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DIRECT SCATTERING PROBLEM FOR 3-D INHOMOGENEOUS
MATERIALS LOADED INSIDE CIRCULAR WAVEGUIDE

SUMMARY

In this study, a scattering analysis for a partially loaded circular cross section
waveguide, which is required for the solution of inverse problem, is realized. The
inverse scattering problem considered here can be used for the determination of
constitutive parameters of a lossy dielectric or for the design of a required filter
characteristics, where the incident field is known and scattered field is measured. In
order to show the validity of this approach, it is first required to solve the direct
scattering problem using a dyadic Green’s function representation of the
electromagnetic fields for circular cross-section waveguide. Then, the similar
representation can be used for the inverse algorithm.

In direct scattering problem, the incident field and the constitutive parameters of the
(relative permittivity, relative permeability, conductivity) material are known and the
scattered field, generated by the volume current density inside the object is aimed to
be determined. In this study, a non-magnetic, lossy dielectric and partially loaded
three-dimensional material, loaded inside a circular waveguide is examined. Due to
the complexity of the problem, instead of analytical techniques, numerical methods
are used. The proposed numerical technique is Method of Moments (MoM).
Implementing this method, two different cell types are offered. First cell type, used
in Method of Moments procedure is rectangular where the dyadic Green’s function
elements in the source region do not converge with this type cell division. Since the
number of modes generated by the volume current density inside the object is not
known, rectangular cell type is not suitable for most of the problems including
arbitrarily shaped or inhomogeneous lossy dielectric objects loaded in a circular
waveguide. Therefore, rectangular cells can only be utilized for the problems where
the number of modes, excited by the object, is less than the convergence limit. For
instance, a cross-section filled, lossless material, excited by dominant mode, only
produces only the dominant mode.

To overcome the divergency problem, which is encountered when rectangular type
cell is used, another cell type is proposed and analyzed. Pie cell type division
converge in the source region and is convenient for multi-mode problem.
Optimization of this division is analyzed and results are given with examples. It is
shown that a cell with equal increments, both in p and ¢ directions gives better
results. In order not to increase the computational cost, cell dimensions are mostly
chosen around A/25. It is shown that, equal cell size in all directions, gives better
accuracies.

The results for fully loaded materials are compared with Mode Matching Method
(MMM) and the commercial software High Frequency Structure Simulator (HFSS).
Comparison is done between amplitudes and phases of scattering parameters. Since
circular waveguide is a two port structure, S1; and Sy; are used for comparisons.
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Numerical examples are given for fully and partially loaded materials, where both
Mode matching Method (MMM) is used as the reference solution for fully loaded
problems while only HFSS is used as the reference solution of partially loaded
waveguides. It should be noted that, HFSS solution for fully loaded case is also
calibrated using the results obtained via MM. Examples are also carried out with
conductivity of material is greater than zero. Comparing MoM, HFSS and MMM,
validity is proved for the direct scattering problem in circular waveguide.

Evaluation of dyadic Green’s function for circular waveguide by direct scattering
problem, provides a basis for inverse algorithm for reconstructing the complex
permittivity of three-dimensional, inhomogeneous and arbitrarily shaped objects,
loaded in circular waveguide.
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DAIRESEL DALGA KILAVUZUNA YERLESTIRILMi$ UC BOYUTLU
HOMOJEN OLMAYAN KAYIPLI CISIMLER iCiN DUZ PROBLEMIN
cOZUMU

OZET

Bu calismada, dairesel dalga kilavuzuna iliskin ters sagilma probleminin ¢oziimii i¢in
temel olusturmak hedeflenmistir. Ters sa¢ilma problemi, bir malzemenin iletkenlik,
dielektrik sabiti gibi elektriksel ozelliklerinin belirlenmesini ele alan bir yontemdir.
Ters sagilma probleminde uygulanan elektromanyetik dalga belirlidir. Dalganin
yayllma yoniinde cisimden dolay1 olusan siireksizlikten kaynaklanan sagilan alan
bilgisi de bilinmektedir. Bu iki bilgi ile siireksizligin elektriksel o6zellikleri
bulunabilir. Elde edilen bilgiler fiziksel olarak, gerektigi taktirde ayni zamanda
cismin sekli ve konumu ile ilgili bilgiyi de verecektir.

Ters sagilma probleminin ¢éziimii i¢in problemin dogasina iliskin olarak farkli
yontemler uygulanabilir. Problem agik veya kapali alanda ele alinabilir. Dalga
kilavuzu yontemi bu yontemlerden biridir. Burada dalga kilavuzu yontemi ile ters
problemin ¢oziimiine iliskin altyapi olusturulmustur. Dalga kilavuzu olarak dairesel
dalga kilavuzu secilmistir. Ters problemin ¢oziilebilmesi i¢in verilen yapiya iliskin
dyadik Green fonksiyonunun gecerliliginin kontrol edilmesi gerekmektedir. Bu tiir
bir degerlendirme dairesel dalga kilavuzuna iliskin diiz problemin ¢ozimi ile
yapilabilir. Diiz sagilma probleminde uygulanan elektromanyetik dalga bilgisi ile
birlikte dalganin yayilma bolgesinde siireksizlige neden olan cismin konumu, sekli
ve elektriksel ozellikleri bilinmektedir. Aydinlatilan cisimde olusan esdeger akim
yogunlugu sagilan elektrik alan olusmasina neden olacaktir. Olusan sagilan elektrik
alanin incelenen bdlgenin herhangi bir noktasinda belirlenmesi diiz problemin
amacini olusturmaktadir.

Hem ters sac¢ilma problemine iligkin temel olusturmasi agisindan, hem de literatiirde,
bildigimiz kadar1 ile konuya iliskin bir ¢alisma olmamasi nedeniyle daire kesitli
dalga kilavuzuna kismi olarak yerlestirilmis, manyetik olmayan, kayipli yalitkan
malzemeler igin diiz sag¢ilma problemin ¢oziimii bu c¢alismanin amacini
olusturmustur.

Uyarilan alandan dolay:r dielektrik cisim iginde polarizasyon akimi indiiklenecektir.
Indiiklenen bu akimdan dolay: sagilan alan olusacaktir. Gelen alan, toplam alan ve
sagilan alan arasindaki bagintilar problemin ¢oziimi i¢in iligkilendirilmistir. Uzayin
herhangi bir noktasindaki toplam alan, o noktadaki gelen alan ile sagilan alanin
toplami cinsinden ifade edilmistir. Ayrica hacim esdeger teoremi ile cisim igindeki
toplam alan ile indiiklenen akim arasinda baginti kurulmustur. Tim bu iliskiler
integral denklemleri ile ifade edilmis ve denklem sistemi dyadik Green fonksiyonlari
entegre edildikten sonra indiiklenen akim ile gelen alan arasindaki iliskiye
indirgenmistir. Bu iliskide indiiklenen akim bilinmeyendir ve gelen elektrik alan
bilgisi bilinmektedir.
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Ele alinan problemin karmasikligindan dolay1 analitik ¢oziimler yetersiz kalmaktadir.
Bu nedenle problemin ¢éziimii icin bilgisayar destekli sayisal yontem kullanilmistir.
Problemin ¢6ziimiine iliskin elde edilen denklemler integral denklem bigiminde
oldugundan kullanilan sayisal yontem olarak Moment yontemi dnerilmistir. Moment
yonteminde, ¢oziime iliskin integral denklemi, baz fonksiyonlar1 ve agirlik
fonksiyonlart kullanilarak bir dizi lineer denklem cinsinden ifade edilir. Lineer
denklemler diizenlenerek matris denklemlerine doniistiiriiliir. Bulunmak istenen
biiyiikliikler matris denklemlerinin ¢6ziimii ile elde edilir.

Moment yontemi uygulanirken incelenen bdolge hiicrelere bdoliinmiistir. Baz
fonksiyonu olarak diirtii fonksiyonu segilmistir. Her hiicre i¢inde polarize akimin
diizgiin dagildig1 varsayilmistir ve sayisal agidan bakacak olursak herhangi bir
hiicredeki akim degerinin bagka bir hiicreyi etkilemedigi varsayimi yapilmistir.
Ormnegin sinc fonksiyonu veya iiggen biciminde bir baz fonksiyonu segilirse
matematiksel olarak herhangi bir hiicredeki akimin diger hiicrelerdeki akima da katki
yapacag1 varsayilmis olacaktir. Bu tiir baz fonksiyonlar1 daha tutarli sonu¢ verme
yeterliligine sahipse de, modellemenin zorlugu ve hesaplamalarin agirlasmasi nedeni
ile baz fonksiyonu olarak diirtii fonksiyonu se¢ilmesine karar verilmistir.

Green fonksiyonu dogasi geregi kaynak ve gdzlem noktasi ayni oldugu durum igin
tekillik icermektedir. Bu tekillik sorununu ¢ézmek icin kaynak ve gozlemin aynmi
oldugu durumda kaynagin bulundugu yerin etrafinda ¢ok kiigiik hacimli bir bolgenin
integral hesabina katilmamasi uygulanan bir yontemdir. Bu yontem asal hacim
(principle volume) yontemi olarak adlandirilir. Asal hacim olarak adlandirilan bu
ifade ayrica integral denklemine eklenir. Kaynak ve gozlem noktasinin {ist iiste
geldigi kiiclik hacmin integral katkisini veren bu ifade tamamen ¢ikarilan bolgenin
geometric yapisina baglidir. Bu calismada iki tip hiicre dagilimi 6nerilmistir. Her iki
hiicre tipi i¢in de kaynak ve gozlemin ayni oldugu durumlarda ¢ikarilan bolge z
yoniinde sonsuz kiiciik kalinlikta bir kesit olarak kabul edilmistir. Bu ¢ikarilan
bolgeye denk diisen kaynak dyadik ifadesi e.xe. problemin ¢oziimiine iliskin
integral denklemine dahil edilmistir.

Sayisal yontem kullanilarak problem ele alindigi i¢in hiicrelendirme yapmak
gerekmektedir. Bu ¢aligmada Onerilen birinci tip hiicre dagilimi dikdortgen yapida,
ikinci tip hiicre dagilim dart yapidadir. Ik ele alman dikddrtgen hiicre yapisi
geometrik olarak kartezyen koordinatlarda ifade edilmektedir. Dairesel dalga
kilavuzuna ait dyadik Green fonksiyonu bilesenleri silindirik koordinat sisteminde
tanimlanmis oldugundan dikdortgen hiicrelemede yalnizca kaynak hiicresinin
konumunu belirten r” vektoriiniin z bilesenini igeren dyadik Green fonksiyonu
elemanlarinin integralleri analitik olarak gergeklenmistir. Diger bilesenleri igeren
terimler ise hiicre iginde sabit etkide bulundugu kabul edilip, hiicrenin p ve ¢
yonlerinde olusan ylizeyin alani ile c¢arpilarak degerleri hesaplanmistir. Bu tip
hiicrelendirme sayisal hesap yiikiinii azaltmaktadir. Dikdortgen hiicre tipi i¢in dyadik
Green fonksiyonu kaynak noktasinda hesaplanmak istendiginde matematiksel
ifadesindeki sonsuz seri toplami belli bir degerde kesildigi zaman Green
fonksiyonunun integraline iligkin matrisin kosegen elemanlarinin yakinsamadig:
gorilmiistiir. Bu tip hiicrelendirme sayisal yiikk acisindan bahsedilen avantajina
ragmen kaynak noktasinda boyle bir sikint1 olusturmaktadir. Tam dolu ve kayipsiz
malzemeler i¢in cisim i¢inde olusan modlar uyarilan alanin modlar ile siirlt oldugu
icin bu durumda yakinsama olmamas1 bir sikint1 olusturmamaktadir. Ayrica problem
geregi yiiksek modlarin etkisinin ortaya c¢ikmadigi durumlarda yine dikdortgen
hiicrelendirme ¢6zilim i¢in yeterli olmustur. Ancak daha genel bir ¢oziim iiretebilmek
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i¢in ikinci bir tip hiicrelendirme onerilmistir. Hiicre tip p,¢ ve z yonlerinde tanimli ve
dikdortgen hiicre tipinin aksine kaynagi temsil eden dyadik Green fonksiyonlarinin
tiimliniin  integralinin analitik olarak elde edildigi dart tipidir. Bu tip
hiicrelendirmenin, sayisal yiikii arttirmasina ragmen dyadik Green fonksiyonunun
hesab1 i¢in ¢ikilan {ist modlarda yakinsadigi goriilmiistiir. Bu nedenle dart
bolmelendirmenin genel ¢6ziim i¢in uygun oldugu kanisina varilmistir. Dart
hiicrelendirme i¢in sayisal hesaplama yiikii ve elde edilen sonuglarin tutarliligi
acisindan en iyileme incelemeleri yapilmigtir. Hiicrenin tiim yonlerdeki boyutlarinin
birbrilerine yakin tutulmasinin sonuclari iyilestirildigi goriilmiistiir. Ayrica kesitin
merkezini c¢evreleyen bolgede bulunan hiicre sayisinin arttirilmasit sonuglari
tyilestirmistir. Burada varilan kani, siniizoidal fonksiyonlarin etkilerinin agiya
bagimliligindan dolay1, ¢ yoniinde daha hassas bir hiicrelendirmenin tutarli sonuglara
ulagsmak agisindan 6nemli olmasidir. Bilgisayar yeterliliginden dolay:1 her yonde A/25
boyutuna kadar inilebilmistir. Bu durumda hatanin %1 civarlarinda oldugu
goriilmistiir. Ele alinan bagka bir 6rnekte cismin kalinlig1 azaltilarak z yoniinde A/45
civarinda bir hiicre boyutu olusturulmus ve z yoniinde ii¢ katmanli yapi1 i¢in hatanin
%0.15’e kadar azaldig1 gortilmiistiir.

Bu calismada moment yontemi ile elde edilen sonuglar hem Mod Eslestirme
Yontemi ile hem de ticari bir elektromanyetik benzetim programi olan HFSS ile
karsilastirilmistir. Tam dolu ve elektriksel parametreleri en fazla z yoniiniin islevi
olan cisimler icin karsilastirma olarak Mod Eslestirme Yontemi referans olarak
alimmigtir. Mod Eslestirme Yontemi dalga kilavuzunun igerisindeki stireksizlik
durumlarinda, siir kosullarinin kullanidigr bir yontemdir. Siireksizligin her iki
tarafinda alanlarin modal agilim1 yapilir. Modal fonksiyonlar elde edildikten sonra,
problem her bolgedeki alan acilimlariyla iliskili modal katsayilarinin belirlenmesine
doniistir. Normal modlar arasindaki diklik kosulu g6z Oniine alinarak bilinmeyen
modal katsayilara iliskin sonlu sayida dogrusal denklemler elde edilir. Mod
Eslestirme Yontemi ve Moment Metodu arasindaki karsilastirma ve tutarlilik sayisal
ornekler ile gosterilmistir. Tam dolu, homojen olmayan, hem kayipli, hem kayipsiz
cisimler i¢in elde edilen sonucglar gayet olumlu olmustur. Kismen doldurulmus
cisimler i¢in ise Mod Eslestirme Yontemi kullanilamamistir. Bu durum i¢in HFSS ile
karsilastirilma  yapilmistir. Ancak HFSS ile calisiirken baz1 sikintilarla
karsilagilmistir. HFSS, dalga kilavuzunun agik uclu modellenebilmesi i¢in uygun
sonlandirma gerektirmektedir ve bu durum S,; degerinin hesaplanmasini miimkiin
kilmamaktadir. Ayrica HFSS programimin dairesel cisimlerin benzetimi ve
incelenmesi konusundaki yetersizligi sikint1 olusturmustur.

Sonug olarak bu calisma ile birlikte dalga kilavuzu yontemi kullanilarak dairesel
dalga kilavuzu igine yerlestirilmis kayipli dielektrik cisimler i¢in diiz problem ele
alimmustir. Bu calisma ile daire kesitli dalga kilavuzuna kayipli, yalitkan cisimlerin
yerlestirilmeleri durumunda iki kapili kilavuz yapisina ilskin S parametreleri elde
edilebilir. Ayrica yalitkan cisimin olusturdugu siireksizlikten meydana gelen sagilan
alanin ve toplam alanin kilavuz i¢inde herhangi bir noktadaki degeri bulunabilir.
Herhangi bir kesitte veya ¢izgi lizerindeki toplam veya sacilan alanlar elde edilebilir.
Ayni zamanda bu c¢alisma ile bos daire kesitli dalga kilavuzuna ait dyadic Green
fonksiyonu ifadelerinin saglamasi yapilmistir ve kilavuz i¢ine yerlestirilen cismin
elektriksel parametrelerinin belirlenmesini ele alan ters sagilma problem i¢in de
temel hazirlanmistir.
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1. INTRODUCTION

Scattering theory deals with the behavior of waves in case of being effected by
obstacles or inhomogeneities in the propagating medium. More than a century,
researchers increasingly investigate scattering problems. Developments in this area

made scattering problems an important issue of electromagnetic theory.

Scattering problems, in electromagnetic theory, are investigated under two sub-
groups; direct scattering problem and inverse scattering problem. Direct scattering
problem deals with the determination of the scattered field caused by a discontinuity
on the travelling axis of the incident electric field. In this problem, the incident
electric field and the parameters of the object, causing discontinuity, such as the
shape, location and electromagnetic parameters (magnetic permeability, permittivity,

and conductivity) are assumed to be known.

There are several examples for analytical solution of direct scattering type problems
in open literature. For instance, in [1], an analytical formulation for the direct
scattering problem of one-dimensional, inhomogeneous anisotropic medium is
handled. Closed form solutions of the scattered field are easily obtained using the

boundary conditions on the interface between free space and anisotropic medium.

A study in geoscience, dealt with electromagnetic scattering theory and analysis of
electromagnetic scattering characteristics of sea ice is presented in [2]. Multilayer
random model for sea ice, including brine, air, snow, sea ice and pure ice is idealized
as having plain interfaces and the direct scattering problem for the Helmholtz

equation is formulated as a one-dimensional problem.

Analytical solutions are preferred if available for canonical problems. For direct
scattering problem, another example for analytic solution is given in [3]. In
mentioned study, the reflection and transmission coefficients are computed for radio-
waves propagating through a dielectric slab. The permittivity in slab is decreasing
symmetrically with an inverse-square profile, as to the middle axis up to the slab

interfaces.



It is not easy to obtain exact analytical solutions and therefore numerical techniques
are required for many type of scattering problems, which include complex
geometries and inhomogenities. In [4], the reflection and transmission from an
inhomogeneous slab is considered, where a finite difference approximation technique
based on integral equation of the problem is developed for solving the direct
scattering problem of an inhomogeneous slab.

The other branch of scattering problems, the inverse scattering problem is formulated
to determine the location, shape and constitutive parameters of the object. In this
problem, the scattered field is measured and the incident field is assumed to be
known. To propose a solution for this type problem, the evaluation of DGF should be
realized. This kind of evaluation is available by solution of direct scattering problem.

Hence, the solution of direct scattering problem is the aim of this study.

Determination of electrical parameters of inhomogeneous materials is an important
topic of electromagnetic theory and microwave theory due to its wide range of
applications. Material test and measurements, fabrication and characterisation of
multilayered structures, non-destructive testing and biomedical applications are some
examples of this area. Inverse scattering problems examine the determination of
materials. To solve this kind of problems, several methods are studied in closed,
semi-open and open regions in literature. These methods have trade-offs due to the
problem description. For instance, materials with wide dimensions and plate shaped
are more suitable to be analyzed with free-space methods. Scattered fields from the
corners and edges are to be inconsiderable. Some examples for free-space methods
for direct and inverse scattering in the literature are listed as [5-7]. Cavity resonator
method offers a high-accuracy solution but allows a narrow-band analysis.
Implementing a wide-range of frequency analysis requires a collaboration of a few
types of resonators, each allowing different frequency bands. Besides, waveguide
methods provide wide range of frequency analysis and are opted chiefly for

microwave applications.

In this study, direct scattering problem is handled by waveguide method for circular
waveguide. In open literature, direct problem is analyzed for rectangular waveguide
in [9]. Also, an analysis of scattering by metal objects in circular waveguide is valid
[10]. In mentioned study, the discontinuity, inside the waveguide is PEC and

scattered field is equal to the incident field. In addition, the object is a two-
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dimensional structure, hence formulation for dyadic Green’s function (DGF) is

integrated over surface integral variable.

To our knowledge, no existing research addresses the direct scattering problem for

three dimensional, lossy dielectric objects, partially loaded in circular waveguide.

1.1 Purpose of Thesis

The main aim of this study is to prepare a basis for solution of inverse scattering
problem in circular waveguide. Solving the inverse scattering problem, the
determination of material can be realized. Determination includes the electrical

properties of material as well as its shape and location, if required.

For determination of material, an integral equation technique for complex
permittivity is introduced [11]. In that study, permittivity is only a function of
longitudinal axes, hence material is fully loaded inside the rectangular waveguide.
Then, imaging of inhomogeneous 3-D complex permittivity of arbitrary shaped
materials loaded in a rectangular waveguide is presented in [12] and the numerical
results are tested against real data by real measurement setup. The validity of method
is proved. Mentioned studies dealt with the inverse problem in rectangular

waveguide and gave satisfactory results.

We want to show that similar approaches are valid for different type of geometries.
In this study, we had chosen circular waveguide. Before analyzing inverse scattering,

one should realize the evaluation of dyadic Green’s function for the given geometry.

In open literature, to the best of our knowledge, a solution of direct scattering
problem for inhomogenous, lossy dielectric materials, partially loaded inside circular
waveguide, does not exist. Due to the complexity of the problem and no existing
study in open literature, direct scattering problem in circular waveguide for partially

loaded, lossy and inhomogenous materials is the purpose of this thesis.

The results, obtained in this study serve as the basis for inverse scattering problem
for reconstructing the electrical properties of 3-D, arbitrarily shaped, lossy dielectric

materials loaded in circular waveguide.






2. DIRECT SCATTERING PROBLEM IN CIRCULAR WAVEGUIDE

2.1 Statement of the Problem

Addressing the forward scattering problem, one considers the spatial domain of
object D having conductivity o(r), dielectric permittivity &) and magnetic
permeability u(r), embedded in a volume with constant electromagnetic parameters.
The sources, generating the electromagnetic field are outside the volume D. If the
constitutive parameters of domain D and the incident electric field are known, the
total electric field strength can be solved via Fredholm integral equation of the

second kind, namely;

E™(r)=E(r)-k?* [ G(r.r")v(r)E(r)dr 2.1)
r'eD
where
k,? () =w’g, 1, +iw0y, (2.2)
and

lwe(r)—o(r) 1
lwe, — oy,

v(r, w)= 2.3)

which is called as “object function” or “the electric contrast function”. Letting
k(r,w) as the wave number inside the object as a function of position and frequency

and k, (@), the wave number outside the object, object function becomes

:k%EwXJ

="

(2.4)

Here, the term E(F,F) is the dyadic Green’s function of empty waveguide and

explained in detail in Section 2.2. In this study, the volume that the object D is



embedded in, is empty circular waveguide. Hence o, = 0 and k, is equal to k,, the

wave number of free space. Note that, outside the object D, k(r) = k, and object
equation, given in (2.4), equals to zero.
This solution, determining the scattered field caused by the discontinuity is named as

“direct scattering problem”. Here, the incident electric field and the constitutive

parameters of discontinuity are known.

The main aim of this study is to solve direct scattering problem for object D depicted

in Figure 2.1. The time dependency is taken as e /"¢ and suppressed. ObjectD is a

lossy dielectric, non-magnetic ( &= x,) and partially loaded in a circular waveguide.

X
N

&(r)
o(r)

H
H
H
H
H
H
' SN
H 4
Volume o H
Object D i
t
\

& Hyo =0

Figure 2.1: An inhomogeneous object located in a circular waveguide
(@) longitudinal view (b) cross-section view.

The incident field Ei is excited at dominant mode, TE;; for circular waveguide
where the propagation is along +z direction. The electric field, inside the empty
waveguide is equal to the incident field. While an object exists inside the waveguide,

I —tot . . L
the total electric field, E ° , at any given point inside the waveguide is a sum of the

incident field Ei and the scattered field E" . generated by the volume current density

inside the object, namely;
—tot —i —S 2 5
E” =E +E (2.5)

Taking into consideration (2.5) and (2.1), one can easily obtain the expression for the

scattered field for the problem depicted in Figure 2.1



E'= k2 [ G(r.r)v(r)E(r)dr (2.6)
r'eD

In (26), r=(p,¢,z) and r'=(p', ¢',z) represents the observation and source
points respectively. This equation becomes invalid due to the nature of Green’s
function where the source and the observation points, r and r’are equal. So as to
overcome this problem, an infinitesimally small volume, surrounding the r = r’
subdomain, removed from the integral equation and this part of the integral is
calculated independently [11]. This removed volume is called as principle volume.

This approach leads to alter the (2.6) as below;

E’ =k’ IimvivﬁE(F,F‘)V(F‘)E(F‘)dr'—V(F)E(F‘)[ 2.7)

0—0

Here, the term L is the source dyadic and depends solely on the shape of the
removed volume. For some simple volumes, this source dyadic is determined in
literature [11,13]. In this study, a pillbox type volume [13] is considered as the

removed volume, which can be seen in Figure 2.2.

z

}h X—)O

Figure 2.2 : Pill box type principle volume

This type source dyadic equals to e, xe;. Since the current density J(¥) can be

expressed in terms of electric field and the dielectric constant of domain due to the

volume equivalence theorem [14], as in (2.8)
J(r) =—iofe(r) - &,]E(r) (2.8)

Substituting source dyadic e, xe; and volume current density j(F) in (2.8), the field

strength, in terms of J(r), can be expressed as below;



E = g lim G(r.r)I(r)av+ (2.9)
D_Vﬁ

The final expression of integral equation for the solution of problem is given with
(2.9)

D=3 igtim [ B(Rr)T(Favs 2

__{ (2.10)
io[e(r)—&,] 550, 2\, e,

To determine the unknown term, the volume current density J(r"), in (2.10) is
available by the aid of Method of Moments. Details of this numerical method to

solve integral equation in (2.10) are covered in Section 2.3.

Thus far, the direct scattering problem is explained and the problem, examining in
this study is introduced. Hereafter, dyadic Green’s function for circular waveguide is

covered in Section 2.2.
2.2 Dyadic Green’s Function for Circular Waveguide

Dyadic Green’s function for waveguides has firstly been treated by Tai [15].
Readers, interested in derivation of the Dyadic Green’s Function for circular
waveguide are referred to [15]. In this part, the closed and explicit forms of DGF for

circular waveguide are given.

The Dyadic Green’s function for circular waveguide is given below;

[ 2-5 T
=, . _ | & ,uZI ko Mnu(ik#)M”'ﬂ(-i-k”)
G(r,r'):gzz - zzz (1)
n=oml| g N, (k)M (Fk,)
A1k, .

Wherek# _ (kz—/lz) , k/1 — ?(kz_ﬂ/Z) , Iﬂ :%az\]r?(qnm)l:l_(n/qnm)zil’ ,u:qfa

p 1,
a=Pm o _2a232 (p ).
a 1T 1(Pom)

The quantities p,, and g, are the m" roots of the n™ order Bessel function J, and

its derivative J"' respectively. The kronocker delta 5,= 1 for n=0 and &,= 0 for



n#0. Even and odd components of solenoidal vector wave functions of M and N are

not defined specifically, that is Mg , is simplifiedto M, aswell as N,,, namely;

M., (ik,,) =Vx [ZJn (up) cos(n¢— 8, )e*"‘ﬂz] (2.12)

N, (£k,)= %VxVx[iJn (/’L,O)COS(n¢_¢p)eiiklzi| (2.13)

In (2.11) and (2.12), the term ¢ is O for even components and z/2 for odd

components. The general G is sum of even and odd components. For clarity in print,
explicit expression of dyadic green function for empty circular waveguide is given

below.

“”'[ZkMM e, +k,N,N e, |
p'[ kM, M¢.e1y—nk2NpN¢.eM}

+4p' [ kMM e, —nk,N,N &, |

(r.r)= 4zk§§1§12 &) (f 5 kMM, e, +1%,N N, e, |
+92| nk,N,N, (Fe,,) ]
p [ksNsz'(ﬂeu)]

+24 " nk;N,N, (+e,,) ]
+22[k,N,N, &, ]

. (214)

G)II

The expansions of terms in (2.14) are juxtaposed below.

N, =J,(4p)cos(ng—4,) M, =3",(up)cos(ng—4,) N =J' (4p)cos(ng—g,)
1 . 1 . ik |z-z ik |z-2"

Mp:;Jn(up)Sln(n¢—¢p) N¢=;Jn(,1p)sm(n¢—¢p) e, = g, elﬂzek”‘ |

LR

| K,

kl= k2= k3: kl=



2.3 Solution by the Method of Moments

More developments in scattering theory have resulted in research of complicated
problems that are not being able to be solved through analytical solutions. Numerical
methods and use of computers are a primitive approach for the solution of such

problems. In this study, the Method of Moments is utilized.

Solving the integral equations, such as (2.10), by the aid of computers, one may use
numerical techniques by converting this integral equation into a linear system. To
this aim, the integral equations are converted to matrix form by means of basis
functions and weighting functions. Evaluating the elements in matrix form, the

desired parameters are obtained.

A similar problem, a dielectric material loaded inside a rectangular waveguide
formulation of direct scattering problem, is handled by J.J.H. Wang [9]. In this
approach, the object volume is divided into L cells and the electric field, also the
current density is assumed to be uniform in each cell. In this study, two types of cell
division is proposed and detailed in Section 2.5. The current density can be expressed

as below

3 L
J(r)=2> IB(r) (2.15)
k I=1

Here, k=1,2,3 denotes (x,y,z) for cartesian and (p,¢,z) for cylindrical

Ith

coordinate systems respectively. The subscript “|* represents the I cell. B:( is basis

function, defined as

By (1) =u, P, (r) (2.16)

where u, is unit vector and
P (n)= 1, reAD, 517
"*7 10, otherwise 217

The weighting function is defined as

W, (r)=5(r—r)a (2.18)

p

10



Determining the basis and weighting functions, the equivalent current density is
replaced into the main integral equation (2.9). The scalar product defined as

<f’9>=Jf-9 dv (2.19)

is performed, using the weighting function. qu(r). Here “p” represents the axis

(x,y,z or p,¢p,z etc.) and “q” the number of cell. The following set of equations

pursues this moment generating procedure as below;

3 L
k
Z“leJl Agl=C™ (2.20)
C™M=-E'(r,) (2.21)

In Section 2.4, the matrix equations and the evaluations of terms in matrix forms are

covered.
2.4 Matrix Equations
The inner product between J(r")and E(F,F') may be represented as;

G,.(rr) G, (rr) G, (rr) | J,.(r)
G(r,r).J(r) = G, (11" Gy (r,r) G (r,r) || 3,(r) (2.22)
G, (r,1) G, (r,r) G (r,r) || J,.(r)

where ris observation point and r’is the source point with components (p,¢,z) and
(p.¢,z’) respectively.
Considering the integral equation (2.10) and moment generating procedure, the term

Al in (2.20) can be discretized as below;

p k op
o | 930 } (2.23)

e(r)—& &

5|
Ay = Ia)lqul - l:

Here the 5 is the “kronecker delta”, takes the value 1 when p = g and O otherwise,

that is identity element for off-diagonal and out of volume D, and

11



QY = [ G™(r,,r)dv" (2.24)

AV,

Now the matrix equation can be derived by letting [GXPXJ an Nx N matrix, where N

is the number of cells. The elements of this matrix are Aj}?, defined by (2.23). Also

i
*p

let N dimensional vectors [JXJ and [E }be
3, (1) ] E, (1) |

[pr]: , [ELJ: (2.25)

_‘pr (rN )_ E:(p(rN)

Substituting (2.20) with preceding formulas, one obtains the matrix equation as
[Aﬂﬂl[AMf'jl ':APZJ [Jp] [EIP]
[A¢p'][A¢¢J [Am'] [J¢] -7 [E;] (2.26)
[A“’J[Aw":l [AZZ ] 3Nx3N [JZ ] 13N I:E; :I 1x3N

or in short, [A][J]:—[E‘]. Here the matrix elements A, , ~are the ones defined by

(2.23). Knowing the incident field and performing the dyadic Green’s function

integrals, one can obtain the volume current density by inverting the left side of

(2.26), matrix Ax, and multiply by matrix Eip , hamely;

[3]=-[A]"[E'] 2.27)

In order to obtain the electric field at any point r,, generated by the current density,

which is found by (2.27), can be derived by multiplying the current matrix [J] with

matrix [A] just letting the observation point as r..

2.5 Determination of Cell Type

In this study, the shapes of cells, namely AV,, are performed both in cartesian and

cylindrical coordinates. Hence, the evaluation of (2.24) depends on the cell type and

12



the elements vary in two cell-division approaches. The volume variable of
integration is defined in two coordinate systems as

. [AX".Ay'.AZ", in cartesian coordinates
= (2.28)

" p Ap'.A¢'Az', in cylindirical coordinates

As seen in (2.28), the volume variable of integration differs in both coordinate

systems. Due to (2.28), one should consider the difference in the evaluation of the

e

: ,e . :
integrals of M7 and N';,, vector wave functions.

As mentioned before, two types of cells are performed in the solution of direct
scattering problem in circular waveguide. In this section, these two types of cells are

introduced and equations for each one given in sub-sections.
2.5.1 Rectangular Cell Type Division in Cartesian Coordinates

First attempt to solve the problem, explained in Section 2.1, is performed with
rectangular type cell. The illustration of this type of cell is given with Figure 2.3.

N

Figure 2.3 : lllustration of rectangular type cell

If the observation and source points are different one from the other, then the terms,
given in (2.13), converges with direct summation due to the term ik, [z-z,|.

However, if the observation and source points are equal, the matrix elements
converge very slowly. A solution is proposed for rectangular waveguide by J J Wang

[9] using partial summation technique. Some slowly convergent infinite series can be

sin (mx) _ m—x
m 2

analytically expressed. For instance, Zm and can be applied to kind
m=1

some terms for integrals of DGF of rectangular waveguide. Also, there are other of
analytic expressions for infinite series in expansion of Green’s functions’ integral for

rectangular waveguide [9].

As far as we could see, no appropriate terms exist in the terms of DGF for circular

waveguide to apply partial summation for this type division. In Figure 2.4, a

13



comparison is given between Mode Matching Method [8] and rectangular cell
division. Dominant mode TE;; is excited and [Sy;| is chosen for comparison. Tho
object of width 5 cm is fully loaded inside the waveguide. Relative permittivity, & of
the object is 4. Observation point is selected approximately A/2 away the object.
Mode Matching Method is an analytic method, utilizing from boundary conditions
and chosen as a reference solution for fully loaded waveguide problems. As can be
seen in Figure 2.4, the solution with rectangular cell type becomes invalid for

increasing modes of Green’s function.

2 Modes
e —+— 130 Modes
095 T —=—110 Modes
R —&— 240 Modes
—&—420 Modes

— + — Mode Matching

05 | | | | | | | | |
800 610 620 630 640 650 660 670 680 690 700

Frequency MHz

Figure 2.4 : Comparison between MMM and RCTD for higher modes

Rectangular cell division is quite satisfactory up to first 110 modes. Nevertheless, to
evaluate the DGF properly, the convergence should be satisfied. If one would know
the excited modes caused by the object, this cell division would be adequate, but it’s
not enough for a complete solution.

2.5.1.1 Discretization for MoM in case of rectangular cell type divison

Due to the dependency of the components of dyadic Green’s function for circular
waveguide on (p,¢.z’), if one selects the xy,z coordinates, the variables of
integration dx and dy become constant. Hence, only the terms, involving z’
components exist as integrands. As seen in (2.14), only the exponential terms are
performed in integral expression. Hence, "AxxA4y” and any other term in (2.14)
become constant (Ax and Ay are the length of cubic cell in given direction). Shortly,
(2.24) becomes

14



QP = AXx Ay

Y FA (2.29)

2
0 n=0m=1

where
F P =[the (m,n)™ term of G™ that non-involving Z component | (2.30)

and

2 [ ik, ,Azl2 ik, lzg-z,| .
'k_(el,,,,lz —1)6 " p‘, if 2,=1,
|

s

2 . K Az ik,
k—5|n ‘u’l?e

uA

(2.31)

7,—1 .
a "‘, otherwise

where z, and z ; are the observation and source points, respectively.

In Section 2.5.2, the proposed cell tpye instead of rectangular cell and its evaluation

for discretization in (2.20) is handled.

2.5.2 Pie Cell Type Division in Cylindrical Coordinates

For a full analysis of direct scattering problem in circular waveguide, since the
rectangular cell type becomes invalid, another approach is proposed with pie cell
type. The illustration of this type cell is given with Figure 2.5.

5/
21
N

)

Figure 2.5 : lllustration of pie cell type

The distribution of the cells along the cross-section of the waveguide is given with
Figure 2.6. In Figure 2.6, note that the number of cells, surrounding the center of the
cross-section are two. The importance of number of cells, surrounding the center is
construed afterward. The chords of all cells are desired to be equal and for to do that,
an adaptive mesh is implemented. Each ring has cells, two times of its location, and

increments in p direction are equal. For instance, at the 5™ ring, there are 10 cells.

15
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Figure 2.6: Distribution of pie cells along the cross section of waveguide

Many trials have been done to optimize the efficiency of pie cell division. Below, a

summary of optimization for pie cell division is given. From Figure 2.7 to 2.10,

results are given for fully loaded dielectric with relative permittivity &, = 4. The cell

distr

2.6.

ibution is set up as two cells surrounding the center of cross- section as in Figure

First, the number of modes in the calculation of (2.23) summation is restricted to 3

and the effect of cell number is tested. In Figure 2.7 |Sy1| variations with respect to

frequency are plotted for different number of cells and compared with the result

obta

ined via Mode Matching Method.
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Figure 2.7: Effect of cell number on accuracy of pie cell divison for 3 modes
summation

As can be seen in Figure 2.7, there is no much difference between 860 cells and 1012
cells. Hence, to improve the accuracy, increasing the cell number for fewer modes is
not an efficient way. The error between the analytic solution and MoM result for
1012 cells, is approximately 1.37% and 4.5%., for minimum frequency and

maximum frequency, respectievly.

Increasing the number of modes in calculation of (2.24), up to 30, improves the
results as shown in Figure 2.8. At minimum frequency, for 1012 cells, error is
approximately 1.1% and that is equal to of 760 cells. Also, the error for 144 cells

with 30 modes summation is close to of 1012 cells with 3 modes summation.

0.87 T T T T T
w144 Cells

220 Cells
0.965 - ——760 Cells
1012 Cells

‘‘‘‘‘‘ ———Mode Matching

0.96

0.955
0954
;S 0945
0.94
0.935

0.93

0.925

0.92 I I I | | | | I I
600 601 602 603 604 605 606 607 608 609 610

Frequency [MHz]

Figure 2.8: Effect of cell number on accuracy of pie cell divison for 30 modes
summation
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In Figure 2.9, a comparison is given for 760 cells division between 110 modes and
30 modes. Increasing the modes in calculation of DGF, had not been a remedy and

error remains stable.

0.97
{ { { { { { { — Mode Matching

0O 760 Cells with 30 Modes

0.965 [ 760 Cells with 110 Modes

]

T
1

0.955

1S441
=
©
L
&
]
1

T
o]
1

0.935

0.93

]
©
1

0.925

T

0% [ [ [ [ [ [ [ [ [
600 601 602 603 604 605 606 607 608 609 610
Frequency [MHz]

Figure 2.9: Effect of higher number of modes on accuracy of pie cell divison

Another attempt to optimize the results is to increment the number of cells
surrounding the center point of cross-section. As implemented and explained in
Figure 2.6, adaptive mesh structure is used again, that is, if the cell number,
surrounding the center is X, than the number of cells in the following rings are 2X,
4X, 6X and so on.

In Figure 2.10, a comparison between two division is given. It’s interesting that
although decreasing the total number of cells, an increment in number of cells,
surrounding the center, resulted in a recovery. For instance, The number of cells,
surrounding the origin are increased from 2 to 7 and the total number of cells are
decreased from 760 to 396. This approach decreased the error from 1.1% to 1.08%.

So, one obtains less computation load and error.
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Figure 2.10: Effect of increment in cell number surrounding center of cross-section

For optimizing the numerical calculations, another attempt is decreasing the cell

dimensions. Since the computational load increases drastically with number of cells,

a setup is prepared instead of the one proposed above. Setup is a three-layered

model, with relative permittivities 6,8 and 4. Each layer is equal and 1 cm width in z-

direction, which is approximately A/50. The cell dimensions in p and ¢ directions are

equal and approximately around A/45. The number of cells, around the origin is 7.

The result for this setup is given in Figure 2.11. Decreasing the cell dimension in z-

direction gives a remedy. The error between the results obtained via MMM and

MoM for the lowest frequency of this setup is 0.16%.

0.985

096 -

0955

0935

093

——— I8y MMM

1,1 Mol Pie Cell

500

1
601

1
602

|
603

604

1 1 1
606 607 608 609 610

Figure 2. 11: Effect of decreasing cell dimension in z-direction

Up to here, a summary is given for optimization of pie cell type division. It has been

shown that, an increment in the number of cells, surrounding the center results in a



better accuracy. The interesting result is, this remedy is valid for less number of total
cells. Namely, incrementing of cells around the center decreases the computation
load and improves accuracy. If the cell dimension in p and ¢ directions are close, it

gives a better accuracy.

As mentioned before, direct summation causes divergence for rectangular cell type
division. In Figure 2.12, the value of the maximum term of diagonal elements for
A" is shown with respect to number of modes. For rectangular cell type division, a

divergence occurs, hence pie type cell division is proposed. In the same figure,

convergence for pie type cell division can be seen.

T T T T T T T T

A Rectangular Cell Type Division
4 Pie Cell Type Division

120~ -

Imax

100 — -

80— -

Diagonal Matrix Elemen |A]

60—~ -

oS

M B B . * 4 ¢
Truncation @ 650 MHz
[

50 100 150 200 250 300 350 400 450
Number of Terms MN

Figure 2.12 : Convergence of direct summation with truncation
for rectangular cell and pie cell type division

2.5.2.1 Discretization for MoM in case of pie cell type divison

If one works in cylindrical coordinates, contrary to cartesian coordinates, all
integrands in (2.14) should be integrated. The detailed integral expressions, involving
p’ components, are given in Appendix A, B and C for several types of integrals of
components in (2.15). The integral of components, involving z' terms are same as in

(2.31). For terms, such as cos(ng'), the integral is simply of the sinusoidal

functions. Any other term, not involving p; ¢’and z’terms, becomes constant.

. S pk pk
P 72,2 FmlG (2.32)

n=0 m=1

where
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F P“= [the (m,n)™ term of G™ that non-involving p’ ¢’ z’ component] (2.33
n (2.33)

2 [ ik, ,Azl2 ik, lzg—z,| .
'k_(el,,,,lz —1)8 22 p‘, if 2,=1,
|

uA

isin(kMEjeik"""z‘*_%, otherwise
w2

u,A

(2.34)

G™ takes values depending on (p,k) indices and excitation mode. For (p,k) being
(1,1), (2,1) for TE modes and (p,2) for TM modes;

o ~(cos(n(p+ °2) - 4,) ~cos(n(@-"2) - 4,)

G™ =1 | 3,(Bp)dp'x - (2.35)
Besides, for (p,k) being (p,1) for TM modes and (1,2), (2,2) for TE modes;
e Gin(n(g+52) - ¢y)-sin(n(g- 9 ~4,)

G™ =1 [ I(Bp)dp'x - (2.36)

y

and when (p,k) is (p,3), the term G™ has no value for TE modes but for TM modes

Ag
2

Ag
2

o

2
G¥ =1 [ p3,(pYdp'
Ap

Ay

(sin(n(¢+—") - 4,) —sin(n(¢ -

n

)=4,))

(2.37)

where pBequals to xfor TE modes and 4 for TM modes and ¢, is O for even

components and 7z/2 for odd components. Here, M vector wave functions describe

TE modes, while N vector wave functions describe TM modes.
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3. NUMERICAL RESULTS

In this section, numerical results are given for the solution of direct scattering
problem in circular waveguide. Approaches for results are Method of Moment, Mode

Matching Method and commercial software HFSS.

Mode Matching method is used as a reference for comparison of fully loaded objects.
Cross-section filled objects’ constitutive parameters are at most a function of z. The
commercial software HFSS requires the waveguide to be ended with perfectly
matched layer to measure S;; properly. This results in impossibility of Sj;

measurement. Hence, the phase of S;; can not be measured by HFSS. For lossless

materials, Z|Sij |’=1. Using this property, modules of S,; values for lossless
i

materials are calculated for HFSS results via

1

|821| :(1—|811|2 )E (3.1)

As shown in Section 2.5.1, rectangular cell type in MoM can be satisfactory if the
number of modes generated by the discountinity is less than approximately first 100
modes. For Rectangular Cell Type Division (RCTD), up to 30 modes in evaluation of

DGF is used in this section.

The results show the consistency of proposed methods. Modules and phases of Si;
and S;, which carry the information about reflected and transmitted fields at the
input and output ports of waveguide, are chosen for comparison. The first and the
second cut-off frequencies of circular waveguide for the geometry depicted in Figure
2.1 are 586 MHz and 765 MHz, respectively. To operate in the dominant mode
region, the fregency interval of 600 MHz — 700 MHz is chosen.

The first example consists of a three-layered object, which fills the cross-section of
waveguide. The obstacle has constant relative permittivities €1=6 , €,=8, &3=4 in
each layer, that has same length in z direction which is 1 cm. Comparison of S
parameters is done between three different and independent approaches which are
Method of Moments , Mode Matching Method and HFSS. Amplitude and phase of
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S11 and S,; parameters that are obtained by these methods are shown in Figure 3.1
and Figure 3.2 respectively.
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Figure 3.1 : Comparison of [Sy1| & [Sz| for cross-sectional filled with lossless
material
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Figure 3.2 : Comparison of <S;; & <Sy; for cross-sectional filled with lossless
material

Since the dominant mode excited, the discountinity inside the waveguide only

generates the dominant mode. RCTD gives satisfactory results up to approximately
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first 110 modes. Hence the results obtained by MoM for RCTD is very close to that
of MMM. For fully loaded and lossless object, as to MMM, the error for PCTD and
RCTD is around 0.16% at lowest frequency for |S;1|. This sort olt is also shown that
PCTD gives better accuracy as to RCTD. The results, obtained by HFSS, gives error
around 4%. The consistency between MMM and MoM for both RCTP and PCTP is
shown.

The three-layered object, mentioned above, is treated as a lossy structure in addition.

Each layer has a complex part,& = o/we,. To obtain a loss tangent around 0.001,
the conductivities of lossy materials are chosen as o, =2,55x10™ (S/m) o, =3,55x10°

*(S/m), o, =1,55x10 (S/m), respectively. Amplitude of S1; and Sy, parameters for

three-layered, lossy model are shown in Figure 3.3.
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Figure 3.3 : Comparison of |S11| & |Sz1| for cross-sectional filled with lossy material

Also, phase of Si; and Sy; parameters for three-layered, lossy model are shown in
Figure 3.4. Phase results for MoM follows MMM with a little amount of shift. Since
a lossy object is determined, only phase of S;; could be obtained via HFSS. Phase of

S11 for HESS, follows the trace of other methods.
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Figure 3.4 : Comparison of <S;; & <S,; for cross-sectional filled with lossy material

Adding a loss tangent around 0.001 for fully loaded object, alters the consistency of
the proposed methods. MoM for PCTD gives an error around 0.2% at lowest
frequency for |Sy;|. Loss adittion results in higher modes to be produced. In this case
MoM for RCTD becomes insufficient. Because, analyzing the higher modes requires
to truncate the sum of integrals of DGF at a higher level. That causes the results of
MoM for RCTD to diverge as shown in Figure 2.12. The influence of conductivity
on RCTD is that error increases to around 1.1%. HFSS gives worsening results for
this setup.

To see the consistency of the proposed methods for high lossy dielectrics, a high
lossy setup is simulated. The object is composed of three layers with complex
permittivities 6+4i, 8+9i and 4+3i respectively (The complex parts are calculated at
600 MHz frequency). The results for high lossy dielectric object is given for
amplitude of S parameters in Figure 3.5. In addition, in Figure 3.6, phase of S

parameters are given.
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Figure 3.6 : Comparison of <S;; & <Sy; for cross-sectional filled with high lossy
material

For high lossy and fully loaded object, the errors for the proposed method are

increased. The error in |Sy;| for PCTD is increased to 0.23% at lowest frequency and
1.3% for highest frequency. Error for RCTD is 1.75% and 4.61% for lowest and

highest frequencies, respectievly. As expected, due to the insufficiency of RCTD for
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higher modes analysis, results for high lossy case is worser as to lossy and lossless
cases. Again, the results for MoM with PCTD gives high accuracy for high lossy
case, as to MoM with RCTD and HFSS.

For partially loaded objects, firstly a setup is prepared with three-layered lossless
dielectrics. The relative permittivities of the layers are 6, 8 and 4, respectively. The
object is cylindrical shaped and concentric with the waveguide. The radius of the
object is equal to half of the waveguide. MMM could not be used for comparison.
Also phase of Sy; is not valid for HFSS. Amplitude and phase of S parameter results
for half-loaded, three-layered, lossless dielectric object are given with Figure 3.7 and
Figure 3.8 respectively.
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Figure 3.7 Comparison of [Sy1| & |Sy| for half loaded with lossless material
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For partially loaded object, MoM with PCTD, RCTD and HFSS is compared with
each other. For lossless case, the differences in |Si;| between PCTD and RCTD are

0.0647% and 1.1922% for lowest and highest frequencies, respectively. For |Sii|,
HFSS follows PCTD with differences 0.85% and 4.1625% for lowest and highest

frequencies, respectively.

The half-loaded object, mentioned above, is treated as a lossy structure in addition.

Each layer has a complex part, & =o/we, . To obtain a loss tangent around 0.001,

the conductivities of materials are chosen as 2,55x10™ (S/m), 3,55x10™* (S/m),

1,55x10 (S/m), respectively. Amplitude and phase of Sy; and Sy parameters for half

loaded, lossy model are shown in Figure 3.9 and Figure 3.10 respectively.
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Figure 3.9 Comparison of |Sy1| & |S4| for half loaded with lossly material
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Figure 3.10 Comparison of <S3; & <S,; for half loaded with lossy material
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Adding a loss to half loaded object caused PCTD and RCTD to follow each other
with a little amount of difference. As to fully loaded case, difference between PCTD
and RCTD for lossy case is not much. The number of modes, produced by the
discountinity is less for half-loaded case as to fully loaded case. Also, since the size
of the object is smaller, the cell size are decreased for half-loaded case. Hence,
adding a loss, affected the consistency of RCTD less for half loaded case.
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4. CONCLUSIONS AND RECOMMENDATIONS

In this study, analysis of arbitrarily shaped lossy dielectric materials loaded in
circular waveguide is considered via an integral equation based MoM, which
requires a dyadic Green’s function representation as the kernel. In order to convert
the vectorial integral equation into a system of linear equations, the object is divided
into rectangular type cells, where the required integration of dyadic Green’s function
do not converge if observation and source points are at the same cell. Hence, a pie
cell type divison is also proposed. Evaluation of integration of DGF at both cell
types is introduced and discretization for MoM prodecure is explained in detail.

MoM and Mode Matching Method are used for the solution of the direct problem
and validity of these methods is shown by numerical examples. The commercial
software, HFSS, is also used for numerical comparisons. Since the ability of HFSS in
circular geometries is not sufficient, satisfactory results could not be obtained.

Nevertheless, for partially loaded materials, HFSS can be used as a bound reference.

It is observed through the numerical applications that optimization for Pie Cell Type
Division (PCTD) is provided by increasing the cell number surrounding the center of
the circular cross section. In order not to increase the computational load, simulations
presented in this study are produced with 7 or 8 cells around the center, at most. This
distrubiton enables the increment in p direction to be equal to that of ¢ direction.
Meshing is generally done with cell dimensions around A/25. In numerical results
section, cell size in z direction is decreased to A/50. Due to the computational

efficiency of computer, one could not decrease the cell dimensions much more.

The evaluation of dyadic Green’s functions is realized in this study. Errors, causing
from numerical restrictions, can be tolerated with more powerful computer aid. The
mesh structure for better accuracy is developed. A mesh structure with equal

increment in p and ¢ directions is better for both computational load and calculation
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accuracy. Integration of Bessel functions, in the DGF expansion requires sensitive
calculations, which increases the computational load.

4.1 Recommendations

This study is a basis for inverse algortihms to reconstruct the complex constitutive
parameters of materials, using waveguide method. Evaluation of DGF for circular
waveguide is determined. One can apply inverse algorithms for circular waveguide.
Furthermore, validation of inverse algorithms for circular waveguide can be enabled

with measurement data.
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APPENDICES

z
APPENDIX A.1: Analytical expression for J‘xJn (Ax)dx
0

z z
APPENDIX A.2: Analytical expressions for J.Jn(ﬂx)dx and J.x.]n '(Ax)dx
0 0
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Appendix A.1

z
Analytical expression for ijn (AXx)dx
0

n+m+1) ) (n+2k+1)F(n_m+1

n—r2n+1) o r(n+m+3+k)

where #(n+m+1)>0 (A1.1)

z2"T(

+k)

Jn+2k+1(z)’ [18]

.Z[xm\]n(x)dx =
0 F(

Due to the fact that the parameter of Bessel function is type of Ax, one should apply
change of variables. On the other hand, in this work, m is equal to 1. After some
algebra, one obtains;

. . 27"y 2k +k)
[x3,0x)dx == z2_y 23 (@) z=1z (AL2)
0

22 n - n+4
[(>) k0  TI(——+k
) (k)

For a more compact expression and ease of computation , one can simplfy formula,
using;

1

T(n+ %) _ 1'3'5'7;”(2” -1 r(%) , where r(%) =12 [18] (AL.3)
Arranging terms, one obtains;
n+1
[ Ly 135.7..(2(—, ) -1) i
72 _ 2 _ 2(n+1)/2 2 :E (Al 4)
n n n-1 '
) FG) 135701
I'(Y)
o(n-1)/2 2
Similarly;
rQ+k) A
2 _ (A1.5)
F(n_;4 1K) (n+2k +2)(n+ 2k)

Substituting (A.4) and.(A.5) into.(A.2), final expression of integral is given below;

f 2'In&  4(n+2k+1) N
xJ (AX)dX = —| — J ) |,z’=1z. Al.6
! () x{zé(mzmzxnuk) 2kt )}Z z  (ALD)

37



This expression costs computation load for higher values of z’ For that reason,
another analytical expression can be represented. Using the derivative of bessel
function

, n
30 (00 = A= 35 (23 = 354 (O] (AL7)
and compensate (C.1) with the formula, putting (A.7)

.Z[XJn '(AX)dx = i[an (Az) - j J, (Ax)dx]
0 A 0

[— ‘ n J—
—-([ Xﬁ[ﬂ J n (XX) J n+l (KX)]dX

z
= j [N, (Ax) = xAJ .. (AX)]cx
0
Using some algebra, arranging the terms, one obtains the equality
z z
j xJ, . (AX)dx = %[(n +1) j Jn(;tx)dx—%Jn(ﬂz)] (AL.8)
0 0
For a more compact expression, letting n=(n-1) in (A.8), one obtains;

F 1., * z
! xJ (Ax)dx = z[(n £ J. 4 (Ax)dx - J.,(22)] (AL.9)

z

This is a new representation for j xJ, (Ax)dx and consistent with the special case for
0

n=0 given in [19]
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Appendix A.2

Z z
Analytical expressiosn for jJn(ix)dx and J' xJ,, '(Ax)dx
0 0

Using recurrance relations [18]

j.‘JZn (x)dx=j\]0(x)dx—2nzl:.]2k+l(z), (A2.1)
320400 =1-3,(2)-23 3,2 (A22)

and analytical expression for integral of 1st and Oth orders of bessel functions are
z
j 3 (x)dx =1-J,4(2) (A2.3)
0
‘ 1
[ 30 ()dx =230(2) + 2 72[H (2)3(2) = Hy(2) 3o (2)] (A2.4)
0

Where Ho(x) and Hi(x) are the 0™ and 1% orders of struve function and defined in
power series expansion as

2 23 7°
() ;z{ 123> 123257 } (A29)
2| 22 74 z°
H.(x)=< — + —e A2.6
l( ) 7T|:123 12.32.5 12.32.52-7 :| ( )

Z
one can derive the analytical expression for the integral of IJn(/ix)dx

0
The expression (A2.4) may cost time requirement and computation load for higher
values of z. For that reason, on emay use analytical expression for integral of any
order bessel function including infinite sum, namely;
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.Z[‘]n(x)dx = 2f:‘]2k+n+1(z) (A2.7)
0 k=0

which can be controlled numerically, whether converged or not.

It should be noted that, in this work, the parameter of bessel function takes the form
of “Ax” or “ux "instead of “x”. Hence, deriving the proper expressions, one should
apply change of variables. After some algebra, letting the parameter of bessel
function “Ax”, arbitrarily, one can obtain;

20,2) 2 72 Ho@(2)-H@)o@)] o 23 J0a@) 120,
k=0
-3, e,
I:Jn(/lx)dx= ¥ - (A2.8)

| j Jo()dx=2)" 3pe4(2)] n is even,
A 0 k=0

n-1
1 2 .
—[1-3p(2)-2) 35 (2], nis odd
A k=1

where z’ =1z

Analytical expression for jx.]n '(Ax)dx
0
Using integration by parts, u=X, dv=J,'(Ax)dx and du =dx, v = % J,(Ax), one

can derive j xJ,, '(Ax)dx = %[an (Az2)- j' J, (Ax)dx] (A2.9)
0 0
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