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COONS YAMALARI İLE YÜZEYLERDEKİ VERİ TRANSFERİ 

ÖZET 

 

Adaptiv ağ, temas mekaniği ve katı sıvı arası ilişkiler (Fluid Structure Interactions-

FSI) gibi sonlu elemanlar uygulamalarında iki boyutlu projeksiyon önemli yer tutar. 

Bu uygulamalarda, projeksiyon metodu aynı yüzeyi ifade eden iki farklı ağın düğüm 

noktaları arasındaki veri transferini sağlar. Adaptiv ağ uygulamalarında, ağdaki 

eleman sayısının artması ya da azalması ile düğüm noktalarının yeri ve sayısı değişir. 

Bu durumda hesaplamanın devam edebilmesi için başlangıç koşulu olarak yeni 

noktaların değerinin tahini gerekir. Temas mekaniğinde ise, iki farklı ağ aynı yüzeyi 

paylaşır. Bu durumda ise, veri akışı için iki ağ arasında veri transferi gerekir. Son 

olarak, FSI uygulamalarında yapısal ağ ve sıvı ağının uyumsuz olduğu durumlarda 

katı ve sıvı çözücüleri arasında veri değiş tokuşunda bir yönteme ihtiyaç duyulur. 

Halihazırdaki en küçük kareler yöntemi ile projeksiyona alternatif olarak geliştirilen 

yeni eşleştirme metodu, akışkanlar dinamiği ve katı cisimler mekaniğine 

uygulanacak ve örneklerle tanıtılacaktır. Bu çalışmadaki temel amaç, yeni metodun 

veri yüzeyi tayinindeki başarısını ve hızını ortaya koymaktır. Diğer tekniklerden 

farklı olarak, ağ içerisindeki bazı düğüm noktalarının değerleri sınır değerleri olarak 

kullanılacak ve oluşturulan yüzeyler ile veri eşleştirimi sağlanacaktır. Çalışmanın 

ikinci aşamasında, ANSYS ile modellenmiş otobüs el bagaj taşıyıcısı üzerinde metot 

denenecektir. ANSYS çözücüsünden alınan sonuçlar MatLAB‘de hazırlanmış Coons 

yüzeyi eşleştirimi programı ile işlenerek veri eşleştirme yüzeyleri oluşturulacaktır.  

Bu çalışmada kullanılan temel teknikler özetle, eğri uydurma metotları ve Coons 

yüzeyleridir. Bi-lineer Coons yüzeyleri ile oluşturulan yamalar ile veri 

enterpolasyonu sağlanacaktır. Bu uygulamada Coons yüzeylerini kullanmadaki asıl 

amaç, diğer yüzeylerden farklı olarak Coons yüzeyini oluşturan kontrol noktalarının 

yüzeyi oluşturan dört sınır eğrisinin üzerinde olmasıdır. Dolayısıyla köşelerde 

kesişen ve dört tane [0, 1] aralığında değişen parametrik eğriler ile bu eğrileri 

doğrusal olarak enterpole eden bir Coons yüzeyi yaratmak mümkündür. Dolayısıyla 

yaratılan bu yüzeylerde farklı birçok verinin enterpolasyonu mümkün olmaktadır. 

FSI uygulamalarında bu veriler deplasman, hız ve basınç iken katı cisimler 

uygulamasında deplasman ve gerilme olmaktadır. Yeni teknik Coons Yüzeyleri ile 

Veri Enterpolasyonu ( CSDI ) ve eşleştirme tekniği olarak isimlendirilmiştir. CSDI 

metodunun uygulanması önemli sonuçlar vermiştir. Metodun birçok avantajı 

olmasına rağmen, geliştirilen metot çok basittir ve üzerinde ileri düzey çalışma 

yapılıp geliştirilmeye ihtiyaç vardır. Oluşturulan veri yüzeylerinde hatanın en çok 

yüzeyin ortasına yakın bölgede oluştuğu görülmüştür. Ağ üzerindeki Coons yüzeyi 

sayısının artırılmasının sonuçları, olumlu etkilediği görülmüştür. Temelde iki eğri 

uydurma yöntemi; B-spline ve kübik eğriler, CSDI metodu ile denenmiştir. Kübik 

eğriler ile oluşturulan Coons yüzeylerinin deplasman ve koordinat eşleştirmesinde en 

iyi sonucu verdiği görülmüştür. Ne var ki, gerilme eşleştirmesinde yalnızca yakınsak 
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sonuçlar elde edilmiştir. Bu bağlamda gelecekte yapılacak çalışmalarda CSDI 

metodunun en küçük kareler yöntemi ve performans yüzeyleri gibi uygulamalarla 

beraber kullanılıp geliştirilmesi yararlı olacaktır.       
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MAPPING DATA ON SURFACES WITH COONS PATCHES 

SUMMARY 

 

The two dimensional projection is an essential part in some problems of finite 

element method (FEM) such as adaptive meshing, contact mechanics and fluid 

structure interactions (FSI). In these applications, projection routine is used in 

defining the nodal values between two different meshes, which represents the same 

surface. In adaptive meshing, the number of nodes and their locations change, when 

the mesh is refined or coarsened. In that case, in order to go on to the next time step 

or load step, the values of field variables at the new nodes have to be defined as an 

initial condition. Besides, in contact mechanics, the nodes, which belong to two 

different meshes, share the same surface. In that case, the interpolation between two 

meshes is required for the data flow. Finally in FSI problems, it is also required to 

exchange data between the fluid structural solvers, when two incompatible meshes 

are generated to represent the surface of the object in fluid and structure model. The 

new method of mapping, which is discussed to be an alternative to the least squares 

projection is applied onto both fluid dynamics and solid mechanics and two 

examples have been solved. What is searched in this work is that how good the new 

method represents the surface data and how fast it can be done to complete mapping. 

Our aim is to find an alternative method that is compatible with the data smoothing 

quality of least squares but hopefully faster to execute. Unlike the other techniques, 

certain nodes in the mesh are going to be used as reference nodes and mapping 

surface (patch) is going to be created by using these nodes on the edges of that patch. 

Then, by using interpolation on these patches, nodal values for the new mesh will be 

obtained. In the second part of the study, the new method is applied to a bus hand-

baggage carrier that is modeled in ANSYS. The ANSYS solver is going to be used 

and the output of the solver will be used for creating the mapping patches for the 

Coons‘ surface function via a MatLAB code which uses the ANSYS output file.  

Bilinearly blended Coons‘ surfaces are the surfaces that are used in the new mapping 

technique applied to data interpolation. The main reason for using the Coons‘ 

surfaces is that, different from the other surfaces, the control points of these surfaces 

lie on a curve on each boundary. Therefore by selecting four parametric curves, 

which intersect at the corners, and the parametric variable change in [0, 1], it is 

possible to form a Coons surface, whose values are interpolated linearly on both u 

and v directions.  

In all applications we aim at representing the data surfaces by Coons‘ surfaces, 

therefore the interpolation surfaces can be applied to FSI, adaptive mesh or any other 

contact problems. Displacement and stress values on the patch regions are mapped in 

addition to the mapping of the coordinates. The new technique is named as Coons‘ 

Surface Data Interpolation (CSDI) and Mapping Technique. CSDI method provided 
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us important results. Although the method has several advantages, it is still primitive 

and much advanced work is required to get a better accuracy based on Coons‘ 

surfaces. The maximum error is mostly occurred in the middle of the patches. It is 

observed that, dividing the region into more Coons‘ patches converges to the results 

for the original data on the patch surface. Although many other techniques are 

introduced and tried, two kinds of curve fitting techniques are used with the CSDI; 

B-spline curves and cubic curves. We found out that cubic curves interpolate the data 

points better than B-spline curves; therefore, it results better CSDI. Applications of 

Coons‘ surfaces with natural cubic curve boundaries provided us very satisfactory 

results for displacement and coordinate mapping and acceptable results for stresses; 

however, the accuracy of the technique can be improved by studying the least 

squares projection with Coons‘ surfaces at the same time. Our observations showed 

that the Coons‘ surface mapping works faster than the least squares. All advantages 

and disadvantages of the CSDI method are presented. We believe that further work 

on this subject is important and is going to give more satisfactory results for FSI 

adaptive mesh and contact mechanics applications. 
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1. PROBLEM DEFINITION 

1.1 Introduction 

The two dimensional data projection is an essential part in some problems of finite 

element method (FEM) such as adaptive meshing, contact mechanics and fluid 

structure interactions (FSI). In these applications, the projection step is used in 

defining the nodal values between two different meshes, which represents the same 

surface. In adaptive meshing, the number of nodes and their locations change, when 

the mesh is refined or coarsened. In that case, in order to go on to the next time step 

or load step, the values of field variables at the new nodes have to be defined as an 

initial condition. Besides, in contact mechanics, the nodes, which belong to two 

different meshes, share the same surface. In that case, the interpolation between two 

meshes is required for the data flow. Finally in FSI problems, it is also required to 

exchange data between the fluid and structural solvers, when two incompatible 

meshes are generated to represent the surface of the object in fluid and the structure 

mesh. Although the problem is similar for both the solid mechanics and fluid 

structure interaction problems, the explanation of the new method is mainly applied 

to the fluid structure interactions problem (FSI) and to a general solid mechanics 

problem. Application of the new method to the FSI is performed during my M.Sc. 

studies at Rice University, Houston, Texas. Then, the solid mechanics application 

has been completed in the Solid Mechanics Master‘s Program at Istanbul Technical 

University. The new method of mapping, which is discussed to be an alternative to 

the least squares projection, is applied onto both fluid mechanics and solid mechanics 

problem. What is searched in this work is that how good the new method represents 

the data surface and how fast it can complete the mapping. 

In Fluid Structure Interaction (FSI) problems, surface projection methods play an 

important role. When using different models in structural and fluid analyses, it is 

essential to manipulate the data between the two surface meshes to estimate the new 

nodal values for the mesh to which you are passing the data. These nodal values 
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typically represent pressure for the structural mesh and displacement and velocity for 

the fluid mesh. In this thesis, one of the common mapping techniques, Coons‘ 

patches will be used in order to act like a projection method and it is implemented 

onto one of the structural mesh to map the displacement data, used in fluid structure 

interactions problem. 

In the Figure 1.1, the projection steps are illustrated for the FSI application. There is 

a routine between the fluid and structure solvers for data flow. The least squares 

projection allows solvers to exchange information on nodes. While the pressure 

values at each node is being exchanged from fluid to structural solver, velocity and 

displacement values at the nodes are transferred to the fluid solver.  

 

Figure  1.1  : Projection Steps in FSI Calculations 

In this work, we are going to apply a new technique for the Least squares projection 

procedure. Our aim is to find an alternative method that is compatible with the data 

smoothing quality of least squares but hopefully faster to execute. Unlike the other 

techniques, certain nodes in the mesh are going to be used as reference nodes and 

mapping surface (patch) is going to be created by using these nodes on the edges of 

that patch. Then, by using interpolation on these patches, nodal values for the new 

mesh will be obtained. In FSI problem of a parachute, the patches are created for 

each of the 1/30 segment of a structure mesh in the radial direction. The parametric 

value of each node is going to be obtained in that segment, and then they are going to 
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be projected to the edge. In the following step, by using surface mapping, the value 

of that node is going to be found. The flow chart of the new technique is given in 

Figure 1.2. In the second part of the study, the new method is applied to a bus hand-

baggage carrier that is modeled in ANSYS. The ANSYS solver is going to be used 

and the output of the solver will be used for creating the mapping patches for Coons‘ 

surface via MatLAB code, which is written to read the ANSYS output file. The code 

is given in the CD attached to the thesis.  

 

Figure 1.2  : Coons‘ Surface Mapping in FSI Calculations. 

The main techniques that are used in this work have been used in computer aided 

designs for years, namely, curve-fitting techniques and Coons‘ patch creation. As 

terminology, both of the Coons‘ patches or Coons‘ surfaces are being used to define 

the Coons‘ interpolation surfaces. In this work, we are mainly going to apply a 

mapping procedure instead of projection. By applying the technique to the ANSYS 

model of a hand-baggage carrier, we are going to modify the code such that it may 

read inputs as ANSYS output files. Some of the codes are printed on the Appendix 

section of this thesis in order to help and support for further works and the complete 

codes and example files are on the attached CD.  

For future work, two more advanced projection and mapping techniques will be 

discussed that are based on Coons‘ surfaces. In that chapter, we are going to present 

least squares technique with Coons‘ surface and the performance patches [17] 
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created by modifying the Coons‘ surface. By adding this section, it is aimed to 

promote the future work on Coons‘ surface mapping in advanced levels.   

1.2 Motivation 

Speed is important in computational calculations, especially when very large models 

are considered. All it is required is an algorithm that can solve the problems quickly; 

while providing a good accuracy. The aim is to replace a part of the fluid structure 

interactions solver to make it faster and to keep the accuracy at least the same or 

better. It is also aimed to show that the data smoothing can be accomplished easily 

by Coons‘ patches. Existing methods give good results but this does not mean that a 

better way does not exist. The purpose is to develop an alternative for the projection 

routine for the FSI solver, adaptive meshing and contact mechanic problems. Instead 

of projecting the values from the mesh node by node, it is studied a way to map a 

group of them onto a surface all at once by using patches that are covering more than 

a single element. In FSI problems, structural and fluid solvers are working 

alternately. In order to accomplish data transfer, the data provided by the previous 

solver is used, and then the Coons‘ surfaces are created and the interior nodes are 

mapped and resulted in the nodal values.  

      

Figure 1.3 : Explanatory Figures for Adaptive (Left) Mesh and Contact Mechanics 

(Right). 
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In Adaptive meshing and contact mechanic applications; however, the solver is the 

same. Because of the change in mesh, it is required to find out the new nodal values 

in order to use in the second solving step as an initial condition. The explanatory 

images in Figure 1.3 show how the mesh changes in adaptive meshing and contact 

mechanics problems. As the mesh adapted to minimize the errors on the model, the 

number of nodes changes and the values of field variables at the new nodes are 

required for the next step of the analysis. The model of contact mechanics is prepared 

by us in order to calculate the structural durability of a console table. During 

modeling, it is required to create finer mesh on the regions where the high stress 

values are observed. The coarser and finer regions are connected to each other by 

interpolation elements, called IQUAD or ITRIA in MEDINA Preprocessor. What is 

accomplished in this thesis is that some Coons‘ surfaces are created for interpolation, 

which covers more than one interpolation elements. 
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2. LITERATURE REVIEW 

2.1 Introduction 

This thesis is based on collection of some prominent topics, like the application of 

incompatible meshes in FSI and least squares projection, curve fitting techniques like 

B-spline curves and cubic curves, and Coons‘ surface applications for patch creation. 

In this chapter, principals of those applications mentioned above are going to be 

explained. Literature review for curve fitting techniques of B-Splines and cubic 

curves will be given with basic formulations and the requirements for Coons‘ surface 

patching will be discussed. The contact mechanics and the adaptive mesh application 

on ANSYS [20] will be reviewed and the formulations will be given from additional 

resources [19]. 

2.2 Previous Works on FSI 

Fluid structure interaction solvers consist of three different pieces in general: fluid 

solver, structural solver and the interface routine, used to interchange the information 

between the fluid and structural solvers [11]. In FSI calculations, coupling of fluid 

and structural meshes is important in order to accomplish the data transfer between 

two meshes. Fluid-structure coupling is accomplished by transferring the 

components of velocity and displacement vectors from fluid elements to structural 

elements and the components of stress vectors from structural elements to fluid 

elements. In the case of neglecting viscous forces, only the pressure component of 

the stress vector is sent [11, 12]. In the fluid structure coupling, two different mesh-

pair types can be used to transfer information from fluid mesh to structural mesh and 

vice versa. These mesh types are called compatible and incompatible meshes. 

Compatible meshes are meshes where each node is directly represented in both fluid 

and structural meshes; therefore, both models have the same node and element 

connectivity. Transferring FSI information for compatible meshes is straightforward 

because of the existence of a one to one mapping among nodes. The surface is 
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represented by different meshes in the fluid and structure models in incompatible 

mesh problems. 

Incompatible approach has a benefit in that it allows different fluid and structural 

meshes to be used in their solvers, which is advantageous. An incompatible mesh 

makes it possible to use different element types for fluid and structural meshes, an 

independently refined mesh for both models, then fluid and structure meshes can be 

independently designed and validated [14]. For example, using higher order elements 

may help capture the curvature of the structure; however, because the fluid solvers 

use tetrahedral elements, using triangular elements on the structure may help create a 

3D fluid mesh more easily [11]. It is also helpful to use meshes with different 

refinement in both fluid and structural solvers. For more information about 

applications of incompatible meshes, see the references [11] and [14].  

Figure 2.1 shows the differences in incompatible meshes. In Figure 2.1, the mesh on 

the left has been created for structural analysis, which consists of 44,640 nodes and 

88,320 triangular structural face elements. It is too fine for the creation of a 3D fluid 

mesh but required for the structural mesh in order to define each gore of the 

structure. However, the mesh on the right is created in order to represent the surface 

of structure in the fluid mesh, which only consists of 3,660 nodes and 6,810 

triangular fluid face elements. 

     

Figure  2.1 : Incompatible Surface Mesh-Pair. 



 8 

Incompatible meshes bring some problems that need to be resolved. Because the 

meshes are not identical, in order to find the nodal values, they have to be 

interpolated [14]. The coordinates in the nodes of both the fluid and structure meshes 

must be located on the corresponding mesh in least squares method [14]. All these 

calculations can be employed in parallel computation [14]. In our work, we are going 

to apply Coons‘ surface projection method by using a MatLAB code for a single 

processor and the parallelization of the new method is not covered. 

2.3 Review of the Contact Mechanics Problems 

In many situations, some nodes on a boundary can come into contact with points on 

the boundary of the same or another object. Such problems are referred to contact 

problems [19]. The contact problems are highly nonlinear and have two significant 

difficulties, which are defining the surfaces in contact and the application of friction 

on contact surfaces [19, 21]. As contact occurred, some other multifield effects occur 

such as conductance of heat, electrical currents, magnetic flux in the area of contact 

etc. ANSYS provides several contact element definitions. The selection should be 

done according to the requirements of the modeling. These requirements lead us to 

use either one of the surface to surface, node to node (Herzian) [19] or node to 

surface contacts [21]. 

During the node to surface contact, the nodes on one body do not interact directly 

with the nodes on the second body but with node to surface treatment [19]. In this 

case, the slave node contacts with the master surface. Once the location of the slave 

node is found, the nodal value can be defined by using conventional interpolation 

along the edge facets of elements describing the target body or by an interpolation 

which smoothes the slope discontinuity between the adjacent elements. Figure 2.2 

shows the difference between two different approaches. The formulation is not 

covered in this review but may be studied from [19]. The value of the node ‗C‘ on 

Figure 2.2 (a) is defined by a simple element interpolation. Once the gap between the 

slave node and the target surface is in the tolerance of contact, the nodal value is 

defined as it minimizes the error in the element and by the following formulation. 

    xx N
 (2.1) 
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Figure 2.2 : Node to Surface Contact: (A) Contact Using Element Interpolation; 

(B) Contact Using ‗Smoothed‘ Interpolations. 

In order to obtain the nodal value of ‗C‘ with smoothed slope, additional work has to 

be done by using Lagrange multipliers and a set of equations need to be solved [19]. 

In this thesis, a new method is introduced to smooth the data, which is based on 

Coons‘ surfaces. 

2.4 Review of the Adaptive Mesh Refinement 

In some applications such as metal forming or high speed impact analysis, the body 

may experience a very high deformation. This may cause the elements to deform 

severely and remeshing may be needed [24]. ANSYS provides an automatic 

remeshing algorithm before going onto the next time step, which adapts itself 

according to the element distortion; therefore the model has better integrity. 

The adaptive methods were first introduced to the finite element calculations by 

Babuŝka and Reinboldt in late 1970s [20, 22 and 23]. The main reason for using the 

adaptive mesh is to minimize the error in finite elements and in general the adaptive 

meshing applications can be classified into two categories; h-refinement where the 

class of elements do not change but the size and number of elements change around 

the location of maximum errors, and the p-methods in which the number of elements 

remain the same but the order of interpolation polynomial defining the elements 

changes. On occasion, it is possible to use both h and p refinement methods together 
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which is called hp-refinement, in which the number of elements and their 

interpolation polynomial order change simultaneously. 

In h-refinement methods, once the refinement is completed, the calculation is 

continued from that point. Therefore, the nodal values of the new mesh are required 

as an initial condition. It is claimed in this thesis that the Coons‘ surfaces may 

provide a sufficient way to define the data surface for the nodal values of the new 

mesh. 

2.5 Least Squares Method for Projection in FSI problems 

The least squares formulation is a useful tool for data smoothing in numerical 

methods [13]. The least squares projection strategy for incompatible meshes consists 

of two main steps. First, a one-time calculation is made to determine the mapping 

between integration points in the structure and interface mesh, and fluid and interface 

mesh. Secondly, information is transferred between the fluid and structure solvers by 

using a least squares projection throughout the fluid structure interactions 

simulations. The integration of least squares is accomplished by converting it into a 

sum over Gauss integration points. In this thesis, we follow both of these two steps. 

For the first step, we are going to replace the mapping of integration points of each 

element by defining the parametric coordinates of all nodes at once and obtaining the 

values of some reference nodes in the mesh. For the second step, we are going to 

replace least squares projection by Coons‘ surface mapping to obtain the values of 

inner nodes that belong to that Coons‘ patch. By doing that, we are planning to 

diminish the amount of work by decreasing the number of operations to the 

projection step and replacing the least squares by a faster Coons‘ patch mapping. 

Projection of fluid pressures from the interface to the structure mesh can be done by 

the following formula: 






i

isii dppw 0)(  (2.2) 

In this case, numerical integration over surface, i , is performed for the structure 

mesh. Pressure difference values, ip , are evaluated for the interface mesh, at the 

Gauss points of the structure mesh, and iw  is a variation of pressure in this case. 
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Likewise, projection of velocity and displacement from the structure mesh to the 

interface mesh is performed by using the following integrals; 
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for the position and velocity, sy  and 

s

dt

dy








 values of the structure mesh are 

evaluated on the Gauss points of interface mesh. In this case, the integration turns 

into a summation over Gauss points. As indicated before, iw is the variation of 

unknown field, e.g., of displacement and velocity fields respectively.  Least squares 

algebraic equation can be solved by the Jacobi iteration technique, which is a fast and 

accurate algorithm [15, 12]. Size of the matrix need to be solved is equal to degrees 

of freedom times the number of nodes in the new domain. This is the main cost of 

least squares technique and big matrices are to be solved. 

As a general comment, it can be said that, the least squares technique provides good 

results. This method tries to minimize the solution difference between the reference 

model using projected new model and gives the better approximation compared with 

linear projection, which simply finds the nodal value by interpolation similar to the 

contact mechanics problems discussed in Section 2.3. Note that the least squares 

technique becomes more time consuming as the number of elements increases. On 

the other hand, we observed that linear projection is faster but sometimes can give 

unacceptable results compared with the least squares technique. Therefore, it is 

aimed to develop a method which has the data smoothing ability but faster to 

execute, if it is compared with the least squares. 
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2.6 Curves and Surfaces 

Most of us studied the Euclidean geometry, which is adequate to handle objects such 

as points and lines, circles and planes and much more. One aspect of the design 

process—modeling complex parts such as car bodies and airplane fuselages--has 

given rise to techniques known as Bezier curves and Coons‘ methods [9]. The 

corresponding theories, together with that of B-Spline curves, constitute what is now 

referred to as curve and surface design. 

Since the early 60‘s, Bezier and B-Spline representations evolved as the major tool to 

handle curves and surfaces. These representations are geometrically intuitive and 

meaningful, leading to constructive, numerically robust algorithms [7]. The recursive 

midpoint rule for curve-drawing was discovered in 1959 by Paul de Casteljau [8], 

who showed that the curve could be described algebraically by the remarkable 

simple formula, 

3

3

2

2

1

2

0

3 )1(3)1(3)1()( ztzttztzttz   (2.5) 

as the parameter t varies from 0 to 1. Here z0, z1, z2 and z3 represent the coordinates 

of data nodes. This polynomial of degree 3 in t is called a Bernstein polynomial, 

because Sergei N. Bernstein introduced such functions in 1912 as a part of his 

pioneering work on application theory. This provides an approximate curve fit to 

data points. The curve traced out by Bernstein polynomials of degree 3 are often 

called Bezier Cubic after Pierre Bezier who realized their importance for computer-

aided design during the 1960s [8]. Splines are piecewise polynomial curves that are 

differentiable up to a prescribed order without loosing continuity at the function. The 

simplest example is a piecewise linear C
0
 spline, i.e., polygon curve. The name 

spline is derived from elastic beams, so called splines, used by draftsman to lay out 

broad sweeping curves in ship design. Held in place by a heavy weight, these 

physical splines assume a shape that minimizes the strain energy of an elastic beam. 

This property is approximately shared by the mathematical cubic C
2
 spline [7].  

The reason we are mentioning curve-fitting techniques here is that the CSDI 

mapping technique that requires intersecting curves for its boundaries. We propose 

Coons‘ patches here. The first "Coons‘ Patch", or generalized (cubic) surface patch 
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for 3D-shape description, was devised and presented in an interim report and in the 

first of many talks by Prof. Steve A. Coons [16]. One of the oldest surface problems 

in computer aided geometric design is to create a parametric surface P(u,v) by using 

intersecting boundary curves [17]. Let us call the boundary curves P(u,0), P(u,1), 

P(0,v) and P(1,v), where the parametric space of boundary functions are all selected 

as 0u,v1, which represents a unit square domain. One of the popular ways to solve 

this problem is a bilinearly blended Coons‘ patch, so called Coons‘ patches or 

Coons‘ surfaces shortly. The formulation of these surfaces will be carried out in 

Chapter 4. 
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3. PARAMETRIC REPRESENTATION OF CURVES AND SURFACES 

3.1 Introduction 

By the implementation of the computers into manufacturing and developments on 

programming, a new way of design based on computers is developed. In the mid-

1960s, D. T. Ross (1967) of MIT developed an advanced compiler language for 

graphics programming and generating problem-oriented languages. S.A. Coons 

(1963, 1965), also at MIT, and J. C. Ferguson (1964) at Boeing are worked on 

defining the sculptured surfaces. Several private companies like General Motors 

(DAC-1 system) Douglas, Lockheed and McDonald have also made several 

developments [25]. Limitations on the numerical controlled programming were 

overcome by developments on mathematics. The aircraft and automotive companies 

showed great interest in this subject for improving the body shapes, aesthetics and 

highlights. At this time, revolutionary methods of parametric geometry have been 

introduced, including Coons‘ bicubic patches and Bezier‘s (1975) special surfaces.  

In general, analytic curves, like lines, circles and ellipses are usually not sufficient to 

create the complex structures that are required by designers. The need for other 

curves in design arises on two occasions: when representing a collection of measured 

data points with a curve and when an existing curve must be changed to meet new 

design requirements. In our case we want to create a curve that is representing our 

data points by either approximating or interpolating them, and also want a curve to 

have flexibility to change its shape in order to capture the right shape of a structure 

like canopy or a blade or a flag in the air etc. and for solid mechanic applications, it 

should capture the right surface for stress and displacement projection. Such curves 

represent a curve-fitting problem to construct a smooth curve that passes through 

given data points. Polynomials are the typical forms of these curves. Various 

continuity requirements can be implemented in order to get various degrees of 

smoothness for the resulting curve. In this work, by using blended natural cubic 

curve splines, the first and the second derivative continuity (C
2
) are obtained. 
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Application of cubic splines provided us interpolation over the data points. 

Application of quadratic B-spline curves provided us only slope-continuity and 

approximation over the data points, which is going to be investigated as none-

suitable method and will not be applied to the ANSYS model in solid mechanics. 

There are many types of curves in CAD/CAM applications, three of which being 

Bezier, B-spline and natural cubic curves. The natural cubic curve passes through the 

data points and thus interpolates the data. Bezier and B-spline curves, in general, 

approximate the data points; therefore, do not pass through them except for the end 

points. In order to compare approximated and interpolated results, both B-splines and 

natural cubic curves will be applied to the edge projection of the new mapping 

procedure. In cubic curve applications, a zero second derivative boundary condition 

will be applied to the end nodes, which is known as a natural cubic spline in the 

literature. 

Increasing the number of parametric value by one, the parametric surfaces are 

defined. Likewise the B-splines and the Bezier curves, the surface formulations of 

the same ideas are derived. The Coons‘ surfaces are given, which is going to be 

implemented into the data mapping. 

3.2 Parametric Representation of Curves 

There are many reasons to use parametric equations [25]. One of them is to create a 

line or a surface which is independent of coordinate system. The other reasons for 

using the parametric equations are to ease the programming and computability. By 

using a parametric representation, a single ordinary function like y=f(x) is 

represented by x=x(u) and y=y(u) of parameter u. Therefore, a point on such a curve 

is represented by the vector P=[x(u) y(u)] and likewise P=[x(u) y(u) z(u)] in a three 

dimensional space. Similarly, a point on a surface can be represented by two 

independent variables u and v as P=[x(u,v) y(u,v) z(u,v)], which is studied in the next 

section. The following equations are an example for a parametric representation of a 

curve. The curve has been defined by a single parameter u changing between [0, 1]. 

The plot of the curve is also given in Figure 3.1. 

 

 



 16 

23 ux    

13  uuy  (3.1) 

32  uz  

 

Figure  3.1 : Parametric Curve on Cartesian Space and Change of Each Variable by 

u. 

The parametric equations provide us many advantages. They usually offer more 

degrees of freedom for controlling the shape of curves or surfaces. For example, an 

explicit curve of the following form 

dcxbxaxy  23  (3.2) 

provides four coefficients to control the curve, a parabolic cubic curve of the 

following form; 

hgufueuy

dcubuaux





23

23

 (3.3) 

provides eight coefficients to form a curve. Parametric equations are suitable for the 

transformations like translations and rotations. Besides, the parametric representation 

can handle the infinite slopes successfully as shown in equation (3.4). While dudx /  

tends to zero, dxdy /  tends to infinity. 
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dudx

dudy

dx

dy
  (3.4) 

Parametric equations separate the dependent and independent variables completely ; 

therefore, extension of dimension of equation to three, four or higher dimensional 

space can be done by adding equations. The parametric equations have a bounded 

variable, where in our case [0,1] is used; therefore, no boundary data is required to 

define the parametric equations. Moreover, the parametric equations also let 

computer program keep the geometric elements in the forms of vectors or matrices, 

which increases the efficiency of the program [25, 26].  

3.2.1 Bezier curves 

P. Bezier, of the French automobile company Renault, was familiar with the work of 

Ferguson and Coons. Bezier derived a mathematical format, which is friendlier for 

designers. The result of Bezier‘s work was the UNISURF system, used by Renault 

since 1972 to design many of the automobile bodies [25]. 

Every polynomial curve segment can be represented by so-called Bezier polygon and 

there is a close relationship between a curve and its Bezier polygon [7]. They have 

common end points and end slopes, the curve segment lies in the convex hull of its 

Bezier polygon. [7]. Computing the binomial expansion, 
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leads to the Bernstein polynomials of degree n, 
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         , i=0,…,n, (3.6) 

where 0BB n

1n

n

1    and 1Bn

0  . Linearly independent n+1 Bernstein polynomials 

Bi
n
 form a basis for all polynomials of degree n. Hence, every polynomial curve b(u) 

of degree  n has a unique n
th

 degree Bezier representation; 
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where the coefficients bi are elements of R
d
 and are called Bezier points, b(u) is a 

Bezier polygon, t is the local and u is the global parameter of b. Many algorithms for 

curves in Bezier representation can be understood and derived using polynomials, 

where one of the most important algorithms for Bezier splines is Casteljou‘s [7].  

3.2.2 B-splines 

As with the Bezier representation of polynomial curves, it is desirable to define a 

spline s(u) as an affine combination of some control points ci, namely, 

  )(N)( uu n

iics , (3.8) 

where the )(N un

i  are basis spline functions with minimal support and certain 

continuity properties. In MATLAB code, the recursive formulation of quadratic B-

Spline function is derived for five nodes and represented with following lines,  

 (3.9) 

Where x are the coordinates of 5 data points, and N is the shape functions defined as 

follows: 



 


else
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else
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else
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32,1
1,4   (3.10) 
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else

u
N

0

3,1
1,5  



 


else

u
N

0

3,1
1,6  

One example of b-spline approximation is given in Figure 3.2 with solid red line. It is 

obvious that the quadratic b-spline does not pass through the data point. The curve 

passes tangent to the lines connecting the data points. 

3.2.3 Lagrange interpolation polynomial  

Different from the other curve fitting techniques, namely composite curves in 

general, introduced in this work, there are certain methods to fit a single curve to 

given data points [25]. Lagrange interpolation function is one of them. Considering 

(n+1) data points (xi, yi) where (i=0,1,…n), a curve fL(x) can be found which is 

passing through all data points, and given by 





n

i

iiL yxLxf
0

)()(  (3.11) 

The L functions behave like a blending function, interpolate (n+1) data points and 

have degree n. The L function is given in as follows 
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Although the Lagrange polynomials provide a useful interpolation equation, the 

method has a serious problem; large oscillatory behavior. The problem may be 

overcome by placing the points carefully in the space. Besides, for the geometric 

point of view the Lagrange interpolation polynomials are not suitable for modeling. 

Figure 3.2 illustrates the disadvantage of these curves.  

3.2.4  Natural cubic spline 

Cubic splines are one of the most popular spline functions. They are smooth 

functions that exactly pass through data points, and when used for interpolation, do 

not have the oscillatory behavior that is characteristic of high-degree polynomial 
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interpolation (like Lagrange Interpolation or Hermit Interpolation etc.) [3]. The idea 

behind computing a cubic spline is as follows; let 

32 )()()()()( xidxicxibiaxs   (3.13) 

for  )()1( ixxix  , i=1,…,n. This gives 4n unknown coefficients. So, we need 

4n constraints to solve the problem. First, we require  

(i) )())(( iyixs   for i=0,1…n, next, 

(ii) )0)(()0)((  ixsixs   

(iii) )0)(()0)(( ''  ixsixs  

(iv) )0)(()0)(( ""  ixsixs  for i=1,…,n-1 

Up to this point, we have 4n-2 constraints. We need 2 more constraints, and we are 

going to obtain them by setting the second derivatives of the end points to zero 

curvature. Because of these constraints, we name this cubic spline as a natural cubic 

spline. 

3.2.5 Comparison of curves 

 

Figure  3.2 : Curve Fittings for Four Data Points. 

Comparing some of the curve-fitting methods discussed in the previous sections can 

give us a general idea about the best way of representing boundary functions of 

Coons‘ patch. The main requirement is that our curve has to pass through nodes or 
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very close to them. This eliminates some of the methods that approximate the data 

points, like Bezier and B-Spline, and demands the use of Lagrange and Cubic splines 

curve fitting methods. Although B-Splines seem off our topic, in order to introduce 

an example for approximated functions, we are going to apply quadratic B-Splines 

with Coon‘ surface mapping. The following figure shows the comparison of different 

curve fitting techniques.  

By investigating Figure 3.2, it seems that the Lagrange curves may oscillate too 

much if the slope of the line connecting the two data points is increased. This caused 

Lagrange curves to be eliminated for Coons‘ surface mapping applications. As a 

result, the cubic curves and B-splines are used for generating the Coons‘ surfaces. 

3.3 Parametric Representation of Surfaces 

The simplest mathematical element to model a surface is a patch [25]. A patch is a 

curve-bounded collection of points, which is continuous with two parameter, and 

single-valued parametrical function of the form in the equation (3.14), where u and v 

are the parametric values that are constrained to the interval of  u,v[0, 1]. 

),( vuxx     ),( vuyy     ),( vuzz   (3.14) 

Fixing one of the parametric variables and changing the other one inside the interval 

[0, 1] gives us a curve lying on that patch. Doing the same thing for every values of 

independent variables u and v, we can define a set of curves passing through each 

point P(u,v). Each patch is defined by some boundary conditions, which are the four 

corners and four boundary curves. Any values of u and v under these boundary 

conditions lie on this patch. The corners are P(0,0), P(0,1), P(1,0), P(1,1) and the 

boundary curves are P(u,0), P(u,1), P(0,v), P(1,v). 

An example of parametric surfaces is a plane. The following parametric equations 

represent a rectangular segment of the xy plane. Figure 3.3 illustrates the rectangular 

patch with the parametric values, corners and coordinates in the Cartesian space. 

  auacx   

  bvbdy   (3.15) 
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0z  

 

 

Figure  3.3 : Parametric Representation of a Rectangle. 

Another example is given in equation (3.16) for a sphere, which is a set of points 

moving a constant distance from a fixed radius r and has the center of (x0 y0 z0). 

Again by changing the parametric values u and v inside the given intervals, it is 

possible to move on a surface of a sphere. 

   vCosuCosrxx  0  u[-π/2 π/2] 

   vSinuCosryy  0  v[0, 2π] 

 uSinrzz  0  (3.16) 

3.3.1 Bezier surfaces   

Simply extending the definition of Bezier curves, the equation of Bezier surface can 

be applied, whose formula for sixteen data points is given by  
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where; 
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The P matrix contains the position vectors of the points that define the Bezier surface 

patch. The characteristic of Bezier polynomials still the same on Bezier surface, 

which means the Bezier surface creates an approximation surface between the data 

points and only pass through the corner points [25, 26]. Although Bezier surfaces 

create smooth and desirable patches for the geometric modeling, the approximation 

is not desired for data smoothing process that we are aiming to accomplish; 

therefore, the Bezier polyhedron could not be applied to the mapping. The following 

figure also illustrates how the Bezier surface approximates the data points. 

 

Figure  3.4 : Fitting a Bezier Surface. 

3.3.2 B-spline surfaces 

As discussed in Bezier surfaces, the definition of B-spline surfaces is similar to its 

origin B-spline curves. The shape of the surface approximates the polyhedron. The 

approximation is weaker the higher the value of k and l; the degree of the B-spline 

(2: quadratic, 3: cubic). Shortly, the closed formulation of approximation surface is 

given by the following equation (3.19), where pij are the vertices of the defining 

polyhedron, and the Ni,k(u) and Nj,l(v) are the blending functions of the same form as 

those for B-spline curves described in equation (3.10) for quadratic curves. 
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3.3.3 Coons’ surfaces 

Bilinearly blended Coons‘ surfaces are the surfaces that are used in the new mapping 

technique applied on data interpolation. The main reason for using the Coons‘ 

surfaces is that, different from the other surfaces, the control points of the surface lie 

on the curve of each boundary. Therefore, by selecting four parametric curves, which 

intersect at the corners, and the parametric variable change in [0, 1], it is possible to 

form a Coons‘ surface, whose values are basically interpolated linearly on both u and 

v directions [26]. The boundaries of Coons‘ patch are illustrated in Figure 3.4. As 

discussed in the previous chapters, two parametric independent variables are required 

to represent a surface P(u,v) in space. 

 

Figure  3.5 : Boundaries to Form a Coons‘ Surface. 

Setting one variable to zero or one, and changing the other variable gives us four 

boundaries of that surface. The corners of the surface are P(0,0), P(0,1), P(1,0) and 

P(1,1), and the boundary curves are P(u,0), P(u,1), P(0,v) and P(1,v). The 

formulation of bilinearly blended Coons‘ surface is given in the matrix multiplication 

form in equation (3.20). Once we have the parametric coordinates of the point that, 

we simply find the value of the point on each boundary curve, and by the 

contribution of the corner points we can get the value of the point in space. 
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The function that developed during this study is given in the Appendix A. Additional 

routines are required to form the boundary curves, which are not covered in the 

appendix section and supplied with the CD attached. To show the interpolation 

capability of the Coons‘ surface interpolation, Figure 3.5 is formed by using four 

intersecting cubic curves and a parametric grid of 15x15. The code that is used to 

create this surface is also given in Appendix A; therefore, anyone can apply the code 

on MatLAB to get more surfaces. 

   

Figure  3.6 : Formation of Bilinearly Blended Coons‘ Surfaces. 

Formation of Coons‘ surfaces given in Figure 3.5 is actually a good way of 

explaining the new method that we are going to apply in the next chapter. In the next 

chapter, we are going to divide the surface mesh into several patches that have four 

boundaries. Then, by picking up the nodes on the boundaries, we are going to create 

four boundary curves of Coons‘ patches. Following, by using the nodal values of 

each boundary node, we are going to form a Coons‘ interpolation patch by applying 

the formula above. More of the Coons‘ surfaces are going to be created in order to 
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form the interpolation surfaces for coordinates, stress and displacement components 

of each node. The figures that are plotted are obtained as a result of plotting the each 

mapped component of the coordinates in space. Because plotting the x, y, and z 

components of displacement and stress values against each other is illogical, the 

results of Coons‘ surface mapping is illustrated color-coded on the plot of 

coordinates in space as the 4
th

 dimension.  

Finally, it should be clarified that the Coons‘ surface interpolation is not only for 

coordinate transformation. All data having three components in space can represent a 

data surface, where we only used displacement and stress components, in addition to 

the coordinates.  
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4. APPLICATION OF COONS’ SURFACE MAPPING 

4.1 Introduction 

In this chapter, the methods explained in the previous chapter, i.e., the curve fitting 

techniques and Coons‘ surfaces are going to be applied to FEM problems in order to 

set up a new method to represent the surface data.  According to the pro‘s and con‘s 

of the techniques in Chapters 3 and 4, some of curve fitting methods are eliminated 

and only B-splines, cubic curves and Coons‘ surfaces are used. In the application 

stages, the new method, i.e., Coons‘ surface data interpolation (CSDI) method is 

going to be applied to four surface meshes, which are used in both fluid dynamics 

and solid mechanics problems. The performance of Coons‘ surface mapping 

technique is then discussed according to the results obtained. The function of  current 

projection techniques is to project the data between different mesh structures; mesh 

structures that have different numbers of elements as discussed in the previous 

chapters. The work done here is to show how successfully we are able to define the 

data surface in order to accomplish the data transfer. In FSI calculations, depending 

on the model, it is common to use finer meshes in structural analysis and coarser 

meshes in fluid analysis. Therefore, it is necessary for the projection program to 

capture the shape of both structures. In the applications 1 and 2, we have used a 

structural mesh and tried to represent the data surface of coordinates as good as we 

can. The model in Figure 4.1 is created to represent the interface surface in fluid. By 

using the coordinate data of this mesh, the new Coons‘ surface mapping will be 

applied to obtain the same or a similar shape. In the FSI applications, two different 

curve fitting methods are going to be used. First, B-spline curves and then cubic 

curves will be applied to the boundaries of the Coons‘ surfaces, and results obtained 

by these two curve-fitting methods are compared. In the applications 3 and 4, the 

Coons‘ surface mapping technique is applied to two different meshes, and 

components of displacement and stress values of boundary nodes are used in order to 

represent the interpolation surface. The code written for the FSI calculation is 

modified to read the output data files obtained from ANSYS solver. The results are 
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compared with the ANSYS solutions by using the color code. The quality of the 

Coons‘ surface mapping is decided by checking the contours of stress and 

displacement fields.   

4.2 Application 1: Simple Surface Mesh in FSI  

In our case, structural mesh has radial symmetry, as it is given in Figure 4.1. This 

structural mesh has been used to represent a surface in the fluid mesh. The canopy of 

the parachute is designed with 30 gores, where one gore describes the region 

between two radial cables of the parachute. The data required for coordinate mapping 

has already obtained for this mesh. The inflated shape of the parachute can be seen in 

the following figure. As discussed in the introduction of this chapter, the aim is to get 

a similar shape from the result of Coons‘ patch mapping, both with B-spline and 

cubic curves. The MatLAB source code developed for this application is included in 

the CD attached to the thesis. 

 

Figure  4.1  : Surface Mesh in Fluid with Triangular Elements. 

4.2.1 Mapping procedure 

In this section, we are going to explain how the coordinate mapping is accomplished 

and which data files have been used for projection. Reference mesh refers to the 
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inflated shape, from which we obtain the nodal values of the mapping patch, and 

target mesh refers to the mesh on which we want to find the nodal displacement 

values. According to these definitions, we have a flat mesh file of reference model, 

an inflated mesh shape of reference model (for coordinate projection) and a flat mesh 

file of target model. Flat mesh file configurations of the reference model and target 

model will be used for defining the boundaries of patches and obtaining the 

parametric values of nodes, which will be mapped onto the patches that they belong 

to.  

 

Figure  4.2  : Data Flow Diagram for Coordinate Mapping. 

The other file, the inflated mesh of the reference model, will be used for mapping the 

displacement values of the new mesh. Once the reference mesh nodes are determined 

from the flat mesh file configurations, the Coons‘ patches can be created by using 

nodal values; all kinds of data can be mapped onto the patch. In our case, coordinate 

values are mapped; therefore, the coordinate values of each reference node have been 

taken from the inflated mesh configuration. We employed the coordinate mapping 

for the applications 3 and 4. The above diagram shows how to complete the mapping 

procedure. Boundaries of Coons‘ patch divisions can be obtained from the flat 

configuration of the reference mesh. This is necessary to find the parametric space of 

data points in the target mesh—step 1. In order to accomplish reverse mapping, the 

new reference mesh will be the target mesh, used in the previous step and the target 

mesh will be the reference mesh and vice versa. Because of radial symmetry, the 
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parametric representation is obtained by using this property and is applied to each 

node inside the gore. Step 2 also requires a nodal search in each division in order to 

obtain which node is in which division; however, it is out of the scope of this thesis. 

Therefore, all nodes inside each division have been defined manually. 

 

Figure  4.3  : Special Representations of Divisions. 
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Where, 

u, v    : parametric coordinate matrix of nodes 

x, y    : Cartesian coordinate matrix of nodes 

xn, yn : Corner coordinates of the division (n=1,2,3,4)  

The parametric values of each node can be determined by using the equations above. 

Applying this conversion to all nodes of each patch gives us the following parametric 

domains. As shown in figures, every node in each patch is defined in an interval of 
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[0,1] in u, v parametric space. We have used the radial symmetry in order to define 

the parametric space discussed in Figure 4.3. 

    

(Patch Division 1)                    (Patch Division 2) 

 

(Patch Division 3)                    (Patch Division 4) 

  

(Patch Division 5)                    (Patch Division 6) 
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(Patch Division 7) 

Figure  4.4  : Parametric Representation of Seven Divisions Along One Gore. 

In any patch mapping process, selection of patches is very important in order to 

represent the mapping surface perfectly. This increases the quality of mapping. In 

FSI applications, because cables separate each gore, continuity of surface slope 

between gores, which is normal to the cable, generally is not established. Therefore, 

in radial directions, boundaries of patches are selected as boundaries of one gore. In 

circumferential direction, more boundaries are selected—step 3.  

 

Figure  4.5  : Representations of Divisions in One Gore. Red-Solid Line Represents 

B-Spline Curves Fitted to Data Points and Blue-Dashed Lines are 

Partial, Linearly Connected Nodes. 

In this application, seven divisions have been used by inspection, seven divisions for 

representing the canopy. We will define the boundaries of each division with two 
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different curve-fitting methods, which are 5-noded quadratic B-Spline curves and 

natural cubic spline curves. The following figures show the resulting patches for B-

Spline curves. In the case, where there are more than 5 data points along each 

boundary, B-spline is fitted by selecting 5 arbitrarily chosen data points along each 

boundary. In the case where there are less then five data points along a boundary, B-

spline is fitted by increasing the number of data points. For natural cubic spline 

curves, because there is no data point limitation, every data point along the boundary 

is used to fit the function. 

Coons‘ patches belonging to each division for one gore are given in Figure 4.5. As 

explained in previous chapters, Coons‘ patches require functions along each of the 

boundaries—step 4—and B-Splines are used here in order to define those 

boundaries. Nodal values of nodes are also given in Figure 4.5 with partial linear line 

segments. The Coons‘ surface mapping procedure is illustrated in Figure 4.6 for the 

fourth patch, which is the result of B-Spline curve fitting on boundaries. As can be 

seen, the 5-nodded quadratic B-Spline gives good interpolation between nodes, 

although the curve does not pass through the nodes exactly. Figure 4.8 compares the 

original shape and projected shape of the same divisions. 

            

Figure  4.6  : Coons‘ Surface Application with B-Splines; Mapping of The 4
th

 

Division of The First Gore. 

 

 

+ = 
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Figure  4.7  : Comparison of the Original and Mapped Meshes. The Yellow Colored 

Mesh (On The Left) Represents the Original Mesh and The Blue One 

(On the Right) Is The Mapped Mesh by Quadratic B-Splines. 

Applying Coons‘ surface mapping to each division in a single gore and then looping 

over other gores for other nodes accomplishes the projection procedure. The 

resulting new shape is given in Figure 4.9.  

4.2.2 Mapping with B-splines on boundaries 

The following figures are obtained as a result of Coons‘ patch mapping by using 5-

nodded quadratic B-Spline curves on boundaries. By comparing the two shapes, we 

can see the unsatisfactory result of B-Splines. In section 4.2.3, the cubic curves are 

going to be applied to the boundaries of the Coons‘ surfaces and it is expected to get 

better results. However before hand, let us show the error made during the Coons‘ 

surface application with B-Splines. 

 

Figure  4.8  : Mapped (Left) and Original (Right) Shape of Surface Mesh. 

Although the total mapped shape of the structure looks satisfactory, a comparison 

based on the misplacement of nodes is required to show the difference between the 

 



 35 

locations on the original mesh and Coons‘ surface mapping. The comparison is 

accomplished by using the previous location and current location of each node. An 

error vector is defined and plotted in the following figure. In order to obtain the 

magnitude of error values, the following formulas are used. 

'

x xxe  ; '

y yye  ; '

z zze  ,  (4.1) 

222 )'()'()'( zzyyxxe  , (4.2) 

Where x, y, z are the original coordinates matrices of nodes, x΄, y΄, z΄ are resulting 

Coons‘ patching coordinate matrix of nodes and e is the displacement error vector. 

The following figure describes the error vectors for comparison between Coons‘ 

surface mapping method and original mesh. Coons‘ surface application is 

accomplished by using B-Spline curves, created by using edge data on the 

boundaries. The length of error vectors shows the difference between the coordinates 

of the same node, projected by least squares and Coons‘ surface with B-Spline 

curves.  

 

 

Figure  4.9  : Comparison Between The Original Mesh and Coons‘ Mapping (with 

B-Splines On Boundaries). 
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4.2.3 Mapping with natural cubic curves on boundaries 

This section describes the results of Coons‘ surface mapping with cubic curves on 

the boundaries and compares the results with the B-Spline curve fitting results and 

the original mesh. While performing the mapping with cubic curves, the cscvn 

function of MatLAB has been used. This function provides natural cubic curves; 

therefore, this has been used as a black box, and results are given below. Blended 

cubic spline curves can pass perfectly through all data points and interpolate them. 

Therefore, we do not need to give any plots like Figure 4.5, presented in section 

4.2.2. Instead, we made the analysis of total shape of the resulting mapping and 

comparison with distortion vectors, as accomplished in the previous section. The 

following figures show the results of Coons‘ surfaces with natural cubic curves at 

boundaries.  

                        

Figure  4.10  : Comparison of Original and Mapped Meshes. The Yellow Colored 

Mesh (on The Left) Represents The Original Mesh and The Green One 

(on The Right) is The Mapped Mesh by Natural Cubic Curves. 

 

Figure  4.11  : Mapped (Cubic Curves On Boundaries) (Left) and Original Shape 

of the Structure of The Parachute (Right). 
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Results of Coons‘ patch mapping with cubic curves on boundaries are given in 

Figure 4.11. These figures give us the idea of selecting B-Splines or Cubic curves on 

the boundaries of Coons‘ surface. More detailed discussions will be given in the 

following sections. The following figure shows how similar results that the natural 

cubic curves on the boundaries of Coons‘ surface give when it is compared with the 

original shape. This gives an idea that how successfully Coons‘ surface mapping 

represents the surface on a mesh data.  

 

Figure  4.12  : Comparison Between Original and Coons‘ Patch Mapping (with 

Natural Cubic Curves on Boundaries). 

4.2.4 Comparison between cubic and B-spline boundaries 

In this section, a discussion will be made between the results obtained in application 

1 of the b-splines and cubic curves on the boundaries, both used in Coons‘ patching 

application. In this chapter, we applied our new projection method to a structure of a 

parachute mesh by using two different curve fitting techniques. Besides, we mainly 

aimed to obtain the similar shape that least squares method did during FSI 

calculations. By doing this, we hope to get the coordinates of the nodes inside the 

region as close as to the original shape. In this manner, we divided one gore of the 

parachute into seven divisions and applied two different curve-fitting techniques to 
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the boundaries of the Coons‘ patch. In the following figure, the difference between 

the two projections can be inspected. 

    

Figure 4.13  : Comparison Between the Results of Coons‘ Surface Mapping with B-

Spines Curves (on The Left) and Natural Cubic Curves (on The Right). 

Both B-Splines and cubic curves have nonlinear characteristics when the linear 

parametric space is used. Comparing the two pictures in Figure 4.13, it can be 

observed that B-Splines misplaces the nodes more and give worse shape compared 

with cubic curves. The same conclusion can be drawn by comparing the error 

analyses results for both curve fittings (e.g., see Figure 4.9 and 4.12). 

4.3 Application 2: Very Complicated Surface Mesh  

In this section, we are going to prove the ability of Coons‘ patch mapping technique 

by applying it to another, more complicated mesh structure. During FSI simulations, 

the structure surface may deform very largely. While establishing the communication 

between the fluid and structural solvers, the projection code has to define the data 

surface as accurately as possible, which is discussed in previous sections. We are 

going to apply both B-spline curves and natural cubic curves with Coons‘ patches for 

this mesh structure. We are also going to do the same displacement error analysis and 

comparison between curve fittings significantly distorted mesh structures.  
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Figure  4.14  : Largely Distorted Shape During FSI Calculation of the Structure. 

Recalling that the parametric values have been defined from the flat configuration of 

reference mesh, the same parametric values are used for this mesh as well; however, 

in parallel computation, parametric values for each division can be defined with 

bookkeeping arrays that are defined once at the beginning of calculations. The plots, 

taken for the previous example, are also given for this mesh in the following figures. 

In Figure 4.15, it looks like that there is a problem in the fifth division of the patch. 

The 5-knotted B-spline could not give a good fit for this patch. Dividing the fifth 

patch into two different patches can cover this problem. The following figures allow 

us to look at this division more closely. 

 

Figure  4.15 : Representations of Divisions in One Gore. 
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Figure  4.16  : Coons‘ Surface Application; Mapping of the 5
th

 Division of the First 

Gore for a Significantly Distorted Structure Mesh. 

                           

Figure  4.17  : Comparison of Original and Mapped Meshes. The Red Colored (on 

The Left) Mesh Represents the Original Mesh and The Blue Mesh (on 

The Right) is The Mapped One by B-Spline Curves on The Boundary. 

4.3.1 Mapping with B-spline on boundaries 

Although we have quite unsatisfactory results by using B-splines curve fittings, we 

want to apply it to this mesh structure in order to provide the completeness of the 

work for FSI problems. The resulting geometry of the B-Spline application is given 

in the following figure. Using the displacement values of some nodes on the 

boundary, Coons‘ patches enforce the boundary nodes to take the shape of the 

parachute; however, nonlinear characteristic of B-splines still give the wrong 

coordinates for the coordinates of inner nodes. The next section compares the 

displacement results of the original mesh with Coons‘ surface patching and error 

vectors are defined for this mesh structure, and the next section discusses the results 

of Coons‘ surfaces with natural cubic curve boundaries. 

+ = 
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Figure  4.18  : Mapped (with B-splines on The Left) and Original Shape (on The 

Right) of The Distorted Mesh Structure. 

 

Figure  4.19  : Comparison Between Least Squares And Coons‘ Mapping (by Using 

B-Splines) for The Location of Nodes. Error Vectors Show The 

Location Change of Nodes Between The Original Mesh and Coons‘ 

Surface Mapping. 

The coordinate projection of the structure, original mesh and Coons‘ surfaces by 

using B-splines, are compared in Figure 4.19, and error vectors are defined according 

to the location of the nodes and their previous location when they were on the 

original mesh. It is observed that instead of placing the nodes homogeneously in the 

given domain, nonlinear B-spline curves yield unsatisfactory results by generating a 

distorted mesh structure. The next section will discuss Coons‘ patch projection by 

using natural cubic curves. 
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4.3.2 Mapping by using natural cubic curves on boundaries 

The results of Coons‘ surface application with natural cubic curves on the boundaries 

are given in Figure 4.20. Discussion between the results of different curve fittings is 

given in following figures. Figure 4.21 is obtained as a result of Coons‘ patch 

projection by using natural cubic curves on boundaries. 

 

               

Figure  4.20  : Comparison of Original and Mapped Meshes. The Red Colored (on 

The Left) Mesh Represents The Original Mesh and The Green Mesh 

(on The Right) is The Mapped One by Using The Natural Cubic Curves 

on The Boundary. 

We are going to compare the location of inner nodes between the least squares and 

Coons‘ patches by using cubic curves. It is observed that comparing with B-splines, 

the cubic curve fitting approach with Coons‘ patches give a more homogenous node 

distribution and give similar results with the original mesh. 

 

 

Figure 4.21  : Mapped (Natural Cubic Curves – on The Left) and Original Shape (on 

The Right) of The Largely Distorted Structure Mesh. 
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Figure  4.22  : Comparison Between The Original and Coons‘ Surface Mapping 

(with Cubic Curves) in The Location of Nodes. 

4.3.3 Comparison between cubic and B-spline boundaries 

In this section, we will discuss the results we achieved by using B-Splines and cubic 

curves boundaries used in Coons‘ patching application for this particular example. In 

this section, we applied our method to another structure parachute model. In the 

following figure, the difference between the two mappings can be observed. Both 

figures illustrate how the Coons‘ patch mapping is successful on capturing the total 

shape of the surface mesh of the model. On the other hand, the problems with B-

splines still go on and natural cubic splines can give good interpolation for placing 

the inner nodes. 

   

Figure  4.23  : Comparison Between The B-Spline (on The Left) and The Natural 

Cubic Curve (on The Left). 
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4.4 Application 3: Plate with Three Holes 

Next two applications have been prepared to test the quality of the CSDI mapping 

method in solid mechanics problems. Different from the first two applications, 

interpolation of displacement and stress components of shell models is carried out. 

As a test model, a simple rectangular domain is selected, three holes are created and 

force boundary conditions are applied in order to get slightly complicated 

displacement and stress fields. In this section, our aim is to apply the Coons‘ surface 

mapping to a rectangular solid plate having 3 holes. By doing that, it is aimed to 

apply the surface data interpolation of Coons‘ surface to a solid mechanics problem. 

The code written for FSI analysis is modified to process the ANSYS output files.  

4.4.1 FEM solution 

The model is given in Figure 4.24. The boundary conditions and material properties 

of the structure are selected arbitrarily in order to obtain a stress and displacement 

field in order to apply the mapping. The results obtained from this application are 

compared with the ANSYS results and the comparison is made by using the contour 

plots of the variables. The deformed shape of the structure colored by Von Misses 

stress contour bands is given in Figure 4.25.  

 

Figure  4.24 : The Finite Elements Model of The Plate Having Three Holes. 
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Figure  4.25 : Von Misses Stress Plot of The Structure. 

In order to prepare the mesh for Coons‘ surface data interpolation, we have divided 

the area into 12 sub-areas as they are defined by contours in Figure 4.26 below. The 

Coons‘ surfaces are going to be formed accordingly. The areas are defined on 

counter-clockwise direction in the COO.m file and have the form of; 

AREA1=[b1 b2 b3 b4]  AREA7=[b20 b21 b22 b8] 

AREA2=[b3 b5 b6 b7]  AREA8=[b23 b24 b25 b11] 

AREA3=[b6 b8 b9 b10]  AREA9=[b26 b27 b28 b15] 

AREA4=[b9 b11 b12 b13]  AREA10=[b28 b29 b30 b18] 

AREA5=[b14 b15 b16 b2] AREA11=[b30 b31 b32 b21] 

AREA6=[b17 b18 b19 b5]  AREA12=[b32 b33 b34 b24] 

 

 

Figure  4.26 : The Divisions and Boundaries of Coons‘ Surfaces. 

The application of Coons‘ surface data interpolation will be carried out on the 

sections 1, 6 and 9. Comparison of results obtained by Coons‘ mapping surface is is 
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done for the displacement and stress plots obtained in the same scale as in ANSYS 

Postprocessor. 

4.4.2 Application of the Coons’ data prediction surface 

The results obtained by the MatLAB code are given in the following figures for the x 

and y components of displacement and stress fields. Because of in-plane loading, the 

Z components of both variables are zero. The scale of display is the same for 

ANSYS and MatLAB; however, the color code differs rarely. Green is represented 

by yellow and yellow by purple in ANSYS and MatLAB, respectively. A fifteen by 

fifteen mapped grid is used to show the Coons‘ surface and the color code is applied 

to it in order to show the displacement and stress values obtained by mapping. 

   

Figure  4.27 : Mapped (Left) and ANSYS Solutions (Right) for X Component of 

The Displacement. 

   

Figure  4.28 : Mapped (Left) and ANSYS Solutions (Right) for Y Component of 

The Displacement. 
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Figure 4.27 and 4.28 show how successfully the Coons‘ surfaces represent the 

displacement data. By interpolating the displacement data successfully, it is 

concluded that the Coons‘ surface data mapping could be a good tool to use in 

adaptive or contact mechanics problems. As a result of having a good interpolation 

surface, the nodal values can be defined after refining the region for adaptive mesh or 

any other mesh which is in contact with this surface. In Figure 4.28, the contour 

between the two blue regions in MatLAB result looks unsatisfactory, however, 

refining the grid and reploting the same region show us how good the Coons‘ surface 

defined the data, which is illustrated in Figure 4.29. 

 

Figure  4.29 : Coons‘ Mapping Surfaces with Coarser and Finer Grids. 

The interpolation of stresses is also carried out by Coons‘ surfaces. By doing that, the 

stress components of each boundary node are considered and new Coons‘ 

interpolation surfaces are created. Figures 4.30 and 4.31 show how accurate the 

results obtained by Coons‘ surface. Although maximum and minimum regions are 

captured, locations of contour levels for stress values are not satisfactory enough.  

The reasons for this dissatisfaction and some solutions are going to be discussed in 

Chapter 5. Besides, further developments of the Coons‘ surfaces will definitely help 

minimize the error, where some of them are discussed in the last section. Application 

of creating the Coons‘ data interpolation surface gave us a chance to develop the new 

mapping code on simple problems. The results gave us a great motivation to apply 

the method on a real model, which is discussed in the next section. 
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Figure  4.30 : Mapped (left) and ANSYS Solutions (right) for X component of the 

stress. 

 

Figure  4.31 : Mapped (Left) and ANSYS Solutions (Right) for Y Component of 

The Stress. 

4.5 Application 4: Hand-baggage Carrier of a Bus 

In this application, we selected a problem in real life encountered during the 

development of hand baggage carriers of a bus. It is required to analyze the structural 

durability of the design, whose primitive design is given in Figure 4.32. By using this 

model, our aim is to apply our new mapping technique onto the areas where the 

largest stress and displacement concentrations are occurred and then comparing the 

mapping surface with the results that we obtained by ANSYS. What we hope to get 

from this application is to show how successfully we can obtain the mapping surface 

instead of refining and re-solving the problem. This result will hopefully lead us to 

save time by using the new technique instead of rerunning the problem after 

refinement. 
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Figure  4.32  : Primitive Design of Bus Hand Baggage Carrier. 

In this chapter, the detail design of the hand baggage carrier is not covered. Instead, 

the primitive design is considered and the Coons‘ surface mapping is applied in order 

to represent the data surface for both stress and displacement fields. In the following 

sections, the finite element model is described, then the selection of critical regions is 

carried out and mapping of data for each region is accomplished. The results of 

mapping are compared with the results of finite element model. 

4.5.1 FEM solution 

 

Figure  4.33  : FEM Model of The Bus Baggage Carrier. 
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The model for this structure is prepared by using ANSYS Structural finite element 

tool. It is required from the design that it should stand against any pulling force from 

passenger holding from the left  edge of the baggage carrier while the carrier is filled 

with hand baggage. According to the UN and TS regulations of 97/27 EG-2003/19 

[27], the weight of one passenger is taken as 71 kg for intercity busses; however, 

considering the worst case, it is assumed that the bus drop into a chunk hole on the 

road, therefore the passenger can exert two times the gravity. By adding the luggage 

of 3kg for each person, 150 Newton force is applied on average. The model and 

boundary conditions are described in Figure 4.33. The design, however, has been 

optimized, developed and strengthened to carry loads more than 200N later on.  

The structure consists of plastic, aluminum and steel parts. The steel (light blue) and 

aluminum (purple) parts are modeled by using SHELL64 elements. The plastic part 

(dark blue) is modeled by using SOLID45 elements. The modeling of bolts is 

accomplished by BEAM188 elements and constraint equations are used to set up 

connections of beams to the bodies. The boundary conditions are applied onto the 

model as shown in Figure 4.33. The displacements on nodes are fixed, where the 

carrier is mounted to the body of the bus, and the force is applied to the edge of the 

model. In order to prevent any singularity, the force is distributed on nodes by using 

a constraint equation as shown in Figure 4.33. The mass of plastic cover and all other 

cables are applied to the model on the right by using an RBE3 element.   

 

Figure  4.34 : Deformed Shape of The Hand Baggage Carrier. 
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The analysis of the model is completed by using ANSYS solver. A static solver is 

used. The results are examined by using the ANSYS Postprocessor. The deformed 

shape is given in Figure 4.34. The areas where the stress concentrations occur are 

given in Figures 4.35a and 4.35b. On the areas that we got the highest stress 

concentration, we planned to apply mesh refinement in order to get more accurate 

results, or use load steps and adaptive control to get good results. Instead, we apply 

the Coons‘ surface patch to these regions in order to predict the nodal values of finer 

mesh.  

  

Figure  4.35  : Region 1 (Left) and Region 2 (Right); Where The Highest Stress 

Concentration Occur. 

4.5.2 Coons’ surface patching and data prediction 

First, the data on boundary curves is obtained from the model. Two regions are 

selected for the Coons‘ surface data prediction. 39 boundaries and 14 patches are 

defined for the first region, and 12 boundaries and 4 patches are defined for the 

second region. The COO.m file is generated manually as an input to the 

mainprogram_2.2.m. The follow chart of the process is described in Figure 4.36. 

During this study, several versions of the mainprogram is written for several test 

purposes. The 2.2. version of the program is developed for ANSYS program. The 

program is written in MatLAB and consists of some subprograms. The COO.m file 

consists of the A and B matrices. A has the size ndx4, where nd is the number of 

Coons‘ divisions. B matrix has size nbxi, where nb is the number of boundaries and 

the column number depends on the maximum number of nodes on the boundary. 

Mainprogram 2.2. requires some functions to run. BOUND_STRESS_DISP.m forms 
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the nodal values of each parametric node on the boundaries of the patch. 

Func_coons.m maps the parametric nodes onto the Coons‘ patch. Func_uv.m 

generates the parametric nodes and connectivity matrix. PLOT.m gives the desired 

output results. Some of the functions are given in the appendix sections of this thesis 

and all codes are given in the attached CD. The mainprogram 2.2 requires some input 

files for projection. These are input_disp_rot.txt, input_stress.txt and 

input_model_coord.txt. These files are obtained from the ANSYS program. 

 

Figure  4.36 : Follow Chart of Mapping with Coons‘ Patches. 

In order to obtain the input_model_coord.txt, listing feature of ANSYS is used. 

UTILITY MENU>LIST>NODES...>Coordinates Only link is used to reach the list. 

The list is processed and saved in txt format. In order to obtain the displacement and 

stress values of model, under the ANSYS Postprocessor, MAIN MENU>GENERAL 

POSTPROC>List Results>Nodal Solutions...>DOF Solutions&All DOFs and 

…>Stress&Components links are used and the lists are processed and saved in txt 

format. The application files can be found in the application attached CD to this 

thesis. 

Mainprogram 
Version 2.2 

READ  -  COO.m 

--------------------------- 
Input_disp_rot.txt 

Input_stress.txt 

Input_model_coord.txt 

FORM  z   ngtor 

CALL  func_uv.m  

FORM 

Boundries of the  

 ith  COONS patch 

CALL 

BOUND_STRESS_DISP.m 

CALL 

func_coons.m 

----------------------------------- 
 map coordinates, stress and 

displacement 

PLOT & SAVE 
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Figure  4.37 : Sections of The Mesh to be Used in Coons‘ Surface Mapping of 

Refinement. 

4.5.3 Representing data of Region 1 with Coons’ surfaces 

The detailed view of the region 1 and some of the boundaries and patches are 

illustrated in Figure 4.38. The boundaries and Coons‘ patches are represented with 

blue lines and numbers, respectively. Only by selection of the boundary nodes, the 

mesh surfaces are easily represented by Coons‘ surfaces. 

 

Figure  4.38  : ANSYS FEM Model of the Region 1 (left) and The MatLAB 

Representation of It (Right). Some Coons‘ Patches are Numbered. 

The displacement output of the region is illustrated in the following figure. The 

match of displacement shapes leads us a satisfactory result for mapping. The 

displacement is scaled with 5. It is essential to remind that the surfaces are defined 

only by using the data on the boundary curves and the other nodal data is ignored. 

Comparison of results obtained for displacement mapping is given in Appendix B.   
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Figure  4.39 : Comparison of Solutions for ANSYS and Matlab. The Deformed 

Shape of The Region 1 is Represented By The Coons‘ Patches 

Successfully. 

4.5.4 Representing data of Region 2 with Coons’ surface 

Another application of Coons‘ surface patching is accomplished on the Region 2. 

Having relatively complex geometry, this application of Coons‘ mapping gave us 

opportunity to show the necessity of selection of the regions carefully. Figure 4.40 

illustrates the Region 2 and its MatLAB representation. At first, four patches are 

generated on this region and following COO.m file is formed. Then, we found four 

patches to be insufficient to represent the data and increased the number of patches to 

five. The results obtained are given in this section and more discussion is presented 

in the next chapter.    

 

Figure  4.40  : ANSYS FEM Model of the Region 2 (left) and The MatLAB 

Representation of It (Right) by Four Coons‘ Patches. 
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The displacement mapping by four patches of region 2 is given in Figure 4.41 by 

scaling 100. The patch was able to represent the deformed shape, although the C
0 

continuity between the patches can also be seen. This figure leads us to the result that 

the creation of C
0 

continuous Coons‘ surfaces causes discontinuities in mapping.  

  

    

Figure  4.41  : Solutions of ANSYS and MatLAB. The Deformed Shape of The 

Region 2 is Represented by Four Coons‘ Patches. 

In order to avoid the discontinuity, the divisions 1 and 2 are redefined and this region 

is divided into three patches which are shown in Figure 4.42. By doing that, we 

concluded that increment of the number of patches increases the effectiveness of 

mapping surface and decreases the error. 

 

Figure  4.42 : Different Patching of The Same Surface. 



 56 

The results obtained by using five patches are given in the Appendix B. Figure 4.43 

shows the improvement in the results by increasing the number of patches by one. 

The reason is obvious that, once the number of patches is increased, the numbers of 

data points that are used are increased. It should be kept in mind that the finite 

elements surface that has 90 elements is defined by five surfaces, which is actually 

very challenging in order to show the capability of the new method applied. Figure 

4.43 shows the y component of displacement and the results of Coons‘ surface 

mapping with four and five patches. The improvement is clear and the contour 

between red and purple regions is improved.  

 

Figure  4.43  : Comparison of The Results Obtained by Using Four (Left-Bottom) 

and Five (Right-Bottom) Coons‘ Interpolation Patches by Using FEM 

Solution (Top). 

4.6 Remarks on Coons’ Surface Patching Applications 

Before moving onto the next chapter, let us summarize the work we performed in 

Chapter 4. In this chapter, we applied the new mapping technique of bilinearly 

blended Coons‘ surfaces onto four applications. In all applications, we have aimed at 

representing the data surfaces by Coons‘ surfaces; therefore, the interpolation 

surfaces can be applied to FSI, adaptive mesh or any other contact problems; 

however, the applications of these methods are not covered and require more 

advanced work. In applications 1 and 2, the Coons‘ interpolation surfaces are formed 
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by using the B-splines and cubic curves. The comparison of mapping surfaces is 

accomplished by using the error vectors. In the 3
rd

 and the 4
th

 applications, Coons‘ 

surfaces are formed only by using cubic curves on the boundaries. Displacement and 

stress values in the regions are mapped in addition to the mapping of the coordinates. 

The results are compared with the results obtained from FEM. In this case, it is 

observed that the mappings of stress components are not so reliable. For the region 2 

of application 4, we observed large errors in mapping and tried the same mapping by 

increasing the number of patches by one. Some of the MatLAB codes are given in 

Appendix A. All of the problems, including the ANSYS models are given in the 

attached CD. In Appendix B, explanatory tables are given in order to compare the 

results of mapping surfaces.   
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5. CONCLUSION AND FINAL REMARKS 

5.1 Introduction 

In this chapter, the final comments on the new surface data prediction technique are 

made. The new technique is named as Coons‘ Surface Data Interpolation (CSDI) and 

Mapping Technique. This method is developed as an alternative to the projection 

algorithms that are used in some finite element problems, such as FSI, adaptive mesh 

and contact mechanics problems. In the last chapter, we discussed our results 

obtained from CSDI and explained the advantages and disadvantages of the method. 

Then, some comments on future works are given to motivate the researchers to 

improve the proposed technique. 

5.2 Results 

CSDI method provided us important results. Although the method has several 

advantages, it is still primitive and much advanced work is required to get a better 

technique based on Coons‘ surfaces. Two examples are given from the FSI 

application by trying to obtain the coordinates of each node on the structural mesh. 

As it is discussed, FSI calculations require three main data to be transferred between 

solvers, which are displacement and velocity for structural model and pressure for 

fluid model. The velocity and pressure data could not be mapped because of the lack 

of data in this study. The coordinate mapping gave us good results to represent the 

data surface. By obtaining these surfaces, it become possible to map any finer or 

coarser mesh on the same surface and get the nodal values of them. This leads us the 

application of incompatible meshes in FSI, where structural and fluid meshes of the 

same surface are not identical. In general, interpolating data with 2D parametric 

coordinates can be applied for all kinds of data, and CSDI by bilinear interpolation 

can be performed between the data points. Two more applications are carried out to 

show the capability of the program in solid mechanics by mapping displacement and 

stress components of the FEM models. The mapping of displacement components 
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provided us very good data surfaces for application 1 and the region 1 for the 

application 2; however, the displacement results for the region 2 of application 2 

were only sufficiently good. The error arises because of the complexity of the FEM 

model and the low number of Coons‘ surfaces. Large errors occur during the stress 

mapping. Although the results obtained for the rectangular areas of application 3 are 

sufficient, it is observed that if the geometry is complex, in other words not 

rectangular, the results do not match with the FEM solution. The maximum error 

again is observed close to the middle of the region; however, hopefully maximum 

and minimum regions of the stress components are captured correctly. 

As introduced in the previous paragraph, the maximum error is usually observed in 

the middle of the patches. This may be considered as a pitfall of the method; 

however, there are ways to improve the accuracy of it. It is observed that dividing the 

region into more Coons‘ patches causes the results to converge to the original data 

surface. Therefore, an optimization is required from the engineering point of view, 

when deciding the number of Coons‘ surfaces. By dividing the FEM model to more 

surfaces, it is possible to get closer results, however, the process time increases. The 

improvement in accuracy can also be done by developing a more advanced technique 

of Coons‘ surfaces which is going to be discussed in the following sections.   

Although more of them are introduced and tried, two kinds of curve fitting 

techniques are used with the CSDI as follows:  B-spline curves and cubic curves. We 

found out that cubic curves interpolate the data points better than b-spline curves; 

therefore, this results in better CSDI. This is one of the advantages that the Coons‘ 

surfaces provide, where the characteristic of the surface can be altered by using 

different boundary curve fitting techniques. Coons‘ surface provides bilinear 

interpolation inside the boundaries; however, provides C0 discontinuity between the 

patches. This is observed in the 4
th

 application in Chapter 4. The data interpolation 

surfaces 1 and 2 generated discontinuous patches, which makes the selection of the 

Coons‘ surfaces difficult; besides, the problem is overcome by increasing the number 

of patches easily.    

The some of the MatLAB source code of CSDI mapping have been given in 

Appendix A. All functions used in the code are also added as reference for future 

work. The formulation is quite simple; however, the collection of data is 
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cumbersome and takes too much time for ANSYS. The reason is that the node 

picking feature of GUI (Graphical User Interface) cannot be used in ANSYS and the 

COO.m files of CSDI has been generated manually. COO.m is the file where the 

boundary curves and patches are defined and may take longer times for bigger FEM 

models. The current structure of the program is formulated so that anyone may use 

the program unless he/she creates the COO.m file and gets the input files as it is 

described in Chapter 4.  

In this thesis, the capability of Coons‘ mapping is not compared directly with the 

quality of least squares projection; however, it is assumed that the least squares can 

generate the best data surface. Instead, we compared the results with the result of 

FEM models which is actually where the both techniques are trying to reach. 

Besides, we are able to compare the speed of both techniques. The following grids 

are taken and the calculation steps are compared in the following table. 

  

Figure  5.1 : Two Meshes, Representing The Same Surface with Different Node 

Numbers. 

The first mesh on the left in Figure 5.1 is taken as a reference mesh that the nodal 

values are known and the other mesh is the target mesh where the nodal numbers are 

required. The reference mesh has 77 elements and 96 nodes, while the target mesh 

has 308 elements and 345 nodes. It is assumed that there are 6 unknowns per node 

and each element will be integrated on 4 quadrature points. The red lines show the 

boundaries of Coons‘ interpolation surfaces that are going to be created. The 

following table shows the steps of formation of matrices and the solution steps. 

Investigating the table gives us a sufficient idea to conclude the speed of both 

procedures. 
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Table 5.1 : Number of Steps for Least Squares Projection and CSDI Mapping. 

Method Number of Steps Size of the Matrices 

Least Squares Projection 29.568 1.848 

Coons’ Surface Data 

Interpolation Mapping 

(CSDI) 

8.280 

3x3 (48 times) 

4x4 (48 times) 

5x5 (48 times) 

 

The least squares projection requires a search of 1.232 quadrature points of target 

mesh (nen*ne) on 77 elements for the reference mesh. Then, forming the matrix in 

29.568 steps has the size of 1.848. The CSDI mapping procedure requires searching 

345 nodes for the target mesh on 9 Coons‘ patch divisions for the reference mesh and 

forming small matricies to solve for cubic boundary curves 24 times. Then, it takes 

8,280 steps to get the solution. It is obvious from these results that the Coons‘ surface 

mapping is at least 3 times faster than the least squares projection technique. We did 

not perform any performance test between the two methods—least squares and 

Coons‘ patch projection—to compare the speed of applications. However, it is 

expected for Coons‘ surface to be as fast as above calculations indicate. 

5.3 Future Work 

Improvement of the source code is required, which is introduced in the Appendices, 

to increase the accuracy and speed. The code already includes various plotting 

options for better visualization of the results, which slows down the code. Besides, 

the code is written in MatLAB to get good plots easily; however, the programming of 

method in any other programming languages is required for the future work. For 

super computers, the future work of this technique includes the writing of code for 

parallel computing. This will allow the method to be used in any parallel solver. It is 

also possible to increase the functional capability of the Coons‘ surface mapping by 

simply adding different curve fitting functions into the code. 

 Another main difference between the Coons‘ surface application and least squares 

application is bookkeeping arrays for node search algorithms. In order to perform the 

least squares fit, it is necessary to find out which node in the target mesh lies in 
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which element in the reference mesh. This requires node search algorithms over all 

elements. Several algorithms have been developed already for fast searches with 

current projection techniques. Compared with the least squares application, the 

Coons‘ surface mapping technique requires the search for which node lies in which 

region. This will save remarkable computation time for the node search. In our case, 

instead of searching on 5880 elements, it is only necessary to search 7 divisions per 

gore for FSI problem, which makes 210 divisions over the entire parachute mesh. 

There are also fast search algorithms developed for node search. These algorithms 

can also be applied to Coons‘ surface mapping, and can make it faster than any other 

techniques. Application of these algorithms is excluded from this thesis, and needs to 

be added.  

The technique introduced in this thesis is relatively new and is based on a completely 

different approach to the projection problem. Therefore, more advanced future works 

are required. Only using the data at certain nodes causes us to loose data on the rest 

of the nodes rather than the reference nodes. This new method can be developed by 

new additions to the proposed method. This may be an error minimization over the 

domain by using least squares with the Coon surface patches. This new approach 

could also perform the error minimization over the patch and help compute the right 

shape. Then, it would be possible to name the method as Coons‘ surface projection 

instead of Coons‘ surface mapping. The Figure 5.2 shows a sketch of the Coons‘ 

surface projection, where the inner nodes will contribute to modify the projection 

surface.  

 

Figure  5.2 : CSDI with The Contribution of Inner Nodes. 
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Another way of developing the Coons‘ surface mapping can be done by using the 

performance patches, introduced in [17]. The paper [17] presents two coefficients to 

modify the shape of a Coons‘ patch. Figure 5.3 shows how different performance 

patches are generated from the same boundaries. By implementing this approach, it 

becomes possible to overcome the increase in error in the middle of the patch. 

  

Figure  5.3 : Performance Patches [17], Which Have The Same Boundary. 

5.4 Conclusion 

In this thesis, we studied a new projection technique based on the Coons‘ surface 

mapping and aimed at replacing the least squares projection with a mapping 

technique that can at least provide the same projection quality and hopefully better 

speed for execution. Applications of Coons‘ surfaces with natural cubic curve 

boundaries provided us very satisfactory results for displacement and coordinate 

mapping and close results for the stress field; however, the capability of the proposed 

technique can be increased by studying the least squares projection with Coons‘ 

surfaces at the same time. Our observations showed that the Coons‘ surface mapping 

works faster than the least squares projection. All advantages and disadvantages of 

the proposed method are presented. We believe that the further work on this subject 

is important and is going to give satisfactory results for FSI, adaptive mesh and 

contact mechanics proplems. 
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APPENDIX A – MatLAB Codes 

Code A.1. Code of Coons Mapping MatLAB Function  

function [pt_value]=func_coons(u,v,P_l,P_r,P_u,P_d,corner_coord) 

%==================================================================% 

% FUNC_COONS(u,v,P_l,P_r,P_u,P_d,corner_coord)                     % 

% 2D Coons Surface application                                     % 

% INPUT :u,v = Parametric Coordinates of Nodes(SIZE=1xnum_of_points% 

%       P_l = Value of node (u,v) at left  bound (num_of_pointsx3) % 

%       P_r = Value of node (u,v) at right bound (num_of_pointsx3) % 

%       P_u = Value of node (u,v) at up    bound (num_of_pointsx3) % 

%       P_d = Value of node (u,v) at down  bound (num_of_pointsx3) % 

%       corner_coord = Coordiantes of corner values                % 

%                                                                  % 

% OUTPUT : pt_value = value of node which has parametric           % 

%          coordinates of(u,v)                                     % 

%==================================================================% 

 

for m=1:length(u); 

pt_value(m,:)=(1-u(m))*P_l(m,:) + u(m)*P_r(m,:)...       

             +(1-v(m))*P_d(m,:) + v(m)*P_u(m,:)... 

             -(1-u(m))*(1-v(m))*corner_coord(3,:)... 

             - u(m)   *(1-v(m))*corner_coord(4,:)... 

             -(1-u(m))* v(m)   *corner_coord(1,:)... 

             - u(m)   * v(m)   *corner_coord(2,:); 

end 

return 
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Code A.2. MatLAB Function Code for Creating a Mapped Mesh 

function [u,v,ien]=func_uv(nn_x, nn_y) 

% ============================================% 

% PARAMETRIC SPACE [0,1]                      % 

% INPUT :  nn_x = node number on x direction  % 

%          nn_y = node number on y direction  % 

% OUTPUT:  u,v  = parametric coordinates      % 

%          ien  = connectivity matrix         % 

% ============================================% 

x_length=1; y_length=1; 

% 

del_x=x_length/(nn_x-1); 

del_y=y_length/(nn_y-1); 

%Creating Nodes; 

ie=0; 

for j=1:nn_y; 

    for i=1:nn_x; 

        ie=ie+1; 

        u(ie,1)=(i-1)*del_x; 

        v(ie,1)=(j-1)*del_y; 

    end 

end 

x_l(1:nn_y*nn_x,3)=0; 

%plot(x(:,1),x(:,2))  

% PARAMETRIC CONNECTIVITY 

ne=0; 

for i=1:nn_y-1 

    for j=1:nn_x-1; 

        ne=ne+1; 

        ien(ne,:)=[(i-1)*nn_x+j i*nn_x+j i*nn_x+j+1 (i-1)*nn_x+j+1]; 

    end 

end 

% % for i=1:length(ien) 

% % ii=ien(i,[1 2 3 4 1]); 

% % hold on 

% % fill3(x(ii,1),x(ii,2),x(ii,3),'w') 

% % end 

% I have parametric space [0,1] with connectivity ien. Good... 

% ========================================= 
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Code A.3. MatLAB code of BOUND_STRESS_DISP.m ( See the attached CD 

for The Complete Code) 

% ------------- DISPL. BOUNDARIES & FUNCTIONS -------------- % 

bd_1=[disp(2,ngtor(bound_1));disp(3,ngtor(bound_1)); 

disp(4,ngtor(bound_1))];       

bd_2=[disp(2,ngtor(bound_2));disp(3,ngtor(bound_2)); 

disp(4,ngtor(bound_2))];       

bd_3=[disp(2,ngtor(bound_3));disp(3,ngtor(bound_3)); 

disp(4,ngtor(bound_3))];       

bd_4=[disp(2,ngtor(bound_4));disp(3,ngtor(bound_4)); 

disp(4,ngtor(bound_4))];       

bdc_1=cscvn(bd_1);                                           % 

bdc_2=cscvn(bd_2);                                           % 

bdc_3=cscvn(bd_3);                                           % 

bdc_4=cscvn(bd_4);                                           % 

% ---------------------------------------------------------- % 

k=size(bd_1);j=size(bd_3); 

cor_d(1,:)=bd_1(:,1)';cor_d(3,:)=bd_1(:,k(2))'; 

cor_d(4,:)=bd_3(:,1)';cor_d(2,:)=bd_3(:,j(2))'; 

% ---------------------------------------------------------- % 

if (0==1)                                                    % 

    hold on                                                  % 

    fnplt(bsc_1);fnplt(bsc_2);fnplt(bsc_3);fnplt(bsc_4);     % 

    axis equal; grid;                                        % 

    figure                                                   % 

    hold on                                                  % 

    fnplt(bdc_1);fnplt(bdc_2);fnplt(bdc_3);fnplt(bdc_4);     % 

    axis equal; grid;                                        % 

    pause                                                    % 

end                                                          % 

% ---------------------------------------------------------- % 

% INPUT  : 4 BOUNDARY CURVES FOR ------------- DISPLACEMENT- % 

%          u, v, PARAMETRIC ALUES [0 1]                      % 

% OUTPUT : Pd_d, Pd_u, Pd_r, Pd_l MATRICIES                  % 

brk_bdc_1=ppbrk(bdc_1); v_d=v*max(brk_bdc_1);                % 

        P_d = fnval(bdc_1,v_d'); Pd_1=P_d';                  % 

brk_bdc_2=ppbrk(bdc_2); v_u=u*max(brk_bdc_2);                % 

        P_u = fnval(bdc_2,v_u'); Pd_2=P_u';                  % 

brk_bdc_3=ppbrk(bdc_3); v_r=v*max(brk_bdc_3);                % 

        P_r = fnval(bdc_3,v_r'); Pd_3=P_r';                  %  

brk_bdc_4=ppbrk(bdc_4); v_l=u*max(brk_bdc_4);                % 

        P_l = fnval(bdc_4,v_l'); Pd_4=P_l';                  % 

clear v_d v_u v_l v_r P_d P_u P_r P_l;                       %   

% ========================================================== % 
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Code A.3. MatLAB Test Code of Coons’ Surface Mapping (See Attached CD for 

More Featured Code) 

% X-Y domain in [0-15,0-15] 

% Play with coordinates of P points to get 

%  several surfaces 

%============================================%  

clear;cla 

% DATA POINTS P(1-12) 

% They will form Coons surface boundaries 

P(1, 1:3)=[0 , 0 , 0] ; P(2 ,1:3)=[5 , 0 ,-5]; 

P(3 ,1:3)=[10, 0 ,-5] ; P(4 ,1:3)=[15, 0 , 0]; 

P(5 ,1:3)=[15, 5 , 5] ; P(6 ,1:3)=[15, 10,-5]; 

P(7 ,1:3)=[15, 15, 0] ; P(8 ,1:3)=[10, 15, 5]; 

P(9 ,1:3)=[5 , 15, 5] ; P(10,1:3)=[0 , 15, 0]; 

P(11,1:3)=[0 , 10, 5] ; P(12,1:3)=[0 , 5 ,-5]; 

% ===========================================% 

% PARAMETRIC SPACE [0,1] 

% m = node number on x direction 

% n = node number on y direction 

nn_x=15; 

nn_y=15; 

[u,v,ien]=func_uv(nn_x, nn_y) 

% 

hold on  

plot3(P(:,1),P(:,2),P(:,3),'or',... 

'MarkerSize',10,'MarkerFaceColor',[1 0 0]) 

axis equal; grid; hold on 

% Coons surface 

     side(1,:)=[1   2  3  4]; side(2,:)=[4   5  6  7]; 

 side(3,:)=[7   8  9 10]; side(4,:)=[1  12 11 10]; 

 for i=1:4; 

  ref=P(side(i,:),:); 

  cs(i)=cscvn(ref'); 

  brakes(i,:)=ppbrk(cs(i)); 

 end 

    u_l=u*max(brakes(1,:)); u_r=u*max(brakes(3,:)); 

    v_u=v*max(brakes(2,:)); v_d=v*max(brakes(4,:)); 

    P_l=(fnval(cs(1),u_l'))' ; P_r=(fnval(cs(3),u_r'))' ;  

    P_u=(fnval(cs(2),v_u'))' ; P_d=(fnval(cs(4),v_d'))' ;  

    corners2=P([4 10 1 7],:); 

    [x_c]=func_coons(v,u,P_l,P_r,P_u,P_d,corners2);%  

% PLOTS 

    for i=1:length(ien) 

        ii=ien(i,[1 2 3 4 1]); 

        hold on 

        h=fill3(x_c(ii,1),x_c(ii,2),x_c(ii,3),'w'); 

        end 

    fnplt(cs(1));fnplt(cs(2));fnplt(cs(3));fnplt(cs(4)) 

grid off; axis off 
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APPENDIX B – Figures of Results 

Table B.1 : ANSYS and MatLAB Results for Displacement of Application 4  

Region 1. 

COMP. ANSYS RESULTS MatLAB RESULTS 

D_x 

 

 

D_y 

  

D_z 
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Table B.2 : ANSYS and MatLAB Results for Displacements of Application 4  

Region 2. 

COMP. ANSYS RESULTS MatLAB RESULTS 

D_x 

  

D_y 

 
 

D_z 

  

 

 

 

 

 



 72 

Table B.3 : ANSYS and MatLAB Results for Stress of Application 4  

Region 2. 

COMP. ANSYS RESULTS MatLAB RESULTS 

S_x 

 

 

S_y 

 
 

S_z 
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