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NONLINEAR DYNAMIC BEHAVIOUR OF TAPERED SANDWICH
PLATES WITH MULTI-LAYERED FACES SUBJECTED TO AIR BLAST
LOADING

SUMMARY

A sandwich structure is a class of composite material which is manufactured by
attaching two thin laminated stiff faces to a core which is lighter and less stiff.
Sandwich structures have a wide application area in aerospace, defence and marine
industry. Sandwich and laminated composite components such as panels can have
variable thickness in some cases while the others have constant thickness according to
design, geometric necessities and minimum weight requirements. A tapered effect in
thickness can be sometimes sufficient to obtain the variable thickness. The crucial
point to design more durable sandwich structures is predicting dynamic responses of
them when they are subjected to various types of transient dynamics loadings. This
study focuses on the sandwich structure as a plate and the transient dynamic load as
explosive air blast waves.

Air blast loads occur on supersonic and hypersonic flights due to turbulences, sonic
boom and shock waves. Sonic boom is a phenomenon and aerospace structures are
subjected to sonic booms that cause shock waves while aircrafts, rockets and missiles
reach and pass the speed of sound on flights. On the other hand, an explosion is another
phenomenon which is the result of a rapid release of energy because of an explosive
event. Chemical explosions like bombs, nuclear explosions, fuel explosions, etc. can
be a blast source which causes overpressure.

In this study, nonlinear dynamic behaviour of composite sandwich plates with variable
thickness subjected to time dependent pressure pulse has been investigated by an
analytical model, experimental model and finite element method (FEM). Tapered plate
subjected to air blast loading is considered as a design model for the variable thickness
and pressure pulse. The tapered sandwich plate has a honeycomb core and laminated
composite face sheets. In the first part of study, the tapering thickness is varying for
both sandwich core and face sheets together in case of simply supported boundary
conditions for all edges. Moreover, a tapered sandwich plate which has a thickness
varying for only sandwich core, is analysed for clamped boundary conditions for all
edges to include the experimental model into the second part of study. Clamped
sandwich plate with both tapered sandwich core and tapered face sheets is also
considered.

The theoretical method is based on a sandwich plate theory including the large
deformation effects, such as geometric nonlinearities, in-plane stiffness and inertias,
and shear deformation. The geometric nonlinearity effects are taken into account by
using the von Karman large deflection theory of thin plates. The classical sandwich
plate theory for plates with constant thickness which have one-layered face sheets
found in the literature is developed to analyse the tapered sandwich plates with multi-
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layered face sheets. The equations of motion for the plate are derived by the use of the
virtual work principle. Approximate solution functions are assumed for the space
domain and substituted into the equations of motion. The Galerkin method is used to
obtain the nonlinear differential equations in the time domain. The finite difference
method is applied to solve the system of coupled nonlinear equations. Finally, the
equations of motion are reduced into a form that can be easily solved by one of the
methods for solution of linear equation systems such as LU decomposition. The
displacement-time and strain-time histories are obtained on certain points through the
tapered direction. Then, the results obtained by using the present method are compared
with the ones obtained by using a commercial finite element package ANSY'S and the
experimental method. The effects of taper ratio, the stacking sequence and the fiber
orientation angle on the dynamic responses of the tapered sandwich plates are also
investigated for the simply supported boundary condition.

The simply supported and clamped tapered plates are discretized using 28x28 eight
nodded layered shell elements (Shell281) which have the geometric nonlinearity
capability for the FEM. Shell 281 has six degrees of freedom which are at each node.
Three degrees of freedom is in translation while three is in rotation. These types of
shell elements are not only typically described as geometrically planar elements, but
also they are spatially 3D elements. Shell elements are very used to model thin and
thick shell and plate structures which are subjected to bending. The total number of
elements, 784 is satisfactory and is chosen as based on the mesh sensitivity analysis.
The individual laminas (laminated faces and core) are assumed to be perfectly bonded
in the finite element model. Finite element analysis is examined for only tapered
sandwich plate that has both a tapering core and tapered faces because of the
restrictions of defining the tapering function in FEM.

The experimental studies contain manufacturing a tapered sandwich plate, determining
mechanical properties of the constituents and finally simulating an environment of the
blast effect with a two stage procedure. At first, blast load tests for transient pressure
measurement on a plexiglass model plate are done. Then, air blast load tests on the real
tapered sandwich clamped plate are carried out for measuring strain and acceleration
at certain points. Acceleration data work useful on obtaining displacement-time
histories experimentally. The experimental model presented here can reduce the period
of time and can be defined as low cost in comparison with conventional tests by using
the mentioned two stage procedure. Polyester film membranes for bursting which are
used in this study are also very practical and cheap for the blast testing.

There is a good correlation between not only the results of theory and FEM for simply
supported tapered sandwich plate but also the results of the experimental model and
theory with FEM for the clamped tapered plate. The closed form solution presented
here costs much lower computer time compared to the FEM. The experimental studies
are a troublesome process anyway which have a long period of time. However, the
testing process is strongly needful for the validation of the theory. The code is once
validated with the test, then the theory can be carried out the desired design of plates.
Because, it is very easy to change design parameters for the theory. The method present
here can be used in preliminary design of sandwich and laminated plates with variable
thickness. The method is very capable of predicting the nonlinear dynamic response
of the tapered sandwich plate with multi-layered faces. The thickness variation is taken
as a linear function of coordinate axis in this study. However, the thickness variation
could be taken as the second or third degree functions of coordinate axis. The blast
pressure is uniformly distributed on the tapered plate. Tapered sandwich plates could
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be more functional under the effect of non-uniform pressure distribution. The thicker
part of the tapered plate could be subjected to higher pressure load while the thinner
part is subjected to lower pressure load.
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COK KATMANLI YUZEYLERE SAHIP KALINLIKCA SIVRILEN
SANDVIC PLAKLARIN ANLIK BASINC YUKLEMESI ALTINDAKI
LINEER OLMAYAN DINAMIK DAVRANISI

OZET

Sandvig¢ yapilar, katmanl iki ince yiizey arasina hafif ve daha kalin bir ¢ekirdek
malzemenin tutturulmasiyla {iretilen bir kompozit malzeme tiiriidiir. Cekirdek
malzemenin dayanimi yiizeylerin malzeme 06zelligine gore cok daha diisiiktiir.
Olusturulan yeni malzeme tiirii ¢ok saglam ve egilmeye karsi ¢cok direngli olur.
Sandvig¢ yapilar, havacilik-uzay, savunma ve denizcilik endiistrisinde ¢ok genis bir
uygulama alanina sahiptir. Tasarim siireci, geometrik gereklilikler ve agirligin
optimize edilmesi gibi nedenlerle sandvi¢ veya katmanli kompozit komponentlerin
bazi durumlarda degisken kalinliga, bazen de sabit kalinliga sahip olmas1 gerekebilir.
Degisen kalinlik etkisinin lineer olarak sivrilme seklinde verilmesi yaygin bir
uygulama olarak komponentler i¢in yeterli olabilir. Daha dayanikli sandvi¢ yapilar
tasarlamanin kritik noktalarindan biri, bu yapilar cesitli tipteki anlik dinamik
yiliklemelere maruzken verdikleri dinamik cevaplar1 dogru tahmin etmektir.

Patlama ile olusan anlik basinca sahip hava yiikleri, slipersonik ve hipersonik
ucuslarda gerceklesen tiirbiilans, sonik patlama ve sok dalgalar1 nedeniyle olusur.
Hava-uzay yapilari, sok dalgalar1 yaratan sonik patlama hadisesine ugaklarin, uzaya
cikan araglarin, roketlerin ve fiizelerin atmosferde ucus sirasinda ses hizina ulasip
geemesi neticesinde maruz kalir. Bununla birlikte, bir infilak neticesinde aciga ¢ikan
ani enerji yayilimi patlamaya neden olur. Bomba gibi kimyasal patlayicilar, niikleer
kaza ve bombalar, yakit patlamalar1 gibi etkiler, anlik basing ile olusan ve asir1 basinca
neden olan patlamalara 6rnektir.

Bu calismada, zamana bagli basing darbesi yiiklerine maruz, kalinligr degisen
kompozit sandvi¢ plaklarin lineer olmayan dinamik davranisi analitik ve deneysel
model ile sonlu elemanlar metodu kullanilarak incelenmistir. Kalinlig1 degisen plak,
kalinlik¢a lineer olarak sivrilmis sekilde tanimlanmis ve bu plak tasarimi, basincin
dinamik etkisi olarak patlama ile olusan anlik basing yiiklemesine maruz birakilmistir.
Sivrilen sandvi¢ plak, bal petegi yapisina sahip g¢ekirdege ve katmanli kompozit
sandvig ylizeylere sahiptir. Caligmanin ilk kisminda, kalinlik¢a sivrilmenin bal petegi
yapis1 ve katmanli hibrid kompozit yilizeylerin ikisinde de birlikte oldugu dort kenari
da basit mesnetli bir sandvi¢ plak tasarimimna ait sonuglar elde edilmistir. Ikinci
kisimda, deneysel c¢alismalar ile elde edilen sonuglar1 da kapsayacak sekilde,
kalinlik¢a sivrilmenin sadece bal petegi yapisinda oldugu ve sabit kalinliga sahip
katmanli kompozit yilizeyler iceren dort kenart da ankastre olan imal edilmis bir
sandvi¢ plaga ait sonuglar karsilastirilmistir. Uretilen sandvi¢ plak icin kalinlik¢a
sivrilmenin bal petegi yapisi yaninda, sanki katmanli kompozit yiizeylerde de oldugu
kabulli yapilarak, bu tip biitiiniiyle sivrilen sandvi¢ plaklar i¢in de ankastre sinir
kosullari i¢in sonuclar elde edilmistir.
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Kullanilan teorik yontem, biiylik yer degistirme etkilerini hesaba katacak sekilde
geometrik agidan lineer olmama etkilerini, diizlem i¢i katilik ve ataletleri ile kayma
deformasyonu igeren bir sandvi¢ plak teorisine dayanir. Geometrik olarak lineer
olmama etkileri, plaklar i¢in kullanilan von Kéarmén biiylik yer degistirme teorisi
kullanilarak yonteme dahil edilmistir. Literatiirde bulunan, bir katmanli yiizeylere
sahip sabit kalinlikta bir sandvi¢ plaga uygulanabilen sandvig plak teorisi gelistirilerek
kalinlikca sivrilen ve ¢ok katmanli yiizeylere sahip sandvi¢ plaklarin analizinde
kullanilabilecek bir teori haline getirilmistir. Plak i¢in gerekli hareket denklemleri
virtliel is prensibi kullanilarak tiiretilmistir. Uzay bolgesi i¢in yaklasik ¢oziim
fonksiyonlar1 kabul edilmis ve hareket denklemleri igine eklenmistir. Bunun icin
yaklasik ¢oziim teknigi olan Galerkin metodu kullanilmistir. Daha sonra, zaman
bolgesinde lineer olmayan diferansiyel denklemleri elde edilmistir. Lineer olmayan
baglasik denklem sisteminin ¢6ziimii i¢in sonlu farklar yontemine bagvurulmustur. Bu
islemler sonunda hareket denklemleri, linecer denklem sistemlerinin ¢dziimii i¢in
kullanilan yontemlerden biri olan LU ayristirma ile kolaylikla ¢oziilebilen lineer bir
forma dontistiliriilmiis olur. Daha sonra plak iizerinde belirlenmis noktalardaki yer
degistirme-zaman ve birim uzama-zaman grafikleri basit mesnetli ve ankastre sinir
kosullart i¢in elde edilmistir. Elde edilen bu sonuglar, sonlu elemanlar yontemini
kullanan ticari bir program olan ANSYS ile ve deneysel yontemle elde edilen
sonuclarla karsilagtirllmigtir. Basit mesnetli sinir kosullarina sahip sivrilen plagin
dinamik davranisina, farkli sivrilme acilarinin ve katman diziliminde fiber yonelim
acilarinin etkisi de ayrica aragtirilmistir.

Sonlu elemanlar ¢oziimii i¢in dort kenar1 basit mesnetli ve ankastre olarak ayri ayri
tanimh iki sivrilen plak, 28x28 sekiz diiglim noktali katmanli kabuk elemanlara
boliinmiistiir. Shell281 olarak tanimlanan bu eleman, geometrik yonden lineer olmama
kapasitesine sahiptir ve her diigiim noktasinda alt1 serbestlik derecesi mevcuttur. Ug
serbestlik derecesi yer degistirme, ti¢ serbestlik derecesi de donme i¢in kullanilir. Shell
281 kabuk elemanlari, genel anlamda sadece diizlemsel elemanlar olarak tanimlanmaz,
ayni zamanda bu elemanlar uzaysal olarak {i¢ boyutlu elemanlardir. Kabuk sonlu
elemanlar, egilmeyle sonu¢lanmis bir yiikklemeye maruz ince ve kalin kabuk ile plak
yapilarin sonlu elemanlar modellenmesinde yaygin olarak kullanilirlar. Bu ¢aligmada,
plak sonlu elemanlar modellenmesinde kullanilan 784 eleman sayis1 tatmin edici bir
miktardir ve ag olusturma icin yapilan hassasiyet analizi sonucunda elde edilmistir.
Sandvi¢ yapinin her bir yiizeyinin katmanlar1 ve ¢ekirdek yapi, ayri ayri birer tabaka
olarak tanimlanmig ve birbirine miikemmel sekilde yapistirilmis olarak kabul
edilmistir. Sonlu elemanlar analizi sadece, tamami sivrilen sandvi¢ plak olarak
tanimlanan, ¢ekirdegin ve sandvic ylizeylerin kalinliklarinin birlikte lineer degistigi
basit mesnetli ve ankastre plaklar icin yapilmistir. Bunun nedeni, kabuk elemanlarla
yapilan sonlu elemanlar modellemesinde programin, tanimlanmis ve daha sonra plaga
atanmuis sivrilme fonksiyonunu, tiim katmanlar i¢in ayn1 anda sadece tek bir fonksiyon
seklinde tanimlayabilme imkani vermesidir.

Deneysel ¢alismalarin igerigi, kalinlik¢a sivrilen bir sandvi¢ plak tiretimini, liretilen
sandvi¢ plagin bilesenlerinin malzeme 6zelliklerinin belirlenmesini ve nihayetinde
anlik basing olusturabilen iki agamal1 bir patlama testi ortaminin yaratilmasini kapsar.
Katmanli karbon-epoksi sandvi¢ ylizeylerin malzeme 6zelliklerinin belirlenmesi igin
kuponlar iizerinde yogunluk, ¢cekme ve kayma testleri yapilmistir. Cekirdek kismin
malzeme Ozelliklerinin bir kismi literatiirden alinarak, diger kismi da g¢esitli
hesaplamalar yapilarak elde edilmistir. Patlama testinin birinci asamasinda, gergek
sivrilen sandvi¢ plak yerine pleksiglas bir model plak patlama sonucu olusan anlik
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basinca maruz birakilarak, sandvig plak ile ayn ylizeysel boyutlara sahip bir alandaki
basing dagilimi belirlenen noktalarda basing sensorleri ile yapilan dlgiimler sonucu
elde edilir. Basing Olgiimleri bittikten sonra model plak sokiiliir ve iizerinde cesitli
noktalara birim uzama 6lger ve ivime Slger yapistirilmis iiretilen sandvig plak sisteme
monte edilir ve patlama testleri bircok kez tekrarlanarak gergeklestirilir. Basing, birim
uzama ve ivme verileri, veri toplama cihazlar1 yardimiyla bilgisayar hafizasina
kaydedilir. Elde edilen ivme datalari, deneysel olarak elde edilmis yer degistirme-
zaman grafiklerine doniistiiriiliir. Bu ¢alismada kullanilan iki asamali deneysel
modelin, benzer deney metotlarina gére deney zamanin1 ve maliyetini azaltici etkisi
olabilir. Oncelikle, plak ile membran arasindaki uzaklik, membran sayisina bagl olan
patlama basinci ve plak boyutlar1 degigsmiyorsa, model plak ile basing 6l¢iimii yapmak
yeterlidir. Tkinci asama patlama testi, sadece birim uzama ve ivme 6l¢iimii dzelinde,
farkli katman dizilimlerine, fiber agilarina yada degisik malzeme 6zelliklerine sahip
bir¢cok kompozit plaga hizlica seri bir sekilde yapilabilir. Kullanilan basing sensorleri,
delik agma yoluyla montajlanan, maliyeti diisiik ve patlama etkisi ile zarar gormesi
cok diisiik ihtimal olan sensdrlerdendir. Bu c¢alismada kullanilan, patlama etkisi
yaratmak i¢in yliksek basing bolgesi olusturan poliyester film membranlar, kullanimi
cok pratik, test i¢in hazirlama evresi ¢ok kisa ve ¢ok ucuz olduklarindan, deney
yontemine kattiklari siire ve maliyet avantaj1 yadsinamaz bir gercektir.

Sadece basit mesnetli sivrilen sandvi¢ plak icin teorik ve sonlu elemanlar yontemi
sonuclar1 arasinda degil, ayrica ankastre sivrilen sandvig plak i¢in deneysel, teorik ve
sonlu elemanlar yontemi sonuglar1 arasinda da iyi bir uyum oldugu gdzlenmistir.
Kullanilan kapali ¢6ziim yontemi, ANSYS ¢6ziim siiresi ile karsilastirildiginda, ¢cok
daha az ¢oziim zamani harcamistir. Ayrica, sadece ¢ekirdek katmaninin sivrildigi
kalinlikga sivrilen plak tipi, teorik yoOntem ile c¢oziilebilirken, ANSYS kabuk
elemanlarla sonlu elemanlar modellenmesi dahi yapilamamaktadir. Bu tip plagin iic¢
boyutlu model iizerinden sonlu elemanlarla modellenmesi, sadece ¢6ziim zamanini
cok daha arttirmakla kalmaz, ayn1 zamanda modelleme siiresini de birkag kat arttirir.
Problemin deneysel ¢alismalariysa, uzun zaman gerektiren zahmetli bir islem gibi
goziikse de, teorik ve sonlu elemanlar yontemlerinin dogrulanmasi adina fazlasiyla
gerekli gorilmiistir. Bununla birlikte, teorik sonucglar ilk asamada testle
dogrulandiktan sonra, arzu edilen diger plaklar ilizerinde hizlica ¢éziimler elde
edilebilir. Ciinkii, teorik kapali ¢6ziim, bir plagin tasarim parametrelerinin hizlica
degistirilebilecegi sekilde niimerik parametrik bir FORTRAN bilgisayar programi
seklinde kodlanmistir. Kullanilan teorik yonteme dayali program, bu g¢alismanin
baslangic1 sayilabilecek ge¢mis kalinlikga sivrilen katmanli kompozit plak
calismalarini da dahil ederek, kalinlik¢a lineer sivrilen sandvi¢ ve katmanli kompozit
plaklarin 6n tasarim evresinde kullanilabilir. Yontemin, ¢ok katmanli kompozit
ylizeylere sahip kalinlik¢a sivrilen sandvi¢ plaklarin lineer olmayan dinamik
davranisinin tahmin edilmesindeki kabiliyeti yiiksektir. Bu calismada, kalinlik
degisimi koordinat ekseninin lineer bir fonksiyonu olarak tanimlansa da, kalinlik
degisimi farklilastirilarak ikinci yada tiglincii dereceden fonksiyonlar olarak da
tanimlanabilirdi. Olusturulan parametrik programa bu fonksiyonlarin da dahil edilmesi
kalinlig1 degisen kompozit plaklarin hizli 6n tasarim segeneklerini genisletecektir.
Deneysel olarak elde edilen basing dagilimi sonuglarini da hesaba katarak, patlama
sonucu sivrilen plak {izerinde basincin tiniform dagilim gosterdigi kabul edilmistir.
Kalinlik¢a sivrilen sandvi¢ plaklar, {iniform olmayan basing dagilimi etkisi altinda
daha fonksiyonel olabilir. Plagin daha kalin boliimiiniin daha yiiksek basing
degerlerine maruz kalirken, daha ince boliimiiniin daha diisiik basing degerlerine
maruz kaldig1 bir basing dagiliminin etkisi altindaki bir plak davranisi incelenebilir.
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1. INTRODUCTION

1.1 General

A sandwich structure is a class of composite material which is manufactured by
attaching two thin laminated stiff faces to a core which is lighter and less stiff. They
have the capability of specific bending stiffness, so they are called bending dominant
structures in industry [1]. Sandwich structures have a wide application area in
aerospace, defence and marine industry. Sandwich and laminated composite
components such as panels can have variable thickness in some cases while the others
have constant thickness according to design, geometric necessities and minimum
weight requirements. As an example for an application area, sandwich structures with
variable thickness are used for wing skin panels by taking the airfoil shapes because
of aerodynamic concerns and structural efficiency. Thus, the thickness varies along
the chord line from the leading edge to the trailing edge [1,2]. Helicopter rotor blades

are most applicable.

A tapered effect in thickness can be sometimes sufficient to obtain the variable
thickness. For example, tapered sandwich panels with two faces with constant
thickness and a tapered core are used for most of the flight control surfaces and wing
trailing edges of aircrafts. An illustrated figure shows lightweight and strong sandwich
panels that can have either constant thickness for aircraft floor panels, bulkheads and
wing skin panels or tapered core honeycomb for control surfaces and wing trailing
edges in Figure 1.1 [3]. As a further example, a tapered sandwich core region between
face sheets is found on V-22 Osprey fuselage not only for geometric requirements but
also to improve the load transfer in Figure 1.2. There are tapered sandwich panels

attached to frame and spars on Boeing’s Model 360 helicopter fuselage [4].
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Figure 1.1 : Honeycomb panels with constant and tapered thickness [3].
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Figure 1.2 : Tapered sandwich region of V-22 Osprey fuselage [4].

The crucial point to design more durable sandwich structures is predicting dynamic
responses of them when they are subjected to various types of transient dynamics
loadings. This study focuses on the sandwich structure as a plate and the transient

dynamic load as explosive air blast waves.

The plates are described as structural elements which have small thickness compared
to other dimensions of the plane. They become resistant to transverse loads by leading
to shear forces, bending and twisting moments. The advantage is that a plate is much
stiffer than a beam because of their two dimensional load carrying mechanism. They
are lighter structures and are used in all fields of engineering. Besides, the lighter the

plate is, the more economic it is.



Laminated and sandwich composite plates can be faced with air blast loads on
supersonic and hypersonic flights and under the effects of all kinds of explosions in
the atmosphere and the underwater. The effects of explosions on plates must be
evaluated without detrimental particle impact. Because, the impact is another research
area on plates and cannot be confused with the blast waves that are based on

overpressure.

Air blast loads occur on supersonic and hypersonic flights due to turbulences, sonic
boom and shock waves. Sonic boom is a phenomenon and aerospace structures are
subjected to sonic booms that cause shock waves while aircrafts, rockets and missiles
reach and pass the speed of sound on flights. On the other hand, an explosion is another
phenomenon which is the result of a rapid release of energy because of an explosive
event. Chemical explosions like bombs, nuclear explosions, fuel explosions, etc. can
be a blast source which causes overpressure. Figure 1.3 shows the most typical blast
wave curve as a pressure-time history. As seen in the figure, there is an arrival time
because of the distance from the centre of explosion. Then, there is a suddenly jump
to a peak pressure called overpressure. An immediate decay starts and continues with
a positive and negative phase durations which can be described as a quasi-exponential

signification.
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Figure 1.3 : Typical pressure-time history of a blast wave.



Distance from the blast source is an important factor that effects the peak pressure of
the blast load. Table 1.1 lists the relation between distance and peak overpressure in
the air at 15 °C and standard atmosphere pressure by comparing two different

explosive power.

Table 1.1 : Distance from the blast source versus peak overpressure [5].

Chemical Explosion (1 Kg TNT) Nuclear Explosion (1 Kt TNT)
Distance Peak Pressure  Arrival Distance Peak Pressure  Arrival
(m) (bar) Time (ms) (m) (bar) Time (s)
0.1 332.95 0.007 10 3242.4 0.2
0.5 39.52 0.142 20 425.56 1.3
1 9.96 0.506 75 10.94 30.4
2 2.05 1.897 150 2.24 133
3 0.81 3.94 250 0.82 336
4 0.44 6.34 350 0.44 575
5 0.29 8.92 450 0.29 833
10 0.1 22.7 850 0.1 1940

1.2 Literature Review

Many studies have been done on both linear and nonlinear analysis of isotropic and
laminated composite plates with constant thickness subjected to time dependent loads
such as air blast. The nonlinear damped vibration of a simply supported laminated
composite plate on the effect of blast load was studied theoretically by Kazanci and
Mecitoglu [6]. In another study, in-plane stiffness and inertias are considered in the
theoretical solution of laminated composite plate under the blast load [7]. Moreover,
Upadhyay et al. [8] studied non-linear dynamic response of laminated composite plates
subjected to different pulse loadings and compared their work with Ref. [7] by using
third order shear deformation plate theory. Tiirkmen and Mecitoglu [9] investigated
the nonlinear structural response of laminated composites subjected to blast loading
experimentally. In another study, Louca and Pan [10] analysed the response of
stiffened and unstiffened plates subjected to blast loading by using a single energy
based formulation. Theoretical and experimental results are compared for
geometrically nonlinear vibrations of rectangular plates with different boundary
conditions by Amabili [11,12]. Chen et al. [13] developed a semi-analytical finite strip
method for the nonlinear transient response to dynamic loading of simply supported
laminated rectangular plates. Senyer and Kazanci [14] numerically analysed nonlinear

response of a simply supported laminated hybrid composite plate subjected to several



blast loads that are sonic boom pulses, gust and nuclear explosions. Bastiirk et al. [15]
focused on deflections of simply supported laminated basalt composite plates forced
by several time dependent external pulses by using an analytical model also consisting
of a parametric study. Bastiirk et al. [16] also studied nonlinear damped vibrations of
a simply supported hybrid laminated epoxy composite plate including basalt, kevlar

and e-glass laminates subjected to air blast load.

Dynamic responses of sandwich panels have been also investigated by several authors.
Kazanci [17] studied dynamic response of orthotropic sandwich composite plates
induced by time dependent pressure pulses theoretically. Hause and Librescu [18]
investigated the dynamic response of anisotropic sandwich panels subjected to
external blast pulses. Linear and non-linear dynamic response of sandwich flat panels
subjected to blast load was studied by Librescu et al. [19]. Yang et al. [20] performed
finite element solutions on the dynamic response of circular sandwich panel
constructions under global and local blast loading and compared different sandwich
set-ups with the aid of commercial package ABAQUS. Nayak et al. [21,22] analysed
the transient response of orthotropic composite sandwich plates by using new finite
element formulations based on a refined higher order plate theory. Balkan and
Mecitoglu [23] carried out theoretical and experimental studies for the nonlinear
dynamic behaviour of viscoelastic sandwich composite plates with constant thickness

under non-uniform blast load.

The plates which have constant thickness are considered only in the studies above. The
effect of variable thickness, generally tapering thickness, is also important in a design
process. Researches on structures with variable thickness have been generally limited
to static, free vibration or stress and damage analysis theoretically, numerically and
experimentally. He et al. [24] reviewed many studies until the year 2000 about tapered
laminated composite structures in the scope of interlaminar stress analysis and
delamination analysis. Barton [25] researched about fundamental frequency of an
isotropic plate with a linear thickness. Nallim and Grossi [26] investigated natural
frequencies of tapered orthotropic rectangular plates with a central free hole. In the
other two studies, free vibration analysis of isotropic tapered plate without [27] and
with [28] nonlinearity effects were computed using differential quadrature method.
Civalek [29] focused on natural frequencies of orthotropic rectangular plates with

linearly varying thickness by using discrete singular convolution method. Nguyen et



al. [30] analysed honeycomb sandwich panels with locally stepped facings in static
bending problems. Vel et al. [31] developed a tapered sandwich theory that predicts
the stresses and deflection of tapered sections and tested on bending of sandwich
panels with laminated anisotropic facings. Rabinovitch and Frostig [32] studied about
the bending behaviour of a unidirectional sandwich panel with curved faces and a
flexible core with variable thickness. There had been also methodological studies
about static analysis of sandwich plates with variable thickness by small deflection
theory [33,34]. On the other hand, Ganesan and Liu [35] studied on predictions about
failure and post buckling nonlinear response of tapered composite plates under the
effect of uniaxial compression by developing a nonlinear finite element formulation
on the first order shear deformation theory. Rasul and Ganesan [36] then extended the
previous study to buckling of tapered curved composite plates by using a similar finite
element method. Mustapha and Ye [37] investigated the characteristics of guided

waves for damage inspection in tapered sandwich plates with a high density foam core.

Dynamic responses of composite plates with variable thickness subjected to time
dependent loads are very limited. In a study, response of composite beams with
tapering and parabolic thickness subjected to a point harmonic excitation was studied
by using a finite element model [38]. Susler et al. [39,40] conducted two studies on
nonlinear dynamic behaviour of laminated composite plates with tapering and

parabolic thickness subjected to air blast load as a time dependent transient load.

1.3 Purpose of Thesis

In this study, nonlinear dynamic behaviour of composite sandwich plates with variable
thickness subjected to time dependent pressure pulse has been investigated by an
analytical model, experimental model and FEM (finite element method). Tapered plate
subjected to air blast loading is considered as a design model for the variable thickness
and pressure pulse. The tapered sandwich plate has a honeycomb core and laminated
composite face sheets. In the first part of study, the tapering thickness is varying for
both sandwich core and face sheets together in case of simply supported boundary
conditions for all edges. Moreover, a tapered sandwich plate which has a thickness
varying for only sandwich core, is analysed for clamped boundary conditions for all
edges to include the experimental model into study. Clamped sandwich plate with both

tapered sandwich core and tapered face sheets is also considered.



The theoretical method is based on a sandwich plate theory including the large
deformation effects, such as geometric nonlinearities, in-plane stiffness and inertias,
and shear deformation. The geometric nonlinearity effects are taken into account by
using the von Karman large deflection theory of thin plates. The classical sandwich
plate theory for plates with constant thickness which have one-layered face sheets
found in the literature is developed to analyse the tapered sandwich plates with multi-
layered face sheets. The equations of motion for the plate are derived by the use of the
virtual work principle. Approximate solution functions are assumed for the space
domain and substituted into the equations of motion. The Galerkin method is used to
obtain the nonlinear differential equations in the time domain. The finite difference
method is applied to solve the system of coupled nonlinear equations. Finally, the
equations of motion are reduced into a form that can be easily solved by one of the
methods for solution of linear equation systems such as LU decomposition. The
displacement-time and strain-time histories are obtained on certain points through the
tapered direction. Then, the results obtained by using the present method are compared
with the ones obtained by using a commercial finite element package ANSYS and the
experimental model. The effects of taper ratio, the stacking sequence and the fiber
orientation angle on the dynamic responses of the tapered sandwich plates are also

investigated for the simply supported boundary condition.

The experimental studies of whole thesis contain manufacturing a tapered sandwich
plate, determining mechanical properties of the constituents and finally simulating an

environment of the blast effect by setting up a shock tube testing mechanism.

1.4 Organization of Thesis

The main body of this thesis is divided into 6 parts. Following this introductory part
which has a general overview and literature review, is Chapter 2. This chapter focuses
on the detailed explanation of the theoretical model. Chapter 3 describes the FEM and
solution obtained by ANSY'S. Experimental studies about the tapered sandwich plate
are described in Chapter 4. Chapter 5 covers the results and comparison of theoretical
results with other models. Chapter 6 expresses the conclusions and suggests several

ideas for related future studies.



As distinguished from the text, References and Appendices are listed after Chapter 6,
respectively. Table of Contents, Abbreviations, List of Tables, List of Figures, English

Summary and Turkish Summary are written before Chapter 1, respectively.



2. THEORETICAL MODEL

2.1 Equations of Motion

The tapered rectangular sandwich plate with the length a, the width b, and the blast
load are depicted in Figure 2.1. The thickness denoted by /4(x) is varying for both core
(c) and laminated top (fr) and bottom (fz) face sheets in Eq. (2.1). If the thickness of
the sandwich varies for only core, Eq. (2.2) is obtained. The taper ratio is defined by S

and the Cartesian axes are used in the derivation of the formulation.
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Figure 2.1 : The schematic view of the tapered sandwich composite plate.
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Some assumptions are used while theorizing the problem. Linear elastic material
behaviour is considered only. The each face of the sandwich plates are defined as

specially orthotropic laminates. The layers and the core are all perfectly bonded and



delamination is not allowed. The shear stresses are not changed through the thickness
of the core. Out-of-plane transverse normal strain is omitted [41]. Lastly, it is a
common way in literature for sandwich constructions to define the lateral displacement

by dividing it into contributions of bending and shear:
W=Ww, +W, (23)

According to Weierstrass approximation theorem, polynomial functions can define
uniformly any continuous function on a closed interval in mathematical analysis
because of their easy computing property. This theorem is effective for defining the
displacement field of a plate through the thickness. If displacement functions (u, v, w)
are expanded in a series, the simplified functions for displacements in the x, y and z

0 0

directions are then obtained by using first few terms in Eq. (2.4) [17]. u’, v, w’ are

displacement components of the reference surface in the x, y and z directions,

respectively. yx and yy are cross sectional rotations for xz and yz planes due to bending.
0 0 0 0 0
U=u —zW =u —z— ; V=V —ZWY =V —Z— ; W=W
v, . v, (2.4)

Cross sectional rotations are written as Eq. (2.5) because of the partial deflection

described in Eq. (2.3).

Vs T o » ¥, 2—5 (2.5)

And if the partial differentials of total lateral displacement are used:

%—a_w+ . ) _a_W+
x o Uy o 26)

The strain-displacement relations for the von Karman large deflection plate theory is
then modified by using above equations in Eq. (2.7) [41]. The strains with the notation

()’ denote the membrane strains. kx, ky and kxy are the curvatures.
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The constitutive equations of stress-strain relations for the £ layer of a laminated plate

are expressed in Eq. (2.8) with the reduced stiffness matrix of the k£ layer.

k k k

o @11 @12 0 &,

O,r = 0, 0, 0 g,

2-xy 0 O Q 66 }/ Xy

k — k k
{Tyz } ) Q44 0 {7yz }
sz 0 Q55 7/ Xz
Ox, Oy, Tuy, Tyz, Taz Ar€ stress components. /Q;/¥in the principal material axes and /77* as

a transformation matrix are used to obtain the reduced stiffness matrix in the global

plate axes:
—i Tk
(o] =[]l [T 2.9)
where:
cos” & sin” @ 2cosBsind
[T]k =| sin*é@ cos’@  —2cosOsind (2.10)

—cos@sin@ cos@sind cos*@—sin’ @

@ is the fiber direction of each layer according to the global plate axis. As a result, the

components of the reduced stiffness matrix are obtained as:
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Qll =0, cos* 6+ O, sin* 9+(2Q12 + 4Q66)Sin2 G cos’ 0
0, =(0,+0,, —40,,)sin’ fcos’ 0+ 0, (sin4 0 +cos* 49)
0,, =0, sin* 0+ 0, cos* 6+(20,, +40;; )sin’ Hcos” &
O = (0, -0, —20)sin fcos’ 0 ~(0, =0, -204) sin’ O cos 6
st = (Qn -0, =204 ) sin’ @ cos 6 - (sz =0, =20, ) sin@cos’ O
Oy =(0,, + 0y, —20,, — 20, )sin’ G cos® 0+ Oy (sin4 6 +cos* 9)

(2.11)

Qé and @26 in the equations above equal 0 because of considering only specially
orthotropic laminates. Furthermore, sandwich core is considered as behaving
isotropically. So, QM =Q,, and §_255 = Q.. The components of /Q;/* in Eq. (2.11) are

shown as:

v,E E
O, = : ; 0, =0y =22 0, = : 3 O =G

1_‘/12‘/21 1_‘/12‘/21 1_‘/12‘/21 (2'12)

Q44 :(GB)C 5 st :(G13)C

E1, E2, G12, vi2 and v2; are material properties of the layers and G2; and Gi; are shear

modulus related to core.

The equations of equilibrium are described as Eq. (2.13). In these equations, Nx, Ny
and N,y are in-plane force components while Mx, M, and My, are moment components.
Oy and Qx are the shear forces and related to shear deflections with shear stiffness
matrices (4; for 1,j=4,5) and the shear correction factors (k+«, kss). The coefficients in
the matrices in Eq. (2.13) are 4, Bi and D;;. They are called extensional, coupling and

bending stiffness matrices respectively.
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Nx All A12 Bll Blz 0 8)?
N, 4, 4, 0 B, B, 0 3;)
Ny |0 0 4, 0 0 Bglle,
Mx Bll B12 0 Dll D12 0 Kx
My Bl2 BZZ 0 D12 D22 0 Ky (213)
M, |0 0 By, 0 0 Dgll|x,

{Qy } — |:k44A44 0 :| {gyz }
0, 0 kssAss | | &,
All of stiffness matrices are shown in Eq. (2.14) together for the faces and the core of

a sandwich plate. As a result of equations of equilibrium, the transverse forces are

carried only by the core while the face sheets carry bending moments.

4; :;(Qj)k (h=hey) 5 i,j=1,2,6

B,=123(0,), (W ~h.) : i.j=1.2.6
k=1
(A 2.14
D,=13)(0,), (K -4.) : =126 @19
=1
A;=0h, 5 i,j=45
B;=O

Finally, the stiffness matrices for a tapered sandwich plate (¢ sand) with symmetrical
laminated face sheets can be arranged as Eq. (2.15), because the stiffness matrices
above are given for a single skin plate. While the matrices are calculated, tapering
thickness in Eq. (2.1) must be considered for a full tapered sandwich varying in the x

direction and must be replaced in the equations below as the crux of this study.

Eq. (2.2) must be likewise used for a tapered sandwich plate that has a tapering core
and non-tapered faces. So, Eq. (2.16) is obtained for the stiffness matrices of a tapered

sandwich plate with symmetrical laminated face sheets. Besides the variable thickness

effect, the neglected terms of D;f“’”d are also included in the stiffness matrices in Eq.

(2.15) and Eq. (2.16) unlike the formulation of Riber [41].

13



+

o ( n +4frz+...+4/ +A/f +147f +- -|-A7f)[1+ﬂ§j
=0

( J}@ gk

(), +(hfm )OJ . (hfgl )2 }(1 +ﬂ£j2 o (2.15)
a i

; where i,j=1,2,6

t sand
Aij

:(A;)o(l+ﬂ§j ; Where i,j=4,5
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(2.16)

Equations of motion are derived by using the principle of virtual work. The total virtual
work of the internal and external forces acting on the system is zero for any virtual
displacement, if a system is in equilibrium. The equation of virtual work in variational
form for a laminated plate obtained by Kazanci [42] is developed to derive the equation

of virtual work for a sandwich plate in Eq. (2.17). According to the virtual work



principle in interval # to £ in Eq. (2.17), by using stress-strain relations and
constitutive equations and by taking into the assumption of no strain in the z direction,

equation of virtual work in variational form for the sandwich plate is expressed as Eq.

(2.18).

oU = tjdt (”(o;&g +0,0¢,+71,0y,, +7,.0y,. +7.07,. )dA]

4 4

“ (2.17)
~[d, (.Un_a(it&l +v6v+iow)d, +[[(g,0u +qy5v+q25w)dA] )
4 A 1
oU = tjdt [ [[(n,060 + N, 6" +Nwagg)dAj
4 A
S
_— (2.18)

+tfd, [[(Q.e. +Qy55yz)dAj

4 A

-4, ”ﬁq(b’t5@'¢+\>§\>+W§W)dA+Ij(qx5u+qy5v+q25w)dA]=0
A

4 4

m is the mass of unit area and gx, ¢y, ¢- are the load vectors in the directions of
coordinate axes in Eq. (2.17) and Eq. (2.18). Variational principles and integration by
parts are applied to every integrated term above. The derivatives are removed for the

variations Ju, v and éw. Equations of motion for a sandwich plate are derived in

differential form as:
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where # , V', w, and w, are the components of acceleration vector. Force

components, moment components and shear forces in Eq. (2.19) are replaced by using
Eq. (2.13). On the other hand, von Karman strains in Eq. (2.13) are replaced with Eq.
(2.7) and the stiffness matrices for a tapered sandwich plate in Eq. (2.13) are replaced
with Eq. (2.15) or Eq. (2.16) depending on the type of tapered sandwich plate. In the
end, nonlinear dynamic equations of a laminated sandwich plate in terms of mid-plane

displacements will be obtained.

2.2 Boundary and Initial Conditions

Simply supported and clamped tapered plates for all edges are considered in this study.
Boundary conditions of the simply supported plates for all edges can be given in the

following form:

uo(O,y,Z):uO(a,y, u’
vo(O,y,Z)sz(a,y, V0 (x,O,t):vo (x,b,t)z
w (0,3,0)=w’ (a,y,t) =" (x,0,¢) =n" (x,b,/) =0 (2.20)
M_ =0 at x=0,a
M,=0 at y=0,b

t)=
t)=
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Clamped boundary conditions are shown for all edges of a plate as:

uO(O, y,t)= uo(a,y,t) = uo(x,O,t) = uo(x,b,t) =0
vO(O, y,t)= v’ (a,y,t)= vo(x, 0,1)= vo(x,b, )=0
WO(O,y,t) =p’ (a,y,t)= wo(x, 0,¢)= wo(x,b,t) =0

0 0 0 0
aL(O,y,t)=8L(a,y,t):ai(x,O,l)zai(x,b,t)zo

ox ox oy Oy (2.21)
o’ o’ o’ o’

L 0.9, =Z(a,y.0) =L (x,0,0) =L (x,b,1) = 0

ax(y) ax(ay) ay(x ) 8y(x )

0 0 0 0
%(o,y,r)zﬂ(a,y,t):%(x,o,t)zﬂ(x,b,t)zo

ox ox oy oy

The structure began to vibrate from the rest, so at the beginning, displacements and
velocities are all become zero. Initial conditions for both types of boundary are stated

in Eq. (2.22).

; V' (x%,2,0)=0 ;5 w’(x,,0)

)
; v (x%,2,0)=0 ; %’ (x,,0)=0 (2.22)

2.3 Solution Method

The equations of motion of the sandwich plate in terms of mid-plane displacements
can be solved by a two-stage method by using Galerkin method for the space domain
and finite difference method for the time domain, respectively. First, equations of
motion are transformed into the new ones in time domain by choosing proper

approximation functions for displacement field and applying Galerkin method.

Solution functions for simply supported tapered sandwich plate are chosen crucially
by also considering the results of static large deformation analysis of tapered laminated
plate by Susler et al. [39]. Only the first term of the series for in-plane displacements
and first two terms for out-of-plane displacements for the simply supported plate are
accounted. For tapered sandwich plate, the effect of Eq. (2.1) and Eq. (2.2) is also
considered and out-of-plane displacements are divided into two parts. The solution

functions for simply supported boundary conditions:
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u’ =U(t)y2 (y—b) smﬂ

a
V= V(z‘)x2 (x—a) smz%
w' = w, +w (2.23)
wy =W, (t)sinﬂsin%+W2b (t)sin@sinﬂ
a a
w! =W, (t)sinﬂsin%+ W, (l‘)sin%sinﬂ
a a

Solution functions for clamped tapered sandwich plates are derived by modifying
solution functions of clamped laminated plates with constant thickness obtained by
Kazanci [42]. Similarly, only the first term of the series for in-plane displacements and
first two terms for out-of-plane displacements are accounted. After comparing some
function candidates for w’, more proper solution functions for a clamped tapered

sandwich plate is:

u’ =Ut)x*(x—a) (x—%)[ ﬂ}

27X

V= V()Y (v-b) (y—g)(l cos—j

w’ =wy +w)

S oy oty
(2.24)
27y

+W, (¢)| 1—cos 27x sin 27x l—coszﬂ
2 a a b

U, V, Wi, Wan, Wis and Wos are time dependent parts of displacement components in
approximate functions of tapered sandwich plate. As a result of first stage for solution,
Eq. (2.25) shows time dependent coupled nonlinear equations of tapered simply
supported and clamped sandwich plate with symmetrical face sheets. The coefficients

—ai, bi, ¢i, di, ei and fi — in Eq. (2.25) are given in the Appendices. App A involves the
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coefficients of solution for a simply supported tapered sandwich plate that has both

tapered faces and tapered core.

aoﬁ'i' aU+a)V +aW, +aW, +aW, +a, + a7WIi + aSVVZZb
+ a9W1§ + a10W225 +a W, Wy, +a, W W, +a W, W, +ay W), W
+a W, W, +a W W, +a;, =0

b +BU + bV +b W, + by, + bl + bW, +b W, + b,
+b9VVl§ +b10VVZi +0, W, Wy, + D, W, W, + bW, W, + b W, W
+0 Wy Wo + bV W, +b; =0

CoWlh +eU+eV +eW, +eW,, +c W +c Wy, +c,UW, +cUW,,
+GUW + ¢, UWy +c VW, + VW, + e Wi+ VW +015VV12
+Cl(>VV23b +C17W1§~ +CISVV;3s +CI9VVleVZZb +CzoWIbWI§ +C21VVleVZzs +022W217W1127
+ C23W;17W/1§ +C24VVszZ + CzslesVVli + CZGI/KSVVZZIJ + C27VVlsVszs +628VstW3
+cz9W2sW22b +C30VV2sz§ +e W W Wi + e, W, Wo, W, e W, W W
+e Wy W Wy +c¢5=0

Wy, +dU+d Y +d W,y +d Wy, +dh, +d W, + dUW,, +dUW,,
+d,UW, +d,JUW, +d\ VW, +d VW, +d VW, +d VW, +d15W1%
+d\ Wy, +d W, +d\ Vs, +dy W Wy, +do V05 +do W W5+ o W,
+ d23W;le§ + d24VV2bVV2i + dstlszZ + dzﬁWlstzb + d27W1stzs + dzz;W;szz (2.25)
+ dz9W;stb + dzoWstli +dy W W W+ d W W, W+ d s, W W
+dy W, W W, +dis =0

eOW;s +eU+el +eW, +e,, +elV +eW, +e,UW, +eUW,,
+eUW, +e ,UW, +e VW, +e VW, +e ) W +e,JW, + 815W12
+ 616W;3b + 617VV1§ + elSVV;s + 619VVleVzi + ezoVVleVli + eZlI/VIbVVZZS +622VVszV1§
+ 623VV2le§ + 624VV2bVV2i + ezslesVVuz; +ey W, szb +e, W, szv + eststli
+ 629Wst;i + e3oW;sW1§ +e, W, W, W, + e, W W W + e W W W
+e W, W W, +es =0

S+ SU LV + Wy + LWy + W+ J o+ [UW, + U,
+ oUW, + £ eUWos + [V W+ [V Wy + [V Wi+ f VW + 15le
+ fiWoy + S+ S + W Way + F W Wik + o W + oW 7,
+ [V is + Lo W+ LoV W+ oW W, + fo W W5+ o W,
+ folVo oy + Fi Vo Wi + oW W+ W W W+ o, W
+ [V W Wos + f35=0
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App B and App C shows the coefficients for two different clamped tapered sandwich
plate configurations. App B is used for a full tapered sandwich plate similarly as the
simply supported one while App C is used for a clamped tapered sandwich plate that
has a tapering core and non-tapered faces. The initial conditions for all configurations

are shown in Eq. (2.26).

(2.26)

The nonlinear-coupled equations of motion in time domain in Eq. (2.25) are then
solved by using the finite difference method. For this purpose, first, Eq. (2.25) can be

arranged in a matrix format as:

[M){ 0} +[K]{0}+[F]={0} (2.27)

In this format, {Q} , { Q} and [F ] denote acceleration, displacement and force vectors,

respectively. By using the description of acceleration, it is defined as the derivative of
velocity vector as a function of time. After that, the definition of derivative is used for

velocity vector and Eq. (2.27) is transformed into a form as:

9oy

(M=

+[K]{0})" +{F}={0} (2.28)

After the definition of derivative is performed for {Q'}n+1 once again, the rearranged

equation has the following form in Eq. (2.29).

rtastaier (ol (Grper 0 e

Finally, the equations of motion are reduced into a compact form in Eq. (2.30) that can
be easily solved by LU decomposition as one of the methods for solution of linear
equation systems. The coefficients — 4;, Bi, Ci, Di, Ei and Fi — in Eq. (2.30) are given
in App D.
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AU + A" AW+ A AP AL = 4,

Blljvn-'—1 + BZVn+1 + B3VV1Z+1 + B4VI/2};J+1 + BSVVI:H + B6I/I/2T—1 = B7

CIU”H + C2Vn+l + C’_%VV]ZJrl + C’4VV2’]')+1 + CSVK:H + CGVV;;H = C7
DIU’HI +D2V”+l +D3VVIZJrl +D4VV2’11;rl +D5WIZ+1 +D6VV2’;+1 = D7
EIU”” + E‘2I/HJrl + E‘3VVIZJrl + E4VV2];7+1 + ESW;ZH + E‘GVVZHSJrl = E7

FU" + BV + By + )+ FI + EJ = F,

(2.30)
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3. FINITE ELEMENT MODEL

The simply supported and clamped tapered rectangular sandwich plates with laminated
face sheets are modelled using FEM by ANSYS finite element software. The plate is
discretized using 28x28 eight nodded layered shell elements (Shell281) which have
the geometric nonlinearity capability. Shell 281 has six degrees of freedom which are
at each node. Three degrees of freedom is in translation while three is in rotation. These
types of shell elements are not only typically described as geometrically planar
elements, but also they are spatially 3D elements. Shell elements are very used to

model thin and thick shell and plate structures which are subjected to bending.

The total number of elements, 784 is satisfactory and is chosen as based on the mesh
sensitivity analysis. The individual laminas (laminated faces and core) are assumed to
be perfectly bonded in the finite element model. The function in Eq. (2.1) is used to
describe the variation of the thickness. However, it is impossible to define the function
in Eq. (2.2) while creating a shell section. Because, the defined section function is read
only for all of the laminas not certain laminas while defining lay-up. The air blast
loading is also described as an another suitable function and apply as a pressure force
on the plate area. Boundary conditions are created as no displacements for all simply

supported edges while no displacements and no rotations for all clamped edges.

The large displacement transient analyses are performed for 10 ms with 200 steps to
obtain the displacement-time and strain-time histories at certain points through the
tapered direction. The finite element model and cross section of the tapered sandwich

plate are illustrated in Figure 3.1 and Figure 3.2, respectively.
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Figure 3.1 : Finite element model of the tapered sandwich plate.
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Figure 3.2 : Cross section of the tapered sandwich plate.
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4. EXPERIMENTAL MODEL

The response of the composite sandwich tapered plate subjected to ait blast load has
been investigated by simulating an environment and setting up a testing mechanism.

The test section of this study can be divided into two parts:
e the manufacture and to determine the mechanical properties of the constituents
e the simulation

The first part contains manufacturing the tapered sandwich plates and coupons for
mechanical properties and testing the coupons. The second part contains putting the

experimental set-up together and performing air blast load tests.
In this study, blast load testing can be described as a two stage procedure:

e Blast load tests for transient pressure measurement on a model plate and

defining and formularizing the distribution of pressure on the plate

e Air blast load testing on the real tapered sandwich plates for measuring strain

and acceleration.

All test works are achieved by using the facilities of Composites & Structures
Laboratory in Faculty of Aeronautics and Astronautics at Istanbul Technical

University.

4.1 Manufacturing and Coupon Tests

4.1.1 Manufacturing the tapered sandwich plate

Fabricating a tapered sandwich plate begins with the decision of which types of
materials will be used for faces and core of the sandwich plate. It is decided to use
faces made of dry (0°/90°) fiber orientated carbon fabric cloth with resin MGS L285 /
hardener MGS H285 and core made of polypropylene honeycomb.

First of all, four different rectangular two layered (0°/90°) carbon-epoxy panels are

manufactured by the process of hand lay-up with the dimensions of approximately 450
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mm x 900 mm. Hand lay-up is a basic method to fabricate composite components. The
method depends on laying dry fabric layers by hand on a surface or into a mould and
then applying resin to each dry ply until layup is complete. Then the curing process is
started by pressurizing the component with the vacuum effect at room temperature or

a higher temperature for a length of time.

For this study, all two layered (0°/90°) carbon-epoxy panels are cured for 24 hours
nonstop at a temperature of 50 °C. The vacuum table is used for the curing process
which can be used for both pressurizing and heating at the same time. The epoxy
matrix is composed of the mentioned resin and hardener above concerning parts by
weight 100:40 (resin:hardener). The carbon epoxy panels are laid between plastic bags
and the peel ply for both sides. Peel ply is a synthetic cloth which will make both
surfaces of the panels perfectly smooth after peeling of it at the end of the curing. The
peel plies absorb epoxy more than enough and also prevent bubble formations.
Moreover, they create a texture on panels which improves adhesion while the
honeycomb core is stuck to sandwich faces. One of four fabricated carbon-epoxy

panels is shown in Figure 4.1.

Figure 4.1 : The fabricated carbon-epoxy panel.

The required top and bottom faces of the tapered sandwich plate which are 400 mm x
400 mm are cut from the fabricated carbon-epoxy panels. Two of four panels which
are coded as F'I, F2, F3 and F'4, will have selected for the faces after the coupon tests.
In this study, the configuration of a tapered sandwich plate which has faces with
constant thickness and a tapered core is only considered because of the limitation to

fabricate a tapered laminated faces.
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400 mm x 400 mm sandwich faces and specimens for obtaining material properties of
carbon-epoxy are cut from each panel. So, the material properties of the selected faces
will be directly obtained, because the specimens for the coupon tests are exactly cut
from same panels as faces. A desktop CNC machine that has the capability of 3
dimensional axes is used and the optimum placement for the parts are shown in Figure
4.2. It is confirmed in CAD drawing that each 450 mm x 900 mm panel is bountifully

big to have a 400 mm x 400 mm face and lots of specimens.
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Figure 4.2 : CAD drawing of a carbon-epoxy panel for CNC cutting.

Manufacturing process of the sandwich core starts with cutting a 400 mm x 400 mm
polypropylene honeycomb which has an initial thickness, 15 mm. Then, the linear
tapering effect for thickness is formed along x-axis by using the desktop CNC machine
and the writing G-Code. It will have been planned that minimum thickness is 8 mm at
x=0 and maximum thickness is 12 mm at x=a. So, the thickness will be 10 mm at x=a/2
and £ will be planned to be 0.5. The exact thickness values can be a bit smaller instead
of planned ones. A view from the fabrication of the tapered polypropylene honeycomb

is shown in Figure 4.3.
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Figure 4.3 : A view from the fabrication of the tapered honeycomb.

After selection of two faces from suitable carbon-epoxy panels and finishing the CNC
procedure of the tapered core, the tapered core is stuck to each selected face one by
one with a very thin resin layer as an adhesive. Then, the bonded core and face are
pressurized by the vacuum effect of the vacuum table at room temperature for 12
hours. Finally, the tapered sandwich plate is ready for the air blast test, after the holes

are drilled in the plate for the screws to fasten the plate to the frames.

4.1.2 Coupon tests

Mechanical properties for the constituents of the manufactured tapered sandwich plate
are needed to be obtained by the coupon tests. Because, the strain-time data which are
recorded during the blast load tests can only be compared with the theoretical data if
the mechanical properties are used in theoretical calculations. Therefore, necessary

coupon tests are determined as:
e Density testing
e Tensile testing
e Shear testing

These tests have been done by the guidance of ASTM International standards which
are Refs. [43,44,45], respectively. The material properties obtained by the tests will
have belonged to carbon-epoxy face sheets of the tapered sandwich plate. The

laboratory do not have any facilities for the core to determine material properties of a
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honeycomb material. The brochure of the supplier [46] of polypropylene honeycomb

will be used for the properties of the core.

Figure 4.4 shows the cutting process of specimens according to dimensions given in
ASTM standards [43,44,45]. The desktop CNC is used and the optimum placement of

the face and specimens on the panels is taken in consideration in Figure 4.2.

Figure 4.4 : The views from cutting specimens.

The specimens for the tests are entitled code names and the results of the tests are
shown with these code names. The first capital describes the type of the coupon test.
These are D for the density testing, 7 for the tensile testing and S for the shear testing.
The middle characterization of the specimen name describes the panel number which
the specimen is cut in. It can be F'1, F2, F3 or F'4 as stated in fabricating process. The
last number of specimen name describes the specimen number for related panel. For
example, the name of the first numbered specimen for tensile testing which is cut from
panel F3 is “T-F3-1". Figure 4.5 shows the specimens of tensile, shear and density
testing. Tensile and shear specimens are in the shape of rectangle with the dimensions
of 250 mm x 25 mm. The difference is that shear specimens are cut with an angle of
45° as seen in Figure 4.2. Density specimens have a square shape and the dimensions

are 30 mm x 30 mm.
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Figure 4.5 : The coupon test specimens.

To find the density of fabricated carbon-epoxy, a method that is based on immersing
the specimen with a wire system in liquid and then comparing the mass in the air and
in liquid is used according to ASTM D792-13 [43]. The water is preferred for the
liquid and the temperature of water in vessel must be known exactly. The schematic

overview of experimental set-up is illustrated in Figure 4.6.

/__—_7 ‘—-—--\
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................................................. The Wire System
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Figure 4.6 : The schematic view of density test set-up.

Eq. (4.1) is used for the calculations after all specimens are measured. ps is the density
of specimen. py is the density of water at the measured temperature. The expression,
“sp gr” defines specific gravity of the specimen. M is apparent mass of specimen in
air without wire. N is apparent mass of specimen completely immersed in water with
the wire partially immersed in water. P is apparent mass partially immersed wire
without the specimen. During the measurement, the wire system alone and with
specimen in the water are not allowed to touch the ground of water filled vessel. They
must be hanged in the water like Figure 4.6. Table 4.1 expresses the results of density

testing in detail.



M
=spgrx swhere spgr=——
Ps =SP 8" X Py P8 (M+P—N) 4.1)

Table 4.1 : The results of density testing.

Water Temp. (°C) pw (kg/m®)  Specimen sp gr ps (kg/m®)
21.5 997.88 D-F1-1 1.3445 1341.7
21.5 997.88 D-F1-2 1.3423 1339.5
21.5 997.88 D-F1-3 1.3305 1327.7
21.5 997.88 D-F1-4 1.3796 1376.7
21.5 997.88 D-F1-5 1.3333 1330.5
21.7 997.84 D-F2-1 1.3415 1338.6
21.7 997.84 D-F2-2 1.3471 1344.2
21.7 997.84 D-F2-3 1.3694 1366.4
21.7 997.84 D-F2-4 1.3670 1364.0
21.7 997.84 D-F2-5 1.3417 1338.8

21 997.99 D-F3-1 1.4022 1399.4
21 997.99 D-F3-2 1.3830 1380.2
21 997.99 D-F3-3 1.3663 1363.6
21 997.99 D-F3-4 1.3608 1358.1
21 997.99 D-F3-5 1.3551 1352.4
21 997.99 D-F4-1 1.3519 1349.1
21 997.99 D-F4-2 1.3482 1345.5
21 997.99 D-F4-3 1.3519 1349.1
21 997.99 D-F4-4 1.3363 1333.6
21 997.99 D-F4-5 1.3393 1336.6

Tensile properties are determined according to ASTM D3039/D3039M-14 [44]. MTS
universal test machine is used as the general facility to force the tensile specimens, to
measure the tensile load by the load cell and to save the load data. Strain is measured
by strain gauges which are coded as Vishay C2A-06-0125LT-350. It is [0°-90°] rosette
typed strain gauge and separately oriented to measure normal and transverse strains at
the same time. Strain gauges are installed to the centre of each specimen at one side
sensitively by the installation procedure given by Vishay. Strain data are collected by
a data acquisition (DAQ) device called VTI EX1629 with a sampling rate of 20 Hz.
Each coupon is compressed between test machine’s grips and emery cloth is used as
the interface between the grip and coupon. Test speed is arranged as 2 mm/min. The
width and thickness of each specimen at three point in the gage length are measured

sensitively and the average values of them are used for obtaining cross-sectional area
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of each coupon to calculate tensile stress. The views from a tensile test is shown in

Figure 4.7.

Figure 4.7 : The views from the tensile test.

Tensile stress (o) is calculated by obtained test load in Eq. (4.2) and then is used with
strain data to find Young’s modulus. P; is i load data and A4 is the average cross-
sectional area. If P; is the maximum force before failure, o; is defined as ultimate tensile

strength (o7).

_E
o= (4.2)

Young’s modulus (F) is described as the slope of stress-strain curve in elastic non-
damaged stress-strain region as Eq. (4.3). 4g is difference between the two
longitudinal strain points. Generally, 1000 pe and 3000 pe are approximately used as
start and end point, respectively. So, A4¢; becomes nearly 2000 pe according to strain
data. 4o is difference in applied tensile stress between the two strain points. In this
study, longitudinal (£7) and lateral modulus (£>) are accepted as having the same value
because of using (0°/90°) bidirectional carbon fabric cloth. Poisson’s ratio (v) is

calculated by Eq. (4.4). Two longitudinal strain points are selected like about 1000 pe
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and 3000 pe. The transverse strain values are also used for this points to find difference

between these strain points.

Ao

E=22
Az, 4.3)
A

v=—2 4.4
Ag, (4.4)

Table 4.2 : The results of tensile test.

Specimen  Ultimate Tensile Young’s Poisson’s

Strength (MPa)  Modulus (GPa) Ratio
T-F1-1 504.7 38.12 0.02
T-F1-3 509.0 37.70 0.15
T-F2-1 461.1 36.95 0.12
T-F2-3 536.4 37.46 0.04
T-F3-1 536.3 51.11 0.09
T-F3-4 511.0 49.84 0.15
T-F4-2 533.2 53.20 0.08
T-F4-4 558.0 52.36 0.07

Tensile properties of randomly selected coupons from four carbon-epoxy panels are
given in Table 4.2. Failure modes in gage length for tensile coupons are shown in

Figure 4.8.

Figure 4.8 : Examples of failure for tensile coupons.

Shear properties are obtained by using ASTM D3518/D3518M-13 [45]. This test

method is a special standard for determining in-plane shear response of polymer matrix
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composite materials which is limited to a continuous fiber reinforced composite +45
laminate. This standard is exactly right one for the coupons which are cut from (0°/90°)
fiber orientated carbon-epoxy panels with an angle of 45°. The procedure of the shear
testing is the same as tensile test above and is performed like a +45 laminate coupon
in accordance with ASTM D3039/D3039M-14 [44]. The difference is about the

calculations to find shear properties.

Shear stress (7;2) is calculated by obtained test load in Eq. (4.5) and then is used with
longitudinal and lateral strain data to find the shear modulus. P; is i load data and 4
is the average cross-sectional area. If P; is the maximum force at or below 5% shear
strain, 7,5 1s defined as maximum shear stress or shear strength. Generally, a £45
laminate coupon has the capability of high elongation without failure, so the maximum

force is determined as the one at 5% shear strain.

P

L

foi =5 4.5)

Shear strain at i data point is obtained with Eq. (4.6) by using longitudinal () and

lateral strain (&) which are collected by a [0°-90°] rosette typed strain gauge.

Vioi =& — &y (4.6)

Shear modulus (G12) is described as the slope of shear stress- shear strain curve in the
linear region as Eq. (4.7). 4y, is difference between the two shear strain points.
Generally, 2000 pe and 6000 pe are approximately used as start and end point,
respectively. So, 4y,> becomes nearly 4000 pe according to shear strain data. Az;; is

difference in applied shear stress between the two shear strain points.

(4.7)

Shear properties of randomly selected coupons from four carbon-epoxy panels are

given in Table 4.3.
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Table 4.3 : The results of shear test.

Specimen  Shear Strength ~ Shear Modulus

(MPa) (GPa)
S-F1-2 36.9 2.76
S-F1-3 26.3 1.61
S-F2-1 442 3.14
S-F2-4 37.5 2.48
S-F3-1 25.8 1.79
S-F3-4 27.8 2.05
S-F4-2 27.2 1.98
S-F4-4 27.6 1.97

4.1.3 A conclusion for the fabrication and material properties

The tapered sandwich plate is decided to fabricate from cut faces which are belongs to
F3 and F4 carbon-epoxy panels as a result of coupon tests,. Because, material
properties of F3 and F4 show consistency between each other to fabricate a
symmetrically laminated tapered sandwich plate. Moreover, Young’s modulus of F/
and F2 panels are approximately smaller 25% than F'3 and F4 and there is a dispersion
between results of F/ and F2 which can be effects of problems in hand lay-up
manufacturing or curing process. The conclusive material and dimensional properties
for the faces of the fabricated sandwich plate are resulted in Table 4.4 by averaging
results of 3 and F4.

Table 4.4 : The neccessary properties of the tapered sandwich plate.

Sandwich Face of 2 Layer Carbon-Epoxy with (0/90°) Fiber Orientation

Angle
E1; E2 (GPa) VI2 G12(GPa) p (kg/m?) h (mm)
51.63 0.098 1.95 1356.8 1.06

PP 8-80 Type Tapered Sandwich Core of Polypropylene Honeycomb
with 8 mm Cell Size
Gi2(MPa)  Ga3(MPa) Giz(MPa) p (kg/m®) ho (mm) B
12.8 17.3 17.3 80 7.53 0.495

Properties of polypropylene honeycomb from the brochure of the supplier [46] and
dimensional properties as a result of given tapered effect are also shown in Table 4.4.
The compressive modulus of the honeycomb is also given in [46] as 97 MPa. In-plane
shear modulus of polypropylene honeycomb had been obtained experimentally by the
guidance of DIN 53294 standard [47] according to Ref. [46]. Out-of-plane shear
modulus are calculated according to an analytical method adapted for core materials

which have tubular or honeycomb cells [48]. G13 and G23 equal to each other and are
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expressed theoretically as Eq. (4.8) if the core is made of tubular core materials [48].

Out-of-plane shear modulus are also shown in Table 4.4.

()« in Eq. (4.8) denotes the property for the basic material which is polypropylene in

this study. Young’s modulus for polypropylene is taken as 600 MPa. Poisson’s ratio
is taken as 0.4 which is also used for polypropylene honeycomb. e is the wall’s

thickness of tubes and is taken as 0.3 mm. R is the radius of tubes which is 4 mm.

2eG, E,

Gy, =Gy=—F©=—— ;wh G.=—"
23 13 \/§(R+e) wnere 2(1+V*) (4.8)

The tapered sandwich plate is fabricated with the dimensions of 400 mm x 400 mm,
but the actual effected size subjected to air blast is 300 mm x 300 mm to clamp the
plate with a frame of 50 mm width at each edge. So, in Table 4.4, ho and S are

represented as the expressions for the actual plate of 300 mm x 300 mm.

4.2 Introduction to Air Blast Load Test

The air blast load test can be carried out on a tapered composite sandwich plate as a
two stage procedure. First, transient pressure measurement on a plexiglass model plate
and defining the distribution of pressure on the plate have been done. Then, strain
measurement has been performed for the actual tapered plate. Measurement of
acceleration on the plate are additionally included for obtaining displacement. The
overview of experimental set-up is shown in Figure 4.9. After the pressure is measured
with plexiglass model plate, the fabricated tapered sandwich plate is replaced between
the special metallic frames instead of plexiglass model for the measurement of strain

and acceleration values.
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Figure 4.9 : The overview of air blast test method.

This procedure is preferred because of the type of pressure sensors that were used.
PCB 111A26 ICP quartz miniature pressure sensors (Figure 4.10) are used to collect
pressure data. Signal conditioner (PCB 480C02) for each sensor is also needed for the
voltage supply. Three pressure sensors and three signal conditioners are used in the
tests. Each pressure sensor is connected to its signal conditioner with a low noise 10 ft
long 10-32 to BNC coaxial cable. On the other hand, each signal conditioner is
connected to DAQ device with a low noise 10 ft long BNC to BNC coaxial cable. ICP
sensors are very preferable for low budget and durability under the effect of burst
overpressure. Installation of this sensor on a plate is needed a special mounting hole
that must be drilled by the guidance of sensor’s operation manual. The installation
surface should be also flat not tapered. To avoid the stress concentrations around these
holes on the fabricated plate, the conducted testing procedure is more feasible if the

burst pressure is approximately the same value at each air blast test.

Figure 4.10 : The pressure sensor with signal conditioner and cables.
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Membranes are thin structures and are used in shock tube tests. Its function is to
separate the shock tube into two parts: the high pressure part and low pressure part as
it is seen in Figure 4.9. The membrane keeps the air in the high pressure part until it is
ruptured. When the membrane is ruptured, the pressurized air passes through the low
pressure part with a very high speed. After that, the air hits the plate, because the plate

acts like a barrier for the high speed air.

In this study, selection of the membrane material is very important. The burst pressure
that is obtained by the rupture of membrane, must be nearly the same at each burst test.
Because, the measurement of pressure values and the measurement of strain values are

seperated from each other and they are not measured at the same time.

Membranes made of brass, rubber, polycarbonate and glass-epoxy can be used. The
problem is that these materials have high strength. So, these kind of membranes
everytime need a controlled damage in the middle of the membrane for rupturing. The
burst pressure value is changed according the rate of controlled damage and it is not
predictable. In this study, the membrane made of Mylar® polyester film is preferred
(Figure 4.11).

Figure 4.11 : Mylar® polyester film and the shape of membrane.

After doing a number of burst tests by using the polyester film membrane with a
thickness of 0.125 mm, the burst pressure is approximately same consistently when it
is measured by the manometer. Moreover, when the number of 0.125 mm polyester
film membranes is increased, it is achieved that approximate burst pressure is
increased linearly in Figure 4.12. Because, the thickness for the membrane is
increased. The significant point is that Mylar® polyester membrane does not need to

a controlled damage for burst. Figure 4.13 shows the rupture for different number of
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polyester membranes. One Mylar® polyester film membrane with a thickness of 0.19
mm is used for all air blast tests in this study. This membrane provides approximately

600 kPa (6 bar) burst pressure for each test.

Approximate Burst Pressure (kPa)
oxn
z
|

0 T | |

1 2 3 4
Number of 0.125 mm Membranes

Figure 4.12 : Number of membranes versus burst pressure.

Figure 4.13 : The rupture of polyester film membranes.

The air compressor is used for storing the pressurized air from outside air into pressure
tank. The compressor can pump the air up to 40 bar into pressure tank. The pressure
tank has the capacity about 500 litres of pressurized air. The air compressor and the
pressure tank are shown in Figure 4.14. The valve, the regulator and the manometer
before the shock tube which have been schematically shown in Figure 4.9 are also

shown in the right figure after the exit of pressure tank in Figure 4.14. The connection
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between the regulator and the shock tube is provided by a pressure resistant hose. The

hose is about 10 meter long and resistant up to 256 bar.

Figure 4.14 : The air compressor and the pressure tank.

Strain is measured by strain gauges which are coded as Vishay C2A-06-062LT-350.
It is [0°-90°] rosette typed strain gauge too like the ones used in the coupon tests, but
these are smaller to increase the point measurement for certain points of the tapered
sandwich plate. Briiel&Kjaer 4516-001 piezoelectric accelerometers are used for
measuring acceleration. They have the capability of having a measuring range of
+1000 g and the installation is very easy by just mounting with adhesive. Signal
conditioners for the pressure sensors are used for the voltage supply of accelerometers

too.

IMC C-Series CS-7008-N DAQ device is used for the pressure measurement. It has 8
channels and it’s 100 kHz maximum sampling rate is used for obtaining data. So, 100
number of pressure samples can be obtained in one millisecond. DAQ device for the
strain measurement is the model EX1629 of VTI Instruments. It has been used for the
coupon tests before. There are 48 channels on the board of this high performance strain
gauge instrument, but it can be also used as a universal DAQ device. The sampling
rate of 25 kHz are obtained by using up to 16 channels on the same analog board and
without noise filter. If the channels are not limited to 16 maximum, the DAQ system
is capable of supporting a sampling rate of 10 kHz maximum. The number of channels
used for this study is suitable for obtaining 25 kHz sampling rate. Both DAQ devices

need a laptop to control the device and to set up tests with their drivers and graphical
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user interfaces inside the laptop. Figure 4.15 shows CS-7008-N in the above figure
and EX1629 below.

Figure 4.15 : DAQ devices.
Before measuring pressure distribution and obtaining strain and displacement values
subjected to air blast load, the shock tube configuration is decided by comparing four
types of low pressure part. The distance is fixed a length of nearly 1 m. from the
membrane to model plate or tapered sandwich plate. This distance is actually low
pressure region and can be configured as Figure 4.16 by using nothing or using
additional parts. All four configuration are examined and the configuration of number
2 is decided. Because, it has the best performance to have the uniform distibution on
the model plate while having a significant peak pressure at the same time for the length

of 1 m. of low pressure region.

Low Pressure Part High Pressure Part

-}_

Polyester Film
Membrane

Figure 4.16 : Considered configurations for the shock tube.
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4.3 Measurement of Pressure Distribution

A practical method is used to obtain the pressure data on different locations of the
model plate as shown in Figure 4.17. After the pressure data is obtained on the quarter
of the model for point 1 (P1), point 2 (P2) and point 3 (P3) and afterwards for P1, point
4 (P4) and point 5 (P5), the plexiglass plate is rotated three times for 90° and is fixed
again. So, the pressure values at 17 locations on the plexiglass plate can be obtained

by drilling 5 holes and using only 3 pressure sensors.

—'
L 50 mm
14
(e
60 mm

16
120 mm

150 mm

Figure 4.17 : Certain points for the pressure sensors.

General views of test set-up for pressure measurement are shown in Figure 4.18.
Specially drilled locations for the pressure sensors and steel top/bottom frames are
shown in Figure 4.19. The flat plexiglass plate is thick enough to install the sensors

and has a 19 mm thickness.
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Figure 4.18 : General views of the air blast test for the pressure distrubiton.

The model plate is attached to two steel frames with 12 bolts and nuts. 6 of them are
also attached to mounting steel beams of shock tube system. Two steel frames and
plexiglass model are also attached to each other with 24 smaller bolts and nuts to
increase the clamped effect for all edges. Each steel frame is two of a kind and has

about 7 mm thickness and 50 mm width along each edge.

Pressure data during the tests are collected by IMC C-Series CS-7008-N DAQ device
with a sampling rate of 100 kHz and recommended device filter type called AAF.
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Figure 4.19 : Pressure sensors and steel frames for fixing the model.

Figure 4.20 and Figure 4.21 show the results of eight tests to obtain the pressure
distribution on a 300 mm x 300 mm plate. Pressure-time history at P1 is compared
with the values obtained by the other two pressure sensors at the other two locations.

These certain locations are also shown in Figure 4.17.
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Peak pressure values at all certain locations are very close to the pressure value at P1
(a/2; b/2) when Figure 4.20 and Figure 4.21 are analysed. Each pressure-time history

also has approximate value for positive phase duration described in Figure 1.3. This

Figure 4.20 : Pressure-time histories at certain locations: part 1.

can lead to an assumption for the uniform pressure distribution.
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Figure 4.21 : Pressure-time histories at certain locations: part 2.

When the polyester film membrane is burst for each test, the pressure sensor at P1
measures peak pressure values close to each other as shown in Figure 4.22. Except for
the value of first test that has a measured magnitude of 31.19 kPa, all peak pressure

values range in an interval between 26.9 kPa and 28.9 kPa.
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Figure 4.22 : The magnitudes for peak pressure at P1.

To formularize the pressure distribution on the plate surface according to pressure
measurement results above and the definition of typical blast wave curve in Figure 1.3,
Friedlander’s waveform can be defined with a function of time. It is assumed that the
plate is placed enough away from the source of the blast. So, the pressure distribution
because of the blast loading is assumed to be uniform on the plate and subjects in the
z direction only. This leads to ¢-#0 and gx~=¢,=0 in Eq. (2.19). On the other hand, the
consideration of only linear elastic material behaviour is a significant point for the

distance and intensity of the blast load source.

Friedlander’s equation can express the typical air blast load as shown in Eq. (4.9) and
the load can vary exponentially only in time. The blast load is expanded in Fourier
series and only the first term is chosen. pw is the peak pressure, #, is positive phase
duration, and ¢ is a waveform parameter.

e
t

t
p(xayat):pm l_f_ e’ (4.9)

p

The peak pressure and positive phase duration of the pressure curves can be easily

obtained by using data of Figure 4.21 and Figure 4.22. The waveform parameter of
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each curve must be calculated by replacing p» and #, in Eq. (4.9). Then, the data point
for negative peak pressure is selected in negative phase duration of each curve and is
replaced in Eq. (4.9) too. Finally, the only unknown, ¢ is calculated for each curve.
Table 4.5 shows the unknowns of Friedlander’s function for each curve and the

average of each parameter.

Table 4.5 : Detailed results of pressure measurement.

Test ID Point ID Pm (kPa) tp (ms) [0)

P1 31.19 0.93 0.54

1 P2 29.18 0.73 0.64
P3 29.51 0.87 0.50

P1 27.75 0.71 0.66

2 P4 28.08 0.93 0.28
P5 26.75 0.90 0.42

P1 28.10 0.70 0.89

3 P6 29.46 0.90 0.57
P7 29.63 0.68 1.27

P1 26.85 0.98 0.33

4 P8 28.72 1.02 0.10
P9 28.44 0.99 0.10

P1 27.69 1.06 0.38

5 P10 27.18 1.06 0.30
P11 26.96 0.95 1.02

P1 26.98 0.70 0.95

6 P12 28.12 1.01 0.42
P13 27.31 0.97 0.10

P1 28.92 0.70 0.97

7 P14 30.95 1.06 0.25
P15 28.46 0.69 0.66

P1 27.46 0.96 0.84

8 P16 29.27 0.98 0.30
P17 29.80 0.95 0.32

Average 28.45 0.89 0.53

The pressure-time history is obtained in Figure 4.23 by using Friedlander’s function
and the mean value of magnitudes in Table 4.5 as a result of experimental studies about

pressure distribution.
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Figure 4.23 : The conclusive blast wave curve.
4.4 Measurement of Strain and Acceleration

After the tests about pressure distribution are finished, the real tapered sandwich plate
is mounted instead of plexiglass model. A pair of different frames is used to clamp the
tapered plate. Because, using a pair of frames with constant thickness like for
plexiglass model is not suitable for fixing a tapered plate. Tapered sandwich plate can
be forced with initial local loads. This can lead to wrong strain values. The easy
solution is to design one sided tapered frames which have a consistent tapering ratio
with the taper ratio of sandwich plate. The pair of one sided tapered frames are
manufactured by an advanced CNC machine by using a service procurement. The pair
of frames for the tapered plate is made of aluminium, because it is softer than steel for
a milling process. The schematic side view of aluminium frames with the tapered

sandwich plate is illustrated in Figure 4.24.

Frames "“

\

Figure 4.24 : The schematic side view of frames for the tapered sandwich plate.
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The general views of test set-up for strain and acceleration measurement are shown in
Figure 4.25. The fabricated clamped tapered sandwich plate is attached to shock tube
system with aluminium tapered frames which is mentioned above. The measurement
data during the tests are collected by the DAQ model EX1629 of VTI Instruments with
a sampling rate of 25 kHz.

T = T
|lll"' LT TN wnkw | |

| -
3

Figure 4.25 : General views of the tapered sandwich plate just before subjecting to
air blast load.

The tapered sandwich plate which is clamped with the pair of special frames is shown
with a close view in Figure 4.26. The figure is also focused on the [0°-90°] rosette
typed strain gauges called Vishay C2A-06-062LT-350 which are installed at certain
points on the top surface of the tapered sandwich plate. Three of these certain locations
are point A (3a/14, b/2), point C (a/2, b/2) and point B (11a/14, b/2) through the tapered
x direction. The fourth strain gauge is installed at point D (a/4, b/4). The strain gauges

are installed with suitable orientations, so that the strains, &x and ¢, at certain locations
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are collected by 8 channels of DAQ device which has 32 channels. Two Briiel&Kjaer
accelerometers are mounted on point C and point D next to strain gauges of these
points as seen in Figure 4.26. They are connected to signal conditioners for power

supply and to DAQ device.

Figure 4.26 : Strain gauges and accelerometers on the top surface of tapered
sandwich plate.

Figure 4.27 shows the strain values of four repeated tests at x direction and compares
the strain-time histories of point A, point C and point B. The peak values of strain-
time histories for certain points at each repeated test are very close to each other, so
that it verifies the consistency of two stage procedure of air blast test and the pressure
measurement with the plexi glass model. As another significant point, these measured
strain values must be considered as top strain of the plate at certain points while
comparing with theoretical and FEM results. Strain at point C has higher peak values
than the ones at point A and point B. Moreover, strain gauge installed on thinner part
of the tapered plate (point A) measured higher strain peak values than that of on the
thicker part (point B).
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Figure 4.27 : The experimental strain-time histories along the tapered direction.

Strains at x and y directions at point D are compared with the ones at point C in

consideration of the data belong to one of four tests in Figure 4.28. The values at point

C are much higher than those of at point D as expected. The peak values for &x and ¢y

are very close to each other at point D in comparison to those at point C.
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Figure 4.28 : The comprasion of strain values at point D and point C.
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5. NUMERICAL RESULTS

The nonlinear dynamic behaviour of simply supported and clamped tapered sandwich
composite plates are investigated respectively using the closed form solution by
writing a numerical parametric computer program. Theoretical results for an imaginary
design of a simply supported tapered sandwich plate are compared with only FEM
results. On the other hand, experiments for a fabricated clamped tapered sandwich
plate subjected to created and measured air blast load had been expressed in previous
chapter. Those experimental results are compared with theoretical results for the

fabricated plate and with FEM results for the quasi form of the fabricated plate.

5.1 Simply Supported Tapered Sandwich Plate with Multi-Layered Faces

The pressure distribution because of the blast loading, p(x,y,?) is assumed to be uniform
on the simply supported plate. The measured parameters shown in Eq. (4.9) are
obtained as pm=28.45 kPa, #,=0.00089 s and ¢=0.53 according to Table 4.5. Only
square shaped plates are considered and the dimensions are taken as a=b=300 mm
which are compatible with the model plate for the pressure distribution. Both shear

correction factors are taken as 5/6 that is proposed by Goens [49].

Experimental results for a simply supported tapered plate are not available, because it
is not possible to fix the fabricated plate under simply supported boundary conditions.

So, theoretical results are compared with only FEM results.

A more complex fully tapered design than the fabricated one is considered to show the
feasibility of the theoretical method. A composite sandwich plate, that has a tapered
honeycomb core and symmetrically placed tapered hybrid face sheets which are made
of three symmetrical layers, is designed (Figure 2.1). So, n equals 3 in the stiffness

matrices of tapered sandwich plate given in Eq. (2.15).

The design configuration is set up by using mechanical properties of the constituents
given in Table 5.1 [50,51]. E; and E> are Young’s modulus, G2 is shear modulus, vi2

is Poisson’s ratio and p is defined as the density of the material in the table. Out-of-
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plane shear modulus (G23, Gi3) for the honeycomb core are taken as 0.04 GPa. The
acronyms in Table 5.1 — BG, UC and BB — are called bidirectional 0°-90° glass/epoxy,
unidirectional 0° carbon/epoxy and bidirectional 0°-90° basalt/epoxy layers,
respectively. The stacking sequence of face sheets is configured as [UCBGBB]s. The

fiber orientations of layers are remained as they are.

Table 5.1 : Material properties of the constituents.

Bidirectional Unidirectional Bidirectional Honevcomb
Glass/Epoxy Carbon/Epoxy Basalt/Epoxy Cz)]re
(BG) (UC) (BB)
E1 (GPa) 23.37 135.14 23.5 0.0296
E> (GPa) 23.37 9.24 23.5 0.0145
Vi2 0.115 0.318 0.11 0.3
Gi2 (GPa) 5.23 6.27 9.04 0.014
p (kg/m?) 1910 1620 2320 32
h (mm) 0.22 0.13 0.16 5.0

The taper ratios for the plate are chosen as /=0.2 and =1.2 to understand the effect
of taper ratio on the dynamic response. The thicknesses for the core and layers in Table
5.1 describe the values at the center of the plate so that the weight of the plate is kept
constant according to taper ratios for all tapered configurations. The displacement-
time histories at the mid-plane and strain-time histories at the mid-plane, top and
bottom surfaces are obtained for certain locations that are point A (3a/14, b/2), point
C (a/2, b/2) and point B (11a/14, b/2) through the tapered direction as seen in Figure
2.1.

Figure 5.1 and Figure 5.2 show the displacement-time histories of the [UCBGBB]s
tapered laminated sandwich plate for /=0.2 and =1.2, respectively. There is a good
agreement between displacement-time histories obtained by closed form solution and
FEM for both taper ratios. It is also noticed that increasing taper ratio do not change
the rate of agreement, but the fact remains that the first positive peak for ANSY'S result
at point B has an higher value than theoretical result when increasing the taper ratio
for six times. Apart from that, theoretical positive and negative peak results are higher
than FEM results. The maximum deflection occurs at point C for both taper ratios as
expected. Deflections at the point A and the point B obtained by using closed form
solution and FEM do not have the same displacement-time histories and peak values.

It is because of the effect of tapering.
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Figure 5.1 : The displacement-time histories for [UCBGBB]s and =0.2.
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Figure 5.2 : The displacement-time histories for [UCBGBB]s and f=1.2.
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The strain-time (ex) histories of the [UCBGBB]s plate at the middle plane of certain
points mentioned above are obtained and shown in Figures 5.3-5.5 for both /=0.2 and
[~1.2. These membrane strains are always positive and histories have good agreement.
Likewise, strain-time histories at the top surface of these points are shown in Figures
5.6-5.8. Strain-time histories at the bottom surface of certain points are shown in
Figures 5.9-5.11. Bottom surface of the tapered sandwich plate is where uniform blast
pressure has an interaction with the plate. The strain-time histories obtained on the top

and bottom surfaces also have a good agreement especially for the thinner parts of the

plate and for the first peaks of histories.
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Figure 5.3 : The strain-time histories at point A on the middle plane of [UCBGBB]s.
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Figure 5.4 : The strain-time histories at point C on the middle plane of [UCBGBB]s.
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Figure 5.5 : The strain-time histories at point B on the middle plane of [UCBGBB]s.
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Figure 5.6 : The strain-time histories at point A on the top surface of [UCBGBB]s.
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Figure 5.7 : The strain-time histories at point C on the top surface of [UCBGBB]s.
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Figure 5.8 : The strain-time histories at point B on the top surface of [UCBGBB]s.
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Figure 5.9 : The strain-time histories at point A on the bottom surface of
[UCBGBB]s.
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Figure 5.10 : The strain-time histories at point C on the bottom surface of

[UCBGBB]s.
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Figure 5.11 : The strain-time histories at point B on the bottom surface of
[UCBGBB]s.
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Another configuration of [UCBGBB]s tapered sandwich plate is also analysed to
understand the effect of fiber orientations. Displacement-time histories of the selected
points for #=1.2 and for the case of [90/+45/+45]s are shown in Figure 5.12. Changing
fiber orientation angles effects the displacement-time histories. Smaller peak values of
displacements are also obtained using either theory or ANSYS for the [UCBGBB]s
plate with [90/+45/+45]s. Again, a good agreement is found between displacement-
time histories obtained using two methods for [UCBGBB]s plate with [90/£45/+45]s.

6
Theory ; x=3a/l14 —— - -- — ANSYS;x=a/2

5 ANSYS ; x=3a/14 Theory ; x=11a/14
Theory ; x=a/2 —— ANSYS ; x=11a/14

n

Displacement (mm)

-7 | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10
Time (ms)
Figure 5.12 : The displacement-time histories of [UCBGBB]s for [90/+45/+45]s and
1.2

The strain-time histories at the top and bottom surface of point A, point C and point B
for [90/+45/+45]s and f=1.2 are also shown in Figures 5.13-5.15, respectively. There

is a very good agreement for point C, but the rate of agreement between theory and

FEM is decreased for point A and point B of [90/+45/+45]s.
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Figure 5.13 : The strain-time histories at point A on the top and bottom surfaces of
[UCBGBB]s for [90/+45/+45]s and f=1.2.
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Figure 5.14 : The strain-time histories at point C on the top and bottom surfaces of
[UCBGBB]s for [90/+45/+45]s and f=1.2.
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Figure 5.15 : The strain-time histories at point B on the top and bottom surfaces of
[UCBGBB]s for [90/+45/+45]s and f=1.2.

5.2 Clamped Tapered Sandwich Plate

The application of clamped tapered sandwich plate subjected to air blast load is
investigated by comparing experimental method with FEM and theoretical method.
The fabricated tapered sandwich plate described above is used. The material and

physical properties of this plate have been showed in Table 4.4.

The pressure distribution because of the blast loading, p(x,y,?) is assumed to be uniform
on the clamped plate. The same measured parameters are used for defining the blast
loading as for simply supported tapered sandwich plate. Only square shaped plates are
considered and the dimensions are taken as a=h=300 mm. Both shear correction

factors are taken as 5/6 that is proposed by Goens [49].

Theoretical displacement-time and strain histories are obtained for both the tapered
sandwich plate that has non-tapered faces and a tapered core (Condition 1- C1) and the
fully tapered sandwich plate that has tapered faces and tapered core (Condition 2- C2).
The thickness for the layers in Table 4.4 is rearranged for the plate of C2. The thickness
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for the plate of C1 is used for the thickness of plate C2 at the center of the plate so that
the weight of the plate is still kept constant.

FEM results by ANSYS finite element software are obtained for only C2.
Experimental strain-time histories are measured for C1 and has been also showed
before for 20 ms in Figures 4.27-4.28. Displacement-time histories of experimental
results are obtained from measured acceleration-time histories by numerical analysis

with the technique of trapezoidal rule.

Figure 5.16 compares displacement-time histories of certain points under the
conditions of C1 and C2. It is noticed that there are very small differences between C1
and C2. This situation is applicable for strain-time histories too. This can be the result
of having small taper ratio. So, changing sandwich faces from constant thickness to
tapered thickness does not effect too much while keeping the weight constant. Figure
5.16 also shows that deflections at the point A and the point B obtained by using closed

form solution do not have the same displacement-time histories and peak values as

expected.
2
Theory-C1 ; x=3a/14 —— - - - — Theory-C2 ; x=a/2
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L5 Theory-C1 ; x=a/2 —_———— Theory-C2 ; x=11a/14
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e o
\

-2 \ \ \ \ |

0 1 2 3 4 5 6 7 8 9 10
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Figure 5.16 : The displacement-time histories at certain points of fabricated tapered
plate for the theory of C1 and C2.
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Displacement-time histories of theory and FEM for certain points are compared in
Figure 5.17 for 10 ms. There is a good agreement between displacement-time histories
obtained by closed form solution and FEM. The maximum deflection occurs at point
C for both taper ratios as expected. FEM positive and negative peak results are higher
than theoretical results for point A and B and not for point C. The rate of agreement

for the frequency of displacement-time histories are better than the one for simply

supported tapered plate.
2
Theory-C2 ; x=3a/14 —— - - - — ANSYS;x=a/2
ANSYS ; x=3a/14 Theory-C2 ; x=11a/14
L5 Theory-C2 ; x=a/2 —_—————— ANSYS ; x=11a/14

Displacement (mm)

Time (ms)

Figure 5.17 : The comparison of displacement-time histories at certain points of
fabricated tapered plate for the theory of C2 and FEM.

The strain-time (&x) histories of the fabricated clamped tapered sandwich plate at the
top surface of point A and point B are obtained for 3 ms and shown in Figures 5.18-
5.19, respectively. The strain-time histories at point C and point D are also shown for
3 ms in Figures 5.20-5.21. In these figures, strain-time histories of four test results are
compared with the theory of C1 and FEM except for point D. Two test results are
shown for point D in Figure 5.21. The agreement between experimental and theoretical
studies are very good for the first peak of strain-time histories at point A and point B
which are the thinner and thicker part of the plate. The correlation with ANSY'S results

are also good for the first peak of strain-time histories at point A. There is a good
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agreement for point C between strain-time histories of experiments and ANSY'S results
too, although theoretical results do not have enough agreement with the others. In spite
of this, the magnitude of strain for the first peak obtained by theory at point C is very

close to the others.
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Figure 5.18 : The strain-time histories at point A on the top surface of fabricated
tapered plate.
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Figure 5.19 : The strain-time histories at point B on the top surface of fabricated
tapered plate.
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Figure 5.20 : The strain-time histories at point C on the top surface of fabricated
tapered plate.
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Figure 5.21 : The strain-time histories at point D on the top surface of fabricated
tapered plate.

The displacement-time histories at point C and point D of fabricated clamped tapered
sandwich plate are shown in Figures 5.22-5.23. The technique of trapezoidal rule is
respectively applied for obtaining velocity-time and displacement-time histories by
using measured acceleration-time histories with accelerometers. The agreement with
test results are good especially for the first peak. The less better agreement at negative

side of histories can be because of the starting of damping effects for test results.
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Figure 5.22 : The displacement-time histories at point C of fabricated tapered plate.
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Figure 5.23 : The displacement-time histories at point D of fabricated tapered plate.
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6. CONCLUSIONS AND FUTURE WORK

The effects of the varying thickness on laminated sandwich plate designs are analysed
transiently by using sandwich plate theory with a closed form solution and are
compared with the results of FEM and an experimental method. A sandwich plate
theory for plates with constant thickness and one-layered face sheets found in the
literature is developed to analyse the tapered sandwich plates with multi-layered face
sheets. ANSYS commercial software is used to obtain finite element results. The
experimental studies are based on simulating a air blast environment and setting up a
shock tube testing mechanism. Fabrication of the tapered sandwich plate and the
coupon tests for obtaining material properties of the constituents are also involved in
the study before doing shock tube tests. Simply supported and clamped boundary
conditions for all edges of the plates are considered in this study. Experimental results

are included in the study for only clamped boundary conditions.

Simply supported tapered sandwich plate designs with two different taper ratios are
compared with each other to understand the effect of variable thickness. Moreover, the
fiber orientations for laminates of hybrid faces are changed to show the parametric
quantity of this study. The deflection and strains at middle, top and bottom surfaces
are obtained along the tapered direction for both theory and FEM. The analyses
indicate that there is a good correlation between the results obtained by using present

method and FEM.

The design of manufactured clamped tapered sandwich plate with the actual taper ratio
subjected to the air blast load is investigated theoretically, numerically and
experimentally. The deflection and strains at the top surface are obtained along the
tapered direction for the theory, FEM and the experiments. Pressure values on a model
plate and strain and acceleration at certain points on the fabricated tapered sandwich
plate are measured and stored into a DAQ device. The technique of trapezoidal rule is
applied for obtaining displacement-time histories by using measured acceleration-time
histories with accelerometers. There is a good correlation between the results of theory

and FEM with the experiments when displacement-time and strain-time histories for a
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short duration which contains the first peaks of histories are obtained. For longer
duration, the effect of damping and the insufficient stability of testing mechanism
make the agreement with the experimental results worse. The undamping results of
clamped plate for theory and ANSYS have still good agreement as the results of simply
supported plate.

The closed form solution presented here costs much lower computer time compared to
the FEM. On the other hand, while the type of tapered plate called C1 in this study can
only be solved by theory, ANSYS shell modelling is not avaiable for applying different
thickness functions for laminas. Using 3D finite element modelling for C1 is a great
waste of time for not only solving but also 3D modelling and meshing. The
experimental studies are a troublesome process anyway which have a long period of
time. However, the testing process is strongly needful for the validation of the theory.
The code is once validated with the test, then the theory can be carried out the desired
design of plates. Because, it is very easy to change design parameters for the theory.
The method present here can be used in preliminary design of sandwich and laminated

plates with variable thickness.

The experimental model presented here can reduce the period of time and the cost in
comparison with conventional tests by using the mentioned two stage procedure. The
present model do not need pressure measurement for each desired composite plate if
one of the factors, which are the burst pressure, the distance to the plate, the length and
the width of plate, is not changed. Moreover, the used pressure sensors are cheaper
and do not have the risk of failure problems because of the burst effect. Polyester film

membranes used in this study are also very practical and cheap for the blast testing.

The present theoretical method is very capable of predicting the nonlinear dynamic
response of the tapered sandwich plate with multi-layered faces. The thickness
variation is taken as a linear function of coordinate axis in this study. However, the
thickness variation could be taken as the second or third degree functions of coordinate
axis. The blast pressure is uniformly distributed on the tapered plate. Tapered sandwich
plates could be more functional under the effect of non-uniform pressure distribution.
The thicker part of the tapered plate could be subjected to higher pressure load while

the thinner part is subjected to lower pressure load.

74



Either face sheet or core materials may behave nonlinearly. In some cases, the
structural damping can also be important for the engineering structures. The tapered
sandwich plates subjected to different types dynamic loadings such as other external
pressure pulses can be compared with eachother. These are not investigated in the

current study and will be the subject of future studies.
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APPENDIX A

All stiffness terms (45 and Djj) in the coefficients below denote with the notation

_sand
()
ab’m D (2+B) 38 A +DAT) 9a* (4, + Ay )bt (2+B)
a, = a, = =
° 1260 630a > & 270 ’

a,=0,a,=0,a,=0, q,=0,

D (24 5)( 4" (45+7")+a* (904, - 4, (45 +7")

“ 480a’ » 4,=0,
b (2 +ﬂ)(A“b2 (45+7*)+a* (904, - 4, (-45+ 7r4)))
“= 480a’7 > 0 =0,
213%’(121,411192 (45+7")+24° (1260A66 + Ay, (-45+ 7:4)))
=T 33754*7° ’
b (2+ﬂ)(A”b2 (45+7%)+a? (904, — 4, (—45+ 7r4)))
h2 = 2404’1
2h° /3(121/111172 (45+7")+24’ (1260A66 + 4, (45 +7z4)))
hs =T 33754° 1’
21;%(121/1“[)2 (45+7*)+2d° (1260A66 + A4y, (—45+ 7 )))
ha =T 3375a° 7’ > s =0,
2b3,8(121A“b2 (45+7*)+207 (126045, + 4, (-45+ 7° )))
ho =T 337547 > 4 =0
_a'bm 94 (At A )b (24 5) ' (2+ ) (30° Ay + @’ A,
° 12607 27° e 630b

b,=0, b, =0, b, =0, b, =0,

a(2+ ﬁ)(a2A22 (45+7°)+57 (904, — 4, (—45+7f‘)))
b= 4806°7

@ (2+ ﬂ)(az,at22 (45+167*) +457 (904, + 4, (45—167[4)))
768007

8
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a’ (2 + ﬂ)(azAzz (45 + ”4)+ b’ (9OA66 — 4 (_45 +r )))

b. =
’ 480b0°

a*(2 +ﬂ)(a2A22 (45+167")+4b (904, + 4,, (45 —16714)))

768057

40’ (400> 4y, (-91+97° )+ (4, (7300~ 73877 ) + 454, (-32+377) )
b = 243p°7°

@ (2+,B)(a2A22 (45+7") 407 (904, — 4, (-45+ 7))
bz = 2406’7

4a3,8(40a2A22 (-91+977)+b°( 4, (73007387 ) + 45 4, (~32 +37° )))
b = 2430°7°

40 (400> 4, (<91+97 ) +b* (4, (7300-7387 ) + 454, (-32+377) )
he = 2430°7°

@’ (2+,B)(a2A22 (45+167*)+4b* (904, + 4, (45—167r4)>)
s = 3840h°7

40’ (400> 4y, (-91+97° )+ b (4, (7300~ 73877 )+ 45 4, (-32+377) )
P = 2430°7°
b, =0

cozzabn_a, ¢=0,c,=0,

(2+ﬂ)7f2 =34 (b4D11 +a*D,, +2a’h’* (DIZ _2D66))+
©16a’D | (24 p(2+ B))(b'Dy, +a* Dy, + 2470 (D, + 2D ) )7 |

163> (20b*D,, +5a"D,, + a’h* (25D, + 41D ) )
27a’b’
188(2+ B(2+ B))(40°D,, +a*Dy, +5a%0* (D, + 2D, )) x|
27a’h’

c, =

b2+ B)(A,b 45+ ) +a* (904, — A,(—45+ 7))
¢;=0,c¢,=0,c,= > ,
240a° 7
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33754°7°
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83



D+ BYAD 45+ 74+ @ (904, — 4, (<45+ 7))
’ 240a° 7 ’
2b3/5’(121A”b2 (45+7*)+2a* (12604, + 4, (-45+ 7* )))
- 33754°7°

a2+ PNa A, (45+ 1)+ b2 (904, — A, (-45+ 7))
B 240b° 1 ’

Cio =

b

11
_4a’ (400’ 4,,(—91+97°) + b (4,,(7300 - 73877 ) + 45 4, (32 +377%)))
- 243b%7° ’

@2+ BNa A, 45+ 7*) + 5 (904, — A, (—45+ 7))
240b° ’

12

13

_ 4a’ B(40a° A,,(-91+977) +b*(4,,(7300 - 73877 ) + 45 4, (-32 +377)))
243p°7° ’
(944, +2a° (A, +24,)b” +94,b)(2+ B
2564°b’

14

Cis )

. (1368a* A,, +988a’ (A, +2 A4, )b* +140314,,6") fr’
10 110254°p°

2

_(9a’4,, +2a° (4, +24,)b° +94,6")2+ B’

Ciy

256a’p’ ’

. (1368a*A4,, +988a’ (A, +2 4, )b* +140314,,b*) Br’

' 110254°p’ ’
. (9a*A,, +5a* (A4, +2A4,)b* +364,6" )2+ p)r*

v 1284°1° ’
. = 30a' Ay +2d° (4, +24)b° +94,6Y) 2+ B)7’

20 2564°h’ ’
.= (9a*A,, +5a* (A, +2A4,)b> +36 4,62+ p)n’

2 1284°h° ’
S (72a*A,, +28a* (A, +24,,)b° +3694,,b*) fr’

. 3004°b’ ’
S (72a* A,, +28a° (A, +2 A4, )b> +3694,,b") pr’

» 300a°h’ ’
A (1368a* A,, +988a’ (4, +2 A4, )b* +140314,,b") f7’

o 3675a°b’ ’
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25

256a°h’ ’
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_(9a'4,, +5a% (4, +244)b” +364,b")(2+ p)7*

C )
2 1284°h°
.= (9a* A, +5a° (4, +24,)b* +36 4,2+ Bz’
> 1284°p’ ’
A (72a*A,, +28a° (A, +24,,)b° +3694,b*)Br’
* 300a°h’ ’
. (1368a* A,, +988a’ (A, +2 A4, )b* +140314,,6") fr’
» 3675a°D’ ’
. (72a* A,, +28a> (A, +24,,)b* +3694, b*) pr’°
¥ 300a°h® ’
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! 1504°p° ’
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40 (40’ A, (<91+97° ) +b° (4, (7300~ 7387 ) + 454, (-32+37” )
i = 2430°7°

2

85
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9

d12 =
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B 9004’
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s 2564°b°

b

. (1368a"4,, +988a” (A, + 24, )b* +140314,b* ) pz’
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2
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2 1284°h°

2

(94" 4, +5a° (A, +24,)b* +364,b*)(2+ B) 7'
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2

3(9a* Ay, +8a” (A, +24,)b* +1444,b*)(2+ B) '
256a’b’

d24 =

9
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. b (2+ﬁ)(Anb2 (45+7*)+a* (904, - 4, (—45+7r4)))
’ 2404’7 ’
2b3,3(121A”b2 (45+7%)+24° (1260/166 + 4, (—45+ 7z4)))
“77 337547 ’
b (2+ﬂ)(Anb2 (45+7*)+a* (904, - 4, (—45+7z4)))
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2b3ﬂ(121A“b2 (45+7*)+247 (126044, + A, (—45+7z4)))
G0 =" 33754°7° ’
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s = 2564’ ’
(9a* 4y, +5a° (A, +24, )b +364,b*)(2+ B) x*
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=T 150a°5° ’
(94" 4,, +50% (4, +24,,)b* +364,b*)(2+ ) x* dabq,
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" 243b°7° ’
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APPENDIX B

All stiffness terms (45 and Djj) in the coefficients below denote with the notation
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ST 4’ 4(2+8(2+B))(36'D,, +3a* Dy, +2a°* (D, + 2Dy )) 7°
c, = pr B’ (1263b4D11+490a4D22+10a2b2 (83D, +94D66))_
Y 724°D7 | 24(3+ B(3+ B))(395*D,, +10a° D, +14a%0* (D, + 2D, )7 |

5a° (2+ ) (30 (4, — Ay, ) (-63+47° )+ 4,0 (-15+47°))
64br’

¢;=0,¢,=0,c,=—

9

5a3ﬁ(5A“b2 (-39935+45127° ) +14a’ (1355(~54,, + 64, ) +84(84,, —9A66)7r2))
C =

10368b7° ’
5’ (2+8)(3a° (4, — Ay, ) (-63+47° )+ 4, b* (~15+47°))
©=7 64br !
5a3ﬂ(5AHb2 (-39935+45127% ) +14a” (1355(~5 4, + 64, ) +84(84,, —9A66)7z2))
o= 1036867 ’
5B’ (2+ B) (@’ Ay, (15—477 ) +3( 4, — 4 )b (6347
u= 64ar’ ’
5b3ﬂ(5(12A12 ~174,)b* (-63+47° ) +14a’ 4, (—15+47z'2))
= 2048a7° ’
5b* (2+ B)(a* A, (15-47 ) +3( 4, — 4,0 )b* (63— 477 )
= 6dar’ ’
SHB(5(124, ~174,)b* (=63 +47° )+ 140" 4,, (-15+47° )
€4 = 2048ar’ ’
5(21a" 4y, +10a’ (A4, +24,,)b> +214,b*)(2+ B) r*
s = 164’ ’
(660a* 4,, +995a> (4, + 24, )b* +36334,b*) pr’
G677 4484°b° ’
5(21a" 4, +10a’ (4, +24,,)b* +214,b*)(2+ B) *
= 164°D’ ’
o (660a* 4,, +995a> (A4, + 24, )b* +36334,,b* ) B’
5=~ :

448a°b’

94



7(27a" 4y, +350° (A, +24,,)b” +904,b* ) (2+ B) =

Co =

324°° ’
15(21a" 4y, +10a° (4, +24,,)b° +214,b* ) (2+ B) 7*
‘0 = 16a°p’ ’
7(27a 4, +3507 (4, +24,)b* +904,*)(2+ B) 7*
= 324°0 ’
21(108a" 4,, +85a> (A4, + 24, )b* +3954,b") pr’
= 3204°° ’
21(108a" 4,, +85a> (4, + 24, )b* +3954,b") pr’
=7 320a°° ’
3(660a* A, +995a° (A, +24,)b” +36334,b*) pr’
= 4484°’ ’
15(21a* 4, +10a° (4, +24,)b +214,b*)(2+ B) 7*
s = 164’ ’
7(27a* 4, +35a (4, +24,) b +904,b*)(2+ ) 7*
o = 3240 ’
7(27a 4, +3507 (4, +24,,)b* +904,b*)(2+ B) 7*
Car 3240 ’
21(108a* 4y, +85a” (4, +24,)b” +3954,b* ) 7’
s 3204°° ’
3(660a* Ay, +995a° (A, +24,)b* +36334,b") pr’
= 448D ’
21(108a" 4,, +85a> (A4, + 24, )b* +3954,b") pr’
G0 =7 320a°h° ’
21(108a* 4y, +85a” (4, +24,)b” +3954,b* ) pr’
=T 1600’ ’
7(27a* 4, +35a (4, +24,,)b* +904,b*)(2+ ) x*
Ca = 16a’p’ ’
21(108a" 4y, +85a” (4, + 24, )b* +3954,b" ) pr’
G =T 1604’ ’
7(27a* 4, +35a7 (4, +245) b7 +904,0* ) (24 B) 2t ,
€ = 164°D’ > G5 T
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d, = b, d =0, d, -0,
16

pr [ B (12636 D, +490a* D, +10ab* (83D, + 94Dy ) ) -
724 24(3+ B(3+8))(395*D,, +10a*D,, +14a°b* (D, + 2D, )) 7* |

/4 (7008b* D, +665a*D,, +40a’h* (73D,, +110D, ) )+

g (2+B)7*
Y 192a°0 | 48(2+ B(2+ B))(60b'D,, +5a* Dy, +16a* (D, +2D,,)) 7 |

d,=0,d =0,
L 5a3ﬁ'(5A11b2 (-39935+45127° ) +14a’ (1355(-54,, + 6.4, ) +84(84,, —9A66)7r2))

’ 10368b7° ’
L 5’ (2+ ) (7a (4, - Ay, ) (~12455+ 91277 )+ 204,b” (-40607 + 26407 )

: 110592b7° ’
L 5a3ﬁ'(5A11b2 (-39935+45127° ) +14a’ (1355(—54,, + 6.4, ) +84(84,, —9A66)7r2))

’ 10368h7° ’
L 5a’ (2+)(7a° (A, — A )(~12455+ 91277 )+ 20 4,5 (40607 + 26407 )

0 110592b7° ’

SHB(5(124, =174, )b (63 +47° ) +14a> 4,, (~15+ 477 )

! 2048ar’ ’
. B (2+B)(7a° 4, (15-47)+15(124, — 4,,)b* (63477 )

. 256ax’ ’
. SHB(5(124,, =174, )b (63 +47° )+ 14> 4y, (~15+ 477 )

. 2048ar’ ’
L b (2+B)(7a* 4, (15-47)+15(124,, - 4,)b* (63-477))

o 256ar’ ’

 7(108a"4,, +85a° (4, +24,,)b* +3954,b") pr’
P 320a°p’ ’
3(99a* 4, +200a” (A4, + 244, )b +33604,b* ) (2+ ) 7*

o 256a°h’ ’

y - 7(108a* 4y, +85a" (A, + 24, )b* +3954,b* ) pr’ |

320a’b’
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3(99a" 4y, +200a” (A4, +24,)b* +33604,b° ) (2+ ) 7*

% = 2564’ ’
3(660a* 4,, +995a’ (4, +24,,)b” +36334,b* ) pr’
v 4484°b° ’
21(108a" Ay, +85a" (A, + 24, )b* +3954,b" ) pr’
o 3204°b’ ’
3(660a" 4,, +995a’ (4, +24,,)b* +36334,b" ) pr’
e 4484°b° ’
7(27a* 4y, +35a> (4, +24,,)b* +904,b" ) (2+ ) x*
22 = 32a3b3 ?
7(27a* 4y, +35a> (4, +24, )b +904,b* ) (2+ B) 7*
b = 3240 ’
9(99a* 4y, +200a” (A4, + 24, )b> +33604,b" ) (2+ B) x*
a 2564°b’ ’
21(108a" 4,, +85a° (A, + 24, )b* +3954,b* ) pr’
das =~ 3204 ’
3(660a* 4,, +995a’ (4, +24,,)b” +36334,b* ) pr’
=" 4484°b° ’
3(660a* 4,, +995a’ (4, +24,,)b* +36334,b* ) pr’
e 4484°b’ ’

7(27a" 4, +35a> (4, +24,)b* +904,b" ) (2+ ) x*
324’

dzs =

b

9(99a* 4y, +200a* (A, + 24, )b* +33604,b* ) (2+ ) *

o 256a°b’

2

7(27a* 4y, +35a> (4, +24,)b* +904,b" ) (2+ B) 7'

d.. =
30 32a3b3

9

7(27a* 4y, +35a* (A, +24,)b” +904,b*)(2+ B) 7*

s 164°b’

2

3(660a“A22 +995a% (4, +2 45, )b +3633A“b4) B’
2 224a°b°

b
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7(27a" 4y, +35a> (4, + 24, )b +904,b*)(2+ B) *

d = s
33 16a3b3
3(660a* 4,, +995a’ (A, +24,,)b” +36334,,b* ) pr’
2T 2244 » s =0

e(]:%abn_a, e=0,e,=0,e=0,¢,=0,

3(2 +ﬂ)(a2A44k44 +b2A55k55 )7[2 ﬂ(lOa2A44k44 + 21b2A55k55 )7[

es— ,eé—_ )

2ab 12ab

5a* (2+ B) (3 (A, — A ) (<63 +47° )+ 4,07 (~15+ 477 )

e, =-

64br’ ’
50’ (54,b° (—39935+45127° )+ 140 (1355(~54,, +6.4,, ) +84(84,,—94,,) 7))
“= 10368b7° ’
5a* (2+ B)(3a’ (A, — A )(<63+ 477 )+ 4,b* (~15+ 477 )
“77 64b7” ’
5a°f(54,b° (-39935+45127° ) +14a” (1355(—5 4, +6.4,, ) +84(84,—94, ) 7’ )
o = 1036867 ’
5B’ (2+B)(a* Ay, (15-47°)+3 (4, — 45, b7 (63— 47°))
= 64ar’ ’
SHB(5(124, ~174,)b* (~63+47° ) + 140’ 4, (~15+47° )
‘2= 2048ar’ ’
5B’ (2+ B)(a Ay, (15477 ) +3( 4, — 4, )b* (63— 477 )
e 64ar’ ’
SHB(5(124, ~174,,)b* (~63+ 47" ) + 140’ 4, (-15+47° ))
= 2048ar’ ’
5(21a* 4y, +10a> (4, +24,)b* +214,b")(2+ B) 7'
G = 164’ ’
(660a* 4, +995a> (4, +24,,)b” +36334,b*) pr’
G0 =7 4484’ ’
L 5(21a* 4,, +10a° (4, +24,)b* +214,b* ) (2+ B) 7*
7 = ,

16a°b’
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(660a*4,, +995a (4, +24,,)b* +36334,b*) pr’

€y =~

4484°p° ’
7(27a* 4y, +350° (A, + 24, )b* +904,b* ) (2+ B) 7*
G = 324°D ’
15(21a" 4y, +10a (A4, + 24, )b +214,b* ) p*
0= 164’ ’
7(27a" 4, +3507 (A, + 24, )b +904,b" ) (2+ B) '
= 3240 ’
21(108a* 4y, +85a” (A, +24,)b” +3954,b* ) B’
= 32040 ’
21(108a* 4y, +85a” (A, +24,,)b” +3954,,b* ) Br°
=T 3204°0° ’
3(660a* 4y, +9950° (A, +24,)b* +36334,b") pr’
e 448D ’
15(21a" 4y, +10a> (A4, + 24, )b* +214,b*)(2+ B) z*
s = 16a’0° ’
7(27a" 4y, +350° (A, +24,,) b +904,b* ) (2+ B) *
o= 3240 ’
7(27a* 4, +35a7 (A, + 24 )b” +904,b* ) (2+ B) *
= 324°0 ’
21(108a" 4y, +85a” (A4, + 24, )b +3954,b" ) pr’
S 3204°0° ’
3(660a* Ay, +995a° (A, +24,,)b* +36334,b") pr’
= 4484°° ’
21(108a* 4y, +85a” (A, + 24, )b” +3954,b* ) B’
G0 =7 32040 ’
21(108a" 4,, +85a’ (4, + 24, )b* +3954,b" ) pr’
ST 160a°’ ’
7(27a" 4y, +350° (A, + 24, )b +904,b* ) (2+ B) '
o= 164’ ’
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21(108a" 4y, +85a” (4, + 24, )b” +3954,b* ) pr’
1604’

€33 =~ >

7(27a" 4y, +350° (A, +244,) b +904,b*)(2+ B) 7*
€y = 16a3b3 5 €35 = —Clbq

z

15 . _
Jo=1gabm, /=0, £,=0, /;=0, /,=0,

e B(10a> A, k,, + 2167 Ak ) 7 e (2+ B) (50> Ak, + 24D Ak ) ° |
12ab 8ab
50’ (54,b° (-39935+ 45127 )+ 14a” (1355(=54, +6.4,, ) +84(84, —94,,) 7°)
S = 10368b7° :
5a°(2+ ﬁ)(7a2 (A, — Ay )(~12455+9127° )+ 204, b° (—40607+26407r2))
Js=- 110592b7> ’
) 5a3,8(5A11b2 (-39935+45127° ) +14a” (1355(=54,, + 6 4, ) +84(84,, —9A66)7r2))
o 10368h7° ’
5’ (2+ ) (70’ (4, — Ay, ) (~12455+9127° )+ 20 4,5 (~40607 + 26407 )|
o= 110592b7° :
S'B(5(124,, ~17 4y, )b (~63+ 477 ) +14a A4, (15 +47° )
Jn= 204847 ’
b (2+B)(7a" 4, (15-47)+15(124,, - 4, )b* (63477
S = 256an” ’
SH(5(124, =174, )b (63 +47° ) +14a 4,, (~15+ 477 )
S = 2048ar” ’
b (2+B)(7a" 4, (15-47)+15(124,, - 4,,)b* (63477
S = 256an” ’
7(108a" Ay, +85a° (A, +24,,)b* +3954,b") pr’
Ss == 320a°’ ’
3(99a* Ay, +200a” (A, +24,)b* +33604,b")(2+ f) 7*
Sio = 2564’ ’
7(108a"4,, +85a° (4, +24,, )b’ +3954,b* ) 7’
o= 320a°b° ’
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3(99a4A22 +200a° (A4, +244) b +3360A11b4)(2+ B’
256a°h’

18

9

3(660a* A, +995a° (A, + 24y )b* +36334,b* ) B’
448a°h’

19 —

b

21(108a* 4y, +85a” (A4, +24,,)b” +3954,b* ) pr’
3204°h’

20 —

2

3(660a* Ay, +995a° (A, + 24, )b* +36334,b* ) pr°
4484°b°

Jo=-

b

7(27a* 4, +35a> (4, +24,,)b” +904,b* ) (2+ B) x*
324°D°

22 4

7(27a* 4y, +35a> (A, +24,,)b” +904,b* ) (2+ B) x*

S = 324°0°

2

9(99a* 4, +200a” (A4, + 24, )b +33604,b" ) (2+ ) z*
256a’h’ ’

24 =

21(108a" Ay, +85a° (A, + 24, )b* +3954,b* ) pr’
3204°h’

Jos =

2

3(660a* 4,, +995a’ (4, + 24, )b* +36334,b" ) pr’
448a’b’

9

Jrs=—

3(660a* 4,, +995a’ (A, + 24, )b” +36334,b* ) pr’
4484°p’°

27

b

7(27a" 4, +35a> (A, + 24, )b +904,b" ) (2+ B) x*
32a°b’

S =

2

9(99a* 4,, +200a (4, + 24, )b” +33604,b*)(2+ ) 7*
2 2564°h° ’

7(27a* 4, +35a> (4, + 24, )b +904,b*)(2+ B) x*
S0 = 324°

b

7(27a* 4,, +35a7 (4, + 24, )b* +904,b* ) (2+ B) 7*
16a°p’

31 T

b

3(660a" 4,, +995a’ (4, + 24, )b +36334,b*) pr°
224a’b’

32 T

>
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7(27a* 4, +35a> (4, + 24, )b +904,b* ) (2+ B) x*

= 164’ ’
3(660a" 4, +9950” (4, +24, ) +36334,5°) pr’
= 224a’% e
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APPENDIX C

hc in the coefficients below denote with the notation ( )0. c3, ¢4, d3 and d+ below are

obtained for face sheets which are made of two symmetrical layers.

dbin d' (334, +a* A @ (A, + A )b (~15+ %)
Ay=—", a, = , a, = 5 ,a,=0,
18480 138605 Ax

5a° (3a” (A, — A )(-63+47° )+ 4, b (-15+47°))
64br’

9

a,=0,a,=0,a,=0, a,=—

5a’(7a* (A, — Ay ) (~12455+9127° )+ 20 4, b* (~40607 + 26407 )

110592b7° ’
5’ (3a” (A, — A )(-63+47° )+ 4,p*(-15+47°))
D= 64b1 ’
5a*(7a° (A4, — Ay, ) (12455 +9127° )+ 204,b° (~40607 +26407° )
ho =7 11059267 4 =0
5a°(3a’ (A, — A, )(—63+4x7 )+ A4,b* (-15+4x°
0 a(a( 12 66)( 32b72z) 1 ( ﬂ)),al3:0,al4:0,
T
5a°(7a” (4, - 4,,)(~12455+9127 )+ 204,b° (40607 + 26407 )
hs =T 55296b7° > 6 =0
a,=0
_ab"in :aS(A12+A66)b5(—15+7z2)2 , B (3374, + 04,7
18480 47* P 13860a ’

b,=0, b,=0, b, =0, b, =0,

, 5b* (a4, (15-477 ) +3( 4, — 4, )b* (63— 47°))
-

6darn’ ’
, _b3(7a2A22(15—47[2)+15(12A12—Aﬁé)b2(63—47z2))
: 256ar’ ’
sb* (a* Ay, (15-477)+3(4,, - 4 )b* (63-477))
b= 64ar’ ’
b (70> 4, (15-47)+15(124,, — 4,,)b* (63— 47 ))
b, = , b, =0,

256ar?
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5b*(a* Ay, (15-477 ) +3(4,, = 4, )b* (63477

b. =
12 32ar?

b13:0’ b14:0’

b (7a’4,, (15—47°)+15(124,, - 4, )b* (63— 477 )
128ar’

b = , bg=0,5,=0

CO:%abn_a,cl:O,czzo,
]

3_12 3b3
A ((3+ B3+ B))i2 +3(2+ B)h. (2hy, +hy ) +4(3h] +3h, by +h )a')+

7 Gb G Al + 4l ) R +8(Aly ((3+ B(3+B)) 12 +3(2+ B) by, +4h )+
) 1" T2
a’ (—45( Ay + Al ) B + 24(Afy ((3+ B(3+ B)) 2 +3(2+ B) hhy, +4h], )+
Al ((3+B(3+ )i +3(2+ B)h. (2h, +hy, ) +4(3h] +3h, by +h ))a*)+
200 (4fy (-218°h2 +8((3+ B(3+ B))h2 +3(2+ B h.h, +4h;, )7 )+
Al (—21ﬁ2h3 +8((3+ B3+ B)) 12 +3(2+ B)h, (2h, +hy, )+4(302 +3h, hy +h} ))7[2)+
2-3(Al + Al ) B0+ 848 ((3+ B(3+B)) 12 +3(2+ B)hhy, +4h )+
Al ((3+ B(3+B))h; +3(2+ B)h.(2h, +h, )+4(3h;, +3h, h, +h] )))7:2)))

—— Bh_(39b* (Alff' (2+ B)h +240h, + A4l ((2 +fB)h +2(2h, +h, )))+

C, =

6 3b3
100" (4 (24 B)h, +2485 h, + A2 ((2+ B)h +2(2h,, +h, ) )))+

14> (A (2+ B)h + 245, + Al ((2+ B)h +2(2h, +h, )+

2(A{£‘ (24 B)h+ 248 hy, + A% ((2+ B)h +2(2h,, +hy,. ))>))”3

5a° (307 (A, = A )(-63+47° )+ 4,5 (-15+47° )

¢;=0,¢,=0,c,=— , =0,

32bx?
5a° (3a” (A, — A ) (<63 +47° )+ 4,5 (-15+477 )
©=7 3267 € =0
5b*(a* Ay, (1547 ) +3( 4, — 4, )b (63— 477))
i 32ar? > 62 =0,
5b* (@’ Ay, (15-47)+3( A4, - Ay )b (63— 477))
C3 = ,¢,=0,

32ar’
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_ 5(21a* 4,, +10a° (A, +24, )b +214,b* ) z*

clS = 8a3b3 s c16 = 09
5(21a* 4, +10a° (A, +24, )b +214,b* ) z*
Ci7 = 8a’h » s =0,
7(27a" 4, +35a° (A, + 24, )b +904,b" ) z*
= 164’ ’
15(21a" 4y, +10a (A4, + 24, )b* +214,b* ) r*
0= 8a’h’ ’
7(27a* 4,, +35a° (A, + 24 )b* +904,b* ) z*
€y = 164°D° ’022209023209024:0=
15(21a* Ay, +10a’ (4, +24,)b* +214,b* ) 7*
€ = 8a’h’ ’
7(27a" 4y, +350° (A, +24,,)b> +904,b* ) *
0 = 164’5’ ’
7(27a" 4,y +35a> (4, +24,,)b” +904,b" ) 7*
Cyr = 3.3 sy =0,6,=0, 65 =0,
16a’b
7(27a* 4,, +35a° (A, + 24 )b” +904,b* ) z*
C3l :0’ 032 = 8a3b3 s C33 :O:
7(27a" 4y, +35a> (4, + 24, )b +904,b* ) z*
Gy = 8a’h » G5 =—abg,

15  _
dozgabm, d=0,d,=0,

d,= —ﬁ Sh_(39p* (A{f” (2+ B)h +247'h, + A ((2 + )b+ 2(2’% +hy, ))) +
10a* (Aszl (2+B)h +24f5h, + Al (24 B)h +2(2h,, +h,, ))) +
14a°b> (A% (2+ )b, + 245 h, + Al» ((2 +f)h. + 2(2th1 +h, )) +

2(le (2+ BYh+ 24l by, + 42 ((2+ BYh+2(2h, +h, ) A
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1
d=——
Y 5764°D?

4 ((3+B(3+B))h2+3(2+ B)h (2h, +h, )+4(3h}
Sa'(—133(Afy + A ) BP0, +96( Ay ((3+ B(3+ B)) W2 +3(2+ B)hh, +4h} )+
A5 ((3+ B+ ) +3(2+ B)h(2h,, +h, ) +4(

8a’b” (Afy (365872 +192((3+ B(3+ B))h2 +3(2+ ) hhy, +4h} )7 )+

72966 (<T3( A + Al ) B 12 + 604l ((3+ B(3+ B)) 12 +3(2+ B) by, +4h;, )+

43k, h, R )))ﬂ2)+
4(302 +3h, b, +h )))7[2)+

Al (365812 +192((3+ B(3+ B)) 2 +3(2+ BYh (2h,, +h, )+ 430, +3h, b, +17 )7 )+

2=275( A4l + Al ) B0 +192(4% ((3+ B(3+ B)) I +3(2+ B) b, +4hH] )+

AL ((3+ PG+ B +3(2+ B) R (2D, +hy, )+ 4(30, +3h, 15 )D*)
,d;=0,d,=0,d,=0,

5a* (7a’ (4, — Ay, ) (~12455+91277 ) +204,b° (~40607 + 26407° )

d, =—
s 55296b1°

5a°(7a* (A, — Ay, ) (~12455+91277 )+ 204, b° (-40607 +26407° )
55296br’

d10=_

b (7a’ 4y, (15-47°)+15(124,, - 4, )b (63— 477))
- 128ar*

b (7’ 4y, (15-47°)+15(124,, — 4, )b (63— 477
- 128ar*

3(99a* 4,, +200a” (A4, + 24, )b +33604,b* ) 7*
o 1284°h°

3(99a* 4, +200a’ (4, +24,)b* +33604,b* ) 7*
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APPENDIX D
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