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NOVEL METHODS FOR VOLTERRA FILTER REPRESENTATION,
IDENTIFICATION AND REALIZATION

SUMMARY

In this dissertation we deal with discrete-time, finite-order, time-invariant
Volterra filters. Firstly, we develop a new representation for the finite-order
Volterra filters. This representation introduces a novel partitioning of the
Volterra kernels. We know that the unit impulse response is insufficient
to fully characterize a nonlinear system unlike linear time-invariant systems.
We formulate a novel exact identification method for Volterra filters, which
uses deterministic sequences consisting of impulses with distinct levels. This
identification method is based on the novel representation we develop. The
identification method might be considered as a successful extension of the impulse
response of the linear, time-invariant systems to the realm of nonlinear systems.
The developed method indeed includes identification using the unit impulse
response as a subcase when the system under consideration is a linear system. To
our best knowledge, this method is the first full-scale generalization of the impulse
response representation to the finite order Volterra type nonlinear systems.

Our identification method is exact; hence, it calculates the exact Volterra
kernels in the absence of noise for very short length input sequences. Our
method calculates each Volterra kernel individually. The kernel estimates are
not utilized in the calculation of further kernel estimates. This property hinders
error propagation among estimates. Our method calculates directly the Volterra
kernels, instead of calculating first some intermediary representation such as the
Wiener kernels, which do not have any directly interpretable results. Our method
does not introduce and identify any kernels which are redundant for the regular
Volterra filter. Our method is parsimonious in the number of kernels identified
and in the length of the input sequence utilized to identify them.

We also show that the input sequence we develop for identification is
persistently exciting for the Volterra filters under consideration. We discuss also
the problem of ill-conditioning and the numerical properties of the algorithm.

We apply the novel identification method to the identification of the Volterra
kernels of nonlinear communication channels modelled as third-order Volterra
filters. The algorithm works for complex inputs, allowing the use of complex
baseband communication signals. Hence, the algorithm can be utilized in
the identification of baseband Volterra channel models. We demonstrate with
several simulations that the identification algorithm can produce better parameter
estimates than some most recent algorithms in the literature. We develop
simulations both for the nonlinear system identification setting, and the nonlinear
and baseband communication channel identification setting.



A secondary contribution of this dissertation is in the area of orthogonal
realizations for Volterra filters. We present a novel fully orthogonal structure for
the realization of Volterra filters. This structure is based on a recently proposed
2D orthogonal lattice model. An RLS adaptive nonlinear filter based on this
fully orthogonal structure is presented. The performance of our structure in the
adaptive system identification setting is superior to previous models from the
literature.

xii



VOLTERRA SUZGECI GOSTERILIMI, TANILAMASI VE
GERCEKLEMESI ICIN YENI YONTEMLER

OZET

Bu tezde ayrik-zaman, sinirh dereceli, zamanla-degismez Volterra siizgecleri
konu edilmektedir. Ilk olarak sl dogrusalsizik derecesine sahip Volterra
siizgecleri icin yeni bir gosterilim geligtirilmektedir. Bu gosterilimde Volterra
cekirdekleri gimdiye kadar literatiirde olmayan bir sekilde ayristirilmaktadir.

Bilindigi iizere birim darbe cevabi, dogrusal, zamanla-degismez sistemlerdeki
durumun tersine, dogrusal olmayan sistemleri tam olarak niteleyememektedir.
Tezde Volterra siizgecleri igin yeni ve kesin bir tanilama y6ntemi sunulmaktadir.
Bu yeni yontem, girig igareti olarak farkli seviyelere sahip birim darbelerden
olugan gerekirci diziler kullanmaktadir ve geligtirilen yeni gosterilime
dayanmaktadir. Yeni tanilama yéntemi dogrusal, zamanla-degismez sistemlerdeki
birim darbe cevabinin dogrusal olmayan sistemlere bagarili bir uyarlamasi olarak
diigiiniilebilir. Gergekten de bu yeni yontem, tanilanacak olan sistem dogrusal bir
sistem oldugunda, birim darbe cevabi kullamlarak tanilamay1 bir alt durum olarak
icermektedir. Bu yeni tamlama yoOntemi, birim darbe goésteriliminin Volterra
siizgeclerine ilk bagarili genellestirilmesidir.

Tezde sunulan tanilama yontemi Kkesindir; boylece gozlem giiriiltiisii
olmadiginda Volterra cekirdeklerini hatasiz kestirmektedir. Yontemde tiim
Volterra cekirdekleri ayri ayr kestirilmektedir. Cekirdek kestirimleri diger
¢ekirdeklerin bulunmasinda kullanilmamaktadir. Boéylece kestirimler arasinda
hata yayilim engellenmektedir. YOntem Wiener cekirdegi ve benzeri ara
gosterilimleri degil, dogrudan Volterra cekirdeklerini kestirmektedir.  Yeni
Volterra gosteriliminde, diizgiin Volterra siizgeci igin gerekli olan Volterra
cekirdekleri diginda kalan hicbir katsayr gerekmemektedir. Tanilama yOntemi
hem tanilanan cekirdeklerin sayisi hem de tanilama igin kullanilan girig dizilerinin
uzunlugu agisindan gereksizlikten arinmigtir. Tezde, tamlama icin kullamlan
girig dizilerinin, Volterra siizgecleri icin direngen uyarici oldugu gosterilmektedir.
Geligtirilen tanilama algoritmasinin k&tii-kogullanma sorunuyla karsilagmamasi
icin gerekli 6nlemler ve algoritmanin sayisal 6zellikleri de tartigilmaktadir.

Geligtirilen tanilama yOntemi dogrusal olmayan haberlesme kanallarinin
kestirimine uygulanmigtir. Algoritma karmagik degerli girig dizileri ve gekirdek
degerleri icin de sorunsuz caligmaktadir. Boylece temelband Volterra kanallarinin
tanilanmasinda kullamlabilmektedir. Bilgisayar benzetimleriyle tamilama
yonteminin literatiirde yakin zamanda sunulmus olan baz1 yontemlerden daha iyi
kestirim sonuclarn verdigi gosterilmigtir. Benzetimler dogrusal olmayan sistem
tanilama, dogrusal olmayan haberlesme kanali tanilama ve dogrusal olmayan
temelband haberlesme kanali tanilanmasi uygulamalar icin geligtirilmigtir.

xiii



Tezin ikincil katkisi, Volterra silizgecleri icin dik gerceklemeler alanindadir.
Volterra silizgeclerinin gerceklenmesi icin tam olarak diklige sahip yeni bir yap:
geligtirilmektedir. Bu yap1 yakin zamanda literatiire giren 2-boyutlu kafes siizgeg
modelini temel almaktadir. Geligtirilen yeni yapt RLS algoritmasiyla uyarlanan
uyarlamali, dogrusal olmayan siizgeclerin gerceklenmesinde kullanilmaktadir.
Yeni gerceklemenin uyarlamali, dogrusal olmayan sistem tanilama uygulamasinda
bagariminin, literatiirde yer alan yapilardan daha yiiksek oldugu bilgisayar
benzetimleriyle gosterilmektedir.
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1. INTRODUCTION

The use of linear system models has been well established with successful
applications. However, there are still a large number of problems where the
linear system paradigm fails and one has to resort to nonlinear system models.
Nonlinear system research has been a very active area, a fact which is attested to
by the sheer number and extent of the references listed in the recent bibliography
by Giannakis and Serpedin (2001).

As known, linear systems are fully described by their impulse response.
A linear system can be readily identified by finding the impulse response or
equivalently the frequency response. However, since nonlinear systems encompass
all systems which are not linear, there is no such unified framework for the
representation of nonlinear systems. There are various categories for modelling
nonlinear systems, such as homomorphic systems, neural networks and order-
statistic filters. In this dissertation we will be dealing with nonlinear polynomial
system models based on the Volterra series representation. Volterra filters based
on the Volterra series have been an attractive nonlinear system class due to some

desired properties. These advantages include the following:
1. Volterra filters bear similarities to the well-developed linear system theory.

2. Volterra filters can approximate a large class of nonlinear systems with a

finite number of coefficients under relatively mild conditions.

3. Many real world processes lend themselves to get modelled naturally by
polynomial systems. In many applications even polynomial systems with
low-order nonlinearities provide significant performance improvements over

their linear counterparts.

The main thesis of this dissertation is the development of a new representation

and consequently a new identification method for the Volterra filters. We know



that the unit impulse response is insufficient to fully characterize a nonlinear
system unlike linear time-invariant systems. In this dissertation we develop
an exact identification method for Volterra filters using deterministic sequences
consisting of impulses with distinct levels. Hence, we are implementing an
identification method for finite-order, time invariant Volterra filters akin to the
impulse response identification method of the linear, time-invariant systems. The
developed method indeed includes identification using the unit impulse response
as a subcase when the system under consideration is a linear system. To our best
knowledge, this method is the first full-scale generalization of the impulse response
representation to the finite order Volterra type nonlinear systems. There have
been previous attempts in this direction by Schetzen (1965) for continuous-time
Volterra filters. However, paraphrasing from Mathews and Sicuranza (2000), no
practical applications have been devised for identifying higher-order polynomial
systems using the method in Schetzen (1965), because of the inherent high
complexity. Our method on the other hand first introduces a novel representation
for Volterra filters, and then develops the identification method based on this
representation. Hence, we overcome the high complexity problem which impeded
the use of the algorithm in Schetzen (1965) for higher order systems. Our
method is exact; it calculates the exact Volterra kernels in the absence of noise
for very short length input sequences. Our method calculates each Volterra
kernel individually. The kernel estimates are not utilized in the calculation
of further kernel estimates. This hinders error propagation among estimates.
Our method calculates directly the Volterra kernels, instead of calculating first
some intermediary representation such as the Wiener kernels which do not have
any directly interpretable results. Our method does not introduce and identify
any kernels which are redundant for the regular Volterra filter. Our method
is parsimonious in the number of kernels identified and in the length of the
input sequence utilized to identify them. It is not rigorously proved in this
dissertation, but our work on the persistence of excitation strongly suggests that
our deterministic input sequences have the shortest length possible to exactly

identify the finite-order Volterra kernels.



A secondary contribution of this dissertation is in the area of orthogonal
realizations for Volterra filters. We present a novel fully orthogonal structure for
the realization of Volterra filters. This structure is based on the 2D ofthogonal
lattice structure developed in Kayran (1996b).

Most of the material in this dissertation is novel. First section of Chapter 2
gives a brief overview of polynomial systems based on Volterra series, as can be
found in references on this subject (Mathews and Sicuranza, 2000; Rugh, 1981,
Schetzen, 1989). The novel structure in Chapter 6 is based on the work in Kayran
(1996b). Hence, there is some partial overlap between this chapter and the results
in Kayran (1996b). Other than these mentioned brief overlaps, all of the material
in the dissertation is completely novel work.

The dissertation is organized as follows: Chapter 2 describes the novel
partitioning of the Volterra kernels and proves the equivalence between this setup
and the regular Volterra parameterizations. Chapter 3 describes the method to
identify the Volterra kernel vectors using multilevel deterministic input signals.
The algorithm is first described for 1-D kernel vectors, then for 2-D and 3—D
kernel vectors and the necessary matrices are defined in a step-by-step fashion.
Then, the algorithm is generalized to the identification of the ¢-D kernel vectors.
Chapter 4 discusses the persistence of excitation of the multilevel input sequence.
The condition number of the matrices whose inverses appear in the algorithm
and the problem of ill-conditioning are discussed. This chapter also includes
simulation examples comparing the performance of the developed identification
algorithm with Volterra filter identification methods present in the literature.
Chapter 5 presents an application of the novel identification method presented
in Chapter 3. The method is applied in the nonlinear communication channel
setting. The deterministic input sequence is constructed using signals from
common modulation constellations, such as QPSK. The identification method
is adapted to the case of the bandpass Volterra channels and the performance of
the algorithm is compared to competing methods. Chapter 6 presents a digression
from the main theme of this dissertation outlined in the first five chapters.
Chapter 6 introduces a novel fully orthogonal structure for the realization of

second-order Volterra filters. This structure is based on the 2D orthogonal lattice



structure. The developed realization method is utilized in the adaptive system
identification setting with RLS adaptation. Simulation results are included to
verify the superiority of the developed realization to structures from the literature,

in the adaptive setting. Chapter 7 concludes the dissertation.



2. NOVEL VOLTERRA FILTER REPRESENTATION

2.1 VOLTERRA SERIES EXPANSION

In this section we will provide an overview of the Volterra series representation
for nonlinear systems. We will outline the time-domain Volterra series and give
some of the fundamental results which are important for the understanding and

application of the Volterra series in engineering problems.

2.1.1 Time-Domain Volterra Series Expansion

A system without memory can in general be described by a suitable series
expansion. The Taylor series is a well known example for series expansions

without memory. For continuous-time systems it is given as
o0
y(t) =co+ Y _ cxzt(t) (2.1)
k=1
and for discrete-time systems as
00
y(n) =co+ Y _ cxz’(n) (2:2)
k=1

If the system under consideration is not memoryless, it can still be described by
using an extension of the Taylor expansion. The Taylor series expansion with
memory is known as the Volterra series. The naming is due to Vito Volterra,
the Italian mathematician who introduced this polynomial series (Volterra,
1887, 1959). For a general continuous-time nonlinear system the input-output
relationship is represented by the following infinite continuous-time Volterra

series integral. This integral is doubly infinite, infinite both in the order of the



nonlinearity and the length of the memory of the system.
v))=bo+ [ bima(t = m)dn
-0
+ / / ba(11, T2)x(t — T1)x(t — T2)dTidTs + . ..
—00 J —00

o< (o o]
+ / .- / bar (1, T2y« ooy Taa)2(t — 1) X(t — T2) -+ - 2(t — Tag)dTidTR - - - dTyg

+...

(2.3)
The equivalent discrete-time Volterra series sum is given as follows:
y(n = b() + Z 1 11)117 - il)
" e
+ Z Z by (i1, i2)z(n — i1)z(n —is) + ...
1=—00 §3=—00
o0
+ Z Z bM(Zl,Zg, ZM)IB(H—Zl)J?(TL—Zz)CL’(n—ZM)
§1=—00 ip=—00
+..
(2.4)

The validity and applicability of the infinite and finite Volterra series
expansions in the description of general nonlinear systems has been subject to
much scrutiny (Boyd and Chua, 1985; Palm and Poggio, 1985; Sandberg, 1983).
The Weierstrass approximation theorem is of primary importance in justifying
the use of polynomial expansions in the input-output description of systems.
The statement of Weierstrass’s theorem is as follows (Mathews and Sicuranza,

2000):

Theorem 2.1 [Weierstrass| Let f(\) be a continuous, real-valued function on
the closed interval (A1, Ao]. For any € > 0, there ezists a real polynomial P(\)
such that |f(A) — P(A)| < € for all A € (A1, Ag).

The Weierstrass theorem proposes that every continuous function defined on
an interval [A;, Ao] can be uniformly approximated as closely as desired by a
polynomial function. A generalization of this theorem is the Stone-Weierstrass
theorem. The Stone-Weierstrass theorem extends the Weierstrass theorem to the
realm of compact signal spaces and functional mappings instead of real-valued

functions defined on some closed interval [A;, A;] (Mathews and Sicuranza, 2000).



Using the Stone-Weierstrass theorem researchers have shown that a large class of
nonlinear sy%tems can be uniformly approximated by the Volterra series expansion
on a ball of bounded inputs (Sandberg, 1992). This result is valid not only for
the infinite Volterra series as given in (2.3) and (2.4), but it is also valid for
the truncated Volterra series. Hence, especially from an empirical viewpoint,
the truncated Volterra series is suitable for the modelling of a wide variety of
nonlinearities encountered in real-life systems. As a result, truncated Volterra
series has found applications in an encompassing range of problems, where linear
systems failed to provide adequate performance (Cheng and Powers, 2001; Ching
and Powers, 1993; Frank, 1995; Hermann, 1990; Marmarelis and Naka, 1972;
Mathews and Sicuranza, 2000; Ozden et al., 1996b, 1997, 1998; Shi and Hecox,
1991).

2.1.2 Truncated Volterra Series Sum

The truncated or doubly finite Volterra series is obtained by confining the infinite
summations in (2.3) and (2.4) to sufficiently large but finite values. In this
thesis we will be concerned with discrete-time, causal, finite-memory, time-
invariant nonlinear systems described by the discrete-time, truncated Volterra
series expansion as given below.

y(n) =B+ ) _bilin)z(n — i)

i1=0

N N
+ Z Z ba(i1,92)z(n — i1)z(n — i) + ...

31=0 ia=0

N N N
-+ Z Z e Z EM(il,iz, . ,ZM)$(TZ - zl)x(n - 22) o iL'(TL - ZM)
i3=0 i2=0 iar=0

(2.5)
The m™ order term with m summations as incorporated in the Volterra series
expansion of (2.5) includes (N + 1)™ coefficients, m = 1,2,...,M. The
representation in (2.5) assumes that for each different permutation of the indices
{i1,42,...,1im} there is a distinct coefficient in the Volterra series. However, all
the different permutations of the same set of indices multiply the same term

(z(n — i1)z(n — 42)---z(n — im)). Hence, the Volterra series can actually

be uniquely represented by a fewer number of coeflicients. Therefore the



generic kernel by, (41,49, .. .,%m) can be replaced by a so called symmetric kernel

bm,sym (41,92, - - -, im) to be defined as follows.

- .. ) 1
bm,sym(zla 22y... 77fm) = IW(i1 i F )'
) sy ¥m

Z b (in (1), bn(2)s - - 2 bngm))  (2.6)
m(-)

Here the summation is over all the distinct permutations 7 (-) of the given set of
indices {41,142, ..., %m}. |7(i1,%2,...,%m)| defines the total number of these possible -
permutations (Mathews and Sicuranza, 2000, 33-35).

The redundancy of the coefficients in the generic Volterra series can be utilized
to derive another equivalent form which will be more suitable for our studies. We
can introduce new coefficients defined as

b (i1, 625+ 6m) = D b (in(1)s bm(2) - - -+ br(em)) (2.7)
(")
The sum in (2.7) is over all the distinct permutations 7 (-) of the given set of indices

{i1,92,...,im}. After this definition, the truncated Volterra series is given as

N
y(n) =bo+ Y bi(ir)z(n —in)

41=0
N N
+ Z Z bg(il,iz)x(n - zl):v(n — 22) +...
11=0d2=1;
N N N
+3 N D7 bulin e sin)a(n — i)z(n — dg) - z(n — ipg)
11=0149=11 IM=tpM—1

(2.8)
This representation is called as the triangular Volterra representation and
the corresponding kernels are called as the triangular Volterra kernels in the
literature (Mathews and Sicuranza, 2000). In this thesis we will be calling this
representation as the Volterra filter. The corresponding kernels will be called as
the triangular Volterra kernels or simply as the Volterra kernels to avoid confusion.

The number of kernels in the redundant Volterra representation in (2.5) is

M
C’redunda.nt = Z(N + 1)m =

m=0

(N + 1)M+1 _ 1
N

(2.9)

The number of kernels in the triangular Volterra representation in (2.8) is on the
other hand given as

Ctﬁangﬂm=i(N+m)=(N+AAj+l) (210)

m=0 m



Table 2.1: Total number of kernels for the redundant and triangular
representations of a-Volterra filter with N = 8 as a function of nonlinearity
order M.

M Credundant Ctria,ngula.r
1 10 10
2 91 55
3 820 220
4 7381 715
) 66430 2002
6 597871 5005
7 5380840 11440
8 48427561 24310
9 435848050 48620
10 3922632451 92378

The saving in the number of kernels by using the symmetry property is
measured by the ratio Credundant/Cirianguiar- As N — 00, this ratio tends to M!
asymptotically. Hence, there is a significant reduction in the number of required
kernels by using the triangular representation. Table 2.1 presents the distribution
of the number of kernels for the redundant and triangular representations of a
Volterra filter. The Voltarra filter under consideration has N = 8 and the number
of kernels are shown as a function of the nonlinearity order M = 1,2,...,10.

The kernel symmetry in the symmetric representation can be utilized
in another way to develop the so called regular kernel representation
Em,reg(kl, ko,...,km). The regular Volterra representation can be derived from
the triangular representation via a variable exchange. When we substitute

km = tm — im—y for m =2,3,..., M and k; =4, in (2.8), this equation becomes

N
y(n) = 50,7‘eg + Z El,reg(kl)x(n - kl)
k1=0
N N-k

+ ) Bareglln, ka)z(n — k)z(n — ki — ko) + ...
k1=0 ko=0
N N-k N—ky—-—kpr—1

+3 5 Y Buegkika e k)

k1=0 ka=0 kar=0
xz(n—ki)z(n—ki —ks)---z(n—ky —---— k)
(2.11)

Fig. 2.1 shows the different kernel supports for symmetric, triangular, and regular

representations of the quadratic part of a Volterra filter. Fig. 2.2 provides an



example for the relationship of the kernel values for the redundant, symmetric,
triangular, and regular representations of the quadratic part of a Volterra filter.
As we stated earlier, in this thesis we will consider the triangular representation
as the standard representation for the Volterra filter. We will use the triangular
representation as the starting point for our studies to develop novel Volterra

representations.

Redundant Symmetric Triangular Regular

ba (i1, 12) ba,sym (61, i2) b (41,%2) boreg (K1, k2)
0<4 <N 0<i1 <N 0<i <N 0<k <N
0<i<N 0<ia <N i <ip <N 0<k:<N-k

Figure 2.1: Different kernel support regions for the redundant, symmetric,
triangular, and regular representations of the quadratic part of a Volterra filter.

I iy iy k,
7 8 9 5 7 9 1014 9 10
4 5 6 3 5 7 6 5 6 14
1 2 3 1 3 5 1 15 9
il il il 1

Redundant Symmetric Triangular Regular

ba(i1, %2) bo, sym (i1, i2) ba(i1,42) b2,req (1, k2)
0<4 <2 0<i <2 0<i; <2 0<k <2
0<%, <2 0<i, <2 i1 <99 <2 0<hk <2~k

Figure 2.2: An example showing kernel values of the redundant, symmetric,
triangular, and regular representations for the quadratic part of a Volterra filter,
N =2
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The output y(n) in (2.8) can be rewritten as below.

y(n) = Nz(n)] = 3 wa(n) (2.12)
k=0
in which
Yr(n) = Bilz(n)] (2.12b)

NT-] represents the nonlinear system under consideration. Bg[-] represents
a k'-order Volterra subsystem with an input-output relationship comstituting
k summations. The input-output relation for each of these subsystems is as

indicated below.

yk(n) = Bi[z(n)]

N N N
=D > blinydn, .. ie)z(n — d)T(n — i) -+ 2(n — i)

G=0i=i1  Gp=igp_1

(2.12¢)
Here, by (i1,12,--.,%) is the Volterra kernel of degree k. M is the order of the
highest nonlinearity present in the system. The upper limit in the sums, N, is the
memory length of the nonlinear system. In general form, this memory length can
be chosen different for all the sums of different nonlinearity order. However, in the
literature it has been customary to chose all the memory terms equivalent without
loss of generality (Mathews and Sicuranza, 2000, p.26). The input-output relation
as in (2.8) and (2.12), given by the truncated Volterra series sum is referred to in
the literature as a Volterra filter, Volterra system or Volterra channel depending
on the context and the kind of input signal used. The input-output relationship
of the nonlinear Volterra filter M| is shown pictorially in Fig. 2.3. The output
of the nonlinear Volterra filter N can be decomposed in terms of the outputs of

subsystems By (2.12). Fig. 2.4 depicts this decomposition.

n)— NI[-] F—un)

Figure 2.3: The input-output relationship of the nonlinear Volterra filter M - ].

11



Y
=

iy

y,(n)

Figure 2.4: The nonlinear Volterra filter N as a sum of nonlinear subsystems Bj.

2.2 NOVEL MULTIVARIATE KERNEL VECTOR
REPRESENTATION FOR VOLTERRA FILTERS

In this section, the M™-order discrete, causal, time-invariant Volterra system is
reformulated in terms of the multivariate cross-term complexity of the Volterra
kernels, and a new representation for the Volterra system is given. This novel
representation will enable us to devise an exact closed form algorithm, for
identifying the Volterra kernels using deterministic multilevel sequences, in the

coming chapters.

2.2.1 Multivariate Kernel Vector Representation

The M™-order nonlinear system, A[-], under consideration can be modelled by
the triangular representation as outlined in the previous section. The open form
given in (2.8) can be rewritten in a more compact way as given below. From now

on, the constant term by in the Volterra series expansion is skipped, since it does

12



not have any significance in the identification setting we are interested in.

M N N N
= Z Z Z b (41,82, ..., i) x(n —i1)x(n —d9) - - - z(n — i)
k=1 i1=012=0y ip=ip—1

N vl
e

Bi[z(n)]

(2.13)

Here N is the memory length of the nonlinear system and by (41, %2, . . -, i) is the
Volterra kernel of degree k. In this section we introduce a new representation
for the Volterra system by rearranging the Volterra kernels. We propose that
the output y(n) can be considered as the sum of the outputs of M different

multivariate cross-term nonlinear subsystems, H®), £ =1,..., M. Hence,
M
y(n) = Nz(n)] = > _y¥(n) (2.14a)
=1
in which
y©@(n) = HO[z(n)] (2.14b)

Fig. 2.5 depicts the decomposition of the output of A/ in terms of the outputs of
cross-term subsystems H(9. The input-output relation for each of the subsystems

HO, ¢ =1,2,...,M is as indicated below.

HO[z(n)] Zh(l)T xM(n — 1)

=0
") Qe—1 N—ge1

H(e)[x(n)] =Z toe Z Z h(e)T(QIa cerse—1; 7’) x(@) (qla vy Q13N — 7')

=1 ge—1=1 =0
for2<ié< M
(2.15)

In this novel representation, Q; = N+1+j—¢—g;—1forj=1,...,¢~1, with

m = 1+ *+qn and go = 0. The symbol H¥[.], which represents £ summations,
is called as an £-D cross-term Volterra subsystem and h® (qu,...,qe_1;1) is called
as an £-D kernel vector. The 1-D kernel vectors h((s) and the corresponding

input vectors x(n) can be given in terms of the triangular kernels and the

13



y
=

L/

y*(n)

Figure 2.5: The novel decomposition for the nonlinear Volterra filter A/ as a sum
of cross-term subsystems H©, £=1,..., M.

input signal z(n), respectively.

) (9) by (i)
hs (i bo(%, 1
) = "2 9] 2 (i) (2.16a)
hY () bm(iy - . ,1)
z%(n
xM(n) = ( ) (2.16b)
z¥(n)
The £-D input vector in (2.15) can be expressed in the following form:
xg; (g1, Qe-1;7m)
x9 (q1,...,q0_1;n) = Xe41(d1 - ..-,qe_1;n) (2.17a)
X%[)(Qh cees o1, n)
in which
(g1, qeenn) =z(n) z(n—q1) -~ 2(n—q — -+ — gpa) (2.17b)

14



xff)(ql, e Qe_1im) = [:c,(fl"" pe) (g1, -+, Qe—1;1M) ] (2.17¢)
a(ply"')pl)

The subinput vector xg) (g1,-.5qe-1;n) for k=£,0+1,..., M in (2.17a) consists
of all possible input products of degree k.

PP (g geyin) = 2P (n) 2 (n —q1) - TP (n— g — - — ge_1) (2.18)

o(p1,Dps, ..., pe) defines all the possible combinations for p;, i = 1,2,...,4. The
condition imposed on p;, ¢ = 1,2,...,£ is, first that their sum is equal to &
(3¢_, p: = k), and second that they are positive integers (p; > 0). Under these
conditions there are a total of (§_!) = (£~}) possible combinations. Hence, the

k—e
length of the subinput vector x,(f)(ql, .-yQe—1;m) in (2.17b) is

k-1
L = (2 _ 1) (2.19)

The overall £-D input vector in (2.17a) has a total of
M M
k—1 M
> Lie= Z( ) = ( ) (2.20)
k=t AUy ¢

terms. Therefore, the length of the input vector x¥(qy,...,q.1;n) in (2.17a) is

. (1‘2" ) (2.21)

Example 2.1: We consider £ =3 and M = 5. x©® (g1, ¢2; n) will be given as

3) .
2733 (q17 q2; n)
x® (q1,q25m) = Xfl )(Q1,CI2;TL) (2.22)
3
x® (g1, go; )

Here,
2 (@, g3 ) = z(n)z(n—q1)z(n—q1 — q2) (2.23)
For x{)(q1,q2;n), the () = 3 possible combinations can be written as
o(p1,p2,p3) = {(2,1,1) (1,2,1), (1, 1,2)}. Hence, xf’)(ql,qz;n) is written as
z’(n) (n — q1) (n — @1 — g2)

xD (@1, gzsn) = |z(n) 22(n— @1) 2(n — ¢ — @o) (2.24)
x(n) x(n - Ch) 372(" —q1— Q2)

For x(gi,qa;m), all (;) = 6 possible combinations can be written as

o(pu,pe,p3) = {(3,1,1) (2,2,1), (2,1,2), (1,3,1), (1,2,2), (1,1,3)}. Therefore,

15



xf')(ql, ¢2; M) is written as

23(n) 2(n — 1) 2(n — g1 — g2)
ngn; 332((% - qa) ggn —q — ng
r°n :t:n—ql z n—ql—q2

2(n) 23(n — @) 2(n — g1 — go) (225)
z(n) 2%(n — q1) 22(n — @ — o)
2(n) 3(n — q1) 23(n — q1 — o) |

x (g1, ga;m) =

d
The £-D kernel vectors in (2.15) can be written in terms of subkernels as
hg))((h, RN TR )
h yeeesQo_1;t
h(e) (qh e oey Qe—1; Z) = ¢+l (ql . Gt ) (226&)
hglzl)(qla tee QK—l;i)
in which
h (g, qem138) = BV @, g ) (2.26b)
and
h® o ) =2 h(m,pz,.--pe) a 2.9
k (qh <oy Ge—13 7’) = k ((h, «rey GQo—1; Z) (p1,P2,-1Pe) ( . 6C)

Here, the subkernel vector hff)(ql, ..., qe-1;1) corresponds to the subinput vector
x,(f)(ql, .vvyqe—1;n — i) defined in (2.17c). hg)(ql,...,qg_l;z') consists of all the
Volterra kernels of degree k with £ cross-terms.

Example 2.2: Continuing the previous example, let us consider £ = 3 and

M =5.
W2 (g1, 2;9)
h® (g1, 253) = | b (g1, go; %) (2.27)
h?) (1,923 %)
Here,

B (g1, 4231) = h§" (g1, o3 1) (2.28)

hff’) (g1, ge; %) for £ = 3 can be written as,

- hz(xi’:i) (g1, 993 %)

bV (g1, g239) = | R (qy, o3 4) (2.29)
1,1,2 )
hz(1 )(fh,fb;l)

16



hgs)(ql, go; 1) is written as,

h$ Y (g1, gas i)
h%2’2’1; (1, 9239)
. R (qr, gos
h?) (q1,¢252) = ?1,3,1) (@ C]z. ) (2.30)
h5 (Q17 q2; Z)
1,2,2
h$* (g1, g334)
1,1,3
D (g1, g234)
O
2.2.2 Equivalence Between the Novel Representation and the
Regular Representation
There exists an equivalent triangular Volterra kernel b (i1, 42, ...,4) as given in

(2.13) for each component of the subkernel vector hg) (q1,---,Ge-1;%) in (2.26), and
the relationship between the triangular Volterra kernels and cross-term Volterra

kernels is as given below.

PPoP2O) (0, gy 155) = by(a, B, - - k) (2.31a)
where,
(i for 1<5<m
i+aq for p1+1<j<pi+pe
ij=Sti+a+aq for pr+p2+1<j<p1+p2+0p3 (2.31b)

i+qutet g for prtedtpa+1<iSpt+p

(2.31) can be rewritten as,

hg’phpz,--.,m)(ql, sew 7QZ—1;7:) = bk(i, v ai7é+ qu- .. ’i + 61} .. a3+ QK—I) s ai +C.—I-€—5)

s

p1 P2 Pe

(2.32)

Example 2.3: We continue with Example 2.2. Using (2.31), we want to find
the representations for the kernel vectors, but this time in terms of the Volterra
kernels. Using (2.31), the kernel vectors for £ = 3 and M = 5 can now be written

as

h$ (g1, q23) = bs(i, i + qu,i + @) (2.33)

17



o R (g1, g03 4) bali,i,i+ q1yi + o)
h4)(q1,q2;i)= (121)((11#12, i) = |ba(d, i +qu,i+q1,0+ g2) (2.34)
B gy, gosd) ba(i,5+ qu, i + G2, + @)
-h(311)( )- _ L. 3 -
(2.2,1) 91,921 b5(z,z,z,z-|-q1,z+q2)
h(212 (q1,92; 1) bs(i,4,5 + qu, % + g1, i + g2)
. hy (Q1q Z) bs(i,%,% + q1,% + Ga, % + g2)
b (g1, g233) = ’ = |, 2\ H T ALET AL YT 2.35
@mﬂmﬂz) %@me+mﬁ+@ﬁ+m
_hgl,l:s (Q17Q27 )_ - 5(%,Z+(Z1,Z+ Gt g2 +q2)-
CJ

Example 2.4: Let us give an example for the novel representation for a
system with M = 3 and N = 2. The usual (triangular) Volterra representation

is given in the following form.

= Z bi(i1)z(n —is) + Z Z be (i1, ig)z(n — i1)x(n — i2)

11=0 t1=01i2=11

+ Z Z Z b3 (i1, %2,3)x(n — i1)z(n — i9)z(n — i3)

$1=0149=141 ig=ia

=by(0)z(n) + by(1)z(n — 1) + by (2)z(n — 2) + by(0, 0)z3(n)
+ by(1,1)2%(n — 1) + by(2, 2)2%(n — 2) + by(0, Dz(n)z(n — 1)
+ by(1,2)z(n — 1)z(n — 2) + b2(0, 2)z(n)z(n — 2) + b3(0,0,0)z(n)
+b3(1,1, 1)z3(n — 1) + 63(2,2,2)z3(n — 2) + b5(0,0, 1)z*(n)z(n — 1)
+b3(1,1,2)2%(n — Da(n — 2) + b5(0, 0, 2)z*(n)z(n — 2)
+ b3(0, 1, D)z(n)z?(n — 1) + b3(1,2,2)z(n — 1)z%(n — 2)

+ b3(0,2,2)z(n)z*(n — 2) + b3(0, 1, 2)z(n)z(n — 1)z(n — 2)
(2.36)
For this Volterra filter, using (2.14), the novel representation that we introduced

will be given as follows.
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2 2—q1

Zh(l)T ) xV(n —4) + ZZh(2) (q1;9)x@(q1;n — )

=0 q1=1i=0
2—q12—q3

+ Z ZZh(s) a1, 42;8) X (g1, ga;m — 1)

q1=1 ga=1i=0

=ih(1)T () xW(n — i)

=0

+h®7(1;0)x@(1;n) + h®7(1; 1)x®P (1;n — 1) + h@7 (2;,0)x? (2; )
+h®"(1,1,0) x®¥(1, ;)

2N0 b1(3)
W) = [rP@6) | = [bg(i,i) } ,fori=0,1,2
b

Here,

h,:(ga)(z) 3(i7 1, Z)

z(n —1)
xD(n—i)=| 22(n—1i) |,fori=0,1,2

z3(n — 1)
(11 1.
a2 [ 8w ] _ | g | [ 200
=[50 - [zmi% o|- |

2) /1. 1 (1;n) z(n—1
x® (1) = [ x%;(l,n ] (2 1)(1 o) z(n)x(n - 1))
; (1 (12)(1; ) x(n)xz(n —1)

T h(2)(1 1) h§12)gl 1; - b§(1:232)

)(1 n—1) z(n—1 2
x(z)(l;n—l) = [ )(1 n—1) ] - [ (21)( ~1) |V ((n—1))m((7:z—2)) }

x$)(1;n — 1) (1D (1:0 — 1) z(n — 1)z%(n — 2)

h(l Y(2;0)

2

h?(2;0) = [ h(21(2 0) h(2 V(2;0) b3 0 0 2
hg?(2;0) h“ 2>(2 0) b3 0,2 2)

(2)
@) /. 5 (2;n) z(n)z(n — 2)
x@(2;n) = [ ié)g’g ] — l: 22 1;(2 n) } |: z(f)z)zgn - 2; ]
3\ 12(2n) z(n)z?(n —

h®(1,1;0) = [ rHY (1, 1;0) ] = [ 55(0,1,2) ]
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x®(1,1;n) = [ 91, 1;n) ] = [ z(n)z(n — 1)z(n - 2) ]

O
Example 2.5: We consider a quadratic Volterra filter with M = 2 and
N = 3. The usual (triangular) Volterra representation can be written in the

following form.

3 3 3
= bila)s(n—i)+ Y Y balin,iz)a(n — in)a(n — ip)

21=0 11=0143=i1

= by(0)z(n) + by(Dz(n — 1) + by (2)z(n — 2) + by (3)z(n — 3)

+ b5(0,0)z%(n) + ba(1, 1)z%(n — 1) + bo(2,2)z%(n — 2) + by(3, 3)z*(n — 3)
+ by(0,
+ b2(0, 2)z(n)z(n — 2) + ba(1,3)z(n — 1)z(n — 3)
(0,3)z(n)z(n — 3)

Dz(n)z(n — 1) + ba(1,2)z(n — 1)z(n — 2) + b2(2, 3)z(n — 2)z(n — 3)

+ by
(2.37)

For this Volterra filter, using (2.14) the novel representation becomes:

3 3—q1

) = 3 W) x O — ) 4 33 B (g P (i i)

=0 q1=1i=0
The cross-term kernels for this novel representation are determined in terms of

the triangular Volterra kernels as follows.

1 (0) = b:(0)

(1) = by (1) h$"Y (1;0) = b5(0,1)

hP (@) = b:(2) h$"V(1;1) = bs(1,2)

PV (3) = bi(3) rs(1;2) = bo(2,3) (2.38)
h$(0) = 5,(0,0) h$"(2;0) = b(0,2) '

R (1) = ba(1,1) h$D(2;1) = by(1, 3)

P (2) = by(2,2) K"V (3;0) = b2(0,3)

K = 13,9
The relationship between the triangular Volterra kernels and cross-term Volterra
kernels for this quadratic Volterra filter are depicted also in Fig. 2.6. This
figure outlines the novel grouping of the Volterra kernels in terms of cross-term

complexity rather than nonlinearity order. O
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P CEU B A G e GO O

Figure 2.6: The relationship between the triangular Volterra kernels and cross-
term Volterra kernels for a quadratic Volterra filter with N = 3 as given in
Example 2.2.

2.2.3 Kernel Complexity for the Novel Volterra Filter

Representation

The novel cross-product kernel representation presented in this section does not
increase the number of kernels Ciianguiar in the Volterra filter, where Cirianguiar is
the total number of kernels in (2.13). However, many identification procedures
presented in recent years require high number of unnecessary kernel computations
(Nowak and Van Veen, 1994b; Parker and Perry, 1981). Nowak and Van Veen
(1994Db) introduces temsor products for the Volterra filter representation of
nonlinear systems. Tensor products generate product terms that are not required
for the evaluation of the regular Volterra filter as given in (2.13). These redundant
product terms have nonlinearity orders higher than M, which is the order
of nonlinearity for the system under consideration. This representation with
many redundant kernels was termed as an extended Volterra filter (Nowak and
Van Veen, 1994b). Our representation completely avoids such redundancy.

To calculate the number of kernels in the novel cross-term representation we
need the number of /-D kernel vectors utilized for the realization of each ¢-D

subsystem H(®. From the definition of the subsystems as given in (2.15), we can
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calculate that the total number of ¢-D kernel vectors is

C, = (N N 1) (2.39)

Using the length of the £-D kernel vectors as calculated in (2.21) and the total
number of ¢-D kernel vectors as given in (2.39), the number of kernels in the novel

cross-term representation can be evaluated as given below.

M M
N+1\ /M N+M+1
Ccross—term = ZCZLE = Z( / )(2) = ( M ) -1 (2.40)

=1 =1
Hence, the number of kernels in the novel cross-term representation is equivalent

to the number of kernels in the triangular representation, i.e.,

N—I—1W+1)_1

Ccross-term = Ctria.n lar =
&4 M

For Example 2.1, it is seen that the number of kernel coefficients in both the
cross-term and triangular representations are equal to Cisanguiar = Ceross-term =
(VM) —1 = (*73+1) —1 = 19. On the other hand, in the case of Example 2.2, the
number of kernel coefficients in both the cross-term and triangular representations

2.2.4 Novel Representation as a Sum of 1-D Convolutions

Another way to think about (2.15) is as a parallel combination of 1-D LTT filters.

If we define new filters with impulse responses hg?l wn(® = h®(q,...,q_1;n)
and new signals ng;)lmqe_l)(n) =x©(qy,...,q_1;n), then (2.15) can be rewritten
as’

HOfz(n)] =h®" (n) * xW (n)
Q1 Qo1 (Z)T ©
©
H [x Z Z (q1y-+92—1) n) *x(ql,...,qg_l)(n) (2'41)

q1=1 q-1=1
for2<i< M

13 ”

Here, is the linear convolution operation, and Q; = N +1+ j — £ — g;_; for
j=1...,0—1, with G =q1 + -+ ¢ and o = 0. As we see in (2.41), the
output of the subsystem H®, therefore the output of the overall Volterra filter
can be expressed as a parallel combination of linear filters applied to nonlinear

combinations of the input z(n). This realization as a sum of linear filters is
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X (n)
(1.1.1..,1) 0
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nonlinear ©
input x(1,1,1...,3)(n) 7
m(n) combinations > h((?,l,l ,3)("') o y( ) (n)
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Y °
. °
° °
9
x (n)
(N+2-21,....1) ®
:h(N+2-2,1 ..... 1)(n)

Figure 2.7: The subsystem H realized as a parallel combination of linear filters
applied to nonlinear combinations of the input z(n).

depicted in Fig. 2.7. From the definition of the /-D subsystem H® as given

in (2.15), we can deduce that the total number of possible combinations for

{1,902, -, qe-1} s,
O — ( N ) (2.42)
£—1
Hence, the number of linear filters in (2.41) utilized in the realization of the
subsystem H® is (V).

A similar break-up of the Volterra system was proposed in Raz and Van Veen
(1998) and Raz (1998). It is called as the Diagonal Coordinate System (DCS)
for the discrete-time finite memory Volterra filters. In Raz and Van Veen (1998),
the output of the k*-order Volterra subsystem (as given in (2.12)) is expressed
as a sum of 1-D convolutions, where the linear filter coefficients are obtained
from the diagonals of the sampled hypercube defined by the k*-order Volterra
kernels. This representation in Raz and Van Veen (1998) parallels the one
used for the identification of continuous-time Volterra filters given in Schetzen
(1965). Our novel representation is similar to the DCS, in that the linear filter

coefficients in DCS are given in a coordinate system analogous to our delay

variables, (q1,...,q;). However, we group the linear filters differently, introducing
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the concept of delay-wise dimensionality and cross-term subsystem, rather than
using the multiplicational order of the Volterra kernels to group the kernels. This
novel grouping enables us to devise an exact closed form algorithm for identifying

the Volterra kernels using deterministic multilevel sequences.
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3. IDENTIFICATION OF THE KERNEL VECTORS
USING MULTILEVEL INPUT SIGNALS

Nonlinear system identification is important due to the shortcoming of linear
models when applied to inherently nonlinear problems which are abundant in
real life applications (Cheng and Powers, 2001; Mathews and Sicuranza, 2000).
Typical examples include trying to relate two signals whose significant spectral
components do not overlap, satellite communication channels (Benedetto and
Biglieri, 1983; Biglieri et al., 1988; Lazzarin et al., 1994; Ozden et al., 1996b, 1998;
Tseng and Powers, 1993) where amplifiers are operated near saturation, magnetic
recording channels (Hermann, 1990; Ozden et al., 1997) or biological systems
(Marmarelis and Marmarelis, 1978; Marmarelis and Naka, 1972). The truncated
(or “doubly finite”) Volterra series representation constitutes an appealing
nonlinear system model, since the output is linearly dependent on the kernel
parameters, hence making the identification process mathematically tractable
(Mathews and Sicuranza, 2000, p.29). Since Wiener introduced the use of the
Volterra series for nonlinear modelling in engineering problems (Wiener, 1958),
researchers have developed several methods for the estimation of the Volterra
kernels. The most common class of Volterra system identification methods
include cross-correlation methods based on random inputs (Billings, 1980; Rugh,
1981; Schetzen, 1989). In this class some effort has been directed towards
Gaussian inputs because their higher order moments are tractable (Koukoulas
and Kalouptsidis, 1995; Lee and Schetzen, 1965; Schetzen, 1974; Tick, 1961).
However the results are non-trivial and prone to error due to their sequential
nature where error in one kernel estimate propagates to the next. In similar vein
use of PSK inputs which also have many vanishing moments has been considered
(Zhou and Giannakis, 1997). With these sequences, the Volterra kernels are

made orthogonal to each other and they are estimated separately. However, still
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the closed form results depend on higher order cumulants and hence necessitate
relatively long input sequences.

Harmonic probing methods using multitone signals to determine frequency
domain Volterra kernels have also been developed (Boyd et al., 1983; Chua and
Liao, 1983). Another attractive approach is the use of pseudorandom multilevel
sequences (PRMS) (Nowak and Van Veen, 1994b). Encouraged by the use of
pseudorandom binary sequences (PRBS) for linear system identification, PRMS
which can be chosen to be persistently exciting for any finite order Volterra
system were considered for nonlinear system identification. However, as stated
in Nowak and Van Veen (1994b) PRMS include input sequences which are
redundant for the identification of a regular Volterra system. The condition on
the order of the PRMS to guarantee persistence of excitation is necessary for the
extended Volterra filter, which is introduced using Kronecker products (Nowak
and Van Veen, 1994b). However, this condition is sufficient but not necessary for
the regular Volterra filter and this introduces redundancy. The PRMS includes
input sequences which are unnecessary when the system under consideration is a
regular Volterra filter.

The use of deterministic signals in Volterra system identification has been first
proposed in Schetzen (1965). It is viable to identify the kernels of a truncated
Volterra filter using impulses at the input of the system. This approach was used
in Schetzen (1965) for the continuous-time case and it was shown that a p*-order
kernel can be completely determined using p distinct impulses at the input of the
system. This method was applied to the design of discrete-time two-dimensional
(2-D) quadratic filters in Ramponi (1990). However, for systems with orders
higher than two no practical algorithms or applications were devised, because of
the high complexity of this approach (Mathews and Sicuranza, 2000, pp.38-39).

In this chapter, we focus on deterministic excitation sequences for the
identification of nonlinear systems modelled using the truncated Volterra series
representation. In the previous chapter we proposed a novel partitioning of the
Volterra kernels. This representation will result in simple closed form solutions
for the kernels when deterministic multilevel input sequences are used. Kernels

are estimated separately hence error propagation is prevented. In this kernels are
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calculated using past outputs rather than using lower order kernel estimates. This
provides robustness to noise and simplicity of implementation. Special matrices,
which can be calculated recursively are utilized to form the input ensembles and
to pick up the correct past outputs which should be subtracted. These matrices
supply us with a closed form formula, and the high complexity problem which
impeded the use of the algorithm in Schetzen (1965) for higher order systems
is overcome. QOur algorithm utilizes only the necessary input sequences and
eliminates redundancy. The proposed identification algorithm is simulated for
two Volterra systems of different orders and memory lengths, and its performance
is compared with existing recent algorithms (Nowak and Van Veen, 1994a,b; Zhou
and Giannakis, 1997).

In the coming sections, we derive an efficient algorithm to identify the kernel
vectors h® (g1,--.,Qe—1;%) defined in (2.26) by using multilevel input sequences
with £ distinct impulses. Starting to identify the kernel vectors with one cross-
term (£ = 1), which will be called as the 1-D kernel vectors, all other kernel
vectors with increasing cross-term complexity can be determined by using only the
present and the appropriate previous outputs of the lower dimensional subsystems
given in (2.14). In order to explain this identification technique, we shall
first discuss the procedure for determining Volterra kernels of one-, two-, and
three-dimensional subsystems. The generalization of the procedure to the ¢-D

subsystems will then be given.

3.1 1-D KERNEL VECTORS AND THE ENSEMBLE INPUT
MATRIX
3.1.1 Introduction

We restate (2.14) here to recall the novel representation we developed for the Mt

order discrete Volterra filter.

y(n) = Nz(n)] = > _ v (n) (3.1a)
=1
in which,
y@(n) = HO[z(n)] (3.1b)
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N

HO[z(n)] =>_ WM (G) xV(n — i)
i=0
Qe—1 N—Ge—y

HOlz(n) Z SN 09 qy, . 0m131) xX9(qrs -, gern — 6)

q1=1 ge-1=1 =0

for2<fé<M
Qj=N+1+j—€—q'j_1forj=1,...,£—1,

with §n =q1 + -+ + ¢gm and go =0
(3.1¢)

Here, we decomposed the output of the overall nonlinear system in terms of
the outputs of newly defined cross-term subsystems H®[-], £=1,2,..., M. We
called the subsystem H® [-] as the £-D subsystem. The input-output relationship
of the 1-D subsystem H(Y[-] can be written as in (2.15)

N
y(n) = HOf(w)] = 3B @) xV(n - ) (3.2

i=0
The 1-D kernel vector h"(i) and 1-D the input vector x)(n) were defined as

follows.
h (i) 10
KV () = hg’z? @) _| 6 (3.32)
h%}'f.)(i) bM(i,'. )
z(n)
@ () = xzf”) (3.3b)
2 (n)
As we remember from (2.17), the ¢-D input vectors (¢ = 2,..., M) in (3.1c)

are defined in the following form:

(g, ..., q1;n)

(€

X o1(q1y .-y Q13m0
X® (qr,..., guysm) = | e (T €T (3.42)

(e)(QIa ,fJe—l;n)

in which
w(@ha Hqe-in) =z(n)z(n—q) - z(n—q— - — de—1) (3-4b)
(E)(ql, ,(Ie—l;n) = [xl(cpl,...,pe) (Q17 e Qo] n) ]U(p i, (3.4c)
1,..., e
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The subinput vectors, x,(f)(ql, ceyGe—;m) fork =£,0+1,..., M, in (3.4c), consist

of all possible input products of degree Zle p; = k with £ cross-terms.

x}cpl"“’pe)(ql, cany Qg_l;’n,) = zP ('n) xpz(n - Q1) Tt wm(n —q1— - qf—l) (35)

Each cross-term in the above product has a different delay value varying from ¢;
to g1 + q2+ oot Qe—1.
Similarly, the corresponding ¢-D kernel vectors in (3.1¢c) can be rewritten in

terms of subkernels as,

th) (qla ceesqe-1; 7’)

8 (q1,...,q01:d
h®(qy,...,q_1;i) = en(@ : ) 8e-13) (3.6a)
hg?(ch, RN TRt )
in which,
¢ ) D2, )
h (g, ... qe-134) = [h,(f”” p")(ql,-.-,qe_l;Z)]
U(P11P27~~-J’e)
= [0(d, s 68+ Guye ooy S+ 1y D Tem1ye o G+ Qo)
p1 p2 Pe o'(pl,pZ,--')pZ)
(3.6b)
Here, the subkernel vector h,(f) (@1, --,qe—1;%) corresponds to the subinput vector

xg) (g15---,qe—1;n — %) defined in (3.4c).

3.1.2 Identification of 1-D Kernel Vectors

It is possible to show that multilevel single impulses, (" (my;n) = am,6(n),
for mi = 1,2,..., (Af) can be used to obtain the 1-D kernel vectors in (3.3a).
Using the cross-term representation in (3.1), it is trivial to prove that the higher

dimensional outputs are zero for these multilevel single impulses, i.e.,
Nlam,b(n)] = HW[am, 8(n)] (3.7)
3.7
HO A, 6(n)] =0, for £=2,..., M

This relation in (3.7) is shown pictorially in Fig. 3.1. We can deduce the relation
in (3.7) from the input vectors x*(g;,...,q-_1;n) defined in (3.4). When we

form the input vectors x(q1,...,q.1;n), £=1,..., M for an input signal with
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2 (m ;n) —¢

1?

Figure 3.1: Pictorial description for (3.7). The output of the nonlinear system N
for z(n) = am, 6(n) is equal to the output of the subsystem H(Y.

a single impulse, we see that all the input vectors for ¢ > 1 are exactly zero

vectors.
x®(q1,...,q_1;n) =0, for £=2,.... M

when z(n) = 2V (my;n) = ay, 6(n) 88
The reason for this is that, these input vectors consist of products of cross-terms
with different delays in the form as given in (3.5). For a single impulse signal,
these products will always come out as zero for £ = 2,3,... M. Hence, the output
of the M*™-order nonlinear system, when the input is z(n) = () (my; n), is given
by

y(n) =N [60) (ma;n)] = y(ma;n)

=H® [z (my;n)] =y (my;n)

(3.9a)
N T
=> bW (i u®(my;n — 1)
=0
x(l) (ml; TL) Qm,
W (my;n a?
u®(my;n)= (: ) = :nl 5(n) (3.9b)
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Here, m; = 1,2,..., (1\11 ) denotes the ensemble index of the input sequence. Now

we can write all (1;[ ) outputs in the ensemble matrix form as follows:

N
yP(n) = N[x ()] = HO[xP ()] = Y UP (n — &) k() (3.10)
=0
where x{"(n), y"(n) and U (n) denote the ensemble input, ensemble output
vectors and the input matrix, respectively.

M (1;n) a

) (n)= 20@n) ) _ s (3.11)

.

z(O(M;n) an

N
v (n)= N

(M (1;n)
21 (2;n)

y(1;n)

_ |0 @ (3.12)

N [z0(M;n)] 4 (M; )

u®™(1;7n)
u®(2;n)

U (n) (3.13)

It

u"(M;n)
Here, u‘Y (m;;n) is as defined in (3.9b). Therefore, UM (n - i) in (3.10) can be
replaced with Ugl)(n — i) = uMs (n — i), and the matrix UY is written as

a, a@ --- aM
O "jg e (3.14)
ay afw a%
Hence, we get
N
P(n) =D UDY b () §(n — i) = UL hW(n) (3.15)
=0

This way, provided the inverse of the M x M matrix U exists, the 1-D kernel

vectors can be obtained as
h(n) = [UP]'y®(n), for n=0,1,...,N (3.16)

Fig. 3.2 depicts the identification method for 1-D kernels as outlined in this

section and finalized in (3.16). From (3.16), it is possible to write the solution
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6(”)@ X(,”(n) N y‘:’(n) R [U”]-l h%(n)

€

Figure 3.2: Method used for identification of 1-D Volterra kernels, h®)(n).

for all 1-D kernel vectors together in the matrix form as follows:

HO = [U0] YW (3.17)
Here,
HO = [0®(©) hO(1) --- hOW)]
YO = [y90) yP) - yOW)]

This result shows that all (M(N + 1)) 1-D kernels hg.l)(z') can be determined
by using only the inverse of an M x M ensemble matrix UV times the
ensemble output matrix Y as shown in (3.17). Note that the linear FIR filter

identification via the impulse response is covered by this method as the special

case M = 1.

3.1.3 Condition for Distinctness of the Input Signal Levels

In order to guarantee the Vandermonde like input matrix US in (3.14) to be
nonsingular, the levels of the multilevel ensemble inputs must be chosen to be
distinct and nonzero, i.e., a; # 0 and a; # a;, V ¢ # j. In the following
sections we will deal with the inverses of input matrices for the higher order
cross-terms, which have a form similar to UY. The invertibility of the input
matrix Ugl) is sufficient to assure the invertibility of the higher order input
matrices. However, in addition to the nonsingularity constraint, we have to take
into consideration the condition number of these input matrices Uée), because
these condition numbers will determine the effect of the observation noise on the
accuracy of the kernel estimates. Hence, when we have the freedom to choose the
impulse amplitudes, the values of the parameter vector, ay = [a1 as ‘@ M] T

will be determined to optimize a collective criterion for the condition numbers of

UP for£=1,2,....M.
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Example 3.1: Consider as an example the nonlinear system with M = 3 and

N = 2, given by
y(n) = z(n) + 22%(n) + 3z3(n)
—z(n—1)-22%*(n—1) - 3z*(n - 1)

—4z(n)z(n — 1) — 52%(n)z(n — 1) — 6z(n)z?(n — 1) (3.18)

+ 10z(n)z(n — Vz(n — 2);

For this section, we are interested in calculating the 1-D kernel vectors, i.e.

1 -1
h(0) = H ; h((1) = _2} . hW(2) = H

3 -3
To this end we will employ the 1-D input ensemble as in (3.11) and the

S Ot i

corresponding output ensemble. We choose the impulse amplitudes as a; = 1,
as = —1 and a3 = 2 without loss of generality, since the only condition is that
the amplitudes should be distinct and nonzero. Hence, the 1-D input ensemble
to the system is given as

1
xW(n) = —1} 6(n) (3.19)
2

The output ensemble produced by the Volterra filter for this input ensemble is

determined as

6 —6 15
yOm) = viD(n) = |~2| 6y + | 2 |d(n—-1)+ |=5|8(n—2) (3.20)
34 —-34 76

From (3.14) and (3.19), the matrix UL is written as,

1 1 1
UW=1-11 -1 (3.21)
2 4 8
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Applying (3.16) for (3.20) and (3.21) yields,

[ 6 1
b)) =[UP] 7| 2 | =1 2
34 | |3
. -6 ] [-1
W)y =[Uud] 7| 2 | =] -2 (3.22)
34| | -3
. B [4
@) =[UudP] " | -5 | =15
76 | | 6

3.2 2-D KERNEL VECTORS AND ENSEMBLE INPUT
FORMATION MATRICES

At this stage, we are interested in computing the 2-D kernel vectors namely
h®(qy;4) forg; =1,...,Nandi=0,1,...,N—g using the 2-D ensemble inputs
which are related to the 1-D ensemble ones. Indeed, the following 2-D sequence
consisting of two impulses with distinct amplitudes will only excite the 2-D kernel

vector h®(g;;n — ¢;) and the 1-D kernel vectors h®")(n) and h®(n — ¢ ).

2@ ((m1,mg), q1;n) = 2 (my;n) + M (mg;n — q1)

formy=1,....M—1, my=my +1,...,.M (3.23)

where (Y (my;n) = a,6(n), i = 1,2 and the amplitudes are assigned by using
the parameters of the 1-D input ensemble sequences, @y, , m, € {01,-..,ar}
It is possible to show that the 2-D input signal in (3.23) does not excite the

Volterra kernels having more than two cross-terms, i.e.,
H® [x(z)((ml; ms),qi;n)] = 0 for £ > 3. (3.24)

(3.24) is depicted in Fig. 3.3.
When we form the input vectors x9 (¢, ...,q—_1;n), £=1,..., M for an input
signal with two distinct impulses, we see that all the input vectors for £ > 2 are

exactly zero vectors.
X(e)(ql,---,qe_l;n) =0, for{=3,...,. M

(3.25)
when z(n) = 2@ ((m1, m,), q1;n)
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Hu) 11‘2'1’((ml.m2),q1;n)

H® v**((m,,m,),q,;n)
(2)
2 ((mym,).qin) —4 y?((m,ym,),q,;n)
@ 0
H 2
[ ] Y :
. 4 .
0
H(M) /7(

Figure 3.3: Pictorial description for (3.24). The output of the nonlinear system
N, for z(n) = am,0(n) + am,8(n — q1), is equal to the sum of the outputs of
subsystems H® and H®.

The reason for this is that, these input vectors consist of products of three or
more cross-terms as given in (3.4c). For a double impulse signal, these products
will always come out as zero for £ = 3,4,... M.

Hence, the output for the input in (3.23) can be written as

N[x(2)((m1, ma), ql;n)] =y ((mq, ma), q1;7)

ey [z@) ((my, ma), 5 n)] +HP [x(2) ((m1, m2), @13 n)]

(3.26)
where
H® [2®((m1, ma), g1 n) | = v®? ((m1,m2), 15 ) (3.27)
and
H(l) [$(2) ((mh m2)7 qi; TL)] = 'U(Z,l) ((mla m2)1 q1; ’I’L) (328)

= v (my;n) + o&Y (my;n — q1)
with
v (my;n) = HO [0 (my;n)].
Remark 3.1: The notation v ((ma,...,m;),q1,. .., gi-1;n) will denote the

output of the j-D subsystem for an input signal consisting of 7 distinct impulses,

v(i’j) ((mla e 7mi)7Q17 s aQi—l;n) = H(J) [x(z) ((mla s ami)a q,... 7Qi—1;n)]
(3.29)
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The output of the 2-D subsystem can be obtained from (3.26), (3.27) and
(3.28) as

’0(2’2) ((mh m2)7 qi1; Tb) = Nl:x(z) ((ml’ m2)7 9 n)]

_ |:,U(1,1) (ml ; n) + 'U(l’l) (m2; n — C_h)] (3.30)

3.2.1 Emnsemble Input Formation Matrices

(3.30) can be verified by direct substitution in (3.1). It is also interesting to note
that the output of the 2-D subsystem is obtained by subtracting the appropriate
previously computed 1-D outputs from the overall nonlinear system output. Since
the 2-D kernel vectors have (¥) components, we must use a total of (%) distinct
ensemble inputs as given in (3.23). The main idea of the proposed method is
based upon the observation of the outputs for these particular 2-D ensemble

inputs which are given in the matrix form as follows:

x? (gin) = To D) + T4 xD(n — ) (3.31)
where x(n) = [a; az --- aM]T(S(n) and the constant T.%) and Tg{‘;")
M

matrices with (%) rows and (') columns are used to determine the necessary

2
(%) combinations of (/) = M ensemble inputs when taken two at a time.
These matrices are called as the ensemble input formation matrices. A
recursive algorithm is given in Table A.1 for constructing these T%) matrices
for £ = 1,2,...,M and k£ = 1,2,...,¢. Each row of these ensemble input
formation matrices has only one nonzero unity element. Similar to the single-
input single-output case in (3.26), using the 2-D ensemble input vector in (3.31),
we can determine the corresponding output vectors of 1-D and 2-D subsystems,
v&® (gy;n) = HO [ng) (qa; n)] and v&?(q;n) = H® [x&” (q1; n)] , Tespectively.
Remark 3.2: The notation v{*/ (g1, ---,gi—1;n) will denote the output of the

j-D subsystem for an ¢-D input ensemble.

v (qy,...,q_1;n) = HY [xe(:i) (@, .- 7qi—1;n)] (3-32)

Fig. 3.4 shows this definition.
Using (3.26) and (3.31), it is not difficult to show that the response of the

1-D system to the 2-D input ensemble can be decomposed in terms of the 1-D
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(g rmq, m)—>] HY F—v (g g, 5n)

Figure 3.4: The definition for vf(,.i’j ) (q1,---,¢-1;m) as given in Remark 3.2.

responses as

vi®(gisn) = HO [T O ()] + HO | THP*D(n - g1)]

(M)_ (1,1 (M)_ (1,1 (3-33)
=Ty, Vé ' )(n) + Ty, Vg ' )(n ~q1)

The response of the 2-D subsystem can be obtained by subtracting the
response of the 1-D subsystem from the nonlinear system output vector

y& (q1;m) = NxE (¢1;m)] as follows:

v& (@i;n) = yO (@i m) —vE (qi;m)

(3.34)
= y®(qin) — [ TV () + TEVED (n - 1)

It is possible to write the 2-D subsystem equation for the ensemble input case,

N-q
v®D(gi;n) = Y UD(gi;n —i)h®(q;9) (3.35)

=0
Similar to the 1-D case, u? (q1;n — 1) is replaced with U§2)5(n —q — ). 1S
has the dimension (1\2/1 ) X (];/I ), and it is written in terms of the amplitude levels,

a1y, AG2y...,QpN-

u®”(1,1)
@7(1.9
u ?
UP = ,( ) (3.36a)
u@"(M — 1, M)
where
T, . T,, N - .
u® (G, 5) = |uf(0,9) 1ol (6,5) - Pull) (4,9) (3.36b)
with ( )
() = lmagy
2
§)T(w) = [aia} dfas],,
u? (i,5) = laia} afa? ddaj], . (3.36¢)
9T - _
u? (,5) = laia} ™ aZa}'? ... & tag,
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As an example, for A/ = 3 and M = 4, the U matrices will be given respectively

as follows.
(@102 a0 d?a,
UD = [a1a5 0102 dla,
| az03 203 a3ag
[a105 @102 a?a, aia3 a?d? dda,]
ar103 aai ala; aidl a?ai ala,
U® _ |@104 a1a2 ada, a0 d?al dda,
e as03 Q0% ala; axa) aiai ada,
aza4 Goal a2a, agxad aZa? ala,
lasas azai a3a, asal aja? dday]

The 2-D Volterra kernel vectors are obtained by using (3.34) and (3.35),
h®(g1;n - 1) = [UP] " v (gi;n) (3.37)

forg;=1,...,Nand n=¢q1,q¢1 +1,..., N, provided the inverse exists. Fig. 3.5
depicts the identification method for 2-D kernels as outlined in this section and
in (3.37).

Example 3.2: We continue with the identification problem we started in
Example 3.1. We consider again the nonlinear system given in (3.18). For this

section, the problem is to determine the 2-D kernel vectors

—4 7 -7
h@(1;0) = |=5|; h@(1;1) = [8]; h@(2;0)= -8
—6 9 -9
Using the 1-D input ensemble vector xgl)(n) in (3.19) and Table A.1, we can
construct the ensemble input formation matrices Tg? and Tg?%
100 010
T =100 TH=[001
010 0 01

The detailed derivation of these particular matrices is given as an example after
Table A.1. Having found these matrices, the first 2-D input ensemble in (3.31)

for ¢; = 1 can be written as,

1

xP(1;n) = |1
0

(3.38)
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For this particular 2-D input ensemble in (3.38), the output of the nonlinear

system in (3.18) is calculated as
6 -3 9 -5
yALn) = | 6 | §(n)+|-12| 6(n—1)+| 45 | 6(n—2)+| 76 | §(n—3) (3.39)
-2 52 —67 76

It is possible to determine the response of the 1-D subsystem to the 2-D input
ensemble in (3.38). This is accomplished by applying (3.33) to the 1-D output

ensemble given in (3.20) as follows:

vi(1m) = TRyO(n) + THyd (n—1)

100 6 —6 15
_ [1 : o} (H s+ [ : ]Wm H 5(n—2)>
010 34 —34 76
010 6 -6 15
+ {0 0 1} ({-2} §(n—1)+ [ 2 J §(n—2)+ [-5} 6(n—3)>
0 01 34 —-34 76
(5o [F]oe-e 3] o)
= 6 |d(n)+ |—6|d(n—1)+ | 15| 6(n—2)
2 2 5

[—2 2 -5
+ ( 34| 6(n—1)+ [—34} 5(n —2)+ [76] 5(n—3))
| 34 —34 76

6 —8 17 =5

v (1;n) = [ 6 } 5(n) + [28} (n—1)+ [—19} 8(n—2) + [76} 6(n—3)
—~2 36 -39 76

(3.40)

Then, the response of the 2-D subsystem can be obtained by subtracting

vy (1;n) from the nonlinear system output ygz)(l;n) in (3.39)

v3A(1;n) = y@(Ln) — v (15n)

5 -8
= {—40] 6(n—1)+ [ 64 } 5(n—2) (8.41)
16 —28

The desired 2-D Volterra kernel vectors h(® (1;4) can be calculated by substituting
(3.41) into (3.37)

h®(130) = [UP] " vEI(1;1)

-1 1 -117'[ 5 - (3.42)
=2 4 2 —40| = -5
[—2 —4 2 :| I: 16 } I:—Gjl



h(?) (1’ 1) — [U£2):l "1v£2,2)(1; 2)

-1 1 -1]17'[-8 7
=12 4 2 64 | = |8 (3.43)
-2 —4 2 —28 9
h?1;0=0 ¢>2

Here, the constant matrix U is obtained from x' )( ) and (3.36).

The second required 2-D input ensemble for ¢g; = 2 can be found by using

(3.31)

1 0 0] [1 01 0]1
x@(2;n) = |1 0} [—1} &(n) + [0 0 1} [—1} 5(n—2)
0 10 00 1(]2

0
0
1
-1
= }5(n)+[OJ n—l)+|i2j|5(n—2)
2

For this particular 2-D input ensemble in (3.44), the output of the nonlinear

(3.44)

system in (3.18) is calculated as

6 —6
y@(2;n) = [6} §(n) + [—6] é(n—1)

-2 2
21 2 -5
+ [—15} 5(n—2)+ [—34} 6(n—3) + {76] 6(n—4) (3.45)
57 —34 76

It is possible to determine the response of the 1-D subsystem to the 2-D input
ensemble in (3.44). This is accomplished by applying (3.33) to the 1-D output

ensemble given in (3.20) as follows:

v2D(2n) = TOyD(n) + TOyD(n — 2
e 2 e 22Je

0] 6 ] —6 15
0 < =21 é(n) + [ 2 ] S(n—1)+ [—5} 6(n—2))
0] \ |34 -34 76

0

0

1

1 0] /]6] —6 15

01 =2|6n=2)+| 2 |é(n—=3)+ |-5]| é(n—4)
0 1] \[34 ~34 76

6

6

1
1
0
[0

+ |0
_0 .
[ 6 ] -6 15

= d(n)+ |—6|d(n—1)+ | 15| 6(n—2)
([5] 0 [ 0-9- [2)oe-0)
[—2] 2 -5

+ 1 [34|d(n—2)+ [-34]|d(n—3)+ | 76 | 6(n—4)
[z - e+ ] 0-9)
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6 -0
v@D(2n)=| 6 | 6(n)+ |—6]| 6(n—1)

—2 2
13 2 )
+ (49| 6(n—2) + |—34| 6(n—3) + | 76 | 6(n—4) (3.46)
29 —34 76

Then, the response of the 2-D subsystem can be obtained by subtracting
v (1;n) from the nonlinear system output ygz)(l; n) in (3.45)
vE(2n) =yP (2n) ~ v (2n)
8 (3.47)

=|—64( é6(n —2)
28

The desired 2-D Volterra kernel vectors h®(1; ) can be calculated by substituting
(3.41) into (3.37)
h®(2;0) = [UP] v (2;2)

-1 1 —=1]7'[ 8 ~7
~l2 4 2 64| = -8 (3.48)

-2 —4 2 28 -9
Hence, we have determined all the 2-D kernel vectors, namely h(®(1;0), h®(1;1)
and h®(2;0). O

3.3 3-D KERNEL VECTORS AND OUTPUT PICK-UP
MATRICES

The 3-D kernel vectors h®)(gy, go;i) forgs = 1,...,N—1, ga=1,...,N—¢q; and
i=0,1,..., N—g;—qo are determined by using the 3-D ensemble responses along
with the responses of the 1-D and 2-D subsystems. The following 3-D ensemble

input with three distinct impulses excites only 1-D, 2-D and 3-D subsystems.

x® (g1, g2;n) = TyPxD (n) + TS x P (n — go) + Tha'xD(n — ¢ — g5)  (3.49)

The TSy, T2 and T§s input formation matrices with () rows and (%)
columns are used to determine the necessary (Ag ) combinations of the multilevel

impulse functions, when taking triplets at a time. The output of the nonlinear
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H(l) A (qqu2vn)
(3.2) .
. H(2) v, (qquzan)
(33) .
A\’ (q »q an)
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x(e)(q17q2an) > H(S) : 12 y(j)(q17q2;n)
N @ 0
o H A
° [ :
. . .
0
> H(M) /7(

Figure 3.6: Pictorial description for (3.50). The output of the nonlinear system

N for the 3-D input ensemble x® (g1,92; 1), is equal to the sum of the outputs
of subsystems H®, H® and H®).

system can be written as the sum of the outputs of the exited subsystems,

vy (a1, go;n) =N [x§3) (a1, 92; n)]
3 o
=ZH(1) [ng) (1,923 n)] (3.50)
=1

3
=Y v&(a1,q2:m)
=1

The input-output relationship in (3.50) is depicted pictorially in Fig. 3.6.

3.3.1 Output Pick-Up Matrices

The output of the 1-D subsystem for the 3-D ensemble input can be written as a
sum of the 1-D ensemble outputs.
()

V8 (g1, ga;n) = ZS‘%{J) v (n - n§3,1)) (3.51)
=1

Here, the matrices Sgﬁ) for j = 1,2,3, which have (¥) rows and (%) columns,

are used to pick up the appropriate 1-D ensemble output values. Each row of

these matrices has only one nonzero unity element. The superscript M denotes
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the order of nonlinearity for the nonlinear system A. The subscripts £,k and
j in SZ:Q indicate the dimension of the ensemble input, the dimension of the
subsystem, and the index number of the excited k-D outputs, respectively. We
call these matrices as the output pick-up matrices. A recursive algorithm is given
in Table B.1 for constructing the SngJ) matricesfor( =1,...,. M, k=1,...,4-1
and j = 1,...,(;). The necessary delays nf”l) in (3.51) for j = 1,2,3 can be

obtained by using the formation matrix Tf’% = I(s) = Is.
! 1
n® = TP)g® (3.52)

T T
Here, n® = [ng?”l ) Y ng?”l)] and q® =0 g ¢+ .
It is also possible to determine the responses of the 2-D subsystem for the 3-D

ensemble inputs,

()
V8D (g, qosn) = Y _SHEIVED (D — n?) (3.53)
j=1

where the output pick up matrices Sgg? for j = 1,2,3, which have (A:f ) rows and

(M) columns, are used to determine the appropriate 2-D ensemble output values

2
for x& (g1, 99;m). The necessary 2-D parameters qJ(-3'2) and n;;s,z) can be obtained

by using the input formation matrices T?} and ng% as follows

0= [19-Ta® amd 0% -THe® @5

where 32 = [q§3’2) g3 q:gz,z)]T and nG3? — [nga,z) ) n§3,2)]T.
In a similar fashion to the equations for the 1-D and 2-D subsystems ((3.15),
(3.35)), the output of the 3-D subsystem v (g1, g2;n) can be written as

V8 (g1, qo;n) = UPM (g1, gosn — 1 — @) (3-55)

forgy=1,....N—-1,qs2=1,.... N—qandn=q;+qs,q1 +g2+1,...,N. Here,

the matrix U§3) has the dimensions (A;I ) X (‘ZI ), and it can be written in terms of

the input levels in a way analogous to (3.13) and (3.36).
u®7(1,2,3)

u®7(1,2,4)

Ud® = (3.56a)

u® (M -2, M—1, M)
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where
u® (6,5, k) = [ (6, 5,k) G, 5k) - 1ul) (4,5, k) (3.56b)

with

w5 k) = [aiajar]; 2)

3

ufl) (i,5,k) = [aa;al aialay a?ajak]lx(g)

u§3) (4,5,k) = [aiajai aia?ai a?ajak]lx(g) (3.56¢)
T

u) (4, k) = [me;al? aadel ™ - aﬁ”‘Qajak]lx(Mz-l)

@)

As an example, for M = 4 and ¢ = 3, the matrix Ue”’ will be given as

a10203 Q10202 aia3as alaqas

2 2 2
U(3) _ Q10204 Q10205 410504 Q70204
e a1a304 10305 a1a3a4 alazay
QA20a304 aQagaﬁ a2a§a4 a§a3a4

From (3.50)-(3.55), we get the desired calculation formula for the 3-D kernel

vectors.

h®(q1, @3n — 1 — @) = [U(3)] v33 (g1, ga;n) (3.57)

where,

v3(q1, g2;n) = yO (a1, g2;m)

(Zs(M)v(l D — D +ZS(M)V(2 2 (¢8; n§3,2))) (3.58)
j=1 j=1
Fig. 3.7 depicts the identification method for 3-D kernels as described by (3.57)
and (3.58).
Example 3.3: We conclude the identification experiment we started in

Example 3.1. We consider again the nonlinear system given in (3.18). Here,

the problem is to determine the only nonzero 3-D kernel vector, namely

h®(1,1;0) = [10]

Using Table A.1, we can construct the ensemble input formation matrices T:(;g,

TS) and TS).
T =100 TH=[0 10 TH=[0 0 1]
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The derivation of these matrices is detailed after Table A.1. Having found these
matrices, the 3-D input ensemble in (3.49) can be written via the 1-D input

ensemble vector x4 (n) in (3.19).

1 1
x®(L,1;n)=[1 0 0] !—1} 6(n)+[0 1 0 [—1] 5(n—1)
2 2
1 (3.59)
+[0 0 1] [—1] &(n — 2)
2

= §(n) —d(n— 1)+ 26(n — 2)

For this 3-D input ensemble in (3.59), the output of the nonlinear system in (3.18)

is calculated as
y®(1,1;n) = 65(n) — 36(n — 1) — 256(n — 2) — 676(n — 3) + 765(n — 3) (3.60)

It is possible to determine the response of the 1-D subsystem to the 3-D input
ensemble in (3.59). This is accomplished by applying (3.51) to the 1-D output

ensemble given in (3.20).

3
3 3,1
veY(L, Ln) = Y SR v (n —nf)
j=1

3 3 3
o Sl(il),lvc(el’l) (n) + S:(n),z":(:l’l) (n—1)+ T:(s1),3vgl’1) (n—2)

[ 6 —6 15
=[1 0 0 ( —2| &(n) + [ 2 ]5(n—1)+ [—5] 5(n—2))
34 -3 76

[ 6 [ —6 ] [157
+[0 10 [|-2|6rn—-D)+| 2 |b6(n—2)+ |-5|d(n—23)
34 | —34 76

[ 6 ] —6 :15:
+[0 0 1] ( -2l 6(n—-2)+| 2 |6n—3)+ |-5 5(n—4))
34 | —34] | 76

vB1(1,1;n) = 65(n) — 86(n — 1) + 518(n — 2) — 395(n — 3) + 765(n — 4)
(3.61)

It is possible to determine the response of the 2-D subsystem to the 3-D input
ensemble in (3.59). This is accomplished by applying (3.53) for the 2-D output
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ensembles given in (3.41) and (3.47).

3
3) _ 3,2 3,2
VDL 1in) = 85w (g in — nf*?)

j=1
= SRvEI(Ln) +SZvEN(2,n) +SZvEN (Ln— 1)
[ 5 ] -8
= [1 00]||-40{d(n—1)+ | 64 |6(n—2)
| 16 | —28
I 8 1
+[0 1 0] [ [-64]6(n—2)
e 28 -
[ 5 ] -8
+[0 0 1] [ |-40| 6(n—2)+ | 64 | (n—3)
| 16 | —28
v®(1,1;n) = 56(n — 1) — 566(n — 2) — 286(n — 3) (3.62)

The recursive algorithm to calculate the S(S)j matrices is given in Table B.1. The

necessary variables n(3 2 §.3’2) and q(3 2 can be obtained by using (3.52) and
(3.54).
1 0 0] [0 0
n®Y =TPq® = |0 1 of [1]| = |1
0 0 1 |2 2

T
Here, n®b = [ngii,l) nf"l) (3,1)] and q® = [() @ ¢ +q2]T, Using (3.54),

(3,2) 3,2)

the necessary 2-D parameters ¢, and n,”™ can be obtained as

010 1 00 0
Q3 = [(3) (3)] =1loo1l=|100 1
00 1 010 2
~-1 1 0] o 1
0 -1 1} {2 1
and
1 0 0] fo 0
n®? =TPq® = |1 0 of [1]| = |0
01 0|]2 1

T T
where g2 = [¢*? ¢ (9] and n®d = [nf? o@D ]

After these calculations, the response of the 3-D subsystem can be obtained

by subtracting v )(1 1;n) and v 2)(1, 1;n) from the nonlinear system output
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y&(1, 1;n) in (3.60).

V£3’3)(1, 1; n) =y£3)(1, 1; ’I’L) - V£3’])(1, L; ’I’L) - V((33,2)(1, 1; n) (3 63)
=[-20] §(n - 2) |

The desired 3-D Volterra kernel vector h®(1,1;0) can be calculated by
substituting (3.63) into (3.57)

h®)(1,1;0) = [UB] 'vB3)(1,1;0
(1,300 = ]1 $9(1,1;0) 564
= [-2] " [-20] =10

Here, the constant matrix UY is obtained from x.” (n) and (8.56). O

3.4 ¢-D KERNEL VECTORS

We assume that all k-D kernel vectors h®)(g;, ... qp_1;i) for k= 1,2,...,0—1
are determined or that all the k-D output vectors Vi) (q1,-.-,qx_1;n) for
k=1,2,...,£ — 1 are available. Now, we try to identify the ¢-D kernel vectors
by using the response of the nonlinear system for the -D ensemble input vector
and all the previously computed subsystem outputs, v(’c k)(ql, ey Qr—1;M), for
k=1,2,..., —1. Similar to 1-, 2-, and 3-D ensemble input vectors in (3.11),

(3.31) and (3.49), the £-D input ensemble vector can be written as

xO(q1, ..., q-1;n) ZT(M) M(n —n®) (3.65)
where, n(le) = 0 and n(e) = EJ 19— for i = 2,...,£. The input formation

matrices, Tgf‘f) ’s can be constructed from the Table A.1. The response of the
nonlinear system to the ensemble input in (3.65) can be written in terms of the

outputs of the subsystems,

Yg) (QI) <oy Qe-15T ) =N [ (Q1, <y Qp—1; n)]
—ZH(k [ (8) q17 <y 4e—1; 'I’L)] (366)

=ng’k) (QD cery Qo213 n)
k=1

Fig. 3.8 draws a picture of (3.66), by showing that for an ¢-D input ensemble,

the outputs of all subsystems H¥), for k > ¢, are equal to zero.

49



(l 1)

o (q,q,,m)
- H
€00
H(z) Ve (qu 7qe_17n)
° ® L4
° * ®
[ . ®
(®) . | (") .
X, (ql’ ’qZ-l’n)_~ V(N) (q g ;77,) (ql’ sq l’n)
S 1O e 4Ty,
o (e+1) >0
> H —
[ ] Y :
. . .
0]
— H(M) /7(

Figure 3.8: Pictorial description for (3.66). The output of the nonlinear system N
for the ¢-D input ensemble x )(ql, ..y Qe—1;M), is equal to the sum of the outputs
of subsystems () through H®.

In (3.66) vf(f’k)(ql, ooy qe—13n) for k = 1,...,£ — 1 can be obtained from the

previous subsystem outputs.

(3)
Vi (g, ge13n) = ZSa VD (n — oY)
: (3.67)
@.k) ) (M) (k) (€6) ) (&k)
vi (g, ..., q-1;n) =ZSaJ (g1 s 1 G —15"")
J.—.

for k =2,3,...,¢ — 1, where the parameters q(.e.’k) and ng.e’k) fori=1,...,k—1

i
and j=1,2,..., (%) can be written in the vector form as follows
T
qge k) [qj(e k) qj(zkk)l] and n®hd — [nge,k) n(é;c)} (3.68)

(£,k)

Now we can determine the necessary parameter vectors q;" and nék) using

the ¢-D input delay vector q@ = [0 q - Qe—l] and the input formation
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matrices given in Table A.1.

¢,k) 0 ¢ : ¢
o = [T - TH]a® forj=1,..()

(3.69)
n(bk) — Tfﬁq(e)
The output of the ¢-D subsystem can be written as
vé“) (@1, qe-15m) = 'H(e) [X(e) (915- -+ Qo1 n)]

N-ge—:

Z U(e) Qh <y qr-1;1 — z)h(e) (qh evey Qe—1; 1‘)

1=0
(3.70)

The input matrix Ul (q1,---,qe—1;n—1) is replaced with Uu¥s (n—Ge—1 — ). The

matrix U has the dimension (Af) X (Ae’f ) and can be written in terms of the

amplitudes a,, as,...,ay as,

u®”(1,2,...,0-1,0)
u®"(1,2,...,0-1,+1)

Ul = (3.71a)
u®" (M —0+1, M—£+2, ..., M)
where
T N . .
u(Z)T(il,...,i4)= I:uge)(ll,...,’ig) g_&l(zl,...,’te)l (Z) (21, ..,Zg)
(3.71Db)

The subvector u( )(zl, i) (¢ € k < M) includes all the possible input
amplitude products corresponding to the Volterra kernels of degree k with ¢

cross-terms

ul (i, 43, .., i) = [afaf? -~ aff (3.72)

] 0'(}71 P20 1pﬁ)

o (p1,P2,-..,p¢) denotes all possible (’;:}) product combinations, where
pr+p+...+pp=kandp; >21,i=1,...,Land k=¢,{+1,...,M. Thus,
uge) (41,92, - -y 0) = [A4,Qip * aiz]lx(ﬁ:})
ugf(zl,zz,...,ie) = [(ail---aie_lafz) (ailaiais---aie) (a?laiz---aie)]lx(efl)
ueJr2 (il,iz,...,ig)—‘: [(ail - Gi,_, z2) . (a a;, 0y * aie) (a @, - aie)]1x(f,ﬂ)
()T(Zl,lg,...,ig) = [(as, -- aw_laff““l) o (a! ~ta? aiy -+ as,)
(a8~ 01,00, -+ a3,)] 1x (%)

(3.73)
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As an example, for M = 6 and £ = 4, the vectors uy™®)” (i1, iz, 73,14) (k = 4,5,6)

will be given as follows:

U514) (ila i?: i3a Z4) = [ail ai2ai3ai4] 1x (1)

1
ug4)T(i1,i2,i4,i4) = [(ailaizai3a§4) (ai,a:,03 04, ) (azla Qi3 Qi) (aflaizai3aq;4)]

1x(§

2

T . 3 .
llgl) (’il, 19,13, 14) = I:(G;,;l A, aiaaf’4) ((I,il awafaai) (a,.,;l 0,,?20,7;3 ai4)

(azlawa%au) (azlawa aM) (azla2 a’ au) (a?laizaiau)

((l.i1 a?zaigau) (au A, Qig 0’24) (a’ a"zawau)] 1x (5)
3

(3.74)

The nonsingularity of the input matrix v ,ie a; #0and a; # a;, Vi#j,
is a sufficient condition for the nonsingularity of the higher order input matrices
Ug) 1 < ¢ < M, as defined above.

(4)

As an example, for M = 5 and ¢ = 4, the matrix Ue~’ will be given as,

[a1a00304 @1020302 1026304 a103a304 Q3020304 ]
01020305 Q1020303 (1020305 1030305 G3G20305
UW = |aja0a405 0102040¢ aja90las aiadagas alazaqas

410304a5 1030403 aia3alas ajalagas afazagas

| acazasas agaszasa? asasalas asalasas a3azasas
The /-D Volterra kernel vectors can be written for n = gp—1, g1 +1,..., N

in the following form.

g, ..., q-1;n — Ger) = [U((f)] v (qu,...,q1;n) (3.75a)

1
vl q,...,q-13n) = yP(aq1,.. 7QZ—1§n)_ZSgMJ)V(11)(n n{"Y)

-1 (k) ok ek x)
ZZS(M)V(k k) Qy(l ), ,Q§k )1"” n( )) (3.75b)

k=2 j=1
(3.75) shows that our algorithm can form the estimate for any Volterra kernel
independent from other kernels. (3.75a) only includes the inverse of a matrix
(Ug)) which can be calculated beforehand and output values (vgu)) which should

be obtained for certain multilevel input sequences. In this equation there is no
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reference to estimates of other kernel values. Hence, any error in previous kernel
estimates cannot leak into current kernel estimate calculations. This equation

proves the no-error propagation property of our algorithm.

3.4.1 Output Pick-Up Operators

Let us define the following output pick-up operators for k =1,2,...,¢ — 1:

(x)
M ok £k Lk
Sg\,f) [vg“’k)(ql, .. ,qk_l;n)] = ngk,j)vgk’k) (qj(-,1 ), ... ,qJ(.,k_)l;n - ng )) (3.76)
Jj=1
With this definition, (3.75b) can be rewritten in a more compact form.

-1
Vi gy, ... q-13m) = ¥y (qu, - - ge1;m) —Z S%) I:vc(zk'k) (qus- - G1; n)] (3.77)
k=1

Fig. 3.9 depicts the identification of the Volterra kernels of orders one through
M using the proposed algorithm. In this figure the output pick-up operators
ng‘,f )[ - ] are utilized to simplify the picture.

3.5 IMPLEMENTATION OF THE IDENTIFICATION
ALGORITHM

Let us discuss the practical implementation of the algorithm under the guidance
of Fig. 3.9. The system to be modelled is assumed to have a known order of
nonlinearity M. The memory length N might be assumed to be known, or it
might get estimated during the identification procedure on the fly. The steps of

the measurement process might be listed as follows:

e The impulse levels a;,as,...,as are chosen, possibly using numerical

optimization.

e Multilevel sequences composed of a single impulse (xgl) (n) in Fig. 3.9) are

applied to the system and the observed output vectors are stored (y{" (n)

in Fig. 3.9).
a1
cxPm) = | 7| o(n)
a
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Y m) =) = N [xO(w)]
e for{=2,...,M:

Multilevel sequences composed of ¢ distinct impulses (xg) (q1y---,Qe-1;M)
in Fig. 3.9) are applied to the system, and the observed output
vectors are stored (yg)(ql,...,qg_l;n) in Fig. 3.9). The Sy} operators
(k = 1,2,...,£ — 1) form sums of appropriate previously stored
output vectors. The outputs of the S%c operators are subtracted from

(e)(ql, ., Qe-1;m). Hence, vib )((h, ., ge—1;n) is formed.

Xg)(fh, vy Qe-13M) = E T(M) & (n— nz@))

=
« y¥a,. . ,Qe_l;n)=N[xe)(q1,---,Qe-1;n)]

Ve(ze’e)(qla'-WQZ—l;n)=y¢(f)(ql,""qe LN )
—‘ZS(M)[ kk)( ..,Qk——l;n)]

o fort=1,...,M:

v e)(ql, ., ge—1; ) are multiplied by the inverse of Ug), and the Volterra

kernel estimates are formed.
. h(e)(ﬁh, S Qe—1;M — Go—1) = [U(e)] (M)(qh N )

3.6 LENGTH OF THE REQUIRED INPUT SEQUENCE

We find the length of the deterministic input sequence that should be applied
to identify the kernels £ = 1,...,M of an M™-order system, assuming the
input ensembles are applied serially to a single system box. We put a guarding
interval of length N with all zero levels at the end of each of the input ensembles
xg)(ql, «..,Qe—1; 1) to flush out that ensemble and to prepare the system for the

next ensemble. Hence, the total length of the input sequence is given by

L =§j (-1 + N +1) (AZ> (/L)

£=1

< @N+1) }M:(Aj) (/fl) — (N +1) (";’WJF_]‘O

=1



The required length of our total input sequence is upper-bounded by
@N +1)(5H).

Example 3.4: We consider the identification of a Volterra filter with M = 3
and N = 2 as discussed in Examples 3.1, 3.2 and 3.3. The overall deterministic
input sequence which should be applied to identify the kernels of this system is
shown in Fig. 3.10. This figure depicts all the input ensembles utilized in the
Examples 3.1, 3.2 and 3.3 for the identification of the nonlinear system. The
overall input sequence is assumed to be applied to a single system box, and there
is a guarding interval of length NV = 2 between all individual input ensembles.
The distinct input amplitude levels are chosen asa; = 1,a; = —1 and a3 = 2 asin
the examples. The length of the overall sequence is seen from the figure as L = 39.

This value is indeed less than the upper-bound (2N + 1)(J) = (5)(3) = 50
from (3.78). O
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4. PERSISTENCE OF EXCITATION, NUMERICAL
ISSUES AND RESULTS FOR THE MULTILEVEL
INPUT SIGNALS

In this chapter, we prove that the multilevel input signals as defined in Chapter
3 persistently excite a Volterra filter. We also show that the identification
algorithm of Chapter 3 actually gives the optimal least squares estimate of the
Volterra kernels. We deal with the problem of uniform excitation for the defined
identification algorithm using multilevel probing signals. Ideally, an input signal
excites all modes of the system which is to be identified equally. However,
it is known that polynomial systems suffer from severe ill-conditioning if the
nonlinearity order of the system is high. In this chapter, the condition numbers
of the utilized input matrices are quantified to assess the uniformity of excitation

to the system for the proposed identification algorithm.

4.1 PERSISTENCE OF EXCITATION FOR THE MULTILEVEL
DETERMINISTIC INPUTS

4.1.1 Least-Squares Solution for H®

We start by rewriting the input-output relation of the /-D cross-term subsystem,
H®, but this time in a slightly different, more condensed manner. The ¢-D

multivariate cross-term subsystem of (3.1c) can be rewritten as

(/_Vl) N—sum(q,,)

yO(n)=HO[z(n)] = Y. D 1O (q,;i)xO(g;n 1), (4.1)

=1 =0
where the sum over p is a sum over all possible delay structures. Hence,

we replaced all the £ — 1 summations over the g; variables in (3.1c), with a

single summation over the single variable p. The number of possible delay

N

structures was calculated in (2.42) as (",

), and this number is utilized here.

aow=[a @ .. Qg_l]p is an (¢ — 1)-D delay vector with sum(g,) < N. sum(a)
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denotes the summation of the elements of the vector a. The length of the vector
b (g,;4) is () using (2.21).

We can reformulate the output in (4.1) as

(&)
yO(n) =HO[z(m)] = 3 b (g,)x(g,) (42)

where, h¥)(q,) and xi)(g,) are column vectors. h®(q,) is a concatenation of

the kernel vectors h(z)(qp; i), whereas x )(qp) is a concatenation of the expanded

input vectors x(g,;n — 7).

e asn
h'®(qg,; 1 x(gy;n —
h® (q,) = :p x,(f)(qp) = :

h®(g,; N — sun(q,)) x® (q,in— (N - sun(q,)))

(4.3)

We can rewrite the linear combination in (4.2) as a single vector product,
y©(n) = HO[x(n)] = hO xO(n) (4.4)

by rearranging the vectors h®(q,) and x9) (g,). h® and x®(n) are column

vectors generated by concatenating respectively the vectors h(e)(qp) and x (a,)

for all (ZI_V 1) possible delay structures g,, together.

hig(‘h) X%Z((h) ]
ho—| " :(q2) xOmy=| " ) (4.5)
Ola,) <0la),

The length of the vector h® is (%) (V}'), using (2.21) and (2.39).
Suppose we begin observing the output of the ¢-D subsystem at some time
n and collect data over an observation period 7 > 0. The output for times n

through n + 7 can be written as a single vector.
yOm =[y9m) yOn+1) - yO@m+n)]"
The output vector is related to the input by
¥ (n) = XO (n)h®” (4.6)
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Figure 4.1: Graphical description for (4.6) and (4.8).

where X (n) is the data matrix as defined below.
x© (n)¥

® H
X([)(n)= x (n.—l-l)

: (4.7)
x(® (n.—l— T)H

(- ) denotes the Hermitian transpose, and ( - )* denotes complex conjugation.

(4.6) defines the input-output relation of the ¢-D subsystem H© as a single
matrix product. This equation is a pseudo-linear regression equation, since
although it is linear with respect to the kernels, the expanded input matrix X (n)
consists of nonlinear products of z(n). For this pseudo-linear regression problem
we can formulate the least-squares solution. The optimal least-squares solution

for the kernel vector in (4.6) can be written as below (Manolakis et al., 2000).

~ v ~ ()1 A
ho =R g (4.8)

(4.6) and (4.8) are portrayed in Fig. 4.1. In (4.8), R

is the time-averaged
autocorrelation matrix for the input, and d is the time-averaged cross-correlation

vector between the input and the output. They are defined as given below.

n+r7
5@O_1gn @y = L ® 0
R ;_—X (n) X¥(n) = ;m§=:nx (m) x*" (m) (4.9)
1 ° 1 n+T
j=-x® @O(p) = = © *
= X () ym) = 1 3 %0 m) () (410
Hence, (4.8) can be rewritten as
RO = (XO% (n) XO(n)) ™ XO" (n) yO(n) (411)
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The least squares solution as formulated in (4.8) and (4.11) has a unique solution
NG
if the autocorrelation matrix ’R,( ) is invertible. This brings us to the definition

of persistence of excitation.

4.1.2 Definition of Persistence of Excitation for H®

Basically signals, for which the time-average autocorrelation matrix is nonsingular
for all times, are said to persistently excite a system (Mathews and Sicuranza,
2000). The definition of persistence of excitation for Volterra filters with
deterministic input sequences is given in Nowak and Van Veen (1994b). Following
this definition, we formulate the persistence of excitation condition for the ¢-D
cross-term subsystem H®:

Definition 4.1 Let 7 > 0 be a fixed observation period of choice. Let Ap.y and
Amin denote the largest and smallest eigenvalues of the time-average correlation
matrix ’ﬁ’,(e), as defined in (4.9). If there exist positive constants p; p2 > 0 such

that for every time instant &
£1 < Amin < Amax < P2 (4.12)

then the input signal z(n) is said to be persistently exciting (PE) for the ¢-D
cross-term subsystem H®.

Theorem 4.1 [Persistence of excitation for the deterministic sequence] The
deterministic multilevel input sequence is persistently ezciting for a Volterra filter
of order M, when the impulse amplitude levels ai,aq,...,ay take distinct and
nonzero values.

Proof. We will first prove that our deterministic -D ensemble input
signals xff), as discussed in Section 3.4, are persistently exciting for the ¢-D
cross-term subsystem H®. The ¢-D ensemble input signals do not excite the
higher dimensional subsystems, i.e., ViR — [xf(f)] =0, Vk > ¢ and
N [xé‘)] = ZZ=1 vtk By subtracting the appropriate previously stored lower
dimensional outputs, we can obtain the response of the ¢-D subsystem alone.
With this subtraction we single out the input-output ensembles for the ¢-D cross-
term subsystem . If we can prove that the ¢-D input ensembles are PE for

H®, then all the input ensembles together will be PE for the composite nonlinear

structure N of order M.
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Let us assume that we apply our total £-D ensemble input signal periodically.
Suppose we begin observing the output of the £-D system at some time n and
collect data over an observation period 7 > 0. Without loss of generality, we take
7 as the length of all the ¢-D input ensembles together, i.e., as the length of the
overall /-D input sequence which we assume is applied periodically to a single
system box N.

We first decompose the vector x()(m) as given in (4.5). If at the time point m
the current ensemble input has a delay structure given by g,, of all the subvectors
of x((m) only xP (g,) will be nonzero. To put it differently, x (ge) =0, for all
1<k < (,Y)) except for k = p. Hence,

xO(m) = |x2 (g,

We continue further and decompose x2 ( g,) as defined in (4.3). All the subvectors

of x (qp), ie., x(e)(qp; m—i) fori =0... N —sum(q,), will be zero vectors except

for only one subvector for a certain shift .

O @)1
00y

x®(q,) = |x9(q,;m —1)
0 )<

% |

Hence, the time-average correlation matrix, 1:’,(6) in (4.9), will become a block
diagonal matrix. For each ensemble input sequence with a delay structure given
by q,,, xP (g,) will have the nonzero subvector at the position 7 = 0 at some time
m, and at every next point in time the nonzero subvector will travel down until it

reaches i = N — sum(q,). The total ensemble input sequence includes all possible
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®

X

Figure 4.2: For the £-D ensemble input, the time average correlation matrix ’li(g)
becomes block diagonal (4.13).

¢-level combinations for all possible delay structures. Therefore, when we form
the block diagonal time-average correlation matrix, the matrices on the diagonal

will be equal, i.e., for the multilevel deterministic ensemble input sequence

[&] | Oenxen] o [open)]
2O _ % [O(f)ﬁx(“f)_ [Rm] [0 ] (4.13)
: ()%(2)
o] o (o] [RY]

The generation of the block diagonal correlation matrix is shown graphically in

Fig. 4.2. R® in (4.13) has a size of (%) x (*). R® can be represented as

(%)
RO =3 " u9(5;)u® (i) (4.14)
=1
Here, the vector ul®(i;) is as defined in (3.71b). 4; = [i; iz --- 4z); denotes which

impulse amplitudes to pick, and the index 7 =1... (Af ) is such that all possible

impulse amplitude ensembles are covered.

R® in (4.14) can be rewritten as

A T
RO = [Ug@HUg@] (4.15)
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where UY is the £-D ensemble input matrix as given in (3.71a). Hence,
for our deterministic input ensemble the eigenvalues of the sample correlation
matrix B9 = %X(Z)H(n)X(Z)(n) are equal to the eigenvalues of the matrix
RO — [Ug@*'Ug)]T_

A matrix is said to be positive definite if all of its eigenvalues are positive.
" Under this definition, positive definiteness of R® is necessary and sufficient for
the persistence of excitation condition given in (4.12). In this case p; = )\min(f{“))
and p2 = Amax(R©), where Amin(R®) and Agex (R©) are the smallest and largest
eigenvalues of R®, respectively. It is a known fact that the Hermitian matrix
RO = [Uff)HU‘(f)]T will be a positive definite matrix if and only if the square
matrix UY is nonsingular (Strang, 1998). Therefore, the £-D input sequence is PE
for the subsystem H® if and only if the input ensemble matrix UY is nonsingular.
Hence, the multilevel input sequence will be PE for the overall nonlinear system

0

N if and only if all the input ensemble matrices Ue”’, 1 < £ < M are nonsingular,

for which the nonsingularity of UY is a sufficient condition. It follows from our
discussion in Section 3.1.1, that the input ensemble is assured to be PE when we

choose distinct and nonzero amplitude levels a, as,...,ay. O

4.1.3 The Equivalence of the Identification Algorithm to the
Optimal Least-Squares Estimate

Let blkdiag(A, p) denote the block diagonal matrix which results from p—times
block diagonal concatenation of the matrix A. Using this definition (4.13) can

be rewritten as

RY = % blkdiag(R®, (7)) (4.16)
Using (4.15), (4.16) can be reformulated as,
50 1 . T . .
R =~ blkdlag( o ,(N;fl)) blkdlag( o ,(le)) (4.17)

From (4.8), (4.11) and (4.17), the least squares estimate of the kernel vector h®

for the ¢-D input ensemble is given as follows.

h®" = blkdiag( [UY" (v blkdiag( [UP]7, (V1)) XO% (n) yO(n
¢ ¢
(4.18)
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The matrix
[blkdiag([Ugf)T] -1 (NZrl)> X(K)H(n)} (4.19)

in (4.18), is simply a permutation matrix, which changes the order of the output

terms in y(n) and regroups them. The reordered output vector
vO(n)* = blkdiag([ o (Nzrl))x(e)” (n)y @ (n)

is a concatenation of the output ensemble vectors vibo (g1,-- -, ge—1;m) which were

defined in (3.75b). The least squares solution in (4.18) becomes
- . )71
B = birdiag([UL] 7, () )vO(n)

This result is equivalent to the /-D kernel vector calculation equation in
(3.75a). Hence, equation (3.75a) is indeed the least-squares solution for
h(z)(‘h,---;%—l;n)'

In the case of a general nonspecific input sequence, the least-squares solution,
if it exists, requires the calculation of the inverse of an autocorrelation matrix
R , of size () (Y7') x (%) (Y;"). However, for our specific £-D input sequences,
the autocorrelation matrix greatly simplifies and attains the very sparse form of
a block diagonal matrix. It is only necessary to calculate the inverse of the
matrix R® of size (%) x (/). Hence, our identification algorithm provides a
very special input sequence for which the least squares solution always exists and

is much easier to calculate than the case of general inputs.

4.2 UNIFORM EXCITATION OF VOLTERRA SYSTEM

The least squares solution necessitates the calculation of the inverse of the time-
average correlation matrix. If the input is PE for the Volterra filter, than
this inverse exists. However, even when the input is PE, this does not assure
that all parts of the Volterra filter will get excited in a uniform manner. The
input may excite some modes of the Volterra filter stronger than other modes.
This difference in the strength of the excitation applied to particular modes is
hidden in the singular values of the data matrix X (n) or the eigenvalues of
the correlation matrix 'ﬁ,(e). Practically, the estimation error is determined by

the noise power at the output of the system and the size of the eigenvalues of
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the time-average correlation matrix. Here we examine rather the ability of the
deterministic sequences to uniformly excite all the modes of the Volterra filter.
The condition to uniformly excite all modes of the ¢-D substructure H® requires
to find an input level ensemble such that the difference among the sizes of the
singular values of the data matrix is minimized. This difference in the the sizes
of the singular values is quantified by the condition number of the data matrix.
The condition number for a matrix A is defined as below.
Amax (AT A)

condy, A = ———/\min (A HA)

(4.20)

Hence, the condition number for X (n) will become,

condy X®(n) =

We know that for the /-D input sequence the eigenvalues of the time-average
N7 N

correlation matrix R( ) are equal to the eigenvalues of the matrix R®. Hence, to

uniformly excite all modes of the ¢-D substructure H®, the condition number of

the matrix USf’ should be minimized. Since we want uniformity of excitation for

all the cross-term subsystems H®, ¢ = 1,..., M, the condition numbers for all
the input matrices U&", £ =1,...,M, should be minimized simultaneously. A

collective criterion should be chosen to define what the optimally conditioned
input matrices would be. The criterion we used to optimize the input level
values was to minimize the maximum condition number among all the condition
numbers. Other criteria, for example the mean-square of the condition numbers,
could as well be used. The maximum condition numbers and the optimal level
values are given in Table 4.1 for nonlinearity orders M = 1,...,6. Here the
optimization was unconstrained; however, for the simulations in next section the
input levels should also fulfill certain power constrains. Therefore, in the case
of the simulations the optimal levels which are subject to certain average power
constrains are found by constrained optimization.

The results in this chapter are based on the real input case. However, it is
possible to use impulses with complex values as the multilevel input sequences of
our algorithm. Changes in the values of the impulses included in the multilevel

sequence will simply result in different U.(f) matrices. The data correlation
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matrices will still be of the same sparse block diagonal form. Using complex values
for the impulses might result in input ensemble matrices with better condition
numbers. Hence, we can have better error performance for the algorithm without

compromising any power constraints.

4.3 SIMULATIONS

We present two numerical simulations to illustrate the performance of our novel
identification procedure, where the setup for the examples are taken from Zhou
and Giannakis (1997) and Nowak and Van Veen (1994b). To compare the
performance with the existing algorithms, we have to use input lengths equal
to the setups given in these. However, our required input ensemble length is
much shorter than the required lengths for the PRMS and PSK inputs. In
order to retain comparable input lengths, we resend our input ensembles until
the total input length is close to those given in Zhou and Giannakis (1997) and
Nowak and Van Veen (1994b) and we take the mean of the estimates coming
from individual input cycles. The input impulse levels are chosen optimally as to
satisfy the average power constrains of their respective examples, and to minimize
the condition number criterion as defined in Section IV. The optimal level values
are given in Table 4.2.

Simulation 4.1: We simulate a second order Volterra filter with memory

length N = 2.

y(n) = > bi(i)z(n—i) + Y Y balin,iz)z(n —ir)a(n — ip) (4.21)

i1=0 §1=0 ia=i1

The average input power is unity for both PRMS and our multilevel sequence.
Independent GWN of power 0.1 is added to the system output to represent
observation noise. This setup is equivalent to the simulation in Nowak and
Van Veen (1994b) with the difference that in the example there an extended
Volterra filter had to be used, which is a drawback of using the Kronecker product
representation. In Table 4.3 the averaged squared error between the estimated
and true kernels and the number of floating point operations required are given

for four different input sequence lengths. The squared kernel error averaged over
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independent trials is defined as

N-1 N-1 N-1

error = Z [bl(il) - gl(il;n)]z + Z Z [bg(il,ig) — l;g(il,iz: n)]z

i1=0 410 Gp=i1
For PRMS the results are taken from Table IV in Nowak and Van Veen (1994b),
and the average is over 200 independent trials. For our algorithm the average is
also taken over 200 independent trials.

From the results in Table 4.3, it is clear that our algorithm uses less operations
and gives better results than the PRMS method (Nowak and Van Veen, 1994b).
To get comparable data lengths, we simply resent our input of length 15 and
averaged over the estimates. This is reflected in the linear decrease of the mean
square error for our algorithm. The length of the PRMS sequences are calculated
as ¢¥*1, where ¢ > M is the order of the PRMS sequence. As we go down the
Table 4.3, the order of the PRMS sequence used is increased as ¢ = 3,4, 5,7, and
the improvement in the condition number of the PRMS sample correlation matrix
gets reflected in the error performance of the PRMS. Only after ¢ = 7, PRMS
has better error performance than our algorithm. However, it should not be
overlooked that this example has a limited memory length N = 2, and for larger
N using higher order PRMS would make the input length ¢V *! prohibitively large.
The reason why our algorithm performs better than the PRMS method in Table
4.3 is that our algorithm has an input diversity better than the PRMS input.
The PRMS has to spend some of the allowed input power on input sequences,
which are redundant for the identification of the regular Volterra filter, whereas
our algorithm only includes the necessary input signals.

There are examples for the use of the PRMS in Volterra system identification
also in (Nowak and Van Veen, 1994a). However, these examples illustrate the
errors associated with the use of finite data in the absence of observation noise.
In the case of PRMS, to get an exact least squares solution in the absence of
observation noise, a full period of the PRMS, i.e., a sequence of length (M +1)N+1
has to be used. For example, for a third-order filter (M = 3) with memory
length 11 (N = 11), to get the exact solution with PRMS a data record of
length 4'% is required. Use of shorter data records removes the PE property,

and estimate errors occur as studied in Nowak and Van Veen (1994a). However,
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our algorithm is much more effective in the input diversity than PRMS, because
our multilevel deterministic input completely eliminates those input combinations
which are required for the identification of the extended Volterra filter but not
for the regular Volterra system, which are included in the PRMS. For example,
using (3.78) we can show that for the Volterra filter with (M = 3) and (N = 11)
to get the exact kernel estimates our algorithm needs a data record of length less
than (2N + 1) %*_Af) = 2093. This is a radical improvement over the required
length 4'2 for PRMS.

Simulation 4.2: We simulate a fourth-order Volterra filter with memory

length N = 3 after the example 2 in Zhou and Giannakis (1997).

y(n) = z(n)* + 4.8z(n)*z(n — 1) + 4.8z(n)z(n — 1)2
— 6z(n)’z(n — 1)z(n — 2) + 14.4z(n)z(n — 1)z(n — 2)z(n — 3)

Average input power is set to 4 and additive independent AGWN observation
noise with variance 0.5 is present. The data length for the PSK input is 4096.
Our multilevel sequence is of length 211 and we send it through 19 times; thus
our total input length is 4009. The optimal level values used in our multilevel
sequence are given in Table 4.2. Table 4.4 shows the true values for the non-
redundant kernels and the mean and the standard deviations of the estimates
from our algorithm and the PSK input method of Zhou and Giannakis (1997).
There are five nonzero Volterra kernels, and the values are taken from (Zhou
and Giannakis, 1997). The results for PSK and the results for our algorithm are
averaged over 200 independent trials. The results for our algorithm are better
than those for PSK inputs and our estimates are very accurate despite the high
order of nonlinearity and the presence of noise.

The PSK input method uses higher-order moments. In Example 1 of Zhou
and Giannakis (1997), a third order filter with N = 4 is simulated and the mean
and deviations of the estimates are examined in the absence of noise for an input
length of 4096. Since our algorithm is an exact algorithm, for this filter our input
sequence gives the ezact kernel values for an input length as short as 155 in the

absence of noise.
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4.4 CONCLUDING REMARKS

In Chapters 3 and 4 we have developed a novel algorithm for input-output
nonlinear system identification. The optimal estimation of Volterra kernels
requires the solution of a large system of simultaneous linear equations. Our
algorithm avoids the direct computation of the least squares estimate. By using a
certain deterministic multilevel sequence and a novel partitioning of the Volterra
kernels, the data correlation matrix reduces to a block diagonal matrix with
relatively smaller dimensional matrices on the diagonal. These matrices depend
only on the order of nonlinearity M and the input levels, hence they and their
inverses can be calculated and stored beforehand. Our algorithm is in closed-
form, exact, non-iterative and a computationally efficient implementation is also
presented. It is shown that the input sequence is PE and the problem of ill-
conditioning is also discussed. It is demonstrated with simulations that the
algorithm can produce better parameter estimates than some existing algorithms
(Nowak and Van Veen, 1994b; Zhou and Giannakis, 1997).

There are some other merits of this input sequence, which it shares with
the PRMS. In some identification problems the normal operating input of the
nonlinear system may be restricted to a fixed amplitude range. In this case the
deterministic input sequence can utilize the full dynamic amplitude range of the
normal operating interval of the system input. Another benefit of our algorithm
is that it gives the Volterra kernel estimates directly. Some methods in the
literature first calculate coefficients which have no directly interpretable results
(i.e. the Wiener coefficients in Reed and Hawksford (1996)), and then obtain the
Volterra kernels from these. An additional advantage is that our deterministic
input sequence is suited to low rank approximations. The eigenvectors and the
eigenvalues of the sample correlation matrix of the deterministic input sequence

can be computed a priori as in the case of the PRMS.
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Table 4.1: Optimal Deterministic Input Levels

M max(cond2 Ug)) optimal level values

1 1.00 1.00

2 1.00 -1.00, 1.00

3 7.54 0.59, -0.92, 1.11

4 14.15 -0.90, 0.51, 1.00, -0.7291

5 40.31 -0.92, 0.86, -0.38, 1.05, -1.12

6 48.74 -1.13, 1.03, -0.84, 0.76, -0.50, 0.93,

Table 4.2: Optimal Input Levels for Simulations
Example power optimal level values | max (COIldz < )

LM=2,N=2 | P=1.00 -1.58, 1.58 1.58
I, M=4,N=3| P=4.00 | -3.84, -2.53 2.53, 3.84 161.05

Table 4.3: Averaged Squared Error of Estimates for Simulation 4.1

PRMS of .. A
Nowak and Van Veen (1994b) proposed deterministic input sequence
length error flops length error flops
27 7.80 x 107! | 1.22 x 103 15 2.26 x1071 0.12 x10°
64 9.93 x 1072 | 1.64 x103 60 5.42 x 102 0.29 x 10?
125 |2.89 x 1072 | 2.24 x 10? 120 | 2.84 x 1072 0.53 x 103
343 | 6.18 x 1073 | 4.12 x103 330 |9.70 x 1073 1.34 x 108

Table 4.4: Results for Simulation 4.2

(41,92, 13,4) ” (0,0,0,0) | (0,0,0,1) | (0,0,1,1) | (0,0,1,2) I (0,1,2,3)

true b4 (41,12, 13,%4) 1.0000 4.8000 4.8000 -6.0000 14.4000
mean of b4 for PSK 0.9944 4.7927 4.8006 -6.0084 14.3892
std of by for PSK 0.2013 0.1940 0.1745 0.1766 0.1004
mean of by for our alg. 1.0002 4.7999 4.8000 -6.0003 14.4001
std of b4 for our alg. 0.0024 0.0042 0.0021 0.0038 0.0069
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5. NONLINEAR CHANNEL IDENTIFICATION USING
MULTILEVEL INPUT SIGNALS

In this chapter we present a new exact method for the identification of
communication channels with nonlinearities. The channel is modelled as a
third-order discrete Volterra filter and the Volterra kernels are measured using
deterministic input sequences and the corresponding channel outputs. The
solutions are in closed form, exact and kernels are estimated in a non-recursive
manner, thus eliminating error propagation. Complex inputs and complex kernels
are allowed, which permits the use of PSK or QAM modulated signals for
the identification of the bandpass Volterra channel. Simulation examples and
comparison with other methods in the literature are provided to verify the
method.

Nonlinear channel identification is important in mitigating the effects of
nonlinear distortions and for the equalization of the nonlinear communication
channels (Agazzi et al., 1982; Benedetto et al., 1979; Falconer, 1978; Lazzarin
et al., 1994). The performance of the efforts for compensation of nonlinearities
and channel equalization are highly dependent on the accuracy of the nonlinear
channel estimate. Hence, nonlinear channel identification has been a subject of
significance (Ching and Powers, 1993; Ozden et al., 1998; Tseng and Powers,
1993). In satellite communications, the amplifiers utilized are driven past their
saturation region, due to power consumption considerations (Saleh, 1981). This
inherently introduces nonlinearities into the satellite communication channel, and
hence satellite communication has been a natural research area for nonlinear
channel identification.

The Volterra series representation has been widely utilized to describe the
input-output relationship of nonlinear systems. The truncated (or “doubly
finite”) Volterra filter representation can provide an approximation for a large

class of nonlinear systems, and it is appropriate for modelling the nonlinearities
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encountered in communication systems. Hence, the characterization of nonlinear
communication channels as finite order discrete Volterra filters has been studied
in the literature.

The determination of the Volterra kernels of the nonlinear communication
system model has been largely based on the use of input-output relations for
random inputs (Mathews and Sicuranza, 2000). In the case of zero-mean
Gaussian input, the closed form estimates for the Volterra kernels can be formed
using the cross cumulants between the input and the output (Koukoulas and
Kalouptsidis, 1995). However, the Gaussian assumption is far fetched for most
communication applications. Moreover, the estimates are found in a sequential
manner, which causes error propagation between kernel estimates. In Zhou
and Giannakis (1997), PSK (phase shift keying) modulated input signals, which
have vanishing higher order moments, have been studied as probing signals for
nonlinear channels. A similar method has been given in Petrochilos and Comon
(2000) for more general input sequences. Another Volterra kernel estimation
algorithm based on cyclostationarity of communication signals is presented in
Cheng and Powers (2001) where the kernels for a bandpass nonlinear channel
are identified under i.i.d. M-QAM (quadrature amplitude modulation) and M-
PSK inputs (Cheng, 1998). All of the methods presented depend on higher-order
moments and cross correlations between input and output sequences.

In this work, we consider deterministic excitation sequences for the
identification of nonlinear channels modelled using the third-order truncated
Volterra series representation. The algorithm developed in this chapter is based
on the novel Volterra system identification method presented in Chapter 3.
However, in Chapter 3 only real input data was considered. Here, we will allow
for complex inputs and complex Volterra channel kernels. Our algorithm provides
exact, closed form solutions for the Volterra kernels. The results do not depend
on statistics of random sequences; rather the algorithm utilizes specially designed
deterministic sequences. Therefore, the algorithm shows better performance than
the above random-input based methods even for input sequences of shorter length.
The kernels are estimated separately, thus eliminating error propagation amongst

the estimates. Complex inputs are allowed, hence PSK or QAM modulated
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communication signals can be utilized as the deterministic input sequence. In
the context of a narrowband communication channel, the nonlinear system gets
modelled by a “bandpass” Volterra series (Benedetto et al., 1987; Biglieri et al.,
1988; Cheng and Powers, 2001; Raz and Van Veen, 1998). We will modify our
identification algorithm for the identification of bandpass Volterra channels and

present the corresponding simulation results.

5.1 NOVEL VOLTERRA CHANNEL REPRESENTATION

The third-order nonlinear channel model can be given as:

y(n) = Clz(n)]
N N N
= Zbl (i) z(n —4y) + Z sz (i1,%2) z(n — 41)z(n — 12)

i1=0 i1=0ia=11 (5.1)
N N N

+ Z Z Zbg (il, 12, 23) .’L'('n - Zl)x(n - Z2)x('n’ - Z3)

i1=0 ig=isiz=ia

Here, C[-] represents the nonlinear channel. N is the memory length of the
nonlinear channel and b (41, ...,4), £ = 1,2,3 is the Volterra kernel of degree
k (Mathews and Sicuranza, 2000). We introduce a novel representation for the
Volterra channel by rearranging the Volterra kernels. We reformulate the third-
order discrete Volterra channel in terms of the multivariate cross-term complexity.
The output y(n) can be rewritten as the sum of the outputs of 3 different

multivariate cross-term nonlinear subsystems, H®.

3 3
y(n) =D yOn) =Y HOz(n)] (5.22)
=1 =1

where
HO[z(n)] = Zh(l)T(z xW(n — i) (5.2b)
i=0
N N-—q
HOzn)]=>_ ) h®" (g1;) xP(gr;n —4) (5.2¢)
gi=1 i=0

N—-IN—-qN—q1—¢2

HOm] =330 > b9 (0, 01)x(a a5n—4) (5.2d)

q=1ge=1 =0

HO[] is called as an £-D cross-term Volterra operator, h¥) is called as an ¢-D
kernel vector and x© is called as an ¢-D input vector. Here ¢-D denotes the cross-

term complexity of the input vector corresponding to the kernel vector, rather
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than the literal dimension of the vectors. It is possible to give the ¢-D kernel
vectors and the corresponding input vectors in terms of the Volterra kernels and

the input signal z(n), respectively:

WO (i) = [b(i) ba(iyi) bs(isid)]” (5.3a)

xD(n—i) = [z(n—1i) z?(n—1) z3(n—71)] T (5.3b)
by (4,7 + q1)

h® (q;8) = | bs(iyiyi+ 1) (5.4a)

bs(4,%+ q1,i +q1)

a:(n—z)2 z(n— (i+q))
x? (qn—i) = |z(n—i)z (n—(z-l—th)2 (5.4b)
x(n—z) (n— z+q1)

h® (ql, qs; Z) = [b3 (i,i + g9, +q1 + Q2)] (5.5&)
x® (g1, qa3n —3) = [x(n —dz(n—i—q)z(n—i— (@ + q2))] (5.5b)

where the limits for ¢;,¢. and ¢ are as given in (5.2). We can see that the ¢-
D kernels correspond to an input vector, which can be factored into powers of
¢ distinct input terms with ¢-distinct delays. Hence by cross-term complexity
we consider the number of distinct input powers utilized in forming the terms
of the input vectors and group the kernels accordingly. In the regular Volterra
representation (5.1) on the other hand, the Volterra kernels are grouped together
using the degree of the nonlinearity of the corresponding input terms. The
introduced novel representation enables us to formulate an exact closed form
algorithm to identify the Volterra kernels of a third-order Volterra channel

utilizing deterministic input sequences.

5.2 IDENTIFICATION OF THE VOLTERRA CHANNEL USING
DETERMINISTIC INPUT SIGNALS

In this section, we derive an efficient algorithm to identify the kernel vectors
h®, £ =1,2,3 as defined in (5.2). The algorithm will utilize deterministic input
sequences with 3 distinct levels (other than zero). All kernel vectors can be

determined by using only the output of the system.

75



5.2.1 Identification of the 1-D Kernel Vectors

We will prove that an ensemble of three input sequences composed of single
impulses with distinct values, z(!)(j;n) = a;é(n), for j = 1,2,3 is adequate to
obtain the 1-D kernel vectors in (5.3a). Looking at the cross-term representation
in (5.2), we can see that for these single impulses the outputs of the 2-D and
3-D subsystems are zero, i.e., H®[a;6(n)] = 0 and H®[a;6(n)] = 0. Hence, the
output of the overall nonlinear channel when the input is 2(!)(j;n) is given by

C [m(l) (s n)] =HM [x(l) (s n)]

— (1y1) Y
v (Jan) (56&)
N

=S h" (@) u(jin — i)
=0

where
. T
u(j;n) = [a; a? a?] &(n) (5.6b)

We can write the three output sequences together in the matrix form as follows:
N

yB(n) = HOED] = UD(n - i) kO (3) (5.7)
=0

where ygl)(n), xgl)(n) and Ugl)(n) denote the ensemble output vector, ensemble

input vector and the input matrix, respectively:
v(1;n)
yP () = v{V(n) = |v*D(2;n)
o1 (3; )
[a16(n)
xM(n) = |ax8(n) (5.8)
LU,35 (Tl)
u®7 (1;n)
UM (n) = [u®"(2;n)
lu®7(3;n)

Here u®(j;n) is as defined in (5.6b). We can replace U (n — %) in (5.7) with

uds (n — 1), where the matrix U is given as
a1 a? d

UWY = |a; a2 (5.9)

2
a3 013 a/3

We can rewrite (5.7) as

N
y®(n) =Y UL D) §(n — i) = UP b (n) (5.10)

=0
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It follows that if the inverse of the matrix US) exists, we can determine the 1-D

kernel vectors as
h®(n) = [US)] - W(n); forn=0,1,...,N (5.11)

The input matrix U in (5.9) is invertible if and only if the levels of the single

impulse input sequences are distinct and nonzero, i.e., a; # 0 and d; # aj,

Vi

5.2.2 Identification Of The 2-D Kernel Vectors

We form the following ensemble of input sequences which consist of two impulses

with distinct amplitudes. The impulses are separated by g;.

Fx(2) (132);Q1;n
xP(qin) = |2?((1,3), q3m
22((2,3), q15m
[a,6(n) + asé(n — ¢1)
= |a16(n) + azd(n — q1)
| a2d(n) + azd(n — q1)

(5.12)

These sequences will only excite the 2-D subsystem H(? and the 1-D subsystem
HW, The output ensemble of the overall nonlinear system can be written as a

sum of the outputs for H® and H®.
Pgisn) = HO[xP (g13n)] + HP [xP (q1;7)] (5.13)
13
= VD (gm) + vED (i)

Using (5.2b) and (5.12), it is not difficult to show that the response of the 1-D
subsystem to the 2-D input ensemble can be decomposed in terms of the 1-D

responses as

a;0(n) azé(n — q1)
v (qin) =HY |a1d(n) | +HD |azd(n — q)
azd(n) azd(n — q1)

v (1;n) vD(2;n — qp) (5.14)

= [v®D(Ln)| + vV (@0 —g1)
vt (2n) [ [0 (30— q1)

Note that all the terms in (5.14) are output sequences which were found in section

3.1in (5.6). We can obtain the response of the 2-D subsystem alone by subtracting
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the response of the 1-D subsystem from the nonlinear channel output vector.

v@®2((1,2),q;m
2,2) 7, . — (2,2) .
v, q;n) = |v 1,3),q15n
S v®2) &2 3g:qi;n (5.15)

=y (gi;n) —vE (q1in)
On the other hand using (5.2c) we can write the 2-D subsystem output for our
ensemble input as, '
v3D(g;n) = UPR® (g1;n — g1) (5.16)

2) . . C e .
£ )is a matrix which is given as

a10a9 (1,10,3 a?ag

UD = |ajas 0102 dlas (5.17)

asaz agai alag

We can identify the 2-D Volterra kernel vectors by using (5.15) and (5.16),
h®(gy;n — q1) = [UP]” vED(gy3n) (5.18)

forgy=1,...,Nandn=gq;,q:1 +1,..., N.

5.2.3 Identification Of The 3-D Kernel Vectors

Now we apply an input sequence which includes three distinct impulses to the

nonlinear channel.
z®) (Qh g@2;n) = a16(n) + azd(n — go) + asd(n — q1 — qo) (5~19)

The output of the overall nonlinear channel can be written as the sum of the

outputs of the individual subsystems, H®"), H® and H®,
3

¥ (@, g5 m) = Z'U(&i) (g1, g25n) (5.20)

=1
The output of the 1-D subsystem for the three impulse input (¥ (qi, g2;n) can

be written as
v (g1, g25n) = oD (150) + 00D (2n — @) + 0D Bin— g — ) (5.21)

The output of the 2-D subsystem for the three impulse input m(3)(q1, g2;m) can

be written as,

0B (g1, go;n) = v ((1,2), go; )+

’1)(2’2) ((17 3)a q1 + q2; n) + ,U(2,2) ((2’ 3)’ wn— qz) (522)
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Note that all the terms for the above subsystem output sequences are previously
observed and calculated in the identification of the 1-D and 2-D kernel vectors.
The output for the 3-D subsystem can be left alone by subtracting the responses
of the 1-D and 2-D subsystems from the overall channel output.

vB®3 (g1, g2;n) = ¥ (q1, g2;n) — vV (g1, go; n) — v® (g1, ga5n) (5.23)

On the other hand, in a similar fashion to the equations for the 1-D and 2-D
subsystems ((5.10), (5.16)), the output of the 3-D subsystem v®®(g;, gz;n) can
be written as,

v® (g1, go;n) = UPD® (g1, gosn — ¢1 — o) (5.24)

where U£3) = aja2a3. Hence, we get
-1
h® (g1, g2 — @1 — @2) = [UP] 7 0B (g1, go; ) (5.25)

forq;=1,....N—1,¢=1,....N—qgandn=q +¢q,q1 +q+1,...,N.
Fig. 5.1 depicts the identification of the Volterra channel using the proposed
algorithm. In Fig. 5.1 bold lines symbolize vector signals, whereas plain lines
suggest non-vector signals. The matrices T;; and the operators S; ;[ -] shown in
this figure are utilized to form the input ensembles and to choose the past output

ensembles which get subtracted as in (5.15) and (5.23). The T;; matrices are

given as,
100 010
T2,1 =11 00 3 T2’2 =0 0 1 3
010 0 01

Tsi=[1 0 0]; T32=[0 1 0]; Ts3=[0 0 1]

The S; ;[ | operators are defined as

Saa [v&(n)| T4V (n) + THVED (n - 1)

Sap [vE (m)] =o0D(15m) + 0D (2 = go) + v D(85n —  — )

Saz [vED(m)| =02 ((1,2), @) + 03I ((1,3), @1 + g2im) +932((2,3), as5n — o)
Using the approach in Chapter 3, the identification algorithm developed here can

be extended to the identification of channels with nonlinearities higher than third

order.
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Example 5.1: We consider the third order nonlinear channel with N = 2

given by
y(n) = z(n) + 2z(n — 1) — 2%(n) — 4z(n)z(n — 1)—
2z%(n — 1) + 323(n) + 422(n)z(n — 1) + 5z(n)2*(n — 1)—
3z3(n — 1) — 5zx(n)z(n — 2) + 6z(n)z(n — Vz(n — 2) (5.26)

We want to find the Volterra kernels using the method outlined in this section.

First we are interested in calculating the 1-D kernel vectors

b(0) 1
hW(0) = [b(o, 0) } = [—1}
5(0, 0,0) 3

b(1) 217"
hM(1) = [b(l,l) } = [—2]
b(1,1,1) -3

from the input and the output. We choose the impulse levels a1, as, a3 from the

QPSK signal set e/2™/4) k= 0,1,2,3. Hence, we define the 1-D input ensemble

and

to the channel as

1
x(n) = |: -1 }S(n) (5.27)
J
The 1-D output ensemble from (5.8) becomes
3 -3
yP(m)=| -5 |ém)+| -1 |6n-1) (5.28)
1—2j 2 + 5j
From (5.9) and (5.27), the matrix U is written as,
1 1 1
Ul=]-1 1 -1 (5.29)
g -1 —=j
Applying (5.28) and (5.29) to (5.11) yields,
38 1 [t 1
h®(0) = [UD]” -5 | =] -1
1-25 3
S B (5.30)
L -3 2
(1) = [UY)] -1 | =] -2
L 2 + 5j L —3 |




Next, we want to determine the 2-D kernel vectors

and

b(0,2) -5
h®(2;0) = [b(o, 0, 2)] = [0}
b(0,2,2) 0

of the nonlinear channel given in (5.26). Using the 1-D input ensemble vector

xgl)(n) in (5.27), the 2-D input ensembles in (5.12) can be written as

L o
xPLn)=|1 |6+ ]|7|dn-1) (5.31)
1] | J
[ 1] (1]
xP2n)=|1|6n)+|j |dn—2) (5.32)
-1 hj i

For the 2-D input ensemble in (5.31), the output of the nonlinear channel in

(5.26) is calculated as

3 -5 -1
@(1;n) = [ 3 ] 5(n) + [—6 —j} d(n—1)+ [2—!— Sj] é(n —2) (5.33)
-5 447§ 2+ 55

It is possible to determine the response of the 1-D subsystem to the 2-D input
ensemble in (5.31). To accomplish this we use the 1-D output ensemble given in

(5.28) and (5.14).
3 —8 -1
v (1:n) = [ 3 } 5(n) + [—2 ~ 2j:| S(n—1)+ {2 + 53} 5(n—2) (5.34)
-5 ~2j 2+5j

Using this result, the response of the 2-D subsystem can be obtained by

subtracting ve(gz’l)(l; n) from the nonlinear channel output ygz)(l; n) in (5.33).

v®A(Ln) = yP(1;n) — v (L5 n)

oo oo s 7
= |0]6(n)+ |—4+7| d(n—1)+ |0 6(n—2)
0 4+ 9j 0
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The desired 2-D Volterra kernel h®)(1;0) can be calculated by substituting (5.35)
into (5.18).

h?(1;0) = [UD] " vD(1;1)

-1 1 —177'[ 3 —4 (5.36)
= -1 j 445 =] 4
- 1 g 4+ 95 5

where the constant matrix U is obtained from x”(n) and (5.17).
For the 2-D input ensemble in (5.32), the output of the nonlinear channel is

calculated as

3 -3 0 —1
y?(2;n) = [3 } 5(n) + {—3} S(n—1)+ {1 - 7]} S(n—2)+ [2+5j} §(n—3)
_5 ~1 1+3j 2+ 5j

It is possible to determine the response of the 1-D subsystem to the 2-D input
ensemble in (5.32). To accomplish this we use the 1-D output ensemble given in

(5.28) and (5.14).

3 -3 5 1
v@D(2;n) = [ 3 } d(n)+ [—3:| d(n—1)+ I:l - 2j:| 6(n—2)+ [24-5]':' 6(n—3)
-5 4 1—-25 2457

Using this resulf, the response of the 2-D subsystem can be obtained by

subtracting vi" (2; n) from the nonlinear channel output ¥y (2;n) in (5.37).

vED(2n) = y@(2n) - vED (2 n)
0

0 0 5 0
= { ] 8(n) + H §(n—1)+ [—53} 6(n~2)+ H 6(n—3) (5.39)
0 0 55 0

The desired 2-D Volterra kernel h®(2;0) can be calculated by substituting (5.39)
into (5.18).

h®(2;0) = [UR] " vd(2;2)

[—1 1 -177" [ 5 -5 (5.40)
=l j -1 j ~55| =] 0
- 1 55 0

Finally, we want to determine the 3-D kernel h®® (1, 1;0) = 6 of the nonlinear

channel. The 3-D input can be written as
31, n)=1-6(n)+(-1)-6(n—1)+j-6(n—2) (5.41)
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For the 3-D input ensemble in (5.41), the output of the nonlinear channel in

(6.26) is calculated as
y®(1,1;n) = 38(n) —=56(n — 1) + (4 —45)6(n —2) + (2+ 55)6(n—3) (5.42)

It is possible to determine the response of the 1-D subsystem to the 3-D input
ensemble in (5.41). The output of the 1-D subsystem is found by utilizing (5.21)
and the 1-D output ensemble given in (5.28).

v®V(1,1;n) = 36(n) — 85(n — 1) — 2§6(n — 2) + (2 + 55)6(n —3)  (5.43)

It is also possible to determine the response of the 2-D subsystem to the 3-D
input in (5.41). We find the response of the 2-D subsystem by using (5.22) and
the 1-D output ensemble given in (5.28).

v®2(1,1;n) = 36(n) — 86(n — 1) — 2§6(n — 2) + (2+ 55)8(n —3)  (5.44)

Using these results, the response of the 3-D subsystem alone can be obtained
by subtracting v®V(1,1;n) and v®?(1,1;n) from the nonlinear channel output
y®(1;n) in (5.42).
vB®3(1, 1;n) = y®(1, 1;n) — v@D(1;0) — vB3A(1;n)
(5.45)
= —656(n — 2)
The desired 3-D Volterra kernel h®(1,1;0) can be calculated by substituting
(5.45) into (5.25):
h®(1,1;0) = [UD] ™ oB3(1,1;2)

= (=5)7H(-65) =6

(5.46)

(3)
e

Here, the constant matrix U~ is calculated as Ug?’) = @10203. O

5.2.4 Length of the Required Probing Signal

We will give an upper-bound for the leng'th of the overall input sequence, which
should be applied to identify the Volterra kernels of the nonlinear channel. We
consider the third-order Volterra filter (M = 3) with memory length N as the
channel model. We assume the 1-D, 2-D and 3-D input ensembles constituting

the input signal are applied serially to a single nonlinear system box. We put
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a guarding interval of length N with all zero levels at the end of each of the
individual input ensembles, zM(j;n), 2@ ((i, 5), q1;n), and ®(q1, go;n). This
guarding interval ensures to flush out that input ensemble from the memory of
the nonlinear system and prepares the nonlinear system for the next ensemble
by clearing the memory. Under these assumptions, we calculate the total length
of the input sequence by summing the length of all the necessary 1-D, 2-D and
3-D input signals and adding N to each of them. Hence, the total input length

is given by
N N-1 N-q.3
L=3(N+1)+3 > (qe+N+1+ Y. > qatgs+N+1 (547)
q1,2=1 q1,3=1 g2,3=1

Here, g1 takes values between 1 and N as suggested by (5.2c). Similarly, the
sum ¢; 3+ ¢2,3 takes values between 2 and N, as suggested by (5.2d). Hence, both

of these terms are upper-bounded by N, and we can write from (5.47)

# (N2 —N)

L<3N+1)+3N(2N +1) (2N +1)

(5.48)
= L<(N+ 1)<N;3) —3N

Therefore, the required length of our total input sequence is upper-bounded
by (2N + 1)(¥F%) — 3N. For the channel given in Example 5.1 (N = 2) the

length of the overall input sequence was 41. This length is indeed less than

@eN+1)("F?) -3N =44

5.3 IDENTIFICATION OF BANDPASS VOLTERRA CHANNELS

The bandpass Volterra series is employed in the baseband representation of
narrow-band communication channels. For bandpass communication signals,
where the carrier frequency is much larger than the modulated channel
bandwidth, the complex envelope of the nonlinear channel output signal gets
described by a bandpass Volterra series rather than the regular Volterra filter
representation as in (5.1) (Tseng, 1993). The even-order terms in the regular
representation disappear, since they generate spectral components which fall
outside the channel bandwidth and hence can be filtered by bandpass filter
(Benedetto and Biglieri, 1983; Benedetto et al., 1987). The bandpass Volterra
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filter including nonlinearities up to third order is given as:

N N N N
n) = Z by (i1)z(n —41) + Z Z Z b3 (i1, 42, 13)x*(n — i1)z(n — iz)z(n — i3)

(5.49)

Here, (-)* denotes complex conjugation. NN is the memory length of the bandpass
nonlinear channel. by (i1) and bs (41, is, 43) are the complex-valued linear and cubic
bandpass Volterra kernels, respectively (Cheng and Powers, 2001).

We can easily modify the identification method we developed for the regular
Volterra filter to the bandpass Volterra channel case. We will first reformulate the
input-output relationship for the bandpass Volterra filter. The new representation
will be similar to (5.2). The output y(n) for the bandpass Volterra channel in
(5.50) can be considered as the sum of the outputs of three different nonlinear

subsystems, H®; that is

Zy“) ZH(‘)[ (n)] (5.50a)

=1

where 4
HO(z(n)] = > h® () xB(n —4) (5.50b)
=0
N N—q;
H Pz (n)] Z Zh@)T (q1;9) xP(gqu;n — 1) (5.50c)
q1=1 i=0

N—-IN—-q1N—q1—q2

HOm)] =3 > b (g1,059)x (a1, q5n — i) (5.50d)

q=1lgz=1 i=0

The kernel vectors and the input vectors utilized in this representation can be
given in terms of the bandpass Volterra channel kernels (5.50) and the input

signal z(n), respectively.

W (j) = [b;z;(z)z)] (5.51)

z(n)

x(l)(n) = [ 2 ]

|z(n)[°z(n)
[ b3(’i,i,i+(l1)
ba(i + q,4,% +
B (gi) = | 20T BT (5.53)
bs(i,5+ g1, +q1)
L b3(2+Q1,172)

(5.52)
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[|z(n — i)z(n — (i +q))]
[z(n— (i +q))Pz(n—1i)
z(n —i)*z*(n - (i + @)
| z(n— (i +q1)) z%(n — ) ]
b3(t,i + qu, i+ g1+ g2)]
h® (g1, g2;8) = |bs(i + q1,%, + g1 + @) (5.55)
b3(i + q1 + g2,%,% + q1) ]
zn—i)*z(n— (i +q))z(n— (i +q + ¢))
x® (g1, qa5n) = |z(n— (i + ql))*m(n —i)z(n—(i+ ¢+ q)) (5.56)
zn—(G+aq+ qz))*a:(n —dz(n—(i+aq))
Here, the limits for qi,q2 and ¢ are as given in (5.50). This representation

x@ (g1;n) = (5.54)

enables us to form an algorithm for identifying the bandpass Volterra kernels
using deterministic sequences. The algorithm as we detailed in Section 3 can be
used again for identification, however this time for the bandpass Volterra channel
kernels. The sole difference will be in the matrices Ug), 9) and U,(ea). For the

identification of the bandpass Volterra channel, these matrices will be given as

uw = lal |01|201} (5.57)
az |azl?ay
arfas JasPer aid agad]
U = |lai|*as |asl?ar ajai aza} (5.58)
|a1%as |ag?ar ajai aja?
| laz]?as |as|®az a%a3 aja3)
afasaz asaias a3a109
U® = |alazas ajai04 ajmas (5.59)

(50304 030204 G30203
Other than these changes in the utilized matrices, the algorithm as detailed in

Section 5.2 works also for the identification of the bandpass Volterra channel.

5.4 SIMULATIONS

Simulation 5.1: We simulate a linear-quadratic-cubic Volterra channel with

memory length N = 2.

y(n) = z(n)+0.52(n—1)—0.82(n—2)+z(n)*+0.6z(n)z(n—1)—0.3z(n—1)*+2z(n)?
+ 1.2z(n)%z(n — 1) + 0.8z(n)z(n — 1)? — 0.5z(n — 1) + z(n)z(n — 1)z(n — 2)

87



We use QPSK modulated signals as the input, where the deterministic input
levels are chosen from the set 4e7(?7k/4+7/4) | = (0 1,2,3. Additive independent
GWN observation noise with unit variance is present. Our required deterministic
sequence is of length 41. In order to compare the performance of our algorithm,
we also simulate the method given in Zhou and Giannakis (1997) for this setup.
The PSK data length used for the method given in Zhou and Giannakis (1997)
is 4096. Table 5.1 shows the true values for the non-redundant kernels and the
mean and the standard deviations of the estimates from our algorithm and the
PSK input method of (Zhou and Giannakis, 1997). Note that the non-redundant
kernels given in Table 5.1 are the triangular kernels. In the simulations in Zhou
and Giannakis (1997), symmetric kernel values are used (Mathews and Sicuranza,
2000, 34). However, we utilized triangular kernel representation in our simulations
to concord with our notation in (5.1). There are 11 nonzero Volterra kernels. The
results for both methods are calculated over 400 independent trials. The results
for our algorithm are better than those for the method of Zhou and Giannakis
(1997) even though our method uses an input sequence of length almost 100 times
smaller (41 vs. 4096). Our estimates are very accurate despite the presence of
noise and the short length of input utilized.

The formulas given in Zhou and Giannakis (1997) for the calculation of the
Volterra kernels of orders 1 through 4 are irrespective of the other nonlinear
kernels present in the channel. Hence, they would be valid even if there are
higher order kernels present. However, our algorithm presented here is based
on the premise that the channel is of third order. This is one advantage of the
algorithm in Zhou and Giannakis (1997) over our algorithm. However, as stated
earlier it is possible to extend our algorithm to channels with nonlinearity order
higher than 3 using the results in Chapter 3. On the other hand, the method
developed in Zhou and Giannakis (1997) utilizes higher-order moments. This
introduces errors in the estimates for finite length input sequences even in the
absence of noise. In Example 1 of Zhou and Giannakis (1997), a third order
filter with N = 4 is simulated and the mean and deviations of the estimates are

examined in the absence of noise for an input length of 4096. Since our algorithm
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is exact, for this filter our input sequence gives the ezact kernel values for an
input length as short as 155 in the absence of noise.

Simulation 5.2: We simulate a linear-cubic “bandpass” Volterra filter, where
the input-output relationship for the bandpass Volterra filter is given in (5.49).

y(n) = z(n) + (0.5 + 0.55)z(n — 1) — 0.6z(n — 2) + z(n)*z(n — 1)

+ (0.4 + 0.45)z(n — 1)*z(n)? ~ 0.4z(n — 1)*z(n — 2)*

+0.6z(n — 2)*z(n — 1)* + (0.6 + 0.7§)z(n — 2)*z(n)?

+ 0.5z(n)*z(n — 2)? + (0.3 + 0.45)z(n)*z(n — Dz(n — 2)
The channel model we simulate has a memory length of N = 2. We use
QPSK modulated signals as the input, where we choose the input levels for
our deterministic sequence from the set 2eIm¢/4+7/4) k. —= 0,1,2,3. Additive
independent GWN observation noise with variance 0.5 is present. The length
of the required deterministic input sequence for our method is 32. We resend
this input sequence 125 times through the nonlinear channel and calculate kernel
estimates for each turn. Then, we take the mean over these kernel estimates and
form our final estimate. Hence, for this example, the total length of the utilized
input sequence is 32 x 125 = 4000.

We also realized the method for bandpass Volterra kernel identification as
given in Cheng and Powers (2001) for the simulation setup given above. The
PSK data length used for the method of Cheng and Powers (2001) is 4096. When
PSK data is utilized, the bandpass Volterra filter simplifies considerably, since
some of the third order kernels degenerate into first order kernels. Table 5.2
shows the true values for the non-redundant bandpass Volterra kernels and the
mean and the standard deviations of the estimates from our algorithm and the
method detailed in (Cheng and Powers, 2001). The non-redundant kernels are the
kernels given as b3(, 4, k), bs(i, k, k) and b1(¢) (Cheng and Powers, 2001). There
are a total of 10 Volterra kernels. The results for both methods are calculated
over 400 independent trials. The results for our algorithm are better than those
for the method of Cheng and Powers (2001) even though our method employed
an input sequence of shorter length.

We presented a novel method for input-output identification of the Volterra

kernels of a nonlinear channel modelled as a third-order Volterra filter. Our
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method utilizes carefully designed deterministic sequences as the probing signal
and avoids the shortcomings of the use of random signals and correlation methods.
The algorithm works also for complex inputs, allowing the use of complex
baseband communication signals. We give simulation examples demonstrating
the performance of the algorithm compared to methods available in the literature.
These methods can be easily extended to the identification of nonlinear channels

with higher-order nonlinearities following the results given in Chapter 3.

Table 5.1: Results for Simulation 5.1

) [ (0) 1) 2 |
true by (i1) 1.0000 | 0.5000 | -0.8000
mean of b; (1) for Zhou and Giannakis (1997) || 0.9955 | 0.4886 | -0.8150
mean of b; (i;) for our method 1.0045 | 0.5108 | -0.8164
std of b; (i1) for Zhou and Giannakis (1997) || 0.5195 | 0.3758 | 0.3326
std of by (i1) for our method 0.1219 | 0.1266 | 0.1237
(7:17 i2) ” (Ov 0) (01 1) l (1’ 1) ]
true by (i1, i) 1.0000 | 0.6000 | -0.3000
mean of by (i1,42) for Zhou and Giannakis (1997) || 1.0035 | 0.6026 | -0.2958
mean of bs (i1,42) for our method 1.0009 { 0.5984 | -0.3035
std of be (i1,42) for Zhou and Giannakis (1997) 0.1148 | 0.1335 | 0.0788
std of b (i3, i2) for our method 0.0014 | 0.0764 | 0.0050
(ily ia, iS) (01 0, 0) (0’ 0, 1) (Oa 1, 1) | (1’ 1, 1) (01 1, 2) |
true bg (i1,12,13) 1.0000 | 1.2000 | 0.8000 | -0.5000 | 0.6000
mean of bs (i1, iz, is) for 0.99995 | 1.2005 | 0.7993 | -0.5000 | 0.5997

Zhou and Giannakis (1997)

mean of bg (i1,1i2,43) for our method || 1.0002 | 1.2006 | 0.8019 | -0.4997 | 0.6036
std of bg (41, 42,13) for

Zhou and Giannakis (1997) 0.0164 | 0.0235 | 0.0215 | 0.0281 | 0.0204

std of bs (i1,149,43) for our method 0.0077 | 0.0196 | 0.0185 | 0.0082 | 0.0285
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Table 5.2: Results for Simulation 5.2

(1) (0) i (1) | (2) |
true by (i1) 1.0000 0.5000+-0.5000j -0.6000
mean of by {41) for . . .
Cheng and Powers (2001) 0.9995+-0.0065j 0.5091+0.4971j | 0.5967-+0.0076j
mean of b; (i1) for our method || 0.9999 + 0.0005j | 0.5003 + 0.4994j | -0.5999-+0.0006]
std of by (i) for .
Cheng and Powers (2001) 0.1131 0.1086 0.1050
std of b; (1) for our method 0.0183 0.0193 0.0184
(il’i2ai3) (Oﬂ 171) | (1') 070) —l (1’27 2) (27 1,1) J
true bg (i1, %2, %3) 1.00 0.40+0.40j -0.40 0.60
mean of bg (i1,1%2,143) for 0.9995 0.4017 -0.3993 0.5987
Cheng and Powers (2001) +0.0024;j +0.3998;j +0.0016j -0.0004j
mean of bg (i1, 2,13) 1.0000 0.3995 -0.4000 0.6002
for our method -0.0007j +0.3999j +0.0004;j +0.0001;j
std of b3 (il, i9, ig) for
Cheng and Powers (2001) 0.0270 0.0320 0.0297 0.0259
std of b (i1, 72, 1s) 0.0166 0.0144 0.0160 0.0139
for our method
(7:1’ i2, 7‘3) (2a 0, 0) | (Oa 2, 2) I (07 1, 2)
true b3 (41,142, 13) 0.60+0.70j 0.50 0.30+0.40j

mean of bs (41,142, 13) for
Cheng and Powers (2001)

0.5995 + 0.6995]

0.4996 - 0.0010j

0.3002 + 0.4003;

mean of b3 (i1, i2,%3)
for our method

0.6005 + 0.7002j

0.5000 + 0.0007j

0.2993 + 0.3993]

std of b3 (i1, i2,i3) for
Cheng and Powers (2001)

0.0243

0.0263

0.0260

std of bs (i1, %2,13)
for our method

0.0138

0.0160

0.0217
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6. ADAPTIVE VOLTERRA FILTERING USING
COMPLETE LATTICE ORTHOGONALIZATION

This chapter presents a novel method for realizing nonlinear Volterra filters using
the reduced-order 2-D orthogonal lattice filter structure. This method provides
an orthogonal structure for arbitrary input signals and is capable of handling
arbitrary lengths of memory for the system model. A recursive least squares
adaptive-second order Volterra filter based on this structure is included to verify
the performance. Experimental results indicate that the performance of this
method is better than previously published adaptive Volterra filter realization
structures.

The truncated Volterra series expansion provides a commonly used nonlinear
model for adaptive nonlinear filtering applications (Kajikawa, 2000; Mathews,
1991). In the so called Volterra filter model, the output of a causal, discrete-time,
time-invariant nonlinear system is expressed as a function of the input using the
Volterra filter expansion. However, polynomial regression models such as the
truncated Volterra expansion suffer from ill-conditioning, especially if the degree
of the polynomial is high. It is known that even when the input signal is white,
the presence of the nonlinear terms in the input vector will cause the eigenvalue
spread of the data correlation matrix to be more than one. It is important to
seek for alternate Volterra filter realizations that have better numerical properties.
Orthogonal realizations are structures with good numerical behavior (Chen et al.,
1989; Korenberg and Paarman, 1991; Ling and Proakis, 1984). Lattice models
provide viable orthogonalized structures for nonlinear Volterra filtering (Koh
and Powers, 1985; Lee and Mathews, 1993; Mathews, 1991; Syed and Mathews,
1993, 1994). An order recursive solution for the 2-D normal equations has been
recently developed by Kayran (1996b). This solution has lead to an efficient
orthogonal lattice predictor for two-dimensional (2-D) filtering. This structure

has been previously utilized to develop methods for 2-D FIR Wiener filtering
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(Kayran and Eksioglu, 2000) and 2-D ARMA modelling (Kayran, 1996a). In this
chapter, we apply the fully orthogonal 2-D lattice structure of Kayran (1996b)
to the realization and identification of truncated Volterra series expansion based
nonlinear systems. This model can be applied to Volterra systems with arbitrary
input signals and arbitrary supports for the Volterra kernels, as opposed to some
proposed models which are orthogonalizing only for special, e.g. Gaussian input

signals and special shapes for the Volterra kernel support (Mathews, 1991).

6.1 2-D LATTICE ANALYSIS MODEL

Consider the nonlinear system with the input-output relation based on the

truncated second-order Volterra series expansion.

N-1N-1

N-1
d(n) = > bi(i;n) (n—i) + > Y be(in,isn) z(n—ir)z(n—1ip) (6.1)

i1=0 i1=0 ia=i,
Here, the nonlinear system is possibly time-variant, because the Volterra kernels
depend on the time index n as opposed to the representation as given in (2.8).
N is the memory length of the nonlinear system. by (i1;n) and bs (i;,42;n) are
respectively the linear and quadratic Volterra kernels of the second order Volterra
filter. It is possible to describe the input-output relationship given in (6.1) as a

pseudo-linear regression in the form of a vector product.
d(n) = X3 (n)Bs(n) (6.2)

Hence, we reformulated (6.1) in the form of a single vector product. Here, X5(n)
will be a vector containing all the single input samples and products of pairs of
input samples, as included in (6.1). X2(n) will be of the form as described in the

following equation.

(6.3)




B,(n) is a vector which contains all the Volterra kernels as required in (6.1).
The kernels are arranged in the vector Bo(n) such that the location of the kernels
are identical of the position of the corresponding input sample product term.

Hence, By(n) will be given as,

bi(N —1;n)
b2(07 Oan)
b2(07 ]-an)

[b2(N — 1, N — 1;n).
The total number of Volterra kernels is given by

N+1)=N(N+3)

) - (6.5)

M=+

The direct form realization as indicated by (6.1) and (6.2) can suffer from
ill conditioning, especially in nonlinear adaptive filtering applications. In the
literature, attempts have been made to find numerically robust alternative
realization methods for the truncated Volterra filter (Lee and Mathews, 1993;
Mathews, 1991; Ozden et al., 1996a; Syed and Mathews, 1994). Both methods in
Syed and Mathews (1994) and Ozden et al. (1996a) are based on the multichannel
lattice structure as developed in Ling and Proakis (1984). These methods convert
the input signal vector as given in (6.3) into a multichannel signal and apply
orthogonalization onto the multichannel signal while calculating the nonlinear
output. The orthogonalization procedure results in improved performance and
good numerical properties in adaptive filtering applications.

In this chapter we restructure the expanded input signal vector Xz(n) into
a 2D array as shown in Fig. C.1, rather than using a multichannel setup. The
ordering of the M (6.5) data points in the support region can be made in various
ways. Fig. C.2 shows the indexing arrangement we chose for the input array. It is
possible to realize the Volterra system as a joint-process estimator with a lattice-
ladder structure instead of the direct form realization as in (6.1). Fig. C.3 depicts
the 2-D orthogonal lattice structure-based nonlinear joint-process estimator. The

depicted full-complexity nonlinear joint-process estimator is complete with the
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lattice predictor part and the ladder section. In this figure, the lattice section
is a 2D lattice predictor for the underlying expanded input signal array Xs(n)
and the ladder section is a linear combination of the orthogonalized backward
prediction errors (Kayran, 1996b). We use the ladder-section of the joint-process .
estimator to form an estimate of some primary input d(n) using the backward
prediction errors. In the system identification mode this input will be the output
from a second-order Volterra filter. The internal structure of the basic lattice
module utilized in this lattice orthogonalization-based novel nonlinear structure
is shown in Fig. C.4.

We reshape the vector Xy(n) into a 2D array using the proposed ordering
as in Fig. C.1. We can observe from the ordering scheme in Fig. C.1 that the
2D array exhibits a 1D shift-invariance in the horizontal direction for each row.
This ordering was chosen on purpose to eliminate some lattice sections in the
full-complexity 2D lattice filter. Using this shift-invariance property along the
rows, we can perform the orthogonalization within each row utilizing regular 1D
FIR lattice filter. The resulting 2D lattice predictor with significantly decreased
number of lattice sections is the reduced complexity 2D orthogonal lattice filter
(Kayran, 1996b). Fig. C.5 depicts the nonlinear joint-process estimator, complete
with the reduced complexity lattice predictor and ladder section for the case
N = 4. The description for the lattice blocks IT(N, K) utilized in this reduced
complexity structure is shown in Fig. C.6.

It is possible to calculate the corresponding Volterra kernels for a given
lattice model following the results as described in Kayran (1996b). Hence, we
can calculate the Volterra kernels from the reflection coeflicients and the ladder
coefficients of the 2D lattice based structure. Since the expanded input vector
is reshaped into a 2D array as given in Fig. C.1, we can calculate the Volterra
kernels as the coefficients of a 2D transfer function relating the input z(n) to the

output y(n) = d(n). We first need to calculate the transfer functions

Bb(21, 2)

X (21, 29)

These are the transfer functions between the input and the backward prediction

errors bgf’ ). After calculating these transfer functions, the overall transfer function

GP)(z1,2,) =

will be found by adding the ladder section. To this end we will multiply
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these transfer functions with the corresponding ladder coefficients and add them
together. The overall algorithm for calculating the Volterra kernels from the 2D

lattice filter coefficients will be outlined as below. Here, g™ and al™ define

B('m)
=L e (21, 22) and

the coefficient vectors for the transfer functions G,(,m) (z1,29) =
X (21, 22)

™ (21, 25)

Al (2, 29) = X )

, respectively (Kayran, 1996b).

Algorithm 6.1 Algorithm for calculating the Volterra kernels from the 2D

lattice filter coefficients:

1. Set m = 0. Define the initial coefficient vectors as
ax(,O) :gz()O) = [1] forp=0,1,2,--- \M

2. Increasing m by one, we calculate égfln and g™ from égf,_nl) and g™

using the augmented vectors

5 (m—1)
5 (m) 0 1,
g = g(m_l) ; forp=mm+1,.-- M

3. The m'—stage forward and backward 2D transfer function coefficient

vectors are calculated as

o, = 47, + T

gy(’m) = ggm) + PS’T—)m égz')m
This step is continued stage by stage forp=m,m+1,--- , M.

4. We form the coefficient vector for the overall transfer function by
multiplying the proper backward 2D transfer function coefficient vectors
with the corresponding ladder coefficients and adding them together. Here

v will be the resulting vector which gives the Volterra kernels.

M
szcpgép)

p=0
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6.2 NONLINEAR SYSTEM IDENTIFICATION USING RLS
ADAPTATION

The backward prediction errors b(()o)(n), bgl)(n), cevs bﬁ{}" (n) generated using the
2D lattice filter are orthogonal to each other (Kayran, 1996b). This result provides
the main advantage of our structure over the multichannel lattice structure in
(Syed and Mathews, 1994). For the structure in Syed and Mathews (1994),
although the backward prediction errors in different channels are orthogonal to
each other, the elements within each channel are not orthogonalized. However,
in our structure the backward prediction errors are fully orthogonalized to each
other. This will result in faster and less input dependent adaptation in gradient
descent type of algorithms such as (normalized) LMS. However, here we develop
an RLS-type adaptive algorithm for our novel structure to permit comparison
with the algorithms in (Syed and Mathews, 1994).

The orthogonalization within each row of the input array along the horizontal
direction utilizes 1D FIR lattice filters. Hence, for the adaptation of the reflection
coefficients in each of this 1D lattice filters we used the regular RLS lattice
adaptation using a posteriori estimation errors (Manolakis et al., 2000). This
provides for fast, computationally simple and numerically robust adaptation for
the 1D lattice sections. For the reflection coefficients in the lattice module sections
which provide for the inter-row orthogonalization, the shift invariance is no longer
valid. However, the 2D lattice predictor ensures that the backward prediction and
forward prediction errors, which are the inputs to the lattice modules, are fully
orthogonalized. We can employ this decoupling property of the lattice structure
and develop RLS adap