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ABSTRACT

This study presents the dynamic equations of a stiffened composite laminated
conical thin shell under the influence of initial stresses. The governing equations of
truncated conical shell are based on the Donnell-Mushtari theory of thin shells
including the transverse shear deformation and rotary inertia. The extension-bending
coupling is considered in the derivation. The composite laminated conical shell is also
reinforced at uniform intervals by elastic rings and/or stringers. The stiffening
elements. are relatively closely spaced, and therefore the stiffeners are "smeared out”
along the conical shell. The inhomogeneity of material properties due to temperature,
moisture or manufacturing processes is taken into account in the constitutive
equations. A generalized variational theorem is derived so as to describe the complete
set of the fundamental equations of the conical shell. Next, the uniqueness is examined
in solutions of the dynamic equations of the conical shell and the boundary and initial
conditions are shown to be sufficient for the uniqueness in solutions. The equations of
laminated composite conical shell are solved by the use of finite difference method as
an illustrative example. The accuracy of results is tested by certain earlier results and
an good agreement is found. r



OZET

KOMPOZIT KONIK KABUGUN SERBEST TITRESIMLERI

Modern ugaklar ve benzeri hava ve uzay araglarinda en yaygm kullamlan
yapisal elemanlardan biri kompozit malzemeden imal edilmis konik kabuk elemandur.
Bu sebeple bu tiir yapilann dinamik yikler altindaki davranisryapmur 6mmri agismdan
Onem arzetmektedir. Kompozit malzemeler igin ayn bir 6nem gosteren sicakhk ve
nem gibi gevresel etkiler bu tiir yapilart homojenligini bozmakta ve dinamik davramsg
karakterini etkilemektedir. Bu yiizden bu tiir etkilerin de sozii edilen yapilann dinamik
davramgt Gizerine etkilerinin belirlenmesi gerekir.

Bu calymamizda, kompozit malzemeden yapilimg ve takviyelenmis konik
kabuklarin dinamik davrang, elastik ince kabuklar igin gegerli olan Donnell-Mushtari
teoremlerinin basitlestirici kabulleri ile incelenmistir. Ayrica ince kabuklar igin gegerli
olan Love hipotezleri de denklemlerin elde edilmesinde dikkate alinmigtir ki bunlar :

1. Kabugun kalinhi: diger boyutlanna gore yeterince kiigiiktiir

2. Birim sekil degistirmeler ve yer degistirmeler yeterince kiigiik miktardadir.
Dolaystyla birim gekil degistirme-yerdegistirme denklemlerinde ikinci ve daha yiiksek:
mertebeden terimler birinci mertebe terimlere kiyasla ihmal edilebilirler

3. Yanlamasina normal gerilme diger normal gerilme bilegenlerine gore
yeterince kiigiiktiir ve ihmal edilebilir ‘

4. Kabugun referans yiizeylerinin normalleri deformasyon sonrasinda da
kendisine normal kalr ve bu normal iizerinde segilen bir hattin uzunlugunda degisiklik
olmaz,

Konik kabugun temel denklemlerinin tamimlanmasi i¢in genellestirilmisg
varyasyonel teorem kullamlmug, ayrica lineerligi bozan geometrik etkiler ve ilk haldeki
gerilmeler dikkate alinmustir. Bunun yamsira sonucun tekligi de incelenmis ve simur
sartlan ve ilk baslangi¢ sartlarnin sonucun tekliginde yeterli oldugu gosterilmigtir.

Konik kabuk yapinin geometrisi Sekil 1. de gosterilmigtir :

Weierstrass teoremine gore kabuklar igin yerdegistirme alam su sekildedir

U(s,0,z) = u(s,0) + zB, (s,9)+zzys(s,9)+m
V(s,0,2) = v(s,0) + 284 (5,0) + 2%y, (s, 0)+-- (1)
W(s,0,2) = w(s,0)+zB, (5,0) + 2%y (s, 0)+-



burada U, V ve W ; s, 0, ve z yonlerindeki yerdegistirme bilegenleridir. Kirchoff-
Love hipotezinin basitlegtirici kabulleri dikkate alinarak (1) denklemi su sekilde
yazilabilir :

U(s,6,z) =u(s,0) +2zB4(s,0)

V(s,6,z) = v(s,0) + 2By (s,0) 2)
W(s,0,z) = w(s,0)

Sekil 1. Konik yapmin geometrisi ve koordinatlar



Bu yerdegistirme alani gosterimi kullamlarak ince konik kabuk i¢in kinematik
baglantilar su sekilde yazilabilir :
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Burada &,, €5 Ve £y orta yiizeyin membran sekil degigtirmelerini ; «,, Ko ve K €gilme
sekil degisimlerini gostermektedir. A = Sina / R, konik kabugun karakteristik bir
parametresini gstermektedir. § ve [ koordmatlan su sekilde tammlanir : s = sA ve
0 = 0Sina..

Plak ve kabuk teorisinde, kuvvet ve moment bilesenlerini, gerilmeleri kabuk
kahnlig: -boyunca integre etmek suretiyle elde edebilirizz. Takviye elemanlan da
birbirine oldukea yakin yerlestirildigi igin kabuk tizerinde sanki ayrt bir tabaka teskil
etmig gibi diginilebilir. Bu yaklagimla biinye denklemleri varyasyonel formda su
sekilde yazlabilir
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Burada h, konik kabugun kahnhigm ; E, ve GJ; elastisite modilini ve donme
rijitligini gosterir.
Stcaklik ve nem etkisi gibi gevresel etkiler yiiziinden elastik sabitler degisebilmektedir.

Bu da malzemenin homojen 6zelliginin degistigini gosterir. Bu ylizden malzemenin
Young modiilleri su sekilde yazilabilir:
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Denge denklemi ilk ve sinir sartlar virtiiel is prensibi kullanilanarak kompozit
konik kabugun serbest titresimi i¢in elde edilebilir

6Ns 1 16N59 mi InZ" qs

= —-—N— —_—_— —p ——=

%S5 g( ~No) §ae+x“+2xﬂs 0

_ My 2 1Ny cote m My dp_

s 3 9 s 60 Q" 2x‘39

_ Q1 1, oto w(-_aw] A0 ia_w]

“TTx 500 3% 5 e ‘&KN;°% 3% 60\ ° 50

xa(N 6w) E[Ni O_WJJF_@;.. o ,
98) B\ L&) A A

oM 1 1M, 1 mz (M m
My 2 1My My Mys o

e §ae+xQ°+ 5 By =0

X



(10) denklemi ile verilen denge denklemlerini yerdegistirmeler ve dénmeler cinsinden
yazabiliriz. (3) denklemini (4) denkleminde yerine koyarsak ve daha sonra da (10)
denklemine gecersek, dinamik denge denklemlerini 5 yerdegistirme bilegeni cinsinden
agagidaki gibi ifade edebiliriz :

m

R. 232 7\.
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Hareket denklemlerindeki lineer olmayan terimler ise
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Ilgili simr sartlan ve ilk sartlarm da varyasyonel formda yorumlanma51y1a
biitiin denklemler elde edilebilir.

Sonuglann tekliginin belirlenmesi igin elastisite teorisinde pek ¢ok yontemler
bulunmastna karsilik burada klasik enerji yaklagimu tercih edilmigtir.

Baglangicta, takviyeli konik kabugunun hareket denklemleri icin muhtemel iki
¢Oziim seti diiglinilmiis ve bunlarn fark: almmugtir. Coziimlerin lineerliginden dolayt bu
farkin da hareket denklemlerini sagladigy farzedilebilir. Eger bu fark ¢6ziimiin “sifir
¢oziim” oldugu gosterilebilinirse, kabul edilen iki ¢6ziim setinin birbirine denk oldugu
sonucuna varihr.

(10) denklemleri ile verilen hareket denklemleri sonlu farklar yaklagim
kullanilarak yazilan bir bilgisayar programu yardimuyla ¢oziilmiis ve literatiirdeki
benzer sonuclarla kargilagtinimistir. Buradan gikan neticeler su sekilde ifade edilebilir:

1. Kompozit konik kabugun temel frekansi takviyesiz halde takviyeli hale
nazaran daha digiik degerlerde seyretmektedir.

2. Konigin tepe agisinin artmastyla frekans degerlerinde azalma goriilmektedir.

3 Nem konsantrasyonunun artmastyla malzeme ozelliklerinde degismeler
olmakta ve malzemenin elastise modiilii nem konsantrasyonu arttikga diigmektedir.
Bu da frekans degerlerinin diigiik olmasina sebep olmaktadir.



CHAPTER 1

INTRODUCTION

A stiffened laminated conical shell is one of the common structural elements
used in modern airplane, missile, booster and other space vehicles. The dynamic
behavior of stiffened laminated conical shells under the dynamic loads and initial
stresses is of considerable engineering importance for determination the failure and
fatigue life of the shell. The inhomogeneity due to environmental effects such as
temperature and moisture may degrade the mechanical properties of anisotropic
materials and affect the dynamic behavior of the shell, and should be taken into
account in the constitutive equations of the conical shell.

Studies on the vibrations of cylindrical and truncated conical shells made of
isotropic and anisotropic materials were referenced by Leissa in his monograph[1]
Although much literature exists on the free vibration of isotropic conical shells, e.g.
references[2-5], fewer studies were found about stiffened, orthotropic or anisotropic
conical shells. Singer[6] and Weingarten[7] derived the equations of motion of a
Donnell-Mushtari type orthotropic shell theory. Bacon and Bert[8] showed the effect
of changing the ratio of orthotropic constants upon the fundamental frequencies of
shells of revolution. Cohenf9] investigated the asymmetrical free vibrations of ring-
stiffened orthotropic shells of revolution. Mecitoglu and Dokmeci[10] developed a
shell finite element which includes smeared stringers and rings, and examined the
uniqueness on the solutions. Weingarten[11] , Goldberg et. al.[12,13], and Schneider
et al.[14] studied the vibration of the conical shells subjected to initial stresses.

Newton[15] obtained results for the conical shells having orthotropic material



properties which vary‘ in the meridional direction. Martin[16] studied the free
vibrations of anisotropic conical shells. Heyliger and Jilani[17] considered the
inhomogeneity in the free vibrations of elastic layered cylinders and spheres.
Inhomogeneity of the material properties due to temperature was studied by
Mecitoglu[18] for a truncated isotropic conical shell. Sivadas and Ganesan[19], and
Sankaranarayanan et. al.[20] studied the laminated conical shells with variable
thickness. Kayran and Vinson[21] examined the effect of transverse shear and rotary
inertia on the free vibrations of truncated conical shells. Tong studied the free
vibration of orthotropic[22] and laminated[23,24] conical shells using-a simple and
exact solution technique. Langley[25] applied a dynamic stiffness techniques to the
vibration of the stiffened shell structures. Ley et. al.[26] examined the buckling of the
stiffened anisotropic conical shelfls. Sa1 Ram and Sinha[27] investigated hygrothermal
effects on the free vibration of laminated @mpoéite plates by finite element method.
Lyrintzis and Bofilios[28] examined the effect of absorbed moisture on the dynamic
response of stiffened panel structure from orthotropic material and a general external
loading condition. Kollar and Patterson|[29] studied a fiber-reinforced organic matrix
composite cylindrical segments subjected to hygfothermal and mechanical loads.
Although the uniqueness in solutions of the elastodynamic problems is very important,
only a few work is found in literature examining with this subject[30].

The purpose of this paper is to derive all the dynamic equations of a composite
laminated conical thin shell reinforced by stringers and rings and to examine the
uniqueness in solutions of the governing shell equations. The dynamic equations of a
stiffened composite laminated conical shell are derived within the frame of the
Donnell-Mushtari theory of elastic thin shells. A generalized variational theorem is
given so as to describe the complete set of the fundamental equations of the conical
shell. The geometric nonlinearities and initial stresses are taken into account in the
derivation of governing equations. The rings and/or stringers are "smeared out" along

the conical shell. The inhomogeneity of material properties due to temperature,



rﬁoisture or manufacturing processes is taken into account in the constitutive
equations. The uniqueness is examined in solutions of the dynamic governing
equations of stiffened shells, and a theorem of uniqueness is given which enumerates
the initial and boundary conditions sufficient for the uniqueness. The dynamic
equations of the stiffened laminated conical shell are solved by the finite difference
method to obtain the vibration characteristics and an agreement is obtained with
certain earlier results. Influence of the moisture on the vibration characteristics is

examined.



CHAPTER 2

GOVERNING EQUATIONS

2. 1. FUNDAMENTAL EQUATIONS OF THIN ELASTIC SHELLS

2. 1. 1. BASIC ASSUMPTIONS

The basic equations which describe the behaviour of a thin elastic shell were
originally derived by Love in 1888. These equations, together with the assumptions
upon which they are based, form a theory of thin elastic shells which is commonly
referred to as Love’s first approximation. In this part, we shall derive the basic
differential equations of the first approximation using, as a basis, E. Reissner’s vefsion
of the Love theory.

In the three dimensional theory of elasticity, the fundamental equations occur in
the three broad categories. Thus it will be recalled that in elasticity we have equations
of motion which are obtained from a balance of the forces acting on some
fundamental element of the medium considered that we have strain - displacement
relations which are obtained from a strictly geometrical consideration of the process
of the deformation, and that we have the constitutive law of elasticity ( Hooke’s law )
which is introduced in order to provide a relationship between the stresses and the
strains in the elastic medium. It will also be remembered that the solutions of the
problems in the three dimensional theory of elasticity involves vast complications
which have been overcome in only a few special cases. Thus, a group of simplifying
assumptions that provide a reasonable description of the behaviour of the thin elastic
shells was proposed by Love and has led to the development of a sub-class of the
theory of elasticity known as the theory of thin elastic shells.



Love’s first approximation to the theory of thin elastic shells is based upon the
following postulates

1- The shell thickness is very small in comparison with other shell dimensions
such as radius of curvature, length, etc.

2- Strains and displacements are sufficiently small so that the quantities of
second and higher order magnitude in the strain-displacement relations
may be neglected in comparison with the first-order terms.

3- The transverse normal stress is small compared with the other normal
stress components and may be neglected

4- Normalize to the unreformed middle surface remain straight and normal to
the deformed middle surface and suffer no extension.

The assumptions of thinness sets the stage for the entire theory. The set of
Love’s postulates seem to be appropriate only to thin shells and are, therefore,
consequences of this postulate. As a rule of thumb, however, it is suggested that the
resulting theory be applied only to shells whose thickness is everywhere less than one
tenth of the radious of curvature of the reference surface.

The assumption that the deflections of the shell are small permits us to refer all
derivations and calculations to the original configuration of the shell and, together
with Hooke’s law, aséures us that the resulting theory will be a linear, elastic one.

The two remaining hypotheses of the Love theory deal with the constitutive
equations of the thin elastic shells and rei)resie'rit the most significant features of the
first approximation.

It is necessary to note that the fourth hypothesis that concerns the preservation
of the normal element represents an extension to the case of the thin elastic shell of
the familiar Bernouli-Euler hypothesis of beam theory which states that ‘“ plane
sections remain plane.”” The assumption of the preservation of the normal implies
that all the strain components in the direction of the normal to the reference surfaces

(€,,Y1n-Y 2, ) vanish and the shearing stress components (t,,,7,, ) also vanish.

Our restriction to the consideration of thin shell makes reasonable the third

assumption of the Love theory that is expressed as ¢, =0.



It is expected that this assumption will be generally valid except in the vicinity
of the highly concentrated loads[31].

2. 1.2 DISPLACEMENT FIELD
We can define, in the shell space, the following displacement vector:
U (al aa2 ,C) = U(al aaz ,C)tl + V(a'l ,a'2 ’C)tz + W(al 9a2 ,C.r)n (21)

where t,,t,,n are unit vectors along o, ,ct, and the normal to the reference surface,
respectively, and U,V,W are the components of the displacement vector in the
corresponding orthogonal coordinate directions. We can expand this function in

Maclaurin series form with neighbour of & = 0 and obtain following functions :

U(a,,a,¢)=u(a,,a, )+§.u'(a1,a2)+§’2.u"(a1,a2 Y-
V(a,,a,¢)=wa,,a, )+§'v'(a1 124} )+¢2 V'(ay,a, - (2.2)
W(a,,a,,8) =w(a,,a,)+ 5w (e, 21Xy )+§2 wia,,a, )t

where u, v and w displacements components of the middle surface and a prime
denotes a derivative with respect to {. The assumption on the preservation of the
normal element implies that the displacements are linearly distributed throughout the
thickness of the shell. Thus, we may assume that the displacement components are

represented by the following relationships:

U(aty,00,,8) = uet, 0, ) +Eau' (o 50, )

V(0 50556) = V(0,0 )+ 6V (et 5005 ) 23)
W((Xl 3%y 5)= W((X.l 1o )

where a prime denotes a derivative with respect to £ . The quantities u, v and w

represent the components of the displacement vector of a point on the reference



surface, and the quantities u' and v' represent the rotations of tangents to the reference
surface oriented along the parametric lines o, , o, respectively. The rotations u' and

v' which will henceforth be denoted by B,and B, .

Reference surface

Figure 2.1 Differential element of a shell

2.1.3 STRAIN DISPLACEMENT RELATIONS

In the text on the theory of elasticity, in an orthogonal curvilinear coordinate
system. the normal and shearing strain components are related to the components of

the displacement vector by

o1y 1 3 Ogi uk .
g =T 1=1,23 2.4

el e (] s
o g * 2 k\/g—J % e\ Je, ﬂ =123 i7] (2.5)



where, for the application to shells

o) =U Oy =0y a3:€
uy = U Uy = v Us = W (26)
g1 =Af(1+¢/R))? gy =AJ(1+4/R,)? g3=1

where A, and A, basic form parameters or lame parameters, R, and R, radius of
curvature, g;, g2 and g3 components of basic form of the surface.
If we substitute Egs. (2.6) into Eqgs (2.5), we obtain the following strain

displacement equations in the shell space:

2
1.3 vi{B, A, w 1(_5,_1;)
“ 7 A, G, (u+g8,)+ AA, dz, R, 24°\a,
1.2 utlB, A, w 1(aw)2
gz_Az o, (v+g8,)+ AA, 5a,+R2+2A22 da,
LA O (v+§ﬁ2j+ﬁ o (u+§81]+ 1 (o o'w) @
27 A G\ A, ) A,da,\ A, ) 44\Fa o, '
1 dv u
gln—AI 5&1 _El‘_‘—ﬂl
1 v v
en A '“73;"'[32

The rotations B, and f, can be determined from the hypothesis that €1, =€2,=0

g - 1w
b Rl Al aa‘l
(2.8)
g, = 1 W
2 RZ AZ aaZ
The strains can also be expressed in the form
& = 810 + ¢k
& =& +{k, (2.9)

0
&, = &y + LK,



where

o 1l a . v A w 1(&»}2
& T A Ga,  AA, e, R, 247\da

o1& u o, W 1(aw]’

_ w 2.10
©27 A, G, AA, é’al+ R, 24:\da, (2.10)
O_A___(_s'_( ] A, 2 ) 1 [ o am)
%2 A Gu\A, ) A, Ga,\A, ) 44\ Fa Noa,
1B, B, 0A
17 A, o, AA, da,
_ 211
A, %0,  AA, & .11

AR
27 A do,\A, ) A, B, \A,

The quantities €;,6) and &, represent the normal and shearing strains of the
reference surface. The quantities «, and x, represent a linearly distributed bending
component of a strain and, in analogy to the theory of beams, it is readily seen that x,
and x, represent the changes in the curvature of the reference surface during
deformation. The quantity «,, represents the torsion of the referenée surface during

deformation

2.1.4 STRESS- STRAIN RELATIONS

For isotropic linear elastic medium, the stress-strain relations:

S _ Y, _ V¥ L1z

BTETERTES Y
O Vv v Ty

825 g TEC TR Yin = Gn (2.12)
o, Vv \ Toy

SnZEn—EGI—E(Sz Tm="g
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where ©,,06,,6, are the normal stresses along three mutually perpendicular

directions, €,,&,,&, are the corresponding normal strains, and t,,7,,,T,, and
¥ 12>Y 1Y 2a @€ , r€spectively, the shearing stresses and strains. Finally E,G and v
are the elastic constants (Young’s modulu, shear modulu and Poisson’s ratio ) along
the three coordinate directions.

As a consequence of the third and fourth postulates of the Love theory, the
system of stress-strain relations is reduced to the following two dimensional

constitutive law thin elastic shells

slzgi“’zo'z
E
. G, Vv
g, =E2—Ec, (2.132)
=T
Y12 G
or
E ;.
o = €1 +Vve
1 1—V2( 1 2)
E
G, = €, +VE . (2.13b)
2 1—v2( 2 1)
_E

Since the strains, and thereby the stresses, have been shown to be linearly
distributed across the thickness of a thin elastic shell, it is convenient to integrate the
stress distributions thorough the thickness of the shell and to replace the usual
consideration of stresses by a consideration of statically equivalent stress resultants
and stresses resultants and stress couples. By performing such integrations, the
variations with respect to { are completely eliminated to give a two-dimensional

theory.
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Q in
(2.14a)
N, S,
N, 1=4ty ((1+6/R )t
Q, ¢ T

{MIZ —2‘;. T12 (1+C RZ)C ¢
O,
{12}(1+Q/R1)cdc

21

(2.14b)

WhereN,, N,, N, ve N,, normal force resultants, Q; and Q. shear forces
resultants, M; , M, M;; and M,; moment resultants.
The reference surface is taken as the middle surface ( that is, -h/2 < £ < h/2 ),

the forces and moment equations may be written such as

N, = C(&? +vel)
N, = C[ed +ve?)

Ny =Ny =C(1-V)yy,/2

(2.15)
M, = D(Kl +VK2)
M, =Dk, +v,)
M, =M,, =D(1-Vx,,/2
where
C=Eh/(1-v?)
(2.16)

D=Eh*/12(1-V?)

are, respectively, the extensional rigidity and the bending rigidity of a thin shell

composed of a single isotropic elastic layer.
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2. 2. FUNDAMENTAL EQUATIONS OF LAMINATED COMPOSITE
CONICAL SHELL

Consider a conical shell as shown in Figure 2. 2, where R indicates the radius of
the cone at the large end, o denotes the semivertex angle of the cone and L is the
cone length along its generator. h, and h, are the height of the stringers and rings,
respectively. bs and b, are the width of the stringers and rings, respectively. ® is the
angular spacing of the stringers and S is the spacing of the rings. We use the s-0
coordinate system; s is measured along the cone's generator starting at the cone vertex

and 0 is the circumferential coordinate.

Figure 2.2 Geometry and coordinates
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2.2. 1. DISPLACEMENT FIELD

Eqgs. (2. 17) may be obtained by substituting a;=s, 0,=0, {=z, u=B v=P into
Egs. (2. 3) because of the using s-6 coordinate system. (Figure 2. 2)

U(s,0,z) = u(s,0) +zB(s,0)

V(s,6,z) = v(s,0) +zB4(s,0) 2.17)
W(s,0,z) = w(s,0)

where u, v, and w are the components of displacement at the middle surface in the s,
6, and normal directions, respecnvely, and Bs and Bg are the rotations of the normal

to the middle surface dunng deforma’uon about the s and 0 axes, respectively.

2.2.2 KINEMATICAL RELATIONS

Kinematical relations of a thin truncated conical shell can be approximated by
the use of preceding representation of displacement field and by taking into
consideration Egs. (2. 10) and (2. 11). The geometrical nonlinearities are taken into
account in the formulation. Now, we define a functional Ji for the kinematical

relations whose first variation is given by

o fof o338 oo Aot remet ()
L & v Adwdw P, Pe , P

R B L S R Rl

oA 2 S

%—cota:nté——:)]@ﬁ}dﬁl (2. 18)
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where, €, €y, and €, are the membrane strains of the middle surface and
Ks, Kg, and kg the bending strains. These membrane and bending strains are
equivalent to the strains which stated before by Eqgs. (2.10) and (2.11). A=sina/R is
a characteristic parameter of the conical shell. The coordinates S and 8 are defined as
5 =shkand 0 =0sina,, respectively. The strain-displacement equations of the Donnell-

Mushtari shell theory are obtained vanishing the first variation of functional.

2.2.3 CONSTITUTIVE EQUATIONS

In the plate and shell theory, as we stated by Eqgs. (2. 14), it is convenient to
introduce the force and moment resultants by integrating the stresses over the shell
thickness. The constituti\{e equations of an anisotropic material relate the force and
moment resultants to the membrane and bending strains. vIn the Egs. (2. 15)
constitutive equations are written for isotropic material. Here, the bending-stretching
coupling and anisotropy are considered in the constitutive equations. The stiffening
elements are relatively closely spaced, and therefore the stiffeners are "smeared out"
along the conical shell. The material properties of the laminated conical shell are
changed to take into account the “smeared out” stiffeners. Hence, the constitutive
equations of the stiffened laminated conical shell with stretching-bending coupling are

given in variational form as

& = Ldt [N~ (46, + A +Bur, +Byr,)] &,

+| N, “(Alzgs + A8y + Bk, +322K9)] &,

"

+| Ny "(Aasgse + B,k )] &, 2.19)
+M —(B“as +B,&, + D)k, +D,2xg)] oK,

s

+[M, ~(B,e, + Bz, + Dyx, + Dy, )| 8,

+ :Mse _(Bssgse +D33Ksa)] 0K,
+ [QS —.Aﬁgsz]&sz + [Qg - A448&]58e}ciA =0
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where
Ny
Aij = ZQij(k)(hk —hk~l) +Ex’j x} = Ekz; (k)(hz h:—l)
D, = §§Q;k>(h3 ~B.)+ G, i,j=123

(o) =3 T(o0.00) et

k=1 p_,

0®n=U, + U,cos28 +U,cos46
0¥, =U, —U,cos28 +U, cos48
0¥y =U, -U,cos40 = Q21

o® =U, —U,cos48

Q(k)ls =-1U,sin20 ~ U,sin46 =0,
OWy=—1U,sin26 + U,sind0 =Q,,

{0Pu,0P s} = E(k)a{ ! L }

21+ v®,) 214+ vP,)

where

U, =+(30,; +30,, +20,, +40.;)
U,=3(0n -0 )

U, =5( 0 + 0y — 20y, —40s,)
U, =3(0y + 0, +60, ~40;,)
Us =3(0y + Oy — 20, +40;,)

-F

¥y

(2. 20a)

(2.20b)

(2. 20¢)

(2. 20d)
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EcAg EzA
{Ell 3E22 9E12 >E33} = )"{_%_S >_R'—§—R :0>0}

{FuanzaFwa}:zx{ e g

{G“,GZZ,GIZ,G”} _a ESAS(insz + eSZ) ERAR(ig_RZ + eRZ) >O,(G§gs . GEJR)

[c) ’ S

and
fl2)= %{1 — 4(-31 (2.22)

The forcé. and moment statements above are written by taking into account s-0
coordinate system. Here, h is the total wall thickness of the conical shell
Eg, and GgJg are the modulus of elasticity, and torsional stiffness of a stringer,
respectively. Ag is the cross-sectional area of stringer and ig is the radius of gyration
of the stringer cross-sectional area about a centroidal axis parallel to the 6 axis,
respectively. es is the distance to the centroid of the stringer cross-section from the
shell middle surface (eccentricity). The subscript R indicates the properties of a ring.
In Egs. (2. 21), ®=@sina. and S=SA. |

2.2.3.1 MOISTURE EFFECT IN CONSTITUTIVE EQUATIONS

The matrix materials, such as epoxy resins, that are commonly used for
present-day composites absorb moisture from the atmosphere by what is essentially a
diffusion process. Under ambient temperature conditions, the rate of diffusion is quite
slow: it takes times of the order of months for a laminate kept in a humid atmosphere
to achieve an equilibrium moisture distribution. The amount of moisture in a laminate

is generally expressed in terms of the percentage increase in the laminate eight; for
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graphite/epoxy laminates exposed for long times in humid atmospheres, weight
increases of the order of 1% are encountered[32].

The presence of moisture in a laminate can significantly affect certain of its
structural properties, considerable attention has been devoted to establishing
theoretical procedures for predicting the moisture content. Consider an initially dry
laminate immersed in a constant humid atmosphere. It is assumed that the moisture
enters the laminate only through its flat faces. If z denotes the coordinate in the
thickness direction, here measured from one face of the laminate, and t the time; it can
be seen that, for sufficiently long times, the moisture concentration approaches a

uniform value across the depth of the laminate.(Figure 2. 3)

—, SATURATION

oy |

0.2 L

O o2 o4 0¢ 08 Lo %o

Figure 2.3 Moisture / time profiles in a laminate
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There are two principal effects to changes in the hygrothermal environment on
mechanical behavior of polymer composites :

1. Matrix-dominated properties such as stiffness and strength under transverse,
off-axis or shear loading are altered. Increased temperature causes a gradual
softening of the polymer matrix material up to a point. If the temperature is increased
beyond the so-called “glass transition” region (indicating a transition from glassy
behavior to rubbery behavior), however, the polymer becomes too soft for use as a
structural material.(Figure 2. 4) Plasticization of the polymer by absorbed moisture
causes a reduction in the glass transition temperature, T, and a corresponding
degradation of composite properties.

2. Hygrothermal expansions or contractions change the stress and strain
distributions in the composite. Increased temperature and/or moisture content causes
swelling of the polymer matrix, whereas reduced temperature and/or moisture content
causes contractions. Since the fibers are not affected as much by hygrothermal
conditions, the selling or contractions of the matrix is resisted by the fibers and
residual stresses develop in the composite. A similar effect at the laminate level is due

to differential expansions or contractions of constituent laminae.[33]

Transition

Tnereasing moishura
content

Stiffness

Robbeyr region

Figure 2. 4 Variation of the stiffness with the temperature for a typical polymer showing the
glass transition temperature T, and the effect of absorbed moisture on T,,  Note: Ty=“dry” T, and
T wet” Ty, -
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2. 2. 3.2 EFFECT OF MOISTURE AND TEMPERATURE ON STRUCTURAL
PERFORMANCE

It transpires that the main effect of moisture on structural performance comes
not from the moisture alone, but rather when it is taken in combination with elevated
temperatures such as occur in high-speed flight. Composite components on a
supersonic fighter aircraft might be expected to experience temperatures in the
approximate range -50 to 125 °C depending on speed and altitude; it is the high end of
this range that is seen as being of most importance.

When a fiber / epoxy composite is in a “wet” condition having a moisture content
around, say, 1.2%, then the glass transition temperature of the epoxy matrix may be
reduced by around 40-50 °C . Under these circumstances, the maximum temperature
seen in service may be approaching the glass transition temperature of the composite
matrix. This is where the main potential for reduction in structural performance
arises. However, by no means are all of the structural properties of a composite
reduced significantly from this cause. As would be expected from the above
argument, it is only those properties strongly depeﬁdent on the matrix performance
that are affected.

The tensile strength and extensional stiffness of fiber-dominated laminates (i.e.,
laminates with a significant proportion of fibers in the principal stress directions) are
little affected by temperature. The situation is different for matrix-dominated

laminates, where substantial reductions in tensile strength and stiffness can occur.[32]

As it mentioned above; elastic constants or material density may have a spatial
change due to environmental causes such as temperature, moisture effect or
manufacturing processes. Therefore, the material of the conical shell is
inhomogeneous in nature and it should be considered in the constitutive relations. For
purposes of demonstration, a simple linear variation in the Young modulus through

laminates of the conical shell is considered[17], described by the equation
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2]

E,(z)= Eso[l+as(l+2§ﬂ E, (z) = Eeo[nae(lu h) | 2. 23)

where o, and o are the parameters. E, andE, are the Young modules of the inner

surface of truncated conical shell.

2.2.4 EQUILIBRIUM EQUATIONS

Now, the equilibrium equations, boundary and initial conditions for the
vibratién of stiffened composite conical shell with initial stresses are derived from the
virtual work principle. The rotary inertia of conical shell and stiffeners is taken into
account. Thus the virtual work principle is applied to the stiffened composite conical

shell under the influence of the initial stresses and the following equation is obtained.

=] at] TN+ M) o, + (N, + Ny) b, +(N,g + VL) b0 +(M, 4 M) B,
+(Me “HM;) i, +(M50 +A4:0) K, +(Qs +Q;) %, +(Q9 +Q§) 55&] dA
] T (q+ ) G+ g0+ 43) & +{a, + ) 0+ (m,+ i) 88, +(m, +m)38,] a4

_f I{m(a&+9&+w5&) +£122—-(u5ﬁ + B.8+V3B, + B, )

+’”1218‘s$s +mnﬁa$e] dA=0
(2. 29)

where the superscript i indicates the initial stresses and the dot above the symbols
denotes the derivation with respect to time. qi,qé,qiz,mis, and mé are the static loads

which cause the initial stresses, and q,94,9,,M,, and my are the dynamic loads. In

Eq. (2. 24) the parameters related with the mass of the conical shell are
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ApsAs  AprAg _ 2ApsAses  2ZAppAger
6 T S m =5 S
h®  ApsA .2y ApRA
mlzz——-—pl"2 + p% S(e82+182)+ Pa’ R(eR +1, ) (2. 25)

= pch+

h®  ApA ApRA
mzl=p1°—2+%—§~(esz+ipsz) PR R(

ex? +ig?)

where p., ps, and p, are the material densities of the shell, stringer and ring,
respectively. 1ps and ipr are the polar radius of gyration of the stringer and the ring
about the centroidal axes, respectively.

Integrating Eq. (2. 24) by parts, one arrives the following variational equation

7 "
LA AR LY} —q”‘f}z

vl | {[%W #N) = [(80+8) (N, +2)] 2

o . 16 . R
{-g(f\’w%) Mo+ 55N+ 8)- “(Qg@)%v%ﬂg—%ﬂ@

120 +0)-1-210,+0)- Yo +a)+ 22w, +n)

Yl ) 18l v
“Tal N)SE]"%LNG %]

Ad w0 W /
—E%{(Me +N;9)§}“§[(Me +Mﬂ) E:,‘*‘%w_ < —;qz}i"

{—E(M +M)-= M+M’) ~(M, +M)|

17
& (Me +M, )

5
+——(Q +d) +—u+—B _mn ]ﬂﬂ

174 ) 2 . 172
*{_E(A’fse +Me) _E(Ma +M§a) ~d9(M +M)
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The variational statement (2. 26) may be divided into the two parts as follow

&, =85 +87? (2.27)

where J ‘e defines a functional of the initial stresses as a function of static loads, and
J? defines a functional related with the vibration behavior as a function of dynamic

loads. We may write the parts of Eq. (2. 27) in this form

8]2 :.J;dti(tisu+TéSV+ 'ci28w+'c§ZSBs +‘C(i;z5ﬁe)dA

(2. 28)
SJ;1 = r{dtff(ts8u+198v+ T,0W+7, 0B +1:9539)dA
where
. OONL 1, 10N, ¢
o Z8 ZINI-Ni}j-——=2_Z_9¢
"5 §( Ny 500 A
. i 2. . 16Ny cota
i s i <] i Yo
=——2_ N, —— B
T s s *Ts08 s A
: L 18Q) 1 ., coto aQ
b S_______e___ ! —_— l——Z-_-'
T s 300 s 5 ey =0 (2.29)
Lol N laMy 1 ml
= = M -M) -2+ —-Q-—==0
e L L)
. My 2 1My, 1, my
e T B Y

This set is usually solved by stress functions for the unknown initial stresses. Once

these are known, following vibration equations are solved:
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Ts :‘625 ‘%(Ns“Ne) —éag—ge +%ﬁ+%ﬁs —g}f =0

o= 2N - Qs T2 2

A e
2, ?3) £(N¥%J+%W"%=O

B B

(2. 30)

Note that we have neglected N, N, and N4 in the third to sixth terms of 1, since
they are small when compared to N N and Ni;. This is a good assumption for
most engineering problems of this type.

Finally, we may write the equilibrium equations given by Egs. (2. 30) in terms of
the displacements and rotations. On substituting Eqs. (2. 18) into Egs. (2. 19), and
further into Eqgs. (2. 30), we may express the equations of dynamic equilibrium in

terms of the five displacements, namely

m .
Liju+Lgpv+Lyzw+LigBs+1gsBg +N1(W)+—u+ ~Bs-—5=0
A2 2X A
my; - 9e
L21u+L22V+L23W+L24BS+L25B9 +N2(W)+ V+‘—2—Be——-—-:0
A2 2A A
L il _‘3_2__
31U+L32V+L33W+L34Bs +L35Be +N3(W)+ 12 W — ?\’ 0
my m12 " ms
Lgju+Lgpv+Lgsw+LyyBs+LysBe +Ny(w)+—Sii+—~Bs——=0
2A A A
m2 . m21 - me
L51U+L52V+L53W+L54Bs+L55Be +N5(W)+2;\‘2 v+ Xz g~ kz =0

(2.31)
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- where
62 All a A22 A33 62
L —Aua—-z 3 a_-l— 32 6@2
L :_(Au +A33) 52_+(A22 +A33) 5_
2 s 0500 2 50
L. = A, cotar A,cota O
13 ™ .§2 3 a§
&> B,;; & B, ]333 &
Ly,= B116_2 = 5§+ i
_ (B22 +B33) 8_ _ (Blz +B33) 52_
A L s 300
L ____(A12+A33) 32-__(A22+A33) 3_
“ s os8 s 00
2
L., =—A i_{_.i_i_:—l_ __A22 aj +A44§0t o
22 o 508 2 507 =
(A22+A44)cotoc 0
= § 0 (2. 32b)

(Blz + B33) 62~ B (B22 +B33) 5_
s Js00 §2 00

& 1 o 1 | Bzz & _ Ay cota

os“ s o S 52 00 SA

Ly =-

A cota O N A,, cota
5 Js 52
Ly =-Ly

Ly =

N 10) A, & Ancot a [oNi N‘ 10Nk ) @
3 ”L6§2 séf} s 00° @ § XL % s 500 o5
i E N & (151\£;,+15Ns\a AN &

o 5§ 0508 \3* 90 s 0% Jae 987
B,, cota A55 0 Ay By, cota
Ly = - =

L

B 55 As 52
L (Bzz cota AMJ P
N T P

(2. 32a)

(2. 32¢)
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Ly=Ly Ly =L
A Bjycota) 0 By, cota
L, :( 55 Pra j_+_z_z__

A s s 52
( 5 a\ D D.. * A
L .Y _ 33 55 (2. 324d)
L =Dl o+ 55 T
: (Dzz +D33)i__ (D12 +D33) 62_
O < 00 3 3500

L5, =L, Ls; =Lys Ls3 =-Ls;s
(D +D5) & (Dy+Dy) &

L = - — — —
> s 0500 52 00 (2. 32¢)
(& 18 1) Dy &* Ay
I-J”:—D”k__aﬁz T "EZ—J— o0 W

and the nonlinear terms in the equations of motion given by Egs. (2. 31) are

ow 0w A (ow) ) ow Pw
Ny (w) =_A117”—"6§—+(A12 '*‘Azz)g(_:) _(Au +A33)T_— a

s &3 00 §* 00 Oso
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Ny(w) =, PRy, Reota v
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The nonlinear equations can be extraordinarily difficult to solve. The equations
raise mathematical problems in their own right. Fortunately, the nonlinear terms in

Egs. (2. 31) may be neglected in the most engineering problems.
2.2.5 BOUNDARY AND INITIAL CONDITIONS

The related boundary conditions at both ends of the conical shell may be
expressed in variational form as follow
5d6

&, = Iaﬂ‘{“N N,) 80+ (Nyg = N3o) 8+(0, Q1) 8 +(0, - M) 38, +(M,, — M) 38,]—~

(=) &, +(0-v7) &, +w—w') 0, +(8, - ) 4, +(8, - ;) 4, %ﬁ}

Cq

(2. 34)

where C; is the boundary part that the forces are prescribed and Cq is the boundary
part that the displacements are prescribed. The asterisk denotes the prescribed values
of displacements and forces.

The initial conditions are given in the variational form as follow

&, = I {[5.6.4) ~u"(5.,8)] 6l5.,8) +[5.6 1) - v"(5.0) |8(5.8)
+[w§ ) se_)] (5.6)+ [ set) B3, ﬁ)]é"ﬂ'(.?ﬁ_)
+[Bo(5.0.1,) - B,"(5.9)] 8,(5.8) +[u(s91‘ i'(5,9)] ads,8)
[ ,_,) s@]&(s@ +[ws9t 59_)] (sé)
{B5.6.4) - B,(5.0)] 6.(5.0) +[ 4,(5.0 ) - ,'(5.6)] 58,(5.0)} a4

(2.35)
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2.2. 6 GENERALIZED VARIATIONAL THEOREM

The fundamental equations of the conical shell may be stated with a generalized
variational statement[34]. Now, let us define a functional J whose first variation is

given by
87 =834 +87,, +87, +87 +8T, +8I% +81L +81% +87) (2.36)
with
A, :(u,v,w,Bs,Be € C1184,80,€40,84;,8025Ks,Kg>Keg € Coo

NsaNG:"Nse;Ms’Me’MseaQs’Qe € CIO)

(2.37)

where T}, }(, and J% ére the corresponding functional related with boundary
conditions, kinematical relations and constitutive relations for initial stresses,
respectively. Then, of all the admissible states A, , only those which admit the
functional J have zero first variation, if and only if, they satisfy the equilibrium
equations, the displacement-strain equations, the constitutive equations, the boundary
conditions and the initial conditions as appropriate Euler equations. The variational
theorem &J (Ac) = 0 evidently generates, by the use of the fundamental lemma of the
calculus of variations, the complete set of the basic equations of stiffened composite

shell with initial stresses.
2.3 UNIQUENESS OF SOLUTION

In the previous section, a set of two-dimensional, differential, approximate
equations of Donnell’s type is derived for the dynamic response of a laminated conical
shell with stringers and rings. The two-dimensional governing equations of stiffened

laminated conical shell are constructed by the use of the virtual work principle within
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the limits of the well-known Kirchhoff-Love hypotheses of thin shells. Now, the
boundary and initial conditions are obtained which are sufficient to ensure the
uniqueness in solutions of the dynamical governing equations. Of the several
arguments to be used to establish the uniqueness of solutions in elasticity[35], the
classical energy argument which relies on the positive definiteness of kinetic and
potential energies is used in this study. Kirchhoff[36] used the energy argument at
establishing uniqueness in elastostatics, so did Neumann[37] in elastodynamics and
Weiner[38] in thermoelasticity. A uniqueness theorem of Neumann's type is proved
for solutions of the initial mixed-boundary value problems defined by the two-
dimensional governing equations of stiffened cylindrical shell[39]. Mecitoglu and
Dokmecif10] examined the uniqueness in solutions of the dynamic governing
equations of stiffened cylindrical shells.

To begin with, consider two possible sets of solutions to the governing equations

of stiffened conical shell, namely,

AB :(U,V,W,Bs,ﬁe € CIZSS789’83678s2’862;Ks,K9’Kse € C00

Ny, Ng,Nyo; M, Mg ,M4,Q,,Qq € Cm)B B=12

(2. 38)

Let the difference set of two solutions be denoted by A = A, — A;. The difference set
of solutions apparently satisfies all the governing equations of stiffened conical shell
due to their linearity. It will be shown that the homogeneous linear governing
equations possess only the zero solution, that is, the two set of solutions (2. 38) are
equivalent under the pertinent boundary and initial conditions. In so doing, we

introduce a relation of the form

= [(T +Ty+T, +Tg, +Tg, )dt=0 (2.39)
T

with
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r,=)

J- (r;l-ri) udA F,,zj j(rg+r;) vdA Fzz_[AJ- (rz+r;) wdA

4

rxz:-’. J‘(Tsz_!_rsiz) ﬁ.sdA rek:." J‘(T&’*"Téik) BodA

(2. 40)

where T, To, T Tsz , To are defined by Egs. (2. 30) and 'ci,'cé,'ti,‘tsz,‘cie are defined

by Egs. (2. 29).

Now, let us calculate the rates of the strain and kinetic energies of the stiffened
conical shell in terms of the displacement components. The rate of the strain energy is

expressed with respect to the difference set of the solutions in the form

U:j. I[(NS-FN:) és+(N9 +N;) é9 +(Nsé) +N.:9) ésa +(Ms+M:) ks
HM, + M) &y +(My + M) iy +(0,+0) 6. +(0, + 05) &,] 4

(2. 41)

in terms of the difference set of the solutions: Using the strain displacement Egs.
(2. 18) in Eq. (2. 41) and integrating the equation by parts, one arrives at the rate of

the form
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=20+ 04) - 10) (0 )]~ (0, ene o+ 0)

: 74 2 y 12 R | A -
*‘["E(Mo '*']V-’;e) —}'(A’[xe +J\4;0) _E;’E(% +A’I;) +Z(Q9 +g)jlﬁ9}d4

+£ %§d§+j yds
(84 L

(2.42)

In this equation, the quantities of the form

v, = A{(Ner-N;e)u (N +N“)v+[(Qg+g) (N +N’)Z ‘N33+Nja)%}w
+(M39+M;'a)ﬂ +(M, +M’),Bg}uma

(2. 43)

and

Yo = %{(N +Nia+(Ng +N;9)V+[(Qs +Q}) +§(Nse +NG) 59}""

+(M, + M), +(M, +M§e)} 1

=5

(2. 44)

are introduced.

Likewise, the rate of the total kinetic energy may be written as follows
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k=1 1| s i)+ (i 3B+ B,5)+ B,y B

(2. 45)

in terms of the difference set of the solutions. Integrating this equation by parts, one

arrives at the rate of the form

k=] [ {(mi+img)i+(ms+imf,)v+mp
A

"‘(%mzi“' mxz:és)»és +(% "”z‘.’;'*'mzuga)ﬂ'e]d“1
(2. 46)

In view of the energy rates (2. 42) and (2. 46), the relation (2. 39) is expressed as
F:I(U+K)dt~fdl{f y/,,§d9“+f y/saKj:O | (2. 47)
T T L
An integration of this equation with respect to time yields

K(#)+U(s) :K(to)"‘U(to)'*'.! ydt (2. 48)
with

w=4 y,5d0 + ]y ds (. 49)
C L
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The kinetic and strain energy densities are positive-definite, by definition, and
initially zero; so that the total kinetic energy and strain energy, K and U, calculated by
integration from the difference set of solutions for the stiffened conical elastic shell

have the same properties. Thus, it follows from Eq. (2. 47) that

K(t;) = Ut;) = K{to) = Ulto) = 0 (2. 50)

This implies a trivial solution for the difference set of solutions, Ac , since the
remaining term V¥ of Eq. (2. 47) vanishes in view of Eq. (2. 35). Hence, the
uniqueness is ensured in solutions of the governing equations of stiffened conical

elastic shell. The following theorem is then concluded.

Theorem - Given the regular region of a stiffened cylindrical elastic shell in the
Euclidean three-dimensional space, then there exist at most one set of single-valued

solutions, Ac, namely,

Ac Z(U,V;W,BS,BQ € 012887897859’8537892;1(37.](9:1(39 & COO

NsaNe :Nse;MsaMe ’Mse’Qs’Qe € CIO)

which satisfies all the governing equations of the stiffened shell, provided that kinetic
and strain energies are positive-definite, and boundary (2. 34) and initial conditions

(2. 35) are prescribed. Cmp refers to the function with derivatives of order up to and

including (m) and (n) with respect to space coordinates (§, 5) and time t.



CHAPTER 3
METHOD OF SOLUTION

There are many methods in order to solve the equations of motion both
analytically and numerically. Among the analytical methods are Galerkin’s method,
collocation method and so on. Development of computers has enabled us to use
numerical methods efficiently in the dynamic analysis of structures which are
impossible to treat analytically. Most widely used of numerical methods are finite
element method and finite difference method. In this chapter it will be given brief
information about the finite difference method

3. 1. FINITE DIFFERENCE METHOD

The finite difference method is a purely mathematical technique. The
equations of motion have to be known for the structure that is to be investigated. By
contrast, the finite element approach will not require knowledge of the differential
equations of motion once the element stiffness and mass matrices are defined.[40]

In finite difference method, the basic approximation involves the replacement
of a continuous domain D by a pattern of discrete points within D as shown in Figure
(3. 1). Instead of obtaining a continuous solution for v defined through D we find
approximations to y only at these isolated points. When necessary, intermediate
values, derivatives, or integrals may be obtained from our discrete solution by

interpolation techniques.
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As we stated above shortly, the reduction of the governing equation and
boundary conditions for the continuous domain to the governing equations for the
discrete replacement may be accomplished physically or mathematically. In the
physical approach the discrete model is invested with lumped physical characteristics
of the continuous system. The governing equations are then obtained from the
physical laws applied directly to the lumped-parameter model. In the mathematical
approach the continuous formulation is reduced to a discrete formulation by simple

replacing derivatives with finite-difference approximations.

Continuous one-dimensional . Continuos two-dimensional
domain domain
D
T Pjgen ™
P_]-l PJ PJ+1 Pj-l,j P_bk PJ+1,k
w Pika
(a) Discrete replacement of (b) Discrete replacement of
one-dimensional form two-dimensional form

Figure 3. 1 Approximation of a continuous domain by an array of discrete points.

In preparation for replacing differential equations with finite-difference
relations, we can write several basic finite difference expressions in one and two

dimensions. In one dimension we consider only the case of equally spaced points, and
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in two dimension we consider only the square network, or lattice. In both cases the
spacing dimension will be called A.

In Fig. 3. 1(a) let the points . ..., Py, P;, Pj1, . . . be separated by a
distance A and let the value of w(x) at the P; be denoted by ;. Then, for instance,
the first derivative at P; may be approximated by the following finite-difference

expression,

[dy/dx]i=[wp-w1]/2h G.1)

The second derivative is obtained from

[d*w/dx’]; = [{dy / dx}jor - {dw/dx }111/ 2k 3.2)

or, afer substitution of Eq. (3. 1),

[d*w/dx’]; = [ W1 - 295 + Y1 1 / A (3.3)

We now turn to the problem of replacing the differential equation and
boundary conditions of a given equation with algebraic equations for a discrete
approximation. At each internal point the finite difference approximation to the
governing differential equation provides an algebraic equation connecting the values
of v at the several neighboring points. Exceptional situations can arise only near the
boundaries. It is then necessary to introduce finite different approximations to the
given boundary conditions and thereby to eliminate to need for a value that lies
outside D.[41]
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The dynamic equations of a stiffened composite laminated conical thin shell
which are given Eqs. (2. 31) are solved by finite difference method by using a
computer program written in FORTRAN language. To solve the equations of motion
which characterized the linear free vibrations of stiffened composite laminated conical

shell without the influence of initial stresses, we assume displacement functions of the

form
u(s, 8,t) = Zu(s)cosié-—-cosmt v(s. 0,t)= i?/(E) sin nf cosot
= no A sina
w(s,0,t) = Zw(s) cos Ga cosot

no = &a . n0

B.(5,6,t) = ZB (5) cos=— cosat Bo(5,0,t) = DB, (5) sin—— coswt
no ol sina

(G.4

with the harmonic motion assumption. Since the shell is axisymmetric (e.g., no
cutouts) and has axisymmetric boundary conditions, then the vibration modes
uncouple with respect to © and the summations on the n is not considered in Egs.
(3. 4). Substituting these equations into (2. 31) and canceling the initial étresses,
nonlinear terms and dynamic external loads we obtain five ordinary differential

equations.

¥4
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3. 5)

where the prime above the symbols denotes its ordinary derivative with respect to 5.
The finite difference method is applied to solve resulting ordinary differential
equations together with the boundary conditions at the small end

u=v=w=f3=My=0 (3. 6a)
and at the large end

Ny=v=w=M;=Mg4=0 (3. 6b)

The central difference formulas are used to obtain the derivatives with respect to 5.



CHAPTER 4

NUMERICAL RESULTS

The analysis described in the previous sections is applicable to the free vibration
of laminated conical shells. The axisymmetric vibration of antisymmetric cross-plied
laminated cones is considered in the illustrative example and the material parameters

of each layer are taken to be

E, = 15E, Vg =025 Vy, =V, =03 (4. 1)

Xz

The geometrical property of the truncated conical shell is taken to be L/R =
0.5. Following stiffening parameters are used for the stiffened shell case; Es = Er =
0.52E,, ps = pg = 1.73p,, hs = br = 5h, bs = br = h, N5 = Ng = 6. Here, hs, bs and Ng
are the depth, width and the number of stringers, respectively. The subscript R
denotes the properties of a ring.
The frequencies used in comparison are calculated in the case of n=1 and
N=30. n and N denote the number of circumferential waves and number of grid
points respectively.

Before presenting the results, let us introduce a frequency parameter defined as

(4.2)
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where A;; is determined for the unstiffened conical shell. The frequency rates used in
Fig. (5. 1) -(5. 3) are calculated as Q /Q . Q, is the first value of the frequencies.
Lamina material properties at the elevated moisture concentrations [27] used in the

present analysis are presented in Table 4. 1.

TABLE 4.1

Elastic moduli of graphite/epoxy lamina at different moisture concentrations :

G13 = G12_,_G23 = 0.5G12, V= 0.3, [31 =0 and Bz =0.44
Elastic Moduli (Gpa) Moisture concentration
0.00 0.25 0.50 0.75 1.00 1.25 1.50

E; 130 130 130 130 130 130 130
E, 9.5 9.25. 9.0 8.75 8.5 8.5 8.5
G 6.0 6.0 6.0 6.0 6.0 6.0 6.0

The results are given in Figures (5. 1) - (5. 9). The present results are
compared with those obtained from power series approach given by Tong [24], for
the unstiffened laminated conical shell in figures (5. 1) - (5. 3) for different semivertex
angles and relatively agreement is found.

The different frequency parameter values are given in figure (5. 4) for different
semivertex angles. It can be realized that the higher semivertex angle the lower
frequency parameter.

The fundamental frequency of the laminated truncated conical shell decreases
with the stringers and rings. This case is shown in figures (5. 5) - (5. 7) for different

semivertex angles. The reason for the reducing effect of stiffeners on the natural
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frequencies of the conical shell can be explained as the relative contribution of the
stiffeners to the mass of the laminated conical shell is much more than the contribution

of the stiffeners to the stiffness of the conical shell.

The effect of uniform moisture concentration on frequency parameter is
given with figure (5. 8). It can be seen that easily in figure (5. 8), the frequency
values reduce with the increase in moisture concentration for the laminated conical
shell. The result shows a good agreement with the study which on the free vibration

of laminated composite plates [27].
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Figure 5.1 Change of frequency ratio with thickness ratio for o = 30° and L / R=0.5
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Figure 5. 2
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Change of frequency ratio with thickness ratio for o = 45° and L / R=0.5
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Figure 5.3  Change of frequency ratio with thickness ratio for « = 60° and L / R=0.5
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Figure 5. 5 Change of frequency parameter for stiffened and unstiffened case
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Figure 5.6 Change of frequency parameter for stiffened and unstiffened case

(0=45° L/R=0.5)
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CHAPTER 5

CONCLUSIONS

In this study, all the dynamic equations of a composite laminated conical thin
shell reinforced by stringers and rings are derived in the variational form and the
uniqueness is examined in solutions of the governing shell equations. The dynamic
equations of a stiffened composite laminated conical shell are based on the Donnell-
Mushtari theory of elastic thin shells. A generalized variational theorem is given so as
to describe the complete set of the fundamental equations of the conical shell. The
geometric nonlinearities and initial stresses are taken into account in the derivation of
governing equations. The rings and/or stringers are "smeared out" along the conical
shell. The inhomogeneity of material properties ié considered in. the constitutive
equations. The uniqueness is examined in solutions of the dynamic governing
equations of stiffened shells, and a theorem of uniqueness is given which enu:ﬁerates
the initial and boundary conditions sufficient for the uniqueness. The dynamic
equations are solved by the finite difference method to obtain the free vibration
characteristics of a composite laminated shell and a agreement is obtained with
certain earlier results. Influence of the moisture on the vibration characteristics is
examined.

In the uniqueness theorem, the boundary and initial conditions which render ¥
to zero are shown to be sufficient for the uniqueness in solutions of the governing
equations of stiffened conical elastic shell. The conditions (2. 34) and (2. 35), and

also, to specify one member of each products in ¥ of (2. 49) ensure a unique solution
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for the governing equations. Besides, the sufficient conditions can be expfessed in
terms of the stress resultants as well as the displacement components, and they can be
obtained by logarithmic convexity arguments with no restrictions on the positive-
definiteness of energies[42].

In the illustrative example the free vibration of the stiffened laminated composite
conical shell is studied numerically by the finite difference method. The isotropic
stiffeners reduce the fundamental frequencies of the laminated conical shell with -all
the semivertex angles. Because the mass contribution of the stiffeners is greater than
the stiffness contribution of them. Also the effect of moisture on the composite
laminated shell is investigated and found that the natural frequency reduces with the
increase in uniform moisture concentration.

Finally, it is concluded that the present method can be employed to establish the
dynamic governing equations of a general stiffened laminated shell and to prove the
uniqueness theorem for the solution of the equations. A numerical and parametric
study can be performed by accounting the complicating effects such as initial stresses,

inhomogeneity and nonlinearity..
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