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AN ASYMPTOTIC MEMBRANE THEORY OF NONLINEARLY
ELASTIC TUBES AND A GODUNOV-TYPE FINITE VOLUME
METHOD FOR AN IMPACT PROBLEM

SUMMARY

In the first part of the present study, an asymptotic membrane theory for finite
axially symmetric deformations of nonlinearly elastic circular cylindrical tubes
is derived. In the second part, a Godunov-type finite volume method is used to
solve numerically an impact problem defined for a circular cylindrical nonlinearly
elastic membrane tube. In Chapter 2, a brief introduction to the basic equations
of finite elasticity theory is given and the three-dimensional problem for a hollow
circular cylinder made of a general homogeneous isotropic nonlinearly elastic
material is described. In Chapter 3, an asymptotic expansion theory is used to
obtain an asymptotic membrane theory of a thin-walled circular cylindrical tube
composed of an incompressible hyperelastic material. The tube is subjected
to both tangential and normal tractions on its inner surface while the outer
surface is free of tractions. The equations governing dynamic axially symmetric
deformations of the membrane tube are obtained for an arbitrary form of the
strain-energy function. The analysis is also extended to the case of a compressible
hyperelastic tube. Chapter 4 is devoted to a study of the Godunov-type
second-order finite volume method proposed for the numerical solution of one
dimensional systems of nonlinear conservation laws with source terms. The
numerical method is used in Chapter 5 to solve the equations governing dynamic
deformations of a nonlinear elastic membrane tube when it is subjected to a
dynamic extension. Numerical results are given for the Mooney-Rivlin and
neo-Hookean incompressible materials. The question how the present numerical
results are related to those obtained in the literature is discussed. The same
problem is also studied for both the nec-Hookean compressible material and the
Blatz-Ko compressible material. Conclusions are drawn in Chapter 6.

vii



NONLINEER ELASTIK TUPLERIN BiR ASIMPTOTIK
MAMBRAN TEORIiSi VE GARPMA PROBLEMI iCIN BiR
GODUNOV TiPi SONLU HACIM METODU

OZET

Bu ¢ahgmanm ilk kisminda, nonlineer elastik dairesel silindirik tiiplerin sonlu
eksenel simetrik deformasyonlan igin bir asimptotik mambran teorisi tiiretilir.
Caligmanin ikinci kisminda, bir nonlineer elastik dairesel silindirik mambran
tiip icin tanimlanmig carpma problemi sayisal olarak ¢oziiliir. B6liim 2’de sonlu
elastisite teorisinin temel denklemlerine bir kisa girig verilir ve bir genel homojen
izotrop nonlineer elastik malzemeden yapilmig, i¢i bog dairesel silindir icin ii¢
boyutlu problem tamimlanmir. Boliim 3’de, sikigmaz hiperelastik malzemeden
olugmug, ince-kalinhikh dairesel silindirik bir tiipiin bir asimptotik mambran
teorisini elde etmek igin asimptotik agihim teorisi kullanihir. Tiipiin i¢ yiizeyi
hem normal hem de tegetsel sinir gerilmelerine maruz iken, dig yiizeyi herhangi
bir sinir gerilmesine maruz degildir. Mambran tiipiin dinamik eksenel simetrik
deformasyonlarini yoneten denklemler, sekil degigtirme enerjisinin keyfi bir formu
icin elde edilir. Inceleme sikigabilir hiperelastik tiip durumuna da genigletilir.
Boliim 4, kaynak terimleri de igeren nonmlineer korunum yasalarindan olusan
bir boyutlu sistemlerin sayisal ¢6ziimii i¢in Gnerilmig olan Godunov tipindeki
bir ikinci-mertebe sonlu hacim metodunun ¢ahgmasima ayrilmigtir. Sayisal
metod, Béliim 5’de, bir dinamik uzamaya maruz nonlineer elastik mambran
tipiin dinamik deformasyonlarin1 yoneten denklemleri ¢ozmek icin kullanihr.
Sayisal sonuglar Mooney-Rivlin ve neo-Hookyen sikigmaz malzemeleri icin verilir.
Simdiki sayisal sonuglarin literatiirde elde edilmig olanlar ile nasil baglantih
oldugu sorusu tartigithr. Ayni problem hem neo-Hookyen sikigabilir malzeme
hem de Blatz-Ko sikigabilir malzeme igin de ¢aligihr. Degerlendirmeler Boliim
6’da yapihr.,

viii



1. INTRODUCTION

An elastic solid tends to return to its initial shape when a load is applied and
then removed. Often such an elastic solid is called a nonlinear elastic solid in
the sense that the deflection at a given point in the solid is not proportional to
the magnitude of the applied load.

Substantial theoretical and analytical results in the area of nonlinear elasticity
have been obtained in the last four decades. One question addressed in a number
of papers is to determine all possible solutions of the equilibrium equations for
a particular class of materials. The accompanying mathematical complexities
in solving the equations of nonlinear elastostatics impose specification of the
strain energy function to consider deformations for a particular class of materials.
Solutions in this context have been crucial to the understanding of material
behavior under various loading scenarios. However, even for specific forms of the
strain energy function, there has been little progress in our ability to analyze
deformations. For compressible nonlinear elastic solids, there are relatively few
boundary-value problems for which closed form solutions have been found. For
such materials, in contrast to the incompressible case, volume changes usually
occur. The resulting boundary-value problems are generally much more difficult
to solve than their counterparts for incompressible materials. In regard to
dynamic deformations, only a few exact solutions have been found for both
compressible and incompressible nonlinearly elastic solids. We refer the reader

to [1] for a discussion on exact solutions and comprehensive list of references.

The difficulties in obtaining the exact solutions of nonlinear elasticity problems
have stimulated considerable research effort on the derivation of approximate

theories which are based on the introduction of some simplifying approximation.



Nonlinear elastic shell theories and nonlinear membrane theories among the
others are the most common examples of these approximate theories. Shell
and membranes are physically three dimensional bodies. But they are curved,
thin-walled structures. Membranes are thinner than shells. Approaches to
membrane theories range from the purely direct to the purely derived. A direct
theory regards a membrane, from the start, as a two dimensional continuum.
However, the derived approach recognizes a membrane as a three-dimensional
elastic body and derives a system of two-dimensional equations from the
three-dimensional elasticity theory by asymptotic analysis. Of course, there is
the fundamental and difficult problem of justifying the adequacy and accuracy
of membrane theory solutions as approximations of the exact solutions of
nonlinear elasticity. The extreme thinness of membrane structures generates
two fundamental assumptions:(i) Membrane stiffness is much, much greater than
bending stiffness; thus, stress couple effects may be disregarded. (ii) The ratio of
thickness to the smallest radius of curvature is much, much less than one; thus
terms of the order of this ratio may be disregarded. We refer the reader to [2]
for both a recent review on elastic membranes and a comparison of the direct

and derived theories from a constitutive point of view.

One must be careful to distinguish between the membrane response of an
idealized structure and the response of a true membrane. For instance, a plate
or a shell structure may be idealized to respond as a membrane away from
its boundaries and consequently the stress couples may be neglected in the
interior part of the structure. On the other hand, structure models that cannot
support stress couples anywhere are by definition true membranes. We refer the
reader to [3] for a discussion of a nonlinear elastic plate from these two different

perspectives.

The present study has several purposes. The first one is to derive a nonlinear
membrane theory for finite axially symmetric dynamic deformations of an
incompressible nonlinearly elastic circular cylindrical tube. The asymptotic

expansion technique is used to obtain the equations of the nonlinear membrane

2



theory by starting from the three-dimensional elasticity theory outlined in
Chapter 2. It is assumed that the inner surface of the tube is subjected to
both normal and tangential tractions, while the outer surface is free of tractions.
Chapter 3 is devoted to the derivation of the reduced equations of motion for an
incompressible nonlinearly elastic circular cylindrical membrane. It will be seen
in the sequel that the analysis contained in Chapter 3 parallels quite closely that
described in [4]. The present discussion of membrane theory is set in a framework
which differs in three aspects from that presented in [4]. First we are concerned
with finite dynemic deformations of nonlinear elastic membranes here whereas
the membrane theory derived in [4] is valid only for finite static deformations.
Another interesting difference between [4] and the present study arises in
consideration of the incompressible material. We consider a circular cylindrical
tube composed of an arbitrary incompressible elastic material. However, in [4]
a circular cylindrical tube made of a neo-Hookean elastic material is considered.
Finally, here we prefer to use the nominal stress tensor instead of the Cauchy

stress tensor used in [4].

The second purpose of the present study is to derive a nonlinear membrane theory
for finite axially symmetric dynamic deformations of a circular cylindrical tube
made of an arbitrary compressible elastic material. For this aim we also consider
the case of a compressible elastic tube in Chapter 3 and develope a nonlinear

membrane theory.

The next purpose of the present study is to consider wave propagation in a
circular cylindrical nonlinear elastic tube when the tube is subjected to dynamic
extension. One end of the tube is fixed and the other end is subjected
to a dynamic extension. The same problem has been studied by Tait and
Zhong [5]. They have considered the tube as an isotropic, homogeneous
incompressible membrane and used the membrane theory obtained using the
direct approach. They have employed a numerical technique based on the method
of characteristics and presented the numerical results for the Mooney-Rivlin

material. In another study [6], Tait and Zhong have also considered the same

3



tube and, in addition to the extension, imposed a dynamical twist at the moving
end. They have presented the numerical results for the neo-Hookean material.
The present discussion of the problem is set in a framework which differs in two
aspects from that studied by Tait and Zhong [5]. First, we use the membrane
theory obtained by using an asymptotic expansion technique. Second, we use
a second-order Godunov method for the numerical solution of the governing
equations. In Chapter 4 we shortly summarize mathematical theory of hyperbolic
systems and introduce the second-order Godunov method used in our numerical
simulations. In Chapter 5 we formulate the problem of dynamic extension of
a membrane tube made of an incompressible hyperelastic material and present
the numerical results corresponding to both neo-Hookean and Mooney -Rivlin
materials. Also we discuss how the results obtained in the present study are
related to those obtained in [5]. The same problem is also studied for both
neo-Hookean compressible material and the Blatz-Ko compressible material.
Finally, in Chapter 6 we conclude the thesis with a discussion of possible

extensions of the present study.

We shall cite here only the literature most directly related to the present study
and refer the reader to the references in the bibliography at the end of the thesis

for a comprehensive list of references.



2. BASIC EQUATIONS

2.1 Introduction

In this chapter a brief introduction to the basic equations of finite elasticity
theory is given. The coverage is not intended to be exhaustive and more
attention is paid to those part of the theory, which are related to the scope
of the thesis. More detail can be found in [1] and [7]. The purpose of Section
2.2 is to briefly summarize the basic equations of finite elasticity theory. The
specializations appropriate for cylindrical coordinates are also noted in Section
2.2. The three-dimensional problem for a hollow circular cylinder made of a
general homogeneous isotropic nonlinearly elastic material having a natural state
is briefly described in Section 2.3. The equations governing finite axisymmetric

deformations of the tube are derived in the same section.

In this paragraph some formulae which are used in the subsequent sections are
given. A vector d is called an eigenvector of a second-order tensor D if there is
a scalar, d say, such that Dd = dd. In such a case d is called the eigenvalue of
D corresponding to the eigenvector d. The equation det (D — dI) = 0 is called

the characteristic equation for D and it can be written as
d® — [,(D)d? + L(D)d — I;(D) = 0

where I;(D), I,(D) and I3(D) are called the principal invariants of D and are
defined by

Il(D) = tr D,
5(D) = ; [(xD)? - D,

I4(D) = det D = % [(tr D)® - 3(tr D)(4r D?) + 2 DY] .

5



Here the notations tr and det refer to trace and determinant, respectively.
Suppose that d;, d; and ds are the eigenvalues of a symmetric second-order
tensor D. Then the principal invariants of D can be expressed in terms of d,, ds

and d; as follows
Il(D) =d;+dy+ds, Iz(D) = didy + dad3 + d3d; Ig(D) = ddyds
(see [1] or [7]).

Throughout this chapter we use the notation adopted by Ogden in [1] with a
few exceptions: For instance we use F instead of A to denote the deformation
gradient tensor. Additional references for the topics discussed in the present
chapter can be found in the books and papers listed in the references of [1].

2.2 Preliminaries: Equations of Finite Elasticity

Consider a body composed of elastic material. A particular state of the body
at some time %, is chosen as the reference or undeformed state. Suppose that
the body occupies a region By of space in its reference state. Also suppose
that the body occupies a region B of space at current time t. We use fixed
rectangular Cartesian coordinate systems to describe the locations of particles
in the body for both the reference (Lagrangean) and current (Eulerean) states.
Let {X;, X3, X3} represent rectangular Cartesian Lagrangean coordinates with
orthonormal basis vectors {Ei, Ey, Eg} and origin O. Similarly, let {z:, z2, 23}
represent rectangular Cartesian Eulerean coordinates with orthonormal basis
vectors {e1,ey,e3} and origin 0. We identify a generic material point of the
body by the label X. Suppose that the vector X represents the place occupied
by the particle X in the reference configuration and that the vector x represents

the place occupied by the particle X in the current configuration so that
X=XxEyx, x=uzx10; (2.1)
where summation convention is used. The equation
x = x(X,?) (2.2)

6



specifies a one-parameter family of deformations and for any fixed ¢, x is called

a deformation from the reference configuration. The component form of (2.2) is
zr = Xe(Xx,t), Kk K=1,2,3 (2.3)

On taking the differential of (2.2) we obtain
dx=F dX. (2.4)

where F is a second-order tensor defined by
F=Gradx(X,t) = Ve x(X,t) . (2.5)

Here the notation Grad (with upper-case G) refers to the gradient operation
taken with respect to X and the symbol ® refers to the tensor product (see
[1]). The specialization of the above representation to the case of curvilinear
coordinates if required can be easily given. An alternative notation for F is
Ox/0X = 0x(X,t)/0X. Suppose that F have components Fx with respect
to bases {e;} and {Ex}: F = Fipxe, ® Ex. Then it follows from (2.5) that
Fi.x = 0z /0X k. Equation (2.4) describes how an arbitrary line element dX at
X transforms under the deformation to the line element dx at the point x in the
configuration B. The second-order tensor F is called the deformation gradient
relative to the reference configuration By. Since any line element of material
in the reference configuration cannot be reduced to zero by the deformation, F
is a non-singular tensor, that is, det F # 0. For convenience we introduce the
standard notation

J=det F. (2.6)

In components J represents the Jacobian determinant of the transformation of
(2.2). If the current and reference configurations coincide or if the deformation

is just a rigid rotation, we have J = 1.

Since F is non-singular, it has an inverse F!, and for convenience we write
B = (F)T where the superscript T denotes transpose. Hence one can write

the inverse of (2.4) as dX = BTdx.



From (2.4) we can easily obtain
|dx|? — |dX[? = dX-(F*F — I)dX, (2.7)

which represents the difference between the squared lengths of a line element
in the current and reference configurations. The notation - denotes the scalar
product. Note that (FTF)T = FT(FT)T = FTF. Therefore it follows that FTF is
symmetric. The tensor FTF is called the right Cauchy-Green deformation tensor
and it is denoted by C. It follows from (2.7) that the material is unstrained at
X if C = I where I is the identity tensor.

The relationship between the volume element dV in the reference configuration
and the corresponding volume element dv in the deformed configuration is given
by

dv = (det F)dV = JdV (2.8)
(see [1]). That is, J is the local ratio of current to reference volume of a material
volume element. Since we require volume elements to be positive, it follows from

the above equation that
J=det F>0. (2.9

If the volume does not change locally during the deformation, then we have
J=1 (2.10)

at X. Such a deformation is said to be isochoric (volume preserving) at X. A
material subject to the constraint in which the deformation is volume preserving

is called an incompressible material.

The velocity of the material particle which occupies the place X in the reference
configuration is denoted by V(X ¢) in the Lagrangean (referential) specification
and is defined by

V(X,t) = %(X, t)- (2.11)

In the Eulerian (current) specification we write v(x,¢) for the velocity of the

material particle which occupies the place x at time ¢, where
V(X, 1) = v(x(X, 1), 1). (2.12)
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For convenience we sometimes use a superposed dot to represent d/0t at fixed
X.

The global forms of the conservation of mass, the balance of linear momentum

and the balance of rotational momentum are

%/a” (x,1)dv =0 (2.13)
;% fs p(x, t)v(x, t)dv = /B p(x,t)b(x, t)dv + fa e (x)da (2.14)
% ./3 p(x,t)(x — xq) X v(x,t)dv = /B p(x,t)(x — %) X b(x,t)dv

+ fég(x ~ Xp) X t(n)(x)da (2.15)

where p is the mass density of the material of the body in the current
configuration, the symbol x denotes the vector product, b is the body force
density, t) is the stress vector field per unit area of surface (the contact force
density), da is the surface area element and xp is an arbitrary point (see [1]).
The stress vector t(,) depends on the boundary 08B, of B, over which it acts. It
is assumed that the stress vector t(y) at a point x depends on the surface only
through the (unit) normal n to the considered surface at x. Therefore we use
the notation t(n)(x) above to make the dependence on n explicit. According
to the Cauchy theorem (see [1, p.146] for example), the stress vector t(z)(x)
depends linearly on n provided it is continuous in x. In other words, there exist

a second-order tensor field & independent of n such that
t@)(x) =o(x)n, (2.16)

for all x in the current configuration of the body and for arbitrary unit vectors n.
The second-order tensor o(x) is called the Caucy stress tensor. The normal stress
component o, in the direction of the unit normal vector n and the tangential
stress component oy in the direction of the unit tangent vector t are defined in

the form

Op = Dt(m)(X) = n-fo(x)n], o0; =t-tm)(x) =t[o(x)n] . (2.17)
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The local forms of the conservation of mass, the balance of linear momentum

and the balance of rotational momentum are

p+divv=0 (2.18)
div o + pb = pv (2.19)
cT=0 (2.20)

(see [1]). Equation (2.18) is the dynamic local form of mass conservation. The
equation given by

od =po (2.21)
is another local form of the mass conservation law. Equation (2.19) is known as

Cauchy’s first law of motion. Equation (2.20) is known as Cauchy’s second law

of motion, which implies that the Cauchy stress tensor is symmetric.

The linear momentum balance equation (2.14) can be written in terms of integrals

over By and 9B, as follows

/B A(X)bo(X, )V + /8 . ST(X,NdA = fB XXX,V (222)

where bo(X,t) = b(x(X,t),t), and N is the unit (outward) normal to the
boundary 0B; of the reference configuration By. The tensor field S is given
by

S =JB%e (2.23)
and it is called the nominal stress tensor (see [1]). The transpose of S is

sometimes referred to as the first Piola-Kirchhoff stress tensor. The equation
nda = JBNdA (2.24)

relating current and reference elements of surface area is known as Nanson’s
formula (see [1]). It is used to transform the linear momentum balance equation
(2.14) into the above form given in (2.22). The local form of (2.22) is called the

Lagrangean equation of motion and it is given by

Div S + pobg = poX - (2.25)
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Note that in this equation the independent variables are X and ¢ although the
vectors involved are actually Eulerian. In the rest of this thesis we assume that
there are no body forces: b(x,t) = 0 for all x € B. Using (2.23) in (2.20) we
observe that the symmetry of o is equivalent to

FS =STFT, (2.26)

The set of Lagrangean field equations are (2.21), (2.25) and (2.26). This set
is completed by use of a constitutive law which describes the nature of material
behaviour. To describe distinct types of material behaviour different constitutive
laws are proposed. For a homogeneous elastic material the set of equations is
completed by specifying S as a function of F. An elastic material for which a
strain-energy function W (F') exists and the (nominal) stress-deformation relation
is given by

S = %—VFY(F) , (2.27)

is called a hyperelastic material. W is a measure of the energy stored in the
material as a result of deformation. If a natural configuration is taken as the
reference configuration (so that F =X and S = 0 in that configuration), then it
may be convenient to set W(I) = 0. An incompressible material is subject to
the constraint det F = 1. The analogue of (2.27) is

_w

S oF

(F) —pBT. (2.28)

where p is called the arbitrary hydrostatic pressure and it has the role of a
Lagrange multiplier. We now introduce a second-order tensor T, which is called

the Biot stress tensor, through the relation
T? = SST . (2.29)
We shall devote some attention to it in the subsequent chapters. A detailed

discussion of the Biot stress tensor is given by Ogden [1].

An elastic material is an isotropic elastic material if the mechanical response of

the material exhibits no preferred direction in a reference configuration (see [1]).
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The strain energy function of a homogeneous isotropic hyperelastic material is a
function of the principal invariants of C: W = W(l}, I, I;) where I1,I,, I3 are
the principal invariants of C. Then the nominal stress tensor of a homogeneous

isotropic hyperelastic material is given by

_oWgr W TR\ FT 4 9.9 gT
S=25rF +250 (LI-F'F)F +2h5-BT, (2.30)

(see [1]). Suppose that A%, AZ and AZ are the eigenvalues of the right
Cauchy-Green deformation tensor C which is a symmetric second-order tensor.

In other words, we assume that they satisfy the characteristic equation
det (FTF — A%1) =0 (2.31)

Then the principal invariants of C can be expressed in terms of A, A2, A2 as

follows

L(C)=A+AJ+ A2, L(C)=AAZ+A2A5+A2A2, L(C)=A2A2A%.

(2.32)
The scalars A;, Ay and Az are also called the principal stretches (see [1]). Note
that A2 = A2 = A = 1 if a natural configuration is taken as the reference
configuration. Also note that I; = I, = 3 and I; = 1 in the reference
configuration. We may regard W as a function of the principal stretches A;, Ay
and A3 and we may write W = W(A;, Ag, A3). Note that we use the same letter
to indicate the revised functional dependence. For an isotropic strain-energy

function we have

W W, LW, AW
"——aAl —_ 2A1[6_Il + (A2 + Aa) 6]2 + A2A3 61.3 9 (2.33)
W W ., W, AW
_6A2 —_ 2A2[_6I1 + (A'l + A.3) 612 + A]‘Aa_als ], (2.34)
W W, AW, W
_3A3 = 2A3[‘a'_"1.1 + (A]_ + 1\.2)_‘612 + AlA.z—als ], (2.35)

where (2.32) is used.

For an incompressible material for which I3 = 1, the strain energy function

W depends on only two principal invariantss W = W(I;,I;). Then

12



the corresponding expression of (2.30) for the nominal stress tensor of an

incompressible material takes the form

_ W 1 _8_@ T T T
S =25 F +25- (L1-FTF) FT —pBT . (2.36)

where p is the arbitrary hydrostatic pressure to be determined. Since I3 = 1 and
consequently A2A2A2 = 1 for an incompressible material, we can rewrite the

principal invariants given by (2.32) in the form

1 1 1
Il:A%+A§+—1—\—¥_A—%’ I2=A%A3+E+E (237)
from which we deduce that
ow 1 ow 5 OW
F v 2A4 (1 - m) (3[1 + A 3I2) (2.38)
ow 1 ow 4, OW
B—A; = 2A2 (1 - A%A%) (8—1: + Al—a'g) (239)
ow
B—A; =0. (2.40)

We now present a few specific forms of strain energy functions for future reference.
A variety of constitutive laws have been proposed in the literature; some examples
are provived in [1]. Two material models which have also received much attention

in the literature are the compressible neo-Hookean material,
W(lIy, I, I5) = g(I1 +I71—4), (2.41)
and the Blatz-Ko material,
Wy, I, Is) = -‘5(121;1 +21i? —5) (2.42)

respectively. In these equations, the constant p is the shear modulus for
infinitesimal deformations so that 4 > 0. The strain energy functions
corresponding to the compressible neo-Hookean and Blatz-Ko materials may be

written in terms of the principal stretches in the form
W(hi, Ao Ao = S(AT+ M+ AT+ ATAA2 - 0), (243)

13



and
W (A1, As, As) = .’21(A1—2 FAZF A2+ 20 AN —5), (2.44)

respectively. Finally we conclude with two examples of incompressible materials
which have received much attention in the literature. These are the neo-Hookean
material,

W (I, I) = g(h ~3), (2.45)

and the Mooney-Rivlin material,
Wk, I) = Sk~ 3) + (1 — 7)(l — 3)) (2.46)

respectively. In these equations, p and y are constants with 4 > 0and 0 <y < 1.
If v = 1, then the Mooney-Rivlin strain energy function (2.46) reduces to
the neo-Hookean strain energy function (2.45). The strain energy functions
corresponding to the neo-Hookean and Mooney-Rivlin materials may also be

written in terms of the principal stretches in the form
W (A1, As, As) = -‘25(1\‘;’ +A2+A2-3), (2.47)
and
W (A1, A, A) = SIY(ATHA3+A3—8)+ (1—7) (A2A3+ AZAZ +A3A3-3)], (2.48)

respectively.

In the subsequent chapters, we wish to study the equations governing
axisymmetric deformations of a thin-walled circular cylindrical tube of
homogeneous isotropic nonlinearly elastic material. For this aim, we now derive
the cylindrical coordinates form of (2.25) in the absence of body forces. We
introduce the cylindrical coordinates

{Xl, Xg,Xg} = {RCOS 6, Rsin @, Z} (249)
and
{z1, 22,23} = {rcosf,rsin@, z} . (2.50)
14



for X and x, respectively. The corresponding orthonormal basis vectors are
Ep =cosOE, +sinOE,;, Eg = —sinOE; +cosOE;, Ez=E;, (2.51)
and
e, = cosfe; +sinfe;, ep= —sinfe; +cosfe;, e,=e;. (2.52)

With respect to the orthonormal bases (2.51) and (2.52), the nominal stress

tensor S has the following component form

S=SpEr®e, + SpEr®ep+ Sr.Er®e, + Se,Ee ® €, + SesEe Q@ €
+Seo;Ee®e, +Sz,Ez Qe + SzuEz®es +5.,EzQe, (253)

where Sgrr, Sre, Skrz, Ser, Ses, Sez, Szr, Sz, Sz, are the physical components
of the nominal stress tensor. In the matrix notation the nominal stress tensor

will be expressed in the form

Srr Srs Sk,
[S]=1 Ser Ses Se: | - (2.54)
Szr Sze Sz,

The divergence of the nominal stress tensor, V-S, is defined according to a
contraction between V and S applied to V ® S. This contraction defines V-S
such that

__ [0SR 1 [3Ser 00 05z, a0 a0
VS= [ 58 TR ( - Se"ae) * oz " SmpR SZ“az]
OSry 0Sey a0 0Szg a0 00
[3R +R(8@ + Sro + Serae) t357 SRra SZraZ]
[ & T’ ( 36 +S1zz) t 37 ] (2.55)

The acceleration field y on the right-hand side of (2.25), referred to cylindrical

coordinates, are given in the form

A v | 1 A
x-—(at ) (6t+ VVo) (at)ez, (2.56)
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Figure 2.1: Undeformed and deformed configurations of the tube.

where V, = 9r/dt, Vy = 00/8t, V, = 8z/0t. Thus the equations of motion in
the absence of body forces, referred to cylindrical polar coordinates, are given in

component form by equating the coefficients of e,, ey and e, in (2.55) and (2.56),

respectively;
[_%S'R{zr_ + jlz- (%Sg- + Spr — Seo-g%) 365';, == Smg% - Sza%]
— o (36‘:' - 'TITVOZ) =0, ‘ (2.57)
[%‘%‘3 + -;-2- (65;’ + Spg + Ser'gg‘) + %‘%—" + Sm% + Sng%]
—m (%‘%Jr-}m) —0, (2.58)
[%%—i +% (agg, + Snz) + a;';,] — po (a—;t@) =0. (2.59)

2.3 Axisymmetric Deformations

We wish to investigate axisymmetric deformations of a nonlinearly elastic circular
cylindrical tube in the subsequent chapters. For this aim we now derive the basic

equations corresponding to the case where the deformed tube is assumed to be
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axisymmetric. We consider a hollow circular cylindrical tube of homogeneous
isotropic hyperelastic material which, in its (undeformed, stress-free) natural
configuration, is defined by

R<R<R+H, 0<O©<2r, 0<Z<L (2.60)

where R; is the undeformed radius of the inner surface, H is the (uniform)
thickness of the tube, L is the initial length of the tube, {R, ©, Z} are cylindrical
polar coordinates associated with the natural configuration. The axisymmetric
deformation of the tube is defined by

r=r(R,Z,t),0=0, z=2(R, Z,t) , (2.61)
where {r,0,z} are cylindrical polar coordinates associated with the deformed

configuration.

Recall that we restrict attention to the case where the deformed tube is
axisymmetric. The deformation gradient tensor F associated with (2.61), referred

to cylindrical polar coordinates, is given by

or or 0z 0z
F= -a—R;e,-@ER-i- aZe;-@Ez-l- R99®E9+ aRez®ER+ aZez®Ez (2 62)
or, in matrix notation,
- or ) ar
OR r 0z
Fl= 0 - o0 |. (2.63)
R
0z 0z
L OR 07z |

Then, from (2.6) we have

Or 0z Or 0z
It follows from (2.63) and B = (F~1)T that
[ 1oz 0 _roz]
) R3Z o 3 o 3 ROR
r 0z 2z
_ror 0 ror
ROZ ROR
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The right Cauchy-Green tensor C is then

a\' (o) (oror 826:)]
ar) T \ar 8R0Z ' 9RZ
Cl= 0 (1)2 0 (2.66)

[ z . .

oror dsox\ o (o), (02)°
| \OROZ  0OROZ 0z (i ¥4
Since the principal stretches are associated with the eigenvalues of C, we have

2 (T 2
A= (R) ’

ar\? ar\? 8z \? 8z \?

2, A2_ [ O o hidedl bt

o= (5) +(32) + () + (3)
or o or o

Angz( rE_L2 Z) : (2.67)

OROZ O0ZOR
Thus, (2.32) gives the principal invariants of C as

vo- (5] (5] (3 - @
oG+ (3 (83

. (chf_z__ézéz)z |

ORO0Z OZOR
ar 0z or 8z\’
5(C) = (R) (6R6Z ?ﬁﬁ) ' (2.68)

Under the deformation (2.61), (2.30) gives the physical components of the

nominal stress tensor S for compressible hyperelastic materials as

2
Sm_z[awar W aW(R)g(ggg_gig)]

I, or T a1, oI, 0Z \GBROZ ~ OROZ

Spu 2|00 Wy OW (rynlr (O 5 0z

B 8L,OR ™ 8, ™ 98I, \R) 0Z\0R®Z ~ BROZ

oW oW OW (6r 8z 9z or\?

So0 = 2’E[all+a K@“T(ﬁaz"ﬁﬁaz)]’

Spo =202 W W (rNRDe (00 0z 0z 0
Zr=“ler,6z " 8L, 8l \R) OR\OR®Z  OROZ

Sy =202 W, | OW (ry1Or (Or 0 0z dr

z=%\ o0z oL, %t o1, \R) aR \8R9Z ~9R3Z

Ser = Sng = Szp = Se, = 0 (2.69)
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where

Sy (& (N _or(oror o202

" OR \R oZ 8z 8Z \OROZ ' OROZ)’
2'(1:)3 or\*, (92\| _0z (oror 0202
OR |\R 0Z 0Z 0Z \BROZ OROZ)’

) (er_')ﬁ (z): (Z)'+ (_6_)

OR OR 8z 0z ) ’

_ﬂ'(z)u or\* (02)\*] _or (oror  0:0:
0z i R OR OR OR\OROZ OROZ)’
z'(z)u or\" (92\'| 0z (Oror 8202
0Z |\R OR OR OR\OROZ OROZ)

(2.70)

Similarly, (2.36) gives the physical components of the nominal stress tensor for

incompresibble hyperelastic materials in the form

where Kp,, Kg,, ...,

0z or

ow or oW r 0z
Onr = 2(81163 ol, K"") ~PRoz’
oW 0z oW r Or
Sﬂz—z(ai;azz alzKR’)+pEa_Z’
Sop— 2l (W W, N _ (ords dzir)
®@=“p\or, " an, OR38Z OROZ
oW or oW r 8z
> ‘2(6_115§+312K )“’Raﬂ’
oW 0z OW r Or
Sz 2(azlaz+aIK )‘pﬁﬁ’

SQT=SR9—SZ0—'Sez"'0

Kz, are given by (2.70).

(2.71)

Recalling that Sy = Ser = Se, = Szs = 0, the eigenvalues, (S1, Sz, S3), of the

nominal stress tensor S are obtained in the form

Sy =

S®9 ’

S1+S3=S8p+8z,, S8 =

and the principal invariants of S in the form

I(S) = Sgr + Ses + Sz. ,
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I5(S) = SrrSes — SzrSr; + Sz:(Srr + Ses) »
I3(S) = Ses(SrrSz: — Sr2Szr) - (2.73)

Similarly, using the relationship between the Biot stress tensor and the nominal
stress tensor given by (2.29), we observe that the eigenvalues, T}, 75, T, of the

Biot stress tensor T must satisfy

T; =Sag, Ti+T5 =5k +Sk+5%+5,, TiT5 = (SSz: — SraSzr)” -
(2.74)
Since Ser = Srs = Szs = Se. = 0 for both compressible and incompressible

hyperelastic materials under the deformation (2.61), we may write S = S(R, Z, t).
Thus, for the deformation (2.61) of interest here, the general equations of motion

reduce to
DB | 0 —l—(SR, — Ses) — pogz—r =0, (2.75)
6(.95'1; 07 R ot?
56 = 0, (2.76)

Note that (2.23) gives & = J~'FS. Then the physical components of the Cauchy

stress tensor o are obtained in terms of the components of nominal stress tensor

S as follows
or Jr or or
. ﬁSm-l—gESzr 1.0 b-l'_ZSRz-l_a_ZSZZ
o] =— 0 —Ses 0 . (2.78)
J R
g or K ey 0
aR"® " 977" dR"® ™ 9z°%

We also observe that, for the deformation (2.61) of interest here, the symmetry
property of o given by (2.26) reduces to

0z or or 0z
3R T 3R% = 57°% " 37

which implies that o,, = 0.

Szr (2.79)
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3. AN ASYMPTOTIC MEMBRANE THEORY OF
HYPERELASTIC TUBES

3.1 Introduction

In this chapter, the asymptotic expansion technique is used to obtain a nonlinear
asymptotic membrane theory of a thin-walled circular cylindrical tube composed
of a homogeneous isotropic general hyperelastic material. We restrict attention
to the case where the deformed tube is assumed to be axisymmetric. Applying
the asymptotic expansion method to the equations presented in Section 2.3, the
equations governing the axially symmetric dynamic deformations of a membrane
tube are obtained for an arbitrary form of the strain-energy function. Some

aspects of the present membrane theory are also discussed.

In Section 3.2, we describe a tube whose thickness is smaller than the radius of
its inner surface in the undeformed configuration and we briefly summarize the
boundary conditions at the inner and outer surfaces of the tube. In Section 3.3,
utilizing an appropriate thickness parameter all the field variables are scaled. In
Section 3.4 the non-dimensional form of the governing equations are given. In
Section 3.5, the asymptotic expansion method is used to construct an asymptotic
membrane theory for thin tubes made of an incompressible hyperelastic material.
To this end, the radial and axial cordinates in the deformed configuration and
the surface tractions are expanded into a formal power series of the thickness
parameter. Without any a priori assumption on the form of the field variables,
it is shown that the zeroth-order approximation simultaneously includes both
the membrane equations previously presented in the literature and the usual
assumptions on the specific forms of the field variables. In Section 3.6, a similar

analysis is developed for thin tubes made of a compressible hyperelastic material.
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3.2 Formulation of the Problem

We consider a hollow circular cylinder made of a homogeneous, isotropic
incompressible hyperelastic material, which, in its natural configuration, is
defined by (2.60). The cylinder is subjected to both tangential and normal
tractions on its inner surface while the outer surface is free of tractions.
The surface tractions may vary axially, but not circumferentially so that an
axisymmetric deformation is produced. Thus the deformation is given by (2.61).
The inner surface of the deformed tube can be generated by rotating a continuous
curve in the rz-plane about the z-axis. It is assumed the curve does not intersect
the z-axis. At time ¢ the inner surface of the deformed tube have the parametric
equations r = r(R;, Z, t), z = z(R;, Z,t). The tangential and normal unit vectors,
t and n, of the deformed inner surface (R = R;) are

__1(0= Or = Lo, 0z (3.1)
n="%\az" "8z%) ' "To\az" " 8z%) '

s [(8) (&)

If we denote the tangential and normal tractions on the inner surface of the

deformed tube by P;(Z,t) and P,(Z,t), then the boundary conditions at the

where ’
3

inner and outer surfaces of the deformed tube are given by
O'nz—Pn, O'tZ—Pt atR=& (3.3)

and

0,=0, o0,=0 at R=R;+H (3.4)

where o,, and o; are the normal and tangential stress components defined by
(2.17). For the present problem, using (2.17) and noting that g,y = 0g, = g9, =
0,9 =0, 0, and o; can be expressed in terms of the nonzero components of the

Cauch stress tensor as follows
1 [(or\? 9z \? or 9z
=3 [(a_z) "“+('5'z‘) o= azaz Ot (39)
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and \
1 or 0z or Oz
%= 33 [(3_Z) Oy — (52—) O+ == 9757 (022 — 0vr)| (3-6)

respectively. If we use (2.78) in (3.5) and (3.6), we can express o, and o; in terms
of the nonzero components of nominal stress tensor. If the resulting expression
and (2.64), (2.79), (3.2) are used in (3.3) and (3.4), after some straightforward
calculations, the boundary conditions at the inner and outer surfaces of the

deformed tube are rewritten in the form

1 (BZSR, a”’sm) Ip -L(a"sn,.+a s ):-—’lﬂ at R= R,

a0z a0z R ™ ®\9Z 0z R
(3.7)
and
6z 6 1 ar 6
(3.8)

Thus, it follows from these equations that the boundary conditions can be stated

alternatively in the form

r [ 0z or r [ Or 0z
Skr = R (E—Z—Pn - 5Z—Pt) » Sre = R (_671)" + BEP*) at R=R; (3.9)

and

Sgr=0, Sp,=0 atR=R;+H. (3.10)

For the time being, the boundary conditions at two ends of the cylinder will not
be specified. This subject will be discussed later.

3.3 Scaling

In this section we define the dimensionless coordinates and scale the unknowns
and loads by some particular powers of an appropriate thickness parameter.
The thickness parameter € is defined in the form ¢ = H/R; and the thin
tube assumption results in £ << 1. Consequently, we may attempt to study

an asymptotic expansion of the basic equations with respect to the small
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dimensionless parameter £. We now introduce the following dimensionless
coordinates R, Z
R=Ri(l+¢R), Z=RZ (3.11)

in the undeformed configuration, and 7, Z

r(R,Z) = Ri#(R,Z), 2(R,Z)= RiZ(R,Z) (3.12)

in the deformed configuration, and the dimensionless time

b= ("—;) : Ri. (3.13)

Thus the domain occupied by the thin tube in the undeformed configuration is
transformed into a domain of comparable dimensions, which is independent of
€. Since such a transformation introduces the thickness parameter ¢ into the
field equations, the solution of the three-dimensional problem will depend not
only on R, Z, T but also on €. It is reasonable then to expect the solution
of the corresponding problem defined in the dimensionless coordinates to have
an expansion with respect to €. In what follows, all the field variables in the
dimensionless coordinates will be scaled by some particular powers of £ such that
it reflects the expected behaviour of the tube and then a consistent asymptotic
theory for thin nonlinearly elastic tubes will be developed without any additional
assumptions. But at this point, note that the asymptotic expansion method is
not free from a priori assumptions due to the scaling assertions. Now we define

the non-dimensional tangential and surface tractions, i.e., P; and PB,, as follows:
P, = peP,, P, = ueP, (3.14)

where the common factor of the stress dimension is chosen as p. To proceed with
our analysis further, we define the non-dimensional components of the nominal

stress tensor S in the form

Sgr = peSrr, Sre = p€Srs, Szr = 1Szr, Szz= 1Sz, Ses = 1Ses
(3.15)
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where the nominal stress components Sp, and Sy, are scaled such that
they are included in the lowest order approximation of (3.9). Similarly,
the non-dimensional strain-energy function W, the non-dimensional principal
components of Biot stress, 7; (i = 1,2,3), and the non-dimensional hydrostatic

pressure j are defined by

W=pyW, Ti=pl} ;(k=1,2,3), p=pp. (3.16)

3.4 Transformed Problem

For future reference we record here the basic equations of the three-dimensional
problem in the dimensionless coordinates by using the definitions given in the
previous section. For convenience we omit the bars on the non-dimensional

equations.

We now briefly summarize the basic equations in the dimensionless coordinates,
which are obtained using (3.11)-(3.16) in the equations derived in the previous

chapter and in Section 3.2, as follows. The Jacobian J given by (2.64) takes the

following form
T 1({0r 0z Or 0z
T=17er [2 (a—R'a_z p 57@')] - (8.17)
The scaled form of the right Cauchy-Green tensor C, given by (2.66), is
Lo\ (22Y]  ,  L[Zor 8z02]]
g2 |\OR OR € |OROZ  OROZ
€] = 0 (tZ) 0
1+€eR ) )
l _6_1'97:_ + ..a_z_iz_ 0 ﬁ + 2/‘5_
| € |OROZ OROZ o0z iYA _
(3.18)

Furthermore, in the dimensionless coordinates, the principal stretches Ay (k =
1,2, 3), which satisfy (2.67), and the principal invariants Iy (k = 1,2, 3) given by
(2.68), take the following form

2 __ r 2
Aa= (1+ER) ’
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. . 1 [far\? _3_z2 ir_z ?iz
Ar+As= [(aR t\ar) | T\oz) T\az)
1 (a'r 8z Or 62:)2

202 M Ye M Yes
M= 3Rz ~9ZaR (3.19)

5L(C) = ;%[(%)Z“L(g%)z]; («‘%)2: (%)2*;(1#1;):’
w0 - () [5[&) +(@)]- (3) - (@]

, L(ro o)
e2 \OR0Z OZOR/} °’

r \2|1 (or 8z oroz\"
50 = (r378) [‘ (5537‘5555)]’ (3:20)

respectively. Noting that

Ser = Spo = Szp = Se, =0, (3.21)

it follows from (2.69) that the nonzero components of the nominal stress tensor

for a compressible hyperelastic material are given by

PREREY. € 08 I PR A@ SN L4 ST )
Br = 2 8l,OR  c0l, T &0 \1+¢R/ 0Z \OROZ ORIZ
2[16W8z IBWK igvz( r )291(_6195_2@:)]
29I, 0R Tz 0L, e29I, \1+¢R/ 0Z\OR3Z 0OROZ
[aw 174 10W (or 8z 0z or\®
o0=2(—2) Ke,,+__(_—_—_)],
1+eR 6[1 or. g2 313 OR3Z ORO0Z
2[6% W - S (L) & (Ll 2 0r)
oI, 87 T dI, \1+eR/ OR\OROZ OROZ
SR LLE L PR G A fd B )
oL 6Z 612 €29I3 \14+¢R/ OR\OROZ ©OROZ

(3.22)

where the following notation is used
K =20 () AN AN
" edR |\1+eR 0z EYA
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10r (67' or 0Oz az)

T 9z \0R0Z T OROZ

10z r \2 [or\® [oz\°
Ke: =R [(1+6R) +(5§) +(a_z*)]

19z (6r or 0Oz Bz)

~:9z \8R9zZ " 9R0Z

_ (o (=) LY, (22

0z 0Z €2 [\OR OR ’
91( T )l o\, (02’
0Z (\1+¢R 2 I\OR OR

_1or ___+6zaz

e20R\OROZ OROZ

- 85 () (%) (3]

1oz (oror 0:0s
e20R \OROZ OROZ

(3.23)

Similarly, it follows from (2.71) that the nonzero components of the nominal

stress tensor for an incompressible hyperelastic material are given by

Sy o (LOWor 10W. \ p_r 0z
Br=\20L,0R  cdl, ™) €1+c¢ROZ’
S opLWoz LW, \ . p_r or
Re—= %\ 29I, R " € 0I, el+eROZ’

_ r ow oW p(or 0z Oz Or
590—2 ( + Keg)—’e—( ——-——) s

1+eR 611 aIz OROZ OROZ
_o(0Wor oW p r 0z
5 _2(61162+6I2 ) e1+¢ROR’
S [OW 0z  OW p r Or
% _2(611‘67+612 ) €1+€eROR’ (3.24)

where Kg,, Kg,, ... ,Kz, are given by (3.23). Furthermore, in the dimensionless
coordinates, the equations of motion given by (2.75) and (2.77) reduce to

GSR, aSz,- 27‘
oR ' 9z +1+ o7 (€S~ Sen) = 7 (8.25)
R 97 + 1T RSRz % (3.26)

With a similar process, the scaled forms of the boundary conditions given by
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(3.9) and (3.10) are obtained in the form

r or 0z r 0z or
= ryem (g g™ 5= rem (gt azh) o A0
(3.27)
and
Spr=0, Sp, =0 at R=1. (3.28)

Finally, we want to point out that the relationship between the principal Biot
stresses and the components of the nominal stress tensor, given by (2.74), takes

the following form

T2 =8%,, T*+T?=S%+5%,+c%(S% +5%,), TXT?=c*(SprSz:—Sre82:)% .
(3.29)

3.5 Asymptotic Expansion: The Incompressible Problem

Now, recalling the dependence of the basic equations written in the dimensionless
coordinates on ¢, it is assumed that the deformed radial coordinate r, the
deformed axial coordinate z, the nominal stres tensor S and the hydrostatic

pressure p may be expanded in powers of € in the form

r(R, Z,t) =R, Z,t) + erD(R, Z, ) + ... (3.30)
2(R, Z,t) = 29(R, Z,t) + 2V (R, Z,t) + ... (3.31)
S(R,Z,t) = SO(R, Z,t) + eSY(R, Z,t) + ... (3.32)
p(R, Z,t) = p(Z,R,t) + ep (R, Z, 1) + ... (3.33)

where the coefficients of the parameter £ are assumed to be of order unity.
The scaling made in (3.11)-(3.16) and the expansion (3.30)-(3.33) are the main
assumptions of this section and an asymptotic expansion will be developed
without any additional assumptions. It is expected that the leading terms
of this expansion will identify the main features of the true solution of the

three-dimensional problem.
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If we substitute the asymptotic expansion (3.30)-(3.33) in the dimensionless form
of the basic equations and equate the coefficients of powers of £ to zero, we get
a hierarchy of the basic equations to be satisfied for each order of £. In what
follows, we study the leading order equations of the asymptotic expansion in
detail. To this end we do not record information about higher order terms which

will not be needed later in the analysis.

Suppose that the expansions of r(R,Z) and z(R, Z) are substituted into the
scaled form of the right Cauchy-Green tensor given by (3.18) and that the limit
of the resulting components of the right Cauchy-Green tensor is taken as ¢ tends
to zero. Since we require that the components of the right Cauchy-Green tensor

C take finite values, we obtain the following equations

(arm))z N (azm))2 B or® ar® 9, 90

R R oR 9z T oR 9z ~ % (3.34)

The first equation implies that the derivatives of (¥ and 2(®) with respect to R

must vanish, i.e. ) A
or® 92(©
ZE=0 g =0. (3.35)

Then the second equation is satisfied identically. Now, for the sake of its

simplicity in the subsequent analysis, the following notation is introduced

rO=g(z,8), 20=fZ1). (3.36)

If we substitute the asymptotic expansion (3.30)-(3.33) in the dimensionless form
of the basic equations, we obtain the function ®, the Jacobian J, the stretch
ratios Ay (k = 1,2,3), the principal invariants I (k = 1,2,3), the principal
Biot stresses Ty (k = 1,2,3), given by (3.2), (3.17), (3.19), (3.20) and (3.29),

respectively, and the strain energy function W as a power series in ¢

B(R, Z,t) = $(Z, 1) + O(e) (3.37)

J =3+ O() (3.38)

A =X+0(), (k=1,2,3) (3.39)

Li=ix+0@), (k=1,23), (3.40)
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T =T +06), (k=1,2,3)
W=w+0(E), (k=123

where the zeroth-order approximation, ¢, of the function ® is

3
¢=[(r*+)]
the zeroth-order Jacobian j is
or) 921
]
i=g (f 5 "9 R ) ;

the zeroth-order principal stretch ratios Ay (k = 1, 2, 3) satisfy

(3.41)
(3.42)

(3.43)

(3.44)

m\? O (1)
Ag = gz, A%-l—)\g = ¢2+ (a;R ) + (a;R ) , /\?)\g = (f'ar

the zeroth-order principal invariants i, (k = 1,2,3) are

® D)
i1=gz+¢2+(ar ) (a ) ;

P 2 N2 78,0)\2
n=pEt (aR) +(6R) ’

, ar) az(l)
3 = 92 (f ! ) ?

R 7 oR

the zeroth-order principal Biot stresses are

7O = (59)"+ (52)°, T =58, TV =0,

and the zeroth-order strain energy function w is

w = w(iy, ig,%3) -

az(l)
o)

(3.45)

(3.46)
(3.47)

(3.48)

Note that i3 = j2 and that the incompressibility condition J = 1 takes the

following form 5 = 1 (consequently i3 = 1) at the zeroth-order approximation.

Then it follows from (3.44) that the incompressibility condition can be rewritten

in the form

O 80\ 1
(f oR _g'aR)‘g'
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Introducing (3.30)-(3.33) into (3.25) and (3.26), the equations of motion

corresponding to the zeroth-order approximation are obtained in the form:

sy N 388 o _ g as® N asy)  &f

OR FYA 0~ g2’ OR 0Z ~ o’

(3.50)

With a similar process, using (3.30)-(3.33) in (3.27)-(3.28), the boundary

conditions at the zeroth-order approximation are found as
Sw=g(P-fP), SO=g9(fP+gP) atR=0  (3.51)

and

SW=0, sV=0 atR=1 (3.52)

In order to find the constitutive equations corresponding to the zeroth-order
approximation we first expand the derivatives of the strain-energy function with

ow
respect to the principal invariants, A (! =1, 2), appearing in the constitutive
!

relations (3.24). For this purpose the following Taylor’s expansion of a general
function F(I(g), Iz(¢), Is(g))

F(Ii(e), I»(e), I(€)) = F (11, I, Is) |e=0 +Oe) - (3.53)
Since it follows from (3.40) that

for incompressible hyperelastic tubes, we can write the derivatives of the

strain-energy function with respect to the principal invariants, %IVK (1=1,2),in
!

the form

ow oW

—_—— + Ofe), =12, k=1,2. 3.55

o = 3], O , (3.55)
Now, for the sake of brevity, we define

W;=QvZ , =12, k=1,2. (3.56)
oI, L=y
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Using the above equations in (3.24), we obtain the following constitutive relations

for Seg, Sz and Sz, at the zeroth-order approximation:

M\?  [9,M0\2 1
(0) 2 67' Z 2t (0)
S 29 [W1+W2 [¢ +(8R) +(8R) )] g ’ (357)
W [ ar® e
0) _ ’ _ 6’!‘ ’
Sy = 29'Wy 2W2[3R ( s 6R)
, ort) 90\ 2 92V
E [92+(a3) +(%%) ” toO%g . 65)
M ( ar® 821
(0) — " 62 ’
20 = 2W2[8R ( dR aR)
art 82\ ? ar()
~f [g + ( aR) + ( R ) H —yp("’——aR - (3.59)

Also we observe that the expansions corresponding to Sg, and Sg, include the
negative powers of €. Since the expansion (3.32) suggests that the nominal
stress tensor components having negative index are zero, some constraints on
the deformed radial and axial coordinates are obtained. Now, these constraints
will be discussed in detail. The restrictions SG," = 0 and S5, = 0 give the

following equations

or() g O ,o0r 920 1.,
e () B )
Wi+ W (g +6°) =5 (g ol aR)] 5 /' =0, (3.60)
and
P [ 9 , [ ,0rY ,62() 1, o
Mg tW (o +¢) ~f (d +f )]+-2-ggp =0, (3.61)

respectively. Multiplying these equations by f’ and ¢’, and subtracting and
adding the resulting equations, we obtain

JF ROR We O 90N 1
( or T ; )[% (f 3R aR)“'égp(O)] =0 (3.62)

0 0
(f’agR -9 a;R ) [+ W3 (9% + ¢%)] - 29¢ p® = (3.63)

and

Note that the incompressibility condition (3.49) and (3. 6(2% and (3 63) give
1

az and p(o) ]

sufficient relations to determine the unknown functions ——
e 0 io SR’ B8R
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In order to solve these equations, we introduce the incompressibility condition

(3.49) into (3.63) and obtain

= ¢2 [Wh+Wa (¢ +4%)] - (3.64)
Then, substituting this result and (3.49) into (3.62), we get
1 [ ,0rD 821
pre ( Tk )(W1+W29) 0. (3.65)

The above equation (3.65) is satisfied if either the equation
Wi+ Wag®>=0, (3.66)

or the equation

67.(1) ,az(l)
o+ =0 (3.67)

is satisfied. Since we assume that W is an arbitrary function of the principal

invariants, it follows that (3.67) is satisfied identically. Note that in the above
treatment we have not placed any restriction on the form of the strain energy

function. Thus, it follows from (3.67) and (3.49) that

or() lid 8z q
OR ~g9*’ OR g’

(3.68)

We notice that the derivatives of the first-order aproximations of the deformed
radial and axial coordinates with respect to R are independent of the
dimensionless undeformed radial coordinate R. That is, the first-order
approximations of the deformed radial and axial coordinates, () and 2(9), vary
linearly along the thickness of the tube whereas the zeroth-order deformed radial

and axial coordinates f and g are uniform over the thickness.

If we employ (3.68) in (3.45) and (3.46), we obtain the zeroth-order stretch

ratios and the zeroth-order principal invariants in the form

1
M=g, N+M=¢"+- ¢2, AE = — (3.69)
g
and,
1 1 .
=+ + 5= FE BT pta L iP#, =1 (3.70)
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respectively. Then we deduce from (3.69) that

1
M=¢, M=g, )\3="q—¢;- (3.71)

Note that both the zeroth-order stretch ratios and the zeroth-order principal
invariants are independent of R. Consequently, W, and W, are independent of
R. By using (3.64) and (3.68) in (3.57)-(3.59), the zeroth-order components of

the nominal stress tensor are obtained in the form

S9 = (1 - W) (W1 +Wad?) | (3.72)
SO = ag (1 o ) (W1 + Wag?) , (3.73)
SO — a5 ( - ¢4) (W1 + Wag?) . (3.74)
from which we deduce
89 = ¢'50) (3.75)

Note that the above zeroth-order components of the nominal stress tensor are

independent of R.

Recalling that S and S are independent of R, we now integrate (3.50) with
respect to R between the limits 0 and 1. Employing the boundary conditions
(3.51) and (3.52), we obtain the following equations

a5y 2
S~ S8+ 9 Pa—gP) = 53 (3.76)
sy _&f
from which we easily deduce
s o S%) 629 s
S o~ IS+ 98P g2 = fms —d%5,  (3.78)
as as‘“’ 32 &
R R s e L)

If the zeroth-order constitutive relations given by (3.72)-(3.74) are employed in
(3.78)-(3.79), the following system of two coupled second-order nonlinear partial
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differential equations is obtained:

316
flg" — g f" — [f ¢ (1 g4¢2) (W1 +W2¢2) + g2¢ P,
gt 2 f 1 _
2 (f 9 at? )] (1 — g2¢%) (W1 + Wag?) o (380)

I "+ f f” [gl¢ [ (3 g4¢2) 1+ W, (1 +g4¢2) ¢2]
g (1= 26) (W + Wiag?) - g_s_zfﬁ_spt

g’ ( Pg | Of 1 B
2 (g oe T 5 )] BT A Wi Wagd) — (3.81)

It may be shown that equations (3.80) and (3.81) are in agreement with

those derived in the membrane theory. For instance, they are identical to
equations (3.37) of [4] when static deformations of membrane tubes made of the
neo-Hookean material are considered. That is, equations (3.37) of [4] correspond

to a special case of the above equations.

Recalling that ¢ is given by (3.43), we now introduce a new function $(Z,t) in
order to write the above system as a system of four coupled first-order nonlinear

partial differential equations in the form

f'=¢sing, (3.82)
g =¢cosf, (3.83)
o+ |22 (- gt0) (w4 Wadt) + 5,

2¢3 I g .. 1 _

£ (5 = 5 08| g =0 9

¢I [¢ (:)Sﬂ [ (3 g4¢2) + Wy (1 +g4¢2) ¢2]

~6 (1 - g%%) (W' + W'ag?) — 2 a

92¢4 a2f 1 _
5 (5 00+ 38 o8| G =0 09

Here B(Z, t) is the angle measured from the outward radius vector to the tangent

of the deformed interior generating line. We point out that equations (3.38) of [4]

correspond to a special case of the above equations. The above equations may
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also be written in terms of the principal stretch ratios and the principal Biot
stresses. For this purpose, if we employ (3.82) and (3.83) in (3.75) we obtain the
following relation

59 = SO tang . (3.86)

Then, using this equation and (3.47) we get

5(0) 7O cos8 , S(o) Tfo) sinf . (3.87)

Thus, introducing the expressions of S5, S and SO given by (3.47) and (3.87)
into the equations of motion given by (3.76) and (3.76) we get

(T 05 8) ~ T4 + g9 (Pusing — Prcos ) = %Z% ,  (388)
aaz (T{sinB) — g¢ (Pacosf — Pssing) = %% : (3.89)

In the remaining part of this section we want to express the principal Biot
stress components, T{® and T", appearing in (3.88) and (3.89) in terms of
the derivatives of the strain energy function with respect to the principal stretch
ratios. To this end we first point out that the Taylor expansion of a general
function F'(A1(g), Aa(e), As(g)) is

F(A1(6)7A2(6)7A3(€)) = F(A17A27 A3) Ie:() +O(5) . (390)
Since it follows from (3.39) that
Ay fe=0= A1, Ag Je=0= Mg, A3 |e=0= A3, (3.91)

we can write the derivatives of the strain-energy function with respect to the

w (!=1,2), in the form

principal stretch ratios, N
1

ow oW

= o +O(e), 1=1,2, k=1,2,3 . (3.92)

Ap=Ag

Now, for the sake of brevity, we define

= OW

Wi= g 1=1,2, k=1,2,3 . (3.93)

Ap=Ap
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We observe that, at the zeroth-order approximation, (2.38) and (2.39) take the

following form
o 1
Wi =2M (1 - W) (W1 + X2Ws) (3.94)
172
N 1
Wo =2\ (1 — W) (W1 + /\%Wg) . (3.95)
1172

Then, using these equations in (3.72), (3.73) and (3.74) we obtain
SO =W,, SO = Wy cos B, Sg’z) = Wising. (3.96)
It follows from (3.47) and (3.87) that

O =W, TO=W,. (3.97)

3.6 Asymptotic Expansion: The Compressible Problem

In this section, the question how the asymptotic expansion method presented in
the previous section should be modified for compressible hyperelastic materials
is discussed. Recall that the constraint of incompressibility introduces a scalar
multiplier, interpreted as a pressure, into the constitutive equations. Therefore,
the fundamental difference in applying the asymptotic expansion method to the
compressible and incompressible hyperelastic tubes arises from the difference
between the constitutive equations. The approach presented in the previous
section can be followed mainly. Since we follow the same approach, we briefly
summarize the resulting equations here. Note that we use the same notation in

both sections unless stated otherwise.

We first point out that (3.45) and (3.46), which give the zeroth-order principal
stretch ratios and the zeroth-order principal invariants, respectively, are also
valid for the case of compressible hyperelastic materials. For convenience, using
(3.44) we prefer to rewrite these equations in the form

arm\?  [9:0\” 2
MN=g", NitA=¢+ ( 6R) + (3}—2—) , )&,\2:'—79-2, (3.98)
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and
arM\?  [8z0)?
—_ 2 2 b hutediinl
h=g+¢ +(6R) +(8R) ’

2 )2 1\?2
. J° ala, [Or 0z
a=feo o+ (57) +(58) |

i3 = jz ’ (3'99)

respectively. Furthermore, we point out that equations (3.50), which are the
equations of motion in the zeroth-order approximation for incompressible case,
are also valid for the case of compressible hyperelastic materials. Similarly, the
boundary conditions in the zeroth-order approximation are given by (3.51) and
(3.52).

As in the previous section, we expand the derivatives of the strain-energy function
ow

8L, i
(I,k = 1,2,3). Then, it follows from (3.22) and (3.23) and the equatlkon;

W with respect to the principal invariants (see (3.55)) and set W; =

presented in the previous section that the zeroth-order approximations of Sgg,

Sz: and Sz, are

arV 810\2
) _ w- N 2
Ses 2ng1+ 2[(6R) +(3R) +¢}]

ort ) az(l)
]
+ 2gW5 ( £ 955 ) : (3.100)
arl) ar(l) az(l) a,-(l) a (1)
SO = oW, g’ — 2W, [ ( [ )
ar YR aR
920 67'(1) 820
211 _ o2
+9%)] — 29 W (f -5~ 93 ) (3.101)
92 ar az ® a ® a )
R \” 8R

(3.102)

Q) aru) 20
)] + 2w (' - )

OR or 7 oR

Also, as in the case of incompressible hyperelastic materials, we observe that
the expansions corresponding to Sp, and Sg, include the negative powers of &.

Since the expansion (3.32) suggests that the nominal stress tensor components
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having negative index are zero, some constraints on the deformed radial and axial
coordinates are obtained. Thus, the restrictions Sgl) = 0 and Sﬁ;l) = 0 give

the following equations

M (1) ® @
w2 +W2[(g +¢2)6r —g( o L % )]

oR aR oR oR
+ Wagf' (f’ 6;;’ a;;)) =0 (3.103)
W, 8;1(;) W, [(g +<I>2) 92 f’( ,0r) +f'a;;))]
— Wag’d (f,arﬂ) a;;)) =0. (3.104)

Multiplying these equations by f' and g¢’, and subtracting and adding the
resulting equations, we obtain

j ,or®) 021
( ar T/ R

) (Wa+ Wsg®) = (3.105)
and

S+ (¢ + ) + Wagd?] =0, (3.106)
where (3.44) is used. Since 7 # 0, (3.105) and (3.106) reduce to

,0r() ,02(1)
( or T/ R

) (W2 + Wsg®) =0, (3.107)

and

Wi+ (92 + ¢2) Wa + g26*W3 =0, (3.108)

respectively. The above equation (3.107) is satisfied if either the equation
Wi+ Wsg? =0, (3.109)

or the equation

or®) 821
oI55+ 57 =0 (3.110)

is satisfied. Since we assume that W is an arbitrary function of the principal
invariants, it follows that (3.110) is satisfied identically. Note that in the above

treatment, as in the incompressible problem, we have not placed any restriction
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on the form of the strain energy function. Using (3.44) and (3.110) we determine
oD 570

the unknown functions 3R and R in terms of j as follows

oar®D  jf 9" jg

dR g2’ OR  g¢*’

(3.111)

Note that the restriction (3.108) may be used to eliminate j from the above
equations if the strain energy function is specified. If we employ (3.111) in (3.98)
we obtain

2 2
N=g, N+X=¢+ 2¢2, A%/\"’:i-z-, (3.112)

from which we deduce that

J
AM=0@, da=g, Ag=-—. 3.113
1 ¢ 2 =4 3 g¢ ( )

Similarly, using (3.111) in (3.99), the zeroth-order principal invariants are

obtained in the form

*2 *2
J =2+ ;—2 + P, is=4. (3.114)

9262’ e
Futhermore, if we employ (3.111) in (3.100)-(3.102) we obtain the zeroth-order

*2
=+ +—=—

components of the nominal stress tensor as follows,

2 2
S8 =9 [W1 + ( ¢2 + ¢2> Wa + ——Wa] : (3.115)
2
SO = 9g [W + ( 2P 92) Wa + EW;@] , (3.116)
0 2 2
()—2f’[W +(2¢2 )W2+$2- ] . (3.117)
If we use (3.108) to eliminate W3 from (3.115)-(3.117), we obtain:
O 7
2
S5 =2g' (W1 + Wag?) (1 —~ -i?) , (3.119)
2
S9) =2f (W1 + Wag?) (1 - -—2—&) : (3.120)

Note that the relation (3.75) is also valid for the present case. If we substitute
(3.118)-(3.120) into (3.78)-(3.79) obtained in the previous section, then we obtain
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the following system of two coupled second-order nonlinear partial differential

equations

flgll__glfll [f¢ ( 4¢2) (W1+W2¢2)+ 93¢

2¢4 , azf 1 ~
2 (f W)] =P W+ Wog®) — (3-121)

glgll + flfll [gl¢ [Wl (3-7 4¢2) + W2 (.72 + g4¢2) ¢2]

3 16
— 25§ $*(Wy + Wag?) — ¢° (j2 - 92¢4) (Wf + Wz'yz) - g2¢ P,
.92¢4 ,0°q 162f 1 =
5 8| G =0 6

Recalling that ¢ is given by (3.43), as in the previous section we now introduce
a new function $(Z,t) in order to write the above system as a system of four

coupled first-order nonlinear partial differential equations in the form

f' = ¢sing, (3.123)
g =¢cosp, (3.124)
5 3
B+ [M (.72 - 94(]52) (Wl + W2¢2) + iP
g (f Pg . 1 _
W (5 o8~ 5 on8) | e =0 619
/ ¢’cosf 9 4,9 2 4.2\ 12
A [W1 (35 — g*%) + Wa (5 + g*4%) 7]
5
~215'6(W; + Wag?) — 6 (7 — 5°¢*) (W' + Whas®) - L2,
_g¢* (& d%g 1
5 (8t£ sinf + —- ET cosﬁ)] B+ ) Wr 2 Wad) =0. (3.126)

where §(Z, t) is the angle measured from the outward radius vector to the tangent
of the deformed interior generating line. It can be easily shown that the relations
(3.86)-(3.87) and the equations of motion given by (3.88)-(3.89) are also valid for

the present case.

As in the case of incompressible material, in the remaining part of this section we
want to express the principal Biot stress components, T1(0) and Té"’, appearing

in (3.88) and (3.89) in terms of the derivatives of the strain energy function with
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respect to the principal stretch ratios. For this aim we first state that the Taylor
expansion of a general function F(A;(g), Aa(g), As(¢)) is

F(A1(g), Aa(e), As(e)) = F(A1, Az, As) |e=0 +O(e) - (3.127)
Since it follows from (3.39) that
A le=o=X1,  Azle=0=Xs,  Asle=o= s, (3.128)

we can write the derivatives of the strain-energy function with respect to the

principal stretch ratios, %II/\—V (! =1,2,3), in the form
1

oW _ oW
oA~ 0N

+ 0(6), 1=1,2,3, k= 1,2,3, (3.129)
Ap=Ag

As in the case of incompressible material, for convenience, we define

W

= — =1, 2 E=1 .
1 6Ag l H 73 ] 1213 ’ (3130)

Ap=Ag

We observe that, at the zeroth-order approximation, (2.33), (2.34) and (2.35)

take the following form
Wi =2X [W1 + (O3 + A)Wa + MW (3.131)
Wa = 22 [WA + (N + X)Ws + AW (3.132)
Wa = 225 W + (A + M)W, + AN (3.133)

Note that the restriction given by (3.108) can be rewritten in the form Ws = 0.
Then, using these equations in (3.115), (3.116) and (3.117) we obtain

S =Wa, SS9 =Wicosf, 59 =Wsinf.  (3.134)
It follows from (3.87) that

O =W,, T =W,. (3.135)
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4. NUMERICAL METHOD

4.1 Introduction

In this chapter we are concerned with the numerical solution of hyperbolic
systems of conservation laws with source terms (also called balance laws). In
particular the purpose of this chapter is to present and describe the numerical
scheme that we have used to solve the equations governing dynamic deformation
of nonlinear elastic membranes. To this end the chapter is organized as follows:
In Section 4.2 we shall resume the notions that are necessary for a self-sufficient
understanding of this chapter -the classical definitions of hyperbolicity, weak
solutions and the Riemann problem- and present a simple example that will be
helpfull to explain the above notions. In Section 4.3 we present an overview of the
numerical methods for the systems of conservation laws. Section 4.4 is devoted
to the study of the first-order Godunov method for one dimensional systems. In
Section 4.5 we present the second-order numerical scheme that will be used in
the next chapter. Finally, in Section 4.6 we apply the numerical method to a
nonlinear scalar conservation law with a source term. For more complete account
of the numerical schemes of hyperbolic systems we refer to the recent books by
Leveque [8), Godlewski and Raviart [9] and Kroner [10].

4.2 Mathematical Theory of Hyperbolic Systems

4.2.1 Preliminaries

In this section we present the general form of systems of conservation laws with

source terms in one space variable. The general form of a system of conservation
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laws in one space variable is the following nonlinear system of partial differential

equations:

Q:+(H(Q):+B(Q)=0 zcR ¢>0 (4.1)

Here Q : R x [0,4+00) — R™ is a m-dimensional vector of state variables
1,92, ---, 9 and the vector valued function H(Q) is called the flux function for the
system of conservation laws, so H : R* — R™. The vector valued function B(Q)
is called the source term for the system of conservation laws, so B : R™ — R™.

The above system can be written in the quasilinear form

Q:+A(QQ:+B(Q)=0 (4.2)

where
A(Q)=0H(Q)/9Q (4.3)

is the m xm Jacobian matrix of the flux function. One can even consider systems

of conservation laws more general than (4.1), namely systems of the form
Q: + (H(Q,7,t)). +B(Q,z,£) =0 z€R, t>0 (4.4)

where the flux H and the source term B are smooth functions from E™ x [0, +00) x
R into ®™. However, we shall essentially concentrate in the following on systems

of the form (4.1).

Formally, the system (4.1) expresses the conservation of the m quantities
1,92, --,qm in the absence of the source term. The source terms in the
nonhomogeneous problems are due to physical effects (exterior forces, release
of mass or energy, ...) or to geometrical effects (axisymmetric or cylindrical
problems, ...) For instance the equations (3.88) and (3.89), together with some
compatibility conditions, obtained in the previous chapter form a system of
nonlinear hyperbolic partial differential equations with the source terms which
are due to geometrical effects. In the following part of this section we shall

restrict ourselves to one-dimensional homogeneous systems:

Q:+(HQ):=0 z€r t>0 (4.5)
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If we fix an interval [a, b] on the space coordinate and two times ¢, and ¢, where

t, < t, and integrate this equation on the rectangle [a, b] x [t,,13], it follows that

[0 ) - QG t)idz + [ @G, ) - H(Qe, H)lds =0

This equation has the following physical meaning. If we denote the integrals in
this equation by J; and J; respectively, then —J; is the flow difference through b
and o during the time interval [t,, ;] and J; is the change of Q in the interval [a, b]
during the time [¢,,%;]. That is, the above equation means that each component
of Q is conserved. Therefore, this identity is also called the integral form of the

system of conservation laws.

The equation (4.5) must be augmented by some initial conditions

Q(z,t = 0) = Qu(z) (4.6)

where Qp is a given function and also possibly by boundary conditions on a
bounded spatial domain. Presently we shall study the initial value problem, or
Cauchy problem: Find a function Q(z,t) that satisfies both the system (4.5) and
the initial condition (4.6).

In the one-dimensional case of the system of conservation laws, when Qg has the

following particular form,

Qo(z) = { Q,  2<0 (4.7)

QR: T> 0)

this Cauchy problem with piecewise constant initial data is called the (one-

dimensional) Riemann problem.

We assume that the system (4.5) is hyperbolic. This means that the m x m
Jacobian matrix A of the flux function has the following property: For each
value of Q the eigenvalues of A are real, and the matrix diagonalizable, i.e.,
there is a complete set of m linearly independent eigenvectors. I, in addition,
the eigenvalues ¢,(Q) (1 < k < m) of A are all distinct, the system (4.5) is called
strictly hyperbolic.
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We now consider two elementary cases where the solution of the Cauchy problem
can be written explicitly. In the first case we consider the Cauchy problem for

the linear scalar conservation law

+cg:=0 z€ t>0,
{qt CQx R, (4.8)

q(xa O) = qO(ib),

where c is a constant. If the function ¢, is differentiable, one can easily check

that the travelling wave
q(z,t) = qo(z — ct) (4.9)

provides a classical solution to the Cauchy problem. Note that the initial
profile is simply transported to the right at a fixed velocity ¢ (if ¢ > 0),
its shape unchanged. The solution g(z,t) is constant along each of the rays

x — ¢t =constant, which are known as the characteristic lines of the equation.

In the second case we consider the Cauchy problem for the first-order linear

system

(4.10)
Q(z,0) = Qo(=),

where A is a m X m constant matrix. Assume that the system is strictly

{Qt+AQz=0 TER, t>0,

hyperbolic and that m distinct real eigenvalues of A are arranged in increasing

order as follows

With each eigenvalue ¢, we associate a right eigenvector ry,
Al'k = CrYTp

and a left eigenvector 1,
l,i;A = Ckli1

i.e. 1; is an eigenvector of A”. The eigenvectors form a basis of ®® and are
chosen so that l}'rk =1 v = 0, (1 <j,k < m) where the Kronecker delta

symbol d;; is used and the dot - denotes the Euclidean inner product on K™. We
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can write a vector Q with respect to the basis of the right eigenvectors in the
form Q = ¥, Vir; where Vi(z,t) =1£Q =1 - Q. Then we have

m
Q: + AQ: = ) [(Va): + c(Va)alrs,
k=1
That is, the first-order linear system is equivalent to the m independent scalar

first-order equations

(Vi) + cx(Vi): =0 (4.11)
If we set Vio(z) = I} Qo(z) = Ik - Qo(z), we obtain the solutions of these scalar
equations in the form
Vi@, t) =Vio(z — cxt) = G Qolz — i), 1<k<m

Then we observe that the function

m m
Q(z,8) = ) Vio(z — cat)re = D 1{Qo(z — cit)rs (4.12)

k=1 k=1
is the solution of the Cauchy problem. Note that the initial profile is decomposed
as a sum of m waves, each one travelling with one of the characteristic speeds

€1, C3, ---, Cy- Lhe straight lines £ —cxt =constant are known as the characteristics

of the linear system.

We now turn to the nonlinear hyperbolic system (4.5). We assume that the
system (4.5) is strictly hyperbolic, i.e., for any Q the Jacobian matrix A(Q)
defined in (4.3) has m distinct real eigenvalues

a(Q) < e(Q) < ...... < cm(Q).

With each eigenvalue cx(Q) we associate a right eigenvector r,(Q) and a left

eigenvector 1,(Q)

AQri(Q =a(Qr(Q), L(QA(Q) =a(QK(Q)

i.e, 1,(Q) is an eigenvector of AT(Q). Since the eigenvalues are distinct we have

T(Qri(Q) =L(Q) - r:(Q) =0, j#k
47



The kth characteristic field is said to be genuinely nonlinear if

Ve (Q) - ri(Q)#0 forall Q, (4.13)

where Ve, (Q) = (0¢x/0q1,0ck/0qs, ..., Ock /0gy) is the gradient of cx(Q). We
say that the kth characteristic field is linearly degenerate if

Ver(Q)-re(Q) =0 forall Q. (4.14)

That is, for a nonlinear system if in one of the characteristic fields the eigenvalue
cx(Q) is constant along the integral curves of the vector field r,(Q) we say the
kth characteristic field is linearly degenerate. On the other hand, (4.13) implies
that c,(Q) is monotonically increasing or decreasing as Q varies along an integral
curve of the vector field r,(Q). Note that for a constant coefficient linear system

¢x(Q) is constant and hence V¢ = 0.

4.2.2 Shock Formation

We shall say that a function Q is a classical solution of the Cauchy problem
(4.5)-(4.6) if Q is a C" function that satisfies the equations (4.5)-(4.6) pointwise.
An essential feature of the problem (4.5)-(4.6) is that there do not exist in
general classical solutions beyond some finite time interval, even when the
initial condition Qg is a very smooth function. The solution of the system of
conservation laws can become singular within finite time. Therefore we have
to consider solutions in the distributional sense. We now illustrate this fact by
studying the simple case of a one-dimensional scalar equation. To this end we

consider the problem

¢+ (H(g)): =0, =ze€R t>0, (4.15)
q9(z,0) = go(z), zER, (4.16)

where H : R — R is a C! function and m = 1. Let ¢ be a classical solution of

this problem. We can rewrite (4.15) in nonconservative form

q+ a(q)qm =0, zeER t>0, (417)
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where a(q) = H'(q). Then ¢,(g) = a(qg) while r(g) = 1 for all g. Consequently,
in the scalar case the condition for a genuinely nonlinear field, (4.13), reduces to
the convexity requirement H"(g) # 0, i.e., a’(g) # O for all q. That is, we are
in the genuinely nonlinear case if and only if H is a strictly convex or a strictly
concave function. Note that we are in the linearly degenerate case if and only if
a(g) does not depend on ¢, which corresponds to the case of a linear hyperbolic

equation with constant coefficients.

The characteristic curves associated with (4.17) are defined as the integral curves

of the differential equation

2 — alalalt), 1)

A characteristic curve passing through the point (zg, 0) is obtained as a solution

of the differential system

dz

i a(g(z(t),t)), =z(0)== . (4.18)

It exists at least on a small time interval [0, Z5]. Along such a curve, we have

2400 = @), +ulEz®),) D

(g: + a(9)2z) (o)) = O

That is, ¢ is a constant along a characteristic curve. Therefore, it follows from
(4.18) that the characteristic curves are straight lines. Because, solving the
differential system (4.18), the equation of the characteristic curve passing through
the point (zg,0) is obtained in the form

= Zo + a(g(zo, 0))t = o + a(go(0))t - (4.19)

The constant slopes of the characteristic straight lines depend on the initial
data. This important property helps us to construct smooth solutions. Equation
(4.19) gives o implicitly as a function of z and ¢. For each (z,t) we can solve

this equation for zy and then the solution is

q(z,t) = 4(2o(2,1),0) = go(zo(z, 1)) (4.20)
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This is the so-called method of characteristics. We now assume that there exist

two points z; < x5 such that

ol =1
1= alo@)) =™ algo(za))

That is, the characteristics C; and C; drawn from the points (z1,0) and (z3,0),

m

respectively, have slopes m; and ms in which m; < my. Then the characteristics
C; and C, intersect necessarily at some point P. At the point P, the solution
g should take both values go(z;) and go(z2), which is impossible. Hence, the
solution g cannot be continuous at the point P where a shock wave occurs and
the solution g(z,t) has a jump discontinuity. Note that this phenomenon is
independent of the smoothness of the functions ¢y and H. One can determine

the critical time up to which a classical solution exists.

There exists a continuous solution ¢(z,t) throughout the half-plane ¢ > 0 if no
pair of characteristic lines intersect in this half-plane. This can happen only if
a is an increasing function of z: a(g(z1)) < a(g(xs)) for z; < zy . Such a

solution is called an ezpansion wave or rarefaction wave.

We observe that in the nonhomogeneous case, the characteristic curves are not

straight lines along which the solution ¢ is not necessarily constant.

We also observe that in the linear case a(g) = ao =constant the characteristic
lines have the same slope mg = 1/ag. That is, the characteristic lines drawn from

the points (z1,0) and (z5,0) are parallel and consequently they never intersect.

In summary, using the method of characteristics, one can prove that a classical
solution of the Cauchy problem exists in a small time interval. On the other hand,
we have seen that in the nonlinear case a'(g) # 0 discontinuities may develop

after a finite time. These considerations lead us to introduce weak solutions.

4.2.3 Weak Solutions

A natural way to define a generalized solution of the conservation law (4.15)

that does not require differentiability is to go back to the integral form of the
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conservation law, and say that g(z,t) is a generalized solution if the conservation

law
[ [ tae, )+ (Ha, ) et =0, (4.21)

is satisfied for all z1, x5, ¢, £3. There is another approach that results in a different
integral formulation [8]. The basic idea is to multiply the conservation law
(4.15) by a smooth “test function”, integrate over some domain, and then use
integration by parts to move derivatives of the function ¢ onto the smooth test
function. The result is an equation involving fewer derivatives on ¢. Therefore
less smoothness is required to define a “solution”. In our case we will use test
functions ¢(x,t) with the property that they are differentiable as often as is
required with respect to z and ¢ and that they are identically zero outside a
bounded domain D of the zt-plane. Now if we multiply the conservation law

(4.15) by ¢(z,t) and then integrate over space and time, we obtain

[ [ 0+ sE@)dandt 0. (4.22)

Integration by parts gives

o e +00
f /_m (v + goH(@ldadt = — [ _ $(@,0q(e,0dz.  (4.23)

Note that nearly all the boundary terms which normally arise through integration
by parts drop out due to the requirement that ¢ vanishes identically outside a
bounded domain D and hence vanishes at infinity. The remaining boundary term
brings in the initial condition of the partial differential equation, which must still
play a role in our weak formulation. The function ¢(z, ) is called a weak solution
of the conservation law if the above equation, (4.23), holds for all test functions
¢ defined in the half-plane. The advantage of this formulation over the original
integral form (4.21) is that the integration in (4.23) is over a fixed domain, all
of R x Rt. The integral form (4.21) is over an arbitrary rectangle, and to check
that ¢ is a solution we must verify that this holds for all choices of z;,zs, t; and
ta. Of course, our new form (4.23) has a similar feature, we must check that it

holds for all test functions ¢ in D, but this turns out to be an easier task. It can
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be shown by considering special test functions ¢(z,t) that (4.23) reduces to the
integral form (4.21) and mathematically the two integral forms are equivalent
[8]. That is, one can show that any weak solution satisfies the original integral

conservation law.

We can now extend the above definitions to the system of conservation laws as
follows. Let us introduce the class of test vectors ¢(z,t) with the property that
they are differentiable as often as is required with respect to z and £ and that they
vanish identically outside a bounded domain D of the zt-plane. If we multiply
the system of conservation laws (4.5) by ¢(z,t) and integrate over space and

time we get
fom /_ :O[Qt + (H(Q)):] - ¢ dzdt =0 . (4.24)

Integration by parts gives

/o°° /;-:O[Q - ¢, + H(Q) - ¢ Jdzdt = — /::0 Q(z,0) - é(z,0)dz (4.25)

where the dot - denotes the Euclidean inner product on E®. We now introduce
the following definition. A function Q is called a weak solution of the Cauchy
problem (4.5)-(4.6) if Q satisfies (4.25) for any vector function ¢ in D [8]. By
construction, a classical solution of the Cauchy problem is also a weak solution.
Conversely, it can be shown that, by choosing the test functions ¢ properly,
any weak solution Q satisfies the system of conservation laws 4.5 in the sense
of distributions on R x Rt. Moreover, if Q is a weak solution with continuous
derivatives, then it is a classical solution so that (4.5) holds pointwise. The above
argument shows that any distributional solution Q is a classical solution of (4.5)
in any domain where Q is a function with continuous derivatives [8]. We shall
now consider solutions of the system of conservation laws (4.5) in the sense of

distributions that are only piecewise smooth and therefore admit discontinuities.

By virtue of the definition of weak solutions, they need not be differentiable
and may have discontinuities across some curve in the zi-plane. However, not
every type of discontinuity is admissible. That is, there is a connection between

the discontinuity curve and the values of the solution on both sides of the
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discontinuity. Now we assume that the half space R x R is seperated by a
smooth curve X, which is parametrized in the form ¥ : t — (£(%),t), into two
parts D_ and D,. We also assume that ¥ is a discontinuity curve of Q. That
is, Q is a function with continuous derivatives outside of ¥ and it has a jump
discontinuity across X. In other words, Q is a classical solution of the system of

conservation laws in D_ and D, . The limits of Q on each side of ¥ are denoted
by Qu:
Q:=lim Q(£(t) £¢t) (4.26)

>0, €0
The values of Q and H(Q) on each side of ¥ are linked by a relation that is
hidden in the equations. That is, not every discontinuity is admissible. For all

test vectors ¢ in D we have
0=[ [ Q& +H(Q)- ¢,ldadt
= /.10 ¢+ H(Q)- p.ldzdi + [ [Q- ¢, + H(Q) - ¢, Jdads
= [, Q- #)e+ (H(Q) - $):ldadi — [ 1Qu+(H(Q)):] -  dac
+ [ Q- )+ (H(Q) - ¢)Jdodt — [ Q-+ (H(Q)):]- ¢ dodt

Since Q is a classical solution of the system of conservation laws in D_ and D,

the second and fourth integrals vanish and we obtain

0= [ Q- @)+ (HQ)-#aldadt+ [ [(Q- )i+ (H(Q)- ¢)sldndt

Then applying Green’s formula in D_ and D, gives

0= [1(Q+- O+ (HQ4) - #nldS + [ [(Q- - $)me + (H(Q-) - $)nsldS

where (n;,n;) denotes the unit normal vector to the shock curve, which points

in the direction D,. We can rewrite the above equation in the form

1@~ Q)m + (H(Q4) ~ HQ)ne] - ¢ dS = 0

Since this equation holds for arbitrary ¢, we obtain the following jump condition

—-(Q+ - Q-)n: = (H(Qy) - H(Q-))n. .
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Note that —n;/n, = df/dt = s(t) where s is called the propagation speed of the

shock. Then the above equation takes the following form

5(Q — Q) =H(Q,) -H(Q.). (4.27)

We can rewrite the jump condition in the form

s[Q] = [H(Q)] (4.28)

where the jumps of Q and H(Q) across X are denoted by

Q=Q:-Q , [H(Q]=H(@Q:)-HQ-). (4.29)

The condition (4.28) is called a jump condition or Rankine-Hugoniot condition.
For the scalar conservation law (4.15) the Rankine-Hugoniot condition (4.28)
takes the following form

slg] = [H(q)] - (4.30)

In other words, for a scalar conservation law, the propagation speed s is given

by
[q] 9+ —q-

On the other hand, for the linear system (4.10) ; the Rankine-Hugoniot condition
(4.28) becomes

s[Q] = A[Q], (4.32)

since H(Q) = AQ where A is a constant matrix.

4.2.4 The Riemann Problem

The conservation law together with piecewise constant data having a single
discontinuity is known as the Riemann problem. We now consider the scalar

conservation law (4.15) with piecewise continuous data

a(z, 0) = go() ={ w,  #<0 (4.33)

qr , z>0.
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This Cauchy problem is called the (one-dimensional) Riemann problem. We
assume that the function H(q) is strictly convex (H"(g) > 0) and consequently
a'(g) > 0. We begin by considering classical solutions of the scalar conservation
law (4.15) We notice that the scalar conservation law (4.15) has a classical
solution in the form g(z,t) = ¥(z/t). Note that the expression

4+ a(a)ae = — 59 (/1) + (/)38 /1)
= 21 — a(w(z/ )W (/1)

vanishes if
a(¥(z/t)) =z/t or Y(z/t)=0

The second condition gives the trivial solution, g(z,t) =constant, for the scalar
conservation law. On the other hand, the first condition implies that the function
1) is the inverse function a™!; v¥(z/t) = a~!(z/t). Note that the existence of

1

the inverse function ¢~ is guaranteed by the assumption that o'(g) > 0. We

conclude that the scalar conservation law has a classical solution of the form
q(z,t) = a7V (z/t).

It follows from (4.19) that the characteristic straight line passing through the
point (zg,0) is given by

220, 1) = { zo + algr)t , 2o <0 (4.34)

zo + a(gr)t , 2p>0.

That is, the characteristic lines starting in (—o0,0) have slope 1/a(gz) and the
characteristic lines starting in (0, 00) have slope 1/a(gg). Note that, since a(q) is
an increasing function, the characteristic line emanating from a point in (—oc, 0)
and the characteristic line emanating from a point in (0,00) do not intersect if
gr > qr- Otherwise, the characteristics intersect at some points and the solution
breaks down at those points. Therefore, the form of the solution depends on the
relation between g7 and gg.

Case A: q;, = qr. In such a case the characteristic lines are parallel and the

solution is given in the form ¢(z,t) = gr.
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Case B: g1, > gg. In this case the characteristics starting from a point in (—o0, 0)
and from a point in (0, co) intersect and the solution becomes multivalued. Note
that the characteristic lines starting from a point in (—o0,0) are bounded from
the right by the straight line £ = a(qz)t. Similarly, the characteristic lines
starting from a point in (0,00) are bounded from the left by the straight line
z = a(ggr)t. Therefore, the multivalued region starts right at the origin and
is bounded by the straight lines z = a(ggr)t and 2 = a(qgr)t. Recall that not
any discontinuity is admissible and the Rankine-Hugoniot jump condition (4.30)

must hold. Then the solution given in the form

, r <st
a@ =4 * (4.35)
qr , z > st,

where s = [H(gr) — H(q1)]/(gr—q1), is a weak solution of the Riemann problem.
The weak solution in this case is called a shock wave.

Case C: q; < qr- In such a case the chracteristics starting from a point in
(—00,0) and from a point in (0,00) do not intersect each other. However, the
method of chracteristics enables us to determine the solution everywhere except
in the region a(qr)t < = < a(ggr)t. In this region the classical solution is valid.
Then, it follows from (4.20) that the solution is in the form

(

qL , z < a(qr)t
q(z,t) = ¢ a '(z/t), a(gr)t < z < a(gr)t (4.36)
dr , z > a(qr)t .

\

Note that this solution is continuous. Therefore we rewrite in the form

4

ar. , z < a(gL)t
oz,t) =9 aM(z/t),  o(q)t <z <alga)t (4.37)
ar , z > a(gr)t .

.

The weak solution in this case is called a rarefaction wave.

There are infinitely many other weak solutions to the Riemann problem when
g < qr- One of these is again the weak solution in Case B in which the

discontinuity propagates with speed s. Note that the characteristics now go

56



out of the shock. Some further examples showing that in general there is no

uniqueness for the weak solution are given in [8, p.30], [9, p.19] and [10, p.20].

As it is pointed out above, there are situations in which the weak solution is not
unique. Therefore the question arises how we can select a special weak solution
among the whole set of weak solutions. In other words, we need an additional
condition to select the physically relevant solution. There is an obvious condition
for the above Riemann problem. Recall that the multivalued region starts right
at the origin and is bounded by the straight lines z = a(gg)t (from the left) and
z = a(qr)t (from the right) when q;, > gg. That is, the slope of the straight
line x = st must be greater than the slope of the straight line z = a(gr)t and
less than the slope of the straight line x = a(gg)t. This gives the the entropy

condition

a(gr) < s < a(qr) - (4.38)

That is, a discontinuity propagating with speed s satisfies the entropy condition
if the above inequality is satisfied. It can be shown that weak solutions satisfying
the entropy condition are unique [10, p.27]. If we apply this condition to the case
of compressible flow, we observe that the physical entropy increases across the
discontinuity. That is why it is called the entropy condition. This condition is

used to develop numerical methods that they converge to the correct solution.

We now consider the Riemann problem for the linear system (4.10); cor-
responding to the initial condition (4.7) [8, 9]. Recall that the solution of the
Cauchy problem (4.10) for the linear system is given by (4.12). For the Riemann
problem we decompose Q;, and Qg as
m m
Q=) e, Qr=)_ B, (4.39)
k=1 k=1
to simplify the notation. Then the initial conditions for the m independent scalar

first-order equations given by (4.11) are

Qg , z<0

ﬁk) :L'>O,

Vio(z) = Va(,0) = {
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and the corresponding solutions of the m scalar equations are

o <t
‘/k(x,t)= k3 k
ﬂk7 $>th7

where 1 < k < m. Consequently the solution Q of the Riemann problem for
cpl < T < ¢pyqt takes the constant value

P m

Q=) Bere+ Y, oy, 0<p<m (4.40)
k=1 k=p+1

with the convention ¢ = —00, ¢py1 = +00. Then the solution of the Riemann

problem for the linear system is

)
Qo =Q:, T <ct
Q17 ot <z <cot
cl <z <cat
Q(z,t) = 4 Qf’ S (4.41)
Qm-1, Cm-1t < T < €t
| Qn =Q=r, z > cpmt .

This implies that, in general, the initial discontinuity breaks up into m dis-
continuity waves, which propagate with the characteristic speeds ¢;, 1 < k& < m.
Note that the solution is continuous at any point in the wedge between the
x = ¢t and z = ¢4t characteristics. As we cross the kth characteristic, the
value of z — ¢t passes through 0 and the corresponding V;, jumps from a; to G-
The other coefficients V; (j # k) remain constant. It follows from (4.40) that
the intermediate states Qy satisfy

Qr — Qr-1 = (Br — ag)ry - (4.42)
That is, across the kth characteristic the solution jumps with the jump given by
[Q] = (B — x)rs - (4.43)

Note that we have

AlQ] = A(Qr— Qi)
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= (Bk — ax)Ar;

= cx(Br — o)ty

= cx(Qr — Qx-1)

= ¢x[Q] . (4.44)
This implies that across the line of discontinuity = ¢;t, the Rankine-Hugoniot
condition (4.32) is satisfied, that the jump [Q] is an eigenvector of A and that

¢ is precisely the speed of propagation of the jump [Q]. The solution Q(z,t)

can also be written in terms of these jumps as

Q(z,t) = Qu+ Y (Be—ox)ry (4.45)
cp<zft

= QR — Z (ﬂk - als)rk . (4.46)
x>zt

As it is seen from the previous paragraph, the Riemann problem for the constant,
coefficient linear system can be explicitly solved. We solve the Riemann problem
for nonlinear systems in much the same way. However, we will not attempt
to construct the solution of the Riemann problem for nonlinear systems. More
details on the solution of the Riemann problem for nonlinear systems can be
found in [8, 9, 10]. The solution to the Riemann problem defined for the nonlinear
system (4.5) is quite similar to the structure of the above linear solution. There
exists a theorem about the Riemann problem of the nonlinear system (4.5) in
[9, p.84] and [10, p.307]. The main results of this theorem are as follows. The
Riemann solution has a weak solution that consists of at most (m + 1) constant
states separated by rarefaction waves, shock waves or contact discontinuities.
Moreover, the theorem states that a weak solution with admissible shock waves
is unique. We may explain a contact discontunity as follows. If the propagation
velocity, s, of the discontinuity and the characteristic speed c¢; one side of the
discontinuity are the same, in such a case the discontunity is called a contact
discontinuity with respect to c;. That is, for a contact discontunity (from Qy, to

Qr, say) the propagation speed s is equal to either ¢;(QL) or cx(Qr)-
We now want to discuss the question of whether a given discontunity is physically
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relevant for the case of a nonlinear system. Recall that we considered the entropy
condition (4.38) for a scalar nonlinear conservation law. We need a similar
entropy condition that can be applied directly to a discontinuous weak solution
to determine whether the jumps should be allowed. Lax [11] proposed a simple
generalization of the entropy condition to systems of equations that are genuinely
nonlinear. For a genuinely nonlinear field, Lax’s entropy condition says that a

jump in the kth field is admissible only if

Ck(QR) <8< Ck(QL) . (4.47)

The weak solution constructed for the Riemann problem will not be the physically
correct solution if any of the resulting shocks violate the entropy condition.
However, contact discontinuities can occur for systems with both genuinely
nonlinear and linearly degenerate fields. Therefore we should modify the entropy
condition (4.47) as

cx(Qr) <5< ¢(QL) - (4.48)

4.2.5 Burgers Equation

In this subsection the interesting behavior of solutions to conservation laws is
illustrated by considering Burgers’ equation. In the scalar case (i.e., m = 1), the
simplest example of a nonlinear conservation law is given by Burgers’ equation.

The scalar parabolic equation

g + 99z — VGpe = 0,

where v is a viscosity coeflicient, was introduced in particular by Burgers as
the simplest differential model for a fluid flow and is therefore often called the
(viscous) Burgers equation. Burgers studied the limit equation when v tends to

zero, which we write in conservative form

a+ (L) =0. (4.49
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Figure 4.1: Smooth initial data for Cauhy problem of inviscid Burgers equation.

This equation is called the inviscid Burgers equation. It is the simplest conser-
vation law (or nonlinear hyperbolic differential equation). Note that H(g) = ¢2/2
and a(q) = ¢. Since a’ # 0, the Cauchy problem for the inviscid Burgers equation
may have discontinuous weak solutions even for a smooth initial function gy. This
can be explained through the following example. Consider the Cauchy problem

for the inviscid Burgers equation with the smooth initial data [9]

1, z<0
9(z,0) = q(z) =4 1-z, 0<z<1 (4.50)
0, z>1

(See Figure 4.1). By using the method of characteristics we can construct the
solution up to the time when the characteristics intersect. We already know
from (4.19) that the characteristic straight line passing through the point (zg, 0)
is given by

z(x0,t) = Zo + qo(z0)t . (4.51)

61



e d

A

Figure 4.2: The characteristic straight lines passing through the point (zg, 0).

Then we have

z0+t7 370_<__0,
37(330,15) =935 Zo+ (1 —IL'())t, 0<z <1, (4.52)
370, Z'()Zl

(See Figure 4.2). For ¢ < 1, the characteristics do not intersect. Hence, given a
point (z,t) with ¢ < 1, we draw the (backward) characteristic passing through

this point, and we determine the corresponding point zg

z—t, z<t<l1
=< (z—-1t)/(1-1), t<z<1 (4.53)
z, z2>1.

Using (4.20) we obtain the solution in the form

1, <t
q(z,t) = go(zo(z,8)) = (1—2)/(1—1), t<z<l1 (4.54)
0, z>1

(See Figure 4.3). The characteristic lines starting in (—o0,0] have slope 1 and

g = 1 along these lines. The characteristic lines starting in [1,00) are vertical
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Figure 4.3: Solution of the Cauchy problem for the inviscid Burgers equation.

lines and ¢ = 0 along them (See Figure 4.2). However, the characteristic line
emanating from a point (zo,0) , (0 < zp < 1), hasslope 1/(1—2) and ¢ = 1—xp
along it. Furthermore, all of them intersect at the point (1,1). This implies that
¢ is multivalued at (1,1) and hence the solution breaks down at this point. It
consists of a front moving to the right and steepening until it becomes a “shock”.
This discontinuity corresponds to the fact that at time ¢ = 1 the characteristics
intersect. Also note that the characteristic lines emanating from (zp,0) with
Zg < 0 intersect those emanating from (zo,0) with 2o > 1. In conclusion, even
for a continuous initial function go(z), the solution of the Riemann problem
for the inviscid Burgers equation is either a shock propagating or a rarefaction
wave, both being kinds of waves that are involved in the solution of the Riemann

problem.

We now consider the Riemann problem for Burgers’ equation, in which the
piecewise continuous initial data is given by (4.33). If g; > ggr, a weak solution
of the Riemann problem is given by (4.35). This represents a shock wave
propagating at speed s in which

s = (gL +aqr)/2 (4.55)
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since H(gq) = ¢*/2. However, if g1 < gg it follows from (4.36) that a weak

solution of the Riemann problem is a rarefaction wave given in the form

qL r< th
q(z,t) =3 z/t, gt <z < ggt (4.56)
qr , x> qgt .

4.3 Numerical Solutions of Hyperbolic Systems

Systems of conservation laws are very important and powerful mathematical
models for a variety of physical phenomena that appear in fluid mechanics, solid
mechanics and several other areas. In general it is not possible to derive exact
solutions to the above equations (4.1), and hence we need to devise and study
numerical methods for their approximate solutions. There are special difficulties
associated with solving these systems (e.g. shock formation). For instance,
conservation laws may have discontinuous solutions and therefore they pose a
special challenge for both theoretical and numerical analysis. Typically in such
systems discontinuos solutions develop and propagate even if the inital data
are smooth. For simple cases it is possible to obtain analytical solutions using
the method of characteristics. In general, however, the high nonlinearity of the
equations and the presence of the source terms rule out analytical solutions using
the method of characteristics. For general background on numerical methods
for systems of nonlinear partial differential equations, several recent books [§],
[9] and [10] are highly recommended. The details of the mathematical proofs
concerning the convergence, consistency and stability of the numerical scheme
to be presented below are not included here and the reader is referred to the

above-mentioned references.

When we attempt to calculate the solutions of systems of conservation laws
numerically, we face a new set of problems. We expect a finite difference
discretization of the quasilinear system to be inappropriate near discontinuities.

Because discontinuous solutions clearly do not satisfy the quasilinear system
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in the classical sense at all points, since the derivatives are not defined at
discontinuities. Instead, if we compute discontinuous solutions to conservation
laws using the standard methods developed under the assumption of smooth

solutions, we typically obtain numerical results that are very poor.

For conservation laws it is often preferable to use a finite volume method
rather than a finite difference method. Because it is important to ensure
that the numerical method conserves the appropriate quantitites, such as mass,
momentum and energy numerically. This is particularly true when the solution
involves shock waves. In a finite volume method the discrete values are viewed
as an approximation to the average value of ¢ over a grid cell rather than as an
approximation to a pointwise value of g. The cell average is simply the integral
of g over the cell divided by its length, so conservation can be maintained by
updating this value based on fluxes through the cell edges. Note that the resulting
formulas corresponding to finite difference and finite volume methods may be
identical in some cases even though their derivations may be quite different from

each other.

Ideally we would like to have a numerical method that will produce sharp
approximations to discontinuous solutions. If we use a first-order accurate
method such as Godunov’s method described below, we obtain results that
are very smeared in regions near the discontinuities. This is natural because
first-order accurate numerical methods have a large amount of “numerical
viscosity” that smoothes the solution in much the same way physical viscosity
would, but to an extent that is unrealistic by several orders of magnitude. If we
attempt to use a second-order method we eliminate this numerical viscosity but
now introduce dispersive effects that lead to large oscillations in the numerical

solution.

For the homogeneous conservation law, many high-resolution numerical methods
have been developed. However, it is not easy task to incorporate source terms

into these numerical methods. Because, for some type of problems, they may
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perform quite poorly. The numerical schemes proposed for conservation laws
with source terms are based on a fractional step approach or on the solution of

a generalized Riemann problem with stationary data.

Here we are particularly concerned with Godunov-type finite volume methods
which require a solution to a Riemann problem with discontinous initial data.
It is well known that an exact solution to this problem is non-trivial. See, for
example, [8, 9, 10] for a general discussion of such methods that have been used

successfully in gas dynamics and shallow water wave problems.

Our goal is to present such a method with good accuracy and resolution
properties. A full discussion of the numerical method is beyond the scope of
this thesis. In particular, a discussion of the convergence of the method will not

be pursued in this thesis.

4.4 Godunov’s Method

The Godunov method is the most natural finite volume method to solve
numerically the Cauchy problem (4.5)-(4.6). The basic idea of the Godunov
method is to compose the global solution by the exact or approximate solutions
of local Riemann problems. For nonlinear and/or inhomogoneous problems we
will generally not be able to solve the Riemann problems and we will approximate
the solution in a sutiable way by using an approximate Riemann solver. Many
of the modern high-resolution approximations for nonlinear conservation laws
(and related equations) employ the Godunov approach. Godunov’s original
scheme [12] is the forerunner of all upwind schemes. Its higher-order and
multidimensional generalizations were constructed, analyzed and implemented
with great succes during the last three decades; consult [8, 9, 10] and the

references therein.

To construct a numerical scheme for the quasilinear system of conservation laws,

(4.1), the spatial domain [a, b] is discretized by taking an equally spaced grid. Let
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{z; : j € N} be the nodes of the mesh z; = a+(j—1/2)Azx where Az = (b—a)/M
(M € N). The cell I; is defined as I; = (zj_12,Zj11/2) = {|z — z;| < Az/2}
where Az denotes its length and is given by Az = z; — ;1. The cell I; has
interfaces at z;_1/o and z;;/o which denote the end points of the cell. Let At
be time step and &, = nAt (n € N) be a given time. The approximate solution
to Q at time £ = #, and at the grid point z; is denoted by Q}. That is, we
consider Q} as an approximation of Q(z;,1,), where Q is the exact solution of

the Cauchy problem (4.5)-(4.6).

The initial condition Q(z,0) = Qo(z) is projected into the space of piecewise

constant functions by
1

Q= [ /’ Qo(z)dz, (4.57)
Now we assume that the discrete function Q® for the time level ¢, is already
computed. In the Godunov method, given an approximation Q® of Q(.,%,), we
define the the approximation Q" of Q(.,%,,1) as follows. In the first step, the

approximate solution Q™ is considered as a piecewise constant function given by
Q"(a:) = Q;" . Tj—172 < T < Zjy1/2 (458)

This approach leads to Riemann problems at the cell edges due to jump
discontinuities at the cell interfaces z;_1/3. Then, in the second step we solve the

local Riemann problems

Q:+(H(Q): =0, zcR >4,
Q7 ., T < T (4.59)
Q(w,t,.)={ _J 1 j—1/2
Q? H z> xj“l/ 2 -
Note that the local Riemann problems are defined for the hyperbolic system
(4.1) with the source terms set to zero. An approximate solver based on the
pseudo-jump equations (4.28) is used for the Riemann problem. Solving the
Riemann problem between Q}‘_l and Q;‘ at the cell interface x;_q/» gives rise
to waves which affect both of the cell averages over the next time step. The

solution of the local Riemann problem is denoted by Qj_l /2 (Q}‘_l, Q;") If the
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CFL condition (see below) is satisfied, which provides to avoid two neighbouring
Riemann problems interacting, the solutions Qj_l /2(z,t) of the local Riemann

problems are now used to define a function Q for all z € R such that

A Q'—1 2(Z, tnt1) » Zji1/2 < T LI
Q(z,tn11) =4 .~ f * = ! (4.60)
Qjr1/2(Z, tay1) » z; £ 2 < Zjyye

Then in the final step we project the solution Q(.,%,41) onto the piecewise

constant functions, i.e., we set

_ 1 Tit1/2 A
QP = / Az, tny1)dz (4.61)

Zj~-1/2

These values are then used to define new piecewise constant function Q"+1(z)
and the process repeats. That is, Godunov’s method is based on the assumption
that the constant Q;‘ in (4.58) denotes the cell average of the jth grid cell at

time ¢,.

In order to derive a more explicit form of the scheme, we now integrate

the conservation law (4.1) with respect to space and time over the rectangle
(Zj-1/2, Tjp1/2) X (tny tuya) :

Ltnﬂ /15+1/2 [Q: + (H(Q)): + B(Q)] dzdt =0 (4.62)

Tj-1/2

Since the function is piecewise smooth, we obtain

/a:,-+1/2 Qe ta11) — Qa, t)ldz + /:,+1 H(Q(zj11/2 — 0,1))

Zj-1/2
54+1/2

~ Q-+ 0,0t + [ e B(Q(z, ))dzdt = 0

Using (4.58) and (4.61) we get

As(@ - Q) + L " H(Q(a41/2 — 0, £))dt — /t,. " H(Q(zj1/2 + 0, 0)d¢

Zi-1/2

tntl L2
+ [ [ " B(Q(z, t))dzdt = 0 (4.63)
tn Tj-1/2
We now approximate the integrals in the above equation as follows
tn1 ~
L H(Q(zj41/2 — 0,8)dt ~ AH(Qju1)0) (4.64)
tot1 A
/t,, Y H(Q@j_1 +0,8)dt & AE(Q1)0), (4.65)
Int1l fTit1/2 1, I
A /’ +/ B(Q($,t))d$dt ] AtAxB(E(Qj+1/2+Qj—1/2)) ’ (466)
Ej—1/2
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where Qj_l /2 is the solution to the Riemann problem between Q;Ll and Q;‘ at

the interface z;_1/, for all t € [t,, t,41]. Hence, we have

Q¥ = Q) — T H@p172) ~ H(Qj-1y2)] —~ AB( Qyrrja+ Qjorje)) (467

Note that in the above approximation we assume that Q(a:j_l /2,t) is constant in
time along each cell interface. In the absence of the source terms, Q(a:j_l /2, t) is
constant at the interface z;_;/, over the time interval ¢, < ¢t < t,41. This follows
from the fact that the solution of the Riemann problem at z;_,/; is a similarity
solution, constant along each ray (z — z;_1/2)/t =constant. However this is not

true when we consider the source terms.

We assume that the condition

= Az
< — k<L .
max |cx(Q})] < SAL 1<k<p, (4.68)

is satisfied so that the waves issued from the interfaces x;_1/3 and z;;1/» do not
interact. Here ¢; (1 < k < p) represent the eigenvalues of the Jacobian matrix
A(Q) and (4.68) gives a restriction on Az and At by using the largest wave
speed. This condition is known as the CFL condition after Courant, Friedrichs
and Lewy. Shocks form immediately at the points z;_;/2, but because of the
above time step restriction, these shocks do not reach the cell boundary during
the time step Atf. Then the neighbouring solutions Qj_l /2 and Qj+1/2 cannot
influence each other. The CFL condition is only necessary condition for stability,

not sufficient.

Equation (4.67) can be rewritten as follows

Q' =Q} - ——[G(Q?, Q711) — G(QF_,, Q)] - AtB(%(Q]’H/? +Qj-172))

(4.69)
where G is called the numerical flux for the Godunov method and is given by
CQ)1, Q) = H(Q1/2(Q 1, Q) - (4.70)

If we sum AzQ?*! from the above equation (4.67) over any set of cells we obtain
i

K K . .
Az Qi =Az Y QF — AtH(Qrcr1/2) — H(Qr-1/2)]

j=dJ ji=J
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K
— AtAz ;IB(%(Q:HI/? +Qj-172)) (4.71)
i=

That is, the sum of the flux differences cancels out except for the fluxes at the
extreme edges. In the absence of the source term, over the full domain we have
exact conservation except for fluxes at the extreme edges. Then the numerical
method is said to be in conservation form, since it mimics the conservation

property of the exact solution.

The concept of total variation plays a central role in computing approximate
solutions for scalar conservation laws. In the discrete case we define the total
variation for a sequence ¢" of discrete values ¢} (j=1,2,...,M —1) by
M-1

TV(¢") = 32_31 gt — af (4.72)
A numerical scheme which generates approximations ¢ that are nonincreasing
in total variation from one time level to the next, TV (¢"*!) < TV(¢"), is
described as total variation diminishing (TVD). Entropy solutions of the Cauchy
problem (4.5)-(4.6) have decreasing total variation, and so TVD schemes produce
approximations that mimic an important property of the desired solution. From
a more practical point of view, the TVD property rules out spurious overshoots
and oscillations that often appear near steep gradients with the traditional
higher order schemes. Finally, the TVD property, when accompanied by some
further properties, guarantees that the sequence of approximations converges to
a function ¢ as the mesh size shrinks. If the scheme is in conservation form, the
Lax-Wendroff [13] theorem guarantees that the limit ¢ is a weak solution of the
Cauchy problem of the system of conservation laws. If in addition, the numerical
approximations satisfy a set of discrete entropy inequalities, then the whole
sequence converges to the physically correct entropy solution. Another important
property of the TVD schemes is that they preserve monotonicity [10, p.64]. This
property can be explained as follows. Let ¢} be a grid function defined by a TVD
scheme. Assume that ¢ is a monotone (increasing/decreasing) grid function with
ntl ;

respect to 5. Then g7 is also a monotone (increasing/decreasing) grid function
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with respect to j. This property is called the monotonicity property. That
is, a TVD scheme transforms a monotone sequence into a monotone sequence
and oscillations cannot occur. Godunov’s scheme for a scalar conservation law
is monotone and TVD. Additionally it satisfies a large set of discrete entropy
inequalities. This makes it possible to prove that Godunov’s scheme converges
to the physically unique entropy solution of the Cauchy problem. Unfortunately,
both monotonicity and TVD properties are important but purely scalar notions.
Furthermore, the solution of an inhomogeneous equation does not posses the
TVD property because of the effect of the source term which increases the total

variation.

We note that in the Godunov method the solution is not simply an updating from
one timestep to another, but includes the solution of the Riemann problem at
each cell interface. In attempting to apply this method to a nonlinear problem,
the principle difficulty is in the second step, since we typically cannot compute
the exact solution to the nonlinear equation with piecewise constant initial data.
However, there are various ways to obtain approximate solutions and one of
these approaches will be discussed in the next chapter after we introduce a more
accurate scheme that is a second-order accurate generalization of the Godunov

method.

4.5 A Second-Order Godunov Method

We now introduce a modified Godunov method that is second-order accurate in
smooth regions and gives much sharper discontinuities. Algorithms of this type
were first introduced by van Leer in a series of papers [14]. Van Leer referred
to them as Monotone Upwind Scehemes for Conservation Laws (MUSCL).
Sometimes the present method is called van Leer’s method [9, p.245]. See [15]
for a proof of convergence in the one-dimensional situation. For an application
of the method to nonlinear elasticity we refer to [16]. Note that the notation of
[16] has been modified here to use 7 — 1/2 as the index for the interface between
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cells I;_; and I; (rather than using j for this index).

The basic idea of the second-order method is to replace the piecewise constant
representation of the solution by a piecewise linear representation. We expect
that this generalization of the Godunov method simulates better than the

first-order accurate scheme. In this more accurate representation we take
_ r?
Qn(a;) = Q;" + —A—‘;f(a: - J’Jj) ’ ZTj-1/2 < T < Tjy1/2 - (473)

Here I'} is a vector of slopes and it is to be detailed later on. Note that taking
I‘;-" = 0 for all j and n recovers Godunov’s method. More importantly, the cell

average of Q™(x) over (z;_1/2, Zj41/2) is equal to Q7 for any choice of I'].

The distributions in the cells (z;j_3/2,%j—1/2) and (zj_1/2,Zj41/2) at time ¢,
generally meet, at ;_1/2, in a discontinuity. Therefore, as in Godunov’s method,

the next step involves either an exact or an approximate Riemann solver.

As in the previous section, in order to derive a more explicit form of the scheme,
we now integrate the quasilinear system (4.1) with respect to space and time
over the rectangle (z;_1/2, Zj+1/2) X (tn, tas1):

[ """(Qu-+ (H(Q). + B@)] dadt = 0. (4.74)
Since the function is piecewise smooth, we obtain

Tj41/2 b1
L7710, ta) - Qe taldz + [ Q272 — 0,1))

Tj-1/2
Zj+1/2

~H(Q(zj-1+ 0, )t + [ [ BQe, ))dzdt = 0

Zij-1/2

Using (4.73) we get

M@ - Q)+ [ HQesiays — 0,0t — [ H@asy+0,0)d8

+ [T [P BQ, H)dsdt = 0 (4.75)

Zj-1/2

We now approximate the integrals in the above equation as follows

[ BQ@sp - 0,0)t & AH@Qjup), (4.76)
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[ BQE a0, 0)d ~ AHQ; 1), (477)

./ - [ BQ@,)dsdt ~ AtAxB(%(QjH/?""Qf‘Vz))’ (4.78)

51/
where Q;_/» is the solution to the Riemann problem between Q“+11//22 _
Q;“J’ll//: + at the interface x;_y/3 for all ¢ € [t,11/2,8n41]. Here the data Q“""l1 ,/22 N
and Q;-‘fl //22 _ represent approximations to Q(z;_1/2,%n+1/2) at the midpoint in
time, approaching the interface from the right and left, respectively. The
construction of the modified states Q;'fll//i and Q"+11//22 , are to be detailed
later on. Then, we have

Q' =QF - [H(QJ+1/2) H(Qj-1/2)] - AtB(%(Qj+l/2+Qj—1/2)) , (4.79)

where H is the numerical flux.

Note that these equations are the same as those obtained in the previous section,
except the definition of Qj_l s2- In the second order method Qj_l/z will be
calculated by using a different approach and the reason of this can be given as
follows. If one uses schemes that are higher-order in space, it is necessary to take
care of a higher-order time discretization as well. The Godunov scheme presented
in the previous section is of first order in time and first order in space. However,
the present scheme is second order in space. If the time discretization is also
of second order, the scheme may converge to the correct solution. For explicit
schemes the CFL condition is necessary for getting a stable scheme. But this
means a strong restriction to the size of the timestep when the scheme is of first
order in time and second order in space. Therefore we use a predictor-corrector
numerical scheme that is also of second order in time. To this end, at the
predictor stage the scheme proceeds with a half step in time and the state
variables at the cell boundaries at a half time step £,41/2, are calculated. Then,
at the corrector stage, the Riemann problems at the interfaces are solved with

the initial data obtained at the predictor stage.

As it is mentioned above, Q}} //22 , and Q;H://f are constructed as app-

roximations to Q(zj-1/2,%n41/2) at the midpoint in time, approaching the
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interface from the right and left, respectively. That is, the updated values

Q;'fll //3’ 4+ can be interpreted as follows:

Qe ~ Q(z; — As/2 + 0,1, + AL/2),

Qla_ ~ Qxj1 + Az/2 — 0,1, + At/2).

If we denote the values at the left and the right side of the interface by — and 4+
at t = t,, respectively we have

— 1 _ 1
QF 12+ =Q5 — ‘2‘1‘? » Q- =Qf+ 5 i1 - (4.80)

We now give three different ways for updating Q} ,, , a half step in time.
Case A: In the first approach, the state variables at the cell boundaries at a half

time step are calculated using Taylor series expansions.

Az At At Az
Qz; — - T 0,2, + 7) ~ Q(zj,tn) + —Z—Qz(ﬂ?j, ta) — "Z—Qx(-’ﬂj, ta), (4.81)
Az At At Az
Q(z;-1 + 5 0t '5’) ~ Q(zj1,t0) + 7Qt(-’05—1, tn) + "‘2—Qz(mj~1ztn) .

(4.82)

The linearized forms of the quasilinear system (4.2) about Q(z,t) = Q(z;,t»)
and Q(z,t) = Q(z;-1,t,) are given by

Q: + A(Q(z,1.))Q: + B(Q(z), %)) =0,
Qt + A(Q(zj—la tn))Qz + B(Q(xj-la tn)) =0,

respectively. If we express Q; in terms of Q, using these relations and substitute

the resulting equations into (4.81)-(4.82) we obtain

A A
Q(z; — %ﬁ +0,t, + —-2—t) ~ Q(z;,tn) — %E[I + K%A(Q(wj, )| Qz (%5, tn)

A
- 5B(QE; ) (4.83)
Qe+ 58 - 0,ta+ 5 ~ Qlajor, 1)

A A
+ —;[I - A—;A(Q(-’%’—h ta )| Q (-1, n)

- %EB(Q(wj_h tn)) - (4.84)
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Recall that

Q:,,-(Zj, tn) = P;‘/AI , Q:,;(z‘j_htn) = I‘?_I/A.'D . (485)

Then using this result in (4.83)-(4.84) we obtain

Q(z; — % +0,1, + %) ~ Q(zj,t,) — %[I + %A(Q(xj:tn))]r?
A
- S BQ ),

Az At 1. At i
Qi1+ 5~ = Ota + 57) ~ Q(25-1, ta) + ST — = A(Q(Z5-1, 8))IT7

- 5BQE, ) -

That is, Q) //22, 4 are calculated as follows

n o1 A AL
Qi =QF — 5T+ AQ)IT; - 5-B(Q)), (4.86)
Qe = Qo+ 50~ —AQF )T}, — 5 BQ} ). (487)

The above approach is based on approximating the quasilinear system by a linear
system in the neighborhood of each cell center. Because it uses the values at the
cell centers since the quasilinear system is linearized about Q;‘ A scheme that
linearizes the quasilinear system about Q}_, , , may be more appropriate and is

discussed now.
Case B: In second approach, the state variables at the cell boundaries at a half

time step are calculated using Taylor series expansions.
At At
Q(a?j_1/2 +0,t, + ?) ~ Q($j—1/2 + O,tn) + -E‘Qt(xj_l/z + O,tn) ’ (488)
At At
Q(Z’j_.1/2 -0,t,+ —2—) R Q(:Ej_l/g -0, tn) + —2—Qt($j_1/2 -0, tn) . (4.89)

The linearized forms of the quasilinear system (4.2) about Q(z, ) = Q(z;-1/2 +
0,%,) and Q(z,t) = Q(z;—1/2 — 0,%,) are given by

Q: + A(Q(zj_12 + 0,£,))Q: + B(Q(zj-12 + 0,1,)) =0,
Q: + A(Q(Tj-1/2 — 0,12))Qz + B(Q(zj-1/2 — 0,1,)) = LbSfO,
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respectively. If we express Q; in terms of Q,; using these relations and substitute

the resulting equations into (4.88)-(4.89), we obtain

At
Q(zj—1/2 +0,t, + 7) ~ Q172 +0,1,)

At
- 7A(Q($j~1/2 +0,10))Qe(zj-1/2 + 0,2a)

At
- ‘E'B(Q($j~1/2 +0,0)) , (4.90)
At
Q(Zﬂj__l/z - 0,1, + ‘2—) = Q(mj—1/2 -0, tn)

_ %A(Q(zj_l/z ~ 0,£))Qa(j-1/2 — 0, tn)
_ %B(Q(a:j_uz —0,t)) - (4.91)

Recall that
Qz(xj—I/Z +0, tn) = I‘;L/Ax ’ Qz(xj—-l/iz -0, tn) = I‘;z—l/Ax .
Then using this result in (4.90)-(4.91) we obtain

Q(zj-1/2 +0,tn + At/2) ~ Q(zj-1/2 +0,1n)

At .
= 'Q'A_mA(Q(xj—l/Z +0,t,))T;

= —A2—tB(Q($j—1/2 +0, tn)) ? (492)

Q(:Bj_1/2 —0,t, + At/2) = Q(:Cj_1/2 -0,%,)

At n
- E—A(Q(ﬁj_yz -0, tn))rj—l

- %EB(Q(:Bj..l/z - O, tn)) . (493)

That is, Q;"ﬂ //22 4 can be calculated as follows

. At At
Qi = Qi — g AR 1207 — 5 B(QF 124 (4.94)
At At
Q?ﬂ//zz,_ = Qj_1/2,- — EA(Q?~1/2,—)I' 1= —2~B(Q}”_1/2,_) . (4.95)

Using equation (4.80) we can rewrite this equation in the form

—n 1o Al At
Qe = QF — 5+ T AQ}2,)ITT — 5 BQF 1) » (4.96)

- 1 At At
Qs =Q,+ Sl = A Q2 ) — 5 B(Qp ) - (497)

76



If we compare these equations with those obtained using the previous approach,
(4.86)-(4.87), we see that the only difference is the evaluation of A and B at
Q7o+ instead of Q7.

Case C: The third approach was originally proposed by Hannock [9, p.247] and it
does not require the linearization of the quasilinear system about the cell centers
or the cell interfaces. As in the second approach, the state variables at the cell

boundaries at a half time step are calculated using Taylor series expansions.

At At
Q(zj-1/2 + 0,1, + —2—) ~ Q(zj—1/2 +0,8;) + 7Qt(£j—1/2 +0,t,),  (4.98)
At At
Q(il:j_1/2 - 0, tn + —2—) ~ Q($j_1/2 — 0, tn) + —Z‘Qt(mj_l/g - 0, tn) . (499)
Then if we express the time derivative Q; in terms of Q., using the system

of conservation laws, in the form Q, = —(H(Q)), — B(Q) and substitute the
resulting equation into (4.98)- (4.99) we obtain

Q("EJ /2 +0,%, + _—) ~ Q(‘L'J —1/2 +0, tn) A z(Q(zg_l/z +0,t,))
At

— -5 B(Q(zj-1/2 +0, tn)) . (4.100)
Q(xj12—0,tn + %E) ~ Q(Tj-172 — 0,1,) — z(Q(fBg—uz — 0,t,))
- égB(Q(:”J -172—0, tn)) . (4.101)

In the next step the spatial derivaties are approximated using forward and

backward differences as follows

H.(Q(zj-1/2 + 0, %)) = [H(Q(zj41/2 — 0, 8a)) — H(Q(zj-1/2 + 0, 8)))/ Az,
(4.102)

H.(Q(zj—1/2 — 0,1s)) = [H(Q(zj-1/2 — 0,1,)) — H(Q(zj-3/2 + 0, 1,))]/Az .
(4.103)

Then using this result in equation (4.100)-(4.101) we obtain

Q(@j-1/2 + 0,80 + At) ~ Q(zj-1/2 + 0, 1)
- E[H(Q(zjﬂ/z —0,t,)) — H(Q(zj_1/2 +0,1,))]
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- SBQEn+0,t)), (4.10)

Q(.’L’j_llz - 0, th + éz't') ~ Q(xj—-I/Z - 07 t’n)
- B Q12— 0,82)) - H(Qzs-o72 +0, )]
- %B(Q(xj—lﬂ —0,t,)) . (4.105)

Then, Q;‘flll/; . are calculated as follows

n n At n n At n
ngll//22,+ =Wji-1/2,+ — é‘A—xf[H(QjH/z,—) - H(Qj—1/2,+)] - 7B(Qj_1/2,+) ]
(4.106)
" n At n At n
ijll//gz,_ = Wj-1/2- T E[H(Qj—uz,—) - H(Q?—3/2,+)] - “2—B(Qj—1/2,—) .
(4.107)

Later the result obtained by using these three different approaches will be com-

pared for a nonlinear scalar conservation law.

At the corrector step, we solve the Riemann problem at the point z; 1/,

with piecewise constant initial data Q;‘:’ll //3 o

Q:+(H(Q),=0, zckR t> tav1/2

1/2
Q(z,t ) = Q?jI//Z,— ) T <Zj-1/2 (4.108)
sbnt1/2) = /2
§=1/2+ z>Zj1/2-

That is, we must still solve Riemann problems at the cell interfaces as in the
Godunov method, but these are now between modified states Q;'fll//zz , and
Q;."fll//:’_ rather than between Q7 ; and Q7. Note that, as in the Godunov
method, the source terms are set to zero. Now suppose that we can solve the
Riemann problem with left and right states Q;'flll{: . and Q?fll//zz’_. Just as in
the first~order method, we can accomplish this by finding an intermediate state
Qj_l /2 such that Q7 , , . and Qj_]_ /2 are connected by a discontinuity satisfying

the Rankine-Hugoniot condition and so are Qj_l 2 and Q7 [2,—

The most interesting question is how do we choose the slopes I'; ? We choose the

slopes such that the monotonicity condition is satisfied [14]. Methods of this type
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were first introduced by van Leer in a series of papers [14]. The monotonicity
condition says that, when a monotonic initial-value distribution is numerically
advanced, the resulting distribution must be monotonic again. Therefore, if g}
lies between ¢, and g7, then g7*" must lie between 77" and g However,
as it is expressed by van Leer [14], “ in practise it is easier to deal with the
following sufficient requirement: if g} lies between g ; and gy, then q;’-"“ must
lie between g} ; and g;,”. It is clear that in order to preserve the monotonicity
of a sequence of cell averages, the linear functions ¢"(x) given in (4.73) must not
take values outside the range spanned by the neighbouring cell averages. That

is, the onset of numerical oscillations in a monotonic sequence of cell averages

are prevented by putting a limit to the slope of the distribution in each cell.

The slopes I'; are also determined by prediction-correction steps. In the predic-

tion step we can use central differencing to define the predictor

I} = (Q} — QF1)/2. (4.109)

In the correction step we limit the slope componentwise in order to ensure that a
monotone sequence of the cell averages can be produced. Therefore, we limit the
slopes such that the linear distribution ¢(z,t,) (zj-12 < £ < Zj41/2) does not
take values outside the range spanned by g; ; and @},,. Additionally, if the cell
average is an extremum with respect to the neighboring cell averages, the slope
must be set equal to zero. Finally, if the sign of the slope is not the same as the
sign of the finite-difference slope that follows from the neighboring cell averages,
the slope must be set equal to zero again. These three different rules of limiting
also guarantee that g, if initially positive, remains positive. As a result of these

observations, the slopes are given in the van Leer scheme as follows

min {|a}|, 2|b?_1/2|; 2|C?+1/2|} x sgn(a7) ,

I = if sgn(a}) = sgn(b}_/5) = sgn(c}yy0)
0, otherwise
(4.110)
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where I'; represents any component of I'; and

20 =G —G1y Vap=G -G, Gup=Gu-0. (“111)

This slope limiter is very popular in the literature and it has been used through
many examples to show that the slope limiter is very important in practice. We
now want to discuss how we can derive such a slope limiter. Note that equation
(4.109) takes the following form I'} = a} for any component of I';. In other
words, in the absence of any restriction the slopes are taken as af. If the sign of
the slope is not the same as the sign of the slopes of the neighboring cells, then
the slope must be set equal to zero. That is, we have I'; = 0 if the condition
sgn(a}) = sgn(b}_, ;,) = sgn(c},s,) is not satisfied. We now consider the case
where this condition is satisfied, that is, a3, b7_, 5 and ¢}/, bave the same sign.

Omitting the time superscript n we consider the following cases:

Case A: Suppose that §;_1 < gj+1. Note that in the present case —b;_1/2 < ¢j11/2
and a; > 0 which gives b;_1/2 > 0 and ¢;j;1/2 > 0. The monotonicity condition
requires that g1 < ¢(z,%,) < @iy for Zj1/a < T < Tjy17z- This restriction

takes the following form

- W i _
gji-1 < Gj + ﬁ(z ~ %) S Gy, T2 < T < iy

or
T;
~biap S Z-(E %) Seinp,  Tap <T<Tjug

if (4.73) is used. The limits x — z;_;/+0 and £ — 2;,,/2— 0 give the conditions
—2¢j412 T3 <2012 and  —2bj_1p0 < T < 2¢54142,

respectively. Recalling that b;_;/3 > 0 and ¢/ > 0, we can rewrite these two

conditions in the form
-—2bj_1/2 S Pj S 2bj-—1/2 and - 2654.1/2 < Fj S 2Cj+1/2 ’ (4.112)
If we choose I'; such that

Pj = min {aj, 2bj_1/2, 2Cj+1/2} , (4113)
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the above conditions are satisfied.

Case B: Suppose that gj;1 < gj—1. Note that in the present case ¢j11/2 < —bj_1/2
and a; < 0 which gives b;_1/» < 0 and ¢j;1/2 < 0. The monotonicity condition
requires that g;1 < q(z,1,) < @1 for ;13 < £ < Zjy1/2. This restriction
takes the following form

_ _ Iy _

gi+1 < g; + -&;(:L' - -’Bj) < gj-1, Tj-1/2 < T < Tjt1/2
or

¥}
Cit1y2 < Z;(iﬂ — -’lfj) < —bj-12, Tj—172 < T < Zjp1/2

if (4.73) is used. The limits  — z;_1/24-0 and £ — x;,1/»— 0 give the conditions
2bj_172 <T; < —2¢jy12  and  2¢j10 < T < —2bj_942,

respectively. Recalling that b; 12 < 0 and c¢jy1/2 < 0, we can rewrite these two

conditions in the form
2b;_1/2 <T; < —2bj_172 and 2112 <Tj < —2¢5414 - (4.114)
If we choose I'; such that
T'; = min {—a;, —2bj_1/2, —2¢j11/2} , (4.115)

the above conditions are satisfied. We now combine equations (4.113) and (4.115)

as follows
Pj = min {|aj|,2|b_,,-_1/2|,2|cj+1/2[} X sgn(aj) . (4116)

In other words, when the condition sgn(a}) = sgn(bj._,/,) = sgn(c},/,) is not
satisfied, we choose I'7 such that (4.116) is satisfied, As a result, in general we
choose I'} such that equation (4.110) is satisfied.

4.6 A Numerical Experiment

In this section, as an example of how the numerical technique introduced above

can be applied to nonlinear scalar inhomogeneous equations we consider the
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inhomogeneous Burgers equation. The inhomogeneous Burgers equation has the
advantage of being relatively simple equation where the results can be obtained
analytically. Furthermore the results can be easily explained and interpreted
physically. We first discuss the solution of the Cauchy problem associated with

the inhomogeneous Burgers equation:

+ = TER t>0
{ QG+ 9Gx q, ’ (4.117)

g(z,0) = go(z)

where a > 0 and go(z) is a continuous differentiable function of z. In this case it
follows from (4.18) that a characteristic curve passing through the point (z,0)

is obtained as a solution of the differential system

2 )0, 2(0) =70 (4.118)
Along such a curve, we have
dg
il B (4.119)

Then the solution of the Cauchy problem (4.117) is
a(z,t) = q(zo(z, t),1) = go(zo(z,t))e™ , (4.120)
and the characteristic curve passing through the point (z,0) is given by
T ==zp+ @?(e""’ -1). (4.121)

Note that for each (z,t) we solve (4.121) for z, and substitute the result into
(4.120). Also note that the slopes of the lines tangent to the characteristic curves
are equal to 1/q.

We now discuss the solution of the Riemann problem associated with the

inhomogeneous Burgers equation:

¢+4q99: =aq, TER, t>0

<z 4.122
ﬁ%®={% n (4122)
qr T>ZTy
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where the initial jump is positioned at £ = x,. This Riemann problem was
proposed by Chalabi [17]. It follows from (4.121) that the characteristic curve
passing through the point (zg,0) is given by

Zo + L (e* —- 1), To < T
2(zo,t) =4 a ) 0= om (4.123)
T+ LB(e* -1), Zg > Loy, -
Then we have
z— e 1), T < Ty + E(e® -1
To = al ) m+ ) (4.124)
z— Lt -1), T > T+ B(e—1),
and
e, T < Ly + L(e -1
g(z,t) = o m+ ) (4.125)
gre™ , T> T+ B(e®—1) .

It is obvious that the characteristic curves do not intersect if g;, < ggr. That is,
the solution of the Riemann problem is a rarefaction wave if q;, < qg. Note that,
if g1, < ggr, (4.125) does not include the solution corresponding to the interval
Tm+ (e —1) <z < T+ Z(e® — 1) . On the other hand, the solution of the
Riemann problem is a shock wave if g;, > gg. Note that, if g, > gg, the solution
given in (4.125) must be modified such that multivalued solutions are avoided.
Furthermore, we emphasize that the value of the solution increases exponentially
in time due to the source term and that the left and right values of the solution
are modified depending on the value of a. The propagation speed s of the shock
was calculated by Chalabi [17] from the Rankine-Hugoniot jump condition (4.31)
in the form

s = (gL + qr)e™/2, (4.126)

which shows that the propagation speed of the shock depends on the value of «.
For the homogeneous Burgers equation where oz = 0 the propagation speed of
the shock reduces to that given in (4.55). Furthermore the shock speed satisfies
the entropy condition (4.47) since ¢;(g) = g for the present problem.

We now test the numerical method on the Riemann problem (4.122). The initial

data are taken as
g.=3, qr=05, z,=015. (4.127)
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Figure 4.4: At time ¢ = 0.15, the exact and numerical solutions of the Riemann
problem for the inhomogeneous Burgers equation. The numerical solutions are
obtained using the second-order Godunov method.
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Figure 4.5: At time ¢ = 0.25, the exact and numerical solutions of the Riemann
problem for the inhomogeneous Burgers equation. The numerical solutions are
obtained using the second-order Godunov method.

84



The computational domain is [0, 1] which is subdivided into cells with z; = Az/2
and £pr = 1—Az/2 so that Az = 1/M. The solution is computed up to 7' = 0.25
for a = 1. We apply the second-order Godunov method discussed above to the
Riemann problem. Recall that in Section 4.5 three different ways are used to
update the state variables at the cell boundaries and that these three approaches
used to obtain the approximations at the midpoint in time are called as Case A,
Case B and Case C. We first use the numerical scheme corresponding to Case C
and compare the numerical results obtained for two different grids: a coarse one
and a finer one. In the first case we apply the numerical scheme with M = 10
and N = 25 which corresponds to Az = 0.1 and At = 0.01, respectively. In the
second case we apply the numerical scheme with M = 100 and N = 250 which
corresponds to Az = 0.01 and At = 0.001, respectively. Note that in both cases
the CFL condition given in (4.68) is satisfied. Figure 4.4. shows the numerical
solutions corresponding to these two cases at time ¢ = 0.15. Figure also shows
the exact solution for comparison purposes. Similarly, Figure 4.5 shows the
numerical and exact solutions at time ¢ = 0.25. As it is expected, the numerical
results obtained using the finer grid are more accurate than those obtained using
the coarser grid. We observe that the shock positions estimated by the numerical
scheme are correct. Furthermore, the second-order numerical method achieves
almost the same sharp resolution as the exact solution if the number of the grid
points is sufficiently high. We also point out that the numerical method does
not give an overshoot at the shock. This is due to the van Leer slope limiter
we used. In conclusion, the numerical solution obtained using the second-order

Godunov method converges to the exact solution as the grid is refined.

We now compare the accuracy of the second-order Godunov method with the
accuracy of the corresponding first-order Godunov method for M = 10 and
N = 25. Figures 4.6 and 4.7 show the numerical results corresponding to these
two different methods at time ¢ = 0.15 and ¢ = 0.25, respectively. The results
presented in Figures 4.6 and 4.7 show that the first-order Godunov method

smears the shock more than the corresponding second-order method and that
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Figure 4.6: At time ¢ = 0.15, the exact and numerical solutions of the Riemann
problem for the inhomogeneous Burgers equation. The numerical solutions are
obtained using the first-order and second-order Godunov methods.
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Figure 4.7: At time ¢ = 0.25, the exact and numerical solutions of the Riemann
problem for the inhomogencous Burgers equation. The numerical solutions are
obtained using the first-order and second-order Godunov methods.
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Figure 4.8: At time ¢ = 0.15, the exact and numerical solutions of the Riemann
problem for the inhomogeneous Burgers equation. The numerical solutions are
obtained using the second-order Godunov method. The state variables at the cell
boundaries are calculated using three different approaches: Case A, Case B and Case
C
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Figure 4.9: At time £ = 0.25, the exact and numerical solutions of the Riemann
problem for the inhomogeneous Burgers equation. The numerical solutions are
obtained using the second-order Godunov method. The state variables at the cell
boundaries are calculated using three different approaches: Case A, Case B and Case
C
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the second- order method seems to work well in identifying the shock.

We now compare the accuracy of the numerical scheme corresponding to Case C
with the accuracy of the numerical schemes corresponding to Case A and Case
B for M = 10 and N = 25. Figures 4.8 and 4.9 show the numerical results
corresponding to these three different cases at time £ = 0.15 and ¢ = 0.25,
respectively. The numerical solutions are obtained using the second-order
Godunov method. The numerical schemes corresponding to Case A, Case B
and Case C produce rather similar results for the present problem. We point
out that the numerical scheme corresponding to Case C will be used in the next
chapter.
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5. WAVE PROPAGATION IN A NON-LINEAR HYPERELASTIC
TUBE

5.1 Introduction

In this chapter we study wave propagation in a circular cylindrical nonlinear
elastic tube when the tube was subjected to dynamic extension. One end of the
tube was fixed and the other end was subjected to a dynamic extension. The
tube was considered as a hyperelastic, isotropic, homegeneous, incompressible
membrane. Numerical results were given for Mooney-Rivlin and neo-Hookean
materials. The same problem has been studied by Tait and Zhong [5]. They
have considered a numerical technique based on the method of characteristics.
The present discussion of the problem is set in a framework which differs in two
aspects from that studied by Tait and Zhong [5]. First we derive the governing
equations using an alternative, but equivalent, approach to that used in [5]. In
particular we use the membrane theory derived in Chapter 1 of the present thesis
by using an asymptotic expansion technique, whereas they formulate membrane
theory following the direct approach of Green, Naghdi and Wainwright [18]
and regard the mebrane as an elastic surface in three dimensional space. The
equivalence of the membrane theories, obtained by using the direct theory and
by using an asymptotic expansion technique is not the subject of the present
study. For a discussion about the equivalence of these membrane theories we
refer to [2]. Second, for the numerical solution of the governing equations we
employ the second-order Godunov method which was introduced in the previous
chapter. In another study [6] Tait and Zhong also considered the same tube and,

in addition to the extension, imposed a dynamical twist at the moving end.

In Section 5.2 we formulate the problem of dynamic extension of a membrane

89



tube made of an incompressible hyperelastic material. In Section 5.3 we present
the numerical results obtained by using the numerical method of the previous
chapter for membrane tubes made of an incompressible hyperelastic material. In
particular we present the numerical results corresponding to the neo-Hookean
and Mooney-Rivlin materials. We also discuss how the results of Tait and
Zhong [5] are related to those obtained in Section 5.3. In Section 5.4 we present
the numerical results for membrane tubes made of a compressible hyperelastic
material. In particular we present the numerical results corresponding to the

Blatz-Ko and neo-Hookean compressible materials.

5.2 Governing Equations for the Loading Problem

We consider a circular cylindrical membrane of homogeneous incompressible
isotropic nonlinearly elastic material. In its (undeformed, stress free) natural

configuration the membrane tube is defined by
R,<R<R;+H, 0<0<2r, 0<Z<LKL (5.1)

where (R, ©, Z) are cylindrical polar coordinates with corresponding unit vectors
Eg,Eg,Ez. That is, R; is the inner radius, H is the thickness and L is the length
of the membrane before deformation. We suppose that the ends of the tube in
the natural configuration are attached to rigid rings or discs of radius R;. We also
suppose that the end of the tube at Z = L is kept fixed and the end originally
at Z = 0 is displaced in the negative direction.

The axially symmetric deformation of the membrane at time ¢ is defined by
r=r(Z,t), 0=0, z=2(2Z1) (5-2)

where (r,0,z) are cylindrical polar coordinates associated with the deformed
configuration. Here we use the membrane theory developed in Chapter 3 for the
case of axisymmetric deformations. We introduce nondimensional quantities by

setting
i= t(fo-)l/z/&, Z=17Z/R;, [f=2z/R, g=r/R,
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where py is the density, y is a constant with appropriate dimension to be defined
later, W is the strain energy function and 77 and T, are the principal Biot
stresses. As in Chapter 3 we drop the bars. Following Chapter 3 we now write the
governing equations of the membrane tube as follows. We drop the superscript
0 which is used to denote the zeroth-order quantities. It follows from (3.43) and
(3.71) that the principal stretches A;(Z,t) and A\y(Z,t) are given by

M=+ d=g (5.4)

where prime denotes differentiation with respect to the dimensionless axial

coordinate Z. Also we have
g =XMcosB, f'=MXsnp (5.5)

where B denotes the angle measured from the outward radius vector to the
tangent to deformed profile, taken in the positive sense. It follows from (3.97)
that the Biot principle stresses 77 and T3 are given by

oW ow

Ti=5—| , To=ppr
oM Ap=XAg 9A; Ag

kE=1,2,3 (5.6)
=Ap

where W = W(A1,A;). In the absence of the normal and tangential surface
tractions (that is, P, = P, = 0), the equations of motion given in (3.88) and

(3.89) take the following form

532 (Thcos B) — Ty = gtig , (5.7)
a% (T1singB) = % . (5.8)
If we set
U= —g—z , v= g—{ (5.9)
we can write the following compatibility equations
d(McospB)  Ou d( A\ sinfB)  Ov 229 . (5.10)

ot 98z’ ot 98z’ ot
01



If these compatibility equations are combined with the equations of motion given

by (5.7) and (5.8), the governing equations may be rewritten in the vector form

L 9HQ)

at 7 +B@Q = (5.11)

where
Q = {M cos B, M sin 8, Ag, u, v},
H = — {u,v,0,T} cos 8, T} sin }",
B=—{0,0,u,—T5,0}" . (5.12)

Here the superposed T denotes the transpose. The above system can be written

in the form
a9Q
+A(Q)——- +B=0, (5.13)
where
A(Q) =9H(Q)/9Q (5.14)
is the 5 x 5 Jacobian matrix with the non-zero entries given by
Apy=-1, Ap=-1, Au= L cos® B — sm B,
8/\1
An= A =— (2~ T2 sinfeosp,  Aw= —a—Tlcosﬂ,
A 6/\1
_ aT1 2 _ a]-'
Agy = 6)\1 B— COS 2B, Asm= O sin 8 . (5.15)
The eigenvalues of A are
Ao = O, A:l:l = :I:CL, Aig = :’:CT, (516)

where the wave speeds Cr, and Cr are given by

aT 1 2 _ T]_
A’ r=x-
We require that the wave speeds are real. The corresponding left eigenvectors

C2 = (5.17)

can be given as

Lo = (0,0,1,0,0),
T
Ly = (CLcos B,Cysin §, Zla/\l)
Lys = (Crsin 8, —Crcos 3,0, Fsin 8, L cos ) . (5.18)
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The boundary and initial conditions for the problem can be given as follows.

Since the initial configuration is the reference configuration
9(Z,0)=1, f(Z,0)=2Z, (5.19)
one can write the initial conditions in the form
M(Z,0)=X(Z,00=1, p(Z,0)=n/2, u(Z,0)=v(Z,0)=0, (5.20)
for 0 < Z < L. The boundary conditions for the present problem are

2(0,8)=1, u(0,t)=0, v(0,8)=-v, t>0
M(L,t) = Xa(L,8) =1, B(L,t)=n/2, uw(L,t)=0, v(L,t)=0, t>0. (5.21)

Here we assume that the waves do not arrive in the end Z = L over the time

interval considered.

Up to this point the strain energy function W has remained arbitrary. It is not
clear whether the wave speeds are real. In order to obtain precise results we
consider a Mooney-Rivlin strain energy function. It follows from (2.48) that the

nondimensional form of the Mooney-Rivlin strain energy function is
1
W (A1, A0) = SIV(AT+AZ+HAT? A" = 8) + (1 —7)(A7" +A5" + ATA3 - B)] (5.22)

where 0 < v < 1. Now the constant i used above represents the shear modulus
for infinitesimal deformation from the undeformed state. Recall that (5.22)
reduces to the strain energy function of the neo-Hookean material for v = 1.
Using equations (5.6), the Biot principal stresses, T; and T3, are given by
Ti = [y + (1= M)A — 27257 (5.23)
T =y + (1 - M)A — A7%25°%) . (5.24)

It follows from (5.17) that

Ci =[y+ (1 —7)AJ(1 +3x7*X0%) (5.25)
C: =+ Q=71 - 227 . (5.26)
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Figure 5.1: \; as a function of Z at £ = 0.4 and ¢ = 1. The solid curve represents the
numerical solution obtained for the fine grid (AZ = 2 x 1074, At = 0.5 x 107%).
The dotted curve represents the numerical solution obtained for the coarse grid
(AZ=10"3, At=025x1073). L=2, »p=1, y=10.25.
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Figure 5.2: ), as a function of Z at ¢ = 0.4 and ¢ = 1. The solid curve represents the
numerical solution obtained for the fine grid (AZ = 2 x 1074, At = 0.5 x 107%).
The dotted curve represents the numerical solution obtained for the coarse grid
(AZ=103, At =025x1073). L=2, g =1, y=0.25.
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Figure 5.3: ); as a function of Z at various times. AZ = 1073, At =025x10"3, L=
2, op=19=1

20

Figure 5.4: ), as a function of Z at various times. AZ =103, At =0.25x1073, L =
2, Yy = 1, ¥ = 1.
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Figure 5.5: v as a function of Z at various times. AZ =1073, At =0.25x1073, L=
2, y=1v=1

It is obvious from (5.25) that CZ > 0. Also it follows from (5.26) that CZ > 0
provided
M >1. (5.27)

There exist four waves propagating in the tube and two of them propagate in
the positive direction along the tube whereas the remaining two propagate in the

negative direction. Since
CL—Ci =4y +(1-MR)P*A* >0 (5.28)

we have C2 > C2Z > 0 whenever A\?)\; > 1. Therefore the eigenvalues of A are
all real and distinct whenever A\?); > 1. That is, the system (5.11) is strictly

hyperbolic and there is no degeneracy.

5.3 Numerical Results: The Incompressible Problem

We use the second-order Godunov method discussed in Chapter 4 for the solution

of the impact problem described in the previous section. To update the state
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Figure 5.6: u as a function of Z at various times. AZ = 103, At =0.25x1073, L =
2, u=19=1

variables at the cell boundaries we use the approximations corresponding to Case
C for the values of the state variables at the midpoint in time. The computational

domain is subdivided into cells with

le-;—AZ,...,ZK=(K—';')AZ,---7ZM=L—%AZ9 (529)

so that AZ = L/M. That is, the ends of the tube originallyat Z=0and Z =L

correspond to the cell interfaces at Z = Zy/3 and Z = Zys11/9, respectively.

In all the numerical experiments considered in this section we apply the numerical

scheme for the parameter values given by
L=2, w9y=1. (5.30)

The solution is computed up to time ¢ = 1. We first compare the numerical
results obtained for two different grids: a coarse one and a finer one. In these
experiments we consider a tube made of the Mooney-Rivlin material where
v = 0.25 is used. In the first case we apply the numerical scheme with M = 2000
and N = 4000 which correspond to AZ = 1072 and At = 0.25 x 1073,

97



15

1.0 1

T,

0.5
t=0.2 t=0.4 0.6 t=0.8 t=1.0

0.0 4

0.0 0.5 1.0 1.5 20

Y4

Figure 5.7: Ty as a function of Z at various times. AZ = 1073, At =0.25x1073, L =
2, w=1, =1
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Figure 5.8: T as a function of Z at various times. AZ = 1073, At =0.25x1073, L =
2, Vg = 1, Y= 1.
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Figure 5.9: f' as a function of Z at various times. AZ = 1073, At =0.25x1073, L =
2, yp=1v=1
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Figure 5.10: f' as a function of Z at various times. AZ = 1073, At =0.25x1073, L =
2, y9=1y=1.
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Figure 5.11: ) as a function of Z at various times. AZ = 1073, At = 0.25 x
103, L=2v=1 vy=03.

respectively. In the second case we apply the numerical scheme with A = 10000
and N = 20000 which correspond to AZ = 10~* and At = 0.5 x 1074
respectively. Since, in the present problem, (Cf)mqz < 2, in both cases the CFL
condition given by (4.68) is satisfied. Figures 5.1 and 5.2 show the numerical

results corresponding to these two cases.

In Fig. 5.1 we show the behaviour of the stretch A; as a function of Z at t = 0.4
and t = 1.0. In Fig. 5.2 we show the behaviour of the stretch )\, as a function of
Z at t = 0.4 and £ = 1.0. We observe from these two figures that the numerical
results obtained using the finer grid are not distinguishable from those obtained
using the coarser grid. Therefore we present the numerical results obtained using

the coarser grid in the remaining part of this section.

We first represent the numerical results corresponding to a tube made of the
neo-Hookean material in which v = 1. Figures 5.3 - 5.10 show the values of
AL, A, v, u, Th, T, f' and ¢’ as a function of Z at various times. Recall that

we take the undeformed configuration as the initial configuration. Therefore
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Figure 5.12: ), as a function of Z at various times. AZ = 1073, At = 0.25 x
1073, L=2 v=1, y=0.3.

the membrane is undisturbed ahead of the fastest wave. We observe that the
fastest wave is a pure stretching expansion wave, that is, a f' (or v) wave.
The leading edge of the f' wave travels at speed Cyi|, _,,—; = 2. Behind the
wavefront associated with the f’ wave, interaction takes place and a ¢ (or u)

wave propagates. We also observe from Figures 5.3 - 5.10 that there are jumps

in?ﬁ v Ou 0L 9T 2fla.nd%butno'um ina—/\—2 There is an
3z’ 9z’ 9z’ 9Z’ 8Z’ 9Z = oZ WP 5z

effect due to these discontinuities. The f' (or v) wave exhibits a perturbation

as it passes through the g_gz’ (or —g%) discontinuity. Similarly, the ¢’ (or u)
!

ov
wave exhibits a perturbation as it passes through the %‘;— (or b—Z—) discontinuity.
It may be difficult to distinguish these perturbations from the figures for the
neo-Hookean material. However these perturbations become stronger for the

Mooney-Rivlin material considered below and they become more visible.
Tait and Zhong [19] observed similar perturbations for the impact problem
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Figure 5.13: v as a function of Z at various times. AZ = 1073, At=0.25x1073, L =
2, 9=1,vy=03.

of a nonlinear elastic string, where they used a first-order Godunov method.
They pointed out that “ the refinement of the numerical technique would be of
interest”. It is surprising that the present second-order Godunov method also

provides a similar physical picture.

We now present the numerical results corresponding to a tube made of the
Mooney-Rivlin material in which v = 0.3. Figures 5.11 - 5.19 show the values
of Ai, Ag, v, u, T1, To, f', g’ and 8 as a function of Z at various times. The
only qualitative differences between the results for the neo-Hookean material and
the Mooney-rivlin material are evident for Ay, v, 77, and f’ behind the edge of
the expansion wave, where the variations of these quantities with respect to Z

become stronger for the Mooney-Rivlin material. As in the previous case, the
o . ou
0Z 0z

discontinuity. Similarly, the g’ (or «) wave exhibits a perturbation as it passes
’

through the %—Z— (or %) discontinuity. It is evident from the figures that these

perturbations become stronger for the Mooney-Rivlin material. Tait and Zhong

f' (or v) wave exhibits a perturbation as it passes through the
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Figure 5.14: u as a function of Z at various times. AZ = 1073, At =0.25x1073, L =
2, »9=1, v=03.
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Figure 5.15: T; as a function of Z at various times. AZ = 1073, At = 0.25 x
103, L=2v=1,v=03.
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Figure 5.16: T, as a function of Z at various times. AZ = 1073, At = 0.25 x
103 L=2v=1,7v=03.
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Figure 5.17: f’ as a function of Z at various times. AZ = 1073, At =0.25x1073, L =
2, vp=1, y=03.
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Figure 5.18: ¢’ as a function of Z at various times. AZ = 1073, At =0.25x1073, L =
2, yp=1, y=03.

[6] present the numerical results for A; and A, only in the case of Mooney-Rivlin
material. A comparison of the numerical results corresponding to A; and Ay
shows good agreement between the numerical results in the present study and

those given in [5].

5.4 Numerical Results: The Compressible Problem

In this section, we extend the approach in the previous two sections to the case
of compressible hyperelastic materials. We consider the problem of dynamic
extension of a membrane tube made of a compressible hyperelastic material
and solve the problem numerically by using the second-order Godunov method.
Since the resulting equations, except those related to the constitutive relations,
are equivalent to those in Section 5.2, we do not repeate them here. In short,
equations (5.1)-(5.21) are also valid for the compressible problem. We present the
numerical results corresponding to both the neo-Hookean compressible material

and the Blatz-Ko compressible material.
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Figure 5.19: S as a function of Z at various times. AZ = 1073, At =0.25x1073, L =
2, v9=1v=03.

Te nondimensional form of the strain-energy function corresponding to the
neo-Hookean compressible material is

W (A1, Mg, A3) = %(Af + A2+ A3+ AT2AFA% - 4). (5.31)

from which the principal Biot stresses 77 and T; given by (5.6) are calculated as

Ti=M = A2, =X — A2 . (5.32)

We now use the restriction given by (3.108) to eliminate As from these equations.

For the neo-Hookean compressible material, (3.108) gives A2 in the form

A= A700. (5.33)
Then we can rewrite
Ti=A =220, Ta=d— A2, (5.34)
It follows from (5.17) that
C2=14+2270"1, CZ=1-23)". (5.35)

106



18
16
A 14

1
1.2 4
t=0.2 1=0.4 t=0.6

1.0 4

0.0 05 1.0 15 20

Figure 5.20: )\ as a function of Z at various times for the neo-Hookean compressible
material. AZ =10"3, At =0.25x 1073, L =2, vy = 1.
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Figure 5.21: )\g as a function of Z at various times for the neo-Hookean compressible
material. AZ = 1073, At=025x1073, L=2, yp=1.
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Figure 5.22: v as a function of Z at various times for the neo-Hookean compressible
material. AZ =103, At=0.25x 1073, L=2, vp = 1.
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Figure 5.23: u as a function of Z at various times for the neo-Hookean compressible
material. AZ =1073, At=025x10"3, L=2, yp= 1.
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Figure 5.24: T} as a function of Z at various times for the neo-Hookean compressible
material. AZ =103, At =025 x10"3, L=2, vg=1.

It is obvious from (5.35) that CZ > 0. Also it follows from (5.35) that C% > 0
provided
M >1. (5.36)

As in the incompressible problem, there exist four waves propagating in the tube
and two of them propagate in the positive direction along the tube whereas the

remaining two propagate in the negative direction. Since
C2 —C2=3\*\1>0, (5.37)

we have C2 > C2 > 0 whenever A\3\; > 1. Therefore the eigenvalues of A are
all real and distinct whenever A\3)\; > 1. That is, the system (5.11) is strictly
hyperbolic and there is no degeneracy. We now apply the numerical scheme for

the parameter values given by
L=2, ’Uo=1, (538)

again. Figures 5.20 - 5.27 show the values of Ay, Ag, v, u, T3, T5, f' and g¢'

as a function of Z at various times. As is seen from these figures the remarks
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Figure 5.25: T as a function of Z at various times for the neo-Hookean compressible
material. AZ =103, At =025 x10"3, L =2, vy = 1.

made above for the neo-Hokean incompressible material are gqualitatively valid
for the neo-Hookean compressible material too. Recall that we take the
undeformed configuration as the initial configuration. Therefore, the membrane
is undisturbed ahead of the fastest wave. We observe that the fastest wave
is again a pure stretching expansion wave, that is, a f' (or v) wave. The
leading edge of the f' wave travels at speed Cil|;,_, ., = V3. Behind the
wavefront associated with the f' wave interaction takes place and a ¢’ (or u)

wave propagates. We also observe from Figures 5.20 - 5.27 that there are jumps

oN Ov Ou O 9T, oOf g’ . . OX .
in 37’ 37’ 32’ 32’ 37’ 37 and 37 but no jump in 57 As in the
incompressible problem, there is an effect due to these discontinuities. The
J" (or v) wave exhibits a perturbation as it passes through the g% (or -g%)

discontinuity. Similarly, the ¢’ (or u) wave exhibits a perturbation as it passes
!

through the g—z or -g%) discontinuity. It may be difficult to distinguish these
perturbations from the figures for the compressible neo-Hookean material as it

is for the incompressible neo-Hookean material.
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Figure 5.26: f’ as a function of Z at various times for the neo-Hookean compressible
material. AZ =103, At =025 x10"3, L=2, vy =1.
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Figure 5.27: ¢’ as a function of Z at various times for the neo-Hookean compressible
material. AZ = 1073, At =025 x10"3, L=2, vy =1.
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Figure 5.28: \; as a function of Z at various times for the Blatz-Ko material.
AZ =1073, At =0.25x 103, L =2, vy = 0.5.
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Figure 5.29: )y as a function of Z at various times for the Blatz-Ko material.
AZ =103, At=025 x 1073, L =2, vy = 0.5.
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Figure 5.30: v as a function of Z at various times for the Blatz-Ko material.
AZ =103, At=0.25x 1073, L =2, vy = 0.5.

We now represent the numerical results corresponding to a membrane tube
made of the Blatz-Ko compressible material. The nondimensional form of the

strain-energy function corresponding to the Blatz-Ko compressible material is
W(Aq, Ag, As) = %(A;2 + A2+ A2+ 20 A0As —5),  (5.39)
from which the principal Biot stresses 77 and T, given by (5.6) are computed as
Ti==-22 4+, Ta=-224 M (5.40)

We now use the restriction given by (3.108) to eliminate A3 from these equations.

For the Blatz-Ko material, (3.108) gives A3 in the form
A3 = (A hg) /3 (5.41)
Then we can express T and 75 as
To=-XA2+0PAR ) Ty =3 4 XN (5.42)
It follows from (5.17) that
C? = —%A;“/ B paart, CR=ATVANR 6t (5.43)
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Figure 5.31: wu as a function of Z at various times for the Blatz-Ko material.
AZ=10"3, At=0.25x 1073, [ =2, vy = 0.5.

If we introduce a new function a(\;, A2) through the relation

1
a(A, Ag) = A[% — 5,\;4/3,\3/3 , (5.44)
we can easily deduce that
C2=22*"+a, Ci=22"*-3a, C2-Ci=40o. (5.45)

Then we observe that CZ > C2 > 0 whenever
2
0 < a(M, ) < 5)\;4 (5.46)

That is, if this condition is satisfied, the eigenvalues of A are all real and
distinct, and consequently the system (5.11) is hyperbolic. After some numerical
experiments we observe that this condition is satisfied if vy < 0.714. Therefore,

we apply the numerical scheme for the parameter values given by
L=2, 1v=05, (5.47)

in the case of the Blatz-Ko material. Figures (5.28)-(5.35) show the values of

A1, Ag, v, u, T1, T, f' and ¢ as a function of Z at various times. It is obvious
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Figure 5.32: T as a function of Z at various times for the Blatz-Ko material.
AZ =103, At =0.25 x 1073, L =2, vy = 0.5.
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Figure 5.33: T, as a function of Z at various times for the Blatz-Ko material.
AZ =103, At =025 x 1073, L =2, vo = 0.5.
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Figure 5.34: f’ as a function of Z at various times for the Blatz-Ko material.
AZ =1073, At =0.25 x 1073, L =2, v = 0.5.
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Figure 5.35: ¢’ as a function of Z at various times for the Blatz-Ko material.
AZ =103, At =0.25x10"3, L =2, vy = 0.5.
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from these figures that the remarks made above for the neo-Hookean compressible
material are qualitatively valid for the Blatz-Ko compressible material too. Since
the undeformed configuration is taken as the initial deformation, the membrane
tube is undisturbed ahead of the fastest wave. The fastest wave is again a pure
streching expansion wave, that is, a f’ (or v) wave. The leading edge of the
f!" wave travels at speed Ci|,,_,,-q = 2\/3. Behind the wavefront associated
with the f' wave, interaction takes place and a ¢ (or u) wave propagates.
As in the case of the compressible neo-Hookean material, there are jumps in
oM Ov Ou 0Ty 3T, Of d g’ 0y
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6. CONCLUSIONS

In this thesis, an asymptotic theory for membrane equations of thin hyperelastic
tubes is developed and the lowest order equations of the asymptotic expansion are
studied in detail. Also the propagation of finite amplitude waves in a circular
cylindrical hyperelastic membrane when its one end is subjected to dynamic

extension is studied numerically by using a Godunov-type finite volume method.

The present discussion of membrane theory is set in a framework which differs in
three aspects from that used in the literature. First, finite axisymmetric dynamic
deformations of general nonlinearly elastic circular cylindrical membranes were
considered in the present work whereas finite static deformations were considered
in the literature. Second, the case in which the inner surface of the tube is
subjected to both time-dependent normal and tangential tractions was considered
whereas the case in which the inner surface is subjected to only normal tractions
was considered in the literature. Finally, in the present work the membrane
equations are derived in terms of the components of the nominal stress tensor

instead of those of the Cauchy stress tensor used in the literature.

The present investigation of the impact problem defined in Chapter 5 is set in a
framework which differs in three aspects from that studied by Tait and Zhong [5].
First, in the present work the membrane theory developed in Chapter 3 was used.
Secondly, a second-order Godunov method was used to solve numerically the
corresponding initial and boundary value problem whereas a numerical technique
based on the method of characteristics was used by Tait and Zhong. Finally, the
numerical results corresponding to the membrane tubes made of a compressible
hyperelastic material were also presented whereas the study of Tait and Zhong

was restricted to the membrane tubes made of an incompressible hyperelastic
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material.

In the present thesis, no attempt was made to consider the case where one end
of the membrane tube is subjected to a dynamic radial expansion instead of a

dynamic extension, but it is hoped that we may do so in a later study.
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