done.

In Chapter 7, solutions of different fluid flow problems both in continuum and slip
regimes solved via the CBS algorithm are given. The continuum fluid flow problems
include incompressible, laminar internal flow to compressible external fluid flow
around NACAOO012 airfoil, while the micro flow includes micro synthetic jet flow to
rarefied internal fluid flow through backward facing step geometry. Micro flow
physics investigated numerically using CBS algorithm for the solution of different

problems are given in this chapter. Finally, conclusion is given in Chapter 8.
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2. GOVERNING EQUATIONS

For compressible viscous flow, full conservative form of Navier-Stokes equations

can be written in Cartesian co-ordinate system (x,,x,,x; ) as follows:

aV+%+%+Q:O i=123

ot ox, o, @.1)

General form of the Navier-Stokes equation which is given above includes
continuity, momentum and energy equations. In the equation; V is the dependent

variable vector and it is in the following form:

Yol
PU,
V= pu, 2.2)
Pus;
pe

Convective flux vector in i th direction is denoted by F, and it can be written

explicitly as follows:

_ ou _

pu; + 6, p
F, =| puu, +6,p (2.3)
pusit; + 0y, p

LU (pe+ p) ]

G, denotes the diffusion terms.

0

Ty
G = e (2.4)
-7y

1

_—(k oT/ox;) - T, |

The source terms due to gravity acceleration is given as below:
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0
- P&
Q=| -pg (2.5)
-PE&;
_—p(gl.ul. +r)_

In the Navier-Stokes equations written above, 7, are related to the velocity gradient

linearly by the Stokes hypothesis as written below.

oo O O] 5 20m
7 ey, T )T 3, (2.6)

In the equations given here, p is the density, u, is the velocity component in x;

1

direction, pis the pressure, 7T is the temperature, g; is the i th component of the
gravity acceleration, r is a heat source, £ is the thermal conductivity, ux is the
viscosity and &, is the Kronecker delta function ( 6, =1 if i=jand 6, =0 if

i # j). The equations are completed by the perfect gas equation given below.
p=pRT (2.7)

where R is gas constant. The total energy per unit mass is denoted with e (internal
plus kinetic) and it is related to temperature and velocity through the following

equation:

e=cT+uu, /2 2.8)

In the equation given above, c, is the specific heat at constant volume.

In addition to governing equations given here, appropriate initial and boundary
conditions are required for numerical simulation of a viscous flow problem. At a
solid wall, Neumann or Drichlet type boundary conditions can be set for temperature
to represent appropriate heat transfer conditions such as adiabatic wall (zero
temperature gradient) or constant wall temperature. Velocity and temperature of the
fluid particles adjacent to the solid wall are equal to the velocity and temperature of

the wall. These relationships are formulated as follows.

ﬁ_ﬂuid = Ugtia (2.9)

13



Tia = Tootia (2.10)

Due to the rarefaction effect which is considered often in micro flow, fluid velocity
and temperature near the solid wall may differ from the equations given above.

Formulation and details of this behavior will be given in Chapter 5.

For a subsonic external flow, all quantities except density can be specified at the
inlet, upper and lower sides of the computational domain. Using two basic types of
boundary conditions given below, pressure and velocity are specified at the

boundaries [19].

u,=u; on I, @2.11)

t, = (— po,; +t;)n, =t on T, (2.12)

In the equations given above, over bar values denote the prescribed values of

velocity and traction on boundaries /7, and 7. Implementation of these boundary

u

conditions is given in Chapter 4..

2.1. Non-Dimensional Form of the Governing Equations

The governing equations of compressible viscous flow in conservative form given in
this chapter can be written in non-dimensional form. Following expressions are

generally used to non-dimensionalize the compressible viscous flow equations:

* tu * X; * p * p
t :—OO X. :—l = —_— =
L Ty P T, P (2.13)
o U « e . Tc « a
ui :—l’ e :—2’ T = 2p ’ a =—
uoo uoo uoo uoo

The symbol having subscript c denotes the reference value. ¢, and L are specific

heat at constant pressure and reference length of the flow, respectively. The
superscript * denotes non-dimensional variable. Using the definition given in
Equation (2.13), continuity, momentum, energy and gas state equations takes the

following form.

P _ - (2.14)
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Ul _ 0 (*Uf)JrLa(v*r;)_ap* .

o o Re o, PE (2.15)
6(p*e*):_i(* ) Lo fper
ot ox, P RePr ox; ox;
_8; (u] )+E I*(V z/u/)
. PRT . .. (y-1)..
Pk me 2.17)

In the equation written above Re and Pr denote non-dimensional numbers Reynolds

and Prandtl. They are in the following form:

Pt L

Re=Pelta"
" (2.18)
Pr=—"" (2.19)

0

While Re number represents the ratio of inertia to viscous force, Pr represents the
relative importance of momentum and energy transport by the diffusion process [36].
In addition to these two non-dimensional numbers, following non-dimensional

variable definitions are used in the Equation (2.14)-(2.17).

=%z _v k*_i
8 = _Voo’ Tk (2.20)

0

Using the expressions given above, following non-dimensional equations that are

useful to relate energy, the speed of sound, pressure, temperature and etc. can be

obtained:

e = —+luu
- y 2 % (2.21)
*\2 *

(a ) =(y-1r (2.22)
*_( _1 *e*_lUl*Ul*

p =\ P > p* (2.23)
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In the Equation given above, U, denotes the nondimensional momentum value in i th

direction and it can be written explicitly as U, = p'u, . y is the specific heat ratio.

Even though, non-dimensional form of the governing equations is given in this
chapter, discretization process and details are given in the following chapters using

dimensional form of the equations for clarity.
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3. CHARACTERISTIC BASED SPLIT ALGORITHM

3.1. Introduction

In this chapter, the governing equations of compressible viscous flow, given in the
previous chapter are discretized along the characteristic using characteristic-Galerkin
procedure as defined in Characteristic-Based-Split algorithm. This approach and
discretization procedure in its full form was first introduced in 1995 by Zienkiewicz
and Codina [18]. With the help of this new algorithm, the fractional step method,
originally devised by Chorin for the solution of incompressible flow problems, is

extended to compressible flow problems.

3.2. Discretization along the Characteristic and Split

In the previous chapter, governing equations of viscous fluid flow are given in
general form which is applicable both to compressible and incompressible flow
cases. Continuity, momentum and energy equations form the complete set of N-S
equations. For compressible flow case, the energy equation is fully coupled with the
momentum and continuity equation. For incompressible flow case, energy coupling

disappears and the equations are simplified.

Writing these three equations separately instead of the fully conservative and

standard form given in the previous chapter may help to see essential features of the

all equations. If the mass fluxes are denoted with U, = pu,, continuity equation can

alternatively be written as:

p_1op_ oy
ot a’ ot o, (3.1)

, where speed of sound is denoted with a and it depends on e, p and p. Assuming

constant entropy, a relationship between these variables can be formulated as

follows:
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pop_mw
o p (3.2)

In the equation above, y is specific heat ratio. Momentum equation is in the

following form:

ou, 0 ( jUi)Jr%_@_p

o ox, T o Ty (33)

And energy equation is as follows:

Aoe)_ 3 1.2 [, 3T 2 e
o o, .pe)s ox, (kﬁle ox, ) 7tow) (3.4)

1

The similarity can be easily noticed between the momentum equation given with

Equation (3.3) and scalar convection-diffusion type of equation written below.

op O 0 o¢p 3
§+8_)Ci(¢ui)_8_xi[k6_xij+g_o (3.5)

The scalar convection diffusion equation written above can be discretized in time
using Characteristic-Galerkin procedure (see details in Appendix A). Except the
pressure gradient term in the momentum equation (Equation (3.3)), these two
equations are similar. So, if the pressure gradient term is assumed to be a known
quantity such as source term ( appearing in the scalar convection diffusion
equation, Equation (3.3) can be discretized via characteristic-Galerkin process. The
momentum equation can also be written in the following form to which

characteristic-Galerkin process can be applied.

—’:——(u.U.)+aT”+pg.+Q.
ot ox, 1 ox, b (3.6)

J

Following equation is obtained after discretization of the scalar convection-diffusion
equation (Equation (3.5)) in time using characteristic-Galerkin process (see details in

Appendix A) [18,19].
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J J

In this process, the total derivatives in Equation (3.5) are discretized along the
characteristics. After this discretization, standard Galerkin discretization in space is
optimal but moving co-ordinate systems which leads to mesh updating becomes
essential. This difficulty is overcome using some approximations (see Appendix A)

[15-17]. Replacing ¢ with U, in Equation (3.7), similar equation is obtained for

momentum equation as given below:

o= al- o)+ |

ax./’ J
n (3.8)
2
A_t”ki i(”/Ui)_Qi_pgi
2 " ox | ox;

, where Q!"* is assumed to be a known quantity evaluated at time ¢ =¢" + 6,At in a

At time increment (6, € [0,1]). It can be written explicitly as following:

Qn+€2 :_8p”+‘92

i Ox, (3.9)
, with
aerHz _0 apn+l +(1_0 )apn

ox,  ° ox zr (3.10)

1 1 1

To obtain momentum flux value at time n+/ by using the Equation (3.8), it is
necessary to obtain an approximation for O which allows calculation to proceed
before obtaining pressure values belonged time n+1. So split procedure becomes
essential at this stage. The name of Characteristic-Based-Split (CBS) comes from

this combination of characteristic-Galerkin and split procedure.

Defining an auxiliary variable for momentum flux and denoting it with U, the
difference between momentum flux value at time » and auxiliary one can be written

as follows:
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0 ot A 0| 0 n (3.11)
=At ——\u .U. — v . —u — | —\ulU.)- . :
t o (WU, ) + >, +(0g, )+ = 8xk( . (v, pgﬂ

Two different split procedures can be applied to the momentum equation in CBS
procedure [19]. In the first, the pressure gradient term in the Equation (3.8) is
retained. Removing the pressure gradient term completely from the auxiliary
momentum equation (as given Equation (3.11)) is the second way. In this study, the

second one is chosen.

By using the Equation (3.11), auxiliary momentum flux can be obtained explicitly.

Correction step for the momentum flux is written as follows:

aanrHZ +A_t2u aan
ox, I Ox,0x; (3.12)

1

AU, =U" ~U} = AU, - At

It is known that, the second split procedures with second order pressure term in the
equation above stabilizes the incompressible flow and allows the arbitrary
interpolation while the first one does not [19]. The second type of split is also

recommended for universally use of algorithm by Zienkiewicz and Codina.

To obtain new momentum values using momentum correction step given with
Equation (3.12), the pressure field at time n+/ have to be obtained before. The
pressure values are obtained from the continuity equation. The continuity equation

can be written in time interval » to n+1 as follows:

1Y U™ ou’ oAU,
Ao=|—| Ap=-M—"— =—At| —+0 i
r (azj 7 ox; {8}@ "o, }

1 1

(3.13)

Using the auxiliary momentum flux value with Equation (3.11), the equation above
can be written alternatively as:

n n ry 2 _n 2
Ap:(ij Ap:—A{aan +, 94V, —At@{a LA ﬂ
X

a’ Ox;, ox.0x, o0,

(3.14)

i

In the equation above, the term O(At3) and higher order are neglected. Using

characteristic-Galerkin process for time discretization of energy equation, following

equation is obtained:
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“—{ o <u,.<pe+p>>}" o

U, ———
2 Ox, Ox,

Spatial discretization of Equations (3.11), (3.12), (3,14) and (3.15) via Galerkin FEM

approach is given in the following chapter. Solution procedures of resulting

equations will also be explained in Chapter 4.
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4. SPATIAL DISCRETIZATION AND SOLUTION PROCEDURE

In this chapter, the equations obtained after temporal discretization of continuity,
momentum and energy equations in the previous chapter are spatially discretized
using Gelerkin approach. The resulting FEM algorithm and its solution procedure for
some flow cases with simplifications or assumptions are discussed in this chapter.
Matrix form of the algorithm is also given in this chapter. Use of different type
elements within the algorithm and the modification required to use a moving

deforming grid is also presented in this chapter.

4.1. Galerkin Finite Element Formulation

Weighted residual integrals are obtained by multiplying Equations (3.11), (3.12),
(3.14) and (3.15) with weighting function W and integrating them over the

domain 2. Weighted residual integrals for these equations are as follows:

jW—dQ —IW[ pg}ndQJrJW&T;d
0 l 0 ax,/
p 5 (s . (4.1)
t
= ((wm U | a0
" 29( “ )8xk (a (w,0)- pg’}
n n+6,
jWAde —jWaUl dQ— ejW—[AU e jd.@
ox. ox. Ox,
i i i (4.2)
ap O, ﬂ iaprﬁgz
jW—dQ jW g - jW . dQ+2£Wuk S dQ @3)
A(pe) d \ o (. or "
w2 g = —[w-|u, Ao+ [w | ko do
20— L e plac+ ] ax( Lo
(4.4)
At
= iWuk FES [u (pe+ p)lde

The equations written above are spatially discretized using standard Galerkin

procedure since this discretization is fully justified for the characteristic-Galerkin
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procedure. Galerkin weak forms of the equations are obtained by replacing W with

appropriate shape functions in the weighted residuals integral given above [11].

4.1.1. Fractional Momentum Equation

Choosing velocity shape function N, as a weighing function and applying Green’s

theorem (see Appendix B) to second order term appearing in Equation (4.1),

following Galerkin weak form is obtained.

[N,40,40 = A{— [N, %(ujui ha-| %z;m + [N, (o, )d_Q:l
Q Q / / 0Q

J Q J

AP | ¢ 0 0 "
+T{Ia(ukNu{_§(”jUi)+pgt}d'0} (4.5)

0 J
+ A{ | Nuz'i/.njdf}
r

where n; is the j th component of unit vector outward normal to boundary /" . If no-

slip or slip-velocity boundary condition is directly imposed during the calculation of
auxiliary momentum value, there is no need to calculate boundary integral term

given in the equation above on the solid wall.

4.1.2. Continuity Equation

Selecting pressure shape function N, as test function and using the same procedure

applied to the Equation (4.5) to the continuity equation gives following equation,

n+6,
[ Qdﬂ:—jN O lur 1040, -04P " i
. DA 5 U ox, ox,
aN - n+6,
= [—£|ur+o, AT -2 a2
5 Ox, ox, (4.6)

n+6,
-[~, {U;’ +6, (Aﬁ,. 4P Hnidf
- 0ox;

1

Boundary integral term shown in the above equation is identically equal to zero at

solid boundary since the normal component of the velocity is equal to zero.
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4.1.3. Momentum Equation (Correction step)

Selecting same test function N, with the fractional momentum equation, following

equation is obtained.

jNuAUl.dQ:jNuAﬁidQ—Ath{aL”wzaﬁ 0
2 2 2 ox,; x;
ar " )ap"dg (4.7)

B A

4.1.4. Energy Equation

Selecting energy shape function N, as a weighing function, Equation (4.4) takes the

following form:

jNEA(pe)d.Q
= —AzL[NE % [, (pe + p)lde2 + }[ aa]IE (kSTT +Tu, jd[)}

At | o, N, ) o ’ (4.8)
A [N 2 e ) |

+ A{JNE (ka—T +Tu .jn.df}
ax4 gJ i
I

1

4.2. Pseudo Second Order Velocity Interpolation Elements

Pseudo-quadratic velocity/linear pressure interpolation elements are constructed by
dividing the pressure element, over which the pressure is interpolated linearly or bi-
linearly, into sub-elements, over which the velocity is also interpolated linearly or bi-
linearly. Combination of these first order velocity interpolations can be considered as
pseudo second order velocity interpolation over the original pressure elements.
Overall, the solution can also be considered to be obtained on two different grids,
one for the velocity and the other for the pressure solution. In this thesis, only
pseudo-quadratic velocity/linear pressure interpolation elements (pP2P1) are
considered. Such an element is obtained by inserting mid nodes to the parent
pressure element and interconnecting them to give 4 sub-elements over which the
velocity is interpolated linearly. These elements, node numbering and other details

are given in Appendix C.
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The number of pressure elements for which the stiffness matrix for the FEM is
constructed is four times smaller compared to that of the constructed using the P1P1

element pair with the same number of velocity elements.

4.3. Matrix Form of the CBS Algorithm

Auxiliary momentum equation given with Equation (4.5) can be written in matrix

form as follows:

AU =-M;' 4|(CU+K u—f)- (K, U1 ) 4.9)

, where the over bar quantities indicate the nodal values. The matrices seen in the
equation given above are denoted with bold letters, and they are in explicit form as

follows:

M, = [NIN,d2
0

(4.10)

C, =£NI(V(uNu))dQ @.11)

K - jBTu(IO —gmmTde.Q (@.12)
] 3 .

f :iijng+letddr (4.13)

where g = [g1 g, g ]T and t“ is the traction corresponding to the deviatoric stress
components seen in the Equation (4.5). The matrices seen in the explicit form of the

K, are as follows (for details see Reference [9]):
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Oox,
S = Ox,
Tl e, (414
Ox, Ox,
o & 9
Ox, Ox,
9 45 2
Ox, Ox,
B =S8N (4.15)
- _
2
3 2
I, = | (4.16)
1
- 1_
m=[1 110 0 0] @.17)

The terms coming from the discretization along the characteristics are as follows:

K, = —% [V @N,)J (V7 (N, a2 (4.18)
1 T T
f, =—§£(V (N, ))' pgde2 (4.19)

, where u = [ul u, u3]T . The continuity equation which is given in the weak form

within the Equation (4.6) can be written in matrix form as follows:

(M, + 426,0,H)Ap = Az[Gﬁ” +6,GAU - A0 Hp" £, (4.20)

Pressure field at time n+/ is obtained by solving the equation given above. The

matrices seen in the equation can be written explicitly as follows:

Hzi(VNp)TVdi_Q “20)
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M, ZJN;(G ijdQ (4.22)

G= i(VNp)TNudQ 4.23)

f,=A[Njn' [ﬁ +6, (Aﬁ — AtVp": )de (4.24)
r

The last matrix given above contains boundary conditions. And finally correction

step for the momentum equation is as follows:

_ = B . _\ At __,
AU = AU —Mu‘At[GT(p + 492Ap)+7Pp } (4.25)

The velocity field is obtained by using the pressure field obtained from Equation
(4.20) in the equation given above. In the matrix form of the correction step of the

momentum equation, P matrix can be written explicitly as follows:

P= !)(V(uNu))T VN, dQ2 (4.26)

In similar manner, matrix form of the energy equation and matrices seen in this

equation can be written explicitly as follows:

AE = -M, 4|C,E+C, p+K, T+K u+f, - 4(K,E+K, p+f, )|

(4.27)
M, = £NENEdQ (4.28)
C, = J}N}VT(HNE)O’Q (4.29)
C,= !)NEVT(uNp)dQ (4.30)
K, = }[(VNE)TkVNTd.Q (4.31)
K, = !IQBTA(IO —%mmTJBdﬂ (4.32)
K, = —%J.(VT(uNE))T (VN )de2 (433)

0o
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f,= [Nin"(t'u+kVT )02 (4.34)
0

K, = —%I(VT(HNE))T (VN, k2 (4.35)

0
4.4. Solution Procedure and Strategies

To obtain velocity and pressure values at time n+/, Equation (4.5), (4.6), (4.7) and
(4.8) need to be solved. Either pressure or density can be chosen as dependent
variable during the solution procedure of the equations. The solution procedure also
differs from one to another when the fluid flow changed from incompressible to
compressible flow case. The density can be used as dependent variable for the
barotropic and perfect gas flow cases which are expressed with details in following
parts. Since the solver is in more general form, pressure is chosen as dependent

variable in this thesis.

The scheme is referred as being fully explicit or semi-implicit depending on the value
of the parameter 6, used in the continuity equation. In fully explicit form,
1/2<6, <1 and 6, =0. Choosing 8, being equal to zero means solving Equation
(3.21) explicitly. This is possible only for compressible flow case for which a # «.
The time step limitations given for the convection-diffusion equations are applicable
for fully explicit form of the CBS algorithm and it is as follows:
h

A= (4.36)
In the equation above viscosity effects are neglected. Many complex problems of
compressible flow are solved using this explicit form (see Reference [19]). In the
semi implicit form of the algorithm, 6, and 6, are in the range of 1/2 to 1.
Maximum time step size can be taken as to be equal to the critical time step size of

characteristic-Galerkin process due to the solution of the first step of the CBS

algorithm. This stability limit is given with the two equations as follows [19]:

s<a, =0 (4.37)
ju
h2
At <At =—
= (4.38)
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In the equation above, v is kinematic viscosity. These two time step criteria can be

written in one equation as follows:

< Ao

At + A, (4.39)
To avoid severe time step restriction, besides the continuity equations, diffusion
terms (viscosity, thermal conductivity, etc.) can be treated implicitly. In other words,
the implicit form connecting the viscous terms with auxiliary momentum are solved
at each time step. For high viscosity and low Mach number flows, solving the
equations simultaneously at each time step implicitly have great advantages. This

solution approach is referred as quasi-(nearly) implicit scheme. In this scheme,
At < h/ |u| is the time step limitation and is very reasonable. The implicit equations

appearing in the semi-implicit and quasi-(nearly) implicit form are solved generally

using conjugate gradient method.

Different solution procedures can be followed due to the physical properties of fluid
flow which result in some simplification in equations waiting to be solved.
Therefore, the fluid flows are categorized due to the pressure-density relationship
which is required to solve continuity equation. These flow cases and details of

solution procedure are given as follows [23]:

4.4.1. Incompressible and Slightly Compressible Flow

For these two types of flows, the relationship between pressure and density variable

is given as follows:
Ap = adp (4.40)
where o =0 for fully incompressible flows. o =1/a” (a is a positive constant) for

slightly compressible flows. So the continuity equation in weak form with pressure

as a variable is as follows:

aNp - apn+:92
[N, adpd2 = 4t U'+6,| AU, - At dQ
5 5 Ox, ox,

1 1

n+6,
-[~, {U;’ + QI[AU,. — At 81; ﬂnidf
A

X,

1

(4.41)
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4.4.2. Barotropic Flow

Barotropic fluids assumption is valid if there is an equation of state that involves
only the pressure and density but not temperature. In general, the equation can be

written in the form as p = p(p) . Using adiabatic exponent » and physical constant
A, this relationship can be written explicitly as follows:

4

p=4p (4.42)

For this flow case, pressure and density can be related using a = p" /(jp") within the
Equation (4.40).The solution procedure of the algorithm for the barotropic flow case
is as follows:

1. Solve the fractional momentum equation (Equation (4.5) )

2. Solve the continuity equation for p"*' (Equation (4.6) )
3. Obtain p"*' from the equation of state (Equation (4.42) )
4. Solve the end-of-step momentum equation (Equation (4.7) )

In this flow case, the energy equation is uncoupled from the others. So, this equation

can be solved at the beginning or end of the time step.

4.4.3. Perfect Gases

In this case, the equation of state involves pressure, density and temperature. The
equation is

p = pRT ; where R is the gas constant. The appearance of the temperature in this
equation complicates the continuity equation. For this case, the equation of state is in
the form as follows,

n+l

n+l p

Y (4.43)

To uncouple the energy and the resulting continuity equation, there is need to guess

the value of 7""' by T .- Then, the equation of state can be written as

Ap p" p
Ap = + -
» RT, [RTg RT" J (4.44)

For this case, the iterative scheme is as follows,
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1. Solve the energy equation (Equation (4.8))
2. Solve the fractional momentum equation ( Equation (4.5))

3. Guess a temperature 7,

4. Solve the continuity equation for p"*' (Equation (4.6))

5. Obtain p"*' from the equation of state (Equation 4.43))
6. Solve for the end-of-step momentum (Equation 4.7))

. n+l
7. Correct T,using T

8. Check convergence. If not satisfactory, go to step 4

4.5. Moving Deforming Grid

Using the CBS algorithm with barotropic fluid assumption and modifying the
equation for moving deforming mesh concept ALE [37-39], the convection term in

the fractional momentum equation (Equation (4.5)) of standard CBS algorithm is

modified using grid velocityu? , and it takes the following form;

~ 0 oN '
Jz N,AU,dQ = A{— Jz N, g(uj v, -vs - | ~ T J} N, (pg, )d.()}

J Q7

+A7t|:}[£(uk]\[u {_ﬁ(uj((]i _Uig))+ nginl (4.45)

J
+ A{ [N, Tiinjdf}
r

At the beginning of the new time step, computational mesh is updated and grid

velocities at nodal points are calculated.
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5. MICRO FLOW ANALYSIS USING A CONTINUUM MODEL

Fluid flows around or through micro devices such as MEMS differ from larger
devices. It is obvious that the difference encountered in MEMS or smaller sized
geometry is a result of increasing surface volume ratio. In other words surface effects
dominate in that kind of small devices. So it is required to define the amount of this
effect encountered in diminished scale and modify the traditional continuum solver

to capture it. Following subtitles are introduced for this aim.

5.1. Knudsen Number and Regimes

For gases, the mean free path is defined as the distance traveled by molecules
between collisions and it is denoted with A. The mean free path is related to
temperature and pressure of gas. This relationship can be formulized for an ideal gas

which has molecules modeled as a rigid sphere with diameter of o as follows:

1 kT

l: =
2zne? 2mpo? CRY)

, where n is the number of molecules per unit volume which is also known as number
density and k is the Boltzmann constant (1.38- 10727 ‘K -molecule™). It is known that
continuum model approach is valid when the characteristic length of the flow is
much greater than mean free path. If it is not, linear relation between stress and rate
of strain and no-slip velocity condition are invalid. Similarly, linear relation between
the heat flux and temperature gradient and no-jump in temperature condition at a
solid-fluid interface are not valid. Therefore, the ratio of the mean free path to the
characteristic length of the flow is used as a key parameter which characterizes the
breakdown of the continuum assumption. This parameter is called Knudsen number
and defined as follows:

Kn=— (5.2)

From the kinetic theory of gases, following equation can be written for viscosity.
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1
—— A
H 2P o (5.3)

In the equation above v, is the mean molecular speed and it is function of the speed

of sound a as follows:

) —\/Ea
m v (5.4)

Using the Equation (5.3) and (5.4), dimensionless number Kn can be written in terms
of well known dimensionless numbers of fluid mechanics Mach and Reynolds as
follows [28]:

_ M

K
"IN Re (5.5)

Ma and Re can be written explicitly using velocity u as follows:

u
M=2=
a (5.6)
puL
Re=—
P (5.7)

During the gas flow in small geometries such as MEMS devices at standard
temperature and pressure or around standard geometries such as flight vehicles at
very high altitude which means low pressure environment, rarefied gas flow is
encountered. It is known that as the Kn increases, rarefaction effects become
important and the continuum approach completely breaks down. Degree of
rarefaction and validity of continuum model can be determined by the local value of
the Knudsen number. In Reference [28] different flow regimes are defined due to the

changing values of Knudsen number as follows:

Continuum regime: if the Knudsen number is smaller than 107 for a fluid flow,
continuum models can be used for simulation of the flow. It is known that continuum
models ignore the molecular nature of gases and liquids. So, the flow is described
using temporal and spatial variations of density, velocity, pressure, temperature and

other macroscopic flow quantities.

Slip regime: If the Knudsen number is in the range of 10~ to 10™, the flow is slightly

rarefied and this interval is called the slip regime. In this regime, fluid flow can also
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be simulated using continuum models such as Navier-Stokes equations, if proper
modifications are done on the boundary conditions using Equation (2.9) and (2.10).
These modifications are essential since there are discontinuities in velocity and
temperature field near the wall due to the insufficient collision between fluid
particles and the surface. So, no-slip/no-jump boundary conditions are not valid in
this regime. There are finite discontinuities in velocity and temperature values at the
solid wall in this regime. While the slip-velocity is linearly changed in Kn around the
lower limit of this region, as the Kn reaches upper limit of this region (Kn=10") the

change of slip-velocity in Kn becomes nonlinear.

Transition Regime: For the values of Kn in the range of 10"and 10, the flow is
moderately rarefied and microscopic nature of gases can not be ignored and the flow
can not be simulated using continuum based model anymore. This is a result of
breaking down of the linear relationship between stress and rate of strain, heat flux
and temperature gradient. Hence alternative continuum (e.g. Burnett or higher order
equations) or molecular-based models have to be used for analysis at this regime.
Direct Simulation Monte Carlo (DSMC) method is a good alternative in this regime

[35].

Free molecular flow: For the values of Kn grater than 10, Boltzmann Equation is
very simplified due to the negligibility of the nonlinear collision integral. So,
Boltzmann equation can be used in this regime. For free molecular flow through or in
simple geometries, obtained analytical solutions show that the numerical integration

of Boltzmann equation gives accurate surface reflection characteristics [40].

5.2. Slip-Velocity and Temperature-Jump Formulation

In Chapter 2, the equation of motion is given in conservative form for viscous
compressible fluid flow in continuum regime. Boundary conditions at solid-fluid
interface are also given in this chapter. It is well known that the highest spatial
derivative of velocity for inviscid equation of fluid motion is first of order. Therefore
only normal component of the velocity is specified at the solid wall. It means that a
fluid particle path can not go through impermeable wall. In fact, real fluids are
viscous and the equations of motion consists second order derivatives in space as
given in Chapter 2. So, additional boundary condition on tangential component of

velocity due to the second order derivatives is the no-slip boundary condition.
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Similar relationship can be seen between the no-jump (in temperature) boundary

condition and energy equation.

No-slip/no-jump condition means that there can not be finite discontinuities in
velocity and temperature field at solid wall. In other words, if the fluid flow adjacent
to the surface is in thermodynamic equilibrium, the fluid velocity and temperature
can not differ from the wall velocity and temperature. Existence of this
thermodynamic equilibrium is closely related to the frequency of collisions between
the fluid and solid surface. It is also known that the continuum models (no-slip/no-
jump boundary condition) give accurate results in continuum regime where Kn is
smaller than 0.001 [28,29]. However, for the values of Kn in slip regime, since
collision frequency is not high enough, certain degree of tangential velocity-slip and

temperature-jump have to be allowed within the continuum models.

Simplest kinetic model states that when a gas molecule hits a solid wall surface,
energy and momentum of the molecule exchange with the surface. Amount of these
two exchanges are related to surface and gas properties as expected and they are
characterized with two different coefficients. Tangential momentum accommodation
coefficient characterizes the exchange of momentum between the wall and fluid and

it is denoted witho,. Similarly energy accommodation coefficient is denoted with

o, and it characterizes the energy exchange of molecules and surface [41].

For an isothermal wall, slip velocity derived by Maxwell [28] is as follows:

_2-o0, l&u
ugas Uy = o a (58)

v

, where 6u/8n|w denotes the velocity gradient at the wall through the normal

direction. It can be seen that as the A increases (as a result of decreasing collision

frequency), Maxwell’s first order slip velocity written above also increases.

Similarly temperature jump condition (first order) was obtained by von
Smoluchowski [28]. For an ideal gas flow in slip regime, if there are temperature
gradients along the wall and normal to the wall, complete first order temperature-

jump and slip-velocity boundary conditions are written as follows [29]:

2—
ugas _uwall = ;.-Vﬂ‘(a_uj +§L(8_Tj
o on), 4pT, \O0s),

v gas

(5.9)

35



To_T _2-o0,| 2y i(@_Tj
gas wall O_T (7+1) Pr an . (510)

In the Equation (5.9), given above, the temperature gradient tangential to the wall is
denoted with (0T /ds). Pr denotes the Prandtl number, which is ratio of viscous

diffusion rate to thermal diffusion rate, is given as follows:

Pr=— (5.11)

The second term on the right hand side of Equation (5.9) is thermal creep term. As
the mean free path A4 increases due to the decreasing density (see Equation (5.3)),
this term becomes effective and produces extra slip (see Equation 5.3). In other
words, creep phenomenon is potentially significant at large values of mean free path

(or Kn) since it is second order.

Beskok derived a higher order slip-velocity boundary condition for isothermal walls
[42]. But implementation of this higher order boundary condition to the numerical
model is too difficult since the second and higher order derivatives of velocity can
not be computed accurately near the wall. Then Beskok [43] and Beskok and
Karnidiakis [44,45] proposed alternative higher order boundary conditions based on
asymptotic analysis. These new boundary conditions also include thermal creep term

and they can be written in dimensionless form as follows:

. . 2-0, Kn (au*J 3(y—l)Kn2Re(8T*J

u —Uu = — +— m
gas wall O-V 1 _ bKn an , 272. y EC aS (5 12)
T;aY - T\:all = 2 — O-T 27/ Kn aT* 5 13
‘ o, |(y+1)]Pr\én y (5.13)

b appeared in the Equation (5.12) is the high-order slip coefficient. Its value can be
determined analytically for the rarefied gas flow for simple geometry in slip or early

transition regime. For gas flow in complex geometry, its value is determined using
no-slip solution obtained numerically (b =u, /u.). Ec appeared in Equation (5.12)

denotes the nondimensional number Eckert and it can be written explicitly as

follows:

2
u

" C, AT (5.14)

Ec
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In the equation given above, AT is the reference temperature difference between the
wall surface and fluid. Ec is the ratio of dynamic temperature due to the fluid motion
to reference temperature difference. If it is small, the viscous energy generation
effects due to the motion of the fluid can be neglected since the temperature
difference involved in the heat transfer process is dominant. As the Ec decreases,
thermal creep term appeared in the slip-velocity formulation (see Equation (5.12))

becomes effective for same Knudsen and Reynolds numbers.

To perform rarefied gas flow analysis using continuum based N-S FEM solver CBS,
Equation (5.12) and (5.13) proposed by Beskok and Karniadakis are used as slip-

velocity/temperature-jump boundary conditions within this study.
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6. SYNTHETIC JET ACTUATOR AND JET FORMATION MECHANISM

One of the interesting problems analyzed during the study is the micro synthetic jet
actuator flows. Even though computational details and results of this problem are
given in Chapter 7, some introductory information about synthetic jet actuator and jet

formation mechanism are given in this chapter.

6.1. Micro Synthetic Jet Actuator

Generally, a synthetic jet actuator (SJA) consists of a cavity which has one or more
orifice that is opening to the free stream. The orifice can be circular, creating an
axisymmetric jet, or rectangular with a high aspect ratio, creating a 2-D jet. It is
known that this type of SJA has been built with both square and rectangular cavities.
The SJA can excite the main flow without net mass addition. Since total mass flow
into and out of the cavity is equal to zero, it is also known as zero mass jet actuator.
However, net momentum transferred to the main flow is not zero. Even though
numbers of different geometries have been proposed for the synthetic jet design,
most popular synthetic jet geometries have an enclosed cavity which has a small

orifice on one face.

In Figure 6.1, a SJA with a rectangular cavity is shown. Oscillating diaphragm of the
SJA is placed at the bottom of the cavity as a wall. Oscillations of the diaphragm
cause a pressure gradient through the orifice placed on upper wall of the cavity.
Hence, a flow is created in accordance with the position and direction of the
diaphragm. The diaphragm can be actuated with one of the various methods
including piezoelectric, electrostatic, acoustic or magnetic methods and it is reported
that piezoelectrically driven synthetic jet diaphragm frequency varies 0.5 to 20 kHz.
In the figure, cavity height and width are denoted with H and W. Width and height of
the orifice are denoted with h and d while the maximum deflection amplitude of the

diaphragm is denoted with A.
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Figure 6.1 : Schematics of synthetic jet with rectangular cavity.

Four diaphragm stages in a cycle of the SJA with rectangular cavity are shown in
Figure 6.2. At the maximum expulsion stage, the diaphragm is at level position and
has the maximum vertical velocity towards to orifice. The highest position of the
diaphragm is called minimum volume since the cavity region has the minimum area.
Following case is called the maximum ingestion and the membrane has maximum
vertical velocity opposite direction to the orifice. Finally, the lowest level position of
the diaphragm is called the maximum volume stage. At the maximum and minimum

volume stage the diaphragm velocity is equal to zero.

Maximum Expulsion Minimum Volume

T

Maximum Ingestion Maximum Volume

'

Figure 6.2 : Movement of the piezoelectric-driven-diaphragm in time

Separation control, thrust vectoring and aeroshaping are a few potential applications
proposed for SJA [30-32,46]. Augmentation of heat transfer and combustion by

micromixing constitute other promising application areas [47]. Micro synthetic jet
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actuator (LSJA) is one of the MEMS technology products and it has similar potential
application with SJA. uSJAs offer many advantages compared to the larger SJA due
to their smaller size, lower production costs and energy consumption. These
properties of uSJA result in using them in clustered configurations and applicability
on other micro devices such as micro aerial vehicles and biomedical devices [29].

Potential uSJA’s with different cavity geometries given in Reference [30] are shown

T I

CA

Figure 6.3 : Potential uSJ geometries [30]

in the Figure 6.3.

6.2. Jet Formation Mechanism

Recently, production of SJA having smaller characteristic lengths and its numerical
simulations are reported [48,49]. In Reference [33], many experimental and
numerical studies for SJA are given. Jet formation mechanism, evolution of the near
and far field of the synthetic jet and its interactions with cross-flow are the subjects
of this publication and they are expressed with details in it. Since most of these
studies mentioned here consider relatively large SJA at standard conditions, these
flows are in continuum regime and these studies use continuum approach with
assumption of incompressibility. It can be expected that the flow cases in slip regime
can be encountered with smaller devices at higher altitudes and different gases. In
that case, it is required to use continuum model with slip-velocity/temperature-jump

boundary condition as mentioned in previous chapter.

During the expulsion portion of oscillating diaphragm cycle for 2-D or axisymetric
jets, a pair of vortices or a vortex ring is formed at the orifice as seen in Figure 6.1.

Shedding of this vortex ring is highly related to the value of dimensionless
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number Re, . This non-dimensional number can be calculated using following

equations:
_u,d
Re, == 6.1)

In the equation above, u, is the average expulsion velocity, d is the orifice width or
diameter and v is the kinematic viscosity. Another important non-dimensional
parameter for jet formation mechanism is stroke length. It is defined as L, /d, where
L, can be considered as the length of the fluid column ejected from the orifice

during the expulsion phase. If stroke length is large enough, then the vortices are
shed from the orifice and, travel far enough such they are not pulled back into the
cavity during the subsequent suction portion of the cycle. Formation of a train of
such vortices eventually leads to their interaction and thus to the formation of a,

usually turbulent, jet, downstream of the orifice.

The mechanism given above with details, yields following two distinct criteria for jet

formation:
1) For vortex shedding, Re, has to be large enough

i) Ly/d has to be large enough to carry away these vortices.

In a recent study [50], separate threshold values are proposed for 2-D and
axisymetric SJA’s using last criteria given above. These values are based on an
order-of-magnitude analysis and review of available computational and experimental
results. For a SJA, the practical values of cavity/orifice dimensions, oscillation
amplitudes and frequencies result in high Re, numbers. So, former criterion has not

been considered for SJA’s yet. However, for a uSJA, Re, is not guaranteed to be

high enough to create vortex shedding.

Rectangular cavity geometry is one of the wide variety of geometries proposed and
built for synthetic jet design. In this study, pSJA with a rectangular cavity is

selected as test geometry (see Figure 6.1). The movement of the diaphragm in time

can be formulized using the following equation:

y(x,t) = Asin((“—g/z)ﬁj sin(a)t) (6.2)
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Based on the given cavity and membrane geometry, conservation of mass for

incompressible case yields following equation:

d/2 W/2

d-uy(t)= I u(x,t)dx = J. %dx
i e (e 1 (6.3)
= \i/z A27f - cos(2aft) sm{n(w + Ej}dx

In the equation above, f'denotes the diaphragm frequency. uo(t) denotes the spatially

averaged expulsion velocity and it can be written explicitly as follows:

uo(t):4AfW

cos(27ft) (6.4)

Thus, the average velocity for the expulsion phase and the stroke length L, can be

obtained from the following equations:

T/4 8AfW
w =2/, =2/ j (== (6.5)

The Strouhal number is function of stroke length and it can be calculated in terms of

cavity dimensions as

od 7d 7°d?
St ===
u, L, 4AW (6.6)

The Reynolds number can be written in terms of diaphragm frequency as follows:

CBASW

R
R (6.7)

As seen from these equations, Re, is calculated from Equation (6.7), whereas Ly/d or

St is independent from the oscillation frequency of the cavity. One has to change the

cavity or membrane geometry in order to increase the stroke length.
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7. RESULTS AND DISCUSSIONS

7.1. Introduction

During the code implementation of CBS algorithm, different benchmark problems of
CFD are solved as test cases. The first benchmark problem is laminar flow past a
backward facing step. For the solution of this problem semi-implicit version of the
algorithm is used. For two different Reynolds numbers, solver is tested and results
are compared to available results in literature. pP2P1 type elements are used within

the computation in addition to P1P1 type elements.

The second problem is compressible external fluid flow around a NACAO0012 airfoil
with M;,=0.5. Using barotropic gas assumption and the solution procedure given in
the Chapter 4, this problem is simplified and solved. pP2P1 type elements are also

used for the solution of this problem.

Micro channel flow is a rarefied gas problem which is numerically solved within this
study. This problem is used as a verification case. Beskok’s second order slip-

velocity is implemented within the CBS algorithm for the solution of this problem.

To simulate micro synthetic jet flow, ALE approach is coupled with the CBS
algorithm. Thus, oscillating diaphragm of the puSJA is numerically modeled. A
comprehensive analysis is done for micro synthetic jet flow in terms of jet formation
mechanism in addition to verification of ALE implementation using available results

in literature.

Flow in a micro backward facing step is numerically simulated using general
solution procedure of the CBS algorithm. Beskok and Karniadakis’s second-order
slip-velocity and temperature-jump boundary conditions are implemented on the
solid wall. Obtained results are compared with available results in literature for
verification. A comprehensive analysis is performed to investigate the effect of

rarefaction on macroscopic flow properties.
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7.2. Laminar Flow past Backward Facing Step

Incompressible fluid flow past a backward facing step of Re=191 and Re=229 are
benchmark problems. These internal flow cases are numerically investigated in this
study, since experimental and numerical results are available [51,52]. The geometry

and the boundary conditions for these problems are as given below in Figure 7.1.

40h N
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Figure 7.1 : Geometry and boundary conditions for laminar flow past a backward
facing step geometry

The grid generated for this problem consists of 2176 triangular elements with 1161

nodes. The details of grid can be seen below in Figure 7.2.

Figure 7.2 : Grid for laminar flow a past backward step, 1161 nodes, and 2176

elements.

In addition to CBS algorithm, two fractional step FEM algorithms which are
Galerkin and Petrov-Galerkin FEM fractional step are used for numerical
computations of the fluid flow with both Re. The results obtained using these
methods are compared with each other in addition to the comparison with the

experimental data.

Solution procedures of CBS algorithm for incompressible fluid flow are as explained
in Chapter 4. Using semi implicit form of the CBS algorithm (with 6, =6, =1),
Equation (3.11), (3.12) and (3.14) need to be solved. Except the term coming from

discretization along the characteristics appearing in the auxiliary momentum
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equation, CBS and standard Galerkin FEM equations are identical. The auxiliary
momentum equation of Petrov-Galerkin FEM algorithm has an upwind term while
the Galerkin FEM has not [26]. The upwind term of P-G FEM algorithm is similar to
the extra term coming from the discretization along the characteristics of CBS
algorithm. If there is no gravity acceleration, the only difference between these two
terms is that P-G FEM has a variable multiplier in it while the CBS has constant.

These two terms can be written explicitly as follows:
a, 0|, 9
2 x| ox, (7.1)

_ 0 ou,
S 72
¢ J

The auxiliary momentum equation given with Equation (3.11) is simplified for
incompressible flow case. Hence, the term coming from the discretization along the
characteristics takes the form given with Equation (7.1). The multiplier denoted with

o in Equation (7.2) is a suitable variable based on element lengths and velocity [25].

In all of the computations done using these three FEM algorithms, Re is based on the
average velocity at the inlet and step height. For all two cases and schemes, pP2P1

and P1P1 type elements are used in computations.

Obtained results are presented in Figure 7.3 and 7.4 as pressure contours. The
velocity field presents a recirculation region behind the step. The length of this
recirculation region, denoted as the reattachment length, is an important quantity for
comparison of different solutions. Reattachment lengths obtained using the CBS and
Petrov-Galerkin algorithms are given in the Table 7.1 in comparison with the data

[51] and CBS predictions of [52].

Table 7.1: Comparison of reattachment lengths obtained by various methods

Re CBS-present | Petrov-Galerkin | CBS [52] | Exp. [51]
191 10.2 10.5 9.2 8.6
229 11.9 11.9 10.9 10.0

Since Galerkin FEM algorithm fails to yield physical results for both Re numbers,
reattachment length is not included in the table for this FEM fractional step algorithm
(see Figure 7.3 and 7.4). This behavior of Galerkin FEM algorithm is related to the

improper approximation of the convection term for high element Peclet numbers on
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the computational grid used. It is observed that pressure fields obtained using Petrov-

Galerkin upwind and CBS formulations are very similar.
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Figure 7.3 : Pressure contours for laminar flow past a backward facing step

eIl / |
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Figure 7.4 : Pressure contours for laminar flow past a backward facing step
(Re=191) a) CBS formulation b)Petrov-Galerkin  ¢) Galerkin
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For Re=191, the streamwise u velocity obtained using P-G and CBS algorithms with
two type of elements are plotted at four downstream stations behind the step in
Figure 7.5 in comparison with data [51]. In this study, parabolic velocity profile
(developed channel flow) is prescribed at the channel inlet for all computations as an
initial condition. However obtained results differ from the results given in Reference
[51,52]. This difference shows that the inlet velocity profiles of experimental and
numerical data given in References is slightly different than the one used in this
study. This difference affects the obtained reattachment lengths (see Table 7.1) in

addition to downstream velocity profiles given in Figure 7.5.
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Figure 7.5 : Velocity profiles obtained using P1P1 and pP2P1 elements downstream
of the step in comparison with data [S1], Re=191

For Re=229, downstream u velocity obtained using two schemes with pP2P1 type
elements are plotted in Figure 7.6. Except little difference in the recirculation both

algorithms yield nearly identical result.
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Figure 7.6 : Velocity profiles obtained using pP2P1 elements downstream of the

step, Re=229

Table7.2: Efficiency of pP2P1 elements compared to P1P1 (Re=191)

Method CPU time with CPU time with % Saving
P1P1 elements,s | pP2P1 elements, s
Galerkin 403 220 45
Petrov-Galerkin 228 100 56
CBS 248 103 59

Efficiency of pP2P1 type elements with respect to the use of P1P1 elements are

shown for all the algorithms considered in the Table 7.2. It can be seen that

computational costs are reduced up to %59, if the pP2P1 elements are used instead of

P1P1 elements [26]. Since the main goal of this preliminary numerical computation

is to compare the CBS algorithm with alternatives such as P-G methods, and

evaluating it in terms of accuracy and computational costs, a difference with other

data [51] is considered acceptable.
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7.3. Laminar Viscous Flow over NACA0012 Airfoil

Laminar viscous flow past NACAQ0012 airfoil at Mach number 0.5 and angle of
attack 0 was selected as the test case. Re is equal to 5000 for this test case. Semi
implicit version of the CBS algorithm with barotropic gas assumption is used within

this computation.

To generate an unstructured mesh around the airfoil, the commercial code named
Gambit is used. Since it is not so practical to generate P1P1 type of triangular
elements using Gambit for boundary layer, rectangular types of elements are
generated for this region. Then these elements were divided into two triangular
elements using a Fortran code. And finally, all the P1P1 types of elements in the
computational domain are converted to pP2P1 type of elements using another Fortran
code. The generated mesh in which the far field boundary was situated at a distance
of 20 chords from the airfoil surface can be seen in Figure 7.7. The grid details
around the airfoil also can be seen in Figure 7.8. The mesh seen in these two figures
were used for the velocity calculation and it consists of 20472 elements and 10340

nodes.

The wall (airfoil surface) is adiabatic and Prandtl number is equal to 0.72. The
velocity is prescribed at the inflow as 1.0 in the x-direction and 0.0 in the y-direction.
The temperature is also prescribed at the inflow as 1.0. The density p,_ at the outflow

is fixed as 1.0. No-slip boundary condition is imposed on the airfoil. The adiabatic

exponent y and constant A for the barotropic gas assumption are equal to 1.4 and

2.857136, respectively.
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Figure 7.8 : Detail of the mesh; airfoil close- up

For the test case, the velocity field is obtained by using barotropic gas assumption.
When barotropic gas assumption is used instead of the ideal gas assumption, the
energy equation is uncoupled from the other equations (see details of the procedure
in Chapter 4). Pressure contours and its details near the stagnation point are given in
Figure 7.9 and Figure 7.10. Details of velocity vectors around the leading edge are

given in Figure 7.11.
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Figure 7.9 : Pressure contours obtained using barotropic gas assumption

Figure 7.10 : Detail of Pressure contour near the stagnation point (barotropic case)
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Figure 7.11 : Detail of velocity field near the stagnation point

The Mach contours obtained using barotropic gas assumption within the CBS
algorithm is plotted and given in Figure 7.12. The Mach contours obtained in
Reference [53] are also given in Figure 7.13 for comparison. Even though pP2P1
type elements are used in the computations and results are obtained without solving
energy equation (it is possible if barotropic assumption is done), Mach contours are

very similar with Reference [53].

|

Figure 7.12 : Mach contour (barotropic case)



Figure 7.13 : Mach contour (Reference [53])
7.4. Flow in a Micro Channel

Another flow problem solved during the study is the pressure driven flow through a
straight micro channel in slip regime. This problem has been studied before by

Beskok using DSMC and u Flow (spectral-element-based continuum CFD solver)

[54]. A N-S and Burnett equations solver have been used by Agarwall&Yun [40] for
the same geometry. Baysal&Aslan [55] have solved the same problem using first
order slip velocity of Maxwell and Beskok’s second order slip velocity within the
Finite Volume N-S solver. Since there are various computational and analytical
results for this problem in literature, it is a good choice to test the implementation of

Beskok’s second order slip velocity within the present CBS implementation.

Inlet to outlet pressure ratio of the micro channel is equal to 2.28 and it is denoted
with /7 within this study. The flow is assumed to be isothermal and reference
temperature is taken as 273°K. Knudsen number is equal to 0.2 at the outlet of the
channel. The ratio of channel length to the height (L/k) is equal to 20. All the values

given in this paragraph are same with the References [55].

For the reason mentioned in the previous problem pP2P1 type elements were used
again within the computation. The velocity mesh consists 53 and 21 grid points in
horizontal and vertical direction. Details of the grid can be seen in the Figure 7.14.

Total number of triangular elements used for the velocity calculation is 2080.
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Figure 7.14 : Velocity mesh of straight micro channel

To simulate rarefied fluid flow through this channel, semi implicit version of the
CBS algorithm needs to be modified to accommodate for slip-velocity. Thus,
Beskok’s second order slip velocity formulation (WS) was used instead of general no
slip boundary (NS) condition. The pressure values which satisfy the inlet to outlet
pressure ratio and outlet Knudsen number were prescribed at the inlet and outlet of
the channel. The velocity vectors obtained using no-slip and slip-velocity boundary
conditions are plotted for comparison in Figure 7.15. The increase in the slip-velocity

along the channel walls towards the exit can also be seen in the figure.

111113383 NE N NEEN3111]1)]
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Figure 7.15 : Velocity distribution along the straight micro channel with slip-
velocity (lower) and no-slip boundary conditions (upper)

The pressure variation obtained along the centerline of the channel both with slip-
velocity and no-slip boundary conditions are given in Figure 7.16. It can be observed
from the figure that the pressure distribution computed via the CBS scheme are in
excellent agreement with the results presented in References [54,55] and analytical
result [56]. Nonlinearity in pressure distribution is due to the compressibility. For the
results obtained using slip-velocity (WS) boundary condition, the pressure
distribution is slightly lower in magnitude compared to the results with no-slip-

velocity (NS) boundary condition.
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Figure 7.16 : Pressure distribution along the straight micro channel centerline,
Knp,=0.2, [1=2.28
Decreasing density values result in increasing velocity values through the channel
(see Figure 7.15 and 7.17). The slip-velocity variation along the channel wall
obtained using the CBS algorithm with second order slip-velocity boundary
condition (BC) is normalized using the centerline velocity value at the channel inlet
and given in Figure 7.18. The available results in literature are also used for
comparison for this flow problem. The results denoted with Baysal&Aslan in the
figure are based on numerical solution of N-S equation using FVM with first and
second order slip-velocity BC [55]. Agarwal&Yun’s results are based on Burnett
equation solution [40]. Since the Analytical results [56] given in the figure are based
on first order approximation, it matches the first order results of the Baysal&Aslan.
DSMC results of Beskok are slightly different from the other results in the first half
of the channel. Towards the exit of the channel, its results also match the other
results. Among all the results given in Figure 7.18, computed results are in good
agreement with the Reference [40] and [55] as expected. Maximum difference in
magnitude between the computed slip-velocity and the Reference [55] is less than

%1.
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Figure 7.17 : Density distribution along the straight micro channel centerline,
Kny,=0.2, I1=2.28
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Figure 7.18 : Slip-velocity variation along straight micro channel wall, Kn,,=0.2,
11=2.28
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7.5. Micro Synthetic Jet

Fluid flow generated by a micro synthetic jet actuator with rectangular cavity was
simulated using CBS algorithm. Since compressible flow analysis is required for an
accurate prediction of the flow field inside the cavity of micro synthetic jet, semi
implicit version of the CBS algorithm with barotropic gas assumption is used within
the simulation. pP2P1 type elements are employed in order to reduce implicit part of
the algorithm as done before. To account for slip effect at the solid wall of the micro
synthetic jet, general no slip boundary condition of CBS scheme is modified using
Beskok’s second order slip-velocity boundary condition. The Arbitrary-Lagrangian-
Eulerian (ALE) approach [37] was used and coupled with CBS scheme to model the

deforming grid due to movement of the of actuator diaphragm [34,57].

Free Stream

Symetry Plane
Free Stream

%igi

Cavity

Oscilating Membrane

Figure 7.19 : Computation domain and the pressure mesh for the SJA with
rectangular cavity geometry.

Computational domain consists of three different grid blocks. These are the cavity,
orifice and outside regions. For the quiescent external flow condition, the flow field
can be assumed symmetric. Thus, only half of the domain is considered for
numerical computation (see Figure 7.19). The external flow domain has 20d in
length and 254 in width. Orifice width is denoted with d (see Figure 6.1). Number of
nodes within the generated mesh for cavity, orifice and outside regions are 209x81,
17x33 and 209x369 (in horizontal x vertical direction). Since the bottom wall of the

cavity represents the oscillating diaphragm, it is required to define the movement of
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this wall in time. For this problem, it is assumed that the movement of the diaphragm
is only in vertical direction. So, deformation and movement of the diaphragm is

given with following equation:

y(x,t) = Asin((“—;/z)ﬁj sin(a)t) (7.3)

where @ is the the diaphragm frequency, ¢ is time and W is cavity width. 4 denotes
the maximum deflection amplitude. Shape and velocity of the diaphragm is
calculated from the equation written above and updated at every time step. Internal
node coordinates and velocities are interpolated linearly from surrounding

boundaries of cavity region and they are also updated at every time step.

In order to verify the implementation of the ALE technique to the CBS solver, a SJA
flow from literature [31] was analyzed and results are compared in Figure 7.20. In

the figure, at four different position of the diaphragm, orifice exit velocity was

avg

normalized with “max = %o (0), was plotted for comparison with reference results.
The results are in good agreement with the Reference [31] for all stages except little
difference near the wall due to the reduced number of nodes of the computational
grid near this region (see Figure 7.21). In Figure 7.22, pressure and velocity meshes

generated for the whole domain can be seen.
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Figure 7.20 : Comparison of the normalized velocity profile at the orifice exit with
[31]
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Figure 7.21 : Details of the meshes for the pressure and velocity field near the
orifice

i
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Figure 7.22 : Numerical grids used for pressure and velocity field of the uSJA
configuration

The vorticity plots are given in Figure 7.23 at four different positions of the
oscillating membrane which are maximum expulsion, minimum volume, maximum
ingestion and maximum volume. It was observed that the flow field reaches a
periodic behavior after four cycles. All the results presented here correspond to 6"
cycle for this case. Velocity distributions and vorticity contours given in the Figure
7.20 and Figure 7.23 reasonably agree with the results presented in Reference [31],

where an incompressible solver is used.
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Figure 7.23 : Vorticity contours at the four stages of the diaphragm oscillation cycle
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To investigate the effect of geometrical parameters of uSJ with rectangular cavity,
various flow cases were set by selecting different cavity width, height and deflection
amplitudes of the oscillatory diaphragm. For cases listed in the Table 7.3, orifice
width, height, oscillation frequency and kinematic viscosity were kept constant as
d=h=12.5 um, f=80000 Hz , v=1.46x10" m’/s). Characteristic non-dimensional

parameters Re, and St which are defined in Chapter 6 are also listed for each case in

the table.

Table 7.3: Computed cases for the analysis of uSJA in quiescent environment

Case | W/d H/d (A/d) Reg 1/St Vortex Vortex
x10 Shedding Train
1 10 4 4 8.7 1.62 No No
2 20 4 4 17.4 3.24 Yes No
3 30 4 4 26.2 4.86 Yes Yes
4 10 4 2 44 0.81 No No
5 20 4 2 8.7 1.62 No No
6 30 4 2 13.1 243 Yes No
7 10 4 8 174 3.24 Yes No
8 20 4 8 349 648 Yes Yes
9 30 4 8 52.3 9.73 Yes Yes
10 10 6 4 8.7 1.62 No No
11 20 6 4 174 3.24 Yes No
12 30 6 4 262 4.86 Yes Yes
13 10 8 4 8.7 1.62 No No
14 20 8 4 174 3.24 Yes No
15 30 8 4 26.2 4.86 Yes Yes

The ‘Vortex Shedding’ column is filled based on the flow field at the maximum
volume stage which is named Stage A in Figure 7.23. If a strong vortex core remains
outside of the cavity at this stage, it is convected downstream without diffusing

during the expulsion phase as expected. For all the values of Re, smaller than 13.1,
there are no vortices observed outside the cavity at Stage A. For the values of Re, in

the range of 13.1-26.2, a vortex is observed above the orifice in the flow field but this
vortex diffuses before being convected away from the orifice during the following
expulsion phase since it is not strong enough. Therefore, no vortex train is formed.

For the values of Re, greater than or equal to 26.2, strong vortices are observed in

the flow field and these vortices are convected away from the orifice before
diffusing. Thus they form a vortex train. As seen in the table, vortex train is formed

for all the cases in which 1/St are greater than 3.24. This threshold value is higher
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than the value of 2 given for 2-D jets in Reference [50]. Additional cases, run using
Case 9 as a baseline and changing Re and St values revealed that if 1/St = 0.97 and
Req=52.3 no vortex train is formed, confirming the presence of a threshold value for

Strouhal number for jet formation.

The effect of cavity width to the orifice velocity magnitude and profile is also
investigated. To do this, 3 cavities having different widths are analyzed and the
results are presented in Figure 7.24. It is observed that cavity width affects the orifice

velocity magnitude strongly at all four position of the diaphragm.

80 80
Wi/d H/d (A/d)% Stage vV
60 —a—— 10 4 40 A 60 /
— 420 4 40 A // ——
40 —v—— 30 4 40 A 40 //_
20 20
Q) Q)
£ OW E 0
> v A —a—a—a— >
-20 \K\V\v\'i 0
-40 -40
60 -60 [~{Stage B]
-8 l TR [ S N N N N N -8 1 1 I !
% 0x107 -4.0x10™ -2.0x10™ 0.0x10™® 0 0x 107 -4.0x10% -2.0x10™ 0.0x10"
x(m) x (m)
80 80
60 60
40 40
__—y—— V|
20 -/ 20
A A A —_
7 — 0
E oéﬁ’g./;?%——k E o
> >
-20 -20
-40 -40 ,\\‘\‘\‘A A A
-60 -{Stage C -60~Stage D Ty e e
. TR R HR RN . . I PR IR
8% ox10® -4.0x10™ -2.0x10™ oox10™ S8 ox10® -4.0x10" -2.0x10% 0.0x10"
x (m) x (m)

Figure 7.24 : Effect of cavity width on orifice velocity distribution.
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In similar manner, the effects of cavity height and deflection amplitude are also
investigated and velocity profiles for both cases are plotted at four different stages in
Figure 7.25 and Figure 7.26. It can be seen in the figure that an increase in cavity
height is not as effective as an increase in cavity width. Especially, at maximum
ingestion and expulsion stages, this effect can not be noticed easily. On the other
hand, an increase in the deflection amplitude directly affects the exit jet velocity

magnitude at every stage of the cycle.
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Figure 7.25 : Effect of cavity height on orifice velocity distribution.
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Figure 7.26 : Effect of diaphragm oscillation amplitude on orifice velocity

distribution.

In Figure 7.27-a, variations of normalized values of maximum expulsion velocity at
the orifice center are plotted against cavity width for two different cavity heights.
The velocity values are normalized using the maximum value of space averaged
expulsion velocity. In this figure, there is a decrease in maximum velocity while the
cavity width is in increase and height has constant value of 8. This behavior can be

interpreted as a result of the compressibility.

For two different cavity widths, normalized maximum expulsion velocity at orifice
center is plotted against to oscillation amplitude in Figure 7.27-b. It can be said that
for an increased cavity width such as W/d=30, increased deflection amplitude results
in a more uniform orifice velocity distribution. Similarly, as shown in Figure 7.27-c,

for cases where cavity width is high, the maximum velocity is lower for higher cavity
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Figure 7.27 : Effects of various geometrical parameters on normalized maximum
orifice velocity.

Some of the cases listed in Table 7.3 resulted in orifice velocities up to 140 m/s,

justifying the use of a compressible flow solver. Slip-velocities on the other hand,

remained within 3-4 percent of the maximum velocity for the cases analyzed.

The results, obtained for cases with various cavity dimensions, are compared in

terms of exit jet velocity magnitude and vortex dynamics in both the cavity and

external region. It is shown that, the orifice Reynolds number and Strouhal numbers

are important parameters determining the formation of a jet [34,57]. Furthermore,
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compressibility is an important factor affecting the flow for uSJA. The threshold
values of Re and St for jet formation depend on upon the orifice velocity profile.
Changes in geometrical properties of the cavity affect the shape of the velocity

profile, as well as the Re and St, thus affecting the jet formation.

The obtained velocity distribution and comparisons show that, the implementation of
second-order slip-velocity boundary condition and ALE approach to the CBS

algorithm yields accurate results for this test case.

7.6. Separated Flow in Micro Backward Facing Step

Fluid flow through micro backward facing step geometry is an excellent test case to
verify the boundary condition modification done within the CBS solver for the
simulation of micro fluid flow. It is known that, there are sharp gradients in flow
field for this case. These sharp gradients cause significant variation of the mean free
path of the gas and wall shear stress. It is also known that these two variations are
highly related to the slip-velocity and temperature-jump boundary condition. The
rarefaction effect is two-dimensional due to significant cross flow variation in this
test case. Thus the effect of second order slip-velocity and temperature-jump
boundary conditions on an internal micro-flow with separation can be investigated by

modeling the fluid flow through this geometry.

Dimensions of the micro backward facing step geometry can be summarized as
follows. The ratio of the channel length (L) to the exit height (%) is equal to 5.6. The
entry to the channel is also simulated and it is located at x/4=0.86. Ratio of step

height (S) to the height of the channel /4 is 0.467. (see Figure 7.28).

pP2P1 type of elements are used for computations. 11776 velocity elements and
2944 pressure elements are used within the mesh (see Figure 7.28). Since this flow
case is not isothermal as the other cases presented in this chapter, it is essential to use
CBS algorithm with ideal gas assumption. So, for this case, semi implicit version of

the CBS algorithm was used within the computations with ideal gas assumption.
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Figure 7.28 : Velocity mesh of Micro step duct

Baysal&Aslan[55] and Beskok[54] studied same geometry and obtained slip-velocity
and temperature-jump conditions. In this case, inlet outlet pressure ratio /7 =2.32.
Kn at the outlet of the channel is equal to 0.018 and working fluid is nitrogen. As in
the straight micro channel problem, pressure is prescribed at the outlet of the micro
step duct geometry. Temperature value is prescribed as 330°K at the inlet where,
vertical component of the velocity is set as zero. The wall temperature is equal to
300°K. At the outlet, boundary term (traction) on the right-hand side of the auxiliary

momentum equation is calculated from the results obtained.

Velocity vectors at different locations along the geometry are given in Figure 7.29
for this flow case. In the same figure, temperature and local K» number contours are
also plotted. It can be seen from this figure that the fluid particles which have
constant velocity and temperature at the entrance of the domain, start to decelerate as
they reach the channel entry. This is natural result of wall shear stress. It is expected
that the sudden increase in the wall shear stress at the entry of channel causes an
increase in static pressure also. It is known that pressure and local Kn values are
inversely proportional. So, the variation of local Kn number near the entrance due to
this increase can be seen in the Figure 7.29. From the entrance to the step expansion,
fluid particles continue to accelerate and temperatures decrease, due to this
acceleration. The particles reach maximum velocity near the step expansion where
the compressibility effect can not be neglected anymore. Near this region, the
particles have minimum temperature and cross flow component of the velocity start
to increase. Adverse pressure gradient is occurred due to the sudden expansion of the

geometry. As a result of this adverse pressure gradient, the flow at the bottom wall
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separates and then reattaches to the wall. In this separation region, due to the change
in pressure, local Kn number reaches maximum value. After this point, fluid particles
start to accelerate again due to the decreasing pressure along the channel. Near the
channel exit, velocity profile takes the parabolic form again and local Kn distribution
is symmetric. Temperature distribution is also symmetric at the channel outlet. The
particles have minimum temperature value in the centerline of the channel due to the

parabolic structure of the velocity profile.
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Figure 7.29 : Velocity vectors, temperature and local Kn variation through the
micro step duct, Kn,,,~0.018, [7=2.32

Variation of the normalized (with local speed of sound) streamwise velocity at five
normal locations are plotted and compared with the results of Baysal&Aslan [55] in
Figure 7.30. As seen in the figure, the velocity distribution obtained using CBS
solver with Beskok’s second order slip-velocity and temperature-jump conditions are
in good agreement with the one given in the reference. The slip-velocity distribution
at the top and bottom wall (y/h=0.9901 and 0.01456) are nearly the same towards the
channel exit. The maximum values of these two distributions are at different
locations due to the expansion in geometry which results in adverse pressure gradient
and recirculation region. While the slip-velocity along the top wall is always

positive, along the bottom wall it is negative in the recirculation region.
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Figure 7.30 : Comparison of normalized streamwise velocity with
Baysal& Aslan[55], Kn,,~0.018, 11=2.32

2

Pressure is normalized using dynamic head (¢,, = 0.5, ) at the inlet and compared

to the results of Reference [54] and [55] in Figure 7.31. Kn distribution along the
centerline of the micro step duct given in Figure 7.32. As shown in these figures,

results presented for this test case are in good agreement with reference studies.
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Figure 7.31 : Pressure variation along the channel, Kn,,~0.018, 11=2.32
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Figure 7.32 : Local Kn variation along the centerline of the step duct geometry,
Knp,,=0.018, 11=2.32

It is obvious that, for the micro flow in slip regime, increasing Kn number results in
significant raise in slip-velocity and temperature-jump values on the wall due to the
increasing rarefaction effect. Macroscopic flow properties such as reattachment
length, inlet Mach number or inlet outlet pressure ratio are also varied as Kn
increases. In this study, the relationship between macroscopic flow properties and
slip-velocity/temperature-jump boundary conditions are numerically investigated. To
do this, flows in a step-duct were analyzed for various channel sizes with the same
inlet-outlet pressure values. Selected channel heights result in a Kn range covering
most of the slip-flow regime. Additionally, analyses are performed for both no-slip
(NS) and slip-velocity (WS) boundary conditions for all cases. As the Knudsen

number increases, mass flow rate difference between the results obtained using no-

slip (1,5 ) and slip-velocity (1, ) boundary condition increases as shown in Figure

7.33. The change in inflow Mach number (M, ) with duct size is plotted in Figure

in

7.34 for both no-slip and slip model assumptions. As expected, M, decreases with

increasing Kn. Inflow Mach number is always higher for slip model compared to the

no-slip case.
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Figure 7.33 : Variation of mass flow rate difference between the results obtained

using no-slip and slip-velocity boundary conditions, with Knudsen Number.
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Figure 7.34 : Variation of inlet Mach number with Knudsen Number for the same
inlet/outlet pressures

Another set of analyses was constructed by changing the channel height while
keeping inflow Mach and outlet pressure values constant. Hence, it was possible to

observe the dependence of driving pressure difference to the Knudsen number. In

71



Figure 7.35, variation of inlet to outlet pressure ratios with Knudsen number is
plotted for two different inlet Mach numbers. Results obtained with no-slip and slip-
velocity BC’s are plotted together for comparison. As expected, increased inlet Mach
number requires increased driving pressure difference. Similarly, the difference
between slip and no-slip solutions increases with increasing Mach number as well as
increasing Knudsen number. The variation of the mass flow rate difference between
the slip and no-slip cases with Knudsen number is plotted in Figure 7.36. It is shown
that the difference is limited for high inlet Mach number. Another important feature
of the flow is the reattachment length. In this study, the reattachment length, X, is
used in normalized form with the channel height. In Figure 7.37, variation of the
relative difference of the reattachment length between slip and no-slip cases are
plotted against Knudsen number. Its behavior is similar to the behavior of the mass
flow rate. For low Mach numbers, the difference increases almost monotonously. For

high Mach numbers however, the difference presents an asymptotic behavior.
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Figure 7.35 : Inlet to outlet pressure ratios vs. Knudsen number.
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Figure 7.36 : Relative mass flow rate difference between the results with no-slip
and slip-velocity boundary conditions
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Figure 7.37 : Relative reattachment length difference between the results with no-
slip and slip-velocity boundary conditions

The variation of non-dimensional temperature-jump, 6 =(T' =T, ,)/(T,.. = Turt) »

along the lower wall is presented in Figure 7.38. In this expression, 7 denotes the
temperature of the fluid at the wall. As seen in the figure, temperature-jump value
increases towards the channel exit for higher exit Kn value. For the smaller exit Kn

value, temperature-jump is negligible. As Kn,, increases, inlet/outlet pressure ratio
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also increases for constant inlet Mach number (see Figure 7.35). It is obvious that for
smaller inlet/outlet pressure values more linear velocity profile occurs at the channel
outlet. Hence smaller temperature-jump values are considered at this region since
lower temperature gradient exist normal to the wall. For greater inlet/outlet pressure
ratio, flow accelerates through the channel exit in the development region after
reattaching to the wall and high temperature gradient is considered through the

centerline of the channel [58].
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Figure 7.38 : Temperature-jump along the lower wall for cases with M;,=0.405

Similarly, the variation of the slip-velocity, u,, normalized with the inlet velocity,
u, , along the lower wall is plotted in Figure 7.39 for different Knudsen numbers and

selected inlet Mach number of 0.405. Acceleration of fluid through the channel exit

due to increasing rarefaction effect results in high slip-velocity along the lower wall.
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Figure 7.39 : Slip-velocity along the lower wall for cases with M;,=0.405

75



8. CONCLUSION

Governing equations of viscous compressible flow in conservative form are split into
two parts using main aspect of Characteristic Based Split (CBS) procedure. Since the
first part of the equations is a simple scalar-convection—diffusion type equation,
characteristic-Galerkin procedure is applied to it and then it is discretized along the
characteristics. Second part of the equation is self-adjoint. Hence, resulting equations
are discretized in space using standard-Galerkin approach which is optimal. At the
end, CBS FEM algorithm is obtained. In this study CBS FEM algorithm is combined
with pseudo-second order velocity interpolation, ALE description and slip-
velocity/temperature-jump boundary conditions for micro-flows and used to solve

various fluid flow problems.

Laminar viscous flow through backward facing step geometry is one of these
problems. In addition to obtaining solution for this flow problem, this result is
compared with other results obtained using alternative incompressible fractional step
FEM algorithms (Galerkin and Petrov-Galerkin). Since all schemes used in these
computations are semi implicit, the problems are solved using pP2P1 types elements
besides P1P1. It is observed that the results obtained using CBS algorithm is as good
as the results obtained using Petrov-Galerkin scheme in terms of accuracy and
computational costs. Using pP2P1 type elements within the computation reduce to

computational time up to %59.

Laminar viscous fluid flow past a NACAO0012 airfoil at Mach number of 0.5 is
another problem solved using CBS algorithm. pP2P1 type elements are also used in
this computation. The results obtained using CBS algorithm with barotropic

assumption are also in good agreement with the reference values.

Implementation of second order slip-velocity/temperature-jump boundary condition
encountered in micro flow within the CBS FEM algorithm which can be used for
solution of compressible and incompressible viscous flow problem is presented in

this study. With this implementation, applicability of the CBS algorithms is extended
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to cover fluid flow in slip-regime. To reduce the size of the implicit part of the CBS
algorithm, pP2P1 type elements are used within the computations. Using Arbitrary
Lagrangian-Eulerian formulation and modifying the CBS FEM algorithm, the solver
becomes an effective tool which can be used for analysis of fluid flow problems with
moving boundaries. The applications and implementations mentioned here are the

first attempts for utilization of the CBS FEM algorithm for micro-flows.

Another benchmark problem in slip regime which has been solved by many others is
pressure driven straight micro channel flow. This problem is also solved using CBS
algorithm with pP2P1 type elements. Obtained results are compared with the

available analytical and numerical results [40,54-56].

Micro synthetic jet flow is numerically investigated during the thesis study. Since
moving deforming mesh concept and slip-velocity boundary condition
implementation is essential for numerical simulation of this problem, it is a good
case to test the solver and to modify the algorithm. Obtained results are compared
with the available results in literature. The results are in good agreement also for this
test case. An analysis is done to understand effect of micro synthetic jet cavity
geometry on vortex dynamics. Obtained results are very interesting in terms of
showing the capability of the CBS algorithm even in the slip regime. This study is
one of the first comprehensive micro synthetic jet analysis performed using a
compressible solver. Obtained results shows that compressible flow analysis is

required, since for some cases jet exit velocity reaches 140 m/s.

Fluid flow through micro backward facing step geometry is one of the complex fluid
flow problems numerically investigated in this study. Since there are recirculation
region and high pressure and temperature gradient in the flow field, CBS solver with
ideal gas assumption is used for the solution of this problem. In this case, the energy
equation is coupled with momentum equation; computed slip-velocity and
temperature-jump values are also included to this iterative procedure. To see the
effect of slip-velocity and temperature-jump to the flow, results which are obtained
using both no-slip/temperature-wall and slip velocity/temperature jump conditions
are compared in terms of mass flow rate, reattachment length and pressure drop

values.
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Obtained results show that use of CBS algorithm with pP2P1 type elements is
promising for fluid flow problem in both continuum and slip regime. Complex fluid
flow problems such as uSJA flow or rarefied gas flow in backward step duct
geometry can be solved using the CBS algorithm coupled with ALE approach and
slip-velocity/temperature-jump boundary conditions. To overcome the undesirable
time step size criteria considered in semi-implicit version of the CBS algorithm,
quasi- (nearly) implicit version of the algorithm may be used in certain cases such as

high-viscosity flows and low Mach number flows.
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APPENDIX A. CHARACTERISTIC GALERKIN PROCESS

Convection-diffusion equation for a scalar ¢ function in conservative form is as
follows:

o4 OF oG,
B A A T S =0
o Tox Taw, T2 (A.1)

1

In he equation above, x; is the i th component of the Cartesian co-ordinate (i=1, 2,

3). Convected flux, diffusion flux and source term can be written explicitly in the
following forms:

Fy=uf (A2)
s

C=% (A3)

0 =0(x,1) (A.4)

Velocity components u, placed in the convected flux term given above is assumed to

be known. Equation (A.l1) can be written alternatively by defining a new term
a = Ou, / Ox,; in the following form:

%+ui%—i[kﬁj+a¢+Q=0
ot ox, Ox,\ Ox, (A.5)

The trajectory of the fluid located at the x,,, at time ¢, is denoted by X(x,,,.,,:1).

ref
Following equations can be written using definition of trajectory:

d - ~

—x()= 1)t

=@ = (X0 (A6)

)?(tref) = xref (A7)

Using the short-hand notation X(¢)instead of X(x,,.t,,;t), following equation can

be written;

d - o¢ o¢

— (X (2 )1 =| = +u, —

dt ¢(X( ), ]tztw (at +u, axl} (A.8)
X=X, o =ty
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Then, Equation (A.5) can be written as follows.

d - 0 op 3
E¢(x(t)at)_a_xl( a_xij+a¢+Q—0 (A.9)

All the terms in the equation given above are assumed to be evaluated at x = X(¢).

Using finite difference scheme for discretization of derivative d/dt in Equation
(A.9) means discretization of total derivative in Equation (A.5) along the
characteristics. Assuming that values of scalar ¢ function at time ¢, is known and

the values at time 7, are needed. If 7, is chosen in [t,.t,.,] interval, the Equation

(A.9) can be written in following form after discretization:

_[¢( (n+l) n+1)_¢()7(tn)’tn)]
—e—[ 2t )00 {22t b0 Ao

Ox ox

+0ap(X(t,. )1, )+ (1= 0)ag(x(, )t,)
+00(%(t,, ).t,,,)+ (1-0)aQ(%(t, )t,)= 0

If ¢, is chosen as the reference time (X(t,,, )= x,.r ), location of the particle at time

¢, can be written using second order approximation as follows:

7(t,)= %(t,..) - (¥, ), )+ Olar?)

= x— A" +0(Ar) (A.11)

In the equation above x is used instead ofx, . So, following equation can be
written.
w(®(e, )t ) = ulx—Aam” +0(ae*) 1)

—u" - oy S5+ olar) (A.12)
X

i

Third-order approximation for trajectory X can be written using the equation above
as follows:

7(0,) = 7(t,) = ST, )+ (e, ) Ofar)

n A.13
=x—At""? — AL u, n U —+ O(At3) ( )
Ox,
In the equation above, u""''* = [u "y ]/ 2. Using the approximation given above,

a third order approximation is obtained for the scalar function in the following form:
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2 n
d(x(t,)t,)= ¢[x— Aty ¢ Aiu,.” ou” O(Aﬁltnj
2 ox

i

n A 2 au” n
:¢n _Atu;Jrl/Z a¢ + ! un J a¢

ox; 2 Ox; Ox, (A.14)
2 n
LU At w2 9 0 0¢" 4 O(At )
2 7 ox, ox,
Using u""""* =u" + O(At) approximation, Equation (A.14) can be expressed as
follows:
~ agb” 0 o¢"
x(t —Am? —u.”— u" + O\At
o, )t,)=¢" o T2 " ax,( e J (ar) (A.15)

For any scalar function ¢ simplified version of the equation above is as following:

~ n n a ! 2
#(%(t,)t,)= 9" — Atu] ai +0(ar?) (A.16)

J

Temporal derivatives in Equation (A.10) (with 8§ =1/2) can be discretized using
Equation (A.15) and all the terms in the equation evaluated at x = X(¢,)and ¢ =¢, can

be approximated using Equation (A.16). Finally, following equation is obtained:

1 n+l n n+1/2 a¢n a a¢n+1/2 n+1/2 n+l/2
— —-¢" ) +u ————| k——— |+ +
At (¢ ¢ ) Y ox;  ox, ( o, ap ¢
RPN VAR (R P 17
2 “ox, 8x Ox, 8 X,

Fully explicit scheme is obtained approximate values at time level n+1/2 by n.

i(¢”“—¢”)+u” a¢”_ax( a¢”j+ ¢"+Q"

At o 0
_ﬁ n i u a¢" n n | _ (A18)
2 “ox, | " oo,

In the equation above, the diffusion term in the last bracketed in Equation (A.17) is
canceled if linear elements are used for the space discretization. And the equation of
characteristic Galerkin method is obtained and it can be written alternatively in the
following form:

W I OO/ 2 N Vil IO (- "
A¢—A{ ax_(“_f¢)+axj [kaxjj Q} 5 {u P (ax (_¢)}+Q} (A.19)

J
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n+l

In the equation above, A¢ = ¢"" —¢". Spatial discretization by Galerkin method is

optimal for the equation given above, since this equation is derived from self adjoint
problem in space.
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APPENDIX B. GREEN’S THEOREM

A domain integral expression can be integrated by parts using the following formula

ox, (B.1)

1

j@a—TdQ = §@wndr - ja—éyfdg
0 axi A 0

Where 7 is the boundary of domain (2, n,is the i th component of the outward unit
normal vector.
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APPENDIX C. FIRST AND SECOND DERIVATIVES OF SHAPE
FUNCTIONS OF pP2P1 ELEMENTS

@ Pressure and Velocity Nodes
Il Velocity Nodes

Velocity and Energy Elements Nodes
1 146
2 425
3 536
5 4 456

Pressure Element

1 123

1

Figure C.1 : Pseudo-quadratic velocity/linear pressure interpolation elements in 2-D

The shape function of quadratic triangle element (triangle123) can be written as a
function of linear triangle elements shape function (Triangle 146, 425, 653 and 456)
as follows:

Nl :Ll(le _1)

N, :L2(2L2 _1)

N, =L,(2L, -1) C.1)
N, =4LL,
N, =4L,L,
N, =4LL,

Remembering the definition of shape function of linear triangle element
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Ly =m +myx+myy
Ly =myy +myx+ms,y (C.2)
Ly =myy+myx+myy

,where the term seen in the equation above can be written explicitly as follows:

my, = (x2y3 _xzyz)/ 24 mpy = (x3y1 _xly3)/ 24 m; :(xlyZ _xzyl)/ 24
my = (yz —y3)/2A my, = (y3 _yl)/zA My :(yl —yz)/2A
my, = (x3 —xz)/2A my, = (xl —x3)/2A my, = (x2 —xl)/2A

The first derivatives of this shape functions are given below,

M my, (4L, ~1) Al = m31(4L1 _1)
ox oy
oN, =my, (4L2 - 1) oN, =My, (4L2 - l)
Ox Oy
aN3:m 4L, -1 aN3=m 4L, -1
PEAREE 33\ F L
Ox oy
ON. ON.
P L= 4(m21L2 + mzle) t= 4(m31L2 + m32L1)
X oy
oN = 4(m22L3 + m23L2) oN = 4(m32L3 + m33L2)
ox Oy
ON ON,
P &= 4(m23L1 + m21L3) &= 4(m33L1 + mlez)
X oy

Finally, second derivatives of shape function can be written as follows

2 2
0 ]\2[1 =4m;3, 0 ]\2]1 =4m;,
ox oy
2 2
on, =4m, m,, d ]\2[2 _4’";2
Ox0y Ox
2 2
aay]\iz = 4m322 % = 4my,m,
xXcy
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o’N 2
6x23 ~

2
% = 4m23m33
Ox0y

2
S
o’N.

axZS = 8m22m23
o°N
K@j - 4(m32m23 + m33m22)
o°N,
?26 = 8m33m31
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e 4m3,

% =8m,,m,,
-
8;;\2’ > = 8myym,,

% =8mym,,
e
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