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ISOGEOMETRIC STRUCTURAL ANALYSIS OF BEAMS AND PLATES

SUMMARY

Isogeometric analysis (IGA) is introduced and applied structural problems related
with beams and plates in this thesis framework. The main idea of isogeometric
analysis is to combine Computer Aided Design (CAD) and Finite Element Analysis
(FEA) tools and join them in a single tool because design (CAD) and analysis (FEA)
stages are crucial for engineering processes and both of them have used different
basis for many years. While classic FEA tries to approximate actual geometry using
low-order and simply defined basis functions, IGA uses geometric definition defined
exactly by CAD tools. Thus, geometry creates analysis in IGA and basis functions
employed for both CAD and FEA are the same.

In this thesis, non-uniform rational B-spline (NURBS) is chosen for analysis basis
because NURBS is quite common geometric tool in CAD technology due to its
distinguishable flexibility and precision about creating curves and surfaces. Before
getting into details of IGA, theory of NURBS and its antecedents; Bézier curves and
B-splines is introduced and some examples are illustrated. Then, the theory of IGA is
explained using Galerkin’s method as numerical method. Actually, isoparametric
finite element method which is very well known approach in FEA literature is
invoked also in IGA. Actual geometry has its place in pyhsical domain and
integration over elements should be performed in this domain. However, basis
functions and their derivatives can be calculated in parametric domain and this
makes necessary to define mapping from parametric domain to physical domain. On
the other hand, another mapping should be defined for numerical integration on
parent domain.

As numerical method, Galerkin’s approach is chosen and its steps and outputs are
showed. In order to implement Galerkin’s method, weak (variational) form of the
problem is defined and then algebraic equations are obtained defining weight and test
functions. IGA formulations are explained for four different problems; bending of
beams, free vibration analysis of beams, plate bending and free vibration analysis of
beam. And these problems are also used for numerical examples, IGA is performed
with different NURBS structures and compared with analytic and FEA solutions.
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KIRiS VE LEVHALARIN iZOGEOMETRIK ANALIZ YAKLASIMIYLA
STATIK VE DINAMIK DAVRANISLARININ INCELENMESI

OZET

Bu tez ¢alismasinda, izogeometrik analiz teorisinin kiris ve levhalarla ilgili yapisal
problemler iizerine uygulamalar1 incelenmistir. Izogeometrik teorinin temel amaci,
geometrik tanim i¢in kullanilan fonksiyonlarin, ayni zamanda analizin sekil (dagilim,
yaklasim, test, deneme) fonksiyonlar1 olarak kullanarak, bilgisayar destekli tasarim
(BDT) ile sonlu elemanlar analizini (SEA) tek bir ¢at1 altinda toplamaktir.

Bir miihendislik siirecine bakildiginda, tasarim ve analizin iki 6nemli asamay1
olusturdugu agiktir. Tasarim, olusturulmak istenen sistemin geometrik bilgisinin
olusturuldugu ve geometrinin detayli bir sekilde temsil edilip sunuldugu asamay1
olustururken, analiz kism1 yapinin i¢ ve dis yiikler altinda gosterecegi ilgili kritik
tepkilerin olayin dogasina giderek matematiksel modelleme ile 6n goriilmesini
saglayan asamadir. Fakat, tipik bir miihendislik siirecinde bu kadar 6nem arz eden iKi
asama uzun yillardir birbirinden ayri durmaktaydi. Tasarim asamasindan sonra
analize gecildiginde geometri tekrar tanimlanip, ag yapisi olusturma islemi yapilmasi
gereklidir. Sonlu elemanlar analizi mevcut geometriye, Lagrange polinomlar1 gibi
tanimlanmas1 ve hesaplanmasi basit, diisiik mertebeli fonksiyonlar ile yakinsamaya
calisirken, bilgisayar destekli dizayn, gelisen teknoloji ile beraber arzu edilen
geometriyi yiiksek mertebeli (Bézier egrileri, B-spline veya uniform olmayan B-
spline egrileri (NURBS)) egriler ile tanimlar. Dolayisiyla tasarim agamasindan sonra
analize gecildiginde geometri tekrar tanimlanip, ag yapist olusturma islemleri klasik
SEA yaklasiminin muhtemel olarak ortaya ¢ikarabilecegi bir takim yakinsama,
hassasiyet, vb. hatalar1 azaltmak i¢in son yillarda yiiksek dogruluklu geometrik
tanimla ile ilgili yapilan c¢alismalar hizla artmis ve c¢esitli yeni yaklasimlar
aragtirmacilar tarafindan ortaya konmustur. Bu c¢alismada da, BDT ve SEA
asamalarin1 tek bir ¢ati altinda toplayarak, NURBS tabanli izogeometrik teori
tanitilmig ve bu iki farkli yapmnin (BDT ve SEA) nasil bir araya getirildigi,
gelistirilen izogeometrik kodlarin bir bilgisayar destekli dizayn programi ile
iligkilendirerek gosterilmistir.

Bu kapsamda, izogeometrik analizin temellerinden bahsetmeden once, ilk olarak
Bézier, B-spline ve NURBS egrilerinin matematiksel temelleri, birbirleriyle olan
iliskileri ve sahip olduklar1 6zellikler ayrintili bir sekilde tanitilmis ve boylelikle
klasik sonlu eleman sekil fonksiyonlar1 ve ag yapisi olusturma konularinda farkli ve
benzer olan ozellikleri ortaya konmustur. Daha sonra, izogeometrik analiz igin
fazlasiyla onem tasiyan ag yapisi modifikasyonlarindan bahsedilmis, klasik SEA ag
modifikasyonlarindan farklar1 ve benzerlikleri ortaya konmustur. Sonrasinda, bu
egrilerin analizin sekil fonksiyonlar: olarak nasil kullanildigindan bahsedilmistir.
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[zogeometrik analiz ile BDT yardimiyla olusturulan geometrinin direk sistemin
analizi i¢in de kullanilmasi saglanir ve bu durumda klasik SEA yaklasiminda yer
alan geometriyi diisiik mertebeli fonksiyonlarla tanimlamaya (yakinsamaya) calisma
ve sonrasinda gerekli olan ag yapisi olusturma islemleri de ortadan kalkmis olur. Bu
durumda mevcut zaman kayiplarinin 6niine gecilmesini saglar. Tez kapsaminda
analizlerin sekil fonksiyonlart olarak NURBS egrileri kullanilmistir.

[zogeometrik teori, sonlu elemanlar literatiirinde fazlasiyla popiiler olan
izoparametrik sonlu elemanlar yaklasimini temel alir. Niimerik yontem olarak
Galerkin yontemi secilmistir. Galerkin yontemi sonlu elemanlar analizi literatiiriinde
de siklikla karsilasilabilen bir niimerik ¢6ziim yontemidir (Galerkin Finite Element).
Bu yontem de ilk olarak incelenen problemin matematik modeli diferansiyel formda
(strong form) elde edilir ve daha sonrasinda problemin varyasyonel formu
(variational or weak form) tanimlanir. Sonrasinda, bu form igerisinde agirlik (weight)
ve deneme (test) fonksiyonlari tanimlanarak lineer denklem sistemi ve bu sistemin
matris formu (katilik matrisi, yiik ve yer degistirme vektorleri) elde edilir. Agirlik ve
deneme fonksiyonlart NURBS egrileri ile tanimlanir. SEA yaklagiminda yer alan, ag
yapis1 tanimlayan diigiim noktalarinin (nodes) yerini, izogemetrik analizde, egrilerin
tanimlanmasini saglayan kontrol noktalar1 (control points) alir.

Analizde dikkate alinmasi gereken fiziksel, parametrik ve dogal koordinatlari
barmndiran {i¢ farkli tanim bolgesi vardir. NURBS sekil fonksiyonlart parametrik
uzayda tanimlanip ve degerleri hesaplanirken, mevcut fiziksel uzaydaki tanim
kontrol noktalar: ile saglanir. Parametrik uzaydaki degerler elde edilebildigi igin
integrasyon bu uzayda gercgeklestirilir ve doniisiim matrisi (Jacobian) yardimiyla
fiziksel uzaydaki degerler elde edilir. Sayisal integrasyon ise dogal koordinatlari
barindiran eslenik uzayda gerceklestirilir, bunun i¢in de yine ayr1 bir doniisiim
matrisi daha tanimlanir.

Sayisal ornek kisminda ise dort farkli yapisal probleme; kiris basit egilmesi, kiris
modal analizi, levha egilmesi ve levha modal analizi problemlerine yer verilmistir.
Ilgili sayisal drneklerin izogeometrik analiz formiilasyonlar: ve ¢dziim igin izlenen
yol, katilik ve kiitle matrislerinin, ylik vektorlerinin nasil edildigi anlatilmistir. Kirig
problemleri igin Euler-Bernoulli kiris modeli segilirken levha problemleri igin klasik
plak teorisi (Kircchoff plak teorisi) gbéz Oniinde bulundurularak problemler
¢Ozlilmiistiir.

Problemlerde ele alinan geometriler ticari bir BDT programi olan Rhinoceros 5 ile
olusturulmustur, programin kendi biinyesinde barindirdigi komutlarla ag
modifikasyonunu yapma olanagina sahiptir. izogeometrik analiz kodlar1 ise Matlab
R2012b programi yardimiyla olusturulmustur. Gerekli biitlin temel kodlarin
algoritmalar1 Piegl ve Tiller (1997) ve Rogers (2001) kaynaklarinda bulunmaktadir.
Ayrica, yine Rhinoceros 5 igerisinde olusturulan altprogramlarla, olusturulan
geometrilerin bilgileri dis ortama alinip, Matlab yardimiyla olusturulan izogeometrik
analiz kodlan ile iliskilendirilmistir. Boylece, bir BDT programiyla hazirlanan
kodlarin birlikte ayn1 ortamda caligmalar1 saglanmistir.

Analizler farkli NURBS yapilar1 i¢in tekrar edilmis ve sonuglar hem kendi aralarinda
hem de analitik ve SEA sonuglariyla karsilastirilmistir. Verilen sonuglarla bu
yontemin gegerliligi, standart SEA yaklagimina gore giiglii yanlar1 ortaya konmaya
calisilmigtir. Herseyden once yontem BDT ve SEA calisma ortamlarini bir araya
getirerek daha integre bir yap1 sunmaktadir.
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Nihai sonuglar gostermektedir ki izogeometrik analiz yakinsama ve hassasiyet
konusunda tistiin 6zelliklere sahiptir. Bunun da en 6nemli sebebi yiiksek mertebeden
egrilerin analizin sekil fonksiyonlar1 olarak atanmasidir. Seyrek olarak olusturulmus
ag yapilarinda bile dogru sunuca ¢ok yakin sonuclar verdigi karsilastirmalarla ortaya
konmustur. Fonksiyonlarin mertebelerini arttirarak diisiik serbestlik dereceleri ve
dolayistyla diisiik yogunluklu ag yapisi elde ederek, islem hacminin kiigiiltiilmesine
de olanak saglamaktadir.
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1. INTRODUCTION

A typical engineering process has two crucial stages; design and analysis. While
engineering design allows obtaining exact geometric representation of desired
systems that will be manufactured, analysis stage gives information about critical
reactions come from the nature of the problem that the system and its surroundings

may encounter.

Finite element analysis (FEA) which is the most powerful and popular analysis tool
for analysis stages had its origin in the 1950s and 1960s whereas computer aided
design (CAD) technology had its origins later, in the 1970s and 1980s and each one

is working with different geometric representations (Rypl and Patzak, 2011).

In classic FEA approach, generated mesh approximates the actual geometry using
low-order elements which may lead accuracy problems of solution and each loop of
design cycle may need a new and probably much expensive meshing process (Rypl
and Patzak, 2011). On the other hand, CAD allows creating desired exact geometries
using high-order and flexible curves and splines like Bézier curves, B-splines, non-

uniform rational B-splines or T-splines.

Thus, the importance of the accurate geometrical model have shown up in the last
decades and numerous authors have been focused on implementation of accurate or

exact geometric representations for finite element simulations (Demirtas, 2011).

The gap between geometric definitions of FEA and CAD is obviated with new
proposed method; isogeometic analysis (IGA) which was firstly introduced by
Hughes, Cottrell and Bazilevs (2005). IGA allows unifying the fields of FEA and

CAD using same geometric definitions for both design and analysis stages.

1.1 Objectives and Overview of Thesis

One of the most important projects about IGA is “Geopdes” and it provides a
common and flexible framework to implement and test IGA in different fields like

linear elasticity, fluid mechanics and electromagnetism (“Geopdes”, n.d.). It is open



source and can be used with Matlab or Octave. However, there is an important issue
about CAD geometry which should be noticed in the FAQ page of website.

Although this project has very useful IGA examples, it does not give any support for
any CAD software as mentioned in FAQ page of website (“Geopdes”, n.d.). It shows
that there is not still exact integration between CAD and FEA as stated by Cottrell et
al. (2009).

Regarding this case, main motivation of this thesis is to solve structural problems
with NURBS-based IGA creating communication with CAD tools. For this purpose,
commercial CAD program Rhinoceros 5 has been used as CAD tool to link geometry
with IGA codes via Rhinoscript.

In the second chapter, definitions and properties of NURBS and its pregenitors
namely Bézier curves and B-splines are explained in detail. In the third chapter,
theory of isogeometric analysis, differences and similarities with classic finite
element method are stated. Also, steps for Galerkin’s method which should be
followed to obtain algebraic equations are introduced showing four different
structural problems which are related with beams and plates. Then. in the fourth
chapter, results of numerical examples are presented. Also, results have been
compared with analytic and FEA solutions.

1.2 Literature Review

The history of finite element method may be originated to Johann Bernoulli’s “The
Brachistochrone Problem” at the end of the 17" century. This initiated the

fundamental contributions to mathematics and computational methods.

The name “Finite Element Method” started to become popular after Clough (1960)
used this name firstly in his work. Then, lots of engineers and mathematicians have
intrigued with this new method to apply into different fields. On the other hand, they
have also focused on mathematical point of view of this new method improving
solution approximations and geometrical representation to reduce error, convergence

and stability problems.

Isoparametric element approach is one of the most important improvement to define
curved elements using the same interpolation functions to approximate the solution

and geometry. Ergatoudis et al. (1968) described firstly the theory of a new family of



isoparametric elements to improve the accuracy of solution and used in two-
dimensional problems. This new theory had a significant effect on the finite element

researches.

On the other hand, the foundation of CAD technology is originated to studies of
Bézier (1966, 1967 & 1972) which Bernstein polynomials were used to create curves
and surfaces. Also, the term “spline” was firstly used by Schoenberg (1946). B-
splines and non-uniform rational B-splines were introduced in 1970s; in studies of
Riesenfield (1972) and Versprille (1975), respectively.

After 1980s, CAD technology has begun to appear in FEA. Gontier and Vollmer
(1995) solved large displacement analysis of beams using Bézier curves for analysis
basis. Kagan et al. (1998) formulated B-spline finite element method and used this
method on linear rod and plate problems. Beside the FEA, in several studies (Okan
and Umpleby, 1985a, 1985b; Maniar, 1995; Kashiwagi, 1998), this idea has been
also used for boundary element method (BEM).

In 2005, new NURBS-based finite element method which uses CAD geometric
definition as also analysis basis was stated by Hughes et al. and they named this
method as isogeometric analysis. Lots of researchers from different disciplines have
been interested in this novel method and it has been applied to a wide range of
problems to underline the better approximation and accuracy properties compared
with classic FEA.

Isogeometric approach has been used in many solid mechanics problems. Reali
(2006) and Cottrell et al. (2005) performed isogeometric structural vibration
problems and compared the results with classic finite element method. Benson et al.
implemented Reissner-Mindlin shell formulation for isogeometric analysis and
examined the method with benchmark examples (2010). Kiendl et al. developed a
Kirchhoff-Love shell element on the basis of the isogeometric approach (2009).
Benson et al. presented NURBS-based isogeometric shell for large deformations
formulated without rotational degree of freedom (2011). Guo et al. employed
isogeometric analysis for laminated composites using a displacement-based
isogeometric layerwise theory (2014). Shojaee et al. studied isogeometric free
vibration analysis of Kirchhoff plates implementing standard Galerkin method

(2012). Kapoor and Kapania proposed nonlinear NURBS-based isogeometric



analysis of laminated composite plates using first-order, shear-deformable laminate
composite plate theory (2012). Nguyen-Xuan et al. proposed a formulation based on
a fifth-order shear deformation theory in combination with isogeometric analysis for
composite sandwich plates (2013). Weeger et al. analyzed nonlinear Euler-Bernoulli
beam vibrations (2013). Auricchio et al. (2007) studied plane incompressible elastic
problems using “stream-function” formulation. Casanova and Gallego (2013)
analyzed composite shells introducing third-order shear deformation theory. Lee and
Park (2013) studied free vibrations of Timoshenko beams. Nguyen and Nguyen-
Xuan analyzed delamination process for composites using high-order Bézier
elements (2013). Lu (2009) introduced family of isogeometric elements of smooth,
curved geometries. Lu and Zhou analyzed large deformations of rod-like structures
(2010). Shojaee et al. (2012) presented natural frequencies and buckling analysis of
thin symmetrically laminated composite plates regarding the classical plate theory.
Bouclier et al. (2012) proposed isogeometric formulations for curved Timoshenko

beams.

IGA has been also applied to different fields like shape optimization (Wall et al.,
2008; Nagy et al., 2010, 2013; Qian, 2010; Koo et al., 2013; Yoon et al., 2013;
Nortoft and Gravesen, 2013; Park et al., 2013), fluid mechanics (Belibassakis et al.,
2012; Bazilevs et al., 2007a, 2007b, 2013; Bazilevs and Hughes, 2005, 2008),
magnetics (Vazquez and Buffa, 2010; Buffa et al., 2009), fluid-structure interaction
problems (Bazilevs et al., 2006, 2008; Heinrich et al., 2012), functionally graded
materials (Valizadeh et al., 2012; Tran et al., 2013), contact problems (Temizer et al.,
2010).

On the other hand, new IGA developments have been proposed like using T-splines
(Bazilevs et al, 2009; Uhm and Youn, 2009; Scott et al., 2012), adaptive mesh
refinement (Dorfel et al., 2008), trimmed geometries (Schmidt et al., 2012; Kim et
al., 2009). And also Cottrell et al. (2007) and Bazilevs et al. (2006) treated better
approximation and accuracy properties of IGA compared with classic FEA in their

studies.



2. NON-UNIFORM RATIONAL B-SPLINES (NURBS)

Before getting into details of IGA, non-uniform rational B-splines (NURBS) which
is basis for both CAD and IGA solutions are defined in this chapter. Also, its
antecedents namely, Bézier curves and B-splines are presented before NURBS to
understand their properties and characteristics. At the end of the chapter, refinement
processes which have analogously equal to mesh refinement in FEA are presented.

2.1 Antecedents of NURBS

2.1.1 Bézier curves

Parametrically defined Bézier curves were firstly introduced by the French engineer,
Pierre Bezier who had been working for Renault automobile company for 42 years
until his retirement in 1975; he used his definition to design different products like
car bodies, aircraft wings and yatch hull (Rogers, 2001). Although this convenient
technique for shape definition of free-form curves and surfaces was developed
originally by Bézier regarding geometrical point of view, it was proved that the
mathematical basis is exactly equal to Bernstein basis or polynomial approximation
function (Rogers, 2001). Gordon and Riesenfeld (1974) named this method as

“Bernstein-Bézier Methods” in their work.

nth-degree Bézier curve is defined by

Cu) = Z JinWB;  0<u<l. @.1)
i=0

Ji n(u) shows nth-degree Bernstein polynomial and defined as follows,

|

Jin(W) = =" (2:2)

i'(n—1)

And B; represents the control points (geometric coefficients) of the form. Also, u

represents the parametric locations.



Some properties of Bézier curve are given as follows (Piegl and Tiller, 1997; Rogers,

2001):

Nonnegativity: J; ,(u) = 0 foralli,nand 0 < u < 1.

Partition of unity: YL, J;,(u) = 1forall 0 <u < 1.

Jon(0) = Jpn(1) = 1.

Jin(u) attains exactly one maximum on the interval [0, 1], that is, at u = i/n.
Symmetry: for any n, the set of polynomials {J;,(u)} is symmetric with
respect to u=1/2.

Recursive definition:
Jin() = A —w)]in_1(W) + wi_1 -1 (W),
Jin(w)=0ifi<Oori>n.

Derivatives:

dYinl)
du N(Ji—1n-1(W) = Jin-1 (W),

Jo1n-1(W) = Jppoa(w) = 0.

Convex hull property: the curves are contained in the convex hulls of their

Jin(w) =

defining control points.

The basis functions are real.

The degree of the polynomial defining the curve segment is one less than the
number of control polygon points.

The curve generally follows the shape of the control polygon.

The first and last points on the curve are coincident with the first and last

points of the control polygon.

Moreover, the curve does not oscillate about any straight line more often than the

control polygon (variation-diminishing property) and remain invariant under an

affine transformation. Examples of Bézier basis functions and Bézier curve are given

in Figure 2.1, 2.2 and 2.3.
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Figure 2.1 : Bezier (Bernstein) basis (blending) functions (Rogers, 2001).
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Figure 2.2 : A Bézier curve and its control polygon (Rogers, 2001).
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Figure 2.3 : Example of a Bézier curve for 9-sided polygon (Gordon and Riesenfeld,
1974)



2.1.2B-splines

Although Bézier method is one of the most suitable method for interactive
approximation of curves and it can be extended to surface description providing easy
way to control the surface parameters as Forrest (1971) stated (1971), this method
has two main drawbacks that affect the flexibility of resulting curve. First, order of a
curve depends on the number of vertices of control polygon and the second comes
from the nature of the basis functions; non-zero character of basis functions does not
allow making local changes on the curve and any local change affects the entire

curve (Rogers, 2001).

The problems come with Bézier method can be solved with using piecewise
polynomial or piecewise rational (Peigl and Tiller, 1997). Thus, the parametric
domain should be divided into pieces to define functions. The theory of B-splines
was firstly introduced by Schoenberg in 1946 and recursive formula for practical
computational use was stated by Cox and de Boer independently in 1971 and 1972
respectively and later, Riesenfeld and Gordon used B-spline basis to define curve
(Rogers, 2001). B-spline curves and surfaces were introduced into CAD/CAM
technology with Riesenfield’s work (Piegl, 1991).

2.1.2.1 Knot vectors

In order to define B-splines, partitions of the domain should be stated with knot
vectors which have non-decreasing (¢; < &;,1) Set of parametric coordinates. They
are written as £ = {&,&,, ..., En4pr1} Where Ee R is the ith knot, i is the knot index,
i=12,..,n+p+1, pis the polynomial order, and n is the number of basis
functions (Cotrell et al., 2009).

Mainly, there are two kinds of knot vector namely, periodic and open are used and
both types may be either uniform or non-uniform. A knot vector is said to be open if
its first and last knots are repeated p+1 times and basis functions generated from
open knot vectors are interpolatory at ends of the parametric domain interval (Cotrell
et al., 2009).



2.1.2.2 B-Spline basis functions

Recursive formula for B-spline basis functions for p=0 is given by

Ni,o(f) — {1' if S;i < E < S;i+1 (23)

0, otherwise.

For p=1, 2, 3... they are defined by

N, (&) = iNi,p—l(E) + M

F ¢ Nit1,p-1(). (24)
i+p i

S;i+p+1 - fi+1
(2.3) and (2.4) are called Cox-de Boor recursion formula and some B-spline
functions are shown in Figure 2.4. Clearly, for p=0 and p=1, B-splines are the same
as standard finite element functions. However, B-spline functions with higher degree

differ from classic FEA functions.

1 1
JNI.U Vll
% 1 2 3 4 5 & % 1 2 3 4 5 &
1 1
Ny, N’l

% 1 2 3 4 5 & % 1 2 3 4 5 &
1 1r

V30 /\Nil
% 1 B 3 3 5 & % 1 2 3 4 5k

T N

N
% 1 P 3 4 5
Ir .
/"\‘Nz.z
% 1 > 3 4 5 ¢
Ir T
/'_"‘ N3 5
0 L ——— L L e
0 1 2 3 4 5 &

Figure 2.4 : Basis functions of order 0, 1, and 2 for uniform knot vector Z= {0,
1,2,3,4 ...} (Cotrell et al., 2009).
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Figure 2.5 : Comparison of quadratic finite element shape functions and B-spline
basis functions (Demirtas, 2011).

In order to understand the difference between classic FEA basis functions and B-
spline basis functions, a comparison between B-spline quadratic basis functions and
quadratic finite element shape functions is shown in Figure 2.5.

2.1.2.3 B-spline curves

Piecewise-polynomial B-spline curve is given by

CE) = ) Nip©B: 25)

Here, B; represents the control points (control net), and the N;,(¢) are the pth-

degree B-spline basis functions as defined with (2.3) and (2.4).
Some properties of B-splines are given below (Peigl and Tiller, 1997; Rogers, 2001);

e Nio(&) is a step function, equal to one only on the half-open interval & €

[&i,Eiv1)-

e For p>0, Njy(&) is a linear combination of two (p-1)-degree basis functions.

10



e Computation of a set of basis functions requires specification of a knot
vector, Z, and the degree, p.

e The N;y(&) are piecewise polynomials, defined on the entire real line;
generally only the interval [£o,En+p+1] 1S OF interest.

e The half-open interval, [&;, &+1), iS called the ith knot span; it can have zero
length, since knots need not be distinct.

e The computation of the pth-degree functions generates a truncated triangular
table.

Nio
Niy _
Nag Ny
N2 Nigs
Nso Nop
N3

e The maximum order of the curve equals the number of control polygon
vertices and the maximum degree is one less.

e The curve exhibits the variation-diminishing property. Thus, the curve
does not oscillate about any straight line more often than its control
polygon oscillates about the line.

e Any affine transformation is applied to the curve by applying it to the

control polygon vertices.

Figure 2.6 and 2.7 illustrate examples of B-spline curves, their basis functions are
given with their knot vectors. Clearly, knot vectors show parts of the domain and
each part has limited number of functions which have non-zero values and

control points give physical data (coordinates) to create desired curve.

11



p | N12
Naa

Figure 2.6 : Cubic basis functions Z=[0 0 0 0 0.25 0.5 0.75 1 1 1 1] and a cubic
curve using the basis functions (Peigl and Tiller, 1997).

Figure 2.7 : Quadratic basis functions on Z=[0 0 0 0.2 0.4 0.6 0.8 1 1 1] and
quadratic curve using the basis functions (Peigl and Tiller, 1997).
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2.1.2.4 B-spline surfaces

B-spline surface is obtained by taking a bidirectional net of control points, two knot
vectors, and the products of the univariate B-spline functions. Tensor product B-

spline surface is defined by

n m

SEM = D Nip(OMig(0) By, (26)

i=0 j=0

Local support of basis functions are shown as Nijpq(En)= Nip(E)Mjq(m) and it is
exactly [&i, &irps1] X [N, Mjp+1] (Cotrell et al., 2009). An example of biquadratic B-

spline surface is given in Figure 2.8.

i i B: ;

1 1 (0.0)
1 2 (—1,0)
1 3 (—2.0)
2 1 0, 1)
2 2 (—1.2)
2 3 (-2.2)
3 1 (1.1.5)
3 2 (1.4)
3 3 (1.5)
4 1 (3.1.5)
4 2 (3.4)
4 3 (3.5)

Control net Mesh

Figure 2.8 : Control points, control net and mesh for biquadratic surface with Z= {0,
0,0,05/1,1,1}and H ={0,0,0, 1, 1, 1} (Cotrell et al., 2009).
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2.2NURBS

Implicit and the parametric polynomials are the two common nonlinear mathematical
forms used to define curves and surfaces (Tiller, 1983). While implicit form has
certain advantages to design analytic shapes (conics, quadrics, circles, etc.),
parametric polynomials such as B-spline that is mentioned in previous chapter can

represent free-form curves and surfaces very well.

In order to define both types of geometries using same mathematical form, rational
B-splines are used. The idea of rational B-splines was firstly stated with Versprille’s
work in 1975 (Piegl, 1991).

After that, three main groups namely Boeing, Structural Dynamics Research
Corporation (SDRC) and University of Utah made certain contributions developing
new modelers which work with NURBS (Piegl, 1991).

2.2.1Description of NURBS

NURBS basis function is given by

Dy N; ,(E)w; ’
RO == 27)
where W (£) is defined as weighting function
W = D Nip(Ew 28)
i=1

where the w; are weights of control points, and the N;, (&) are the pth-degree

classical B-spline basis functions. Then, a NURBS curve is defined by

C©) = ) RIOE, 29)

where the components of B; are the control points. Also, rational surfaces are

defined analogously in terms of basis functions by

N p(M; q(Mwy
te1 Xj=1 Nip (M (Mwy 5

Rf}q = (2.7)

14



Here, each control point has an additional “weight” and it shows how the control
point affects the curve. Additional weights give another important feature to
represent geometry exactly compared with B-splines. If all weights are taken equal to
1, it can be easily seen that rational B-spline turns into B-spline. Thus, B-splines are

a special case of NURBS.

Moreover, most of the properties which are mentioned in previous sections are also
valid for NURBS and Figure 2.9 illustrates an example of NURBS curve.

B, B, B,

o -

|
[ T for7 even
4 2

Z B,. B,
\ 1  otherwise

B, B, B,

Figure 2.9 : NURBS representation of a circle (Cottrell et al., 2009).
2.3 Refinements
Mesh refinement processes consist of knot insertion, order elevation and combined

refinement (both knot insertion and order elevation). They have the same role as the

mesh refinement strategies in FEA have.

Knot insertion process is simply based on adding new knots into the solution space
without changing actual geometry and order (Figure 2.10). This process is similar to

classic h-refinement strategy in finite element analysis.

15
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Refined curve and control points

Refined two element mesh

Original basis functions

New basis functions

Figure 2.10 : Knot insertion process (Cotrell et al., 2009).

Order elevation process enriches the basis increasing the order of polynomial without

changing the original curve and parametrization of the domain (Figure 2.11). Piegl

and Tiller (1994) proposed order elevation steps as follows:

e decomposition of B-spline curve into piecewise Bézier curves,

e degree elevation operation on the Bézier pieces,

e removing unnecessary knots.

16
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Figure 2.11: Order elevation process (Cottrell et al., 2009).

On the other hand, combined refinement which is more flexible higher-order
refinement consists of both knot insertion and order elevation and there is no known

anologous practice in standard FEA.

17



18



3. FUNDAMENTALS OF ISOGEOMETRIC ANALYSIS

NURBS-based isogeometric analysis employs same basis functions, namely non-
uniform rational B-splines (NURBS) to describe both exact geometry and the
approximate solution. In this chapter, it is presented how NURBS are used as

analysis basis and how the numerical methods are used to assemble the system.

3.1Using NURBS as Analysis Basis

The main difference between isogeometric analysis and classic finite element
analysis is that, in classic FEA, basis functions are used to approximate known
geometry and then the unknown solution fields (nodes) while IGA uses exact
geometric representation to approximate the solution fields (knots). Figure 3.1 shows

this comparing simply.

Classical FEA: Geometry — Fields
imposed
on
[sogeometric Analysis: Geometry == Fields

Figure 3.1 : Main difference between classic FEA and new concept of IGA (Cottrell
et al., 2009).

Isoparametric approach is invoked to implement NURBS as analysis basis and
sufficient conditions for a basic convergence proof are also satisfied (see Hughes,
2000). Each point on physical domain can be represented in parametric domain with

such geometrical mapping,

x(&) xg
x(§) =y ¢ = Xaz1 No(§) {75 ¢- (3.1)
z($) zg

19



x(&) represents geometrical mapping from parametric domain to physical domain
(inverse of x also exists). Then, approximated solution field in parametric domain

can be given as,

W= N(Ody. (3.2)
A=1

Using inverse of x(&), solution field in physical domain is obtained as,

—_—

h 1

u ult x x~1, (3.3)

d, represents the control variables (degrees of freemdom per knot), nodes from
standard FEA become knots in IGA. In order to find solution field, different

numerical methods are applied (u”* ~ u).

For this purpose, Galerkin’s method is chosen for all numerical examples in this
thesis. Other techniques such as collocation, least-square or meshless methods can

also be implemented.

3.2 Galerkin’s Method

In order to use Galerkin’ method, strong form of the problem should be stated firstly.
Then, weak (variational) form of the problem is defined and at the last step, coupled
system of linear algebraic equations are obtained with Galerkin’s method. For further

information, see Cottrell et al. (2009, chapter 3).

System of linear algebraic equations are written in matrix form to get stiffness matrix

(K), force vector (F) and displacement vector (d),
Kd =F. (3.4)

In Figure 3.2, calculation for an element is lucidly explained, there are three spaces
named; physical, parametric and parent. Also, there are two mapping; from physical
domain to parametric domain and parametric domain to parent domain where the

Gaussian quadrature is performed. Here, standard change of variables rules is valid.

In next sections of this chapter, it is shown how the process is achieved to get
stiffness matrix, force and displacement vectors in problems related with beams and

plates.

20
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Figure 3.2 : Integration performed on one element (Cottrell et al., 2009).

3.3 Formulations for 1-D and 2-D Structural Problems

In this section, IGA formulations are defined for some problems that are used for
numerical examples in the next chapter. Most importantly, these formulations have
“rotation-free” characteristics. This means that only unknowns in questions are
displacements (x or y direction) and rotations can be computed as displacement
derivatives. In order to implement boundary conditions on rotations, there are two
different strategies; weak boundary condition imposition and Lagrangian multiplier
technique, please see Reali (2004) for further information.

3.3.1 Beam bending problem

In this section, 1-D beam bending formulation regarding Euler-Bernoulli Beam

Theory is presented. Strong form of the problem is governed by,
Al LA T 0<x<lL
dx* dx” =" ' (3.5)

Then, weak form of the solution is given as,

21



(3.6)

Using Galerkin’s approximation, weight functions (u) and test functions (v) are

defined as,

Nen

u() = ) diRy(x) (37)
i=1

and

Nen

v(x) = z b;R; (x). (3.8)
j=1

d; shows the unknown field of the problem while b; is choosen arbitrarily. Also,
R(x) represents the NURBS basis functions. (3.7) and (3.8) are put into (3.5) and
matrix form of the solution is obtained (Kd = F) and stiffness matrix and force

vector are defined as

d*R; d*R;
K = jEI dx? dx? df) (3.9)
Q
and
F; = qul-d.Q. (3.10)
Q
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3.3.2Beam free vibration problem

Free vibrations of Euler-Bernoulli beam are governed by the differential equation,

d*u
W —w?u = 0, 0<x<L. (311)

Using the same procedures as previous section, equation is written in the form of,
Mw + Kw = 0. (3.12)

K is stiffness matrix defined as (3.9) and additional M is called mass matrix,

M;; = prl-Rjd.Q.. (3.13)
Q

The general solution of the free vibration equation can be written as,
w = wexp(iwt). (3.14)

Substituting (3.14) into (3.12), natural frequencies of beams can be calculating by

solving eigenvalue equation,

(K — w?>M)w = 0. (3.15)

3.3.3 Plate bending problem
The strong form of plate bending equation for homogenous and isotropic plates

regarding Classical Plate Theory in rectangular coordinates can be expressed as

follows,
0*w o'w  9*w ¢
2 = 3.16
dx* * d0x20y? + oy* D (3.16)
where q is the lateral loading and D represents the bending stiffness of the plate,
Eh3
= —_— 3.17
b 12(1 —v?) 317
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E, h and v are Young’s modulus, Poisson’s ratio and the thickness of the plate,
respectively. Generalized strains and stresses (pseudo-strains and pseudo-stresses)
are defined as,

92 92 a2 )"
). 9 _ 3.18
8” { 0x? dy? Zaxay} v (3.18)
and
o, =M, M, M} (3.19)

M,, M, and M,, are components of bending and twisting moments. Then,

generalized Hooke’s law for thin plates is defined as
o, = Dg, (3.20)

where D is a constant matrix of material property and the thickness of the plate,

1 v 0
v 1 0
2
Galerkin’s method gives stiffness matrix as,
K; = J B{DB;dQ (3.22)
Q
where
2 . 2 . 2 . T
B; = _OR 0RO R (3.23)
d0x? dy? dxdy
and force vector as,
F;= J qR;d. (3.24)
Q
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3.3.4 Plate free vibration problem

The strong form of the problem regarding classical plate theory (Kircchoff theory of

plates) for homogeneous and isotropic plates can be defined as (Shojaee et al., 2012),

<a4w 2w 2w

pp +2 Ix20y? + ay4> + phw = q. (3.25)

Repeating the same procedure, final dynamical discrete equation is obtained.

Additional mass matrix is given as,

dR;OR; h® 3R, OR; h3
—5t5o50 : (3.26)

Mij:fp<Rl-th+ st 3y 5y 1) O
Q

The general solution of equation is written as (3.14) and substituting this equation

into (3.12) gives eigenvalue equation (3.15).
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4. NUMERICAL EXAMPLES

In this chapter, 1-D and 2-D numerical examples of structural problems stated in the
Chapter-3 are performed with IGA approach and compared with analytical and FEA
solutions. For this purpose, NURBS curves and surfaces designed with Rhinoceros 5
are used. Subroutines (Appendix A and B) generated with Rhinoscript transfer
NURBS data (knot vectors, control points and weights) into IGA codes generated
with Matlab. Moreover, different types of NURBS have been also used and
compared to show how IGA approach is superior to standard FEA and has better

approximation properties.

4.1 Application 1: Bending of Beam

Bending of cantilever beam under uniform lateral load is considered as first example.
Material properties; Young’s modulus (E), density (p) and geometric properties;
length of beam (L), cross section (h,b) and uniform lateral load (q) are given in Table
4.1 and Figure 4.1. Stiffness matrix and force vector are calculated with (3.9) and

(3.10), respectively.

Table 4.1 : Material properties for application 1.

E 200 GPa
p 7850 kg/m®
L Im

h 0.1m

b 0.1m

q 50 KN/m

¥y

Vo

T TITTITIITIITIIT] -

cross sechon

L L W LY

Figure 4.1 : Description of application 1.
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IGA solution has been performed with four different NURBS structures and results
(maximum deflection and stress distribution) have been compared with analytical
solution in Table 4.2 and 4.3. Analytic results are calculated using (4.1) and (4.2).

2

_ z (4.1)
é S4E] (6L —4Lx + x*)
M= %(LZ ~2Lx + x2) (4.2)

Table 4.2 : Comparison of maximum deflections for application 1.

10 points | 20 points | 30 points | 40 points | Analytical
(p=3) (p=3) (p=3) (p=3) solution
Max.
Deflection | 3.750242 | 3.749605 | 3.749682 | 3.750116 | 3.750000
(mm)

Table 4.3 : Comparison of stress distributions according to parametric locations for

application 1.
. Max. stresses (Mpa)
Parametric -
Location | 10 PoInts | 20 points | 30 points | 40 points | Analytical
(p=3) (p=3) (p=3) (p=3) | solution
0 149.6030 | 149.8800 | 149.7065 | 149.5657 | 150.0000
0.1 121.5920 | 121.5945 | 121.4143 | 121.3044 | 121.5000
0.2 96.2720 | 96.0992 | 96.1564 | 95.8436 | 96.0000
0.3 73.2382 | 73.4341 | 73.3442 | 73.3341 | 73.5000
0.4 53.9705 | 54.0077 | 53.9348 | 53.9132 | 54.0000
0.5 37.7692 | 37.5149 | 37.5731 | 37.4460 | 37.5000
0.6 23.9693 | 24.0004 | 23.9624 | 23.9556 | 24.0000
0.7 13.2670 | 13.4517 | 13.4610 | 13.4651 | 13.5000
0.8 6.2271 6.0392 6.0228 5.9986 6.0000
0.9 1.6312 1.5238 1.5058 1.5017 1.5000
1 0.5096 0.0859 0.0348 0.0185 0.0000

4.2 Application 2: Free Vibration Analysis of Beam

In second application, isogeometric free vibration analysis of cantilever beam is
considered. Material and geometric properties are the same as first application (Table
4.1 and Figure 4.1). Stiffness matrix, force vector and mass matrix are calculated
with using (3.9), (3.10) and (3.13), respectively. Table 4.4 shows results of four
different NURBS structures and analytic solution to make a comparison between

IGA and analytic results. In addition, Figure 4.2 represents first five vibration shapes.
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Table 4.4 : Comparison of first five vibration frequencies.

Mod First five vibration frequencies (Hertz)
ode

10 points | 20 points | 30 points | 40 points | Analvti
numbers ytic
(p=3) (p=3) (p=3) (pP=3) | solution
1 81.5349 | 81.5432 | 81.5421 | 81.5366 | 81.5389
2 511.0611 |511.0379 | 511.044 | 510.9906 | 510.9952
3 1432.0173 | 1430.993 | 1431.021 | 1430.615 | 1430.7994
4 2814.152 | 2804.644 | 2803.544 | 2803.888 | 2803.8007
5 4682.5167 | 4633.564 | 4635.768 | 4635.562 | 4634.8786

I mode

274 mode

3 mode

4" mode

Figure 4.2 : First five vibration shapes of cantilever beam.

e
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4.3 Application 3: Plate Bending

Bending of rectangular simply-supported plate under uniform lateral load regarding
classic plate theory (Kirchhoff plate theory) is considered in this application (Figure
4.3). Material properties; Young’s modulus (E), Poisson’s ratio (v), density (p) and
geometric properties; lengths through x and y directions (a and b), thickness of plate
(t), uniform lateral load (q) are given in Table 4.5. In order to calculate stiffness
matrix and force vector, (3.22), (3.23) and (3.24) are used.

Table 4.5 : Material properties for application 3.

E 200 GPa
0.3
7850 kg/m®
Im
Im
0.01m
10 KN/m

o |~ |T| o o |<

s, v s e ceu—

a
Figure 4.3 : Description of application 3.

Isogeometric analysis of plate has been performed with four different 3rd degree and
four different 4th degree NURBS surfaces. Table 4.6, 4.7, 4.8 and 4.9 gives
information about results of IGA and also FEA solutions, deflection and stress

components calculated at midpoint of the plate have been compared.
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Table 4.6 : Comparison of maximum deflections calculated with IGA (3" degree

elements) and FEA solutions.

Maximum deflection (at midpoint of the plate)

10x10 points | 20x20 points | 30x30 points | 40x40 points ANSYS
p=3 p=3 p=3 p=3 solution
2.2523 mm 2.2238 mm 2.2204 mm 2.2192 mm 2.2283 mm

Table 4.7 : Comparison of stress values calculated with IGA (3" degree elements)

and FEA solutions.

Stresses at the midpoint of plate
10x10 20x20 30x30 40x40 ANSYS
points p=3 | points p=3 | points p=3 | points p=3 solution
Ox 28.6558 28.6901 28.7657 28.6731 28.7980
(Mpa)
Oy 28.6558 28.6901 28.7657 28.6731 28.7980
(Mpa)

Table 4.8 : Comparison of maximum deflections calculated with IGA (4™ degree
elements) and FEA solutions.

Maximum deflection (at midpoint of the plate)

10x10 points | 20x20 points | 30x30 points | 40x40 points ANSYS
p=4 p=4 p=4 p=4 solution
2.3120 mm 2.2311 mm 2.2231 2.2207 mm 2.2283 mm

Table 4.9 : Comparison of stress values calculated with IGA (4th degree elements)
and FEA solutions.

Stresses at the midpoint of plate
10x10 20x20 30x30 40x40 ANSYS
points p=4 | points p=4 | points p=4 | points p=4 solution
Ox 28.7437 28.7153 28.7141 28.7732 28.7980
(Mpa)
Oy 28.7437 28.7274 28.7141 28.7732 28.7980
(Mpa)

4.4 Application 4: Free Vibration Analysis of Plate

In this example, isogeometric free vibration analysis of rectangular simply-supported

plate is studied. Material and geometric properties of the plate are the same as
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previous application (Table 4.5 and Figure 4.3). In order to calculate stiffness matrix,
force vector and mass matrix, (3.22), (3.23), (3.24) and (3.26) are used.

Table 4.10 and 4.11 compare the vibration frequencies calculated with different
NURBS structures and analytic solution while Figure 4.4 illustrates first five

vibration shapes calculated with IGA.

Table 4.10 : Comparison of free vibration frequencies calculated with IGA (3rd
degree elements) and analytic solution.

10x10 points | 20x20 points | 30x30 points | 40x40 points Analytic
p=3 p=3 p=3 p=3 solution
47.9813 47.9824 47.9824 47.9825 47.9865
119.9472 119.9407 119.9407 119.9415 119.9662
119.9472 119.9407 119.9407 119.9415 119.9662
191.8306 191.8800 191.8814 191.8827 191.9458
240.1133 239.8318 239.8262 239.8372 239.9323

Table 4.11 : Comparison of free vibration frequencies calculated with IGA (4th
degree elements) and analytic solution.

Free vibration frequencies (Hertz)

10x10 points | 20x20 points | 30x30 points | 40x40 points Analytic
p=4 p=4 p=4 p=4 solution
47.9844 47.9822 47.9824 47.9823 47.9865
119.9428 119.9414 119.9549 119.9397 119.9662
119.9428 119.9436 119.9549 119.9397 119.9662
191.8824 191.8864 191.9031 191.8801 191.9458
239.9510 239.8419 239.8252 239.8244 239.9323
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Figure 4.4 : First five vibration shapes of rectangular simply-supported plate.
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5 CONCLUSION

In this thesis framework, a novel numerical method; isogeometric analysis, its main
idea and advantages has been introduced. It has been also validated with numerical
examples relate with beam and plate problems. Beam problems have been modeled
regarding Euler-Bernoulli beam theory where as classic plate theory (Kircchoff plate
theory) is taken into account for plate problems. It can be clearly pointed out that

isogeometric analysis is powerful alternative for classic finite element analysis.

Firstly, isogeometric analysis uses CAD geometry directly to analyze the system.
Thus, design and analysis stages are not seperated from each other and exact
geometric representation is used in analysis. This obviates FEA geometry
approximation and time-consuming mesh processes and also possible convergence
and accuracy problems. IGA uses basis functions which have higher continuity
instead of well-known CO continous Lagragian polynomials. On the other hand,
control points of CAD geometry become degrees of freedom with IGA.

Secondly, accurate results can be obtained even with coarse mesh structure. This
feature can be seen in numerical examples. NURBS structures which have lower
element number (lower degrees of freedom) can give accurate results comparing with

FEA or analytic solution and decrease analysis time.

The main objective of this thesis has been also achieved with create communication
between a commercial CAD program (Rhinoceros 5) and generated IGA code in
Matlab 2012b. This unifying feature provides “exact” integration between CAD and
FEA as stated by Cottrell et al. (2009).

IGA can be implemented into different fields and some suggestions can be made

considering naval architecture studies for future works,

e Linear and non-linear buckling analysis of beams and plates
e Linear and non-linear buckling analysis of stiffened plates
e Fluid-structure interaction problems

e Hydrodynamics problems (BEM applications)
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APPENDICES

APPENDIX A : Rhinoscript code for curve elements
APPENDIX B : Rhinoscript code for surface elements
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APPENDIX A

Rhinoceros has useful tool to write subroutines (macros) to use in program. This
subroutine takes the information (knot vector, control point coordinates and their

weights) of NURBS curves and write them into a Excel datasheet.

Sub NURBSCURVEtoEXCEL()

Const rhCurve = 4

Dim arrCurves

arrCurves = Rhino.GetObjects("Select curves to export”, rhCurve, True, True)
Dim objXL

Set objXL = CreateObject("Excel.Application™)

objXL.Visible = True

objXL.WorkBooks.Add

objXL.Sheets("Sayfal").Select

Dim intIndex1, intIndex2, intIndex3, intIndex4

intindex1 =1
intindex2 =1
intindex3 =1
intindex4 =1
intindex5 =4

Dim arrKnots, arrPoints, arrWeights, intCount
For Each arrCurve In arrCurves
arrknots = Rhino.CurveKnots(arrCurve)
For Each dblKnot In arrKnots
objXL.Cells(intIndex1, intIndex2).Value = Round(dblKnot, 4)
intindex1 = intindex1 + 1

Next
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intindex2 = intindex2 + 1
intindex1 =1
Next
objXL.Sheets("Sayfa2").Select
For Each arrCurve In arrCurves
arrPoints = Rhino.CurvePoints(arrCurve)
For Each arrPoint In arrPoints
objXL.Cells(intIndex1, intindex3).Value = Round(arrPoint(0), 4)
objXL.Cells(intIndex1, intindex3 + 1).Value = Round(arrPoint(1), 4)
objXL.Cells(intindex1, intindex3 + 2).Value = Round(arrPoint(2), 4)
intindex1 = intIndex1 + 1
Next
intindex3 = intIndex3 + 4
intindex1 =1
Next
For Each arrCurve In arrCurves
arrWeights = Rhino.CurveWeights(arrCurve)
For Each arrWeight In arrWeights
objXL.Cells(intIndex1, intindex5).Value = Round(arrWeight, 4)
intindex1 = intIndex1 + 1
Next
intindex5 = intIndex5 + 4
intindex1 =1
Next
objXL.UserControl = True

End Sub
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APPENDIX B
This subroutine takes the information (knot vectors, control point coordinates and
their weights) of NURBS surfaces and write them into a Excel datasheet.
Sub NURBSSURFACEtoEXCEL()
Const rhSurface = 8
Dim arrSurfaces
arrSurfaces = Rhino.GetObjects(*"Select surfaces to export"”, rhSurface, True, True)
Dim objXL
Set objXL = CreateObject("Excel.Application™)
objXL.Visible = True
objXL.WorkBooks.Add
objXL.Sheets("Sayfal").Select
Dim intindex1, intIndex2, intindex3, intIndex4
intindex1 =1
intindex2 =1
intindex3 =1
intindex4 = 2
intindex5 =4
Dim arrKnots, arrPoints, arrWeights, intCount
For Each arrSurface In arrSurfaces

arrknots = Rhino.SurfaceKnots(arrSurface)

For Each dblKnot In arrKnots(0)

objXL.Cells(intIndex1, intindex2).Value = Round(dblKnot, 4)
intindex1 = intindex1 + 1
Next

For Each dblKnot In arrKnots(1)
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objXL.Cells(intIndex3, intindex4).Value = Round(dblKnot, 4)
intindex3 = intindex3 + 1
Next
intindex2 = intIndex2 + 2
intindex4 = intindex4 + 2
intindex1 =1
intindex3 =1
Next
objXL.Sheets("Sayfa2").Select
For Each arrSurface In arrSurfaces
arrPoints = Rhino.SurfacePoints(arrSurface)
For Each arrPoint In arrPoints
objXL.Cells(intIndex1, intindex3).Value = Round(arrPoint(0), 4)
objXL.Cells(intIndex1, intindex3 + 1).Value = Round(arrPoint(1), 4)
objXL.Cells(intIndex1, intindex3 + 2).Value = Round(arrPoint(2), 4)
intindex1 = intIndex1 + 1
Next
intindex3 = intIndex3 + 4
intindex1 =1
Next
For Each arrSurface In arrSurfaces
arrWeights = Rhino.SurfaceWeights(arrSurface)
For Each arrWeight In arrWeights
objXL.Cells(intIndex1, intindex5).Value = Round(arrWeight, 4)
intindex1 = intindex1 + 1

Next
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intIndex5 = intindex5 + 4
intindex1 =1

Next

objXL.UserControl = True

End Sub
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