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ABBREVIATIONS

: cross-sectional area, ft?

: coefficient

: oil formation volume factor, RB/STB

: water formation volume factor, RB/STB
: coefficient

: areal sweep efficiency, fraction

: areal sweep efficiency at breakthrough, fraction
: fractional flow of water

- fractional flow of water

: gravity constant

: thickness of reservoir zone, ft

: permeability, darcies

: permeability to oil, darcies

. permeability to water, darcies

: relative permeability to oil

: relative permeability to water

: end-point relative permeability to oil

: end-point relative permeability to water

. length, ft

: mobility ratio

: end-point mobility ratio

: total number of piecewise constant flow rate steps
: cumulative oil production, bbl

: cumulative oil production at breakthrough, bbl
> oil initially in place, STB

. capillary pressure, psi

> oil production rate, RB/D

: total injection or production rate, RB/D

> water injection rate, RB/D

: recovery factor

: effective well bore radius, ft

: skin factor at the injection well

- interstitial water saturation

- residual oil saturation

: skin factor at the production well

: stock tank barrel per day

: water saturation, fraction

. average water saturation, fraction

: connate water saturation

: dimensionless water saturation

. water saturation at breakthrough, fraction
- initial water saturation



t : time, day

tht : time at breakthrough, day

te : time to fill up, day

tint : time to interference, day

Vp : total pore volume, bbl

W; : cumulative water injected, bbl

Wint : cumulative water injected at breakthrough, bbl
WOR - water-oil ratio

Xsw : location of water saturation on the x axis, ft
Xsfw : location of the flood front saturation on the x axis, ft
At : total mobility

Happ - apparent viscosity, cp

Ho - oil viscosity, cp

Hw - water viscosity, cp

Do : oil density, Ib/ ft3

Pu - water density, Ib/ ft®

¢ : porosity, fraction
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OIL PRODUCTION BY WATERFLOODING
SUMMARY

In this thesis, we consider the application of frontal advance theory to displacement
processes by water injection in homogeneous porous media. The assumptions under
which a generalized frontal advance equation can be used to describe a flow process
in a homogeneous porous medium are examined. Material balance equations are
derived based on these assumptions, and the theory is illustrated by application to the
Bukley-Leverett model.

Using the Buckley-leverett theory, we consider three example applications of
waterflood performance in 1D linear system before and after breakthrough for both
constant-rate water injection rate and constant-pressure injection cases.

It is well-known that pattern geometry plays a major role in determining oil recovery
during waterflooding and enhanced oil recovery operations. In addition, in the fourth
example we consider waterflood performance for a 2D performance calculation for
an areal five-spot pattern.
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SU OTELEMESI iLE PETROL URETIMI

OZET

Bu tez calismasinda, 6teleme islemleri i¢in homojen gozenekli ortamda cephesel
ilerleme teorilerinin uygulamasi diisiiniilmiistir. Homojen bir gdzenekli ortamda bir
akis siireci tanimlamak i¢in genellestirilmis cephesel ilerleme denklemi kullanilarak
varsayimlari incelenmigstir. Kiitle-korunum denklemleri bu varsayimlara dayal
tiretilmistir ve Bukley-Leverett teorisinin 1B ve 2B modellere uygulamalarla
gosterilmektedir.

Buckley-leverett teorisini kullanarak, su oteleme performansinin uygulamasini ii¢
ornekle, 1 boyutlu lineer sistemi su varig 6ncesi ve sonrasi hem sabit debide su
enjeksiyonu hem de sabit basingta su enjeksiyonu olgulari igin diistiniilmiistiir.

Iki boyutlu desen (“pattern”) geometrisinin su dtelemesi sirasinda petrol kurtariminin
belirlemesinde ve gelismis petrol kurtarma islemlerinde 6nemli bir rol oynadigi
bilinmektedir. Buna ek olarak, doérdiincii 6rnek uygulamada, cephesel ilerleme
teoremi kullanilarak bes-nokta deseni 2B bir sistem igin su oteleme performansini
hesaplamalarinin nasil yapilacagi gosterilmistir.
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1. INTRODUCTION

Today, waterflooding is still the recovery process responsible for most of the oil
production by secondary recovery. Water injected into the reservoir displaces almost
all of the oil except the residual oil saturation from the portions of the reservoir
contacted or swept by water. The fraction of oil displaced from a contacted volume is
known as the displacement efficiency and depends on the relative permeability
characteristics of the rock as well as the viscosities of the displacing and displaced
fluids.

In this thesis, we used the Buckley-Leverett theory. Buckley and Leverett (1942)
presented a method for constructing displacing fluid saturation and predicting the
performance of the displacement process by using the law of conservation of mass to
the flow of two fluids (oil and water) in one direction (x) and we used this model in
different applications. First at constant rate injection and second at constant pressure
injection. In addition, we use the Graig-Geffen-Morse method (1955) which
considers a fully developed 5-spot pattern, i.e., all wells produce and inject at the

same rate. The method is for a quadrant of five-spot pattern.

1.1 Purpose of the Thesis

The purpose of this thesis is to use the Buckley-Leverett frontal advance theory to
design and predict the waterflood performance. It is one of the simplest and most
widely used methods of estimating the advance of a fluid displacement front in an
immiscible displacement process under constant rate injection and constant pressure
injection to determine performance times before and after breakthrough. In addiction,
our objective is to determine the areal sweep efficiency, mobility ratio and WOR
distribution for different aspect ratios by using the Craig-Geffen-Morse method for a

2D 5-spot pattern.



1.2 Scope of the Thesis

In a waterflood, water is injected in a well or pattern of wells to displace oil towards
a producer. When the leading edge of the waterflood front reaches the producer
breakthrough occurs. After breakthrough, both oil and water are produced and the

water cut increases progressively.

There are many different methods for predicting waterflood performance. These
methods range from the simple analytical methods to the complex numerical
methods. In this thesis, we propose an exact analytical solution for predicting
waterflood performance in one-dimensional linear flow and an areal five-spot

pattern.

The main assumptions used in developing the analytical models are: (i) two-phase
reservoir (ii) the reservoir is homogeneous, i.e., there is no spatial variability in
porosity and permeability,(iii) flow is linear and horizontal, (iv) flow in the reservoir
from the start of production to the end of production is under unsteady-steady state

conditions.

In Chapter 2, we consider the methods, which are related to one-dimensional (1D)
fluid displacement processes and review the frontal advance theory introduced by
Buckley-Leverett (1942). We show how this method can be used for prediction
performance both the constant-rate water injection and the constant-pressure water

injection cases.

In Chapter 3, we extend the prediction methods based on 1D linear flow in Chapter 2
to two-dimensional problems (x-y) and describe the performance prediction for a

five-spot pattern, based on the method of Craig-Geffen-Morse (1955).

In Chapter 4, we present four example applications; three for 1D case, and one for

2D 5-spot pattern.

Chapter 5 presents the conclusions reached during the course of this study, and also
makes recommendations for future studies that may be conducted on oil production

by waterflooding.



1.3 Literature Review

In 1946, Buckley and Leverett presented the frontal advance equation. Applying
mass balance to a small element within the continuous porous medium, they
expressed the difference at which the displacing fluid enters this element and the rate
at which it leaves it in terms of the accumulation of the displacing fluid. By
transforming this material balance equation, the frontal advance equation can be

obtained:

oLy _ a9 ﬂ
[EL } A¢[asw J -

The only assumptions necessary for the derivation are that there is no mass transfer
between phases, and the phases are incompressible.

This equation states that the rate of advance of a plane of fixed water saturation is
equal to the total fluid velocity multiplied by the change in composition of the
flowing stream caused by a small change in the saturation of the displacing fluid.
That is, any water saturation, S,, moves along the flow path at a velocity equal

df . : .
tog—;ﬁﬁ. As the total flow rate g; increases, the velocity of the plane of saturation

correspondingly increases. As the total flow rate is reduced, the velocity of the
saturation is correspondingly reduced. Eq. 1.1 can be integrated to yield

L= W 12
Agl3S, (1.2)

where L is the total distance that the plane of given water saturation moves.

Buckley and Leverett pointed out that Eq. 1.2 can be used calculate the saturation

distribution existing during a flood. The value of (iw is slope of the curve of

w

fractional flow vs. water saturation. Most fractional flow curves exhibit two

, . of . :
saturations having the same value of aSW . The consequence of this is that according

to Eq. 1.1, two different saturations would exist at the same point in the formation at

the same time. To make the situation even more absurd, if an initial saturation



gradient exists above the water-oil contact prior to flooding, the computed saturation
distribution is triple-valued over a portion of its length.

In 1952 in another paper of fundamental importance, Welge engaged upon Buckley
and Leverett’s work. He showed that construction of a tangent to the fractional flow
curve equivalent to the “balancing of areas” technique suggested by Buckley and
Leverett for finding the saturation at the “discontinuity”. Welge further went on to
derive an equation that rates the average displacing fluid saturation to that saturation

at the production end of system.

The 1950 paper of Dykstra and Parsons presented a correlation between waterflood
recovery and both mobility ratio and permeability distribution. This correlation was
based on calculations applied to a layered linear model with no cross flow. This first
work on vertical stratification with inclusion of mobility ratios other than unity was
presented in the work of Dykstra and Parsons who have developed an approach for
handling stratified reservoirs, which allows calculating waterflood performance in
multi-layered systems. But their method requires the assumption that the saturation
behind the flood front is uniform, i.e. only water moves behind the waterflood front.
There are other assumptions involved such as: linear flow, incompressible fluid,
piston-like displacement, no cross flow, homogeneous layers, constant injection rate,
and the pressure drop (AP) between injector and producer across all layers is the

same.

In 1955, Craig et al. presented the results of waterflood model in five-spot pattern. A
variety of oil viscosities used to obtain a range of saturation gradients and it was
found that if the water mobility was defined at the average water saturation behind
the flood front at water breakthrough, the data on areal sweep versus mobility ratio
would match those obtained by using immiscible fluids. As a result of those studies,
the water mobility is defined as that at the average water saturation in the water-

contacted portion of the reservoir and this definition has been widely accepted.



2. FRONTAL ADVANCE THEORY FOR UNSTEADY STATE
DISPLACEMENT FOR 1D FLOW

In this chapter, we consider the methods, which are related to one-dimensional (1D)
fluid displacement processes. The most of the theory given in this chapter are based
the well-known Buckley-Leverett model. Buckley and Leverett (1942) presented a
method for constructing displacing fluid saturation and predicting the performance of
the displacement process by using the law of conservation of mass to the flow of two

fluids (oil and water) in one direction (x).

Before giving the details of the Buckley-Leverett model, it is important to note that
displacement of one fluid with another fluid (e.g., displacing oil with water or
displacing oil with gas) is an unsteady-state process because the saturations of fluids
change with time. This is mainly due to the changes in relative permeabilities and
hence due to changes in phase pressures or phase velocities. Figure 2.1 shows four

representative stages of a linear waterflood at initial (or interstitial) water saturation.

1 T T T T T T
. Initial 011 - -
] J .
Interstitial Water . .
0 1 1 1 1 1 i
a. Initial Conditions b. Midpoint in Flood
l LI T T T Ll T T
Residual 01l
5 o I it s e e e e s e e
N " 1 | 1
L 4 L 4
- ~ o -
0 L 1 1 1 i 1 1 1
0 0.4 0.8 0 0.4 0.8
X/L X/L
C. Breakthrough d. Late in Flood

Figure 2.1: Saturation distributions during different stages of a waterflood,
adapted from Willhite (1986).



As explained by Willhite (1986), at time t = 0, i.e., at the onset of displacement,
initial water and oil saturations are uniform, as shown in Figure 2.1a. Injection of

water at a flow rate g, causes oil to be displaced from the reservoir. A sharp water

saturation gradient develops, as in Figure (2.1b). Water and oil flow simultaneously
in the region behind the saturation change. There is no flow of water ahead of the
saturation change because the permeability to water is essentially zero. Eventually,
water arrives at the end of the reservoir, as shown in Figure 2.1c. This point is called
“breakthrough”. After breakthrough, the fraction of water in the effluent increases as
the remaining oil is displaced. Figure 2.1d depicts the water saturation in a linear
system late in the displacement.

Using the Buckley-Leverett theory, we can predict displacement performance, which
can be solved easily with graphical techniques. One of the simplest and most widely
used methods of estimating the advance of a fluid displacement front in an
immiscible displacement process is the Buckley-Leverett method. The Buckley-
Leverett theory [1942] estimates the rate at which an injected water bank moves
through a porous medium. The Buckley-Leverett model discussed in this section is

based on the following:

e Flow is linear and horizontal

e Water is injected into an oil reservoir

e Oil and water are both incompressible. Under this assumption, the total flow
rate is equal to g; at all points in the reservoir; i.e., g; does not vary with
position x.

e Oil and water are immiscible.

e Gravity and capillary pressure effects are negligible

e Homogeneous reservoir, i.e., there is no spatial variability in porosity and
permeability.

e Uniform initial (irreducible or mobile) water saturation exists throughout the
reservoir.

e No free gas exist in the reservoir.

So before describing the Buckley-Leverett theory of immiscible displacement in one
dimension, the fractional flow equation that relates the ratio of relative permeabilities

to the experimental data that is measured in a typical displacement experiment must



be derived. We derive the fractional flow equation for a one-dimensional oil-water
system. As considering the displacement of oil by water in a system of dip angle o,

by Figure 2.2.

= Honzontal

Figure 2.2: Displacement of oil by water in a system of dip angle

We are starting with the well-known Darcy’s law (in consistent units, e.g., SI or

CGYS), for the two phases, oil and water. Then, we can express oil and water flow rate

as follows:
Kk ,A( 0P, .
Kk, A( P, .

M The phase pressures are different because of the capillary pressure, and hence, we
can replace the water pressure by P,=P,—P in Eq. 2.2 to obtain:

. kkrwA(a(Po -P)

P P + p,9sin aj (2.3)

After rearranging, Egs. 2.1 and 2.2 may be written, respectively, as:

—q Ho _6P0+ gsina 2.4
“kk A ox 1 24)
—q F —%—ap‘:+ gsina 25
Kk A ox  ox P (25)

Subtracting Eq. 2.5 from Eq. 2.4, we obtain:



1 /’lW /LIO aF)C 1
-—q,—%-q, > |=——=+Apgsin
kA(qW K 4o K J o £9Sin o (2.6)

w ro

Substituting for
G =0w + Qo (2.7)

and defining the water cut as:

q
f, = v 28
0 29)

in Eq. 2.6, and solving the resulting equation for the fraction of water flowing, we

obtain the following expression for the fraction of water flowing:

1+ kkmA(ap" — Apg sin aj
OX

w

k
14 Sro Hw
ﬂo kl’W

The other forms of f, that you may see in other books are:

K, Ak, k, [P, .
— — = §+Aysma
H e M Mo
f, = +
" (kw ko] (kw koj (210)
Mo Ho My Ho

k"AFPC+( - )gsina}
1 14,0, ox Po ~ Puw

f, = + (2.11)
el )
K A\ 6 K A\ 6

In oilfield units, Eqg. 2.11 becomes




LA P, 55(p, - p.Jgsine
o 1 HoO | OX

w= + (2.12)
o )
Ko A 4 Ko N\ 4o

When X is in the horizontal plane, a=0, there is no gravity term and we neglect

capillary pressure, then Eqgs. 2.9-2.11 becomes:

fo 1
’ 1+(koJ(ﬂw] (2.13)
Ku \ 4

or in terms of relative perms, the previous equation can be rewritten as:

1
f,=—"
14 Kro Hu (2.14)
/LIO krw

Note that Eq. 2.12 can also be well approximated by Eq. 2.13 (or Eq. 2.14) if the
water injection rate or total flow rate gt in Eq. 2.12 is sufficiently large so that the
second term in the right-hand side of Eq. 2.12 is much smaller than the first term and

hence it can be neglected.

As can be realized from Eq. 2.14, f,, is a function of S,, (due to effective or relative

perms) and viscosity ratio, i.e.

7
f,=f,|S, 2.15
[ %J (2.15)

Under the assumption that capillary and gravity does not have effect on f,, a typical

fw vs. Sy curve is a ’S’” shaped curve as shown in Fig. 2.3.
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Figure 2.3: Fractional flow curve expressed with the initial and injection point
conditions.

At the injection point, oil rate is zero and the total rate is equal to water injection rate,

SO

f _q_W_ qW qW 1

= = 2.16
9 G +dy 0+q, (219

Initially, if we have irreducible water saturation (S,,) in the reservoir prior to flood
(as shown in figure 2.3), then f, = 0 because effective (or relative) water perm is

zero at this saturation (see Eq. 2.13 or 2.14).

Fractional flow equation given by Eq. 2.13 (or 2.14) or in general Eq. 2.9 can be used
to calculate the fraction of flow of water, at any point in the reservoir if the water
saturation is known at that point. In a water flooding operation, we want to have a
small fractional flow of water at a given water saturation. Thus, as fractional flow
curve shifts to right (Curve 2 in Fig. 2.4), we expect to have a better oil recovery, as

shown in Fig. 2.4.

The effect of various parameters (viscosity of water and oil, mobility ratio,
wettability and capillary pressure) on the water fractional flow curve are discussed

next.
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Figure 2.4: Fractional flow curves for two different cases; the fractional a flow curve
for Curve 2 provides better oil recovery than that for Curve 1.

The effect of mobility ratio on the fractional flow curve: The efficiency of a water

flood depends greatly on the mobility ratio of the displacing fluid to the displaced

fluid at a given water saturation S,,, defined by
H s,
Ho Js,

or in terms of end point effective or relative permeabilities, we can defined end-point

M =

(2.17)

mobility ratio, M*, as:

(kﬁNJ krw(l_sor)

* kl?w Ho Hy, Hy
M T () k(S (2.18)
o’ Ho

where k° and k° represent the end-point relative permeabilities to water and oil,

respectively. If M* < 1, the displacement is called as the “favorable” displacement,

while if M* > 1, the displacement is called as the “unfavorable displacement.

It should be noted that the lower the mobility ratio, the more efficient displacement,

and the curve is shifted right. Typical fractional flow curves for high and low oil

11



viscosities, and thus high or low mobility ratios, are shown in the figure below. In

addition to the two curves, an extreme curve for perfect displacement efficiency.

1 -

_______ Low oil viscosity
High oil viscosity

0.9 -

0.8 4

0 o1 02 03 04 035 06 07 08 09 1
Sw

Figure 2.5: Effect of mobility ratio on fractional flow, after Kleppe (2009).

Effect of gravity on fractional flow curve. In a non-horizontal system, with water

injection at the bottom and production at the top, gravity forces will contribute to
higher recovery efficiency. Typical curves for horizontal (« = 0°) and vertical (o =

90°) flow are shown below.
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Figure 2.6: Effect of gravity on fractional flow, after Kleppe (2009)

Effect of capillary pressure on fractional flow curve. As may be observed from

the fractional flow expression:

1+ kk"’A(ap" —Apgsin aj
f — thLlO 8X
14 Kro Hu

Ho Koy,

(2.19)

the capillary pressure will contribute to a higher f,, ( since aap° >0), and thus to a
X

less efficient displacement. However, this argument alone is not really valid, since
the Buckley-Leverett solution assumes a discontinuous water-oil displacement front.
If capillary pressure is included in the analysis, such a front will not exist, since
capillary dispersion (i.e. imbibitions) will take place at the front. Thus, in addition to
a less favorable fractional flow curve, the dispersion will also lead to an earlier water

break-through at the production well.

In the next section we develop an expression for the Buckley-Leverett equation.
Buckley and Leverett (1942) presented what is recognized as the basic equation for

describing two-phase, immiscible displacement in a linear system. The equation is

13



derived based on developing a material balance for the displacing fluid as it flows

through any given element in the porous media:

Volume entering the element — VVolume leaving the element = change
in fluid volume (2.20)

Let’s consider a differential element of porous media, as shown in Figure 2.7, having

a differential length dx, an area A, and a porosity ¢ . During a differential time period

dt, the total volume of water entering the element is given by:

Volume of water entering the element = g, f, dt
(2.21)

The volume of water leaving the element has differentially smaller water cut

(f, —df,) and is given by:

Volume of water leaving the element = g, (f,, —df, )dt

(2.22)

o L >
/': I ¥ I

W ! Yo
b G fy E q: E(fw'dfw) h
= o
SN A AN S S S y
p dx |«

Figure 2.7: Water flow through a linear differential element, adapted from Tarek
(2006).

Subtracting the above two expressions gives the accumulation of the water volume

within the element in terms of the differential changes of the saturationdsS,,:

14



g, f, dt—q,(f, —df, )dt= Ag(dx)(dS,)/5.615 (2.23)

Simplifying:
q.df, dt = Ag(dx)(dS,,)/5.615 (2.24)

Separating the variables gives:
v _[%j _ 5.615q, ( df,, »
““lat), ~ Ag \ds, ), (2.25)

where v, is velocity of any specified value of S, ft/day, (3;"“ ] is the slope of
S

w

w

the f, vs. S, curveat S, .

The above relationship given by Eq. 2.25 suggests that the velocity of any specific

water saturation S, is directly proportional to the value of the slope of the f, vs.
S, curve, evaluated at S,,. Note that for two-phase incompressible flow, the total

flow rate g is essentially equal to the injection rateq,,, or:

y _[%J (56150,  df, .
““ldt)y " Ag Ads, ), (2.26)

where q,, is water injection rate, bbl/day.

To calculate the total distance any specified water saturation will travel during a total

timet, Eq. 2.26. must be integrated:

. (5615q, ) df, )
5dx_( Ad j(dswlwgdt 220)
or
_ (5.615q,t ) df,
(X)sw—[ v j(dswlw (2.28)
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In deriving Eq. 2.27 and 2.28 we assumed that water injection rate q,, is constant with
time. However, this assumption is not necessary because starting from Eq. 2.26, we can
show that Eq. 2.8 can also be expressed in terms of total volume of water injected by

recognizing that the cumulative water injected is given by:

W, (t)=fa,(r)dz (2.29)

0

and hence we obtain:

(x),, - >B15W (t)( df, ]

A | dS,

(2.30)

where W, is cumulative water injected, bbl, t is time, day and (x), is distance from
the injection for any given saturation S, ft. Note that if g, is constant and equal to
qu for all times, then Eq. 2.29 is simply given by W, (t)=q,t . Using this equation in
Eq. 2.30 gives Eq. 2.28, which assumes a constant water injection rate of qy.
Equation 2.28 or 2.30 suggests that the position of any value of water saturation S,
at given cumulative water injected W, is proportional to the slope (de /dSW) for this
particularS,,. At any given time t, the water saturation profile can be plotted by
simply determining the slope of the f, curve at each selected saturation and

calculating the position of S, from Equation 2.28 or 2.30.

Shown in Figure 2.8 is the typical S shape of the f,, curve and its derivative curve
(df, /dS, ). However, a mathematical difficulty arises when using the derivative
curve to construct the water saturation profile at any given time because there exists
two saturation values that satisfy the given derivative value of (df,/dS,) as

illustrated in Fig. 2.8 (see saturation values designated as A and B in the horizontal

axis of Fig. 2.8). Evaluating Eq. 2.30 for the saturations A and B gives:

(x), < 2619 ( df, 231)
Y Ag Lds, ), '

and
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(x), < 1, ( df, 232
° Ag \ds, ), '

l‘Sﬂr

fu
df.
dS.
____________ af, . _ . df.
I‘L }\ A {dsw}A“{dSw}B

Figure 2.8: The f,, curve with its saturation derivative curve, adapted from Tarek
(2006).

As shown in Fig. 2.8 both derivatives are identical, i.e. (df,/dS,), =(df,/dS,),

implying that multiple water saturations can coexist at the same position—but this is
physically impossible, though mathematically permissable. Buckley and Leverett
(1942) recognized the physical impossibility of such a condition. They pointed out
that this apparent problem is due to the neglect of the capillary pressure gradient term

in the fractional flow equation. This capillary term (see Eq. 2.12) is given by:

(2.33)

Capillary term= [—0'001127 K, A]( dF j

/uoqt dX

As shown in Fig. 2.9, neglecting capillary term when constructing the fractional flow
curve would produce a graphical relationship that is characterized by the following

two segments of lines:

17



. . . df
e A straight line segment with a constant slope of [ W ] from S, to S
Swf

w

e A concaving curve with decreasing slopes from S, to (1-S,,)

I'Sor

Figure 2.9: Effect of the capillary term on the f,, curve, adapted from Tarek (2006).

Terwilliger et al. (1951) found that at the lower range of water saturations between

S,. and S, all saturations move at the same velocity as a function of time and

wc
distance. Notice that all saturations in that range have the same value for the slope

and, therefore, the same velocity as given by Equation 2.26:

5.615q,  df,
(V)s, s, =( A¢q j{dSWlM (2.34)

We can also conclude that all saturations in this particular range will travel the same

distance x at any particular time t, as given by Equation 2.30:

18



_(5.615W,(t) ) df,
(X)sw<swf —[ Ag J(dsw lwf (2.35)

The water saturation profile will maintain a constant over the range of saturation

between S, and S, with time. According to Terwilliger et al. (1951), the reservoir

flooded zone with this range of saturation is the stabilized zone. This zone is defined
as the particular saturation interval where all points of saturation travel at the same
velocity. From Figure 2.10 there is another saturation zone between S, and
(1-S,,) which is named the nonstabilized zone. In this zone, the velocity of any

water saturation is variable, and hence we will calculate the distance to a given

saturation in the nonstabilized zone such that S, <S, <1-S_ from:

(X)sw>swf = (5.615Wi (t)JK g;w J (2.36)

Ag

Experimental core flood data show that the actual water saturation profile during
water flooding is similar to that of Figure 2.10. There is a distinct front, or shock
front, at which the water saturation abruptly increases from S . toS, . Behind the
flood front there is a gradual increase in saturations from S, up to the maximum
value of 1-S_,. Therefore, the saturation S, is called the water saturation at the
front or, alternatively, the water saturation of the stabilized zone. In Fig. 2.10, the
value of Sy is equal to 0.

According to Welge (1952) showed that by drawing a straight line from S, (or from
S, If it is different from S, ) tangent to the fractional flow curve, the saturation

value at the tangent point is equivalent to that at the front S, . The coordinate of the

point of tangency represents also the value of the water cut at the leading edge of the

water front f .
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Figure 2.10: Water saturation profile as a function of distance and time, adapted
from Tarek (2006).

From the above discussion, the water saturation profile at any given time t, can be

easily developed using the procedure given in the following steps:

Step 1. Ignoring the capillary pressure term, construct the fractional flow curve, i.e.,
f, vs.S,.
Step 2. Draw a straight-line tangent from S, to the curve.

Step 3. Identify the point of tangency and read off the values of S, and f, .

Step 4. Calculate graphically the slope of the tangent as [ df, j
Swf

w

Step 5. Using Equation 2.30, we calculate the distance of the leading edge of the
waterfront from the injection well (simply called the location of front) as:

5.615W, (t,) Y df,
(X)s, =( Ag J(dswlm (2.37)
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Step 6. Select several values for water saturation S, greater than S, and determine

(:;WJ by graphically drawing a tangent to the f, curve at each selected water
Sw

w

saturation (as shown in Figure 2.11).
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Figure 2.11: Fractional flow curve.

Step 7. Using Equation 2.36 we calculate the distance from the injection well to each

selected saturation or:

_ (5.615W,(t,) ) df,
(x)s, —( A j[dswlw (2.38)

Step 8. Establish the water saturation profile after t, days by plotting results

obtained in step 7.

Step 9. Select a new time t, and repeat steps 5 through 7 to generate a family of

water saturation profiles as shown schematically in Figure 2.10.

Some erratic values of (3;““ J might result when determining the slope graphically
S

w
w

at different saturations. A better way is to determine the derivative mathematically by
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recognizing that the relative permeability ratio Ei can be expressed by Equation

w

below:

(2.39)

Notice that the slope b in the above expression has a negative value. The above

expression can be substituted into Equation 2.14 to give:

P 1

1+(,leaebs” (2.40)
H

w

The derivative of (Séw J may be obtained mathematically by differentiating the
S

w

above equation with respect to S, to give:

— ’uiw abebsw

(deJ L
ds, ). 2
> {1 + (/JWJaebSW }

Ho

(2.41)

The above steps are general for computing the water saturation profile as function of
time for a specified value of time or cumulative water injection for the cases of
constant-rate water injection or injection at constant pressure. In the next two
subsections, we will outline the procedure for performance predictions before and after
breakthrough for both constant-rate water injection rate and constant-pressure injection

cases.

2.1 Constant Rate Injection

Here, we provide the performance calculation for the case of constant-rate injection
case before and after breakthrough. First, we present the calculation procedure for
times before breakthrough and then the calculation procedure for times after

breakthrough. For simplicity, we denote breakthrough as BT.
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Performance Calculations Before BT Times. The following steps are followed:

Step 1: Determine water saturation at the front and average saturation behind the
front (i.e., St and Sw ) as we discussed earlier (graphical procedure, analytical,

etc.). Here, Sut represents the average water saturation behind the front at any time

up to breakthrough or also called as the average saturation in the reservoir at the time
of breakthrough. It is determined by the extrapolation of the tangent line to f,, = 1 line

on f,-Sy, curve (see Fig. 2.11).

Step 2. Compute the time of BT (ty). This time value is computed from:

AL
5,615, o, (2.42)
&, )s.

w

t, =

Step 3: Computing oil production prior to BT. Let Q,(t) denote the cumulative oil
production in RB from time zero (beginning of the flood) to t. Then, from material

balance, we

AL#Q, (1)

QO =[-f(Su)l— 5

(2.43)

where Qj(t) is the fraction of the cumulative pore volumes of water injected (a

fraction) up to time t and for the constant-rate injection case, it is given by

_ 5.615qt
QM= AL (2.44)
Using EqQ. 2.44 in Eq. 2.43 gives:
Q. () =[~f,(Su)lat) (2.45)

where Q; is the water injection rate in RB/D.

If we wish to compute cumulative oil produced in terms of stock tank rates, then we
denote Np(t) to represent the cumulative oil production in STB up to time t and
compute Np(t) from:
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N, (t) = Qé(t) =[1-£,(S, )]M fort <t,, (2.46)

5.6158,

0

where B, represents the oil formation volume factor (RB/STB) and should evaluated

at average reservoir pressure.

It is important to note that Eqgs. 2.45 and 2.46 apply only up to BT because at ty; the
saturation at x = L jumps to Syt and then continues to increase. In Egs. 2.45 and 2.46,
we have f,(Swi) value. Here, S; represents the initial water saturation and in some
cases, this saturation value may exceed the value of irreducible water saturation Sj,
(or Syc used interchangeably in this thesis) and hence f,(Swi) may be greater than

zero. In cases, Syi = Siw, then f,,(Syi)=0, and hence Eqgs. 2.45 and 2.46 simply become:

Q, (1) =it (2.47)
and

t t
N, (t) = QEE ) = g—to fort<t,, (2.48)

Step 4: Computation of average water saturation in reservoir prior to BT. We let g

to denote the average water saturation in the reservoir at any time before BT time. It

will be computed from:

= o .5615qtp
Sy = Swi + A¢L [1 fW(Swi )] (249)

If Swi = Siw, then Eq. 2.49 simplifies to:

— 5.615(,t
S, = Sy oo (2.50)
AgL

Step 5: Computation of cumulative oil production at the time of BT. It is computed

from:

Qu(ty) _ ALY(S. -S,,)

N, () =g 5.615B,

(2.51)

0
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Another parameter of interest at time of BT is the recovery factor (RF) which is
defined as the cumulative oil produced in STB up to time ty divided by the oil
initially in place (OI1IP) in STB, that is,

E o No(t) (2.52)

olpP

where OIIP is computed from:

OlIP = Aﬂ—(l_ SWi)

5.615B,, (2.:53)

where B; is the formation volume factor at initial reservoir pressure. It may be worth
noting that Eq. 2.52 can also be used to compute the values of RF for any time before
the time of BT.

Step 6: Computation of water oil ratio at the time of BT. WOR at the instant of BT
(in STB/STB) is to be computed from:

qw(tbt)/ Bw _ fw(SWf) Bo

WOR(t,, ) = =
", () B, B. - f,s,)] (2:54)
At any time t prior to BT, WOR is to be determined from
t) f (S, B
wor(t) = J® _ fu(Su) 0 (2.55)

%o (t) BW [1_ fw(Swi)]

If Swi = Siw, then Eqg. 2.55 gives zero water-oil-ratio for any time t before BT, as

expected.

Performance Calculations After BT. The following steps are followed:

Step 1: Select a set of 10 or more values of S, between Sy and 1-Sy, (as shown in

Fig. 2.12). Denote each of these S,, values by S,, and denote the corresponding
values of f,, by fy,. Let S_W2 to denote the average water saturation in the reservoir

when the water saturation at x = L is equal to Sys.
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Figure 2.12: Selection of water saturation values of S, for performance calculations
after BT, after Willhite (1986).

Step 2: Then for each value of S,,, compute the slope df,,/dS,, at S, from the table or
graph. Then compute the time t, when the saturation S,,, reaches x=L. Recall (Eq. 2.36)
that any saturation between S,<Sy2<1-Sor, Sw2 reaches the right-end (x=L) at time t,
such that

5.615q,t, ( of
L — t 2 W
e 250
Solving Eq. 2.56 for t, gives:
AgL
t,= "
5.6150, o (2.57)
oS, )

Step 3: Estimate S,

w2 1

which is the average water saturation in the reservoir when S,

reaches x =L. This value can estimated graphically by drawing a tangent line to the f,

curve at Sw2, as shown in Fig. 2.12. The saturation value where this tangent line

intersects the f,, = 1 horizontal line is S, .

We can also analytically compute the value of S, from Eq. 2.58. If we prepare a head

of time a graph of df,/dS, vs. Sy, we can find the value of df,/dS, at Sy, then compute

the average saturation from

26



S s, + - f,(S.)]
of,, (2.58)
oS, .,

Step 4: Computations of Np, and WOR at t,. Cumulative oil produced (displaced), N,

wn

up to time t; in STB can be computed from:

Qu(t) _ AL¢(SWz - Swi) (2.59)
B 5.615B,

0

Np(tZ) =

where B, is evaluated at our best estimate of average reservoir pressure. Then, we can

compute the recovery factor RF at t, from

N, (t)

RF = 2.60
olP ( )
The producing WOR ratio at t, is given by
f (S B
WOR(t,) = w(Sue) ° (2.61)

BW [1_ fw(swz)]

Step 5: Computing cumulative water produced at t,. It (denoted by Qucum) Can be

computed from:

Qw,inj (tz) - AVw
B

w

Qw,cump(tz) = (262)

where Qu,inj represents the cumulative water injected up to time t2, and can be

computed from

AdL
5.615( aafw J (2.63)

Qw,inj(t2)=

w w2

and AV, represents the increase in water volume (in RB) in the reservoir at time t;

and can be computed from:
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av, - AL -5,) .60
5.615

The above given steps (Steps 2-5) are repeated for each value of Sy.

2.2 Constant Pressure Injection

Here, we provide the performance calculations for the case of constant pressure
injection case before and after breakthrough. First, we present the calculation
procedure for times before BT and then the calculation procedure for times after BT.
It should be noted that the performance calculations for the constant pressure
injection case is computationally more intensive than the performance prediction for

the constant-rate injection case.

Before giving the calculation procedure, we should state why one should consider the
constant pressure injection case for predicting the waterflood performance.

So far, we have considered constant rate injection. However, economic and technical
considerations usually lead to waterflooding a reservoir at the rate maximum possible.
In field applications, operation at constant pressure change between injection and

production wells is frequently used due to reasons listed below:

» Pressure in the injection well may be limited by the operator’s desire to operate
below the fracture (or also called parting) pressure of the formation. For
instance, if we fracture the well, we no longer have the control over the sweep
as shown in Figure 2.13.

» At the producing well, control of gas and sand or other operating problems may

also lead to maintenance of a specified back pressure.

®
d e producer

>< injector

-----------

[fracture

Figure 2.13: Sweep with and without fracture at the injector, after Onur (2008).
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It is important to note that the frontal advance equation that we derived earlier is given

by

(gj _5.615q, [ of,, ) 65
dt)s oA (25, ) (2:65)

When deriving this equation, we made no assumption regarding the variation of g; with
time. So, Eg. 2.65 is quite general in the sense that g; in Eq. 2.65 can be treated as a

function of time, t, i.e., q;=0(t).

Assuming no capillary pressure and gravity effects, the total flow rate, q;, is given the

Darcy’s equation for 1D flow as:

q.(t) = —1.127 x103k{%+2—“’v}% (2.66)
or
3 op
g, (t) =-1.127 x10 kA4, & (2.67)

where A is called the total mobility and is defined as

k, k
A ="+ =4,+ 4, (2.68)
Ho  Hy
Because of the incompressible flow assumption, g; in Eq. 2.67 is constant for every x at

a given time t. Then, we can integrate Eq.2.66 with respect to x from x = 0 to x =L to

obtain:
~ KA
q, =1.127x10 3T(pinj - pwf)
5 (2.69)
oA

where pinj and pws represent the pressures at the injector and the producer, respectively.
It is worth noting that as S,, changes with position x (see Fig. 2.10), and the total

mobility A; is a function of water saturation, then A is a function of position x.

If we define an apparent viscosity given by
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Happ = 170X (2.70)

which represents an average of inverse of total mobility over the total length L, then we
can express Eq. 2.69 as:

kA (pinj - pwf)

g, =1.127x10°3
uapp L

(2.71)

It should be noted that apparent viscosity is a function of water saturation because it
depends on the mobility profile and time, t. So, g is a function of time for the constant
pressure injection case. So, to compute the flood performance at any time t, we need to
compute the apparent viscosity, gapp, at any time t. This requires that we need to
compute the saturation profile as a function of x in the reservoir at a given time t. There
are two approaches that can be used:

— Numerical solution procedure

— Concept of the average of apparent viscosity, zipp

In this thesis, we will consider the latter approach. Before proceeding with this
approach, we have several remarks to make regarding the behavior of g; for the constant

pressure injection case, in comparison with the constant-rate injection case.

In the case of favorable mobility ratio, i.e., typically water viscosity is bigger than oil
viscosity, the total mobility tends to decrease, hence the apparent viscosity, uapp,
increases at least up to breakthrough. Thus, the total flow rate, g, tends to decrease up
to breakthrough for this case. After breakthrough, the preference flow path is for water
and thus the total mobility tends to increase and thus, the apparent viscosity tends to
decrease. So, q; tends to increase for the favorable case after the breakthrough. Turning
the statement around, for the constant-rate injection case, we expect the injection
pressure, pinj, to increase before the breakthrough and to decrease after the breakthrough

for the favorable case. These results are schematically illustrated in Figure 2.14.

For the unfavorable case, we would expect that the g; increases both before and after
breakthrough under constant pressure case. Turning the statement around, for the

constant-rate injection case, the injection pressure will decrease before and after
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breakthrough for the unfavorable case. These results are schematically illustrated in
Figure 2.15.

4y P

T\

Ly sy

(a) Constant pressure injection case (b) constant-rate injection case

Figure 2.14: The behavior of g; and pin; for the constant pressure injection and
constant-rate injection cases; favorable mobility ratio, after Onur (2008).
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(a) Constant pressure injection case (b) constant-rate injection case

Figure 2.15: The behavior of g; and pin; for the constant pressure injection and
constant-rate injection cases, unfavorable mobility ratio, after Onur (2008).

Now, we give the performance calculation procedure for the constant pressure
injection case based on the frontal advance theory. Earlier we showed that the

advance frontal equation can be written as

% =10 (t)fsgw J 2.72)

w

where §W is the given water saturation value, and Qj(t) is the number of cumulative

pore volumes of water injected up to time t.

5.615[q,(r)dz  [q,(c)dz

Qi (t) = ;¢L Vp

(2.73)
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where V, represents the reservoir pore volume in RB.

It should be noted that Eq. 2.73 provides a direct relationship, though implicit,
between g;(t) and Qj(t). This suggests that if we specify values of Qj(t), then a value
of gi(t) can be computed for each value of Q;i(t) specified. Before we give the

procedure, we should note that we can rearrange Eg. 2.73 as
t
ViQ© =a(r)d (2.74)

Suppose that we know the values of g; at n discrete time points, 0=to<t;<t,<...<t, =t,

and we wish to compute V,Qi(te). One way to do this is to write Eq. 2.74 as
n
ViQit) =2, a(r)dr (2.75)

The if we apply the trapezoidal rule of integration for each integral in the sum in Eq.
2.75, we can obtain

v,Q) =5 WA )

+ |:qt (te) +2qt (tnl):|(te _ tnfl)

(2.76)

Performance Calculations Before BT Times. The following steps are followed:

Step 1: First, compute Qj(ty), which can be computed from

1 (di,
Q) L3S, ), &77)

Then, we solve for Qj(ty) as:

1
df,, (2.78)
ds, )

Step 2: Specify a sequence of Qj(t,). Note we can generate a sequence by diving

Qi (tbt) =

Qi(tyy) into say k (e.g. 10) increments;
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0=Qt) <Qi(t) <Qi(t,) <---<Qt,,) <Qt, =ty,) (2.79)

Note that we we don’t know the values of time corresponding to each Q; at this stage.

Step 3: Now, given Qj(t;), we can compute the saturation profile from
of, A
ng (tJ) = LQ| (tj)(as j forSwf < SW S:]‘_Sor (280)
w/s,

Here, we take several values of S, between S,sand 1-S,, say a total of r values, then
solve Eqg. 2.80 for x. Repeating this procedure several times, we can construct S,, vs.
x profile at a given Qi(t;).

Step 4: Using the saturation values determined in Step 3, compute the total mobility

profile, A; as a function of x.

Step 5: Now, we can compute the apparent viscosity, uapp at Qi(tj) from Eq. 2.70 by

the application of the trapezoidal rule as:

/uapp = i i L + : (Xm - Xm—l) (281)
2L m=1 X’t (Xm) ﬂ’t (Xm—l)

where xo = 0 and x, = L and r is the total number of increments chosen between 0
and L.

Step 6: Compute qgi(tj), though we don’t know the specific value of tj, from Eq. 2.71

with the given values of pinj and pus.

Step 7: Now using te = tj in Eq. 2.76 gives

Vin (tj) _ :‘%‘|:qt (t| ) +2qt (tll):|(tl _tH)

+ |:qt (t.) +2qt (tn—1):|(tj _ tn—1)

(2.82)

In Eq. 2.82, everything is known except the time tj, so we can rearrange Eq. 2.82 to

compute tjas
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Vin (tj ) - g[qt(tl)-’_zqt(tll)}(h _t|71)

|:qt (t;)+q, (t,-_l)} (2.83)
2

t,=t,,+

for j=1, 2,

It is important to note that q,(0%) in Eq. 2.83 is computed from

q,(0)=1.127x10°° ﬂ:zo) [Py C Pu) (2.84)
where 2, (0)=K, (S, )/ 1o -

Step 8: Calculate the average saturation in the reservoir at t; from,

Sult;)=s., +B- f..0R.E) (2.85)

Step 9: Calculate Npy(t;), WOR(Y), etc. For example, Ny(t;) is calculated from

s

0

N, (t;) =Vp[ (2.86)

and WOR is computed at the ty; is computed from:

qw(tbt)/ BW — fW(SWf) Bo
9, (ty) /B, By f-1,(5,)]

WOR(t,) = (2.87)

Performance Calculations After BT. The following steps are followed:

Here, specify Q; values after BT such that

Qi (t =1,) <Q(t1) <Qi(ty2) <Qi(te,s) < (2.88)

Then, we perform a similar process to performance calculations as the performance

before breakthrough. An easier way to the above procedure is to specify a set of

Sw(x=L) (or with the same notation used for the constant-rate injection case as Sy;)

such that
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Swf = SWZ (tk = tbt) < SWZ (tk+l) < SW2 (tk+2) < SW2 (tk+3) < (289)

Then, we compute Qi(t+j) corresponding to each specified value of saturation at x=L

from:

1

Q; (tk+j) =7~
( df, ] (2.90)

dSW Swz (tks )

Next, we compute the average water saturation in the reservoir from

Sulte.)) =Sualte, )+ L= . Su b DR s ) (2.91)

The cumulative oil production is then computed from

B

0

g(tm j ) - Swi
N, ;) =V, {’—] (2.92)

Water production after BT is computed using the same equations given for the

constant-rate injection case.

In Chapter 4, we will present example applications of performance calculations for

both the constant-rate and constant-injection pressure cases.
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3. IMMISCIBLE DISPLACEMENT TWO DIMENSIONS-AREAL OR
PATTERN FLOODING

In this chapter, we extend the prediction methods based on 1D linear flow in Chapter
2 to two-dimensional problems (x-y). Reservoir displacement processes are
frequently conducted in patterns (see Fig. 3.1) where a specific configuration of

injection and production wells is repeated across the field.

If the reservoir has been developed on a regular pattern, commonly used patterns for
injection are the five spot, nine spot and staggered and line drive patterns.

Typically, approximate methods are used to correlate results of 1D linear flow to 2D

flow in terms of the mobility ratio, M, which is defined by

(e
M S z— (3.1)
ro SWi w

In cases where mobility ratio (M) is less than one, it tends to be harder to inject

water. So for such cases, we may need more injectors than producers.

In this thesis, we will restrict the methods developed only for 5-spot pattern shown in
Fig. 3.1 because of its common use. In addition, we consider only the liquid filled
reservoirs, i.e., we do not consider that free gas exist in the reservoir prior to water
flood. The prediction procedures for other patterns shown in Fig. 3.1 as well as for
the reservoirs with free gas cases can be found in Willhite’s book. It should be noted
that the analytical models for areal flooding assume that no variation of saturation in
the vertical direction (i.e., vertical sweep is 100%), and the 1D case considered in the
previous chapter assumes that at the breakthrough the whole reservoir area has been
contacted by injection (i.e., the areal sweep efficiency is 100%). However, for 2D

displacement case, this assumption does not hold.

37



& LY f H"\
4
1A A f a )}
1 I 1‘ J'
‘\ I’ o+
~ -
Twi- SF0T THREL - $POT

& IMJECTION wILL
o PRODUCTION wELL
= PATTERN BOUNDARY

©o10 & O o A o}:o’,ft\a; ﬁ..\':'ﬁ O.ﬁ o
T [ - ""L‘h f - .
o> 010 > o/o._ a oro‘a o ‘r: o,h’op
-~ "‘H ! -~ - _,- ""
“olo >0 a-'o;’u c. nfc ﬂ’ -:-_:e- o‘t(a
w b LTy - .~
P~ L "
oﬁ':i’:fo:o: o“&,hiloxn,pko n‘akaf.fa;ﬂ
Pl B - .-"'
“o1o ~ o oﬂ'o‘ﬁ"o’na & o o ¥ o
REGULAR FOUR-SPOT SKEWED FOUR-SPOT FIVE-SPOT
p--4 O A---A o---0 & ©---0
r % ' % ¥
o WH o 8 ped e
\ AN \h- d’ \
A on - - Fat P
g IP_ 4\ f .F! - ° A -Jb °
56 n--X © a b--d a
v A\ ; \
B---4 o B---a o---d & o---0
SEVEN-SPOT INVERTED SEVEMN-SPOT
(¥
i
T S S S 0-4-0-#-0-4-0-+-0
H P i i I I
d : ] : I i I [ ] 1
[ I T N
a4 o -Lih =] -‘Ii ? & O A ? ¥ .q..——a.?---q.--qel.-"? --?..-.4?__.?..-.?.-
I I . L) 1 I I [ 1 1 1
brodoad brordeomt 0L L0
' [] ] ] (]
i | - 1 | 1 | 1 6 ] 1 1 '_
- . =g =0=1=O=p=0=b=0
Poed fered prrtt i
) ] 1 1
e S S S S A O S U N
i
A o A o 4 6 &4 & a o S S S - e oo welim nolimn =
HORMAL MIME - SPOT INVERTED NINE - SPOT DIRECT LINE DRIVE STAGGERED LINE DRIVE

Figure 3.1: Patterns considered for 2D displacement, taken from Willhite (1986).

In the 2D areal case, in general, at the breakthrough (BT) the whole area will not be
contacted by the injected water as shown in Fig. 3.2.
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(a) 30 view
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by water

Injector
{b) 2D Areal view

Figure 3.2: The movement of injected water at breakthrough for 2D displacement,
after Onur (2008).

The behavior shown in Fig. 3.2 is usually explained by inspecting streamlines.
Streamlines are paths followed by fluid particles as they traverse from an injection
well to production well. The region bounded by two streamlines is called a stream
tube or stream channel because there is no fluid flow across streamlines (see Fig.
3.3). Studies for incompressible flow in symmetrical well patterns also show that a
straight line connecting the injector and producer is the shortest streamline between
these two wells, and as result, the pressure gradient along this line is the highest. So,
injected water moving areally along this shortest streamline reaches the producing
well before the water moving along any other streamline. This is also depicted on
Fig. 3.4 for a quarter of a 5-spot pattern.
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STREAM LINES
Stream tube

Figure 3.3: Streamlines and stream tube between an injector and producer, taken
from Willhite (1996) with modification.

\\
AN

Sw= 00

§8 8 2

FIXED
STREAM TUBES

Figure 3.4: Streamlines for a quarter of 5-spot pattern, after Willhite (1996).

For two different mobility ratios, the stages of a waterflood in a five-spot pattern are
shown in Fig. 3.5. As can be seen from this figure, if the mobility ratio is less than 1,

we have a better sweep, i.e., most of the area is contacted by the water.
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Figure 3.5: The stages of waterflood for a five-spot pattern, after Willhite (1996).
For areal displacement, one of the key parameter in performance calculations is the
areal sweep efficiency denoted by Ex and defined as:

_ Porevolume contacedby injected water

EA
Total porevolume

(3.2)

which is nothing more than the fraction of pore volume contacted by the injected
water. Areal sweep efficiency at BT is denoted by Eapt. So at BT, we have

Epr=Ea <1 (33)

After BT, E continues to increase until Ea =1.

Areal sweep efficiency at BT, Ean (or in general En) depends on the pattern
geometry and mobility ratio (M) for homogeneous isotropic systems. If the system is
anisotropic, it will also depend on the anisotropy ratio ky/ky. As shown by Mortada
and Nabor (1961), The best areal sweep efficiency is obtained when the direction of
maximum permeability is parallel to a line connecting adjacent injection wells. For
five-spot pattern, the sweep efficiencies as a function of k,/k, are shown in Fig. 3.6.
In this thesis, we restrict ourselves with the prediction methods for isotropic systems.
The treatment for anisotropic systems can be found in Mortada and Nabor (1961) and
Willhite (1986).
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Figure 3.6: Effect of anisotropy ratio on areal sweep efficiency, after Mortada and
Nabor (1961) with modification.

Assuming piston-like displacement, Dyes et al (1954) presented correlations for areal
sweep as a function of mobility ratio and fraction of pore volume injected (Q;) for

various patterns. For instance, Fig. 3.7 shows their correlation for a five-spot pattern.

] L ] L]
P
] L ] L ]
]
80 |- ﬂaﬁ‘ . . .
% A
[ ] [ ] [ ]
50 L 1 PR ST B | L L L PO B
0.1 0.2 0.4 06 08 1.0 2.0 4.0 6.0 8.0 10

Reciprocal of mobility ratio

Figure 3.7: Areal sweep efficiency for a five-spot pattern under the assumption of
piston-like displacement Dyes et al. (1954).
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Because a common pattern used for both pilot and field projects is the five-spot, we
will consider performance predictions for a five-spot using the Craig-Geffen-Morse
(CGM) procedure as described in Craig et al. (1955). This method is given in the

next section

3.1 Craig-Geffen-Morse (GGM) Procedure

CGM method considers developed (or confined) 5-spot pattern, i.e., wells produce
and inject at the same rate. So, the confined 5-spot reduces to a simpler problem due
to symmetry as shown in Fig. 3.8. Hence, we can apply the method for a quadrant of

five-spot pattern.

CGM gives a correlation for Eap VS. M (as shown in Fig. 3.9). Neglecting gravity and

capillary effects, they found that the average saturation behind the front (S, ) can be

predicted by Buckley-Leverett (BL) theory for the 1D linear flow cases. It should be
noted that the mobility ratio given in the horizontal axis of Fig. 3.9 is the mobility
ratio defined by Eq.3.1.
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Ratio of producer to injector = 1 for a confined five-spot pattern
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A quadrant of a five-spot pattern

Figure 3.8: Symmetry for a five-spot pattern; after Onur (2008).
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Figure 3.9: Craig-Geffen-Morse correlation for the areal sweep at BT as a function
of mobility ratio, after Willhite (1986).
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A simple analytical formula determining Eap: is also given (Willhite, 1986) as:

E, . = 0.54602036 + 203170817 | 0.30222997
v © (3.4)

—0.00509693 M

We may need to account for several periods in the computations:
t=0 to tjnt, time to interference
tinn  to t;, time to fill up
t; to ty, time to BT
tpe 1O tigo, timeto Ep=1
t>t100

As we assume liquid filled reservoirs prior to waterflood, we will not consider the
time to interference (tin)) and time to fill up (t;). For such a case, it is sufficient to

consider the following steps for prediction:
t=0 to ty;,
tpt tO tigo, timeto Ep =1
t>1100

In each period given above, we specify a sequence of W;, cumulative water injected

given by:
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W, =QyV, (3.5)

Computations will require generating values of Ex and Q;* corresponding to each
value of W;. Here, Q;* is commonly referred to as the number of “contacted pore
volumes of injected water’’, though this terminology is not technically correct after

t100.

Up to time of breakthrough ty, Qi* is given by

Q = (3.6)

In Egs. 3.4 and 3.5, V, is the pore volume of the pattern in RB.

After determining Sy and S . from f,-S,, curve given, we will compute the

wf
mobility ratio M (Eg. 3.1) and then determine Eay: from Fig. 3.9 or Eq. 3.4 using the

computed value of M.

Using material balance, we can compute the cumulative water injected Wiy at the
time of BT from:

o EAtip(g_Swi)
" [1_ fW(SWi)]

(3.7)

Note that Wiy is also equal to cumulative oil produced (Nyur) up to t. The Qi* at the
time of BT is computed from:

Wine _ (g_swi)
EAtip [1_ fw (SWI)]

Qit = (3.8)

For any time t, ty<t<t;po, CGM gives the following correlation for the areal

efficiency Ena:

ibt

E, =E,, +0.275 'n(v\\//\/i j (3.9)
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If we specify a value of W;, we can compute the corresponding value of E from Eq.
3.9. For time t=tygo, Ea =1 (and also Eax = 1 for all times t >t;o), At t=t100, We can

obtain the following equation from Eq. 3.9:

1-E
W, 100 =W, €Xp| ——22 :
1100 = Wibt p[ 0275 j (3.10)
which gives the value of cumulative water injected up to tigo. This is the W; required

to sweep the pattern area completely.

For any time after breakthrough, t>ty, the contacted pore volumes of water injected,
Qi* is defined implicitly by

Q1
W "EV (3.11)

! p

Integrating Eq. 3.11 over time, it can be shown that

Q')

- =1+ae™[E(a,)-E(a)] (3.12)
ibt
where
a =3.65E (3.13)
a, :a1+ln[wi } (3.14)
Wibt
£ (=T &P g
- n (3.15)
=0.5772 +In(x) + 5 X
n=1n.n!

Then, for a given value of W; such that Win<W;<Wi 100, We can calculate Q;* from Eq.
3.12. Then using this value of Q;*, we can compute S, and S_W2 from the BL theory

given in Chapter 3 as:
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QM=7~—
df, (3.16)
ds, J,

and

Syz =Sz +1- 1,(5,.)]Q (3.17)

Recall from Chapter 2 that S, is the average water saturation in swept region (i.e.,

region contacted by injected water).
Then compute cumulative oil production from

_EV, (S, -S.)
; B

0

(3.18)

We repeat the computations for other values of W; such that Win,<Wi<W; 199 uSing
Egs. 3.12 through 3.18.

For Wi>Wi 100 , Ea = 1, then we can integrate Eq. 3.11 to obtain

Q = Q:1oo + Vi (\Ni _Wi,loo) (3.19)

p

Then specifying values of W; such that W;>W; 109, we can compute Q;* from Eq.

3.19, we compute Sy, and S, from the BL type equations (see Egs. 3.17 and 3.18).

Computations of WOR: At the time of breakthrough, WOR is computed from

f.(Su )/ By
[1_ fw(swr )] /Bo

WOR =

(3.20)

After BT, unlike the 1-D linear case, we cannot use the preceding formula with Sy, to
predict WOR times such that ty<t<tioo. WOR after BT is estimated by separating the
displaced area into two distinct regions as shown in Fig. 3.10:

— A newly swept region (the region just swept by the injected water)
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— Previously swept region containing all reservoir volume, where the
water saturation is greater than Syy.

As can be seen from Fig. 3.10, the oil is also displaced in the region “behind’’ the
front. Performance in this region is estimated by assuming that all produced water
comes from the previously swept zone, while oil is produced from both newly and

previously swept zones. Hence, we can compute WOR after some time ty; from:

dN_,
fW(SWZ) 1- .
B, dw,
WOR:—W " ~ (3.21)
(1_ fw(SWZ) 1- =+ =
aw, | dw,

where the incremental oil production with the cumulative water injected is computed
from:

dN,, W, (S —S.)0.275
dw. W, (g_swi) E (3.22)
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Figure 3.10: Schematic representation of swept regions for any time t such that
tpe<t<tio, after Onur (2008).

To compute WOR for Wi such that Wi>Wi; 100. First, we should note that Eq. 3.21
applies for W; > W, 00, but note that for W; >Wi 100, Ea=1, i.e., no further oil can

displaced by expanding the flood front. This means that

dN

L

dw,

=0 (3.23)

Using the preceding equation in Eq. 3.21 provides the equation to compute WOR for
Wi>Wi‘100 from:
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_B  fuBu)
WOR = BW [1_ fw(SWZ)] (324)

Computation of Cumulative Oil Produced: The cumulative oil produced (i.e, oil

produced by expanding the flood front) for W; such that Win<W;<W; 190 can be
computed by the use of Eq. 3.22. Separating variables and integrating Eq. 3.22 from,
Wipt to W; (where Wi less than Wi 100) gives

(S, =S, :
Npu=prt+0.275W'bt (lf W')'n[W'j (3.25)

EAbt (Swf - Swi )

where Ny is the cumulative oil produced at the time of BT

3.2 Estimation of Injection Rates

The CGM model described in the previous section estimates water flood
performance in a five-spot in terms of cumulative volume of water injected. When
the injection rate is constant and known, oil displacement rates can be determined as
a function of time (as we did in 1-D linear flow case). Otherwise, the CGM method
does not provide information on the timing of production or the rates at which fluids
can be injected or produced.

Many water floods operate under conditions where the pressure drop is known. We
expect injection rate change with mobility ratio and Ea. So, what can we do? There is
a correlation developed by Caudle and Witte (1959). Their correlation is based on the
use of injection rate when the case mobility ratio is unity, Ex, and M. When the
endpoint mobility ratio is one (i.e., M*=1), the injection rate for a five-spot pattern

can be calculated from:

| 3541x10 K Kh (Piog = Pur )
S
S +S
Ho [In[dj+ o —0.619} (3:26)

where

d: is the distance from the injection well to the

production well in ft.
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rw: is the effective wellbore radius in ft (see Fig. 3.11)
Ky : is the base permeability in md.,
S; : is the skin factor at the injection well

Sp: 1s the skin factor at the production well

Hp

rwi

Figure 3.11: Effective wellbore radius.

The conductance ratio is define by
y=2"=7(M,E,) (3.27)

which is the ratio of injection rate accounting for both mobility being different from
unity and Ea to the base injection rate. Caudle and Witte developed the correlation
shown in Fig. 3.12 to compute the injection rate, iy. To use Fig. 3.12, for a given

value of Ap and a given value of W; (could be less or greater than Wiy),
— Compute a base flow rate, i, from Eq. 3.26

— Then compute mobility ratio from Eq. 3.1, if W; <Wip:. If Wi > Wiy, the
mobility ratio is computed from

M = Ho (3.28)

— Then depending of the value of W;, compute areal sweep efficiency,

Ea from given equations previously.

o1



— Using the values of Ea and the mobility ratio, determine (read) the

conductance ratio from Fig. 3.12.

— Then compute i, from

i, =7(M,E,)xi, (3.29)
10
r.
Es |
A A
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0.7
bh: J//f bl_.:'d/
-O 4 - I
E LT 037
- | 0.1
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Mobility Ratio
Figure 3.12: Caudle and Witte (1959) correlation for computing injection rate.

In the next chapter, we provide an example application for predicting the water flood

performance based on the methodology presented here
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4. EXAMPLE APPLICATIONS

In this chapter, we present four example applications to show the methodology
provided in Chapters 2 and 3. First two examples (Example Applications 1 and 2)
pertain to a case of 1D linear water flood performance predictions under constant-
rate injection. In the first example, we consider experimental data for the f,, vs Sy
curve, whereas in the second example we consider an analytical function for f,, vs. Sy,
curve. The third example (Example Application 3) pertains to a case of 1D linear
water flood performance prediction under constant-pressure injection. The final
example (Example Application 4) is for a 2D performance calculation for an areal

five-spot pattern.

4.1 Example Application 1

Here, we consider a linear horizontal system with L=500 ft, A = 4000 ft?, and
porosity of 0.25, water is injected at a constant rate of 220 RB/D. Qil viscosity is 10
cp, and water viscosity is 1 cp. Using the Buckley-Leverett frontal advance theory

given in Chapter 2, our objective is to calculate

(a) Cumulative oil production, time, pore volume water injected and oil production

rate at water breakthrough.
(b) Cumulative oil production and water oil ratio after 2 years.
(c) Make a plot of S, vs. x at t = 50 days

The relative permeability data are given in Table 4.1

Table 4.1: Relative permeability data.

Sw 0.30 | 0.335 | 0.37 0.409 | 0.440 | 0.475 | 0.51 0.545 | 0.58 0.615 | 0.65

Krw 0 0.001 | 0.004 | 0.009 | 0.016 | 0.025 | 0.036 | 0.049 | 0.064 | 0.081 | 0.1

Kro 1 0.729 | 0.512 | 0.343 | 0.216 | 0.125 | 0.064 | 0.027 | 0.008 | 0.001 | 0.0

(a) First, we need to construct the table values of f,-S,. Recall from Chapter 2, that f,,

is to computed from
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1

14 Kro Hw (4.1)

kl’W II’IO

f p—

w

Then, using these values in Eq. 4.1, we will compute f,, values. Note that the ratio of
water viscosity to oil is 0.1. Table 4.2 gives the results. Fig. 4.1 shows a plot of f,, vs
Sw- Note that for this problem, the initial water saturation, Sy; is equal to irreducible

water saturation, Sy; i.e., Swi = Siw, and fy,(Swi)=fw(Siw)=0.

Table 4.2: KoKy, fw VS. Sy values.

Sw kro/krw fW
0.3 Infinity 0
0.335 729 0.014
0.37 128 0.072
0.409 38.1 0.208
0.440 13.5 0.426
0.475 5.0 0.667
0.51 1.778 0.849
0.545 0.551 0.948
0.58 0.125 0.988
0.615 0.012 0.999
0.65 0.0 1.0
1 v
fW 0.9
J
0.8
f
0.7
f
0.6
0.5 |
0.4
f
0.3
|
0.2 /
0.1
0 Sw

0 01 02 03 04 05 06 07 08 09 1
Figure 4.1: f,-S, curve.

Because f,, curve does not change rapidly with saturation, as can be seen in the scale

used in Fig. 4.1, to be able to accurately determine the shock front saturation and
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hence the average saturation at the time of breakthrough, we will expand the

saturation scale as shown in Fig.4.2.

1 I’ ot
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0.9 /
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w

Figure 4.2: f,-Sy curve using an expanded scale.

From the graph, we determined S,s=0.51, f,(Swr) = 0.85, and S,, =0.547 , and the

slope df,/dS,, at Sz is determined as

df, | _ fuGu) - f(6w) _085-00_,
dSW S Swf _SWi 051—03 .
’ 4.2)
_ 1- fw(swf)
- g_swf

Because injection rate, q, is constant for this problem, the time of BT, ty, can be

computed from

AL _ 4000x500x025 0 .o
df,, J 5.615x 220 x 4.05 (4.3)
Sut

5.615qt[ds

t, =

w

The cumulative oil production at the time of breakthrough, N, (ty) is computed as
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N (L) = AL#(S,; —S,;) 4000 x 500 x 0.25(0.547 — 0.3)
PRt 5.615B, 5.615x1.0 (4.4)
=21,995STB

where we assumed B,=1 RB/STB. Note that we could have simply used the formula

given below to compute Np(tor)

0 (= f,(SuNty _ 220 x (1—0)x100
N, (t,) = =
B, 1.0 (4.5)

=22,000 STB

Note that Egs. 4.4 and 4.5 yield almost identical results, as expected. The difference
is due to round off errors. Oil production rate at the time of breakthrough can also be
simply computed dividing Np(ty) by the time of breakthrough, i.e.,

N, (t,) 22,000
t,, 100

G, (t,,) = STB =220 STB/D (4.6)

as expected. Because g; is constant, and the water production at x=L is considered

zero at the onset of breakthrough, thus g,=q;.

Cumulative pore volumes of water injected up to ty; is computed from

5.615q,t,, _ 5.615x 220 x100
AL 4000 x500 x 0.25

Qi(ty) = =0.247 (25%) 4.7
(b) The performance for t,=730 days corresponds to performance after breakthrough.
To find the cumulative oil production at this time, we will use the following

equation:

ALg(S,, —S.)
5.615B,

N,(t;) = (4.8)

where S, is the average water saturation in the reservoir at time t,, or when the
saturation S, reaches the production well, x=L. So, to compute the cumulative oil

production from Eq. 4.8, we need to determine the value of % and Syz. The

average saturation % at time t, can be estimated graphically by drawing a tangent
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line to the f,, curve at Sy,. The slope of this line is (df,/dSy)sw2 = 1/Qi(t2), where Qj(t2)

is the cumulative pore volumes of water injected up to time t,. The saturation value
where this tangent line @ Sz intersects the horizontal line f, = 1 is S, . The

equation of this tangent line is then can be give as

df,, =
1= fW(SW2)+£ dswlwz (5. —S.2) (4.9)
or
1
1=1,(S,,)+—+—(S,, — S, .
w( w2)+ Qi(t2)< w. ) (4 10)

The cumulative pore volumes of water injected up to t, is computed from

5.615q,t, 5.615 x 220 x 730
AL 4000 x 500 x 0.25

Qi(ty) = =1.804 (4.11)

Rearranging Eq. 4.10 as

1- f
df, | 1 _1-0w) 1 e, (4.12)
ds, ), Q) S,-S, 1804

Now, we need to determine the values of S, and S such that Eq. 4.12 is satisfied.

This can be achieved by a trial and error procedure by determining a tangent line on
the f,, curve that satisfies Eqgs. 4.10 and 4.12. By a trial and error procedure, we

determined S, =0.605, S,, =0.59, and f(S,,)=0.992. The tangent line drawn

on the expanded f,,-S,, scale is shown in Fig. 4.3. Using these values in Eq. 4.8, we

can compute the cumulative oil production at t; as

N () = AL#(S,, —S.;) 4000 x500 x 0.25(0.605 — 0.3)
P2 5.615B, 5.615x1.0 (4.13)
= 27,159 STB

The recovery factor at t; is then
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N (t,) N (t,) 27159
p\t2 p\t2
= - —0.436 (44%
OllP  ALg(1-S,;) 62333 (44%) (4.14)
5.6158,

RF(tz) =

The producing water oil ratio at t; (WOR) is computed from

WOR(tz) — qw(tz) — fw(SWZ) Bo
qo (tz) BW [1_ fw(swz)] (4 15)
_09%2 10 =124 STB/STB
1.0 (1-0.992)
.05
fw
L~
L
: I
L
||
0.95 / I :
i
|
i
/ I
/ 1
0.9 I
: |
|
[ _ =
] Swz=0.59 | 1 | Su=0.605
oss 1 vIv T T Su
0.5 0.6 0.7

Figure 4.3: f,-S,, curve using an expanded scale determine ﬂ and S, values.

(c) Here, we are asked to compute the saturation profile in the reservoir at the time of
50 days. First, notice that t=50 days is a time before the time of breakthrough, i.e.,
t,:=100 days. From Chapter 2, we know that the location of any saturation based on
the B-L advance frontal theory is computed from:

_ 5.615q,t

of A
Xe — |, for S, <S,<1-S,
Sw A¢ ( JS wf w (416)

as,,
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and

5.615q,t( of =
X¢ =——| —*| , for§,, <S,<S,
Sw A¢ [asw jswf f (417)

For the example considered, using the input data given and computed values of Sy
and (éf, /6, )s . Egs. 4.16 and 4.17 can be expressed as:

. _5:615x220x50
Su 4000 x 0.25

Al forosi<s$, <0.65 (4.18)
as,, )

and

5.615 x 220 x 50
X, = x 4.05
Sw 4000 x 0.25 (4.19)
=250.15 ft, for 0.3<S, <0.51

It is important to note that when Egs. 4.17 and 4.18 are evaluated at S, =S, , =0.51,

they will predict the location of the front at t = 50 days. So, the location of the shock
front saturation S, for this example is at xs,s = 250.15 ft. Based on the B-L theory, Sy

= S;w = 0.3 for all locations x > xgus =250.15 ft.

To compute the locations of any saturation value S, such that 0.51<S, <0.65, we
will use Eg. 4.18 by assuming arbitrary values of §W in the interval

0.51<S, <0.65. The assumed values of S, are tabulated in Table 4.3. The values

of (of,,/ asw)éw at an assumed water saturation value were computed by drawing a

tangent line at this saturation value on f,-S,, curve and then computing the slope of
this tangent line. A graph of S, vs. x at t=50 days is shown in Fig. 4.4.
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Table 4.3: S, (of, /8S,); and x, values.

S

S, | (ef,/85,); | x. (computed from Eq. 4.18), ft
0.3 - 500
0.3 - 250.15
0.51 4.05 250.15
0.53 3.00 182.30
0.54 2.31 142.68
0.58 0.62 38.29
0.60 0.31 19.15
0.62 0.12 7.41
0.65 0.0 0
0.7 —
q
0.6
E L
U% 05 —
% 04 —
5|
=
0.3 — [ 4 g
02 | | | | | |
0 100 200 300 400 500

Distance from injector, X, ft

Figure 4.4: S, vs. x at the time of t = 50 days
4.2 Example Application 2

In this example, we consider a linear horizontal system with L=500 ft, A=4000 ft*,
and porosity of 0.25, water is injected at a constant rate of 220 RB/D. The viscosity
of oil (1) is 2 cp. Further consider that we have the following functional (analytical)

relationships for the relative permeability, fractional flow and derivative of fractional

flow curves:

ko, =k2(1-S,)" (4.20)
and

Ky = Kny (Suo )° (4.21)
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where Syp is given by

SWD SW — SiW

B 1- Sor - Siw
A formula based on Egs. 4.20-4.22 for the f,, curve is given by

n
SWD

f =
! Svr\]/D+A(1_SWD)m

and the slope of f,, curve given by Eq. 1.4 is as follows

df _ AB[nS:/Bl(l_ SWD )m + mS\;D(l_ SwD )m_l]
dSW I:Svr\]/D + A(l_ SWD )m]2

w

In Egs. 4.23 and 4.24, A and B are given by

Kok
A= 0
rWILIO
and
B__ 1
1- Sor - Siw

For the computation to be given, we will assume the values of S;,=0.363, S,=0.205,

k) =1.0,and k2, =0.78, n=m=2.

(@) We first calculate and graph f,, vs. Sy, on the same plot for two different cases of
flooding options. In the first option, we will assume that the injected water

viscosity s is 1 cp, and in the second option, g4, is 5 cp and then discuss the

results.

Figure 4.5 shows the graphs of f, vs. S,, for the two options considered. As the f,,-S,
curve shifts to left for Option 2, Option 2 provides more favorable displacement.

This is also verified by computing the end-point mobility ratios for each option from

the well-known formula:
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0
_%, For option 1, M*=1.56, while for option 2, M*=0.312
ro ILIO

* _

—e—— 1, =2, p,, = 1cp (Option 1)

—— , =2, n, =5 cp (Option 2)

Water cut, fw

0.3 0.4 0.5 0.6 0.7 0.8
Water saturation, Sw

Figure 4.5: f, vs. Sy, for Options 1 and 2
(b) Now we calculate breakthrough times (BT) for Options 1 and 2 defined in Part a.

To compute BT for each option, we determine S, and the slope of the f,, at Sys as

described in Example Application 1, as shown in Fig. 4.6. For each option, these
values are tabulated in Table 4.4.

Table 4.4: S, and other related values for Options 1 and 2

St u(Sur) (df/dS)sur S,
Option 1 0.63 0.803 3.01 0.695
Option 2 0.74 0.936 2.49 0.765
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—— 1, = 2, u, = 1 cp (Option 1)

—_—— ., =2, n,=5¢Cp (Optio/n 2)
1 i i

0.8

0.6

Water cut, fw

0.4

0.2

0.3 0.4 0.5 0.6 0.7 0.8
Water saturation, Sw

Figure 4.6: Determination of Sy for Options 1 and 2.

Then, we can compute BTs for options from the following equation:

ALg

5.615qt( &, j (4.27)
Suf

ty, =

w

which yields t,; = 131 days for Option 1, while for Option 2, t,; = 163 days

(c) Next, we calculate and graph S, vs. x for each option at t = 50, 100, t (for each
option), and 200 days. Note that the slopes required in Eq. 4.26 are simply to be
computed from Eq. 4.24. The computed S,, vs. x profiles for Options 1 and 2 are

tabulated in Tables 4.5 and 4.6, and the graphs of S,,-x are shown in Figs. 4.7 and
4.8.
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Table 4.5: S,, versus x profiles at different times for Option 1.

Sw Xs, fort=50 | X fort=100 | X, fort=131 | X, fort=200
days days days days
0.363 500 500 500 NA
0.363 191.37 382.75 500 NA
0.37 191.37 382.75 500 NA
0.38 191.37 382.75 500 NA
0.4 191.37 382.75 500 NA
0.42 191.37 382.75 500 NA
0.44 191.37 382.75 500 NA
0.46 191.37 382.75 500 NA
0.5 191.37 382.75 500 NA
0.52 191.37 382.75 500 NA
0.54 191.37 382.75 500 NA
0.56 191.37 382.75 500 NA
0.58 191.37 382.75 500 NA
0.6 191.37 382.75 500 NA
0.63 191.37 382.75 500 (truncated) NA
0.64 173.04 346.08 453.36 NA
0.66 137.46 274.91 360.13 500. (truncated)
0.68 105.03 210.05 275.17 420.1
0.7 76.88 153.76 201.42 307.52
0.72 53.33 106.66 139.71 213.32
0.74 34.17 68.35 89.54 136.70
0.76 18.95 37.89 49.64 75.78
0.78 7.06 14.13 18.51 28.26
0.795 0.0 0.0 0.0 0.0

Table 4.6: S,, versus x profiles at different times for Option 2.

Sw Xs, fort=50 Xs, fort=100 | Xg fort=163 | X fort=200
days days days days
0.363 500 500 500 NA
0.363 153.86 307.72 500 NA
0.37 153.86 307.72 500 NA
0.38 153.86 307.72 500 NA
0.4 153.86 307.72 500 NA
0.42 153.86 307.72 500 NA
0.44 153.86 307.72 500 NA
0.46 153.86 307.72 500 NA
0.5 153.86 307.72 500 NA
0.52 153.86 307.72 500 NA
0.54 153.86 307.72 500 NA
0.56 153.86 307.72 500 NA
0.58 153.86 307.72 500 NA
0.6 153.86 307.72 500 NA
0.63 153.86 307.72 500 NA
0.64 153.86 307.72 500 NA
0.66 153.86 307.72 500 NA
0.68 153.86 307.72 500 NA
0.7 153.86 307.72 500 NA
0.72 153.86 307.72 500 NA
0.74 153.86 307.72 500. 500. (Tranc.)
0.76 91.08 182.16 296.92 364.32
0.78 35.09 70.18 114.40 140.36
0.795 0.0 0.0 0.0 0.0
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Figure 4.7: S, vs. x profiles at different times for Option 1.
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t =100 days

t =163 days (BT)
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Figure 4.8: S, vs. x profiles at different times for Option 2.

500

(d) Finally, we calculate and graph A; (total mobility) vs. x for each option at t=50,

100, ty; (for each option), and 200 days. Note that to compute A; vs. x profiles,

we will use the saturation values at computed values of x in Part ¢. Then, we will

use the total mobility equation defined by
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ko , K
A=—Eao (4.28)
Ho My

which is a function of water saturation.

Tables 4.7-4.9 and Table Al in Appendix - A present S,, and A; vs. x values for t=50,
100, 131 and 200 days for Option 1, respectively, while Tables A.2-A.5 in Appendix
- A present Sy, and 4; vs. x values for t=50, 100, 163 and 200 days for Option 2,
respectively. Fig. A.1 in Appendix - A shows A; vs. x profiles at four different time
values for Option 1 (unfavorable case), and Fig. A.2 in Appendix - A shows A; vs. X
profiles at four different time values for Option 2 (favorable case). Fig. A.2 in

Appendix - A shows 4; vs. Sy, curves for both options.

Table 4.7: S,, and A; versus x profiles at t=50 days for Option 1.

Sw A, 1lcp Xg ,ft
0.363 0.5 500
0.363 0.5 191.37
0.37 0.5 191.37
0.38 0.5 191.37

0.4 0.5 191.37
0.42 0.5 191.37
0.44 0.5 191.37
0.46 0.5 191.37
0.48 0.5 191.37

0.5 0.5 191.37
0.52 0.5 191.37
0.54 0.5 191.37
0.56 0.5 191.37
0.58 0.5 191.37

0.6 0.5 191.37
0.63 0.371 191.37
0.64 0.385 173.04
0.66 0.418 137.46
0.68 0.455 105.03

0.7 0.498 76.88
0.72 0.548 53.33
0.74 0.602 34.17
0.76 0.662 18.95
0.78 0.727 7.06
0.795 0.78 0.0
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Table 4.8: S, and A; versus x profiles at t=100 days for Option 1.

Sw A, 1cp Xsw, ft
0.363 0.5 500
0.363 0.5 382.75
0.37 0.5 382.75
0.38 0.5 382.75

0.4 0.5 382.75
0.42 0.5 382.75
0.44 0.5 382.75
0.46 0.5 382.75
0.48 0.5 382.75

0.5 0.5 382.75
0.52 0.5 382.75
0.54 0.5 382.75
0.56 0.5 382.75
0.58 0.5 382.75

0.6 0.5 382.75
0.63 0.371 382.75
0.64 0.385 346.08
0.66 0.418 274.91
0.68 0.455 210.05

0.7 0.498 153.76
0.72 0.548 106.66
0.74 0.602 68.35
0.76 0.662 37.89
0.78 0.727 14.13
0.795 0.78 0.0

Table 4.9: S,, and A; versus x profiles at t=131 (BT) days for Option 1.

Sw A, 1cp Xsw, ft
0.363 0.5 500
0.363 0.5 500

0.37 0.5 500
0.38 0.5 500
0.4 0.5 500
0.42 0.5 500
0.44 0.5 500
0.46 0.5 500
0.48 0.5 500
0.5 0.5 500
0.52 0.5 500
0.54 0.5 500
0.56 0.5 500
0.58 0.5 500
0.6 0.5 500
0.63 0.371 500 (truncated)
0.64 0.385 453.36
0.66 0.418 360.13
0.68 0.455 275.17
0.7 0.498 201.42
0.72 0.548 139.71
0.74 0.602 89.54
0.76 0.662 49.64
0.78 0.727 18.51
0.795 0.78 0.0
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4.3 Example Application 3

This example application illustrates the computation of water flood performance in a
1D linear system when the pressure difference between the injector and producer is
constant. The pressure difference Ap is constant at value of 2000 psi. In this example,
a long, narrow reservoir will be water flooded. The reservoir is 500 ft wide, 20 ft
thick and 1000 ft long. Porosity of the reservoir is 0.206, and permeability is 23 md,
water viscosity is 1.0 cp. For the purpose of comparison, we will consider two
different cases of oil viscosity: Case 1: 1 = 10 cp (unfavorable case), and Case 2:
Mo=1 cp (favorable case). We consider the same functional relationships for the
relative permeabilities and the fractional flow curve as in Example Application 2 (see
Eqgs. 4.20-4.26). For the computation to be given, we will assume the same values of
Siw = 0.363, Sor = 0.205, k2 =1.0, and k% =0.78, n = m = 2 for Example

Application 2.

Case 1 1, = 10 cp (unfavorable case): First, we compute the value of the number of

pore volumes injected up to breakthrough Qip; (i.e., Qi(ty)) from

1

of., (4.29)
oS, ).

To compute this we need to construct the fractional flow curve. Table 4.10 gives the

Qipt =

values of S, values (chosen), Syp, and f,, values computed from Egs. 4.20 through
4.26.
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Table 4.10: S, vs f,.

Sw SwD fw

0.363 0 0

0.380 0.0394 0.0130

0.400 0.0856 0.0640

0.420 0.1319 0.1526

0.440 0.1782 0.2683

0.460 0.2245 0.3953

0.480 0.2708 0.5182

0.500 0.3171 0.6271

0.520 0.3634 0.7177

0.540 0.4097 0.7898

0.560 0.4560 0.8457

0.580 0.5023 0.8882

0.600 0.5486 0.9201

0.620 0.5949 0.9439

0.640 0.6412 0.9614

0.660 0.6875 0.9742

0.680 0.7338 0.9834

0.700 0.7801 0.9899

0.720 0.8264 0.9944

0.740 0.8727 0.9973

0.760 0.9190 0.9990

0.795 1.000 1.0000

Figure 4.9 shows the f,, vs Sy, curve. Note that we determined Sy = 0.51 and f(Sws) =

0.68, and Sw =0.58, and o,
oS

J =4.5255. Using the slope value in Eq. 4.29
Sui

w

gives:

Qipt = 1 = L =0.221
ﬂ 4.5255 (4.30)
oS, S,

Now, we will specify a sequence such that

0= Qi,O < Qi,l < Qi,z << Qi,k—l < Qi,k = Qibt =0.221 (4-31)
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Figure 4.9: Fractional flow curve

where Qi = Qi(t)), for I=0,...,k, and tx = ty. It is important to note that we do not need
to know the values of time to perform the calculations. To generate a sequence, we

simply use five uniformly spaced values of Q;’s determined from

0.221 0.221
Qi =Qi14 +T =Q .+ 5 =Q, ., +0.0442 (4.32)

for I=1,...,5, where Qio = 0. So, our specified values of Q;’s up to BT is as given in
Table 4.11.

Table 4.11: Specified Q; values up to BT.

Qi
0.00
0.0442
0.0884
0.1326
0.1768
0.2210

Recall from Chapter 2 that q; is given by
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1.127 x10°kA Ap

q,(t) = . 3 (4.33)
where

1F 1
:uapp (t) = E.([ ﬂt (X) dx (434)
and
A (x) = KeoBu)  KuBu) ang 5 =5, x1) (4.35)

First, we will compute g; at Q;=0, or equivalently at t = 0, or equivalently x; = 0.
Note that at t = 0, the total mobility is

kro (Swi ) + krw (Swi )
Ho Hy

A(x=0)= (4.36)

Because the initial water saturation is equal to irreducible water saturation, i.e., Sy; =
Siw, then the total mobility at time zero is simply the oil mobility at irreducible water

saturation, and is constant for all x, i.e.,

kro (Swi)

(o]

A(x=0)= = constant (4.37)

Using Eq. 4.37 in Eq. 4.34 and integrating the resulting equation gives

I A D A /A
O Py L T o] K O TR (4.38)

Note that ko(Siw) is the endpoint value of the oil relative permeability curve, i.e.,

kro (Siw) = kl% :10

Now, using Eq. 4.38 in Eq. 4.33 and using the parameter values given in the resulting
equation gives gratt =0 as
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1.127*10°kk (S, )A Ap
o (0)= T
Ho L
1.127 *107° *23*1.0*500 * 20 2000 (439
= =51.84RB/D
10 1000

The next step is to compute q; for Q;1 = 0.0442. To achieve this, we need to find the
location of the front for this value of Q; and then generate the saturation profile in the

reservoir. The location of front is computed from our general equation

X; (1)=LQ, (t)[;w J (4.40)

w

by setting S, =S, . Doing so, we compute

X, = LQM(?TW) ~1000 x 0.0442 x 45255 ~ 200 ft (4.40)
Sw

w

where the subsrcipt 1 in x; is used to represent the location of front for Q; ;.

Now, we compute the water saturation profile in the reservoir for the value of Q;;.

We will specify several values of S, such that 1-S_, <S_ <S,,, and use Eq. 4.40
to compute x. , the location of a given §W. Table 4.12 summarizes the results

obtained for Q;1 = 0.0442. Because we determined S, as a function of x, we can
compute the total mobility using Eq. 4.35 and the relative permeability curves given
(see Egs. 4.21 and 4.22); i.e.,

I(ro = kg) (1_ SWD )m (441)
and
Koy =K (Suo )" (4.42)

For instance, if we consider the saturation value of S,, = 0.51 (or Syp = 0.3403) (note
that this value is in fact the value of shock front saturation, Sy) given in the first row

of Table 4.12, then we can calculate relative permeabilites as
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k,,(S,;)=k%(1-S,,)" =1.0(1—0.3403) =0.4352 (4.43)
and
K,.,(S,i) =k®,(S,5)" =0.78(0.3403)® = 0.0903 (4.44)

Using these values and viscosity values in Eq. 4.36, we can compute the total
mobility

kro (Swf ) krw(swf ) 04352 00903
1 = +

X=X =
A=) = 0 Sl 2 B

~0.1338 (4.45)

Similarly, we can compute total mobility for other values of S,, when Q;; = 0.0442.

The last column of Table 4.12 gives the computed values of the total mobility.

Table 4.12: Saturation and total mobility profile for Q;; = 0.0442.

S, Sup ( of,, } Xg. Xg (f0) A, (L/cp)
oS, 5, L
0510 | 0.3403 | 4.5255 0.2000 200 0.1338
0515 | 0.3519 | 4.2885 0.1896 189.6 | 0.1386
0520 | 0.3634 | 4.0544 0.1792 179.2 ] 0.1435
0530 | 0.3866 | 3.6016 0.1592 159.2 ] 0.1542
0540 | 0.4097 | 3.1776 0.1404 1405 ] 0.1658
0550 | 0.4328 | 2.7879 0.1232 1233 [ 0.1783
0560 | 0.4560 | 2.4351 0.1076 107.6 | 0.1918
0570 | 04792 | 21192 0.0937 937 [0.2062
0580 | 05023 | 1.8386 0.0813 813 [0.2216
0590 | 05255 | 1.5911 0.0703 703 [0.2379
0.607 | 05648 | 1.2879 0.0569 569 [ 0.2678
0.617 | 05879 | 1.0648 0.0471 471 | 0.2866
0.627 | 0.6111 | 0.9139 0.0404 404 [ 0.3064
0.638 | 0.6366 | 0.7704 0.0341 341 [0.3293
0.648 | 0.6597 | 0.6577 0.0291 29.1 [ 0.3510
0.659 | 0.6851 | 0.5506 0.0243 243 [ 0.3760
0.669 | 0.7083 | 0.4666 0.0206 20.6 [ 0.3998
0.680 | 0.7338 | 0.3867 0.0171 171 |o042711
0.690 | 0.7569 | 0.3240 0.0143 143 04528
0.701 | 0.7824 | 0.2644 0.0117 117 04822
0.711 | 0.8056 | 0.2175 0.0096 9.6 0.5010
0.722 | 0.8310 | 0.1729 0.0076 7.6 0.5415
0.732 | 0.8542 | 0.1379 0.0061 6.1 05713
0.743 | 0.8796 | 0.1045 0.0046 4.6 0.6049
0.753 | 0.9023 | 0.0782 0.0035 35 0.6360
0.764 | 0.9282 | 0.0532 0.0024 2.4 0.6725
0.774 | 0.9513 | 0.0335 0.0015 15 0.7061
0.785 | 09769 | 0.0147 0.0006 0.65 [ 0.7444
0.795 | 1.0000 | 0.0000 0.0000 0.00  [0.7800
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Figure 4.10 shows the computed saturation and total mobility profiles for Q1 =
0.0442. Note that to obtain saturation and total mobility profiles shown in the Figure
4.10 for saturation values less than Sy, we simply used the shock front concept,
which says that we should set all saturation values less than Sy to the irreducible
water saturation, S;, = 0.363 after x; > 200 ft, and that total mobility is equal to oil

mobility at S;,, i.e.,

k (S k_(S. k (S
21()( > 200 ft) — ro(Slw) + rw(slw) — I’O(SIW) — i — Ole (446)
Ho M H, 10
1 ‘ ‘ ‘ \ ‘ \ 1
: : Saturation
0.8 ---—-—--Lt-—-—-_-L_——-_1 908
\ \ \
\ \ \ L
IS \ \ \
g 06 -L - L-—-—--L_—-—-—-1 06
= \ \ \
] \ \ \ L
IS \ \ \
E 04 -L-—-—--L-— L1 04
ws ; T ;
» \ \ \ B
\ \ \
0.2 - -——--L-——--L_-—— -1 02
\ \ \
[ (Y SR I
\ \ \
0 | | | 0
400 600 800 1000

Distance, x, ft
Figure 4.10: Saturation and total mobility profiles for Q ;1 =0.0442

Next, we integrate the inverse of total mobility profile obtained for Q;; = 0.0442 with
respect to x to obtain the apparent viscosity for Q;; = 0.0442. As stated in Chapter 2,
we have to use a numerical integration scheme to compute the apparent viscosity
(Eq. 4.34). For its common use and simplicity, we will use the (composite)
trapezoidal rule of integration. Before applying this rule to Eq. 4.34, first we note
that before BT , EQ. 4.47 can be rewritten as
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1% 1 L1
/uapp(t)zt J‘de-F!de}

L 0
[ (1)

1 1
=T .[ mdx+ j 700 dX] (4.47)

L 0 Xt (1)

[x¢ (1)

1
‘L_I 2 (X)

0

1
dx+?(L—xf)}

where the second integral follows from that fact that for x> x, , the total mobility is

kro(siw) + krW(SiW) = km(siw) = ﬂo-

equal to endpoint oil mobility, i.e., 4, (x=>Xx;)= o
M, Hy My

Eq. 4.47 holds for all values of Q; less than Qj,.. Now, we can apply trapezoidal rule
to the first integral in Eq. 4.47 to obtain

Happ(t) = ]IL{" ﬂ’ttx) dX:l

0

1& 1 1 1
=— + X=X, J+——(L=x;)
2L ,.zlh(xj) ;,[(le)}(’ ) 2L ‘

(4.48)

where Xo = 0, and x; = x;. Using the total mobility profile given in Table 4.12 and the
total mobility value A4, (x >200 ft)= A =0.1 in Eq. 4.48, (note from Table 4.12, that

r =28 when we apply Eq. 4.48) gives

1 (1000 —200)

., =0.0442) =0.9718+ — ———~=8.9718 c 4.49
/’lapp(Ql,l ) 01 OOO p ( )
Then, we compute g; for Q;j; =0.0442 as

1.127*10°kAA
(Q, =0.0442) === o
. PP (4.50)
_ 1.127*10° *23*500 * 20 2000 _ 57 78bbl/ D
8.9718 1000

The cumulative oil production N, (in bbl) can be computed from

N, =V,[5,(@Q)-S,] (4.51)
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where S, (Q,) is the average saturation in the reservoir when the number of

cumulative pore volumes of water injected is Q;, and is computed from
S_W(Qi) =S, + [1_ fo (Sui )]Q| (4.52)
If Qi is less than or equal to Qin:. in Eq. 4.51, V,, is the total pore volume in bbl, i.e.,

_ ¢AL

= 4.53
P 5615 (4.53)

For our problem, Syi = Si, so in Eqg. 4.52, f,(Swi)=0, thus, the average saturation at
Qi1 = 0.0442 is computed from Eq. 4.52 as

S,(Q)=S,, +[1- f,(S,,)IQ, =0.363 +[1—0]x0.0442 ~ 0.407 (4.54)
The total pore volume V, is

V = #AL  0.206 x 500 x 20 x1000
P 5615 5.615

= 366,874 bbl (4.55)

Using the values of average saturation and pore volume in Eq. 4.51, the cumulative

oil production in bbl is
N, =V, [S,(Q) - S.; | = 366,877 x [0.407 — 0.363] = 16,142 bbl (4.56)

Np(PV) given is the cumulative oil produced divided by the total pore volume, i.e.,
the cumulative pore volumes of oil produced. Note that it is a fraction and defined by

N
Ny (PV) == (4.57)

p
Up to BT, Ny(PV) should be equal to cumulative pore volumes of water injected, i.e.,

N, (PV)= 2 =00 (458)

p

So, for Qi1 = 0.0442, the value of Ny(PV) = 0.0442.
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If Qi<Qint, the oil and water productions, g, and qu, at the production end is

computed from

0, (Q) =[1- £, (S,)]a (Q) (4.59)
and
qw (Q| ) = fw (Swi )qt (Q| ) (460)

If Qi = Qipt, then the oil and water productions are computed from

0,(Q) =[1- (S )0 (Q) (4.61)
and
9w (Q) = f.(S)a (Q) (4.62)

For our problem Sy = Siy, and for Q;; = 0.0442, we use Egs. 4.59 and 4.60 with

fw(Swi) = 0 to compute oil and water productions:

0 (Qip) = [1- £,(5,)] (Qi;) = (1—0)x57.78 = 57.78 bbl (4.63)
and
4w (Qi1) = £, (546, (Q;;) =0x57.78 = 0 bbl (4.64)

Then, for Q;; = 0.0442, WOR is

q 0
WOR(Q,,)="2=——_=0
Qi) 0 57.78 (4.65)

0

We perform similar calculations for other specified values of Q; given in Table 4.11.
Tables 4.13 through 4.16 gives the saturation and total mobility profiles for
Qi=0.0884, 0.1326, 0.1768, and 0.2210, respectively.
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Table 4.13: Saturation and total mobility profiles for Q;, = 0.0884.

S, Swp ( of,, J Xg. X (f) A, (1/cp)
S, Js L
0.510 0.3403 4.5255 0.4000 400 0.1338
0.515 0.3519 4.2885 0.3791 379.1 0.1386
0.520 0.3634 4.0544 0.3584 358.4 0.1435
0.530 0.3866 3.6016 0.3184 318.4 0.1542
0.540 0.4097 3.1776 0.2809 280.9 0.1658
0.550 0.4328 2.7879 0.2465 246.5 0.1783
0.560 0.4560 2.4351 0.2153 215.3 0.1918
0.570 0.4792 2.1192 0.1873 187.3 0.2062
0.580 0.5023 1.8386 0.1625 162.5 0.2216
0.590 0.5255 1.5911 0.1407 140.7 0.2379
0.607 0.5648 1.2879 0.1139 113.9 0.2678
0.617 0.5879 1.0648 0.0941 94.1 0.2866
0.627 0.6111 0.9139 0.0808 80.8 0.3064
0.638 0.6366 0.7704 0.0681 68.1 0.3293
0.648 0.6597 0.6577 0.0581 58.1 0.3510
0.659 0.6851 0.5506 0.0487 48.7 0.3760
0.669 0.7083 0.4666 0.0412 41.2 0.3998
0.680 0.7338 0.3867 0.0342 34.2 0.4271
0.690 0.7569 0.3240 0.0286 28.6 0.4528
0.701 0.7824 0.2644 0.0234 23.4 0.4822
0.711 0.8056 0.2175 0.0192 19.2 0.5010
0.722 0.8310 0.1729 0.0153 15.3 0.5415
0.732 0.8542 0.1379 0.0122 12.2 0.5713
0.743 0.8796 0.1045 0.0092 9.2 0.6049
0.753 0.9023 0.0782 0.0069 6.9 0.6360
0.764 0.9282 0.0532 0.0047 4.7 0.6725
0.774 0.9513 0.0335 0.0030 3 0.7061
0.785 0.9769 0.0147 0.0013 1.3 0.7444
0.795 1.0000 0.0000 0 0 0.7800

Table 4.14: S,, and A; versus x profiles at t = 200 days for Option 2.

S, Swp [ of,, J X5 Xs (ft) A, (1/cp)
as,, ) L
0510 | 0.3403 | 4.5255 0.6000 600 0.1338
0515 | 0.3519 | 4.2885 0.5687 568.7 0.1386
0520 | 0.3634 | 4.0544 0.5376 537.6 0.1435
0530 | 0.3866 | 3.6016 0.4776 477.6 0.1542
0540 | 0.4097 | 3.1776 0.4213 421.3 0.1658
0550 | 0.4328 | 2.7879 0.3697 369.7 0.1783
0560 | 0.4560 | 2.4351 0.3229 322.9 0.1918
0570 | 04792 | 21192 0.2810 281 0.2062
0580 | 05023 | 1.8386 0.2438 243.8 0.2216
0590 | 05255 | 15911 0.2110 211 0.2379
0.607 | 05648 | 1.2879 0.1708 170.8 0.2678
0617 | 05879 | 1.0648 0.1412 141.2 0.2866
0627 | 06111 | 0.9139 0.1212 121.2 0.3064
0.638 | 0.6366 | 0.7704 0.1022 102.2 0.3293
0.648 | 0.6597 | 0.6577 0.0872 87.2 0.3510
0.659 | 0.6851 | 0.5506 0.0730 73 0.3760
0.669 | 0.7083 | 0.4666 0.0619 61.9 0.3998
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Table 4.14: (contd) S,, and A; versus x profiles at t = 200 days for Option 2.

0.680 0.7338 0.3867 0.0513 51.3 0.4271
0.690 0.7569 0.3240 0.0430 43 0.4528
0.701 0.7824 0.2644 0.0351 35.1 0.4822
0.711 0.8056 0.2175 0.0288 28.8 0.5010
0.722 0.8310 0.1729 0.0229 22.9 0.5415
0.732 0.8542 0.1379 0.0183 18.3 0.5713
0.743 0.8796 0.1045 0.0139 13.9 0.6049
0.753 0.9023 0.0782 0.0104 10.4 0.6360
0.764 0.9282 0.0532 0.0071 7.1 0.6725
0.774 0.9513 0.0335 0.0044 4.4 0.7061
0.785 0.9769 0.0147 0.0019 1.9 0.7444
0.795 1.0000 0.0000 0 0 0.7800

Table 4.15: Saturation and total mobility profiles for Q;, = 0.1768.

éw Swp afw Xéw Xéw (f1) M, (1/cp)
8, )e | L

0.510 | 0.3403 | 4.5255 0.8000 800.0 0.1338
0.515 | 0.3519 | 4.2885 0.7582 758.2 0.1386
0.520 | 0.3634 | 4.0544 0.7168 716.8 0.1435
0.530 | 0.3866 | 3.6016 0.6368 636.8 0.1542
0.540 | 0.4097 | 3.1776 0.5618 561.8 0.1658
0.550 | 0.4328 | 2.7879 0.4929 492.9 0.1783
0.560 | 0.4560 | 2.4351 0.4305 430.5 0.1918
0.570 | 0.4792 | 2.1192 0.3747 374.7 0.2062
0.580 | 0.5023 | 1.8386 0.3251 325.1 0.2216
0.590 | 0.5255 | 1.5911 0.2813 281.3 0.2379
0.607 | 0.5648 | 1.2879 0.2277 227.7 0.2678
0.617 | 0.5879 | 1.0648 0.1883 188.3 0.2866
0.627 | 0.6111 | 0.9139 0.1616 161.6 0.3064
0.638 | 0.6366 | 0.7704 0.1362 136.2 0.3293
0.648 | 0.6597 | 0.6577 0.1163 116.3 0.3510
0.659 | 0.6851 | 0.5506 0.0973 97.3 0.3760
0.669 | 0.7083 | 0.4666 0.0825 82.5 0.3998
0.680 | 0.7338 | 0.3867 0.0684 68.4 0.4271
0.690 | 0.7569 | 0.3240 0.0573 57.3 0.4528
0.701 | 0.7824 | 0.2644 0.0467 46.7 0.4822
0.711 | 0.8056 | 0.2175 0.0385 38.5 0.5010
0.722 | 0.8310 | 0.1729 0.0306 30.6 0.5415
0.732 | 0.8542 | 0.1379 0.0244 24.4 0.5713
0.743 | 0.8796 | 0.1045 0.0185 18.5 0.6049
0.753 | 0.9023 | 0.0782 0.0138 13.8 0.6360
0.764 | 0.9282 | 0.0532 0.0094 9.4 0.6725
0.774 | 0.9513 | 0.0335 0.0059 5.9 0.7061
0.785 | 0.9769 | 0.0147 0.0026 2.6 0.7444
0.795 | 1.0000 | 0.0000 0 0 0.7800
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Table 4.16: Saturation and total mobility profiles for Q;s = 0.2210.

S, Swp ( of,, J Xs. Xs (f) A, (1/cp)
a5, Js. L
0.510 0.3403 4.5255 1.000 1000 0.1338
0.515 0.3519 4.2885 0.9478 947.8 0.1386
0.520 0.3634 4.0544 0.8960 896 0.1435
0.530 0.3866 3.6016 0.7960 796 0.1542
0.540 0.4097 3.1776 0.7022 702.2 0.1658
0.550 0.4328 2.7879 0.6161 616.1 0.1783
0.560 0.4560 2.4351 0.5382 538.2 0.1918
0.570 0.4792 2.1192 0.4683 468.3 0.2062
0.580 0.5023 1.8386 0.4063 406.3 0.2216
0.590 0.5255 1.5911 0.3516 351.6 0.2379
0.607 0.5648 1.2879 0.2846 284.6 0.2678
0.617 0.5879 1.0648 0.2353 235.3 0.2866
0.627 0.6111 0.9139 0.2020 202 0.3064
0.638 0.6366 0.7704 0.1703 170.3 0.3293
0.648 0.6597 0.6577 0.1454 145.4 0.3510
0.659 0.6851 0.5506 0.1219 121.9 0.3760
0.669 0.7083 0.4666 0.1031 103.1 0.3998
0.680 0.7338 0.3867 0.0855 85.5 0.4271
0.690 0.7569 0.3240 0.0716 71.6 0.4528
0.701 0.7824 0.2644 0.0584 58.4 0.4822
0.711 0.8056 0.2175 0.0481 48.1 0.5010
0.722 0.8310 0.1729 0.0382 38.2 0.5415
0.732 0.8542 0.1379 0.0305 30.5 0.5713
0.743 0.8796 0.1045 0.0231 23.1 0.6049
0.753 0.9023 0.0782 0.0173 17.3 0.6360
0.764 0.9282 0.0532 0.0118 11.8 0.6725
0.774 0.9513 0.0335 0.0074 7.4 0.7061
0.785 0.9769 0.0147 0.0032 3.2 0.7444
0.795 1.0000 0.0000 0 0 0.7800

Performance After Breakthrough: To predict performance after breakthrough, as

we mentioned in Chapter 2, we specify a set of Sy, values at x=L, which is greater

than Sz, as

0.51=S8, =S, (t, =t,) <S,, () < (4.66)

Somewhat arbitrarily, we specify a sequence of S,, given in the first column of Table
4.17. Then, for each value of S,,, we compute the cumulative pore volumes of water

injected from

(4.67)

1
Qi) = W
Bu Sl
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The second column of Table 4.17 gives the computed values of Q; from Eq. 4.67
Note that for each value of Sy, the slope of fractional flow curve in Eq. 4.67 is

computed from Eq. 4.24.

Table 4.17: A sequence of S, for performance computations after BT.

SWZ Qi
0.510 | 0.221
0.530 | 0.278
0.550 | 0.359
0.570 | 0.472
0.607 | 0.776
0.638 | 1.298
0.669 | 2.143
0.690 | 3.086
0.722 | 5.784

The next step is to compute the saturation and total mobility profiles in the reservoir
for each specified value of saturation Sy, at x = L (see first column of Table 4.17).

The saturation profile is computed by the use of the following equation:

SW

% 0=10Q (t)(ggw J (4.68)

by using a sequence of water saturation starting from the specified value of S, (x=L)
to 1-S,r. For instance, let’s compute the saturation profile for Sy, (x=L) = 0.53 and
Qi=0.278 (see second row of Table 4.17). We generate a sequence of S, in increasing
order from 0.53 to 1-S,, and then apply Eq. 4.68 for each value of S, in the

sequence. Table 4.18 summarizes the results obtained.

Table 4.18: Saturation and total mobility profiles for Q;s=0.278 and S,,»(x=L)=0.53.

S, Swb ( o, J Xs. Xs (ft) | Ao (1/cp)
a8, ). L
0.530 0.3866 3.6016 1.0000 1000 0.1542
0.540 0.4097 3.1776 0.8834 883.4 0.1658
0.550 0.4328 2.7879 0.7750 775 0.1783
0.560 0.4560 2.4351 0.6770 677 0.1918
0.570 0.4792 2.1192 0.5891 589.1 0.2062
0.580 0.5023 1.8386 0.5111 511.1 0.2216
0.590 0.5255 1.5911 0.4423 442.3 0.2379
0.607 0.5648 1.2879 0.3580 358 0.2678
0.617 0.5879 1.0648 0.2960 296 0.2866
0.627 0.6111 0.9139 0.2541 254.1 0.3064
0.638 0.6366 0.7704 0.2142 214.2 0.3293
0.648 0.6597 0.6577 0.1828 182.8 0.3510
0.659 0.6851 0.5506 0.1531 153.1 0.3760
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Table 4.18: (contd) Saturation and total mobility profiles for Q;s=0.278 and
Sw2(x=L)=0.53.

0.669 0.7083 0.4666 0.1297 129.7 0.3998
0.680 0.7338 0.3867 0.1075 107.5 0.4271
0.690 0.7569 0.3240 0.0901 90.1 0.4528
0.701 0.7824 0.2644 0.0735 73.5 0.4822
0.711 0.8056 0.2175 0.0605 60.5 0.5010
0.722 0.8310 0.1729 0.0481 48.1 0.5415
0.732 0.8542 0.1379 0.0383 38.3 0.5713
0.743 0.8796 0.1045 0.0291 29.1 0.6049
0.753 0.9023 0.0782 0.0217 21.7 0.6360
0.764 0.9282 0.0532 0.0148 14.8 0.6725
0.774 0.9513 0.0335 0.0093 9.3 0.7061
0.785 0.9769 0.0147 0.0041 4.1 0.7444
0.795 1.0000 0.0000 0 0 0.7800

Once we computed saturation profile, we generate the total mobility profile using Eq.
4.68 (see last column of Table 4.18). Then, we compute the apparent viscosity after

BT from Eq. 4.34 using the trapezoidal rule: i.e.,

1% 1 1 1 1
=Lt B ) s

Then the injection rate is computed from Eq. 4.33. For instance, the computed
apparent viscosity and injection rate for the case where for Sy, (x=L) = 0.53 and Q; =
0.278 are

Hap (Qi = 0.278) = 4.314 cp (4.70)
and

1.127*10°kAA
G,(Q; =0.0442) = 2R

/uapp Qi,l L
1.127 *107° *23*500* 20 2000 @7
== =57.78bbl/D
4.314 1000

Next, we compute the average saturation in the reservoir when the water saturation at

X=L is Swa(tx+j) from
S.(Q)=S., (te )+ [1_ fu (SWZ)]Qi (te ;) 4.72)

For instance, the average saturation in the reservoir for S,,(x=L)=0.53 and Q;=0.278,
and f,,(0.53)=0.7560, is computed as
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S_W (QI) = SWZ (tk+j ) + [1_ fw(Swz)]Qi (tk+j)

(4.73)
=0.53+[1-0.7560]*0.278 = 0.598

The cumulative oil production after BT is computed by the use of Eq. 4.73, and
Np(PV) after BT is computed by the use of Eq. 4.74. For instance, the cumulative oil
production N, and Ny(PV) for the case where Sy, (x=L) = 0.53 and Q; = 0.278 are

computed as

N, =V,[S,(Q)-S., |- 366,877 x[0.598 - 0.363] = 86,216 bbl (4.74)
and

N, 86,216
N,(PV)=—= =0.235 (4.75)

vV 366,877

p

The oil and water production rates after BT are computed from are computed from

0, (Q) =[1- f,(Su2)]0, (Q) (4.76)
and
dy (Q.) = fw (Swz)qt (Q.) (4-77)

WOR after BT (assuming B, = By, = 1) is simply computed from

WOR:q—W: Eq.4.76
q, Eq.4.77

(4.78)

For instance, the oil and water production rates and WOR for the case where S,
(x=L) =0.53 and Q; = 0.278 are computed as

0, (Q) =[1- f,,(S,»)]0, (@) =[1-0.7560]x120.2 = 29.3 bbl/D (4.79)
0, (Q) = ,(S,2)0, (Q;) = 0.7560 x102.2 = 90.9 bbl/D (4.80)
and
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q :
WOR=*=—""=31

a9, 293 (4.81)
We perform similar calculations for other specified values of Q; given in Table 4.17.
Tables 4.19-4.21 and Tables B1-B4 in Appendix B give the saturation and total
mobility profiles for Q; =0.359, 0.472, 0.776, 1.298, 2.143, 3.086, and 5.784,

respectively.

Table 4.19: Saturation and total mobility profiles for Q; s = 0.359 and Sy»(x=L)=0.55.

S, Swp [ of,, J Xs. Xs () | A (L/cp)
oS, 5 L
0550 | 04328 | 2.7879 1.0000 1000 0.1783
0.560 | 0.4560 | 2.4351 0.8742 874.2 0.1918
0570 | 04792 | 2.1192 0.7608 760.8 0.2062
0580 | 05023 | 1.8386 0.6601 660.1 0.2216
0590 | 05255 | 15011 0.5712 571.2 0.2379
0.607 | 05648 | 1.2879 0.4624 462.4 0.2678
0.617 | 05879 | 1.0648 0.3823 382.3 0.2866
0.627 | 06111 | 0.9139 0.3281 328.1 0.3064
0.638 | 0.6366 | 0.7704 0.2766 276.6 0.3293
0.648 | 0.6597 | 0.6577 0.2361 236.1 0.3510
0.659 | 0.6851 | 0.5506 0.1977 197.7 0.3760
0.669 | 0.7083 | 0.4666 0.1675 167.5 0.3998
0.680 | 0.7338 | 0.3867 0.1388 138.8 0.4271
0.690 | 0.7569 | 0.3240 0.1163 116.3 0.4528
0.701 | 0.7824 | 0.2644 0.0949 94.9 0.4822
0.711 | 0.8056 | 0.2175 0.0781 78.1 0.5010
0.722 | 08310 | 0.1729 0.0621 62.1 0.5415
0.732 | 0.8542 | 0.1379 0.0495 495 05713
0.743 0.8796 0.1045 0.0375 37.5 0.6049
0.753 0.9023 0.0782 0.0281 28.1 0.6360
0.764 0.9282 0.0532 0.0191 19.1 0.6725
0.774 | 09513 | 0.0335 0.0121 12.1 0.7061
0.785 0.9769 0.0147 0.0053 5.3 0.7444
0.795 1.0000 0.0000 0 0 0.7800

Table 4.20: Saturation and total mobility profiles for Q;7=0.472 and S,»(x=L)=0.570.

S, Swb ( o, J Xs. Xs (ft) | Ao (1/cp)
a8, ). L
0.570 0.4792 2.1192 1.0000 1000 0.2062
0.580 0.5023 1.8386 0.8678 867.8 0.2216
0.590 0.5255 1.5911 0.7510 751 0.2379
0.607 0.5648 1.2879 0.6079 607.9 0.2678
0.617 0.5879 1.0648 0.5026 502.6 0.2866
0.627 0.6111 0.9139 0.4314 431.4 0.3064
0.638 0.6366 0.7704 0.3636 363.6 0.3293
0.648 0.6597 0.6577 0.3104 310.4 0.3510
0.659 0.6851 0.5506 0.2599 259.9 0.3760
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Table 4.20: (contd) Saturation and total mobility profiles for Q;7=0.472 and
Sw2(x=L)=0.570.

0.669 0.7083 0.4666 0.2202 220.2 0.3998
0.680 0.7338 0.3867 0.1825 182.5 0.4271
0.690 0.7569 0.3240 0.1529 152.9 0.4528
0.701 0.7824 0.2644 0.1248 124.8 0.4822
0.711 0.8056 0.2175 0.1027 102.7 0.5010
0.722 0.8310 0.1729 0.0816 81.6 0.5415
0.732 0.8542 0.1379 0.0651 65.1 0.5713
0.743 0.8796 0.1045 0.0493 49.3 0.6049
0.753 0.9023 0.0782 0.0369 36.9 0.6360
0.764 0.9282 0.0532 0.0251 25.1 0.6725
0.774 0.9513 0.0335 0.0158 15.8 0.7061
0.785 0.9769 0.0147 0.0069 6.9 0.7444
0.795 1.0000 0.0000 0 0 0.7800

Table 4.21: Saturation and total mobility profiles for Qjg = 0.776 and Sy2(x=L) =

0.607.
S, Swb ( o, J Xs. Xs (ft) | Ao (1/cp)
oS, ). L
0.607 0.5648 1.2879 1.0000 1000 0.2678
0.617 0.5879 1.0648 0.8268 826.8 0.2866
0.627 0.6111 0.9139 0.7096 709.6 0.3064
0.638 0.6366 0.7704 0.5982 598.2 0.3293
0.648 0.6597 0.6577 0.5107 510.7 0.3510
0.659 0.6851 0.5506 0.4275 427.5 0.3760
0.669 0.7083 0.4666 0.3623 362.3 0.3998
0.680 0.7338 0.3867 0.3003 300.3 0.4271
0.690 0.7569 0.3240 0.2516 251.6 0.4528
0.701 0.7824 0.2644 0.2053 205.3 0.4822
0.711 0.8056 0.2175 0.1689 168.9 0.5010
0.722 0.8310 0.1729 0.1342 134.2 0.5415
0.732 0.8542 0.1379 0.1071 107.1 0.5713
0.743 0.8796 0.1045 0.0811 81.1 0.6049
0.753 0.9023 0.0782 0.0607 60.7 0.6360
0.764 0.9282 0.0532 0.0413 41.3 0.6725
0.774 0.9513 0.0335 0.0260 26 0.7061
0.785 0.9769 0.0147 0.0114 114 0.7444
0.795 1.0000 0.0000 0 0 0.7800

Table 4.22 presents the results for Qi, tapp, Gt do, dw, WOR, Np, and Ny(PV) up to

breakthrough as well as after breakthrough.
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Table 4.22: Results for Performance Parameters for x4, = 10 cp.

Qi /uapp ' Sw qt ' qo ' qw' WOR Np’ bbl Np(PV)
cp bbl/D bbl/D bbl/D

0.000 10.0 0.363 51.84 51.84 0.00 0.00 0.0 0.0
0.044 8.972 0.407 57.78 57.78 0.00 0.00 16,142 | 0.044
0.088 7.944 0.451 65.26 65.26 0.00 0.00 | 32,284 | 0.088
0.133 6.916 0.496 74.96 74.96 0.00 0.00 | 48,426 | 0.133
0.177 5.887 0.539 88.06 88.06 0.00 0.00 | 64,568 | 0.177
0.221(BT) 4.859 0.584 106.7 34.14 72.6 2.13 | 79,612 | 0.217
0.278 4.314 0.598 120.2 29.30 90.9 3.10 | 86,216 | 0.235
0.359 3.809 0.615 136.1 24.55 111.55 454 | 92,453 | 0.252
0.472 3.362 0.632 154.2 20.28 133.92 6.60 | 98,690 | 0.269
0.776 2.741 0.662 189.1 13.37 175.76 13.15 | 109,646 | 0.299
1.298 2.288 0.690 226.6 9.09 217.50 23.94 | 119,969 | 0.327
2.143 1.970 0.715 263.2 5.61 257.55 4591 | 129,011 | 0.352
3.086 1.799 0.731 288.2 3.83 284.34 74.19 | 135,027 | 0.368
5.784 1.586 0.753 326.9 1.73 325.17 187.7 | 142,956 | 0.390

Case 2: u, = 1 cp (favorable case): We will repeat the similar calculations as in

Case 1 for this favorable case.

Table 4.23 gives the values of S,, values (arbitrarily chosen), Syp, and f, values

computed from Egs. 4.20 through 4.24.

Table 4.23: S, vs f,, for 1o =1 cp.

Sw SWD fw

0.363 0 0

0.380 0.0394 0.0013

0.400 0.0856 0.0068

0.420 0.1319 0.0177

0.440 0.1782 0.0354

0.460 0.2245 0.0614

0.480 0.2708 0.0971

0.500 0.3171 0.1440

0.520 0.3634 0.2027

0.540 0.4097 0.2731

0.560 0.4560 0.3540

0.580 0.5023 0.4427

0.600 0.5486 0.5353

0.620 0.5949 0.6272

0.640 0.6412 0.7136

0.660 0.6875 0.7906

0.680 0.7338 0.8556

0.700 0.7801 0.9075

0.720 0.8264 0.9465

0.740 0.8727 0.9734

0.760 0.9190 0.9901

0.795 1.000 1

Figure 4.11 shows the f,, vs S, curve for the case where oil viscosity is 1 cp. Note

that we determined Sy =0.68 and f,(Swf)=0.86, and Sw =0.73. The slope of
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fractional flow curve at Sy is calculated from Eq.4.24, and is equal to

M| 29276
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Figure 4.11: Fractional flow curve for =1 cp.

First, we compute the value of the number of pore volumes of water injected up to
breakthrough Qip (i.e., Qi(thy)) from

Q==L 03416
o) 29276 (4.82)
38, ),

Now, we will specify a sequence such that
0=0Q0<Q; <Qi, < <Qiy <Qiy =Q =0.3416 (4.83)

To generate a sequence, we simply use five uniformly spaced values of Qj’s

determined from
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0.3416 0.3416
Qi :Qi,l—l+T:Qi,l—l_'_T:Q”,l +0.0683 (4.84)

for I=1,...,5, where Qo = 0. So, my specified values of Q;’s up to BT is given in
Table 4.24.

Table 4.24: Specified Q; values up to BT.

Qi
0.00
0.0683
0.1366
0.2049
0.2732
0.3416
Injection rate at t =0 is
1.127*10°kAA
Q; (O) = P Q Tp
e (4.85)
* 9 % * *
_1127*10 123 500*20 200(()) _518.4bbl/ D

and the apparent viscosity at t = 0 is uapp(0) = 1 cp. Table 4.25 gives the specified

values of S, the slope values computed from Eq. 4.24 for the specified values of S,

the values of —-

and x, computed for Qi = 0.0683. Tables 4.25 through 4.29 give

the results for other specified values of Q; given in Table 4.24.

Table 4.25: Saturation and total mobility profiles for Q;; = 0.0683.

§W Sup ( of,, ] Xs. Xs (M) A, (L/cp)
aS,, )s L

0.680 0.7338 2.9276 0.2000 200.0 0.4909
0.690 0.7569 2.5956 0.1773 177.3 0.5060
0.701 0.7824 2.2320 0.1524 152.4 0.5248
0.711 0.8056 1.9110 0.1305 130.5 0.5440
0.722 0.8310 1.5764 0.1077 107.7 0.5672
0.732 0.8542 1.2903 0.0881 88.1 0.5904
0.743 0.8796 1.0014 0.0684 68.4 0.6180
0.753 0.9023 0.7662 0.0523 52.3 0.6446
0.764 0.9282 0.5248 0.0358 35.8 0.6772
0.774 0.9513 0.3335 0.0228 22.8 0.7082
0.785 0.9769 0.1469 0.0100 10.0 0.7449
0.795 1.0000 0 0 0 0.78
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Table 4.26: Saturation and total mobility profiles for Q;, = 0.1366.

S, Swp (afw J X5 Xs (ft) M, (L/cp)
oS, s, L

0.680 | 0.7338 | 2.9276 0.4000 400.0 0.4909
0.690 | 0.7569 | 2.5956 0.3546 354.6 0.5060
0.701 | 0.7824 | 2.2320 0.3049 304.9 0.5248
0711 | 0.8056 | 1.9110 0.2610 261.0 0.5440
0722 | 0.8310 | 15764 0.2153 2153 0.5672
0732 | 0.8542 | 1.2903 0.1763 176.3 0.5904
0.743 | 08796 | 1.0014 0.1368 136.8 0.6180
0.753 | 0.9023 | 0.7662 0.1047 104.7 0.6446
0.764 | 0.9282 | 05248 0.0717 71.7 0.6772
0.774 | 09513 | 0.3335 0.0456 45.6 0.7082
0.785 | 0.9769 | 0.1469 0.0201 20.1 0.7449
0.795 | 1.0000 0 0 0 0.78

Table 4.27: Saturation and total mobility profiles for Q; 3 = 0.2049.

§W Swp ( of,, J Xs. Xg (f) A (1/cp)
oS, s, L

0.680 0.7338 2.9276 0.6000 600.0 0.4909
0.690 0.7569 2.5956 0.5318 531.8 0.5060
0.701 0.7824 2.2320 0.4573 457.3 0.5248
0.711 0.8056 1.9110 0.3916 391.6 0.5440
0.722 0.8310 1.5764 0.3230 323.0 0.5672
0.732 0.8542 1.2903 0.2644 264.4 0.5904
0.743 0.8796 1.0014 0.2052 205.2 0.6180
0.753 0.9023 0.7662 0.1570 157.0 0.6446
0.764 0.9282 0.5248 0.1075 107.5 0.6772
0.774 0.9513 0.3335 0.0683 68.3 0.7082
0.785 0.9769 0.1469 0.0301 30.1 0.7449
0.795 1.0000 0 0 0 0.78

Table 4.28: Saturation and total mobility profiles for Q;4 = 0.2732.

S‘W Swp ( o, J Xs Xg (f0) A, (1/cp)
oS, s, L

0.680 0.7338 2.9276 0.8000 800.0 0.4909
0.690 0.7569 2.5956 0.7091 709.1 0.5060
0.701 0.7824 2.2320 0.6100 610.0 0.5248
0.711 0.8056 1.9110 0.5221 522.1 0.5440
0.722 0.8310 1.5764 0.4307 430.7 0.5672
0.732 0.8542 1.2903 0.3525 352.5 0.5904
0.743 0.8796 1.0014 0.2736 273.6 0.6180
0.753 0.9023 0.7662 0.2093 209.3 0.6446
0.764 0.9282 0.5248 0.1434 143.4 0.6772
0.774 0.9513 0.3335 0.0911 91.1 0.7082
0.785 0.9769 0.1469 0.0401 40.1 0.7449
0.795 1.0000 0 0 0 0.78
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Table 4.29: Saturation and total mobility profiles for Q;s = 0.3416.

S, Swp of,, X5 Xs (ft) M, (L/cp)
oS, Lw L

0.680 | 0.7338 | 2.9276 1.0000 1000.0 0.4909
0.690 | 0.7569 | 2.5956 0.8867 886.7 0.5060
0.701 | 0.7824 | 2.2320 0.7625 762.5 0.5248
0.711 | 0.8056 | 1.9110 0.6528 652.8 0.5440
0.722 | 0.8310 | 1.5764 0.5385 538.5 0.5672
0.732 | 0.8542 | 1.2903 0.4408 440.8 0.5904
0.743 | 0.8796 | 1.0014 0.3421 342.1 0.6180
0.753 | 0.9023 | 0.7662 0.2617 261.7 0.6446
0.764 | 0.9282 | 0.5248 0.1793 179.3 0.6772
0.774 | 0.9513 | 0.3335 0.1139 113.9 0.7082
0.785 | 0.9769 | 0.1469 0.0502 50.2 0.7449
0.795 | 1.0000 0 0 0 0.78

Performance After Breakthrough: Somewhat arbitrarily, we specify a sequence of

Sw as given in the first column of Table 4.30. Then, for each value of S, we compute

the cumulative pore volumes of water injected from

1
of, j
P sl

The second column of Table 4.30 gives the computed values of Q; from the

(4.86)

Qi(tk+j)£

preceding equation.

Table 4.30: A sequence of Sy, for performance computations after BT for x4, = 1 cp.

Table 4.31 gives the values of water cut that will be needed in computations.

SWZ

Qi

0.690

0.385

0.711

0.523

0.732

0.776

0.753

1.305

0.774

2.999
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Table 4.31: Saturation and water cut values.

éw SWD fW

0.680 | 0.7338 | 0.8556

0.690 | 0.7569 | 0.8832

0.701 | 0.7824 | 0.9098

0.711 | 0.8056 | 0.9305

0.722 | 0.8310 | 0.9496

0.732 | 0.8542 | 0.9640

0.743 | 0.8796 | 0.9765

0.753 | 0.9023 | 0.9852

0.764 | 0.9282 | 0.9924

0.774 | 0.9513 | 0.9967

0.785 | 0.9769 | 0.9993

0.795 | 1.0000 1

Tables 4.32 through 4.36 give the saturation and total mobility profiles for each value
of Q; given in Table 4.30.

Table 4.32: Saturation and total mobility profiles for Q;¢ = 0.385.

S, Swp of, X5 Xs (ft) M, (L/cp)
S.)s | L

0.690 | 0.7569 | 2.5956 0.1000 1000.0 0.5060

0.701 | 0.7824 | 2.2320 0.8593 859.3 0.5248

0.711 | 0.8056 | 1.9110 0.7357 735.7 0.5440

0.722 | 0.8310 | 1.5764 0.6069 606.9 0.5672

0.732 | 0.8542 | 1.2903 0.4968 496.8 0.5904

0.743 | 0.8796 | 1.0014 0.3855 385.5 0.6180

0.753 | 0.9023 | 0.7662 0.2950 295.0 0.6446

0.764 | 0.9282 | 0.5248 0.2020 202.0 0.6772

0.774 | 0.9513 | 0.3335 0.1284 128.4 0.7082

0.785 | 0.9769 | 0.1469 0.0566 56.6 0.7449

0.795 | 1.0000 0 0 0 0.78

Table 4.33: Saturation and total mobility profiles for Q;7 = 0.523.

§, | Sw [(of, X X; (ft) | M (L/cp)
S, ). | L

0.711 | 0.8056 | 1.9110 0.1000 1000 0.5440

0.722 | 0.8310 | 1.5764 0.8245 824.5 0.5672

0.732 | 0.8542 | 1.2903 0.6748 674.8 0.5904

0.743 | 0.8796 | 1.0014 0.5237 523.7 0.6180

0.753 | 0.9023 | 0.7662 0.4007 400.7 0.6446

0.764 | 0.9282 | 0.5248 0.2745 274.5 0.6772

0.774 | 0.9513 | 0.3335 0.1744 174.4 0.7082

0.785 | 0.9769 | 0.1469 0.0768 76.8 0.7449

0.795 | 1.0000 0 0 0 0.78
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Table 4.34: Saturation and total mobility profiles for Q;s = 0.776.

S, Swp ( of,, J Xs. Xs (f) A, (1/cp)
oS, )¢ L

0.732 0.8542 1.2903 0.1000 1000.0 0.5904
0.743 0.8796 1.0014 0.7761 776.1 0.6180
0.753 0.9023 0.7662 0.5938 593.8 0.6446
0.764 0.9282 0.5248 0.4067 406.7 0.6772
0.774 0.9513 0.3335 0.2585 258.5 0.7082
0.785 0.9769 0.1469 0.1139 113.9 0.7449
0.795 1.0000 0 0 0 0.78

Table 4.35: Saturation and total mobility profiles for Q; ¢ = 1.305.

S, Swp ( of,, J Xs. Xs () Ay, (1/cp)
oS, Js L
0.753 0.9023 0.7662 1.0000 1000.0 0.6446
0.764 0.9282 0.5248 0.6849 684.9 0.6772
0.774 0.9513 0.3335 0.4353 435.3 0.7082
0.785 0.9769 0.1469 0.1917 191.7 0.7449
0.795 1.0000 0 0 0 0.78

Table 4.36: Saturation and total mobility profiles for Q; 10 = 2.999.

S, Swp [&fw J Xg X (f) A (1/cp)
S, Js, L
0.774 [ 0.9513 | 0.3335 1.0000 1000 0.7082
0.785 | 0.9769 | 0.1469 0.4405 440.5 0.7449
0.795 | 1.0000 0 0 0.0 0.78

Table 4.37 summarizes the results for performance parameters for the case where oil

viscosity is 1 cp.

Table 4.37: Results for Performance Parameters for 4, = 1 cp.

Qi “app ! Sw qt ! qo ' qw ! WOR Np’ bbl Np(PV)
cp bbl/D | bbl/D | bbl/D

0.000 1.0 0.363 | 5184 | 518.4 0.00 0.00 0.0 0.0
0.068 1.142 | 0.431 | 453.8 | 453.8 0.00 0.00 25,058 0.068
0.137 1.285 | 0.500 | 403.5 | 403.5 0.00 0.00 50,116 0.137
0.205 1.427 | 0.568 | 363.2 | 363.2 0.00 0.00 75,174 0.205
0.273 1.570 | 0.636 | 330.3 | 330.3 0.00 0.00 100,232 0.273
0.342 (BT) 1.712 | 0.729 | 302.8 43.7 259.1 5.92 134,644 0.367
0.385 1.675 | 0.734 | 309.5 36.2 273.3 7.55 136,467 0.372
0.523 1591 | 0.747 | 325.8 22.6 303.2 13.4 141,016 0.384
0.776 1.506 | 0.760 | 344.2 12.4 331.8 26.9 145,627 0.397
1.305 1.425 | 0.772 | 363.8 5.4 358.4 66.6 150,168 0.409
2.999 1.349 | 0.784 | 384.3 1.3 383.0 | 294.6 | 154,417 0.421

Discussion of Results: For the unfavorable case (1 = 10 cp), because water behind

the front flows more easily than oil ahead of front (i.e., the injected water has less
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resistance to flow), the injection rate increases. After breakthrough, preferential flow

path is for water, so injection rate continues to increase.

For the favorable case (« = 1 cp), oil ahead of the front moves easily than water
behind the front. As the amount of water injected increases, injection rate ()
decreases. After breakthrough, water can flow easily from injector to producer, so

injection rate increases.

Also, it is worth to note from Fig. 4.13 that injection rates for the favorable case is
higher than the unfavorable case. This means that there is less resistance to flow in
the favorable case. Note also that the BT for the unfavorable case occurs earlier than
that for the favorable case, and that cumulative production for the favorable case is
quite high compared to that of unfavorable case. Most importantly, to have the same
amount of cumulative production, the favorable case requires significantly more
volumes of water injected. By inspecting Fig. 4.14, we see that to produce 140,000
bbl of oil, in the favorable case, we only need to inject 0.5 PV of water, while to
produce the same amount in the unfavorable case, we need to inject 4.7 PV of water.
Clearly, these results indicate that the greater the oil viscosity is the less efficient the

water flood is.

Figure 4.12 shows graphs of apparent viscosity vs. Q; for 1,=1 and 10 cp.

10 — — 1.8

Apparent viscosity for pu, = 10 cp, cp
Apparent viscosity for p, = 1 cp, cp

0 | | 1
0 2 4 6
Cumulative pore volumes of water injected, Q,, fraction

Figure 4.12: Fractional apparent viscosity vs. Q; for 4 =1 and 10 cp.
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Figure 4.13 shows graphs of injection rate (q;) vs. Q; for =1 and 10 cp.
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Figure 4.13: q; vs. Q; for 1,=1 and 10 cp.

Figure 4.14 shows graphs cumulative oil production in bbl (N,) vs. Q; for 1, =1 and
10 cp.

160000

Cumulative oil production, N,, bbl
(o]
o
o
o
o
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0 2 4 6
Cumulative pore volumes of water injected, Q;

Figure 4.14: N, vs. Q; for 1, =1 and 10 cp.
4.4 Example Application 4

In the final example application we consider waterflood performance in a five-spot

pattern with 10 acre. The pressure drop between an injector and a producer will be
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maintained at a constant pressure drop of 2000 psia. The oil and water formation
volume factors B, = 1.2 RB/STB and B,, = 1.0 RB/STB. Viscosities of the oil and
water are 1, = 10 cp, and g, = 1 cp. Porosity of the reservoir is 0.206, and
permeability is 23 md and formation thickness is 20 ft The initial and irreducible oil

saturations are given by S4;;=0.637, and Sor= 0.205.

Prepare a table as shown in Table 4.38 given below which will include all columns
filled with the correct number. We have computed the breakthrough time to be ty; =

977 days based on the equations given previously.

Table 4.38: Experimental data.

Time W; (RB) | Qi* Ea iy Swe |5, [N
(days) M WOR
30,000
977 (:tbt)
89,991
1.0
293,284

The oil and relative permeability curves will be computed from analytical

expressions given below

I(ro = kr% (1_ SWD )m (487)
and
Koy = Kn(Suo )" (4.88)

where Syp is given by

_ SuTSw 4.89
WD_:l'_Sor_Siw ( . )

A formula based on Eqs 4.87-4.89 for the f,, curve is given by

n
SWD

) Svr\]/D + A(l_ SWD )m

(4.90)

w

The relative permeability data generated from above equations and the fractional

flow curve are shown in Figs. 4.18 and 4.19, respectively.
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Figure 4.15: Relative permeability data.
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Figure 4.16: Fractional flow curve with tangent drawn to find Sy

The slope of the fractional flow curve, i.e., df,/dS,, as a function of S, is shown in
Fig. 4.17.
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Figure 4.17: The slope of the fractional flow curve as a function of S,

From the graphs above, we determined S, =0.637, k. (S, )=0.143,

S, =059, f, (S, )=0.851and %(swf )=3.652.

w

Then, we determine the mobility ratio up to breakthrough and the other parameters

such as Vp, Eant, Wint, and Wi 100 using the appropriate formula given in the chapter 3.

Ku)s

u, (Kuds, 100,143

M = Ho Sy 190345 4 4o 4.91
/uw (krO)S i 1 1 ( )

Pore volume is comptuted from

_ Ahg  10x43,560 x 20 x 0.206
P 5615 5.615

~ 319,621 RB (4.92)

Areal sweep efficiency determing is given by below equation:
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E A, = 0.54602036 + 0.03170817 + 0'3028%,'2997 —0.00509693 M
= 0.54602036 + 0.03170817 + 0'3021243997 —0.00509693 x1.43 (4.93)
1.43 e
=0.633
Water injected at breakthrough Wip:
W, =319,621><0.633W=55,436 RB (4.94)
For time t=t;q
1-E
Wi 100 = Wi, exp((J.Z—?ASbtJ
_ 55,436 exp[1_0'633 (4.95)
0.275
= 210,560 RB

The base injection rate which will be needed in the computation of injection rates is

computed from

. 3541x10k,kh (P — Pur )

i, =
S +S
Ho {m(d}r T —0.619}
r, 2

 3541x107°x23x1x 20 (2000) (4.96)

10 In[466.7j+0+0_0'619
05 ) 2

=52.4 RB/D

Computations for the first row of table Now, we fill the first row of Table 4.38.
Mobility is M = 1.43 as W; = 30,000 RB is less than Wiy In addition, Sy, = Sws =0.596

and S,, =S,, =0.637. Because we have irreducible water saturation in the reservoir

at t = 0, we should have no water production up to breakthrough. So, WOR = 0, when
W; = 30,000 RB. Next, we compute the areal sweep efficiency, Ea, when W; = 30,000

RB. It is computed from
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e W -f,(s.)]__ 30000x[1-0]
* 7V, [Sw-S,| 319,621x[0.637 -0.363]

~ 0.343 (4.97)

The number of contacted pore volumes of injected water is computed by using the

formula given below

W, 30,000

O TEV. 0342319621

(4.98)

Next, we compute the injection rate by using Fig. 3.12. Using M = 1.43 and Ex =
0.342, we determined the conductance ratio as y = 1.1 from Fig. 3.12. Then, the

injection rate, iy is
i, =71, =1.1x52.4=57.6 RB/D (4.99)

Now, we compute the cumulative oil produced from

B EAVp (g —Sui )
=
B, (4.100)
_ 0.342x 319,621120.637 ~0.363) _ 24,959 STB

Computations for the second row of table 4.38 (i.e., computations at the

breakthrough). The cumulative volume of water injected at BT is Wi, and was

computed previously as Wiy =55,436 RB. The value of Q" is the same for all W;’s

such that Wi<Wiy. S0, Q; = 0.274 for Wi In addition, Sy, = Sys =0.596 and

S, =S,s =0.637. The areal sweep efficiency, Eant, Was computed as Eap: = 0.633.

So, using M = 1.43 and Eap; = 0.633, we determine the conductance ratio from Fig.
3.12. We determined it as y = 1.2. So, the injection rate is 1.2x52.4=62.9 RB/D. The

cumulative oil production at BT is computed as

B EAVp (g — S )
=
3 (4.101)
_ 0.633x 319,621120.637 ~0.363) _ 46196 STB
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The WOR ratio at the breakthrough is computed from

{ deu}
fw(Swf) 1-

B, dw,
WOR = = TR (4.102)
! fo (Swf) 1- = +7PU
aw, | dw
where — " is computed from
dN,, W, (Su —S.)0.275
pu bt (_Wf ) (4.103)

d\Ni - Wi (Swf _Swi) EAbt

When applying Eq. 4.103 at BT, we take W; in Eq. 4.103 to be equal to Wiy So, EQq.
4.103 at BT gives

dN,, _ Wiy (Swf _Swib'275 B (Swf - Swib.275
dVVI Wibt (Swf - SWi)EAbt (Swf — SWi)EAbt
_ (0.596 —0.363) 0.275
~ (0596 —0.363) 0.633

(4.104)

=0.369

By using this value in the WOR equation, we compute WOR as

dN |

fw(Swf) 1- :

B dw,
WOR=5" dN_ ] dN
Sy 1-— 2 |+

aw. | dw,

_1.2(  0.851[1-0.369]
~1.0(0.149[1-0.369]+0.369

(4.105)

} =1.67 STB/STB

Computations for the third row of Table 4.38 The performance computation for

this row is carried out by considering the fact that the value of W; (=89,991) specified
is between Wikt and Wi,lOO-

The areal sweep efficiency is computed from

W.
E, =E,, +0.275 In(w' j (4.106)

ibt
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which gives

E, =0.633+0.275In 89991 =0.771
54,436

We compute Q, from

AO g0 o) o)

ibt

a, =3.65E,,,

and

I
Wlbt

Performing the calculations, we obtain

a, =3.65E,,, = 3.65x0.633 = 2.31

a,=a +In {V\\I/V' } =231+ In(89’991J =2.81

54,436

ibt

Solving simultaneously above Eqs gives:

E.(a,)=E(2.81)=8.738

E.(a,)=E(2.31)=6.198
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Qi**(t) =1+ a_le_al [Ei (az )_ E (al )]

Qibt
30,000 x[1-0] (4.114)

= ~0.343
319,621x[0.637 —0.363]
which yields to
Q; (t) =1.582Q;, =1.582x0.274 = 0.433 (4.115)

Now, we can determine S, after we compute the slope of fractional curve at Q;, i.e.,

Q)=
&

df,, J (4.116)

which can be rearranged to obtain

df j 1 1
T TSy T A an — 2309 (4.117)
[dSW .. QM) 0433

Now, we can determine the value of S,,, which will give the slope of 2.309. For this
purpose, we can do graphical interpolation based on the slope curve shown in Fig.
4.17. The determination of S, is shown in Fig. 4.18. Note that S,,, = 0.62

102



0.3 0.4 0.5 0.6 0.7 0.8

8 e b b e b 8
R N e I AR N R N e
Y A R DR T R DR R R i} N D T R D Y (Y R SR I R I I
TITIT O TITI O TIT O TIT ITITO T T OTI IO T OTIT 0

COIICODIOIDIOn IR DO I LI o Io I o niIs
T T T ENE I T T L T
Y D Ry DR T R DR I R ) N O A S A Y AT R (T
CITIIOTIIOTIT T TOTITOTIICOTITIOTITE

e Vi R Ny (i
D rnJonoJo oo Jo T DT o oia o oI £
. T T T I T T T e
9 B Y T S AT I I N D R D Ry DT Y

S4 pToortaooria OTTOTITOTIT o T 4
° .
oo oo o oiao g IDdoni T oo o
T T | T T L T
B Y T S AT I I I I

IJTOoOTriTo oo T

I Oy I I
1 Tttt
e e e
i1 oriTE

0 =0
0.3 0.4 0.5 0.6 0.7 0.8
Water Saturation, S,
Figure 4.18: Determination of Sy,.
The value of average saturation in the reservoir is computed from
Sz = Suz T - ,(5,.)] Q7 (4.118)

which requires we determine f,,(Swz2). From Fig. 4.16, we determined f,,(Sw2) = 0.92.
Then,

S,, = 0.62+[1-0.92]0.433 = 0.655 (4.119)
At this stage, we can compute the cumulative oil production from

_EV,(5..-8.)

p
B (4.120)
_ 0.771x319,621(0.655 - 0.363) _ 50 064 STB
1.2
Next, we compute M from

(krw)7
M = Ho TS (4.121)

/’lW (kro SWI
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which requires that we first determine the value of water relative permeability at

S, - We determined its value from Fig. 4.15 as (k,, )5~ = (K, )5 = 0.182. Then,

o ks, 100.182

ll’lW (kI'O )S 1 1

i

M =

=1.82 (4.122)

Next, we compute the injection rate by using Fig. 3.12. Using M = 1.82 and Ex =
0.771, w determined the conductance ratio as y = 1.5 from Fig. 3.12. Then, the

injection rate, iy is
i, =7i, =1.5x52.4=78.6 RB/D (4.123)

The WOR is computed from

{ deu}
fw(SWZ) 1-

woR = T 4.124
B, dN,, | dN,, (4.124)
fo (Swz) 1- F +7p
dw, dw,
where —"* is computed from
dN,, W, Sy —S,)0.275
e (4.124)
dWi Wi (Swf _Swi) EAbt
Then,
dN,, _ Wiy (Swf —Swi)0.275
dw, W, (S, S, E
( f ) Abt (4.125)

_ 55,436 (0.596 —0.363) 0.275
89991 (0.637 —0.363) 0.633

=0.228

and
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dN_,
B fw(swz) 1- dV\;
WOR = —2 i

B dN dN
" fo (SWZ) 1- = + -
aw, | dw,

(4.126)

_l2  092x[1-028] g qrpqrp

1 [1-0.92]1-0.228]+0.228

Computations for the fourth row of Table 4.38. The computations for this row are

carried out by the same equations used for the computations for the third row. Here,

Ea =1, i.e., we are on the onset of 100% sweep.

We compute Q;,, from

Q:lOO (t)

—— =1+ae™[E (a,)-E (a)] (4.127)
ibt
a, =3.65E,, (4.128)
and
W.
a, =a, +In| —%2
, = a [WM } (4.129)

Performing the calculations, we obtain

a, =3.65E,,, =3.65x0.633 = 2.31 (4.130)
W, 210,560
a,=a +In|—2 1 =231+In ' =3.66
2 1 { W, } ( 54.436 ) (4.131)

Solving simultaneously above Egs gives:

E.(a,)=E,(3.66)=15.530
E.(a,)=E(2.31)=6.198

(4.132)
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Then,

*

Qi,loo _ —a _
o slras [Ei(a,)-E(a)] (4.133)

=1+ 2.31e 2*'[15.530 — 6.198] = 3.140
which yields to

Q10 (t) = 3.140Q;, =3.140 x 0.274 = 0.860 (4.134)

Now, we can determine S, after we compute the slope of fractional curve at Qi*,

i.e.,
1
Qi*,loo(t) =7~
df,, (4.135)
ds, ),

which can be rearranged to obtain

df 1 1
. =— = =1.16 4.136
(dSW lwz Qr100(t) 0.860 ( )

Now, we can determine the value of Sy, which will give the slope of 1.16. We can
do a graphical interpolation based on the slope curve shown in Fig. 4.20. The

determination of S, is shown in Fig. 4.22. Note that Sy, = 0.648
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Figure 4.19: Determination of S,,.
The value of average saturation in the reservoir is computed from
Sz = Suz T[L- (5,2 )] Q7 (4.137)

which requires we determine f,(Sw2). From Fig. 4.16, we determined f,(Sw2) = 0.96.
Then,

S,, = 0.648 +[1—0.96]0.860 = 0.682 (4.138)

At this stage, we can compute the cumulative oil production from

_EV, (5.2 -84

p
B, (4.139)
_ 1x319,621(0.682 —0.363) _ 85,072 STB
1.2
Next, we compute M from
(krw)7
M = Ho e (4.140)
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which requires that we first determine the value of water relative permeability at

S..» - We determined its value from Fig. 4.15 as (K, )s— = (Kp )pee = 0-252 . Then,

o
s ke, 100252
ILIW (kTO)S 1 1

wi

M =

2.5 (4.142)

Next, we compute the injection rate by using Fig. 3.12. Using M = 2.5 and Ex = 1, we
determined the conductance ratio as y = 2.52 from Fig. 3.12. Then, the injection rate,

Iw IS
I, =vi, =2.5x52.4=132.3 RB/D (4.142)
Because Ex = 1, then WOR is computed from

_ B, f,(5,,) 12 0.96

WOR = =
B, f.(S,,) 10[1-0.96]

=28.8STB/STB (4.143)

Computations for the last row of Table 4.38. The computations for this row are

carried out by considering the fact that W; > W; 100 and Ex = 1

We compute Q; , from

Qi* = Q:1oo+vi(wi _Wi,loo)
p

1
319,621

(4.144)

=0.860 + (293,284 - 210,560)=1.119

Now, we can determine S, after we compute the slope of fractional curve at Q; ,i.e.,

1

QM-
[ df, J (4.145)

ds,

which can be rearranged to obtain

df J 1 1
S Ty T g = 0:8% (4.146)
(dSW . Qi 1119
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Now, we can determine the value of S, which will give the slope of 0.894. We can
do a graphical interpolation based on the slope curve shown in Fig. 4.17. The

determination of S, is shown in Fig. 4.20. Note that Sy, = 0.657
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Figure 4.20: The slope determination of Sy,.

The value of average saturation in the reservoir is computed from

Sz = Suz T[L- 1,(5,.)] Q7 (4.147)
which requires we determine f,,(Swz). From Fig. 4.16, we determined f,,(Sw2 =0.657) =
0.97. Then,

S,, = 0.657 +[1-0.97]1.119 = 0.690 (4.148)

At this stage, we can compute the cumulative oil production from

_EV,(5..-84)
=
B (4.149)
_ 1x319,621(0.690 - 0.363) _ 87,007 STB

1.2

Next, we compute M from
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ﬂ (krw )§W2

M =
Iuw (kro)swi

(4.150)

which requires that we first determine the value of water relative permeability at

S, - We determined its value from Fig. 4.15 as (k,, )s— = (Ky, )ye0 =0.277 . Then,

so Ka)s, 100277
My (kro)s- 11

%]]

=277 (4.151)

Next, we compute the injection rate by using Fig. 3.12 of chapter 3. Using M = 2.77
and Ex = 1, we determined the conductance ratio as y = 2.77 from Fig. 3.12. Then,

the injection rate, iy, is
i, =71, =2.77x52.4=145.1RB/D (4.152)
Because Ex = 1, then WOR is computed from

f,(S,p) 12 0.97
f.(S,,) 1.0[1-0.97]

B
WOR = B—" =38.8STB/STB (4.153)
w
Finally, we compute the time values by using the cumulative volume of injected
water and injection rates. To do these calculations, recall that we use the trapezoidal
rule of integration. Simply, Let AW; be incremental cumulative volume of injected
water and iy ave be the arithmetic average of two consecutive injection rates, and At

be the incremental time. Then,

AW, =i, At (4.153)

where

AW, =W, () -W,(t,) (4.154)

fyave = ) () (4.155)
’ 2

and
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At=t,, —t, (4.156)

Now, we apply the above formulas to determine the time values in the first column
of Table 4.38. Because the time of breakthrough is given, then using the above
equations, we can compute the time for W; = 30,000 as

At — AW, 55,436 —30,000

= 422.2days

e {57.6 + 62.9} (4.157)
2
t =t,, — At =977 —422.2 = 554 days at W;=30,000 RB (4.158)

The time for the third row is calculated similarly, i.e.,

Ab = AW,  89,991-55,436

=488days

e [78.6+62.9} (4.159)
2
t=t,, +At =977 +488 ~ 1465 days at W;=89,991 RB (4.160)

The time for the fourth row is

Ab = AW, 210,560 -89,991

=1143days

e {78“1323} (4.161)
2
t =1, g0.001 + Al =1465 +1143 ~ 2608 days at W;=210,560 RB (4.162)

The time for the last row is

AW, 293,284 — 210,560

At = - = =596days
Ty ave [145.1+132.3} (4.163)
2
t =1t _n10 550 + At = 2608 +596 ~ 3204 days at W;=293,284 RB (4.164)

All results are summarized in Table 4.39.
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Table 4.39: Displacement performance of five-spot pattern.

Time Wi Q; En |lw Swe 2
(days) | (RB) M WOR

w

554 30,000 | 0.274 | 1.43 | 0.342 | 57.6 | 0.596 | 0.637 | 24,959 | 0.00

977 (=tw) | 55,436 | 0.274 | 1.43 | 0.633 | 62.9 | 0.596 | 0.637 | 46,196 1.67

1465 89,991 | 0433 | 1.82 | 0.771 | 78.6 | 0.620 | 0.655 | 59,964 | 2.94

2608 210,560 | 0.860 | 2.52 1.0 | 1323 | 0.648 | 0.682 | 85,072 | 28.8

3204 293,284 | 1.119 | 2.77 1.0 | 145.1 | 0.657 | 0.690 | 87,097 38.8
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5. CONCLUSIONS AND RECOMENDATIONS

The main purpose of this research was to predict reservoir displacement process in
1D linear and areal waterflooding performance under constant rate injection and
constant pressure injection. Consequently, using the Buckley-Leverett model, we
showed how water saturation profile in between the injector and the producer,
cumulative oil production, pore volume water injected, and oil production rate can be
predicted before and after water breakthrough. These parameters can help us in
forecasting both technological and economical risks. These points were illustrated by

four example applications given in Chapter 4.

As a result of the example applications considered, we can state the following

conlusions:

e Waterflooding performance is greatly affected by the mobility ratio.
Favorable case always provides better performance compared to unfavorable
case regardless of the production mode at the injector and producer.

e When considering the effect of mobility ratio for the constant pressure at
injection and production wells, it is observed that, although favorable
mobility ratio causes earlier breakthrough than does unfavorable ratio,
favorable mobility ratio provides higher oil production.

e Under constant-pressure injection mode, for the unfavorable case, water
behind the front flows more easily than oil ahead of front (i.e., the injected
water has less resistance to flow), the injection rate increases. After
breakthrough, preferential flow path is for water, so injection rate continues
to increase.

e Under constant-pressure injection mode, for the favorable case, oil ahead of
the front moves easily than water behind the front. As the amount of water
injected increases, injection rate (q;) decreases. After breakthrough, water can
flow easily from injector to producer, so injection rate increases.

e |t was shown that injection rates (under constant-pressure injection mode) for

the favorable case is higher than the unfavorable case. This means that there
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Is less resistance to flow in the favorable case. In addition, it was shown that
the BT for the unfavorable case occurs earlier than that for the favorable case,
and that cumulative production for the favorable case is quite high compared
to that of unfavorable case. Most importantly, to have the same amount of
cumulative production, the favorable case requires significantly more
volumes of water injected.

The example applications showed that the greater the oil viscosity is the less
efficient the water flood is.

Based on the Buckley-Leverett theory and its assumptions, the absolute
permeability has no effect on water saturation profiles, water oil ratio, and oil
production, but it does affect the flowing bottom-hole pressures of the
injector and producer. The higher the permeability the better is the
performance of the flowing bottom-hole pressures at the injector and
producer.

In low permeability reservoirs, care should be given to the fracturing pressure
of the reservoir, as injection of water for low permeability reservoirs

increases injection bottom-hole pressure significantly.

The following recommendations are given:

In this work, we assumed steady-state conditions, incompressible flow and
ignored gravity and capillary pressure effects, it is recommended that the
waterflooding performance for more general cases including transient,
compressible flow and capillary and gravity effects be studied in a future
work.

Note that in our work, we have assumed 100% sweep efficiency in the
vertical direction. This may not be realistic for multilayer systems showing
different rock properties in the vertical direction. Hence, the extension of the
Buckley-Leverrett theory should be considered for multilayered systems
where the effect of vertical displacement on the performance of waterflood
for such systems could be studied.

In this work, only uniform porosity and permeability cases were considered.
It is recommended that in a future work, the effect of heterogeneous porosity

and permeability fields on waterflooding be investigated, but such an
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investigation will require the use of a numerical simulation model

considering simultaneous flow of oil and water.
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APPENDICES

APPENDIX A.

Table A.1: Sy and A versus x profiles at t = 200 days for Option 1.

Sw A, lcp Xs, , Tt
0.363 0.5 NA
0.363 0.5 NA
0.37 0.5 NA
0.38 0.5 NA
0.4 0.5 NA
0.42 0.5 NA
0.44 0.5 NA
0.46 0.5 NA
0.48 0.5 NA
0.5 0.5 NA
0.52 0.5 NA
0.54 0.5 NA
0.56 0.5 NA
0.58 0.5 NA
0.6 0.5 NA
0.63 0.371 NA
0.64 0.385 NA
0.66 0.418 500. (truncated)
0.68 0.455 420.1
0.7 0.498 307.52
0.72 0.548 213.32
0.74 0.602 136.70
0.76 0.662 75.78
0.78 0.727 28.26
0.795 0.78 0.0

Table A.2: S, an

d A; versus x profiles at t = 50 days for Option 2.

Sw A, 1lcp Xs, Tt
0.363 0.5 500
0.363 0.5 153.86
0.37 0.484 153.86
0.38 0.462 153.86

0.4 0.419 153.86
0.42 0.379 153.86
0.44 0.343 153.86
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Table A.2: (contd) S,, and A; versus x profiles at t = 50 days for Option 2.

0.46 0.309 153.86
0.48 0.277 153.86
0.5 0.249 153.86
0.52 0.223 153.86
0.54 0.200 153.86
0.56 0.180 153.86
0.58 0.163 153.86
0.6 0.149 153.86
0.63 0.133 153.86
0.64 0.129 153.86
0.66 0.123 153.86
0.68 0.119 153.86
0.7 0.119 153.86
0.72 0.122 153.86
0.74 0.127 153.86
0.76 0.135 91.08
0.78 0.146 35.09
0.795 0.156 0.0

Table A.3: Sy and A; versus x profiles at t = 100 days for Option 2.

Sw A 1lcp Xs, » Tt
0.363 0.5 500
0.363 0.5 307.72
0.37 0.484 307.72
0.38 0.462 307.72

0.4 0.419 307.72
0.42 0.379 307.72
0.44 0.343 307.72
0.46 0.309 307.72
0.48 0.277 307.72

0.5 0.249 307.72
0.52 0.223 307.72
0.54 0.200 307.72
0.56 0.180 307.72
0.58 0.163 307.72

0.6 0.149 307.72
0.63 0.133 307.72
0.64 0.129 307.72
0.66 0.123 307.72
0.68 0.119 307.72

0.7 0.119 307.72
0.72 0.122 307.72
0.74 0.127 307.72
0.76 0.135 182.16
0.78 0.146 70.18
0.795 0.156 0.0
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Table A.4: S,, and A; versus x profiles at t = 163 days (BT) for Option 2.

Sw A 1lcp Xs, , Tt
0.363 0.5 500
0.363 0.5 500

0.37 0.484 500
0.38 0.462 500
0.4 0.419 500
0.42 0.379 500
0.44 0.343 500
0.46 0.309 500
0.48 0.277 500
0.5 0.249 500
0.52 0.223 500
0.54 0.200 500
0.56 0.180 500
0.58 0.163 500
0.6 0.149 500
0.63 0.133 500
0.64 0.129 500
0.66 0.123 500
0.68 0.119 500
0.7 0.119 500
0.72 0.122 500
0.74 0.127 500.
0.76 0.135 296.92
0.78 0.146 114.40
0.795 0.156 0.0

Table A.5: S, and A; versus x profiles at t = 200 days for Option 2.

Sw A, 1lcp Xs, , Tt
0.363 0.5 NA
0.363 0.5 NA
0.37 0.484 NA
0.38 0.462 NA

0.4 0.419 NA
0.42 0.379 NA
0.44 0.343 NA
0.46 0.309 NA
0.48 0.277 NA

0.5 0.249 NA
0.52 0.223 NA
0.54 0.200 NA
0.56 0.180 NA
0.58 0.163 NA

0.6 0.149 NA
0.63 0.133 NA
0.64 0.129 NA
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Table A.5: (contd) S,, and A versus x profiles at t = 200 days for Option 2.

500

0.66 0.123 NA
0.68 0.119 NA
0.7 0.119 NA
0.72 0.122 NA
0.74 0.127 500.
0.76 0.135 364.32
0.78 0.146 140.36
0.795 0.156 0.0
0.8 ‘ ‘ ‘
t =50 days i
t = 100 days
0.7 t=131 (BT) days —
t = 200 days
0.3
0 100 200 « 300 400 500
Figure A.1: A; vs. x profiles at different times for Option 1.
o6 | | | |
05 —
04 — —
% 0.3 — —
0.2 — ]
\ _
0.1 — t =50 days —
t =100 days
— t=163 (BT) days =
‘ t =200 days ‘
0
0 100 200 300 400
X, ft

Figure A.2: A vs. x profiles at different times for Option 2.
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Figure A.3: A vs. S, profiles for Options 1 & 2.

APPENDIX B.

Table B.1: Saturation and total mobility profiles for Q;¢=1.298 and Sy,(x=L) =0.638.

S, Swb of, Xs Xs (ft) | Ao (1/cp)
oS, ). L
0.638 | 0.6366 | 0.7704 | 1.0000 | 1000 0.3293
0.648 | 0.6597 | 0.6577 | 0.8537 | 853.7 0.3510
0.659 | 0.6851 | 0.5506 | 0.7147 | 7147 0.3760
0.669 | 0.7083 | 0.4666 | 0.6056 | 605.6 0.3998
0.680 | 0.7338 | 0.3867 | 0.5019 | 501.9 0.4271
0.690 | 0.7569 | 0.3240 | 0.4206 | 420.6 0.4528
0.701 | 0.7824 | 0.2644 | 0.3432 | 343.2 0.4822
0.711 | 0.8056 | 0.2175 | 0.2823 | 2823 0.5010
0.722 | 0.8310 | 0.1729 | 0.2244 | 224.4 0.5415
0.732 | 0.8542 | 0.1379 | 0.1790 179 0.5713
0.743 | 0.8796 | 0.1045 | 0.1356 | 1356 0.6049
0.753 | 0.9023 | 0.0782 | 0.1015 | 1015 0.6360
0.764 | 0.9282 | 0.0532 | 0.0691 69.1 0.6725
0.774 | 0.9513 | 0.0335 | 0.0435 435 0.7061
0.785 | 0.9769 | 0.0147 | 0.0191 19.1 0.7444
0.795 | 1.0000 | 0.0000 0 0 0.7800
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Table B.2: Saturation and total mobility profiles for Q;j10=2.143 and S,»(x=L)=0.6609.

S, Swp of,, X X (ft) M, (1/cp)
S,): | L

0.669 | 0.7083 | 0.4666 1.0000 1000 0.3998

0.680 | 0.7338 | 0.3867 0.8287 828.7 0.4271

0.690 | 0.7569 | 0.3240 0.6943 694.3 0.4528

0.701 | 0.7824 | 0.2644 0.5666 566.6 0.4822

0.711 | 0.8056 | 0.2175 0.4661 466.1 0.5010

0.722 | 0.8310 | 0.1729 0.3705 370.5 0.5415

0.732 | 0.8542 | 0.1379 0.2955 295.5 0.5713

0.743 | 0.8796 | 0.1045 0.2239 223.9 0.6049

0.753 | 0.9023 | 0.0782 0.1676 167.6 0.6360

0.764 | 0.9282 | 0.0532 0.1140 114 0.6725
0.774 | 0.9513 | 0.0335 0.0718 71.8 0.7061
0.785 | 0.9769 | 0.0147 0.0315 31.5 0.7444
0.795 | 1.0000 | 0.0000 0 0 0.7800

Table B.3: Saturation and total mobility profiles for Q;11=3.086 and S,,2(x=L)=0.690.

S,, Swp of,, X¢ X, (f) | A (Lcp)
35, ) L

0.690 | 0.7569 | 0.3240 1.0000 1000.0 0.4528

0.701 | 0.7824 | 0.2644 0.8159 815.9 0.4822

0.711 | 0.8056 | 0.2175 0.6712 671.2 0.5010

0.722 | 0.8310 | 0.1729 0.5336 533.6 0.5415

0.732 | 0.8542 | 0.1379 0.4256 425.6 0.5713

0.743 | 0.8796 | 0.1045 0.3225 322.5 0.6049

0.753 | 0.9023 | 0.0782 0.2413 241.3 0.6360

0.764 | 0.9282 | 0.0532 0.1642 164.2 0.6725

0.774 | 0.9513 | 0.0335 0.1034 103.4 0.7061

0.785 | 0.9769 | 0.0147 0.0454 45.4 0.7444

0.795 | 1.0000 | 0.0000 0 0 0.7800

Table B.4: Saturation and total mobility profiles for Q;12,=5.784 and S,,2(x=L)=0.722.

S,, Swp of, Xs Xs () | % (Lcp)
35, )

0.722 | 0.8310 | 0.1729 1.0000 1000.0 0.5415

0.732 | 0.8542 | 0.1379 0.7976 797.6 0.5713

0.743 | 0.8796 | 0.1045 0.6044 604.4 0.6049

0.753 | 0.9023 | 0.0782 0.4523 452.3 0.6360

0.764 | 0.9282 | 0.0532 0.3077 307.7 0.6725

0.774 | 0.9513 | 0.0335 0.1938 193.8 0.7061

0.785 | 0.9769 | 0.0147 0.0850 85.0 0.7444

0.795 | 1.0000 | 0.0000 0 0 0.7800
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