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MEAN-FIELD APPROACHES TO IONIC SOLUTIONS

SUMMARY

The main objective of this thesis is to obtain analytically dynamic and
thermodynamic equations of electrolyte solutions to explain experimental
data of electrolytes over a large concentration range as rigorously as pos-
sible in mean-field manner. Of course, from a complete statistical physics
perspective, the mean field approaches may have some shortcoming from
outset. However, in the rigorous statistical mechanical treatment, there is
a big obstacle to treat the ionic solutions due to the very strong and very
long Coulomb interaction between ions since the virial coefficient expansions
encounter special convergence difficulties in this case. That is why, the only
available picture to treat the problem analytically seems to be the mean-field
type approaches.

In mean field type theories, the main concern is to express the radial
correlation functions of the system with mean field ideas, namely the poten-
tial of mean force and counter charge density profile (or ionic atmosphere).
Since there is an exact relation between the radial correlation functions and
potential of mean forces in mean-field sense, making assumptions on the po-

tential of mean forces leads to obtain the correlation functions of the system.
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Thus, the properties of electrolytes can be treated in the correlation function

formalism of statistical mechanics.

The most famous approximate mean field theory of electrolyte solution
known as the Debye-Hiickel theory which assumes the potential of mean force
is equal to ¢;¥;, where g; is the point charge of the test ion and ¥; in the time
average mean potential around an j’th kind ion. DH assumes that ¢;¥;/kgT
is a lot smaller than the unity which does not only facilitate the solution of
mean potential but also ensures the satisfaction of linear superposition prin-
ciple. This assumption is quite true for electrolytes at very low concentration
ranges. But it turns out to be invalid at higher concentrations. This is also
well true for extended DH type theories which considers finite ion radius
instead of zero ion-size. Therefore, the introduction of ion-size parameter
into DH picture improve the agreement of the theory with the experimental
results .But, of course the ion-size are only considered as nothing but fitting
parameters of the system from purely theoretical point of view. In addition,
the ion-size introduces further difficulties to treat dynamic properties of elec-
trolytes since solution of Ousager’s relaxation field equation is not an easy

task as in the case of zero ion size.

In this thesis, therefore, three different mean-field considerations have
been taken into account to introduce plausible mean field pictures, each has
its own uniqueness. In section two and three, the physical emphasis are same
as the extended DH picture but correlation function is mapped into linearized
form with two unknown parameters. One of them has been obtained from
the charge neutrality condition. The second parameter has been obtained
from the Stillinger second moment condition in section two. In section three,
however, it is obtained from the comparison with the experimental data of
equivalent conductivity. The parameters obtained from the equivalent con-
ductivity in all these sections have also used for thermodynamic properties
of electrolytes in order to satisfy the internal consistence of the treatment.

In addition, the relaxation field has been solved by different considerations
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in these sections. More importantly, in section three and four, ion-size pa-

rameter are assumed as equal to the sum of crystallographic ionic radii.

In section four, a unique mean field picture has been proposed based
on a strong assumption on the counter charge density profile including two
unknown parameters. The correlation functions have been obtained from this
charge density by assuming w;; = —wjs, ¢ # J for symmetric electrolytes. The
dynamic and thermodynamic properties have been treated in a manner as in

section three.
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IYONIK COZELTILERE ORTALAMA ALAN YAKLASIMLARI

OZET

Bu tez galigmasinin amaci elektrolitlerin yuksek konsantrasyonlardaki
davramsglarini agiklayacak dinamik ve termodinamik denklemleri ortalama
alan yaklagimiyla miimkiin oldugu kadar agik bir gekilde belirlemektir. Tabi-
iki, tam bir istatistik fizik bakigiyla, ortalama alan yaklagiminin baz eksik-
leri olacag agiktir. Bununla beraber, temel istatistik mekanik yaklagiminda,
virial agiliminin Coulomb etkilegmesinin ¢ok giicli ve uzun erigimli olmasindan
dolayr iraksamasi, biiyiik bir gligliige neden olmaktadir. Bu ytizden bu prob-
lemi analitik olarak ¢6zmek igin ortalama alan yaklagirm mimkiin olan tek
yol olarak goziikmektedir.

Ortalama alan teorilerinde onemli olan gey, korelasyon fonksiyonlarinin
ortalama alan kavramlan olan ortalama kuvvetlerin yarattiga potansiyel ve
iyonik atmosfer yardimyla formiile edilmeleridir. Ortalama alan anlaminda,
korelasyon fonksiyonuyla ortalama kuvvetlerin yarattigi potansiyel arasinda
tam bir iligki olmasindan dolay1, ortalama kuvvetlerin yarattigi potansiyelin
yaklagik olarak belirlenmesi, korelasyon fonksiyonun belirlenmesine neden
olmaktadir. Boylece, elektrolitlerin 6zellikleri istatistik mekanigin korelasyon
fonksiyonu formalizmiyle ¢oziimlenebilir hale doniigmektedir.

En tnli elektrolit ¢ozelti ortalama alan teorisi, ortalama kuvvetlerin ne-
den oldugu potansiyeli ¢;¥; olarak kabul eden Debye-Hiickel teorisi olarak
bilinir. Burada, ¢; test iyonunun nokta yikadir ve ¥; de j turfl bir iyon
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etrafindaki zaman tzerinden ortalama potansiyeldir. DH teorisi ¢;¥; yi bir-
den kiigiik oldugunu kabul eder. Bu durum ortalama potansiyelin ¢oziimini
miimkiin kilmakla beraber aym zamanda siperpozisyon ilkesini de saglar.
Bu kabul diigiik konsantrasyonlarda olduk¢a dogrudur. Fakat, yiksek kon-
santrasyonlarda gecersizdir. Bu durum iyon buytkligint sifirdan farkh
kabul eden genisletilmig DH teorisi igin de gegerlidir. Bu ytizden iyon buytkli-
glinan teoride yer almasi teoriyle deneylerin uyumunu iyilestirmesine ragmen
yalmizca bir ayarlama parametresi olarak gorilir. Buna ek olarak iyon
biyikligi Onsager releksasyon alaninin ¢6ziimiinii nokta yik durumundan
daha zor hale getirdiginden elektrolitlerin dinamik 6zeliklerini incelemek de

daha fazla zorluklara neden olmaktadir.

Bu yiizden, bu tezde, her birinin kendi 6zgiin ozellikleri olan ti¢ farklh
ortalama alan yaklagimi goz oniine alinmigtir. Bolim iki ve tigde, fiziksel
vurgulama DH teorisine benzemektedir fakat korelasyon fonksiyonlar: bilin-
meyen iki parametreyle lineer forma indirgenmistir. Bunlardan bir tanesi
elektrik yik nétralliginde bulunmugtur. Ikinci parametre boliim ikide Still-
inger’in ikinci moment kogulundan ve bolim ticde deneyle kargilagtirilarak
bulunmugtur. Egdeger iletkenlikten bulunan parametreler teorinin igsel tu-
tarhligini saglamak igin termodinamik 6zellikler de aynen kullanilmigtir. Buna
ek olarak relaksasyon alam her boliimde farkh yaklagimlar altinda ¢6ziilmiigtiir.
Daha onemlisi, bolim fi¢ ve dortde, iyon biyikligli parametresi kristalo-

grafik iyonik yangaplarin toplamina egit oldugu varsayilmigtir.

Boliim dortde 6zgiin bir ortalama alan teorisi iki bilinmeyen parametresi
olan iyonik atmosfer iizerinde yapilan giigli bir kabulle onerilmistir. Kore-
lasyon fonksiyonlan bu iyonik atmosferden w;; = —wj;, ¢ # j yaklagimuyla
belirlenmistir. Dinamik ve termodinamik 6zelikler boliim ti¢dekine benzer

bir yontemle hesaplanmugtar.



1 INTRODUCTION

Ionic solutions are mixture of solvent and solute molecules which disas-
sociate into their ions. Since the Coulomb interactions between ions are of
- very long range and very strong, a complete theoretical treatment from sta-
tistical physics perspective is cumbersome, if not hopeless. Thus, complete
rigorous statistical theory of electrolytes still remains an outstanding chal-
lenge for statistical physics. The problem, however, can be handled by some

inevitable physical simplifications.

The first profound and useful simplification is the primitive model, in
which solvent is assumed as a continuum dielectric, and the solute subsumed
spherical ions in this dielectric bear a simple charge at their center and have
some short range repulsion (usual a hard core). This simplification leaded
to many theories constructed with different considerations: i mean field type
theories [1-6], ii virial expansions calculations [7-10], iii integral equation
methods [11-20], iiii semiempirical methods [21,22]. Although, in this thesis,
ionic solutions of strong electrolytes are going to be only treated theoretically
from the point of view of mean-field approach, We think that it is proper to

give a brief review of those different theoretical frames.

In mean field type teories, the main concern is to express the radial cor-
relation functions of the system with mean-field ideas, namely the potential
of mean force and ionic atmosphere. The potential of mean force is inter-
preted as the multiplication of the bare charge of the test particle and the

mean electrostatic potential. The above conventional approach is called as



Debye-Hiickel (DH) theory of electrolytes which is going to be revisited so

often in this thesis wherever it is necessary.

The virial coefficient expansions calculation is the fundamental frame in
which the problem can be treated rigorously, the cluster expansions, however,
encounter special convergence difficulties in the case of long range and very
strong interactions between ions. The mathematical procedure introduced
by Mayer [7], which leads to (DH) limiting laws, has been overcome the diffi-
culties with a number of approximations and assumptions. Later, the range
of accuracy of Mayer theory has been extended by Anderson and Chandler
up to 0.1mol/l.

Onstain-Zernik equation based theories have been called integral equa-
tion method. Under certain approximations it leads to numerical solution
for correlation functions. The method is considered the most accurate and
trustable. Understanding and perception, however, are usually derived from

approximate analytical theories.

In semiemprical representation of the properties of electrolyte solutions,
the main objective is the prediction of the properties from the quantities
which can not be measured directly but related to those measured. From
this perspective, the more acceptable theory has been developed by Pitzer
[21] in a way that the excess Helmoltz free energy has been represented by
just keeping (DH) term and the terms coming from the rearrangement of

Mayer series.

Of course, the above review is by no means exhaustive, however, We
hope that it will serve as unique and representative samples which have been
developed for almost one century. Nevertheless, One might still inquire to
what extent the available theories physically transparent and understandable.

So thus, one of the purpose of the thesis will be to provide an answer to this



question for mean-field approach.

These theories are, although, differing in the use of various assumptions
and approximations as one can see from the above brief review, the introduc-
tion of distance of closed approach (or ion-size) is the only common consider-
ation of all these theories. Of course, this introduction is plausible and maybe
inevitable. Nevertheless, the parameter turns out to be a fitting parameter
of the theories eventually. That is why, the available theories are rather
good at predicting properties of electrolytes within the range of interested
concentrations. Clearly, it is equally evident that there are discrepancies be-
tween obtained ion-size parameters of different theories. Consequently, these
discrepancies lead to appreciable confusion to assess the quality of those the-
ories. Thus, in an effort to obtain a physically transparent description, using
well-defined ion-size parameter seems to be a crucial objective. Thus in the
realm of this thesis, the ion-size parameter is considered in a rigorous man-
ner as much as possible. Besides, the equilibrium and dynamic properties
are going to be formulated with the same theoretical considerations in order

to augment the quality and consistency of the theory.

Since the aim of this thesis is going to be to formulate a new quantitative
mean field description of electrolytes, the reversible work theorem [23] is
going to be used to obtain the ionic correlation functions in the primitive
model point of view. The ion-solvent interaction which is crucial to explain
the properties of electrolyte is going to be introduced by either continuum

dielectric constant or semiquantitative manner.

In the second section, the potential of mean force is going to be assumed
different from (DH) potential of mean force ¢; < v¥; >, where ¢; is the
charge of the #'th ion in the atmosphere and < ; > is the time average
potential around j’th kind central ion. Although, current theories show for
single component liquid that the radial correlation function is equivalent to

Boltzman factor at low concentration, that is, the potential of mean force can



be considered as (DH) picture, at higher concentration extension of the theory
may be introduced i)y quantitative potential of mean force. Thus, in the first
section, the potential of mean force is assumed equal to n¢; < ¢; > and linear
relation between the mean ionic electrostatic potential and the mean ionic
counter charge density is going to be assumed. The unknown parameter 7 is
going to be determined via Stillinger second moment condition. Under this
consideration, the potential of mean force and radial correlation functions
are going to be obtained. The ion-size parameter is going to be considered
as a fitting parameter but the ion-size parameters evaluated from dynamic
properties of electrolyte are going to be used for thermodynamic properties
of electrolyte as well in order to satisfy at least internal consistence of the

theory.

In the third section, although the similar consideration is going to be
employed, the relaxation field is going to be solved by Green function method
and the unknown parameter is going to be determined via comparison of
the resulting equivalent conductivity relation with Onsager limiting law at
low concentrations. In addition, the sum of crystollographic ionic radii are
considered as the ion-size parameter. Thus, the ion-size parameters in this
section are well-defined since it can be measured in independent experiment.
Thus, the screening parameter & turns out to be a well-defined parameter of

the system.

In the fourth section, the basic assumption of (DH) type theories, namely
the ratio of potential of mean force to thermal energy is a lot smaller than
unity is going to be investigated. For this purpose, a counter charge density
profile is going to be assumed based [11,15,18] on numerical theories and
assumptions [13]. The radial correlation functions of the system are going to
be derived for symmetric electrolytes under the assumption that w;; = —w;;,

where 7 # j.

Since the ultimate justification of a physical theory is the comparison of



the theoretical result to the available experimental data, comparisons of the
derived theoretical results to the experimental data are going to be considered
in those sections. The theoretical results are going to be also compared some
other mean field type theories. The last but not the least, the thermodynamic
properties are going to be treated by available theories which have different

theoretical considerations.

There are number of reasons why the mean field approach in this thesis
can be fruitful and trustworthy. First, the correlation functions are expressed
in terms of well-defined parameters of the system in section three and four.
In section two, at least the internal consistence of the theory are satisfied
by using same ion-size parameters for both dynamic and thermodynamic
properties. That means, one can assess the quality of the theory rigorously.
Second, the correlation functions are analytical, and consequently lead to
analytical derivation of properties of electrolyte. Thus, the analysis may help
to interpret certain results, which can be obscured in a numerical treatment.
Third, in section three and four, the relaxation field have been obtained
without any further assumption on the form of the field. In addition, the
resultant field satisfy the Onsager limiting law at proper limits. Fourth, in
the last section a unique mean field theory is introduced without using the

Poissons equation.

1.1 Correlation Functions In Mean-Field Approach
The potential of mean force w;; between two charged particles, types j and

i, at a given relative configuration, let say ry and ra, can be related to mean

average forces as,

< ViU >pme= Ve wji. (1. 1)



Where U(rN) = U(ry,r2,- - -,rN) is the potential of the system. So thus the

average force between these two particles can be written as

= [drg---drn(V,,e?)
Vle]’l ha fdra-“rNe‘ﬁU . (1 2)

with a little bit algebra, one can readily see the following relation

- lﬁ, e U = e PUY, U. 1. 3
6 1 1

Substituting this relation into Eq.(1.1) leads to the following result

- V.[fdrs---drne Y]
ﬁvnwﬁ - fdra . "I‘Ne—ﬁU o (1. 4)

If the following simple mathematical relation

£ diin(f)]
F= & (1. 5)
is considered, the above equation can be rewritten as
B, wsi = —¥,[In / dra ---rne~?]. (1. 6)



Since the correlation functions defined as

gji(r1,r2) = /dra -ryePU. (1. 7)
If this definition is substituted in Eq.(1.5), it can be expressed as

- ﬂf?rlwﬁ = Y7rllngji(r1,r2). ) (1. 8)

If the correlation functions are also assumed as spherical symmetric, i.e.,
gji(r1,r2)= g;i(fr1 — rz|)= g;i(r), the solution of the simple equation ob-

tained as
gii = e Pwii (1. 9)

At this point it is reasonable to inquire whether the exact relation (in
mean-field sense) between the correlation function and the potential of mean
force can serve as a basis for the exact treatment of the problem. The an-
swer, of course, is no due to the complications of the system. Thus, in some
sense, the picture has the same complications as in the rigorous statistical
treatment. But, it merely provide a physical picture in which the ion-ion
correlation functions turn out to be treatable since it is easier to make as-
sumptions on the potential of mean force in the mean-field picture than
making assumptions from outset, i.e., from definition of correlation function.

All through this thesis, this point is going to be appreciated and exploited.
Before proceeding further in the discussion of the mean field theory sub-

7



ject of this section, it is worthwhile to begin with a brief review of highly
regarded Debye-Hiickel (DH) theory. The (DH) theory obtains ion-ion corre-
lation functions by the following manner. First, an ion j defined as central ion
which are embedded in a sea of other ions 7, positive and negative, distributed
about it at a distance r according to Boltzmann factor g;; = e=#%¥i("), where
t; is the time average local electrostatic potential around the ion j. Due to
the definition of counter (or atmospheric) charge density, it leads directly to
the Poisson-Boltzmann (PB) equation for ;. Linearizing the (PB) equation
facilitates its solution, but also ensures the satisfaction of the linear super-
position principle. Consequently, it leads to the crucial (DH) screening of
the bare Coulomb interaction by the factor e=**. With this prediction, (DH)
provides a general understanding of the unique aspect of the thermodynamic
properties of solution of electrolyes at infinitely dilute concentration ranges
by its limiting laws (DHLL) [23-25]. In addition, it also leads to equivalent
conductivity formula called Onsager limiting law (OLL) [26,27]. The ion-size
parameter a which can be considered as a fitting parameter of the theory
[2,6] enters via a natural boundary condition which merely states that any

screening charge vanish for r < @ and called modified (DH) theory.

Despite its modest accuracy, the usual (DH) theory continues to be a
corner stone of the understanding of electrolytes. This is because of its
introduction of mean field type theory with a unique conceptual description
in the treatment of the problem, namely the concept of time average ionic
charge density. Physically, this means that there is a tendency towards local
charge neutrality beside the overall charge neutrality in nature. The concept
has been also applied to other many body charged particle systems and

interpreted as screening of the potential.

Therefore, the theoretical style and physical emphasis of this section is
going to be same as (DH) theory due to its outstanding conceptual frame.
But, of course, clarifying the ambiguities and over simplification of the modi-

fied (DH) treatments is going to be main objective of this work since extented



(DH) has several shortcomings which deteriorate the quality of mean field

type treatments.

The first of them is the assumption of the ¢; < ¥; > [kgT is a lot smaller
than unity [28]. The condition might be true for the usual and extended DH
treatment within very low concentration range (< 0.0lmol/l). But it is
invalid beyond this concentration ranges. This point is considered in section
four and further explanation is going to given there. In sections two and
three, however, the definition of potential of mean forces in (DH) picture

have been extended with a quantitative mean field manner as

wi =n¢ < ¥; >. (1. 10)

Although, there are number of ways to explain why the above definition
of potential of mean force can be considered as a plausible one, for purely
phenomonological manner, it can be justified as follows. Since the validity of
DH treatment is valid only for very low concentrations, the unknown param-
eter, 1) in w;;, may extent the validity of the DH assumptions if it is properly
determined from some physical considerations. Therefore, determination of

7 turns out to be a crucial problem in our mean-field treatments.

For this purpose, one can find the Stillinger second moment condition
[29] might be fruitful since it has leading role, together with DH theory,
in the case of Coulombic phase transition {30,31]. So thus, one can hope
intuitively that it may also lead to more accurate prediction of the properties
of strong electrolyte. Thus the following mean field theory is going to be
introduced with this hope in section two. In section three, however, the

unknown parameter is going to be obtained as cited.



2 MEAN-FIELD TREATMENT OF IONIC
SOLUTIONS

The ionic atmosphere charge density around a particular ion, let say j is

related to the reduced distribution function. as
< pi(r) >= 3 nigie™P0) (2. 1)

where 3 is equal to 1/kgT, kg and T are Boltzmann’s constant and temper-
ature respectively. Eq.(2.1) is valid by definition of the reduced distribution
functions g;;(r), which are so defined that n;g;ir) is the average particle

density of the ion type 7 at a distance r from an ion type j.

Since Poisson equation is going to be employed to find the time average
potential < W¥; >, one has to consider the linear superposition principle
of Possion equation since the definition of atmospheric charge density and
Poisson equation are going to be used simultaneously. For this purpose one

has no way but linearize the correlation function as
gii = 1 — Pwji. (2. 2)

In an effort to obtain a physically transparent explanation of the above

linearization, one can find the discussions presented by Kirkwood [32,33] is

10



very convincing and appears somewhat unique. The discussions simply states
that the relation between the counter charge density profile and the potential
is linear. The same conclusion can be also reached by the linear superposition
principle of the Poisson’s equation, which merely states that multiplying the
charge density by a given factor multiplies the potential by the same factor.
So thus, the charge density can be readily related to the potential without

violating superposition principle.

Substituting Eq.(2.2) into this approximation leads to
gii=1~PBng: <¥; >. (2. 3)
So thus the charge density can be written as
p;i = zi:n,-qg(l — Bng: < ¥; >). (2. 4)

Due to electroneutrality condition, ; n;q; = 0, it can also be expressed

p; = —expn < ¥; > (2. 5)
where xp is the well known Debye screening parameter which is defined as

kp =D —nig. 2. 6)

]

11



If 2 is defined as equal to nx%, the charge density can be expressed as
p; = —ek* < ¥; > 2. 7)

where ¢ is the dielectric constant of solvent and & is just a parameter in the
unit of m™1. Thus, if a short range hard core repulsion part is assumed for

r < a, the total charge density can be obtained as

gi6C®(r) r<a

<pj>={——6/c2<\1’j> r>a (2. 8)

where the parameter ¢ is just analogous to the distance of closed approach

(or ion-size) parameter in extented (DH) type theories.

In order to find a solution for the time averaged potential < ¥; >, Pois-
son’s equation is going to be used by keeping the source term in total charge

density (usually the Poisson’s equation is written without the source term

g;6%(r)), i-e.,
V<, >= —%(q,ﬁs(r) —e? <, >). 2. 9)
The superposition of field is considered, < ¥; > can be written as
< >=<pM >+ <P > (2. 10)

12



The potential due to the source therm < ¢§l) > can be readily obtained as

1o %
< >= P (2. 11)

Thus, the equation takes the following form
V<P >=k —+ % < PP > (2. 12)

4

since < ¢§2) > is assumed as spherical symmetric, the equation can be written

as

1d

2) 2. _.2 9% 2 (2)
r"’dr( dr<1’bg >) — &’ <¥; >= Kk <#$;"> (2. 13)

4mer
Now, if < d)J(z) > is defined as
r
< P(r) >= ! ( ) (2. 14)

where f(r) is a function. If this definition is substituted into the above

equation, it takes the following form

@ f g
Eﬁ b nzf = I€2ﬁg. (2 15)

13



If f(r) is defined as

The solution of the equation can be readily obtained as

u(r) = Ae™™ + Be™.

If the definions f and u are considered, < ¢§2) > can be written as

@5 % 487 ge”
<¥;" > 47r6r+A r +Br'

So thus the solution for < 1; > can be expressed as

—KT AT
€

<pi>=A r+Be—r—.

r

(2.

(2.

(2.

2.

(2.

16)

17)

18)

19)

20)

Since in the limit of r — 0o, < %; > also goes to infinity. Physically this is

14



not possible and B must be zero. Thus the potential can be obtained as

e "

<$;>=A
-

(2. 21)

The constant A can be obtained from the zeroth moment condition by the

calculation of the following integral

L

0 6~
—q; = —€K2A/

- 4rridr. (2. 22)

Evaluation of the integral leads to the following relation

€

S 1
—4q; = —€K2A47l' (———IC - ;;)lzo (2 23)

r

Thus, A can be obtained from the above relation as

qjena
= ——, 2. 24
A dre(l + Ka) (2-24)
Substituting A into < ; > relation, it can be rewritten as
< hifr) >= 2 (2. 25)

dze(l +xa) r °

The form of the potential expression seems to imply that if the parameter

k or 7 is presented in a rigorous manner then the potential turns out to be
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useful expression to determine the correlation functions. For this purpose,

we will find Stillinger second moment condition [29] profitable as already

mentioned. For 1:1 electrolytes second moment condition can be expressed

in terms of the correlation functions as

6 o0 2
- -I% = 4mn /a r"[g_('.l - gf_).]dr. (2.

If the potential expression is substituted into Eq.(2.3), it becomes

q] eKﬂ e— KT

4re(l + ka) 1

2

K
'i=1—_ 5
9; K%ﬂq

Substituting this expression into the second moment condition leads to

Ka —KT
(&

S _d
4re(l 4+ ka) T .

6 2 oo
- = —47r2nq2ﬂ£2— / r
KD Kp Ja

Since 2nq2§ is equal to &2, for 1:1 electrolytes, the integration leads to

k(1 + ka)
1+ ka + (ka)2/2 + (xa)3/6

o =

(2.

(2.

(.

26)

27)

28)

29)

Multiplying both side of Eq.(2.29) by a?, ka can be solved in terms of

kpa. Numerical solution of xa shows that it has real and positive roots up to

kpa = 2.44, beyond that value it has purely complex roots. The real roots

of ka corresponding to kpa are plotted in Fig.2.1 and it can be expressed
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analytically as

ka = Kpa+ 0.04(l~zpa)2 +0.16(xpa)*. (2. 30)

0.00 "1 [ T I 1 § [ L {
.00 0.40 0.80 1.20 1.80
Kpa
Fig.2.1 The change of the screening parameter with respect to DH
sgreaning parameter.
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Since «a is expressed in terms of a well defined parameter kp and a fitting
parameter (or ion-size parameter) a, the distribution function becomes well
defined function except for the ion-size parameter. Thus, the distribution
function turns out to be a single parameter equation and this implies some

modification of the measured properties of electrolyte solutions.

Now, we are ready to the applications of the correlation functions since
they merely provide a way to treat the properties of electrolyte in correlation
function construction of statistical mechanics. Although, only the thermody-
namic properties of electrolyte have been considered even in the recent works
[30-35], the dynamic property (or ionic conductivity) is also going to be treat
in this thesis in order to satisfy the self-consistency of the treatment. Since
the ultimate justification of a physical theory must be based on its compari-
son to the experiment, the theoretical results are also going to be compared

with experimental data of electrolyte which are tabulated in several hand

books.

2.1 Ionic Conductivity

A special branch of the theory of strong electrolytes deals with the depen-
dence of electrical conductivity of electrolytes on concentration. Convention-
ally, the measure of conductivity is the equivalent conductivity A which is

defined as the conductivity divided by the equivalent molar concentration

c,

A= (2. 31)

z
C*

where C* is equal to |z;»;,C| and ¢ = ¥, 0;, here o; is the conductivity due

to ¢'th kind ion. ¢; and n; are defined in terms of z; and v; as ¢; = z;e and
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n; = y;C. Physically, the conductivity o is defined as the proportionality

constant between the electric field £ and the current density J it induces
J=ck. (2. 32)
In terms of average velocity v;, it can also be expressed as
J= ;niqgv,-. (2. 33)
Comparing these two equations, o; can be obtained as
o= —E.‘—v,'. (2. 34)

With the equation, the problem of obtaining an equivalent conductivity ex-
pression turns out to be obtaining the average ionic velocity. Of course, this
is not an easy task since it requires an intimate knowledge of ions in motion.
In other words, the movement of any particular ions does not seem to be inde-
pendent of the existence and motions of the other ions and solvent molecules.
But, the interactions between any particular ion and the rest of the particles
of the system turns out to be treatable if the interactios are reduced to the
ion and its ionic atmosphere (or counter charge density). Actually, this ap-
proach was applied to the theoretical calculation of equivalent conductivity
by Onsager. In addition, he also introduced two meaningful physical effects
to obtain the average ionic velocity: relaxation and electrophoretic. Then,
he calculated these effects in (DH) picture and ended up with the unique for-

mula what is known as Onsager’s limiting law (OLL) which can only explain
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the experimental data at infinitely dilute concentration range.

In this work, it is assumed that the limitation of OLL result to infini-
tily dilute concentration is not due to the physical treatment introduced by
Onsager but is due to the the limitation of the (DH) theory. Therefore, the
theoretical style and physical emphasis in the derivation of equivalent con-
ductivity are going to be same as Onsager’s theory but instead of the DH
distribution function, the distribution functions derived in above are going to
be used. Since its derivation include the second moment condition, one can
hope that it leads to more accurate results in the predictions of equivalent

conductivities of electrolytes.

Thus, following Onsager’s discussion, the average velocity can be ex-

pressed as

— -

Vi = vio -+ ‘l;:'r + 6;8. (2. 35)

#; is the average velocity of i'th kind ion in infinitely dilute solution, #;" and
v;° are the change of the average velocity due to relaxation and electrophoretic
effects respectively. In infinitely dilute solution, it is reasonable to suppose
that the migration of each ion, and hence its contribution to equivalent con-
ductivity, is independent of all the other ions since the ion atmosphere is so

tenuous that its effect on the movement of ions can be neglected.

In this limiting case, one can express the equivalent conductivity as,
A(C — 0) = Ao. This means, in this limiting case, ionic mobilities are just
only affected by the solvent molecules. Since the limiting equivalent con-
ductivity Ag can only determined from extrapolation of experimental data,
the ion-solvent interaction which is the cumbersome part of the conventional
electralyte theory is considered inside the experimental parameter Ag implic-

itly. Thus, in the treatment of ionic conductivity, ion-solvent interaction is

20



presented with the continuum dielectric constant ¢ as far as the parameters
of the system, for example, the dielectric constant ¢ does not depend on con-
centration strongly. Luckily, there are experimental implications which show
that the continuum parameters of the system, that is, dielectric and viscosity

constants do not change appreciable, up to 1mol/l.

From now on, we do not worry about additional ion-solvent interaction
as far as the above interpretion is valid. Thus, vy can be obtained in the
following manner which was initially introduced by Drude [34,35]. If a typical
ion is considered at time zero and if ¢ is the time elapsed since its last collision,
its velocity at time zero will be its velocity v, immediately after that collision
plus the additional velocity q,-ﬁt /m; it has subsequently acquired. Since one
can assume that an ion emerges from a collision in a random direction, there
will be no contribution from v, to the average ionic velocity, which must
therefore be given entirely by the average of ¢; Et /m;. However, the average

of ¢ is the relaxation time 7;. Therefore,

5}0 = ngT,'/m,‘. (2. 36)

The second major contribution to the average velocity is relaxation effect.
Physically, it is the additional electric field E' created by the distortion in
ionic charge density due to the applied external electric field E. Thus, if the

discussion given to calculate ;° is applied, it can be expressed as

v = q;]!:}"n/m;. (2. 37)

The third major contribution to the average velocity is #;°. It is the result

of the simultaneous movement of the ion in the direction of the applied field
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and of the ionic atmosphere in the opposite direction. Both the central ion
and its ionic atmosphere take the neighbouring solvent molecules with them,
which result in a retardation of the movement of the central ion. Thus,
substituting these velocities into Eq.(2.35) and assuming that the external

field is along the z direction, Eq.(2.34) can be expressed as

a,-—Tgl'(qzl I |E|———| ) (2. 38)

Thus, if lﬁ'l and |9;°| are both calculated in terms of well-defined param-
eters of the system, Eq.(2.34) together with Eq.(2.31) lead to an equivalent
conductivity relation. Calculation of lE’"I which is the most involved part of
the electrolytes is based on interionic iteraction and Onsager’s hydrodynamic
equation of continuity. At this point, it would be reasonable if the basic as-

sumptions of Onsager’s equation of continuity are summarized briefly.

Considering an ionic solution in the absence of external forces, the dis-
tribution function can be obtained in a simpler manner than in the presence
of external forces. This is due to intimate physical relation between two fac-
tors; namely the distribution functions, and the presence of the force acting
on themselves and the external force. These factors are not mutually ex-
clusive since the factor effects the distribution of ions and the distribution
of ions determines the forces. As one can readily imagine that he or she
needs more general treatment of an ionic solution in a perturbed state (in

the presence of external forces) than in equilibrium.

While the familiar transport equations are employed to concern with the
evaluation of velocity-dependent distribution functions and thus lead ulti-
mately to expressions for conductivity through the evaluation of instanta-
neous particle velocities, the contribution to the average drift velocity due

to the distortion of ionic atmosphere in the presence of external electric field
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is going to be dealt with here as already outlined. To do so, one only needs
to know the perturbed electric field E'. One might think that the picture
is greatly oversimplified; however, a more refined treatment can be more

complicated to have a feasible picture.

If F;;(71,721) is defined as a distribution function in an external field, then

the Onsager’s equation of continuity in steady state can be written as
g q y

Vi Fij(r2, 112)ij(r2, 12) + Vi, Fii(r1, r21)05i(r1, ra) = 0. (2. 39)

Here the gradient operators V,,, and V,,, are taken with respect to 7; and 7,
respectively. 72; = 7; — 72. Following Onsager and Fuoss [26], it is assumed
that, in general, the average velocity of a particle is directly proportional to
the total force acting on it. In electrolyte system, there are two components of
¥;i(71, T12) due to the total force acting on the ion ¢ and the density gradient.

Thus one may write

(71, 72) = wi(Kj; — kKTVInFy;) (2. 40)

where w; is the proportionality constant known as mobility and Kj; is the

total force acting on ¢ ion which will be given by

Rji = ki — gV 0y, ®;(71, 712)- (2. 41)

In this equation, k; is the applied external force ¢;E. The second term

is the force acting on the ¢ ion due to the potential of the j ion and its
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atmosphere. Thus the velocity relation turns out to be

(re,r12) = Wik — @iV 85(F1, Fi2) — kBT Vi InFij(ry,7,,)). (2. 42)

Substitutig this relation in to V Fjjuv;j, it can be expressed as

V‘ru [wi((lziFij - QiFiJ‘ﬁrm (DJ'(FI’ Fl?) - kBTFi:iﬁrzl lnFiJ'(rl?rTm))' (2' 43)

In the case of external electric field is maintained constant, and therefore,
A F; = 0. And also if the expression ¢;F;;V,, ®; is replaced by n;n;V®;,
Under these reductions Eq.(43) becomes

6,-1217,'53;,' = wji‘;j°6rup'ij — qujn,'njvz @,’ - wjkBTV"’ Fij (2. 44)

712 712

The correlation functions in the presence of external field, Fj;, may be

related to the unperturbed distribution functions by the following manner

Fji=fi+ f]'.i. (2. 45)

Here f;; = n;n;g;; is the distribution functions in equilibrium and the primed

term represents the effect of the perturbation . Due to this perturbation, the
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potential around the central ion is also become asymmetric, and it can be

expressed as

&;=0;+ 7. (2. 46)

In the absence of external field F, l;:; = 0, so thus the drift velocity 7;; = 0.

Under this condition, one can readily obtain that

4V ey ¥ 5(r) = —kBTV o, Infi5(r). (2. 47)

Rewriting Eq.(2.44) as

vrnﬂjﬁﬁ = wjkj'vrn(fi.‘i o fz,])

— giwinin; V2, (¥ + ¥;) — wikg TV}, (fii + f) (2. 48)

712

Approximating the following term as

f,-ﬁm\llj = njnﬁm‘llj. (2. 49)

And also using the following approximation

V'I‘lei.’i = V"’Zl fiJ(r) (2 50)

Substituting these relations into Onsager continuity equation, it becomes
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wikiVe, fii + wik; TV, fij — qninwiTVE, W)

21 T J

- an,-njij312‘Il:- —_ w,-kBmef;i - w]‘kgvsz;j =0. (2. 51)
Since 71 = —f73;, the following equalities can be helpful to simplify the
equation
Ve ==Vin =V (2. 52)
2 _u? _ o2
Vi, =V, =V (2. 53)

Using these relations and assuming E is along the z direction, the equation

can be expressed as

afiilr)

(wik; — w;k;) 5z

2 1
- q,'w,-n.-n_,-V \I’j

- qujn,;njvzlll;(—r) - w,-kBTVZj;-'J- - w,-kBTVZf;,-(—r) = 0. (2. 54)

By consideration of following symmetry relations

f;;(") =~ ]"i('_r) = ﬂj(r) (2. 55)

Ui(r) = —¥;(~r) (2. 56)
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the above equation becomes

af, T ’
(w,-ki - wjkj)-_a]—a(t—) - q;winmjVZ\Ilj
+ qujn,-njvz‘I!;(T) - ('w,f - wj)kBTVZf;i =0. (2. 57)
By means of Poisson equation
27! 1 q;
V== =i (2. 58)
€T n;

f;i may be eliminated from this equation. Using the Poisson equation and

multiplying differential equation by 3=; WE_T?Z‘W-T%) leads to

> gi(wiki — wikj) 8fii <~ GwiniV?Y;
enjkBT('w; + wj) oz 7 EkBT(’w,' + wj)

i

q,-qujn,-Vz\Il:- e
—_ V3. =0. .
. kaT (@ +wj)+ ;=0 (2. 59)

If the equation is written for j = 1 and k; = ¢;F, it becomes

Pwys — 1w Of12 Ewan, V2, @1q2wi1n2 V2, + V"\Illl ~0.

en kpT(wy + wp) Oz B ekpT (w1 + wy) - ekpT (un + wy) ( )
2. 60
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Further, the condition

v, =0, (2. 61)

can be true due to the symmetry of the problem. Thus, under this condition,

the equation becomes

VIV — gznawa + ginaws | - _(qng — @) E afl2. 2. 62)
en kpT (wy + wo) 1 enikgT (wy + wy) Oz
For 1:1 electrolytes ny = ny, q1 = —¢q3 and fi; = njnayg;s, the equation can
be expressed as
p /)
VH (V2 — k2T, = 22212 (2. 63)
oz
here 2 = %nf). Since the correlation function ¢, was obtained as
2 ,—s(r—a)
9192 K" e
=11 — = 2. 64
g2 =l ArekpT(1+ ka)kl r ] ( )
the equation becomes
VAV? — k), = g2 (2. 65)
= oz r )
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Where, () and v are defined as

2
Q= Zﬁ__%ﬁ (2. 66)
K2emz

The differential equation indicates that the perturbed potential has the fol-
lowing property

¢'("$syaz) = —¢’(x1 Y, z)' (2 68)

Thus for the solution of the above differential equation, the following form is

going to be assumed from the outset

"/”(37 y,z) = zP(z, y’z)' (2‘ 69)

If the terms of the above equation are evaluated for this form, one can readily

obtain the following relations

vz =29 | ovep(r) 2. 70)
dz
V' =12 v o). (2. 1)
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It f; is also written in terms of the spherical coordinate, it takes the following

form

2. 72)

Substitutions of all these relations in the above differential equation leads to

the following equation

1LV + VB() — KILB() + VPR = Sy

). (2. 73)

Integration of the above differential equation with respect to r yields

d r3 — 2rk3P; = Qye™™. (2. 74)

dP;
) ot

If it is assumed that P;(r) has a solution of the form P;(r) = f(r)e™"", the

above differential equation can be written as
1
r2[(x?4 — 2&% + %») — w(r?f —26%L dr, <L)

&2 d
+ Tr(k?f * 2&% + d—r{) + (8- rzfcf)(a% —kf)—2relf =Qy. (2. 75)

One can solve the above differential equation under the assumption that f(r)

has a series solution as
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f(T) = Z anr",

n=0

where {a,}32, are coefficients restricted by the differential equation. The

relations among the coeflicient are evaluated from the differential equation

as

8(11 - 8(10 = 9’7

(76? — 263)ag — 10ka; — 10a; =0

tnts = ([(n +2)(3n + 5)% + 8k]anyz — [(n + 1)(3x% — &})

+ (787 = 26D)anss — [K3x — 'lan)/(n + 3)(n +2)?

where n = 0,1,2... . The first four coefficients are
Oy AN 5k — 3Ky
Gp = — ;0] = Gg—5——
0 3(Iﬁ + K:l), 1 0 8
1652 — 30k, k — 642 —2k% + k25
az = Qg 4 ya3 = ao—-T—

The additional electric field E, in the = direction is found as

- d¥'(z,y, 2) _ _d(:cre""')
= dz - dz '’

2
Bee =17+ S(E — ke,
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(2. 77)

(2. 78)

(2. 79)



At z =0 and r = a, E, can be written as

E.(z =0) = —[ao + a1a + aza® + - - Je ™. (2. 80)

In the above relation for E_, only the first six terms contribute appreciable
within the range ka < 1 and the higher order terms can be omitted. Thus,

the additional electric field can be approximately expressed as

E.(z =0) = —aote™™ (2. 81)

where £ is equal to

¢ = [1 + 3xpa/8 — (kpa)?®/8 — 3(kpa)®/8 — (kpa)*/4 — (kpa)®/6]. (2. 82)

Substituting ao into £, Eq.(2.81) can be written as

2
Q9L ¢ (2. 83)

Ez=0)= " 3(k + £1)2(47)(1 + ka)

The additional electric field relation has some similarities with the deriva-
tions of Falkenhagen [38] and Pitts [39]. For instance, as far as the first power
of (kpa) in Falkenhagen’s derivation is considered, it becomes exactly the
same as his result but Eq.(2.83) differs from both Falkenhagen’s and Pitts’

derivations if higher powers of (kpa) are taken into account. Furthermore,
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in the limit of a — 0, it turns into Onsager’s [26] additional electric field at

low ionic concentration.
Electrophoretic effect

Due to the external electric field, the central ion and its atmosphere tend
to move in opposite direction as mentioned above. Consequently, the central
ion drags its own atmosphere along with it which changes its drift velocity.
Thus, the contribution of the ionic atmosphere velocity moving in a viscous
medium defined by the solvent viscosity coefficient of the medium 7, also
needs to be considered. The mathematical calculation can be treated by the
help of Stokes’ law since it is assumed that it reaches a limiting velocity.
Infinitesimal change of velocity for each shell of ionic atmosphere due to

Stokes’ force F' is written as

dv £y (2. 84)

i~ 6mn,r

where dF =p; EdV, where p; is given by Eq(2.7). Thus dF can be expressed

as

—r(r~a)

_ .2 %€ 2
dF = -k In(l +na)r47rr Edr. (2. 85)

The whole increment v%, is obtained by integration over all shells from

the ion size parameter a to infinity.

e q; kE

'Uj = m. (2 86)
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The net conductivity of 2/th kind ion is then expressed as

i
o = Tpr@lEl S — GlE'| -~ of) (2. 87)

Since equivalent conductivity is going to be used so often in this thesis it is
going to be derived for general purpose. Thus oy and o3 can be written from

the above equation as

'
vlzle2Ew1NAc nztEwiNac  v|z1|€2Nacvs
n= E E E

(2. 88)

')
vezae? EwaNac vz E wiNac y vs|22|€2 Nacvs

E E E

(2. 89)

g9 =

Defining A; = I = I , the equivalent conductivity A = A;+ A, can be expressed

as

|z1|€2E wy N4 3 e2Ny "

= |z1|e2wi Ny — 7 7 U (2.‘90)
Ag = |zale*waNy — '”"'ezgw“‘N*‘ - ezg"vg. (2. 91)

If limiting equivalent conductivity A° is defined as
A° =29+ X). (2. 92)
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Where )¢ and )\ are defined as

A9 = |z1|€*wy Ny (2. 93)

A9 = | 22| €*wa N 4. (2. 94)

Finally, using the above relations, one can obtain a equivalent conductivity

expression as

A=A - [% + (gl + o] (2. 95)

If E, and v¢ and v are substituted in the above equation they lead to

e’k Fe

K
4w6ekpT (k + \/0.5:¢D)6 + 37r7]_.,A°) 1+ka

A=A —( J- (2. 96)

In the above equation «/(1 + xa) can be approximately expressed as

K
14 ka

= %[Kpa —0.9(xpa)? + 0.5(kpa)® — 0.11(xpa)?]. (2. 97)

Substituting this approximate relation into the equivalent conductance rela-
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tion Eq.(2.96), it can be expressed as

A=A —(0.11¢ + 186.3

Mrpa — 0.9(kpa)? + 0.5(kpa)® — 0.11(kpa)*]].
(2. 98)

alAo®

120.00

60.00 T T L T | T T T
0.00 0.20 0.40 0.60 0.80 1.00
C(molf)
Fig.2.2 The equivalent conductivities versus concentration at T=293K.
The dashed lines show the Onsager limiting law results.
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In this equation A° is in the unit of Okmem™2/mol and a is in the unit of
angstrom. Using kp = 0.33 C/? Ao‘l, where C is ionic concentration in
the unit of mol/l, the equivalent conductance relation can be compared with
experimental data. The result is plotted in Fig.2.2 for NaCl, LiCl, KCI and
the agreements all of these three aqueous solutions are excellent. The ion
size parameters of NaCl, LiCl, KCl are found as 3.55 A, 3.4 A and 4.5 A,

respectively.

At infinite dilution, k — «kp and a — 0, A obeys the Onsager limiting
law[26]. Satisfying Onsager limiting law is a test of the above equivalent
conductance relation at least at the very low ionic concentration range. Be-
sides that, as seen from Fig.2.2, the equivalent conductivity relation is valid
not only at low ionic concentration, but also at very high ionic concentration

range, up to 1 mol/l.

2.2 Osmotic And Activity Coefficient

Osmotic and activity coefficients of electrolyte solutions are the main ther-
modynamic quantities of solution of electrolytes. Osmotic pressure of the

electrolyte solution equals [40-43]

P =kgTn— —Zn.n, /411'7' 3 duij Jg,,(r)dr (2. 99)

1]

where kgTn is the ideal pressure, Pye,. The osmotic coefficient is defined
= P[P,ges;.- Thus, dividing both side of Eq.(110) by Figea1, osmotic

coefficient can be expressed as
®P=1- GkBT Zn,n_, /47!'7‘ =4 gii(r)dr (2. 100)

37



where u;; is the pair potential which has discontinuity at ion size parameter
a. The abrupt change in the potential u;; at a hard sphere diameter a may
be expressed as

du,-j

—(F = —kBTfs(T - a)

[36]. Thus, it can be written for r > a as

du ~kgTé(r) r=a
.&;z{ n_q,.gé) e (2. 101)
Following this discussion osmotic coeflicient can be written as
4rd? Ue
d=1+ 6kaTn %;n,-njg;j(a) + 3kBT. (2 102)
If the derived correlation function is recalled,
(@) =1- L 9:4; (2. 103)
gii k) AnekgT(1 + xa) |
the first term of the expression can be calculated readly as
Y ninjgii(a) =Y nin (1——’Ci =4 )+nin (l—f-—z- %92 )
il i9i\4) = = N Ak T(1 4+ 6) 2K drekpgT(1 + a)
(2. 104)
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If charge neutrality condition ,n,¢1 = —n2¢s, is used, it can be expressed as

Zninjgij(a’) = Zni(nl + nz) = (Tl] + n2)2 =nl.
] i
The sum in excess free energy U®® can be easily calculated as

Z nin;qiq;gi; = Z nigipi-
]

i3 -

If the expression, p; = —ex? < U; >, is substituted into the sum

Zninjq;qjg;j = -—-t‘:lc2 anq.- <V¥; >
3 i

ij

where ¥; is equal to

—x(r—a)

g:e

<Wi>= dme(l + ka)r’

So thus the sum turns out to be

ex?kd e n(r-a)

Zn;njqiqjg.'j = —47r,3(1 + ka)

tj

r

1 e—ﬁ'l‘

)

4rer?’ r

1 er®khe™ [ 4
eT _ _ 4
v kgTndn(l+ra)BJa (

dr.
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Evaluation of the integral leads to an expression for the excess free energy

kKD

v™=  24rnfB(1 + ka)’

(2. 111)

Substituting this terms into the osmotic coefficient expression it can be ob-

tained as

2rnad kK%
3 24rnB(1 + ka)’

®=1+ (2. 112)

For 1:1 electrolytes can be expresed as

2rnal e? K

e=1+—3 T YUrekpT1+ ka

(2. 113)

{INEIR NOASVINVRIWE
LONON MLLANOMASAGA TR

Substituting Eq.(2.98) into Eq.(2.115), it can be expressed as

47 N103¢ca® e?

®=1+ 3 - 24rcakgT

[0.33dc/?

— 0.098a%¢ + 0.0179a%c*% — 0.0013a*c?] (2. 114)

where N4 is the Avogadro constant, a is in the unit of Angstrom. In Fig.2.3,

this osmotic coefficient relation is compared with experimental data of NaCl
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for a = 3.55 ;1, which is the ion-size or (fitting) parameter calculated from

the equivalent conductance equation.

1.04

0.92 —

0.88

' | v 1 ' | ! !
0.00 0.50 1.00 1.50 2.00
C(mol/1)

Fig.2.3 The osmotic coefficient of NaCl versus concentration at T=293K.

To calculate mean activity coefficient of 1:1 electrolytes, the relation

between the mean activity coefficient and the osmotic coefficient given by
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Eq.(2.115) is going to be used [37],

d[C(1 — ®)]+ Cdlnys = 0. (2. 115)

In the above differential equation, temperature T and solvent chemical po-
tential p are kept constant. The solution of above differential equation can

be written as

-1 —
Inye = —(1— d) —/T‘I’da (2. 116)

Substituting osmotic coefficient relation into Eq.(2.116), Inv. can be ex-

pressed in terms of concentration C as

2

Inys = -2747%];-?[0.993«:1/2 —0.196a%c + 0.298a°c*/*
B
1 39,3
— 0.00195a%c*] + Wc. (2. 117)

This activity coefficient relation is compared with experimental data of NaCl

42



for the same fitting parameter a = 3.55 A and plotted in Fig.2.4.

0.60 -
0.00 040 0.80 120

Fig.2.4 The activity coefficient of NaCl versus concentration at T=293K,
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3 SEMIQUANTITATIVE MEAN-FIELD
APPROACH

In the second section Stillinger second moment condition based mean-
field theory in the restricted primitive model of electrolytes (hard sphere of
diameter a carrying electric charge +q) was developed in the sense of (DH)
approach. From purely experimental point of view, it may simple interpreted
as a mean field theory which predicts experimental data of 1:1 electrolytes
within a satisfactory accuracy up to 1mol/l. From purely theoretical point of
view, however, it may be either claimed that it is second moment condition
supplemented mean field theory, and it may have some merits, or it is just
a modified (DH) theory carrying the same merits and ambiguities as in the
other modified (DH) type theories. As it is going to be shown in the fourth
section, further specific physical consideration must be introduced in the out-
set of treatment in order to find a fully reasonable account for the correction
of the ambiguities. This means a major change of the conventional mean-
field treatment of electrolytes. In this section, however, the same mean- field
approach introduced in the second section is going to be employed to explain
the properties of electrolytes in terms of fully well-defined parameters of the
system. In addition, the relaxation field, which is the most involved part of
the theory of electrolytes, is going to be calculated by the Green’s function

method since the series solution has some inevitable deficiency which may

44



obscure the quality of the mean field treatment in section one.

3.1 Solution Of Relaxation Field By Green’s
Function Method

In section two a general differential equation was derived to solve the relax-

ation field from Onsager equation of continuity as

VIV — ganaws + ginawy ¥ = — (gws — q1g2w1)E 8 frz
en kpT(wy + wy)” ! enikgT (wy + wy) Oz

3.1

If the definition of fi3 = nynagys is recalled and the expression of g;; is cited

from section two

2 ,—x(r—a)
192 K €
=1— y .2
g2 =1 dneckpT(1+ ka) k3 (3-2)
Eq.(3.1) turns out to be
VV? ganawz + ginawy _ (GGwz — uown)E i e " 3. 3)

enkpT (wy + ws) 1 enikpT(w; +wy) 8z r

Since our purpose to solve this equation for the two component electrolytes
in general case it may be useful to redefine the parameters of the equation

by the following manner

o2 = ganaw; + ginqw;
V7 ekpT(wy + wa)

(3. 4)
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If this expression is divided and multiplied by (g1 — ¢;) and also if the charge

neutrality condition is recalled it can be written as

Ii2 = (qlwl — q2w2) 2 3.5
R P A R (3. 5)
If 2 is redefined as x2 = Rkp, where R is equal to
(w1 — gaws) .
R= 3. 6
(1 — g2) (w1 + wy) (3. 6)
the parameters in the right of the equation can also be simplified as
(Gwz — aw)nads  G1f2
== K3 3.7
(skBT)z(uh + w2) ckgT
So thus the differential equation can be expressed as
VIVE - W, = T 3. 8)
v oz r
where T is equal to
_ Q@262 K*e™E 3. 9)

" ekpT 47(1 + ka)xd’
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The differential equation can also written as

. a e —KT
VAV2 + (ik1) ]ty =Ta-—

(3. 10)

If a Green’s function is obtained for the above differential equation, then it
may lead to more rigorous solution than the series method used in section
two.

The Green’s function must satify the following equation
V3V + (i61)2)G(7, 72) = —6(71,73)- (3. 11)

If a solution of the equation is obtained, then it also leads to the solution of

I
U, as

6 e—nrl

U (r) = / G A5~

dr1 (3 12)

Since V2 and (V? + (ix,)?) are commute then Eq.(3.11) can also be written

as

[V? + (ir1)"IV*G(7, 72) = ~8(73, 73). (3. 13)

If f is defined as

VzG(Fl, T;) = f(’?l, 7'3) (3. 14)
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then the equation can be written as
[V + (i,1)°1f (71, 73) = —6(F1,73)- (3. 15)

The solution of the equation can readily be obtained [40]

e—mlf—2|

f(7,72) (3. 16)

T i -

Thus Eq.(3.14) becomes

e—milf—7|

V2G(r, ) = (3. 17)

dr|fy — 7o

If |f1 — 72| = r defined and G(7;,7;) = G(r) is assumed due to the symmetry
of the problem then divergence theorem can be a useful consideration to find

the Green’s function. So thus defining A=VG

/ AdS = / divAdV = / V2GdV (3. 18)

leads to the following equation

2.8 T e—nlrl N
/ AdS = /o 4 (r V. (3. 19)
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Due to the spherical symmetry the above equation can be solved as

!

L3 T' r 1 T
4w Ar® = —e™ (E + E—¥)|o. (3. 20)

Thus A can be obtained as

A= —fer( T Ly 1%]. (3. 21)

" 4nr? K1 K3 k2
From the definition of A, G can be written as

G(r) = / Adr. (3. 22)

If the result for A is substituted in this integral, one can readily obtain the

following relation

1 .7 1.1
G(r) = / Tzl (;1 + ?%) - ?%]d"‘ (3. 23)

If separate terms of the integral are evaluated as

iirle-w = Ei(—kyr) (3. 24)
dr _,. . e "r )
/;2—8 = — - kEi(—Kqr). (3. 25)
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G(R) can be obtained as

1 1 e ™7

).

1 1 e "1 -1l

R N T

Using this relation leads to a solution for ¥ as

[ i 3 e~ n =
¥, =T / G(F, 7) g ().

Substituting the Green’s function in this integral leads to

e"‘"l |?—?1| a e""rl

‘ : 1 -
V=T e~ oA )

where I" is equal to

ro 1

= 2
4Ky

T.

(3. 26)

(3. 27)

(3. 28)

(3. 29)

(3. 30)

Our aim to find a solution for r < a. Since we know that r < a < ry, the
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term |7 — 71| can be approximated to the following relation.

|7 =7 =rml + ( )2 — —C’o.sry]l/2 ~ry(l— —Cos'y) (3. 31)

where Cos is equal to

Cosy = Cos8Cosby + SindSind,Cos(é — ¢,). (3. 32)

Using the relation x; = rSin6;Cos¢,, then the derivative can be expressed

as

d
— = Szn01003¢1 . (3. 33)

d:z:1 1

Using this relation in the above integral leads to

¥ =T / r(l— i’-Co.s'y) [1 = e 0w M]Sing, Cosdy
T
[Ll-frT'"-‘le-m]r';’sz'noldaldqsldrl. (3. 34)
1

Since the solution of the integral around r << a is sufficient to obtain the
relaxation field around r = 0, the integral is going to be evaluated under this

condition. Thus the integral can be written as

1+& C S
=-T ( ° 7) —e"M"(1 + k1rCosy))
1617‘1
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(1 + nrl)e_"“ Sin201003¢1d01d¢1dr1. (3 35)

Keeping only the terms order of r, the following expression can be approxi-

mated as

1+ 50037)[1 — e (1 4 k1rCosy)](1 + &ry)e™™"
1

~[(1—e™™™(1 + £1rCosy) + %Cos*y - %e""mCos'y](l +&r1) (3. 36)
= (1= e™™)(1+ xr) + (L + wr1)Cosr[=(1 — €™7) — syre ™7,
1

Substituting this final form into the integral, it becomes

: v f 1
¥, =T /;;[(1 — e ™)1+ kr1) + (1 + &r1)Cosy

[L(1 — e™") — gyre~™™]Sin0; Cosgydby ddydry. (3. 37)

m
The integration over # and ¢ can be evaluated as follows
L= / Sin0,Cosdydbydgy = 0 (3. 38)

L= / Sin?8,Cosd, Cosydo:dé, (3. 39)
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where Cosy is equal to

Cosy = Co0s0Co0sb; + SindSinb,(Cos¢Cosd, + SingSing,). (3. 40)
Thus I can be written as

I = /Sin3016'os¢1SinG(Cas¢Cos¢1 + StngSing, )dodé;. (3. 41)

Rearranging the integral leads to

I, = Sin6Cosé / Sin36,Cos$1dbydby

+ SinBSing / Sin0,Cosgy Sind,d:dd,. (3. 42)

Evaluation of the following integral

T 4
/; Sin%61d6, = (3. 43)
27
/(; Cos*dey =7 (3. 44)
leads to
4
I = -3’5 (3. 45)
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Thus ¥; becomes

! 4 ! AT
U, = ?ﬂ-l" / ¢ (14 &r)[1 — ™™™ — kyrie”™ ] dry. (3. 46)
T

Separating the integral as

00 p—R1IT)
I =/ < - [l —e™™ — gyrie™™)dry (3. 47)
a 1
{oo] e_"lrl
I, = Ic/ - [1 —e ™™ — gyrie” ™" |dry. (3. 48)
e 1

The solution of the integrals in terms of exponential integral functions as

e—"a . e—(r—r1)a . )
L= T+nEz(—na)———a———(n+n1)Ez(——(n+nl)a)+K,1Ez(-(n+nl)a)
(3. 49)
I, = —kEi(—«ka) + kEi(—(k + £1)a) — FF1L grim)a (3. 50)
K4+ Ky
Since the solution of ¥ is equal to
2 47f . [;

¥, = —é—rSznOCosgﬁI‘ (L + ). (3. 51)
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substituting f; and I3 in this relation leads to

4r _, —ra e=(rtm)a KKy
- — —(r+x1)a
v, = 3 r rSznGCos¢[ = panp ] (3. 52)

Derivation of ¥, with respect to z leads to an expression for the relaxation
field E'(0). Since z = rSinfCos¢, the derivation can be taken readily and

the result can be expressed as

Am_, e~ e~(rtr)a KKy
_—— - —(sts1)a
E'(0)= I‘ [ a - Kle ] (3. 53)

Substituting "' in this relation leads to

|z1]|22|€*E &2 [_1_ et Kk
127eksT(1 + xa) k3 'a a K+ K1

E'(0) = e~ 12, (3. 54)

Substituting this result into the equivalent conductivity formula, Eq.(2.95)
together with Eq.(2.86), derived in the second section leads to

[ |21]]22|€? k21 e gk

— A0 . - e
A=A - 127ekpT (1 + ka) 3 ( a K+ K

€Nk
A°67m,(f+ fca)(lzl| + |22))]].

+ (3. 55)

The series solution treatment of the second section have produced the

relaxation field in the form of infinite series, of which only the first few terms
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have been kept in the equivalent conductivity formula, within the interested
concentration range. That is why, without giving any further physical jus-
tification the series solution seems somewhat ambigous. The Green’s func-
tion solution, however, produced a compact relaxation field expression. This
compactness may be considered as a significant contribution to the theory
of electrolytes if it is compared to the others works [38,39]. In addition, the
differential equation has been solved without introducing any further assump-
tion on the form of relaxation potential. Thus, if the unknown parameter 7 is
obtained, one can compare the agreement of the formula with the experimen-
tal equivalent conductivity data. For this purpose, the following procedure

is going to be taken.

If the obtained equivalent conductivity written for ka << 1, it can be

expressed as

|z1]]22l€? &%, &2

12xekpT %( K+ K1

A=A%—] + kKy3)

62N AK
A%m,

+ (2] + [22D)]]- (3. 56)

At very extremely low concentration the term £x;a can also omitted without
loosing the generality. Thus, in this case its form turns out to be exactly the
same as Onsager equivalent conductivity formula. Thus the equivalent con-

ductivity relation derived in this section satisfy the most important criterion.

At this point I think it is worth to mention that the only difference be-
tween the Onsager’s equivalent conductivity and our result is the replacement
of kp by « at this limiting case. Thus, since we know that the usual DH the-

ory is excellent at very low concentrations one can readily see that x — xp
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at very dilute concentration.

Since the main concern of this section is to formulate a mean field theory
with well-defined parameters of the system, the distance of closed approach
parameter a is going to be interpreted as the sum of the crystollagraphic

ionic radii, manifested by X ray diffraction, instead of assigning arbitrary
values.

With those consideration one can readily obtain the by just comparing
the equivalent conductivity expression with experiment. For this purpose,
one has to propose an expression for 7. From the above discussion, one can
only expect that  depends on ionic concentration and the values of ionic
charges of the system. If the limiting behaviour of &, that is, Kk — &p at very
low concentrations, is also considered, one might find the following expression

for k as a plausible form

k = kpe tsp)1/4), (3. 57)

From experiments, the values of b have been obtained as 0.2 for all 1:1 elec-
trolytes and 0.75 for all 2:1 electrolytes. With these values & are also turned

out to be well-defined expressions for the electrolytes systems.

From purely theoretical point of view, although the determination of &
from the experiments might be considered as a somewhat ambigous approach,
there is no fundamental theoretical consideration to calculate x from the
theory in this section but just comparisons with experiment. This approach
have also used in many works with two or three adjustable parameters[41-
43]. Notice that, in section two, however, £ was determined by the use of
Stillinger’s second moment condition. That is why, the theoretical treatment

restricted to the 1:1 electrolyte systems with a adjustable ion-size parameter.
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The most interesting difference between these two different approaches
is that the x determined from Stillinger second moment condition increases
faster than xp with increasing concentration while determination of & from
the experiments shows that x increases slower than £p with increasing con-
centration. These two opposite predictions might be, of course, due to the
different physical consideration employed in the derivation of Stillinger sec-
ond moment condition, namely total associations of the ions. Apparently,
the total association consideration does not work for dynamic properties of
strong electrolyte sytem as it was thought to be for thermodynamic proper-

ties of electrolyte systems [13,14].
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Fig.3.1 The equivalent conductivities of NaCl, Ki, LiCl versus
concentration at T=293K for ion-sizes equal to 2.89, 3.36, 2.41 respectively.



With these experimentally determined «, the equivalent conductivity for-
mula can be compared with experimental data. The results are plotted in
Fig.3.1 for 1:1 electrolytes and in Fig.3.2 for 1:2 electrolytes. As seen from the
figures the agreement are quite good. One may not expect better agreement
from any mean field theory formulated with a single adjustable parameters
[41-43]. In addition, the parameter are same for all the elements of the elec-
trolyte system. That is, it just depends on electrolyte system such as 1:1
and 2:1. This property can also considered as an precious result if the cited

works are considered [41-43].
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Fig.3.2 The equivelent conductivity of BaCl, and MgCl,versus concen-
tration for ion-sizes 3.16 and 2.46 in angstroms respectively
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3.2 Application To The Thermodynamic Properties

In the treatment of thermodynamic properties of electrolytes in this sec-
tion, we also use the pressure equation (or the virial equation) as in the
first section due to its applicational simplicity since we already know the ra-
dial correlation functions in mean-field sense. Of course, without lack of the
knowledge of the correlation functions, the simplification would be only ap-
parent, because the difficulty would have been shifted to that of determining
the correlation function. It would not be, however, an easy task to perform
analytically. So thus the analytical treatment of properties of electrolytes
would be imposssible. The problem would have been even more complicated
if the pair potential was not assumed as spherically symmetric Coulomb po-
tential. Luckily, the mean field treatment produces spherically symmetric
correlation functions from outset in a simple manner. Thus the only thing,

one has to worry about is the calculation of the following pressure expression

P =kgTn — —Zn,n,/h‘r ——g,J(r)dr (3. 58)

%J

This osmotic pressure formula leads to the same osmotic coefficient expression
as in the first section since the form of the correlation functions are same.

Thus the osmotic pressure expression can be written as

2rna’ e? K

=1t =~ ek T 14 ra’ (3. 59)

As far as the treatment of thermodynamic properties is concerned, the only
difference between the osmotic pressure expression of this section and that

of the last section is the replacement of the xp by &% = nk%. Making use
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of the values of b obtained from in the treatment of equivalent conductivity,
the expression has been compared with experimental data. In Fig.3.3, some

1:1 electrolytes are compared with experimental data.

The activity coefficient in this chapter is also going to be calculated from
the interrelation between osmotic pressure coefficient and activity coefficient.

From the section two, it can be written as

1-9

c

Inyk = —(1 — ®) — / de. (3. 60)

If the obtained & is substituted into osmotic coefficient expression it can be

written for 1:1 electrolyte solutions as

1/
47 Nyea® e? kpe%2p

o=1 - .
+ 3 24mekpT | 4 grpe02p

For the sake of simplicity, the last term is going to be approximated so that
the integral can be evaluated without further complications. The following

approximation can be considered as a fairly good for this purpose

1/s
kpe~%2%p kp(1l — 0.2}

14 allszl_)e"m"lppl T 1+ akp(l — 0.2&:;)/4

~ 0.33¢/%(1 — 0.17ac*/%). (3. 62)

Now, the integral can be calculated readily. The result for the activity coef-

ficient can then obtained as

Aw N 4ca? e?

Iyt = 2 — kT

[0.33¢™/%(1 — 0.17ac"/*) 4 0.66¢"/2 — 0.06ac> )
(3. 63)
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The above activity coeflicient expression can also be compared with the ex-

perimental data. The result have been plotted in fig.3.4.

In the treatment of thermodynamics, & can be considered as a well-defined
parameter since the values of b were obtained from independent experiment,
that is, from equivalent conductivity. Since the values of ion-size parame-
ter were also taken from X ray diffraction experiments, the osmatic pressure
expression can also considered as well-defined. With this property, the agree-
ment of the osmotic coefficient expression to the experimental data can be

considered as a fairly good.

Since for many years, discussion of the thermodynamic properties of elec-
trolyte solution has been dominated by the conventional treatment of DH
theory and by the modification of it instead of virial coefficient expansions
method, it can be worthwhile if our mean field treatment are considered with
the theoretical approaches of the conventional treatment of the electrolyte

solutions.

3.3 Conventional Treatment Of Thermodynamic
Properties

Conventionally, the thermodynamics of ionic solution are handled by imag-
inary charging processes from which the energy of creating an ion in the
solvent can be calculated. The most common of them is generally known
as the Guntelberg charging process in recognition of its originator. In this
process, the central ion j is assumed to be in a hypothetical condition and
the rest of the ions, fully charged, constitute an ionic atmosphere enveloping
the charge introduced in the position of the central ion. Thus, the potential

is created by the rest of the ions in the ionic atmosphere when the charge §;q
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is at the center can be expressed as

o _ 256 €70
™ e —— )

I 7 Arer' 1+ ka (3. 64)

where ¢ is the fractional charge on ion j. The potential for » < a can then

be written as

(I)q.tm — _ijC K .
4re 1 + ka

(3. 65)

To bring up an amount of charge z;ed¢; to the ion j, the work done is just the
product of the charge and the ion atmosphere potential, %™ (r = 0)z;ed¢;.

Therefore, we obtain the work done as

Ate 1+ Ka > 87rsl+m'

W, = /lfz K e & (3. 66)

By definition, the activity coefficient «y; of the ion j is related to the work

done as

kgTlny; = W;. (3. 67)

The individual ionic activity coeflicient are, however, experimentally inac-
cessible. Thus, it is necessary to relate the individual ionic activity coefficient
to the experimentally accessible mean ionic activity coefficient v4 so that the

model can be tested. The mean ionic activity coefficient can be expressed as
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a combination of the single ion activity coefficients. The result is,

62K,

8rekpT(1 + ka)’

Inyy = —|2z124] (3. 68)

In the limit of zero ion-size, one can readily obtains the following result

e’k

8nekgT’

Inyy = —|z120]

(3. 69)

Eq.(3.68) is also plotted in Fig.3.4.

In order to obtain an osmotic coefficient expression, the Gibbs-Duhem
equation can also considered as a useful frame in conventional treatment.
Thus, if water activity is omitted in the Gibbs-Duhem equation it can be

solved alternatively [23] as

®=1+ % f cd(Inys). (3. 70)

If the above approximation, that is,

K
1+ ar

= 0.33¢"/%(1 — 0.17ac'/*) (3. 1)

is also used here, then the term Invyy can be calculated as

62

ek T[0.1656'1/2—0.032c"1/4]. (3. 72)
B

Iny = —
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Thus, the evaluation of the integral leads to the following expression for ®

e2

®=1- 8rekpT

[0.12¢12 — 0.051%4). (3. 73)

The above conventionally derived expression have been compared with
experimental data in Fig.3.3.

Since at very small concentrations, k — kp the above expressions, at
very small concentration, turn out to be DH limiting laws for mean activ-
ity coeflicient and Osmotic presure coeflicient, which are the outstanding
achieverment of DH ionic solution theory. As seen from Fig.3.3 and Fig.3.4,
in spite of the excellent agreement between the prediction of DH picture
and experimental values of corresponding physical properties at sufficiently
low concentrations, there is a sharp disagreement at higher concentrations
(e.g., > 0.1mol/l). Of course, as seen from the figures, the most sharp dis-
agreement at concentrations around lmol/l, when the activity coefficients
and osmotic coeflicients begin to increase back toward the value they had in
limitingly dilute solution. This sharp disagreement is, however, in agreement
with the theoretical expectation of DH picture since only at infinite dilution

are the cited assumption of DH theory valid.

In our picture, the behavior of experimental mean activity coefficient
have been handled by the discontinuity at hard core potential and mapping
the correlation function into linearized picture by the cited assumption. In
conventional treatment, however, this apparently anomalous behavior of the
activity coefficient has been argued by introducing ion-solvent interaction

into the DH theory.

Introducing ion-solvent interaction into the treatment of the problem

might be considered as a reasonable approach since, at least, from purely
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intuitive point of view, one can imagine that the primitive model might have
some short coming to present ion-solvent interaction with a continuum di-
electric constant. The primitive model, particularly, may not be true for
the short range interaction between ion and solvent. This reasonable con-
sideration, however, have not been introduced rigorously, but the concept of
hydration presented by a adjustable parameter, namely the hydration num-
ber. The concept of hydration eventually leads to the following expression

for activity coefficient

Nw +v—h

Ny, + v

1. (3. 74)

InyE? = Inyy — glnaw —In[
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0.92 —

0.88

1 I ] ' ] '
0.00 0.40 0.80 1.20
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Fig.3.3 Osmatic pressure versus concentration at T=293K The dashed
line shows the (DH) limitin law resuit.
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Here a,, is activity coefficient of water, n,, is mol number of water, n is mol
number of the ions. Since the activity coefficient of water can be obtained
from independent experiments, the quantity of hydration numbers of elec-
trolytes can be determined from Eq.(3.74) as a adjustable parameter if the
ion-size parameter is known. Mostly an experimentally calibrated value of
the ion-size parameters are used in conventional treatments. The sum of the
crstallographic ionic radii were taken as a ion-size parameter in our treatment

as cited a few times.

. EDH

| ' 1 o ' ! o l
0.00 0.40 0.80 1.20 1.60
Fig.3.4 The activity coefficients versus concentration at T=293K

The solid lines show the result of £q.(3.63) and the dashed lines show
the results of Eq.(3.74) with hydration numbers 3.8, 1.8, 2.3 for NaCl, KBr

and Ki respectively.
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4 COUNTER CHARGE DENSITY
FORMALISM

4.1 Introduction To The Section

Before discussing the alternative mean field theoretical approach which is
going to be subject of this section, questioning what really the linearized
mean-field approach means seems to be a crucial point. Thus, the following
argument can found important. In the mean-field treatment, from the defi-
nition of the counter charge density introduced by correlation functions leads
to an exponential relation between the counter charge density and potential.
However, the principle of the linear superposition of fields merely states that
the potential due to two systems of charges in specified position is the sum
of the potential due to each system separately. Thus, if all the ioni¢ charges
and therefore the counter charge density were multiplied by a factor a, the
potential at any chosen point would according to this principle be multi-
plied by the same factor also. Since the counter charge density depends on
the potential exponentially, it is imposible to satisfy the linear superposition
principle. In order to satisfy the principle, therefore, the correlation function
linearized as

g5 = €7 =1 Puw;; (4. 1)

by simple assuming that fwj; << 1. Then, one can inquire the validity of
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the assumption, that is, wheather fwj; is a lot less than unity or not.

As an example, in usual DH case, the condition is well true at very low
concentrations, let say up to 0.01mol/! since the large portion of the counter
charge density is laid beyond the average ionic spacing corresponding to
Bq;¥; << 1. As one can easily see, the validity of this condition gets worse if
the concentration gets higher. Therefore, the DH theory can be considered as
a fundamental law of nature at the very dilute concentration ranges. Thus,
the mean field theories constructed by adjustable parameters in order to
extend the validity of DH and Onsager limiting laws can be only considered

as rounding out character rather than an investigative one.

In our treatments, in section two and three, we take into account this
point by just simply introducing the linearizetion process via mapping or
modifying DH correlation functions by different physical consideretions. Yet
the dilemma is still there and one has to find to a way to treat the ionic solu-
tion problem from a more rigorous physical point of view. For this purpose
one may find the following discussion more reasonable than the conventional

linearized mean field approach.

The mean-field treatment of this section is going to be formulated by
assumption that the counter charge density around a particular ion j can be

expressed as

e—ﬁ?

pi=A (4. 2)

r

up to moderate concentration in the structureless dielectric solvent. Al-
though, it is considered as a strong assumption at first sight, it has already
been used in the work of Attard [13-14]. In addition, the works based on
numerical solution of integral equation method [18,44-46] supports the form

of the counter charge density. One can also see readily from the first two
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sections that the form is fully in agreement with the linearized mean-field
treatments. Thus, it seems that it is a promising assumption and may have

some merits in it.
The parameter A can be easily calculated from the electroneutrality con-

dition as

e

KT 2
dr. .
- redr (4. 3)

—qj=47rA/
a

The evaluation of the above integral leads to

K2 er?

V 4 _—qj47r(1 + ka)

(4. 4)

Substituting A into the charge density relation leads to the following expres-

sion

n2ena err
Pi = U ) (4. 5)

Now, from the definition of the charge density

pi = 2 niqigji (4. 6)

one may obtain the correlation functions for using them in the treatment of

properties of electrolytes. Writing the charge density for j = 1 and j = 2,
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one can easily obtain the following equations

pr= nlql[e—ﬂ‘um _ e_ﬁw12]. (4. 7)
p2 = nlql[e—ﬂ"’” _ e—ﬁwz]. (4. 8)
For symmetric electrolytes (g1 = —¢z), These equations lead to wy; = wyy

and w3 = wy;. Due to the symmetry of the problem, one can readily assume

that wy; = —wy, at least for symmetric electrolytes. Making use of these

relation leads to

p1 = nlql[e—ﬂwu _ eﬁwu].

Thus, the following relation can be easily obtained

y . ~,
Bwir = AreSinh( o )-

Since the relation

ArcSinh(z) = In(z + (1 + z%)'/?)

is true for all z, one can readily obtain g, as

2n1q1

g1 =
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(4. 9)

(4. 10)

(4. 11)

(4. 12)



It can also be written as

P1 | | P11 \2v1/21-1 A
—_— 1 . A

Since g15 = e7P¥12 = ¢f¥11| g4 can easily obtained as

P1 —P1 y2y1/2
=+ {1+ (= . 4. 14
g2 = [+ (14 (507 (4. 14)

For the sake of simplicity, if B is defined as

K261m
B= ———— .
87n1(1 + ka) (4. 13)
then, the term % can be expressed as
—h _ps . (4. 16)

2n1qq - r

If the final expression is substituted into the g;; and g;2, they can be expressed

as

et

g = [B=— + 1+ (BE)V (@ 17)

e—NT

g2 = [BS—+ (1 + (B (t18)

r

2



Now, we are ready to calculate the properties of symmetric electrolytes in this
picture. As in the first two section, we are going to calculate the relaxation
field to obtain an equivalent conductivity formula then the thermodynamic

properties are going to be presented.

4.2 Relaxation Field In This Formalism And
Ionic Conductivity

The fundamental differential equation in the treatment of relaxation potential

can be written for symmetric electrolytes as

) 0
V3[V2 — g2]¥, = —niEb;gm. (4. 19)

Substituting g, in the above equation, it becomes

-Kr

V3V? - k2Y; = E—[B +(1+(B )2)1/2] (4. 20)

In section two, a Green function have been obtained for the equation as

e "|F -7

Rt

G, ) = ). (4. 21)

This Green function leads to a solution for ¥, as

—RKT
e 1

+(1+ (B )2)1/2]d3r (4. 22)

lclE/G(r 1) [
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z1 is defined in spherical coordinate as

z1 = rSinb,Cosd;. (4. 23)

So thus the derivative oparator is equal to

a ) d
— = Sm01003¢1d—r—- (4. 24)

81:1 1

Since we are looking for a solution around r << a, that is, r << a < ry, one

can readily approximate the term |F— 7| as

7= 7| ~ (1 - -:—10037) (4. 25)

where Cos7y is equal to

Cosy = C0s0Co0sf, + SindSind;Cos(¢ — ¢;). (4. 26)

Thus, under these approximations, the integral can be expressed as

' E Sin01003¢1 —r5371(1—-Z-)Cosv)
—- = 1 _ 171 P S,
% 4 / ri(1— :—10037)[ € ' ]
d e—rr1 5 e 2577 122 0
HTI[B . + (1 + B 7'—1) ]rlSzn01dr1d01d¢1. (4 27)
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The derivative can be taken easily as

e~ KT 257y

Z1BE 4 (14 B

dry ri

e’ —~2K7; 2 2 2
+ (1+B“’e1 rmuﬂﬂ%?ﬂ%%m)@z&

= —B(]. -+ I’ilT'l)

Substituting this relation and using x;r << 1, ¥; takes the following form

, (1+ ZCosy)
= 47r./

1 —e™™™(1 + kr1Cosy)]

™

—RT]

pBa+mﬁf 4= (1+B2e

L 2ry + 2612 _ r
)" 1/2(32—1—;‘1,——16 ] (4. 29)

1

rfSin20lCos¢1dr1d01d¢1.
Keeping only the terms order of r, the integral can be written as

' E
U, = —E/—-—[l e (1 + kyr) + ;E-Cos'y - ;E—e"“” Cosn]

—257T1

2 —2K7]
[Ba+nnyﬂm+¢ﬁﬁf+ﬁ§” (1+Bﬁ7;q4ﬂn (4. 30)

1 1
S in291 Cos ¢1d7'1 d01 d¢1 .

(6]



For the sake of simplicity, the integral has been arranged in the following

form

' E
¥, = ———/ —[(1—e™™)+ C’os'y(;_r;(l — e M — gyreT )]

—2K7

1+ B (4 3)

-251'1

—xr + K73
[B(1+ &ry)e™"™ + B? (1 Rl:;l)e
1

Sin%0,Cos¢ydridde,.

The integration over 6; and ¢y, as in the section three leads to 25infCos¢.

By substituting this result into the above integral, it becomes

' E'S'zn0003¢ /

T, = L —(1 — mmm)]

—2K7r1 —2K7)
[B(L+ kry)e= + B2 0Y mr?)e (1+B*—— )7l (4. 32)
With a little bit algebra, it can also expressed as
‘I’; - ErSznGCos¢ / [_nlr e~MT 4 ] — e )]
—KT B e " 2'e 2 -1/2
B(1+ kry)e™™ 1 + — - (1+ B ) )dry (4. 33)
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If the integral is divided into two parts as

ErSin0C 1
L = ——T.—z%ﬂ/r—z[—nlrle"‘”l +1-— e—nln)]B(l + icr1)e""“d7"1
1
(4. 34)
12 = _M/lz[_nlrle—mn +1- e—mrl)]
3 rs
B —257)
B(1 + kry)e™™ T—e"‘”(l + Bzf-;z—-)'l/z)drl (4. 35)
1 1

one can readily see that I; is in the same form of the relaxation potential of

the section three. Thus, the solution of it can simply expressed as

B ErBSinfCos ¢( e—ra B e—(ntr1)a kR e_(,;+n1)a) (4. 36)

I =
! 3 a a K+ Ky

The evaluation of I; is not an easy task due to the functional complication
in the last term. It may be handled by the series expansion. The expansion,
however, leads to infinite terms which is impossible to express meaningfully.
Thus, it seems that replacing the term with a approximate one which leads
to evaluation of the integral without loosing too much physics can be a plau-

siable way. Thus, if the term is written as

2
L

B e2m'1]-1/2 (4. 37)

~2x57r
Ee—nrl[l +BZ‘6—2]-—1/2 — [1 +
7'1 'I'l

one can easily see that the term is smaller than unity even close to ion-size

parameter. For large spacing, that is r; >> a, it is a lot smaller than unity.
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Thus, taking these consideration into acount, one may replace it by e="(r1-2),

Thus, the evaluation of the integral can be performed easily as

—K17T1

L, =

1
—[—mire
A1

3 ErBSin0Cos¢d /
3

+1—e™™M(1 + kry)e™ e > dr,.

For the sake of simplicity, /; is divided into two parts as

ErBSin0Cos
I, = — 3 2 ¢(12,1 + I3 2)

where I, and I, are expressed as

—~2K71
.41 a € —K1T1 —K171
Li=e —[1—e — KiTi€ |dry
a 7'1

00 6—251'1

1 —e™™ — xkyre ™" ]dry.

12,2 = ke /

a ™1

In terms of exponential integral, they can be readily evaluated as

_ —(25+51)a
264 _ 2cEi(—2ka) + b

12’1 = _ ena[_

+ (26 + K1) Ei(—(26 + £1))]

K1

—(2k+51)e
25 + Ky € J

Ly = —ke™[Ei(—2ka) — Ei(— (26 + £1)a) +
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(4. 41)
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(4. 43)



Thus, summation of these results lead to an expression for I; as

ErBSin0Cos¢ ., e e e~ (2ntm)a
- e

I = 3 [ a a
— T 2y o Bi(—2ka) — kEi(—(2 + £1)a)]. (4. 44)
2k + K1

If the following expension for the exponential function

. > (=1)ra”
Ei(—z)=y+Inz+ ) ( )'.7: (4. 45)
= nn!
is used, then I; can be written as
ErBSinCos¢ ., e~2e e~(xtma KK1 g,
L=- 3 el a a —-2I€+Klle T
nln(——zf—) +K i (_l)n((%a)“ = (26 + 51)a)")] (4. 46)
2k + K1 = nn! 1 ) )

If the open form of B is substituted into I; and I, ¥ can be expressed as

-RKa

v ErSinfCos¢k® 1 e KK1  _xia —9xa
¥ T 24rny(1 + ka) [(a @ Kt YA +e7)
+rin(a2 ) 403 Y (ra) — (@ +m)a)Y). (4 47)
2k + Kk = nn!
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Finally, the relaxation field along the z direction can be obtained as

2 —Ka
) Eﬁ: [(l _ e_— _ KK]_ e..nla,)(l + 6—250»)

B = 2Urni (14 ka)a @ K+ Ky
+ /cln(2lc2_f Py )+ & i_o:l (;gn ((26a)"™ — ((25 + £1)a)™)]. (4. 48)

Substituting this expression into the equivalent conductivity formula leads

to for 1:1 electrolytes

2 2 —K1a
- AOTT € N l _k ! _ ik _ga ~2xa
=, 127ekpT (1 + xa) x% [(a a K+ K1 eI+
26 >, (=1)" r n e’Nax
y &ln(n + nl) + Nngl nn! ((2ra)” — (2 + £1)a)")] + AO3mn,(1 + fca)]
(4. 49)

If the parameter & is obtained, then The equivalent conductivity formula
can be used for 1:1 electrolytes generally. For this purpose, the equivalent
conductivity formula is going to be compared with the OLL result at very low
concentration, let say 0.001mol/l. Since we know that within this limiting
concentration range OLL is exact and unambigous, the determination of «
from this comparison does not lead to any ambiguity at all at least at this

concentration range. Thus, by recalling that xa is also a lot smaller than

unity, the equivalent conductivity can be approximated as

2 2 9x2 2
A=A - ¢ £ 1
Al 127ekpT(1 + ka) £% [(K. + %1 t &ln(2fs + x4 )

80

TERNYY WLLTHDOMASH]A D1




+ 62NAI€
A%37n,(1 + ka)

]. (4. 50)
Now, one should notice that the logarithmic term is equal to

2k 2€p 2
— In(——m————u—) = — In{ —— .
2k + fcl) D n(ZK,D + 0.71nD) wpin( (4. 51)

win( 2.71

at very low concentration. If this logarithmic term is equal to

2, &  05kp

2.71) kp+ k1 171

— kpln( (4. 52)

then the above limiting form satisfy the Onsager limiting law which is also
considered as a criterion for the equivalent conductivity expression derived
in this section. Since l1'z2—.27—1 = —0.2998, one can readily concluded that
the equivalent conductivity satisfies the Onsager limiting law. From the

experience of section three, an expression for x is going to be proposed as

x = kpe ol (4. 53)

Comparison with experimental data produces a value for b = 0.8 for 1:1

electrolyte system. After determination of &, the equivalent conductivity
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relation can be compared with experimental data and the results of the com-

parison are plotted in Fig.4.1.

160.00

140.00

120.00

100.00 —

60.00 T T 1 I T I T [ T
0.00 020 0.40 0.60 0.80 1.00
C(molfl)

Fig.4.1 The equivalent conductivity versus consentration for ion-size
parameters 2.87, 3.28, 3.49 in angstrom for NaCl, KBr, Kl respectively.
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4.3 Osmotic Coefficient In This Formalism

The osmotic coefficient formula obtained from the virial pressure in section
one is going to be used to treat the thermodynamic properties of electrolyte
in this section also. Since the form of the correlation function are different
than those of the correlation function obtained in section two and three, one
can expect that the form of the osmotic coefficient expression is different from
those of the expressions derived in section one and two. That means, one
has to calculate it for the correlation function derived above. Thus recalling

the osmotic coefficient formula and the correlation functions which are given

d=1+ 4:;: iz’j:ninjgﬁ Gk Tn Z/ (Iqu )g,J (4. 54)
g = [BE—(1+ (B (4. 55)
g =[B=—(1+ (BZZ))2) (4. 56)

One can calculate an osmotic coeffitient expression in this picture. For the

sake of simplicity, the sums terms are going to be evaluated first
>_min;gji(a) = 2ni(gu(a) + g12(a)). (4. 57)

If the functions g;; and gy are substituted into this expression leads to

47ad 47ra n
on ann.’lgﬁ(a)

4]

F(a) (4. 58)
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where F(a) is equal to

2+ 2f(14 /)2 42
Fla) = f+( + f2)1/2

where f is equal to

K,Z

f= 8rnyi(1 + ka)a’

The following sum was already calculate in section one as

D mingigigi = D nidips-
2

£,
Substituting p; into this sum leads to

I€2 e”e e
r

2
Smn = - Enl
For 1:1 electrolytes, it can be also written as
Z 9 n2ena e
n~ . . = _ne —————————————— i—
. i9iPi 47(1 + Ka) T

Substituting this relation into the integral leads to

1 % —qiq; e’k
in; 4 3(__2t3 i'd = .
6kpTn ;n nj/; i (47re:r2 )g:idr 247kpTe(l + ka)
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Thus, the osmotic pressure can be expressed as

Ama®n ek

®=1+ 6 F(a) - 24wkpTe(l + ka)

(4. 65)

This equation have been compared with the experimental data of NaCl

solution at the temperature 293K in Fig.4.2.

1 l 1 l 1 ]
0.00 0.40 0.80 1.20
C(molf)

Fig.4.2 The osmatic coefficient of NaCl with 2.87 angstrom ion-size.
The dashed line shows the DH limiting law resuit.
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5 RESULTS AND DISCUSSION

The crucial remaining problem of ionic solutions which is the DH theory
valid only at very low concentrations has been investigated by different con-
siderations in order to extend the validity of the theory beyond this limiting
concentrations in mean-field sense. The physical picture has been taken as
the DH theory since conclusive proof of the validity of the theory at very
low concentrations on both the experimental and theoretical levels has long
been available. Therefore, the theory is considered as a fundamental law of
nature. That is why, it has been used as an criterion all through this thesis.
In addition the deviations from the DH theory have been interpreted due to
the defects of the basic assumption of the theory at higher concentrations,
rather then due to the non-Coulombic interactions of the system. Of course,
introducing non-Coulombic interactions into the picture are plausible but the
introduction turns out to be very ambiguous in mean-field type theories since
determining which of these two factors, either Coulombic or non-Coulombic
interactions, causes the deviation from the experiment is almost impossible.

On the other hand, one has to aware of that introducing non Coulombic-
interactions with a continuum dielectric constant can cause theoretical devi-
ations due to the striking difference between local and distant arrangements
of the polar solvent molecules in the presence of ions. So thus, one can read-
ily conclude that the continuum dielectric presentation may be true at low

concentrations but it is evidently questionable at higher concentrations.

This point may explain that why the thermodynamic treatments of this

thesis are not in a good agreement with the experiments, although, the equiv-
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alent conductivity expressions are in a excellent agreement. We think this
is due to the the limiting equivalent conductivity A® which keeps the effect
of the ion-solvent interaction implicitly since it can only be determined by
extrapolation. Therefore, introduction of non-Coulombic interaction in the
treatment of thermodynamic properties of ionic solutions seems more im-
portant. But, it is equally evident that the introduction of non-Coulombic
interaction in a rigorous manner is not an easy task in mean-field picture.

On the other hand, one might still inquire that whether the above mean
field approaches can serve a fundamental basis for ionic solutions or not. A
definite answer to this question can not be given easily since it necessitates
a careful analysis of the mean-field pictures introduced all those sections.
Of course, a careful analysis cannot be handled in the absence of an exact
and rigorous theory of strong interacting particles. But, one can think that
the present mean-field approaches may lead to a corresponding development
in ionic dynamics since the relaxation field has been obtained in a rigorous
manner in each sections for non-zero ion-size parameter. Since the rigorous
solution of relaxation field is the most involved and cumbersome part of the
ionic solutions theory, having a defined and rigorous result for the relaxation
field can be considered as the most important production of this thesis.

In addition, in writing this thesis on strong electrolytic solution, I have
tried to stress the importance of theory without neglecting empirical results.
I have recognized this point by dealing with aqueous solutions since they are
the commonest in nature and experimentally most easily accessible and also
because of their great biological importance.

For future studing, I think one can extend the above mean field treat-
ments by considering counter charge density oscillation which takes its toll at
high concentration. Beside that, inserting the concentration dependence of
continuum parameters, mainly dielectric constant and viscousity coefficient,

into the mean field treaatments can also considered as a unique work.
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