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AN EFFECTIVE ADAPTIVE AND FAULT TOLERANT CONTROLLER 

FOR HELICOPTERS 

SUMMARY 

Helicopters have a distinct advantage over fixed-wing aircraft especially in an urban 

environment, where hover capability is helpful. There is increased interest in the 

deployment of autonomous helicopters for military applications, especially in urban 

environments. Autonomous helicopters must have the capability of planning routes 

and executing them. Control of helicopters are a challenging task because of the 

complexity and the nonlinearity of the system.  

The scope of this report is to develop a nonlinear mathematical model and a fault 

tolerant control system for a 3DOF helicopter. Using Euler’s second law of motion 

the equations of motion for the helicopter system the mathematical model of the 

system is found. A Simulink model of the system was developed in order to be able 

to simulate the system.  

In order to develop a fault tolerant controller for the helicopter system, which is 

highly nonlinear, a nonlinear adaptive backstepping control method was used. 

Because the system is underactuated and therefore not all angles can be 

independently controlled, a decision was made to control the travel and elevation 

angles and let the pitch be indirectly controlled. The system was then decoupled into 

three different systems, one for the elevation system, one for the pitch system and 

one for the travel system, each one with a separate controller. In order to mitigate 

constant disturbances and model uncertainty adaptive controller was chosen.  

Two Kalman filters and a bank of Unscented Kalman filters were developed to detect 

and isolate faults. From the results, the fault identification method proved to be able 

to detect and identify faults almost instantly. Proposed control method kept the 

helicopter from crashing when the standard adaptive backstepping controller failed. 

In addition to all of the above, our proposed control method produces smaller in 

magnitude and smoother control signals. System performance is satisfactory for real 

life applications. 
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HELİCOPTERLER İÇİN ETKİN ADAPTİF VE ARIZA TOLERANSLI 

KONTROLÖR  

ÖZET 

Helikopterler dikey olarak kalkış ve iniş yapabilir ve havada sabit olarak 

tutunabilirler. Helikopter ve uçakların uçma prensipleri aslında aynıdır. Uçaklarda 

tutunma kuvveti elde edebilmek için uçak hava içinde hareket ettirilir. Ancak kanat, 

uçak gövdesine bağlı olduğu için sabit bir yapıdadır. Fakat helikopterlerde kanat 

sabit değil, hareketlidir. Yani helikopterlerde taşıma kuvveti elde edebilmek için 

döner kanat yani pervane kullanılır. Pervane iki ya da daha fazla palden meydana 

gelir. Pervane palinin profili uçak kanadının profili ile aynıdır. Helikopterin motoru 

palleri döndürür. Paller hava içinde hareket ettikleri için üst yüzeylerinde alçak 

basınç, alt yüzeylerinde ise, yüksek basınç oluşur. Bu basınç farkı taşıma kuvvetini 

meydana getirir. Pallerin devir sayısının ve hücum açısının (pallerin havayı karşılama 

açısı) artması ile bu taşıma kuvvetinin büyüklüğü de artar. Tersi bir durumda ise 

azalır. Taşıma kuvveti helikopterin ağırlığına eşit olduğunda helikopter havada sabit 

olarak tutunur. Büyük olduğunda dikey olarak yükselir. Daha az olduğunda ise, 

dikey olarak alçalır. 

Pervanenin dönme düzlemi eğildiğinde, yani pervanenin oluşturduğu taşıma 

kuvvetinin yönü değiştirildiğinde, helikopter ileri - geri ve sağa - sola doğru hareket 

eder. Böylece helikopterin hava içinde hareket etmesi sağlanır. Pervane sürekli 

döndüğü için (gövde üzerinde yarattığı moment nedeniyle) helikopterin gövdesini de 

döndürmeye çalışır. Bunu engellemek için helikopterin kuyruğunda daha küçük olan 

bir pervane daha kullanılır. Kuyruktaki pervane gövde üzerindeki dönme momentini 

sönümler. Ayrıca sönümleme miktarı değiştirilerek gövdenin dönüşü de sağlanabilir. 

Helikopterler özellikle havada asılı kalma özelliğinin etkili olduğu kentsel çevrelerde 

sabit kanatlı uçaklara göre çok daha avantajlıdır. Ayrıca kentsel ortamlarda askeri 

uygulamalar için otonom helikopter kullanımına dair sürekli artan bir ilgi vardır. 

Otonom helikopterler güzergâh planlama ve bunları yürütme yeteneğine sahiptir. 

Dolayısıyla Helikopterlerin Kontrolü sistemin karmaşıklığı ve sistemin doğrusal 

olmamasından dolayı zorlu bir görevdir.  

Helikopter kontrolünde başarım, rota açısının ve yunuslama açısının denetimi ile 

doğrudan  ilişkilidir. Yunuslama açısındaki bir değişiklik, helikopterin rota açısında 

istenmeyen bir sapmaya neden olmakta, yine aynı şekilde rota açısında yapılan bir 

değişiklik helikopterin yunuslama açısını etkilemektedir.Üç eksenli(3DOF) 

helikopterler sahip oldukları helikopter benzeri yüksek doğrusalsızlıklar ve eksenler 

arası bağlaşım sebebiyle kontrol laboratuarlarında sıkça kullanılan test 

platformlarıdır. Bilgisayar destekli yapıları, tasarlanan kontrol yaklaşımlarının hızla 

test edilmesine olanak veren bir uygulama ortamı sunar. Bu sayede  helikopter 

kontrolünde karşımıza çıkan zorlayıcı dinamikler daha sadeleştirilmiş bir  sistem 

üzerinde güven altında irdelenip, bu dinamiklerin üstesinden gelebilecek 

uygunkontrol sistemleri tasarlanabilir.  

https://tr.wikipedia.org/wiki/Pervane
https://tr.wikipedia.org/wiki/Pervane
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Bu tezin amacı helikopterler için bilinmeyen sistem parametrelerine ve arıza gibi 

nedenlerden dolayı değişen sistem parametrelerine uyum sağlayabilen, arızaların 

oluşması durumunda gerekirse sistem performansından ödün vererek sistemin 

fonksiyonelliğini arızalı alt sistemlere rağmen sürdürebilen, arıza anında yolcuların 

güvenliği için standart prosedürlerin dışından prosedürlerin uygulayabilen ve tüm 

bunların yanında kontrol algoritmasının hesap yükünün az olan bir kontrolör 

tasarlamak. Euler'in ikinci hareket yasası kullanılarak helikopter sisteminin hareket 

denklemleri ve bunları kullanarak sistemin matematik modeli bulunmuştur. Sistemin 

simüle edilebilmesi için bir Matlab Simulink ortamında bu model 

gerçekleştirilmiştir. 

Arızaların tespiti ve izolasyonu için sistem sürekli denetlenir ve arıza tespit 

edildiğinde yeri ve türü belirlenir. Bu çalışmada model üzerinden hesaplanan 

beklenen değer ile sensörden elde edilen değerler karşılaştırılır. Karşılaştırılmanın 

sonunda bir residue elde edilir, Eğer bu residue önceden hesaplanan bir limitten fazla 

ise arıza var demektir. Daha sonra bu residuelardan elde edilen arıza tespitleri karar 

algoritmasından geçirilerek arızanın yeri ve türü bulunur. İki Kalman filtresi ve bir 

Unscented Kalman filtre bankası arızaları tespit ve arızaları izole etmek için 

geliştirilmiştir. Sonuçlardan, geliştirilen filtreler sayesinde arızaların neredeyse 

anında tespit edilebildiği gözlemlenmiştir. 

Doğrusal olmayan helikopter sistemi için bir arıza toleranslı kontrolcü geliştirmek 

amacıyla, doğrusal olmayan adaptif integral backstepping kontrol yöntemi 

kullanılmıştır. Uyumlu Entegratör Geriadımlamalı kontrolör sistem değişkenlerinin 

bazılarını “sanal kontrolcüler” olarak kabul etmek ve onlara ara kontrol kuralları 

dizayn etmektir. Bu kontrolörün birçok avantaları vardır.  

Uyumlu olması standart geriadımlamalı kontrolcünün eksikliklerini neredeyse tam 

anlamıyla gidermektedir. Aynı işlemde hem uygun control Lyapunov fonksiyonu 

bulup hem de kontrol kuralı design edebilir. Parametre belirsizliklerini ve değişen 

parametrelere karşı uyum sağlayabilir. Sistem derecesi kadar adımda kontrol kuralı 

bulunur. Sistem eksik tahrikli olmasından dolayı tüm açıların kontrol edilebilmesine 

imkân yoktur. Bu nedenle yükselme ve yunuslama açıları direk kontroler edilmekte 

ve yunuslama açısı seyahat açısını kontrol etmek için bir kontrol girişi gibi 

alınmaktadır. Kontrollör yükselme, yunuslama ve seyahat açısını kontrol edebilmek 

için üç ayrı bölüme ayrılmıştır. Adaptif kontrolör sabit bozucuları ve model 

belirsizliklerinin üstesinden gelmek için dolayısıyla offline arıza toleranslı kontrolör 

olmak için seçildi.  

Arıza toleranslı kontrol, arıza durumlarına karşı, kontrol işleminin devamını 

sağlayabilmek için metotlar önerir. Bu sayede, arızadan sonra bile, kabul edilebilir 

düzeyde performans düşüklüğü ile birlikte, kontrol işleminin devam ettirebilmesine 

olanak sağlanır. Arıza durumlarına rağmen sistemin çalışmasına olanak sağlanması, 

ilk olarak “fail-safe” olarak bilinen yüksek risk taşıyan sistemlerde görülmüştür. Bu 

yapıları oluşturmak, donanım ve çeşitli tertibatları sisteme yerleştirmek açısından ele 

alındığında hem oldukça maliyetli, hem de fiziki açıdan sıkıntılıdır.Donanım 

fazlalığına dayanan bu yaklaşımdaki dezavantajlar yüzünden analitik hesap sürecine 

dayanan yaklaşımları kullanmak çok daha yararlıdır.Arıza toleranslı kontrol 

sistemlerini iki ana kategoride incelemek mümkündür: pasif arıza toleranslı kontrol 

sistemleri ve aktif arıza toleranslı kontrol sistemleri. Pasif ve aktif arıza toleranslı 

kontrol sistemleri kıyaslandığında, pasif arıza toleranslı kontrol tasarım 

uygulamalarının genelde basit ve daha ekonomik olduğu bilinmektedir. 
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Bununla birlikte arıza durumunda sistemin ancak ilgili bir tertibat sağlanmışsa 

çalışabildiği, daha önceden öngörülmemiş bir arızayla karşılaşıldığında yine sistemin 

bloke olabileceği söylenebilir. Aktif arıza toleranslı kontrol tasarım uygulamalarının 

ise genellikle nükleer, aviyonik, kimya endüstrisi gibi yüksek emniyet ve teknoloji 

kullanılan süreçlerde olduğu, arıza/hasar durumlarıyla karşılaşıldığında bunların 

tespit edilip, üstesinden gelindiği söylenebilir.  

Bu çalışmada uyumlu entegratör geri adımlamalı kontrolör offline arıza toleranslı 

kontrol olarak tasarlanmıştır. Online arıza toleranslı kontrolör ile beraber çalışarak 

oluşan arızalara hızlı ve verimli tepkiler verebilmesi amaçlanmıştır. Online arıza 

toleranslı kontrolör olarak ise arıza durumlarında alınabilecek önlemleri önceden 

elde edilmiş tecrübelere göre alan bir algoritmadır. 

Önerilen kontrol yöntemi standart uyarlamalı backstepping denetleyicisinin başarısız 

olduğu durumlarda dahi helikopter sisteminin kaza yapmasına engel olduğu ve 

helikopteri çalışabilir durumunu korumasına yardımcı olduğu sonuçlardan 

yorumlanabilir. Tüm bunlara ek olarak önerilen kontrol yönteminin ürettiği kontrol 

işaretleri standart kontrolcüye göre çok daha hafif geçişli ve küçüktür. Sistem 

performansı gerçek hayat uygulamaları için tatmin edicidir. 
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1.  INTRODUCTION 

Helicopters have a distinct advantage over fixed-wing aircraft especially in an urban 

environment, where hover capability is helpful. There is increased interest in the 

deployment of autonomous helicopters for military applications, especially in urban 

environments. Autonomous helicopters must have the capability of planning routes 

and executing them. Control of helicopters are a challenging task because of the 

complexity and the nonlinearity of the system. In the literature there many control 

theories that are applied to helicopters with good results. A combination of  neural 

networks and neuro-dynamic programming controller [1] and a multi loop control 

system [2] has been used to control helicopters. More of a tradition control method 

adaptive backstepping controller [3] and a robust control method Linear Quadratic 

Regulation (LQR) [4] was also used successfully.  

Reliability and safety of helicopters are important because they carry out important 

and crucial tasks such as military and search and rescue mission, in addition these 

systems are complex and very expensive. When a component of the helicopter 

malfunctions, desired performance and stability should be sustained. These systems 

are able to detect, identify and isolate the fault and maintain the system in desired 

performance and stability. Faults may be detected by a variety of methods such as 

multivariable, model-based approaches [5]. Fault tolerant direct torque control 

algorithm was able to successfully drive induction motor under fault conditions[6]. 

In [7] fault accommodation is made using fuzzy weighted Model Predictive Conrol 

(MPC) using residual outputs. A review of methods used in fault tolerant control and 

fault detection can be found in [8]. Other studies developed traditional techniques 

such as H-infinity and produced a fault tolerant controller[9]. 

In this study an observer based fault detection method is used. For linear subsystems 

systems a bank of standard kalman filters and for nonlinear subsystems a bank of 

Unscented Kalman filter is used. After detection using a rule based approach the 

fault is isolated. Adaptive integral backstepping controller was used as the controller. 

An redundant active fault tolerant control algorithm was created and when the fault 
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occurs this redundant algorithm which configures controller parameters and 

reference values using expert knowledge is executed. 
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2.  THE HELİCOPTER SETUP 

The 3 degrees of freedom (3D The 3 degrees of freedom (3DOF) helicopter is 

designed and manufactured by the Canadian company Quanser. It is depicted in 

Figure 2.1. The helicopter consists of a base on which a turn-able axis is mounted 

vertically (A in Figure 2.1). An arm is attached on the top of that vertical axis (B). 

This arm can be moved up and down. The actual helicopter is attached to the front of 

this arm (C). It can be pitched up and down. Additionally, a counterweight is 

attached to the back of the arm (D).  

There are 3 incremental angle sensors, one for each axis ((s) in Figure 2.1). Both 

rotors can be steered individually. 

 

Figure 2.1: Quanser 3DOF Helicopter. 

The helicopter can be controlled using Quanser’s Rapid Prototyping Software and 

Hardware, which is called QUARC. It provides an interface to Matlab-Simulink. The 

Simulink models need to be compiled into C-Code to work on QUARC.
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3.  MATHEMATICAL MODEL OF THE HELICOPTER 

In this chapter, a coordinate system and conventions for the Quanser 3DOF 

Helicopter are defined. Then a nonlinear model structure is derived. 

3.1 Modeling 

3.1.1 Conventions and Coordinate Systems 

Distances 

All geometric distances will be labeled with d and are measured in meters. The index 

will specify to which axis the distance belongs, for example 𝑑θh belongs to the θ 

axis. The other index h indicates that 𝑑θh is referring to a height. 

Angles 

All angles will be labeled by Greek letters. 

Identified Parameters 

All parameters which are identified experimentally are labeled with a k. The index 

specifies the purpose of the parameter, for example 𝑘𝑡ℎ𝑟𝑢𝑠𝑡. 

Momentums 

All momentums are referred to with a capital M. The index will indicate the cause of 

the momentum in the first letter. There are 3 types of causes: 

1. 𝑀𝑔: Momentums caused by the gravitational force 

2. 𝑀𝑚: Momentums caused by the motors 

3. 𝑀𝑟: Momentums caused by relative forces in the multibody system. 

3.1.1.1 Coordinate systems 

Pitch Axis 

• Positive 𝜃 if the front rotor goes down (the front motor is labeled on the helicopter) 

• Zero if parallel to the ground 
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• Negative 𝜃 if the front rotor goes up 

 

Elevation Axis 

• Negative 휀 if the helicopter is below the joint. 

• Zero 휀 if bottom of the helicopter is parallel to the joint of the elevation axis. 

• Positive 휀 if helicopter is above the joint of the elevation axis. 

• The sensors are initialized on the ground, so an elevation offset has to be 

programmed in the Simulink model. The offset is 휀0  =  −0.7164 𝑟𝑎𝑑. 

Travel axis 

• Positive 𝜙 if rotating in the right hand sense (as depicted in Figure 2.1) 

• Zero 𝜙 at starting point 

• Negative 𝜙 if rotating in the left hand sense 

3.1.2 Rotor Thrust 

The aerodynamic lift produced by the rotors depends quadratically on their rotational 

rates 𝜔𝑓  and 𝜔𝑏 respectively. This is due to the fact that the aerodynamic lift of an 

object depends on its squared speed and two constant factors:  

𝐹𝑙𝑖𝑓𝑡 =
1

2
𝑐𝑙𝐴𝑣2, (3.1) 

where cl is an aerodynamic coefficient, A the effective surface area and v the speed 

of the object. The rotational rate of the rotors depends on the impressed voltage and 

the motor dynamics. As the motor dynamics are very fast, they are neglected. As a 

result, the lift forces can be described by  

𝑢𝑓 = 𝑘𝑡ℎ𝑟𝑢𝑠𝑡
𝑓

𝑈𝑓
2 (3.2) 

𝑢𝑏 = 𝑘𝑡ℎ𝑟𝑢𝑠𝑡
𝑏 𝑈𝑏

2, (3.3) 

Where 𝑈𝑓 is the voltage impressed on the front motor and 𝑈𝑏 on the back motor 

respectively. 

The factors 𝑘𝑡ℎ𝑟𝑢𝑠𝑡
𝑓

 and  𝑘𝑡ℎ𝑟𝑢𝑠𝑡
𝑏  have to be identified experimentally. 
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It is convenient to define the sum force and the difference force of the motors as 

inputs to the system: 

𝑢 = [
𝑢𝑠𝑢𝑚

𝑢𝑑𝑖𝑓𝑓
] = [

𝑢𝑓 + 𝑢𝑏

𝑢𝑓 − 𝑢𝑏
]. (3.4) 

This Yields 

𝑢𝑓 =
1

2
(𝑢𝑠𝑢𝑚 + 𝑢𝑑𝑖𝑓𝑓) (3.5) 

𝑢𝑏 =
1

2
(𝑢𝑠𝑢𝑚 − 𝑢𝑑𝑖𝑓𝑓) (3.6) 

3.1.3 Pitch 

 

Figure 3.1: Outline of the Pitch Axis. 

On the pitch axis, there are three main forces: the thrust of the front motor 𝑢𝑓, the 

thrust of the back motor 𝑢𝑏 and the gravitational force 𝐹𝑔. There are additional 

relative forces such as the Coriolis force, since the helicopter is rotating around the 

travel and elevation axis. 

Those forces result in momentums around the pitch axis. The momentum around the 

joint produced by the motors can be described by 
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𝑀𝑚,𝑑𝑖𝑓𝑓 = 𝑑𝜃𝑤(𝑢𝑏 − 𝑢𝑓) = 𝑑𝜃𝑤(𝑢𝑑𝑖𝑓𝑓). (3.7) 

Because the joint is not attached to the center of mass of the helicopter, the 

gravitational force also results in a momentum around the joint. It is difficult to 

determine the center of mass. The momentum could be determined experimentally 

though. To do so, the weight of the helicopter at point A (See Figure 3.1) for different 

pitch angles will be measured. The momentum 𝑀𝑔𝜃 around the joint can then be 

calculated as follows: 

𝑀𝑔𝜃 = √𝑑𝜃ℎ1
2 + 𝑑𝜃𝑤

2 sin 𝜃 𝐹𝑔𝑚𝑒𝑎𝑠(𝜃), (3.8) 

where 𝐹𝑔𝑚𝑒𝑎𝑠(𝜃) is the measured force at point A. 

It also turned out that the weight on the pitch axis is not distributed symmetrically. 

The helicopter has the tendency to tilt to the side of the front motor. This means that 

the helicopter’s front motor is slightly heavier or that it is mounted slightly further 

from the joint. 

Additionally, the Coriolis Effect has to be taken into account. Because of this effect, 

the pitch angle tends to go to zero, when the helicopter is rotating around the travel 

axis. It depends on the travel speed and the pitch angle.Friction in the pitch joint is 

very small. It will be neglected here. 

Using the principle of conservation of momentum, those considerations result in the 

following model for the pitch axis: 

𝐽𝑝�̈� = 𝑀𝑚,𝑑𝑖𝑓𝑓(𝑢𝑑𝑖𝑓𝑓) + 𝑀𝑔𝜃(𝜃) + 𝑀𝑟𝑐𝑜𝑟(𝜃, �̇�) (3.9) 

𝐽𝑝�̈� = 𝑑𝜃𝑤(𝑢𝑑𝑖𝑓𝑓) + 𝑑𝜃ℎ𝑠𝑖𝑛(𝜃0) + 𝑀𝑟𝑐𝑜𝑟. (3.10) 

3.1.4 Elevation 

On the elevation axis, there are two forces involved: the gravitational force 𝐹𝑔 and 

the part of the thrust force of the motors 𝐹𝑚
𝑣  v vertical to the 𝑥1 axis. The thrust force 

𝐹𝑚
𝑣  causes a momentum around the joint, which can be described by 

𝑀𝑚,𝑡ℎ𝑟𝑢𝑠𝑡 = 𝑑𝜀cos (휀)(𝐹𝑓 + 𝐹𝑏). (3.11) 
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Figure 3.2: Outline of the Elevation Axis. 

The gravitational force 𝐹𝑔 causes a gravitational momentum 𝑀𝑔𝜀. It is practical and 

precise to obtain this static momentum by measuring the force at point B (see Figure 

3.2) for different angles 휀 using a weighting scale. With this measurements, the 

gravitational momentum with respect to the joint can be obtained by 

𝑀𝑔𝜀 = 𝑑𝜀cos (휀)𝐹𝑚𝑔(휀). (3.11) 

Because of the rotation around the travel axis the relative forces are relevant on the 

elevation axis. This rotation creates a centrifugal force which drives the helicopter 

upwards. In the experiment, the helicopter is rotated around the travel axis. After 

some time, it will set to a certain elevation angle 휀. Then, the part of the centrifugal 

force perpendicular to the 𝑥1 axis is equal to the gravitational force for this elevation. 

The centrifugal force can be described by 

𝑀𝑟𝑐𝑒𝑛 = 𝑘𝑐𝑒𝑛𝜙2̇ , (3.12) 

where 𝑘𝑐𝑒𝑛 is a scalar constant and �̇� the rotational speed around the travel axis. 

Another important momentum is caused by the rotors themselves. Because both 

rotors are mounted in the same direction, air drag causes a torque around the 

rotational axis of the rotors. Air drag can be described by 

𝐹𝑑𝑟𝑎𝑔 =
1

2
𝑐𝑑𝜌𝐴𝑣2, (3.13) 
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where cd is the aerodynamic drag coefficient, ρ the density of the air and A the 

effective surface area of the rotors. 

𝑀𝑚,𝑑𝑟𝑎𝑔 = 𝑘𝑚,𝑑𝑟𝑎𝑔(𝑢𝑓
2 + 𝑢𝑏

2) (3.14) 

𝑀𝑚,𝑑𝑟𝑎𝑔 =
1

4
𝑘𝑚,𝑑𝑟𝑎𝑔((𝑢𝑠𝑢𝑚 + 𝑢𝑑𝑖𝑓𝑓)

2 + (𝑢𝑠𝑢𝑚 − 𝑢𝑑𝑖𝑓𝑓)
2) (3.15) 

𝑀𝑚,𝑑𝑟𝑎𝑔 =
1

2
𝑘𝑚,𝑑𝑟𝑎𝑔(𝑢𝑠𝑢𝑚

2 + 𝑢𝑑𝑖𝑓𝑓
2) (3.16) 

where kmdrag is a constant factor to be identified. 

So the effective torque on the elevation axis is 

𝑀𝑚,𝑡𝑜𝑟𝑞𝑢𝑒
𝑒 =

1

2
𝑘𝑚,𝑑𝑟𝑎𝑔sin (𝜃)(𝑢𝑠𝑢𝑚

2 + 𝑢𝑑𝑖𝑓𝑓
2). (3.17) 

Using the principle of conservation of momentum, those considerations result in the 

following model for the elevation axis: 

𝐽𝑝휀̈ = 𝑀𝑚,𝑡ℎ𝑟𝑢𝑠𝑡𝜀(𝑢𝑠𝑢𝑚) + 𝑀𝑔𝜀(휀) + 𝑀𝑟𝑐𝑒𝑛(�̇�) + 𝑀𝑚,𝑡𝑜𝑟𝑞𝑢𝑒
𝑒 (𝑢𝑠𝑢𝑚, 𝑢𝑑𝑖𝑓𝑓) (3.18) 

= 𝑑𝜀cos (휀)𝑢𝑠𝑢𝑚 + 𝑑𝜀𝐹𝑚𝑔(휀) + 𝑘𝑐𝑒𝑛�̇�2 +
1

2
sin (𝜃)𝑘𝑚,𝑑𝑟𝑎𝑔(𝑢𝑠𝑢𝑚

2

+ 𝑢𝑑𝑖𝑓𝑓
2) 

(3.19) 

3.1.5 Travel 

Around the travel axis, there are two significant forces. The first one is the thrust 

force of the engines perpendicular to the travel axis. This force can be approximated 

by 

𝐹𝑚
ℎ = sin (𝜃)𝑢𝑠𝑢𝑚𝑇𝑒𝑟𝑚𝑖𝑛𝑎𝑙𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 (3.20) 

Ignoring the fact that the joint is not directly attached to the arm, but slightly above. 

This yields the momentum 

𝑀𝑚,𝑡ℎ𝑟𝑢𝑠𝑡𝜙 = 𝑑𝜙𝐹𝑚
ℎ (3.21) 
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𝑀𝑚,𝑡ℎ𝑟𝑢𝑠𝑡𝜙 = 𝑑𝜙sin (휀)𝑢𝑠𝑢𝑚 (3.22) 

 

 

Figure 3.3: Outline of the Travel Axis. 

As for the elevation axis, the rotor’s torque has an impact on the behaviour on the 

travel axis. It can be described by 

𝑀𝑚,𝑡𝑜𝑟𝑞𝑢𝑒
𝑡 =

1

2
𝑘𝑚,𝑑𝑟𝑎𝑔cos (𝜃)(𝑢𝑠𝑢𝑚

2 + 𝑢𝑑𝑖𝑓𝑓
2). (3.23) 

Additionally, the friction on the travel axis is notable. Therefore, a linear friction 

term will be assumed: 

𝑀𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = −𝑘𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛�̇� (3.24) 

where 𝑘𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 is a constant factor to be determined. The parameter 𝑘𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 can be 

obtained with the same experiment used to identify the centrifugal force. There, the 

helicopter is rotating around the travel axis. Because of the friction, the rotational 

speed decreases. This can be used to determine the friction: If the motors are offline, 

it can be said that 

𝐽𝑡�̈� = 𝑀𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = −𝑘𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛�̇� (3.25) 
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Solving this differential equation yields 

�̇�(𝑡) = �̇�(0)𝑒
−

𝑘𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛

𝐽𝑡
𝑡
 (3.26) 

This function can then be fitted into the measurements of the experiment to obtain d. 

All together, the angular momentum around the travel axis can then be described as 

𝐽𝑡�̈� = 𝑀𝑚,𝑡ℎ𝑟𝑢𝑠𝑡𝜙(휀, 𝜃) + 𝑀𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛(�̇�) + 𝑀𝑚,𝑡𝑜𝑟𝑞𝑢𝑒
𝑡 (𝑢𝑠𝑢𝑚, 𝜃) (3.27) 

= 𝑑𝜙 sin(𝜃) 𝑢𝑠𝑢𝑚 + 𝑘𝑐𝑒𝑛�̇�
2
+

1

2
cos(𝜃) 𝑘𝑚,𝑑𝑟𝑎𝑔(𝑢𝑠𝑢𝑚

2 + 𝑢𝑑𝑖𝑓𝑓
2)

− 𝐾𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛�̇� 
(3.28) 

3.1.6 Summary 

With the models for each individual axis derived above, a representation of the 

helicopter 

dynamics can be summed up by 

𝐽𝑝�̈� = 𝑀𝑚,𝑑𝑖𝑓𝑓(𝑢𝑑𝑖𝑓𝑓) + 𝑀𝑔𝜃(𝜃) + 𝑀𝑟𝑐𝑜𝑟(𝜃, �̇�) (3.29) 

𝐽𝑝휀̈ = 𝑀𝑚,𝑡ℎ𝑟𝑢𝑠𝑡𝜀(𝑢𝑠𝑢𝑚) + 𝑀𝑔𝜀(휀) + 𝑀𝑟𝑐𝑒𝑛(�̇�) + 𝑀𝑚,𝑡𝑜𝑟𝑞𝑢𝑒
𝑒 (𝑢𝑠𝑢𝑚, 𝑢𝑑𝑖𝑓𝑓) (3.30) 

𝐽𝑡�̈� = 𝑀𝑚,𝑡ℎ𝑟𝑢𝑠𝑡𝜙(휀, 𝜃) + 𝑀𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛(�̇�) + 𝑀𝑚,𝑡𝑜𝑟𝑞𝑢𝑒
𝑡 (𝑢𝑠𝑢𝑚, 𝜃) (3.31) 

or if we replace formulas with parameters dynamics can be summed up by 

𝐽𝜃�̈� = −𝑀𝑓𝑔
𝐿ℎ

cos 𝛿ℎ
cos(𝜃 − 𝛿ℎ) + 𝑀𝑏𝑔

𝐿ℎ

cos 𝛿ℎ
cos(𝜃 + 𝛿ℎ) − 𝜂𝜃�̇�

+ (𝑉𝑓 − 𝑉𝑏)𝐾𝑚𝐿ℎ 

(3.32) 

𝐽𝜀휀̈ = −(𝑀𝑓 + 𝑀𝑏)𝑔
𝐿𝑎

cos 𝛿𝑎
cos(휀 − 𝛿𝑎) + 𝑀𝑐𝑔

𝐿𝑐

cos 𝛿𝑐
cos(휀 − 𝛿𝑐) − 𝜂𝜀휀̇

+ (𝑉𝑓 + 𝑉𝑏)𝐾𝑚𝐿𝑎 cos(𝜃) 

(3.33) 

𝐽𝜙�̈� = −𝜂𝜙�̇� − (𝑉𝑓 + 𝑉𝑏)𝐾𝑚𝐿𝑎 sin(𝜃) (3.34) 

respectively. Notations used in equations 3.32-3.34 are explained in table 3.1 below. 
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Table 3.1: Notations and units used in equations 3.32-3.34. 

Symbols Unit Description 

휀 𝐷𝑒𝑔𝑟𝑒𝑒 Elevation angle 

𝜃 𝐷𝑒𝑔𝑟𝑒𝑒 Pitch Angle 

𝜙 𝐷𝑒𝑔𝑟𝑒𝑒 Travel Angle 

𝑉𝑓 , 𝑉𝑏 𝑉𝑜𝑙𝑡 Voltages applied to the front and back motor 

𝑀𝑓 , 𝑀𝑏 𝑘𝑔 Mass of the front section of the helicopter, and mass of the rear 

section 

𝑀𝑐 𝑘𝑔 Mass of the counter-weight 

𝐿𝑐 𝑚 The distance from the pivot point to the counter weight 

𝐿𝑎 𝑚 The distance from the pivot point to the helicopter body 

𝐿𝑒 𝑚 The length of the pendulum for pitch axis 

𝐿ℎ 𝑚 The distance from the pitch axis to either motor 

𝑔 𝑚/𝑠2 Gravitational acceleration 

𝐽𝜀 , 𝐽𝜃, 𝐽𝜙 𝑘𝑔𝑚2 Moment of inertia about the elevation, pitch and travel axes 

𝜂𝜀 , 𝜂𝜃, 𝜂𝜙 𝑘𝑔𝑚2

/𝑠 

Coefficient of viscous friction about the elevation, pitch and 

travel axes 

By defining new parameters as follows 

𝑝1 = [−(𝑀𝑓 + 𝑀𝑔)𝑔𝐿𝑎 + (𝑀𝑐)𝑔𝐿𝑐]/𝐽𝜀 (3.35) 

𝑝2 = [−(𝑀𝑓 + 𝑀𝑔)𝑔𝐿𝑎tan (𝛿𝑎) + (𝑀𝑐)𝑔𝐿𝑐tan (𝛿𝑐)]/𝐽𝜀 (3.36) 

𝑝3 = −𝛽𝜀/𝐽𝜀 (3.37) 

𝑝4 = 𝐾𝑚𝐿𝑎/𝐽𝜀 (3.38) 

𝑝5 = [−(𝑀𝑓 + 𝑀𝑔)𝑔𝐿ℎ]/𝐽𝜃 (3.39) 

𝑝6 = [−(𝑀𝑓 + 𝑀𝑔)𝑔𝐿ℎtan (𝛿ℎ)]/𝐽𝜃 (3.40) 

𝑝7 = −𝛽𝜃/𝐽𝜃 (3.41) 

𝑝8 = 𝐾𝑚𝐿ℎ/𝐽𝜃 (3.42) 

𝑝9 = −𝛽𝜙/𝐽𝜙 (3.43) 

𝑝10 = −𝐾𝑚𝐿𝑎/𝐽𝜙 (3.44) 

𝛿𝑎 = 𝑡𝑎𝑛−1{(𝐿𝑑 + 𝐿𝑒)/𝐿𝑎} (3.45) 
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𝛿𝑐 = 𝑡𝑎𝑛−1{𝐿𝑑/𝐿𝑐} (3.46) 

𝛿ℎ = 𝑡𝑎𝑛−1{𝐿𝑒/𝐿ℎ} (3.47) 

 

In the motion equations when constants are simplified as 𝑝𝑖 the system model can be 

written as follows (Apkarian, 1998), 

 

�̇� = 𝐹(𝑥) + [𝐺1(𝑥), 𝐺2(𝑥)]𝑢 (3.48) 

𝑥 = [휀 휀̇ 𝜃 �̇� 𝜙 �̇�]𝑇 (3.49) 

𝑢 = [𝑉𝑓 𝑉𝑏]
𝑇 (3.50) 

𝐹(𝑥) =

[
 
 
 
 
 
 

휀̇
𝑝1 cos(휀) + 𝑝2sin (휀) + 𝑝3휀̇

�̇�
𝑝5 cos(𝜃) + 𝑝6sin (𝜃) + 𝑝7�̇�

�̇�

𝑝9�̇� ]
 
 
 
 
 
 

 (3.51) 

𝐺1(𝑥) = [0 𝑝4 cos(𝜃) 0 𝑝8 0 𝑝10sin (𝜃)]𝑇 (3.52) 

𝐺2(𝑥) = [0 𝑝4 cos(𝜃) 0 −𝑝8 0 𝑝10sin (𝜃)]𝑇 (3.53) 
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4.  FAULT DETECTION AND IDENTIFICATION 

Fault detection and identification schemes in industrial processes are becoming 

increasingly important, because of growing demands for higher product quality, 

safety and operational reliability. As described in chapter 1, an FDI scheme for an 

offshore wind turbine system allows a predictive maintenance scheme to be 

introduced, which saves money and increases the annual energy yield. 

As described introduction, the aim of this thesis is to develop model-based FDI 

method for application in a 3-DOF helicopter system under pre-defined operating 

conditions. As an introduction, some useful terminology for the field of fault 

detection and identification is explained. A short overview of the existing FDI 

methods is given, and a literature study is presented on previous applications of FDI 

methods in wind turbine systems. 

4.1 Terminology 

In Isermann & Ball´ e (1997), some useful definitions are suggested for the field of 

supervision, fault detection and diagnosis. They were discussed and reviewed at the 

SAFEPROCESS 2000 conference, and published in Isermann & Ball´ e (2000). A 

selection of these definitions is presented below, as well as several classifications for 

faults.  

4.1.1 States and signals 

Faults and failures are two fundamental concepts in fault-tolerant design. 

Fault: an unpermitted deviation of at least one characteristic property or parameter 

of the system from acceptable/usual/standard condition. 

Failure: a permanent interruption of a systems ability to perform a required function 

underspecified operating conditions. 

A fault is a physical defect, imperfection or flaw that occurs within the system. This 

may cause a failure: the non-performance of some action that is due or expected. It is 
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important to remember, that not all system faults lead to a system failure. The aim of 

fault-tolerant design is, to avoid failures for a selected number of fault scenarios. 

According to Basseville & Nikiforov (1993) and Isermann (1997), three 

classifications of faults can be made. These classifications are listed and explained 

below. 

• location in the physical system: sensor, actuator and component faults. Consider a 

physical process, represented as a discrete-time Linear Time Invariant (LTI) system 

neglecting the noise sequences, it is defined as: 

𝑥(𝑘 + 1) = 𝐴𝑥(𝑘) + 𝐵𝑢(𝑘) (4.1) 

𝑦(𝑘) = 𝐶𝑥(𝑘) + 𝐷𝑢(𝑘) (4.2) 

with the state matrices 𝐴 ∈  𝑅𝑛𝑥𝑛, 𝐵 ∈  𝑅𝑛𝑥𝑚, 𝐶 ∈  𝑅𝑙𝑥𝑛 and 𝐷 ∈  𝑅𝑙𝑥𝑚, the state 

vector 𝑥 ∈  𝑅𝑛, the input vector 𝑢 ∈  𝑅𝑚 and the output vector 𝑦 ∈  𝑅𝑙, and 𝑘 ∈

 𝑁+ the time instant. 

A sensor fault results in a faulty output vector 𝑦(𝑘), as the fault appears in the state 

matrices C and D. An actuator fault results in a faulty control action on the state and 

output vector: the matrices B and D are affected. A component fault denotes a fault 

in any system component, other than a sensor or actuator. A component fault may 

change the dynamics of the physical process: it may result in a different A matrix. 

• mathematical properties: multiplicative and additive faults. Again consider an 

LTI system. An additive fault is a fault term which is added to the state vector x(k) or 

the output vector y(k). In a physical sense, an additive fault appears as a sensor or 

actuator offset. A multiplicative fault influences one variable in x(k) or y(k) as the 

product of a fault term and another variable. In a physical sense, multiplicative faults 

can be used to describe a sensor or actuator degradation. It can also be used to 

describe component faults: parameter changes within the process. 

• time behavior characteristics: abrupt, incipient and intermittent faults. As 

illustrated in figure 4.1, abrupt faults have a step-like behavior: a fault term changes 

abruptly from the nominal value to a faulty value. Incipient faults have a drift-like 

behavior: the fault term gradually changes from the nominal value to a faulty value, 

e.g. in a linear way. Intermittent faults have a temporary effect: the fault term 
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changes from the nominal value to a faulty value, and returns to the nominal value 

after a short period of time. 

Figure 4.1: Time-dependency of faults: an example of an abrupt fault, an incipient 

fault and an intermittent fault. The fault in the feature f occurs at time t = τf. 

4.1.2 Functions 

A key element in fault-tolerant design is a fault diagnosis scheme. Isermann & Ball´ 

e (2000) provide definitions for important functions of such a scheme: 

Fault detection: determination of faults present in a system and time of detection. 

Fault isolation: determination of kind, location and time of detection of a fault; 

follows fault detection. 

Fault identification: determination of size and time-variant behavior of a fault; 

follows fault isolation. 

Fault diagnosis: determination of kind, size, location and time of a fault; follows 

fault detection, and includes fault isolation and identification. 

4.1.3 System properties 

Isermann & Ball´ e (1997) describe several system properties, which are used to 

compare the performance of fault-tolerant systems: 

Reliability: ability of a system to perform a required function under stated 

conditions, within a given scope, during a given period of time. Measured in mean 

time between failures. 

Safety: ability of a system not to cause danger to persons or equipment nor the 

environment. 



18 

Availability: probability that a system or equipment will operate satisfactorily and 

effectively at any point in time. 

4.2 Fault Detection And Identification Methods 

Fault detection and identification methods can be classified by the way process 

knowledge is incorporated in the signal processing, into model-based methods and 

signal-based methods. When a process is too complex to be modeled analytically and 

signal analysis doesn’t yield an unambiguous diagnosis, a fault detection approach 

based on expert systems or artificial intelligence can be used. 

4.2.1 Model-based methods 

A model-based method uses the system inputs u(k) and outputs y(k). According to 

Isermann & Ball´ e (1997), there are three basic categories: 

System identification and parameter estimation: using a system identification 

technique on input/output measurements, process parameters are estimated and 

compared with a nominal parameter set. The difference, or residual, is used as a fault 

indicator.  

State and output observer: an observer, often a Kalman filter, uses knowledge of 

the nominal system model. A reference model is run in parallel to the observed 

process, which uses the controlled system input to estimate the system’s state 

variables and reconstruct the system outputs. The residual, defined as the difference 

between the real and estimated output, can be used as a fault indicator. A clear 

overview is given in Patton & Chen (1997). Methods based on the Kalman filter are 

analyzed in chapter 6. A special class of observer-based approaches is the multiple-

model estimation approach, described in Rong Li (1996) and analyzed in chapter 7. 

Residual generation: primary residuals are formed as the difference between the 

actual plant outputs and those predicted by the model; these residuals are then 

subjected to a linear transformation to obtain the desired fault-detection and isolation 

properties, such as sensitivity to faults, reduced (or no) sensitivity to noise, etc. These 

methods are not considered in this thesis; a short description is given in Gustafsson 

(2000), a more thorough description and historical overview can be found in Gertler 

(1997).  
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Model-based techniques require a sufficiently accurate mathematical model of the 

supervised process. 

4.2.2 Signal-based methods 

A signal-based (or feature-based) method for fault detection is based on analysis of 

the measured output signals y(k). Suitable features of the measured signals are used 

to evaluate the operating conditions. These features can be in both time and 

frequency domain, some examples are the signal mean, variance, skewness, kurtosis, 

crest factor or the power in a certain frequency band. 

Signal-based fault detection methods are particularly interesting for vibration 

detection. Vibration spectra can be compared to find deviations in rotational 

frequencies, which may correspond to particular instabilities. However, this thesis 

only considers model-based fault detection schemes. Information about signal-based 

methods can be found in e.g. Isermann (1997), Isermann & Ball´ e (1997) and 

Gustafsson (2000). 

4.2.3 Expert system and artificial intelligence approaches 

Sometimes a process is too complex to be modeled analytically and a regular signal 

analysis approach doesn’t yield a reliable FDI scheme, e.g. certain fault 

combinations have different effects on the system behavior. It is then possible to 

classify faulty behavior by using qualitative process knowledge to evaluate relations 

between measured signals and the current operating conditions. These methods are 

further divided into probabilistic methods, fuzzy logic techniques and artificial neural 

network approaches; a short description of these methods can be found in Isermann 

& Ball´ e (1997), a more detailed overview is given in Leonhardt & Ayoubi (1997). 

More information on fuzzy techniques can be found in Frank (1990). These methods 

are also outside the scope of this thesis. 

4.3 Fault Identification of Helicopter System 

Helicopters are complex, sophisticated machines. They consist of many subsystems 

all of which must function properly both independently and together for the 

helicopter to operate safely. In this study sensor and actuator fault will be identified, 

for other faults offline controller is assumed to be efficient. Actuator and sensor 
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faults can be divided into two parts as partial and complete failure faults, according 

to the failure degree. In our system there are two actuators and a kalman filter, which 

estimates motors rotation speed, for each actuator is used to detect failures. A bank 

of unscented kalman filters are used to estimate the states of the helicopter such as 

elevation and travel angle. Filters are set to trust mathematical model more than they 

trust the sensor data thus residue can easily be acquired by subtracting filter data 

from sensor data. When there is no fault residue is expected to be close to zero. By 

adding a threshold value faults can be detected once a residue exceeds its threshold 

value. After detection the faults are isolated by a desicion algorithm which decides 

depending on the combination of detected faults. Since different filters are used a 

short period of time must pass in order to make better desicion.  The desicion 

algorithm is given in figure 4.2. 

3-DOF helicopter system

Fault detection

Judgment Fault occuring

No fault
Fault(s) is/are detected only 

on the kalman filter(s)

Fault(s) is/are detected on 

the unschented kalman 

filter(s)

Fault(s) is/are detected on 

the kalman filter(s) and 

unschented kalman filter(s)

Related Actuator sensor(s) 

is/are faulty

The respective state 

sensor(s) is/are faulty

Respective actuator 

sensor(s) is/are faulty

Figure 4.2: The Desicion Algorithm. 

First possible case is a fault is detected only on one of the kalman filters then the 

respective actuator is faulty. In the second possible case fault is detected only on the 

unscented kalman filters then the respective state sensors are faulty. Lastly if fault is 

detected on kalman filter and unscented kalman filters then the respective actuator is 

faulty. 

4.3.1 Standart kalman filter 

Standard kalman filter is a predictor-corrector type estimator that when certain 

conditions are met minimizes estimated error covariance. In this study actuators are 

modeled as a first order linear equation thus standard kalman filter is efficient 

enough to estimate actuator states and use these estimations for fault detection. 
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A linear system can simply be expressed as,  

𝑥𝑘 = 𝐴𝑥𝑘−1 + 𝐵𝑢𝑘 + 𝑤𝑘−1 (4.3) 

Where the entities A, B and H are in general form matrices and 𝑥𝑘, 𝑢𝑘 , 𝑧𝑘, 𝑣𝑘 and 

𝑤𝑘 represents states of the system, control signal, output state, measurement noise 

and  process noise respectively. 

𝑧𝑘 = 𝐻𝑥𝑘 + 𝑣𝑘 (4.4) 

1) Initialization 

Initial states and error covariance (𝑃) of the system are as follows, 

�̂�0 = 𝐸(𝑥0) (4.5) 

𝑃0 = 𝐸[(𝑥0 − �̂�0)(𝑥0 − �̂�0)
𝑇] (4.6) 

1) Time Update 

At this stage states and error covariance are predicted using the mathematical model. 

Error covariance is predicted using prier error covariance value and process noise 

covariance matrix(𝑄). 

�̂�𝑘
− = 𝐴�̂�𝑘−1 + 𝐵𝑢𝑘 (4.7) 

𝑃𝑘
− = 𝐴𝑃𝑘−1𝐴

𝑇 + 𝑄 (4.8) 

 

 

2) Measurement Update 

Finally kalman gain (𝐾) is calculated using error covariance and measurement noise 

covariance matrix (𝑅). Using this kalman gain and state measurements system states 

are updated. Error covariance is also calculated to be used in the next iteration. 

𝐾𝑘 = 𝑃𝑘
−𝐻𝑇(𝐻𝑃𝑘

−𝐻𝑇 + 𝑅)−1 (4.9) 

�̂�𝑘 = �̂�𝑘
− + 𝐾𝑘(𝑧𝑘 − 𝐻�̂�𝑘

−) (4.10) 
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𝑃𝑘 = (𝐼 − 𝐾𝑘𝐻)𝑃𝑘
− (4.11) 

After this stage iteration continuous with time update using the new calculated data. 

4.3.2 Unscented kalman filter 

Kalman filter is a great tool for estimation thus really useful for fault detection. 

Unfortunately standard kalman filter can only be used for linear system models. For 

non-linear system models the theory of kalman filter has been modified for example 

unscented kalman filter and extended kalman filter. Unscented kalman filter is a 

more complex but a better choice because it addresses the approximation issues of 

the extended kalman filter. In this paper unscented kalman filter algorithm is used to 

estimate states for fault detection. 

Unscented Kalman Filter Algorithm 

A nonlinear system can simply be expressed as, 

𝑥𝑘+1 = 𝐹(𝑥𝑘, 𝑣𝑘) (4.12) 

𝑦𝑘 = 𝐻(𝑣𝑘, 𝑛𝑘) (4.13) 

where 𝑥𝑘 represent the unobserved state of the system and 𝑦𝑘 represents observed 

signal. The 𝑣𝑘 process noise, and the observation noise is given by 𝑛𝑘. Algorithm 

steps are as following. 

1) Initialization 

If the initial states and covariance of the system are as follows, 

�̂�0 = 𝐸(𝑥0) (4.14) 

𝑃0 = 𝐸[(𝑥0 − �̂�0)(𝑥0 − �̂�0)
𝑇] (4.15) 

Then initial concatenation (�̂�0
𝑎) and covariance (𝑃0

𝑎) of the original state and noise 

variables respectively are, 

�̂�0
𝑎 = 𝐸[𝑥𝑎] = [�̂�0

𝑇 0 0]𝑇 (4.16) 

𝑃0
𝑎 = 𝐸[(𝑥0

𝑎 − �̂�0
𝑎)(𝑥0

𝑎 − �̂�0
𝑎)𝑇] = [

𝑃0 0 0
0 𝑃𝑣 0
0 0 𝑃𝑛

] (4.17) 
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Where 𝑃𝑣 = process noise cov., 𝑃𝑛 = Measurement noise cov. 

2) Calculate Sigma Points(𝑥𝑘−1
𝑎 ) and weights(𝑤0

𝑚, 𝑤0
𝑐, 𝑤𝑖

𝑚) 

𝑥𝑘−1
𝑎 = [�̂�𝑘−1

𝑎  �̂�𝑘−1
𝑎  ± √(𝐿 + 𝜆)𝑃𝑘−1

𝑎 ] (4.18) 

𝐿 = 2𝑛 + 𝑚 (4.19) 

𝜆 = 𝛼2(𝐿 + 𝜅) − 𝐿 (4.20) 

𝑤0
𝑚 = 𝜆/(𝜆 + 𝐿) (4.21) 

𝑤0
𝑐 = 𝜆/(𝜆 + 𝐿) + (1 − 𝛼2 + 𝛽) (4.22) 

𝑤𝑖
𝑚 = 𝑤𝑖

𝑐 = 1/(2(𝜆 + 𝐿)) (4.23) 

Where 𝜆=composite scaling parameter, 𝐿=dimension of augmented state, 

𝑤𝑖=weights, 𝛼 determines the spread of sigma points and 𝜅 is a secondary scaling 

parameter and 𝛽 is used to incorporate prior knowledge of the distribution of x. 

3) Time Update 

State prediction is calculated using the weighed sigma points. State prediction, 

covariance and output prediction are calculated as 

𝑥𝑘|𝑘−1
𝑥 = 𝐹[𝑥𝑘−1

𝑥 , 𝑥𝑘|𝑘−1
𝑣 ] (4.24) 

�̂�𝑘
− = ∑𝑊𝑖

𝑚

2𝐿

𝑖=0

𝑥𝑖,𝑘|𝑘−1
𝑥  (4.25) 

𝑃𝑘
− = ∑𝑊𝑖

𝑐

2𝐿

𝑖=0

[𝑥𝑖,𝑘|𝑘−1
𝑥 − �̂�𝑘

−][𝑥𝑖,𝑘|𝑘−1
𝑥 − �̂�𝑘

−]𝑇 (4.26) 

𝑦𝑘|𝑘−1 = 𝐻[𝑥𝑘|𝑘−1
𝑥 , 𝑥𝑘−1

𝑛 ] (4.27) 

�̂�𝑘
− = ∑𝑊𝑖

𝑚

2𝐿

𝑖=0

𝑦𝑖,𝑘|𝑘−1 (4.28) 
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4) Measurement Update 

First state gain matrix(𝐾) is calculated. Then using state gain matrix, state (�̂�𝑘) and 

state covariance matrix (𝑃𝑘) are updated for next iteration. 

𝑃�̃�𝑘�̃�𝑘
= ∑𝑊𝑖

𝑐

2𝐿

𝑖=0

[𝑦𝑖,𝑘|𝑘−1 − �̂�𝑘
−][𝑦𝑖,𝑘|𝑘−1 − �̂�𝑘

−]𝑇 
(4.29) 

𝑃�̃�𝑘�̃�𝑘
= ∑𝑊𝑖

𝑐

2𝐿

𝑖=0

[𝑥𝑖,𝑘|𝑘−1 − �̂�𝑘
−][𝑦𝑖,𝑘|𝑘−1 − �̂�𝑘

−]𝑇 
(4.30) 

𝐾 = 𝑃�̃�𝑘�̃�𝑘
𝑃�̃�𝑘�̃�𝑘

−1 (4.31) 

�̂�𝑘 = �̂�𝑘
− + 𝐾(𝑦𝑘 − �̂�𝑘

−) (4.32) 

𝑃𝑘 = 𝑃𝑘
− − 𝐾𝑃�̃�𝑘�̃�𝑘

𝐾−1 (4.33) 
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5.  CONTROLLER DESIGN 

5.1 Background on backstepping controller 

Control systems have one main goal to achieve, and that is the stability of the 

controlled system. There are different kinds of stability problems which occur when 

studying dynamical systems. Here we are concerned with stability of equilibrium 

points. Let us first briefly review Lyapunov stability and formalize this requirement. 

5.1.1 Lyapunov stability 

Definition 5.1 (Lyapunov stability) Consider the system 

�̇� = 𝑓(𝑥(𝑡)) (5.1) 

with the initial condition 𝑥(0). Let 𝑥∗(𝑡) be the solution to the differential equation 

(5.1) with the corresponding initial condition 𝑥∗(0). The solution is then labelled 

 Stable, if for each ϵ > 0 there exists δ(ϵ) > 0 such that 

‖𝑥∗(0) − 𝑥(0)‖ < 𝛿 ⟹ ‖𝑥∗(0) − 𝑥(0)‖ < 𝜖 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 > 0 

(x(t) is the solution corresponding to the initial condition x(0).) 

 Unstable, if it is not stable 

  asymptotically stable, if it is stable and in addition there exists δ such that 

‖𝑥∗(0) − 𝑥(0)‖ < 𝛿 ⟹ ‖𝑥∗(0) − 𝑥(0)‖ → 0 𝑎𝑠 𝑡 → ∞ 

Figure 5.1 illustrates this definition. The distance δ from 𝑥∗(0) marks the area in 

which the trajectory must start in order to stay within the ϵ-distance from 𝑥∗(𝑡). 

The solutions of a given system may be stable or unstable. For instance, equation 5.1 

may have stable and unstable equilibria, that is, constant solutions x(t; x_e)≡x_e  

satisfying f(x_e)≡0. If an equilibrium x_e is asymptotically stable, then it has a 

region of attraction - a set Ω of initial states x_0  such that x(t;x_0)→x_e as t→∞ for 

all x_0  ϵ Ω. 
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Figure 5.1: Definition of stability. 

When the region of attraction is the whole space ℝ𝑛 then the stability properties are 

global, otherwise they are called local. This insight in the close relationship between 

the solution and the equilibrium of a system gives us the idea of extending the 

definition to also include the later. This way we can analyze the behavior of the 

solution by the properties of the equilibrium. Let us define this more stringent. 

Definition 5.2 Let the system equation 5.1 have the equilibrium 𝑥𝑒 and let 𝑥∗(0) be 

the solution of equation 5.1 with the initial condition 𝑥∗(0) = 𝑥𝑒. This implies 

𝑥∗(𝑡) = 𝑥𝑒 for all t. The equilibrium is then stable, unstable or asymptotically stable 

if the solution 𝑥∗(𝑡) have the same property. 

An equilibrium point is thereby asymptotically stable if all solutions which start 

nearby stay nearby and tend to the point as time approaches infinity. This is a very 

desirable property of a control system. Even more favorable would it be if the state 

tended to the equilibrium from an arbitrary initial condition, which leads us to the 

following definition. 

Definition 5.3 An equilibrium point 𝑥𝑒 of the system equation 5.1 is globally 

asymptotically stable (GAS), if it is stable and 𝑥(𝑡)  →  𝑥𝑒  as t → ∞. 

Now, as seen from the definitions above, to show a certain type of stability, we have 

to determine 𝑥(𝑡), the explicit solution of equation 5.1. This solution generally 

cannot not be found analytically. Fortunately there are other ways of proving 
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stability. A. M. Lyapunov, a Russian mathematician and engineer, came up with the 

idea of using the state vector 𝑥(𝑡) for constructing a scalar function 𝑉(𝑥). This 

function would measure how far the system is from the equilibrium. 𝑉(𝑥) is energy-

like, radially unbounded and positive definite function. If 𝑉(𝑥) can be shown to 

continuously decrease, then the system itself must be moving towards the 

equilibrium.  

This approach of showing stability is called Lyapunov’s direct method. Before we go 

further, let us clarify concepts that we will use throughout this thesis. 

Definition 5.4 A scalar function V(x) is said to be 

 positive definite if V(0) = 0 and 

𝑉(𝑥) > 0, 𝑥 ≠ 0 

 positive semidefinite if V(0) = 0 and 

𝑉(𝑥) ≥ 0, 𝑥 ≠ 0 

 negative(semi-)definite if −V (x) is positive (semi-)definite 

 radially unbounded if 

𝑉(𝑥) → ∞, ‖𝑥‖ → ∞ 

Now we can state the main theorem for proving stability. 

Theorem 5.1 (LaSalle-Yoshizawa) Let x = 0 be an equilibrium point for (2.1). Let V 

(x) be a scalar, continuously differentiable function of the state x such that 

 𝑉 (𝑥) is positive definite 

 𝑉(𝑥) is radially unbounded 

 �̇�(𝑥) = 𝑉𝑥(𝑥)𝑓(𝑥) ≤ −𝑊(𝑥) where 𝑊(𝑥) is positive semidefinite 

Then, all solutions of (5.1) satisfy 

lim
𝑡→∞

𝑊(𝑥(𝑡)) = 0 

In addition, if W(x) is positive definite, then the equilibrium x = 0 is GAS. 

Note that any equilibrium under investigation can be mapped to the origin by 

substituting x with 𝑧 =  𝑥 − 𝑥𝑒 . Therefore, there is no loss of generality in 

standardizing results for the zero solution z ≡ 0. But demanding V˙ to be negative 

definite, in order to claim stability, may cause problems.  
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Corollary 2.1 Let x = 0 be the only equilibrium point of (5.1). Let V (x) be a scalar, 

continuously differentiable function of the state x which is positive definite and 

radially unbounded. Let 𝐸 =  {𝑥 ∶  �̇�(𝑥)  =  0} and suppose that no other solution 

than x(t) ≡ 0 can stay forever in E. Then x = 0 is GAS. 

Now that we laid the foundation of Lyapunov stability the main question appearing is 

how to find these functions. The theorems above do not offer any systematic method 

of finding these functions. In the case of electrical or mechanical systems there are 

natural Lyapunov function candidates like total energy functions. In other cases, it is 

basically a matter of trial and error. The backstepping approach is so far the only 

systematic and recursive method for constructing a Lyapunov function, along the 

design of the stabilizing control law. Yet, the system must have a lower triangular 

structure in order to apply the method, as we will see later. Before we can explore 

this state-of-the-art technique in adaptive control of nonlinear systems, we have to 

extend the systems handled so far to those including a control input. 

5.1.2 Control lyapunov functions (clf) 

Let us now add a control input and consider the system 

�̇� = 𝑓(𝑥, 𝑢) (5.2) 

Our main objective is the design of a closed-loop system with desirable stability 

properties, rather than to analyze the properties of the system itself. Therefore we are 

interested in an extension of the Lyapunov function concept. This concept is called 

control Lyapunov function and labelled clf for convenience. Given the stability 

results from the previous section, we want to find a control law 

𝑢 = 𝛼(𝑥) (5.3) 

is a globally asymptotically stable equilibrium point. Once again we consider the 

origin to be the goal state for simplicity. We can choose a function V (x) as a 

Lyapunov candidate, and require that its derivative along the solutions of (5.3) 

satisfy �̇�(𝑥) ≤ −𝑊(𝑥), where W(x) is positive definite function. Then closed loop 

stability follows from Theorem (5.1). We therefore need to find α(x) to guarantee 

that for all 𝑥 ∈  ℝ𝑛  
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�̇�(𝑥) =
𝑑𝑉

𝑑𝑥
(𝑥)𝑓(𝑥, 𝛼(𝑥)) ≤ −𝑊(𝑥) (5.4) 

The pair V and W must be chosen carefully otherwise (5.4) will not be solvable. This 

motivate the following definition. 

Definition 2.5 (Control Lyapunov function (clf)) A smooth positive definite and 

radially unbounded function 𝑉:ℝ𝑛 → ℝ+ is called a control Lyapunov function (clf) 

for (5.2) if for every x ≠ 0 

�̇�(𝑥) = 𝑉𝑥(𝑥)𝑓(𝑥, 𝑢) < 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑢 (5.5) 

The significance of this definition is in establishing the fact that, the existence of a 

globally stabilizing control law is equivalent to the existence of a clf. If we have a clf 

for the system then we can certainly find a globally stabilizing control law. The 

reverse is also true. This is known as Artestin’s theorem. Now that we defined the 

concept clf, we can move on and explore the backstepping theory, which is the main 

tool have been utilized in this thesis. 

5.1.3 Backstepping 

The main deficiency of the clf concept as a design tool is that for most nonlinear 

systems a clf is not known. The task of finding an appropriate clf may be as complex 

 

Figure 5.2: Block diagram of the system in eq. 5.6. 

as that of designing a stabilizing feedback law. The backstepping procedure solve 

these two problems for us simultaneously. To spare the reader from the labor of 

understanding the main ideas of backstepping by a theorem, we will start this section 

with an example, and hope it will clarify the concepts before we state the theorem.  
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Just for the demonstration of this fact, we go back to the first step in the last 

example and will se how we can choose this controller differently and how the 

choice affects the closed loop system properties. 

In this example we will compare two different designs to calculate the control 

law. In feedback linearization design, the control law: 

�̇� = 𝑥2 − 𝑥5 + 𝜉 (5.6) 

�̇� = 𝑢 (5.7) 

We want to design a feedback control law for regulation of x(t) towards its 

equilibrium, which we choose to be x = 0, for all x(0),ξ(0). We remind the reader that 

by regulation we mean x(t) → 0 as t → ∞. The only equilibrium with x = 0 for (5.6a) 

is at (x, ξ) = (0,0).The design goal is fulfilled by rendering this equilibrium GAS. In 

the block diagram in Figure 5.2 the scalar system (5.6) appears in the dotted box. In 

this step of the design, let us forget the equation (5.7) for a moment and think of ξ as 

the control input of (5.6). In that case, we choose the clf 

𝑉(𝑥) =
1

2
𝑥2 (5.8) 

with the time-derivative 

�̇�(𝑥) = 𝑉𝑥𝑓(𝑥) = 𝑥(𝜉 − 𝑥5 + 𝑥2 (5.9) 

The question arising now is how can we choose the control law in order to render the 

derivative of V(x) negative definite? Here we have room for variations and can rely 

on different concepts for this choice. This degree of freedom in the choice of the 

controller, is one of the trademarks of backstepping. Remembering that this example 

is just for the demonstration of backstepping, we just choose a controller. 

For example, the controller is 

𝜉 = −𝑐1𝑥 − 𝑥2 (5.10) 

and with V (x) as above we get W(x)  =  𝑥2, and we fulfill the condition (5.4). Now 

we are finished stabilizing (5.6). Of course ξ is just a state variable and not the 

control.  
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Figure 5.3: Introducing 𝛼 as the desired value of 𝜉. 

 

Figure 5.4: closing the feedback loop in the dotted box with a + 𝛼 and backstepping 

through the integrator. 

So we define its ”desired value” as 

𝜉𝑑𝑒𝑠 = −𝑐1𝑥 − 𝑥2 ≜ 𝛼(𝑥)      𝑐1 > 0 (5.11) 

Let z be the deviation of ξ from its desired value: 

𝑧 = 𝜉 − 𝜉𝑑𝑒𝑠 = 𝜉 − 𝛼 = 𝜉 + 𝑐1𝑥 + 𝑥2 (5.12) 

We call ξ a virtual control, and its desired value α(x) a stabilizing function. Rewriting 

the system (5.6) in the (x, z)-coordinates result in a more convenient form, which is 

illustrated in Figures 5.3 and 2.4. Starting from (5.6) and Figure 5.2, we add and 

subtract the stabilizing function α(x) to the �̇� equation as shown in Figure 5.3. Then 
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we use α(x) as the feedback control inside the dotted box and ”backstep”-α(x) 

through the integrator, as in Figure 5.4. In the new coordinates (x, z) the system is 

expressed as 

�̇� = −𝑐1𝑥 − 𝑥5 + 𝑧 (5.13) 

�̇� = 𝑢 + (𝑐1 + 2𝑥)(−𝑐1𝑥 − 𝑥5 + 𝑧) (5.14) 

We now need to construct a clf 𝑉𝑎 for the system (5.6). The simplest choice is to 

augment V(x) with a quadratic term in the error variable z: 

𝑉𝑎(𝑥, 𝜉) = 𝑉(𝑥) +
1

2
𝑧2 =

1

2
𝑥2 +

1

2
(𝜉 + 𝑐1𝑥 + 𝑥2)2 (5.15) 

and calculate its time-derivative as below: 

 �̇�𝑎 = 𝑥(−𝑐1𝑥 − 𝑥5 + 𝑧) + 𝑧(𝑢 + (𝑐1 + 2𝑥)(−𝑐1𝑥 − 𝑥5 + 𝑧)) (5.16) 

Now we can design u to render �̇�𝑎 negative definite. For this reason the crossterm xz 

is grouped together with u. This maneuver is possible because u is also multiplied by 

z due to the chosen form of 𝑉𝑎. The simplest way to achieve this is to make the 

bracketed term in the last equation equal to −𝑐2𝑧, where 𝑐2 > 0: 

𝑢 = −𝑐2𝑧 − 𝑥 − (𝑐1 + 2𝑥)(−𝑐1𝑥 − 𝑥5 + 𝑧) (5.17) 

With this control law, the clf derivative is 

�̇�𝑎 = −𝑐2𝑥
2−𝑐2𝑧

2 − 𝑥6 (5.18) 

which proves that in the (x, z)-coordinates the equilibrium (0, 0) is GAS, which 

imposes the same property on the equilibrium (0, 0) in the (x, ξ)-coordinates, and we 

reach our goal. 

This example showed how we can design a stabilizing controller for a system 

in which the actual input is in a range of one integration from the system itself. We 

will formalize this result in the following lemma. The extension to the case of whole 

chain of integrators and even more complex subsystems than just an integration is 

straightforward.  

Lemma 2.1 Let the system be augmented by an integrator: 
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�̇� = 𝑓(𝑥) + 𝑔(𝑥)𝜉 (5.19) 

�̇� = 𝑢 (5.20) 

 

and suppose that (5.19) satisfies with ξ ∈ R as its control. Then, if W (x) is positive 

definite, 

𝑉𝑎(𝑥, 𝜉) = 𝑉(𝑥) +
1

2
(𝜉 − 𝛼(𝑥))2 (5.21) 

is a clf for the full system (2.22), that is, there exists a feedback control 𝑢 =

 𝛼𝑎(𝑥, 𝜉) which renders (x, ξ) = (0, 0) the GAS equilibrium of (2.22). One such 

control is 

𝑢 = −𝑐(𝜉 − 𝛼(𝑥)) +
𝑑𝛼

𝑑𝑥
[𝑓(𝑥) + 𝑔(𝑥)𝜉] −

𝑑𝑉

𝑑𝑥
𝑔(𝑥)    c > 0     (5.22) 

Once again, the choice of the control (5.21) is neither the only nor necessarily 

the best globally stabilizing control law. The main result of backstepping is not the 

specific form of the control law, but rather the construction of a Lyapunov function 

whose derivative can be made negative by a wide variety of control laws. 

5.1.3.1 Structural constraints 

The systems handled in here are:  

 pure-feedback systems, a class of lower triangular systems,: 

�̇� = 𝑓(𝑥) + 𝑔(𝑥)𝜉     

�̇�1 = 𝑓1(𝑥, 𝜉1, 𝜉2)     

�̇�2 = 𝑓2(𝑥, 𝜉1, 𝜉2, 𝜉3)     

⋮     

�̇�𝑘−1 = 𝑓𝑘−1(𝑥, 𝜉1, … , 𝜉𝑘)     

�̇�𝑘 = 𝑓𝑘(𝑥, 𝜉1, … , 𝜉𝑘, 𝑢)     
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where 𝜉 ∈  ℝ. The x-subsystem must satisfy Assumption 5.1 in order for the 

design to succeed. In addition, 𝑓𝑖 , 𝑖 = 1…𝑘 − 1 must be invertible w.r.t. 𝜉𝑘+1 and 𝑓𝑘 

must be invertible w.r.t u. 

 strict-feedback systems, systems where the new variable enter in an 

affine way: 

�̇� = 𝑓(𝑥) + 𝑔(𝑥)𝜉     

�̇�1 = 𝑓1(𝑥, 𝜉1) + 𝑔1(𝑥, 𝜉1)𝜉2     

�̇�2 = 𝑓2(𝑥, 𝜉1, 𝜉2) + 𝑔2(𝑥, 𝜉1, 𝜉2)𝜉3     

⋮     

�̇�𝑘−1 = 𝑓𝑘−1(𝑥, 𝜉1, … , 𝜉𝑘−1) + 𝑔𝑘−1(𝑥, 𝜉1, … , 𝜉𝑘−1)𝜉𝑘     

�̇�𝑘 = 𝑓𝑘(𝑥, 𝜉1, … , 𝜉𝑘) + 𝑔𝑘(𝑥, 𝜉1, … , 𝜉𝑘)𝑢     

The reason for referring to the ξ-subsystem as “strict-feedback” is that the 

nonlinearities 𝑓𝑖 , 𝑔𝑖 in the 𝜉𝑖-equation (𝑖 =  1, . . . , 𝑘) depend only on x, 𝜉1, . . . , 𝜉𝑖, 

which are the states ”feedback”. Strict-feedback systems are nice to deal with and 

often used for deriving results related to backstepping. 

Now we have the tools to design a control law and determine its stability properties. 

We also know what kind of systems we can handle. Next step would be to apply this 

method to a specific system, which in this case is the magnetic levitation system. But 

we have to first account for two very important features that often are present in 

realistic systems. Those are parametric uncertainties and systems were not all states 

are measurable. 

5.1.3.2 Adaptive backstepping 

For systems with parametric uncertainties, a parameter update law is designed such 

that the closed loop stability is guaranteed hen the estimator is used by the controller. 

This is achieved by extending the Lyapunov function V(x) with a term penalizing the 

estimation error. The idea is to employ backstepping to design a control law for the 

system as if all the parameters were known and then replace the unknown parameters 

by their estimates, a ”certainty equivalence” way of thinking.  
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For an example Consider the plant: 

�̇� = 𝑢 + 𝜃𝑥     (5.23) 

where u is the control and θ is the unknown constant parameter. The ambition is to 

achieve regulation of the state 𝑥(𝑡): 𝑥(𝑡)  →  0, 𝑡 →  ∞. Here we seek a parameter 

update law for the estimate 𝜃(𝑡), 

�̇� = 𝜏(𝑥 + 𝜃)     (5.24) 

which, along with a control law 𝑢 =  𝛼(𝑥, 𝜃), will make the derivative of the clf 

𝑉(𝑥, 𝜃) negative. As we mentioned in the preceding of this section, one of the terms 

in the clf is to penalize the estimation error, �̃�. A simple choice is the quadratic term, 

1

2
�̃�2. This result in the clf 

𝑉(𝑥, 𝜃) =
1

2
𝑥2 + 𝜏(𝜃 − 𝜃)     (5.25) 

which is a radially unbounded function of time. We express the derivative of V as a 

function of u and �̇� and seek 𝛼(𝑥, 𝜃) and 𝜏(𝑥 + 𝜃) to guarantee that �̇� ≤  −𝑝𝑥2 with 

𝑝 >  0. 

𝑉(𝑥, 𝜃) = 𝑥(𝑢 + 𝜃𝑥) + (𝜃 − 𝜃)�̇�     (5.26) 

Rearranging the terms we get 

𝑥𝑢 + 𝜃�̇� + 𝜃(𝑥2 − �̇�) ≤  −𝑝𝑥2     (5.27) 

Since neither α nor τ is allowed to depend on the unknown θ, we must take 𝜏 = 𝑥2, 

�̇� = 𝑥2     (5.28) 

The remaining condition 

𝑥𝑢 + 𝜃𝑥2 ≤ −𝑝𝑥2     (5.29) 

allows us to select 𝛼(𝑥, 𝜃) in various ways. For instance we can choose 
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𝛼 = −(𝑝 + 𝜃)x     (5.30) 

This controller renders, along with the update law, the derivative of clf negative and 

the closed loop system is guaranteed stable. 

5.1.3.3 Unknown virtual control coefficients 

Here we have to highlight an extension to adaptive backstepping tool due to 

unknown parameters called high gain constants. Sometimes the problem is addressed 

under the name unknown virtual control coefficients, where finding an update law 

for this parameter is solved by requiring the knowledge of the sign of the parameter. 

We consider the system 

�̇� = 𝑓(𝑥) + 𝑔(𝑥)𝑢     (5.31) 

where with the control law 𝑢 =  𝛼(𝑥) and the clf V(x) we get 

�̇� = 𝑉𝑥(𝑓(𝑥) + 𝑔(𝑥)𝛼(𝑥)) = −𝑞(𝑥)     (5.32) 

where q is positive definite. Instead, if the system is 

�̇� = 𝑓(𝑥) + 𝑏𝑔(𝑥)𝑢     (5.33) 

 

where b > 0 is constant and unknown, it is suggested that the controller 

𝑢 = �̂�𝛼(𝑥)     (5.34) 

Here �̂� is interpreted as an estimate for 1/b. We augment the clf with a quadratic 

function to penalize the deviation of the estimate from the true value of the 

parameter. This result in the clf 

𝑉1 = 𝑉(𝑥)
𝑏

2𝛾
�̂�2     (5.35) 

Where 

�̃� =
1

𝑏
− �̂�     (5.36) 

The time derivative of the clf is then 
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�̇�1 = 𝑉𝑥(𝑓 + 𝑔𝛼 + 𝑏𝑔𝜚𝛼 − 𝑔𝛼) −
𝑏

𝛾
�̃��̇̂�    (5.37) 

�̇�1 = −𝑞(𝑥) + (𝑉𝑥𝑔)(𝑏�̂� − 1) −
𝑏

𝛾
�̃��̇̂�    (5.38) 

�̇�1 = −𝑞(𝑥) + 𝑏�̂�(𝑉𝑥𝑔𝛼 +
1

𝛾
�̇̂�)    (5.39) 

�̇�1 = −𝑞(𝑥) (5.40) 

if we choose 

�̇̂� = −𝑠𝑔𝑛(𝑏)𝛾(𝑉𝑥𝑔)𝛼     (5.41) 

and we fulfill (2.4). Note that the convergency properties of the update law are not 

pointed out. In fact the parameter update law does not have to converge to the true 

parameter value, but just to a value which is bounded. In search of an optimal control 

law where the optimality means that the controller and the parameter update law 

fulfill a meaningful cost functional. This functional incorporates integral penalty on 

the control effort, the tracking error and the parameter estimation error. I choose to, 

because of lack of time, terminate this investigation here and go further on with the 

second issue of backstepping, which is observer backstepping. 

Controller 

Reconfiguration

Adaptive Controller System

Bank of 

Unscented 

Kalman Filters

Fault Diagnostic
Kalman Filter 

for Motor 1

Kalman Filter 

for Motor 2

Non-Adaptive 

Controller

 

Figure 5.5: Diagram of Controller Synthesis. 
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5.2 Fault Tolerant Controller Design 

In this study, we propose a controller synthesis of an adaptive backstepping 

controller and a standard backstepping controller. Adaptive backstepping controller 

is the main controller and is chosen as adaptive because the model contains 

uncertainties. Standard backstepping controller is only online after a fault occurs to 

decrease adaptation time. Both controllers are reconfigured with predetermined 

parameters depending on the presence and magnitude of faults. The diagram of this 

controller synthesis is given in figure 5.5.   

5.2.1 Design of adaptive integral backstepping controller 

In our proposed passive control scheme elevation and travel angle controllers are 

primary controllers and pitch angle is a secondary controller which receives a 

reference angle from travel angel controller. This passive fault tolerant control 

scheme is given in figure 5.6. The design of the controller will be explained in the 

following steps.  

Adaptive 

Controller for 

Elevation Angle

Adaptive 

Controller for

Travel Angle 

Adaptive

Controller for

Pitch Angle

Control  Parameters

Control  Parameters

Control  Parameters

Reference Elevation Angle

Reference Travel Angle

Reference 

Pitch 

Angle

System Outputs

System Outputs

System Outputs

Control Input U1

Control Input U2

Adaptive Backstepping Controller 

 

Figure 5.6: Proposed Passive Fault Tolerant Control Scheme. 

We will assume we do not know any of the parameters in the system and this is 

crucial because in the case of a non-actuator fault we need a controller that can adapt 

to the changing dynamic model.  
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5.2.1.1 Design of adaptive backstepping controller for elevation angle: 

The mathematical model of elevation angle is given below in equation 1 

휀�̈� = 𝑝1 𝑐𝑜𝑠(휀) + 𝑝2𝑠𝑖𝑛 (휀) + 𝑝3휀̇ + 𝑝4 𝑐𝑜𝑠(𝜃)𝑢1 (5.42) 

If 휀 is shown as 𝑥1 and 휀̇ is shown as 𝑥2  

휀𝑘 = 𝑥1 (5.43) 

휀�̇� = 𝑥2 (5.44) 

�̇�1 = 𝑥2 (5.45) 

�̇�2 = 𝑝1 cos(𝑥1) + 𝑝2sin (𝑥1) + 𝑝3𝑥2 + 𝑝4 cos(𝜃)𝑢1 (5.46) 

First step is to define and calculate tracking error 𝑧1 and its derivative as 

𝑧1 = 𝑥1𝑟 − 𝑥1 (5.47) 

�̇�1 = �̇�1𝑟 − 𝑥2 (5.48) 

A virtual control needs to be introduced because elevation angle (ε) cannot be 

controlled directly. This virtual control is defined as 

𝑎 = 𝐾1𝑧1 + �̇�1𝑟 (5.49) 

Now define the second tracking error z2 and its derivative:  

𝑧2 = 𝑥2 − 𝑎 (5.50) 

�̇�1 = �̇�1𝑟 − 𝑧2 − 𝑎 (5.51) 

�̇�2 = �̇�2 − �̇� (5.52) 

�̇�2 = 𝑝1 cos(𝑥1) + 𝑝2 sin(𝑥1) + 𝑝3𝑥2 + 𝑝4 cos(𝜃)𝑢1 − 𝐾1(�̇�1𝑟 − 𝑥2) + �̈�1𝑟) (5.53) 

Since parameters need to be estimated we need to define error functions: 

𝑢 = �̂�𝑎(𝑥) (5.54) 



40 

𝛽 =
1

𝑝4
− �̂� (5.55) 

𝑝1 = 𝑝1 − �̂�1 (5.56) 

𝑝2 = 𝑝2 − �̂�2 (5.57) 

𝑝3 = 𝑝3 − �̂�3 (5.58) 

We need to incorporate these tracking errors with the Lyapunov function. A possible 

candidate is 

𝑉 =
1

2
𝑧1

2 +
1

2
𝑧2

2 +
1

2
𝑝1

2 +
1

2
𝑝2

2 +
1

2
𝑝3

2 +
𝑝4

2𝛾
𝛽2 (5.59) 

When the derivative of the candidate function is taken and the necessary 

simplification are made following equation is found 

�̇� = 𝑝1(𝑐𝑜𝑠(𝑥1)𝑧2 + �̇̂�1) − �̇̂�1�̂�1 + 𝑝2(𝑠𝑖𝑛(𝑥1) 𝑧2 + �̇̂�2) − �̇̂�2�̂�2 + 𝑝3(𝑥2𝑧2

+ �̇̂�3) − �̇̂�3�̂�3 + 𝑐𝑜𝑠(𝜃)𝛼(𝑥) 𝑧2 − 𝑝4𝛽 (𝑐𝑜𝑠(𝜃)𝛼(𝑥)𝑧2 +
1

𝛾
�̇̂�)

− 𝐾1(�̇�1𝑟 − 𝑥2)𝑧2 + �̈�1𝑟𝑧2 − 𝑧1𝑧2) 

(5.60) 

If the derivatives of the estimated parameters and the control signal can be chosen as 

�̇̂�1 = −𝑐𝑜𝑠(𝑥1) 𝑧2 (5.61) 

�̇̂�2 = −𝑠𝑖𝑛(𝑥1) 𝑧2 (5.62) 

�̇̂�3 = −𝑥2𝑧2 (5.63) 

�̇̂� = −𝑠𝑔𝑛(𝑝4)𝑐𝑜𝑠(𝜃)𝛼(𝑥) 𝛾𝑧2 (5.64) 

𝑎(𝑥) =
1

𝑐𝑜𝑠(𝜃)
(𝑐𝑜𝑠(𝑥1) �̂�1 + 𝑠𝑖𝑛(𝑥1) �̂�2 + 𝑥2�̂�3 + 𝐾1(�̇�1𝑟 − 𝑥2) − �̈�1𝑟

− 𝐾2𝑧2 + 𝑧1) 

(5.65) 

The derivative of the Lyapunov function becomes 



41 

�̇� = −𝐾1𝑧1
2 − 𝐾2𝑧2

2 (5.66) 

As a result the candidate Lyapunov function is always negative thus elevation angle 

is stable. By changing the parameters 𝐾1 and 𝐾2 the controller can be reconfigured to 

achieve required performance. 

5.2.1.2 Design of adaptive backstepping controller for pitch angle: 

The mathematical model of pitch angle is given below in equation 1 

�̈�𝑘 = 𝑝5 cos(𝜃) + 𝑝6sin (𝜃) + 𝑝7�̇� + 𝑝8𝑢2 (5.67) 

For pitch angle controller if 𝜃 is shown as 𝑥3 and �̇� is shown as 𝑥4  

𝜃𝑘 = 𝑥3 (5.68) 

�̇�𝑘 = 𝑥4 (5.69) 

�̇�3 = 𝑥4 (5.70) 

�̇�4 = 𝑝5 cos(𝑥3) + 𝑝6sin (𝑥3) + 𝑝7𝑥4 + 𝑝8𝑢2 (5.71) 

First step is to define and calculate tracking error 𝑧3 and its derivative as 

𝑧3 = 𝑥3𝑟 − 𝑥3 (5.72) 

�̇�3 = �̇�3𝑟 − 𝑥4 (5.73) 

A virtual control needs to be introduced because pitch angle (𝜃) cannot be controlled 

directly. This virtual control is defined as 

𝑎 = 𝐾3𝑧3 + �̇�3𝑟 (5.74) 

Now define the second tracking error z2 and its derivative:  

𝑧4 = 𝑥4 − 𝑎 (5.75) 

�̇�3 = �̇�3𝑟 − 𝑧4 − 𝑎 (5.76) 

�̇�4 = �̇�4 − �̇� (5.77) 
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�̇�4 = 𝑝5 cos(𝑥3) + 𝑝6 sin(𝑥3) + 𝑝7𝑥4 + 𝑝8𝑢2 − 𝐾3(�̇�3𝑟 − 𝑥4) − �̈�3𝑟) (5.78) 

Since parameters need to be estimated we need to define error functions: 

𝑢 = �̂�𝑎(𝑥) (5.79) 

𝛽 =
1

𝑝4
− �̂� (5.80) 

𝑝5 = 𝑝5 − �̂�5 (5.81) 

𝑝6 = 𝑝6 − �̂�6 (5.82) 

𝑝7 = 𝑝7 − �̂�7 (5.83) 

 

We need to incorporate these tracking errors with the Lyapunov function. A possible 

candidate is 

V =
1

2
z3
2 +

1

2
z4
2 +

1

2
𝑝5

2 +
1

2
𝑝6

2 +
1

2
𝑝7

2 +
𝑝8

2𝛾
𝛽2 (5.84) 

When the derivative of the candidate function is taken and the necessary 

simplification are made following equation is found 

V̇ = −K3z3
2 + p5(cos(x3)z4 + �̇̂�5) − �̇̂�5�̂�5 + p6(sin(x3) z4 + �̇̂�6) − �̇̂�6�̂�6

+ p7(x4z4 + �̇̂�7) − �̇̂�7�̂�7 + 𝛼(𝑥)z4 − p8𝛽 (𝛼(𝑥)z4 +
1

𝛾
�̇̂�)

− K3(ẋ3r − x4)z4 − ẍ1rz4 − z3z4) 

(5.85) 

If the derivatives of the estimated parameters and the control signal can be chosen as 

�̇̂�5 = −𝑐𝑜𝑠(𝑥3) 𝑧4 (5.86) 

�̇̂�6 = −𝑠𝑖𝑛(𝑥3) 𝑧4 (5.87) 

�̇̂�7 = −𝑥4𝑧4 (5.88) 
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�̇̂� = −𝑠𝑔𝑛(𝑝8) 𝛼(𝑥) 𝛾𝑧4 (5.89) 

𝑎(𝑥) = 𝑐𝑜𝑠(𝑥3) �̂�5 + 𝑠𝑖𝑛(𝑥3) �̂�6 + 𝑥4�̂�7 + 𝐾3(�̇�3𝑟 − 𝑥4) − �̈�3𝑟 − 𝐾4𝑧4 + 𝑧3 (5.90) 

The derivative of the Lyapunov function becomes 

�̇� = −𝐾3𝑧3
2 − 𝐾4𝑧4

2 (5.91) 

As a result the candidate Lyapunov function is always negative thus elevation angle 

is stable. By changing the parameters 𝐾3 and 𝐾4 the controller can be reconfigured to 

achieve required performance. 

5.2.1.3 Design of adaptive backstepping controller for travel angle: 

The mathematical model of travel angle is given below in equation  

�̈�𝑘 = 𝑝9�̇� + 𝑝10sin (𝜃)𝑢1 (5.92) 

For travel angle controller if 𝜙 is shown as 𝑥5 and �̇� is shown as 𝑥6 

𝜙𝑘 = 𝑥5 (5.93) 

�̇�𝑘 = 𝑥6 (5.94) 

�̇�5 = 𝑥6 (5.95) 

�̇�6 = 𝑝9𝑥2 + 𝑝10sin (𝜃)𝑢1 (5.96) 

First step is to define and calculate tracking error 𝑧5 and its derivative as 

𝑧5 = 𝑥5𝑟 − 𝑥5 (5.97) 

�̇�5 = �̇�5𝑟 − 𝑥6 (5.98) 

A virtual control needs to be introduced because travel angle (𝜙) cannot be 

controlled directly. This virtual control is defined as 

𝑎 = 𝐾5𝑧5 + �̇�5𝑟  (5.99) 

Now define the second tracking error z6 and its derivative:  
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𝑧6 = 𝑥6 − 𝑎 (5.100) 

�̇�5 = �̇�5𝑟 − 𝑧6 − 𝑎 (5.101) 

�̇�6 = �̇�6 − �̇� (5.102) 

�̇�6 = 𝑝9𝑥6 + 𝑝10sin (𝜃)𝑢2 − 𝐾5(�̇�5𝑟 − 𝑥6) − �̈�5𝑟) (5.103) 

Since parameters need to be estimated we need to define error functions: 

sin (𝜃) = β̂a(x) (5.104) 

𝛽 =
1

𝑝10
− �̂� (5.105) 

𝑝9 = 𝑝9 − �̂�9 (5.106) 

We need to incorporate these tracking errors with the Lyapunov function. A possible 

candidate is 

V =
1

2
z5
2 +

1

2
z6
2 +

1

2
𝑝9

2 +
𝑝10

2𝛾
𝛽2 (5.107) 

When the derivative of the candidate function is taken and the necessary 

simplification are made following equation is found 

V̇ = −K5z5
2 + p9(x6z6 + �̇̂�9) − �̇̂�9�̂�9 + 𝛼(𝑥)u5z6

− p10𝛽 (𝛼(𝑥)u5z6 +
1

𝛾
�̇̂�) − K5(ẋ5r − x6)z6 − ẍ5rz6

− z5z6) 

(5.108) 

If the derivatives of the estimated parameters and the control signal can be chosen as 

�̇̂�9 = −𝑥6z6 (5.109) 

�̇̂� = −sgn(𝑝10) 𝛼(𝑥) 𝛾u1z6 (5.110) 

𝑎(𝑥) =
1

𝑢1
(𝑥6�̂�9 + 𝐾5(�̇�5𝑟 − 𝑥6) + �̈�5𝑟 − 𝐾6𝑧6 + 𝑧5) (5.111) 
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𝜃𝑟𝑒𝑓 = arcsin (𝑎(𝑥)) (5.112) 

The derivative of the Lyapunov function becomes 

�̇� = −𝐾5𝑧5
2 − 𝐾6𝑧6

2 (5.113) 

As a result the candidate Lyapunov function is always negative thus elevation angle 

is stable. By changing the parameters 𝐾5 and 𝐾6 the controller can be reconfigured to 

achieve required performance. 

5.2.2 Active controller 

Fault tolerance is the property that enables a system to continue operating properly in 

the event of the failure of (or one or more faults within) some of its components. If 

its operating quality decreases at all, the decrease is proportional to the severity of 

the failure, as compared to a naively designed system in which even a small failure 

can cause total breakdown. Fault tolerance is particularly sought after in high-

availability or life-critical systems. 

When a fault is detected a series of crucial and urgent decisions concerning the safety 

and the reliability of the helicopter should be made depending on the magnitude and 

the location of the fault. In this study we propose the controller reconfiguration 

algorithm shown in figure 5.7 that tries to keep the helicopter operational in its faulty 

state. 

If the fault is not located on the actuators the algorithm chances the parameters of the 

adaptive controller in order for the controller to quickly adapt to the new 

mathematical model of the faulty helicopter and warns the supervisor of the fault. If 

the fault is located on the actuator the algorithm again changes the parameters of the 

adaptive controller and warns the supervisor in addition overrides the current 

adaptive controller reference data by setting elevation and travel reference data to 

helicopters’ current elevation and travel angle and sets pitch reference data to zero. 

Reason behind this override is to try and keep the helicopters’ pitch angle stable and 

to get the most out of actuators upwards thrust. When the fault disappears suddenly 

controller is switched from adaptive to normal integral backstepping controller to 

prevent time loss between adaptations. 



46 

Start

Check if there is a 

fault

Send the adaptive 

robust controller no 

fault is detected signal

Get data from standard 

kalman filters and 

unschented kalman 

filter

Is the fault in the 

actuators?

Send a warning to the 

supervisor

Set elevation and travel 

reference data to 

helicopters’ current 

elevation and travel 

angle 

Change the Parameters 

of the overall controller 

Change the Parameters 

of the overall 

controller 

Change the Parameters 

of the overall 

controller 

Is the fault still present

Switch from adaptive 

controller to normal 

controller

Did the fault suddenly 

stop

Yes Yes

Yes

Yes

NoNo

No

No
 

Figure 5.7: Controller Reconfiguration Algorithm. 



47 

6.  SIMULATION RESULTS 

The scope of this report was to develop a nonlinear mathematical model and a fault 

tolerant control system for a 3DOF helicopter. Using Euler’s second law of motion 

the equations of motion for the helicopter system the mathematical model of the 

system was found. A Simulink model of the system was developed in order to be 

able to simulate the system.  

In order to develop a fault tolerant controller for the helicopter system, which is 

highly nonlinear, a nonlinear adaptive backstepping control method was used. 

Because the system is underactuated and therefore all angles cannot be independently 

controlled a decision was made to control the travel and elevation angles and let the 

pitch be indirectly controlled. The linearized system was then decoupled into three 

different systems, one for the elevation system, one for the pitch system and one for 

the travel system, each one with a separate controller. In order to mitigate constant 

disturbances and model uncertainty adaptive controller was chosen.  

Two kalman filters and a bank of unscented kalman filters were developed to detect 

and isolate faults. The Simulink results of all these developed systems are compared 

and shown below. 

6.1 Controller Performance Assessment 

The result of developed traditional backstepping controller and the adaptive 

backstepping controller are given below. Keep in mind that the system parameters 

are assumed to be known and constant. 

6.1.1 Traditional backstepping controller 

From the figure 6.1 and figure 6.3 it can be concluded that the elevation angle and 

travel controller is able to follow the step reference with a fairly good rising and 

settling time for a helicopter system. A small overshoot is present but not enough to 

be a major problem in performance. Furthermore no steady state error is present. In 

figure 6.2 pitch angle is given it is used to control travel angle therefore its reference 
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is not shown but it can only change between a small range to ensure passenger 

comfort and safety. Lastly the pitch angle is zero when elevation and travel angles 

are following the reference.  

 

Figure 6.1: Elevation Angle Traditional Backstepping Controller. 

 

Figure 6.2: Pitch Angle Traditional Backstepping Controller. 

 

Figure 6.3: Travel Angle Traditional Backstepping Controller. 
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6.1.2 Adaptive backstepping controller 

From the figure 6.4 and figure 6.6 it can be concluded that the elevation angle and 

travel controller is able to follow the step reference with a fairly good rising and 

settling time for a helicopter system but when compared to the traditional controller 

it shown poor performance. The reason behind this is that the adaptive controller 

needs time to converge and we assumed that the system parameters are known and 

constant. Under different conditions traditional controller will not be able to follow 

the reference but the adaptive controller will be able to converge and show the same 

performance. A small overshoot is present but not enough to be a major problem in 

performance. Furthermore no steady state error is present. In figure 6.5 pitch angle is 

given it is used to control travel angle therefore its reference is not shown but it can 

only change between a small range to ensure passenger comfort and safety. Lastly 

the pitch angle is zero when elevation and travel angles are following the reference.  

 

Figure 6.4: Elevation Angle Adaptive Backstepping Controller. 

 

Figure 6.5: Pitch Angle Adaptive Backstepping Controller. 
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Figure 6.6: Travel Angle Adaptive Backstepping Controller. 

6.2 Online Fault Tolerant Controller Performance Assesment 

Proposed Fault tolerant control and fault identification method have been simulated 

and compared with a standard adaptive backstepping control method under 3 

different fault scenarios.  

6.2.1 Case 1: A loss of function occurs in the actuator 

In this case a loss of function occurs in one of the two actuator for a brief period of 

time. The loss of function occurs at time 10s for 2s and the comparison results of 

elevation, pitch and travel angle are shown respectively in figures 6.7, 6.8 and 6.9.  

 

Figure 6.7: Elevation Angle Controller Comparison for Case 1. 

Proposed controller is able to react to the loss of function much faster and 

effectively. From the figure 6.7 it can be said that major improvement is done to 

elevation angle with our proposed controller. While from figure 6.9 it seems that 

travel angle settles faster with our proposed controller but slightly higher overshoot 

is present. 
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Figure 6.8: Pitch Angle Controller Comparison for Case 1. 

 

Figure 6.9: Travel Angle Controller Comparisons for Case 1. 

Finally based on figure 6.8 we can say that the major improvement is done to pitch 

angle because adaptive controller will cause a very uncomfortable journey. 

 

Figure 6.10: Control Input 1 Comparison for Case 1. 
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Figure 6.11: Control Input 2 Comparison for Case 1. 

Control signals are one of the most important part of the controller where a smooth 

and as small as possible signal are expected from a good control method. From the 

figures 6.10, 6.11 control signal of our proposed method is smother and generally 

smaller in magnitude when compared to standard adaptive backstepping controller.  

6.2.2 Case 2: Actuator stops working for a brief period of time 

In this case one of the two actuator stops working completely for a brief period of 

time. The helicopter cannot stay operational with only one actuator so if the actuator 

stops working for a long period of time the helicopter will crash but our control 

method is still able to keep helicopter in upright position for minimum damage. The 

actuator stops working at time 10s for 1.8s and the comparison results of elevation, 

pitch and travel angle are shown respectively in figures 6.12, 6.13, 6.14.  

 

Figure 6.12: Elevation Angle Controller Comparison for Case 2. 

Elevation angle is the equivalent of elevation in real life helicopters from the results 

the helicopter with no fault tolerant controller crashes while our proposed method is 

able to keep the helicopter operational. 
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Figure 6.13: Pitch Angle Controller Comparison for Case 2. 

 

Figure 6.14: Travel Angle Controller Comparison for Case 2. 

Travel angle is the equivalent of the distance real life helicopter travels again from 

the results while control method without fault tolerance is not; our proposed method 

is able follow reference with little delay. Below the control signals of the actuators 

𝑢1  and 𝑢2 are shown in figure 6.15 and figure 5.16. 

 

Figure 6.15: Control Input 1 Comparison for Case 2. 
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Figure 6.16: Control Input 1 Comparison for Case 2. 

Control signals are one of the most important part of the controller where a smooth 

and as small as possible signal are expected from a good control method. From the 

figures 6.15, 6.16 control signal of our proposed method is smother and generally 

smaller in magnitude when compared to standard adaptive backstepping controller. 

Finally the residue signal from the Kalman filter of the faulty actuator is shown 

below in figure 6.17. 

 

Figure 6.17: Residue signal from the faulty actuators Kalman filter for case 2. 

Here only the residue of the faulty signal is shown to preserve space other residue 

signal are well within their limits which is how the location of the fault is concluded 

as in one of the actuators. 

6.2.3 Case 3: Sensor Malfunction 

This case elevation angle sensor malfunctions and reports the elevation angle with an 

addition of step signal. Standard control methods cannot follow reference and may 
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even crash depending on the size of the malfunction. In the simulation fault is a step 

input of magnitude 0.5 rad and is constant at time 18.4s. The comparison results are 

shown in the figure 6.18 Below. 

 

Figure 6.18: Elevation Angle Controller Comparisons for Case 3. 

Once the fault occurs our method neglects the data from the faulty sensor and uses 

the estimated elevation data from the unscented Kalman filter as a result stays 

operational with very little error. Meanwhile Standard adaptive controller crashes 

almost instantly. Residue signal of the unscented Kalman filter elevation angle is 

given in figure 6.19. 

 

Figure 6.19: Residue signal from the elevation angle unscented Kalman filter for 

case 3. 

By using bank of unscented Kalman filters and setting those to trust the model sensor 

faults are detected almost instantly. Other residue signals are within their limits and 

are not included to preserve space. 
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7.  CONCLUSION 

Helicopters are complex and expensive systems, which are used for transporting 

valuable shipment, or human lives therefore safety and reliability of the helicopter is 

crucial. In this paper fault identification and fault tolerant control methods are 

proposed for a 3-DOF Lab Helicopter and compared with an adaptive backstepping 

controller. Three different fault scenarios have been simulated. From the results, the 

fault identification method proved to be able to detect and identify faults almost 

instantly. Proposed control method kept the helicopter from crashing when the 

standard adaptive backstepping controller failed. Our proposed control method in 

addition to above produces smaller in magnitude and smoother control signals. 

System performance is satisfactory for real life applications. 
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